SURGERY TRANSFER

by W.Lick and A.Ranicki

Introduction

Given a Hurewicz fibration F——E—EaB with fibre an

rd
n-dimensional geometric Poincare complex F we construct
algebraic transfer maps in the Wall surgery obstruction

groups
p' i L _(Z2[x (B)]) —— L_, (ZIx,(E)]) (m30)

and prove that they agree with the geometrically
defined transfer wmaps. In subsequent work we shall
obtain specific computations of the composites p!p!,
P!P! with p,:L (2Z2[x ;(E)])—>L (Z[x,;(B)]) the change of

rings maps, and some vanishing results.

The construction of p! is most straightforward in
the case when F is finite, with L, the free L-groups
LE. In %89 we shall extend the definition of p! to
finitely dominated F and the projective L-groups LE, as
well as to simple F and the simple L-groups Lf, and

also to the intermediate cases.

There are two main sources of applications of the
surgery transfer. The equivariant surgery obstruction
groups of Browder and Quinn [1] were defined in terms
of the geometric surgery transfer maps of the normal
sphere bundles of the fixed point sets. An algebraic
version will necessarily involve the algebraic surgery
transfer maps. (In this connection see Lick and Madsen
[8].) The recent work of Hambleton, Milgram, Taylor and
Williams (3} on the evaluation of the surgery
obstructions of normal maps of closed manifolds with
finite fundamental group depends on the factorization
of the assembly map by twisted product formulae which

are closely related to the algebraic surgery transfer.

Our construction of the quadratic L-theory

transfer maps 1is by a combination of the algebraic
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surgery theory of Ranicki {14},[19] and the method used
by Lick [7] to define the algebraic K~theory transfer
maps  p K (Z(r (B)])—K _(Z[x,(E)]) (m=0,1) for a
fibration with finitely dominated fibre F.

The algebraic surgery transfer maps p! for a
fibration are a special case of transfer maps
(C,a,U)!:Lm(A)——ALm+n(B) (m20) defined in abstract
algebra. Here, A and B are rings with involution, C is
an n-dimensional f.g. free B-module chain complex with
a symmetric Pcincaré duality chain equivalence
a:a*:C«—~Cn_*, and U:A——ﬁR:HO(HomB(C,C))Op is a
morphism of rings with involution from A to the
opposite of the ring of <c¢chain homotopy classes of
B-module chain maps f:C—=-(C, with the involution on R
defined by T(f)=a_1f*a. An element of LZi(A) is
represented by a nonsingular (—)i—quadratic form
(M,y :M—=M ) on a f.g. free A-module M=?A. We define

'

(C;Q,U)'(M,¢)=(D,9)€Ln+21(8) to be the cobordism class
s

of the (n+2i)-dimensional quadratic Poincare complex

(D,08) given by

1

Udg)(da ") if s=0
GS = k
0 if sz0
n+2i-r-s n+i~r-s _
D fc — Db, = Ecr~1 :

There is a similar formula 1in the case m=2i+1, for

which we refer to §4.

The algebraic transfer maps of fibration Fommmt = B
I
with fibre an n-dimensional geometric Poincare complex

F are given by
p' = (C(F),a, 1)’ : L _(2(x,;(B)]) —— L_, (2[x,(E)])

with C(F) the cellular Z[x (E)l-module chain complex of
the cover F of F 1nduced from the universal cover E of
E, as([FINn-)" -1 C(F)——ﬂC(F) the 901ncara duality
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chain equivalence, and U determined by the fibre

transport.

Here is the main idea in the identification of the
algebraic and geometric surgery transfer. We know from
the identification of the corresponding K-theory
transfers in LiUck [7] how to handle in algebra the lift
of CW structures from the base to the total space of a
fibration. We use the ultraquadratic L-theory of
Ranicki [16,87.8] both to encode the algebraic surgery
data in the base spaces as CW structures, and to decode
the algebraic surgery data from the lifted CwW

structures in the total spaces.

The paper was written during the second named

author'

s visit in the academic year 1987/1988 to the
Sonderforschungsbereich SFB170 in Gottingen, whose

support is gratefully acknowledged.
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§1. The algebraic K-theory transfer

We recall from Liuck [7] the construction of the
algebraic K-theory transfer maps, and the connection

with topology.
Given a ring R 1let R°P denote the opposite ring,
with the same elements and additive structure but with

the opposite multiplication.

Definition 1.1 A representation (A,U) of a ring R in an

additive category A is an object A in A together with a
morphism of rings U:R——#Hom&(A,A)OP.

o

Given an associative ring R with I let B(R) be the

additive category of based f.g. free R-~modules R"

(n20). A morphism f:R"——R™ is an R-module morphism,

corresponding to the mXn matrix (aij)1<i<m 1<jgn with
- AN 3 NJN
entries aijER, such that
n m n
f = a . . : R R 5 . E— Z x.a. . .
(ay ) —_— P o(x ) (E %5

Example 1.2 The universal representation (R,U) of R in

B(R) is defined by the ring isomorphism

U : R ——m— HomR(R,R)0p Y it () em— ST )

» s

which we shall use to identify R=HomR(R,R)°p.
o

A functor of additive categories F:A—B 1is

required to preserve the additive structures.

Proposition 1.3 Given a ring R and an additive category

A there 1is a natural one-one correspondence between
functors F:B(R)=—A and representations (A,U) of R in
A.
Proof: Given a functor F define a representation (A,U)
by
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A = F(R) ,

U : R = Homy (R,R)P oy HomA(A,A)Op ;
(p:R=—sR) ===t (F(p):A—A) .

Conversely, given a representation (a,u) define a
functor F=-@Q(A,U):B(R)——A by

F(R™) = A"

F((aij):Rn——me) = (U(aij)) ¢ AT ee—— AT,

O

Example 1.4 A morphism of rings f:R=—=S determines a

representation (S,U) of R in B(S) with

U= f ; R —m— Homs(s,s)°p = g

such that -@(S,U)=f, :B(R)~=B(S) is the usual change of
rings functor.

a

For any object A in an additive category A there
is defined a representation (a,1) of the ring
HomA(A,A)OP in A. The corresponding functor is the full
embedding

~-®CAa, 1) : B(HomA(A,A)OP) — A
Hom A.A E ——y
A( JA) A .

The functor associated to a representation (A,U) of R

in A is the composite

u
F = -§(A,U) : B(R) ——— B(Hom,(4,4)°P)
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"'@(A:l)

———————————. A .

Given chain complexes C,D in A let HomA(C,D) be

the abelian group chain complex defined by

HomA(C,D)r = T HomA(Cp,D )

d
Hom c,D q
A( 4 ) q—p=r

; 4
—_— I—Iomﬁ‘(c,D}r__1 3 [ — de + (=) fdc .

There is a natural one-one correspondence between chain

maps f:Ce-=sD and O-cycles f'€Hom,(C,D),., with
y A 0

£' = ()" : ¢ ——— D (nE2) .

Similarly for chain homotopies and l-chains. Thus
HO(HomA(C,D)) is isomorphic to the additive group of

chain homotopy classes of chain maps C—D.

A chain complex C is finite if Cr=0 for r<0 and

there exists n20 such that Cr=0 for r>n.

Definition 1.5 Given an additive category A let D(A) be

the homotopy category of A, the additive category of
finite chain complexes in A and chain homotopy classes

of chain maps with

HomD(A)(C,D) = Ho(HomA(C,D)) .

For a ring R we write D(B(R)) as D(R).

We refer to Ranicki [17],[18}) for an account of
the algebraic K-groups Km(A) (m=0,1) of an additive
category A with the split exact structure, and the
application to chain complexes. In particular, the
class of a finite chain complex C in A is defined by

L2

_ r
[c] = £ ()Flc,.] € Kg(R)

r=0

and the torsion of a self chain equivalence f:C——C is
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defined by

T(£) = 7(d+T:C(f) 4 ——C(f) ) € K (B)

even
for any <chain contraction T:0x1:C(f)~=C(f) of the
algebraic mapping cone C(f).

Definition 1.6 The generalized Morita maps
u:Km(D(A))——ﬂKm(A) (m=0,1) are defined for any additive
category A by:

for m=0 gy sends the <class [C}EKO(D(A)) of an
object C in D(A) to the class [C]EKO(A),

for m=1 yu sends the torsion 7(f)EK, (D(A)) of an
automorphism f:C—-C in D(A) to the torsion T(f)EKl(A)

of any representative self chain equivalence.

0

A morphism in D(A) is a chain homotopy class and
the definition of gy involves a choice of representative
chain map. The generalized Morita maps (4 are therefore

not induced by a functor D(A)Y—A.

Example 1.7 (Liuck [7]) A Hurewicz fibration F st Eeet B

with the fibre F a CW complex determines a ring

morphism
U : 2{x,(B)] —— H,(Hom (C(F),c(F)))°P
1 0 Zix (E)]

with C(g) the cellular baied free Z{xl(E)]~module chain
complex of the pullback F to F of the universal cover
E of E, and U the chain homotopy action of
HO(QB)=Z(xl(B)] on C(E) determined by the homotopy
action of the loop space B on F. For finite F this
defines a representation (C(g),U) of Z[xl(B)] in
D(Z[KI(E)])- For the identity map p=1;:E-—B=E with
F={(*) this is the universal representation (R,U) of 1.2
for R=Z[r,;(B)]=2(x, (E)].
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a

The transfer map in the torsion groups associated
to a representation (C,U) of a ring R in D(A) is the

composite

U i
(c,u)' : K [(R) = K (B(R)) —t— K (D(A)) — K (A)
of the map U, induced by the functor
(C,U)®-:B(R)~sD(A) and the generalized Morita map H.

The torsion 7(f)€K1(R) of an automorphism f:Rk——-»Rk is

'
sent by (C,U)’ to the torsion T(U(f))EKl(A) of the self
chain equivalence U(f) :9C——@PC.
k k
The idempotent completion of an additive category
Ea)
A is the additive category A with objects pairs

( A = object of A , p = p2 P A e—— A )

and morphisms f:(A,p)—(A',p') defined by wmorphisms
f:A——aA' in A such that pifp=f:A~—wA', The evident
functor D(@)—-6(A) is an equivalence of additive
categories, since every chain homotopy projection in a
splits (Lick and Ranicki [9]).

For any ring R the additive category P(R) of f.g.
projective R-modules is equivalent to the idempotent
completion @(R) of the additive category [RB(R) of based
f.g. free R-modules, with an equivalence

B(R) =——— P(R) ; (RK

sp) —— im(p) .
For any representation (C,U) of a ring R in D(A)
the functor (C,U)R-:B(R)~D(A) extends to a functor
~
P(R)Y—=D(A) (cf. Lemma 9.3), and so determines a
transfer map in the class groups

.

(c,)' 1 KG(R) = K (P(R)) ——L— K (D(A))
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a -~
— KO(A) .
: , . _ 2 _k kK
The class {1m(p)]€KO(R) of a projection p=p” ;R =R is
sent by (C,U)! to the projective class [@C,U(p)]EKO(A)
k

of the chain homotopy projection U(p):U(p)z:@C——ﬂeC.
k k

Example 1.8 (Lick [7]) A representation (C,U) of a ring

R in D(P(S)) induces algebraic K-theory transfer maps

(c,u)! : K (R) = K _(P(R)) —— K _(5) = K_(P(5))

for m=0,1.
O

The algebraic K~theory transfer maps of a
fibration F——E—L=B with finite (or finitely dominated)
fibre F defined for m=0,1 by

1 o 1

pto= (C(F),0)' ¢ K (2(x(B)]) —— K _(Z(x (E)])

were shown in {7] to coincide with the geometric

transfer maps using the following property of the

functor

p’ = -9Cc(F),u) : B2l (B)]) ——— D(Z2Ix,(E)]) .

Proposition 1.9 Let (X',X) be a relative CW pair such

that X' is obtained from X by adjoining cells in

dimensions r,r+1

X' = X U ve' v et .
I J

Given a map X'=—B to a connected space B let (X',X) be
the pullback to (X',X) of the universal cover B of B,
and let

~

d : c(X',X)_,, = 62(r; (B)] — c(X',X), = 92Z(x, (B) ]

be the differential in the cellular based free
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Z{KI(B)}—module chain complex. Let F—E—£9p be a
Hurewicz fibration such that the fibre F 1is a CW
complex. Let Fommaed (1Y Yo ( XV X ) be the fibration
ocbtained from p by pullback along the map X'—B, with
(?’,?) the pullback to (Y',Y) of the universal cover g
of E. Then (Y',Y) is homotopy equivalent to a relative
CW pair (also denoted by (Y',¥)) with cellular based

free Z(KI(E)]—module chain complex
c(¥',¥) = s c(p’ (d):@c(Fr—ac(F))
J 1

the r-fold suspension of the algebraic mapping cone of

a chain map in the chain homotopy c¢lass

p'cay : v'ezix (B) D) = ec(F)
J J

— o (@2(x,(B)]) = @c(F) .
I I

Proof: See Liuck [7].

2. Maps of L~groups

We refer to Ranicki {14]1,[19] for the definition
of the quadratic L~groups Ln(A) {(n20) of an additive
category A with involution *:A-~— A, as the cobordism
groups of n-dimensional quadratic Poincaré complexes
(C,p€Q_(C)) in A, and for the proof that these groups
are 4-periodic, with in(A)'(resp. L21+1(A)) the Wittt
group of nonsingular (~)1-quadratic forms {(resp.
formations) in A.

