
SURGERY TRANSFER 

by W.Luck and A.Ranicki 

Introduction 

Given a Hurewicz fibration F ,E P ,B with fibre an 
t 

n-dimensional geometric Poincare complex F we construct 

algebraic transfer maps in the Wall surgery obstruction 

groups 

! 

p" : Lm(Z[~I(B) ] ) ~ Lm+n(Z[~l(E) ] ) (m~>0) 

and prove that they agree with the geometrically 

defined transfer maps. In subsequent work we shall 

obtain specific computations of the composites p p! , 

p!p with p! :Lm(Z[~I(E) ]) ~Lm(Z[~I(B) ]) the change of 

rings maps, and some vanishing results. 

! 

The construction of p" is most straightforward in 

the case when F is finite, with L. the free L-groups 
' 

L . In ~9 we shall extend the definition of p" to 

finitely dominated F and the projective L-groups L~, as 
S 

well as to simple F and the simple L-groups L,, and 

also to the intermediate cases. 

There are two main sources of applications of the 

surgery transfer. The equivariant surgery obstruction 

groups of Browder and Quinn [ I ] were defined in terms 

of the geometric surgery transfer maps of the normal 

sphere bundles of the fixed point sets. An algebraic 

version will necessarily involve the algebraic surgery 

transfer maps. (In this connection see LHck and Madsen 

[8].) The recent work of Hambleton, Milgram, Taylor and 

Williams [3] on the evaluation of the surgery 

obstructions of normal maps of closed manifolds with 

finite fundamental group depends on the factorization 

of the assembly map by twisted product formulae which 

are closely related to the algebraic surgery transfer. 

Our construction of the quadratic L-theory 

transfer maps is by a combination of the algebraic 
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surgery theory of Ranicki [ 1 4 ] ,  [ 1 9 ]  and the method used 

by L~ck [7} to define the algebraic K-theory transfer 

maps p :Km(Z[~I(B) ]) ,Km(Z[~I(E) ]) (m=O,l) for a 

fibration with finitely dominated fibre F. 

The algebraic surgery transfer maps p for a 

fibration are a special case of transfer maps 
! 

(C,~,U) " :Lm(A) ,Lm+n(B) (m~0) defined in abstract 

algebra. Here, A and B are rings with involution, C is 

an n-dimensional f.g. free B-module chain complex with 
i 

a symmetric Poincare duality chain equivalence 

* cn-* ~ma :C ...... ~ , and U:A :R=H0(HOmB(C,C))°P is a 

morphism of rings with involution from A to the 

opposite of the ring of chain homotopy classes of 

B-module chain maps f :C ,, ,JC, with the involution on R 

defined by T(f)=~-I f ~. An element of L2i(A) is 

represented by a nonsingular (-)l-quadratic form 

(M,~:M ~M ) on a f.g. free A-module M=~A. We define 
k 

! 

(C,~,U) " (M,@)=(D,0)~Ln+2i(B) to be the cobordism class 
s 

of the (n+2i)-dimensional quadratic Poincare complex 

(D,@) given by 

U ( ¢ ) ( ~ a  -1  ) i f  s=O 
= k : 

Os 0 if s~0 

D n+2i-r-s = ~C n+i-r-s ~ D = ~)Cr_ i 
k r k 

There is a similar formula in the case m=2i+l, for 

which we refer to ~4. 

The algebraic transfer maps of fibration F :E P JB 
J 

with fibre an n-dimensional geometric Poincare complex 

F are given by 

! ! 

p" = (C(F~),~,U) ' : Lm(Z[KI(B) ]) ' Lm+n(Z[~l(E) ]) 

with C(F) the cellular Z[~I(E) l-module chain complex of 

the cover F of F induced from the universal cover E of 

E, ~=([F]O-) -I n-* :C(F) ~C(F) the Poincare duality 
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chain equivalence, 

transport. 

and U determined by the fibre 

H e r e  

algebraic 

the identification of 

transfers in L~ck [7] how 

of CW structures from the 

fibration. We use the 

Ranicki [ 16, ~7.8 ] both to 

data in the base spaces as 

the algebraic surgery 

structures 

is the main idea Jn the identification of the 

and geometric surgery transfer. We know from 

the corresponding K-theory 

to handle ~n algebra the lift 

base to the total space of a 

ultraquadratic L-theory of 

encode the algebraic surgery 

CW structures, and to decode 

data from the lifted CW 

in the total spaces. 

The paper was written during the second named 

author's visit in the academic year 1987/1988 to the 

Sonderforschungsbereich SFBI70 in G~ttingen, whose 

support is gratefully acknowledged. 
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~1. The al~ebraic K-theory transfer 

We recall from LUck [7] the construction of the 

algebraic K-theory transfer maps, and the connection 

with topology. 

Given a ring R let R °p denote the opposite ring, 

with the same elements and additive structure but with 

the opposite multiplication. 

Definition I. 1 A representation (A,U) of a ring R in an 

additive category ~ is an object A in ~ together with a 

morphism of rings U:R JHomA(A,A) °p. 

[3 

Given an associative ring R with I let ~(R) be the 

additive category of based f.g. free R-modules R n 

(n~O). A morphism f :R n ~R m is an R-module morphism, 

corresponding to the mXn matrix (aij) l~i~m, l~j~n with 

entries aijER , such that 

n 
f = (aij) : m n , m m ; (xj) ~ ( ~ x .a ) 

j=1 J ij 

Example I .2 The universal representation (R,U) of R in 

~(R) is defined by the ring isomorphism 

U : R ~ HomR(R,R)°P ; r " ( s , sr ) , 

which we shall use to identify R=HOmR(R,R) °p. 

[3 

A functor of additive categories F:A 

required to preserve the additive structures. 

Proposition [.3 Given a ring R and an additive category 

there is a natural one-one correspondence between 

functors F:~(R) ,A and representations (A,U) of R in 

A. 

Proof : Given a functor F define a representation (A,U) 

by 



A = F(R) , 

U : R = HomR(R,R)°P 
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Hom~(A,A) °p 

Conversely, given 

functor F=-~(A,U) :~(R) 

(~:R ,R) ....... , (F(~) :A 

a representation 

F(R n ) = A n , 

F((a~j):R n 

~ by 

~R m = (U(a 
ij 

,A) 

(A,U) define a 

) ) : A n l A m 

[] 

, A ; 

HomA(A,A)°P J A 

The functor associated to a representation (A,U) of R 

in A is the composite 

Ut 
F = -~(A,U) : ~(R) " , B(HomA(A,A)°P) 

embedding 

-@(A, I) : ~(HomA(A,A)°P) 

Example 1.4 A morphism of rings f :R JS determines a 

representation (S,U) of R in B(S) with 

U = f : R l HOms(S,s)°P = S 

such that -~(S,U)=f! :~(R) ~B(S) is the usual change of 

rings functor. 

O 

For any object A in an additive category A there 

is defined a representation (A, i) of the ring 

HomA(A,A) °p in A. The corresponding functor is the full 
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- O ( A , 1 )  

Given chain complexes C,D in A let HomA(C,D) b e  

the abelian group chain complex defined by 

dHomA(a,D ) : HomA(C,D) r HomA(Cp,D q) 
q-p=r 

Hom~(C,D)r_ 1 ; f - - .  dDf + (-)qfd C 

There is a natural one-one correspondence between chain 

maps f:C ........ ,D and O-cycles f'EHom~(C,D)0 , with 

f, = (_)nf : C .......... D (nEZ) 
n n 

Similarly for chain homotopies and l-chains. Thus 

H0(Hom~(C,D)) is isomorphic to the additive group of 

chain homotopy classes of chain maps C : ~D. 

A chain complex C is finite if C =0 for r<O and 
r 

there exists n~O such that C =0 for r>n. 
r 

Definition I. 5 Given an additive category ~ let D(~) be 

the homotopy category of ~, the additive category of 

finite chain complexes in ~ and chain homotopy classes 

of chain maps with 

HomD(A)(C,D) = H0(HomA(C,D)) 

For a ring R we write D(~(R)) as D(R). 

[] 

We refer to Ranicki [17],[18] for an account of 

the algebraic K-groups Km(~ ) (m=0, I) of an additive 

category ~ with the split exact structure, and the 

application to chain complexes. In particular, the 

class of a finite chain complex C in ~ is defined by 

[C] = m (-)r[c ] ~ K0(A) 
r= O r ' 

and the torsion of a self chain equivalence f :C ~C is 
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defined b y  

T(f) = T(d+r:C(f)od d :C(f)even) 6 KI(A) 

for any chain contraction r:Oml :C(f) 

algebraic mapping cone C(f). 

~C(f) of the 

Definition 1.6 The generalized Morita maps 

~:Km(~(~)) JKm(~) (m=0, I) are defined for any additive 

category A by: 

for m=O ~ sends the class [C]6Ko(~(A)) of an 

object C in D(A) to the class [C]6Ko(A) , 

for m=l ~ sends the torsion T(f)6KI (D(A)) of an 

automorphism f:C pC in ~(A) to the torsion T(f)6KI (~) 

of any representative self chain equivalence. 

[] 

A morphism in D(~) is a chain homotopy class and 

the definition of ~ involves a choice of representative 

chain map. The generalized Morita maps ~ are therefore 

not induced by a functor D(~) 'A. 

Example 1.7 (L~ck [7]) A Hurewicz fibration F :E ~,B 

with the fibre F a CW complex determines a ring 

morphism 

U : Z[~I(B)] " , H 0 ( H o m z [ N I ( E )  ] ( C ( F ) , C ( F ) ) ) ° P  

w i t h  C ( F )  t h e  c e l l u l a r  b a s e d  f r e e  Z [ N l ( E ) ] - m o d u l e  c h a i n  

c o m p l e x  o f  t h e  p u l l b a c k  F t o  F o f  t h e  u n i v e r s a l  c o v e r  

of E, and U the chain homotopy action of 

H0(OB)=Z[~I(B) ] on C(F) determined by the homotopy 

action of the loop space QB on F. For finite F this 

defines a representation (C(F),U) of Z[~I(B) ] in 

D(Z[~I (E) ]). For the identity map p=l :E ,B=E with 

F=< ~} this is the universal representation (R,U) of 1.2 

f o r  R=Z[~ 1 ( B )  ] = Z [ K  1 (E) 1 • 
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[] 

The transfer map in the torsion groups associated 

to a representation (C,U) of a ring R in D(~) is the 

composite 

! 
(C,U) " : KI(R ) = KI(B(R)) 

U~ 
, KI(D(A)) , KI(A) 

of the map U! induced by the functor 

(C,U)~-:B(R) B~(A) and the generalized Morita map ~. 

The torsion ?(f)~Kl (R) of an automorphism f :R k ~R k is 
! 

sent by (C,U) " to the torsion T(U(f))~KI(~) of the se] f 

chain equivalence U(f) :~C ,~C. 
k k 

The idempotent completion of an additive category 

is the additive category ~ with objects pairs 

( A = object of A , p = p2 : A ....... , A ) 

and morphisms f : (A,p) ,(A' ,p') defined by morphisms 

f :A *A' in ~ such that p' fp=f :A ~A' The evident 

functor D(~) ~(A) is an equivalence of additive 

categories, since every chain homotopy projection in 

splits (LHck and Ranicki [9]). 

