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ANNALS OF MATHEMATICS
Vol. 56, No. 2, September, 1952
Printed in U.S.A.

EXACT COUPLES IN ALGEBRAIC TOPOLOGY

(Parts I and II)
By W. S. MassEY

(Received December 11, 1951)
Introduction!

The main purpose of this paper is to introduce a new algebraic object int
topology. This new algebraic structure is called an exact couple of groups (or ¢
modules, or of vector spaces, etc.). It apparently has many applications to prot
lems of current interest in topology. In the present paper it is shown how exac
couples apply to the following three problems: (a) To determine relations betwee
the homology groups of a space X, the Hurewicz homotopy groups of X, and ce:
tain additional topological invariants of X; (b) To determine relations betwee
the cohomology groups of a space X, the cohomotopy groups of X, and certai
additional topological invariants of X; (¢) To determine relations between tk
homology (or cohomology) groups of the base space, the bundle space, and tk
fibre in a fibre bundle.

In each of these problems, the final result is expressed by means of a Lera;
Koszul sequence. The notion of a Leray-Koszul sequence (also called a spectr:
homology sequence or spectral cohomology sequence) has been introduced an
exploited by topologists of the French school. It is already apparent as a resu
of their work that the solution to many important problems of topology is be:
expressed by means of such a sequence. With the introduction of exact couples,
seems that the list of problems, for which the final answer is expressed by mear
of a Leray-Koszul sequence, is extended still further.

This paper is divided into five parts. The first part gives the purely algebra
aspects of the idea of an exact couple. The remaining four parts give applicatior
of the algebraic machinery developed in part one to topological problems. Pa;
two shows how exact couples may be applied to express relations between tl
homology and homotopy groups of a space, and certain new groups which a;
topological invariants of the space. Part three treats what may be called the du
situation. Exact couples are applied to obtain relations between the cohomolog
and cohomotopy groups of a space. In part four the duality which exists betwee
the applications in parts two and three is given a precise formulation, and co
nection is made with the usual duality between the homology and cohomolog
groups of a space. In both parts two and three the relations involved are expresse
by means of a Leray-Koszul sequence, and it seems rather unlikely that the:
Leray-Koszul sequences could be obtained from a differential-filtered group.

1 An abstract of the principal results of this paper was submitted to the American Math
matical Society in March, 1951; ef. Bull. Amer. Math. Soc., 57 (1951), pp. 281-282.
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364 W. S. MASSEY

The fifth and last part applies the theory of exact couples to the study of the
cohomology structure of a fibre bundle for which the base space is a cell complex.
A Leray-Koszul sequence is obtained which gives relations between the coho-
mology groups of the base space, bundle space, and fibre. The results obtained
in this case are included among those obtained by Leray [11] under more general
hypotheses. Furthermore, we have not included the multiplicative structure of
the cohomology ring into the Leray-Koszul sequence obtained, and thus our re-
sults are not as complete as those of Leray. This application of exact couples to
obtain the Leray-Koszul sequence of a fibre bundle is published in spite of these
shortcomings mainly because it is our belief that the methods we use are closer
to the usual methods of algebraic topology, and hence can be understood by most
topologists with less effort than the methods of Leray. They should serve as an
introduction to the important papers of Leray.

The notations, definitions, and conventions used for homology, cohomology,
homotopy, and cohomotopy groups are collected together for ready reference in
the appendix. Here also are contained the explicit statements of some lemmas
from homotopy theory which are needed.

Parts I and II are published in the present issue of these ANNaLs; parts 111,
IV, and V will appear in these ANNALS in the near future.

ParT I. GENERAL ALGEBRAIC THEORY
1. Differential Groups

The principle algebraic objects with which we shall be concerned in this paper
are abelian groups with certain additional elements of structure, together with
certain homomorphisms of these abelian groups.

Let 4 be an abelian group. An endomorphism d: 4 — A is called a differential
operator if d* = 0 (ie., d[d(a)] = 0 for any a € A). A differential group is a pair
(4, d) consisting of an abelian group A and a differential operator d. If (4, d) is
a differential group, we will denote by Z(A) the kernel of d, and by ®(4) theimage,
d(A). Both are subgroups of A4, and from d* = 0, it follows that ®(4) < Z(4).
The factor group Z(4)/®(A) will be denoted by 3¢(4), and called the derived
group.

Let (A, d) and (4’, d’) be differential groups; a homomorphism f:4 — A’
is called allowable if the commutativity relation d’ - f = f - d holds. Such an
allowable homomorphism f has the property that f[Z(4)] < Z(4’) and f[®(4)]
C ®(A’), and hence f induces a homomorphism f*:3¢(A) — 3¢(A’). This opera-
tion of assigning to each allowable homomorphism the induced homomorphism
of the derived groups has the following two obvious, but important, properties:
(1) The identity homomorphism 7:A — A is allowable, and the induced homo-
morphism 2*:3C(4) — 3C(A) is also the identity. (2) Let (4, d), (4’, d’), and
(A”, d”) be differential groups, and let f:A — A’, g:A’ — A” be allowable
homomorphisms. Then the composition g - f:A — A” is also allowable, and
(g - /)* = g* - f*. In the language of Eilenberg and MacLane [3], these two facts
may be conveniently expressed by saying that the set of all differential groups and
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EXACT COUPLES IN ALGEBRAIC TOPOLOGY I, II 365

allowable homomorphisms constitutes a category, and the operation of assigning
to each differential group its derived group and to each homomorphism its in-
duced homomorphism is a covariant functor.

Let (4, d) and (A4’, d’) be differential groups, andf, g:A — A’ allowable homo-
morphisms. Then f and ¢ are said to be algebraically homotopic (notation: f ~ g)
if there exists a homomorphism £: A — A’ which satisfies the following condition:

J—g=d-t+¢E-d

It is readily verified that this relation is an equivalence relation. Furthermore, if
fand g are algebraically homotopic, then the induced homomorphisms f*, g*:3C(4)
— 3¢(A’) are the same.

A subgroup B of a group A with differential operator d is said to be allowable
if d(B) C B; if this is the case, then d defines differential operators on B and on
the factor group A/B in an obvious fashion; furthermore, the inclusion homo-
morphism B — A and the natural projection of A onto the factor group A/B are
both allowable homomorphisms in the above mentioned sense.

2. Graded and Bigraded Groups

An abelian group 4 is said to be graded, or to have a graded structure, if there is
prescribed a sequence of subgroups, 4, ,n = 0, &= 1, & 2, - - - | such that A can
be expressed as a direct sum,

A=2754,.

An abelian group 4 is said to be bigraded, or to have a bigraded structure, if there
is prescribed a double sequence of subgroups, A, m,n = 0, £ 1, &= 2, -+ -,
such that A = D m Am.. In case of a graded group, A = D_m An, the ele-
ments of the subgroup A, are said to be homogeneous of degree p; in the case of a
bigraded group, 4 = Z,,.,,, Am,n , the elements of the subgroup A4,,, are said to
be homogeneous of degree (p, Q).

When dealing with graded or bigraded groups, only a certain limited class of
homormorphisms are of interest, the so-called homogeneous homomorphisms.
IfA =) A,and B = > B, are graded groups, then a homomorphism
f:A — Bis said to be homogeneous of degree p provided f(Am) C Bm4p for all val-
wesofm. f A =D, An, and B = 2 B,.., are bigraded, then a homomor-
phism f:A — B is homogeneous of degree (p, q) provided f(Am,n) € Bmip,ntq
for all pairs (m, n). Note that the identity homomorphism of a graded or bigraded
group onto itself is homogeneous, and that the composition of two homogeneous
homomorphisms is again homogeneous.

Let A = 2 An.. be a bigraded group; a subgroup B C A is said to be allow-
able (with respect to the bigraded structure) in case B = > (BN A,,,). If this
is true, then B has a bigraded structure defined by B = > Bmn, where B, , =
BN A,.,.. We will express this fact by saying that the allowable subgroup B
inherits a bigraded structure from A. It is readily verified that the factor group
A/B is isomorphic to the direct sum Y, A, ./Bum,. ; moreover, this isomorphism
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is natural in the sense of Eilenberg and MacLane [3]. We will agree to identify
these naturally isomorphic groups. This representation of 4/B as a direct sum
defines a bigraded structure on A/B. This bigraded structure will also be referred
to as the bigraded structure that A/B inherits from A.

It is clear how to define in an analogous way the concept of an allowable sub-
group of a graded group, etc. Note that the kernel and image of a homogeneous
homomorphism are always allowable subgroups.

Often in algebraic topology we have to deal with differential groups which also
have a graded (or bigraded) structure, and for which the differential operator is
homogeneous. In this case the derived group inherits a graded (or bigraded)
structure from the given group.

If A and @ are abelian groups, then we will use the notation A ® G to denote
their tensor product (see Whitney, [24]). If (4, d) is a differential group, and G
is an arbitrary abelian group, then we define a differential operator d’:4 ® G
— A ® @ in the obvious way:

da®g) = (da) ®g

foranyaeAandgeG. If A = > A”isa graded group, then the direct sum
decomposition

A®G=2.(4"Q 0,
defines a graded structure on the tensor product A ® G. An analogous definition
is applicable in case A is a bigraded group. If (4, d) is a differential group, and

@ is an abelian group, then for the sake of convenience we will use the notation
J¢(4, Q) for the derived group of (4 ® G, d’);i.e., (4, Q) = 34 ® Q).

