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March 5, 1868.

JOHN PETER GASSIOT, ESQ., V.P., in the Chair.
In accordance with the Statutes, the names of the Candidates for election into the Society were read as follows : Alexander Armstrong, M.D.
John Baily, Esq., Q.C.
John Ball, Esq., M.A.
Henry Charlton Bastian, M.D.
Samuel Brown, Esq.
Lieut.-Colonel John Cameron, R.E.
Charles Chambers, Esq.
Frederic Le Gros Clark, Esq.
Robert Bellamy Clifton, Esq., M.A.-,
George Critchett, Esq.
Morgan William Crofton, Esq., B.A.
Herbert Davies, M.D.
Joseph Barnard Davis, M.D.
Henry Dircks, Esq.
P. Martin Duncan, M.D.
.
William Esson, Esq., M ..A...
Alexander Fleming, M.D.
George Carey Foster, Esq., B.A. ~
Peter Le Neve Foster, Esq., M.A.
Sir Charles Fox.
~
Edward Headlam Greenhow, M.D.
Peter Griess, Esq.
Augustus George Vernon Harcourt,
Esq.
EdlTIUnd Thomas Higgins, Esq.
vVilliam Charles Hood, M.D.
George Johnson, M.D.
Rear~Admiral Astley Cooper Key,
O.B.
David Macloughliu, M.D.

George Matthey, Esq.
St. George Mivart, Esq.
Edward Chambers Nicholson, Esq.
Thomas Nunneley, Esq.
Rear-Admiral Erasmus Ommaney,

r,-

C.Be
Captain Sherard Osborn, R.N., C.B.
,Rev. Stephen Parkinson, B. D.
James Bell Pettigrew, M.D.
Oharles Bland Radcliffe, M.D.
John Russell Reynolds, M.D.
Vice-Admiral Robert Spencer Ro ..
binson.
Edward I-Ienry Sieveking, M.D.
Edward James Stone, Esq., M.A.
Oolonel Henry Edward Landor
Thuillier, R.A.
Rev. I-Ienry Baker Tristram, M.A.
Edward Burnet Tylor, Esq.
--William Sandys Wright Vaux, Esq.,
M.A.
Augustus Voelcker, Esq., Ph.D.
Edward Walker, Esq., M.A.
George Charles WalIich, M.D.
J. Alfred Wanklyn, Esq.
Edward John Waring, M.D.
Henry vVilde, Esq.
Samuel Wilks, M.D.
Henry Worms, Esq.
I

The folIo'wing communications were read :-'

I. (( On Governors."

By J. CLERK MAXWELL, M.A., F.R.SS.L. & E.
Received Feb. 20, 1868.

A Governor is a part of a machine by means of which the velocity of the
machine is kept nearly uniform, notwithstanding variations in the drivingpower or the resistance.
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Most governors depend on the centrifugal force of a piece connected
with a shaft of the machine. When the velocity increases, this force increases, and either increases the pressure of the piece against a surface or
n10ves the piece, and so acts on a break or a valve.
In one class of regulators of machinery, which we may call mofi:erators *,
the resistance is increased by a quantity depending on the velocity. Thus
in some pieces of clockwork the moderator consists of a conical pendulum
revolving within a circular case. When the velocity incre~ses, the ball of
the pendulum presses against the inside of the case, and the friction checks
the increase of velocity.
In Watt's governor for steam-engines the arms open outwards, and so
contract the aperture of the steam-valve.
In a ,vater-break invented by Professor J. Thomson, when the velocity
. is increased, water is centrifugally pumped up, and overflows with a great
velocity, and the work is spent in lifting and communicating this velocity
to the water.
In all these contrivances an increase of driving-pO'wer produces an increase
of velocity, though a much smaller increase than would be produced with . .
out the moderator.
But if the part acted on by centrifugal force, instead of acting directly
on the machine, sets in motion a contrivance which continually increases
the resistance as long as the velocity is above its normal value, and reverses
its action when the velocity is belovv that value, the governor will bring
the velocity to the sanle normal value whatever variation (within the
working linlits of the machine) be made in the driving-power or the resistance.
I propose at present, V'Jithout entering into any details of nlechanism, to
direct the attention of engineers and mathematicians to the dynamical
theory of such governors.
It will be seen that the motion of a machine with' its governor consists
in general of a uniform motion, combined with a disturbance which may
be expressed as the sunl of several component motions. These components
luay be of four different kinds : 1. The disturbance may continually increase.
2. It may continually diminish.
3. It 111ay be an oscillation of continually increasing amplitude.
4. It may be an oscillation of continually decreasing alnplitude.
The first and third cases are evidently inconsistent with the stability of
the motion; and the second and fourth alone are admissible in a good governor. rrhis condition is mathematically equivalent to the condition that
aU the possible roots, and all the possible parts of the impossible roots, of
a certain equation shall be negative.
I have not been able corn pletely to determine these conditions for equa~~ See.M~r.