We now put an involution on the notions of §l.

Definition 2.1 An involution on an additive category A
is a contravariant functor

*

i A e————— Ay M e—— M
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* % *
(f:M N) (f !N —=M )

together with a natural equivalence

e : idA — EK B — A

* %
M et (@ (M) : MM )
such that
* -l X * * K %
e(M ) = (e(M) ) ¢ M e—M .

O

We shall use the natural isomorphisms
* % * %
e(M) : M——M to identify M =M.

Example 2.2 Given a ring R with involution

let the additive category
B(R) = {based f.g. free R-modules)

have the duality involution

n _ LN * =

H
~
Y
~
-

such that

L (B(R)) L (R) (n20) .

/
By definition, a quadratic Poincare complex over R 1is
7

the same as a quadratic Poincare complex in B(R).

Notation 2.3 Let A& be an additive category with

involution.
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i) A chain complex C in A is n-dimensional if Cr=0 for
r<0 and r>n.

ii) The n~-dual of an n-dimensional chain complex C is

-k
the n-dimensional chain complex c” in A with

* = r *
den-* = ()T (dy)

n-% _ ~n—1r * n-%
(c"™H_ = c = (c,_.) — ("7,
iii) For n20 let Dn(%) be the additive category of
n-dimensional chain complexes in A and chain homotopy
classes of chain maps, with the n-duality involution

= . —p o m——— n-*
T=n-*:D_(A)—D,_ (A);c—c" .
o

A functor of additive categories with involution
F:p—B is a functor of the wunderlying additive
categories together with a natural equivalence
G:F*—a*F :A~—B, such that for any object M in A there

is defined a commutative diagram in B

eB(F(M)) *
F(M) F(M)
| .
F(eA(M))l l G(M)
*
* % G(M ) —
F(M ) F(M ) .

Notation 2.4 A functor F:A—B of additive categories

with involution induces morphisms of the quadratic

L-groups which we write as
Fy : L (A) —— L _(B) ;
(Ch¢) —— (F(C),F(y))> (n20) .
o

Example 2.5 A morphism of rings with involution f:R——S
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determines functors of additive categories with
involution f,:B(R)B(S) which induces change of rings
morphisms in‘ the quadratic L-groups f!:Ln(R)-#Ln(S)
{(n20).

Definition 2.6 Given a nonsingular symmetric form

* *
(A,a=q :A=sd ) in an additive category with involution

A let the ring HomA(A,A)Op have the involution

HomA(A,A)Op —_— Hom&(A,A)OP

b

1 * * *

(f:A A) (a”™*f a:aA A A A) .

By analogy with Definition 1.1:

Definition 2.7 A symmetric representation (A,a,U) of a

ring with involution R in an additive category with
involution A is a nonsingular symmetric form (A,d) in A
together with a morphism of rings with involution
U:R——Homy (a,4)°P,

]

In particular, (A,U) is a4 representation of R in

the additive category A in the sense of 1.1.
By analogy with Example 1.2:
Example 2.8 The wuniversal symmetric representation

(R,ad,U) of a ring with involution R in B(R) is defined
by

*

g : R =—m— R ; L et (0§ eme— s; )

with U the isomorphism of rings with involution
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AT : —— HomR(R,R)Op

;e (5 — Y ) .

We shall wuse U as an identification of rings with
involution R=HomR(R,R)Op.

By analogy with Proposition 1.3;

Proposition 2.9 Given a ring with invelution R and an

additive category with involution A there is a natural
one~one correspondence between functors of pairs of
additive categories with involution F:B(R)wsphA and
symmetric representations (A,g,U) of R in A.

Proof: Given a functor F define a symmetric

representation (A,a,U) by

A = F(R) ,

* * *
@ = G(R) : F(R ) = A —wwwws F(R) = & ,
U : R = HomR(R,R)0p cvnmer—) HomA(A,A)Op ;

(p:R=—sR) == (F(p):A——A) .

Conversely, given a symmetric representation (A,q,U)
define a functor F=-Q(A,q,U):B(R)—A by

F(R) = A ,
G(R) = a : F(R*) B A — F(R)* = A* s
F((aij):R“—-—»Rm) = (U(aij)) LY

0

By definition, a nonsingular symmetric form (C,q)
in DH(A) is an n-dimensional symmetric complex C in A
together with a self dual chain homotopy class of chain

_%
equivalences g=Ta:C——C" .
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Proposition 2.10 A symmetric representation (C,q,U) of

a ring with involution R in Dn(&) determines a functor
F=—®(C,G,U):B(R)——~Dn(ﬁ) inducing morphisms in the
quadratic L-groups

F, = -@(C,a,U) : L _(R) —— L _(D_(A)) (m20) .
Proof: Immediate from 2.4 and 2.9.
m|

Given a ring with involution S let D _(8)=D_ (B(s)),
the additive category of n-~dimensional chain complexes
of based f.g. free S~modules and chain homotopy classes
of chain maps with the n-duality involution C——ﬂCn-*. A
symmetric representation (C,a,U) of a ring with
involution R in Dn(S) determines by 2.10 a functor
F=—®(C,G,U):B(R)~—*Dn(5) inducing morphisms in the
quadratic L-groups

F, = -8(C,a,U) : L _(R) — L_(D_(S)) (m20) .

§3. The generalized Morita maps in L-theory

By analogy with the algebraic K~theory generalized
Morita maps u:Km(D(A))m—ﬂKm(A) (m=0,1) of 31 we define
generalized Morita maps in the quadratic L-groups
uiL (D, (A)))—L
nonsingular quadratic forms and formations in DH(A} to

7’

A (m,n20) by passing from

quadratic Poincare complexes in A. The L-theory g is
the identity for n=0, since DO(A)=A. For n2l the maps
are not isomorphisms and are not induced by functors of
additive categories with involution: a morphism in
Dn(A) is a chain homotopy class and as in K-theory the
definition of gy involves a choice of representative

chain map.

Proposition 3.1 i) A nonsingular (—)1-quadratic form in
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Dn(A)
i * *
(M,PEcoker(1-(-) T:HomD“(A)(M’M )——ﬂHomDn(A)(M,M )))

is represented by an n-dimensional chain complex M in A
together with a chain map B:M——eM“—* such that
(1+(—)iT)9=9+(—)n+iQ*:M——#Mn—* is a chain equivalence.
ii) The cobordism class (C,w)EL“*Zi(A) of the
(n+2i)~-dimensional quadratic Poincare complex in A
(C,¢) defined by c=M""1"% 4nq

6 if s=0
Vg =
0 if s21
Cn+21—r—s = M c = Mn+i—r

r-i-s r

depends only on the class
i n-* n-*
# € coker(l-(-) T:HO(HomA(M,M ))——-HO(HomA(M,M )))

_ o yim, n-* —_— n-%
= coker(1-(-) T.HomDn(A)(M,M ) HomDn(A)(M,M )Y) .

iii) Suppose given (C,¢) as in ii), an n-dimensional
chain complex L, a chain map j:L——M and
{XEHomA(Lr,Ln+l_r)lr?0) defining a chain homotopy
Fi+l * N _%
x+ (-t 1x : J ¢gj =0 : L —— Ln

* n-%
such that the chain map (j (1+T)y¢, 0):C(j)—L is a
chain equivalence, with C(j) the algebraic mapping cone
of j. Then (C,¢)=O€Ln+zi(A).

Proof: i) Trivial.

ii) The isomorphism of abelian groups
Q_yi(M) = coker(l—(—)iT:HomDn(A)(M,M*)
*
——ﬂHomDn(A)(M,M ))

— Q423 ()
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* n+2i-r-s

[ : MM T ] — (¢ EHomy (C € ) 1r,s20)

defined by
wo = g , Ws = 0 for s21

sends the class of 8 to the gquadratic structure

YEQ, ,,;(C).

rd
1ii) Define an (n+2i+l)~dimensional quadratic Poincare

pair in A (f:C~——D,(8¢,¢)) by

* Lk
£ =3 ;c=M"1"" (L p =1 R

_ ; n+2i+l-r _ - n+i-r
8¢0 = x : D = Lr~i~l et T L N

BWS = 0 for szl .
m]

We refer to %2 of Ranicki (19] for the definition

of a nonsingular (-)1-quadratic formation

(F,G)=(F,[E]G) in an additive category with involution
A, and fo he result that (F,G)=0€L2i+l(A) if and only
if there there exist a (—)i+1”quadratic form in A (H,?V)
and a morphism j:F——dH* such that the morphism defined

in A by

* * %
u Y 3

i pe(—)itg”

* *
FOH et G GH

is an isomorphism.

Proposition 3.2 i) A nonsingular (~)1~quadratic

¥

formation (F,{
“

}G) in Dn(A) is represented by
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n-dimensional chain complexes F,G in A together with
- -

chain maps Y :Ge§, u:G——*Fn y §:G—sc" and a chain

homotopy

* . * %
X P Yu=@8+ ()MITLgY o LG

such that the chain map

+i * %
x+(=)"T 1y ¥

Y 0

is a chain equivalence.
ii The cobordism lass C L . of the
) - class (C.¥)E n+21+l(%)
(n+2i+l)-dimensional quadratic Poincare complex
: *
(c=s'c(y ),¢) in A with

* -
dg ()" Ty
4 =
C
4] dF
_ n~-r+i _ n-r-i+1l
Cp = G OF -y — €y 56 OF _i-2 »
(_)(n+l)(r-l)X 0
Yo = -
0 (_)n(r I)Y 0
n+2i+l-vr _ n-r+i
c = G__;_,OF
_ n-r+i
——— Cr = ¢ eFt-i—l *
(_)(n+1)r+19 0
‘/, =
1 0 0
cn+21-r = Gr“i®Fn~r+i—l
n-r+i
Cr—l G e)F};'--i--l *
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¢S = 0 : Cn+2i+1~r~s —————— Cr for s22 ,

depends only on the chain homotopy classes
Y £ Hn(HomA(G,F)) = HomDn(A)(G,F) N
H, (H (c,F" " = ¢, k™"
# € Hy omy s Yy = Homﬁn(A)( . .

iii) Suppose given (C,¢) as 1in 1), an n-dimensional
%
chain complex H in A and «chain maps j:F——*Hn R

%
t:H——H" such that the chain map

* * %
H Y 3 *

i §+(~)n+i+lr*

is a chain equivalence. Then (C,¢)=O€Ln+21+l(A).

Proof: i) The inclusion of the lagrangian
(G,O)——#H(_)i(P) extends to an isomorphism of

(-)i—quadratic forms in Dn(A)

~t

T (G) (F)
- H, ,i(G —— H, (i(F
uoou - (=)

which is represented by a chain equivalence in A

% -
coch —— FgF"

wm R

with chain homotopy inverse

~o oo K im’*
Yy v j-1 “ (-)"«vy

~ = i * *
[TRT) (=) Y

FQF —_— GG .
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~e -k %
For any representative chain map ;_t:Gn —_—" there

-k
exist a chain map Vi Fees P and a8 chain homotopy

ok ; * _%
noroun o= op o+ (H)PETL F —— F" .
The chain maps in A defined by
+i * *
x+(-)>"" 1ty Y X n+l-* *
f = : Cc(y ) —_— C(u )
| Y 0
4 O ~ K
“ * * n+l-%
g = o nei * : Gl ) ———— C(u )
woop+(=)" "

are such that there are defined chain homotopies

~ %

€ Y 1 0

gf = = automorphism
0 8 B 1
* - -
clu )n+l —— C(pu )n+1 ,

* *
€ 0 1 B
~ * : fg o= = automorphism
Y 5 0 1

* *
c(y ) —— C(u )

~ i % L 3
with B=p(x+(-)" " Henp+(->" 13 )y, and s,e chain
homotopies

n-* n-%*

~o F3 i oo %
5 1 ouy +(-)luy F —_—F

124

E 3 iw*
€ : o y+(-)"Y u

G e

L
—

Thus both fg and gf are chain equivalences, and f is a

chain equivalence with chain homotopy inverse
-1 -

(gf) 'g=g(fg) ™!,
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~

ii) With [Y I} as in i) there exist chain maps in A

[TRNT}
~ % v I -
Y " _—F , g : G ey FD .
~ -
8 Gh e I €

and a chain homotopy

Y Y0 3 (_)n+1+15* n-

o~ A + G —_— G
such that the chain map
n+1 cok
X+( ) h ok n+1_* ~ %
~ : C(u ) —_— C(u )
¥

is a chain equivalence in A. Let (E ;) be the
(n+2i+1)- dlmensxonal quadratic 901ncare complex derived
from (F, G" ,Y u 5 x) in the way (C,y¢) is derived from
(F,G, Y,u 9,x). Define an (n+2i+2) dimensional quadratic

Poxncare cobordism ((f f) C@C——#D (3¢ ,ud- ¢)) by

D = Si+1F , 8¢ = 0 ,

_ . - n-r-+i =
f = (0 1) : Cr = G ®Fr-i-1 —— Dr Fr—i—l
£ = (0 1) : Cr = eriepr-i-l - Dr = Fr-i—l *

~ ~

Thus (C,¢)=(E,$)€Ln+2i+l(ﬁ). Since 8 and x <can be
chosen independently of # and x it follows that the
cobordism is independent of these choices also. Given
(F,G,Y,14,8,x) and chain equivalences h;F—=F', k:G~G'
it is possible to define (F',G',Y',ﬂ',G',x') such that
the corresponding quadratic Poincare complex (C',¢') is
homotopy equivalent to (C,y¢), and so
(C' o' )=(CLYIEL L p; e (A .

y

iii) Define an (n+2i+2)-dimensional quadratic Poincare
pair (f:C—D,(8¢,¢)) by



188

; _ %

D = Hn+1+1 ,

£ = (0 j)
c = Gn—r+i@F ' D - Hn+i+}-r ,
Y r-1i-1 Y

5%0 = ¥
Dn+2i+2~r = H ' D - Hn+i+1—r ,

r—1i-1 r

By, = 0 for s21 .

rd
This is a quadratic Poincare null-cobordism of (C,y¢),

so that (C,y)=0€L ,,,;,. (A).

