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Abstract

Using the conformal bootstrap we explicitly construct WB2, the Casimir
algebra of B2. This algebra contains, besides an extra dimension 4 field,
also a fermionic dimension 5/2 field. We then construct the most general
free field realization of this algebra using two free bosons and one free
fermion. Finally, we derive the screening operators and show that they
are related to the long and short root of B2. Our construction hence
proves several conjectures of the recent literature.
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1 Introduction

The classification of all two-dimensional Conformal Field Theories is one of the
major goals in string theory and 2d critical phenomena. Since this turns out to
be a tremendously difficult problem, one restricts oneself to study those CFTs
with only a finite number of primary fields, i.e. the so-called Rational CFTs.
However, as shown by Cardy, a CFT which is rational relative to the Virasoro
algebra, necessarily has central charge c < 1 [1]. Therefore, in order to construct
RCFTs with c ≥ 1, one is led to extended conformal algebras.

There exists by now a wealth of examples of extended conformal algebras.
Among the best known are the affine Lie algebras and the superconformal al-
gebras. Another class of extended conformal algebras consists of W -algebras.
These algebras are special in that they only close in their enveloping algebra:
the (anti)commutators of the modes of the generators of the chiral algebra con-
tain normal ordered products. Some examples of such W -algebras have already
been constructed: the Bershadsky-Knizhnik algebras [2, 3], which are supercon-
formal as well; W3 [4], the spin 4 algebra [5, 6], the spin 6 algebra [7],. . . , and
more recently, also supersymmetric W -algebras [8, 9, 10].

A general class of W -algebras have been conjectured to exist in [11, 12, 15].
They are related to the simple Lie algebras through the independent Casimirs of
the latter. If the simple Lie algebra is simply-laced, the number of the primary
generators of the corresponding “Casimir” algebra is equal to the number of
the independent Casimirs of the former, i.e. its rank. The primary fields of
the Casimir algebra have dimension equal to the order of these independent
Casimirs.

In [12, 15] these algebras have been defined by their realization in terms
of free fields, via a generalized Miura transformation. This leads directly to
the construction of their minimal models and hence of the RCFTs with these
algebras as a chiral algebra. As an example, the WAn algebras contain besides
the energy-momentum tensor, n− 1 primary fields of dimension 3, 4, . . . , n + 1.
The central charge of the corresponding unitary minimal models is given by
following discrete series [12]

cAn = n

(
1− (n + 1)(n + 2)

p(p + 1)

)
, (1)

where p = n + 2, n + 3, . . ..
When the simple roots of the underlying algebra do not all have the same

length, one has, according to [15], to introduce extra primary fields corre-
sponding to the short roots. In the case of WBn one has, besides the energy-
momentum tensor and Virasoro primaries of dimension 4, 6, . . . , 2n also a fermionic
field of dimension n + 1

2 . The central charge of the unitary minimal models for
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these Casimir algebras1 is given, for n ≥ 2, by [15]

cBn = (n +
1
2
)
(

1− (2n− 1)2n

p(p + 1)

)
, (2)

p = 2n, 2n + 1, . . ., and describes again RCFTs with c ≥ 1. Since B1
∼= A1 is

simply-laced, (2) is not valid for n = 1. Indeed, to obtain (2), one explicitly
uses the fact that the algebra contains simple roots of different length.

It is important to realize that, although there is certainly some evidence for
it [16], it has not yet been proven that these Casimir algebras indeed exist, i.e.
that they are associative for generic values of the central charge. Evenmore, only
very few of these algebras have already been constructed: the Virasoro and super
Virasoro algebra correspond to WA1 and WB1, Zamolodchikov’s W3 algebra is
WA2 and more recently, WA4 has been explicitly constructed in [17, 18, 19].

In this paper we will prove explicitly the existence of WB2. Using the pertur-
bative conformal bootstrap [20, 5, 9], we will prove that the algebra is associative
for generic values of the central charge. The algebra will be written down in
terms of quasiprimary families. We will construct the most general realization
of this algebra with two free bosons and one free fermion and show that it is
equivalent to the realization proposed by Fateev and Lukyanov [15]. Finally,
using this realization, we check that the screening operators are related to the
long and short root of B2 leading to formulae for the degenerate representations.

