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Introduction

M.Kervaire constructed in [29] a Z/2-valued bordism invariant for closed (4m+2)-dimensional
framed manifolds. For such a manifold M, the invariant K (M) is defined by taking the Arf
invariant of a quadratic refinement for the intersection pairing on H*™+1(M;Z/2). Here, the
quadratic refinement can be constructed geometrically from the framing of the manifold M.

In [17], E.H.Brown generalized this invariant to other manifolds using a homotopy-theoretical
translation for the quadratic refinement. For closed 2n-dimensional manifolds M with &-
structure, where £ : B — BO is a given fibration, Brown obtained again bordism invariants

Ky : Q5, — 7/8.

The main differences to the invariant K of Kervaire consist in three points: Firstly, the
construction of K works iff the universal Wu class v,,11(£) vanishes. Secondly, the con-
struction gives in general a family of invariants as one has to choose a parameter h in a
universal parameter space an. Thirdly, the invariants live in Z/8, because one has to deal
with Z/4-valued quadratic refinements as the self-intersection on H™M for £-manifolds is in
general non-trivial.

Our main subject of this thesis is the examination of these Brown-Kervaire invariants for
Spin-manifolds, which we do in part I. We give now an abstract on the main theorem:

For (8m + 2)-dimensional closed Spin-manifolds, one has on the one hand the finite set of
Brown-Kervaire invariants, and on the other hand the k-invariant defined by S.Ochanine.
Both are Z/2-valued invariants of Spin-bordism, where the first are defined cohomolog-
ically as the Arf-invariant of certain quadratic refinements of the intersection form on
H*™(M:;7Z/2), and the second can be defined as a K O-characteristic number which by the
Real Family Index Theorem has an analytic interpretation as the mod 2 index of a twisted
Dirac-operator. Ochanine showed that these invariants agree on the class of Spin-manifolds,
for which all Stiefel-Whitney numbers containing an odd-dimensional Stiefel-Whitney class
vanish. Moreover, it is not difficult to construct two different Brown-Kervaire invariants in
dimension 34.

We show in 7.1.1 that the Ochanine k-invariant is in fact a Brown-Kervaire invariant; in
particular, it vanishes if H™™1(M;Z/2) = 0, and is an invariant of the Spin-homotopy
type. This result is in analogy to the Hirzebruch Signature Theorem and can be considered
as a Z/2-valued cohomological index theorem for the above operator. The proof uses the in-
tegral elliptic homology of M.Kreck and S.Stolz, which in particular characterizes invariants
with a multiplicativity property in HP?-bundles with structure group PSp(3); and the the-
ory of L.Kristensen about secondary cohomology operations, which gives a Cartan formula
necessary for the computation of certain secondary operations in these HP2-bundles.

In part II of this thesis, we consider also Brown-Kervaire invariants for other manifolds.
In particular, we examine the two classes of oriented manifolds and of BO(8)-manifolds.
The first case of oriented manifolds, being easier than Spin-manifolds, gives an example
where all Brown-Kervaire invariants can be explicitely determined. In fact, the main work



consisting in the computation of the oriented bordism ring and the action of the Pontrjagin
squaring operation on H*BSO was already done. In the second case of BO(8)-manifolds,
being more difficult than Spin-manifolds, we restrict us to consider the analogue problem of
multiplicativity of Brown-Kervaire invariants for CayP2-bundles with structure group Fj.

It follows a more detailed survey on the ten sections and the appendix in this thesis, with
emphasis on the new results:

(1) In the first section, we recall the definition of Brown-Kervaire invariants, list some directly
following properties, and come then to the more difficult problems of a product formula and
of the connection to the Adams spectral sequence. Almost all results can be found (at least
implicitely) in the literature, and our main work consisted in giving a unified representation.
The simple corollary 1.2.5 of the addition formula seems to be new and will be applied in
section 2, and in 1.2.3 we indicate a proof for a statement in [22] on the parameter set
an. We also give more details how to apply the product formula of Brown to show that
Kn(M®™ x ST x ST) = sign(M®™) mod 2 in the case of Spin-manifolds (1.3.16), which
was stated in [48]. The connection of Brown-Kervaire invariants to the Adams spectral
sequence examined in [22] is only included for the sake of completeness; we have seen no
good application to our main subject of Spin-manifolds (see 1.4.9).

(2) In the second section and beginning with part I, we give the basic information on Brown-
Kervaire invariants of Spin-manifolds. We start with the known results on the structure of
the Spin-bordism ring due to Anderson, Brown and Peterson, and give in 2.1.12 an explicit
formula for the Poincaré series of T'ors(Q5P™), following the ideas in [5]. As an illustration,
we computed tables for Q7" up to dimension 48. Then we come to the Brown-Kervaire
invariants
Ky Qe — 7,)2

and the results of Ochanine on generalized Kervaire invariants. By modification of an ex-
ample of Ochanine, we prove in 2.2.7 the existence of at least two different Brown-Kervaire
invariants for Q57" As a next point, we recall the construction of certain Brown-Kervaire
invariants by unstable secondary cohomology operations going back to a Theorem of Brown
and Peterson. Thus we call these invariants Brown-Peterson-Kervaire invariants. At last,
we consider the addition formula for these invariants leading to generalized Wu classes. We
show how to compute these classes universally in 2.4.4 and give a table up to dimension
17. Using this computation, we prove in 2.4.6 that there are at most two different Brown-

.. . Spi
Peterson-Kervaire invariants for Q57"

(3) In the third section, we introduce the Ochanine k-invariant, the Ochanine genus k, and
the Ochanine elliptic genus 5:

ke Qertly — /2,
ke QP — KO, ®Z/2,
B: QSvin 5 KO,[q]].

We recall their known properties, for example multiplicativity in certain fibre bundles. For
B, multiplicativity (3.2.10) was proved by Keck and Stolz in [32] (using the Bott-Taubes
Rigidity Theorem), which gives the multiplicativity of k£ as a corollary in 3.2.11. At last we
consider the problem to express k as a KO-characteristic number, which has then by the

4



Real Family Index Theorem an analytic interpretation as the mod 2 index of a twisted Dirac-
operator. Such expressions were first obtained by Ochanine [48] and Rubinsztein [55] with
certain multiplicative series for K O-numbers, in analogy to the Hirzebruch formalism. We
give here a more explicit representation (3.3.3, 3.3.5) by direct computation of the highest
coefficient in the polynomial decomposition of 3 into the basic integral modular forms, using
an inverse transformation formula for power series (3.3.2).

(4) In section 4, we start with the examination of the relationship between the Ochanine
k-invariant and the Brown-Kervaire invariants Kj. We attack this problem by integral
elliptic homology of Kreck and Stolz [32], where fibre bundles over Spin-manifolds with
fibre HP? and structure group PSp(3) play a fundamental role. First we recall a Theorem
of Stolz [60] on the cohomological structure of the universal PSp(3)-HP?-bundle, as we
need in section 5 and section 7 that Sq¢'z = 0 for the universal Leray-Hirsch generator
x (4.1.3). Then we obtain in 4.2.7 a characterization of the Ochanine k-invariant, which
follows from the determination of the coefficients of integral elliptic homology by Kreck
and Stolz. In particular, k is characterized by multiplicativity in PSp(3)-HP?-bundles and
E(M®™ x ST x ST) = sign(M®™) mod 2. In order to check the multiplicativity for Brown-
Peterson-Kervaire invariants, one has to compute the Brown-Peterson secondary cohomology
operation ¢ on the total space of a PSp(3)-HP?-bundle, which reduces by the quadratic sub-
Lagrangian lemma for the Arf invariant to the computation of a product formula for ¢(zp*y),
with ¢y a middle-dimensional cohomology class of the basis manifold.

(5) Section 5 is a first attempt to decide this multiplicativity problem by computing the
product formula for ¢(xp*y) with standard homotopy theory. Using the glueing approach
for secondary operations, we prove in 5.2.2 a very general product formula for secondary
operations (which could also be of interest for other problems). In 5.3.3, we apply this
method to our case of PSp(3)-HP?-bundles, but the result contains a deviation € = ¢'(vy )
to multiplicativity, which is obtained by glueing together certain homotopies. Because we
were not able to compute this term by homotopy theory as an explicit linear combination of
known invariants, this formula has only very restricted application to our problem. At least,
we can prove in 5.3.4 multiplicativity under certain assumptions, for example for Sp(3)-HP?-
bundles over almost complex manifolds. Moreover, we analyze in 5.3.6 the dependence of
the critical term on the choice of the homotopies. Unfortunately, the freedom in choosing
the homotopies is not large enough to garantee a priori the vanishing of vy 4.

(6) In this section we give a survey to another approach to secondary cohomology operations
which is due to Kristensen. Using cochain operations to represent cohomology operations,
Kristensen obtained sum and product formulas in a series of papers [33], [34] and [35], see
in particular [37] for a short survey on his product formula. Cochain operations seem to
provide the algebraic analogue of homotopies. They form an infinite-dimensional graded
7./ 2-vector space O* carrying a non-linear composition operation and a differential A, and
Kristensen proved that the homology H(O*;A) is naturally isomorphic to the Steenrod
algebra A*. For some of them there exist explicit and manageable expressions in terms
of U;-products, which explains the success of Kristensen’s method. Moreover, Kristensen
computed the complete product formula (including the critical primary term ¢) for the
secondary cohomology operations associated to special series of relations, see 6.3.5 and 6.3.8.



(7) Here, we prove the Main Theorem 7.1.1: The Ochanine k-invariant is in fact a Brown-
Kervaire invariant. Using Kristensen’s method of cochain operations, we can compute the
critical term € in the product formula for ¢(zp*y) by a combination of the special cochain
operations (=homotopies) due to Kristensen, showing that the primary operation € obtained
by 'glueing homotopies together’ does not vanish for general spaces, but contributes vy o = 0
in our case of PSp(3)-HP?-bundles of 1-connected Spin-manifolds. As an application of
the Main Theorem, k vanishes if H*™*1(M;Z/2) = 0 (7.2.1), and is an invariant of the
Spin-homotopy type (7.2.2). This suggests the problem to determine all KO-characteristic
numbers which are invariants of the Spin-homotopy type (7.2.4).

(8) In section 8, we begin with part II of this thesis and consider also other manifolds
than Spin-manifolds. First we recall very shortly the two extreme cases for Brown-Kervaire
invariants: The most general case of Wu-bordism, and the most special case of framed
bordism. Then we compute in 8.2.1 the vanishing dimensions for the universal Wu class
in the bordism of immersions, generalizing (and proving) a statement in [22]. At last we
consider bordism theories with w;(§) = 0 for all ¢ < k with some fixed k& € N, where we
can assume that k is a power of two. In this case, we compute the vanishing dimensions of
the universal Wu class in 8.3.2, which applies for example to BO(2")-manifolds. We obtain
series 2n = 25Ttm 4 (2° — 2) of dimensions 2n (with s < r), where Brown-Kervaire invariants
exist, starting with the classical Kervaire invariant in the critical dimension 2° —2 (see 8.3.6).
At last, we generalize the construction of Brown-Kervaire invariants for Spin-manifolds by
the secondary cohomology operations of Brown and Peterson to the bordism theories 0P,
Using the canonical decomposition for Sq™™' (8.3.6), we construct in 8.3.7 again Brown-
Peterson-Kervaire invariants; the main problem consists here in proving that the quadratic
forms are defined on the whole middle-dimensional cohomology.

(9) The subject of section 9 are orientable manifolds, where Brown-Kervaire invariants can
be defined in dimensions 4m. Here, there exists a canonical quadratic refinement given by
the Pontrjagin square, being an unstable primary cohomology operation o : H*( ;Z/2) —
H?**( ;Z/4). We list the properties of o and recall the Theorem of Morita [45], which
says that the generalized Arf invariant of p is given by the signature modulo 8. By the
addition formula, the problem to determine all Brown-Kervaire invariants is reduced to the
computation of @ on H*(BSO;Z/2) and to the corresponding Z/4-valued characteristic
numbers for oriented bordism. We recall the relevant facts from the literature, i.e. the
computation of the oriented bordism ring, the cohomology of BSO with integer coefficients,
and the action of p on Stiefel-Whitney classes.

(10) In the last section, we consider the Brown-Kervaire invariants for BO(8)-manifolds in
some more detail. First, we give some background information on 0¥, In 8.3.4, we have
showed that the interesting dimensions are 2n = 16m + 6. The multiplicativity problem
for PSp(3)-HP?-bundles over Spin-manifolds suggests an analogous problem for F;-CayP?-
bundles over BO(8)-manifolds. Thus we recall some facts on CayP? and the cohomology of
BSpin(9) and BF}, giving in 10.2.5 the Leray-Hirsch Theorem for Fy-CayP?-bundles and
the total Steenrod square on the universal Leray-Hirsch generator. We consider only cer-
tain Fy-CayP?-bundles over BO(8)-manifolds as the tangent bundle along the fibres of the
universal F;-CayP?-bundle has no BO(8)-structure (see 10.2.6). Then we consider the mul-
tiplicativity problem of Brown-Peterson-Kervaire invariants for these bundles, which leads



by the quadratic sub-Lagrangian lemma again to the computation of ¢(xp*y). We compute
in 10.3.4 the product formula for ¢(zp*y) by our homotopy-theoretical method of section 5.
As a corollary, we obtain in 10.3.5 multiplicativity for almost complex basis manifolds, for
example. Then, we give some remarks on the application of Kristensen’s product formula,
and conclude with some conjectures concerning the generalization of our Main Theorem to
the case of BO(8)-manifolds.

(A) We included an appendix on quadratic forms and generalized quadratic forms defined
on Z/2-vector spaces, which seems to be not well-presented in the standard algebraic books
on quadratic forms. First, we consider the classification of symmetric inner products which
is given by dimension and type. Then, we define and classify non-degenerate quadratic
forms (values in Z/2), where the Arf invariant comes in. Because Z/2-valued quadratic
forms can only be defined for even type inner products, one generalizes them to Z/4-valued
quadratic forms which exist also for odd type inner products. But then, the generalization of
the Arf invariant takes values in Z/8. We prove a corresponding classification result A.3.7,
which seems to be not in the literature. In all three categories of symmetric / quadratic /
generalized quadratic inner product spaces, we consider also the stable classification and the
Witt ring classification. Furthermore, we prove in A.2.18, A.3.18 a sub-Lagrangian lemma
which we need for Spin- and BO(8)-manifolds (only the Z/2-case). At least in the Z/2-case,
this is well-known, but we did not find a good reference for it.

I would like to thank my advisor Prof. Dr. Matthias Kreck for his support and advice
during the work on my thesis and his trust in my mathematical abilities. It was his idea
to use HP2-bundles and integral elliptic homology for the examination of Brown-Kervaire
invariants for Spin-manifolds. I further thank Dr. Stefan Bechtluft-Sachs, Anand Dessai,
Rainer Jung, Prof. Dr. Wolfgang Liick, Prof. Dr. Stephan Stolz and Dr. Peter Teichner for
many discussions on this subject, and additionally Anand Dessai and Peter Teichner for
proof-reading, as well as Rainer Jung and the Max-Planck-Institut fiir Mathematik in Bonn
for the electronic computations of Stiefel-Whitney numbers in dimension 34 and supporting
computer time.



Conventions

In the following we will use some conventions and abbreviations in order to simplify the
notation:

e All manifolds we consider are smooth and compact. All maps between manifolds, and
all fibre bundles of manifolds are smooth.

e We set K,, := K(Z/2,n), an Eilenberg-MacLane space in dimension n with Z/2-
coefficients. If we take other coefficients than 7Z/2, then they are included in the
notation.

o We set H"X = H"(X;Z/2), singular cohomology of X with Z/2-coefficients. In the
same way, H,X := H,(X;7Z/2). If we take other coefficients than Z/2, then they are
included in the notation. We often use the identification H"X = [X, K] given by
fftn <> f, where [ , | denotes the set of homotopy classes of maps between spaces,
and ¢, € H"K, is the fundamental class, which corresponds to the identity map.
Sometimes, we take the direct product of the H"X, which we denote by H*X (for
example, the total Stiefel-Whitney class w lives in H*BO).

e H denotes the Eilenberg-MacLane spectrum with Z/2-coefficients. Other coefficients
A are denoted by HA. For spectra, |, | means the abelian group of homotopy classes
of maps between spectra.

e A* denotes the Steenrod algebra for Z/2-coefficients, and A™ the homogenous subspace
of degree n. The direct product of the A™ is denoted by A® (for example, the total
squaring operation Sq lives in A®). The canonical anti-automorphism of A* (and of
A*®) is denoted as usual by .

e S denotes the sphere spectrum; thus S° A X is the suspension spectrum of a space X.
e K denotes a Brown-Kervaire invariant with parameter h.

smn

e " : Z/n — Z/mn denotes the canonical injection i"(1) := m. We consider in
particular 73, 5 and .

e In the appendix, IPS stands for an inner product space. We consider symmetric,
quadratic, and generalized quadratic IPSs over the field Z/2.



1 Brown-Kervaire Invariants

The classical Kervaire invariant can be defined in the following way: Given a closed 2n-
dimensional framed manifold M with n odd, one constructs with the framing a quadratic
refinement ¢ : H"M — Z/2 of the cup-pairing U : H"M x H"M — 7Z/2. The Kervaire
invariant K(M) € Z/2 of M is then defined as the Arf invariant Arf(q) of the quadratic
form ¢. In fact, this gives a bordism invariant K : Qf — 7Z/2.

In [17], Brown generalized this construction to closed 2n-dimensional manifolds (for all n)
with a given &-structure, where € : B — BO is a fibration. But here one gets three difficulties:

1. A universal construction of the quadratic form for closed 2n-dimensional &-manifolds
works only for such ¢ which satisfy a certain condition, namely the vanishing of the
Wu class v,,+1(€) = 0.

2. In this case one further has to choose an element A in a universal parameter set an in
order to do the construction. This parameter set is an affine space with vector space
isomorphic to H™B, thus there is in general no natural choice for the parameter h.

3. The cup-pairing on a &-manifold is in general not even (there can exist elements = €
H™M with self-intersection z*[M] # 0). So one has to work with Z/4-valued quadratic
forms and gets a Z/8-valued Arf invariant.

Like the classical Kervaire invariant, Brown’s generalization gives a bordism invariant
K:Q5, x5, = 72/8.

In this section, we recall Brown’s construction, list some properties of his invariant, and give
then a short survey on further results like multiplicative properties and the connection to the
Adams spectral sequence. More details about Brown-Kervaire Invariants and most of the
following properties can be found in [17], [16], [18], [22]. The definition and some properties
of Arf invariants of Z/2- and Z/4-valued quadratic forms can be found in the appendix.

1.1 The Construction

1.1.1 In order to describe Brown’s construction, we first recall the definition of {-structures
on manifolds, see [63] (we consider here only differentiable manifolds, although Brown’s
definition also works for Poincaré complexes). Let ¢ : B — BO be a given fibration (with
B connected and of the homotopy type of a CW-complex). Roughly, a &-structure on a
manifold M is a lift 7 : M — B of the stable normal bundle v : M — BO over £. More
precisely, one has to choose an embedding M < RY (respectively M — R x RY~! such
that OM meets 0 x R¥~1 transversally, if OM # 0). We denote by v : M — BO the
corresponding Gauss map of the stable normal bundle. A homotopy lift v : M — B of v
is defined as an equivalence class of lifts of v over &, where ’equivalent’ means ’homotopic



over v’. If N is large enough, two embeddings are isotopic, with different isotopies being
themselves isotopic. As an isotopy between two embeddings gives a homotopy between their
normal Gauss maps, we get (by lifting this homotopy) a bijection between the two sets of
homotopy lifts, which is independent of the choice of the isotopy. Then a &-structure on
M is defined to be an equivalence class of homotopy lifts under these bijections. It can be
represented by a particular lift 7 : M — B. As we will consider only 7 and not v, we will in
the following write v for v in order to simplify the notation.

1.1.2 If ¢ : B — BO is a principal fibration with fibre an H-space G, then the set of &-
structures on M (if non-empty) is acted transitively and effectively on by the group [M, G].
For example, we have a tower BO(8) — BSpin — BSO — BO of principal fibrations with
classifying maps wy, wy and £

K(Z,3) —s BO(8)

!

K(Z/2,1) —s BSpin -2 K(Z,4)
!

K(Z/2,0) — BSO =% K(Z/2,2)
!

BO % K(Z/2,1)

which shows that

0 :

{orientations on M} ~ 5] M :)ftllerllfngs)e: 0
Spin-structures on M H'M if wo(M) =0
over a fixed orientation 0 otherwise
BO(8)-structures on M } H*(M,Z) if BE(M) =0
over a fixed Spin-structure 0 otherwise.

1.1.3 Now we come to the definition of Brown-Kervaire invariants. These turn out to be
invariants

K:Q5, x5, —17/8

of the bordism theory Q¢ of &-manifolds, which is associated to the fibration ¢ : B — BO,
and by the Pontrjagin-Thom construction is given as 7w, M¢ with M¢E the Thom spectrum of
the stable bundle ¢ (see [63]). Here Q5,, denotes the set of parameters

Q5, = {h € Hom(mon(ME NK,),Z/4) | h(Ne) = 2},

where K,, :== K(Z/2,n), and where the stable map \¢ : S*" — S'AK,, = ME{AK, is induced
by the non-trivial map in 73, (K,,) = Z/2 ([17]). For a 2n-dimensional {-manifold M?" Brown
defined K} (M?"), which we call the Brown-Kervaire invariant of M*" with parameter h, as
the Z/8-valued Arf-invariant of the Z/4-valued quadratic form

gt H'M? = (M2 K, 55 [SCA M2, SONK,] S [S™, MuAK,] % [S™, MEAK,] 2 Z/4.

Here the first map 3° is the stabilization map, which associates to each unstable homotopy
class between spaces its stable homotopy class between the suspension spectra. This is the
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non-linear part in the composition. The second map S is the S-duality isomorphism for the
suspension spectrum S° A M?" and the Thom spectrum of the stable normal bundle Mv; for
any two spectra X, Y it is defined with the Thom map ¢ : 3?*S° — Mv and the diagonal
A: My — Mv A M2" as

S [MIAX,Y] = "X, Mv AY], S(f) == (1ar A F)((AL) A 1x)

and is an isomorphism ([64]). The third map v, is induced by the &-structure v : M*" — B
on M?" which gives a corresponding map between the Thom spectra Mv and M¢. Now we
can write down the definition of the Brown-Kervaire invariant Kj; with parameter h, and a
further invariant ¢, 5, with x € H"B:

Kn(M?) = Arf(q, : H*M*>" — 7Z/2) € 7/8,
Qen(M?") = qu(v'z) € 7/4.

We refer to the appendix for the definition and properties of the Arf invariant Arf and its
generalization Arf. To prove that the map ¢ is a Z/4-valued quadratic refinement of the
7Z/2-intersection pairing H"M?*" x H"M?*" — 7Z/2, i.e.

(x4 y) = gn(x) + qu(y) + is(xy),
Brown showed that:

1.1.4 Theorem: (Brown [16], [17]) (i) The Postnikov tower up to dimension 2n of the
suspension spectrum S A K, is given by

SONK,
2 L, F
b
sop S yemeg

where H is the Filenberg-MacLane spectrum for 7Z./2-coefficients, E is the fibre of the map
Sqmtl € [SnH, Y2 H] = A" and pj € [S°AK,,X"H| = H"K,, is the fundamental class.
(ii) For a 2n-dimensional CW-complex X*", one has a short exact sequence

=1 .
0 — H"X?" 2= [SO A X?", 8O A K, ] =5 H' X" — 0,

where j, : [S° AN X?" SOANK,] — [SO A X? E| is an isomorphism and the stabilization map
YO HMX? = [ X2 K] = [SOA X SO A K, satisfies

Sz +y) = X(2) + y) + i lin(ay).

1.1.5 We recall from [14] the definition of the total Wu class

() =14+v1(§) +v(é)+...€ H*B := HHiB

11



of the stable bundle £ : B — BO: First, we have for the total Stiefel-Whitney class w(§) =
£*w € H*B by a result of Thom (see [44]) that
w(S)U5 = Sq U&,

where Sq := 14+Sq¢' +S¢*+... € A® :=[]; A" is the total squaring operation, Us € H'M¢ the
stable Thom class, and * € H*B + zU; € H*M¢ denotes the stable Thom isomorphism.
Now, for any closed manifold N its total Wu class vy € H*N is defined by Poincaré duality
as the ’eigenvalue of S¢’, i.e.

(vyzx, [N]) = (Sq(x), [N]) for all z € H*N,

where [N] € HgyimnyN denotes the fundamental class and (, ) the Kronecker pairing. If N
has {-structure v : N — B, it holds by a result of Wu ([44]) that

oy = v Sq (w(€) ™),

where Sqg=! € A® denotes the multiplicative inverse of the element Sq in the non-abelian
group of units of A*. We remark that we have to take in the formula w(£)~! instead of w(&) as
we consider normal structures. The map Sq~' : H*( ) — H*( ) gives an automorphism of the
cohomology ring (as Sq does); moreover, it holds Sq¢~! = x(Sq) with x : A* — A* denoting
the canonical anti-automorphism of the Steenrod algebra, in particular x(af) = x(5)x(«)
(these two properties characterize x). Thus one defines the total Wu class of & by

v(&) = x(Sg)(w(©)™") = (x(Sa)(w(€))) ™,

which gives vy = v*v(€). Furthermore,

v(§)Ue = x(Sq) U,
because it holds Us = x(5¢)Sq U = x(Sq)(w(§)Ue) = x(Sq)(w(§)) - x(Sq)Ue.

1.1.6 Theorem (Brown [16], [17]): (i) For all h € Q5,, the map qu is a quadratic
refinement of the cup pairing. The parameter set an is non-empty iff the Wu class v,41(§)
vanishes. In this case, it is an affine space for the vector space H"B, and one gets for the
corresponding quadratic forms on a &-manifold M>":

Gorn(y) = i3 (V" (x)y, [M*")) + qu(y) ~ forz € H"B, y € H"M™, h € Q5,.
(i) The Brown-Kervaire invariant K, and the invariant g, are bordism invariants

K : an X an — Z/87
q: H'Bx @5, xQ5, — 7Z/4

Proof: Since not all statements are formulated in this way in the references, we give a short
proof: By Brown’s theorem 1.1.4, we get for a {&-manifold M of dimension 2n a commutative
diagram with exact rows

0 — H™M 5 [S°AM,.,SAK, 25 H'M — 0
ls ' ls Is

0 — HMv =  m,(MvAK,) 2 H,Mv — 0
\l/V* \l/V* ‘LV*

n+1 .
HooaMe %5 HoME = m(MEANK,) 25 H,ME — 0

12



For h € Q5,, 1.1.4 (ii) shows that g, = h1,SX° is a quadratic refinement of the cup pair-
ing. As A\¢ = t.ue where ug € HoM¢ is the generator (dual to the Thom class Ug), the
condition h(A¢) = 2 for the parameter h can be satisfied iff u¢ is not in the image of the
map Sq"™!. Dualizing this and using a result of Thom that the dual of S¢"™' is given
by the map x(Sq"™) : HOM¢ — H™ I ME, one sees that this is equivalent to the vanish-
ing of x(Sq¢"™)(Ue) = vny1(€)Ue. Obviously, @5, is an affine space for the vector space
{h € Hom(mo,,(ME& N K,,),Z/4)|h(A¢) = 0} which by the third exact row and the Thom
isomorphism is isomorphic to Hom(H,M¢,7./4) = H™B. The operation of H"B on Q5,, is
explicitely given by
(v + h)(a) = i4{aUg, pa(a)) + (o)

for x € H'B, h € @5, and a € ma, (M& A K,,); this shows (i). For (ii), the first statement is
proved in [17] (a zero-bordism gives by Poincaré-Lefschetz duality a Lagrangian of ¢), and
the second follows by anticipating the first addition formula in 1.2.4, which is a consequence
of the corresponding algebraic fact A.3.12. m
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1.2 Some Properties

We list some properties of the Brown-Kervaire invariant K and the invariant ¢ which follow
directly from the definition. Almost all properties can be found in [17] or [22], with the
exception of the naturality lemma 1.2.1 (which is trivial), of the last two addition formulas
in 1.2.4, and of its corollary 1.2.5 (which all directly follow from the corresponding algebraic
facts A.3.12, A.3.13). The simple result 1.2.5 will be used in 2.2.7 to prove the existence of
two different Brown-Kervaire invariants for Spin-manifolds in dimension 34. Moreover, we
give a proof for a non-trivial unproved statement in [22], see 1.2.3.

First we have naturality in the following sense: Let B % B’ % BO be a factorization of ¢
and denote the induced maps by H"B & H"B’ and

05, 2505, Q5 < Q5.

1.2.1 Lemma (Naturality): Let M € Q5,, ¥ € Q5, and 2’ € H"B'. Then:

Ka*h’(M) — Kh,(a*M) and Qa*z’,a*h’(M) = qx/,h/(a*M).

With the classification result A.3.7 in the appendix, we can give a simple criterion when our
invariants are Z/2-valued:

1.2.2 Lemma: Let v,1(§) = 0. If the middle dimensional Wu class also vanishes,

then the pairing is even and q, : H"M** — 7Z/4 takes values in Z/2 C Z/4; in this case
Ky (M) is the ordinary Z/2-valued Arf-invariant of the quadratic form qn. In particular,
K and q take then values in Z/2 C Z/8, respectively 7./2 C Z/4.

1.2.3 Remark: In fact, a stronger result holds, which is stated in [22] but without proof:

Let v,11(§) = 0. The exact sequence 0 — 7Z/2 BN Ton(ME N K,) 2 H,B — 0 is split iff
v, (€) = 0.

Actually, this can be proved with a result of Kristensen in [36], p.139, which says the follow-
ing:

For the cohomology theory E* associated to the 2-stage Postnikov-system of spectra
E— H - yiH
with k-invariant k € A = [H,X2H], the extension in the long exact sequence
o HUX B gl BX s HEX S B

for any space or spectrum X is detected by k(k) € AT
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Here, r : A* — A*~! is the Kristensen derivation in the Steenrod algebra (see [33]); and
‘detection’ means, that ¥ € E*X mapping to x € ker(k : H*X — H**?X) has order 2 if
k(k)(x) € im(k : H'X — H*™1X), and order 4 otherwise.

Now, the statement above follows with k = Sq¢"*! from x(S¢"™!) = S¢" (see [33]). m

By definition, the maps K and ¢ are linear in the last variable M € QS,, but not in the other
variables h and x, where the dependence is given as follows:

1.2.4 Lemma (Addition formula): Let M € Q5. h € @5, and 2,y € H"B. Then we

have: ‘
Koin(M) = Kp(M) — 3¢ (M)

Gotyn(M) = qea(M) + qn(M) + izzy[M]
Goysn(M) = qua(M) + iszy[M].

The first formula follows directly from the addition formula A.3.12 in the appendix, and the
other two by the definition of ¢, » and the quadratic property of ¢, : H"M — Z/4. We have
shortly denoted the H* B-characteristic number (v*(z),[M]) € Z/2 for z € H*"B by z[M].
As in the appendix (A.3.13), the first two formulas have an important consequence:

1.2.5 Corollary: Let M € Q5,, h € Q5, and x,y € H"B. If xy[M] # 0, then at least one
of the three Brown-Kervaire invariants Kqip, Kyin, or Koy is different from K.

In particular, it is to some extend possible to measure the non-triviality of Brown-Kervaire
invariants by characteristic numbers of the form zy| |.

Finally, we have the following formulas for the mod 2 and mod 4 reductions of our invariants
K and ¢, which can be expressed by characteristic classes (see A.3.10):

1.2.6 Lemma (Reductions mod 2 and mod 4): We have:

Kp(M?) = gy, n(M?") mod4
Gn(M?™) = 22)[M*] = vz[M*™) mod?2
Kn(M*™) = o}[M*] = rank(H"M?") mod2.

We remark also the well-known connection of rank(H"M?") to the Euler characteristic and
the signature of M?", which is given by rank(H"M?*") = x(M?") mod 2; and for M*" ori-
ented, y(M?") = sign(M?") mod 2 (in particular, = 0 for n odd).
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1.3 The Product Formula of Brown

In [18], Brown considered the problem to compute his invariants K on a product M x N of
two manifolds. In order to solve this problem, he introduced a new bordism theory, which we
call strong Wu-bordism. In difference to Wu-bordism, which is the universal bordism theory
for his invariant K}, and defined by manifolds with a 'trivialization of the Wu class v,1,
strong Wu-bordism is defined by simultanous ’trivializations of all Wu classes v;, © > n+ 1’
and is not further universal for Kj,.

As his product formula lives in this bordism theory, one has to be careful to get applications
of his results for other bordism theories. In particular, we will need for Spin-bordism the
property that K,(M®™ x St x ST) = sign(M®™) mod 2 for all Brown-Kervaire invariants
of (8m + 2)-dimensional Spin-manifolds (2.2.3). This is stated in [48] by referring to [18]
without further comments. We now give a survey on the product formula of Brown in [18]
and show in more detail, how to obtain this and similar results from his formula.

1.3.1 First we recall that Brown-Kervaire invariants exist on an iff v,41(&§) = 0. This
restriction comes in, because we want to construct a universally defined quadratic form on
H"M?" for all closed &-manifolds M?".

We can also do this individually: For each closed manifold M?" we have
Uny1(Var) = Vg1 (M) =0

with vy : M?* — BO the stable normal bundle. Thus we always have Brown-Kervaire
invariants K, in dimension 2n for the bordism theory Q5% associated to the normal bundle;
actually, the parameter set Q5% can here be identified in a natural way with the set of all

Z/4-quadratic refinements on H"M?" ([17], see also 1.1.4 (ii), A.3.1).

But this does not imply the existence of Brown-Kervaire invariants on unoriented bordism
QF.. In fact, the condition v, = 0 is here never satisfied because v,,1; € H*BO is non-zero
for all n (consider RP?(+1)),

The universal bordism theory which satisfies the condition v,,+1(€§) = 0 is called Wu-(n+1)-

(Vn41)

bordism s . It is constructed from BO just by killing v, 1, i.e. we take

f = Divpya) - BO<"Un+1> — BO

as the pullback of the path fibration PK,,; — K, by a map v,.1 : BO — K, realizing
the universal Wu class v,y € H""'BO. We denote a D) -structure on M also as a
Wu-(n + 1)-structure, which should be considered as a trivialization of v,,1. Then for any
bordism theory Q¢ with v,,1(£) = 0, there exists a lift of £ : B — BO to BO({v, 1), and the

Brown-Kervaire invariants on 5, factor over those of Qg{”ﬁ (see also 8.1.1).