0
Definition 3.3 For any additive category with
involution A define the generalized Morita maps
Moo Ly (D (A))) —— L, (A) (m,n30)
for m=21 (resp. 2i+1) by sending a nonsingular

(-)i-quadratic form (M,#) (resp. formation (F,G)) in
Dn(A) to the cobotdism class of the (m+n)-dimensional
quadratic Poincare complex (C,y¢) in A defined in
Proposition 3.1 ii) (resp. 3.2 ii)). The verification
that the maps gy are well-defined 1is contained in

Propositions 3.1 iii) (resp. 3.2 iii)).
]
For a ring with involution R apply 3.3 to A=B(R)
to obtain generalized Morita maps u:Lm(Dn(R))——%Lm+n(R)

(m,n20).

§4. The quadratic L-theory transfer

As before, let A be an additive category with
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involution, and let D“(&) be the chain homotopy
category of n-dimensional chain complexes in A with the

n~duality involution.

Definition 4.1 The guadratic L-theory transfer maps of

a symmetric representation (C,a,U) of a ring with
involution R in Dn(@)

(c,aq,0)' : L_(R) —— L_, (A) (m30)

are the composites

' -®(C,a,u)
(C,a,u)’ : L_(R) = L_(B(R)) L (D (A))
u
I Lm+n(A)

of the maps -@(C,a,U) of 2.10 and the generalized
Morita maps g4 of 3.3,

0

Example 4.2 Let A be the additive category B(S) of
based f.g. free S-modules with the duality involution,

for a ring with involution S. The transfer maps
determined by an n~dimensional symmetric representation
(C,a,U) of a ring with involution R in DD(A)=DH(S) are
morphisms of quadratic L-groups

(c,a,v)' : L (R) =—— L_, (A) = L_, (5) (m,n30) .

o]

Example 4.3 Given a8 Hurewicz fibration FP—E—~LE9B with
/

the fibre F a finite n-dimensional geometric Poincare
complex we shall define in §3 below a symmetric
representatlon (C(F) a,U) of 2[(x;(B)] in D (2[nx, (E)]);
with F the pullback to F of the universal cover E of E
and a=([FINn->" C(F)——ﬂC(F) the Pozncare duality
chain equivalence. The algebraic surgery transfer maps
will be defined in %5 to be
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H

g !
alg = (C(FY,a, 1)

p

L,(Z2[x,(B)]) ——— L (2(x(ED]) (m20) .

m+n

In 86 we shall recall the definjition via the lifting of
normal maps of the geometric surgery transfer maps

! . . , e ) ! .
pgeo’ which will be identified with palg in %8.

a

Example 4.4 Given a morphism of rings with involution

f:R——S define a symmetric representation (C,a,U) of R
in Dy(s8)=B(8) by
0 *

C = 5§ e— = 5

0 )

Cr=0 for rg0 ,

U= f : R = Hy(Homg(C,C))P =5 .
In this case the transfer maps are just the change of

[}
rings morphisms (C,a,U)'=f,:Lm(R)——ﬂLm(S). For
f=1:R=~sS=R (C,a,u) is the universal symmetric
representation (2.8) of R in B(R).
(m]

Example 4.5 Given a ring with involution S8 and an

integer k21 1let R=Mk(s) be the ring of kXk matrices
(sij)ISi,j$k with entries sijGS, with the involution

- (s,.) —— (5..) .

3 ij ji

R ey R

Define a symmetric representation (C,a,U) of R in

Dg(S)=B(S) by



191

k
CO = ?S N Cr = 0 for »r 2 0 ,
a Coh % ES == C~ = (ES5) ;
o 3 1

(51’52’...’Sk) —
((tl,tz,...,tk) B g tlsl+t232+...+tksk) ,
- . - op .
Uu =1 : R Mk(S) — HO(HomS(C,C)) Mk(S) .
The generalized Morita maps (Y:Lg(R)=L,(8) in this
case are just the usual Morita maps, which are
isomorphisms for the projective and round L-groups. See
Hambleton, Taylor and Williams [5] and Hambleton,

Ranicki and Taylor {4] for Morita maps in quadratic

L-theory.

0

Example 4.6 Let F=U{*}——~E—2~B be a k-sheeted finite

covering, so that xf(E) is a subgroup of xl(B) of index

k. There are evident identifications of spaces

~

F = x(B) = Ur (E) CB = E ,
k
and also of Z-module chain complexes
C(F) = Zlx,(B)] = 0Zlx (E)] .
The symmetric representation (C(?),a,u) of Z[xl(B)] in
Dy(2(x, (E)]1)=B(2Z2[x;(E)]) associated to p:E——B (as in

4.3) is given by

U s Z(x,(B)] = H0<Hom2[K1(B)]<c<§>,C(F)>>°P
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restriction

HO<HomZ{K1(E)}<c<?),c('p“)))OP = M (2(x, (E)]) ,

~

a =8l : c(F) = @2(n;(E)] ——
k k
o~ *
HomZ[Kl(E)}(C(F)’Z[KI(E)}) = EZ{KI(E)] .

The algebraic transfer maps in this case are the

composites

t U!
Parg * Lp(Zlx (B)]) —

M
Lo (M (20, (E)])) —— L (2(x; (ED])

with U, induced by U as in 2.5 and g the Morita maps of

4.5. In this case can be described more directly

{
palg
by the restrictions of Z[Kl(B)]~module actions to

Z[KI(E)]—module actions, and it is clear that
' '

pélg=péeo'

Example 4.7 The algebraic Si-bundle transfer maps of

Munkholm and Pedersen [10} and Ranicki [16,87.8]}
!

palg:Lm(R)——ﬂLm+1(S) are defined for any ring with

involution S, with R=5/(t-1) for a central element t€S

such that Ezt_l. (We are only dealing with the

orientable case here). From our point of view these are

1
the quadratic L-theory transfer maps =(C,a,U)" of

'
palg
4.1 with (C,a,U) the symmetric representation of R in

DI(S) given by
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For an Sl-bundle Sl——»E—BaB one takes R=Z[x1(B)],
$=2[x,(E)], t=fibre€n, (E).

§5. The algebraic surgery transfer

A map p:E—B of connected spaces with homotopy
fibre of the homotopy type of a finite (or finitely
dominated) CW complex F determines a representation of

2[r (B)] in D(2(x,(E)])
~o . ~ ~ op
(C(F),U.Z{KI(B)]——»HO(Homzixl(E)}(C(F)sc(F))) )

as in 1.7. We shall now show that if F is a finite
n~dimensional geometric Poincaré complex then for any
choice of orientation map w(B):xl(B)—-——)Z2 in the base
there is defined a symmetric representation (C(F),a,U)
of Z[x,;(B)] in D,(Z[x;(E)]), and hence obtain from §4

quadratic L~theory transfer maps

Payy = (C(F),a,m'

L (Zlr (B)]) —— L_, (Z[x,(E)]) (m20) .

In 88 below we shall identify these algebraic surgery
transfer maps with the geometric surgery transfer

maps.

There is no loss of generality in assuming that
F—E—£»B is a Hurewicz fibration with the fibre
F=p-l(*) a finite CW complex F. If F is disconnected

then p:E——B is the composite of a Hurewicz fibration
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p':E——B' with connected fibre p'“](*) and a finite
covering B'—B. Since transfer theory 1s well-known
for finite covers (cf. 4.6) there is no loss of
generality in taking F to be connected. In fact, the
algebraic transfer maps are defined in exactly the same
way for disconnected F, and only the geometric
treatment of the orientation maps has to be modified by

using groupoids instead of groups.

Transport of the fibre along paths 1in the base

space gives a map QB——qFF

which on 7o induces a group
morphism U:KI(B)——~[F,F] to the monoid of homotopy
classes of self-maps of F (Whitehead [24,p.1861]).
Analogously, one has the pointed transport of the
pointed fibre along paths in E, defining a morphism
U+:x1(E)——~[F,F]+ to the monoid of pointed homotopy
classes of pointed self-maps of F. Homotopy along a
path defines a morphism xl(F)-—ﬂ(F,F]+ (Whitehead
(24,p.98fF)).

Proposition 5.1 The transport maps define a morphism

from an exact sequence of groups to an exact segquence

of pointed sets
Px
xy(F) ——— x(E) ——— x,;(B) — (1)
Ry (F) =——— [F,F]* —— [F,F] —— (1) .
We shall now use 5.1 in the case when F 1is a

/
geometric Poincare complex to lift an orientation map

w(B) for KI(B) to an orientation map w(E) for KI(E)'
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Definition 3.2 An orientation map for a group x is a

morphism w:x——»22=(tl). Let Z[x]w denote the ring 2Z2[x]

with the w~twisted involution

Z(x] — 2(x] ; I n,g —— I n_w(glg ' .

g€x & g€xn ©

%
Given a chain complex C in B(Z([x]) let ¥cl denote the

_*

n-dual chain complex C" in B(Z2(x])) defined using the
_*

w-twisted involution on 2Z2[(x]. If w is trivial Wen

-k
written as ¢ . Let 2" denote the right 2Z[nx])-module

is
with additive group 2 and

2¥ x 2[x) = 2" ; (m, T n_g) — m( & w(gdn,)
gEn gEn
Let YZ denote the left Z2{x]-module defined in the same

way.

When w is clear we abbreviate Z[x]w to Z(x].
s
An n-dimensional geometric Poincare complex X is a
(connected) finite cw complex together with an
orientation map w(X):;rl(X)——-vZ2 and a fundamental

class

LW (X) _ w hnd
such that the Z{KI(X)}-module chain map
[X]ﬂ—:w(x)C(g)nh*-—~C(§) is a chain equivalence, with

X the universal cover. See Wall [21] for the general

theory.

The orientation map w=w(X):K=K1(X)~—ﬂZZ of an
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4
n-dimensional geometric Poincare complex X is
determined by the topology of X, since the cap product
with a fundamental class [X]EHn(X;Zw) defines an

isomorphism of Z[(x]-modules
W, o n=* o

o ~ -%
If H™YX) is defined to be HO(C(X)n ) using the

1

untwisted involution (é=g‘ ) on 2ix] then we get

HYN(X)=YZ.

Definition 3.3 Let X be an n~dimensional geometric

I'd
Poincare complex.
i) The degree of a pointed self-map f:X-——X 1is the
number d(f)EZ such that

* n,"~ n,o

f @ H (X) —m— H'(X) ; 1! = d(f) ,

with %:i——#% a lift of f to a self map of the universal
cover X.

ii) The homotopy orientation of X is the monoid

morphism
w = w(X) : [X,X] —— D ;g f —— d(f)
with Zx the monoid defined by 2 and multiplication.

o

Let f:Xe—X be a pointed self homotopy
equivalence, inducing an automorphism f,:x——x of the
fundamental group x=x1(X). A lift ?:g——ﬁi cf f to the

universal cover X induces a Z-module chain equivalence

f:C(X)—=C(X) which is fi-equivariant
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Flgx) = £,(g)(x) € C(X) (g€r,xEC(X)) .

The induced isomorphism of additive groups
I . 4 ~ o

f :HY(X)=Y2—sH"(X)=%Z is also fe-equivariant. Hence we
have

f & w
w = wf, : x x ZZ

and fy defines an automorphism f*:Z[ﬁ]w——*Z{x}w of the
ring with involution 2{x]¥. The 2Z-module automorphism
f,,:Hn(x;z"’)=z-—-—»nn(x;z“’)=z is such that
Fx(IX])=d(£)(X],  with  d(f)=u(f)E(+1)=2,c2%. In
particular, it follows that the orientation map w and
the homotopy orientation w are related by a commutative

diagram of monoid morphisms

t, (X)) —— [X,x)7

| E
{ l

(+1y — 2% .

Proposition 5.4 For any pointed self homotopy

equivalence f:X—=sX there is defined a chain homotopy
commutative diagram of Z-module chain complexes and

chain equivalences

N_l E 3
. daCEY(E D) N
Ve(xyr* vexHn*
[x1n~l l[xlﬂ-
. £ -
c(Xx) Cc(X)

with the horizontal chain maps fi~equivariant, and the
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vertical chain maps KI(X)-equivariant.

rd
Definition 5.5 An n-dimensional Poincare fibration

F——E—~E3B is a Hurewicz fibration with the fibre F an
n-dimensional geometric Poincaré complex, together with
an orientation map w(B):xI(B)——»ZZ. The 1lift of w{(B) is
the orientation map

p'w(B) = W(E) : x (E) —— 2, ;

g —— w(B)(px(g)).-w(F)(U¥(g))

+ ~
with U as in 5.1 and w as in 5.3.