2 WB2 from the Conformal Bootstrap

In this section we will construct WB2 explicitly using the conformal bootstrap
approach [20], which we briefly discuss.

Because the local fields of a Conformal Field Theory assemble themselves
into representations of the Virasoro algebra, the Operator Product Expansion
of two Virasoro primary fields decomposes into Virasoro conformal families

φm × φn −→
∑

p

Cmn
p[φp]. (3)

The conformal bootstrap is a powerful method to check associativity of this
Operator Product Algebra. First, one determines the conformal family [φp] of
every primary field by requiring conformal covariance, i.e. associativity with
the energy-momentum tensor T (z). The result can be written in terms of the
inverse of the Šapovalov form on the Verma module generated by the action of
this primary field on the SL2(C) invariant vacuum [7]. This fixes the operator
algebra up to the couplings Cmn

p between the primary fields. These couplings
are then determined by requiring crossing symmetry of the four-point functions
Glk

nm(x) = 〈k|φl(1)φn(x)|m〉, which can be computed perturbatively around

1A classical version of WBn arises from a Hamiltonian reduction of the superalgebra B(0, n)
rather than Bn [13, 14]. WBn is, however, related to Bn through the root system of the latter
(see later), and therefore, we will continue to refer to it as a Casimir algebra.
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x = 0. The crossing symmetry constraints can be implemented using a group
theoretical method due to Bouwknegt [5], that was generalized in [9]. It is this
method we will use to construct WB2 explicitly.

Since B2 has two independent Casimirs, one of order two and one of order
four, WB2 contains, besides an energy-momentum tensor T (z) corresponding
to the second order Casimir, also a Virasoro primary field of dimension four,
W (z). Although there exists an operator algebra that is associative for generic
values of the central charge with only this field content [5, 6], this is—in our
terminology—not yet the Casimir algebra of B2. To get WB2, one has to intro-
duce a primary weight 5/2 field Q(z), which, in fact, generates the entire algebra
[15]. This is reminescent of the fact that the Frenkel-Kač level one realization
of the non-simply laced affine Lie algebras B̂n, requires, due to the short root,
the introduction of an extra fermion [21].

The OPA of WB2 can be written schematically as

Q×Q −→ 2c

5
[0] + C 5

2
5
2

4[W ],

W ×W −→ c

4
[0] + C44

4[W ] + C44
6[Φ],

Q×W −→ C 5
2 4

5
2 [Q], (4)

with [0] the conformal family of the identity. Notice the symmetry property
C 5

2
5
2

4 = 8
5C 5

2 4

5
2 = 8

5C4 5
2

5
2 . Crucial for associativity of the OPA is the appear-

ance of the new dimension 6 Virasoro primary Φ(z) = Q∂Q(z)+ corrections.
Let us briefly discuss the solutions of the crossing symmetry constraints. Due
to the appearance of W (w) in the OPE Q(z)Q(w), the crossing symmetry con-
straints for 〈QQQQ〉 don’t fix the central charge—as in [4]—, but rather the
coupling C 5

2
5
2

4. Similarly 〈WWWW 〉 leaves the central charge and one of the
couplings C44

4 or C44
6 free. This is not surprising since the algebra generated

by {T (z),W (z)}, i.e. C44
6 = 0, is well known to be associative for all values of c

[5]. Finally, the mixed correlators fix the remaining coupling, leaving the central
charge as a free parameter. Explicitly, one finds that the algebra is associative
for all values of the central charge2 provided the couplings are given by

C 5
2

5
2

4 =

√
6(14c + 13)

5c + 22
ε1,

C44
4 =

3
√

6(2c2 + 83c− 490)√
(14c + 13)(5c + 22)(2c + 25)

ε1,

C44
6 =

12
√

5(6c + 49)(4c + 115)(c− 1)(5c + 22)√
(14c + 13)(7c + 68)(2c− 1)(c + 24)(2c + 25)

ε2, (5)

where ε1 and ε2 are some arbitrary signs.
2Except, of course, for these c-values for which C 5

2
5
2

4 and C44
4 have poles; the extra poles

in C44
6 are cancelled by the zeros in the normalization constant N (13). Notice also that the

coupling constants are imaginary for −22/5 < c < −13/14 [22].
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Notice that for c = −13/14 the subalgebra generated by {T (z), Q(z)} corre-
sponds to the spin 5/2 algebra of Zamolodchikov [4].

