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Atmosphere–ocean as two-time-scale systems
Mid-latitude dynamics: a mixture of

1. balanced motion
I time scales � 1 day,
I near geostrophic and hydrostatic balance.

2. inertia-gravity waves (IGWs)
I fast oscillations, with T . 1 day,
I generated by topography, convection, winds, tides,

spontaneously. . .
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Figure 1
Kinetic energy spectral estimates for instruments on a mooring over the Mid-Atlantic Ridge near 27�N (Fu
et al. 1982). The inertial, principal lunar semidiurnal M2, and diurnal O1, K1 tidal peaks are marked, along
with the percentage of kinetic energy in them and the kinetic energy lying between f and the highest
frequency estimate. Least-squares power-law fits for periods between 10 and 2 h and for periods lying
between 100 and 1000 h are shown. The approximate percentage of energy of the internal wave band lying
in the inertial peak and the M2 peak is noted. In most records, the peak centered near f is broader and higher
than the one appearing at the M2 frequency. When f is close to the diurnal frequency, it is also close to
one-half the frequency of M2, when the parametric subharmonic instability can operate. Some spectra show
the first overtone, 2 M2 of the semidiurnal tide. Instrument at (a) 128 m, (b) 1500 m, and (c) 3900 m (near the
bottom). The geostrophic eddy band is greatly reduced in energy near the bottom, as is the inertial band,
presumably because of the proximity of steep topography. Note the differing axis scales.

(where σ is the radian frequency, and q is an empirical constant), which we call the geostrophic
eddy range. A conspicuous inertial peak exists at σ ≈ f, where f = 2" sin θ is the Coriolis fre-
quency equal to twice Earth’s rotation period " multiplied by the sine of the latitude, θ , and sepa-
rates the geostrophic eddy band from higher-frequency nongeostrophic motions.2 At frequencies
σ > f, there is another approximate power-law band usually identified as internal waves. A number
of other features, especially tidal lines, appear in most of the records (discussed below). In all

2In this review, as in the oceanographic literature, the term inertial waves refers to those waves in a stratified rotating fluid
with radian frequency σ ≈ f. They should be distinguished from the alternative use in rotating nonstratified fluids as waves
with 0 ≤ σ ≤ f (e.g., Chandrasekhar 1968). Here internal waves denote those motions f ≤ σ ≤ N, which include inertial waves
as a special case. Analogous motions exist in fluids for which N ≤ σ ≤ f, including N = 0, but such conditions are almost
nonexistent in the ocean.
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Phillips & Rintoul 2000; Ferrari & Wunsch 2009
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Energy spectra
Nastrom–Gage spectrum: still puzzling after all these years.

Atmospheric spectra,
from aircraft measurements
(8-12 km altitude)

I large scales, E(k) ⇠ k�3 : balanced dynamics, 3

I mesoscales, E(k) ⇠ k�5/3 :
I 3D turbulence, 7
I small-scale convection, 7
I stratified turbulence. ?
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Energy spectra

Ocean spectra: ship tracks
I large-scale E(k) / k�3, 3

I sub-mesoscales
E(k) / k�2. 7

Callies & Ferrari 2013

Gulf Stream North Pacific

derived from altimetry (dashed blue in Fig. 5). Below
100 km, the altimetric spectrum rolls off much more
steeply than the in situ spectrum, but this range of scales
is only marginally resolved by altimeters and strongly
affected by the smoothing filter applied to remove noise.
The match of the in situ and the altimetric spectra is
consistent with the flow being predominantly geostrophic
and further supports the interpretation in terms of geo-
strophic turbulence.
In the thermocline, at scales below 20 km, the lon-

gitudinal and transverse spectra flatten out, converge,
and approach the GM spectrum for a stratificationN5
6 3 1023 s21 taken from the Argo climatology by
Roemmich and Gilson (2009) in this region (dotted pur-
ple in Fig. 5). This convergence and the fact thatKL

k 5KT
k

is consistent with internal-wave dynamics and incon-
sistent with two-dimensional isotropic flow, suggesting
that internal waves dominate the kinetic energy at scales
below 20 km. The exact match with the GM spectrum
may be fortuitous, however, because the interpolation
onto a regular grid slightly reduces the spectra at these
high wavenumbers, so that they ought to drop below the
GM spectrum if only internal-waves were present. A
small balanced component may explain the slightly in-
creased spectral amplitudes. Another possible cause of
the flattening of the spectra is instrumental noise, but it
would be surprising if the instrumental noise just hap-
pened to match the amplitude of the internal-wave field.
We conclude that the convergence of the longitudinal
and transverse spectra and the transition to a flatter