Now, for two closed manifolds M?™ and N*" with a Wu-(m + 1)-, respectively a Wu-(n+ 1)-
structure, there seems to exist no natural way to define a Wu-(m + n + 1)-structure on the
product M?™ x N?". But this can be done - after certain universal choices, again - if one
strengthens the definition of a Wu-(n + 1)-structure.
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1.3.2 Thus, Brown defined in [18] a stronger version of Wu-(n + 1)-bordism, which we
therefore call strong Wu-(n + 1)-bordism Qfuil=n, Here, we kill not only v,.q, but all v;
with ¢ > n; i.e. we take the pullback

D, |i>ny : BO(v; | i > n) — BO

of the path fibration [[;~,, PK; = [[;», K; by amap (v;)i>n : BO — [I;s, K; realizing all Wu
classes v; € H'BO, i > n. If M is a closed manifold of dimension d, we have v;(M%) = 0 for
all i > ¢ showing that M? has always strong Wu-(n+1)-structures for n+1 > ¢, which should
be considered as a choice of trivializations for all v; with ¢ > %. Since BO(v; |i > n) — BO
is a principal fibration, the set of these structures on M? is an affine space with associated
vector space

(M T QK] = é H'M".

i>n i=n

If n = [2] (integer part of 4), we speak shortly of a strong Wu-structure on M*.

1.3.3 As an example, the sphere S¢ has exactly two strong Wu-(n + 1)-structures for 0 <
n < d, and one otherwise. The standard trivialization of the stable normal bundle rga
(for the Standard embedding S¢ C R*!) gives a stable bundle map V : vga — 7ypo over
the constant map S¢ — BO. Now, let g : S¢ — BO(v;|i > %) be induced from the
generator of 74Ky = 7Z/2 in the fibre [],. d QK;. Then V and g define a strong Wu-structure

U: 5% — BO(v;|i > %). According to [18], we call
S = (54,U)
the d-sphere with the non-trivial strong Wu-structure.
1.3.4 As the total Wu class v € H*BO is multiplicative,
v =vRwv,
with @ : BO x BO — BO denoting the Whitney sum, we can & lift to a map
w: BO(; | i >m) x BO(v; |i >n) — BO(v;|i > m+ n),
defining a product for the associated bordism theories which we also denote by pu:
[ Q{(;;i li>m) o Qévi|i>n> . Qﬁz‘)i>m+n>-

This is the first step in the direction to the product formula; but we remark, that the lift u
of @ is not unique, which later will play a role.

1.3.5 Next, Brown generalized his construction of the quadratic form g, : H"M?*" — Z/4
for a closed 2n-dimensional manifold with a Wu-(n + 1)-structure to a series of maps
- Z/4, ford=2i
d i) rd )
S H'M —
()% {Z /2, otherwise

for closed d-dimensional manifolds with a strong Wu-structure. Here the index (h) indicates,
that these maps also depend on the choice of certain universal parameters (remark: ¢¢ is in
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[18] denoted by ¢¢). For the construction, we recall that g, was defined as g, = hf, where
0 : H"M?" — 79,(ME& A K,,) denotes the map (1.1.3)

0 H" M = M2 K,] 25 [S° A M2 SO A K, S5 [S2 My A K, 25 [S™, MEA K,
Now, Brown considers for M? as above, with V' being its strong Wu-structure, the map

0 HM? = [M?, K] 3 [SOA ME SO AK] S (8% My A K5 [S4MOW 129 A K.
According to [18], we abbreviate the last term by

G4 = my(MOW1™>2) A K,

)

and remark, that the cup-product U K; x K; — K;; and the product p define a product
pe: GP @ G — G?r;” The maps ¢ = h)qZ above are then defined by

d._ pd
q; == h;0,
where one has to choose homomorphisms (‘universal parameters’)

B Gl Z/4, ford=2i
Z]2, otherwise.

We recall, that h2” is just a universal parameter h = h?" € Qs il >n) for a Brown-Kervaire

invariant on Q5" >n) , iff the condition h(\,) = 2 is satisfied (A, € G** = Z/2 the generator),
since then g, = hf is quadratic. The following theorem of Brown generalizes this to all ¢¢:

1.3.6 Theorem (Brown [18]): There exists a choice of liftings . and parameters he, such
that
() _ (Sq z)[M1] ifi >4
’ (Sqm)[ 4 mod 2 ifi=4
d

¢ (x) + ¢i(y) ifi <3
qz( )+ af(y) + iy wy[M?] ifi=
for all closed d-dimensional manifolds M? with a strong Wu-structure, and x,y € H'M¢?.
Furthermore, define the ring A by

¢z +y)

NN

ZJAlt, oy, | k € N]
Qg — 2, 2t, Zak, Qg tOék — 1

A=

and a map q: H*M? — A by

q(x) = Qd/z )+ Z g (x)t* "+ Z g (x) g

z>f i<%
Then we have for all xt @ y € H*(M x N) that

q(z ®@y) = q(x)q(y),

where we take on M X N the product of the two strong Wu-structeres on M, N defined by p.
Moreover, each choice of the parameters h*" with h*"(\,) = 2 for all n € N can be uniquely
extended to a choice of all (u, he), giving these equations for the functions qf.
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1.3.7 Remarks ([18]):
(i) Of course, the term qdd/2(x) is defined to be zero for d odd.

(ii) The ring A is obtained from G := @,; G¢ by dividing out the largest ideal possible
without losing the quadratic property of ¢q. In fact, the main work in [18] consisted in
analyzing G and the product ..

(iii) The statement in 1.3.6 about the choices of (u, h¢) in dependence on h?" can be found
in [18] on p.299 and p.307.

1.3.8 In the last step, Brown introduced numerical invariants o (M%), k € N, of the function
q: H*M? — A, where 0o(M?) € Z/8, and oy (M?) € Z/2 for k > 1:

Arf(¢2"), for d =2n
d — n /o
oo(M7) = { 0, otherwise
opr(MY) = Arf(Qy : VF(M?) — Z/2) for k > 1,
with Q and V*(M?) defined by
HM*e H= M, ifd—Fk=2i
k(gdy — ’
VEQME) = {0, if d — k is odd
Qu(z,y) = gi(x) + (Sqy)[M] + zy[M],

which turns out to be a non-degenerate quadratic form Qy : V*(M?) — Z /2.

In particular, oq(M?") is just the Brown-Kervaire invariant Kj, : Qfvilizm Z/8 with
parameter i = h?". Using 1.3.6, Brown proved the following product formula:

1.3.9 Theorem (Brown [18]): For all n € N, let h?" be chosen with h**(\,) = 2, and
let (i1, hd) be the liftings and parameters giving the unique extension of the h2" in the sense
of 1.3.6. Let M™ and N" be two closed manifolds with strong Wu-structures, and take on
M™ x N™ the product strong Wu-structure defined by p. Then the invariants oy, k € N,
(defined by the h) satisfy:

oM™ x N*) = ao(M™)op(N") + i Sz ou(M™)or(N7)),

op(M™ x N™) = ao(M™)op(N™) + o (M™)oo(N™).

1.3.10 Remarks:
(i) The product formula above can also expressed more elegantly in a ring A ([18]) by

S(M™ x N™) = S(M™)S(N"),
where the ring A and the invariant ¥(M) € A are defined by

A= Z/8[ak|k21]
" 2ay,a; — 4, apa; (k#1)’

S(M) = oo(M) + Y or(M)ay.

k>1
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(ii) In particular, oo(M™ x N™) is in general not the same as oo(M™)oo(N"™); and the
Brown-Kervaire invariants K, behave in general not multiplicative. As an example, we have
00(S™) = 0 since there is no middle dimensional cohomology, but we will see in 1.3.12 that

00(S7 x S7) = 4 € /8.

(iii) In [18], a strong Wu-structure on M? is called preferred, if ¢ : H*M? — A vanishes
on H'M? for all i < g. In this case it holds that o;,(M?) = 0 for all k£ > 1. There always
exist preferred strong Wu-stuctures on each M9, which differ by the trivializations of v,(M¢)
where s 1= [g] + 1, i.e. they form an affine space with associated vector space H*M?. For
example, the preferred strong Wu-structure on S¢ is the trivial one. The product of preferred
Wu-structures is again preferred, and it holds then oq(M™ x N™) = go(M™)oo(N™).

(iv) Furthermore, all constructions and the results 1.3.6 and 1.3.9 are not only valid for
strong Wu-structures. In fact, Brown in [18] carried out the construction of BO(v; |i > n),
0, ¢! and oy not only for BO, but for any classifying space B with respect to the only
restriction, that Whitney sums @ : B x B — B exist in order to construct the liftings

p: B(vi|i>m) x B{v;|i >m) — B(v; |i > m+ n).

For example, we can also take BSO, BSpin, BPL, ... instead of BO ([18], p.296). We call
then a lift
V:M*— By |i > %)

a strong B-Wu-structure on M?. In the case of oriented bundles (in the usual sense, for
example BSO), Brown obtained additionally to 1.3.6 and 1.3.9 using a Theorem of Morita
([45]) the following:

1.3.11 Theorem (Brown [18]): If the bundles with B-structure are oriented and hence

M? has an orientation class [M9] € Hy(M%Z) via its B-structure, then we can for all

d = 4m choose h3™ such that g3 (x) = o(x)[M*™]; here o denotes the Pontrjagin square. It
holds then
oo(M*™) = sign(M*™) mod 8.

We refer to section 9 for the definition and properties of the Pontjagin square and the
Theorem of Morita. Brown showed also the following results using the definition of o, and
1.3.9:

1.3.12 Theorem (Brown [18]):
(1) If k > d or d — k odd, then it holds o(M?) = 0.

(2) If d — k = 2i and k > 1, then it holds o,(M?) = qd(v;(M?)).
(8) If k > 1, then it holds i§(or(M®)) = 00(S* x M%),

(4) It holds o,(SF) = 1, 0o(S* x SF) = 4, and 04(S* x RP?™) = 1.
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(5) If the Wu classes v;(M) vanish for i > 0, and if the A-valued quadratic form on M
satisfies gy (1) = 0 € A, then it holds oo(M x N) = ao(M)x(N).

Now we come to results which are not in [18]. With the product formula 1.3.9 and 1.3.12,
we obtain:

1.3.13 Proposition:
(1) The invariants oy, k € N are for each choice of (u, hd) as in 1.3.6 invariants of strong
B-Wu-bordism, 1i.e.
 ~B(v; |i>n) 7/8 fork=0
ok S - { Z]2 otherwise.

If we set Wu(B)y := @pen QWM hen S in 1.5.10 (1) gives a ring-homomorphism

Y Wu(B), — A.

(2) For all M and N with strong B-Wu-structures and k > 1, we have

O'k(NXN) = 0
oo(M x N x N) = oo(M)og(N x N).

In particular, oo(M x S™ x S*) € {0,4}; and if B-bundles are oriented and M*™ is of
dimension 4m, we get with the choice of hy™ as in 1.3.11 that
1

EJO(M‘“” x S™ x Sm) = sign(M*™) mod 2.

Proof: (1): We already have seen that oy is a bordism invariant, as it is the Brown-Kervaire
invariant with parameter h?". The bordism invariance of o, k > 1 follows then by 1.3.12 (3).
The multiplicativity of ¥ : Wu(B). — A is just the product formula. (2): The vanishing of
(N x N), k > 1 follows from the product formula, which gives then also oo(M x N x N).
For ag(M x S™ x 87), we use 0o(S™ x S") = 4 (1.3.12) and o(M) = sign(M) mod 8 (1.3.11).
(Another proof for this can also be given with 1.3.12 (5).) m

1.3.14 At last, we consider the initial problem to get product formulas for Brown-Kervaire
invariants in a bordism theory € associated to ¢ : B — BO. Even if B has Whitney sums
and v,1(£) = 0, we cannot expect to have a lift Q% — QBwilizn) ¢ strong B-Wu-bordism,
since in general it does not hold that v;(§) = 0 for all i > n + 2. (For the ’classical’ bordism
theories in [63], this holds only in the case of framed bordism QF.)

We only have a map in the other direction
p: . QB(Ui\i>n) N QB _ QE’
which is induced by the projection map p™ : B(v;|i > n) — B and is an epimorphism in

dimensions x < 2n. This holds, because any é&-manifold M in this dimensions has a strong B-
Wu-structure over its &-structure as v;(M) = 0 for all ¢ > 2dim(M). Under the assumption
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vni1(€) = 0, there exist a Brown-Kervaire invariant K}, for QF with parameter h € QF . and

v | i>n)

by naturality 1.2.1, Kn+j, is a Brown-Kervaire invariant for Qf,f with parameter p™*h.

Suppose now that we have v,,11(§) = vy11(§) = Umans1(§) = 0, and choose parameters
h € ng, h, € an, and h,,., € Qg(m+n) (if m = n, we choose the parameter h,, only
one times, of course). According to 1.3.6, we can extend this to a choice of (u,h?) with
h%** = p®h, for a € {m,n,m + n}, such that the product formula 1.3.9 holds in strong
B-Wu-bordism. By definition, we have

Kpp? =00 : Q17— 7,/8

for a € {m,n,m+n}. Now, let M?™ N?" € Qf and choose strong B-Wu-structures U,V on
M, N lying over their &-structures. Then 1.3.9 gives

Ky, ., (M*™ x N*™) = oo((M*™,U) x (N*",V)) =

= K, (M°™) K, (N*") + i5( S o (M?™, U)o (N*, V).

k>1

1.3.15 As an application, we consider the case B = BSpin of Spin-bordism, where we will
see in 2.2.1 that vy,42(BSpin) = 0. Hence there are Brown-Kervaire invariants in dimension
8m + 2, which moreover are Z/2-valued as also vgy,11(BSpin) = 0:

Ky, - Qe — 72 C /8.

Furthermore, the non-trivial strong Wu-structure of S is nothing but the non-trivial Spin-
structure, and we obtain with 1.3.13 the property stated in [48]:

1.3.16 Proposition: For all h € ngﬁQ and M € ngjﬁz, it holds

K (M®*™ x ST x ST) = sign(M®™) mod 2.
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1.4 Connection to the Adams Spectral Sequence

We consider now the connections of Brown-Kervaire invariants to the Adams spectral se-
quence, which was firstly examined by Browder [14] in the case of framed bordism, and then
generalized to other bordism theories by Cohen, Jones and Mahowald [22].

This generalization was in [22] applied to the bordism theories of codimension-1 immersions,
respectively to oriented codimension-2 immersions, proving certain results for the stable
homotopy groups of spheres.

In our case of Spin-manifolds, I have seen no good application; so I included this subsection
only for the sake of completeness (see 1.4.9).

1.4.1 We recall the Adams spectral sequence (always with Z /2-coefficients) for the bordism
theory Qf, which comes in by the Pontrjagin-Thom isomorphism Q¢ = 7,M¢ (given by
M® s tya, where tya 1 2450 — ME denotes the stable Thom map of M?):

Exty (H*M¢,7,/2) = By — B3 = Gry(ym-sM¢).

In particular, we get on QS the Adams filtration of m,M¢, which we denote by AF( ). Thus,
we have AF(M) > s iff all functional higher order cohomology operations, of order < s and
defined with ¢, € m, M¢, vanish on H*M (see [1], [40]). Hence AF (M) > 0 for all M € Q,
and AF(M) > 1 iff all H* B-characteristic numbers vanish for M, i.e M lies in the kernel of
the stable Hurewicz homomorphism

h:mn.M¢— HME.

1.4.2 As a corollary of the addition formulas in 1.2.4, we have for AF(M) > 1 that
Ko (M) = Kn(M) = i5(q0(M))

is independent of h and depends linearly on z, because all characteristic numbers zy[M]|
vanish. Moreover, by 1.2.2, we have K (M) € Z/2 C Z/8 and ¢, ,(M) € Z/2 C Z/4.

The connection of Brown-Kervaire invariants to the Adams spectral sequence was examined
by Cohen, Jones, and Mahowald in [22]; their results generalize the methods of Browder
([14]) in his study of the Kervaire invariant for framed bordism Qf = 72"

1.4.3 We recall the main result in [14], where Browder showed, that the Kervaire invariant

m

vanishes for 4m + 2 # 2" — 2, and is non-trivial for 4m 4+ 2 = 2" — 2 iff the element
h2_, € Ext3? (Z/2,7,/2) in the Adams spectral sequence for 73 survives to Ea:
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Here, h; € Exti{fi(Z/Q,Z/Q) corresponds to the indecomposable generator Sq* of the
Steenrod-algebra. According to Adams [1], h; survives to F., iff there exists a map

i+1_ i
52 1 SQ

of Hopf invariant one. Moreover, this is the case iff ¢ = 0, 1, 2, 3, where such maps are given
by the Hopf fibrations

2:8" —8 8P —85% v:ST—8 g:5P 68

constructed with the division algebras R, C, H, and Cay. The analogous problem for the
elements h?_ | is just the Kervaire invariant one problem. It is conjectured, that all h2
survive to F.,. This is known to be true for r — 1 =0, 1, ..., 6, but unknown for r — 1 > 7.

Browder showed this by factoring the Kervaire invariant over Wu-bordism (1.3.1, 8.1.1),
where it is in the Adams spectral sequence represented by certain functional secondary
cohomology operations, hence detecting only elements of Adams filtration < 2.

S. Stolz pointed out to me the well-known fact, that this implies by universality of Wu-
bordism the vanishing of Brown-Kervaire invariants for manifolds of Adams filtration > 3:

1.4.4 Theorem (see [14]): Let v, 1(€) = 0, and M € Q5, with AF(M) > 3. Then
Kn(M) and g, ,(M) vanish for all h € @5, and © € H*B.

1.4.5 Now we come to the main technical results in [22], generalizing the results of Browder:
Consider for n € N the following cohomology operation ¢", where X denotes any space or

spectrum:
n

Q"= ZSq”“*" ; @H*”X — X
i=0 i=0
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We recall from [46], that for a map f : Y — X, one can define the functional primary
cohomology operation

@ ker(p", f*) — coker (", ),

where
ker(o", f*) = {z:= (20, ..., 7n) €E By H'X | p"(x) =0 and all f*z; =0},
n * — *+n .
COkeT'((,O s ) = H Y/<¢n(®?:0 H*—l—i-zy) + Im(f* - gt N H*+”Y))

Furthermore, we define for z € H"B the element & € @}, H"™M¢ by

7= (2Ue, 2vi(QUe, ..., 20, (§Ue),

where the multiplication with Ug denotes the stable Thom isomorphism H"B = H"M¢, of
course. Then we have:

1.4.6 Theorem (Cohen, Jones, Mahowald [22]): Let v,.1(€) = 0, h € Q5,, and
MeQ5,.

(1) For all x € H"B, it holds ¢"(z) = 0.

(2) If AF(M) > 1, then the functional operation o}, (T) € Z/2 is well-defined, and it holds

Qop = i (@?M (53)) :

In particular, we recover 1.4.2, saying that for AF(M) > 1, q. (M) is Z/2-valued and
independent on the choice of h.

1.4.7 Corollary: Let v,,1(£) =0, and M € Q5, with AF(M) > 2. As we can express g,
by the functional primary operation } (), it vanishes for all x € H"B and h € an Thus
by 1.2.4, Kn(M) € Z)2 C /8 is independent on the choice of h € Q5,,.

Now, we consider K. Let H be the cofibre of the map S — H of spectra corresponding to
the generator of HYS? = Z/2, and let d be the boundary in the long exact sequence

o T ME — i (H AME) —s m (HAME) -2 1 1 ME—> ...
induced by the cofibration M¢ = SO A ME — H A ME — H A ME.
Furthermore, let 2" € H™i(H A ME) be the element

g= ) (XS @ vs(§)vp (U,

s+t=i, p+q=n-+1

and 2"(€) == (27,...,2") € @Iy H""'T{(H A M¢). Here, we have identified H*H with the

o)

augmentation ideal A™ := @, A’ of the Steenrod algebra A*.
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1.4.8 Theorem (Cohen, Jones, Mahowald [22]): Let v,.1(£) = 0, h € Q5,, and
M e Q5.

(1) In H*(H A ME), it holds ¢"(z"(£)) = 0.
(2) If AF(M) > 2, then K,(M) # 0 iff there exists an element 3 € mon1(H A ME) with

OB)=tu and  ¢5("(£)) # 0.

1.4.9 Actually, these results of Cohen, Jones, Mahowald have found no application in this
thesis, because for our main subject of Spin-manifolds, one has in the interesting dimensions
8m + 2 that either AF (M) =0 or AF(M) > 2, see 2.1.16. But AF (M) = 0 is the difficult
case, where 1.4.6 and 1.4.8 cannot be applied; and for AF(M) > 2, 1.4.8 could be applied;
but in this case Ochanine obtained a sharper result (see 2.2.4).
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Part I:

Brown-Kervaire Invariants of

Spin-Manifolds
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2 Spin-Manifolds

In this section, we start considering Brown-Kervaire invariants of Spin-manifolds. We first
give some background information on Spin-bordism, which was computed by Anderson,
Brown and Peterson [6]. Then we consider Brown-Kervaire invariants and generalized Ker-
vaire invariants, which were defined by Ochanine [48]. As a new result, we show in 2.2.7 the
existence of at least two different Brown-Kervaire invariants in dimension 34. Then we re-
call the construction of Brown and Peterson [20], [21] of some Brown-Kervaire invariants by
certain secondary cohomology operations, which we therefore call Brown-Peterson-Kervaire
invariants. At last, the addition formula of these invariants leads us to generalized Wu
classes.

2.1 Spin-Bordism

We now describe the results of Anderson, Brown and Peterson on the Spin-bordism ring.
As references, we used [6], [5], [4] and the book of Stong [63].

2.1.1 First, we need H*BSpin and H*M Spin as modules over the Steenrod algebra A*.
We recall the principal fibration

B7./2 — BSpin -2+ BSO

with classifying map ws : BSO — Ks, obtained by applying the B-functor to the central
extension Z/2 — Spin — SO and BZ/2 = RP* = K; ~ QK. From this it follows at once
that p induces an isomorphism in cohomology with Z[%]—coefﬁcients, which gives then also

. 1 1 1
QFrin @ 7121 =2 050 @ Z[=] = Z[=|[M*, M8, ..].
2 2 2
For 7 /2-coefficients, we apply the Serre spectral sequence to BSpin — BSO — K. With

H*Ky =7/2[Sq 15| I = (271,..,2,1),r > 0], one gets (see also [63]):

2.1.2 Proposition (Thomas [66]): The map p* : H*BSO — H*BSpin is surjective with
kernel the ideal generated by Sq'ws, where I = (2771,...2,1) and r > 0 (with Sq' := 1 for
r =0). In particular, there is an isomorphism of algebras

H*BSpin = Z/2[wy |k #1,2" +1, 7 > 0]
— 22w |alk—1) > 2]
= Z/2[w47w67w77w87w107 ]7

where a : N — N counts the number of one’s in the dyadic expansion of a natural number.

2.1.3 The statement about the multiplicative structure in 2.1.2 follows from the Wu formula
[44]
k

Sq*w, = (*7wk— Wi,
1=0
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which gives by induction on 7 in I = (2771, ..;2, 1) that Sq/wy = wyr, | +decomposables, since
(*51) = 1 mod 2. Thus wyry, € H*BSpin is in general not zero, but only decomposable.

For example,
W9 = W3 = Wy = W9 = O, but W17 = Wi3Wy + W11 We + WioW7.

The A*-module structure of H*BSpin is then given by the Wu formula together with these
decompositions of wgri ;. By the Thom isomorphism H*MSpin = H*BSpin - Uspi, and
qungm = WUspin, the A*-module structure of H*MSpin is now explicitely computable
and an application of the Adams spectral sequence for low-dimensional computations is
possible.

2.1.4 In order to have a better understanding of the A*-module structure, Anderson, Brown
and Peterson examined certain K O-characteristic numbers of Spin manifolds. We recall the
K O-orientation of Spin manifolds given by the Dirac operator M Spin — KO (see [8], [64])
and denote the KO-orientation class of M € Q3P by [M|xo € KO,(M). For an element
x € KO™(BSpin) we can define a (normal) K O-characteristic number

z[M] = (vyz, [M|ko) € KOy,

by the Kronecker pairing KO™(X) ® KO,(X) - KO™ " = KO,,_,, which gives bordism
invariants .
KO™(BSpin) @ Q7" — KO, _p,.

The bordism invariance follows by (viz, [M]) = (i*viyx, [W, M]) = 0 for M = OW < W.
For m —n = 0 mod 4 it is possible to express the integer-valued invariant x[M] by rational
Pontrjagin numbers: The Pontrjagin character ph(x) := ch(x ® C) is defined by the Chern
character after complexification,

ph: KO™(X) — H*™™(X;Q),

which for X a point is injective in dimensions 0,4 mod 8, with image Z in the first case, and
27 in the second case. Then there is the Topological Riemann-Roch Theorem:

2.1.5 Theorem (see [63]): Let M be a closed Spin-manifold and x € KO M, then

~

ph(z, [M]ko) = (A(M)ph(z), [M]),

where A(M) denotes the A—genus of M, and the right side s the Kronecker pairing in
cohomology.

2.1.6 Now we introduce KO-Pontrjagin classes m(§) € KO(X) ([4]) of an n-dimensional
real vector bundle £ over a space X, which are defined by

WU(S) = At(g - n)v

where A;(€) = S22, tFA*(€) is the total exterior power, and (&) = 352, uFm(€) with

u = ﬁ This equation is to be understood in the formal power ring KO(X)[[t]] and
tk

makes also sense for a virtual bundle ¢. Explicitely, we have (1+ )" X332 qpmmi(§) =

SR otPAR(E).
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2.1.7 Remarks:
(i) Let A% := A¥(& — n), with n := dim(¢), be the reduced exterior power, then the first of
these classes are given by (computation with "Mathematica’):

m() = 1,

77'1(&) = 717 _

m(§) = A2+ 24T,

m3(€) = A3 +4A2 +5AL

(&) = AY+6A3 + 14A2 + 14AT

m5(6) = A5+ 8A% 4 27TA3 4 4872 + 42A1.

(ii) Since 7 (&) is again a virtual vector bundle, we can consider the natural transformation
& — mp(€) as being an element 7, € KO°(BO). We denote the corresponding elements in
KO"(BSO) and KO°(BSpin) also by 7. Then the following theorem of Anderson [3] holds
(see [4]):

KO*(BSO) = KO*[[m|k > 1]].

2.1.8 Furthermore, one defines (normal) K O-Pontrjagin numbers w;[M"] of a closed Spin-
manifold M™ for any sequence I = (iy, ..,4,) of integers by

mr[M"] = (i, (vagn) - oo, (Vg ), [M " k0) € KO,.

We will consider only sequences with ¢y > ... > 4, > 1, which we call special sequences,
and set |I| := i1 + ... +4,. As the 7;[M"] are invariants of Spin-bordism, we can also view
the KO-Pontrjagin numbers as maps 7y : M Spin — KO from the Thom spectrum M Spin
to the real K-theory spectrum KO. Studying these maps, Anderson, Brown and Peterson
proved:

2.1.9 Theorem (Anderson, Brown, Peterson [6]): The map m; : MSpin — KO can
be lifted to the (4]I| — 1)-connected covering spectrum KO(4|I|) if |I| is even, and to the
(4|1| — 3)-connected covering spectrum KO(4|I| — 2) if |I| is odd. There exist liftings 71 of
71 and homogeneous elements z; € H*M Spin = [M Spin,¥*H|, i € Z, such that the map

(1, 2) : MSpin — (\/ KOWIN) Vv (\ KOWI| -2))v (\ 2= H)

|I|euen ‘I|add 1€Z

gives a 2-primary homotopy equivalence of spectra. Since Q2P has no odd torsion, one gets
an additive isomorphism

Q2 (X, ® KO(0).) & (Y. @ £°KO(2).) & Z.,

where X, = @ Zxy is the graded free abelian group generated by elements x of degree 4|1| for
all special sequences I with |I| even, Y, = @ Zy; is the graded free abelian group generated
by elements y; of degree 4|I| — 2 for all special sequences I with |I| odd, and Z, = P Z/2z;
is the graded 7./2-vector space generated by the z;, i € Z of degree |z;|. Since the z; can
be expressed by Stiefel-Whitney numbers, two closed Spin-manifolds are Spin-cobordant, iff
they have the same KO-Pontrjagin numbers and Stiefel-Whitney numbers.
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2.1.10 Remarks:
(i) The coefficients of the (—1)-connected K O-theory KO(0) and of the shifted 1-connected
KO-theory X72KO(2) are given by the real Bott periodicity:

n:in<0:{n>0 mod8:
n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7
KO{(0),: 10 7 72 Z/2 0 7 0 0 0
Y2K0(2),: |0 7/2 0 7 0 0 0 Y/ 72

(ii) The graded free abelian group X, is concentrated in dimensions 0 mod 8, and Y, is
concentrated in dimensions 2 mod 8. In fact, the first two summands P, := (X, ® KO(0).) ®
(Y, ® 2K 0(2),) of Q27" in Theorem 2.1.10 give the following contribution:

n:|8m 8m + 1 8m + 2 8m+3 8m+4 8m+5 8m+6 Sm+7
P, o | (z)?®™) (Z/2)*@™) (Z/2)*@m™D 0 (Z)@mH 0 0

Here, p(k) denotes the number of partitions of £ € N, which has the generating function
Srs0 O(k)tF = Tl,>1(1 — ™) 7! (see [26], chapter 8).

2.1.11 The graded Z/2-vector space Z, in theorem 2.1.10 is not explicitely given. Using
[5], it can be computed as follows, giving thus the degrees of all z; € H*M Spin, i € Z (but
not the actual classes!):

The Poincaré-Hilbert series py (t) € Z[[t]] of a graded Z/2-vector space V' is defined by

pr(t) = 3 dimzya(V)E

1=0

Let parspin(t), pa(t), pa,(t), ps(t), px(t), py(t), and pz(t) be the Poincaré-Hilbert series of
the graded Z/2-vector spaces

H*M Spin,

A*,

At = A*/(SqPA* + S¢?A*) =2 H*KO(0),

J* = A*)(SPAY) = H*S2KO(2) (the “Joker’),
X, ®17Z/2,

Y, ®Z)/2,

Z*a

respectively. One knows that ([5], [46]):

Puspin(t) = Tlpgrors(1—1")71

pA<t) - Hn:QT—l,T21<1 - tn)_l
pay (t) = (1=t (1 =) pmor1ps(1 — ") 7
ps(t) = (I4+t+2+ 2+t (1 —t") 1 = t°)  hear—1 531 — ") 7!

According to [5], one then gets Z, by an ’inductive computation’ using

H*M Spin = (X, ® H*KO{(0)) @ (Y, ® H*'S?KO(2)) @ (Z, ® A*),
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which holds, because (7, z;) gives a 2-primary homotopy equivalence. But in fact, a very
explicit formula for pz(t) can be given: A special sequence [ with |I| = n is just a partition of
n into numbers i, > 2, showing that the number a(n) of these partitions I can be computed

by
Z a(k)tk = H(l - t”)_l.
k>0 n>2
With the definition of X, and Y, one easily gets
px(t) = %(Hk22(1 — ") 4 [sa (1 — (=1)Ft%)71)

py(t) = gp(rs2(l = %) 7" = hiza(1 — (=1)"%) 7).
Thus pz(t) is given by pz(t) = pa(t)™? (ngpm(t) —px(O)par(t) — py (t)par (t)), hence:
2.1.12 Proposition: The Hilbert series pz(t) giving the Eilenberg-MacLane part in M Spin

15 given by
pz(t) =

(1+t+2+2) 1+ %) ! ( [T Q- —px(t)—(Q+t+2++ t4)py(t)) .
n#27+1n>8

For the convenience of the reader, we now give P, and Z, below dimension 48, which also
gives Q9Pn =~ P @ Z,. We use the short notation 00®2® := (Z)® @ (Z/2)*. This table was
computed from the above formulas using a "Mathematica’ program:

n: 4
P,:| o 2 2 0 00 0 0 0
Ly 0

n:|8 9 10 11 12 13 14 15
P, :| oo? 22 23 0 00? 0 0 0
Zyn |0 0 0 0 0 0 0 0

n:|16 17 18 19 20 21 22 23
P,:| oc® 25 27 0 oo’ 0 0 0
Zy |0 0 0 0 2 0 2 0

n:|24 25 26 27 28 29 30 31
P,:|oott 21 21 0 o 0 0 0
Zy, |0 0 0 0 22 2 23 0

n: |32 33 34 35 36 37 38 39
P,:|oc?* 2% 230 0 0 0 0
Lt |2 2 2 0 20 22 27 2

n: |40 41 42 43 44 45 46 47
P,:|oco* 2% 26 0 00”0 0 0
Zn . 24 23 24 22 214 26 217 24
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2.1.13 The result 2.1.10 gives only the additive structure of Q™ whereas its full multi-
plicative structure is not yet known. This is caused by the Stiefel-Whitney numbers z; and
their (unknown) relations to K O-Pontrjagin numbers. But at least, K O-Pontrjagin classes

behave multiplicatively,
Wn(x ® y) = Z Wi(aj)ﬂ—j(y%
i+j=n
which was used in [6] (see also [63]) to prove the following theorem:
2.1.14 Theorem (Anderson, Brown, Peterson [6]): Let I, C Q3P be the ideal gen-

erated by all Spin-manifolds with vanishing KO-Pontrjagin numbers. Then I, = Z,, and
Q3Pin /1, is the subring of R. generated by a, xs;, Tsi14Tsjra, 2Tsiva and Ysiro, where

Zlow, Taiy Ysivo | 1> 1]

1= 5 .
200, 2y8iy2, a3, Ysi+2Y8j+2, QAYRi+2, A“Ti4+4—T4Ygi+2, L8i+4Ygj+2 — L8j+4Y8i+2

Furthermore, the relations between (integral) Pontrjagin numbers, and between Stiefel-
Whitney numbers have been computed for Spin-bordism ([63]):

2.1.15 Theorem [63]:

(i) All relations between integral Pontrjagin numbers are given by the Topological Riemann-
Roch Theorem 2.1.5:

(ADL™ph(vyx), M) €Z and  (A(M*"ph(vy), [M*"1) € 22,

where ph(vy,x) is expressed as a rational Pontragin class for all KO-Pontrjagin classes x as
explained in [63].

(ii) All relations between Stiefel-Whitney classes are given by the vanishing of wy, ws, to-
gether with the the Wu formula 2.1.3, which can be expressed by

(vi;(Sq'a — via), [M]) =0 for all a € H*BO.

We remark, that the relations between K O-Pontrjagin numbers (mod 2) and Stiefel-Whitney
numbers of Spin-manifolds seem not to be known; otherwise, one could reconstruct the
multiplicative structure of Q7™ by 2.1.9.