3. Definition of a Leray-Koszul Sequence

A sequence of differential groups, (4", d"), where the index n ranges over all
integers larger than some given integer N, is called a Leray-Koszul sequence in
case each group in the sequence is the derived group of the preceding:

A’l+l — gc( A”).
In a Leray-Koszul sequence there exist natural homomorphisms
kniZ(A™) — A™,

kn is defined by assigning to each element of the subroup Z(A") its coset modulo
®(A™). Thus «, is a homomorphism of a subgroup of A™ onto A™*. We will define
a homomorphism «? of a subgroup of A™ onto A"*? by the formula

P _
Kn = Kngp—1 ° Kngp—2 ° °°° ° Kn.

Then «% = » . The precise definition of the domain of definition of 2 is left to the
reader. Let A™ denote the subgroup of A" consisting of these elements a ¢ A™
such that «2(a) is defined for all values of p. Define &, : A™ — A" to be the re-
striction of «, to the subgroup A™. Then the sequence of groups {4A"} and homo-
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morphisms {k,} constitutes a direct sequence of groups in the usual sense (see,
for example, [10, ch. VIII, definition VIII 12]). The limit group of this direct
sequence of groups will be called the limit group of the given Leray-Koszul se-
quence.

In most cases we shall have to deal with Leray-Koszul sequences (4", d") for
which each of the groups A™ is bigraded, A™ = > A7, each of the differential
operators d" is homogeneous, and A™*" inherits its bigraded structure from A™.
In this case each of the homomorphisms «, is homogeneous of degree (0, 0), and
there is determined a bigraded structure on the limit group in a natural way.
Also, it will usually be true that for each pair of integers (p, q) there exists an
integer N such thatif n > N, then k, maps 4} , isomorphically onto A 5, . This
makes it possible to determine any homogeneous component of the limit group by
an essentially finite process.

4. Definition of an Exact Couple; The Derived Couple

An exact couple of abelian groups consists of a pair of abelian groups, 4 and C,
and three homomorphisms:

fiA — A,
g:A — C,
h:C — A.

These homomorphisms are required to satisfy the following ‘“‘exactness” condi-
tions:

image f = kernel g,
image g = kernel h,
image h = kernel f.

These three conditions can be easily remembered if one makes the following tri-
angular diagram,

A— T 4
N /
h
\C// 9

and observes that the kernel of each homomorphism is required to be the image
of the preceding homomorphism. We shall denote such an exact couple by the
notation (4, C; f, g, h). When there is no danger of confusion, we shall often ab-
breviate this to (4, C).

There is an important operation which assigns to an exact couple (4, C;
f, g, h) another exact couple, (4’, C’; f’, ¢’, k'), called the derived exact couple.
This derived exact couple is defined as follows.
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Define an endomorphism d:C — Cbyd = g - h. Then d* = d - d =
g < h = 0,since h - ¢ = 0 by exactness. Therefore d is a differential operator. Let
C' = 3(C), the derived group of the differential group (C, d). Let A’ = f(A) =
image f = kernel g. Define f': A’ — A’ by f’ = f| A’, the restriction of f to the
subgroup A’. The homomorphism A’:C’ — A’ is induced by h: it is readily veri-
fied that A[Z(C)] € 4’, and A[®(C)] = 0, hence » induces a homomorphism of
the factor group C’'= Z(C)/®(C) into A’. The definition of ¢’:A’— C’ is more
complicated. Let a ¢ A’; choose an element b ¢ A such that f(b) = a. Then
g(d) €Z(C), and ¢'(a) is defined to be the coset of g(b) modulo ®&(C). It is easily
verified that this definition is independent of the choice made of the element
b € 4, and that ¢’ is actually a homomorphism.

Of course, it is necessary to verify that the homomorphisms f’ ¢, and A’ satisfy
the exactness condition of an exact couple. This verification is straightforward,
and is left to the reader.

It is clear that this process of derivation can be applied to the derived exact
couple (4, C’; f', ¢, k') to obtain another exact couple (4”, C”; f”, g”, h"),
called the second derived couple, and so on. In general, we shall denote the ntt
derived couple by (4™, C™; f™ ¢ p™).

6. Maps of Exact Couples

Let (4, C;f, g, h)and (Ao, Co ; fo, g, ho) be two exact couples; a map,
@ ¥): {4, C; £, g, ) = (4o, Co 5 fo, gos hod

consists of a pair of homomorphisms,
¢:A— Ay,
v:C—C,

which satisfy the following three commutativity conditions:
¢°f=/fo" ¢
Vg =g0"¢
¢°h =ho°y.

Ifd = g h:C — C and dy = go°ho: Co — C, denote the differential operators on

C and C, respectively, then our definitions imply the following commutativity
relation:

Yeod=doy.

Therefore ¢ is an allowable homomorphism, in the sense defined in the preced-
ing section, and hence induces a homomorphism

V0 — Co

of the corresponding derived groups. Also, it is clear that ¢(4’) C As; therefore
¢ defines a homomorphism

¢t A" — Ag .
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It can now be verified without difficulty that the pair of homomorphisms
(¢’, ¥') constitute a map of the first derived exact couples,

(@', ¥):(4’, C") — (45, Co)
in the sense just defined. We will say that the map (¢', ¥') is induced by (¢, ¥).
By iterating this process, one obtains amap (™ ,¥™): (4™,C”) — (49,C")
which is induced by the given map (¢, ¥).

The set of all exact couples and maps of exact couples constitutes a category
in the sense of Eilenberg and MacLane [3], and the operation of derivation is a
covariant functor.

Let (¢, ¥o) and (¢1, ¥1):(4,C; f, g, h) = (40, Co 3 fo, go, ho) be two maps of
exact couples in the sense we have just defined. The maps (¢o , ¥o) and (¢1, ¥1)

are said to be algebraically homotopic® (notation: (¢o , ¥o) = (¢1, ¥1)) if there exists
a homomorphism ¢:C — () such that for any element c € C,

Yi(e) — wo(e) = &ld(c)] + dol£(e)],

and for any a ¢ 4,

¢1(a) — ¢o(a) = ho£g(a).

It is readily verified that the relation so defined is reflexive, transitive, and
symmetric, and hence is an equivalence relation. The main reason for the im-
portance of this concept is the following proposition:

TraeErOEM 5.1. If the maps

(0, ¥o), (@1, ¥1): (4, C; £, g, k) = (AeCo; fo, go » ho)

are algebraically homotopic, then the induced maps (b0 , ¥o) and (¢1, Y1) of the de-
rived couples are the same.

The proof is entirely trivial. It follows that the induced maps of the n® derived
couples, (637, ¥'3”) and (‘7 ¢'’) are also the same.

6. Bigraded Exact Couples; The Associated Leray-Koszul Sequence

In the applications later on it will usually be true that groups occurring in the
exact couples with which we are concerned will be bigraded groups, and that all
the homomorphisms involved will be homogeneous homomorphisms. Then the
groups of the successive derived couples will inherit a bigraded structure from the
original groups, and the homomorphisms in the successive derived couples will
also be homogeneous. To be precise, if (4, C; f, g, h) is a bigraded exact couple,
and (4', C';f', ¢’, ') denotes the first derived couple, then f” and f have the same
degree of homogeneity, as do 2’ and h; however, the degree of homogeneity of g’
is that of g minus that of f.

Let (4, C;7, g, h) be an exact couple, and let (4™, C™; ™ g™, Ry, no=
1,2, - - - denote the successive derived couples. Letd™ = g™ < hM:0" = o™
denote the differential operator of C™. Then the sequence of differential groups

2 This definition is patterned after a similar one given by J. H. C. Whitehead, [20].
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(€™, d'™) is a Leray-Koszul sequence. It will be referred to as the Leray-Koszul
sequence associated with the exact couple (A, C).

Part II. THE HOMOTOPY EXACT COUPLE OF A COMPLEX
7. Basic Definitions

In this part we shall be concerned with the Hurewicz homotopy groups. The
notations and conventions we shall use are described in the appendix.

Let K be a connected CW-complex (for the definition of a CW-complex, see
J. H. C. Whitehead, [21]). We shall define an exact bi-graded couple associated
with the complex K, using various homotopy groups in the definition. The
definition of this exact couple will depend on the cellular decomposition we have
chosen for the space K. However, we shall prove that the first derived couple is
independent of the choice of the cellular decomposition, and is in fact an in-
variant of the homotopy type of K. It then follows that all the successive derived
couples are also homotopy type invariants. The Leray-Koszul sequence associ-
ated with this exact couple is of particular interest, because it turns out that the
first term of the sequence is a bigraded group which is closely connected with
the homology groups of the space, and the limit group is related to the homotopy
groups of the space.

Let K", n = 0,1, 2,...,denote the n-skeleton of K, and let  be a vertex.
Let i:m(K®) — w(K®™) and jim(K?) — m(K”,K*™) be injections (i.e.,
homomorphisms induced by inclusion maps) and let 8: = (K?, K*') —
ma—1(K*™") be the homotopy boundary operator. Define

Tp+e(K”, 2) ifp=0andp + ¢ 2 2
Ay (K, x) =

{0} for all other values of p and g,

7rD+Q(Kp7 Kp_la z) ifp 2landp + ¢ 23,
Cr oK, ) = Il p4o(K?, )] ifp=1land p+q=2

{0} for all other values of p and gq.