o. ,V, Sielnens " On Unifornl Rotation," Phil. Trans. 1866, p. 657.
2c2
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tions of a higher degree than the third; but I hope that the subject will
obtain the attention of n1athernaticians.
The actual motions corresponding to these ilu possible roots are not ge~
nerally taken notice of by, the inventors of such machines, who naturally
confine their attention to the way in \yhich it is designed to act; and this
is generally expressed by the real root of the equation. If, by altering the
adjustments of the ll1achine, its governing power is continually increased,
there is generally a lin1it at which the disturbance, instead of subsiding
more'rapidly, becomes an oscillating and jerking n10tion, increasing in vio ..
lence till it reaches the limit of action of the governor. This takes place
when the possible part of one of the impossible roots becomes positive.
'1'he Inathenlatical investigation of the 1110tion 111ay be rendered practically
useful by pointing out the ren1edy'for these disturbances.
This has been actually done in the case of a goven1or constructed by IVIr.
Fleen1ing' J enkin" with adjustments, by \vhich the regulating power of the
governor could be altered. By altering these adjustn1ents the regulation
could be made more ana more rapid, ti 11 at last a dancing n1otion of the
governor, accompanied 'with a jerking rnotiol1 of the main shaft, showed
that an alteration had taken place anl0ng the impossible roots of the
e,quationu
I shall consider three kinds of governors, corresponding to the three
kinds of moderators already referred to.
In the first kind, the centrifugal piece h~s a constant distance from the
axis of lTIotion, but its pressure on a surface on which it rubs varies when
the velocity varies. In the 1noderator this friction is itself the retarding
force. In the governor this surface is luade moveable about the axis, and
the friction tends to move it; and this n10tion is made to act on a break
to retard the machine. .A, constant force acts on the moveable 'wheel in
the opposite direction to that of the friction, 'which takes off the break
when the friction is less than a given quantity.
Mr. Jenkin's governor is on this principle. It has the advantage that
the cel~trifugal piece does not change its position, and that its pressure is
ahvays the same function of the yelocity. It has the disadvantage that the
normal velocity depends in some degree on the coefficient of sliding friction
between two surfaces which cannot he kept always in the saIne condition.
In the second kind of governor, the centrifugal piece is free to move further from the axis, but is restrained. by a force the intensity of which varies
with the positioJ;l of the centrifugal piece in such a \vay that, if the velocity
of rotation has the nortnal value, the centrifugal piece will be in equilibrium
in every position. If the velocity is greater or less than the normal velocity, the centrirugal piece vvill fly out or fall in 'without any limit except
the limits of motion of the piece. But a break is arranged so that it is
made more or less powerful according to the distance of the centrifugal
piece from the axis, and thus the oscillations of the centrifugal piece are
restrained ,vithin nalTO\V liU1i ts.
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Governors have been constructed on this p'rinciple by Sir 'V. Thomson
and by 1\1. Foucault. In the first, the force restraining the centrifugal piece
is that of a spring acting between a point of the centrifugal piece and a