At last, we consider the Adams spectral sequence for Spin-bordism:
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2.1.16 Theorem ([54]): The Ey-term for the Adams spectral sequence with 7./ 2-coefficients,
converging to QP = w M Spin, decomposes according to 2.1.9 as a direct sum, where three
types of summands occur:

(i) Bxty' (H*KO(0),Z/2), which is (8,4)-periodic in (t — s,5):

S = N W ke OO NN »

01 23 4 5 6 7 8 9 1011 12t

(ii) Exty' (S 2H*KO(2),7/2), which is also (8,4)-periodic in (t — s, 5):

S = N W ke g NN ®

01 23 4 5 6 7 8 9 1011 12t

(iii) BEaty'(A*,7./2) = 7./2, concentrated in bidegree (0,0).

These summands are shifted to the geometric dimensions t — s = 8m in the first case, to
t —s=8m+2 in the second case, and to t — s = |z;| in the third case. The Adams spectral
sequence collapses, Fy = E. Thus, the image of the stable Hurewicz homomorphism,

h, == im(h : Q5P — H,M Spin),
as a graded vector space is isomorphic to

(Xi®RZ/2)D (Y RZ/2) ® Z,.

2.1.17 A computation gives for k, := (X, ®Y,) ® Z/2 and h, the following values below
dimension 48:
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n:|8 9 10 11 12 13 14 15
kp @2 0 2 0 0 0 0 0
P o] 2 0 2 0 0 0 0 0

n: |24 25 26 27 28 29 30 31

ko | 2F 0 o 0 0 0 0 0
h, : |24 0 24 0 92 2 23 0
n:l32 33 34 35 36 37 38 39
k| 27 0 28 0 0 0 0 0
h, :|2° 2 29 0 26 92 97 2

n: |40 41 42 43 44 45 46 47
ky |2 0 214 0 0 0 0 0
hn . 216 23 218 22 214 26 217 24

2.2 Brown-Kervaire Invariants and Generalized Kervaire Invari-
ants

Now we ask when our existence condition v,41(§) = 0 for Brown-Kervaire invariants is
satisfied for Spin-manifolds. This surely is a well-known fact:

2.2.1 Lemma: For Spin-bordism & : BSpin — BO, the total Wu class has the form
U(f) = 1+U4+U8+012+...

with vy, # 0 for all k. Thus there exist Brown-Kervaire invariants for Spin-manifolds exactly
in dimensions 2n with n + 1 # 4k, which gives the two cases 2n = 4m and 2n = 8m + 2.
The invariants are Z/2-valued in the second case.

Proof: Since in [48] only a slightly weaker statement was shown (Vg2 M5™ 2 = 0), we give
here the proof following the same argument: By the Adem relations S¢'Sq¢** = S¢?F+!
and Sq25q4k _ Sq4k+2 + Sq4k+1sql we get X(Sq2k+1> — X(Sq%)sql and X(Sq4k+2) —
x(Sq**)Sq? + Sq'x(Sq**)Sqt, showing that the condition v, 1(£) = 0 is satisfied for n = 2m
and n = 4m + 1. The statement for vy, follows by consideration of the Spin-manifold HP?*.
n
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2.2.2 In the first case, the Pontrjagin square o gives a canonical hy, € fof” and then K
is equal to the signature mod 8 by a theorem of Morita [45]. In fact, this is already true for

oriented manifolds, which we will consider in section 9.

The second case is more complicated; here one also has v,(§) = 0 and thus gets by 1.2.2
Z/2-valued invariants which we also denote by

Spin Spin
K 851,+2 X er{)@ﬂ — Z/2,
q: HY ' BSpin x Q" x Qeb", —s 72

The parameter set ngﬂ_% grows according to |Q§fﬁ12 = |H*™ 1 BSpin|, and H*BSpin =

Z[2wi|k # 1,2° 4 1]. This gives for the first values Q5P = Q™ = || = 1,
Q7™ = 4, and |Q37™| = 16, where a Z/2-basis of H'" BSpin is given by

Wi3Wyq, W11We, WioW7, W7WeW4.

2.2.3 In fact, Ochanine proved in [48] that in dimensions 2, 10, 18 and 26, the Brown-
Kervaire invariants agree with his invariant & (defined in 3.1.3 in the next section). Actually,

he proved this for the larger class of homomorphisms K : Qgﬁf@ — Z/2 with the properties

(1) KM xSt xSY) = sign(M®™) mod 2
(2) H4m+1M8m+2 — O = K(M8m+2> _ O7

where S* denotes the circle with the non-trivial Spin-structure. Ochanine called these invari-
ants generalized Kervaire invariants because for Brown-Kervaire invariants, (2) is obviously
satisfied, and (1) follows from the results in [18], see 1.3.16.

Ochanine got this result by proving the following theorem:

2.2.4 Theorem (Ochanine [48]): Let C, < Q3P be the subring of all bordism classes
of manifolds, for which all Stiefel-Whitney numbers containing an odd dimensional Stiefel-
Whitney class vanish. Then all generalized Kervaire invariants coincide on Cg,, 1o with the
Ochanine invariant k. Furthermore, for two generalized Kervaire invariants K; and K, the
difference Ky — Ky is a Z/2-characteristic number z[ |, where x € H®*2BSpin lies in the
ideal generated by the we; 1 with © not a power of 2.

2.2.5 Remarks:
(i) The statement in 2.2.3 is then a consequence of C, = Q7" for x = 2,10, 18, 26.

(i) According to [63], the subgroup C, can also be characterized by

C. = {M € Q™| M is unoriented cobordant to an almost complex manifold}
= {M € Q5P| M is unoriented cobordant to a square}.

In [48], there is also an example of two different generalized Kervaire invariants in dimension
34: Let M* and M?* be closed Spin-manifolds with the only (tangential) non-zero Stiefel-
Whitney numbers

wewa[ M), wiwi[ M), wiwews[M*], ws[ M, wirwi[M*], wy[M*]
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(M and M?* exist by [41] and [6]). Define M3* := M0 x M?* and let K : Q3™ — Z/2 be
a generalized Kervaire invariant.

2.2.6 Proposition (Ochanine [48]): K + wpwsw?[ | is also a generalized Kervaire
invariant which is different from K because of wyawgw2[M31] # 0.

A modification of this example shows also the existence of two different Brown-Kervaire
invariants in dimension 34: Let z := wy3w4 and y := wyowy, then we have:

2.2.7 Proposition: At least one of the Brown-Kervaire invariants Ky, Kyin or Kypyin
is different from K, for every h € Q37™.

Proof: A short computation shows zy[M?3!] # 0 and hence the proposition, by Corollary
1.2.5 of the addition formula. m

At this point I would like to thank again Rainer Jung for his help in writing a computer
program to compute all relations between Stiefel-Whitney numbers of 34-dimensional Spin-
manifolds, according to theorem 2.1.15(ii). I also thank the Max-Planck Institut fiir Mathe-
matik in Bonn for supporting computer time. As a result of this computation, the Stiefel-
Whitney number zy[ | turned out to be non-trivial. Later I observed, that Ochanine’s
Spin-manifold M?3* above serves as an example to prove this directly.

2.3 Brown-Peterson-Kervaire Invariants

We come now to the construction of certain Brown-Kervaire invariants for Spin-manifolds
by unstable secondary cohomology operations, see [15]. We will use this method also in 8.3.7
for BO(2")-manifolds. The starting point is the following Theorem of Brown and Peterson:

2.3.1 Theorem: (Brown, Peterson [20]) Let S¢"™' = 3% | a;3; be a decomposition in
the Steenrod algebra A*, with o; € A™, p; € A™, and m; +n; =n—+ 1, m;,n; > 0. Let ¢ be
a secondary cohomology operation which is associated to this decomposition,
¢ : ker(B) — coker(a),
= Yl s HPTMX — HX
B:= (Bi)i=z1.s: H"X — @i Hm™X.
Then ¢ is unstable, and satisfies for all x, y in the range of definition ker([)

¢z +y) = o(x) + ¢(y) + y.

This equation is valid modulo the indeterminacy, i.e. in coker(«).

2.3.2 Remarks:
(i) A decomposition of S¢g"™! in A* exists iff n+ 1 is not a power of 2. This follows from the
Adem relations, see [46] and 8.3.3:
5]
Sanqb _ Z(Z:IQ;j)Sqa—H)_quj’
5=0
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(i) As usual, the operations ¢ are constructed as cohomology classes of a generalized 2-stage
Postnikov system, see [46]:

Let K = [[;_; Ky4m, and QK LS EDS K,, be the pullback of the path fibration QK —
PK — K by amap 3 : K, — K realizing the 3;. Because 7(atqx) = afSt, = Sq" 1, =0,
with 7 the transgression in the Serre spectral sequence for QK — E — K,,, there exists
a ¢ € H™E with aiqr = j*¢. These operations ¢ are unstable, because afy; = 0 (a
‘relation’) holds only in dimensions k& < n.

(iii) Alternatively, the operations ¢ are also given by a glueing construction using a zero-
homotopy for the composite map a3, or by Kristensen’s method of cochain operations. We
will come in section 5 and section 6 to these other points of view.

(iv) The construction shows that two operations ¢, ¢’ differ by an element 7*¢ € H*"E),
where € € H*"K,, can take an arbitrary value. As we are in characteristic 2, this group is in
the stable range as well: By a theorem of Serre one has

H*K, = 7/2[Sq"t,|I admissible, exc(I) < n,

showing that the map A* — H"" K, ~ s 7, is an isomorphism for k < n (see [46]). But
in fact, a little more is true in our case of Z/2-coefficients: H*"K,, has a Z/2-basis consisting
of the Sq’t,, with I admissible, |I| = n and exc(I) < n, and also (2. But 2 = Sq",,
and because of exc(I) < |I| (with equality iff I = (n)), we have also an isomorphism
A" = K, given by Sq¢' — Sq't,. We remark that the corresponding statement is not
true in characteristic > 2. Thus two operations ¢, ¢’ differ by a stable primary cohomology

operation € € A",

(v) Theorem 2.3.1 is a special case of a Theorem of Kristensen [33] which computes the
deviation from linearity of more general secondary cohomology operations.

2.3.3 Now we consider for m > 1 the decomposition
Sq4m+2 — Sq25q4m + Sqlsq4m5q1

which follows from the Adem relations Sq'S¢** = S¢?**! and Sq%2S¢*™ = Sq*™24+S¢*™*1Sq".
For m = 0, we get no decomposition, but the relation Sq'Sq¢' = 0. By Theorem 2.3.1
of Brown and Peterson, we have for m > 1 associated secondary cohomology operations
¢ : ker(B) — coker(a) with range of definition and indeterminacy given by

= S¢?> +Sq¢t: H™X @ H¥H X — HOP2X,
ﬁ = (Sq4m’ Sq4qu1) . JrAmtl —y H8mtly o) H8m+2 X

We call them Brown-Peterson secondary cohomology operations. Two of them differ by
a primary operation € : H*t'X — H®"*2X which is given by an arbitrary element
e € A**+1 in the Steenrod algebra.

If X is a Spin-manifold M of dimension 2n = 8m + 2, we have coker(a) = H?"M because of
St H* " M = v H*"'M = 0 and S¢*H*">M = v, H*2M = (. Furthermore, ker(3) =
ker(Sq*™ : H"M — H?"7'M) because the map Sq*™Sq' : H"M — H?" is zero: This
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follows from Sq¢*™Sqt = S¢2Sq*™ 1 + Sq'Sq*™ together with S¢?S¢*™ o = v,S¢*™ 12 =0
and Sq¢'S¢*™x = v1S¢*"x = 0. We have shown:

2.3.4 Proposition: (Brown [15]) Let M be a connected Spin manifold of dimension
2n = 8m + 2 with H'M = 0 and ¢ be a Brown-Peterson secondary cohomology operation.
Then ¢ gives a quadratic refinement ¢ - H*"M — H?*"M of the intersection pairing in Z/2-
cohomology.

2.3.5 Remarks:
(i) In [15] and [21] the authors consider the slightly different decomposition

Sq4m+2 _ Sq23q4m +Sq18q28q4m—1

which by S¢*™Sq! = S¢?Sq¢*™ 1 + Sq'Sq¢*™ and Sq¢*Sq' = 0 is equivalent to our decompo-
sition. We prefer to use our decomposition because the computations in the proof of the
Main Theorem 7.1.1 with Kristensen’s theory have then fewer terms. Also, our decomposi-
tion seems to be the more natural candidate because it is obtained by applying the Adem
relations only two times. Only the proof of ker(3) = H™M requires the above relation for

Sq*™mSq'.

(ii) In fact, the two sets of secondary operations which belong to these two decompositions
are the same; this follows from a general Theorem of Kristensen in [33], p.77.

2.3.6 Now one can define an Brown-Kervaire invariant of Spin-bordism in dimension 8m 42
with m > 1 as follows: Take any Brown-Peterson secondary cohomology operation ¢. For a
bordism class in Q‘gfﬁ% take a 1-connected representing manifold M, which is possible by
surgery as BSpin is 3-connected. Define

Ky (M) € Z)2

to be the Arf invariant of the quadratic refinement H"M — Z/2, x — ¢(x)[M]. As in the
proof for Brown-Kervaire invariants, this gives a bordism invariant because a zero-bordism
(which by surgery can also be assumed to be 1-connected) produces a Lagrangian of ¢ in
H"M. Alternatively, we can construct a secondary operation for spectra (analogously to
2.3.2(ii)) associated to a (fixed) Brown-Peterson secondary cohomology operation ¢, using
that the composition

MSpZTL VAN K4m+1 IL% MSpm A (K8m+1 X K8m+2) m) MSpZTL VAN K8m+3

is zero in [MSpin A Kypmy1, MSpin A Kgn,y3]. Applied to the sphere spectrum %?"S° this
secondary operation gives a homomorphism

WQH(MSpm N K4m+1) = [227150’ MSpZTL A K4m+1] — Z/Q = [221150’ Eil(MSpm A\ Kgm+3)],
which is just an element h € Qgﬁﬁ% producing a quadratic form g, : H*™ M — 7Z/2 for
each closed (8m + 2)-dimensional Spin-manifold M. This also shows that K, is actually a
Brown-Kervaire invariant with parameter h. We call the invariants K, constructed by this
method Brown-Peterson-Kervaire invariants.
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2.3.7 We used the fact, that each secondary cohomology operation for spaces associated to a

zero-homotopic map K Py K" %y K" between Eilenberg-MacLane spaces has also a stable

version on the level of spectra, which is associated to EA K Y EAK Y EAKY , where F
is a CW-spectrum. This can be seen immediately with the glueing construction for secondary
cohomology operations (see 5.1.3), where the operation is constructed by choosing a zero-
homotopy H : CK — K" for the composite map af : K — K”. (Here, C denotes the cone.
In section 5, we work with H : K — PK" where P denotes the path space; this is equivalent
as C, P are adjoined functors.) Now, H defines a function 1 NH : EANCK — E AN K" of
CW-spectra, which is a stronger notion than a map (see [64]). Thus, for two zero-homotopies
Hy, Hy of maps, the glueing construction 5.1.3 is not only defined on the level of spaces, but
also for spectra: 1 A Hy and 1 A H, are functions which coincide on the bottom of the cone,
and hence can be glued to give a function 1 A (H; — Hy) : EASK — EANK".

2.4 Generalized Wu Classes

2.4.1 We have seen in 1.2.4 that the difference of two Brown-Kervaire invariants K, and
K is measured by the invariant g, j, where x € H"B gives the difference of h and h'. We
consider here the same problem for Brown-Peterson-Kervaire invariants of Spin manifolds
in dimension 2n = 8m + 2. As two Brown-Peterson secondary cohomology operations ¢, ¢’
differ by € € A*™*! the addition formula 1.2.4 shows that the Arf invariants K4(M) and
qu(M) differ by

Ko(M) = Ky (M) = 6(0)[M].

Here, v. € H"M denotes the generalized Wu class of € € A™, which corresponds by Poincaré
duality to the homomorphism H"M — Z/2, v — €(x)[M]. Thus v, is defined by the property
e(z)[M] = vex[M] for all x € H" M.

2.4.2 The definition of generalized Wu classes works for arbitrary closed manifolds. Given
a manifold M of dimension d, one obtains for each k € N a Z/2-linear map A* — H*M,
a > v,, with the defining property a(z) = vox for all x € H*M. (Here we can drop the
evaluation on the fundamental class [M] since this is in the top dimension an isomorphism
to Z/2 for connected manifolds; for non-connected manifolds the same argument applies to
each component.) For example, S¢* € A* gives the usual Wu class vy, with

vi=vg,=14+vi+ve+...€ H'M

the total Wu class of M. By the Wu formula we have Sq(v) = w(Ty) = w(vyr)~t, hence
the v, can be expressed as polynomials in Stiefel-Whitney classes and are thus characteristic
classes, vy € H*BO. In particular,

v =1vg, =S¢ (w) € H BO

gives the expression of the universal total Wu class v as a normal characteristic class by the
Stiefel-Whitney classes.

2.4.3 We prove the analogous statement for the generalized Wu classes, v, € H*BO, and
give a recursive formula for the corresponding universal map A* — H*BO. We clearly have

40



forx € H*M and o, € A*
vars = vatvs and  vaB(@)[M] = a(B(@))[M] = vianalM],

but there seems to be no general expression for v(,g) in terms of v, and vg. For x,y € H*M
and a € A* we have furthermore

zSq(y)[M] = Sq(Sq" ())Sq(y)[M] = Sq(Sq~ ' (z)y)[M] = vSq~" (x)y[M],

and in particular vise)y[M]=v,.5¢(y)[M]=Sq "' (va)vy[M], showing that v(ase) =S¢ Va)v.
Since Sq¢~! = x(Sq), we have proved:

2.4.4 Lemma: The generalized Wu classes can be recursively computed (after the lenght of
the monomial «) by
Vasgr = »_0iX(S¢" ) (va),
i=0

which shows also that they are universally defined as characteristic classes v, € H* BO.

2.4.5 For I = (iy,...,i,), we define Sq’ := Sq¢"...S¢" and vy := vg,r € H*BO. Because the
map A* — H*BO is linear, we have only to consider admissible monomials I since they give
a basis of A*. Furthermore, as v;z[M] = v;, Sq'%)(z)[M], and v;, = 0 for i; # 0 mod 4
for Spin-manifolds, we have only to consider admissible monomials with the first number
11 = 0 mod 4. This gives by a lengthy computation with 2.4.4 all generalized Wu classes up
to dimension 17 in the case of Spin-manifolds (in terms of normal Stiefel-Whitney classes):

dim: vy : polynomial in w; : | dim: vy : polynomial in w; :
4 V4 = W4 14 - V12,2 = WioW4 + WgWsg
5: V4,1 = 0 —HU% + wiwg
6 : V4,2 = We Vg 4,2 = W4
7 V421 = Wy 15: V12,3 = 0
8: g = wg Vige1 = WiWg + Wswr + wiwy
9: Us,1 =0 Ug 4,21 = Wis
10 : Vg2 = Wio 16 : V16 = Wi + WiaWy
11: V8,3 =0 +wioWe + wng
Vg21 = Wil Viga = WiaW4 + WipWe + W]
12 V12 = wgwWy + w% + w;} V1231 = 0
Usg,4 = W12 17 : V16,1 = 0
vs31 = 0 Vg5 = 0
13: vz = 0 V1241 = Wi3Wy4 + W11We + WipW7
Uga1 = Wiz + Wrle

From this computation, we get the following result:

2.4.6 Proposition: In dimension 34, all characteristic numbers vavg| | for ngm vanish,
where vy, vs € HYBSpin are the generalized Wu classes associated to o, 3 € AY. There are

at most 2 different Brown-Peterson-Kervaire invariants K, : Q5P 5 7,)2.
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Proof: According to the above computation, the subspace in H'”BSpin spanned by all v, is
1-dimensional with generator v;s 41, thus the only non-trivial class of the form v,vs is given
by v, 4. But the associated characteristic number vanishes, because this is a square of an
odd-dimensional class:

2’[] = (S¢""(@))[] = (S¢'Sq"*(x))[ ] = (11Sq"())[] = 0

as v; = 0 in H*BSpin. By the addition formula ¢, ,+n = ¢un + zy[ | (1.2.4), the Spin-
bordism invariant q,, (M) (:= (¢(v};va), [M])) is independent on the choice of the Brown-
Peterson secondary cohomology operation ¢. Moreover, ¢y, , ,:»( ) is the only candidate for
a non-trivial invariant. By K., — K} = ¢, (1.2.4), all Brown-Peterson-Kervaire invariants
on ngi" are given by the two invariants Ky and K,,,,+¢ (wWith ¢ any Brown-Peterson
operation). m

2.4.7 Remark: It seems to be difficult to compute the invariant g, ,,.¢ : ngfm — Z./2
measuring the difference between Ky and K, ,,+4. It is not possible to compute this
invariant universally by applying the secondary operation ¢ directly to vi241 € H*BSpin,
because v12,41 does not lie in the range of definition ker(Sq'®, Sq'®Sq') € H'"BSpin of ¢.
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3 The Ochanine k-Invariant

We introduce here the Ochanine k-invariant, which is a homomorphism & : 955512 — 7Z/2 and
can be considered as a signature defect of (8m + 2)-dimensional closed Spin-manifolds. In
this definition, Ochanine’s signature theorem for (8m+-4)-dimensional closed Spin-manifolds
plays a crucial role.

Then we recall that & is also given by the Ochanine elliptic genus 3 : QP — KO,[[q]], which
is an important K O-theoretic invariant, refining for Spin-manifolds the rational universal
elliptic genus ¢ : Q39 — Q[6, €] — Q[[q]]. Hence k is a K O-characteristic number.

By the real family index theorem of Atiyah and Singer, k can also be computed as the mod
2 index of a twisted Dirac operator. As a new result, we give an explicit formula for the
virtual bundles needed for the twistings.

3.1 The Ochanine Signature Theorem and k-Invariant

First we recall the Theorem of Ochanine on the signature of (8m + 4)-dimensional closed
Spin-manifolds:

3.1.1 Theorem (Ochanine [48]): The signature of an (8m+ 4)-dimensional closed Spin-
manifold is always divisible by 16.

3.1.2 Remarks:

(i) The products K* x (HP?)™ where K* is the Kummer surface (a 4-dimensional closed
Spin-manifold with sign(K?*) = —16), and where HP? is the quaternion projective plane
(an 8-dimensional closed Spin-manifold with sign(HP?) = 1), show that 3.1.1 gives the
best possible result. Of course, in dimensions 8m the signature can take any value since
sign((HP?)™) = 1.

(ii) A (4k)-dimensional closed oriented manifold M with vy, = 0 has even Z-valued intersec-
tion form and hence sign(M) = 0 mod 8. By 2.2.1, this is the case for (8m + 4)-dimensional
closed Spin-manifolds. Theorem 3.1.1 strengthens this result.

(iii) The original proof [48] of 3.1.1 worked with SU-bordism. Another proof using the
Ochanine elliptic genus § was given by Landweber, see [39]. Here, the strengthening from
8 to 16 comes in by the Pontrjagin character (2.1.4), which maps K Og,,14 = Z injectively
onto 27 C Q.

3.1.3 In [48], Ochanine defined a homomorphism
ko Qern, — 7,/2

in the following way: Let ST be the circle with the non-trivial Spin-structure, which gives the
generator v of Q77" = Z/2. For an (8m + 2)-dimensional closed Spin-manifold M3 +2_ the
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product M®"+2 x ST has vanishing K (O-Pontrjagin numbers (by dimension) and vanishing

Stiefel-Whitney numbers (because of S1). Thus by Theorem 2.1.9 of Anderson, Brown and

Peterson, there exists an (8m + 4)-dimensional Spin-manifold W8 ** with boundary
aw8m+4 — M8m+2 % §

Furthermore, there is a 2-dimensional Spin-manifold P? with boundary 9P% = ST U ST,

hence one can construct the (8m + 4)-dimensional closed Spin-manifold

X8m+4 — <W8m+4 L W8m+4) U _(M8m+2 % PQ),

because the two Spin-manifolds on the right have the same boundary. Now one gets by the
Novikov additivity theorem for the signature [47] and Ochanine’s theorem 3.1.1 that

2sign (W) = sign(X*™**) = 0 mod 16,
which shows that sign(IW®¥™**) = 0 mod 8. Then Ochanine defined
sign(W8m+4)

8

which does not depend on the choice of W#™** and moreover depends only on the Spin-
bordism class of M®™*2: Firstly, one has for another W’ by 3.1.1 sign(W Uy —W') =
0 mod 16, hence sign(W) = sign(W’) mod 16. Secondly, for M®¥"+2 = 9V¥"*3 one can
choose W&+ .= V/8m+3 » ST which has sign(W®™**) = 0, hence k(M®™+?) = 0. We call
this invariant k of Spin-bordism the Ochanine k-invariant.

E(MB™H2) = mod 2 € Z/2,

Now we come to the multiplicative properties of the Ochanine k-invariant. Ochanine shows
in [48] that k(ST x ST) = 1, in particular there exists a 4-dimensional Spin-manifold W* with
OW* = (S1)® and gsign(W?) = 1 mod 2 (we remark, that there exists an explicit example
for W* by a certain elliptic surface). With the definition of k& one obtains:

3.1.4 Theorem (Ochanine [48], [49]): For an 8m-dimensional closed Spin-manifold

M®™ one has -
E(MP™ x ST x ST) = sign(M®™) mod 8.

3.1.5 Moreover, Ochanine defined in [48] a homomorphism & : QP — KO, ® Z/2 by

sign(M™) - ™ ®1 for n=8m
E(M™ x S1)-nu™ ®1 for n=8m+1

K(M™) =< k(M™) - n*u™ ®1 for n=8m+2
Tsign(M™) -wp™ ®1  for n=38m+4
0 otherwise

where the generators n,w, u € KO, are described in 3.2.1, and

Z./2[n, w]
n3, nw, w?

KO.®1Z/2= ® Z/2[p, p Y.
The multiplicative properties of k can then be summarized by:

3.1.6 Theorem (Ochanine [48]): The map k is a ring-homomorphism.
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3.2 The Ochanine Elliptic Genus [

3.2.1 Ochanine gave in [49] another construction of k in terms of KO-characteristic num-
bers. We recall the coefficients of KO-theory

Zn,w, p, =Y

KO* - )
Qna 7737 nw, w2_4:u

n:‘8m 8m+1 8m+2 8m+3 8n+4 8n+5 8n+6 8n+7
KO,:|Z Z/2 772 0 Z 0 0 0
generator: | u™ nu™ n?uym™ 0 wp™ 0 0 0

where n € KOy, w € KO4 and u € KOg are given by the normalized Hopf bundles ygp1 — 1,
Yrpr —4, and Ygqypr —8 (viewed as real vector bundles) over the real, quaternion, and Cayley
projective lines RP! = S, HP! = §*, and CayP! = S°.

3.2.2 Now we define according to [48] for a real vector bundle £ — X

04(E) = Q(A_g2e1(E) ® Sn(E)) € KO°(X)[[q]]

n>1

where Ay (E) = Ypso tFAF(E) and S, (E) = 3350 u"S¥(E) are the total exterior respectively
symmetrical powers of E. For the trivial line bundle we have in particular

0a) = €,1) = I ="y

=1—qg+¢@—2¢3+3¢* —4¢° +5¢° — 7¢" + 10¢° £ ...
which we also view as an element in Z[[¢]]. We remark, that this power series can also be
represented as a generating function of certain partitions, which follows from a lemma in the

theory of elliptic modular functions, see [26], chapter 8: There are four basic power series

Qo = (1 q )
Q1 = I+,
Q2 = oy (1 + q2 )
Qs = Iz (1—¢™),

and we have the strange identity

01Q2Q3 =1,

which is proved by multiplication with Qy. This gives 0(q) = % = m, SO

H (1- 7" 1 _ q2n—1)—1

is the generating function for the number a(k) of partitions of £ € N into natural numbers,
which are divisible by four or odd; and 6(q) = 332 ,(—1)*a(k)q".
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Because A,(E) and S, (F) are multiplicative in E, we also have ©,(E & F) = ©,(E)O,(F)
and can thus extend O, to

0, : KO’ (X) — KO°(X)[[q]]-
For an n-dimensional closed Spin-manifold M™, Ochanine defined
BM™) = (Oy(TM" —n),[M"]ko) = 0(q)""(Oy(TM"),[M"]ko) € KOx[[q]

where [M"|ko € KO,(M") denotes the Atiyah-Bott-Shapiro orientation of M™ and (, ) :
KO™X)® KO,(X) — KO,_, is the Kronecker pairing. Since [ is multiplicative, this
gives a genus for Spin-bordism, the Ochanine elliptic genus

B QP 5 KO, [[q]].

If we write B3(M) = S22, Br(M)q", then we have By(M) = (bp(M), [M]xo) € KO,, where
b is given by the K O-Pontrjagin classes m; of 2.1.6 as follows (see [49]):

bp = 1

b1 = —7T

bg = T9g — T

b3 = —7T3+47T2—7T%—47T1

by, = (=1)*m + polynomial in 7y, ..., 71

The coefficient (1, [M"]xo) € KO, of ¢° is called the Atiyah a-invariant, which is a genus

a: QP KQO,.

3.2.3 Remark: Ochanine proves in [49] that the Pontrjagin character of 5 gives the g-
expansion at the cusp oo (in the notation of [25], the cusp 0) of the universal elliptic genus

(see [39])
6050 > 7] ][6,d,

where § = ¢(CP?), ¢ = ¢(HP?). Thus 3 extends ¢ for Spin-manifolds to the dimensions
8m + 1 and 8m + 2. See [39] and [25] for the definition and properties of ¢.

Furthermore, 3 takes values in the ring of modular forms over KO,, more precisely:

3.2.4 Theorem (Ochanine [49]): The image of 5 is the subring generated by

1, w0, i6y and pue

of the ring MY (KO,) = igz[f%’;] C KO.[q]] of modular forms over KO,, where & € Z][q]]

and e €Z[[q]] are given by the formal power series

So=—-80=14+24> (> d)g", e=>( Y. )"

n>1 dn,d odd n>1 djn,n/dodd
In particular, we have for n =8m +r +4s withr =0,1,2 and s = 0,1 that
B(M") = (aO(M")5§m+s+a1(M")5§m+5_26+. . .—|—am,1(M”)5§+Sem_l+am(M")(5§em)nrwsum,
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with uniquely defined homomorphisms a; - f'w*u™ = Q%" — KO, i.e. a;(M) € Z for
n=0mod 4 and a;(M) € Z/2 for n =1,2 mod 8.

rsm)

(We remark, that a; in [49] denotes our a; - n"w®u™.

3.2.5 In dimensions 8m + 1 and 8m + 2, dp and € can be replaced by their reductions mod
2. These are given by

b = 1 mod2
€ = € mod2,
where (see [49])
=Y ¢ =g+ + ¥+ ¢ +...  €Z/2[q].

k>0

3.2.6 The lowest coefficient ag in the expansion of 3.2.4 is given again by the Atiyah a-
invariant, because the power series of € and € have vanishing constant term. The highest
coefficient a,,(M™), with m = [g] the integer part of g, was in [49] determined as:

3.2.7 Theorem (Ochanine [49]): For any closed Spin-manifold M"™ of dimension n =
8m +r+4s withr =0,1,2; s = 0,1, the highest coefficient a,,(M™) in 3.2.4 is given by

am(Mn) ’ nrwsﬂm ®1l= K(Mn)a
where this equation holds in KO, ® 7/2.

8m+2)

In particular, a,,(M is just the Ochanine k-invariant,

&m(MSerQ) — k(M8m+2).

3.2.8 Remarks:
(i) A geometric interpretation of the other coefficients a;, 1 < ¢ < m — 1, seems not to be
known.

(ii) From the proof of 3.2.7 in [49], it follows that the signature is obtained from [ by
replacing dp by —8, € by 1, w by 2, and p by 1. Thus:

sign(M®™) = 82mag(ME™) — 82 2ay (MP™) £ ... + ay,),
sign(MB™ ) = —16(8ag(M®™) — 82 2qy (M®™) £ ... + am ),

which indicates also Ochanine’s Signature Theorem 3.1.1. In fact, the proof given by Landwe-
ber [39] works in this way.

3.2.9 At last, we come to the multiplicative properties of 5 and k in certain fibre bundles.
The Bott-Taubes Rigidity Theorem [12] implies the multiplicativity (see [57]) of the universal

elliptic genus ¢ : Q¢ — Z[1][6, €] for fibre bundles F — E — B of closed Spin-manifolds
with a compact connected Lie group as structure group, i.e.



Using this result, Kreck and Stolz proved:

3.2.10 Theorem (Kreck, Stolz [32]): Let G be a compact connected Lie group acting
on a closed Spin-manifold F of dimension k preserving the Spin-structure. Assume that
k= 0,3mod4 or G = St. Then for any fibre bundle p : E — B over a closed Spin-
manifold B with fibre F and structure group G, we have

B(E) = B(F)B(B).

This gives the following corollary, which we need in the next section:

3.2.11 Corollary: Let G be a compact connected Lie group acting on a closed Spin-
manifold F of dimension 0 mod 8 preserving the Spin-structure. Then for any fibre bundle
p: E — B over a closed Spin-manifold B of dimension 2 mod 8 with fibre F and structure
group G, we have

k(E) = sign(F)k(B).

Proof: Using 3.2.4, we get from 3.2.10 that am4i(E) = a;(F)ay(B), where | := tdim(F) and
m := [gdim(B)] (hence m + | = [zdim(E)]). But then the statement follows from 3.2.7. m

3.3 Analytic Interpretation

3.3.1 As Ochanine remarked in [49], with 3.2.7 it is possible to give an expression of k in
terms of K O-characteristic numbers: Let ¢g(e) € Z[[¢]] be any formal power series whose
Z/2-reduction is the inverse power series of € € Z/2[[¢|], then a,, is the coefficient of é™
in the polynomial By € KOgp2]€] which is obtained from the formal power series § €
K Ogpm2[[q]] by inserting ¢(e) for g.

Together with the Real Family Index Theorem in dimension 8m + 2, this shows that £ has
an analytical interpretation as the mod 2 index of a twisted Dirac operator.

We remark, that this is not the only way to express k& by KO-Pontrjagin numbers, since
Ochanine obtained such expressions also in [48] by considering certain multiplicative series
for KO-numbers, in analogy to the Hirzebruch formalism for genera of oriented bordism
(see [44]). But these series are more complicated and not uniquely given (in contrast to the
L-series of Hirzebruch giving the signature). In [55], Rubinsztein used this representation
of k together with the Real Family Index Theorem, to represent k as a mod 2 index of a
twisted Dirac operator; but his formulas are not very explicit.