slope are a robust result, indicating a change in dy-
namics. In the mixed layer, the longitudinal and trans-
verse spectra also flatten out and converge, with energy
levels slightly higher than in the thermocline. An en-
hancement of internal-wave energy in the mixed layer is
consistent with the vertical structure of low-mode in-
ternal waves: thermocline modes project up and can
induce increased kinetic energies in the mixed layer,
despite the weak stratification (e.g., D’Asaro 1978). It is,
however, also possible that some of the excess energy is
due to Ekman flows and frontal circulations.
The interpretation of the kinetic energy spectra yields

a fairly straightforward picture of submesoscale dynamics
in the Gulf Stream region. An interior QG–turbulence
regime exists at large scales and an internal-wave regime
at small scales, with the transition occurring at about
20 km. We find no evidence of a surface QG–turbulence
regime in the upper ocean, which has previously been
suggested from analysis of altimetry data from this re-
gion (e.g., Le Traon et al. 2008). Enhanced submesoscale
energy in the mixed layer, however, may occur in the
presence of a deep winter mixed layer, as discussed in
section 2e.

6. Subtropical North Pacific

a. Spice dataset

We revisit the Spice dataset presented in Ferrari
and Rudnick (2000) to get a better understanding of

FIG. 5. Gulf Stream region wavenumber spectra of longitudinal and transverse kinetic energies KL
k and KT

k in
the (left) mixed layer (39-m depth) and (right) thermocline (150-m depth) from in situ observations (ADCP).
The wavenumber spectrum of surface transverse kinetic energy KT

k from altimetry (left) and the GM model
spectrum for kinetic energy Kk in the thermocline (right) are also shown. In both panels, lines with slopes 22
and 23 are given for reference (gray solid lines). Confidence intervals are too small to be visible.
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submesoscale dynamics in view of recent theoretical
developments. The data were collected with a research
vessel in successive occupations of the meridian at
1408W between 258 and 358N (Fig. 2) in the subtropical
North Pacific during January and February 1997.We use
temperature and salinity from four SeaSoar tows along
this transect: a sawtooth profile between 5 and 320 dbar
with a period of 12min, two horizontal tows along the 50
and 200 dbar isobars, and a tow along the 25.5 kgm23

isopycnal. Velocity measurements in the upper 300m
are available from a shipboard ADCP. The velocity
measurements and the sawtooth temperature and sa-
linity profiles are averaged into bins of 8-m depth and
about 3-km horizontal extent. For the horizontal and
isopycnal tows, temperature and salinity are averaged
into 10-m bins. See Ferrari and Rudnick (2000) for
more detailed information on the data and the ratio-
nale behind the scales chosen for the horizontal and
vertical averaging. Again, the fast-tow approximation
is made. With a ship speed of 4m s21, this is slightly less
justified than in the Oleander dataset, but geostrophic
eddies and the internal-wave continuum remain well
resolved. The 7 h it takes to cover 100 km, however, are
close to the dominant tidal period—large-scale tidal
flows are likely aliased.
The latitude–depth section of density available from

the sawtooth profile reveals that the mixed layer has a
depth ranging from 100 to 150m. The 50-dbar horizontal

tow is thus within the mixed layer, whereas the 200-dbar
horizontal tow is well within the thermocline. The iso-
pycnal tow straddles around the 200-dbar tow at a depth
of about 150–250m—that is, below the mixed layer.
We again compare to AVISO along-track altimetry

data. Here, we use all track segments that were collected
in February (years 1993–2002) and lie in a 108 3 108 box
centered at 308N, 1408W, the midpoint of the ship track
(arcs 19, 95, 106, 171, 182; Fig. 2).

b. Analysis

The observations in the subtropical North Pacific
do not lend themselves to as simple a dynamical
interpretation as those in the Gulf Stream region. We
analyze kinetic and potential energy spectra in the mixed
layer and the thermocline. The kinetic energy spectra are
computed from the ADCP data as before; the potential
energy spectra are computed from the horizontal CTD
tows, using averaged mixed layer and thermocline
values of the stratification N calculated from the saw-
tooth profile (N5 2.33 1023 s21 in the mixed layer and
N 5 8.7 3 1023 s21 in the thermocline).
The kinetic energy levels are similar in mixed layer

and thermocline (Fig. 6). At scales larger than 20 km,
both the longitudinal and transverse components of ki-
netic energy (solid red and blue in Fig. 6) are much
flatter than in the Gulf Stream region—the slopes are