Thus the groups C,p o(K, z) and 4, ,(K, z) are defined for all integral values of
p and g, positive or negative. Note particularly that A, ,(K) is not defined to
be mp+o(K”) if p + ¢ = 1, and that C:,(K) will, in general, be different from
m(K?, K). Also, note that the groups Cp (K) and A, ,(K) are all abelian. The
homomorphisms %, j and 9 defined above may be extended in a unique way to
define homomorphisms

i:AP.Q(K3 x) - AP+1.q—1(K7 x),
j:AIMI(K’ x) - CP.H(K’ x)’
9:Cp (K, r) = Ap1,o(K, 7),

for all values of p and ¢, positive or negative. This collection of groups and
homomorphisms may be conveniently exhibited together on one diagram, as
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indicated in figure 1. This diagram extends to infinity in all directions. From
the fact that the homotopy sequence of a pair such as (K?, K*™) is exact, and
from the way we have defined the groups A,,,(K) and C, «K) for p + ¢ = 2
or p = 0, it follows that if we follow any zig-zag path in the above diagram,
always moving downward and to the right, we obtain an exact sequence of groups
and homomorphisms. Stated precisely, this means that at each stage,

image ¢ = kernel j,
image j = kernel 9,
image 9 = kernel 3.
Next, we define two bigraded groups, A(K, z) and C(K, z) as follows:
AK,z) = 2 4,4 (K, 7)
C(K,z) = 2. Cp,q (K, 7).

i )
a j a j 5}
s A g — Costgmt — > Ap, g1 ——>Cpga— -+
i )
Fia. 1

The set of homomorphisms %, j, and d above define homogeneous homomor-
phisms, which we will denote by the same letters:
1:AK, z) > A(K, z),
JAK, z) > C(K, 2),
3:C(K, z) > A(K, x).
The homomorphism 7 is homogeneous of degree (41, —1), 7 is homogeneous
of degree (0, 0), and 9 is homogeneous of degree (—1, 0). The exactness property
of the diagram in figure 1 translates into the exactness property contained in
the definition of an exact couple, and thus we see that (4(K, z), C(K, x); 1, j, 9)
is an exact couple. To be consistent with our earlier notation, we should denote
the first derived couple by (4’(K, x), C'(K, x);1',j’, '), where A’(K) and C"(K)
are bigraded groups; however, we will instead write
P(Ky x) = A,(Ka x)y

(K, x) = C,(Kr x):
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where T'(K) = 2>_T,.,K) and 3(K) = .30, .(K) are bigraded groups. Note
that T ,o(K) is a subgroup of 4, (K) and 3¢, (K) is a factor group of a subgroup
of Cp4(K). Thus we have the exact bigraded couple (I'(K), 3¢(K)) and the
successive derived couples (I'(K), 3¢'(K)), (I”(K), 3" (K)), etc.

The following facts about the groups A,.,(K) and C, (K) are here recorded
for later reference:

LemMa 7.1, A o(K) = 04f p < 20r p 4 q < 2; Ap oK) is isomorphic to
Tp+e(K) 4 ¢ < 0.

LEMMA 72. Cpo(K) = 0¢fp < 20r3fqg <Oorifp+q < 2.

The proofs follow directly from the definitions and from elementary properties
of the homotopy groups.

8. Dependence on the Base Point

Let zo and z; be any two vertices of the complex K, and let #:1 — K' (where
I denotes the closed unit interval, [0, 1]) be a continuous path from z, to z;
in the 1-skeleton of K (i.e., n(0) = x, and #(1) = z). As is well known, the
path 5 induces isomorphisms onto,

;1:7"11+q(Kp; 1) - 7"p+q(Kp; ), (p

v

1),
7 mprg(KT K77 1) = mpro(K”, K77, 0), ( z 2.

The definitions of these isomorphisms can be ektended in a unique way so
there are defined isomorphisms onto,

71 Ap.o(K, 21) — Ap,o(K, x0),
"-I:CP&(K’ xl) - CP.G(K) xo),

for all values of p and g, positive or negative. Furthermore, the isomorphisms
7 and 7 obviously commute with the homomorphisms ¢, j, and 3, and hence
define a map

(7_7; 7~7)‘ <A(K) xl); C(K; x1)> - <A(K7 xo), C(K; x0)>
in the sense defined in section 5, and this map is an isomorphism of the one
couple onto the other.

Next, suppose we have two paths 7, n :I — K joining the vertices x, and
z;, and assume that these two paths are homotopic, with endpoints fixed, in
K. Obviously, we may assume that the homotopy takes place in K, the 2-skele-
ton. It can now be proved that the two maps

(ﬁO ) ;70)’ (7—11 ) ﬁl): <A(Ky xl)y C(K) .’131)> - <A(Ky xo), C(K) xO))

are the same. The proof makes use of the fact that we have defined 4,,,(K) =
0if p + ¢ = 1, and that we have defined C»,(K) = j[d2,:(K)].

We can express these facts concisely by saying that the set of exact couples
(A(K, x), C(K, z)) for x a vertex of K constitutes a local system of exact couples
in K (cf. Steenrod, [15]). This implies that the fundamental group m(K, x)
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operates as a group of automorphisms of (4 (K, z), C(K, z)). Ovbiously, the same
remarks apply to the first derived couple, (T'(K, z), H(K, z)), and to all the
higher derived couples.

9. The Map Induced by a Cellular Map

Let K and L be connected CW-complexes, let x and y be vertices of K and L
respectively, and let f:K — L be a cellular map having the property that
f(x) = y; we will often express this latter fact by writing f:(K, z) — (L, y).
Then, as is well known, the map f induces homomorphisms,

f*:7rp+q(pr ) - 7"p+q(Lp: ), (p 1),
f#:'”'p-b-q(pr Kp—ly x) = wpiq(LF, Lp—l; Y), (» 2 2).

The definition of fx and fg can be extended in a unique way so as to define
homomorphisms

(1%

f*:AP,Q(K7 x) — AP-‘I(La y)r
f3:Cpo(K, 2) = Cpo(L, Y),

for all values of p and g, positive or negative. It is clear that the homomorphisms
f+ and fg commute with the homomorphisms ¢, j, and 9. The homomorphisms
f+ and fg above define homomorphisms

fx:A(K, ) = AL, y),
f4:C(K, z) — C(L, y),
which are homogeneous of degree (0, 0), and the pair (f« , fg) constitutes a map,
(% , f9): (A (K, ), C(K, 2)) — (AL, ), C(L, y))-

Let Qo denote the category in which the objects are all pairs (K, z), where
K is a connected CW-complex and z is a vertex of K, and in which the maps are
all cellular maps (K, z) — (K’, ') which map the prescribed vertex of the first
complex onto the prescribed vertex of the second. Let € denote the category
in which the objects are bigraded exact couples with homogeneous homomor-
phisms, and the maps consist of pairs of homomorphisms, both homogeneous
of degree (0, 0). Then it is clear that the operation of assigning to each pair
(K, z) the exact couple (4 (K, x), C(K, z)) and to each cellular map f the in-
duced map (fx , f) is a covariant functor from R to G.

In what follows, we will make use of the following two properties of cellular
maps. Let K and L be connected CW-complexes, and = ¢ K and y e L be vertices.
Then:

(a) Any continuous map K — L is homotopic to a cellular map (K, z) — (L, y).

(b) If two cellular maps fo , fi : K — L are homotopic, then there exists a
cellular homotopy fi:K — L, 0 < ¢t = 1, between them, i.e., one such that
f(Kc L™, n=0,1,2---,and0 = ¢t < 1.

Tor the proof of these two properties, see [21].
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10. The Algebraic Homotopy Induced by a Celluar Homotopy;
Proof of Invariance

Let K and L be connected CW-complexes, z a vertex of K, y, and y; vertices
of L and

fU:(K) x) - (L7 yo)y fl :(Ky x) - (L’ yl)a
cellular maps. Let

fi:K — L, 0=t=1,
be a cellular homotopy between fp and f; , and let
n:l = I}
be the path from y, to 3, defined by
1(t) = fu(@), 0st=1

We then have defined the following maps of exact couples:
(fox , fop): (A (K, 2), C(K, 2)) — (A(L, yo), C(L, wo)),
(fr , fiw): (A(K, 2), C(K, 2)) — (AL, y1), C(L, y)),
@, ) (AL, ), C(L, y)) — (A(L, yo), C(L, yo))-

ProrositioNn 10.1. The map (fox , fox) s algebraically homotopic to the com-
posite map

(@, 1) o (fix, frg) = (B = frx , 7 © frg).

The proof requires the construction of an algebraic homotopy between these
two maps, which we proceed to make. Obviously, we will have to make use of
the homotopy f: .

First, we define a homomorphism

E:Wm(Kny Kn—l; IU) > Tm+1 (L?—H) Ln) yo) (m > 1) n > 0)
as follows. Let a e (K", K", z), and let
a:(Ema Sm_l) PO) - (Kn, Kﬂ_l: x)) (m > 1) n> 0):

be a map representing «; here E™ is an oriented m-cell, ™" is its bounding
sphere, and p, ¢ 8™ is the base-point. Define a map’

bi(I X E", (I X E™",0 X p)) = (L"™, L™, y)
by
b(ta 8) = ft[a(s)]) e I’ seB"

3 If X is an n-cell, then the notation X or (X) will be used to denote the bounding
(n —1)-sphere of X.
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Orient the cell I X E™ as follows: let w™ ¢ H.(E™, S™ ) denote the orientation
of E™, and let o' ¢ Hy(I, I) denote the orientation of I as defined on p. 166 of
[2]. Then v' X w™ € Hpnya[I X E™, (I X E™)-] shall be the orientation of I X E™.
With this convention, the map b determines an element £(a) € Tmy (L™, L", 90).
It is readily seen that this definition is independent of the choice of the map a
in the homotopy class «, and that £ is a homomorphism.