For any ring R the additive category ~(R) of f.g. 

projective R-modules is equivalent to the idempotent 

completion ~(R) of the additive category ~(R) of based 

f.g. free R-modules, with an equivalence 

~ ( R )  : P ( R )  ; ( R k , p )  ..... , i m ( p )  

For any representation (C,U) of a ring R in D(~) 

the functor (C,U)~- :~(R) ,D(~) extends to a functor 

~(R) '~(~) (cf. Lemma 9. 3) , and so determines a 

transfer map in the class groups 

(C,U)' U, ' : K0(R) = KO(~(R)) K0(D(~)) 
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Z[~I(B) l-module chain complex. Let F ,E P JB be a 

Hurewicz fibration such that the fibre F is a CW 

complex. Let F ,(Y',Y) ....... ~(X',X) be the fibration 

obtained from p by pul ]back along the map X' ~B, with 

(Y' ,Y) the pullback to (Y' ,Y) of the universal cover 

of E. Then (Y' ,Y) is homotopy equivalent to a relative 

CW pair ( a ]  so  denoted by (Y' ,Y)) with cellular based 

free Z[~I(E) l-module chain complex 

C(~Q' ,~Q) = s r c ( p # ( d )  : ~ C ( F )  , ~ C ( F ) )  
J I 

the r-fold suspension of the algebraic mapping cone of 

a chain map in the chain homotopy class 

# # 
p (d) : p (@Z[~I(B) ]) = @C(F ~) 

J J 

# 
, p (~Z[~ I (B) l ) = @C(F) 

I I 

Proof : See L(fck [ 7 ] . 

[] 

~2. Maps o__f_f L-group s 

We refer to Ranicki [ 14] , [ 19] for the definition 

of the quadratic L-groups Ln(~) (n~0) of an additive 

category ~ with involution * :~ ~, as the cobordism 
J 

groups of n-dimensional quadratic Poincare complexes 

(C,~EQn(C)) in ~, and for the proof that these groups 

are 4-periodic, with L2i(~ ) (resp. L2i+l(~)) the Witt 

group of nonsingular (-)i-quadratic forms (resp. 

formations) in ~. 

We now put an involution on the notions of ~I. 

Definition 2.1 An involution on an additive category 

is a contravariant functor 

* : ~ : ~ ; M l M , 
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(f :M ,N) , (f :N ,M ) 

together with a natural equivalence 

e : id A , ** : ~ ~ ~ ; 

M ....... ~ (e(M):M ~M ) 

such that 

e(M ) = (e(M) -I ) : M ~ M 

[] 

We 

e(M):M 

shall use the 

~M to identify M =M. 

natural 

Example 2.2 Given a ring R with involution 

: R , R ; r - - ~  

isomorphisms 

let the additive category 

~(R) = {based f.g. free R-modules} 

have the duality involution 

* Rn (R n ) = 

such that 

(aij) = (a3i) , 

Ln(B(R)) = Ln(R ) (n~O) 

d 

By definition, a quadratic Poincare complex over R is 
I 

the same as a quadratic Poincare complex in ~(R) . 

[3 

Notation 2.3 Let ~ be an additive 

involution. 

category with 
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i) A chain complex C in ~ is n-dimensional if C =0 for r 
r<0 and r>n. 

ii) The n-dual of an n-dimensional chain complex C is 

the n-dimensional chain complex C n-* in ~ with 

dcn-* = (-)r(dC) : 

(C n-* = C n-r )* 
)r = (Cn-r 

, , ( C  n - *  ) 
r - 1  

iii) For n~>O let Dn(A) be the additive category of 

n-dimensional chain complexes in ~ and chain homotopy 

classes of chain maps, with the n-duality involution 
n-* 

T=n-*:Dn(A) ,Dn(A) ;C ,C 

D 

A functor of additive categories with involution 

F:~ ,~ is a functor of the underlying additive 

categories together with a natural equivalence 

G:F* '*F:A '6, such that for any object M in A there 

is defined a commutative diagram in 

e ~ ( F ( M ) )  ~ 
F ( M )  . . . . . . . . . . . . . . . . . . . . . .  F ( M )  

F(eA(M)) I , [ G(M) 

~ G(M ) ~ 
F(M ) , F(M ) 

Notation 2.4 A functor F : ~  ~ of additive categories 

with involution induces morphisms of the quadratic 

L-groups which we write as 

F! ; Ln(~ ) , Ln(~ ) ; 

( C , ¢ )  ...... , ( F ( C ) , F ( ~ ) )  (n~O) 

D 

Example 2.5 A morphism of r~ngs with involution f:R ~S 
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determines functors of additive categories with 

involution f ! :~(R) ,~(S) which induces change of rings 

m o r p h i s m s  i n  t h e  q u a d r a t i c  L - g r o u p s  f t : L n ( R ) .  .... , L n ( S )  

(n~0). 

Definition 2.6 Given a 

[] 

nonsingular symmetric form 

(A,~=~ :A ,A ) in an additive category with involution 

let the ring Hom~(A,A) °p have the involution 

: Hom~(A,A) °p ) Hom~(A,A) °p ; 

(f :A )A) ) (Cl-lf ~CI:A )A ~A ,A) 

By analogy with Definition I. 1 : 

[] 

[] 

In particular, (A,U) is a representation of R in 

the additive category ~ in the sense of I.I. 

By analogy with Example 1.2: 

Example 2.8 The universal symmetric representation 

(R,~,U) of a ring with involution R in ~(R) is defined 

by 

: R J R ; r , ( s ~ sr ) 

with U the isomorphism of rings with involution 

Definition 2.7 A symmetric representation (A,~,U) of a 

ring with involution R in an additive category with 

involution ~ is a nonsingular symmetric form (A,~) in 

together with a morphism of rings with involution 

U:R ,Hom~(A,A) °p 
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U : R ~ HomR(R R) °p , ; r .... , ( s ~ s r  ) 

We sha] ] use IJ as an ident~ fication of rings with 

involution R--HOmR(R,R) ° p .  

By analogy with Proposition 1.3: 

[] 

A = F(R) , 

(I = G(R) : F(R ) = A " F(R) = A , 

U : R = HomR(R,R)°P , HomA(A,A)°P ; 

(p:R :R) , (F(~) :A ,A) 

Conversely, given a symmetric representation (A,~,U) 

define a functor F=-~(A,~,U) :~(R) ,A by 

F(R) = A , 

G(R) = (I : F(R ) = A " F(R) = A , 

R n A n A m F((ai3) : ~R m) = (U(aij)) : , 

[] 

By definition, a nonsingular symmetric form (C,~) 

in Dn(A ) is an n-dimensional symmetric complex C in 

together with a self dual chain homotopy class of chain 

equivalences ~=T~:C ,C n-* 

Proposition 2.9 G~ven a ring with involution R and an 

additive category with involution ~ there is a natural 

one-one correspondence between functors of pairs of 

additive categories with involution F:~(R) ~A and 

symmetric representations (A,a,U) of R in ~. 

Proof: Given a functor F define a symmetric 

representation (A,~,U) by 
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Proposition 2.10 A symmetric representation (C,~,U) of 

a ring with ~nvolution R in Dn(A) determines a functor 

F=-~(C,~,U) :~(R) ,~n(~) inducing morphisms in the 

quadratic L-groups 

F! = -@(C,g,U) : Lm(R) ............ , Lm(~n(A)) (m~>0) 

Proof: Immediate from 2.4 and 2.9. 

[] 

Given a ring with involution S let ~n(S)=~n(~(S)) , 

the additive category of n-dimensional chain complexes 

of based f.g. free S-modules and chain homotopy classes 

of chain maps with the n-duality involution C ~C n-* A 

symmetrJ c representation (C,~,U) of a ring with 

involution R in Dn(S) determines by 2.10 a functor 

F=-~(C,~,U) :~(R) . . . . . . . .  ~Dn(S) inducing morphisms in the 

quadratic L-groups 

F! = -~(C,~,U) : Lm(R ) , Lm(Dn(S) )  (m~O) 

~3. The 8eneralized Morita maps i___n_n L-theory 

By analogy with the algebraic K-theory generalized 

Morita maps ~:Km(D(A)) ,Km(~ ) (m=O,l) of ~i we define 

generalized Morita maps in the quadratic L-groups 

~:Lm(Dn(A)) ~Lm+n(A) (m,n~0) by passing from 

nonsingular quadratic forms and formations in Dn(A) to 
l 

quadratic Poincare complexes in A- The L-theory ~ is 

the identity for n=0, since D0(A)=A. For n~l the maps 

are not isomorphisms and are not induced by functors of 

additive categories with involution: a morphism in 

Dn(A) is a chain homotopy class and as in K-theory the 

definition of ~ involves a choice of representative 

chain map. 

Proposition 3.1 i) A nonsingular (-)i-quadratic form in 
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Dn(A) 

(M,0~coker(l-(-)iT:HOmDn(A) (M,M ) JHom (M M ))) 
Dn(A ) ' 

is represented by an n-dimensional chain complex M in 

together with a chain map ~:M JM n-* such that 

(l+(-)iT)~=e+(-)n+i~ :M ,M n- 

ii) The cobordism class 

(n+2i)-dimensional quadratic 

(C,~) defined by C=M n+i-* and 

H if s=0 
= 

~S 0 if S~I 

is a chain equivalence. 

(C,~)~L +2i(A) of the 

Poincare complex in 

C n+2i-r-s = M ~ C = M n+i-r 
r-i-s r 

depends only on the class 

n _~ ~ coker ( I - (-)iT : H0 (Hom~% (M, M )) ~H0 (HomA (M, Mn-* ) ) ) 

= coker(l-(-)iT:Hom (M,Mn-~)----~HOmDn Dn(A ) (A) (M,Mn-~)) 

iii) Suppose given (C,~) as in ii), an n-dimensional 

chain complex L, a chain map j:L ~M and 
n+l-r 

(xEHOmA(Lr,L ) try0> defining a chain homotopy 

X+(_)n+i+l * X : j #j m 0 : L ~ L n-* 

such that the chain map (3 (I+T)~0 O) :C(3) ~L n-* is a 

c h a i n  e q u i v a l e n c e ,  w i t h  C ( j )  t h e  a l g e b r a i c  m a p p i n g  c o n e  

of 3. Then (C,~)=0ELn+2i(~) . 

Proof: i) Trivial. 

ii) The isomorphism of abelian groups 

Q( )i(M) = coker(l ( )iT - - : t t o m  ( M , M  ) 
- IDn ( A )  

~H°m~)n(A) (M,M )) 

' Qn+2i (C) ; 
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[0:M 

defined by 

,M n- ] J (~s6HomA(cn+2i-r-S,Cr) ]r,s~>0 } 

sends the 

~6Qn+2i(C)- 

~0 = @ ' Ks = 0 for s~l 

class of O t o  the quadratic structure 

iii) Define an (n+2i+l)-dimensional quadratic Poincare 

pair in A (f:C ~D,(5~,~)) by 

* Mn+i_* f = j : C = • D = L n+i-* , 

= D n+2 = L n+i-r 
~0 X : i+|-r = Lr_i_l ~ Dr , 

5~s = 0 for s~l 

[] 

of 

We refer to ~2 of Ranicki { 19] for the definition 

a nonsingular (-)i-quadratic formation 

(F,G)=(F,|r'|G) in an additive category with involution 

•, and fo~ £he result that (F,G)=06L2i+I(A) if and only 

if there there exist a (-) i+l-quadratic form in A (H,~) 

and a morphism j :F----~H such that the morphism defined 

in A by 

j [+(_)i+l [* : F~)H ........ ~ G ~H 

is an isomorphism. 