3.3.2 Actually, one can do the transformation in 3.3.1 from 3 to the coefficients a,, very

explicitly: We recall that we get the coefficient of 2™ in a power series ¢(z) = Y32, ¢maz™ by
the Residuum Theorem as
1 j{ dx (z)
Cm = — ¢ ——c(x).
2mi J amHl
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Thus we get (suppressing n?u™)

1 de 1 dg (de\ q¢m™!
m=—— P —— L) = — R — d2
“ 27 % em“BQ( )= omi 7{ gmtl (dq) e(q)m+t fq - mo

1 dg e ._,.
=5 gty " med2,

because we have qg—; =emod2 by € = Y g D? = ¢+ ¢ + ¢% 4+ ... . Furthermore,
¢/q= f(¢®) = f(q)® mod 2, where

fl)=> ¢ =1+q+¢+¢ +... € Z[q].

n>1

Thus we have shown:

3.3.3 Proposition: The Ochanine k-invariant in dimension 8m + 2 is given by the coeffi-
cient of ¢" in

Fl@)™™B = (f(q)"""0(q) """ *04(TM),[M]xo) € KOsm2|lq]]-

We use this result together with the Real Family Index Theorem to get an analytical in-
terpretation of k as the mod 2 index of an explicitly given twisted Dirac operator. We
recall:

3.3.4 Theorem (Atiyah, Singer [7]): Let M be an (8m + 2)-dimensional closed Spin-
manifold and E € KO°(M). Define e € Z/2 by (E, [M|ko) = en?u™ € KOgp 2, then

e = dimcker(Dg) mod 2,
where Dg is the Dirac operator of M twisted by the virtual bundle E.
In particular, with 3.3.3 we have shown:

3.3.5 Corollary: Let M be an (8m + 2)-dimensional closed Spin-manifold and E,, €
KO (M) be the virtual bundle, which is the coefficient of ¢™ in

F@)7"0(q) ™" 204(TM) € KO°(M)|[q]].

Then the Ochanine k-invariant of M is equal to the mod 2 index of the Dirac operator twisted
by the virtual bundle E,,,
k(M) = dimcker(Dg,,) mod 2.
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4 HP?-Bundles and Integral Elliptic Homology

It seems to be difficult to compare k directly with the Brown-Kervaire invariants K, for
Spin-bordism. Whereas k can be given as a very concrete K O-characteristic number, the
Brown-Kervaire invariants, constructed with quadratic forms on the middle-dimensional Z/2-
cohomology, form an affine space and thus seem to have no distinguished element.

Fortunately, it is possible to characterize k by a multiplicativity property for certain HP2-
bundles. Thus k is a Brown-Kervaire invariant iff we can find one with this multiplicativity
property. This result is a corollary of a Theorem of Kreck and Stolz [32] showing that the
kernel of the Ochanine elliptic genus 3 consists of all Spin-bordism classes of HP2-bundles
with structure group PSp(3) over zero-bordant Spin-manifolds.

We consider now these HP2-bundles, recall the results of Kreck and Stolz which are relevant
to our problem, and at last examine the behaviour of Brown-Peterson secondary cohomology
operations in HP?-bundles. The problem, if there exists a multiplicative Brown-Peterson-
Kervaire invariant (which would then be equal to k), will be reduced to a product formula
for the secondary operation involved.

4.1 HP2-Bundles

4.1.1 According to Stolz [60], we consider fibre bundles p : N**® — M* of closed Spin-
manifolds N**8 MP* with fibre the quaternionic projective plane HP? and structure group
the projective symplectic group PSp(3). We shortly call these bundles PSp(3)-HP?-bundles.

We recall, that the quaternionic projective plane can be constructed by several equivalent
methods. For example, one can take the Hopf map v : S7 — S* and form HP? := S* U, D8.
This gives the integral cohomology ring as H*(HP? Z) = Z[z]/x® with || = 4, and hence
the total tangential Stiefel-Whitney class as w(HP?) = 1 + 2 + 2 (2 denotes also its mod
2 reduction). Alternatively, one can take the quotient of S'' C H3 by the (free) action of
S3 C H, the quaternions of length 1. With S% = Sp(1) and S = Sp(3)/Sp(2), this shows
that we can consider HP? also as

HP? = Sp(3)/(Sp(2) x Sp(1)) = PSp(3)/P(Sp(2) x Sp(1)).

Here, G := PSp(3) = Sp(3)/Z(Sp(3)) is the projective symplectic group, which is a compact
connected Lie group of dimension 21 and 7 (PSp(3)) = Z/2 since Z(Sp(3)) = {x1} =7Z/2;
furthermore, the isotropy group H := P(Sp(2) x Sp(1)) = (Sp(2) x Sp(1))/Z(Sp(3)) is also
compact connected, of dimension 13 and 7 (H) = Z/2. The group G acts (in contrast to
Sp(3)) effectively on HP?. In fact, giving HP? the standard Riemannian metric, G is just
the group of isometries on HP?. Finally, we remark that the total tangential Pontrjagin
class was in [11] computed as p(HP?) = 1 + 2z + 722

Now, bundles as above are the pullback of the universal PSp(3)-HP?-bundle
HP? = G/H — BH — BG
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by a classifying map f : M* — BG. Stolz, using a result of Kono [30], computed in [60] the
cohomology rings in this universal bundle as modules over the Steenrod algebra:

4.1.2 Theorem (Stolz [60]): There exist elements to, t3, g, t10 € H* BG and ug, us, uy, ug €
H*BH, the index denoting the degree, such that the cohomology rings of these classifying
spaces are the polynomial rings

H*BG = 7Z/2[ty, ts,1s,112]
H*BH = Z/z[u2;u37u47u8]'

Furthermore, the induced map of the projection p = Bi : BH — BG satisfies
P(ta) =ug, p*(ts) =us, p*ts) = ui+us, p*(t2) = usus,

and the operation of the Steenrod algebra is given by

Sq(tg) :t2+t3+t§ Sq(UQ) :U2+U3+U2

Sq(ts) = t3(1+ta +t3) Sq(ug) = ug(l + us + us)

Sq(tg) =ts+ t%tg + t19 + t%tg + tot19+ S(](U4) = U4(1 + ug + us + U4)
+i3t12 + t% Sq(ug) = ug(1l + u% + uy + u§—|—

Sq(tiz) = tia(1 + to + t3 + t3 + t3t3+ +uguy + uzuy + +ug).

913 + ts + 13 + tots + tats + t12)
The total Stiefel-Whitney class of the tangent bundle along the fibres T> is
w(T%) =1+ (uj + ua) + (ugus + u3) + ustia + us,

and the Serre spectral sequence of the universal bundle collapses, showing that H* BH is a free
H*BG-module on the basis {1,w,(T?),w3(T?)}. In particular, the Leray-Hirsch Theorem
holds for all HP?-bundles HP? — E — B with structure group PSp(3), where we get the
basis of H*E as a H* B-module by pulling back the universal basis with the map f :E — BH
associated to the classifying map f: B — BG.

Proof: In [60], only the action of Sq' and S¢* on H*BG is given, although the proof works
also for H*BH and the other Steenrod squares. Since we need in section 5 the form of
Sq(wy(T*)), we indicate a proof following the argument of Stolz in [60]. We cite the following
inclusions of Lie groups

(Z/2)* — P(Sp(1)*) — H — G,
which induce monomorphisms for the cohomology rings of classifying spaces
H*B((Z/2)*) +— H*BP(Sp(1)*) +— H*BH +— H*BG.

With H*B((Z/2)*) = Z/2[x1, 2, y1, 1], Stolz proved that (identifying the polynomial gen-
erators above with their monomorphic images):

t2 = LU% + .flfll’,l + x/12 Ug = tQ

t3 = ZE%(L’& + ZL’lfL’/lg Uz = t3

ts = %+ 548, + s} Uy =S4+ 8
t12 = 8121821 + 84822 ug = 84521,
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where s4, s, € H*B((Z/2)*) are defined by

Sy = Y1+ Yits + it
/ A 14 12 /
Sy = Yy Fyrta +yits.

A straightforward computation in H*B((Z/2)?*) gives then the result. m

4.1.3 Corollary: The total Steenrod square applied to the universal Leray-Hirsch generator
1= wy(T?) = ud +uy € H*BH is given by

Sq(z) =z + (uj + uguy) + uguy + °.

In particular, Sq¢*(x) = 0.

4.2 Integral Elliptic Homology

This theory of Kreck and Stolz [32] is a refinement at the prime two of the elliptic homology
theory of Landweber, Ravenel and Stong (see [39]) and has a very geometric definition in
terms of PSp(3)-HP%bundles. Here we need only the coefficients of this theory.

4.2.1 On the level of bordism the construction of PSp(3)-HP?-bundles by classifying maps,
respectively the forgetting of the classifying map, can be expressed by homomorphisms (see
[60])

Vo QP(BPSP3) — ry, M. f] = [N=[E]
T QP"(BPSp(3)) — Q" (M, f] — [M],

and we set

T, :=im¥ = {total spaces of PSp(3)-HP?-bundles in Q5F"}

T, := W(kerr) = {total spaces of PSp(3)-HP?-bundles with zero-bordant base in Q5}.

4.2.2 Remarks:
(i) In the construction of ¥ as a transfer map in the sense of Boardman (see [60]), one
uses that the tangent bundle along the fibres T of the universal PSp(3)-HP2-bundle has a
Spin-structure. Thus for any classifying map f: M — BPSp(3), the pullback f*F is again
a Spin-manifold.

ii) These definitions can also be made with an auxiliary space X, i.e. one can also define
T.(X) and T,(X).

Now, Stolz proves in [60] the following deep result, which was the key step in his proof of
the Gromov-Lawson conjecture:

4.2.3 Theorem (Stolz [60]): The subgroup T, C QP is equal to the kernel of the Atiyah

a-inovariant,

ker(a) = T..
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In [32], this was used by Kreck and Stolz for the computation of ker(3) and QP /ker(f):

4.2.4 Theorem (Kreck, Stolz [32]): For the Ochanine elliptic genus (8 : Q5P" —
KO.[[q]], we have

ker(B) = T,

QS Jker(8) — Zls, k,b,h]

2s, s3, sk, ,k* — 4(b+ 64h)’

where s := [SY, k = [K*], b := [B®| and h := [HP?] denote the Spin-bordism classes of
the non-trivial circle, the Kummer-surface, the Bott-manifold and the quaternion plane. In
fact, prm/jv* is isomorphic to the subalgebra S, C Q5P generated by s, k,b, h, and there is
an additive splitting Q5P =~ S, @ T.,.

4.2.5 Remarks:
(1) With Q%Pin /T, = im(3), we get again theorem 3.2.4 of Ochanine.

(i) According to [32], one defines ell,(X) for any space X by
ell (X) := Q5P™(X) /T.(X).

We cite from [32] that this does not give a homology theory; but one obtains homology
theories by the following two constructions (we will not use this result in this thesis):

4.2.6 Theorem (Kreck, Stolz [32]):
(1) ell (X) @ Zgay is a multiplicative homology theory.

(2) For any element v € ell, of positive degree, one gets a multiplicative homology theory
El’(X) := ell(X)[v"'], which agrees with the (Franke-)Landweber-Ravenel-Stong elliptic
homology (see [39], [32]) EllY(X) := Q9(X) ®qso Z[3][0, €][¢p(v) ] after inverting 2.

For v = h = HP?, one gets '
El(X) = @R (X)/ ~,
keZ
where ~ identifies for every G-HP?-bundle p : E — B the class [f : B — X] € Q3""(X)
with [fp : B — X] € Q2% (X)), i.e. total spaces of G-HP?-bundles are identified with their
base ([32]).

The following corollary of 4.2.4 and 3.2.11 gives a characterization of the Ochanine k-invariant
within all homomorphisms Q37" — 7Z/2:

4.2.7 Corollary: Let K : ngjf% — Z,/2 be a homomorphism with:

(1) K wvanishes on f8m+2.
(ii) For all N € Q3™ it holds K(N x ST x ST) = sign(N) mod 2.

8m
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Then K is equal to the Ochanine k-invariant,

K=k

Proof: By (i), K factors over ellg,, +» which is a Z/2-vector space with basis s2h™, s2h™~1b, ...,
s2b™. By (i), we have K(s*h'b’) = sign(h'b’) mod 2. But the same applies to k by 3.2.11
and 3.1.4. m

4.2.8 Remark: Condition (7) in 4.2.7 is equivalent to :

(i') There exists a homomorphism K' : Q¥ — 7./2, such that K(N) = K'(M) for all

m

G-HP2%-bundles p : N — M of closed Spin-manifolds N, M of dimension 8m + 2, 8m — 6
respectively.

This holds, because (i') means exactly that K ot = K'o (with ¢ and 7 as in 4.2.1), which
is equivalent to (i) by the definition of 7. =

4.3 Secondary Operations and HP?-Bundles

4.3.1 In order to apply the above result 4.2.7, we want to compute Brown-Peterson-Kervaire
invariants of HP%-bundles. Let

D N8m+10 N M8m+2

be a G-HP?-bundle of closed Spin-manifolds classified by f : M®"*2 — BQG. Since BG is
1-connected, we can by surgery assume that M®™*2 is 1-connected without changing the
bordism class [M®™2 f] € Q3™ (BG). Then N¥"10 is also 1-connected. As the Leray-
Hirsch Theorem applies to G-HP?-bundles (4.1.2), we have

H4m+5N8m+lO . V) ‘/0 D ‘/_~_7

where
V_ = p* H4m+5 M8m+2
Vb = xp* H4m+1 M8m+2
V+ = m2p*H4m73M8m+2‘

Here, € H*N®"+10 denotes the pullback of the universal Leray-Hirsch generator, which we
called also = wy(T?) € H*BH, to H*N®™+10 gee 4.1.2.

4.3.2 Now assume that
¢ : (kerp)* ™5 — (cokera)®™+1

is a Brown-Peterson secondary cohomology operation (see 2.3.3), giving a Brown-Peterson-
Kervaire invariant K in dimension 8m+10 (2.3.6). For N8 19 we get ker3 = H4m*+> N8m+10
and cokera = H¥™HONSMHI0 = 7/9 "and for a = p*a’ € V_ we have by naturality

(b(a) — p*¢(a/) c p*H8m+1OM8m+2 =0.
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On the two other summands Vy = ap* H¥ M3 +2 and V. = 2?p* H¥™ 3 M®*+2 the opera-
tion ¢ does not vanish in general; in fact, it can be very complicated on V,. But with the
quadratic sub-Lagrangian lemma A.2.18 we obtain:

4.3.3 Proposition: Let g5 : H™ P N80 — 7. /9 be the quadratic form belonging to our
Brown-Peterson-Kervaire invariant Ky, defined by qs(z) = (¢(2), [N¥™T10]). Then we have

Ko(N*"410) = Arflgy) = Arflgslv).

Proof: The multiplikative structure of H*N®m+10 gives by the Leray-Hirsch theorem that
VE=V_®V, Thus Vy = V+/V_, and we can apply A.2.18. m

This proposition tells us, that we have to understand the Brown-Peterson secondary coho-
mology operation ¢ only on the middle summand V. The optimal case would be, that there
exists another appropriate Brown-Peterson operation

¢ (kerB*™ ) — (cokera)®m+?

(giving a Brown-Peterson-Kervaire invariant K in dimension 8m+2), such that ¢(zp*a’) =
22p*¢’(a’) on Vp. In this case, we get

go(zp’a’) = (2°p" ¢/ (d), [N]) = (¢/(a'), [M]) = g (d') € Z/2,

hence K,(N) = Arf(gslv,) = Ky (M). With 2.2.3 and 4.2.7 (see also remark 4.2.8), one
obtains then K, = k.

In the next three sections we will attack this problem, which consists in computing a Car-
tan formula for Brown-Peterson secondary cohomology operations. We remark, that this
problem of computing Cartan formulas for secondary operations (with smallest possible un-
determinacy) seems to be very hard. Even in the stable case, Adams showed in [1] the
existence of a Cartan formula by universal models but could not give the actual form of the
terms in the product expansion. Later Adem [2] proved that ¢(xy) = é(z)y + x¢(y) for
certain stable operations ¢; the simple form of the Cartan formula in this case comes from
the 'very small’ range of definition of these operations, i.e. the condition S(x) = 0 to define
¢(x) is so restrictive, that all primary operations ¢(z) vanish. In particular, the relation
af = 0 here fixes the operation ¢.

As we have seen in 2.4.5, this is definitely not true in our case of Brown-Peterson operations ¢,
where the condition S(z) = 0 on the middle-dimensional cohomology of the Spin-manifolds
we consider is not restrictive at all (2.3.4). Fortunately, Kristensen gave a method to compute
a Cartan formula for secondary cohomology operations, which we review in section 6 and
apply to our problem in section 7. But first, we will see in the next section how far we come
by standard homotopy theory.
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5 A Homotopy Theoretical Product Formula

The previous section shows that we need a product formula for the unstable secondary
cohomology operation ¢ applied to z-y with € H*N®" 10 and y := p*a, a € HA™HL MB™+2,
In this section we prove by standard homotopy theory a product formula for secondary
operations of a very general type. This gives a first result for ¢(xy), but it contains a
primary term which is obtained by glueing together certain homotopies. Because we were
not able to compute this term by homotopy theory as an explicit linear combination of
known invariants, this formula has only very restricted application to our problem.

On the other side, we hope that our formula has some interest in its own, because it seems to
show more directly than Kristensen’s theory (for which we give a survey in the next section)
how a product formula arises and where the hard part of the problem lies (namely, in the
primary operation which comes from glueing homotopies). Also, our method is not restricted
to cohomology with Z/p-coefficients, as is the theory of Kristensen.

We point to a little difference in the notation of 'relations’ in this section, which disagrees
with the rest of this thesis: We introduce here relations as zero-homotopic compositions

A-%B-5C

i.e. ba ~ 0, and the associated secondary operations go then from ’ker(a)’ to ’coker(b)’.
In contrast to this, relations in the Steenrod algebra (and similar for cochain operations in
the next section) are denoted by > «;3; = 0, giving secondary cohomology operations going
from ker(3) to coker(a). The first notation seems to fit for commutative diagrams of spaces,
whereas the second notation fits for 'algebraic’ equations. We hope, that these two different
notations will not cause any confusion.

5.1 Secondary Operations

5.1.1 We recall the definition of secondary operations in the language of homotopy theory,
see [46] and [59]. Let A and B be spaces (we work in the category of pointed compactly
generated spaces) and consider the homotopy functors [ |, A] and [ |, B]. By the Yoneda
lemma, the primary operations from [ | A] to [ , B| are given by the elements in [A, BJ.
Now fix a map a : A — B and consider the pullback 7, : a*PB — A of the path fibration
mp : PB — B, which comes with the canonical map a : a*PB — PB over a. We remark
that by the exponential law, a zero-homotopy for a fixed map X — B is the same as a lift
X — PB. Similarly, for a fixed map = : X — A its lifts  : X — a*PB correspond (by the
pullback property) bijectively to the zero-homotopies h (:= az) of the composite map ax:

a

a*PB PB
/ Ta h B
X z A z B.




5.1.2 Now, a secondary operation ® from [ , A] to [ , D] is given by ¢ € [a*PB, D] where
D is a further space; then one defines for any space X:

® : [X, Al — P[X, D]

O([z]) :={¢[z] | : X - a"PBis alift of x : X — A},

where P denotes the power set (set of all subsets) and [z] the homotopy class of a map
z: X — A. By the above remarks we see that ®([z]) = 0 iff [a][z] # 0. We say that ® has

kerla] := {[x] € [X, A] | [a][z] = 0}

as range of definition. The naturality of ® is expressed by ®(f*[z]) C f*®([z]) for a map
f:Y — X (here f*[z] = [z f] and similar for f*®([z])).

5.1.3 Now we show how secondary operations arise from a relation between primary opera-

tions. Suppose we have a relation (a, b), i.e. two maps A = B b O where the composite map
ba is zero-homotopic. Fixing a zero-homotopy of ba, which is the same as a lift H : A — PC,
we get a secondary operation

¢:=Hm, — (Pb)a:a*"PB — QC

by glueing together the two maps Hm, : a*PB — PC and (Pb)a : a*PB — PC,

Qb

OB =—— QOB e

| "

«*PB —*—~ PB Po PC

/5;’ Ta h TB H Wc{

X : A ——~ B b C.

Here, glueing means composition with the map

— 15 PC = {(wy,wy) € PC x PC' | mcwy = mewy} — QC

B wi(2t), te€0,1/2]
W) — Wy = (t ~ {w2(1 —2t), t € [1/271]> '

5.1.4 We analyse the undeterminacy of the secondary operation ® in this case: Since a
lift = of z is the same as a zero-homotopy h : X — PB of ba, we see that the subset
O ([z]) = {[¢Z]} of the group [X,QC] is obtained by glueing together the two maps Hzx :
X — PC and (Pb)h : X — PC for all zero-homotopies h of ax. As the path fibration and
its induced fibrations are principal fibrations, different A differ (up to homotopy) by adding
maps X — B with
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+:QB x PB— PB

B wy(2t), t€0,1/2]
w1 + wg = (t = {w2(2t— 1), t e [1/27 1]) ,

thus ®([z]) is in fact a right coset of the subgroup (2b).[X,QB] < [X,QC]. In particular,
if QC' is a homotopy commutative H-space, the group [X,QC] is abelian and ® can be
considered to take values in the factor group coker[Qb] := [X, QC]/(2b).[X, QB],

O : kerla] — coker[Qb].

5.1.5 A different choice of the zero-homotopy H for the relation (a,b) differs (up to homo-
topy) by adding a map d : A — QC, which gives then the difference between the associated
secondary operations:

Ga+H = dTa + dn
Gy ([z]) = d[x] + Pg([x]),

where the last "+ is of course the product in the group [X, Q2C] which is non-commutative
in general.

5.1.6 Remark: This shows that if one does not specify a choice of H for the relation (a, b),
one gets only an element in the double coset

(z,a,b) LJ¢H ) € 2*[A, QC\[X, QC] /(). [ X, QB),

which is called the secondary composition (or Toda bracket) of z, a and b (see [59]).

5.2 A Product Formula

5.2.1 Now we come to a product formula for secondary operations. By this we mean an
expansion of p*® where p: E AN A" — A is a given map. We suppose further that we have
a relation (a/,0'), and maps v : EA B — B and n: EAC'" — C, such that the following
diagram is commutative up to homotopy:

(I I

EAA 2 Eap 2 pac

We will in the applications 5.3.1 and 10.3.3 see how such a diagram follows from the relation
(a,b) and product formulas for the primary operations a, b with respect to p.
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5.2.2 Theorem: Let (a,b) and (a',0') be relations and p, v and n be maps such that
the above diagram is commutative up to basepoint-preserving homotopies. Choose zero-
homotopies H : A — PC and H' : A’ — PC" for the relations and pointed homotopies

HY:Ix(EANA)Y—=B  HE:Ix(EAB)—C

for the left and the right square of the diagram, where HY = v(1Ad’), HE = ap, H = n(1AY)
and HE = bv. Then the following two maps from E N a*PB’ to QC,

dufe  and ey e pr(1ATy) + (Q2n) o,

are homotopic. Here, [i is a lift of ju constructed by H* Qo) denotes partial looping in the sec-
ond variable, and €y g o gr is obtained by glueing together the homotopies H, H', H" HE.
In particular, if (x,y) : X — E N A’ is a map with o'y ~ 0, then the secondary operations
S ([y]) and Ou([u(x,y)]) are defined, and it holds

Py ([, y)]) = le,m mr mrl([2], [Y]) + [Qen]([z], @a([y])).

Proof: First we show the existence of pointed maps fi, P and Pg)yn and homotopies
HY:1x (EANa*PB')— PB and PoH" : I x (E A PB') — PC in the following diagram

a Pb

a*PB : PB - - PC
M AL Py P HR, PM
EAd*PB — - EAPB - EAPC
Ta TB el
1A,/ ' IAT gy ' 1IAT o ]
A : - B K - C
o HL i y 1 HR i y n
ENA - FEAB - ENC
such that 3
(1) maft = p(lATe) .
(2) ap ~ (Pov)(lAa) by H*
(3) WB(P(Q)V) = V(l/\ﬁgl)
(4) mc(Poyn) = n(lA7c)
(5) (PV)(Peyv) =~ (Pom)(LAPY) by PoH".

The maps P)v, Pi2yn and the homotopy P H R are constructed by applying the partial
path space functor Pg) in the second variable which associates to a map f: X AY — Z the
map FPoyf : X A PY — PZ defined by Poyf : (x,(t = y)) — (t = f(z,5)). In the same
way one defines (PgyH®)s := Pro)(HZE) for the homotopy H? = (HF)se;. A straightforward

calculation shows that these maps are well-defined and satisfy (3), (4) and (5).
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Now we want to construct the map /i and the homotopy H”. Because of (1), we want [ to
be a lift of pu(1 A m,), thus we look for a zero-homotopy of the map au(l A ). But this
map is — by the homotopy(HZ (1 A 74/))se;r — homotopic to the map

V(LA LA Ty) =v(LAmp)(1Ad) =7p(Payr)(LAd),

which has the canonical zero-homotopy (Pgv)(1 A a’). Thus fi is constructed by glueing
together this zero-homotopy (Poyv)(1Aa’) of v(1Aa')(1 A, ) with the homotopy HE(1AT,)
between (1 A a’)(1 A 7my) and ap(l A my) to give a zero-homotopy of the map ap(l A 7y ).
In fact, the intermediate steps of this glueing process define then also the homotopy HE
with the property (2). In order to give an explicit expression, we recall that an element of
E N a*PB' is given by (e, (u, (t — v;))) where e € E, u € A" and (t — v;) € PB’ with
a/(u) = vy, modulo the identifications of the smash product. Then i and H” are given by

p:  ENd*PB — a*PB
i (o) o (o), (o e i)

t

HY . EANa*PB —» PB, sel

L. v(evae/(2—s)) ,t€[0,1—3

BE: (e(u(tmw) = (b { o) et dh
Tedious but straightforward computations show that these maps are again well-defined and
satisfy (1) and (2), and also nTg HE = HE(1 A 7).

As next, we want to compute p*® which we represent by the map
op: ENa*PB — QC,

because by (1) alift 7 : X — EAa*PB ofamap z: X — EAA' gives alift iz : X — a*PB
of ux : X — A. We have ¢ji = Hr,fi — (Pb)aji, where the both maps Hm,fi and (Pb)aji
lie over the map bam,ji = bap(l A my). Our strategy is to pull these both maps from the
back face of our diagram to the front face with the help of the homotopies H* and H%
(respectively H”, PyH"). In fact we will define homotopies F' and G with

F:Ix(EAA) = PC, Fy = Hp,
G:Ix(EAd*PB)— PC, Go = (Pb)aji, Gy = (Poyn)(1A (PY)d)

and I} is obtained by glueing together the homotopies H, H* and H¥. Then we get
o = Fo(lA7y)—Gy =~ F(1A7y)— Gy,
and in the last step we will compare the right side with
(Qem) 1 A¢).

We have to be a little careful because we take the ”difference” by the map — : pp, PC — QC
which can only be applied if the two maps to PC' lie over the same map, i.e. the range of
definition of ”—" is p;, PC and not PC x PC'. In particular, the homotopies F' and G have
to satisfy

ToFs(L A my) = meGy for all s.
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Now we write down the explicit definitions of " and G. We start with G which is obtained
by glueing together the homotopies (Pb)H" and (PoyH™)(1 A a'):

o[ (PO, forse(od)
s (P(Q)HR)Q_QS(]_ A a’) for s € [%, 1]

(We often switch here between map(I x X,Y') and map(X, map(I,Y")) using the exponential
law.) For the definition of F' = (Fy, : EA A" — PC)ser, we glue together the homotopies
(Hep)ier, (bHE)E € T and (HE(1 A d'))ier and obtain a homotopy (Hy)iepo,3, which gives F

by running from Hy =0 to ]:IHQS:

H:[0,3] x (EAA") — PC,

) Hyp, for t € [0, 1]
H,.={ bHL,, fort€[1,2] ,  Fy:=(t Hpioen).
HE (1Ad), forte 23]

It is straightforward to verify all properties of F' and G we wanted to have. Thus we get by
‘adding zero’: )
o = Fi(lA7e) = (Pem) (1A (PY)d)

~ <F1(1 N 7Ta/) — (P(Q)?])(l VAN Hlﬂ'a/)) + ((P(g)’l])(l A H,ﬂ'a/) - (P(g)n)(l VAN (Pb,)d/))
It is clear how this process of ’adding zero’ works and that it does not change the homotopy

class, but again this is tedious to write down: Given maps r!,72, 73 : X — PY over the same
map X — Y, we get a homotopy (Rs)ser from Ry =7 —r® to Ry =7 —r> + 1% — 13 by

T sp fortef0,5 — is]
[ PR 7“(22(57” for t € [% - %3,1%]
Tal(s:) for t € [5,5 + ;5]
T ep forte[s+ is,1]

where the functions aq, as, a), ag can be characterized by linearity in ¢ and their values at
the 'boundaries’:

ai(s,0) =0 ar(s, 3 —38) =1
as(s, 3 —3s) = 1 as(s,3) =1-s5
ay(s, 5) = 1—s5 ay(s,5+1s) =1
as(s,3 +13s) = 1 as(s,1) =0

(By a similar method, we got the expressions for fi and H" above.)

Going back to our computation, the left difference r! — 72

given by ey g yr gr(1 A mqr), where

is (up to reparametrization in t)

EH,H’,HL,HR B A\ A, — QO,

Huyp, for t €

(€ gL HR)s i= bH3 4, for t €
AT Hi ,(1Aa), for t €
(Poyn)(LANHj_y,), forte

O [ [ = O
= | ConD |  [

—_—————
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For the right difference r* —r?®, we remark that the map Poyn : EAPC’ — PC was for fixed
parameter ¢ € I just given by n; thus we obtain

(Poyn)(L A H'ma) = (Poyn)(LAPYd) = (Qan) (1A (H'rew — PV d)) =

= (Qem 1 A¢),
where {25y denotes the partial loop space functor in the second variable, which associates to
amap f: X AY — Z the map Q) f : X AQY — QZ defined by

Qoyf = (z,(t—=y) = (= [z, ye).
This ends the proof. m

5.3 Application to HP?-Bundles

5.3.1 We want to apply the product formula 5.2.2 to a Brown-Peterson-Kervaire invariant
¢ on an PSp(3)-HP?-bundle p : N®™+10 — N8 +2 of closed 1-connected Spin-manifolds
with structure group PSp(3). According to 4.3.3, we have to compute ¢ on the middle
dimensional summand xp* H* 1 M8 +2 Thus we consider the following diagram giving the
initial data 5.2.1 for the product formula 5.2.2:

a b
Kimys — KgmypoxXKgmi10——  Kgmi11

1

N\ 8m+10 (f.p*y) EA Kypia 1Aa/ EAD

1IN

EAC,

where F := BP(Sp(2) x Sp(1)) is the total space of the universal PSp(3)-HP?-bundle,
[ M2 — BPSp(3) denotes the classifying map of the bundle N¥ 10 — N/8m+2 with as-
sociated bundle map f : N¥*10 & F and p := U441 with 2 : E — K, representating the
universal Leray-Hirsch generator + € H*E (we denote also the pullback f*z € H*N®"+10 by
x and hope that this will not lead to any confusion). Furthermore, a := (Sq¢*™** S¢imT1Sq!)
and b := Sq® + Sq' give the relation for Brown-Peterson secondary cohomology operations
in dimension 8m + 10. Here and in the following, + means the H-space structure of K;, ¢;
denotes the identity (=fundamental class) on K;, and U : K; A K; — K, ; is a map realizing
the cup product in cohomology.

In order to define the remaining part of the diagram, we apply the Cartan formula to au:
Sq4m+4($'b4m+1) = 225" Lym 11 + Sq3$'5q4m+lb4m+17
5q4m+4591(37‘b4m+1) = $25q4m5qlb4m+1 + SQ3$'5€14m+15q1L4m+1

+  SPr-Sq" S tam .
Here we have used that Sqz = x + S¢?xr + S¢®z + 2% (4.1.3) and Sq¢*y = 0 for k > 4m + 1.
Thus we set

B = (Kgmi1 X Kgmy2) X (K19 X Ksmis X Kgmaa),
a = ((9¢", Sqtm), (Sq'Sqt, S¢S, SqtSgt),
vooi= (22U tgme1 + SEPx U tgmya) X (22 Uty p0 + ST U tgprs + S¢2 U tgmaa).
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Of course, 22, S¢®z, Sq*x mean here representing maps from E to Kz, K;, Ks. Because
there are two factors Kg,, o in the definition of B’, we denote the second by Ky, ., and its
fundamental class by ¢, ,. This defines the left square of the diagram which by construction
is commutative up to homotopy. For the right square we apply again the Cartan formula,
but this time to bv:

Sq (% tsmi1 + S¢°T tgm2) + Sq* ($2Lém+2 + ST tsmis + SCT tgmra) =

TS smi1 + S SqP tsmya + $2891Lém+2 + S¢*2- 5S¢ tgmis + ST tgmra + ST Sq tgim s
Here we used also some Adem relations, like S¢?Sq® = S¢° + Sq¢*Sq'. Thus we set

C" = Kgmyz X Kgmya X Kgmys,
Vo= (S¢smi1 + S tpior SCtsmiz + ST tsmis + tsmra, Sq tsmia),
n = x2 U L8m+3 + SC]337 U l8m+4 + Sq2$ U L8m+5,

defining the right square of our diagram which is homotopy commutative by construction.
Now we can prove:

5.3.2 Theorem: Under the above assumptions we have the following equation living in
H8m+10N8m+10 o~ Z/2

B(ap'y) = 2°p" (' (y) + €(v)),

where v € HA*N®"10 s the Leray-Hirsch generator, y € HY" M2 & and & are the
Brown-Peterson secondary cohomology operations on HA™T5 N80 qnd FAm+1pf8m+2 cop.
structed with the homotopies H and H', and € comes from the primary operation constructed
by glueing together the homotopies H, H', H*, and H®. Furthermore, € is given as a linear
combination of PSp(3)-bundle characteristic classes and stable primary cohomology opera-

tions:
4m—+1

e(y) = ;) [ (ui)ai(y),

with u; € H'BPSp(3), a; € AY 1= and f: M®™2 — BPSp(3) is the classifying map of
the HP?-bundle p : N¥H10 — pf8m+2,

Proof: By 5.2.2, we obtain

(xp*y) = S (p(f,p"y)) = emm mr ur(f,0Y) + (Qayn) (f, @ (p*y)),

where @ is the Brown-Peterson secondary cohomology operation in dimension 8m + 10 con-
structed with the zero-homotopy H. We have to compute the right terms in the formula.

The secondary operation @y is not a Brown-Peterson secondary cohomology operation,
since by the application of the Cartan and Adem formulas, o’ and o' have become more
complicated. According to C" = Kgyi3 X Kgmia X Kgmys, the operation @ splits into
three secondary cohomology operations ®;, ®5, P53, associated to the unstable relations

(Sq*™,S¢'™Sq") / Sq¢*+8q'
(1) Kamia s +1—>1 . Kgmi1 X Kgppyio — Ktz
(Sqg*mTh,Sq* T Sqt, St T4 Sqt) Sq2+Sqt+u
(2) Kami — Kgmio X Kgmys X Kgmia Kgmya
Sq4m+25q1 Sql
(3) Kim+1 — Kgmya — Kgpmys.
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But @, is just a Brown-Peterson secondary cohomology operation in dimension 8m + 2,
and the two other operations ®,, ®3 take values in dimension 8m + 3, 8m + 4 respectively.
Applied to the class p*y, y € H™ M3 T2 we see by naturality the vanishing of ®y(p*y)

and ®3(p*y).