’
Proposition 3.6 An n~dimensional Poincare fibration

F— E—E- 3 determines a symmetric representation
(C(F),a,u) of Zlx (B)]¥(B) 4q Dn(Z[xj(E)}w(E)) with
G=([Flﬂ—)-1:C(g)—-ﬁC(E)n-* the Poincare duality chain
equivalence and (C(g),U) the representation of Z[KI(B)}
in D (Z[x;(E)]) associated to p.

Proof: We have to show that
U Zlm, (B 1YCE) 4 (Hom (C(F),c(F)))°P
1 0 HemZx (YD)

is a morphism of rings with involution, or equivalently
that for every gExl(B) there is defined a chain
homotopy commutative diagram of Z[KI(E)]—module chain

complexes
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*
w(E)C(;)n—* u(g) w(E)C(;)n—
(Fin- { ’ (FIn-
: w(B)(g)t(g™ 1) N
C(F) C(F) .

This follows from 5.4 and the Kl(E)—equivariant

transport along the fibre U:KI(B)——ﬂ[E,E] used to

xl(E)

define the ring morphism U in Liick [7].

Definition 5.7 The algebraic surgery transfer maps of

rd
an n-dimensional Poincare fibration F—=E—E4B are the
quadratic L-~theory transfer maps of 4.1 associated to
the symmetric representation (C(F),a,lU) of

Z[KI(B)]W(B) in Dn(Z[K](E)]w(E)) given by 5.6
' ~ !
Pa1g = (C(F),qa,U)
Lm(Z[KL(B)]) e Lm+n(Z[K1(E)]) (m20) .
(m]

By definition, the algebraic surgery transfer maps
are the composites
##

(p)
p;lg : Lo (2Ix,(B)1]) _ LD (2[x (E)]))

u
—_— Lm+n(2["1(E)]) (m20)

of the maps induced as in §2 by the functor of additive

categories with involution
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p’ = -@(c(F),a, 1) : B(ZIx,(B)]) —— D _(ZI(x,(E)])

and the genevralized Morita maps gy of &3.

§6. The gpeometric surgery transfer

Wall (22} defined the reld surgery obstruction
ox(f,b)eEL _(2(x (X)]) for a normal map
(f,b):(M,DM)—=(X,DX) from a compact m-manifold with
boundary (M,®M) to a finite m-dimensional geometric
Poincaré pair (X,0X) with Bf=f]|:0M—-=DX a homotopy
equivalence, and b:yM——~§X a map from the stable normal
bundle of M to a topological reduction of the Spivak

normal fibration of X, with the w{X)-twisted

»
involution on Z{xl(xi}. The surgevry obstruction has the
property that o¢,(f,b)=0 if (and for m25 only if) (f,b)
is normal bordant rel® to a homotopy equivalence of
pairs. Given a connected space B with finitely
presented xl(B), and given an orientation map
w(B):xl(B)~—#22, it is possible to realize every
element xELm(Z[xl(B)]) (m25) as the surgery obstruction
of an m-dimensional normal map (f,b):(M,OM)—(X,0X)
with a xl-isomorphism reference map X——B and

orientation map w(x):Kl(X)~‘~K1(B)—z$EL—*22

x = o0x(f,b) € L (2[nx;(B)]) .

4

The total space E of an n-dimensional Poincare
fibration F-—E—E=B over an m-dimensional geometric
Poincaré complex B is homotopy equivalent to an
(m+n)-dimensional geometric Poincaré complex, with the
orientation map the lift w(E)=p!w(B):K1(E)——-'Z2 in the
sense of 3.5 of the orientation map w(B):xI(B)——ﬂzz

(Quinn (12}, Gottlieb [2]).

Quinn {11] used the realization theorem for
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surgery obstructions to define geometric transfer maps
in the quadratic L~groups for a fibre bundle (or even a
block fibration) FesE—P9B with the fibre F a compact

n-manifold

'

Pgeo i Lp(2lx (B)]) —— L (ZIx,(ED]) ;

0*((f‘b):(M.aM)—'—'(X.aX))
——— O'*((g,C)Z(N;aN)_’(Y,aY)) .

Here, (g,c):(N,ON)—s(Y,0Y) the (m+tn)-dimensional
normal map equipped with a reference map Y—E obtained
from the n-dimensional normal map (f,b):M—=X by the

pullback of p along a reference map X-—B.

The surgery obstruction of Wall [22] was defined
using geometric intersection numbers on the homology
remaining after surgery below the middle dimension. The
theory of Ranicki [14],[15] asscociates an invariant in
Lm(Z[xl(X)]) to a normal map (f,b):(M,OM)——=(X,0X) of
m-dimensional geometric Poincaré pairs, with b:pM——dvx
a map of the Spivak normal fibrations and Of :d9M—3X a
homotopy equivalence. The quadratic kernel of (f,b) is
an m~dimensional quadratic Poincaré complex (C(f!),w)
over 2Z(x,(X)]. Here, C(f!) is the algebraic mapping
cone of the Umkehr Z[xl(x)]—module chain map

_1 ok
" . (X105 . £ N
£ . c(X,dxX) cHy™F ™
[MIN-

et C (M, OM)
with X the universal cover of X, f: M—X a
xl(X)-equivariant lift of f to the pullback cover
d
M=f X of M. The Poincare duality chain equivalence is

given up to chain homotopy by the composite
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*
e

(L+T)y, - (£ Y™ e oM, a)™

(M]IN- ~

—_—— (M) —— (M, M) —— C(f])

~ ~ '
with e:C(M,OM)=—C(f ") the 1inclusion. The quadratic

signature of (f,b) is the cobordism class

ox(£,0) = (CCE£'),9) € L, (2(r (XD]) .

/’

A normal map from a manifold to a geometric Poincare
k4

complex determines a normal map of geometric Poincare
complexes with quadratic signature the surgery

obstruction.

Definition 6.1 The geometric surgery transfer maps of

P
an n-dimensional Poincare fibration F——E—Ea3 with

finitely presented =x,(B)

Péeo p L (ZIx (B)]) —— L (2[x(E)]) ;

ox((f,b):M X) oe{(g,c):Nmemr¥Y) (m25)

are defined using the quadratic signature of normal
maps of geometric Poincaré complexes. Here, (g,cC) :Ne—msy
is the (m+n)-dimensional normal map obtained from an
m-dimensional normal map (f,b):M——X by the pullback of

p along a reference map XeB.

u]

Theorem 6.2 The geometric surgery transfer maps of an

/7
n-dimensional Poincare fibration F——E—EoB coincide

with the algebraic surgery transfer maps
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1 '
pgeo = palg

L (ZIr (B)]) — L_. (Z[x (E)]) (m25) .

The proof of 6.2 is deferred to §8. The ideal
proof would express the quadratic kernel of the
pullback mnormal wmap of the ¢total (m+n)-dimensional
geometric Poincaré complexes (g,c):Nw—=¥Y as a twisted
tensor product of the quadratic kernel of the normal
map of the base wm~dimensional geometric Poincaré
complexes (f,b):M—X and the symmetric Poincaré
complex (C(E),¢). This would generalize the chain level
proof of the surgery product formula in Ranicki (15} in

the untwisted case p=projection:E=BXFe=B
*
Ox {(f,bIXI : MXF—=XXF} = 04(f,b)Qc (F)
€ Losn(2lr(B)Xr (F)])

which expressed the quadratic signature of a product
(f,b)x1 as the tensor product of the quadratic
signature of (f,b) and the symmetric signature
U*(F)=(C(E).¢)€Ln(Z[K1(F)]). However, this would
require the development of a fair amount of new
technology, translating the homotopy action of (B on
the geometric Poincaré complex F into a chain homotopy
action of CcC(QB) on the symmetric Poincaré complex
(C(E),¢) over Z[KI(E)]’ For the purpose at hand we can
assume by the realization theorem that the
m-dimensional normal map (f,b) :M——X is
[(m-2)/2)-connected. In the highly~connected case we
can give a chain level geometric interpretation of both

the element U!a*(f,b)ELm(Dn(Z[xl(E)])) and its image
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under the generalized Morita map
u:Lm(Dn(lel(E)}))——#Lm+n(2[xl(E)]). For a fibre bundle
F—E—LsB it is possible to dispense with some of the
algebra, using instead the fibred intersection theory
of Hatcher and Quinn [6)] as outlined in Appendix 1

below.

§7. Ultraquadratic L-theory

Ultraquadratic L-theory was developed in %7.8 of
Ranicki [16] in connection with the algebraic theory of
codimension 2 surgery. We wuse 1t here to recognize

7/
quadratic Poincare complexes in the image of the
en (B of 83,

providing a tool for the identification in %8 below of

generalized Morita maps u:Lm(Dn(A))-—”L
the algebraic and geometric surgery transfer maps.

Let A be an additive category with involution. As
in Ranicki [15),[19] define for any finite chain

complex € in A and €=+l the Z-module chain complex

*
WZC = w®2[22]HomA(C ,C)

*
with the generator TEZ2 acting on HomA(C sC) by the

€~transposition involution T€=eT and W the standard

free Z[Zzl-module resolution of 2

1-T 1+7T
Vo s 202, —— 2(2,] —— 2(2,)]

1-T
—_— Z(2Z

2!l -

An m-chain WE(W7C)m is a collection of morphisms

Y = (Y EHomy (C ,C),__1s30)

m— s

such that for a cycle there is defined a chain map
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m= . An m-dimensional €~quadratic

(1+T€)¢0:C
4
(Poincare) complex (C,¢) in A is an m-dimensional chain
complex o in A together with an element
, . m-* .
¢€Qm(C,€)=Hm(MzC) (such that (1+F€)¢O:C —C 1is a

chain equivalence). The skew-~suspension isomorphisms
§ : Q. (C,e) —— Q. ,(8C,-€) ; ¢y —— Sy

are defined by (§¢)s=t¢ (s20), for any finite chain

s
complex o} in A. The skew-suspension maps
g:Lm(A,e)—-ﬂLm+2(A,—e) (m20) in the +€-quadratic

L-groups are also isomorphisms, so that
Lm(Age) = Lm+2(Ay"€) = Lm+4(Ay€) (m?o) .

For €=1 we write Qm(C,l)=Qm(C), Lm(A,1)=Lm(A), and

l-quadratic = quadratic.

Ultraquadratic complexes are €-quadratic complexes

(C,¢) with ¢S=O for s21.

For any finite chain complex C in A define the

abelian group

m-%

Q,(C) = H_ (Hom,(C",C)) = Hy(Homy (<™ ", C))

- -k
of chain homotopy classes of chain maps ¢:Cm —C.

Definition 7.1 An m—dimensional €~ultraquadratic

d ~
(Poincare) complex in A (C,y) is an m-dimensional chain

~ A
complex C in A together with an element ¢€Qm(C) (such

-~ %
that (1+T€)g//:Cm ——C is a chain equivalence).
o

There is a corresponding notion of cobordism of
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7/
€-ultraquadratic Poincare complexes in A, with the
~
m-dimensional cobordism group denoted by Lm(A,e), and
-~
by Lm(A) for e€=+1. The e€-ultraquadratic L-groups are

4~periodic, with
-~ ~ ~
Lm(A,c) = Lm+2(A,—€) = Lm+4(A,e) (mz0)

by skew-suspension isomorphisms, just 1like for the
€-quadratic L-groups L,. If A=B(R) for a ring with

~ ~
involution R we write Lm(A) as Lm(R).

Define a map Q,(C)——0Q,(C,e)id——y by vo=p, ¥ =0
(s21). An m-dimensional €-ultraquadratic (Poincare)
complex (C,;) determines an m-~dimensional quadratic
(Poincaré) complex (C,¢). The forgetful maps in the

cobordism groups

~ -~

Ly(A,€) —— L (A,€) ; (C,¢) —— (C,¢) (m20)
are sur jective for even m and injective for odd m.

~
The ultraquadratic L-group Lm(Z) was identified in

§7.8 of [16] with the cobordism group C of knots

m-1
k:Sm—ICSm+1 (m24). A Seifert surface for a knot
k:Sm'ICS"H'1 is a codimension 1 framed submanifold
MmCSm+l with boundary 6M=k(sm_l). Inclusion defines an

m-dimensional normal map (f,b):(M,@M}——#(Dm+2,sm‘1)

with quadratic kernel ox(f,b)=(C,y¢) such that

H,(C)=H,  (D™*?
m+1 . . “~ m=*

Mo 5 ~M which induces a chain map Y:C —_—C

/
defining an m-dimensional ultraquadratic Poincare

m+1

,M)=ﬁ*(M). The framing determines a map

~
complex (C,¢) over Z. The knot complement U=§ -(open

nbhd. of k(Sm-l)) has boundary 6U=Sm_1xsl, and there is
defined an (m+l1)-dimensional normal map

(U.aU)---’(Dm+2,Sm_1)XS1 which is a Z-homology
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m+1

equivalence. Let (L ,Mm

,sz) be the fundamental
domain for the infinite cyclic cover U of U obtained by

cutting U along M, and let

((e;f,zf),(a;b,zb))

m+1 ,m m+2

(L7 MT , 2M™ ) s DT OX([0,1]5¢0), (1))

be the corresponding (m+l)-dimensional normal wmap of
triads. The inclusions 3t Mo T, k:zM—L induce
Z2-module chain maps j,k:C=C(f!)-%D=C(g!) such that
j-k:C——D 1is a chain equivalence. The ultraquadratic
structure Jeam(c) is determined by the symmetric
structure (1+T);:Cm—*——ﬂC and j,k, since up to chain
homotopy

(i-xvy7 Yy = gm0 — ¢,
-1 ~ |
(j-k) "'k = —TY((1+TH)y)" " : C ——— C .
More generally:
Proposition 7.2 Let (C,y¢) be an m-dimensional
4
€-quadratic Poincare complex in A. A cobordism

((j k) :COC—D, (B¢, yd=-y)) with j~k:Ce—D a chain
equivalence determines an €-ultraquadratic structure
y€Q (C) with image ¢€Q (C,€), such that

(C,g) = u(c™ ") € im(uiL (D, (A), €)—L (A, €))

ko~
with (¢™ s¢) a nonsingular €-quadratic form in Dm(A).