FIG. 6. Subtropical North Pacific wavenumber spectra of longitudinal and transverse kinetic energies KL
k and

KT
k in the mixed layer (50-m depth) and the thermocline (200-m depth) from in situ observations (ADCP,

CTD). The wavenumber spectrum of surface transverse kinetic energy KT
k from altimetry (left) and the GM

model spectra for kinetic and potential energy Kk and Pk in the thermocline (right) are also shown. In both
panels, lines with slopes 22 and 23 are given for reference (gray solid lines). The shadings show 95% confi-
dence intervals.
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Callies, Bühler & Ferrari: Callies et al 2014–18

I revisit aircraft and ship-track data,
I 2 velocity components enable Helmholtz decomposition,
I assume linear IGWs to decompose spectrum.

u = r�+

balancedz }| {
r? | {z }

IGWs

, E(k) = Ebal(k) + EIGW(k) .
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Energy spectra
Atmosphere Ocean
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FIGURE 1. Observations from the eastern subtropical North Pacific: (a) observed
transverse and longitudinal kinetic energy and potential energy spectra Ĉu, Ĉv , and Ĉb;
(b) decomposition into rotational and divergent components D and D� from (2.30), (2.31)
and (2.27); here K = (D � kdD /dk)/2 and K� = (D� � kdD�/dk)/2; (c) total observed
energy E and total inertia–gravity wave energy EW from (2.37); (d) ratio D /D� compared
to !⇤ from GM spectrum and M2 value for reference; (e) diagnosis of the balanced
components of the observed spectra Ĉu

V , Ĉv
V , and Ĉb

V ; (f ) diagnosis of the inertia–gravity
wave component of the observed spectra Ĉu

W , Ĉv
W , and Ĉb

W . In (a) a line corresponding to
a k�2 power law has also been added for reference.
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Conclusions:
I observed spectra consistent with IGWs dominating

shallow part,
I no explanation for the spectral shape, k�2, k�5/3,
I controversial. Li & Linborg 2018
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IGWs in geostrophic turbulence

Hypothesis:
I IGWs forced at large scales,
I cascade to small scales through interactions with the

balanced flow,
I catalytic interaction, Lelong & Riley 1991, Bartello 1995

I wave–wave interactions negligible.

Mathematical problem:
I predict IGW scattering resulting from interaction with

geostrophic turbulence,
I waves in random media. Rhyzhik, Keller & Papanicolaou 1996
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IGWs in turbulence
Balanced flow:
I geostrophic, u = (� y, x, 0), b /  z,
I homogeneous, stationary  random field, with given

correlation.

IGWs:
I intrinsic frequency

f  ! =

q
f 2

cos

2 ✓ + N2
sin

2 ✓  N,

with ✓ = tan

�1
(kh/kv) , angle between k and z,

I fast compared with balanced flow,

Ro = U/(fL) ⌧ 1 .
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IGWs in turbulence
Boussinesq simulation

⇣geo wIGW
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IGWs in turbulence
Asymptotic reduction using Ro = ✏ ⌧ 1 :

Write governing equations for IGWs as

@t� + L(r)� + ✏1/2N (x/✏, r)� = 0 ,

with spec L(r) = {i!}.

Define the Wigner matrix

W(x, k, t) =

Z
�(x + ✏y/2, t)�⇤

(x � ✏y/2, t)eik·y dy

and write its evolution. Solve pertubatively using multiple
scale method: ⇠ = x/✏:

W(x, k, t) = W0(x, k, t) + ✏1/2W1(x, ⇠, k, t) + · · ·



MOTIVATION IGWS IN TURBULENCE WAVENUMBER DIFFUSION CONCLUSIONS

IGWs in turbulence

To leading order,

W0(x, k, t) = a(x, k, t)b(x, k)b

⇤
(x, k),

where a(x, k, t) is a wavenumber-resolving energy density.