For completeness, we now present the more complicated OPEs:

Q(z)Q(w) =
2c/5

(z − w)5
+

2T (w)
(z − w)3

+
∂T (w)

(z − w)2

+
3
10∂2T (w) + 27

5c+22Λ(w) + C 5
2

5
2

4W (w)

z − w
+ regular (6)

with, as usual3,

Λ(z) = TT (z)− 3
10

∂2T (z). (7)

It is convenient to write W (z)W (w) in the following form

W (z)W (w) =
c/4

(z − w)8
+

∑

i

{φ(i)
∆i
}(z|w), (8)

where {φ(i)
∆i
}(z|w) denotes the projective family of the quasiprimary fields φ

(i)
∆i

(w)
and is given by

{φ(i)
∆i
}(z|w) = (z − w)−8+∆i

∑

n≥0

(z − w)nαi
n∂nφ

(i)
∆i

(w), (9)

with

αi
0 = 1, αi

n =
n∏

j=1

j + ∆i − 1
j2 + j(2∆i − 1)

(10)

and ∆i the weight (≡ L0 eigenvalue) of φ
(i)
∆i

(w). The quasiprimary fields φ
(i)
∆i

(w)
appearing in the singular part of the Operator Product Expansion W (z)W (w)
are given by

φ
(1)
2 = 2T, φ

(2)
4 =

42
5c + 22

Λ,

φ
(3)
6 = − 95c2 + 1254c− 10904

6(7c + 68)(5c + 22)(2c− 1)

[
∂T∂T − 4

5
∂2TT − 1

42
∂4T

]
,

φ
(4)
6 =

24(72c + 13)
(7c + 68)(5c + 22)(2c− 1)

[
(T (TT ))− 9

10
∂2TT − 1

28
∂4T

]
,

φ
(5)
4 = C44

4W, φ
(6)
6 = − 14

9(c + 24)
C44

4
[
∂2W − 6TW

]
,

φ
(7)
6 = C44

6Φ. (11)

Finally, Φ(z) is the unique (up to a normalization) dimension 6 Virasoro
primary given by

Φ(z) = N [
Q∂Q(z) + α1∂

2W (z) + α2TW (z) + α3∂T∂T (z)

+α4T∂2T (z) + α5∂
4T (z) + α6(T (TT ))(z)

]
, (12)

3The normal ordering used is the usual point splitting regularization.
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where the normalization factor

N =

√
(2c− 1)(c + 24)(7c + 68)

5(c− 1)(4c + 115)(6c + 49)(14c + 13)
(13)

is fixed such that 〈Φ(z)Φ(w)〉 = (c/6)(z −w)−12 and the coefficients α1, . . . , α6

are

α1 = − 13c+350
36(c+24)C 5

2
5
2

4, α2 = 19
3(c+24)C 5

2
5
2

4,

α3 = −6(566c2 + 5295c− 3998)/N, α4 = −6(530c2 + 6141c− 1487)/N,
α5 = −(46c3 − 125c2 − 6235c + 1778)/N, α6 = 12(734c + 49)/N,

with N = 12(7c + 68)(5c + 22)(2c− 1).
Notice that the fermionic primary Q(z) can be viewed as some kind of “gen-

eralized supersymmetry” generator. The appearance of the dimension four field
is then similar to e.g. the appearance of the affine û(1) current in the N = 2
super Virasoro algebra. Similarly, one can view the WBn algebras as some
“generalized supersymmetry” algebras, the rôle of the higher spin fields being
to ensure associativity of the OPA for generic values of the central charge.