Proof: Define a morphism in Dm(A)

-1 i (i-w)~1
(j-k)Y "3 : C D c .

jorg
i

By the chain homotopy invariance of the Q-groups we can
replace ((j k),(8¢,¢y®D-¢)) by a homotopy equivalent
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cobordism ((h h—l):C@C—-C,(8¢,¢@—¢)€Qm+l((h h-1),€)).

On the chain level

ho(y) - (h=-1),(y) = d(8¢y) € (W,C)
so that there is defined a chain homotopy

(I+T )8y ¢ h(I+T Dy, = (1+T gy (1=h)

- X
oh —_— C .

/
The m-dimensional €~ultraquadratic Poincare complex

(C,¢¥) in A defined by the chain map

-~ (1+T ) h
¢ = h(1+T€)¢0 . Cm_* e’¥o c C

-~ ~% ]
is such that y+ey :(1+T€)¢O:Cm ——C. Define a chain

X€(W,C) .| such that g-y=d(x+5y)E(W,C) by

0O if s=0
Xg = :

Cm+1—r-s s Cr .

BT ¢ if s21

-1

Thus ¢=;€Qm(C,e) and
(C,¢) = (C,9) = w(c" ") € L (A, o) .

™)

Corollary 7.3 Let (f,b):M——X be an (i~-l)-connected

/
normal map of (n+2i)-dimensional geometric Poincare

complexes, and let

((e;f,zf),(a;b,zb)) : (L;M,2zM) = XX([0,1];(0),{1})

be an (i-l)-connected normal bordism between (f,b) and

a disjoint copy (zf,zb). If the (i-l)-connected normal
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/
map of (n+2i+l)-dimensional geometric Poincare

complexes
(e/(f=zf),a/(b=2zb))
L/(M=2zM) == XX([0,1]/0=1) = x><s1

is a Z[KI(X)]—homo]ogy equivalence then the bordism

determines an (—)i—ultraquadratic structure
Jéan(s_ic(f!)) with image the quadratic kernel
structure ¢€Qn(S—iC(f!),(—)j)=Qn+2i(C(f!)). The
nonsingular (~)i—quadratic form (S_iC(f!)n+2i_*,$) in

Dn(Z[KI(X)]) is such that

ox(£,b) = (CCE'),¢) = u(s™icce!)yn*2i=* O,

€ im(u:Ly (D (Z0r, (X)]), () )= (Z[x (X)],(-)"))

= im(uely, (D (20r, (X 1)——L 5, (207, (X))

n+21i

Proof: The kernel Z[xl(x)]—module chain complexes
C = c(f'ic(X)=mc(M)) , D = c(g':c(XX[0,1])—C(L))

are i-fold suspensions of n-dimensional chain complexes
(up to chain equivalence). The inclusions M——L, zM—1L
induce Z[Kl(x)]-module chain maps j:Ce—D, k:C~=D such
that j~k:C———D is a chain equivalence. Let
h=(j—k)_lj:C——~C for any chain homotopy inverse

(j—k)_lzD——ﬂC. The quadratic kernel
ox((e;f,2zf),Ca;b,2zb)) = ((j k) :CHC—D, (8¢ ,¢¥d-y))

is the i-fold skew-suspension of a cobordism of

3 rd
. . i . .
n-dimensional (-) " -quadratic Poincare complexes over
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Z{KI(X)] satisfying the hypothesis of 7.2. It follows

that ¢E0n+zi(C) is the image of the element
;EHO(Hom&(Cn+2i‘*,C)) defined by the composite <chain
map
. : ~1

g . cotai-® %o c —2~p ERhb) o
with ¢0={M]ﬂ—:cn+2i“*——~c the Poincaré duality chain
equivalence. The nonsingular (-)1-quadratic form
(s™ich*2i-* 2y ia D (Z[x,;(X)]) is such that

ox(£,b) = (C,y) = u(s i eM*2i~T O,

€ im(u:Ly(D, (Zln, (X)1), (=) )—L (20, (X)],(->"))

= im(uiLy (D (20 (X)]1)=—L . (2(x, (X)) .

n+2i

o

Proposition 7.4 Let ((j j'):CC'—D,(8y,y®~¢y')) be a
V4
cobordism of m~-dimensional €~quadratic Poincare

complexes in A, such that D, C(j) and C{(j') are the
suspensions of (m-1)-dimensional chain complexes (up to
chain equivalence), with m21. The chain homotopy

classes of the chain maps
¥ = inclusion : G = § "D me—— s'lc(j') = F

inclusion

=
t

-1 m-1-%

“l« : -0m_*-
D e 5T C(§) = C(3") = F

are the components of a morphism of €-symmetric forms

in D _;(A)
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(G,0) —— HE(F) = (F@F™ 17", )

4 € 0

m-—1-%

*
such that v u=(1+T_e)90:G——4G for a certain

L

element 9€Qm_l(G ,—€) determined by (8¢,yd-¢y).

1%
If the morphism [;]:G——#F$Fm 1 is a split injection

m-1-%

in D, _;(A) and if @€im(Q__, (G y—a,_ (6™ ey

then G is a lagrangian of the hyperbolic €-quadratic

form

“e<F>=<FeFm'1’*,{° ’})
O 0

and (F,G) is a nonsingular e€-quadratic formation in

D,_1(A) such that

(Co¥) = u(F,G) € im(u:L (D, _;(A),e)—L (A, €)) .

_k

Proof : Let (Dm+1 s 8) be the (m+1l)-dimensional
rd

€-quadratic complex in A (not 1in general Poincare)

defined by the algebraic Thom construction, the image

of (5¢/¢$-¢')€Qm+l(C(j j'),€) under the isomorphism
(CL+T ) (B s dg@-9g) )

Q. 4(C(3 §'), &) —

m+1-*

Qm+1(D »y€) = Q 1(G

m-—

Up to chain homotopy

* -1 inclusion
Yy 44 : G =8 D

m-* _ m-1-%*
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so that there exists a chain homotopy

* m__l__*
Y o= {(1+T__)8, : G =——— G s
-€ (8]
and
* * * m-1-%*
(v @ ){0 1YY} = vy u + e ¥ = O G — G
€ 0

as required for G to be a lagrangian in HE(F). 1f
—]o%
9€q,,_, (™!
~
(G,8) is the hessian (-€)-quadratic form in Dm_l(A)

. ) “~ " m-1-%
,—€) is the 1image of 9€Qm_1(G ) then

required for G to be a lagrangian in HE(F). The
algebraic Thom construction defines a one-one
correspondence between the homotopy equivalence classes
of (m+l)-dimensional e€-quadratic Poincaré pairs in A
and {(m+1)-dimensional €~quadratic complexes in A
(Proposition 3.4 of Ranicki [141). Thus
((j 3'):CC"'"—=D,(8y,ydy')) 1is homotopy equivalent to
the (m+l)-dimensional €~quadratic Poincaré pair

((0 +1):9D——D,(0,38)) defined by

* r ~
dp ()T C1+T__)8

dap = €
D r

0 (=) dD

_ m=r _ m-r+1

aDr =D @Dr - aDr—l =D @Dr-l M

aA 0 0
9:
0 1 0
m-xr m-r - m-~xr
oD = Dr$D ——— E‘)Dr = D @Dr N
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-~
26, =
0 0
m-r~-1 _ m-r-1 . =T
oD = D, ,,;®D — on_ =D ep,.
o6, = 0 D™ YT —— 3o (s>22) .
Up to chain homotopy
* -1 inclusion
g F =8 "C(3i'")
- —k ]
s7lecs 30y = 0™ = g™l
so that there is defined a chain equivalence
*
f:Cm—C(pt ). Choosing a representative chain map
~ -
9:D——*Dm+l and a chain homotopy
* I mgl-*
x:¥ pu=(1+T _)8:D~D define a chain map
g:0D——C(u ) by
1
g =
0 Y
oD = D" Fep. — c(u’ ). = ¢ T lgr
r r s r-1

such that

£,(4) = 8,(38) € Q_(clu ),e) .

* -~
Now (C(u ),gy(ae)) is the m-dimensional €~-quadratic
, A
Poincare complex in A constructed in 3.2 from the
nonsingular €-quadratic formation (F,G) in Dm_l(ﬁ), so

that

(Coy) = (Cu™ ) E(9)) = (C(u’),g,(38))
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= u(F,6) € im(u:L (D, _,(A),€)—1L (A, €)) .
w]

8. The connection

We now connect the algebra and the geometry,
verifying the claim of Theorem 6.2 that the geometric
surgery transfer maps for an n-dimensional Poincaré
fibration F——E—RsB coincide with the algebraic surgery

transfer maps

' t
pgeo = pa]g

L, (20 (B)]) — L, (Z[r,(E)]) (m30) .

We know from 1.9 how a CW complex structure behaves
under transfer on the cellular chain level. The
strategy is to encode the L-theory data in CW complex
structures, and to decode the lifted L-theory data from

the CW lifts using the ultraquadratic L-~theory of §7.
We consider first the case m=2i. By Chapter 5 of
Wall [22] every element xEin(Z[xl(B)]) (i23) 1is the
Witt class of the nonsingular (-)i—quadratic form in
B(ZIx,(B)])
Ho: Ky (M) ——— Z(x;(B)]/(a-(-)'ala€2(n,(B)]) )
on the kernel Z[xl(B)l—module

Ky (M) = my (E) = H(f') = ker(fa:Hy (M)=—H, (X))

of an (i-l)-connected normal map (f,b):(M,OM)——(X,0X)
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from a 2i-dimensional manifold with boundary (M,OM) to
a 2i-dimensional geometric Poincaré pair (X,9X), with
Of : OM— JX a homotopy equivalence, and with a
Kl—isomorphism reference map X=—s B such that
W(X):KI(X)——ﬂxl(B)—Eihlwzz. The adjoint of X defines an
isomorphism in B(Z(x,(B)])

*
Ao K (M) —— K (M)
U — (Y = A(u,v) ) .

(Ki(M),X,u) can be viewed as a nonsingular
(—)i—quadratic form (Ki(M)*,¢) over Z(KI(B)], with ¢ an
iquivalince class of 2(x1(B)]—module morphisms
¢:Ki(M) m-Ki(M) such that

1

gr(Yig" = " Ki(M>* —_— K (M),

PNV = palv)  (vEK (M) ,

~

. . -~ i+1 *
with 7/ equivalent to v+x+(-) X for any
*
Z[KI(B)]wmodule morphism x:Ki(M) ——#Ki(M). The surgery

obstruction is thus given by
x = 0x(f,b) = (K (M), \, ) = (K, (M), )
€ L, (2lx (B)]) .

We shall be regarding modules as O-dimensional
chain complexes, and for any q€EZ2 we write s9c for the

g-fold suspension of a chain complex C, with

=d. : (s%c) = ¢ —_— (s%), | = ¢

slc C r-q r-q-1

The quadratic kernel a*(f,b)=(C(f!),¢) of the
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(i-1)~connected 2i-dimensional normal wmap (f,b):M——X
is an (i-1)-connected 2i-dimensional quadratic
Poincaré complex over Z[xl(B)] which is homotopy
equivalent to (SiKi(M),z). Thus we can identify ¢0=$,
and up to chain homotopy

-~ iA* _1
(1+T)gg = +(=)1y = X

C(f!)2i—"‘

i * ! i
= S Ki(M) —_ C(f°') = S Ki(M) .
'
The quadratic structure wEQZi(C(f‘)) is the equivalence
A~ *
class of Z[xl(B)]—module morphisms w:Ki(M) ——~Ki(M)
-~
described above. A choice of representative ¢ 1is a
~ -~
choice of ultraquadratic structure ¢€in(c(f!)) for the
quadratic structure ¢€QZi(C(f!)). We now fix a choice

~
of ¢.