Now, we come to the map €21, which can be considered as a derivative of the product
operation 7 after the second variable. We use the following fact on ),y applied to the
cup-product U : K; A Kj — K;j:

With the natural homotopy equivalence QK; ~ K;_1, the map QU : K; NQK; — QK is
again giwen by the cup-product U : K; N K1 — Kipj_1.

In fact, this is part of the ring-spectrum property of the Eilenberg-MacLane spectrum H =
HZ/2, and can be found in [63] (there, it is formulated using suspensions, giving by the
exponential law the above formulation). We remark, that the corresponding fact for the
total loop space functor is not true: It holds QU ~ 0, which is just the vanishing of all cup
products in the suspension of a space ([64]). This shows that

N EN(Ksmys X Kgmya X Kgmys) —  Kgminn

N =2 Utgmis + ¢ U tgmia + S U tgmys

gives
Qo EN (Kgmia X Kgmis X Kgmga)  — Kgmto

Qeoyn = % U tgmiz + 9SG0 U tgmis + ST U tgma,

since QK; ~ K;_; is compatible with the H—spa_ce structures defining the addition in coho-
mology. In particular, we have computed (z = f*x)

Qe (f, 2w (p"y)) = 2*p* i (y).

At last, we consider the primary term

EH,H’,HL,HR € [E /\ K4m-|—17 QKSm+11] - H8m+10(E /\ K4m+1> - @ (HlE ® HjK4m+1)7
i+j=8m+10

hence €y pr o gr = iy jmgma10 Zi @ aj with Z; € H'E, a; € H7 Kyp, 41 and
e(w,y) = egmurun(f0y) = D, [(Z)paly) €HWTONTTO=7/2.
i+j=8m+10
Using that H*FE is a free H*BPSp( )-module via p* on the generators 1, x, 22 (4.1.2), we
have Z; = x2p*(z;_g) + ap*(2]_,) + p*(2!) with 2,2, 2/ € H'BPSp(3). Since €(z,y) lives in

'L
the top-dimension of N¥"+10 only the terms with 22 can survive:

e(r,y)= Y. @ f (=) pro;(y).
I+j=8m-+2

But then, a; € HI Ky, = A7~4m+1) s in the stable range as j < 8m + 2, see 2.3.2 (iv). If
we shift the index j by 4m + 1 and call [ again 7, we have shown that

e(x,y) = pr*( > (=) aj(y)) with z; € H'BPSp(3), a; € A'. =

i+j=4m+1
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5.3.3 Corollary: Let N¥ 10 — M®™+2 pe g PSp(3)-HP%-bundle of closed 1-connected
Spin-manifolds and choose Brown-Peterson-Kervaire invariants K4 and Ky in dimension
8m + 10 and 8m + 2, respectively. Then

Ky(N*™H0) = Ky (M) + (¢ (v.0), [MP7]),
where vy gy € H™ T M®™2 corresponds by Poincaré duality to the linear form
€ HAm VB2 5 7,2, y — (e(y), [M¥F3]).
Moreover, vy 4 s given by the pullback

Vg o = Zf*(:?: v
S

where f: M®™2 — BPSp(3) is the classifying map of the bundle, vy : M™% — BSpin is
the Spin-structure, and

Yz, @w, € H"™(BPSp(3) x BSpin)

15 a universal class depending only on the choice of the Brown-Peterson-Kervaire invariants
Ky, Ky.

Proof: The first statement follows by application of the sub-lagrangian lemma 4.3.3, the
product formula 5.2.2, and the addition formula 1.2.4:

Ky(N) = Arf(¢: HY™ N — 7/2)
= Arf(¢: ap*H*™ MM — 7/2)
Arf(y = (¢ (y) + e(y), [M]))
= Arf(y = (¢'(y), [M])) + (¢'(PD(e7)), [M]) = Ky(M) + (¢ (vs.6), [M])-

For the second statement, we have to show that the class vy gy € H*™ M corresponding by
Poincaré duality to the linear form

y—=ey) =0 > [ (z)ay), [M])

i+j=4m+1

comes from a universal element in H*™"'(BPSp(3) x BSpin). One can prove this by a
method similar to the computation of generalized Wu classes in 2.4.3:

Let M?? be a closed connected manifold of dimension 2d, z € H'M?¢, and Sq¢' € A4 with
I = (n,I'), i.e. the multiindex I starts with n. Then we have for any y € HYM?? using the
Cartan formula:

(284" (y), [M]) = <25q”SqI'( ), [M]) =
= (Sq"(2Sq" ( ZSQ" (2)Sq'Sq" (y), [M]).

This shows with (Sq"(2Sq¢" (y)), [M]) = (v,2S¢" (y),[M]) by a double induction on the
length of the monomial I and the first index n of I, that

(254" (y), [M]) = (y,[M]),
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where 2/ € HYM?! is of the form 2/ = ¥, w,a,(2) with certain polynomials w, in Stiefel-
Whitney classes and elements o, € A*.

This ends the proof of the second statement. m

5.3.4 Corollary: Let N¥"t10 — N8 +2 phe o PSp(3)-HP?-bundle of closed 1-connected
Spin-manifolds. If the PSp(3)-bundle characteristic class f*ts € H>*M®™2 and all odd-
dimensional Stiefel-Whitney classes of M2 vanish, then it holds

K¢(N8m+10) — K¢/(M8m+2)

for all choices of Brown-Peterson-Kervaire invariants K, and Ky in dimension 8m + 10
and 8m + 2, respectively.

Proof: This follows from vy = >, f*(Z5)v3;(Ws) since by the assumptions the subrings
[*(H*BPSp(3)) ¢ H*M®" 2 and v},(H*BSpin) C H*M®" are concentrated in even
dimensions, whereas vy 4 lives in odd dimension 4m + 1. m

5.3.5 Remarks:
(i) We recall from 4.1.2 that H*BPSp(3) = Z/2[t, t3, ts, t12] and t3 = Sq't,. In particular,
the first condition in 5.3.4 is satisfied for f*ty = 0, which is equivalent to the existence of
a lifting from the structure group PSp(3) of the fibre bundle to the full symplectic group
Sp(3). In analogy to the case of Spin-structures on oriented manifolds, this can be seen by
the principal fibration

BZ/2 — BSp(3) — BPSp(3)

which must have t5 : BPSp(3) — K> as classifying map because BSp(3) is 3-connected.

(i) In fact, this result also follows from theorem 2.2.4 of Ochanine: By the assumptions it
is not difficult to see that M®+2 N®m+10 helong to C, C Q5P where all Brown-Kervaire
invariants coincide with the Ochanine k-invariant, being multiplicative (3.2.11). A more
interesting application of 5.2.2 will be given in 10.3.5 for BO(8)-manifolds, showing that an
analogous result holds. But there, Ochanine’s methods [48] in the proof of 2.2.4 seem not to
work out for BO(8)-manifolds.

5.3.6 At last, we consider the dependence of the critical term z?p*e(y) = zp* (v 4y) in 5.3.3
on the choice of the Brown-Peterson-Kervaire invariants K, and Ky, i.e. on the homotopies
H and H' (and also H", H®). Looking at the definition of €z g g yr in the proof of 5.2.2,
we obtain the following table:

homotopy: change: contribution to [ey p/ gz =] :
H [A, QC| A, QC|

H [A", QC] (Qey). (1A A, QC")

H" [ENA QB | (Qb).[ENA,QB]

HE [ENB,QC) | (LAd)[ENB,QC|

Strictly speaking, this is only true if 2C' is homotopy commutative, as we do not want to
specify the way of glueing the contributions to [ey g yr gr|. In our applications, C' is an
Eilenberg-MacLane space and we have no problems with commutativity. We see, that the
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choice of HY and H® for the product formula does not play any role, as the contributions
by changing H” vanish in coker[Qb] and those of changing H? vanish on ker[d/].

In our case 5.3.3, we see that ey g (z,y) = 2?p*(X f*(2:)c;(y)) depends on the choice of H
and H' as follows:

enrom (T, y) = 22p*(X f*(z)a;(y)) + d(xp*y) for § € [Kymis, Kgmiro] = A™
emmyo(r,y) = 2p (2 f*(2)ai(y) +0'(y)) for &' € [Kymi1, Kgmya] = A

Thus we get vy g5 = V.o + Vs, With vg € HA™ L MB™+2 the generalized Wu class associated
to ¢/, see 2.4.2. The dependence of vgi54 on 6 is more complicated: One has to expand
d(zp*y) as

d(zp"y) = 2*p"do(y) + 2p"01(y) + p*d2(y)

which is possible by the Leray-Hirsch theorem, where §; € H*BPSp(3) ® A*. Then one
proceeds as in the proof of 5.3.3 to represent &y by multiplication with an element us, €
H*(BPSp(3) x BSpin) and obtains vyis 4 = Ve + Us,-

The problem of the existence of Brown-Peterson-Kervaire invariants behaving multiplica-
tively for PSp(3)-HP?-bundles is by 5.3.3 reduced to the question, if there exists a choice of
homotopies H and H', such that (¢'(vgs 4 ), [M®™*?]) vanishes for all these bundles. Thus it
is natural to ask, if there exists a choice of H, H' such that v, 4 itself is universally zero, i.e.
in H*™Y(BPSp(3) x BSpin). Unfortunately, the freedom of choosing H, H' is in general
not large enough to get all elements in H*™ 1 (BPSp(3) x BSpin) as vs + us,, which would
be sufficient for this (I examined this by lenghty computations in dimension 34).
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6 The Product Formula of Kristensen

By the previous section there is a deviation ¢'(vs4 )| ] to multiplicativity with v, 4 €
H*(BPSp(3) x BSpin), which is obtained by glueing together the homotopies H, H', H*
and H. There exists a multiplicative Brown-Peterson secondary cohomology operation (i.e.,
d(xp*y) = x®p*¢(y)), if there is a choice of H, H' such that ¢(vs )| ] vanishes. It seems to
be very hard (if not impossible) to decide by standard homotopy theory, if the affine set of
all possible vy 4 contains 0, because homotopies are so flabby, and also the spaces and maps
(and the 'reasons’ why they are homotopic) involved have no simple structure.

In this section we give a survey to another approach to secondary cohomology operations
which is due to Kristensen. Using cochain operations to represent cohomology operations,
Kristensen obtained sum and product formulas in a series of papers [33], [34] and [35], see in
particular [37] for a short survey on his product formula. Cochain operations seem to provide
the algebraic analogue of homotopies. They form an infinite dimensional Z/2-vector space
carrying a non-linear composition operation, and for some of them there exist explicit and
manageable expressions in terms of U;-products, which explains the success of Kristensen’s
method.

With this method of cochain operations, we will finally compute ¢(xp*y) in section 7 using
special cochain operations (=homotopies) due to Kristensen, in fact showing that the primary
operation € obtained by ’glueing them together’ does not vanish for general spaces, but
contributes vy » = 0 in our case of PSp(3)-HP?-bundles of 1-connected Spin-manifolds.

6.1 Cochain Operations

6.1.1 Kristensen worked in the category of simplicial sets which is no restriction because
its homotopy category is equivalent to the homotopy category of topological spaces, and
used cochain operations to represent secondary cohomology operations. A cochain operation
a = (ap)ren of degree n € N is a series of natural transformations ay, : C¥( ) — C*( )
of the normalized cochain functor for simplicial sets (coefficients are always Z/2). The ay
need neither to be linear nor to commute with the coboundary § : C*( ) — Ck1I( ).
We denote the graded Z/2-vector space of these cochain operations by O*; as an example,
the coboundary ¢ itself is a cochain operation in O!. As we use normalized cochains (i.e.
c € C*(X) = Hom(Cy(X),Z/2) vanishes on all degenerate simplices of X), we have a(0) = 0
for all @ € O* which follows by naturality from the vanishing of the normalized cochains of the
simplicial point. Kristensen defined a differential A of degree 1 in O* by (Aa)y, := dar+ax;10
(here, we use a(0) = 0), and showed the following:

6.1.2 Theorem (Kristensen [33]): Let a € O™ with Aa = 0 and define a cohomology
operation |a] of degree n in each dimension k by [a]([z]) := [a(x)] for all x € C*X with
dx =0, then [a] is well-defined and stable. This gives an isomorphism

H(O*,A) = A,
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6.1.3 This isomorphism is also compatible with composition, but in contrast to the Steen-
rod algebra A*, the cochain operations O* do not built an algebra because in general its
elements consist of non-linear mappings and the composition is thus not right distributive.
For example, by using a system of cup-i products (see [46], [33])

U;: C"X x C™X — C™Fmi X
one defines cochain operations sq* € O° as
(s¢)k(2) == 2 Upi @+ 2 Uiy 6w, € C*X,

which give the Steenrod squares Sq' = [sq’]. While the S¢’ are linear they are induced from
quadratic maps sq'.

6.1.4 Kristensen proved also an r-variable version of the above Theorem

H(O* M, A" =P A,

where a cochain operation a of degree m in r variables is a series of natural transfor-
mations a, : CF( ) x .. x C*( ) — C*"( ) and the differential A" is defined by
(AMa)(zy,..,2,) = Sa(zy, .., x,) + a(dz1,..,62,). As an application, for each a € O™ with
Aa = 0 there exists an r-variable cochain operation d, € O™ (") with

T T

(A(T)da)(xl, o Ty) = a(z x;) — Za(:z:i),

=1 =1

because the left side measures the deviation of a from linearity which vanishes in @, A"
since [a] € A™ is linear. It is also possible to normalize d, in the sense that d,(z1,..,2,) =0
if all but one z; vanish. Moreover, a similar formula exists for arbitrary a € O", which
can be seen in the following way (see [31]): The cochain operation Aa € O™ is a cycle,
so there exists da, € O"() as above. Applying A shows that the cochain operation
(z1,., 7)) = a(Xi_, ) + S0y a(z;) + dag(x, .., x,) is a cycle in O" () hence giving a
cohomology operation (ay, .., a,) € @, A*. Inserting zero for all z1, .., z, with the exception
of z; shows that o; = 0. Thus, there exists a cochain operation d, € O™ ") with

T T

(A(T)da)(arl, o Ty) = a(z x;) + Za(azi) + dpa(T1, ..y ).

i=1 i=1
For example, we obtain for cocycles 1, .., x, the sum formula

T

a(é x;) = Z a(x;) + daa(z1, ., x) + 0dy (21, ..\ 1)

i=1
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6.2 Secondary Cohomology Operations

6.2.1 We come now to the representation of secondary cohomology operations by cochain
operations, see [33]. We start with a relation >;_; a;8; = ~ of degree n in the Steenrod
algebra, where o; € A™ 5; € A™ with n;, + m; =n fori =1,..;s, and v € A™. If we write
a;, B; and 7y as sums of admissible monomials in the S¢*, then the corresponding expressions
with Sq¢* replaced by s¢* are representing cochain operations a;, b; and c¢. The cochain
operation r := Y7 | a;b; + ¢ € O™ has the property Ar = 0 and [r] = 0, thus there exists a
cochain operation R € O™ ! with AR = r. Now, let [z] € H*X be in the kernel of all the
B;, and k < excess(vy). Since [b;j(x)] = 0 there are w; € CH™~1X with dw; = b;(z), and
furthermore c¢(x) = 0 by the definition of the excess and of the sq’. Consider

8(2) 1= R(2) + - os(w),

then ¢(x) € C* " 1X and a short computation gives d¢(x) = 0. Kristensen shows that
choosing other w) with dw} = b;(x) or another 2’ € [z]| changes the cohomology class [¢p(z)] €
H¥=1X by elements in 35, im(ay : H¥™i71X — H*"=1X). Thus for k < excess(y) we
have defined a secondary cohomology operation

¢ ker(H*X (Pre) @Hk+miX) N coker(@ Fpmi—1 x catetas X,

i=1 =1

which is stable if 4 vanishes. Furthermore, a different choice of R" with AR’ = r is given
by e := R — R € O™ ! with Ae = 0, and then one has ¢ — ¢ = [e] € A" for the
corresponding secondary cohomology operations. In the following we say that ¢ is associated
to the 'relation’ .
p = ZC%@Bl EA*®A*

i=1
and is defined in dimensions k < excess(u(p)), where p : A* ® A* — A* denotes the
product in the Steenrod algebra. These operations are equivalent to those constructed in
the topological category from Y7 | a;8; = v ([33]).

6.2.2 We remark that in the case of |z| < excess(f;) for all i = 1..s we have b;(z) = 0 and
can thus make the canonical choice w; = 0. But also r vanishes then in this dimension and R
can be chosen with R(z) = 0 (one can easily see this in the topological category by choosing
the zero map between the appropriate Eilenberg-MacLane spaces as a representative of f3;).
In particular, one has then ¢([z]) = 0. See also the Theorem on p.76 in [33] for a sharper
statement.
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6.3 The Product Formula of Kristensen

6.3.1 Now we want to compute a product formula for the operation ¢. The product formula
for a stable primary cohomology operation is given by the coproduct ¥ : A* — A* ® A* in
the Steenrod algebra, and for relations we have the coproduct

Y@ =10t 1)(YRY): AAQA* - A*® A* @ A* @ A*
with the Hopf algebra property (u ® p)y®) = ¢u. Suppose now that we have

o= ph®et X € ®pm
neN meM
with pl, pll e el € A* ® A*, where we regard the pl,, p' as relations. This decomposition
is designed for the case that 0 = B;([z][y]) = X,ep, Bi;([2])8i;([y]) holds true because in each
summand at least one factor is zero, which Kristensen calls the complementary case; his
method works only under this condition (see [34] and [35]).

6.3.2 A first conjecture would be that (on the common domain of definition and modulo
the total indeterminacy) one has then ¢([][y]) = Xpen @ ([2])5, ([y]) + X menr 67, ([2]) 00 ([0])
with secondary cohomology operations ¢/,, ¢/ associated to pl,, p' and 0" := u(e’), o =
w(el ) . But the situation is more complicated because a relation gives in general more than
one secondary operation (which differ by stable primary operations), so this equation can be
only true if one adds at the left side ¢([z] ® [y]) with a certain primary cohomology operation
€ € A*® A*, whose computation was the main problem in the product formula of Kristensen
for ¢.

6.3.3 For the computation of ¢([z][y]) = [R(zy)+>;_; bi(w;)] we need two parts: Firstly, an
expansion of R(zy) (with zy meaning the cup product of cochains), and secondly, cochains
w; with dw; = b;(zy) which are given in terms of the complementarity condition.

The second problem leads to cochain operations QF of the second kind; these are series
G = (Gi;)ijen of natural transformations G;; : C*( ) x C( ) — C*™*"( ), and one has
a differential V : Q* — Q*™ by (VG)(z,y) := 6G(x,y) + G(dx,y) + G(z,dy). Kristensen
proves in [34] that
H(Q"V)=A"® A".

As an application of this Theorem, let « € A™ and the terms in the coproduct Yo =
> aj, ® o) be represented by cochain operations a, a) and aj. Then there exists a cochain
transformation 7, € Q" ! of the second kind measuring the deviation from the Cartan
formula on the cochain level,

VT.(z.y) = alzy) + > _ ap(x)ai(y) + da(0x y, 26y) + |2|da(20y, 20y).

In particular, we obtain for cocycles x, y that

a(zy) =Y ap(x)ag(y) + 0Tu(z, y).

For the proof, one computes that V of the right side is zero (in order to get this, one has to
include the linearity defects d,) and that it represents a([z][y]) + 3 o} ([z])a}([y]) = 0. Now

71



we can construct our w; with dw; = b;(zy) as

Z wl]b" )+ Z b, w'-'j + Ty, (x,y),

JEB] JEBY

where dw;; = bj;(x) for j € Bj, owj; = b;(y) for j € B}, and B; = B; U B

6.3.4 Attacking the first problem, Kristensen defines the following cochain operation A €
Q" ! of the second kind:

A(l’, y) = R(l’ ' y) + CR(xa y) + TT('r? y)
Here, Cr(z,y) = S,y R (2)d!(y) + ZmeM d, (x)R! (y) is the 'Cartan-term’, where the

cochain operations AR = r, AR) = r! and AR], = 7, represent in O* the relations
P, Py it € A* @ A* and dg,dﬁn represent 5;{,5;” € A*. The cochain operation T, € Q"' is
characterized as T, above by the property
VT, (z,y) =r(zy)+ > rh(x)dn(y) + > d,( )+ d.(0zy, x0y) + |z|d.(xdy, xdy),
neN meM

hence measures the Cartan defect of the relation r on the cochain level. Using the decompo-
sition r = Y7, a;b; + ¢, it can be related to the cochain operations Ty, T, and 7, by lengthy
formulas which can be found in [31], [35], or the appendix of [37] (we do not use them here).
Kristensen shows in [34] that

VA(z,y) = R(6xy + xzdy) + R(0zy) + R(xzdy) + d.(6x y, xdy) + |z|d, (xdy, xdy) =
= Adg(dz y, xdy) + |x|d.(zdy, xdy);

thus for cocycles x, y, one obtains also a cocycle A(x,y). In particular, one gets a primary
operation
ce @A, dlz]@y]) =[Alz, )],

and Kristensen proves
6.3.5 Theorem (Kristensen [34], [37]): Under the complementarity assumptions on the

cohomology classes [z], [y] and vPp = ¥, cn ol @ €+ Snenr € @ plh, we have (on the
common domain of definition and modulo the total indeterminacy)

= > L ([Don(w]) + > 6, ([z]) e ([y]) + e([z] @ [y])

neN meM
with secondary cohomology operations ¢, ¢.,, ¢! associated to the relations p, pl,, pl. ; with

OF = (e, o, = u(e,); and with e € A* @ A* constructed as above.

6.3.6 Remark: We used for A(x,y) the definition in [37]. In [34], there was also included a
term Dr € Q"' in the definition of A(z,y) (which is there called F(z,y)). There, Dy has
the property that

VDg(z,y) = R(6z y + x6y) + R0z y) + R(xdy) + d.(dz y, x6y) + |z|d,(xdy, x8y),

giving just VE = V(A + Dg) = 0 and showing by H(Q*, V) = A* ® A* directly that E
represents a primary operation.
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6.3.7 In the application of this formula, one has the problem that the term e is not effectively
computed by the other data. This problem was later solved by Kristensen, see [35] and [37].
In particular, he gave an explicit formula for the following triple series of relations, which
are linear combinations of the Adem relations:

ply = Z((lbﬂji-}):]a—zj) + (Z;J_rzl;:g))sqk_j ® S¢’, k,a,b € Z.
jez

Here we use the conventions S¢* = 0 for k < 0 and (}) = W for k>0, (}) =0

for k < 0. Applying the Cartan formula and reindexing gives a decomposition

VOl = D7 et © (5S¢ ©S¢') + Y (5S¢ ® Sq') @ pa_jil

i,jEZ i,jEZ

6.3.8 Theorem (Kristensen [35], [37]): There exists a choice of cochain operations R¥,
for the relations p¥, such that the primary term € in the product formula for the associated
secondary cohomology operations is given by

e* = (S¢* @ (S¢*Sqt + 5¢%)) - (Z<<Z;%,:i;_2j> + (NS¢ RS + Sq’f—j—%qﬂ‘—?’)) .

JEZ

The cochain operations R¥, are unique up to addition of boundaries of the Kristensen differ-
ential A.

We only mention that his proof uses (see [37]):

e The Eilenberg-MacLane complex K(Z/2,1), which is a simplicial Z/2-vector space
with zero differential in its normalized cochain complex, and has thus the only non-
zero cochain u™ € C"K(Z/2,1) in each dimension where u is the fundamental cocycle.
Then one can relate the action of A%, € Q% on (u", u™) to the action of R¥, and T¥.

e The cobar resolution A®™ of the Steenrod algebra, which has homology A(Qy, @1, ...)
where in particular Qo :_Sql and @, = S¢*>Sq' + S¢3. Then AF, gives an element in
A®? whose boundary in A®® can again be expressed in terms of A¥,.

e Special systems of cochain operations for the 7, with good combinatorial properties,
whose existence was proved in [31]. See also [35] and the appendix of [37].
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7 The Ochanine k-Invariant is a Brown-Kervaire In-
variant

7.1 Proof of the Main Theorem

We prove now the main result:

7.1.1 Theorem: In each dimension 8m + 2, there exists a Brown-Peterson-Kervaire in-
variant Ky which is equal to the Ochanine k-invariant.

Proof: By 4.2.7 and 4.2.8, we have to show that for each m € N, there exists a Brown-
Peterson-Kervaire invariant Ky ., in dimension 8m + 10 and an invariant K’ in dimension
8m + 2 which satisfy the multiplicativity property (i’) in 4.2.8 (actually we will show that K’
is also a Brown-Peterson-Kervaire invariant Ky, ). By 4.3.3, we have for each PSp(3)-HP?-
bundle of closed 1-connected Spin-manifolds p : N80 — A8 +2 that K, ., (N*"110) =
Arf(qo) where gy : H*™TIME™ T2 — 7/2 denotes qo(y') := ¢mai(z - p*y)[NE™TO] We
compute now the product formula for ¢,,.1(xy), y := p*y/, by Kristensen’s theory, where
Omy1 1s associated to

D1 = Sq2 ®Sq4m+4 + Sql ®Sq4m+45q1.
We first have to check the complementarity conditions for zy. The summands in

Sq4m+4(xy) — Z qux . Sq4m+4fiy
i=0..4m+4

and

Sq4m+45’q1(a;y) _ Z quSqlx . Sq4m+4fiy + Z qux . Sq4m+47isqu
1=0..4m+4 1=0..4m+4

are all zero, in detail:

e For ¢+ = 0,1,2 in the first and the second sum, and ¢ = 0,1 in the third sum, because
then the dimension |y| = 4m + 1 is smaller than the excess of the operation acting on

y.
e For ¢ =5,..,4m + 4 in the first and the third sum, and i = 6, ..,4m + 4 in the second

sum, because then the dimension |z| = 4 is smaller than the excess of the operation
acting on z.

e For i = 3,4 in the first sum because then S¢*™*ly = p*Sq¢*(Sq¢'™y') = 0 since ME™+2
is Spin, respectively Sq¢*™y = p*Sq¢*™y’ = 0 since M®™*2 is 1-connected.

e For i = 3,4,5 in the second sum because then Sq¢’Sq'z = 0; here we use that x €
HAN®™H10 g the pullback of the universal Leray-Hirsch generator x € H*E which
satisfies Sq'z = 0 (see 4.1.3).

74



e For i = 2,3,4 in the third sum because then Sq¢*"*2Sqly € p* H¥ 4 M¥+2 = () and
S¢*m 1 Sqty € p* H¥H3ME™+2 = 0, respectively S¢*™Sq'y = p*Sq*™Sq'y’ = 0 since
M8 2 is Spin.

According to these facts we choose our splitting of

VOpmn= Y o+ Y o+ Y

i=0,..,4m+4 i=0,..,4m+4 i=0,..,4m+4
j=0,1,2 j=0,1 j=0,1

with . .
L= (S¢ @ S¢') ®@ (S¢*77 ® Sg*mtiTh
(S¢ ® Sq¢'Sq") @ (Sq¢'7 @ S¢g'm i)
(S¢ @ Sq") ® (S¢'7 @ Sg*mt1Sqt)

q
{1l

in the following way:

2 P = Zaﬂ+ Z Gt 2 o) (Xt Y it Y o)

i,7 ) 5] ¥
17£3 4 z;tS 4 5 1#2,3,4 1=3,4 1=3,4,5 1=2,3,4

where we denote the first bracket by ¥; and the second by 5. Now the summands of >,
which we consider as p/ ® €’ or € ® p” according to that x or y gives the 'reason’ for being
zero, contribute all with ¢'(2)0”(y) = 0 or §'(z)¢"(y) = 0 to the sum formula for ¢(zy).
This holds because the kernel condition for ¢’ respectively ¢” is satisfied by the fact that the
excess is larger than the dimension (see 6.2.2). We say that ¥y consists of trivial terms. In
contrast to this, the 18 summands in > do not vanish by this reason; we call them critical
terms. We show now that in our situation 16 of these terms vanish, with the remaining two
terms giving exactly 22 - p* ¢, (y).

We remark that in the case where the secondary operation of the one side of a term is defined
and the primary operation of the other side of the term vanishes, the whole term (including
its undeterminacy) vanishes. This applies to the terms o5, oi,, 014, o34, 035, 03, which we
view as € ® p”; and to 02, 0%, 02, 014, 02, which we view as p' ® €’. Furthermore, if a
term €’ ® p” has the property that the degree of the relation satisfies |p”| > 4m + 2, one gets
gb”( ) C p*¢”(y') = 0 because ¢"(y') € H™FIP"IN8+2 = (. This applies to ols, 03y, 03y and

T3
It remain the terms o, o}, and o3,. We consider first
oty = (S¢' © S¢°Sq") © (S ® S¢" ") =: p @ €.

The associated secondary operation ¢’ has the property 0 € ¢'(x), which can be seen by
¢'() C d(Sq'()) and Sq'z = 0, where ¢ is associated to the relation Sq¢*S¢® = 0. Moreover,
the undeterminacy of ¢'(z) is im(Sq'); thus we get for z € ¢'(z) that

Z_Sq4m71yzz.5q15q4m Qy_ Sq (Z Sq4m 2 ) (Z Sq4m72y> =0

showing that the term ¢'(x)d”(y) (including its undeterminacy) vanishes. The sum of the
last two terms can be factorized as

ooy + 0y = (S¢° ® Sq") ® (S¢* ® S¢*™ + Sq' ® Sq""Sq") = (1 ® Sq*) @ pu.
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With the product formula 6.3.5 of Kristensen, we have proved

Sm1(2y) = S¢* ()P (y) + ez @ y) = 2% p"Pu(y) + e(z @ y),
which we independently obtained by our product formula in 5.3.2.
Now, we have to compute the primary term e, which comes from the cochain operation
Agr(z,y) = R(z - y) + Cr(z,y) + T,(x,y) in 6.3.4, where r and R have to be replaced by

Tt = 8¢ "0+ sq?sq* 4 £ sqtsq*™ T sq¢t and AR, 41 = rms1. We note that the Kristensen
relations pgjf in 6.3.7 are nothing but the Adem relations written as

) - s .
poit = Sq" @ Sq" + > (225,7)5¢" ™" ® S¢’
JEZ

and the corresponding primary terms egjf in 6.3.8 are (Qy := Sq¢', Q1 := S¢*Sq' + S¢?)

€y = (Q0®Q1)-¢(Sqa 55q" T Sq 2SS (05 )( Sq“+b‘j_35qj‘2+Sq“b‘j_Qqu_?’))-

JEZ

We need in particular the following relations and primary terms:

pu = pQZZE{ﬁ =5¢' ® Sg*" + S @ 1,
én =€ = (Qo®Q1)Y(0)
=0

ﬁm — P§%Z§n — qu ® Sq4m + Sq4m+2 Q1+ Sq4m+1 ® Sql,
En =it = (Qo® Qu)U(Sg™ ) |
— Z4m BSqlsqz ® (SC]2SQ1 + Sq3)Sq4m—3—z

and denote the special cochain operations Rggfé’ of Kristensen in 6.3.8 by

Rn = Rézlg,grll 7ARn =T, = 3q18q2n + Sq2n+1
Ry =Rgt2 (AR, =i = s¢’sq"™ + s¢"™*? + sq*™Hsq’.

Since our cochain operation 7,1 decomposes as Tmi1 = Fmi1 4+ TF2ms25qt, we construct R, 1
m-+ m-+ m-+ m-+ ) m-+
as the linear combination
o ) )
Ry := Ryq1 + Rom28q

with the special system of Kristensen’s cochain operations above. This works because of

A(Rm—l—l + R2m+28611) = 5Rm+1 + 5R2m+23q1 + Rm+15 + R2m+23q15 =

= A(Rerl) + A<R2Tn+2)3q1 = Tm+1,

where we have used dsq¢' — sq'd = A(sq') = 0 and also the left distributivity of the cochain
operation sq!.

We claim now that this decomposition of r,,.; gives the following decomposition of our
primary term Ag, . (2,y) (= Rm1(2-y) + Cr,,.. (z,y) + T, (x,y)), if x, y are cocycles:

Ag, i (z,y) = ARmH(:I:, y) + ARQWH(sql:c,y) + Apy (z,sqy) +6(...).
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Here and in the following, §(...) denotes a coboundary which we do not want to write down
explicitely in order to make the formulas more readable. In the end of the computation, we
take the cohomology class of Ag, ., (x,y), so these terms ¢(...) contribute zero.

To prove this decomposition of Ag +1(x y), we first consider R,,41(x -y) = Rm+1(x y) +
Romy25¢ (- y). By 6.3.3, we have sq Yay) = (s¢'z)y + z(sq'y) + 6T, p (z,y) for cocycles
z, y, thus we get Rop25q" (x-y) = Rom-2(sq'a - y) + Rom-o(x - sq'y) + R2m+25qu (x,y) +
Appy, (80" Ty, 2-5¢"y, Toqr (2, y)) +6(...) according to 6.1.4. Moreover, Rom 20T (,y) =
Tom+2Tsq1 (2,y) + 6(...) by the definition of Ryy,4o. This shows

Ryi1(7y) = Ropir (7 - y) + Romia(sq' - y) + Ropa(x - 5¢'y)+

+7"2m+2qu1 (LU, y) + d?‘gm+2 ((Sql'T)y? 33'(5qu)7 5qul (Z‘, y)) + 5()

Next, we consider the Cartan term Cg, .. We obtained Y@ p,, 1 in the beginning of the
proof by applying the Cartan formula (i.e. the codiagonal v) to each Steenrod square S¢*
in pri1 = S¢* ® S¢™™ + Sq¢' ® Sq*™Sq¢". But in the same way, ¥@pk , in 6.3.8 is obtained.
In particular, with our decomposition r,, 11 = Fpi1 + Fomiesq' and with ¥(S¢') = S¢' @ 1+
1 ® Sq' we obtain for the Cartan terms that

Crp(@,y) =Cp (2,y)+Cp, (sq¢'z,y) + Cp, (2,5¢"y),
+ + +

if we choose for the summands in Cg, ., (z,y) just the cochain operations which come
from the Kristensen cochain cochain operations RF » used in the definition of the right side

Cp, o (wy) +Cp, (s¢'w,y) + Cp, (2,5¢"y). This fixes the "zero- homotoples which we
used to define the secondary operations belonging to the summands aw, afj, O'Z] of v@p,i1:
we have seen that these summands all vanish with the exception of ot tos, = (12S¢Y)@pm,
where we have to use the special operation Ry, := R,, + Romsq, again.