Next order, using ergodicity: kinetic equation

@a
@t

+ r
k

! · r
x

a � r
x

! · r
k

a =

Z

R3
�(k, k

0
)a(t, x, k

0
)dk

0 � ⌃(k)a(t, x, k) ,

I �(k, k

0
) is the differential scattering cross-section,

I
⌃(k) =

R
�(k, k

0
)dk

0, total cross-section.
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IGWs in turbulence
The differential scattering cross section �(k, k

0
) encodes the

impact of turbulence on IWGs:

�(k, k

0
) / �(!(k) � !(k

0
)) E(k � k

0
) ,

with E(k) the turbulent energy spectrum.
I scattering results from

resonant triads:

IGWs + flow = IGWs,
! + 0 = !.

I energy transfers restricted to
constant-frequency cone.

Danioux & V 2016, Savva & V 2018, Savva, Kafiabad & V in prep
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Wavenumber diffusion

Assume further
I statistical homogeneity, r

x

! = r
x

a = 0,
I IGW scale ⌧ flow scale. Kafiabad, Savva & V 2019

Scattering equation reduces to diffusion equation

@ta = r
k

· (D · r
k

a) ,

where D(k) the diffusivity tensor

Dij(k) = �1
2

kmkn

Z 1

�1

@2
⇧mn

@xi@xj
(c(k)s) ds, ⇧mn(·) = hUm(x+·)Un(x)i

McComas & Bretherton 1977, Müller 1976, 1977, Bal et al 2010
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Wavenumber diffusion

Key properties:
I D · c = 0 : diffusion along the constant-frequency cone,
I no energy transfer between the two nappes of the cone.

Use spherical coordinates (k,�, ✓) and assume @�a = 0.

Energy density e(k, t) / k2a(k, t) satisfies

@te = @k
�
Q k5@k

�
k�2e

��
,

where Q = Q[N, f , ✓, Egeo(Kh, Kv)].
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Wavenumber diffusion

Key properties:
I D · c = 0 : diffusion along the constant-frequency cone,
I no energy transfer between the two nappes of the cone.

Use spherical coordinates (k,�, ✓) and assume @�a = 0.

Energy density e(k, t) / k2a(k, t) satisfies

@te = @k
�
Q k5@k

�
k�2e

��
,

where Q = Q[N, f , ✓, Egeo(Kh, Kv)].
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Wavenumber diffusion

Predictions
I energy confined to one nappe of cone (e.g., upward

propagating IGWs),
I energy spreading on the cone with time scale

(Qk)�1 / k�1Ro�2.

Initial-value problem:
I for e(k, 0) = �(k � k⇤),

e(k, t) =

1
2 k�2

⇤

Z 1

0
J4(k�1/2�)J4(k

�1/2
⇤ �)e�Q�2t/4�d�

⇠ k�2t�5.
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Wavenumber diffusion
Numerical simulations

Check predictions against 3D Boussinesq simulations:
I pseudospectral, 7683 resolution, Bartello 1995, Waite & Bartello 2004

I Ro = ⇣rms/f = 0.1, N/f = 32,
I IGWs added to well-developed QG turbulence.
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Numerical simulations
Initial-value problem

With peak kgeo,h ⇡ 4, take k⇤h = 16.
Match spectra after a short transient during which diffusion
approximation breaks down.

! = 2f ! = 3f
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Wavenumber diffusion
Forced problem:
I for F(k) = �(k � k⇤),

e(k) /
(

k2 for 0 < k < k⇤
k�2 for k > k⇤

,

I constant flux F = 4Qk2e(k),
I consistent with observed spectra.

Simulation with k⇤h = 12.
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Conclusions

I Statistical theory of linear IGWs in weak turbulent flow.
I Energy exchanged on constant-frequency cone through

wave + wave + flow resonances (catalytic interactions).
I Diffusion approximation for kgeo ⌧ kIGW ⌧ !/U:

I k�2 equilibrium spectrum, consistent with observations,
I forward scale cascade, isotropisation.

I Slow diffusion of frequency.
I For kIGW ⇠ kgeo, scattering equation

@ta(k, t) =

R
�(k, k

0
)a(k0, t) dk

0 �
R
�(k, k

0
) dk

0 a(k, t) ,

I energy exchanges between two nappes of cone.

BACKGROUND IGW SCATTERING BAROTROPIC FLOW WAVENUMBER DIFFUSION CONCLUSIONS

Tscatter � 2.7 days, =� Lscatter � 659km
Tisotropic � 18 days, =� Lisotropic � 4334km
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