Let {vl,vz,...,vk) be a base for the f.g. free

Z[Kl(B)]—module Ki(M)’ and use the dual to define a
; *

base for Kl(M)=Ki(M) . The functor of additive

categories with involution

p" = —gCc(F)y,a.u)

B(Z[x,(B)]) —— D_(Z[x (E)])
sends the morphisms in B(Z[KI(B)])
~ ~ K
Y . ¥
K, (D = 02lr (B))] —— K, (M) = 82l (B)]
K k

to chain homotopy classes of Z[KI(E)]-module chain

maps
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oty L "

#

# * o # _ ~
p (K, (M) ) OC(F) == p" (K, (M)) = &C(F)
K k

such that there is defined a chain homotopy commutative
diagram

N ot a” -
eC(F)H)"” fC(F)n_
e(Fln-I ’e[Fln-
lw o’ (3 | .
BC(F) BHC(F)
k k

and such that

A : ~ - ~ ~
o' (@) + ("GN = ol oc(F) —— 0c(F)
is a chain equivalence.

In Lemmas 8.1,8.3 below we shall show that the
quadratic kernel a*(g,c)z(c(g!),a) of the pullback
(n+i-1)-connected (n+2i)~dimensional normal map
(g,c):(N,ON)——(Y,0Y) 1is homotopy eqPivalent to the
(n+2i)-dimensional quadratic Poincare complex (D,n
defined by the Z{xI(E)]-module chain complex

D = Sip#(Ki(M)) = osic(F)
X

with the (ultra)quadratic structure
- . elFIN- N
ng : pn*2i = @5 'C(F)"7 —————— as’c(F)
k k

er—— [} = @SiC(;) s
k
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ng = 0 : D —_— Dr (s21)

It will follow that the nonsingular (—)j~quadratic form
* - ~

Gl ™) etrIn-)T1e"(Q))  in D (20, (E)]) defined

by

etrin-)" et

#,

# * o 1% (\1/) # ~
o’ (k (1) = 8c(F) ————— p"(x, (1)) = @c(F)
k k
-1
®((FIn-) . -
ec(H)" ™" = ol ™)

is such that

1

PoeoPx(fsb) = o04(g,c) =

uee” (k™) etrin->"p" (20

1
palg

* A !
(KI(M) ’¢) = palga'k(f)b)
€ im(u:Ly(D (ZIx (E)]), (=) H)—>L (2[x,(E)], ()"

= im(uil, (D (ZIx (E)]))—L o (2[x(E)])) ,

'

verifying that pgeo=

!
palg in the case m=21i.

L
For the symmetric structure of ogu(g,c)=(C(g ),n)

we have:

*
Lemma 8.1 The symmetric kernel o (g,c)=(C(g!),(l+T)n)

is such that up to chain homotopy

(1+T)n0
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] i v X £ * - % { ~ %
C(g')“+21 - Slp#(Ki(M) )n - SS:LC(F)R

@{F]f\" 5 ~ §
ey $SLC(F) = Slp#(Ki(M)*)
k

p!((1+Tr¢ )

c(g'y = stp’(x, () = fsicc%i) :

Proof: Represent the base elements v.EKi(M) (1£jgk) by
framed immersions vj:Si—-»int(MZi) with nullhomotopies
in X, and with Kl(B)—equivariant lifts

~

v.:giur\'l(B)XSi-——»ﬁ. Replace f:M——X by the inclusion of

J .
M in the CW complex MUUe1+1 homotopy equivalent to X

k
(which is also denoted by X), so that
' - ~ e . .
cee'y = sTlecX, M) = stk (M) = estzlx,(B)] .
k

In the total spaces of the pullbacks g :N=——Y is

replaced by the inclusion of N in the CW complex

I\I\,)\}F‘)(e‘i.l.1 , so that
k

~o

ceg'y = s7le(y,N) = Sip#(Ki(M)) = Esic(F) .

4
The Poincare duality chain egquivalence is given up to

chain homotopy by the composite

*
. e ~ :
(1+T)720 . C(g!)n+21—* —_— C(N,aN)n+21-*
[(NIN- ~ e e )
—eeeet C(N) oot C(N,ON) = C(g )

with e the inclusion.

For a sufficiently large number q20 the framed

immersions can be approximated by framed embeddings
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vj:Si——~int(M2iXDq) with nullhomotopies in X. Let Vj be
a regular neighbourhood of vj(Si) in MXDq, and let
Pj=closure(MxDq—Vj), so that

. = q
MXD "jVaijj , an avjua(Mxn Y
= i i+q i+q-1

(vj,avj) v (87 )X(D , 5 ) .

The intersection number

e e
Ny g = MLV € ZIa(B)] 0 (1€5,3°€0

is the image of IEZ[xi(B)) under the composite
Z[Kl(B)]-module morphism

r-ui
H (s7) = 2[x,;(B)])

Vo
o -~ o~y q ~ q_l
————— H, (M) = Hi+q(M><D , MXS )
S g - -
e Iii+q(MxD ,Pj) = Hi+q(vj,avj)

= Ho(8h) = Zix (B)] ,

which can also be expressed as

~

Vi

"~ - J ~ ~
Hy(S5%) = Z[r (B)] ———— H,(M,0M)
_1 ~ K
(IMINn-) V.
i, ] i, vi
HY(M) —————— H'(S%) = 2[x (B)] .

r
The pullbacks from the n-dimensional Poincare fibration

rd
F—— E~£u define framed Poincare immersions
wj:F“xsl——ﬂNn+2] with nullhomotopies in ¥, and with

xl(E)—equivariant lifts ;j:§x5i~—~§ (1gjgk). Let
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Wj,QjCNXDq be the total spaces of the fibrations over
Vj,PjCMXDq, so that

NXDY = w. . . = ) NxDY)y
X Vou @5+ BYy = BY,UBNOD)
(wy,0w,) = wj(Fxsi)x<Di+q,si+q‘l>

For any embedding DZi+innt(Vj)CMzi><Dq the pair

¢ (MxpI-int(p?1*y)y
3

,xlDi+1xDq , PjUDi+1XSq-l )
has a relative CW structure with one (i+q)-cell and one
(i+gq+1)-cell, such that the cellular chain complex in
lB(Z[xl(B)]) is )\j’j.:Z[xl(B)]—-»Z[xl(B)]. By 1.9 the
chain homotopy c¢lass of the Z{KI(E)]~modu1e chain map
p#(kj’j.):c(§)——~c(§) coincides with the composite

W
~ i e h|
C(F) —— 8 'C(FX§') s

s™ic(N,dN) = s~ 1" 9c(Nxpd,d(NxpY))
_— s'i‘qc(ﬁxoq,aj) ~ s‘i“qc(ﬁj,aﬁj) ~ C(Fxs')

— c(F)

and hence also with the composite

o

W,
~ i e s h| i e
C(F) ———— 5§ 'C(FXS') ~o-— 5 Le(N,DN)

2E 3

(amin-~t .V .
Slc(N)n'— — S].C(Fxsl)n"'

[FI1n-~

— C(F)"T e C(F) .
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The (jiyj')-component of the 2[x1(E)]—modu1e chain

equivalence

1

(C1+T)ng) "~
c(g!) = ]?sic(?‘) — c(glynt2iY 1?sic(?)“”*
is thus the composite
p#(k. )
i - Js ] i ~
S C(F) S C(F)
-1
([F1n-) .
stc(F)™”
and up to chain homotopy
i - L e ok &[F )N~
(1+T)DO . C(g!)n+21 - fSIC(F)n SR

@sic(F) c(g') = @sic(F) .
k k

We extend the description of the symmetric
structure of o,(g,c) given by 8.1 to the quadratic
structure, using the ultraquadratic L-theory of §7. A
choice of ultraquadratic structure J:Ki(M)*——ﬂKi(M) for
ox(f,b) is used to construct a normal bordism between
(f,b) :M=~—X and a copy (zf,zb):zM——zX which encodes
the quadratic self-intersection form gy in the Cw
structure. The quadratic structure of o,{(g,c) is then
decoded from the CW structure of the pullback normal
bordism between (g,c):N—Y and a copy (zg,zc):zNwz2Y,
using 1.9 and 7.3. The construction of the bordism is

motivated by the way in which the infinite cyclic cover
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of a knot complement can be obtained by cutting along a

Seifert surface.

e
Lemma 8.2 A choice of wultraquadratic structure ¢ for
(Ki(M),x,u) can be realized by an (i-1l)-connected

(2i+1)~dimensional normal bordism
((e;f,2f),(a;b,zb)) : (L;M,zM) — XX([0,1];{0},{1})

between (f,b) :M——=X and a disjoint copy
(zf,zb):zM——2zX, such that the difference of the
Z[KI(B)]—module morphisms j,k:Ki(M)——dKi(L) induced by
the idinclusions jiM—1, k;zM—1 is an isomorphism
j-k Ky (M)=——K, (L) with

~

(j-k)'lj = gX K (M) ——— K (M) ,

i+15*

(J~k>'lk (=) g X o2 Kj (M) —— K (M) .

The (i-1)-connected (2i+l)-dimensiconal normal map
(e/(f=zf),a/(b=zb)) : (L/(M=2zM),dMxs})
——— (X,0X)X([0,1]1/0=1) = (X,dX)xs}

is a Z[KI(B)}-homology equivalence, with the homotopy
equivalence afxl:astl——-baXXS1 on the boundary.

Proof: Every based f.g. free lagrangian of the
(—)i~quadratic form (Ki(M),x,u)®(Ki(M),—k,-u) can be
realized by disjoint framed embeddings of st in
MVaMX[O,I]ZM with nullhomotopies in X, such that the
trace of the surgeries on these framed embedded
i-spheres defines a normal bordism between (f,b) and

(zf,zb). The realization of the lagrangian
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N
im( © R (M) ——— K (M@K, (M)
(-Gt

v A
has the required properties. (This lagrangian 1is a
direct complement of the diagonal lagrangian
im([i]:Ki(M)——nxi(M)eKi(M)). The realization of the

diagonal lagrangian is the product (2i+l)-dimensional

normal wap
(£,b)X1 : MX([0,1];(0},{1)) —— XX([0,1];<03,(1}) .
The required normal map (e,a) can also be obtained from

(f,b)X! by surgeries on i-spheres in the interior of

MX{0,1] representing a base of Ki(Mx[0,1])=Ki(M).)

We can now extend Lemma 8.1 to the quadratic

structure

Lemma 8.3 The quadratic kernel a*(g,c)=(C(g!),n) is

such that up to chain homotopy

ne ¢ ceHmTEY L gtk an®HPt . 3sic<F>“'*
e[FINn- C ,
~————————— @S C(F) = Slp”(Ki(M)*)
K
oo
P (¥ ! i fae%
———— < = stk ) = ested®
ng = 0 : c(gHFIITETS L cgty | (s21) .

)
Proof: Let ¢,(e,a),(f,b),j,k be as in 8.2, and let
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((h;g,zg),(d;c,zc))
(P;NyZN) —— YX([O'I],<O>:<1))

be the (n+i-l)~connected (n+2i+l)-dimensional normal
bordism between (g,c) :N——aY and a disjoint copy
(zg,zc):zN——2Y obtained from ((e;f,zf),(a;b,zb)) by
pullback from Fowm— E—Em B along the reference map X-sB.

The (n+i-l)-connected (n+2i+l)-dimensional normal map
(h/(g=zg),d/(c=zc))
P/(N=zN) — ¥X({0,1]/0=1) = yxs!

is a Z{r (E)]-homology equivalence. By 7.3 the
quadratic kernel o¢,(g,c) is determined by the chain
homotopy classes of the Z[xl(E)]-module chain maps
C(g!)——#C(h!), C(zg!)——~C(h!) and the Poincaré duality
chain equivalence C(g!)n+2i-*——~c(g!). We shall now
arrange CW structures for (e,a) in such a way that only
cells in dimensions i,i+]l occur in the relevant pairs,
and 1.9 applies to obtain the Z[Kl(E)]~modu1e chain
homotopy data in the total spaces of the pullbacks from
F—E—~E4B as the algebraic transfers of Z[Kl(B)]—module

data.

L is the trace of surgeries on (i-1)- and
i-spheres in M, so that (L,M) has a relative CW
structure with i- and (i+1)-cells, with the cellular

chain complex in B(Z(x;(B)]) given by

.~ A

d = § : C(L,M); | = K,(M) ——— C(L,M); = K, (L) .

Replacing e:L-~sXX[0,1] by the inclusion of L in the
mapping cylinder it may be assumed that L is a
subcomplex of X, such that (X,L) and (X, M) have
cellular chain complexes in B(Z{KI(B)})

i

C(X,L) = § +1Ki(L) ,

d = (3 1) : C(X,M), = Ki(M)$Ki{L)
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FER )

—_— C(X, M), = Kj(L) .