3 Coulomb Gas Realization

The next step in the analysis of the WB2 algebra consists in constructing a
Coulomb gas realization, i.e. a realization of the primary fields of the OPA in
terms of free fields. In order to find this realization, one needs two free bosons
and one free fermion. The propagators for the free fields are defined to be4

〈ϕi(z)ϕj(w)〉 = δij ln (z − w),

〈ψ(z)ψ(w)〉 =
1

z − w
. (14)

The energy-momentum tensor is simply the free energy-momentum tensor of the
two free bosons with background charge and the free fermion. Due to rotational
invariance, one can always transform the background charge into one direction
and hence we take

T (z) =
1
2
∂ϕ1∂ϕ1(z) +

1
2
∂ϕ2∂ϕ2(z) + α0∂

2ϕ1(z) +
1
2
∂ψψ(z), (15)

which satisfies a Virasoro algebra with central charge

c =
5
2
− 12α2

0. (16)

It is a long and boring task to find the explicit form of the dimension 4 and di-
mension 5/2 primaries. Therefore we developed a program in MathematicaTM ,

4We have chosen the positive sign for the boson propagator in order to avoid factors of i.
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that is able to compute, given OPEs of a set of “basic” fields, the OPE of any
two normal ordered products of these fields [23]. Using this program, one can
try to construct the most general primary dimension four field and require the
W (z)W (w) operator product expansion to be satisfied. This, however, leads to
a system of quadratic equations which is very difficult to solve. A somewhat eas-
ier way is to construct the most general primary dimension 5/2 field. This leads
to a four parameter family of such primaries. The Q(z)Q(w) operator product
expansion gives (up to some discrete automorphisms) three possible solutions
for these parameters, and hence also three candidate dimension four primary
fields. Finally, matching the W (z)W (w) OPE eliminates two of the solutions,
and yields a unique construction. We wish to stress that we have checked all
these statements explicitly, including the appearance of the dimension 6 primary
mentioned earlier.

Let us now present the explicit solution5. The dimension 5/2 field is given
by

Q(z) = ξ

[
3
2
∂ϕ1∂ϕ1ψ(z)− 3

2
∂ϕ2∂ϕ2ψ(z) + 4∂ϕ1∂ϕ2ψ(z) + α0∂

2ϕ1ψ(z)

+3α0∂
2ϕ2ψ(z) + 4α0∂ϕ1∂ψ(z) + 2α0∂ϕ2∂ψ(z) + 2α2

0∂
2ψ(z)

]
,(17)

where ξ = 1/
√

5(5− 4α2
0). The dimension 4 field is somewhat more complicated

W (z) = σ
[
N ijkl∂ϕi∂ϕj∂ϕk∂ϕl(z) + N ijk∂2ϕi∂ϕj∂ϕk(z) + N ij∂3ϕi∂ϕj(z)

+Ñ ij∂2ϕi∂
2ϕj(z) + N i∂4ϕi(z) + M ij∂ϕi∂ϕj∂ψψ(z) + M i∂2ϕi∂ψψ(z)

+M̃ i∂ϕi∂
2ψψ(z) + K1∂

3ψψ(z) + K2∂
2ψ∂ψ(z)

]
, (18)

with N ijkl, Ñ ij and M ij completely symmetric and N ijk symmetric in the last
two indices. The coefficients appearing in (18) are given explicitly by