fixed point at a considerable distanc~, and the break is a friction-break
worked by the reaction of the spring on the fixed point.
In M. Foucault's arrangement, the force acting on the centrifugal piece
is the weight of the balls acting downward, and an upward force produced
by weights acting on a con1bination of levers and tending to raise the balls.
rrhe resultant vertical force on the balls is proportional to their depth below the centre of mot.ion, which ensures a constant normal velocity.
'fhe break is :-in the first place, the variable friction between the combination of levers and the ring on the shaft on which the force is made
to act; and, in the second place, a centrifugal air-fan through \vhich
more or less air is allowed to pass, according to the position of the
levers. Both these causes tend to regulate the velocity according· to the
same law.
The governors designed by the Astronomer Royal on ilrlr. Siemens's principle for the chronograph and equatorial of Greenwich Observatory depend on nearly similar conditions. 'fhe centrifugal piece is here a long
conical pendulum, not far removed from the vertical, and it is prevented
from deviating much from a fixed angle by the driving-force being rendered
nearly constant by nleans of a differential systenl. 'fhe break of the pen..
dulum consists of a fan \vhich dips into a liquid more or less, accurding to
the angle of the pendulum with the ~Tertical. The break of the principal
shaft is worked by the differential apparatus; and the smoothness of motion
of the principal shaft is ensured by connecting it with a fiy-\vheel.
In the third kind of governor a liquid is pU111ped up and thrown out over
the sides of a revolving cup. In the governor on this principle, described by
:rvlr. C. W. Siemens, the cup is connected with its axis by a screw and a
spring, in such a ,vay that if the axis gets ahead of the cup the cup is
lowered and lnore liquid is pumped up. If this adjustment can be made
perfect, the norrnal velocity of the cup will relnaiu the same through a
considerable range of driving-power.
It appears f1'o111 the investigations that t,he oscillations in the motion
must be checked by some force resisting the motion of oscillation. This
may be done in some cases by connecting the oscillating botly with a body
hanging in a viscous liquid, so that the oscillations cause the body to rise
and fall in the liquid.
To check the variations of lTIotion in a revol ving shaft, a vessel filled with
"iscous liquid rnay be attached to the shaft. It will have no effect on uniform rotation, but will check periodic alterations of speed.
Similar effects are produced by the vi~cosity of the lubricating matter
in the sliding parts of the machine, and by other unavoidable resistances ;
so that it is not always necessary to introduce special contrivances to check
oscillations.
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I shall call all such resistances, if approximately proportional to the
velocity, by the name of "viscosity," whatever be their true origin.
In several contrivances a differential system of wheelwork is introduced
between the n1achine and the governor, so that the driving-po'wer acting on
the governor is nearly constant.
I have pointed out that, under certain conditions, the sudden disturbances
of the machine do not act through the differential system on the governor,
or vice ver8{/,. When these conditions are fulfilled, the equations of motion are not only sinlple, but the motion itself is not liable to disturbances
depending on the mutual action of the machine and the governor.