LemMa 10.1. For any element a ¢ mn(K", K", ), (m > 1, n > 0),

1 fin(e) — fou(a) = £j 3(e) + jo&(a).

Here j and 3 are the injection and the homotopy boundary operator.
Proor. We will actually prove the following equivalent equation:

Jot(a) = [1 fig(a) — fog(e)] — [£dj(a)]
Let
a:(E™, 8™, po) = (K", K", x)

be a map representing «; in order to simplify the proof, we will assume that
a is chosen so that a(E™") = z, which is clearly possible. Let

o (BT, 87— (K w),
a”:(B37, 8™ po) = (K™, K™, @),
be maps defined by a. Then a’ represents d(a) and a” represents jo(a). Let
as(I X By (I X ET7),0 X po) — (L*, L™, y0)
be defined by
a(t, s) = fida”(s)], tel, seEr
Then a represents £73(a). Next, define
b:(I X E™(I X E™), 0 X po) — (L™, L", y)
by
b(t, s) = fila(s)], tel,seE™
Then b represents £(a). Let
b:[(I X E™), 0 X po) — (L", %)

be the map defined by b; then b’ represents 9:(a) e mm(L", y%). The proof is
now completed by applying Lemma 22.1 to the map b’; it is clear from our defi-
nitions that ¥ | I X E} ' = a; also, the map b’ restricted to (I X E"™ u
(0 X E™ u (1 X E™) represents the element 7 fig(a) — fog(a), by Lemma 22.2.
It is necessary to check that all orientations are chosen correctly in order to
be able to apply these lemmas, but that is not difficult, if one makes use of the

basic properties of cross products.
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Lemma 10.2. For any element 8 € wm(K", ), (m > 1, n > 0)
7 fx(B) — fox(B) = 8£5(B).

Proor. This is a direct application of Lemma 22.3.

Having established these two fundamental properties of the homomorphism
£, we are ready to complete the proof of Proposition 10.1. The homomorphism
£ defines a homomorphism

£:Cpo(K, ) = Cpi1,o(L, %0)
for p > 0 and p + ¢ > 1; we extend the definition of £ to all other values of
D, ¢ in the obvious way. ¢ then induces a homomorphism
E:C(K; x) - C(L; ZIO)
which is homogeneous of degree (1, 0). From Lemma 10.1 it follows that for any
element « € Cp (K, ),
1 fig(a) — fo(a) = £jd(e) + joE(a)

for all values of p and ¢ (a little extra trouble is necessary to check the validity
of this formula for the case p = 2 or 3 and ¢ = 0, on account of the way C»,(K)
is defined). From Lemma 10.2 it follows that for any element 8 ¢ 4,,(K, x)

7 fix(8) — Jox(B) = 6%]'(6)-

These two formulas prove that £ is an algebraic homotopy between the maps

(fox , fox) and (7, 7) = (fix, fig), as desired.
Let

(f‘;* ) f(;#):<P(KJ .’l}), GC(KJ .’l))) - <P(Ly yo)y SC(L) y0)>
(f,l* 7f,1#) : <F(K7 x)) SC(Kr x)> - <I‘(L) yl)) JC(L: yl))
@, #7) (T, ya), (L, y1)) — (T(L, y0), 3¢(L, %))
denote the maps induced on the derived couples by the maps (fox , fox), (fi* , f1x),
and (7, 7) respectively. Then we have
TreorEM 10.1. The map (fox , fox) is the same as the composite map (7', 7') «
(Jix, frg) = (0" o fix, 7« fig).
This follows directly from Proposition 10.1 and Theorem 5.1.
From Theorem 10.1 it now follows readily that the exact couple (I'(K), 3¢(K))

is an invariant of the homotopy type of K. (Compare, for example, the proof of
Theorem 7.6 of [7], or section 11 of [20].)

11. Some Trivial Results about the Groups 3¢, ((K) and T, (K)

We immediately obtain the following facts about the groups 3¢, .(K): if
p<2orifq<0,orifp+q <2, then

(11.1) 3Cp,o(K) = 0.
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Similarly, we see that of p < 3, or of p + ¢ < 2, then

(11.2) T, (K) = 0.
If p4+ q> land g <0, then
(11.3) Tpo(K) = mpiqo(K)-

Next, we note that the exact couple (I'(K), 3¢(K); 7, j, 9) contains the fol-
lowing exact sequence:

j P i j 9

J
c L 50,0 —s Ty —— T'py 1 — BCpy g ——> *+*

which terminates as follows:

. ——-—‘-7—) 3Cs.0 ‘—2—> T2,0 —’1-) T3, "“J“" 3Cav0 _a—) 0.

This is the exact sequence considered by J. H. C. Whitehead in [20], as is ob-
vious when one compares our definitions with those used by Whitehead. White-
head proves that

(11.4) 3po(K) = Hy(K)

where K denotes the universal covering complex of K, and H, denotes the p-
dimensional integral homology group.

The relation between the homotopy exact couple of a complex and a covering
complex is very simple. Let K be a connected CW-complex, K a covering com-
plex, and P : K — K the covering map. Then it follows (cf. Theorem 8.1 of
[7]) that the induced homomorphisms

Py : (K%, K77 — o (K?, K*™),
Py & m(K?) — m(K")

are isomorphisms onto for ¢ = 2. From this it follows readily that the exact
couples (A(K), C(K);1,7,9) and (A(K), C(K); 1, j, ) are naturally isomorphic.
The isomorphism is induced by the covering map P. It also follows that the suc-
cessive derived exact couples are isomorphic.

In view of these facts, there is no essential lack of generality if we assume the
complex K is simply connected when discussing the properties of the homotopy
exact couple associated with K. For, we may as well replace K by its universal
covering complex.

Next, assume that K is r-connected, 7 = 1 (i.e., the homotopy groups =:(K)
vanish for ¢ £ r). Then we have the

ProvrosrrioN 11.1. If K s r-connected, then T, (K) = 0 forp £ r + 1 and
Hpo(K) = 0 forp = 7.

Proor. Since K is r-connected, it follows that the n-skeleton, K", is also
r-connected for n = r -+ 1, while K" is (n — 1)-connected if n < r. Hence the
inclusion map K™™' — K" is inessential (i.e., homotopic to a constant map) if
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n < r + 1, and therefore the injection 7, (K?™") — m,,,(K”) is the zero homo-
morphism if p = r 4 1. From this fact, and the definition of T', ,(K), the first
conclusion follows. To prove the second conclusion, consider the following
groups and homomorphisms:

Tyt ot (K) = 50,0 (K) —25 Ty (K).

If p = r, then I'pi1,1(K) = 0and T',_1,,(K) = 0 by what we have just proved.
Since image j = kernel 9, the desired conclusion follows.

Finally, we note that if K is n-dimensional, then C,,(K) = 0 for p > n;
hence, it follows that in this case 3C,(K) = 0 for p > n.

12. Definition of The Groups G,,

The symbol E™ will denote the unit n-cell in Cartesian n-space, and 8™
is its bounding (n — 1)-sphere (see appendix, Section 21). These cells and
spheres all are assumed to have definite orientations, as outlined, for example,
in [2], Section 1.1. For each integer n, choose a definite map

¢, E"— S§"

such that ¢.(S"™") = po , the base point, and such that ¢, preserves orientations,
i.e., has degree +1. We then have the following sequence of homomorphisms
(m = 0):

Gn : Tmyn(E", Sn_]) — Tmia(S),

On - 7I'm+n<E", S"—l) s 7I'm+n_1(Sn—-l).

The homotopy boundary operator 3, is obviously an isomorphism onto for all
values of n; the homomorphism ¢, is equivalent to the suspension homomor-
phism (see [18]) and is an isomorphism onto if n > m 4 2; it is a homomorphism
onto if n = m + 2. These statements are a direct consequence of the Freudenthal
theorems, [6]. For the purposes of this section, we will identify all the groups
Tmpn(S™) for n = m + 2, and the groups mm4.(E", S™™") for n > m + 2, using
the isomorphisms ¢, and 9, to perform the identifications. The group obtained
as a result of this identification will be denoted by G,. . Then G, is infinite cyclic
and G; and G are cyclic of order 2. Finally, we will also identify G, with the
factor group of mamis(E™, 8™) modulo the kernel of the homomorphism

Gmra © Tamg2(E™ T 8™ — mpmya (8™,

using the homomorphism ¢.» for this purpose.

13. The Exact Couples (A (K, m), C(K, m))

It is the purpose of this section to define a sequence of bigraded exact couples,
(A(K, m), C(K, M); iuy Jm,0m), m = 0,1,2, -+ such that A(K, 0) = A(K),
C(K,0) = C(K), A(K,m + 1) € A(K, m), C(K, m 4+ 1) € C(K, m), and the
homomorphisms ¢, , jm , and 8. are the restrictions of ¢, j, and 9 to the sub-
groups A (K, m) and C(K, m).
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The groups A(K, m) and C(K, m) are defined by the following conditions
(m = 0):

A, (K, m) = (A4,,q(K) i.f Pp+qg=m+ 2
{0} ifp+qg<m+2
Cp.q(K) fp+g>m+2
Cp.o(K, m) = {jl4,,(K)] ifp+q=m+2,
{0} ifp+qg<m+ 2

A(K7 m) = Z AP.Q(K’ m)’
C(K,m) = Z Cr.o(K, m).