At last, we consider the term 7. ., measuring the Cartan defect of 7,,1. It is straightforward
to see that Toy, = T, + T}, so it remains to expand Ty,  ,s. By the Cartan formula, we
have (Sq'Sq*™ ™ + S¢*™ ) (zy) = 3 al(x)a!(y), where we do not need to make o, o
explicit. Hence for cocycles z, y, it follows Top,yo(xy) = Y ri(x)r! (y) + 6T, . (2, y) with 7},
r? corresponding to af, o (See 6.3.3). Using 6.1.4, we get for cocycles x, y:

Fom250' (7y) = Tami2((sq'2)y + 2(sq'y) + 0T (2, y))

Tomt2((5q ) )+ 7;2m+2(x(3q1y>) + 7.’2m+2((5qu1(x7 Y))

+5dr2m+2((8q )y, 2(sq'y), 0Tyq1 (2, y))

= Z 7"18(] ( ) T ( ) + 5T7‘“2m+2<8q1x7 y) + Z r;(aj),'ﬂ;/sql (y) + 5Tf2m+2 (.Q?, Squ)
+5722m+2T8q1 ((IJ, y) + 5df‘2m+2 ((Sqlx)ya $(3q1y)> 5qu1 (xa y))

showing that
Tf‘m+1 (IE, y) = Ti‘m+1 (:L", y) + T¢2m+2(8q1$, y) + Tf2m+2 (ZL‘, Squ)+

+romr2 Tt (T, Y) + iy, (56" )y, 2(3¢"y), 6T (2, y)) + 6(...).
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This proves our claim for Ag, ., modulo coboundaries by taking the sum of the three expan-
sions of R,11(2y), Cr,,.,,(z,y) and T, (z,y). Hence, for cocycles z, y our primary term

e(x ® y) is given by the following combination of the Kristensen primary terms:

€(rQY) = émi1(z QY) + émi1(Sq'z @ y) + émir(z @ Sq'y) =
4m—+1 ) )
_ Z Sqlsqzx . (Sq25q1 + Sq3>5q4m+171y.

i=0
Applied to our case of Spin-manifolds, the only term which can give a contribution has to
contain the factor 22 = Sq*z since we are in the top dimension 8m + 10, but this term does
not show up in the sum because of Sq'S¢* = 0 for i odd. Summarizing our computation we
have shown that

Gm1 (2p"Y) = 2°p" DY)

where the secondary operations ¢,,,1 and ¢,, are constructed by using Kristensen’s special
system of cochain operations. Now the proof is finished since

Km+1 (N8m+10) = Al"f(gbm_H) == Arf(y, — ¢m+1 (Ip*y/)[N&n-HO])
= ALy > fly)[MY]) = Ko (MP742). m

7.2 Applications

As Brown-Kervaire invariants are defined by quadratic forms on the middle dimensional
cohomology, we get from 7.1.1:

7.2.1 Corollary: The Ochanine k-invariant vanishes for HA™ 1 8™ +2 = ().

Ochanine showed in [48] that an orientation preserving homotopy equivalence between two
closed oriented manifolds with wy = 0 gives a natural bijection between the both sets of
Spin-structures on the two manifolds. In particular, one defines a Spin-homotopy equivalence
between two Spin-manifolds as an orientation preserving homotopy equivalence which maps
the Spin-structure of the one to that of the other. Furthermore, Ochanine showed that
generalized Kervaire invariants are invariants of the Spin-homotopy type.

7.2.2 Corollary: The Ochanine k-invariant is an invariant of the Spin-homotopy type.
In [48] , Ochanine defined an extension x : QP — KO, ® Z/2 of k using also the signature
(see 3.1.5) and showed that s is a ring homorphism; this summarizes the multiplicative

properties of k. Now, the signature is an invariant of the oriented homotopy type, and the
definition of Spin-homotopy equivalence is compatible with products.

7.2.3 Corollary: x is an invariant of the Spin-homotopy type.
In contrast to this, the Atiyah a-invariant (and thus also the Ochanine S-invariant) is not an
invariant of the Spin-homotopy type, because it detects some exotic spheres in dimension 9

which have clearly the Spin-homotopy type of the standard sphere.
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According to a Theorem of Kahn ([28]) for closed oriented manifolds, the rational multiples
of the signature are the only rational characteristic numbers which are invariants of the
oriented homotopy type. One can ask the analogous question for K O-characteristic numbers
of closed Spin-manifolds, and we have seen that the signature sign(M%™) and the Ochanine
k-invariants k(M8 x ST) and k(M®™+?%) are invariants of the Spin-homotopy type.

7.2.4 Problem: Determine the KO-characteristic numbers for Spin-manifolds which are
invariants of the Spin-homotopy type.

We remark, that by the Theorem of Anderson, Brown and Peterson 2.1.9, the K O-Pontrjagin
number 7;[ | detects in MSpin the summand S4 K O(0) for |I| even, and Z41-2K0(2) for
|| odd. As these start in dimension 41| respectively 4|I| — 2 in Adams filtration 0 (2.1.16),
the homomorphisms

mrmod2: QE" — KOy ®Z/2

1 Z]2 for |I| even
T Qs — KOqp-2

Z]2 for |I] odd

111

can also be a expressed by Z/2-cohomology characteristic numbers, i.e. by Stiefel-Whitney
numbers. In particular, these homomorphisms are invariants of the unoriented homotopy
type as well.
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Part 11:
Other Manifolds
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8 Examples of Brown-Kervaire Invariants

In this section we want to give some examples of fibrations £ : B — BO and dimensions
2n with v,41(§) = 0, thus providing Brown-Kervaire invariants for the associated bordism
theories an We first recall two extreme cases, namely Wu bordism and framed bordism.
Then we consider fibrations £ : B — BO where the Stiefel-Whitney classes have an upper
bound (i.e., w;(§) = 0 for i > k), for example the bordism theories of immersions Q™ and
Q9™ At last we consider the 'dual’ case where the Stiefel Whitney classes have a lower
bound (w;(§) = 0 for i < k), for example the bordism theories m,MO(k) = O associated
to the (k — 1)-connected covers BO(k) — BO.

In the first two cases, we restrict us to look for the vanishing dimensions of the Wu classes,
but do not examine the Brown-Kervaire invariants further. Only for the third case, we
generalize the construction of Brown-Kervaire invariants for Spin-manifolds by secondary
cohomology operations to the bordism theories Qim, introducing again Brown-Peterson-
Kervaire invariants. The case of Q¥ will be considered in some more detail in section 10.

8.1 Wu Bordism and Framed Bordism

8.1.1 Wu Bordism ©{""*": This is the most general bordism theory for Brown-Kervaire
invariants in dimension 2n. Here, the fibration is given by
U ) - BO<Un+1> — BO,

Un+1

where BO(v,41) = vy, PKy 4 is defined as the pullback of the path fibration PK,,; —
K, 11 by amap v, : BO — K, realising the universal Wu class v,,;. In dimension 2n
there exist Brown-Kervaire invariants K : Q§" " x Q") —5 7/8 as Upt1(T(,4q)) = 0 by
construction. Since v,41(M) = 0 for any closed 2n-dimensional manifold, we have always
T(v,4)-Structures on M which we call Wu-(n + 1)-structures. The fibre homotopy classes
of these structures form an affine space with associated vector space H"M = [M, QK 11].
Because in general v2[M] # 0 (example: RP?"); the invariant K does not restrict to a Z/2-
valued invariant, Z/2 C Z/8 (see 1.2.6). Given another £ : B — BO with v,41(§) = 0,
there exists a lift £ : B — BO(v,41) of € which implies by naturality 1.2.1 that Ke (M) =

Ku(E,M) for all M € Q5, and h e Qg;"*”. The fibre homotopy classes of these lifts &

form an affine space with H"B as associated vector space; using this one shows that each

. . . . . . v
Brown-Kervaire invariant for an comes from any fixed Brown-Kervaire invariant for Qén”+1>

by a suitable lift &.

8.1.2 Framed Bordism 2¥: This is the most special bordism theory for Brown-Kervaire
invariants. Here, the fibration is given by the universal bundle

p": EO — BO,

and a p"-structure on M is just a framing of the stable normal bundle. Thus M has a
pi-structure iff vy, is stably trivial, vy = 0 € KO°(M). The fibre homotopy classes of
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framings on vy, form an affine space with KO~ (M) = [M, O] as associated vector space.
According to H"EO = 0, the parameter set Q5 consists of the single element h = ij :
7y (K,) = Z/2 — Z/4, showing that there exists exactly one Brown-Kervaire invariant K
with values in Z/2, which is nothing but the classical Kervaire invariant K (M) (for n odd).
We remark that by the Pontrjagin-Thom construction, framed bordism €2 is just given by
the stable homotopy groups of spheres, i.e. QF = 7. Given ¢ : B — BO, because of
EO ~ x there is a lift p : EO — B of p™, and by naturality we have K (M) = K,(p.M)
for all M € Qf and h € Q5,. We remark, that K(M*™) = 0 for all M*™ e QF which
follows from the Theorem of Morita [45] (see section 9), as K(M*™) = sign(M*™) mod 8,
but sign(M*™) = 0. Furthermore, the Main Theorem of Browder in [14] says, that the
classical Kervaire invariant K vanishes in all dimensions 2n # 2" — 2; and in the critical
dimensions 2n = 2" — 2, K is non-trivial iff the element h2_, € Ext3? (Z/2,7/2) in the
Es-term of the Adams spectral sequence for the stable homotopy groups of spheres survives
to F4. This is known to hold true for 2n = 2,6, 14, 30, and 62, but is not known in general.

8.2 Bordism of Immersions

We consider now the case where w;(§) = 0 for all ¢ > k for some k£ € N. Examples of this
case are provided by the non-stable classifying spaces

BO(k) = BO and BSO(k) — BO.

According to [24] (see [22], [63]), the associated bordism theories Q2*) and QI°®) give
the bordism groups of codimension-k immersions of (oriented) n-dimensional manifolds in

Euclidean space. The Brown-Kervaire invariants in the case of on,fl) and ano @ are studied
in [22], where the authors state (without proof) that v,1(¢) = 0 for n # 2" — 2 in the first
bordism theory and for n # 2' — 3 in the second bordism theory. We generalize this now to
arbitrary k:

8.2.1 Proposition: Let £ : B — BO be a fibration with w;(§) = 0 for all i > k, for some
fizred k € N. Form € N, let a(m) € N be the number of one’s in the dyadic expansion of m.
Then v, (€) =0 for allm € N with a(m+ k) > k. In particular, there exist Brown-Kervaire
invariants for Q5, if a(n+k + 1) > k, and these are Z/2-valued for a(n + k) > k.

Proof: We have to compute the total Wu class v(§) € H®B, which is given by

v(€) = x(Sq)(w(€)™") = (x(Sqw(&)) ™,

where w = 1+ w; + ws + ... + wy is the total normal Stiefel-Whitney class. By the splitting
principle, we can assume w(¢) = [I%, (1 + 2;), so

() = [10+ 2o

=1

since x(Sq)(1+x) =1+z+a?+a' 4%+ ... = 1+3X32, 2¥ for a 1-dimensional cohomology
class 2; this follows from Sq(z?) = Sq(z)¥ = 2¥ + 2¥"", showing that Sq applied to the
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series gives 1 + x. Thus we have to compute the multiplicative inverse of the power series
(x):=1+> 2"  €z/2a].
5=0

Because over the field Z/2 the square of any polynomial or power series is given by doubling
all exponents of z, we have

f(x)2:1+Z$2j+1:1+x2+x4+x8+..-=f(33)_x’
=0

which gives f(z)(1+ f(z)) = z and thus

f(z)™ = 1+f Z Y lqa4+a+a"+ 24 € Z/2[[x]].

This shows that the total Wu class is given by the product
k
v =[IA+@ +af +al +2° + ),
i=1

producing zero terms v,,(£) in each dimension m not of the form % | (2% — 1), with s; € N.
Thus m + k # Zle 2% which means that m + k must have more than k one’s in its dyadic
expansion. m

8.2.2 Remarks:
(i) For B = BU(k) — BO(2k) — BO, a similar computation applied to

0(&) = X(SQ((1 + wy +wy + ... +wy) ") = (}1711 X(Sq)(1 + 7)™

shows that v,, = 0 for m # ¥ | 2(2% — 1), which is equivalent to m odd, or m even with
oy +k) > k.

(ii) In the two cases BO(1) and BU(1) = BSO(2), one obtaines the conditions above,
n # 2! — 2 respectively n # 2 — 3.

(iii) According to Brown [17], p.376, there are exactly two Brown-Kervaire invariants K :
Qfo(l) — Z/8, which are isomorphisms, and one is the negative of the other.

8.3 BO(n)-Manifolds and Brown-Peterson-Kervaire Invariants

At last we consider the case that w;(§) = 0 for all i < k with some fixed k € N. There are
some fibrations are of this type, for example the (k — 1)-connected cover

(k) : BO(k) — BO,
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but also the space m(w;)i< : BO{w;);<r; — BO obtained by pulling back the path fibration
over [[;. K; with the map (w;)i<x : BO — [I,«; K;. This includes

BSO ~ BO(2) ~ BO(wy)
BSpin ~ BO(4) ~ BO(w, ws)
but we have only a lift BO(k) — BO(w;);<\ for k > 4. We remark that bundles of this type
are also given by BU (k = 2), BSU and BSp (k = 4) and their (k — 1)-connected covers. It

is well-known ([44]) that we can assume in the condition w;(§) = 0 for ¢ < k without loss of
generality that k is a power of two:

8.3.1 Lemma: Let £ : B — BO be a bundle with wyi(§) =0 for alli =0,...,r—1, r > 1.
Then w;(§) =0 foralli=1,...,2" — 1.

Proof: By induction on r. Thus we have to show that w; = 0 for 1 < i < 2"~! implies that
w; = 0 also for 1 < i < 2" — 1. We apply the Wu formula S¢*w, = S5 (*7")wr_iwn4s to
the case of n = 21 and 1 < k < 2~ — 1, and obtain with (* 2 ") = (¥, ") = 1 mod 2

that
E—1

k k—2r—1
Wor—14f — S(] Wor—-1 — Z( i )wk—in*l—i—i = 0.
=0
|

This shows that instead of BO(w;);<; we can also consider the ’smaller’ space BO(wa;)j<r.
We remark that there exists a lift BO(2") — BO(wyj);<,. The following theorem is a
generalisation of 2.2.1, where the situation is described for Spin manifolds:

8.3.2 Proposition: Let £ : B — BO be a bundle with wyi(§) =0 for alli = 0,....,r — 1.
Then the total Wu class of €& has the form

U(f) = ZUTi(f) =1+ vor + varg + vorg + ... .
>0

In particular, there exist Brown-Kervaire invariants on an for n £ 2" — 1, which are
Z/2-valued for n # 27i.

In the proof we will need the following result of Stong:

8.3.3 Proposition (Stong [62]): Let A, := (Sq*)i—o..s be the Hopf sub-algebra of the
Steenrod algebra A generated by Sq*, ..., S¢* and A, be the augmentation ideal. Then Sq* is
contained in the right ideal A,A of A, where s is the 2-exponent of k: k= 2°(2m +1). We
have thus a decomposition in the Steenrod algebra A*

Sq* = ZSQT@, B € AR,
i=0

Proof of 8.3.3: (See [62]) By the Adem formula Sq®Sq® = ZE%:]O(b_C_l)Sq““_CSqC we have

a—2c

s—1 ) )
Sq258q25+1m _ Sq25+1m+25 _l_ Z Sq25+1m+25_2j SqQJ
=0
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since (25215@55_1) ((2S+1_1)_C

(25—1)4c )=1mod2iff c=0or c=2. Thus

s—1 . .
qu _ SQQSSqQS‘Hm + Z SquljSQQJ,
=0
where [; := 2°77(2m + 1) — 1 is odd, showing that 27[; has 2-exponent j < s. Hence the

result follows by induction on the 2-exponent s of k, which gives the decompositions of the
S¢¥li. m

Proof of 8.3.2: By induction on r. Thus we know already that v(§) = 1+vgr +vorg +vor3+ ...
and have to show that ver—1(241) = 0. We apply 8.3.3 to k := 2"71(2m + 1), which has
2-exponent s :=1r — 1, and get

Uk(f)U Sq Uf ZX 61

But x(S¢*)Ue = vy:(€)Ug = 0, since by the Wu formula the vanishing of the Stiefel-Whitney
classes w;(§) = 0 for all i = 1, ..., 2% implies the vanishing of the corresponding Wu classes. m

QSO

In particular, Brown-Kervaire invariants exist for in dimensions 4m, for Q97" in dimen-

sions 4m and 8m + 2, and for 0® in dimensions 4m, 8m + 2 and 16m + 6. In fact, we have
a little more:

8.3.4 Proposition: For B = BSO, BSpin and BO(8), all Brown-Kervaire invariants are
gien by

K% . Q9 x Q79 — 7Z/8
KSpin Q%}g X Qggf,’;:Q — 72
K® Q§6>m+6 X Q§6>m+6 — 72

and their compositions with the induced maps of BO(8) — BSpin — BSO.

Proof: First we have to show, that there are no other dimensions, where Brown-Kervaire
invariants exist. In other words, the universal Wu classes in

Uso =1 + v + vy + vg -+
VSpin = 1 + Vg + Vg + v +
vpowgy = 1 + wg + wvig + vy +
are non-zero. This follows by the consideration of the manifolds (CP?)™ € Q39, (HP?)™ €

Q3P and (CayP?)™ € Q) If their middle-dimensional Wu classes vanish, then the inter-
section form will be even and the signature will be divisible by 8. But they have all signature
equal to 1.

Furthermore, by naturality 1.2.1 the only thing to show is the surjectivity of the induced
maps for the parameter spaces
in in 8
Qi and Qi — Qi
But this follows with 1.1.6 from the surjectivity of the induced maps in cohomology H*™BSO
— HY"BSpin and H*"2BSpin — H*t2BO(8), see 2.1.2 and 10.1.1. m
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8.3.5 Remark: The corresponding statement in 8.3.4 for BO(2"), r > 4, is not true because
the mappings in cohomology are then not further surjective ([63]).

8.3.6 At last, we construct the analoges of Brown-Peterson-Kervaire invariants of Spin-
manifolds, but this time for BO(2")-manifolds. By 8.3.2, there exist Brown-Kervaire invari-

ants on Qéﬁ? if n + 1 has 2-exponent smaller than r, i.e. for
n+1 € {2m+1,22m+1),...,277'(2m +1)|m € N},

which gives ' 4
on € {2"m+ (2 -2)meN1<i<r}=

= {4m,8m +2,16m +6,...,2" " 'm + (2" — 2) |m € N}.

Furthermore, by 8.3.2 these invariants are all Z/2-valued, with the exception of the first case
2n = 4m. We are mainly interested in the case 2n = 2! + (2" — 2), which comes up as a
new case by going from BO(2"~!') to BO(2"). For the other cases, one has already invariants

on Q7 with i < r, which give invariants on Qéﬁ? by naturality.

It is interesting, that the series {2""'m + (2" — 2)} starts with the critical dimension 2n =
2" — 2 of the Kervaire invariant problem 8.1.2. In fact, the natural map Qf — 0% s
an isomorphism in dimensions * < 2" — 2, because then a BO(2")-structure on a manifold
is nothing but a framing of the stable normal bundle (x < 2" — 1), and the same for the
bordisms (* < 2" — 2). In particular, there exists exactly one Brown-Kervaire invariant on
ng% which is just the classical Kervaire invariant in this critical dimension.

Now, in order to apply the Theorem of Brown and Peterson 2.3.1, we need a decomposition
of S¢"*!, where n 4+ 1 = 2"m + 27!, In fact, the proof of 8.3.3 gives for m > 1 an explicit
decomposition of S¢"*!, which we call the canonical decomposition. It is constructed with
the Adem relation

r—1 ) o .
quTmHT*l _ Sqr*lsqwm + Z Sq21mj+23 1Sq2j e
j=1

and its recursive application to the elements S¢%™+% ™" where m; 1= 2" Jm + 27771 — 1,
For example,

St = Sql(S¢*m),

Sqm2 = S¢*(Sq'™) + Sq'(Sq*™Sq),

Sgm = SqH(SE™) + S¢*(Sq*"Sq?) + S¢ (S5 + S¢°"SqSq?),
Sq16m+8 Sq8(Sq16m) +Sq4(Sq16qu4) +Sq2(sq16m+4sq2 +Sq16quQSq4)

+ Sql(Sq16m+65q1 + Sq16m+45q15q2 + Sq16m+25q15q4 + Sq16qu15q25q4)'

The parentheses () indicate the 5; € A. For m = 0 one obtains no decomposition of
St = S¢¥ " (which is impossible, as S¢¥ ' € A* is indecomposable), but an interesting
relation in A*. We remark that it is also possible to apply the expansion further on the
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factors S¢* ™7 in the f;, to get a decompositions of the form S¢"™ = 3 5S¢* ™} with
! B! e A,, for example

Sq8m+4 — Sq4Sq8m+Sq2sq8msq2+sqlsq23q8msql +Sqlsq8qulSq2

These can be used to construct a decomposition of any element in A* in terms of the unde-
composable elements Sq?*, but we will not consider this further.

We generalize now 2.3.6 to construct certain Brown-Kervaire invariants for BO(2")-manifolds
(with » > 2) by Brown-Peterson secondary cohomology operations, living in dimensions
2n = 2"m 4+ (2" — 2) with m > 1. We call these homomorphisms Qg) — Z/2 again
Brown-Peterson-Kervaire invariants.

8.3.7 Theorem: Forn +1 = 2"m + 2"} with m > 1 and r > 2, let St = Y0 B
be the canonical decomposition, where o == Sq* and B; € A2 Let ¢ be an associated
Brown-Peterson secondary cohomology operation (2.5.1)

¢ : ker(B) — coker(a),

a=  YIS¢: @ HTTX — HYX, |
B= (Bo,-,Br1): H'"X s @ HY Y

Then one gets a Z/2-valued Brown-Kervaire invariant in dimension 2n = 2" 'm + (27 — 2)
Ky: Q%) — 72

by Ky(M?™) := Arflqs : H*M?*™ — 7Z,/2), where qs(x) := (¢(x), [M*"]), and M*" is taken as
a closed (271 — 1)-connected BO(2")-manifold in its bordism class.

Proof: First, we remark that for d > 27!, each bordism class in er) can by surgery be
represented by a closed (2" — 1)-connected BO(2")-manifold. Moreover, a BO(2")-bordism
between two such representatives can also be chosen (2" — 1)-connected. In particular, this
applies to d = 2n for m > 1. In the proof of the theorem, we will only need to choose M?"
(2r=1 — 1)-connected; in fact, H'M?** =0 for i = 1,..,2"' — 1 is enough.

Now, we will show that Ky is well-defined on H"M?" | i.e. coker(a) = H*"M?*" = 7,/2 and
ker(8) = H"M?". The first statement follows simply by the vanishing of the Wu classes
V] = Vg = ... =Vg—7 = 0.

The second statement is more complicated: By the connectivity assumption on M?" and
Poincaré duality, the maps i, ..., f,_1 are zero on H"M?" because they go to the codimen-
sions 2 — 1, for 4 = 1,...,r — 1. But this does not apply to S, (in fact, one has to show that
the generalized Wu class 2.4.3 associated to [y vanishes in H*BO(2")). Thus, we must know
Bo more explicit; and the following formula in proposition 8.3.8 is illustrated by the explicit
decompositions in 8.3.6:

2n=2m+1 : By=S¢m,

2n=4m+2 : By=Sq¢"™Sq,

2n=8m+4 : Bo=S¢"2S¢" + S¢®"SqtS¢?,

on=16m + 8 : 50 — Sq16m+65q1 +Sq16m+45q15q2+Sq16m+25q15q4+Sq16msqlsq25q4‘
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8.3.8 Proposition: Let S¢* = i0 Sq2jﬁ§k) be the canonical decomposition of Sq¥, where
s denotes the 2-exponent of k. Then the term ﬁék) c A¥1 s for k even given by

ﬁ(()’f) _ Z Sq(k*Q)*(i2+i3+.‘+it)Sqlsqiz_._Sqit,
{ig, i3, . Zt} C {2, 4, 8, . 28_1}
with 19 < 13 < ... < 14

and for k odd, one has Bék) =S¢+ L.

Proof of 8.3.8: If k is odd (s = 0), the statement follows from S¢* = Sq'Sq¢*~1. If k is even
(s > 1), we make induction on the 2-exponent of k. In order to do this, we recall from 8.3.3
and 8.3.6, that we obtain the canonical decomposition of S¢* by inserting in

s—1 . A
Sq* = 5¢" 5S¢+ 54" 5S¢

i=0

the canonical decomposition of the S¢*~2". As k — 2/ has 2-exponent j, these are given by

Sqb2 =37 S¢* l(k_2j), and we obtain S¢* = S¢* S¢"* + 3925 N qulﬁl(k_zj)5q2j. In
particular, we get

s—1 .
k k—27 j
=S s
=0

Now, for s = 1 we have k = 4m+2 and S¢* = S¢2Sq¢*™ +S¢' Sq*™Sq', showing the statement
since B = S¢*mSql. For s > 2, we get by the induction hypothesis

s—1 . X . . . i
56@ — qu—2Sq1 + Z Z Sq(k_2j_2)_(12+"+Zt)5q15q12---Sqlt SquJ7

=1 {Z.Zv 3] Zt} g {2’ ) 2j71}
with 29 < ... < 44

which by i;y1 := 27 gives just the statement, because then (k — 2/ —2) — (ip + .. + i;) =
(k—2) — (ia+ .. + 9 + i441) and 44 < 4441. This gives the proof of proposition 8.3.8. m

We continue with the proof of 8.3.7:
As a corollary of 8.3.8, 3 in the canonical decomposition of n +1 = 2""1(2m + 1) gives

ker(By) = ker(Sq* ™Sq*Sq*Sq* . .. qu,2 cH"M — H*™ M),

because all proper subsets {iy,is,...,7;} C {2,4,8,...,2"72} in 8.3.8 contribute summands
with first factor Sq¢? ™™ where u := (2" —2) — (ig +i3+... +14;) > 0. But these factors can
again be decomposed with 8.3.3 and thus lie in fl’{r_l)A*, showing that the whole summand
vanishes on H"M as v; = ... = vyr—1 = 0 in H*M.

Moreover, also v := S¢2 ™Sq*Sq2Sq* ... S¢¥ * vanishes on H"M, which follows as for Spin-
manifolds by the Adem relations Sq?Sq*~! = S¢** 1+ Sq* Sq' and Sq'S¢** = S¢**!: This
gives S mSqt = Sq' S ™ + S¢?Sq* ™!, hence

27‘—2

v =8¢"S¥"SPSqt ... S+ S¢S S Sqt . S
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showing with v; = v9 = 0 the vanishing of v on H"M. Thus, we have shown that ker () =
H" M,

After this effort, the remaining part of 8.3.7 is simple to prove. The bordism invariance of K
follows as for Spin-manifolds 2.3.6, because a BO(2")-zero-bordism, which we can assume
to be 2" — 1-connected, gives by Poincaré-Lefschetz duality a Lagrangian of g,, implying
the vanishing of Ky. The fact that K, is a Brown-Kervaire invariant follows as in 2.3.6 by
considering a secondary operation of spectra belonging to the zero-homotopic composition

MO A K, 28 MO@™Y A K 229 MO©2") A Kopyr,

where K := x!_0Ky,,1_2i. We take in the construction of this stable version of ¢ the
stabilization of the zero-homotopy used in the construction of ¢ (see 2.3.7). This defines
then the parameter hy, of ¢ by application to the sphere spectrum %25

Ton(MO(2") N K,,) = [22S°, MO(2") A K| — Z)2 = [8*"S°, X" H(MO(2") A Kopii)]-

(In particular, we get again the bordism invariance.) This gives the proof of theorem 8.3.7.

. . . . or
8.3.9 Remarks: Our construction of Brown-Peterson-Kervaire invariants for Qi ) does not
work in two cases:

(i) For m = 0, which is the critical dimension 2n = 2" — 2 of the classical Kervaire invariant.
The reason is, that there exists no decomposition of S¢2 ' in A*. But according to Adams
[1], one has for r — 1 > 4 a decomposition of S¢¥ " in certain stable secondary cohomology
operations. In [20], Brown and Peterson state (without detailed proof), that this decompo-
sition gives then a tertiary cohomology operation ¢, defined in dimension n with values in
dimension 2n, which behaves also quadratic with respect to the cup product (and hence is
unstable).

For a closed 2n-dimensional stably framed manifold M, which by framed surgery can be
assumed to (n — 1)-connected, the operation ¢ has then H"M as range of definition and
takes values in H*"M = 7Z./2, because the stable secondary cohomology operations do not
produce a proper kernel respectively cokernel. This follows from the connectedness of M, and
because there is also no critical "Wu class’ contribution by operations going from dimension
n to dimension 2n (as all Stiefel-Whitney classes of stably framed manifolds vanish). Thus
¢ gives a quadratic refinement of the intersection pairing on H"M, and Arf(¢) is just the

classical Kervaire invariant K : Q££_2 — Z/2.

(ii) For r = 1, which is oriented bordism in dimension 2n = 4m. The construction does not
work here, because ker(fy) = ker(Sq?™) is in general not H"M (equality holds iff the middle
dimensional Wu class of M vanishes). In the next section, we will construct Brown-Kervaire
invariants on Q59 not by secondary cohomology operations, but by the Pontrjagin square,
which is an unstable primary cohomology operation.
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9 Oriented Manifolds

In this section we consider orientable fibrations £ : B — BO (i.e., wi(§) = 0), for example
B = BSO. In particular, &-manifolds are also orientable. On the one hand, there exist then
Brown-Kervaire invariants K : Qim X Qim — 7Z/8 by proposition 8.3.2.

On the other hand, after fixing a orientation o : M¢{ — HZ for &, one gets for each closed
d-dimensional {-manifold M a orientation class [M], € Hy(M;Z) and can thus define the
signature homomorphism sign : 5, — Z.

Here, we want to compare these bordism invariants. This is possible, because there is
in this case a distinguished Brown-Kervaire invariant: The Pontrjagin squaring operation
o: H( ;Z/2) — H*( ;Z/4), together with the orientation, gives a canonical element
heo € Qi Which is characterized by g, ,(z) = (p(x), [M],) € Z/4 for all x € H*™M. By a
theorem of Morita, we have then K, ,(M) = sign(M) mod 8.

With the addition formula 1.2.4, we can then express all Brown-Kervaire invariants for €5,
as 15(v*p(x), [M],) + sign(M) mod 8, with x € H*"B. The problem reduces thus to the
computation of p on H*™B and the corresponding Z/4-characteristic numbers for £-bordism.
For oriented bordism Q59, the action of p on H*"BSO follows from known properties of g,
and the characteristic numbers are also known, as Q°° was completely determined.

9.1 The Pontrjagin Square and the Theorem of Morita

9.1.1 The Pontrjagin square (see [51], [46]) is an unstable primary cohomology operation
p: H'( ;Z/2) — H*( ;Z/4)
which is defined on the level of cochains by
o(z) :=xUyx + x U oz,

where z € C*(X;Z) is an integral cochain, and the construction of integral cup-i products
Up, Uy can be found for example in [46]. The coboundary formula for the U;-products shows
that for z a cocycle mod 2, p(x) gives a cocycle mod 4, whose cohomology class depends
only on the cohomology class of z. We give now some properties of the Pontrjagin square,
combining results in [13] and [70]:

9.1.2 Theorem: The Pontrjagin square is uniquely characterized by the following proper-

ties:
(1) rip(z) = =
(2) otriy) = ¥’
(3) o lplox) = i3(xSq'x)
where x € H*X and y € HY(X;Z/4), o : H*(X;A) — H**(SX; A) is the suspension
isomorphism, andiy : H*( ;7Z/2) — H*( ;Z/4) aswell asr?: H*( ;Z/4) — H*( ;7Z/2)

2
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i3 r?
denote the coefficient homomorphisms induced by 0 — Z/2 3 7./4 =3 Z./2 — 0. It has the
following further properties:

0 for k odd

4

4) plz+a) = p@)+p)+ { is(za’)  for k even

(5) plzy) = p(@)ply) +is((xSq'x)(Sq''y) + (S¢* ') (ySq'y))

where x,2' € H*X and y € H'X.

9.1.3 Remarks:
(i) The cohomology operation ¢’ : H*( :7Z/2) — H*T'( ;Z/4) with

¢'(x) = ip(25q )

is also called the Postnikov square (see [13]). Thus in 9.1.2, (3) says that the suspension of
o is ¢', and (5) can be formulated as p(zy) = p(x)p(y) + ¢ () (Sq' " y) + (S¢"* 1) (y).

(ii) In [70], (4) is formulated as p(x + 2') = p(z) + p(z') + (1 + (=1)1*)) (z2"), where "2’ has
here the meaning of 3.

9.1.4 Thus one obtains for a 4m-dimensional closed oriented manifold M*™ a Z/4-valued
quadratic refinement q : H?*™M*™ — 7Z/4 of the Z/2-intersection pairing by

q(z) == (p(x), [M*™]),

where [M] € Hy,n(M;Z/4) denotes the orientation class and (, ) is the Kronecker pairing in
cohomology with Z/4-coefficients. It is now natural to consider the invariant Arf(q) € Z/8
of M*™. Brown in [17] conjectured the following theorem, which was proved by Morita:

9.1.5 Theorem (Morita [45]): Arf(q) = sign(M*™) mod 8.

9.1.6 In fact, Arf(¢) is a Brown-Kervaire invariant (this is implicitely stated by Brown in
[17]). The corresponding parameter h, € Q3 is given by the map

Tam (MSO A Kop) 28 wtum(HZ A K(Z/4,4m)) = Hum(K(Z/4,4m); Z) = 7,/4,

where 0 : M SO — HZ denotes the orientation. More general, let £ : B — BO any orientable
fibration (i.e., w1 (£) = 0), and choose an orientation o : B — HZ (there are only two choices
as B is always asumed to be connected). This defines a lift f : B — BSO of £, and one
obtains by the naturality 1.2.1 a Brown-Kervaire invariant

Ko o(M'™) = Arf(z = (), [M""],))
for Q%,, with parameter heyo = f*h,. It also has the property K, (M) = sign(M) mod 8.

9.1.7 Now we consider the remaining Brown-Kervaire invariants for Qim with £ and o as
above. As an is an affine space with H"B the associated vector space, the parameters
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h € Qim are given by h = z + h,, with x € H*"B. Applying the addition formula 1.2.4
gives
Ky, = K,(M)

iy (p(vz), [M]o)
sign(M) — 15 {v*

i$(v*p(x), [M],) mod 8.

In particular, in this case the determination of all Brown-Kervaire invariants is reduced to

1. the signature homomorphism sign : Qim — 7,
2. the computation of g : H*"B — H*™(B;Z/4),

3. the determination of all Z/4-valued characteristic numbers of the form (v*p(x), [M],).