Di8tinction bet'tveen Moderator8 and Governor8.
In regulators of the first kind, let P be the driving-power and R the resistance, both estimated as if applied to a given axis of the machine. Let
V he the normal velocity, estimated for the same axis, and

~~ the

actual

velocity, and let M be the moment of inertia of the whole machine reduced'
to the given axis.
Let the governor be so arranged as to increase the resistance or diminish
the driving-power hy a quantity F

(~~ -

V), then the equation of motion

will be

~ (Mdx)=P_R_F

(dX _V)

(1)
dt
dt
dt·
When the machine has obtained its final rate the first ternl vanishes, and

~~=V+ P }' R.

(2)

Hence, if P is increased or R diminished, the velocity will be permanently
increased. Regulators of this kinu, as Mr. Siemens has observed, should
be caned moderators rather than governors.

*

In the second kind of regulator, the force F

(~; -

V), instead of heing

applied directly to the machine, is applied to an independent moving piece,
B, which continually increases· the resistance, or diminishes the drivingpower, by a quantity depending on the whole motion of B .
.,,~~.,-If Y represents the \vhole lTIotion of B, the equation of motion of
B is

y
d (d
B dt ) =F (dX
dt - V ),

dt

·

(3)

and that of M

dX)

'(dX)
-v .lGy
I,·

rl (
-""
dt IVIdt =P-R-F'. -""
elt

(4)

where G is the resistance applied by B'when B n10ves through one unit of
space.
,~ "On Uniforlll Rotation," PhiI. Trans. 1866, p. 657.
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We can integrate the first of these equations at once, and we find
dy

=F'(x-Vt);
,B -'
dt·
,

.

,
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(5)

so that if the governor B has come to rest ()J = Vt, and not only is the velocity of fthe machine equal to the nOfrnal velocity, but the position of the
machine is the same as if no disturbance of the driving-power or resistance
had taken place.
.
Jenkin'8 Governor.-In a governor of this kind, invented by Mr.
Fleeming J enkin, and used in electrical experiments, a centrifugal piece
l'evolves on the principal axis, and is kept always at a constant angle by an
appendage which slides on the edge of cl loose wheel, D, which works on
the same axis. 'rhe pressure on the edge of this wheel would be proportional to the square of the velocity; but a constant portion of this pressure
is taken off by a spring which acts on the centrifugal piece. The force
acting on B to turn it round is therefore
Fld~l~ . _ Cl .
dj!
'
and if we renleluber that the velocity varies within very narrow limits, we
luay write the expression

F(~~ -VI)'
where F is a ne\v constant, and VIis the lowest limit of velocity within
which the governor will act.
Since this force necessarily acts on B in the positive direction, and since
it is necessary that the break should be taken off as well as put on, a weight
W is applied to B, tending to turn it in the negative direction; and, for
a reason to be after\vards explained, this weight is made to hang in a
viscous liquid, so as to bring it to rest quickly.
The eq nation of motion of B luay then be written
d2y
n 2 =F (fiX _ V ) _ y dy _ 'V
(6)
dt
dt. 1
dt
'
where Y is a coefficient depending on the viscosity of the liquid and
on other resistances varying \vith the velocity, and W is the constant weight.
Integrating this equation with respect to t, we find.
cly

B dt=F (J)-V1t)-Yy-Wt.
If B has

C01TIC

(7)

to rest, we have

'V
y
W=(VI +p
) t+ }<,y,

(8)

or the position of the machine is affected by that of the governor, hut the
final velocity is constant, and
W

Vli-p=V,

where V is the normal velocity.

(9)
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The equation of motion of the machine itself is

(dX)

2

d x
M-=P-R-F
---V
-Gy •
dt 2
dt
1

•

(10)

This must be combined with equation (7) to determine the motion of the
whole apparatus. The solution is of the form
x

= A enl t + A 2en2t -1- J.~3en'l + Vt,
1

(11)

where n], 'il 2 , n3 are the roots of the cubic equation

MBn 3 + (MY +FB)n2 +FYn+FG=O.

(12)

If n be a pair of roots of this equation of the form a + V-1o, then the
part of x corresponding to these roots will be of the form
eat cos (bt+(3).
If a is a negative quantity, this will indicate an oscillation the anlplitude
of which continually decreases. If a is zero, the amplitude \vill remain
constant, and if a is positive, the urnplitude will continually increase.
One root of the equation (12) is evidently a real negative quantity.
The condition that the real part of the other roots should be negative is

..
.
F Y) Y G
( ])i + B B -]3 =a posItIve quantIty.
This is the condition of stability of the motion. If it is not fulfilled
there will be a dancing motion of the governor, which will increase till it
is as great as the limits of nlotion of the governor. To ensure this stability,
the value of Y must be made sufficiently great, as conlpared with G, by
placing the weight VV in a viscous liquid if the viscosity of the lubricating materials at the axle is not sufficient.
To uetermine the value of F, put the break out of gear, and fix the
moveable ,,,heel; then, if V and V' be the velocities when the driving-power
is P and P',

p-p'
F=V_V' ·
To cletern1ine G, let the governor act, and let y anel y' be the positions
of the break when the dl'iving-po\;ver is P alld P', then

p-p'
G=,.