Also, we define the homomorphisms

im - AP.Q(K7 m) - Ap+l.q—1(K7 m)y
Jm  Apo(K, m) — Cpo(K, m),
Im t Cpo(K, m) = A, 14K, m),

by tm = 2| ApoK, m), jm = j| Apo(K, m), and 9m = 9| Cp,o(K, m). These
homomorphisms define homogeneous homomorphisms,

im: AK, m) — AK, m),
Jm t A(K, m) = C(K, m),
an : C(K, m) — AK, m),

as usual, and it is clear that the necessary exactness conditions hold, so that
(A(K, m), C(K, m); m ,jm ,0m) is an exact couple. We will denote the successive
derived couples by (I'(K, m), 3¢(K, m)), (I'(K, m), 3¢'(K, m)), etc.

If f: (K, ) > (L, y) is a cellular map of one complex into another, then it is
clear that the induced homomorphisms fx : A(K) — A(L) and fx : C(K) — C(L)
have the property that f«[4(K, m)] € A(L, m) and f4[C(K, m)] < C(L, m);
hence there are defined homomorphisms

f* : A(Ky m) - A(Ly m)y
f# : C(K) m) - C(L7 m):

and the pair (fx, fx) is obviously a map of couples,(4(K, m), C(K, m)) —
(A(L, m), C(L,m)). If fo , fi + K— L are two cellular maps which are homotopic,
then the algebraic homotopy ¢: C(K) — C(L) which was defined in section 10
between the couple maps (fox , fox) and (7, 7)°(fix , fix) obviously has the prop-
erty that ¢§[C(K, m)] € C(L, m). Hence the couple maps (fox , fox) and (7, 7)°(fix ,
fig): (A(K, m), C(K, m)) — (A(L, m), C(L, m)) are also algebraically homo-
topic. Making use of these facts, one can prove exactly as before that the exact
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couple (T'(K, m) 3¢(K, m)) is an invariant of the homotopy type of K; naturally
the successive derived couples are also homotopy type invariants.

For future reference, we note that if p + ¢ > m + 2, then the injection
3Cpo(K, m) — 3C,o(K) is an isomorphism onto, while if p 4+ ¢ < m 4+ 2, then
X, (K, m) = 0.

14. Application of the Composition Operation

It is the purpose of this section to define a sequence of allowable homogeneous
homomorphisms

Em : C(K, m)®Gn — C(K), (m =z 0).

The homomorphisms =, are defined in a natural manner, using the so-called
“composition operation” (see section 23), and are important in identifying the
groups 3C,,.(K) for certain values of p and gq.

We define the homomorphisms =, as follows. First, suppose that p 4+ ¢ >
m -+ 2. Then a homomorphism

Ent Cpo(K, m)®7"zz+q+m(Ep+q7 Sp+q—1) — Cpe1n(K)
is defined by
En(B®a) = foa

for any o € mpirqrm(E?T% 877 and B e Cp oK, m) = mppo(K”, K*). Next,
suppose p + ¢ = m + 2. Let & € mpyqin(E”?, 8”*7) and B8 € Cp,o(K, m). Then
there exists an element 8’ e A, (K) such that

Jj@) = 6.
Define
En(B®a) = jl8'°(¢a)]

where ¢ = ¢piq: Tprgrm(E?TS 87T = mpi0am(S77Y) is defined above. It
follows from equation (23.11) that this definition is independent of the choice
made for 8. Also if @’ € Tppqim(E?T 877, and ¢’ = e, then Z,(8®a’) =
En(B®a), 50 En is actually defined for « € G, , a factor group of mpiqrm(E?**,
S?*™), Finally, if p 4+ ¢ < m + 2, then the definition of X, is obvious.

Lemma 14.1. The homomorphism E.. thus defined is allowable, 1.e., 1t commutes
with the differential operator d.

PrOOF. Let a € Tpyqimir (BT, 8%, BeCping, P + ¢ = m + 2, and
choose an element o € Tpyqrm(E*TS, S79") such that ¢(e/) = 9(e). Then it
follows from (23.10) and (23.11) that

Jo(Boa) = jl(88)°(8a)] = l(3B)°(#a")]
= (jog)oe’

and from this result the lemma follows easily.
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From this result, it follows that =, induces a natural homomorphism,
E:" : GC(K, m’ 9"‘) - GC(K);

which is homogeneous of degree (0, m). We will prove that under appropriate
conditions this homomorphism maps some of the homogeneous components of
3C(K, m, Q) isomorphically.

Lemma 14.2. If K is r-connected, r > 0, p > r + 1, and m < r, then the homo-
morphism

Em : Cp,O(K; m)®9m - CP-’"(K)

s an tsomorphism onto.
Proor. Since p > r 4+ 1 and r > m, it follows that p > m + 2, and hence

Cpo(K, m) = Cpo(K) = mp(K”, K*™).

Sincep — 1 = 7 + 1, it follows that K* is also r-connected. Now G = mpym(E?,
S77), and if & e mpym(E?, 877), B e my(K”, K*), then En(8®a) = Boa. The
lemma now follows directly from theorem 23.1.

Lemma 14.3. If K s r-connected, r > 0, then for any m < r the homomorphism

E:n . Scp.O(K’ m, Sm) — 3Cp,m(K)
t8 an isomorphism onto.

Proor. For p > r + 2, the fact that =, is an isomorphism onto is a direct
consequence of the preceding lemma. For p < 7, it is also obvious that &y, is an
isomorphism onto, because then 3C, (K, m, G.) = 0 and 3¢, .(K) = 0. Hence
only the cases p = r + 1 and p = r 4+ 2 remain unproven. To complete the
proof, let L be a complex of the same homotopy type of K having the property
that the r-skeleton, L', consists of a single vertex; that such a complex exists
follows from a theorem of J. H. C. Whitehead, [21]. For this complex, it is read-
ily verified that the allowable homomorphism =, : Cpo(L, m)®Gm — Cp (L)
is an isomorphism onto for all values of p, and from this the theorem follows.

For the statement of the next lemma, let k.. : C(K, m) — C(K) denote the
inclusion map, and let k., : 3¢(K, m, G) — 3¢(K, G) denote the induced homo-
morphism, where @ is any abelian group.

LemMma 14.4. If K s r-connected, r > 0, then for any m < r the homomorphism
2 30(K, m, G) — 3¢(K, G) is an {somorphism onto.

Proovr. Again we make uge of the fact that there exists a complex L of the same
homotopy type as K, and such that L’ is a single vertex. For this complex L,
it follows from the definitions k., : C(L, m) — C(L) is an isomorphism onto for
m < r, and therefore k,, : 3¢(L, m, @) — 3¢(L, G) is also an isomorphism onto.
The conclusion of the lemma now follows, since K and L have the same homo-
topy type.

Lemma 14.5. If K s r-connected, r > 0, then for any m < r there exists a natural
isomorphism 3Cpm(K) = 3Cpo(K, Gm).

This isomorphism is obtained by combining the isomorphisms of the two
preceding lemmas.
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For a simply connected complex K, we may identify the group C,o(K) for
p > 2 with the integral homology group H,(K?, K*™), by using the Hurewicz
isomorphism: p, : C,o(K) — H,(K”, K*™). But the group H,(K?, K*™) is the
group of integral p-chains of K. Hence we may identify C,,(K) and the group
of integral p-chains, and therefore 3, (K, G») is isomorphic to the homology
group H,(K, G.). Hence:

TaEOREM 14.1. If K is r-connected, r > 0, then for any m < r the group 3Cp,m(K)
18 naturally tsomorphic to the homology group H,(K, Gm).

16. The Subgroups C(K/m)

For use in the next section, we define a sequence of allowable subgroups of
C(K),

C(K) = C(K/1) D C(K/2) DC(K/3) D ---,
as follows (we omit the base point from the notation):

Cp,o(K/m) = Cpo(K) ifp>m+1,
= jlA,,(K)] ifp=m+1,
=0 if p<m+4 1.

It is clear that C(K/m) = D_C,..(K/m) is an allowable subgroup of C(K) with
respect to both the differential and the bigraded structure. The following facts
are readily verified:

(a) If f : K— L is a cellular map, then the induced homomorphism fx : C(K)
— C(L) has the property that f4[C(K/m)] € C(L/m) for all m = 1.

(b) If fy, fi + K— L are cellular maps, f; : K— L is a cellular homotopy be-
tween fo and fi, and £ : C(K) — C(L) is the algebraic homotopy between fog
and fi4 induced by f., then ¢C(K/m)] € C(L/m) for allm = 1.

These two facts suffice to prove that the derived group 3C(K/m) =
> 5¢,.4(K/m) is an invariant of the homotopy type of K. Note that

3p.o(K/m) = 3po(K) ifp>m+1
= {0} ifp<m+1
Also, if K is m-connected, then
3p,o(K/m) = 3Cp,q(K)

for all pairs (p, ¢). This is easily proved by using the fact that there exists a
complex L of the same homotopy type as K and such that L™ is a single vertex.

16. Application of The Generalized Whitehead Products

We now define a sequence of homomorphisms

T"‘ : CP'Q(K/m) ® Wm(K) nd Cp'q.'.m_l(K)
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as follows. First, assume p > m + 1, a € Cpo(K/m) = Cpo(K) = mpro(K?, K*7)
and B8 € mn(K). The injection mn(K?™') — m.(K) is an isomorphism onto. Let
8’ be the unique element of ,,(K”™") which maps onto 8. Define

Tma ® 8) = (=1)%[e, 8],

where the square brackets mean “Generalized Whitehead Product” (see Section
24). Next, assume p < m + 1; then C,(K/m) = 0, and T, is defined to be
trivial. Finally, assume p = m + 1. Let @ € Cmt1,o(K/m) and 8 € mn(K). Choose
an element o’ € Tmyqr1(K™™) = A ni1,(K) such that j(e’) = a; choose an element
8" € mm(K™) such that 8/ maps onto 8 under the injection mn(K™) — mn(K)
Then it follows from [13, section 7, property (c)] that

jlo/, ] = [a, B].