9.2 Oriented Bordism

We want to show how this determination works for oriented bordism Q5°. First we recall
the cohomology of BSO with Z/2- and Z[}]-coefficients:

9.2.1 Proposition ([44]): The cohomology rings of BSO with Z/2- and Z[3]-coefficients
is given as follows:

H*BSO — 72w |k > 2],
= Z/Q[w27w37w47w57“']7

H*(BSO; Z[%D = Z[%thm,ps, S

where w, € H"BSO and p, € H™(BSO; Z[%]) are the Stiefel- Whitney respectively Pontrja-
gin classes of the universal bundle.

9.2.2 Remarks:

(i) The A*-module structure of H*BSO is given by the Wu formula 2.1.3 together with
w; = 0. In particular, Sq'ws, = wan1 and Sq'ws,,; = 0. Using this together with the
rational cohomology, Borel showed in [10] that the torsion in H*(BSO;Z) has order two.
This gives the additive structure of H*(BSO;Z) as follows:

Let pr«pso(t) be the Poincaré series of the torsion part Tors(H*(BSO;Z)), and pg+pso(t) =
[Ls2(1 = )7 prepso(t) = Tlus1(1 — t*") be the Poincaré series of H*BSO and the
free part (H*(BSO;Z)/Tors(H*(BSO;Z))) ® Z/2, respectively. By the universal coeffi-
cient theorem, we have H"BSO = (H"(BSO;Z) ® Z/2) & Tors(H"(BSO;Z)), hence
pr+Bso(t) = prepso(t) + (1 +t~")pr-pso(t), giving

prepso(t) =t(1+1)7" (H(l -7 =110 - t4")_1>

=14+ 4+ +t5+3"+5+ ...,
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Thus, we obtain the following table:

n:|0]1]2]3 |45 |6 |7 K ...
H"(BSO;Z): |Z]|0|0|Z/2|Z|Z/2|Z/2] (Z/2)* |22 ®Z/2] ...

(ii) We have H*BSO = Z/2[wy | a(k — 1) > 1], where o : N — N counts the number of one’s
in the dyadic development of an integer. One can compare this with 2.1.2 and 10.1.1, but
also look at remark 10.1.2.

Now we recall the computation of Q5° = 7,M SO by Thom, Milnor, Wall, and others (see
[63]):

9.2.3 Theorem ([63]): The following results hold for the oriented bordism ring:
(1) One has Q%° ® Q = Q[CP?,CP*,CPS, ...

(2) One has Q39 /Tors(Q3°) = Z|M*, M8, M*2, ...], where an oriented closed manifold M*™
can be taken as a polynomial generator iff the characteristic number s,,[M*™| € Z (see [63])
satisfies

+1, of 2m + 1 is not a prime power

S| M*™] = {

(3) Tors(Q29) is a Z/2-algebra. Let W, := Z/2[x;, (x9:)? | j # 25,25 — 1] and 0 : W, — W,

be the derivation given by

+p, if 2m+ 1 = p°® with p a prime

OTom_1:=0, OTom := Tom_1, O(19s)* :=0.
Then there is an isomorphism Tors(Q3°9) = im(9).

(4) Let I be a partition of |I| =: m and let p; : MSO — S*™HZ be the map corresponding
to the Pontrjagin number p;[ ] : Q39 — Z. Then there exist homogeneous elements t; €
H*MSO = [MSO,¥*H], i € T, such that the map

(7, t;) : MSO — (\/ S HZ) v (\/ S H)

1 i€T

gives a 2-primary homotopy equivalence of spectra. Since Q3° has no odd torsion, one gets
an additive isomorphism
QB> F aT,

where F, = Q59 /Tors(Q3°) is the graded free abelean group generated by elements p; of
order 4|1| for all partitions I, and T, = Tors(Q59) is the graded Z/2-vector space generated
by the t;, i € T of order |t;|. Since the t; can be expressed by Stiefel-Whitney numbers, two
ortented manifolds are oriented cobordant, iff they have the same Pontrjagin numbers and
Stiefel- Whitney numbers.

In fact, Wall constructed explicit manifolds representing the generators in (2) and (3), see
[68]. Also, all relations between Pontrjagin numbers and Stiefel-Whitney numbers were
determined ([63], [68]).
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9.2.4 Remark: Analogeously to Q5P (see 2.1.11), it is possible to compute all degrees |t;]|
by considering the Poincaré-Hilbert series in the equation

H*MSO = (F,® H*'(HZ)) & (T, ® A").

Let parso(t), pa,(t), pr(t), and pr(t) be the Hilbert series of the graded Z/2-vector spaces
H*MSO, H*(HZ) = A*/(A*Sq') =: Ay, F, ® Z/2, and T,, respectively. One knows that

puso(t) = Tlpsa(1—t")7!

pa(t) = Lo, (L —t")71
Pa, (t) = (1 - t2)71 Hn:QT—l,TZQ(l - tn)il
pr(t) = T (1=t

since H*M SO = H*BSO = 7Z/2[w; | i > 2]; for py, see [46]. Furthermore, pp(t) follows from
F. 2~ Z[p;|i € N]. This gives pr(t) = pa(t) " (pmso(t) — pr(t)pa, (t)), hence:

9.2.5 Proposition: The Poincaré-Hilbert series of the torsion part in Q5° is given by

pr(t) =1+ [T —t*")"" (( 11 (11—t - 1) :

n>1 n#2"—1,n#0mod4,n>5

9.3 Determination of all Brown-Kervaire Invariants

In order to compute the Brown-Kervaire invariants for Q% we first want to understand

H*(BSO;Z/4) and then consider the Pontragin square p on H*BSO. Let

2y HY(BSO;Z) <2 HY(BSO:7,/2) -5 H*BSO 25 H**(BSO;Z) —> ..

be the Bockstein long exact sequence associated to the exact sequence of coefficients
,,,2
0—Z 2572 7/2 — 0.
It is well-known that r23 = Sq'. Now, Brown determined H*(BSO;Z) as follows:

9.3.1 Theorem (Brown [19]): Let py := (—1)*cor (750 ®C) € H*(BSO;Z), k € N, be the

integral Pontragin classes of the stable universal bundle vso. Then there is ring isomorphism:

Z[pl,pg,pg, ...,5(1(]2[) ‘ 0<i1 <1< ... <14, SE N]
2B(war), B(war)B(way) — Yper Bwaw)prrBlwien)

where wyy = Way,...we;, and pr = py...p;, for I = (i1,..,i5); and in the sum, one has
K :=(I—-k)nJ and K" := (I — k)U J) — K'. Furthermore, r3(py) = w3, and under
Whitney sum @ : BSO x BSO — BSO one has:

H*(BSO;Z) =

O (wp) = SF w @ wyy,
& (pr) = THou @ U,

where ug; = p; and ugi 1 = (Bwy;)? + piBwy.

95



9.3.2 For H*(BSO;Z/4), we consider the following commutative diagram of Bockstein long
exact sequences (the maps are self-explaining):

48 1
H™'BSO = H"™'BSO
15 1sqt
S amsony 3 mmsozn B mpso B mpsonts ...
|| Lo b ||
B mmsozy S mBsoz) B Bsozy B msons .
17 1r
H"BSO =  H"BSO
15 1sqt

We denote the torsion subgroup of H"(BSO;Z) by T" := Tors(H"(BSO;Z)); by theorem
9.3.1 of Brown we have that 7™ is the ideal generated by the elements [J(wsq;) of order
two. Now, the second row in the above diagram shows that H"(BSO;Z/4) is an extension
of ker(-4) = T" with coker(-4) = H"(BSO;Z) ® Z/4 (which by the universal coeffi-
cient theorem is trivial). As T"! is also equal to ker(-2), it follows from the diagram
that H"(BSO;Z/4) is generated by pj(H"(BSO;Z)) and i5(H"BSO). In particular, all
H*(BSO;Z/4)-characteristic numbers for Q59 are given by Pontrjagin numbers reduced
mod 4 and Stiefel-Whitney numbers embedded in Z/4 by 3.

At last we come to the description of the action of ¢ on H*BSO. By the product formula in
9.1.2, we only have to know p on the Stiefel-Whitney classes. This was determined by Wu
in the (more general) unoriented case of H*BO:

9.3.3 Theorem (Wu [70]): The Pontrjagin square o : H*BO — H**(BO;Z/4) takes on
the Stiefel-Whitney classes the values

(wsns1) = 1EBSE W i1) + id(w1 S wani 1),
o(wan) = Tf)l(pn) + Téﬁ(wzn—lwzn) + i;‘(wlsq%‘lwzn + Z?:_ol WoiWyp—2;)-

Of course, this gives the action of p on H*BSO by naturality and the fact, that w; = 0.
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9.3.4 We consider dimension 4 as an example: Since H2BSO = Z/2 - ws, there are at most
two Brown-Kervaire invariants on Q5¢. In fact, one has the two Brown-Kervaire invariants

K, = sign()mod8 : Q9 — Z/8,
K., = —sign()mod8 : Q9 — 7Z/8.

This follows also from E(wy) = r§(p1) + i3(wy), giving by the addition formula 1.2.4 that
Kuyrp = sign() = (2pa[ ] + i3(wa([])) mod 8.

But this takes the value —1 mod 8 on the generator CP? € Q¢ ¥ Z, s0 Kyt = K.
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10 BO(8)-Manifolds

The multiplicativity problem 4.2.8 for Brown-Peterson-Kervaire invariants of HP2-bundles of
Spin-manifolds, which led us to the Main Theorem 7.1.1, suggests a corresponding question
for CayP?-bundles of BO(8)-manifolds. Here, CayP? is the Cayley projective plane, which
has a representation as a homogeneous space Fy/Spin(9), and is a 16-dimensional BO(8)-
manifold with signature 1. As we are here in BO(8)-bordism, we consider Brown-Peterson-
Kervaire invariants in dimension 16m + 6

Ky Q§%>m+6 — Z/2,

and ask for the existence of invariants Ky, K such that Kgz(N'"22) = K, (M™*0) for
fibre bundles N16m+22 — Nf16m+6 of closed BO(8)-manifolds with fibre CayP? and structure
group Fy. We study this problem at first with our product formula 5.2.2, and then give
some remarks on the application of Kristensen’s product formula 6.3.5. We conclude with
some remarks and conjectures concerning the generalization of our Main Theorem 7.1.1 to

the case of BO(8)-manifolds.

10.1 BO(8)-Bordism

We first give a survey on some known results on BO(8)-bordism Q¥ In contrast to Spin-
bordism, there is no known general formula for the additive structure of Q,@, which seems
to be caused by three reasons (see [23]):

1. The structure of H*MO(8) as an A*-module is very complicated, with no known
general decomposition into smaller parts (although it is explicitly given in 10.1.1).

2. There are non-trivial differentials in the Adams spectral sequence for OF =x, M O(8).

3. There is also 3-primary torsion in Q% with the same problems as in (1) and (2).

Here, we consider only the 2-primary part of BO(8)-bordism. We recall the principal fi-
bration K(Z,3) — BO(8) — BSpin with classifying map &+ : BSpin — K(Z,4). Using
that H*K(Z,3) = Z/2[Sq"13|I = (i1, ..,i,), I admissible, i, > 1, excess(I) < 3|, Stong
computed the structure of H* BO(8):

10.1.1 Theorem (Stong [61], see also [23]): The map H*BSpin — H*BO(8) is sur-
jective, and there is an isomorphism as an algebra

H*BO(®) = Z/2lwy|k#1,2" +1,2°+2"4+ 1, where s > 1 > 0]
— Zpuwila(k—1)>3
= Z/z[w&w127w147w15,w16,U)20,...],

where o : N — N counts the number of one’s in the dyadic expansion of a natural number.
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10.1.2 Remark: In fact, Stong computed in [61] the Z/2-cohomology of all (n—1)-connected
covers BO(n) of BO. But beyond BO(2) = BSO, BO(4) = BSpin and BO(8), the structure
of H* BO(n) becomes more complicated and is not only given by Stiefel-Whitney classes. In
particular, the projection maps to BO are then not further surjective in cohomology.

10.1.3 By the Thom isomorphism H*MO(8) = H*BO(8)-U s, we can now compute the A*-
module structure of H*MO(8) up to any dimension. But in contrast to Spin-bordism (2.1.9),
no general decomposition into smaller sub-modules is known. At least, one knows that
H*MO(8) is an extended Aj-module, where A3 is the Hopf sub-algebra A5 = (Sq', Sq¢?, Sq*)
of the Steenrod algebra A* (see [50]). The computation of the Adams spectral sequence for
Q¥ in low dimensions was first done by Giambalvo:

10.1.4 Theorem (Giambalvo [23]): The Ey-term of the Adams spectral sequence for O
has for t — s < 16 nine multiplicative generators hg, hy, hs, co,w, T, dy, and x:

In the diagram, the multiplication with hg and hy s indicated by the vertical and diagonal
lines (the multiplicative relations between the other generators can be found in [23]). All
differentials in this range are determined by da(k) = hody, dao(T) = how, and d,.(x) = 0 for
all v > 2. The 2-primary part of QP s given by:

n: 0 1 2 3 4 5 6 7 8
@Q® ] Z Z/2  7)2 ZJ8 0 0 72 0 ZoZ)2

n: 9 10 11 12 13 14 15 16
IR (z)2)? 72 0 Z 0 72  7)2 (Z.)?
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10.1.5 Remark:

(i) In [23], there was shown that 0 contains also 3-torsion, but no p-torsion for p > 5. All
3-torsion in the range t — s < 16 is given by summands Z/3 in dimensions 3, 10, and 13.
(ii) The natural map QF — QP is an isomorphism in dimension * < 6, see 8.3.6. In
particular, the generators of Q,(f) for k = 1,2,3,6 are given by ST, (ST)%, S3, and (S3)2.
Here, S and S3 denote the spheres S' and S® with the non-trivial framings, which are
obtained by twisting the trivial framings with the generators in mO = Z/2 and 730 = Z.

10.2 Cayley Projective Plane Bundles

10.2.1 In dimension 16 there exists an interesting closed BO(8)-manifold, the Cayley projec-
tive plane CayP? (see [11], [69]). Tt is constructed as CayP? := S8, D', where o : S1° — S8
is the Hopf map given by the division in the Cayley octaves Cay. Thus CayP? has coho-
mology ring

H*(CayP? Z) = Z[x]/2*,

where © € H®(CayP? Z) is the canonical 8-dimensional generator coming from S®. In
particular, sign(CayP?) = 1. CayP? has also a representation as a homogeneous space (see
1], [69])

CayP? = F,/Spin(9),

where F) denotes the compact 1-connected Lie group with exceptional Lie algebra Fj, and
Spin(9) C Fj is the standard inclusion. The tangential Stiefel-Whitney classes of CayP? are
clearly given by

w(T(CayPQ) =l+az+ :[’2;

and the tangential Pontrjagin classes of CayP? were computed in [11] as
P(Teaypz) = 1 + 62 + 3927,
with x denoting also the reduction mod 2 of z.

10.2.2 Now we consider fibre bundles £ — B with fibre CayP? and structure group Fj,
which we shortly call Fy-CayP?-bundles. There is the universal Fy-CayP?-bundle

CayP? — BSpin(9) — BFy},
and we have the following results (compare with PSp(3)-HP?-bundles in 4.1.2):

10.2.3 Theorem (Quillen ([52]): The cohomology ring of BSpin(9) is given by the poly-
nomaial ring
H*BSpin(9) = Z/2[wy, wg, we, ws, Aqg),

where w; s the restriction of the universal Stiefel-Whitney class, and Ay is the Stiefel-
Whitney class wi6(Aspin(9)) of the Spin-representation Agpin9) : Spin(9) — O(16).
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10.2.4 Theorem (Borel [9], see also [67]): The cohomology ring of BFy is given as the
polynomial ring
H*BF, = 7,/2[x4, S¢*x4, S¢’ 4, 16, Sq°w14],

where x4, x16 denote polynomial generators of dimension 4 and 16 respectively.

10.2.5 Corollary: Via the induced map of the inclusion, H* BSpin(9) is a free H* BFy-
module on generators 1, z, x2, with v € H®BSpin(9) denoting the universal Leray-Hirsch
generator mapping to x € H3CayP?. The elements x4, Sq*x4, S¢®x4 € H*BFy are mapped
to wy, we, wy; € H*BSpin(9). We have

Sqx =x+ S¢*x + Sq®x + Sq"x + 27,

and the Leray-Hirsch theorem holds for any F,;-CayP?-bundle.

Proof: First we show, that the Serre spectral sequence of CayP? — BSpin(9) — BF),
collapses. We recall the following well-known fact ([40]):

Assume that cohomology is taken with coefficients in a field K. Let F — E — B be a fibration
(F' connected, B 1-connected), where we assume the cohomology rings H*F, H*E, H*B to
be locally finite dimensional. Then the Poincaré series p( ) := Y.,5ot"dimxgH"( ) € Z[[t]]
are defined and it holds p(E) < p(F)p(B). Moreover, p(E) = p(F)p(B) iff the Serre spectral

sequence collapses.

Now, the above claim follows with 10.2.3 and 10.2.4, since

pE) (==t
I (e e (R O e e R (e R (D
1— t24
= —— = 1434t = F).
T ++ p(F)
In particular, H*BSpin(9) is a free H*BFy-module on 1,z,x% where either x = wg or

xr = wg + w?. In both cases, one computes by the Wu formula and with w; = w, = 0 that
Sq'z = S¢?x = S¢®xr = S¢Px = 0. Moreover, x, is mapped to w4, and one has wg = Sq?wy,
wy = Sq¢w, in H*BSpin(9). As the Leray-Hirsch theorem holds for the universal bundle, it
holds for all bundles. m

10.2.6 There is an important difference between F;-CayP?-bundles over BO(8)-manifolds
and PSp(3)-HP?-bundles over Spin-manifolds: Whereas the total spaces of the latter are
again Spin-manifolds, the corresponding property for F;-CayP?-bundles over BO(8)-mani-
folds is in general not true. The reason is that the tangent bundle along the fibres T2 of
the universal F;-CayP?-bundles CayP? — BSpin(9) — BF; has no BO(8)-structure (but
it has a unique Spin-structure as H'BSpin(9) = 0 for i = 1,2,3). To see this, we compute
the first Pontrjagin class of 7% according to Borel and Hirzebruch [11] as follows: The
complementary roots of i : Spin(9) — F, are the 16 roots %(j:xl + x9 + 23 £ x4), where z;
denote the standard linear forms on the Lie algebra of SO(n). The total Pontrjagin class
p(T?) € H*(BSpin(9); Q) is then given by their product

1
Z H(j:l’l + ) + T3 + ZL’4),
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in particular py(T2) = 2(2? + 22 + 22 + 22) =: & € H4(BSpin(9); Q), which is also invariant
under the Weyl group of Fj and hence lives in H*(BFy; Q) = Q as well.

Assume now that we have an Fy-CayP?-bundles over a manifold M with classifying map
f M — BF, and total space N:

N L5 BSpin(9)
\Lﬂ' \I/Bi
M L BE,

Then it holds TN = 7*TM @& f*T2 and hence for the first (tangential) Pontrjagin class

pi(N) =7"(pr(M) + f*2).

In the case that M is a 3-connected BO(8)-manifold, we have that H*(M;Z) is free and
7* : HY(M;Z) — H*(N;Z) is an isomorphism. Thus, N is then also a BO(8)-manifold iff
[z =0€ HYM;Z), where T € H*(BFy;Z) = Z denotes the generator.

10.2.7 Remark: In a similar formulation as for PSp(3)-HP?-bundles over Spin-manifolds
in 4.2.1, we do not have a transfer map from Qi8>(BF4) to Qﬁm, but a transfer map

O (BF,(z)) — Q¥

where the fibration BF(Z) — BF} is obtained from BF) by killing z, i.e. by pulling back
the path fibration PK(Z,4) — K(Z,4) with a map z : BFy — K(Z,4) realizing Z.

10.3 Application of the Homotopy-theoretical Product Formula

10.3.1 We consider now Brown-Peterson-Kervaire invariants

K, 72

@+ 2E416m+6 )
which were defined in 8.3.7 using the relation
S = Sq"Ba+ S¢?B + Sq' o,
62 — qum, 61 — Sq8qu27 60 — Sq8m+2Sq1 4 Sq8msq3

by Kyz(MYOm™H0) = Arf(z € HS™H3MIOmH6 y ¢(2)[M1"F0] € Z/2). Here, MomF6 is
a closed 3-connected BO(8)-manifold of dimension 16m + 6 and ¢ is a Brown-Peterson

secondary cohomology operation associated to the above relation. (Remark: In the proof
of 8.3.7, it was enough to assume H'M = H?M = H3*M = 0 in order to define Ky. In

QP (* > 6), this is up to bordism equivalent to our stronger assumption which is more
convenient to write down.)
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10.3.2 For a Fy-CayP?bundle p : NOm+2 5 pAfl6m+6 of guch manifolds, we want to
compare K,(N) and Ky (M) for Brown-Peterson-Kervaire invariants Ky, Ky in the corre-
sponding dimensions. As in 4.3.3 for PSp(3)-HP?-bundles of Spin-manifolds, we get by the
sub Lagrangian lemma that

K¢(N16m+22) _ Arf(y c J8mA3 g 16mA6 ¢($p*y)[N16m+22D’

because the Leray-Hirsch theorem 10.2.5 is satisfied. In particular, we again have reduced
the multiplicativity problem to the computation of a Cartan formula for ¢(zp*y)

10.3.3 First, we use our product formula 5.2.2 and proceed analogously to the proof of
5.3.3, obmitting some details of the computation. Because we have to apply K, in dimen-
sion 16m + 22 to the product xp*y, we obtain p and the upper half of the diagram 5.2.1:

u Kiem+19
Kgmi11i — [ XKigmi2r | —— Kiemt23
X K16m+22
o ‘ v n

Ni6m+22  (fry) E A Kgmis 1Aa’ EAB INY EAC,

Here, FE := BSpin(9) is the total space of the universal F;-CayP?bundle, a := (S, 1, 5o),
b:= Sq¢*+ S¢* + Sq¢', p := 2 U 1g,43 is the multiplication with the Leray-Hirsch generator
r:E — Kg, f: N'®+22 _ [ i5 the bundle map over the classifying map f : M*6m+6
BFy, and y : M'*™+6 — Kq. .5 is a middle dimensional cohomology class.

The lower half of the diagram follows by application of the Cartan and Adem formulas.
Using Sqz = 2 + S¢*x + Sq®x + Sq"x + 22, the computation gives:

(Ki6m+s X Kiemia X Kigmss)
! ! ! ! !
B'=1 x (Kigns X Kignie X Kigmir X Kigmio)
" 1! 1! 1
X (K16m+6 X Kigmir X Kignis X K16m+10)

(Squ 7Sq8m+1 7Sq8m+2>7
a' = (Sq8m5q2 ,Sq8m+1Sq2 7Sq8m—i-2SqQ ,Sq8m+45q2),
(Sq8m+2sql+sq8m5q3’ Sq8m+35q1—|—5q8m“5q3, Sq8m+4sql+8q8m+25q3’ Sq8m+4Sq3)

(332 U L16m+3 + Sq7x U L16m+4 + Sqﬁx U L16m+5>
(2?Uligmes + Sq¢xUlgnig + S¢xUlgnr + Sz U g
(152 U Llll6m+6 + Sq'z U L/1/6m+7 + S¢°z U L/1/6m+8 + Sq'z U L/1/6m+10>

V= X
X

!
C" = Kigm+7 X Ki6mts X Kigm+o X Kigmt11
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Sq*ti6ms + Sq2L,16m+5 + SqlL,ll6m+6) X

(
(Sq* t16m1a + S@t16m1s + SC 6 + SC iomer + SC emir + Homas) X
(SQiL16m+5 + SQTLllﬁm—‘ﬂ + 5S¢ Yomis T tiemio) X

(S i6mro + S igmi10)

b =

n=2?Utiemsr + S¢"T U tiemrs + S¢°T U tigmro + Sq*x U tigm11

Now we choose homotopies H,H' ,H* H®? and get with our product formula 5.2.2 that

bu(rpy) = EH,H’,HL,HR(fv py) + (9(2)77)(f> ¢ (p*Y)).

According to the above decomposition of C”’, the secondary operation ¢ splits into four
unstable secondary cohomology operations ¢1, ¢2, ¢3, ¢4, Where ¢; is just a Brown-Peterson
secondary cohomology operation in dimension 16m+ 6. The other operations ¢o, ¢3, ¢4 take
values in dimension 16m+7, 16m+8, 16m+ 10, respectively, hence vanish on H8™+3 )f16m+6,
With the same arguments as in the proof of 5.3.2, one shows that

Qeoyn = 2% U tigm+6 + S¢ @ U tigmsr + S¢°T U tigmes + 5S¢ U tigm+10

and
e me,nr(f,py) = 2°p* ( > (=) aj(y)) =: 2%pe(y)
i+j=8m+3

where f : M6 — BF, denotes the classifying map of the Fy-CayP?bundle, and z; €
H'BF}), aj € A7 depend only on the choice of the homotopies H,H',H* H® and not on the
specific bundle. Furthermore, as in the proof of 5.3.3 one can represent the map y +— ¢(y) by
multiplication with the pullback vy gy € H3™ 3 M1"+6 of a universal class in H¥"3(BF, x
BO(8)). Proceeding then as in the proof of 5.3.3, we have shown:

10.3.4 Theorem: Let N'm+22 s N16m+6 pe g Fy-CayP?-bundle of closed 3-connected
BO(8)-manifolds and Ky, Ky be two Brown-Peterson-Kervaire invariants in dimension
16m + 22, 16m + 6 respectively. Then

K (N'9742) = Iy (MIO9) (6 (1,00), [M 1)),

with
Vo = 3 [T G (), Y Z @b, € H™3(BE, x BO(8)),

where f : M6 — BFE, is the classifying map of the bundle, vy : M6 — BO(8) is
the BO(8)-structure, and >, Z; @ W is a universal class depending only on the choice of the
Brown-Peterson-Kervaire invariants Ky, Ky .

As for Spin-manifolds in 5.3.4, we get from this result the following corollary:
10.3.5 Corollary: If all odd-dimensional Stiefel-Whitney classes of M+ vanish, then
it holds

K¢<N16m+22) — K¢/<M16m+6>
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for all choices of Brown-Peterson-Kervaire invariants Ky, Ky. In particular, this is true
for an almost complex BO(8)-manifold M*™m+6.

Proof: From f*z =0 (10.2.6), it follows that also the Fy-bundle characteristic class f*x, €
H*M™™+6 vanishes since x is the mod 2 reduction of Z. As H* BF} is the polynomial ring in
T4, S¢?xy, SGP4, 116, S¢°T16, the subrings f*(H*BF,) C H*M"%"*5 and v}, (H*BO(8)) C
H*M'Y™™+6 are then concentrated in even dimensions, whereas v, 4 lives in odd dimension
8m+3. m

This suggests that an analogous result as Ochanine’s result 2.2.4 for Spin-manifolds could
be true for BO(8)-manifolds. As Ochanine’s proof in [48] works with the image of Spin-
bordism in oriented bordism, which is known from the results 2.1.9 of Anderson, Brown and
Peterson on the structure of the Spin-bordism ring, there seems to be at this time no chance
to generalize his proof the case of BO(8)-manifolds because the corresponding facts for QfF
are not known.

10.4 Application of Kristensen’s Product Formula

10.4.1 Now, we give some remarks on the application of Kristensen’s machinery (section
6) to our problem to compute ¢(xy). This turns out to be a lot of work and we do not give
the full computation (we hope to give this in a forthcoming paper). We first have to check
the complementarity conditions 6.3.1 on S, 41(xy). With

B = (S¢*™", 84" Sq*, S¢*"Sq° + Sq*"+25q")
(see 8.3.7), we obtain by the Cartan formula that

ﬁm+1 (xy) =

Zsm+8 SqixSqu—&—S—iy)?

28m+8 Sqisq2x5q8m+8—iy+Sqisqlxsq8m+8—isqu+Sqixsq8m+8—isq2y)7
28m+8 SqSPr S8y + S SPr S8 Sqty + SqiSqla S HEiS¢Py+
+S¢ xSq8m+8—iSq3y) Zsm+1o i (Sqisqlx5q8m+10—iy+ SqixSQSm—HO—iSqu)

The vanishing of each summand can be seen by an analogous discussion as in the Spin-case;
it also follows at the same time we discuss the terms of the codiagonal of our relation

pma1 =S¢ @ S¢*™ + S¢* ® S¢*"Sq* + Sq' @ (S¢*™ S + S T2Sq"),

which is given by applying the Cartan formula a further time:

?/1(2)pm =
4 8m+8 2 8m+8 1 /8m+8 8m+10
ZZ ﬂ ZZ(O‘%—FO‘%—FO‘%)—FZ(Z(O’ +o +a —i—aﬂ—i- Z 0 +0 >
J=0 i=0 J=0 i=0 =0 \ i=0
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Here, we have set:

o = (S¢ ® S¢') ® (S¢*7 @ S¢*mrE)
o = (8¢ ® S¢S¢%) @ (S¢¥7 @ SgPmtT)
o = (8¢ ® 5¢Sq¢') ® (S¢7 @ S¢S
o (S¢ ® Sq¢') @ (S¢&7 @ S¢S
o2 (S¢ ® Sq¢'S¢’) ® (S¢'7 ® S+
o = (S¢ ® S¢'S¢®) ® (S¢'7 ® S¢*m*T'Sq')
o, = (S¢ ® S¢'S¢") ® (S¢'7 ® S¢S
oy = (5S¢ ® S5¢) ® (S¢'7 ® S¢S
o = (9¢ @ S¢S¢') @ (S¢77 @ S¢TT)
o = (8¢ @ S¢) @ (8¢ @ S¢S

As in the case of Spin-manifolds, most of the terms vanish by trivial reasons, i.e. because
the kernel condition for the secondary operation in a summand of the product expansion
is satisfied by the fact that the excess is larger than the dimension. This applies to ojl-i for
i >8ori<5,too} fori>10ori <5, to ol fori>9ori<4,too]fori>8ori<3,
to o for i > 11 or i < 5, to o2 for i > 10 or i < 4, to ¢J; for i > 9 or i < 3, to o5, for
t>8ort <2 to O'?i fort > 9 ori <7, and to 0]1-2-0 for ¢ > 8 or 7 < 6, because one gets then
exc(f') > |z| = 8, respectively exc(f”) > |y| = 8m + 3. But there remain 142 critical terms

which have to be considered in detail. In particular, the following 4 critical terms contribute
os + 008 + 003 + o8 = (1© 5¢°) @ pum,

which gives just 72¢,,(y) as a summand in Kristensen’s product formula. In analogy to the
Spin-case and by our homotopy-theoretical result 10.3.4, one expects that the other 138
critical summands contribute 0 to the product formula.

In the last step, one has to compute the primary term in Kristensen’s product formula. In
order to do this, we use again the special system of cochain operations 6.3.7 due to Kristensen
to construct our secondary operations. Here, we need not only R, and R,, (see the proof of
the Main Theorem 7.1.1), but also (see 6.3.8)

[)m = p%nn—li-’élm — Sq4 ® Squ 4 Sq8m+4 Q1+ Sq8m+2 ® Sq2 + Sq8m+3 ® Sql,
fm = T?g’brrtﬁglm — Sq4sq8m +Sq8m+4+8q8m+28q2 +Sq8m+38q1,

€m = Elomsm = (Qo ® QY (S¢"S¢* 2 + S¢*S¢*" =% + S¢*™ )
and denote the special cochain operations R?gﬁt & in 6.3.8 with AR%’Z” o = 7“%”,; am Dy Ry
Now, our relation is on the cochain level represented by

8m—+4

Ty = 5q +Sq48q8m+8q28q8m8q2+Sq18q8m8q18q2+Sq18q8m+28

ql

8m+2

(here, we have to be a little careful as sq'(s¢®*™sq>+sq®™2sq') # sq' s¢*" sq* sq*+sq' s¢*™ 2 sq")

which we can decompose by
. .. 2, 1.2, = 1
'm = Tm + TomSq + T'amSq Sq + Tam+159 -
Thus we can choose

Rm = ﬁm + R2m5q2 + R4m5q15‘12 + R4m+18q17
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and proceed then with similar computations as in the Spin-case to show that the primary
term Apg,, ,(x,y) with this choice of "zero-homotopies’ is given by the following linear com-
bination of primary terms for the special cochain operations of Kristensen:

ARmH (l’, y) - ARm+l (:)3, y) + AR2m+2 (S(]Qx, y) + AR2m+2 (Sqlx’ Squ) + AR2m+2 <I7 Sq2y)+

FAp, (80 5w y) + Ap, L (sq®x, sq'y) + Ap, L (sa'sq' e, sq'y) + Ap, (5q T, 8¢ sq y)+
+AR4m+4 (sqlx, sq2y> —+ AR4m+4 (CL’, 3q13q2y) + AR4m+5 (Sqlx, y) =+ AR4m+5 (127 squ) + (5()
Hence, for cocycles z, y our primary term e(x ® y) is given by the following combination of

the Kristensen primary terms (Qq := S¢*, Q1 := S¢*S¢* + S¢®):
R (T,Y) = Emi1(7,Y) + Eami2(S¢°2, y) + Eomia(Sq'w, Sq'y) + Exmia(w, S?y)+

+é4m+4<sq3x> y) + é4m+4(Sq2x7 Squ) + é4m+4(5q1x7 SC]QZJ) + é4m+4(x; ngy)‘i‘
+é4m+5(sqlxa y) + é4m+5<x7 Squ) =
— N(QO ® Ql)(¢(5q15q8m+6 4 Sq2Sq8m+5 4 Sq8m+7) 4 ¢(5q8m+5)¢(5q2)) (JI ® y) —

= 1((Qo @ Q¥(SE* 05" + ¢ 5¢) ) (x @ y).

Applied to our case of Fy-CayP?-bundles, using Sqz = = + Sq¢*x + S¢®x + Sq"x + 2% we
obtain

R (T,Y) = D QoSq'z-Q1SESq'y+ D QoSq'z- Q15¢ Sq’y.

i+j=8m+6 i+j=8m+5

But this vanishes because the only term which can give a contribution has to contain the
factor 22 = Sq®x since we are in the top dimension 16m + 22, and this term does not show
up in the two sums. Summarizing the results one gets

Gmi1(2p"y) = 2%p* P ()

where the secondary operations ¢,,,1 and ¢,, are constructed by using Kristensen’s special
system of cochain operations.