y-y

General Theory of Ohronouzetr-ic Centrifugal Piece8.
Sir lY. r.Pho?nson's and Jll. Ji'oucault' 8 Governor8.-Let A be the moInent of inertia of a revolving apparatus, and {} the angle of revolution.
rfhe equation of motion is

(

d.f
/

L'

(.A d.B)==L
It
'
.ti

(,

where L is the moment of the applied force round the axis.

(1)
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Now, let .LA,.. be a function of another variable 1> (the divergence of the
centrifugal piece), and let the kinetic energy of the ,vhole be

. ! Adej2 + ! B ~r
2dtl

2

dtl'

where B may also be a function of ~, if the centrifugal piece is complex.
If we also assume that P, the potential energy of the apparatus, is a
function of 1>, then the force tending to dhninish 1>, arising from the action

· 1 be -l
clP ·
of gravity, springs, &c., wIl
GIP
The whole energy, kinetic and potential, is

412 + p..,,=f J.lcl8.

E~ =2l A d$12 +21 B cll

clt\

(2)

Differentiating with loespect to t,we find

d(P(~ dA

2
dtfj2 +! dB dcPl + clP) + A de

elt 2 clrp clt

d

2 clrp elt I

2

f)

+ B dcp d2~ ._)

clcp
elt dt .
dt dt 2
2
=L cZB = d8(dJ.\. de d1> + A d fJ)
dt

2

dt .dp dt dt

dt 2

L

f·

(3)

'

. whence we have, by eliminating L,

~(B drp) =! JA J(f2 +! dB ~2 _ JP

dt

dt

2 drp dt

2 drp dt)

(4)

drp·

The first two terms on the right-hand side indicate a force tending to
increase cjJ, depending on the squares of the velocities of the main shaft and
of the centrifugal piece. The force indicated by these terlns may be called
the centrifugal force.
If the apparatus is so arranged that

P=t Aw 2 +const., •

(5)

,vhere w is a constant velocity, the equation becomes

(6)
In this case the value of cp cannot remain constant unless the angular
velocity is equal to w.
A shaft with a centrifugal piece arranged on this principle has only one
velocity of rotation without disturbance. If there be a small disturbance,
the equations for the disturbances 8 and cp may be written
2

A d fJ
dt 2

dA w d~~ =L
dt
'

. .

+ dcp

d2~
dA de
B dt"J- drp w dt=O.

The period of such small disturbances is

(7)
(8)

~~

(A B)-& revolutions of the
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shaft. They ,,yiII neither increase nor diminish if there are no other terms
in the equations.
To convert this apparatus into a governor, Jet us assume viscositie~ X
and Y in the motions of the Blain shaft and the centrifugal piece, and a
A
resistance Gcp applied to the Inain shaft. Putting ddrp w = K,
. the equations
.

d 2 f)
dB
dcp
A dt 2 + X dt+ IC dt+ Gcp=L,

become

B d2~+
Y d~ _K dfJ
2
dt

dt

dt

(9)

0

(10)

=. ·

The condition of stability of the 1110tion indicated by these equations is
that all the possible roots, or parts of roots, of the cubic equation

l\.Bn 3 +(AY +BX)n2+ (XY +K2)n+ GK=O .

(11)

shall be negative; and this condition is
X y

(12)

( A +n) (XY+K2»GK. ·

Oombination of Governo1'S .-If the break of Thomson's governor is applied to a luoveable \vheel, as in Jenkin's governor, and if this wheel works
a steam-valve, or a more powerful break, ,ve have to consider the nlotion
of three pieces. Without entering into the calculation of the general equa. tions of motion of. these pieces, we may confine ourselves to the case of
small disturbances, and \vrite the equations

(13)
=0,

)

where 8, 1>, t/; are the angles of disturbance of the Inain shaft, the centrifugal arm, and the moveable ,,,heel respectively, A, B, C their moments
of inertia, X, Y, Z the viscosity of their connexions, K is \vhat was fordA
merly denoted by d<p w, and T and J are the po,yers of Thomson's and

J enkin's breaks respectively •.
The resulting equation in n is of the fornl

-K

Kn+rr
]3n+ Y

o

-T

An2+Xn

or

5 1

4(X

Y

Z)

n ,n A +B+C

+n

2(XYZ

=0, .