Tp+g+l (K"ﬂy K?) ® Tm(K?) ——— Tp+g+m (Kp-H’ K?)

a3 a3

| L |
Tpirq (KP) ® wm(KP) —— mpiqym (KP)

J 1 i

Tpiq (Kp . Kp—y) ® Wm(Kp_i)——') Tp+g+m—1 (Kp ] K"b.—l)

Fia. 2

Since 8’ is a unique element of m.(K™™") = m.(K) which is independent of the
choice made for g, it follows that both sides of the above equation are inde-
pendent of the choices made for o’ and 8’. Define

Ta@ ® 8) = (=)™, 8] = (=1)""a, 8.

LemMA 16.1. The homomorphism T, thus defined is allowable, i.e., @t commutes
with the differential operator d.

Proor. Consider the diagram in figure 2. We will only give the proof in case
p > m + 1, leaving modifications necessary in the other cases to the reader.
Let a € Cpi1o(K/m) = Cpiro(K) = mpiera(K*™, K*) and B € mn(K). We must
prove that

Tm(da ® B) = dTu(a ® B).

Choose 8’ € Tm(K”) and 8” € m,(K*™") so that 8’ and 8” correspond to 8 under
the injection isomorphisms m,(K”) — wm(K) and Tm(K?™") — mn(K) respec-
tively. Then from the definitions, we have,

Tw(da ® B) = (—1)"[joa, B”],
dm(a ® B) = (—1)""jo[a, 1.
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But from [13, section 7, property (a)],

6[04,6,] = _[aa’ﬁl]’
and from [13, section 7, property (c)],

][aa ) BI] = I]aa s B,’]~

From these relations, the proof follows.

The main reason for the importance of the homomorphisms T, is contained
in the following lemma and theorem:

Lemma 16.2. Assume the complex K s r-connected, r > 0. Then the homo-
morphisms

et C,,,o(K, 7')®9r - Cp.r(K)
Ty Cpo(K/r + 1)@mr11(K) — Cp(K)

are isomorphisms into for p = r + 3, and C,,.(K) s the direct sum of the two tmage
subgroups.

The proof of this lemma is a direct application of Theorem 24.1 of the ap-
pendix.

Tuaeorem 16.1. If K is an r-connected complex, then for p > r -+ 3,

3p.r(K) = Hy(K, Gr) + Hp(K, mr41(K)).
Proor. From the preceding lemma, it follows that
c‘Cp.r(lc) = Jcp.O(K, T, gr) + l’KZ}J,O(I{/T + 1) 7rr+l(K))'

But 3¢,0(K/r + 1) = 3C,0(K) for p > r + 2, and 3¢,0(K, r) = 3Cpo(K) if p >
r + 2. Hence the result follows.

Note that it follows readily from the above proof that for p = r + 3, 3¢,,.(K)
is isomorphic to a subgroup of the direct sum H,(K, G,) + Hy(K, mrn(K)).
The groups 3C,.(K) for p = r 4+ 2 and p = r 4 1 are unknown in general. Ob-
viously, 3¢, .(K) = 01if p < r, because K is r-connected.

17. Dependence of 3¢, ,(K) and I', ,(K) on the n-Type of K

In this section we make use of the concept of the n-type of a complex as intro-
duced by J. H. C. Whitehead, [21]. Our main purpose is to determine for what
values of n the groups 3¢,,,(K) and T, ,(K) depend on the n-type of K.

LeMMA 17.1. The injection 3Cp (K™) — 3C,(K) s an isomorphism onto if
p < n and ©s a homomorphism onto if p = n. The injection Ty (K") — Ty o(K)
18 an isomorphism onto if p = n.

The proof is a direct consequence of the definitions of 3¢, ((K) and T’ o(K).

TuaEOREM 17.1. If the complexes K and L are of the same n-type, then for all
P =n- 1’

3p,o(K) = 3Cp,q(L),
Pp.q(K) = I‘p.q(L)-

This content downloaded on Sun, 6 Jan 2013 06:28:03 AM
All use subject to JSTOR Terms and Conditions


http://www.jstor.org/page/info/about/policies/terms.jsp

EXACT COUPLES IN ALGEBRAIC TOPOLOGY I, II 385
Proor. We will give the proof of the first assertion only; the proof of the second
assertion is similar. Let
¢:K"—>L"
v:L" - K"
be n-homotopy equivalences between K and L; let k: K* — K™, 1: L™ —

L" be inclusion maps. Then ¢¢ | K" and k are homotopic, and ¢y | L™
and [ are homotopic. Consider the following diagram:

5Cp.q (K™
/
/
/k’ \k/
AN
AN
/ \
3epg (K™) —— 3Cpq (L") —— 3¢,0 (K™

¢ v/

Here &/, ¢’, and ¢/ are homomorphisms induced by k, ¢, and ¢ respectively. For
p < n — 1, k' is an isomorphism onto, and for p = n — 1, k¥’ is a homomorphism
onto. It is clear that

l//’°¢'°k'=k'.

From this it readily follows that for p < n — 1, ¢’ is an isomorphism into, and
¥/ is a homomorphism onto. Interchanging the roles of K and L, we see that ¢’
is onto, and ¢’ is an isomorphism. The proof can now be completed by making
use of the lemma above.

As an example of the application of this result, we will determine the group
3C21(K). If I is any abelian group and n is a positive integer, then H,(II, n)
will denote the p-dimensional homology groups of the abstract complex K(II, n);
cf. Eilenberg and MacLane, [4].

TuaeoreM 17.2. For any connected CW-complex K, 3C1(K) = Hy(m(K), 2).

Proor. According to the preceding theorem, 3C,1(K) depends only on the
3-type of K; let K denote the universal covering complex of K; then 3¢;,:(K) =
3C,1(K). Also, the 3-type of a simply-connected complex depends only on the
2-dimensional homotopy group. This result can either be proved directly, or is
a special case of a more general result of MacLane and Whitehead, [12]. Since
m(K) = m(K), it follows that 3C;:(K) depends only on m(K), i.e., if m(K) =
mo(L), then 5C1(K) = 3C1(L). Let L be a complex such that m(L) = m(K),
and w,(L) = 0 for p 5 2; that such a complex exists, follows from a theorem of
J. H. C. Whitehead, [23]. Consider the exact couple, (I'(L), 3¢(L)). Since I';,1(L)
= 0 and TI';;(L) = 0 by Proposition 11.1, it follows that j’ : T'so(L) — 3Co1(L)
is an isomorphism onto. Also, I's, (L) = m(L) = 0, and Ty,_(L) = m(L) = 0
by (11.3). Therefore 8’ : 3Cy0(L) — T30(L) is also an isomorphism onto. Com-
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bining these two isomorphisms, we see that 3C,1(L) = 3Cs,0(L). By (11.4), 3Cs0(L)
= H,(L), and by Theorem I™ of Eilenberg and MacLane, [4], Hy(L) = H(m(K),
2). This completes the proof.
It should be noted that H,(II, 2) is isomorphic to the group I'(TT) described
in [20].
18. The Groups 7, (K)

As before, let K be a connected CW-complex, let z be a vertex of K, and let
knm: m(K™, ) > m(K, x) nzl1 mz=1)
denote the injection. For n = 1 and m = 1 define

T",m(K, x) = kn.m[”n(Km: x)]

Then . .(K, z) is a subgroup of m.(K, z). The following facts about these
subgroups are obvious:

(18.1). If p < q, then 7, ,(K) C maqo(K).
(18.2) If m = n, then 7, m(K) = m.(K).
(18.3) If n > 1, then m,1(K) = 0.

If f: (K, ) — (L, y) is a cellular map of one complex into another, and
fn @ wa(K, x) — m(K, y) denotes the induced homomorphism, then f,[m,,~(K)] C
7n,m(L), and therefore f, defines a homomorphism

fn.m : Wn,m(K; x) - Wﬂ.m(Ly y)‘

Furthermore, if f,g : (K, x) — (L, y) are two cellular maps which are homotopic,
then the induced homomorphisms

fn,m ’ g"ﬂ" : Tn'm(K, x) - Wn.m(Lr y)

differ at most by an operator from the fundamental group, m(L, y). From these
two facts it follows by standard arguments that the groups m. (K, x) are in-
variants of the homotopy type of the complex K.

Let (T'(K), 3¢(K)), (I'(K), 3¢/(K)), T”(K), 3¢”(K)), - - - denote the homotopy
exact couple and successive derived couples as usual; each of the groups r'”(K)
is bigraded, r'"(K) = ZI‘(,,',L(K). The following proposition expresses a rela-
tionship between the groups =, »(K) and I‘(p’,; (K).

ProposiToN 18.1. If ¢ < 0,p + ¢ > 1,and r = O, then

1’(1»'.3 (K) = 7Tpiqp—ra(K).
This result follows readily from the definition of the groups r{)(K) and
7mn(K). The details are left to the reader.
19. The Associated Leray-Koszul Sequence and its Limit Group

Let K be a connected CW-complex; associated with the sequence of successive
derived exact couples, (T'(K), 3¢(K)), (I'(K), 3'(K)), (I"(K), 3¢"(K)), - -,
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is a Leray-Koszul sequence (3¢(K), d), (3¢'(K), d'), (3¢"(K), d”), --- , as ex-
plained in Section 6. It is the purpose of this section to discuss the properties of
this sequence. First, we list the following facts:

(a) Each of the groups 3¢ (K) is bigraded, 3¢ (K) = > 3™ (K).