Proposition 3.2 i) A nonsingular (-)i-quadratic 
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i i)With I~ ~J as in i)there exist 

: G n-* r~ G n-* ) F , // : 

: G n-* ) G 

c h a i n  maps i n  

) F n-* , 

and a chain homotopy 

X : Y I1 - + ( x j n+i+l~* G n-* ) G 

such that the chain map 

[ ~ + ( _ ) n + i  ~'* ~ *  ] 
X Y "'* n+l-* "~* 

: C(~ ) , C(~ ) 
0 

is a chain equivalence in A. Let (C,~) be the 
i 

(n+2i+l)-dimensional quadratic Poincare complex derived 
r~ 

from (F)Gn-*,y,~)0,X) in the way (C,%#) is derived from 

(F)G)Y)~,0,X) . Define an (n+2i+2)-dimensional quadratic 

Poincare cobordism ((f f) :C(9C ,D, (5~,~-~)) by 

D = S i+IF , 5~ = 0 , 

= G n - r + i ~ F r _ i _ l  ) D = F f = ( 0  i )  : C r r r - i - I  

f~ ( 0  1 )  : C~r r -  i - I  r r - i - I  = = G i~)Fr_ ) D = F 

Thus (C,~)=(C,~)~Ln+2i+I (A) . Since 0 and X can be 

chosen independently of 0 and X it follows that the 

cobordism is independent of these choices also. Given 

(F,G,Y,~,@,X) and chain equivalences h:F )F' , k:G )G' 

it is possible to define (F' ,G' ,y' ,~' ,@' ,X') such that 

the corresponding quadratic Poincare complex (C' ,~' ) is 

homotopy equivalent to (C,~), and so 

(c' ~')=(c, ) ~)~Ln+2i+1 (~) • 

J 

iii) Define an (n+2i+2)-dimensional quadratic Poincare 

pair (f :C )D) (~)~)) by 
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n+i+l-* 
D=H 

f = ( 0  j )  : 

= Gn-r+i(~F Hn+~+l-r 
Cr r-i-I ~ Dr = ' 

D n+2i+2-r = H ~ D = H n+i+l-r 
r-~-I r 

~ = 0 for s)l 

I 

This is a quadratic Poincare null-cobordism of (C,~), 

so that (C,~)=OELn+2i+l(~) . 

[] 

Definition 3.3 For any additive category 

involution A define the generalized Morita maps 

with 

~/ : Lm(~n(A)) , Lm+n(A) (m,n~O) 

for m=2i (resp. 2i+i) by sending a nonsingular 

(-)i-quadratic form (M,~) (resp. formation (F,G)) in 

~n(~) to the cobordism class of the (m+n)-dimensional 
S 

quadratic Poincare complex (C,~) in ~ defined in 

Proposition 3. I ii) (resp. 3.2 ii)). The verification 

that the maps ~ are well-defined is contained in 

Propositions 3. I iii) (resp. 3.2 iii)). 

gl 

For a ring with involution R apply 3.3 to ~=~(R) 

to obtain generalized Morita maps ~:Lm(~n(R)) ~Lm+n(R) 

( m , n ) O ) .  

~4. The quadratic L-theory transfer 

As before, let ~ be an additive category with 
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involution, and let ~n(A) be the chain homotopy 

category of n-dimensional chain complexes in A with the 

n-duality involution. 

Definition 4.1 The ~uadratic L-theory transfer maps of 

a symmetric representation (C,~,U) of a ring with 

~nvolution R in Dn(A) 

! 

(C,~,U)" : L m ( R )  , Lm+n(A) (m>~O) 

are the composites 

! 

(C,~,U) " : Um(R) = nm(~(R)) 
-~(c,a,u) 

, Lm(Dn(A)) 

' Lm+n (A) 

of the maps -~(C,~,U) of 2.10 and the generalized 

Morita maps ~ of 3.3. 

[] 

Example 4.2 Let ~ be the additive category ~(S) of 

based f.g. free S-modules with the duality involution, 

for a ring with involution S. The transfer maps 

determined by an n-dimensional symmetric representation 

(C,~,U) of a ring with involution R in ~n(~)=Dn(S) are 

morphisms of quadratic L-groups 

(C,a,U) ! : Lm(R ) ...... , Lm+n(A) = Lm+n(S) (m,n~0) 

[] 

Example 4.3 Given a Hurewicz fibration F ,E PIB with 
J 

the fibre F a finite n-dimensional geometric Poincare 

complex we shall define in ~5 below a symmetric 

representation (C(F),~,U) of Z[~I(B) ] in Dn(Z[~I!E) ]), 

with F the pullback to F of the universal cover E of E 
I 

and ~=([F]~-)-I :C(F) ,C(F) n-* the Poincare duality 

chain equivalence. The algebraic surgery transfer maps 

will be defined in ~5 to be 
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k 
C O = ES $ 

1 

k 
: C O = ~S 

l 

C = 0 for r ~ 0 , 
r 

k . 
, c0 = (rS) ; 

1 

(s I , S 2 , . • . ,S k) 

((tl ,t 2 ..... t k) : tlSl+t2s2+...+tkSk ) , 

U = I : R = Mk(S) , H0(Homs(C.C)) °p = Mk(S) 

The generalized Morita maps ~:L.(R) JL.(S) in this 

case are just the usual Morita maps, which are 

isomorphisms for the projective and round L-groups. See 

Hambleton, Taylor and Williams [5] and Hambleton, 

Ranicki and Taylor [4] for Morita maps in quadratic 

L-theory. 

£3 

Example 4.6 Let F=V{*) ,E P:B be a k-sheeted finite 

covering, so that K~E) is a subgroup of KI(B) of index 

k. There are evident identifications of spaces 

and also of Z-module chain complexes 

c ( ~ )  = z [ x 1 ( s > ]  = S Z [ ~ I ( E > ]  
k 

The symmetric representation (C(F).~,U) of Z[KI(B) ] in 

~ o ( Z [ K 1  ( E )  ] ) = ~ ( Z [ K 1  ( E )  ] )  associated to p:E ,B (as in 

4.3) is given by 

U : Z [ K I  ( B )  ] = H o ( H o m z i K I ( B ) ] ( C ( F ) , C ( F ) ) ) ° P  
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restriction 

H0(Homz[~I(E)](C(F),C(F)))°P = Mk(Z[~l(E)]) , 

a = e l  : C(F) = eZ[~I(E)] 
k k 

H°mz[~rl (E)](C(~)'Z[~I(E)]) = @Z[~I(E)Ik " 

The algebraic transfer maps i n  this case are the 

composites 

Palg : L m ( Z [ ~ I ( B )  ] )  
U! 

Lm(Mk(Z[~] (E) ])) , Lm(Z[~] (E) ]) 

with U! induced by U as in 2.5 and ~ the Morita maps of 

4.5. In this case Palg can be described more directly 

by the restrictions of Z[~l(B) ]-module actions to 

Z[~l (E) ]-module actions, and it is clear that 
! ! 

Palg=Pgeo " 

[] 

Example 4.7 The algebraic sl-bundle transfer maps of 

Munkholm and Pedersen [ I0] and Ranicki [16,%7.8] 
! 

Palg:Lm(R) JLm+I(S) are defined for any ring with 

involution S, with R=S/(t-I) for a central element t6S 

such that [=t -I (We are only dealing with the 

orientable case here). From our point of view these are 
! t 

the quadratic L-theory transfer maps Palg=(C,a,U) ' of 

4.1 with (C,~,U) the symmetric representation of R in 

~I(S) given by 

d = 1-t : Ct = S ~ C O -- S , 
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CI = 
-t : C I = S ) C O = S 

1 : C O = S , C 1 = S 

For an sl-bund]e S I ~E P*B 

S=Z[KI(E) ] , t=fibre~Kl (E). 

orle takes R=Z[~I(B) ] , 

[3 

~5. The al~ebraic surgery transfer 

A map p:E ~B of connected spaces with homotopy 

fibre of the homotopy type of a finite (or finitely 

dominated) CW complex F determines a representation of 

Z[~I(B) ] in ~(Z[~I (E) ] ) 

(C(F),U:Z[~I(S)] 'Ho(Homz[~I(E) ] (C(F),C(F)))°P) 

as in 1.7. We shall now show that if F is a finite 

n-dimensional geometric Poincare complex then for any 

choice of orientation map w(B) :~i (B) )Z 2 in the base 

there is defined a symmetric representation (C(F),G,U) 

of Z[~I(B) ] in ~n(Z[~I(E) ]), and hence obtain from ~4 

quadratic L-theory transfer maps 

' ~) ' 
• = (c( ,=,u)" : Palg 

Lm(Z[~I(B)]) , Lm+n(Z[~I(E)]) (m~O) 

In ~8 below we shall identify these algebraic surgery 

transfer maps with the geometric surgery transfer 

maps. 

There is no loss of generality in assuming that 

F JE P JB is a Hurewicz fibration with the fibre 

F=p-l(*) a finite CW complex F. If F is disconnected 

then p:E ,B is the composite of a Hurewicz fibration 
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p' :E ~B' with connected fibre p,-1 (,) and a finite 

covering B' ,B. Since transfer theory is we11-known 

for finite covers (cf. 4.6) there is no loss of 

generality in taking F to be connected. In fact, the 

algebraic transfer maps are defined in exactly the same 

way for disconnected F, and only the geometric 

treatment of the orientation maps has to be modified by 

using groupoids instead of groups. 

Transport of the fibre along paths in the base 

space gives a map QB ,F F which on KO induces a group 

morphism U:KI (B) ,[F,F] to the monoid of homotopy 

classes of self-maps of F (Whitehead [24,p. 186]). 

Analogously, one has the pointed transport of the 

pointed fibre along paths in E, defining a morphism 

U+:~I(E) ~[F,F] + to the monoid of pointed homotopy 

classes of pointed self-maps of F. Homotopy along a 

path defines a morphism ~i (F) J IF,F] + (Whitehead 

[24,p.98ff ]) . 

Proposition 5.1 The transport maps define a morphism 

from an exact sequence of groups to an exact sequence 

of pointed sets 

P .  
~I(F) , ~l(E) , ~I(B) , {I} 

I0 ii , , 
~ ' I ( F )  , [ F . F ]  + , [ F , F ]  , ( 1 }  

[] 

We shall now use 5.1 in the case when F is a 
J 

geometric Poincare complex to lift an orientation map 

w(B) for ~| (B) to an orientation map w(E) for ~I (E). 
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Definition 5.2 An orientation map for a group K is a 

morphism w:~ IZ2={+l }. Let Z[~] w denote the ring Z[~] 

with the w-twisted involution 

- : Z[~l ' Z[~] ; E n g , ~ n w(g)g -I 
gEff g gE~ g 

Given a chain complex C in ~(Z[K]) let WCn-* denote the 

n-dual chain complex C n-* in ~(Z[K]) defined using the 

w-twisted involution on Z[~] • If w is trivial WCn-* is 

written as C n-* . Let Z w denote the right Z[K]-module 

with additive group Z and 

Z w X Z[~] ' Z w ; (m,gE~E ngg) , m(gE~ w(g)ng) 

Let Wz denote the left Z[~]-module defined in the same 

way. 

[] 

When w is clear we abbreviate Z[~] w to Z[~] • 

S 

An n-dimensional geometric Poincare complex X is a 

(connected) finite CW complex together with an 

orientation map w(X) :~i (X) ,Z 2 and a fundamental 

class 

[X] 6 Hn(X;Z w(X) ) = Hn(ZW~z[~l(X) ]C(X)) 

such that the Z[~l (X) ]-module chain map 

)c(~ [X]~_:w(X )n-* ,C(X) is a chain equivalence, with 

the universal cover. See Wall [21] for the general 

theory. 

The orientation map w=w(X) :K=~I(X) ~Z 2 of an 
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I 

n-dimensional geometric Poincare complex X is 

determined by the topology of X. since the cap product 

with a fundamental class [X]EHn(X;Z w) defines an 

isomorphism of Z[~]-modules 

[X]n- : Ho(WC(~)n-*) ........ , Xo(X) = Z 

If Hn(x) is defined to be H0(C(X)n-*) using the 

untwisted involution (~=g-t) on Z[~] then we get 

Hn(x)mWz. 

Definition 5.3 Let X be an n-dimensional geometric 
I 

Poincare complex. 

i) The degree of a pointed self-map f :X JX is the 

number d(f)EZ such that 

f 

with f:X 

cover X. 

ii) The homotopy orientation 

morphism 

: Hn(x) , Hn(x) ; l " d(f) , 

,X a lift of f to a self map of the universal 

of X is the monoid 

^ zx w ~(x) : IX,El + .... = ; f b d(f) , 

w~th Z X the monoid defined by Z and multiplication. 

