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Preface

ith

The guiding principle in this book is to use differential forms as an aid in
exploring some of the less digestible aspects of algebraic topglogy. Accord-
ingly, we move primarily in the realm of smooth manifolds and use the
de Rham theory as a prototype of all of cohomology. For applications to
homotopy theory we also discuss by way of analogy cohomology with
arbitrary coefficients.

Although we have in mind an audience with prior exposure to algebraic
or differential topology, for the most part a good knowledge of linear
algebra, advanced calculus, and point-set topology should suffice. Some
acquaintance with manifolds, simplicial complexes, singular homology and
cohomology, and homotopy groups is helpful, but not really necessary.
Within the text itself we have stated with care the more advanced results
that are needed, so that a mathematically mature reader who accepts these
background materials on faith should be able to read the eatire book with
the minimal prerequisites.

There are more materials here than can be reasonably covered in a-
one-semester course. Certain sections may be omitted at first reading with-
out loss of continuity. We have indicated these in the schematic diagram
that follows. '

This book is not intended to be foundational; rather, it is only meant to
open some of the doors to the formidable edifice of modern algebraic
. topology. We offer it in the hope that such an informal account of the
subject at a semi-introductory level filis a gap in the literature.

It would be impossibie to mention all the friends, colleagues, and stu-
dents whose ideas have contributed to this book. But the senior author
author would like on this occasion to express his deep gratitude, first
of all to his primary topology teachers E. Specker, N. Steenrod, and

vii



viil Preface

K. Reidemeister of thirty years ago, and secondly to H. Sameison, A.
Shapiro, 1. Singer, J.-P. Serre, F. Hirzebruch, A. Borel, J. Milnor, M.
Atiyah, S.-s. Chern, J. Mather, P. Baum, D. Sullivan. A. Haefliger, and
Graeme Segal, who, mostly in collaboration, have continued this word of
mouth education to the present; the junior author is indebted to Allen
Hatcher for having initiated him into algebraic topology. The reader will
find their influence if not in all, then certainly in the more laudable aspects
of this book. We also owe thanks to the many other people who have
helped with our project: to Ron Donagi, Zbig Fiedorowicz, Dan Freed,
Nancy Hingston, and Deane Yang for their reading of various portions of
the manuscript and for their critical comments, to Ruby Aguirre, Lu Ann
Custer, Barbara Moody, and Caroline Underwood for typing services, and
to the staff of Springer-Verlag for its patience, dedication, and skill.

RaouL Botr
LORING Tu
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Introduction

The most intuitively evident topological invariant of a space is the number
of connected pieces into which it falls. Over the past one hundred years or
so we have come to realize that this primitive notion admits in some sense
two higher-dimensional analogues. These are the homotopy and cohomology
groups of the space in question.

The evolution of the higher homotopy groups from the component con-’
cept is deceptively simple and essentially unique. To describe it, let zo(X)
denote the set of path components of X and if p is a point of X, letxo{X, p)
denote the set io(X) with the path component of p singled out. Also, corre-
sponding to such a point p, let 2, X denote the space of maps (continuous
functions) of the unit circle {z € C:[z] = 1} which send 1 to p, made into a

“topological space via the-compact open topology. The path components of
this so-called loop space Q, X are now taken to be the elements of x,(X, p):
i N )

(X, p) = 72, X, p).

The composition of loops induces a group structure on n,(X, p) in which
the constant map p of the circle to p plays the role of the identity; so
endowed, =n,(X, p) is called the fundamental group or the first homotopy
group of X at p. It is in_general not Abelian. For instance, for a Riemann
surface of genus 3, as indicated in the figure below:
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m(X, p) is generated by six elements {x,, x,, X3, y1, )2, y3} subject to the
single relation
K}
n [xi, y1=1,
i=|
where [x,, ;] denotes the commutator and 1 the identity. The fundamental
group is in fact sufficient to classify the closed oriented 2-dimensional sur-
faces, but is insufficient in higher dimensions.
To return to the general case, all the higher homotopy groups m,(X, p)
for k 2 2 can now be defined through the inductive formula:

e +1(X, p) = m(Q, X, p).

By the way, if p and p' are two points in X in the same path component,
then

(X, p) = n(X, p),

but the correspondence is not necessarily unique. For the Riemann surfaces
such as discussed above, the higher n,’s for k > 2 are all trivial, and it is in
part for this reason that =, is sufficient to classify them, The groups =, for
k 2 2 turn out to be Abelian and therefore do not seem to have been taken
—seriously until the 1930's when W. Hurewicz defined them (in the manner
above, among others) and showed that, far from being tnvnal they consti-
tuted the basic ingredients needed to describe the hqmotopy-thcorenc
properties of a space.
| The great drawback of these easily defined invariants of a space is that
i they are very difficult to compute. To this day not all the homotopy groups
* ! of say the 2-sphere, ie., the space x* + y* + z2 = 1 in R’, have been com-
¢ puted! Nonetheless, by now much is known concerning the general proper-
ties of the homotopy groups, largely due to the formidable algebraic tech-
niques to which the “cohomological extension” of the component concept
lends itself, and the relations between homotopy and cohomology which
have been discovered over the years.
This cohomological extension starts with thc dual point of view in whnch
a component is characterized by the property that on it every locally con-
stant function is globally constant. Such a component is sometimes called a
connected component, to distinguish it from a path component. Thus, if we
define H%(X) to be the vector space of real-valued locally constant functions
on X, then dim H°(X) tells ys the number of connected components of X.
~Note that on reasonable spaces where ‘path components and connected
. components agree, we therefore have the formula
‘ cardmalnty no(X).= dim H‘f()()

Still the two concepts are dual to each other, the first using maps of the unit
interval into X to test for connectedness and the second using maps of X
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into R for the same purpose. One further difference is that the cohomology
group H°(X) has, by fiat, a natural R-module structure.