(b) 3SR (K) = 0if p + ¢ < 2, orif p < 2, 0orif ¢ < 0.

(c) The differential operator d™ : 5™ (K) — 3™ (K) is homogeneous of
degree (—n—2, n + 1).

Associated with this Leray-Koszul sequence is a limit group, 3¢°(K) =
> 3% ,(K). Note that in this case, any homogeneous component of the limit
group is determined in a finite number of steps. For, consider any fixed pair of
integers (p, ¢) and the following groups:

d(n) . d(u)
N =

(n) . ( (n)
IC ot ny29—n—1 —— ICp, — 3o n—2g+nt1

Ifp—n—2<2ie,ifn>p—4 thendpoginpn=0Ifg —n —1<
0,ie.,if n > ¢ — 1, then 34 n19.-n1 = 0. Therefore if n > max (p — 4, ¢ — 1),
it follows that 3¢ = 3¢ | and hence 347 (K) = 3¢5, (K).

The relationship of the limit group, 3¢*(K), to the homotopy groups of K is
given by the following important result:

THEOREM 19.1. The group 3C5.,(K) s isomorphic to the factor group

""p+q.p(K)/7"p+q. »—1(K).

Proor. The proof is best made by drawing a sequence of diagrams which in-
dicate clearly the bigraded structure of the successive derived couples

(T(K), 3(K)), (I'(K), %'(K)), etc.,

and also indicate clearly which of the groups T''7) , 3% are trivial. A portion of
such a diagram is indicated for the exact couple (T'(K), 3¢(K)) in figure 3. It
is suggested that the reader make a similar “ladder-like” or “lattice-like” dia-
gram for the couples (I"(K), 3¢'(K)), (T”(K), 3¢”(K)), etc. Figure 4 shows the
portion of such a diagram for the couple (I'""(K), 5 ®(K)) which is par-
ticularly relevant for the proof of this theorem. The diagram in figure 5 is ob-
tained from figure 4 by making use of Proposition 18.1 and the statement above.
The theorem now follows from the exactness relations which hold in figure 5.
The reader may wonder why there should be any interest in the Leray-Koszul
sequence: (3¢(K), d), (3¢'(K), d'), --- . Since this Leray-Koszul sequence is
completely determined by the exact couple (I'(K), 3¢(K)), why not concentrate
our attention on this exact couple, and forget about the Leray-Koszul
sequence? The answer is that it seems difficult or impossible to relate the
groups TI',,(K) and the homomorphisms involved in the homotopy exact
couple to any calculable invariants of the complex K. This is not true of the
groups 3C,,o(K); as we have seen in Sections 14 and 16 above, many of the groups
3C,.¢(K) are calculable, and their definition is such that there seems to be more
possibility of determining these groups than there does of determining the
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— 0 —> Ty —> 0 D Tye ™ Iy >0 —> 0 —> 0

! l ! !

T7,a —> 0 —> T5, — o —> Tse — ey — 0

! ! ! ! !

I's, s >0 —> Iyy >3 >0 —8 0 —0— ...

! ! ! !

Tsa > 0 —> T34 —> 30 50— ...

! ! !

Typipg > 0 —>0— ...

| l

Fic. 3
—> 00— 0 > 0 0
—s 00— r*D s el s g —— .
n4+l,—1 2,n—2
—s 00— "2, — 3 50— .
n4+2,—2 3,n—3
- 0 i, — XY — 0 —
l |
P 0 == T e SIS 0 —
: >0 > I'é::i).—vﬁl - 505::32) >0 ——> .-
ver ——> ) — (D) 0 0
2n,—n

Fic. 4
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groups T, (K). Furthermore, as we shall see later, the differential operator
d : 3¢(K) — 3¢(K) is related to certain known topological invariants.

0 Thn,1 Jc;.o,n—l —0
| |
! !
0—m,, — XS g — 0
I I
! l
0 > "n,?. 30:?.7&—3 —0
| I
! !
0 > Tn,4 3C°4°.n—4 —0
I I
! !
I I
! !
0 —> 7y qy —> H3;, —0
I I
1 !
00— r, , > 35 0
I
!
Tﬂ.ﬂ-l-l
Fi1c. 5
APPENDIX

20. Conventions Used Regarding Homology and Cohomology Groups

In general, we will use the definitions and notations for homology and co-
homology groups that are followed in the forthcoming book of Eilenberg and
Steenrod, [5]. If X is a topological space, A a subspace, and G an abelian group,
then H,(X, A, G) denotes the p-dimensional homology group of X modulo A
with coefficients in G, and H”(X, 4, G) denotes the corresponding p-dimensional
cohomology group. For brevity, we will often abbreviate these to H,(X, 4) and
H?(X, A) respectively, particularly when using integral coefficients. Since in
most cases we are dealing with spaces which are complexes, it usually does not
matter what kind of homology or cohomology theory we use—singular, Cech,
etc. However, in the few cases in which we do consider more general spaces, it
is always to be understood that we use the singular theory for homology, and the
Cech theory for cohomology. We will only consider cohomology groups of
compact spaces.

If K is a cell complex, finite or infinite, then the group of p-dimensional
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integral chains may be identified with the integral homology group H,(K”, K*™),
where K" denotes the n-skeleton of K. It is a free abelian group. The group of
p-chains with coefficients in an arbitrary abelian group @, C,(K, G) = C,(K)®G
(tensor product), may be identified with H,(K?, K, G). The boundary operator
for chains, 9 : C,(K) — C,_1(K) is then to be identified with the boundary opera-
tor of the triple, (K?, K*™', K*7); viz., 8 : H,(K”?, K*™') — H,_ (K", K*™).
Analogous conventions hold for cohomology groups. If K is a finite cell complex,
then the group of integral p-dimensional cochains, C*(K), may be identified with
H?(K?, K*™), and the group of p-dimensional cochains with coefficients in G,
C*(K,G) = C°(K)®G, may be identified with H”(K”?, K*™*, G). The coboundary
operator for cochains, 6 : C*(K) — C?™(K), is to be identified with the co-
boundary operator of the triple (K, K?, K*™), 6 : H*(K?, K*™") — H"*(K"",
K?%).

21. Basic Conventions and Notations Regarding Homotopy Groups

We will make free use of the notation, terminology, and definitions which are
given in Part 1 of [2]. In particular, E™ will denote the closed unit n-cell and
S™ " its bounding n — 1-sphere in Cartesian n-space. E; ' and E*™ denote
the “upper” and “lower” hemispheres of S"*, and p, ¢ E{ ' n EZ™" denotes the
point (1, 0, --- , 0). If X is any topological space, and z ¢ X, then an element
of the absolute homotopy group =,(X, ) is represented by a map (S”, po) —
(X, z) or by amap (E", S*") — (X, z), provided a choice of orientation is made
for the sphere S” or the cell E”. Similarly, if A is a subspace of X, and z ¢ 4,
then an element of the relative homotopy group =.(X, A, ) may be represented
by a map (E", 8", po) — (X, 4, z) or by amap (E", $"™, E{™") — (X, 4, v),
provided, of course, an orientation has been chosen for E”. If x, and z, are points
of A, and w denotes a homotopy class of paths in A from x, to z; , then w induces
isomorphisms onto, m,(X, 4, 1) — m.(X, 4, x0), n = 1, 2, - -+ ; similarly for
operators on the absolute homotopy groups. We will consistently use the nota-
tion

pn t Ta(X, ) — H,(X), n

(1%

1,
Pn - 1r,.(X,A, Zo)—*Hn(X, A)7 n

v

2,

to denote the natural homomorphisms of the homotopy groups into the integral
singular homology groups. According to the Hurewicz equivalence theorem, if
X is (n — 1)-connected, n = 2, then p, : m.(X) — H,.(X) is an isomorphism
onto; if (X, A) is (n — 1)-connected and n-simple, n = 3, then p, : m.(X, 4) —
H,(X, A) is an isomorphism onto.

22. Some Lemmas from Homotopy Theory

In this section we collect together four lemmas from homotopy theory which
we need.

(a) Let the n-sphere, S”, be oriented, n > 1, let E}, E”, 8", and p, have
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the meaning described in section 21. Let (X, A) be a pair with base point 2 €
A, and
S (87, po) = (X, 20)
a map such that f(S™™") < A. Then f defines maps
S (B, 877, po) = (X, 4, z),
foi (B2, 8", po) = (X, 4, x0).

Give E} and E” the orientation induced by the given orientation of S". Then
f represents an element a e m.(X, z,) and fi, fo represent elements oy, as €
(X, 4, 29). Let j 1 m.(X, ) — m.(X, 4, 20) denote the injection.

Lemma 22.1. j(a) = a1+ a2 .