[] 

Let f :X ,X be a pointed self homotopy 

equivalence, inducing an automorphism f.:~ ~ of the 

fundamental group ~=~I(X). A lift f:X-----*X of f to the 

universal cover X induces a Z-module chain equivalence 

f:C(X) ,C(X) which is f.-equivariant 
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~(gx) : f,(g)(x) 6 C(X) (g6~,x6C(X)) 

The induced isomorphJ sm of additive groups 

~ *  H n w z : (X~): ,Hn(X~)=Wz is also f,-equivariant. Hence we 

have 

f. W 

w : wf . : K J ~ ' Z 2 

and f, defines an automorphism f,:Z[~] w ~Z[~] w of the 

ring with involution Z[~] w The Z-module automorphism 

f,:Hn(X;Zw)=z .Hn(x;zW)=z is such that 

^ = Z 2 CZ x f,([X])=d(f)[X], with d(f)=w(f)6<2l} . In 

particular, it follows that the orientation map w and 
A 

the homotopy orientation w are related by a commutative 

diagram of monoid morphisms 

~](x) , [x,x] 

I t^ 
wl I 
( _ + l >  , Z x 

Proposition 5.4 For any pointed self homotopy 

equivalence f :X ~X there is defined a chain homotopy 

commutative diagram of Z-module chain complexes and 

chain equivalences 

d ( f ) ( f - 1 )  * 
Wc(~)n-* w c n-* 

1 I 
'XJ~l ~ I ExJ~- 

c ( ~ )  ........... , c ( ~ )  

with the horizontal chain maps f,-equivariant, and the 
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vertical chain maps ~i (X)-equivariant. 

[3 

s 

Definition 5.5 An n-dimensional Poincare fibration 

F *E P JB is a Hurewicz fibration with the fibre F an 
I 

n-dimensional geometric Poincare complex, together with 

an orientation map w(B) :~i (B) JZ 2 . The lift of w(B) is 

the orientation map 

! 

p ' w ( B )  = w ( m )  : K I ( E  ) , Z 2 ; 

A 

g ......... ~ w(B) (p, (g)) .w(F) (U+(g)) 

+ "% 

with U as in 5.1 and w as in 5.3. 

[] 

i 

Proposition 5.6 An n-dimensional Poincare fibration 

F ,E P ~B determines a symmetric representation 

(C({),~,U) of Z[~I(B) ] w(B) ~n ~n(Z[~(E) ] w(E)) with 

~=([F]~-)-l :C(F) ,C(F) n-* the Poincare duality chain 

equivalence and (C(F),U) the representation of Z[ffl(B) ] 

in ~n(Z[ffl (E) ]) associated to p. 

Proof: We have to show that 

U : Z [ N I  ( B ) ]  w ( B )  , Ho(Homz[~I(E)])(C(F),C(F)))°P 

is a morphism of rings with involution, or equivalently 

that for every gE~I(B ) there is defined a chain 

homotopy commutative diagram of Z[~I(E) ]-module chain 

complexes 
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# 
p = -®(c(v),~,u) : B(Z[~I(B)] ) J ~)n(~[~[(E) ]) 

and the generalized Morita maps ~ of %3. 

%6. The geometric st_ Irgery transfer 

Wall [22] defined the rel~ surgery obstruction 

o,(f,b)~Lm(Z[~l(X) ]) for a normal map 

(f,b) : (M,~M) ~(X,~X) from a compact m-manifold with 

boundary (M,~M) to a finite m-dimensional geometric 
/ 

Poincare pair (X,~X) with ~f=fl :~M ~X a homotopy 

equivalence, and b:~M----~ X a map from the stable normal 

bundle of M to a topological reduction of the Spivak 

normal fibration ~X of 

involution on Z[~] (X) ]. The 

property that o,(f,b)=0 if 

X, with the w(X)-twisted 

surgery obstruction has the 

(and for m~5 only if) (f,b) 

a homotopy equivalence of 

B with finitely 

orientation map 

to realize every 

~s normal bordant rel~ to 

pairs. Given a connected space 

presented ~I(B) , and given an 

w(B) :~I(B) ~Z2, it is possible 

element XELm(Z[~I(B) ] ) (m)5) as the surgery obstruction 

of an m-dimensional normal map (f,b):(M,~M) J(X,~X) 

with a ~l-isomorphism reference map X )B and 

orientation map w(X) :~i (X) ,,,~l (B) w~B~ ~Z 2 

x = ~.(f.b) E Lm(Z[NI(B) ]) 

s 

The total space E of an n-dimensional Poincare 

fibration F ,E P,B over an m-dimensional geometric 
s 

Poincare complex B is homotopy equivalent to an 

(m+n)-dimensional geometric Poincare complex, with the 
! 

orientation map the lift w(E)=p'w(B) :~I(E) ,Z 2 in the 

sense of 5.5 of the orientation map w(B) :~i (B) JZ 2 

(Ouinn [ 12] , Gottlieb [2]). 

Quinn [II] used the realization theorem for 
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surgery obstructions to define geometric transfer maps 

in the quadratic L-groups for a fibre bundle (or even a 

block fibration) F ,E P JB with the fibre F a compact 

n-manifold 

! 
Pgeo : Lm(Z[~fl(B)]) , Lm+n(Z[KI(E)]) ; 

O,((f,b) : (M,0M) ,(X,~X)) 

, ~ , ( ( g . c ) : ( N . D N )  ' ( Y . D ¥ ) )  

Here, (g,c) : (N,~N) ,(Y,~Y) the (m+n)-dimensional 

normal map equipped with a reference map Y~E obtained 

from the n-dimensional normal map (f,b) :M -~X by the 

pullback of p along a reference map X ,B. 

The surgery obstruction of Wall [22] was defined 

using geometric intersection numbers on the homology 

remaining after surgery below the middle dimension. The 

theory of Ranicki [ 14] , [ 15 ] associates an invariant in 

Lm(Z[~I(X) ]) to a normal map (f,b):(M,DM) :(X,DX) of 
p 

m-dimensional geometric Poincare pairs, with b:~ M ~PX 

a map of the Spivak normal fibrations and ~f:~M ,OX a 

homotopy equivalence. The quadratic kernel of (f,b) is 
I ! 

an m-dimensional quadratic Poincare complex (C(f) ,~) 
! 

over Z[~l (X) ] . Here, C(f" ) is the algebraic mapping 

cone of the Umkehr Z[~l(X)]-module chain map 

-I 
([x]~-) m - *  f 

f : c ( ~ , o ~ )  , c ( ~ )  , c ( ~ )  m - *  

[M]~- 
, 

with X the universal cover of X, f:M .X a 

~l(X)-equivariant lift of f to the pullback cover 

M=f X of M. The Poincare duality chain equivalence is 

given up to chain homotopy by the composite 
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! 

(I+T)~o : C(f" ) m-* 

[M]~- 
, c ( ~ )  

e ,~  m- ~ 

, C(~,~M) 

C(~,O ~ )MM e , c(f') J 

with e :C(M,DM) ~C(f ! ) the inclusion. The quadratic 

signature of (f,b) is the cobordism class 

! 

o,(f,b) = (C(f"),~) 6 Lm(Z[~l (X) ]) 

J 

A normal map from a manifold to a geometric Poincare 
i 

complex determines a normal map of geometric Poincare 

complexes with quadratic signature the surgery 

obstruction. 

Definition 6.1 The seometric surgery transfer maps of 
t 

an n-dimensional Poincare fibration F ~E P,B with 

finitely presented ~i (B) 

Pgeo : Lm(Z[~I(B) ]) Lm+n(Z[~1(E) ]) ; 

a.((f,b) :M iX) ' a.((g,c):N ~Y) (m~5) 

are defined using the quadratic signature of normal 
I 

maps of geometric Poincare complexes. Here, (g,c) :N ...... ,Y 

is the (m+n)-dimensional normal map obtained from an 

m-dimensional normal map (f,b) :M ,X by the pullback of 

p along a reference map X ,B. 

[] 

Theorem 6.2 The geometric surgery transfer maps of an 
i 

n-dimensional Poincare fibration F ,E P ~B coincide 

with the algebraic surgery transfer maps 
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! ! 
Pgeo = Palg : 

Lm(Z[~I(B) 1) Lm+n(Z[ffl(E) ]) (m~5) 

[3 

The proof of 6.2 is 

proof would express the 

pullback normal map of 
s 

geometric Poincare 

tensor product of 

map of the base 

complexes (f,b) :M 

complex (C(F) ,¢) .  
proof of the 

the untwisted 

deferred to %8. The ideal 

quadratic kernel of the 

the total (m+n)-dimensional 

complexes (g~c) :N :¥ as a twisted 

the quadratic kernel of the normal 
J 

m-dimensional geometric Poincare 
w 

,X and the symmetric Poincare 

This would generalize the chain level 

surgery product formula in RanickJ [ I 5 ] in 

case p=projection:E=BXF ,B 

o.((f,b)Xl :MXF ,XXF) = a.(f.b)~o (F) 

6 Lm+n(Z[KI(B)XKI(F) ]) 

which expressed the quadratic signature of a product 

(f,b)Xl as the tensor product of the quadratic 

signature of (f,b) and the symmetric signature 

(F)=(C(F),#)6Ln(Z[~I(F) ]). However, this would 

require the development of a fair amount of new 

technology, translating the homotopy action of QB on 
I 

the geometric Poincare complex F into a chain homotopy 
l 

action of C(QB) on the symmetric Poincare complex 

(C(F) ,#) over Z[~l(E) ] . For the purpose at hand we can 

assume by the realization theorem that the 

m-dimensional normal map (f,b) :M ~X is 

[ (m-2)/2]-connected. In the highly-connected case we 

can give a chain level geometric interpretation of both 

the element U!o.(f,b)~Lm(~n(Z[~l(E) ])) and its image 
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under the generalized Morita map 

~:Lm(~n(Z[~l(E) ])) ~Lm+n(Z[~I(E) ]). For a fibre bundle 

F ~E P ,B ~ t is possible to dispense with some of the 

algebra, using instead the fibred intersection theory 

of Hatcher and Quinn [6] as o,tlined in Appendix I 

below. 

%7. Ultraquadrat~c L-theory 

Ultraquadratic L-theory was developed in %7.8 of 

RanickJ []6] in connection with the algebraic theory of 

codimension 2 surgery. We use it here to recognize 

quadratic Poineare complexes in the image of the 

generalized Morita maps ~:Lm(~n(~)) JLm+n(~) of %3, 

providing a tool for the identification in %8 below of 

the algebraic and geometric surgery transfer maps. 

Let A be an additive category with involution. As 

in Ranicki [ 15] , [ 19] define for any finite chain 

complex C in A and c=+1 the Z-module chain complex 

W%C = WOZ[z2]HomA(C ,C) , 

. 

with the generator TEZ 2 acting on HomA(C ,C) by the 

E-transposition involution T =ET and W the standard 
K 

free Z[Z2 ]-module resolution of Z 

I-T 
w : . . .  : Z ( Z  2 ]  , Z [ Z  2 ]  

I + T  
, Z ( Z  2 ] 

I-T 
, Z ( Z  2 ] 

An m-chain ~E(W%C)m is a collection of morphisms 

@ = <~sEHomA(C ,C)m_s ~s~0} 

such that for a cycle there is defined a chain map 
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(I+TE)~0:cm-* JC. An m-dimensional E-quadratic 
i 

(Poincare) complex (C,~) ~n ~ is an m-dimensional chain 

complex C in ~ together with an element 

~EQm(C,~)=Hm(W%C) (such that (l+T¢)~O:Cm-* ~C is a 

chain equivalence). The skew-suspension isomorphisms 

: Qm(C,E) ' Qm+2(SC, -E) ; ~ , S~ 

are defined by (S~) s=+~ s (s~0), for any finite chain 

complex C in ~. The skew-suspension maps 

S:Lm(~,E) ~Lm+2(A,-¢) (m~0) ~n the +~-quadratic 

L-groups are also isomorphisms, so that 

Lm(A,E) = Lm+2(A,-¢) = Lm+4(A,E) (m~>0) 

For E=I we write Qm(C, l)=Qm(C), Lm(~, 1)=Lm(~) , 

l-quadratic = quadratic. 

and 

Ultraquadratic complexes are E-quadratic complexes 

(C,~) with ~s=0 for s~l. 