N1111 = N2222 = 81/80, N1112 = −N1222 = −µ/20,
N1122 = (560α2

0 − 79)/720,
N111 = 81α0/20, N112 = −7α0µ/60,
N122 = α0(80α2

0 + 197)/60, N211 = −11α0µ/30,
N212 = −α0µ/10, N222 = α0µ/5,
N11 = (128α2

0 − 25)/60, N12 = −α2
0µ/30,

N21 = −α2
0µ/5, N22 = (80α4

0 + 82α2
0 − 25)/60,

Ñ11 = (34α2
0 + 25)/40, Ñ12 = −α2

0µ/15,
Ñ22 = (80α4

0 − 174α2
0 + 25)/40,

N1 = α0(128α2
0 − 25)/360, N2 = −α3

0µ/30,
M11 = M22 = (82α2

0 − 35)/6, M12 = 0,
M1 = α0(2α2

0 + 11)/3, M2 = α0µ/3,
M̃1 = −α0µ/3, M̃2 = −α0µ/6,
K1 = (36α4

0 − 22α2
0 + 5)/18, K2 = (52α4

0 − 26α2
0 − 15)/6,

5By convention, normal ordering is always from the right to the left, e.g. ∂ϕi∂ϕj∂ϕk =
(∂ϕi(∂ϕj∂ϕk)).
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where

σ =

√
3

2(2− 7α2
0)(23− 40α2

0)
1

4α2
0 − 5

, µ = 23− 40α2
0. (19)

This solution corresponds to the sign choices ε1 = ε2 = +1 in (5).
Some remarks are in order.
The primary dimension 5/2 field Q(z) can be rewritten in a more suggestive

form. Indeed, rotating

ϕ̄1(z) =
1√
10

(3ϕ1(z)− ϕ2(z)),

ϕ̄2(z) =
1√
10

(ϕ1(z) + 3ϕ2(z)), (20)

one can rewrite

Q(z) = 5

[√
2
5
α0∂ + ∂ϕ̄1(z)

][√
2
5
α0∂ + ∂ϕ̄2(z)

]
ψ(z), (21)

which is exactly the starting point of the analysis of Fateev and Lukyanov [15].
Our construction hence proves that the algebra generated by (21) is indeed
associative for all values of the central charge, as was conjectured in [15].

A second remark concerns the fact that there is (up to some discrete au-
tomorphisms) only one free field realization of WB2 with two free bosons and
one free fermion. In the case of W3 ≡ WA2, Fateev and Zamolodchikov found
two inequivalent free field realizations with two free bosons [24]. The simplest
one was related to su(3) and led Fateev and Lukyanov to generalize this to the
WAn algebras using n free bosons [12], while the more complicated one has been
shown to be related to parafermions (at least for a specific value of the central
charge) [25]. In fact it was argued in [25] that such a realization exists (for fixed
c) for all WAn algebras, and that in a limit n →∞ it corresponds to the c = 2
free field realization of W∞ by Bakas and Kiritsis [26]. For WB2, there does not
seem to be a similar construction.

4 Degenerate Representations

Degenerate representations are highest weight representations of the WB2 alge-
bra that contain at least two independent null vectors in their Verma modules
[15]. These representations are not necessarily completely degenerate. In Vira-
soro CFT a highest weight vector is created by the action of a Virasoro primary
field on the projective invariant vacuum.

There is, however, no unique definition of what a W -primary field is. In the
case of Virasoro CFT, the first order pole of the OPE of a primary field with
the energy-momentum tensor is required to be the derivative of the primary
field. This extra requirement is not needed for constructing highest weight
representations; it arises because conformal transformations have a geometrical
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interpretation, viz. as diffeomorphisms of S1. There is, however, no known
geometrical interpretation for the transformations of the currents generating
a nonlinear algebra, and, therefore, one cannot—at present—give a consistent
definition of primary fields w.r.t. a W -algebra6. Nevertheless, in the Neveu-
Schwarz representation, for a field φλ(z) to create a WB2 highest-weight state
when acting on the projective invariant vacuum, the following operator product
expansions must be valid.

T (z)φλ(w) =
∆λφλ(w)
(z − w)2

+ · · · ,

W (z)φλ(w) =
ωλφλ(w)
(z − w)4

+ · · · ,

Q(z)φλ(w) =
ψλ(w)

(z − w)2
+ · · · . (22)

Here the dots mean lower order poles + regular terms. We will call, for conve-
nience, such a field φλ(z) a WB2-preprimary field.