The kernel chain complexes C(f!), C(e!) are chain
equivalent to S—IC(X,ﬁ), S_IC(Q,Z) respectively.
Replacing the inclusion C(f!)——ﬂc(e!) by the inclusion
S—IC(;,§)-~S—1C(§,E) of the chain equivalent complexes
corresponds in the pullbacks to replacing C(g!)——ﬂc(h!)

by s lc(Y,N)—s 1c(¥,P), and by 1.9

ro

c(v, Ny = plcdX, M), cdv,B) = pfalX, D)

' )
Thus up to chain homotopy the inclusion C(g’ )==C(h’)
may be identified with the Z{KI(E)}~module chain map

p" (3 : cehy = stk () ——
cn'y = stptk, L)y

' '
Similarly, up to chain homotopy C(zg )=C(h’) may be
identified with

. .
p’ () clzety = sTp(k (M) ——
) )
cn'y = sipt(x, (L)) .
The Z[KI(B)]-module isomorphism j—k:Ki(M)——ﬂKi(L) such
that (j-k)-1j=g})\:xi(M)-——»Ki(M) 1ifts to (the <chain
homotopy class of) a ZIKI(E)]-module chain equivalence
b, . l ! !

p" (i-k) = p" (9 - ) gy —— cn’y
such that up to chain homotopy

#, . -1_#, . AP

e (im0 e s = T

c(g') = ©S1C(F) = @sic(F) .
k k

Applying 8.1 and 7.3 we have that the gquadratic kernel
ox{(g,c) is homotopy equivalent to the
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s
(n+2i)-dimensional quadratic Poincare complex

(@Sjc(g).n) over Z{x (E)] with
k

. L elFINn-
(1+T)ng - c(glynt2i-* estc(F)" " ———
k
i pfnt ; —
&S "C(F) (g’ ) = @S C(F) ,
K Kk
- ot oy (1
Nog = p (YA (1+T)n,
- o ®lFIN- L
C(g!)n+21 * @ch(F)n * —_— L estc(®)
k k
" () .-
——— C{g ) = &8 C(F) ,
K
ng = 0« C(g™EITITS L cgty, (s21) .

This completes the proof of Theorem 6.2 in the

case m=2i, and we proceed to the case m=2i+1}.

By Chapter 6 of wall [22] every element
X€L21+1(Z[K1(B)]) (i22) is the Witt class of the kernel

nonsingular (—)i—quadratic formation over Z[x,(B)]
(F,G) = (Ki+1(U,aU),Ki+1(M0.aU))

of an (i~l)-connected (2i+l)-dimensional normal map
(f£,b):(M,DM)— (X, 0X) with Of : OMw—es OX a homotopy
equivalence, and with a xl—isomorphism reference map
X=—t+B such that w(X):KI(X)-—ﬁxl(B)—EL&lazz. Here, U is
the connected sum of a sufficiently large number k20 of
framed embeddings SiCint(M) with nullhomotopies in X to
generate the f.g. Z[xl(B)]—module K, (M), and
Mo=closure(M—U). Thus F=Ki+1(U,aU) is a based f.g. free
Z(KI(B))-module, and G=Ki+1(M0,aU) is a based f.g. free
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lagrangian %f the hyperbolic (-)i~quadratic form
Ho_yi(F)=(FoF , 0 1Yy yith
00

F =G = 0zZ[x (B)] .
k
*
The inclusion {ZJ:G——ﬂFeF extends to an isomorphism of

hyperbolic (—)i-quadratic forms

- H, ,i(G) ——— H, (i(F) .
up (=) (=)

Surpery on the framed embedded i-spheres in U defines
an (i-l)-connected (2i+2)-dimensional normal map of
triads

((e;f‘fv)’(a;b’b.)) . (L2i+2;M2i+1,M'2i+l)

et XX ([0, 1)5;40),(1})

% .
with (F ,G) the kernel nonsingular (—)l—quadratic

formation of (f',b'), and
G = Ki+1(L) , F = Ki+1(L,M') , F = Ki+l(L’M) .

C(e!) = sitlg . C(e!,f'!) = gitlp .

c(e' gty = si*lp* |
The quadratic kernel ox((e;f,f'),(a;b,b')) is an
(i-1l)~-connected (2i+2)-dimensional quadratic Poincaré
cobordism over 2[x1(8)} with algebraic Thom complex
homotopy equivalent to the i-connected
(2i+2)-dimensional quadratic complex (Si+1G*,9)
corresponding to the (—)i+1-quadratic hessian form
(G,H) such that Y*g=9+(—)i+19*
elements of the f.g. free Z[KI(B)]—module G=xi+l(e).can
21+2)

with nullhomotopies in X, so that the form (G,8) can be

*
: G G, The base

be represented by immersed (i+l)-spheres in int(L
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expressed in terms of geometric intersection and
self~intersection numbers exactly as in Chapter 5 of
wall [22].

The pullback of ((e;f,f'),(a;b,b')) from Fo—s E—boms B
along the reference map X-——B is an (n+i~l)-connected
r'd

normal map of (n+2i+2)-dimensional geometric Poincare

triads

((hi;g,g'),(dsc,c’)) : (Pn+21+2'Nn+2i+1)N,n+21+1)

——— XX([0,1];5¢0},{1}) -

1

The Z[KI(E)]—module chain maps C(h!)~—ﬂC(h!,g").
1 ! '

C(h’')——C(h’',g’) defined by projections are given up to

chain homotopy by

p#(Y) . C(h!) - Si+lp#G

os™*lc(F)
k

— C(h!,g'!) = Si+1p#F - ®Si+lc(§) ,

@IFIn-)"1p%cuy : cnty = sitlpfs = gsitle(F)

k
i
p () . .
Sl+1p#(F*) - @SI+IC(F)
-1
(&[FINn-)

i+l

~ % i ~%
&S C(F)n - C(h!,g'!)n+21+2
k

1 1
=z C(h’,g ) .

The quadratic kernel ox((h;g,g'),(dsc,c)) is the
i-fold skew-suspension of an (n+l)-dimensional
(—)i~quadratic Poincaré cobordism over Z[KI(E)]
satisfying the hypotheses of Proposition 7.4, with

p{,(Y) # #
-1 # : (p 6,0) ——— H i(P F)
(a[FIN-) "p (W) (-
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the inclusion of a lagrangian of the (-)j—quadratic

hyperbolic form H i(p#F) in Dn(Z{xI(E)}) because it
(-

extends to an isomorphism of (-)i—quadratic forms
p¥ (v) o’ (¥)(alFIN-)
-1 # -1 _#,
(@[FIN-) "p () (@[FIN-) "p (W(B[F]N-)
He_yitp'e) —— w _yice'm) .

Working as in the proof of Lemma 8.1 the
(_)i+1

hessian
-quadratic form 1n D (Z[x (E)]) may be expreesed

as  'o,cerrin-r" 1" 5y, with  9:6—G an
(—)1+l-u1traquadratic structure for (G,8). By
Proposition 7.4 the nonsingular (—)1-quadratic

formation (p#F,p#G) in Dn(Z[nl(E)]) is such that

# #
ulCp F,p G)

(]
geoo*(f Wvb) = o,(g,c)

! !
Pat1g (Fr0) = Pap,ou(f,b)

lg
€ im(u:L, (D (2[x;(E)1), ()"

— L, (20, (E) ], ()1 ))

= im(u:ilyy . (D, (20, (E) 1))

L (LR CED D))

1 t

This verifies p_ =p also in the
geo “alg

completing the proof of Theorem 6.2.

case m=2i+1,

We can now write the surgery transfer maps
unambiguously as

p! i L (ZIx,(B)]) —— L_, (2(x,(E)]) (m20)
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29. Change of K-theory

We now extend the definition of the algebraic

1
surgery transfer maps (C,a,U)':Lm(R)——*Lm+n(S) to the
intermediate L-groups, and show that they are

compatible with the Rothenberg exact sequences.

An involution R——#R;r——ﬁ; on a ring R determines a
*
duality involution *:P(R)—=[P(R);P—P =HomR(P,R) on
the additive category P(R) of f.g. projective R-modules
by

*
R X P -~ P

(r,f) (x ~ £(x).r) ,

bl

* X

X (f f(x)) .

e(P) : P ——Zm p

The duality involution on [P(R) determines involutions

on the algebraic K-groups
*
* i Kg(R) =——= K (R) ; [P] —— [P ] ,

* Kl(R) — K,;(R) ;

*  * *
7(f:P Q) 7(f :Q —P )
and also on the reduced K-groups
K, (R) = coker(X (Z)=——K (R)) (i=0,1) .

The intermediate quadratic L-groups Li(R) of a
ring with involution R are defined for *-invariant
subgroups X;ﬁi(R) (i=0,1), such that j*GX for all x€X.
The intermediate L-groups for X=(O),Ki(R) are written

as

K. (R) {0)CK, (R)
L’ TRy = LRr) |, L, "Ry = wiry
(0}EK 4 (R) K| (R)

Ly (R) = L, (R) = LR(R) = L,.(R) .
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For *-invariant subgroups xgx'gki(n) there is defined a

Rothenberg exact sequence

X X! “n )
ceo —— L (R) — L (R) —— H'(2Z,;X'/X)

X

B T
n-1

(R) mee—— ...
with
ﬁn(ZQ;x'/x) =
. * n n, *
{a€X'/Xla =(~) a)/{b+(-)"b [bEX'/X} .
See Ranicki [13}),[14] for further details.

We consider first the torsion case XQKI(R).

A representation (C,U) of R in [D(S) determines a

transfer map in the absolute torsion groups
!
(C,U)':Kl(R)—~#K1(S) (Example 1.8), and also in the
' o ~
reduced torsion groups (C,U)':KI(R)——~K1(S). By

definition, D(S) is the homotopy category of finite
chain complexes of based f.g. free S-modules. We shall

now make use of the bases.

Proposition 9.1 Let (Cc,a,u) be a symmetric

representation of R in Dn(s), for some rings with
involution R,S.

i) For any *-invariant subgroups XQEI(R), YQ%I(S) such
that (C,U)!(X)QY and T(a:C——~C“"*)EY there are defined

transfer maps in the intermediate torsion L-groups

H X Y
(C,G,U) : Lm(R> ——— Lm+n(s) (n?O) .
ii) For any *_invariant subgroups XQX'Q&I(R),

o~ t ¥
YQY’QKI(S) such that (C,U) (X)CY, (C,U) '(X')CY', 7(a)eExy
there is defined a morphism of Rothenberg exact

sequences
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X X! - f
ceo == L_(R) = L= (R) —— Hm(Za;X JX) —— ...

’ ! '

i(C.G,U)! l(C,a,U) i (C,U)!
Y
™m

Y ¥

~
o
man(8) = HUTR(Z,5¥1/Y) —— ..

ce. —— L +n(S) - L

Proof: The transfer wmap in the reduced torsion groups
t ~ o
{C,U)‘:Kl(R)—-K1(S) is such that

*(c,)' = (O, K (R) ——— K, (S) .

Let m=21i. For any nonsingular (—)i~quadratic form (M,y¢)
on a based f.g. free R-module M=Rk the n~dimensional
Id

(-)'-quadratic Poincare complex (&C,8) representing
k
1
(C,U) (M,¢) has reduced torsion

7C(1+T) 8 :0¢" " '—pC)
k k

! i * * ~

< * o
the image of 7(y+(-)'y JEK (R). Similarly for m=2i+l

and formations.
(m]

Next, we consider the projective case XQEO(R). It
is more convenient to work with the preimage of X in
KO(R), so we regard X as a *-invariant subgroup of
KO(R) such that [R]E€X.

Given a ring S let E(S8)=D({P(S)), the homotopy
category of finite-dimensional f.g. projective S-module
chain complexes. A representation (C,U) of a ring R in
E(s) determines transfer maps in the algebraic

K-groups

(c,my! . K;(R) = K, (P(R)) —
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K. (8) = K, (P(s)) (i=0,1)

(Example 1.8). For n20 1let En(s)=Dn(P(S)), the full
subcategory of [E(S) with objects n-dimensional f.g.
projective S-module chain complexes. An involution on S

_*
determines the n-duality involution G cM on En(S).

Proposition 9.2 Let {(C,a,U) be a symmetric

representation of R in ER(S), for some rings with
involution R,S.

i) For any *-invariant subgroups XQKO(R), YQKO(S) such
that [R]EX, [S]€Y, (c,u)’(X)gygxo(s) there are defined

transfer maps in the intermediate class L-groups

! X Y
(C;G)U) : Lm(R) —_— Lm+n(s) (n?o) .
ii) For any *_jinvariant subgroups XQX'QKO(R),
Y
YCY'CK,(S) such that [R]EX, [(s}€Y, (c,u) " (X)Cy,

'
(C,U) "(X')EY' there is defined a morphism of Rothenberg

exact sequences

coo — LX) — X Ry — Wz, k) —
o . :
l(cga)U)‘ l(csanu)' l(cyu)
iee = LY (8) — LY (sy — A™TNZ YT Y)Y —— .. .
m+n m+n 2

o

The proof of 9.2 is somewhat more involved than
that of 9.1.

A splitting {(B,r,i) in A of an object (A,p) in the
~
idempotent completion A is an object B in A together
with morphisms r:A—=B, i:B——aA in A such that

ri = 1 : B ——— B , ir = p : A —m—— A .

Lemma 9.3 A functor of additive <categories F:A~—p
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extends to a functor E:ﬁ——wB if and only if for each
object (A,p) in ﬁ the object (F(A),F(p)) in é has a
splitting in B. Any two such extensions of F are
naturally equivalent.

Proof: It 1is <clear that the splitting condition is
necessary for F to extend to ;, so we need only prove
that it 1is sufficient. For each object (A,p) in @
choose a splitting (B,r,i) of the object (F(A),F{(p)) in
@, and set E(A,p)=B, with (B,r,i)=(F(A),1,1) for
p=l:A=—A. For a morphism f:(A,p)—=(A',p') let

~ -~ i f r ~
F(f) : F(A) = B A Al F(a') = B' .