For any finite chain complex C in ~ define the 

abelian group 

(Hom~ * m(C) ~ H m (C ,C)) = H 0 (Hom~(C m-* ,C)) 

C m-* of chain homotopy classes of chain maps : iC. 

Definition 7. 1 An m-dimensional £-ultraquadratic 

(Poincare) complex i__nn ~ (C, ) is an m-dimensional chain 

complex C in ~ together with an element ~EQm(C) (such 

that (I+Tc)~:cm-* ,C is a chain equivalence). 

D 

There is a corresponding notion of cobordism of 
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I 

c-ultraquadratic Poincare complexes in A, with the 

group denoted by ~m(A,c), and m-dimensional cobordism 

by Lm(~) for c=+l. The c-ultraquadratic L-groups are 

4-periodic, with 

~m(A,E) = Lm+2(A,-E) = Lm+4(A,¢) (m~>0) 

by skew-suspension isomorphisms, just like for the 

c-quadratic L-groups L,. If A=B(R) for a ring with 

involution R we write ~m(A) as Lm(R). 

Define a map Qm(C) ,Qm(C,c); ,~ by ~0=~, ~s~0 

(s~l). An m-dimensional E-ultraquadratic (Poincare) 

complex (C,~) determines an m-dimensional quadratic 
J 

(Poincare) complex (C,#). The forgetful maps in the 

cobordism groups 

Lm(A,¢) , Um(A,c) ; (C,,) , (C,,) (m~>0) 

are surjective for even m and injective for odd m. 

A 

The ultraquadratic L-group Lm(~ ) was identified ~n 

~ 7 . 8  of [16] with the cobordism group Cm_ 1 of knots 

k:sm-lcsm+l (m~4). A Seifert surface for a knot 

k:Sm-Icsm+l is a codimension 1 framed submanifold 

Mmcs m+I with boundary ~M=k(sm-l). Inclusion defines an 

m-dimensional normal map (f,b) : (M,~M) )(Dm+2,S m-I ) 

with quadratic kernel o,(f,b)=(C,~) such that 

(Dm+2,M)=H,(M) The framing determines a map H,(C)=H,+I 
M jsm+I-M which induces a chain map ~:C m-* JC, 

i 

defining an m-dimensional ultraquadratic Poincare 

complex (C,$) over Z. The knot complement u=sm+l-(open 

nbhd. of k(sm-l)) has boundary Ou=sm-IxsI , and there is 

defined an (m+l)-dimensional normal map 

(U,~U) ~(Dm+2 sm-I 1 , )XS which is a F-homology 
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equivalence. Let (L m+l M m ; ,zM m) be the fundamental 

domain for the infinite cyclic cover U of U obtained by 

cutting U along M, and let 

((e;f,zf),(a;b,zb)) : 

(L m+l ;M m,zM m) , Dm+2X([0,1];<0},{l>) 

be the corresponding (m+l)-dimensional normal map of 

triads. The inclusions j:M ,L, k:zM ,L induce 
! ! 

Z-module chain maps j,k:C=C(f" ) ~D=C(g" ) such that 

j-k:C JD is a chain equivalence. The ultraquadratic 

structure -~~eQm(C ) is determined by the symmetric 

structure (I+T)~:C m-* ,C and j,k, since up to chain 

homotopy 

(j-k)-I j = ( ( I + T ) ¢ )  I : C J C , 

^ 3- (j-k)-Ik---T~((I+T) ) 1 : C C 

More generally: 

Proposition 7.2 Let (C,~) be an m-dimensional 
I 

E-quadrat Jc Poincare complex in ~%. A cobordism 

((3 k) :CeC ~D,(5@,@@-~)) with 3-k:C ;D a chain 

equivalence determines an E-ultraquadratic structure 

~EQm(C) with image ~EQm(C,E) , such that 

(C,~) = D(cm-*,~) 6 im(~:L0(Dm(A),E)--"~Lm(A,E)) 

with (C m-* ^ ,#) a nonsingular E-quadratic form in Dm(A). 

Proof : Define a morphism in ~m(~) 

-I 
-I. J (j-k) 

h = (j-k) 3 : C ..... , D J C . 

By the chain homotopy invariance of the Q-groups we can 

replace ((j k),(5~,~-~)) by a homotopy equivalent 
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c o b o r d i s m  ( ( h  h - l )  : C ~ C  : C ,  ( 5 ~ , ~ - @ ) 6 O m + l ( ( h  h - 1 ) , e ) ) .  

On the chain level 

h%(¢) - (h-l)%(~) = d(B~) £ (W%C) m , 

so that there J s d e f i n e d  a chain homotopy 

( I + T E ) S q J  0 : h (  I+TE)%b 0 ~- ( [ + T e ) q J 0 ( 1 - h  ) : 

C m-* ~ C 

The m-dimensional ¢-ultraquadrat~ c 

(C,~) in ~ defined by the chain map 

I 

Poincare complex 

= h ( I + T c ) ~ 0  : cm_. ( I + T E ) ~ 0  h ~ C  , C  

^ ^* Cm- * is such that ~+~ ~-(I+TE)~O : ,C. Define a chain 

x~(W%C)m+I such that ~-~b=d(x+~)~(W%C) m by 

0 if s=0 cm+l_r_s 
Xs = : . • C 

hTE#s_ 1 if s~>1 r 

Thus ~--~EQm(C,E) and 

A 

(C,#) = (C, ) = ~(cm-*,~) 6 Lm(A,¢) 

[3 

Corollary 7.3 Let (f,b) :M ,X be an (i-l)-connected 
i 

normal map of (n+2i)-dimensional geometric Poincare 

complexes, and let 

((e;f,zf),(a;b,zb)) : (L;M,zM) , XX([0, | ] ;{0},{I}) 

be an (i-l)-connected normal bordism between (f,b) and 

a disjoint copy (zf,zb). If the (i-l)-connected normal 
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Z[~I(X) ] satisfying the hypothesis of 7.2. It follows 

that @6On+2i(C) 
$6H0(Hom~(cn+2i-* 

map 

is the image of the element 

,C)) defined by the composite chain 

-I j ( j - k )  
: c n + 2 i - *  ¢ 0  , C , ,,, D ~ C 

with ¢ 0  [M]~-:cn+2i-* = ,C the Poincare duality chain 

equivalence. The nonsingular (-)i-quadratic form 

(s-ic n+2i-* ; , ) in ~n(Z[~I(X) ]) is such that 

o , ( f , b )  ( C , @ )  I I ( S - J  C n + 2 i - *  

6 i m ( u : t 0 ( D n ( Z [ z ~ ]  ( X ) ] ) , ( - )  j ) , Un (Z[ ,~  1 ( x )  l ,  ( _ ) i )  ) 

= im(~:L2i(~n(Z[Kl (X) ] )) 'Ln+2i(Z[~l (X) ])) 

rl 

Proposition 7.4 Let ((3 j' ) :C~C' ,D, (5~,~-~')) be a 
l 

cobordism of m-dimensional E-quadratic Poincare 

complexes in ~, such that D, C(3) and C(~' ) are the 

suspensions of (m-l)-dimensional chain complexes (up to 

chain equivalence), with m~l . The chain homotopy 

classes of the chain maps 

-I 3" = inclusion : G = S D , S-Ic(j ' ) = F 

= inclusion : 

G = S-ID , S-]C(j) ~- C(j') m-* = F m-l-* 

are the components of a morphism of c-symmetric forms 

in Dm_I(A) 



211 

[ : l   o.o, , HE(F) = (F~Fm_I_ , , [ 0 
c 0 

such that y /~=(I+T_E)HO:C__ m-l-* ,G for a certain 

element @EQm_I (G m-l-* -e) determined by (B~,@~-@) 

A 

in ~)m_l (~) and if 0Eim(Qm_l (G m-l-*) ,Qm_l (Gm-I-*,-E)) 

then G is a lagrangian of the hyperbolic c-quadratic 

form 

HE(F)=(FeFm-I-*, [0 I0}) 

and (F,G) is a nonsingular c-quadratic formation in 

Dm_l(~) such that 

(C,~) = ~(F•G) E im(~:Ll(Dm_l(A),E) 'Lm(A,c)) 

Proof: Let (Dm+l-*,H) be the (m+l)-dimensiona] 
l 

c-quadratic complex in ~ (not in general Poincare) 

defined by the algebraic Thom construction• the image 

of (S~/~-~')EQm+I (C(j j') •E) under the isomorphism 

((1+Te)(~0,~0~-~)~) -I : 

Qm+l (C(j j' ) ,E) 

(Dm+l-* Qm+l '¢) = Qm-I (Gm-l-* , -¢) 

Up to chain homotopy 

_i D inclusion 
~( /~ : G = S 

S-Ic(j j' ) ~_ D m-* = G m-l-* , 
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so that there exists a chain homotopy 

Y /~ ~- (I+T_E)0 0 : G J G m-l-* 

and 

. * . * G i n - 1  - *  

as required for G to be a lagrangian in HE(F). If 

O~Om ( G  m - l - *  ( G  m - l - *  -I ,-E) is the image of OEQm_ 1 ) then 

(G,0) Js the hessian (-¢)-quadratic form in Dm_l(~) 

required for G to be a lagrangian in HE(F). The 

algebraic Thom construction defines a one-one 

correspondence between the homotopy equivalence classes 
J 

of (m+l)-dimensional E-quadratic Poincare pairs in 

and (m+l)-dimensional E-quadratic complexes in 

(Proposition 3.4 of Ranicki [14]). Thus 

((j j') :C~C' 'D, (~,~')) is homotopy equivalent to 
I 

the (m+l)-dimensional E-quadratic Poincare pair 

((0 +I) :OD ,D,(O,O~)) defined by 

. I 1 d~D 0 (-)rd D 

~D r = Dm-r~D r , ~D r - I  = D m - r + l ~ D  
r-I ' 

- (o o 1 D O  0 = 
1 0 

~D m - r  _- D r ~ D  m - r  • OD r = o m - r ~ D r  , 
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(_)m-r+s$ o ] 
= 

~$I o o 

~D m - r - 1  = D r + l  ~ ) D m - r -  1 

85 = 0 : ~D m-r-s : OD 
s 

J ~D r = 

( s ~ 2 )  

Dm-reDr 

Up to chain homotopy 

* - 1  inclusion 
: F = S C(j') 

S-IC(j j') - Dm-* Gm-l-* 

so that there is defined a chain 

f :C ,C(~ ). Choosing a representative 

O:D )D m+1-* and a chain 

* ~ ) ~ .  ,D r e + l - *  X : Y  ~ ( I + T  .D  ......... d e f i n e  a 

g : D D  , C ( ~  ) b y  

equivalence 

chain map 

homotopy 

chain map 

g = 
1 × ] : 

0 W 

r~D r * Gm-r-I = ~F = D m- ) C(~ )r r-I 

such that 

f%(#) -- g%(~O) 6 Om(C(I/ ),e) 

Now (C(~ ),g%(~@)) is the m-dimensional E-quadratic 
i 

Poincare complex in ~ constructed in 3.2 from the 

nonsingular E-quadratic formation (F,G) in Dm_l (~), so 

that 

(C,~) = (C(M), f%(~)) = (C(~),g%(~O)) 
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= I/(F,G) 6 im(/l:Ll(Dm_l(A),E) 'Lm(A,£)) 

[] 

%8. The connection 

We now connect the algebra and the geometry, 

verifying the claim of Theorem 6.2 that the geometric 
J 

surgery transfer maps for an n-dimensional Poincare 

fibration F JE Y,B coincide with the algebraic surgery 

transfer maps 

! ! 
Pgeo = Pa]g : 

Lm(Z[~I(B) ] ) , Lm+n(Z[~I(E) ]) (m~0) 

We know from 1.9 how a CW complex structure behaves 

under transfer on the cellular chain level. The 

strategy is to encode the L-theory data in CW complex 

structures, and to decode the lifted L-theory data from 

the CW lifts using the ultraquadratic L-theory of %7. 