Examples of WB2-preprimary fields are easily constructed in the Coulomb
gas realization. They are given by exponentials of the free bosons

V~β(z) = e
~β.~ϕ(z), (23)

with ~β ≡ (β1, β2) and ~ϕ(z) ≡ (ϕ1(z), ϕ2(z)). V~β(z) has Virasoro dimension

∆~β =
1
2
β2

1 +
1
2
β2

2 − β1α0, (24)

and its W -weight can be written as

w~β =
σ

480


(40α2

0 − 23)

( ∏

w∈W
w(~β − ~α0).~ρ

)1/2

+ 8(128α2
0 − 25)∆~β + 1944∆2

~β


 .

(25)
Here we have introduced the root system of B2: ~ρ = 1

2 (3~eL+4~eS) is half the sum

of the positive roots, taking as simple roots ~eL ≡
√

2
5 (1,−2) and ~eS ≡

√
1
10 (1, 3),

which are related to the canonical choice of the long and short root of B2 by a
Weyl reflection, followed by a rotation. W denotes the Weyl group of B2 and
~α0 ≡ (α0, 0) is parallel to ~ρ.

Of course, this realization provides us with an explicit example of what
should be called a W -primary field. In the case at hand, one finds at the third
order pole, besides the Virasoro descendants of V~β(z) a new Virasoro primary
field, proportional to (β2∂ϕ1 + (2α0 − β1)∂ϕ2))V~β(z). As mentioned before, we
have no intrinsically geometric way to express this new Virasoro primary as well
as the ones appearing in the second and first order poles.

6This lack of geometrical interpretation also seems to jeopardize the possibility of con-
structing manifestly W -covariant CFTs.
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The weights ∆~β and w~β clearly enjoy the following symmetry properties:

∆i[~β] = ∆i[w(~β− ~α0) + ~α0] with w an arbitrary element of W and ∆1[~β] = ∆~β

and ∆2[~β] = w~β [15].
Screening operators are characterized by the fact that the singular part of

their OPE with any of the basic currents X(z) ∈ {T (z),W (z), Q(z)} can be
written as a total derivative

X(z)φ(w) =
∑

n

[Xφ]n(w)
(z − w)n

=
d

dw
[something] + regular . (26)

This is equivalent to [φX]1 = 0. Using the realization of the previous section, one
can construct two different kinds of screening operators. They can be written
in such a way that their relation with the root system of B2 is manifest and
are given by V L

± (z) = exp(β±~eL.~ϕ)(z) and V S
± (z) = ψ exp(β±~eS .~ϕ)(z) with

β+ + β− =
√

2
5α0 and β+β− = −1. They are thus seen to be equal to the

screening charges presented in [15].
Given the screening operators, it is a standard construction to derive the

degenerate representations, see [27, 24, 15, 28] to which we refer for details.

5 Conclusion

In this paper we have proven the existence, for generic c, of the Casimir alge-
bra of B2 by explicitly constructing it using the conformal bootstrap. Using a
Coulomb gas realization in terms of two free bosons and one free fermion, we
have been able to show the equivalence with the results conjectured by Fateev
and Lukyanov [15] and, finally, using the explicit form of the realization we
derived the screening charges, which lead, in turn, to the degenerate represen-
tations of WB2.

It is clear from the explicit form of the algebra, that to prove the existence
of general WBn algebras one will have to recur to other methods.

Let us finally remark that the Casimir algebras provide, compared to other
W -algebras, very tractable CFTs. Indeed, not only are they defined by a free
field realization, but it was also conjectured that they arise as certain coset
models from affine Lie algebras [11]. These two constructions provide powerful
means to analyse their representation theory. For more general W -algebras, on
the contrary, no such constructions exist, at present. In fact, we have checked
explicitly, that the spin four algebra generated by the energy-momentum tensor
and a dimension four field [5], does not have a free field realization in terms of two
free bosons only for generic values of the central charge. Similarly, one should
not be surprised if the spin 6 algebra [7] does not have a free field realization in
terms of only two free bosons, at least for generic values of the central charge.
It is still an open question whether these algebras can be realized by free fields
at all.