B C) + AB,
K:l] -I
l
Z)
KTZ+I\'TJ -0 J(
+n ABC ...-\BC- ·

(14)

3[XYZ (A
.ABU X+y+Z

+n

+ I{TC + I(2
ABC

J
0
Cn 2 +Zn

(15)

1868.]

Mr.J. c. Maxwell on Governors.

279

I have not succeeded in detern1ining completely the conditions of stability of the motion from this equation; but I have found two necessary
conditions, which are in fact the conditions of stability of the h:vo governors
taken .separately . If we write the equation
n5+pn4+qn3+11n2+sn+t, .
.
(16)
then, in order that the possible parts of all the roots shall be negative, it
is necessary that

. .

. (17)
I am not able to sho\v that these conditions are sufficient.
pound governor has been constructed and used.

This corn..

On the Motion of a Liquid in a Tube revolving about a Vertical Axis.
Mr. C. W. Siemens' 8 Liquid Governor.-Let p be the density of the fluid,
k the section of the tube at a point whose distance from the origin mea ..
sured along the tube is s, r,8, z the coordinates of this point referred to
axes fixed with respect to the tube, Q the volume of liquid which passes
through any section in unit of time. Also let the following integrals,
taken over the whole tube, be
fpkr2d,~=A, fpr 2d(J=B, fp~d8=C,
(1)
the lo\ver end of the tube being in the axis of motion.
Let p be the angle of position of the tube about the vertical axis, then
the moment of momentum of the liquid in the tube is

dcp

II=A dt + BQ.

(2)

The moment of momentum of the liquid thrown out of the tu be in unit
of time is

(3)

•

,,,,here '}' is the radius at the orifice, k its section, and a the angle between
the direction of the tube there and the direction of motion.
'rhe energy of motion of the fluid in the tube is

"\\7" =.1 A ~2
Z

dtj

+ BQ d<p
+ .1CQ2 •
dt Z

(4)

The energy of the fluid which escapes in unit of time is
dW'
Q(1. ) 1 2Qtipl2 r
Q2d cp + 1 P Q3
dt =pg n+Z +zpr
+P/CCOS et . dt ~k2 • •

itl

(5)

The work done by, the prime mover in turning the shaft in unit of
time is

L difJ = dcp (dIl + d~)

dt dt
dt
dt·
The work spent on the liquid in unit of time is
dW.dW'

dt+

dt •

. .

(6)
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Equating this to the work done, we obtain the equations of nlotion

d 2 1>

dQ
2
dcp
12
A dtl. +B dt +pr Q dt + Plc cos aQ =L,

(7)

2

P Q2
(1
)
1
2di1 _
B d2~+CdQ+l
dt'}.
dt 2 le;/.
+pU,n+z -"2f)1' at! - 0 · ·

(8)

These equations apply to a tube of given section throughout. If the
fluid is in open channels, the values of A and C will depend on the depth to
'which the channels are filled at each point, and that of k will depend on
the depth at the overflow.
In the governor described by Mr. C. W. Siemens in the paper already
referred to, the discharge is practically limited by the depth of the fluid
at the brim of the cup.
The resultant force at the brim is f
Vg'2 + w 4 r2.
If the brim is perfectly horizontal, the overflow will be proportional to
x! (where x is the depth at the brim), and the n1ean square of the velocity
relative to the brim will be proportional to x, or to Q-i.
If the breadth of overflow at the surface is proportional to ;en, \>vhere x is
the height aboye the lowest point of overflow, then Q will vary as xn+~, and
the mean square of the velocity of overflow relative to the cup as re or as
1
3·