We consider first the case m=2i. By Chapter 5 of 

Wall [22] every e]ement x6L2i(Z[~I(B) ] ) (i~3) is the 

Witt class of the nonsingular (-)i-quadratic form in 

B(Z[~I(s)]) 

(Ki(M) , k:K 

: Ki(M) 

i(M)XKi(M) ' Z [ K I ( B ) ]  , 

, Z[~I (B) ] / < a - ( - ) i a [ a ~ Z [ ~ l  (B) ]} ) 

on t he  kernel Z[~l(B)]-module 

Ki(M) = ~i+1 (f) = Hi(f ! ) = ker(f, :Hi(M) 

of an (i-l)-connected normal map (f,b):(M,~M) J(X,aX) 
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f r o m  a 2i-dimensional manifold with boundary (M,OM) to 
s 

a 2J-dimensional geometric Poincare pair (X,~X) , with 

~f :~M, ,~X a homotopy equivalence, and with a 

~l-isomorphism reference map X ,B such that 

w(X) :KI (X) ~] (B) w~B~ ~ 2 . The adjoint of k defines an 

isomorphism in ~(~[KI (B) ] ) 

k : K i (M) , K i (M) ; 

u -~ ( v k(u,v) ) 

(Ki(M) ,k, ~) can be viewed as a nonsingular 

(-)i-quadratic form (Ki(M)*,~) over Z[~I (B) ], with ~ an 

equivalence class of ~[~I(B) I-module morphisms 

~:Ki(M)* :Ki(M) such that 

^ "^* -1 * 
~0+(-)i~ = k : K i (M) , K i (M) 

~(k(v))(k(v)) = ~(v) (vEKi(M)) , 

^ i+l * 
with equivalent to ~+X+( - ) X for any 

Z [ ~ I ( B )  ] - m o d u l e  morphism x:Ki(M ) ~Ki(M). The surgery 

obstruction is thus given by 

x = o.(f,b) = (Ki(M),k,I~) = (Ki(M) . ) 

E L2i(Z[~I(B)]) 

We shall be regardin E modules as O-dimensional 

chain complexes, and for any qEZ we write sqc for the 

q-fold suspension of a chain complex C, with 

dsq C = d C : (sqc) = C r r-q ( s q C ) r _  I = Cr_q_  1 

! 
The quadratic kernel o.(f,b)=(C(f" ),~) of the 



216 

(i-l)-connected 2i-dimensional normal map (f,b) :M ~X 

is an (i-l)-connected 2i-dimensional quadratic 
i 

Poincare complex over Z[KI(B) ] which is homotopy 
; ^ 

equivalent to (SiKi(M), ). Thus we can identify ~0=~, 

and up to chain homotopy 

( I+T)~  0 ~+( ) i ; *  X-1 

v)2i-* i * t i (M) 
C(f" = S Ki(M) , C(f" ) = S K i 

! 

The quadratic structure ~EQ2i(C(f" )) is the equivalence 
* 

class of Z[KI (B) ]-module morphisms :Ki (M) ~Ki(M) 

described above . A choice of representative ~ is a 

choice of ultraquadratic structure ~EQ2i(C(f" )) for the 

quadratic structure ~Q2i(C(f !)). We now fix a choice 

of ~o 

Let {Vl,V2, ... ,Vk) be a base for the f.g. free 

Z[Kl(B)]-module Ki(M) , and use the dual to define a 

base for Ki(M)=Ki(M)* The functor of additive 

categories with involution 

p = -~(C ),~,U) 

B(ZI~I(B)]) ' ~n(Z[KI(E) ]) 

sends t he  morphisms in ~(Z[KI (B) ] ) 

Ki(M ) = ~Z[KI(B) ] , Ki(M) = ~Z[~I(B) ] 
k k 

to chain homotopy classes of Z[KI (E) I-module chain 

maps 
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v .:S i Jint(M2iXDq) with nullhomotopies in X. Let V . be 
J 3 

a regular neighbourhood of vj(S i) in MXD q, and let 

Pj=closure(MXDq-Vj), so that 

MXD q = VjVDvjPj ~P = OV V~(MXD q) , 
J J 

(Vj ,~Vj) = vj (Si)X(Di+q,s i+q-I ) 

The intersection number 

Xj,j, = X(vj,vj,) ~ Z[~I(B)] (l~j,j'~k) 

is the image of I ~ Z [ K t ( B )  ] 

Z[KI (B) ]-module morphism 

under the composite 

Hi(Si ) = Z[~I(B) ] 

vj, 

, , Hi (M) ~ Hi+ q (MXDq,MXS q-I ) 

' Hi+q(MXDq,P j) ~ Hi+q(Vj,OV j) 

= Ho(Si ) = ZtnI(B) I 

which can also be expressed as 
~J 

vj, 

Hi(S i) = Z[~I(B) ] • Hi(M,~M ) 

([M]~-) v .  

, H i ( ~  i )  = z I ~ I ( B ) j  

i 

The pullbacks from the n-dimensional Poincare fibration 
I 

F ~E P ~B define framed Poincare immersions 

w .:FnX Si ~N n+2i with nullhomotopies in Y, and with 
3 

~ i ~i (E)-equivariant lifts wj :FXS :N (l~j~k). Let 
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Wj,QjCNXD q be the total spaces o f  the fibrations over 

Vj,PjCMXD q, so that 

NXD q = WjVDwjQ j , ~Oj = DWjQD(NXD q) , 

(Wj,DW~) = w3(FXSi)X(Di+q,s i+q-I ) 

For any embedding D 2i+qcint(V )CM2iXDq 
J 

the pair 

( (MXDq-int(D2i+q))Uvj,xlDi+ixDq ' P3 VDi+Ixsq-I ) 

has a relative CW structure with one (i+q)-cell and one 

(i+q+l)-cell, such that the cellular chain complex in 

8(Z[~I(B) ]) is kj,j, :Z[~I(B) ] ,Z[~I(B) ]. By 1.9 the 

chain homotopy class of the Z[Kl(E)]-module chain map 
# 

p (k3, j,) :C(F) :C(F) coincides with the composite 

w3, 
c ( { )  , s - i c ( { x s  i )  , 

s-iC(N,~N) .,. s-i-qc(NXDq 0(NXDq)) 

, s-i-qc(NXDq Q'j) __ s-i-qc(wj,0Wj) ~ C(F~XS i) 

, c ( ~ )  , 

and hence also with the composite 

W . ! 

3 c(~) , s-ic({xs i) , s - i c ( ~ ,  O~)  

- 1  
( I N ] A - )  

. . . . . . . . .  , s i c ( ~ )  n - *  

r .~  4¢ 

w . 

3 
,, s i c ( ~ x s i  ) n - *  

[F]A- 
, C ( F )  n - *  , C ( F )  
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The (j, j' )-component 

equivalence 

of the Z[~I(E) ]-module chain 

((I+T)~0)-I : 

i - - -  ~ n+2i-* C(g" ) = aS C(F) , C(g" ) ~ $siC(F) n-* 
k k 

is thus the composite 

sic(F) 

# 
p ( X j , j , )  

, s i c ( F )  

( [ F ] ~ - )  - 1  

, siC(F) n-* 

and up to chain homotopy 

t n+2i_~ 
(I+T)~0 : C(g') 

# -I 

~sic(~ ) p (X 
k 

= ~sic(F) n-* 
k 

~[F]~- 

! i C , C(g ) = as (F) 
k 

[] 

We extend the description of the symmetric 

structure of ~(g,c) given by 8. 1 to the quadratic 

structure, using the ultraquadratic L-theory of ~7. A 

choice of ultraquadratic structure ~:Ki(M) ~ ,Ki(M) for 

o,(f,b) is used to construct a normal bordism between 

(f,b) :M~X and a copy (zf,zb) :zM IzX which encodes 

the quadratic self-intersection form ~ in the CW 

structure. The quadratic structure of ~,(g,c) is then 

decoded from the CW structure of the pullback normal 

bordism between (g,c):N ~Y and a copy (zg,zc):zN ~zY, 

using 1.9 and 7.3. The construction of the bordism is 

motivated by the way in which the infinite cyclic cover 
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of a knot complement can be obtained hy cutting along a 

Seifert surface. 

Lemma 8.2 A choice of ultraquadratic structure $ for 

(Ki(M),X,~) can be realized by an (i-l)-connected 

(2i+])-dimens~onal normal bordism 

((e; f,zf), (a;b,zb)) : (L;M,zM) xx([0,1];<0>,<l>) 

between (f,b) :M ~X and 

(zf,zb) :zM ,zX, such that 

Z[~I(B) I-module morphisms j,k:Ki(M) ,K 

the inclusions 3 :M ~L, k:zM ~L J s 

j-k:K~ (M) ,K i (L) with 

(j-k)-13 = ~)~ ; Ki(M) ~ Ki(M) , 

(j-k) lk = (_)i+l~ k : K~ (M) , Ki (M) 

a 

the 

disjoint copy 

difference of the 

~(L) induced by 

an isomorph:ism 

The (i-l)-connected (2i+l)-dimensional normal map 

(e/(f=zf),a/(b=zb)) : (L/(M=zM),DMXS I ) 

, ( x , D x ) x ( [ o , t ] / o = l )  = ( x , O x ) x s  1 

is a Z[~t(B) ]-homology equivalence, with the homotopy 

equivalence ~fXl :~MXS 1 ,~XXS 1 on the boundary. 

Proof: Every based f.g. free lagrangian of the 

(-)l-quadratic form (Ki(M),X,~)~(Ki(M),-X,-~) can be 

realized by disjoint framed embeddings of S i in 

MVaMX[0, I ]zM with nullhomotopies in X, such that the 

trace of the surgeries on these framed embedded 

i-spheres defines a normal bordism between (f,b) and 

(zf,zb). The realization of the lagrangian 
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((h;g,zg),(d;c,zc)) : 

(P;N,zN) , YX([0,1 ] ;{0},{I}) 

be the (n+i-l)-connected (n+2i+l)-dimensional normal 

bordism between (g,c) :N ,Y and a disjoint copy 

(zg,zc) :zN ~zY obtained from ((e;f,zf), (a;b,zb)) by 

pullback from F ....... ~E P~B along the reference map X ~B. 

The (n+i-l)-connected (n+2i+I)-dimensional normal map 

(h/(g=zg),d/(c=zc)) 

P/(N=zN) Yx(  [0, I I/0=I) = Y×S 

is a Z[NI(E) l-homology equivalence. By 7.3 the 

quadratic kernel ~,(g,c) is determined by the chain 

homotopy classes of the Z[NI(E) l-module chain maps 
t ! ! I 

C(g" ) *C(h" ), C(zg" ) ~C(h" ) and the Poincare duality 
!)n+2i-* t 

chain equivalence C(g ,C(g" ). We shall now 

arrange CW structures for (e,a) Jn such a way that only 

cells in dimensions i,i+1 occur in the relevant pairs, 

and 1.9 appl~es to obtain the Z[~I(E) l-module chain 

homotopy data in the total spaces of the pullbacks from 

F ,E P ~B as the algebraic transfers of Z[NI(B) l-module 

data. 