An additive category A is idewmpotent complete if
the functor A——»ﬁ;A~—~(A,1) is an equivalence of
categories. Applying 9.3 to |:A——pA we have that A is
idempotent complete if and only if every object (A,p)
in K splits in A. If B is idempotent complete every
functor F:A—[B extendi to a functor ;:A—jfﬁ, namely

the composite of F:A=R and an equivalence B—[B,.

For any ring S the additive category P(5) of f.g.
projective S-modules is idempotent complete, with every
-~
object (Aa,p) in [P(S) split by the triple (B,r,i)
defined by
Y : A —— B = im(p) X e——— p{(x%)

s >

i = inclusion : B =w——— A
This is the special case n=0 of:

Lemma 9.4 For any ring S and any n20 the homotopy
category En(S) of n-dimensional f.g-. projective
S-module chain complexes is idempotent complete.

Proof: For every chain homotopy projection p:pzzb——ﬂD
of an object D in En(S) there exists by Lemma 3.4 of

Luck [7] an (n+l)-dimensional infinitely generated
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projective S-module chain complex € with <chain maps

x:D—C, i:C===0) and chain homotopies
ri = 1 : € ——— s ir @~ p : D e——— D .
Since € is dominated by an object in En(s) (namely D)
it is «c¢hain equivalent to an object 1in En(S), by
Proposition 3.1 of Ranicki {[17].
n]
The idempotent completion of an additive category
-~

A with an involution *:A-———pA is an additive category A
with the involution

~ A~ * *

* o A ——— A (A,p) — (A ,p )
For a ring with involution R the functor
B(R)”**P(R);(Rk,P)——ﬂim(p) is an equivalence of

additive categories with involution. Both 9.3 and 9.4
have evident wversions for additive <categories with

involution.

Definition 9.5 Let R,S be rings with involution. The

projective surgery transfer maps of a symmetric

representation (C,a,U) of R in En(S)

(Cha,v)' : LP(R) —— 1P (s) (m20)

are the cowmposites

F
!
(C,a,U)" : LE2(R) = L (P(R)) —
- P
L(E (5)) —— L. (5
with g the generalized Morita maps of 3.3 for A=P(S)
and F induced by the functor of additive categories

~
with involution F:B(R)zP(R)——ﬁEn(S) associated by 9.4
to the functor
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F = -@(¢,a,U) : B(R) =—— [ _(S) ; R — C .
]

The proof of 9.2 is now completed by observing
that the transfer map in the projective class groups
i
(C,U)':KO(R)——ﬂKO(S) is such that

*(c,)' = (", E K (R) —— K (S) -

Remark 9.6 Our methods also apply to construct

algebraic surgery transfer maps in the round L-groups
L:X(R) of Hambleton, Ranicki and Taylor [4], which are
defined for *-invariant subgroups XQKI(R). For any
symmetric representation (C,d,U) of R in En(s) and any
*—inv?riant subgroup xgxl(a), YQKI(S) such that
(C,U) "(X)EY there are defined round L-theory transfer
maps

rY

! rX
(C,a,u) H Lm (R) ———— Lm+n

() (m20)
which are compatible with the round L-theory Rothenberg

exact sequences.

m]

Remark 9.7 The connection established in %8 between the
algebraic and pgeometric surgery transfer maps extends

to the intermediate cases, and also to round L-theory.

o

Remark 9.8 Our algebraic constructions apply also to
the €-quadratic L~groups L.(R,€), which are defined for
a ring with involution R and a central unit €€R such
that E€=1. LZi(R’E) (resp.‘ L21+1(R,€)) is the Witt
group of nonsingular (—)1€—quadratic forms (resp.
formations) over R. A symmetric representation {C,a,U0)
of R in Dn(S) such that U(e)=p:C—=C for a central
unit
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n€ES with 5n=1 induces transfer maps
. H
(C,a,t) : L (R,€) =—— Lm+n(s,n) (m20) .

Hitherto we considered the case €=1€R for which
Le(R,1)=L,(R), with n=1€5.

Appendix 1. Fibred intersections

The proof of péeo=p;18 in %8 wmakes heavy use of
the algebraic properties of the L-groups. For a fibre
bundle F—E—E.p with the fibre F a compact
n-dimensional manifold it is possible to verify that
the algebraic and geometric surgery transfer maps
coincide more directly, using the bordism intersection
theory of Hatcher and Quinn [6] to obtain fibred
versions of the geometric intersection forms (resp.
formations) used by Wall [22] to define the surgery
obstruction of a highly~connected even (resp. odd-)
dimensional normal wmap. The quadratic kernel of the
pullback normal map is the fibred intersection form
(resp. formation) both algebraically and geometrically.
We now sketch the argument for the intersection pairing
N in the even-dimensional case, leaving the
self-intersection function ( and the odd-dimensional

case to the interested reader.

Given two maps vi:Qi——ﬂM (i=1,2) let E(vl’VZ) be
the pointed space of triples (xl,xz,w) defined by
points xiEQi and a path w:[{0,]l =M from w(0)=vl(x1) to
w(l)zvz(xz), so that there is defined a homotopy fibre

square

E(Vlyvz) — Ql

l,
I

2

Q, —=2—— ¥ .
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Given a stable vector bundle 7 over a space M let
Qﬁr(M,n) be the bordism group of n-manifolds N equipped
with a map N——M and a compatible stable bundle map
»
cobordism group Qir(M)=K§(MU{*)). For
v1=v2:Q1=QZ=(*)——~M the homotopy pullback is the 1loop
space, E(*,*)=0OM.

NN For trivial n this is the usual framed

Now suppose that M is an m-manifold, and that
vi:Qi——ﬂM is an immersion of a qi—manifold Qi (i=1,2)
such that VI(QI) intersects v2(02) in general position.
Let anQ2 denote the corresponding
(q1+q2—m)—dimensional submanifold of M. The bordism
invariant of the intersection ([6,2.1]) is the bordism

class

AV ,v,) = [QNQ,]

fr
If Q1 and Q2 are (q1+q2—m+l)-connected the map
E(*,*)=QM——~E(VI,V2) induces an isomorphism ([(6,3.1])

fr * % - fr
qu+q2_m(E( s *¥)) qu+q2—m(QM) —
fr
qu+q2_m(E(v1,v2) ,vol$»o2®TM)

which is used as an identification.

Let (f,b) :M—X be an (i-1)-connected
2i-dimensional normal map with a xl—isomorphism
reference map Xt B with the surgery obstruction
0*(f,b)=(Ki(M),X,M)Ein(Z[KI(B)]) defined as in Chapter
5 of Wall [22]. Let VisVgsesesVy be a base of the
kernel f.g. free Z[xl(B)]—module Ki(M)=xi+1(f).
Reprgsent each VJEKi(M) by a pointed framed immersion
vj:Sl——fM with a nullhomotopy in X. The values taken by
the (—)1—symmetric form (Ki(M),X) on the base elements

are just the bordism intersections
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fr
k(vj.vj.) € 0 (E(vj,vj.),psievsi®fm)

£
= 0,°¢(OM) = H (QM) = Z[x (B)]
(1€3,3'<k) -

Now let (g,c):N=—sY be the (i~1)~-connected
(n+2i)-dimensional normal map with a n1~isomorphism
reference map Y-E obtained from (f,b):;MwsX by the
pullback of the fibre bundle F——E~f—B along X~-=—B. The
pointed framed immersions v.:Si——*M (1€j8k) with
nullhomotopies in X 1lift to pointed framed immersions
w.:SiXF——aN with nullhomotopies in Y. On the chain
level this corresponds to lifting the kernel
Z(x,(B)]-module chain complex C(f!)=SiKi(M)=§SiZ{K1(B)}

to the kernel Z{KI(E)}—moduIe chain complex
1 : ~
C(g')=®SlC(F). The bordism intersections
k

fr
X(wj.wj.) € 0, (E(wj,wj.),v 8y . eTy)

s’xF s'xF

= ofTcaMxF,y) (15,3 €0)

are the images of the bordism intersections X(vj,vj,)

under the geometric bordism transfer map
o fr fr

A ——— AXF

’
The Poincare duality isomorphism of based f.g. free

Z[KI(B)]—modules
()\(anvjv))
ceety?it - SiKi(M)* —_— C(f') = ST K, (M)

4
is lifted to the Poincare duality chain equivalence of
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chain complexes of based f.g. free Z[KI(E)}~modu1es
' P . ~ _*
A(w ,w. ) : c(g ™27 = gsic(m)®
3 J k
— c(g') = @sic(F) .
k

Y
Using the Poincare duality Z[KI(E)]-module chain

~ _ % ~
equivalence {F}ﬂ-:C(F)n -t C{F), the action of (OM on
the KI(E)-equivariant homotopy type of F and Hurewicz
maps there is defined a commutative diagram
aff(om) —=— u (oM) —F— Z[x,(B)]
i lU

~ ~ op

j{(Fm-

f r fur o
Q. (OMXF,».) — H_(OMXF) — Hn(C(F)QZ[Kl(E)]C(F)) .

p -Q(F]

The anticlockwise composition gives the geometric
1

surgery transfer péeo on the 1level of intersections,

while the clockwise composition gives the algebraic
!

surgery transfer pélg'

Appendix 2. A counterexample in symmetric L-theory

An n-dimensional Poincaré fibration F—E—EaB does
not in general induce transfer maps in the symmetric
L~groups p!:Lm(Z[ﬁl(B)])——~Lm+n(2[xl(E)]}, either
algebraically or geometrically. It is not possible to
define p! geometrically since the symmetric L-groups
are not geometrically realizable (Ranicki (16,7.6.8]).
There are two obstructions to an algebraic definition
of p!, which requires the lifting of an m~dimensional
symmetric Poincaré complex (c,e) over Z[xl(B)]
representing an element (C,¢)€Lm(?[ﬁ1(8)}) tﬂ ?n
(m+n)-dimensional symmetric Poincare complex (C’,¢°)
oYer Z(xle)J representing the putative transfer
P'(C,¢)=(C'.¢')ELm+n(Z[K1(E)]). The symmetric L-groups

are not 4-periodic, so it cannot be assumed that (C,8)
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is highly~connected as in the quadratic case. In the
following discussion we assume that the fibre F 1is
finite, and that the chain complex C consists of based
f.g. free Z{KI(B)}:moFules. The two obstructions to
lifting (C,#) to (C',84°) are given by:

i) it may not be possible to 1lift C to a based
f.g. free Z(KIQR)]—ﬂOdU1e chfin. complex C! with a
filtration FOC'QFIC'Q...QFmC‘=C' such that the
connecting «c¢hain maps between successive filtration

quotients avre given up to chain homotopy by

I t N
0 = p (ds) FC/F_ € = 85 p (C) —
S(F cl/F c'y = s¥pf(c ) (l€rgm)
' -1 r-2 p r-1 A
where ST denotes the r-fold dimension shift and p# is

the functor of §l1

p’ = -g(c(F),u) : B(ZIx (B)])) —— D_(2[r(E)]) ,

H
ii) even if C  exists, it may not be possible to
/
lift the m-dimensional symmetric Poincare structure ¢
I'd
on C to an (m+n)-dimensional symmetric Poincare

' '
structure ¢ on C° .

If C can be assembled over B in the sense of Ranicki
and Weiss [20] then it can be lifted ¢to C!, but in
general it is not possible to assemble Z[xl(B)]~modu1e
chain complexes, so already i) presents a non-trivial
obstruction to the existence of transfer in symmetric
L-theory. Even if the obstruction of i) wvanishes (e.g.
if B is an Eilenberg-Maclane space K(xl(B),l)) then ii)
may present a non-trivial obstruction. This is
illustrated by the following example, which exhibits
the failure of a projection of rings with involution
p:S—R=S/(l-t) (t = central unit € S, €=t_1€S) to
induce an Sl-bundle symmetric L-theory transfer map
p!:LO(R)——ﬁLl(S) analogous to the Sl—bundle quadratic
L-theory transfer map p!;LO(R)——~Ll(S) (cf. 4.7). The
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1 ' '
transfer p (C,8)=(C ,¢° ) of a O-dimensional symmetric
d
Poincare complex (= nonsingular symmetric form) (C,¢)
over R with C0=Rk is defined if the symmetric kXk

matrix
*
Py = (85) € M (R)

can be lifted to a kXk matrix ¢é€Mk(S) such that
P(#4)=8,EM, (R) and

ey - (P0) = (1-t)s] € M (S)

*
for some symmetric kXk matrix ¢i=(¢i) EMk(S), so that
rd

H ¥
(C',86 ) is a l-dimensional symmetric Poincare complex

'
over S with C'=C(}—t:8k-4sk). In particular, for
S = Z,(2,X2,) = 2Z,(t,ul/(t>-1,u%-1)
2 2 2 2 ’ 3 y
t = t . u = t+u+l R

b i S —— R = 2,(2,] = Zy(ul/(uP-1)
u =— u

the transfer is not defined for the O-dimensional
symmetric Poincaré complex (C,#¢)=(R,u) over R, for
a%though C can be lifted to C! and ¢0 can Pe lifted to
#5 there does not exist a symmetric ¢&,. Both the
obstructions to i) and 1ii) wvanish for the visible
symmetric L-groups VL*(Z[K]) of Weiss [23]} provided
that B is an Eilenberg-MacLane space K(xl(B),l), in
which case there are defined transfer maps
p' VL™ (Z(x; (B) D= VL™ ™ (Z(x, (E)]).
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