In particular, this implies the existence of Brown-Peterson-Kervaire invariants which behave
multiplicative in F;-CayP?-bundles p : N1m+22 — pf16m+6 of closed 3-connected BO(8)-
manifolds. As we did not carry out all computational details, we do not claim this here as
a theorem. We hope to give the full computation in a forthcoming paper.
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10.5 Concluding Remarks

The definition of the Ochanine k-invariant & : ngjﬁQ — Z/2 in 3.1.3 and the Main Theorem
7.1.1 suggest the question, if one can define in the same way a k-invariant for (16m + 6)-
dimensional closed BO(8)-manifold; and if % is then a Brown-Kervaire invariant, again. We
conclude with some remarks and conjectures concerning this (open) question.

As a first step in this direction one has to determine the image of the signature homomor-
phism for closed (16m + 8)-dimensional BO(8)-manifolds M™*8 If we let s,, € N be the
minimal non-trivial signature,

Z

. 8
sign(Qgmss)
then it holds that s,,,; divides s,, for all m because we can multiply M8 with the
Cayley projective plane CayP? which has signature 1. As the universal Wu class vgy,4 €
H¥™ 1 BO(8) vanishes (8.3.2), the Z-valued intersection form of M™*8 is even and the

signature thus always divisible by 8, in particular 8|s,,. Furthermore, an 8-dimensional
closed BO(8)-manifold is almost parallelizable and thus

Sm = )

So=2°-7=224

by the results of Kervaire and Milnor in [43]. In analogy to the Ochanine signature Theorem
3.1.1, one can make the conjecture (I) that this gives then also the value for all s,,.

The second step consists in analyzing the multiplication with ST on Q¥ One needs in
particular

5T
St6m+6 = keT(Q§%>m+6 = Q§86>m+7)
and can make the conjecture (II) that Sigm16 = Q§86>m 16 (in analogy to the Spin-case). Then
we define the k-invariant for BO(8)-bordism by
k- 816m+6 — Z/2

: 16m—+8
k(M16m+6) — Slgn(y[/ ) mod 27

25m

where QW 16m+8 — )f16m+6 5 G1 which is well-defined by the same argumentation as in the
Spin-case (see 3.1.3).

Now, in order to compare k with the Brown-Kervaire invariants, one can try again to get
a characterization by multiplicativity properties. The product formula of Brown 1.3.13 (see
also the proof of 1.3.16) shows that for Brown-Kervaire invariants

Ky, : Q§86>m+6 — Z/2

we have -
K (MY x S3 x S3) = sign(M*'*™) mod 2.

For the corresponding formula with K} replaced by k, we remark that 53 x 83 x ST =oW?
because of Q§8> = 0. In particular, S® x S3 € S5 = Qé8>, and one can make the conjecture
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(III) that k(S
check than

5%) =1 (ie

., sign(W®) = 112 mod 224. This seems to be more easy to
n (I) or (IT).) Furthermore M™% S3 % S3 € Sigmae for all M16™ ¢ Q< ', because
of M™ x S3 x §3 x ST = 9(M*'*™ x W?), which shows that
E(M™™ x §3 x S3) = \sign(M'™) mod 2
with A\, := 8"957;(%8 = k(53 x §3). o

Sm

Thus, if (I), (IT) and (IIT) hold true, we have the half (ii) of a speculative analogous theorem
as the characterization 4.2.7 of the Ochanine k-invariant. But the remaining part of

1. checking the analogous multiplicativity property (i) as in 4.2.7 with F;-Cay P?-bundles
2. and analyzing if (i) and (ii) characterize k (by computing 2
bundles),

modulo Fy-CayP?-

seems to be considerably more difficult than (I), (II) and (III) and depends on a better
understanding of 0P,
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Appendix:

Quadratic Forms on

Z./2-Vector Spaces
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We give here a survey on symmetric inner products and non-degenerate quadratic forms
on finite-dimensional Z/2-vector spaces. This characteristic 2 case differs strongly from the
well-presented theory of quadratic forms in characteristic # 2 (see for example [38], [56]),
but unfortunately is excluded in these and many other algebra books on quadratic forms.
The material here is taken from several sources: [17], [42], and the appendix in [22] (but see
also remark A.1.6). We included the totally elementary proofs of all statements.

First, we consider the classification of symmetric inner products which is given by dimension
and type. Then, we define and classify non-degenerate quadratic forms (values in Z/2),
where the Arf invariant comes in. Because Z/2-valued quadratic forms can only be defined
for even type inner products, one generalizes them to Z/4-valued quadratic forms which
exist also for odd type inner products. But then, the generalization of the Arf invariant
takes values in Z/8. We prove a corresponding classification result A.3.7, which seems to be
not in the literature. In all three categories of symmetric / quadratic / generalized quadratic
[PSs (where we here and in the following set IPS := inner product space), we consider also
the stable classification and the Witt ring classification. Furthermore, we prove in A.2.18,
A.3.18 a sub-Lagrangian lemma which we need for Spin- and BO(8)-manifolds (only the
Z/2-case). At least in the Z/2-case, this is well-known (see [53]), but we did not find a good
reference for it.

We end with the remark that the category of generalized (= Z/4-valued) quadratic forms
behaves different from the category of the usual (= Z/2-valued) quadratic forms in the
following points:

1. All symmetric bilinear forms have generalized quadratic refinements.

2. In the definition of the tensor product of generalized quadratic forms, we do not need
the cumbersome factor 2 as for Z/2-valued forms.

3. The Witt cancellation theorem is not true for generalized quadratic IPSs, but holds in
the case of Z/2-valued forms.

4. The generalized Arf invariant (€ Z/8) is multiplicative, in contrast to the Z/2-valued
one.

5. The ring of stable isomorphism classes, and the Witt ring of generalized quadratic IPSs

both have a unit element, in contrast to the case of Z/2-valued forms.

(Of course, 2., 4. and 5. are related to each other.)
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A.1 Symmetric Inner Products

A.1.1 Let V be a Z/2-vector space of finite dimension d := dimgzV. A symmetric inner
product jr on V' is a non-degenerate symmetric bilinear form

p:VxV—1Z/2.

The pair (V, ) is called a symmetric IPS. We set p(z,y) =: zy and denote the adjoined
linear isomorphism by p’ : V' — V* where p/(z) : y — xy. The notion of isomorphism
of symmetric inner products is obvious; orthogonal sum and tensor product are defined by
(x®2")(ydy') :=zy+2y and (z@2")(y®y') = (zy)- (2'y’), and are again non-degenerate.

A.1.2 Because we are in characteristic 2, the squaring map Sq : V. — Z/2, Sq(z) := 2? is
linear and thus given by

Sq(x) = v,
with v := p/~1(Sq) € V the Wu class of the symmetric inner product p. We call (V, ) of

even type (or symplectic) if v = 0, and of odd type otherwise. The type of the direct sum and
of the tensor product are given by vyaw = vy @ vy and vygw = vy @ vy .

A.1.3 The two fundamental examples of symmetric IPSs are the standard space (1) and the
hyperbolic plane H:
(1) = (2/2,(1))

H = ((Z/2* %)),

where the inner products are given by the matrices (1) and (J;) with respect to the canonical
basis. There are isomorphisms

Ho() = (e l)a(1)
H®H = H&H

where the first isomorphism is given by ey — f1 + f3, ea — fo + f3, e — f1 + fo + f3, with
(e1,eq,€) and (f1, f2, f3) the canonical bases of H @ (1) and (1) @ (1) & (1). This gives an
example that the Witt Cancellation Theorem for IPSs is not true in characteristic 2, because
H 2 (1)@ (1), as H is even, but (1) @ (1) is odd. Both isomorphisms follow also from the
classification result:

A.1.4 Proposition: (Classification of symmetric IPSs) The isomorphism class of a
symmetric IPS (V, ) is given by the dimension d and the type:

(V. 1)
(V, )

@Dy H withd=2d" for  of even type
PDa(1) for p of odd type.

e 112

Proof: We first recall the orthogonal decomposition lemma [42] (valid for symmetrical or
skew-symmetrical inner products over any commutative ring): If W < V is a submodule
such that the restriction uw of p to W is non-degenerate, then (with W+ the orthogonal
complement):

(V7 /L) = (W7 /~LW) S¥ (WJ_, /JJWJ_)
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In fact, if x € W N W+, then zw = 0 for all w € W and thus z = 0; and if € V, then the
restriction of the linear form p/(z) to W is represented by multiplication with a w, € W,
giving the decomposition x = w, + (z — w,) with z — w, € W+.

Now we prove A.1.4 by induction on the dimension: (i) If p is even, let z,y € V — 0 such
that xy # 0. Then H = (x,y) splits off from (V| ) with the complement also of even type.
(ii) If p is odd, there is an z € V — 0 with 2? # 0, and (1) = (x) splits off from (V, ). If
(x)* is of even type, we proceed by (i) and use H @ (1) = (1) @ (1) @ (1) in the end m

A.1.5 In particular, for an even type symmetric IPS the dimension is always even, d = 2d’,
and there exists a basis (z;,y;)i=1.4 of V such that x;z; = y,y; = 0 and x;y; = J;; , which is
called a symplectic basis of (V, ).

A.1.6 Remark: In [22], this result is expressed in a misleading fashion by using a third
symmetric IPS F := ((Z/2)?, ({1)) and intoducing in the odd type case a further distinction
between the cases v? = 0 (’case II') and v? # 0 (’case IIT). In fact, FF = (1) & (1) by the
isomorphism ey — fi + fo, €5 — fo, where (e1, ) and (f1, f2) are the canonical bases of F'
and (1) @ (1); and the invariant v* € Z/2 of (V, 1) can be read off by the next lemma:

A.1.7 Lemma: For a symmetric IPS (V, uu), one has v* = dimgz/2V mod 2.

Proof: If (V,u) is of even type this is true since the dimension is even. If (V) u) is of odd
type, we can assume (V, u) = @4(1) where the Wu class is given by v = (1,1, .., 1). But then
v’=1+.+1=dmod2. m

A.1.8 Now we consider two stable classification problems. We define KS(Z/2) as the
unreduced Grothendieck ring of stable isomorphism classes of symmetric IPSs. Then we get
from H @ (1) 2 (1) ® (1) @ (1) and the unstable classification A.1.4:

A.1.9 Proposition: There is a ring-isomorphism KS(Z/2) = Z induced by the dimension,
and (1) is a generator.

A.1.10 A symmetric IPS is defined to be split if there exists a Lagrangian; that is a subspace
L <V of half the dimension which is self-orthogonal, L = L' (as we consider vector spaces,
all sub-modules are direct summands). For example, H is split with L = (e;), but also
(1) & (1) is split with L = (e; 4 e3) since we are in characteristic two. The symmetric
Witt ring W (Z/2) is defined as the set of Witt classes of symmetric IPSs, where the Witt
class of a space is obtained by stabilization with split spaces (see[42]). Again we get from
Ho (1) = (1)@ (1) @ (1) and the unstable classification A.1.4:

A.1.11 Proposition: There is a ring-isomorphism W (Z/2) = Z/2 given by the dimension
mod 2, and (1) is a generator.

A.1.12 A sub-Lagrangian is a subspace S < V which is self-orthogonal, S-S = 0. Thus the
orthogonal complement S+ contains S, and one defines

Vo:=8, Vy:=8%/8, V,:=V/St
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Now, we choose linear splittings V5 — S+ C V and V. — V of the projection maps, and
obtain a linear isomorphism

VeVv_oelWaeV,.
Pulling the inner product p back to the sum V_ & Vj & V. gives then bilinear pairings

Vo Vo Vi
V_10 0 M+
Vo |0 po 4
Vilpe o p”
where
Ho * ‘/0®‘/0 — Z/27 MO(U+S7w+S> = M(an)a
pye: Vi@Vl — Z)2, pt(v+ St s) = p(v,s)

are independent of the chosen splittings and moreover non-degenerate, as p is non-degenerate.
In particular, (Vj, o) is again a symmetric IPS.

With dimgz,Vy = dimZ/gSL — dimgyS = dimgV — 2dimg,S, we have shown:

A.1.13 Lemma: (Symmetric sub-Lagrangian lemma) The symmetric IPSs (V, u) and
(Vo, pto) give the same element in the symmetric Witt group W(Z/2).

A.2 Quadratic Forms

A.2.1 Now we come to quadratic forms on V. Because we are in characteristic 2, these
cannot be constructed by bilinear forms, but are defined to be maps ¢ : V' — Z/2 such that
the symmetric map p, : V xV — Z/2,

tq(7,y) = q(x +y) — q(x) — q(y)

is bilinear. If y, is non-degenerate, then ¢ is also called non-degenerate, (V,q) is called a
quadratic IPS, and (V, y1,) is called the associated symmetric IPS. The notion of isomorphism
for quadratic forms is obvious; and the orthogonal sum is defined by qyew (v®w) = gy (v)+
qw (w) which gives jiq, ., = fg, @ fiq, and remains non-degenerate if gy, qw are.

A.2.2 Lemma: For a quadratic form (V,q), the associated symmetric bilinear form p, has
always even type.

Proof: We have ¢(0) = 1,(0,0) = 0 and thus p,(x,x) = ¢(22) — 2¢(x) = ¢(0) — 0 =0 for all
reV.m

A.2.3 If u, is given, it is enough to know ¢ on a basis (ey, ..,eq) of V' because one sees by
induction ¢(3>; ;) = 32; q(:) + X, xix;. In fact, we will see in A.2.20 that the values g(e;),
1t =1,...,d, can be chosen arbitrarily to give a quadratic form ¢. Thus, for fixed p of even
type there are exactly 2¢ quadratic forms with associated (V, ).

A.2.4 In the definition of the tensor product of quadratic forms (on R-modules for some
ring R) one has to be careful, see [42]: First, one defines the tensor product of a symmetric

115



bilinear form (V,u) with a quadratic form (V’,¢’) to be the quadratic form (V ® V' q)
uniquely defined by the two equations

qg(r @ a') = p(w,2)q (2"),
po(z @',y @y) = plz,y)pe (@, y).

Note the isomorphism (1) ® (V,q) = (V,q). Then one defines the tensor product of two
quadratic forms (V,q) and (V',¢’) to be the tensor product of (V,p,) and (V’,¢'). Thus
(Ve V' qg®(q) is uniquely defined by the two equations

(¢®¢)(z®) = 2q(z)q'(2"),
Hepe (T QT Yy @Y') = pg(z,y)ug(z',y).
because pu(z,z) = 2¢g(x). In particular, the tensor product of two non-degenerate forms

remains non-degenerate. In our case R = Z/2, the quadratic form ¢ ® ¢’ vanishes on pure
tensors because of the cumbersome factor 2 in the first equation, and depends only on the
associated symmetric products.

A.2.5 There are two fundamental examples ¢y and ¢; of non-degenerate quadratic forms,
which have the hyperbolic plane H as associated symmetric inner product and are given by

o : (Z)2)* —7Z/2, qoler) = qolea) =0
a : (Z)2)? —=7Z/2, qler) =qle) = 1.

There is an isomorphism ¢; ®q; = qo®qo which is given by the automorphism o € GL(Z/2,4)
defined by e; — (e1+es+e3+e4) —e€;, @ = 1..4, where ¢; is the canonical basis of (Z/2)?. As
we need « also in the next section about generalized quadratic forms, we list some properties:
In matrix notation, « is given by

_ == O

1
0
1
1

O~ = =

1
1
0
1

and satisfies a7 = a, o = 1 (showing that « is an isometry of (1) @ (1) & (1) @ (1)), and
afa = where 8 := (38) @ (%) (showing that « is also an isometry of H & H).

Furthermore we remark that the other two quadratic forms on H (defined by go(e;) = 0,
qo(e2) = 1 respectively qo(e1) = 1, go(ez) = 0) are both isomorphic to gy (by e; — e,
ey > €1 + ey respectively e; — €1 + eg, €3 > €3).

A.2.6 This gives the classification of a quadratic form (V,¢q): The associated (V, u) decom-
poses as @, H, thus ¢ decomposes also into the orthogonal sum of d many quadratic forms
on H which have to be isomorphic to gy or g;. Because of ¢1 ® ¢1 = qo P qo, we see that ¢ is
isomorphic to @, qo or ¢1 & Py _1 qo- In order to show that these two quadratic forms are
not isomorphic, a new invariant has to be introduced:

A.2.7 Define the Arf invariant Arf(q) € Z/2 of a quadratic IPS (V,q) by

(—1)AT@ .= 5gn 37 (—1)4),

zeV
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We denote the sum by S(¢) and remark that always S(q) # 0, thus Arf(q) is well-defined.
In fact, S(q) obviously depends only on the isomorphism class of (V, ¢) and has the property
S(q®q') = S(q)S(¢'), which implies the additivity of the Arf invariant under ®. As S(qy) = 2
and S(q1) = —2, we see that S(q) = +2%, with "4 for ¢ = @, qo and " for ¢ = ¢ BBy, .
Thus we have shown:

A.2.8 Proposition: (Classification of quadratic IPSs) The isomorphism class of a
quadratic IPS (V,q) is given by the dimension d = 2d' and the Arf invariant:

(V.q)
(V. q)

[raire

D for Arf(q)=0
G ®®Dy_1q for Arf(q)=1.

A.2.9 Remarks:

(i) As S(g) counts the number of = with ¢(z) = 0 minus that with ¢(z) = 1, the Arf invariant
is one iff the majority of vectors z has ¢(z) = 1 (so it is also called the "democratic invariant’).
This number of x € V with ¢(z) = 1 is given by 3(|V| — S(¢)), which is 22*~1 — 241 for
Arf(q) = 0 and 2241 4 241 for Arf(q) = 1.

(ii) In contrast to the case of symmetric IPSs in characteristic 2, the Witt Cancellation The-
orem remains true for quadratic IPSs ([42]). The classification result A.2.8 above illustrates
this fact.

A.2.10 Lemma: Let (z;,y;)i=1.a be a symplectic basis of (V, ). Then

Arf(q) = Y qlxi)a(y:).

i=1..d’

Proof: As the right side is also additive under &, one has only to check equality for ¢y and
q:.- n

A.2.11 The multiplicative properties of Arf follow from the isomorphisms

GORGP=EWPRIq=q Q¢ = qoD qo,

which hold because the tensor product of quadratic forms in the case R = Z/2 depends only
on the underlying symmetric inner products (= H). Thus we have Arf(¢ ® ¢') = 0 for all
quadratic inner products ¢, ¢; i.e. the Arf invariant is not multiplicative with respect to the
canonical product in Z/2. See also remark A.2.16.

A.2.12 As for symmetric inner products, we consider now two stable classification problems.
We define KQ(Z/2) to be the unreduced Grothendieck group of stable isomorphism classes
of quadratic IPSs. Then we get from ¢; ® ¢1 = qo © ¢o and the unstable classification A.2.8:

A.2.13 Proposition: There is an additive isomorphism KQ(Z/2) = 7Z & Z/2 induced by
half the dimension and the Arf invariant. A generator of the first summand is qy, and of
the second summand is q¢1 — qo- The dimension is multiplicative, but not the Arf invariant
which shows that the torsion part Z./2 has the trivial product structure.
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A.2.14 A quadratic IPS (V, q) is defined to be split if there exists a Lagrangian; that is a
subspace L < V of half the dimension which satisfies ¢(L) = 0. In particular, L is then also a
Lagrangian of the associated symmetric IPS (V ,), and the Arf invariant of (V, ¢) vanishes.
For example, qq is split with L = (e1), but ¢; is not split. The quadratic Witt ring WQ(Z/2)
is defined as the set of Witt classes of quadratic IPSs, where the Witt class of a space is
obtained by stabilization with split spaces (see[42]). Again we get from ¢; ® ¢1 = qo D o and
the unstable classification A.2.8:

A.2.15 Proposition: There is an additive isomorphism WQ(Z/2) = 72 induced by the
Arf invariant, and g, gives a generator. The multiplicative structure is the trivial one, since
q1 @ q1 has vanishing Witt class.

A.2.16 Remark: Associating (V, u,) to (V,q) gives a map WQ(R) — W (R) which is zero
in our case R = Z/2 because here (V, ;) always has a symplectic basis (alternatively, this
follows also by the different multiplicative structures on Z/2).

A.2.17 A sub-Lagrangian of (V,q) is a subspace S < V which satisfies ¢(S) = 0. In
particular, S is also a sub-Lagrangian of (V, y,). One defines a quadratic form ¢y on Vj =
S+/S by qo(x+S) := q(x). This is well-defined, and non-degenerate as its associated bilinear
form po is. Then we have:

A.2.18 Lemma: (Quadratic sub-Lagrangian lemma) The quadratic IPSs (V,q) and
(Vb, qo) give the same element in the quadratic Witt group WQ(Z/2).

Proof: By the orthogonal decomposition lemma (see the proof of A.1.4) and A.1.12, (Vp, o)
splits as direct summand from (V) ), hence the same is true for (Vp,qo) and (V,q). But
V_ =S is a Lagrangian in the orthogonal complement of (Vj, qo), which gives the proof. m

1.2.19 Remark: Another proof using the definition of the Arf invariant as the 'democratic
invariant’ (A.2.9) follows as a special case from A.3.18.

A.2.20 If one has two non-degenerate quadratic forms ¢, ¢’ (on the same V') such that the
associated symmetric inner products coincide, then the difference map § :=¢' —q: V — Z/2
is a linear form since d(z +y) —d(x) —(y) = py (v, y) — pg(z,y) = 0. This shows that the set
Q(V, ) of quadratic forms with fixed associated symmetric inner product p, which we also
call the set of quadratic refinements of i, is an affine space with associated vector space the
dual space V*. By the isomorphism p' : V' — V* we see that Q(V, u) = {q + p/(x)|z € V}
for any fixed ¢ € Q(V, u). Then we have an addition formula for the Arf invariant:

A.2.21 Lemma: (Addition formula) The Arf invariant of the quadratic form q+ p'(x),
x €V s given by
Arf(q + 4/ (z)) = Arf(q) + ().

Proof: This holds for quadratic forms on H and follows then in the general case by additivity.
Alternatively, this follows from S(q + p/(z)) = 3,cy (—1)1W*+® = (=1)~9@ ¥, (—1)2®)
with y' ==z +y by q(y) + 2y = q(z +y) —q(z). m
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A.2.22 Corollary: Let z,y € V with xy # 0. Then the three numbers q(x),q(y),q(z+y) €
Z./2 cannot be all zero, thus at least one of the three quadratic forms q + p'(z), ¢ + (' (y),
q+ 1 (x 4+ y) has a different Arf invariant than q.

A.2.23 At last we remark that a quadratic refinement ¢ : V' — Z/2 of u can also be
considered as a homorphism h : V# — 7 /2 with the property h(\) = 1, and vice versa:

Q(V,p) =~ {h € Hom(V* Z/2)|h(\) = 1}.

Here the abelian group V* is defined as Z/2 x V with the addition (a,v) + (a/,v") =
(a+a +vv',v+7"), and A := (1,0). This is nothing but the abelian extension of V' by Z/2
associated to the 2-cocycle p: V x V — Z/2:

0—2Z/2 25 vr 22 v 0.

The other canonical injection jy respectively projection p; are non-linear in general. One
obtains the bijection above by

q+— h:=qps + p1, h— q:= hj,.

A.3 Generalized Quadratic Forms

A.3.1 We have seen that quadratic refinements g of (V, u) exist iff u has even type. In order
to generalize quadratic forms to the odd type case, we consider again the abelian extension
V# of (V,u). For all types, its elements of order 2 form the subgroup Z/2 x ker(Sq). Thus,
there exist in V# elements of order 4 iff u has odd type; these have then the form (e, z)
with € € Z/2 and 2% # 0, and satisfy 2(e,z) = (1,0) = A. In this case, there exists no
homomorphism h : V#* — 7Z/2 with h(A) = 1 (which would be equivalent to a quadratic
refinement ¢ = hj, of p). But of course there exist homomorphisms h : V#* — 7Z/4 with
h(A\) = 2; and these correspond by q = hjs and h = qp, + i3p; bijectively to Z/4-valued
quadratic refinements q : V. — Z/4 of p,

q(x +y) = q(z) + qly) + izxy,

which we call generalized quadratic forms, and (V,q) a generalized quadratic IPS if p is non-
degenerate (here and in the following, """ : Z/n < Z/mn denotes the canonical monomor-
phism given by 1 +— m). The type of p is also called the type of ¢q. If we denote the set of
generalized quadratic refinements of p by GQ(V, ), then the above correspondence shows
that

GQ(V,u) =~ {h € Hom(V*,Z/4)|h()\) = 2}.

We remark that V# contains no elements of order higher than 4, thus every homorphism
V# — 7./2° factors through Z /4 which therefore gives the correct generalization of quadratic
forms.

A.3.2 Again we have ¢(0) = 0 by the quadratic property, and 2q(z) = ¢(2z) — i32? = ijz>

shows that ¢(x) € {1,3} iff 22 # 0 and ¢(z) € {0,2} iff 2 = 0. Thus, the even type Z/4-
valued forms come exactly from the Z/2-valued forms by the imbedding i3 : Z/2 — Z/4.
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A.3.3 The notion of isomorphism and direct sum is defined as for Z/2-valued quadratic
forms; furthermore one defines (V, —q) by (—q)(z) := —¢(x). But in contrast to A.2.4, one
can define the tensor product of the generalized quadratic forms (V,q) and (V’,¢") without
the cumbersome factor 2 as

(g®q)(z®a’) = q(z)q'(2'),
Hqq ($ R, Yy y/) = qu(z? y):uq’ ($/> y/)-

Of course, the product g(x)¢'(z') is the canonical one in Z/4, and the factor 2 is absorbed
by i3(a)iz(b) = 2i3(ab). Again, the tensor product of two non-degenerate forms remains
non-degenerate; and for q; = i3q), 2 = i3q, of even type, this gives our old definition

(01 ® g5) (21 @ 72) = 2q1 (1) @5 (22).

A.3.4 Besides the two examples isqy : H — Z/4 and i3q, : H — 7Z/4, we have a further
fundamental generalized quadratic IPS ~:

v: (1) — Z/4, v(e) == 1.

As (1) is of odd type, v and —~ are the only generalized quadratic forms on (1). There are
isomorphisms

o & 7 = -7 @ 7 @
g ® -y = -y & -7 ® v
Gn & v = - & — & —
iy & —y Te v @ v

which follow straightforward using the explicit isomorphism H @ (1) = (1) @ (1) & (1) or
also the classification A.3.7 below. Thus the Witt Cancellation Theorem is not true for
generalized quadratic product spaces, because for example i3q9 % —v @ 7. Additionally,

there is an isomorphism
Dr=D(-
4 4

which is given by the transformation o« € GL(Z/2,4) (we use this isomorphism in the proof
of the classification result below).

A.3.5 As in the Z/2-valued case, we can attack now the classification problem for gener-
alized quadratic IPSs (V,q): For even type we have seen that ¢ = 3¢’ with ¢ = @, qo or
¢ = q ®®g_1q- For odd type, the decomposition p, = @4(1) shows that ¢ decomposes
into the orthogonal sum of d many generalized quadratic forms on (1), which have to be
v or —v. Because of @, = @,(—7), the form ¢ is isomorphic to B,(—7) ® By_, ¥ With
0 < a < 4. It remains to show that these 4 generalized quadratic forms are not isomorphic.

A.3.6 We define the generalized Arf invariant A?f(q) € Z,/8 of a generalized quadratic IPS
(V,q) according to [17] by the Gauf sum

( AI‘f Z ,Lq
zeV
Here i € C and ¢ := 1\[4-1 € C are the fourth respectively eighth primitive roots of unity
and the function s : C—0 — S' C C is defined by s(z) := =. We have to show that Arf

||
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is well-defined (for a different proof, see [17]): We set again S(q) := > ,cy i%® € C, which
is well-defined because of i* = 1 and obviously depends only on the isomorphism class of
(V,q). Furthermore, S(q) has the properties S(q; @ ¢) = S(q1)S(q2), S(—¢) = S(q), and
takes the values S(i3qy) = 2, S(i2q1) =—2,and S(y) =1+i= \/_68 Thus [S(g)| = V2
and Arf(q) is well-defined, with Arf(g; @ @) = Arf(q) + Arf(qg) Arf(—q) = —Arf(¢g). On
the fundamental spaces it takes the values Arf(idq) = 0, Arf(idq) = 4, and Arf(y) = 1. We
have shown:

A.3.7 Proposition: (Classification of generalized quadratic IPSs) The isomorphism
class of a generalized quadratic IPS (V,q) is given by its dimension d, its type, and its
generalized Arf invariant Arflq) € 7./8.

One has for even type:

(Vig) = i5(@a ) for Arf(q) = 0,
(Vva Q) = Z'%(QI SP) @d’—l qo) for Al‘f(q) 4
and for odd type
Vig) = @Dav for Arf(q) =d mods,
Vi) & —70@4 17 for Arf(q) =d—2 mods,
Vq) & —v®—vDBy_27 for Arf(q) =d—4 mods,
(Vig) & —v®&—7®—7BPy_37 for Al“f(q) =d—6 modS.

Other combinations of dimension, type and Z;f do not occur. In particular, Arf = d mod 2
for all types, and Arf =0 mod 4 for even type.

Now we come to several properties of the generalized Arf invariant (which give corresponding
results for Brown-Kervaire invariants in section 1.2).

A.3.8 Lemma: (Multiplicativity) For generalized quadratic IPSs (V,q) and (V',q"), we
have Arflq ® ¢') = Arf(q) Arf(¢) with the canonical product in Z,/8.

Proof: See [17]. Another proof is given by the classification A.3.7 and the fact that Arf is
multiplicative if we take for ¢, ¢’ the fundamental spaces i3qo, i3q; and ~y. m

A.3.9 Proposition: (Connection with Z/2-valued and Z-valued forms)
(i) Let (V,q) be a (Z/2-valued) quadratic IPS. Then

Arflizg) = i3Arf(q).

(ii) Let p - F X F'— 7Z be a symmetric unimodular bilinear form on a finitely generated free
abelian group F. Let V := F @ Z/2 and define q : V — Z/4 by q(x + 2F) := u(x,z) mod 4.
Then q is well-defined and (V,q) is a generalized quadratic IPS with

Arf(q) = sign(u) mod 8.

Proof: See [17]: (i) follows by the definition, and for (ii) one uses that the Grothendieck
group KS(7Z) of symmetric unimodular bilinear forms over Z is isomorphic to Z @& Z by rank
and signature (see [58]). m
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A.3.10 Lemma: (Reductions mod 4 and mod 2) Let (V,q) be a generalized quadratic
IPS, and v € V be the Wu class of p,. Then:

Arf(q) = q(v) mod4
qlz) = 22 = wx mod?2
Arf(q) = v* = dimgpV mod2.

Proof: The results v* = dimgz;V mod 2 and ¢(z) = * = ve mod 2 already have shown to

be true. Thus we only must show the first statement. For even type ¢ this is true because
of ¢ = i3¢' and v = 0. For odd type ¢, we can assume that ¢ = @,(—7) ® @,_, vy Where
v=(1,...,1), thus Arf(¢) = d — 2a mod 8 = ¢(v) mod 4. m

A.3.11 Now we consider again the set GQ(V, 1) of generalized quadratic refinements on a
symmetric IPS (V, ). As for Z/2-valued quadratic refinements, one sees that this set is an
affine space with associated vector space the dual space V*. We can replace the dual space
by V using the adjoined isomorphism p', and get for any ¢ € GQ(V, u):

GQ(V, 1) = {q+ i/ (z)|z € V}.

Now, the following generalization of A.2.21 holds, where additionally a 'minus’ comes in:

A.3.12 Lemma: (Addition formula) The generalized Arf invariant of the generalized
quadratic form q+ iy (z), x € V is given by

Arf(q + i3y (x)) = Arf(q) — ifg(x).

Proof: This holds for generalized quadratic forms on (1) and H and follows then in the
general case by additivity. Alternatively, this follows from S(q+i3u/(z)) = 3 ey 9 Hizey —
i1 Y ey 1Y) with i i= 2 + y (see [17]). m

A.3.13 Corollary: Letz,y € V with xy # 0. Then the three numbers q(x), q(y), q(z+y) €
7./4 cannot be all zero, thus at least one of the three generalized quadratic forms q+ i5p/(x),
q+ i3/ (y), g+ iy (x +y) has a different Arf invariant than q.

A.3.14 We end with considering the stable classification (in the usual and the Witt sense)
and the sub-Lagrangian Lemma. As for Z/2-valued forms, KGQ(Z/2) denotes the Grothen-
dieck ring of stable isomorphism classes of generalized quadratic IPSs (V,q). A space (V, q)
is split if there exists a Lagrangian, i.e. L < V of half the dimension with ¢(L) = 0. For
example, i3qo is split but not #3q; and v. The generalized quadratic Witt ring WGQ(Z/2)
is defined by stabilization with split spaces. A sub-Lagrangian S < V satisfies ¢(S) = 0.
Again, this defines a well-defined and non-degenerate quadratic form gy on V5 = S+/S by
go(x + 5) := q(x). From the classification we get:

A.3.15 Proposition: Dimension and generalized Arf invariant give a multiplicative iso-
morphism

KGQ(Z/2) = {(a,b) € Z&Z/3 | a = bmod 2}.
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A.3.16 Proposition: The generalized Arf invariant gives a multiplicative isomorphism

WGQ(Z/2) = 7/8.

A.3.17 Remark: The maps KQ(Z/2) — KGQ(Z/2) and WQ(Z/2) — WGQ(Z/2) defined
by associating (V,i3q) to a quadratic IPS (V, q) are given by the formula Arf(i3q) = i3Arf(q).
This fits also with the unusual multiplicative behaviour of Arf since 4 -4 = 16 = 0 mod 8.

A.3.18 Lemma: (Generalized quadratic sub-Lagrangian lemma) The generalized
quadratic IPSs (V,q) and (Vy,qo) give the same element in the generalized quadratic Witt
group WGQ(Z/2).

Proof: We prove this using the definition A.3.6 of Arf by a Gaufl sum:

Ari(q) = 28 In(S(q)) €Z/8,  with S(g) = (¥ i"®) €' CC.

e zeV

According to A.1.12, the associated symmetric IPS (V, p1,) decomposes as

Vo Vo Vi
Vo0 0 M+
Vo |0 po p -
Vilpe "

Together with g(v_) = 0, this gives q(v_ + vy + v1) = q(vo) + q(vy) + i5(v_vy) + 15 (vovy),

showing that
Z 14(@) — Z j4(v—Fvotuvi)

zeV v_€V_,voeVp,vr VL
_ Z ;4(vo) Z Z’Q(U+)+i3(vov+) Z Z'i%(v—u) )
vo€VD vy VL v_€V_

But ¥, oy 2004 =3 (=1)"-* is 0 for v, # 0, since the kernel of the linear form
v_ +— v_v, on V_ has codimension 1, hence half of the elements of V_ are mapped to +1,
and the other half is mapped to —1. For v, = 0, one has ¥, oy i2~"+) = |V_|. So

Z j40) — Z ;4(vo) (Z'Q(O)JFO . |V,|)

veV S)

= Z ig(vO) '|V—|7
vo€eVh

which gives S(q) = S(qo), ending the proof. m
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