9



Acknowledgements

It is a pleasure to thank Eduardo Ramos, Walter Troost, Toine Van Proeyen,
Dirk Verstegen, and Gerard Watts for conversations. We are grateful to the
referee for pointing out refs. [13] and [14] to us.

References

[1] J. L. Cardy, Nucl. Phys. B270 [FS16] (1986) 186.

[2] M. Bershadsky, Phys. Lett. 174B (1986) 285.

[3] V.G. Knizhnik, Teor. Mat. Fiz. 66 (1986) 68.

[4] A.B. Zamolodchikov, Theor. Math. Phys. 65 (1985) 347.

[5] P. Bouwknegt, Phys. Lett. 207B (1988) 295.

[6] K. Hamada and M. Takao, Phys. Lett. 209B (1988) 247. Erratum Phys.
Lett. 213B (1988) 564.

[7] J.M. Figueroa-O’Farrill and S. Schrans, Phys. Lett. 245B (1990) 471.

[8] T. Inami, Y. Matsuo, and I. Yamanaka, Phys. Lett. 215B (1988) 701.

[9] J.M. Figueroa-O’Farrill and S. Schrans, The Conformal Bootstrap and Su-
per W -Algebras, Leuven preprint KUL-TF-90/16, Int. Journ. Mod. Phys.
A to be published.

[10] J.M. Figueroa-O’Farrill and S. Schrans, Extended Superconformal Alge-
bras, Leuven preprint KUL-TF-90/31, Phys. Lett. B to be published.

[11] F.A. Bais, P. Bouwknegt, M. Surridge, and K. Schoutens, Nucl. Phys. B304
(1988) 348; Nucl. Phys. B304(1988) 371.

[12] V.A. Fateev and S.L. Lukyanov, Int. Journ. Mod. Phys. A3 (1988) 507.

[13] K. Ito, Quantum Hamiltonian Reduction and WB Algebra, Yukawa
preprint, YITP/K-885 (1990).

[14] G.M.T. Watts, WBn symmetry, Hamiltonian Reduction and B(0, n) Toda
Theory, Cambridge preprint, DAMTP-90/23.

[15] S.L. Lukyanov and V.A. Fateev, Additional Symmetries and Exactly Sol-
uble Models in Two-Dimensional Conformal Field Theory, I. Quantization
of Hamiltonian Structures, II. W -Algebra Representation Theory, III. Min-
imal Models, Moscow preprints 1988-1989.

[16] G.M.T. Watts, Phys. Lett. 245B (1990) 65.

[17] J.M. Figueroa-O’Farrill and S. Schrans, unpublished.

10



[18] R. Blumenhagen, M. Flohr, A. Kliem, W. Nahm, A. Recknagel, and R.
Varnhagen, W -Algebras with two and three Generators, Bonn preprint
BONN-HE-90-05.

[19] H.G. Kausch and G.M.T. Watts, A study of W -Algebras using Jacobi Iden-
tities, Cambridge preprint DAMTP 90-24.

[20] A.A. Belavin, A.M. Polyakov, and A.B. Zamolodchikov, Nucl. Phys. B241
(1984) 333.

[21] P. Goddard, W. Nahm, D. Olive, and A. Schwimmer, Commun. Math.
Phys. 107 (1986) 179.

[22] W. Nahm, Proceedings of the Trieste Conference on Recent Developments
in Conformal Field Theories, Trieste, October 1989.

[23] K. Thielemans, preprint in preparation.

[24] V.A. Fateev and A.B. Zamolodchikov , Nucl. Phys. B280 [FS18] (1987)
644.

[25] F.J. Narganes-Quijano, Bosonization of Parafermions and Related Confor-
mal Models, Brussels preprint, ULB-TH 89/09, Ann. Phys. to be published.

[26] I. Bakas and E. Kiritsis, Nucl. Phys. B343 (1990) 185.

[27] M. Kato and S. Matsuda, Phys. Lett. 172B (1986) 216.

[28] G.M.T. Watts, Nucl. Phys. B339 (1990) 177.

11