L is the trace of surgeries on (i-1)- and 

i-spheres in M, so that (L,M) has a relative CW 

structure with i- and (i+l)-cells, with the cellular 

chain complex in B(Z[~I (B) ]) given by 

d = j : C(L,M) i+ 1 = Ki(M) '~ C(L,M) i = Ki(e) 

Replacing e:L ,XX[O, 1 ] by the inclusion of L in the 

mapping cylinder it may be assumed that L is a 

subcomplex of X, such that (X,L) and (X,M) have 

cellular chain complexes in ~(Z[NI (B) ]) 

i+IK 
i (e) 

: C(X,M)i+ I = Ki(M)~Ki(L) 

e ~  

c(x,~) -- s 

d = ( 3  I )  
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(n+2i)-dimensional quadratic 
t 

Poincare 

( ~ S i C ( F ) , O )  o v e r  Z [ f f I ( E )  ] w i t h  
k 

t n+2i-* 
( I + T ) O o  : C(g') = ~)S ic (FJ) n-* 

k 

e[F]~- 

# -I 
esic(~ ) p (k ) , i , C(g) = ~s C(F) , 
k k 

complex 

~0 = P # ( $ X ) ( I + T ) / 7 0  : 

' n+2i-* ~9[ F ]~- C(g') = ~SiC(F~) n-* , ,  , eSiC(F °) 
k k 

p ( 
' i , C ( g "  ) = ~ S  C ( > )  , 

k 

' n+2i-r-s ! 
~s = 0 : C(g') , C(g )r (s~l) 

[] 

This completes the proof of Theorem 6.2 in the 

case m=2i, and we proceed to the case m=2i+l . 

By Chapter 6 of Wall [22] every element 

xEL2i+I(Z[~I(B) ]) (i~2) is the Witt class of the kernel 

nonsingular (-)i-quadratic formation over Z[KI(B) ] 

(F,G) = (Ki+l (U,~U),Ki+I (Mo,DU)) 

of an (i-l)-connected (2i+l)-dimensional normal map 

(f,b) :(M,DM) l(X,~X) with ~f :DM ~DX a homotopy 

equivalence, and with a ~l-isomorphism reference map 

X .......... ~B such that w(X) :~I (X) ,KI (B) w~B~ ,Z 2 . Here, U is 

the connected sum of a sufficiently large number k~0 of 

framed embeddings siQint(M) with nullhomotopies in X to 

generate the f.g. Z[KI (B) l-module Ki (M), and 

M0=closure(M-U). Thus F=Ki+I (U,~U) is a based f.g. free 

Z[~I(B) l-module , and G=Ki+I(Mo,~U) is a based f.g. free 
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%9. Change of K-theory 

We now extend the definition of the algebraic 
! 

surgery transfer maps (C,a,U) " :Lm(R) JLm+n(S) to the 

intermediate L-groups, and show that they are 

compatible with the Rothenberg exact sequences. 

An involution R ~R;r ,r on a ring R determines a 

duality involution *:P(R) ,~(R);P ,P =HOmR(P,R) on 

the additive category ~(R) of f.g. projective R-modules 

by 

R X P , e ; (r,f) , (x , f(x).r) , 

e(P) : P ~ P ; x , (f ~ f(x)) 

The duality involution on P(R) determines involutions 

on the algebraic K-groups 

* : K 0 ( R )  ' K 0 ( R )  ; [ P I  ' [ P  ] , 

* : K1 (R) , K1 (R) ; 

T(f :P 'Q) , T(f :Q 'P ) 

and also on the reduced K-groups 

Ki(R) = coker(Ki(Z) ,K.(R)) (i--0 I) 

The intermediate quadratic L-groups L~(R) of a 

ring with involution R are defined for *-invariant 

subgroups X~Ki(R) (i=0, I), such that x EX for all xEX. 

The intermediate L-groups for X=<0>,Ki(R) are written 

as 

K0 ( R )  ( 0 ) ~ K I ( R )  s 
L .  ( R )  = L ~ ( R )  , L .  ( R )  = L . ( R )  

( 0 } ~ K 0 ( R )  K I ( R )  
I . ,  ( R )  = L ,  ( R )  = L ~ ( R )  = L , ( R )  
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For *-invarJant subgroups XC_X'C_Ki(R) there is defined a 

Rothenberg exact sequence 

with 

, L X ( R )  ~ LX' ( R )  
n n 

, ,,, H n ( z 2 ; X ' / X  ) 

............ : L X (R) 
n-I 

) o , °  

Hn(z2 ;X'/X ) : 

{aEX' /Xla =(-)na}/(b+(-)nb IBEX' /X} 

See RanickJ [ ] 3] , [ ]4] for further details. 

We consider first the torsion case XC_K] (R). 

A representation (C,U) of R in D(S) determines a 

transfer map in the abso]ute torsion groups 

(C,U) :KI(R) 'KI(S) (Example 1.8), and also in the 

' K (R) (S) By reduced torsion groups (C,U)' : 1 'KI " 

definition, D(S) is the homotopy category of finite 

chain complexes of based f.g. free S-modules. We sha] 1 

now make use of the bases. 

Proposition 9.1 Let (C,(I,U) be a symmetric 

representation of R in Dn(S) , for some rings with 

involution R,S. 

i) For any *-invariant subgroups XC_K 1 (R) , YC_K 1 (S) such 

:C n-* that (C,U) "(X)C_Y and T(~:C )6Y there are defined 

transfer maps in the intermediate torsion L-groups 

' LX(R) : L Y (S) (n>0) (C,~,U)" : m m+n 

ii) For any *-invariant subgroups X~X'~KI (R) , 

Y~Y'GKI(S) such that (C,U) !(X)~Y, (C,U) !(X')~Y ' , T(~)6Y 

there is defined a morphism of Rothenberg exact 

sequences 
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LX, ^ Z2 ' LX(R) , (R) ......... ~ Hm( ;X'/X) ~ ... 
m m 

( c , a , u ) "  ( c , ~ , u ) "  ( c , u ) '  

Y ' ~m+n 
' LYm+n(S) --~ Lm+ n (S) --~ (~o ;Y'/Y)~ ~ .... 

Proof : The transfer map in the reduced torsion groups 

(C,U)" :KI (R) ~KI (S) is such that 

*(C,U) ! = (-)n(c,u)!* : K] (R) 

Let m=2i. For any nonsingular (-)i-quadratic form (M,~) 

on a based f.g. free R-module M=R k the n-dimensional 
p 

(-)i-quadratic Poincare complex (~C,@) representing 
k 

! 
(C,U) "(M,%b) has reduced torsion 

T ( ( I + T ) e o : ~ g C  n -  ,@C) 
k k 

' i * * 
-- (C,U)' T(~+(-) ~ :S :M ) 6 K1 (S) 

image of T(~+(-) i@*)6KI(R).~ Similarly for the m=2i+l 

and formations. 

[] 

Next, we consider the projective case X~Ko(R) . It 

is more convenient to work with the preimage of X in 

Ko(R) , so we regard X as a *-invariant subgroup of 

Ko(R) such that [R]EX. 

Given a ring S let E(S)=D(~(S)), the homotopy 

category of finite-dimensional f.g. projective S-module 

chain complexes. A representation (C,U) of a ring R in 

E(S) determines transfer maps in the algebraic 

K-groups 

! 
(C,U)" : Ki(R ) = Ki(•(R)) 
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Ki(S ) = Ki(?(S)) (i=O, I) 

(Example 1.8). For n~0 let En(S)=Dn(D(S)), the full 

subcategory of E(S) with objects n-dimensional f.g. 

projective S-module chain complexes. An involution on S 

determines the n-duality involution C :C n- on ~n(S). 

Proposition 9.2 Let (C,~,U) be a symmetric 

representation of R in ~n(S), for some r~ngs with 

involution R,S. 

i) For any *-invariant subgroups X~K0(R) , Y~K0(S) such 
! 

that [R]6X, [S]6Y, (C,U)(X)~Y~K0(S) there are defined 

transfer maps in the intermediate class L-groups 

' LX(R) , L Y (S) (n~O) (C,~,U)" : m m+n 

ii) For any *-invariant subgroups X~X'~K0(R) , 
! 

Y~Y'~K0(S) such that [R]EX, [S]EY, (C,U) " (X)~Y, 

(C,U) " (X')~Y' there is defined a morphism of Rothenberg 

exact sequences 

, LX(R) , LX' (R) 
m m 

, H m ( z 2  ; X ' / X  ) 

I I l 
(c,a,u) (c,~,u) ( 

! 

C,U) ' 

y, ^ + 
-- L +n(S) ) Lm+n(S) ---* I! m n(Z2;Y'/Y) I . o ,  ° 

[] 

The proof of 9.2 is somewhat more involved than 

that of 9.1. 

A splitting (B,r,i) in ~ of an object (A,p) in the 

idempotent completion ~ is an object B in ~ together 

with morphisms r:A ~B, i:B ~A in ~ such that 

ri = 1 : B ......... ~ B , Jr = p : A , A 

Lemma 9.3 A functor of additive categories F:~ ~ 



235 

extends to a functor F: ,~ if and only if for each 

object (A,p) in ~ the object (F(A),F(p)) in B has a 

splitting in ~. Any two such extensions of F are 

naturally equivalent. 

Proof: It is clear that the splitting condition is 

necessary for F to extend to {, so we need only prove 

that it is sufficient. For each object (A,p) in 

choose a splitting (B,r,i) of the object (F(A),F(p)) in 
^ ^ 

~, and set F(A,p)=B, with (B,r,i)=(F(A), I, ]) for 

p=l :A JA. For a morphism f : (A,p) ~(A' ,p' ) let 

i f r' 
~(f) : {(A) = B , A , A' , {(A') = B' 

[] 

An additive category A is idempotent complete if 

the functor ~ ,~;A ,(A, I) is an equivalence of 

categories. Applying 9.3 to I :A 'A we have that A is 

idempotent complete if and only if every object (A,p) 

in ~ splits in A. If ~ is idempotent complete every 

functor F:~ :~ extends to a functor F:A ........ ,~, namely 

the composite of and an equivalence S 

For any ring S the additive category ~(S) of f.g. 

projective S-modules is idempotent complete, with every 

object (A,p) in ~(S) split by the triple (B,r,i) 

defined by 

r : A ~ B = im(p) ; x , p(x) , 

i = inclusion : B , A 

This is the special case n=0 of: 

Lemma 9.4 For any ring S and any n~O the homotopy 

category En(S ) of n-dimensional f.g. projective 

S-module chain complexes is idempotent comp]ete. 
2 

Proof: For every chain homotopy projection p=p :D ~D 

of an object D in En(S) there exists by Lemma 3.4 of 

LUck [7] an (n+l)-dimensional infinitely generated 
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F = -@(C,~,U) : B(R) ' ~[n(S) ; R ) C 

[] 

The proof of 9.2 is now completed by observing 

that the transfer map in the projective class groups 
! 

( C , U )  " : K o ( R )  ,K0(S) is such that 

' )n ' 
*(C,U)" = (- (C,U)" * : K0(R) : K0(S) 

Remark 9.6 Our methods also apply to construct 

algebraic surgery transfer maps in the round L-groups 

L~X(R) of Hambleton, Ranicki and Taylor [4], which are 

defined for *-invariant subgroups X~KI(R). For any 

symmetric representation (C,~,U) of R in En(S) and any 

*-invariant subgroup X~KI (R), Y~KI (S) such that 
t 

(C,U) "(X)~Y there are defined round L-theory transfer 

maps 

' LrX(R) , L rY (S) (m~0) 
(C,~,U)" : m m+n 

which are compatible with the round L-theory Rothenberg 

exact sequences. 