Qn+2'
If 'It = -t, then the overflow and the mean square of the velocity are
both proportional to x.
From the second equation we find for the mean square of velocity

2(B d2~
dQ) ~
- + C- +

Q2
-=
-k2
p

dt

2

dt

2d7p;\
~
j--2g(h+r)
dt
· ·

(9)

l' -

If the velocity of rotation and of overflow is constant, this becomes
Q'2
-;U'2
2
k2 = 1. d;!-29(h+1')' •

• (10)

From the first equation, supposing, as in Mr. Siemens's construction, that
cos «=0 and B=O, we find

L=pr2Q ~~.

(11)

In Mr. Siemens's governor there is an arrangement by ,yhich a fixed relation is established between Land z,

L=-Sz,

(12)

'whence

(13)
If the conditions of overflow can be so arranged that the mean square of
the velocity, represented by

~:,

is proportional to Q, and if the strength of
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the spring which determines S is also arranged so that
Q2 _2gp 2
k'2 -81' wQ, •

(14)

the equation will become, if 2gh = (tJ~r2,

o=r2(d~'2
_
d1J _ WQ)+2·Qpr!Q(dcp
S
dt

w) , .

(.15)

which shows that the velocity of rotation and of overflow cannot be constant unless the velocity of rotation is w.
'fhe condition about the overflow is probably difficult to obtain accurately
in practice; but very good results have been obtained within a considerable range of driving-power by a proper adjustment of the spring. If
the rim is uniform, there will be a 'Jnaxilnum velocity for a certain drivingpower. This seems to be verified by the results given at p. 667 of Mr.
Siemens's paper.
If the flow of the fluid "were limited by a hole, there would be a minimum
velocity instead of a luaximum.
1.~he differential equation which determines the nature of small disturbances
is in general of the fourth order, but may be reduced to the third by a
proper choice of the value of the mean overflow.

Theory 01 Differential Gearing.
In some contrivances the main shaft is connected with the governor by
a wheel or system of wheels which are capable of rotation round an axis,
which is itself also capable of rotation about the axis of the main shaft.
These two axes nlay .be at loight angles, as in the ordinary system of differential bevel wheels; or they may be parallel, as in several contrivances
adapted to clockwork.
Let ~ and 17 represent the angular position about each of these axes respectively, (J that of the main shaft, and cp that of the governor; then (J
and cp are linear functions of ~ and 'I], and the motion of any point of the
system can be expressed in tern1S either of ~ and 17 or of (J and cp.
Let the velocity of a partic1e whose mass is 1n resolved in the direction of
x be
di-V _
d~ + d r}
(1 )
dt -PI dt 21 dt'
\vith similar expressions for the other coordinate directi.ons, putting suffixes
2 and 3 to denote the values of p and q for these directions. Then Lagrang~' s equation of motion becomes
2
2
2
d
d !1
d
.$o~+I-Ioq-~m ( dt; ~x+ dt 2 oy+ dt 2 OZ =0,
(2)

v

z)

where ~ and H are the forces tending to increase ~ and 17 l'espectively, no
force being supposed to be applied at any other point.
N o\y putting
O"X-Pl o~ + ql 011,
• (3)
and
d 2x
d2~
d~11
(4)
dt 2 =Pl dt 2 + ql dC' '
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5,

the equation becomes

2d )
(
d2~
d2~ -~mq2~
d ) 01]=0; (5)
( Z-~mp2d t 2 --}Jmpq dt o~+ H-}Jmpq-2
dt
dt 2
and since o! and 01] are independent, the coefficient of each must be zero.
Ifwe now put
2

2

-i

~(mp2)

~(mpq)=M,

=L,

~(m~l)=N,

(6)

where
2

2

p2=P12 +P2 +P3 , pq=jJ1ql +P2Q2+P3Q3'
the eq nations of motion will be
~
d2~
d 2rJ
A=L dt 2

+M dt

(7)

•

d 2q )

d2~

__

2 '