H,(S" EY) /H,.(E'i, S*h
Ve
/ \ / k2
/ ) AN e
H.(8") : H.(8" 87"
AN /
AN / \h
N v AN
H.(S", E") H,(E"., 8"
Fi1g. 6
(8 BY) ———————— m(E", Sv1)
// \\ /
PN -
ma(8S7) 7—»/“(‘3", Sr1)
N
AN / AN
N N AN
m(S", E) = (E, Sn1)

Fic. 7

Proor. Consider the diagrams in figures 6 and 7. All homomorphisms in these
two diagrams are induced by inclusion maps. The Hurewicz equivalence theorem
furnishes a natural isomorphism between these two diagrams, provided n > 2;
the modifications necessary when n = 2 are left to the reader. Let u ¢ H,(S™),
uy e Ho(E] , 8™, us e Ho(E”, 8*") denote the elements corresponding to the
orientations of the sphere and cells. Then in figure 6 we have the relation

ky(ur) 4 ko(ug) = i(u).
Let 81, B2, and B correspond to u; , u; and u under the Hurewicz isomorphism:

B1 = paltr), B2 = pnus), B = pa(u).
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Then in figure 7 the relation

(22.1) ki(B1) + k(B) = (B)

holds. Next, consider the diagrams in figures 8 and 9. Here f; : (S, 8", po) —
(X, A, x0) is a map induced by f. Then the following relations obviously hold:

(22-2) fl*(ﬂl) = a1, fz*(ﬁz) = az,

f%(B) = a.

Combining the relations (22.1) and (22.2) with the fact that commutativity
holds in figures 8 and 9, we obtain the desired result.

1r,.(E':, Sr-1)
bk \\f
2 2
s N
(87 8 1) s (X, A)
_ W
ky fix
TH(E";’ Sn—l)
F1a. 8

Wn(S") _i_-) Tn(sn) Sn_‘)

‘,Lf* ifa*

m(X) — x(X, 4)
FiG. 9

(b) Let w™ ¢ H,(E", S*™"), (n > 1), and v' ¢ Hy(I, I) be the orientations of
E" and I defined in Section (1.1) of [2]. Let fo : (E", 8", EX™") — (X, A, =)
and f; : (E", 8", E*™") — (X, A, z1), represent elements ay € m,(X, A, o) and
ar € m(X, A, x;) respectively. Let g : I — A represent a class of paths, w, in 4
from z, to x; . The cross product, o' X w”", defines an orientation of the (n + 1)-
cell I X E". Then-cell 8"= I X E*™") u (0 X E") u(1 X E")is a face of I
X E™; the orientation chosen for I X E" determines in a natural way an orienta-
tion of the face &". Define a map

h:(8" & 0 X p) — (X, 4, x),

(where &" denotes the boundary of &") by

fo(z), t=0,zeE"
h(t, x) = q9(), 0<t=<1zeE"",
fHi(@), t=1zeE".
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Lemma 22.2. The map h is a representative of the element (w-ay) — oo € (X, 4,
xo).

The proof is left to the reader.

(c) Let the cells E”, I, and I X E™ have the orientations described above. Let
fo: (B, 8" — (X, ) and fi : (E", 8"") — (X, z;) represent elements g €
m(X, @) and a1 € m.(X, x1) respectively, let g : I — X represent a class of
paths, w, from x, to ; . Let 8" denote the bounding n-sphere of the cell I X E™:

$"=(IXEYuXE.

Give 8" the orientation determined in the natural way by the orientation of
I X E". Defineamaph : (8",0 X po) — (X, o) by

fo(z), t=0,zekE"
h(t, z) = g, 0<t=<l,zekE"
fi(z), t=1,ze¢E".

Lemma 22.3. The map h represents the element (w-o1 — ao) € m(X, Zo).

The proof is left to the reader.

(d) Let f: E® — X in such a way that f(S"°) € A, where 4 C X, and
f(po) = xo € A. Then f defines maps

IIA

fui (BE, 8" po) = (X, A, x),
f2 : (E:_ly Sn_27 po) - (X7 A7 xo).

Let E7™ and EZ' be oriented so that they induce the same orientations of
S™%. Then f, and f» represents elements a; and a of m,_1(X, 4, o).

LEMMA 224. a1 = a3 .

The proof is left to the reader.

23. The Composition Operation for Homotopy Groups

If « e m,(S") and B e 7,(X), then 8 - @ € 7,(X). For definitions, see [18, p. 202].
The following properties are known to hold for this operation:

(23.1) Bo(u+ o) =Boar+Boas, ar, ay e m(87), B € m(X).
(23.2) Ye@Beoa) =@-B)-a a em(S), B em(S), v e m(X)
(23.3) volo,Bl =[reav-8, aemp(S), B emy(S),y e m(X).
If a € m,a(S) and B1, Bs € m(X), then

(23.4) (Br+ B2) » E(e) = B1 o E(a) + B2 - E(a),

where E denotes the suspension homomorphism. If & € 7,(S"), 8 € 7,(S°), then
(23.5) E@B-a) = E@B) - E(a).
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If @ eni(S),B1,B8: em(X),and n < 3r — 2,
(23.6) Bi+B) ca=pca+tBaoat[Bi, B H(a)

where H denotes the generalized Hopf homomorphism. If f : (X, x0) — (¥, %)
is a continuous map, « ¢ 7,(S"), and 8 e 7.(X), then

(23.7) f+B - @) = B - (fsa).

For proofs see the paper of G. W. Whitehead referred to above.

In a similar manner, if a e m,(E", S) and 8 ¢ m(X, 4), then one can define
B s aem(X, A) by composition of functions representing 8 and a. The following
two properties are obvious:

(23.8) Bo(on+ ) =Bcear + 8- a, o1, em(E, 87, Bem (X, A).
(239) (B ea=7-(8-a)
aem (B, 87, Bem(E, 87,y em(X, A).

Let us agree to use the symbol 9 to represent the homotopy boundary operator:

9 :m(X,4) — ma(4),

01 ma(ET, 8T — mat(STTY.
Then we obviously have
(23.10) B » @) = (3B) - (9a), aem (B, 87, B e (X, A).
Next, let jn : m,(X) — mu(X, 4), n = 2,3, -- - , denote an injection and

¢ @ ma(E, 87) — mu(S", po)

the homomorphism induced by a map (£, S™) — (S, po) of degree +1. Then
we have

(23.11) JnlB  @(e)] = jr(B) < a, aem(E, 87, B e m(X).

The proof is easy. Note that the homomorphism ¢ is equivalent to the sus-
pension.

Iff: (X, A, m) — (Y, B, ) is a continuous map, then
(23.12) f+(B e a) = B - (fxa), a e (B, S, B e m(X, A, o).

Let E : moi(E™, 877 — ma(E', S') be a homomorphism which is equivalent
to the suspension, as explained in [18, p. 200]. Then we have

(23.13) Br 4+ B2) - E(a) = B« E(a) + B: - E(a),

where o € 7,1 (E"", ) and 8; and B; € 7,(X, 4). The proof is the exact analogue
of the proof of (23.4) above.
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Next, we have the exact analogue of equation (23.6). It is an easy matter to
define a ‘“‘generalized Hopf Homomorphism”’

H . W,(En, Su—l) ‘—)W,-(E2n_2, S2n—3)’

for r < 3n — 4 which is equivalent to the generalized Hopf homomorphism de-
fined by G. W. Whitehead. Then we have

B+ B)eca=pioa+Broa+ [, B - Ha)

where a e (B, 8), 81, B: e m(X, A), and n < 3r — 4. The Whitehead product
[8:1, Be] is that defined by S. T. Hu [9].

The important cases in the above formulas are those in which the composition
operation is bilinear. These cases should be noted carefully.

For the statement of the next result, we assume X* is obtained from the space
X by the adjunction of n-cells, &', & , 8, ---, as described in section
(4.1) of [2]. Assume that n > 2, and that X is m-connected, 0 < m < n — 1.
Under these conditions the composition operation,

(ﬂ:a)_)18°a

for a e mp(E", 8"') and 8 € m,(X*, X) is bilinear if p < 2n — 2, and hence defines
a homomorphism of the tensor product,

2% Wn(X*y X)®7"p(En7 E") - WP(X*y X)

forp < 2n — 2.

TuaeoreM 23.1. If p < m -+ n, then this homomorphism ¢ is an tsomorphism
onto.

This theorem is an easy consequence of Theorems I and II of [2]; cf. also
Section 9 of [13]. This theorem can also be deduced from Theorem 1 of [19] to-
gether with Theorem II of [2].

24. Remarks on Generalized Whitehead Products

If (X, A) is an arbitrary pair, 2o € 4 a basepoint, a € 7,(4, 20), B € m(X, 4, o),
then the Whitehead products of o and 8, denoted by [a, 8] and [, a], are defined,
and are elements of 7.(X, A, x,), where r = p + ¢ — 1. The definition and
principal properties of this product are briefly sketched (without proofs) in [13];
complete proofs will appear in a forthcoming paper.

Our main use of generalized Whitehead Products is for the following theorem.
Assume that X* is obtained from X by the adjunction of n-cells, &', -+ , & as
described in Section (4.1) of [2]. Assume that n > 2, and that X is m-connected,
0 < m < n — 2. Then the composition operation defines a homomorphism

¥y ¢ ma(X¥, X)®7I',,(E", Sﬂ_l) — mp(X*, X)
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as described in the preceding section, provided p < 2n — 2. The generalized
Whitehead Product defines a homomorphism

€2 (X)) @7a(X*, X) — mmpn(X¥, X)

by ¢(a®B) = [a, B] for a € m,1(X) and B € m,(X*, X).

TrEOREM 24.1. Under the above hypotheses, both Ym+, and ¢ are isomorphisms
into, and Ymn(X*, X) is the direct sum of the two tmage subgroups.

This theorem is a direct application of the result stated in section 9 of [13].
A complete proof will appear in a forthcoming paper.
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