D 

Remark 9.7 The connection established in %8 between the 

algebraic and geometric surgery transfer maps extends 

to the intermediate cases, and also to round L-theory. 

[] 

Remark 9.8 Our algebraic constructions apply also to 

the E-quadratic L-groups L,(R,E), which are defined for 

a ring with involution R and a central unit £ER such 

that EE=I. L2i(R,E ) (resp. L2i+l(R,e)) is the Witt 

group of nonsingular (-)iE-quadratic forms (resp. 

formations) over R. A symmetric representation (C,~,U) 

of R in Dn(S) such that U(E)=~:C ....... ,C for a central 

unit 
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~6S with ~=I induces transfer maps 

! 

(C,a,U) " : L m ( R , ¢  ) , Lm+n(S,~ ) (m~O) 

Hitherto we considered the 

L,(R, I)=L,(R) , with 0=I£S. 

c a s e  c = 1 6 R  f o r which 

[3 

Appendix l . Fibred intersections 

! ! 
The proof of Pgeo=P~Ig_ 

algebraic properties of the 

bundle F ,E P :B with the 

n-dimensional manifold it is 

the algebra:ic and geometric 

coincide more directly, using 

theory of Hatcher a n d  Quinn 

in %8 makes heavy use of 

the L-groups. For a fibre 

fibre F a compact 

possible to verify that 

surgery transfer maps 

the bordism intersection 

[6] to obtain fibred 

versions of the geometric intersection forms (resp. 

formations) used by Wall [22] to define the surgery 

obstruction of a highly-connected even (resp. odd-) 

dimensional normal map. The quadratic kernel of the 

pullback normal map is the fibred intersection form 

(resp. formation) both algebraically and geometrically. 

We now sketch the argument for the intersection pairing 

in the even-dimensional case, leaving the 

sel f-intersection function ~ and the odd-dimensional 

case to the interested reader. 

Given two maps vi :Qi )M (i=l ,2) let E(Vl ,v 2 ) be 

the pointed space of triples (Xl ,x2,w) defined by 

points xiEQi and a path ~:[0,[] )M from ~(0)=Vl(X 1 ) to 

~(1)=v2(x2) , so that there is defined a homotopy fibre 

square 

E il'v2) ' i  1 
t vl 

v 2 
Q 2  ...... ~ M 
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Given a stable vector bundle ~ over a space M let 
fr 

~n (M,~) be the bordism group of n-manifolds N equipped 

with a map N ~M and a compatible stable bundle map 

~N ~" For trivial ~ this is the usual framed 
fr S 

cobordism group Qn (M)=~n(MV{*})" For 

vl =v2 :Q] =Q2={ *} ,M the homotopy pullback is the loop 

space, E(* *)=QM 

Now suppose that M is an m-manifold, and that 

vi:Q i ,M is an immersion of a qi-manifold Qi (i=1,2) 

such that vl (QI) intersects v2(Q2) in general position. 

Let QI~Q2 denote the corresponding 

(ql+q2-m)-dimensional submanifold of M. The bordism 

Jnvariant of the intersection ([6,2. I ]) is the bordism 

class 

)%(Vl,V2) = [QI~Q2] 

60 fr m(E(v v ) ~Q2~TM) 
ql+q2 - 1' 2 '~QI 

If Q1 and Q2 are (q]+q2-m+I)-connected the map 

E(*,*)=QM JE(Vl ,v 2) induces an isomorphism ([6,3. I ]) 

fr (QM) 
O~rl+q2 -m(E(*'*)) = Oql+q2_ m 

fr _m(E(v 1 v2 ) ~Q2~TM) 
Oql+q2 ' '~QI 

which is used as an identification. 

Let (f,b) :M ~X be an (i-1)-connected 

2J-dimensional normal map with a ~l-isomorphism 

reference map X ~B, with the surgery obstruction 

~,(f,b)=(Ki(M),k,~)6L2i(Z[~|(B) ]) defined as in Chapter 

5 of Wall [22]. Let Vl,V2, ... ,Vk be a base of the 

kernel f.g. free Z[~I(B) ]-module Ki(M)=~i+l(f). 

Represent each vj6Ki(M ) by a pointed framed immersion 
i v :S ~M with a nullhomotopy in X. The values taken by 

3 i 
the (-) -symmetric form (Ki(M),X) on the base elements 

are just the bordism intersections 
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k(vj,vj,) f r  
6 n 0 (E(vj,vj,),p i~ i~fM) 

S S 

fr 
= n O ( Q M )  = H o ( Q M )  = Z [ K [ ( B )  ] 

(l~j, j'~k) 

Now let (g,c) :N ,Y be the (i-l)-connected 

(n+2i)-dimensional normal map with a ~l-isomorphism 

reference map Y ,E obtained from (f,b) :M ",X by the 

pullback of the fibre bundle F ,E ~ ,B along X :B. The 
• S i pointed framed immersions v : ~M (I~j~k) with 
3 

nullhomotopies in X lift to pointed framed immersions 
i w .:S XF ,N with nullhomotopies in Y. On the chain 

3 
level this corresponds to lJ fting the kernel 

i i 
Z[~I(B) I-module chain complex C(f" )=S Ki (M)=~S Z[KI (B) ] 

k 

to the kernel Z[K1 (E)  ] - m o d u l e  chain complex 

' ic( C(g')=~)S F~). The bordism intersections 
k 

fr(E(wj,w3, ),~ ~ ) 
k(wj,wj, ) E n n SIXFe~S XF~TN 

fr 
= n n (QMXF,~F) (l~j, j'~k) 

are the images of the bordism intersections )~(vj,vj,) 

under the geometric bordism transfer map 

fr 
p" = -XF : •0 (riM) 

f r  
Qn ( QMXF, ~F ) ; 

X J XXF  

The Poincare duality isomorphism of based f.g. free 

Z[~I(B) ]-modules 

(k(vj,vj,)) : 

* t si ' 2i-* SiK (M) ~ C(f' ) (M C(f') = - -  = K ) 
1 i 

i 

is lifted to the Poincare duality chain equivalence of 
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chain complexes of based f.g. free Z[KI(E) l-modules 

' n+2i-* (X(wj,wj,)) : C(g') = ¢siC(F) n-* 
k 

! 

", C ( g ' )  : e s i c ( ~ )  
k 

Using the Poincare duality Z[~I(E) l-module chain 

equivalence [F]~-:C(F) n-* ~C(F), the action of ~M on 

the ~] (E)-equivariant homotopy type of F and Hurewicz 

maps there is defined a commutative diagram 

flfr(f~M ) ~ , H0(QM) ~- , Z[~I(B)] 

I l Iu 

I [ F I ~ -  

f r ( n M X F  :o F ) ~ It ( n M X F )  ~ H n ( C ( F " ) ® Z [ ~ I ( E ) l C ( F O ) )  • •n ' n 

The anticlockwise composition gives the geometric 

surgery transfer Pgeo on the level of intersections, 

while the clockwise composition gives the algebraic 

surgery transfer P a l g  

Appendix 2. A counterexample in symmetric L-theory 

An n-dimensional Poincare fibration F .... ~E P ,B does 

not in general induce transfer maps in the symmetric 
! 

l,-groups p"  : L m ( Z [ K I ( B )  ] )  ~Lm+n(z[~I(E) ]), either 

algebraically or geometrically. It is not possible to 

define p geometrically since the symmetric L-groups 

are not geometrically realizable (Ranicki [ 16,7.6.8]). 

There are two obstructions to an algebraic definition 
! 

of p , which requi~es the lifting of an m-dimensional 

symmetric Poincare complex (C,~) over Z[~I(B) ] 

representing an element (C,#)6Lm(Z[KI(B) ]) 
I 

(m+n)-dimensional symmetric Poincare complex 

over, Z[KI(E),] representing the putative 

p" (C,#)=(C" ,#" )ELm+n(z[KI(E) ]). The symmetric 

are not so it cannot be assumed 4-periodic, 

to an 
! ! 

( c "  , ~ ' )  

transfer 

L-groups 

that (C,#) 
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is highly-connected as in the quadratic case. In the 

following discussion we assume that the fibre F is 

flnJ te, and that the chain complex C consists of based 

f.g. free ~[~i (B) ]-modules. The two obstructions to 
! ! 

] ifting (C,#) to ( C  ' , ~ "  ) are given by: 

i) it may not be possible to lift C to a based 
! 

f.g. free Z[K l (E) ]-module chain complex C" with a 
! ! ! ! 

filtration FoC'C_FIC'C...C_FmC" =C" such that the 

connecting chain maps between successive filtration 

quotients are given up to chain homotopy by 

' ' r #(Or) = p#(d C) : FrC'/Fr_IC" = S p 

! ! 

S(Fr_IC" /Fr_2C' = srp#(Cr_l ) (l~r~m) 

r # 
where S denotes the r-fold dimension shift and p 

the functor of %1 

is 

# 
p = -®(C(F),I:) : 3(Z[~I(B> 1) , Dn(Z[~I(E)]) , 

! 

ii) even if C' exists, it may not be possible to 
¢ 

lift the m-dimensional symmetric Poincare structure # 
¢ 

on C to an (m+n)-dimensional symmetric Poincare 
! ! 

structure #' on C" . 

If C can be assembled over B in the sense of Ranicki 
! 

and Weiss [2(3] then it can be lifted to C ° , but in 

general it is not possible to assemble Z[~I(B) I-module 

chain complexes, so already i) presents a non-trivial 

obstruction to the existence of transfer in symmetric 

L-theory. Even if the obstruction of i) vanishes (e.g. 

if B is an Eilenberg-MacLane space K(~I(B),I)) then ii) 

may present a non-trivial obstruction. This is 

illustrated by the following example, which exhibits 

the failure of a projection of rings with involution 

p:S ,R=S/(I-t) (t = central unit E S, ~=t-IEs) to 
1 

induce an S -bundle symmetric L-theory transfer map 

' O(R p" :L ) ........... ,LI(S) analogous to the SI-bundle quadratic 
! 

L-theory transfer map p" :L0(R ) ~L[(S) (cf. 4.7). The 
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! ! ! 
transfer p" (C,¢)=(C" ,¢" ) of a 0-dimensional symmetric 

Poincare complex (= nonsingular symmetric form) (C,#) 
k 

over R with C0=R is defined if the symmetric kXk 

matrix 

#0 = (@0) 6 Mk(R) 

! 

can be lifted to a kXk matrix ~06Mk(S) 
! 

p(#~)=#0~Mk(R) and 

t ! * ! 

t#; - (#6) = ( Z-t)# i 6 Mk(S) 

such that 

! t * 
for some symmetric kXk matrix #i=(#i) EMk(S) , so that 

! ! • 

( C ' , ¢ ' )  : i s  a 1 - d i m e n s i o n a l  s y m m e t r i c  P o i n c a r e  c o m p l e x  
t 

over S w:ith C'=C(l-t :S k :sk). In particular, for 

2 2 
S = Z2 [Z2XZ2 ] = Z2 [t,u]/(t -l,u -I) 

= t , u = t+u+l , 

p : S ' R = Z2[Z2 I = Z2[u]/(u2-1) ; 

t ~ ] ~ U J U 

the transfer is not defined for the 0-dimensional 
J 

symmetric Poincare complex (C,#)=(R,u) over R, for 
! 

although C can be lifted to C" and #0 can be lifted to 
! ! 

#0 there does not ex:ist a symmetric #~. Both the 

obstruct:ions to i) and ii) vanish for the visible 

symmetric L-groups VL (Z[~]) of Weiss [23] provided 

that B is an Eilenberg-MacLane space K(~I (B), I) , in 

which case there are defined transfer maps 

! L m VL m+n p : v  ( Z [ ~ I ( B )  1) , ( Z [ ~ I ( E ) I ) .  
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