(8)
II--M2·
t·
d t--" +N -a
If the apparatus is so arranged that M = 0, then the two motions will be
,j

independent of each other; and the motions indicated by ~ and 1] will be
about conjugate axes-that is, about axes such that the rotation round one
of them does not tend to produce a force about the other.
Now let 8 be the driving-power of the shaft on· the differential system,
and <l> that of the differential system on the governor; then the equation
of motion becomes
d2E
d 1/)
(
d2~
d 1])
808+4>01>+ ( A-L-d2-Md~
o~+ H-Md~-N-2 01]=0; (9)
\,
t
t
t
dt u
2

2

and if
0~=P08+

Qoq>,} .

(10)

01] == Ro 8 + S01>,

and if we put

L' =LP2 +2MPR
+NR2, }
M':=LPQ+M(PS +QR)+Nl{S,
.
N'=LQ2 +2MQS
+NS 2 ,

.

(11)

.

(12)

the equations of motion in 8 and ~ will be

e+P ~~+QH=L' dt
d

2

2

(}
2

+M,d 2cp }
dt

'

cI>+R~+SH=lVI' d2~2 +N' d 2cp
2

~

..

dt

dt

•

then the n10tions in e and cp will be independent of each other.
If M is also 0, then ,ye have the relation
LPQ+NRS=O;
(13)
and if this is fulfilled, the disturbances of the motion in () will have no effect
on the motion in cp. The teeth of the differential systern in gear \vith the
main shaft and the governor respectively will then correspond to the
centres of percussion and rotation of a simple body, and this relation will
be mutual.
If

~I' == 0,
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In such differential systems a constant force, H, sufficient to keep the
governor in a proper state of efficiency, is applied to the axis 1], and the
motion of this axis is made to work a valve or a break on the main shaft
of the machine. ~ in this case is merely the friction about the axis of ~.
If the moments of inertia of th*e different parts of the system are so
arranged that M' =0, then the disturbance produced by a. blow or a jerk
on the machine will act instantaneously on the valve, but will not communicate any impulse to the governor.

11. (( Proceedings of the Council of the Royal Society with reference to the undertaking of certain Physical Observations in
India." Communicated to the Society by direction of the President.
On the 13th of February 1866, J. S. N. IIennessey, Esq., First Assistant
on the Trigonometrical Survey of India, addressed a letter to the President,
in which, after explaining the nature of the calls upon his time occasioned
by his professional duties, he offered to devote any portion of his leisure
to such scientific experiments as the President might direct. .He stated
that he was resident at M ussool'ie from May to October, residing at Dehra
during the remainder of the year, froln which place, however, he would be
able to visit Mussoorie occasionally~ such as once a week. Mussoorie is a
hill· station or town, at an altitude above the sea-level of about 6700 feet,
in late 30° 28" N., ,and long. 78° 10' E. With reference to the climate of
this place he observes, H In September the skies begin to clear, and
from September 15 to about December 15 there prevails at Mussoorie
a clearness of atmosphere such as I have never known in Iny wanderings.
I mention this period in particular; but at all times, when the sky is clear
of clouds, the intensity of the heavenly bodies is something exquisite. I
have seen Venus distinctly at midday with my unaided eye. It is this
wonderful transparency of atmosphere to which I would draw particular
attention."
This letter was read to the Council on the 28th of June, and was ordered
to be printed, 'and the President was requested to communicate it to such
men of science as he might see fit, with the view of obtaining suggestions
with reference thereto.
The President accordingly communicated the letter to several scientific
men, accompanied by a request that they would favour him with suggestions
as to observations which it might seelU to them desirable that Mr.
Hennessey should be requested to take Upr Answers were received during
the recess; and on the 11 th of October a Cornmittee was appointed to draw
up a report upon Mr. IIennessey's letter, giving specific indications as to
the observations in meteorology and with the spectroscope which it might
be desirable to make.
Before the Committee presented their report another subject of great
scientific interest presented itself in connexion with India. On the 17th of