Now what should the proper higher-dimensional analogue of H(X) be?
Unfortunately there is no decisive answer here. Many plausible definitions
of HYX) for k > 0 have been propose&” all with slightly different properties
‘but all isomorphic on “reasonable spaces”. Furthermore, in the realm of
differentiable manifolds, -all these theories conincide with the de. Rham
theory which makes its appgarance there and constitutes in some sense the
most perfect example of a cohomology theory. The de Rham theory is.also
unique in that it stands at the crossrogds of topology, analysis, and, physigs,
enriching all three disciplines. =

The gist of the “de Rham: extenslon xs comprehended most easl}y when
M is assumed to be an open set jn some Euclidean space R”, with coordi-
nates x,, ... ,X,. Then amongst the C® functions on M the lqgally gonstant

_ones are precisely-those whose gradient .
F f A 0
df— Z 8x, dx‘
vanishes identically. Thus here H%M) appears as the space of solutions of
the differential equation df =0. This suggests that H'(M) should also
appear as the space of solutions of some natural differential equanons on
the manifold M. Now consider a 1-form on M: : o -

9=Zai dx‘,

where the a/’s are C* functions on M. Such an expression can be integrated
along a smooth path y, so that we may think of @ as a function on paths y:

yl-—-»J 0.

It then suggests itself to seek those & which glvc ntise to locally constant
functions of y, i, for which the integral §, 0 is left unaltered under small
variations of y—but keeping the endpoints fixed! (Otherwise, only the zero
1-form would be locaily constant.) Stokes’ theorem teaches us that these
line mtegrals are characterized by the differential equations:

Qﬂaa

ox,” ax, =0 (written d6 = 0).

On the other hand, the fundamental theorcm of calculus lmplm that

{, df =f(Q) — f(P), where P and Q are the endpoints of 7, so. that, the
gradients are trivajly locally constant,

One is here irresistibly led to the definition of H!(M) as thc vector spacc
of locally constant line integrals. modulo the trivially constant ones. Similarly
- the higher cohomology groups H*(M) are defined by simply replacing line

integrals with their higher-dimensjonal analogucs, the. k-nolume jntegrals
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The Grassmann calculus of exterior differential forms facilitates these exten-
sions quite magically. Moreover, the differential equations characterizing
the locally constant k-integrals are seen to be C® invariants and so extend
naturally to the class of C* manifolds.

Chaptcr 1 starts with a rapid account of this whole development as-
suming little more than the standard notions of advanced calculus, linear
algebra and general topology. A nodding acquaintance with singular hom-
ology or cohomology helps, but is not necessary. No real familiarity with
differential geometry or manifold theory is required. After all, the concept of
a manifold is really a very natural and simple extension of the calculus of
scveral variables, as our fathers well knew. Thus for us a manifold is essen-
tially a space constructed from open sets in R* by patching them together in
a smooth way. This point of view goes hand in hand with the “com-

- putability” of the de Rham theory. Indeed, the decisive difference between
. the m,’s and the H"s in this regard is that if a manifold X is the union of
- two open submanifolds U and V:

X=UvuV,

then the cohomology.groups of U, ¥, U n ¥, and X are linked by a much
stronger relation thaw the homotopy groups are. The linkage is expressed
by the exactness of the following sequence of linear maps, the Mayer-

Vietoris sequence:

k41 —
. C—‘ H*"(X) -
C—. HYX)— HYU)P HYV) - HKU n V)-)
4%

— H*YU n V))
0— HO(X)—'"'

1 starting with k = 0 and extending up indefinitely. In this sequence every

; arrow stands for a lincar map of the vector spaces and exactness asserts
i that the kcmal of cagl_: _map is precisely the image of the-preceding one. The
- horizontal arrows in our diagram are the more or less obvious ones ifiduced
. by restriction of functions, but the coboundary operator d* is more subtle
. and uses the existence of a_partition. of unity subordinate to the cover
- {U, Vj ‘f"X’that is, smooth functions py W
. support in U “the second has support in V, and py + py =1 on X. The
" simplest relation imaginable between the H*s of U, ¥, and U u V would of
course be that H* behaves additively; the Mayer—Vietoris sequence teaches
us that this is indeed the case if U and V are disjoint. Otherwise, there is a
geometric feedback from HXU n V) described by d4*, and one of the hall-
- marks of a toplologist is a sound intuition for this 4*.
The exactness of the Mayer-Vietoris sequence is our first goal once the
basics of the de Rham theory are developed. Thercafter we establish the
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second essential property for the computability of the theory, namely that
for a smoothly contractlble manifold M,
JOT @ e .

R for k=0,
, | 0 for k>0
This homotopy invariance of the de Rham theory can again be thought of as

having evolved from the fundamental theorcm of calculus. Indeed, the for- -
" mula

HYM) = {

f(x)dx=d ‘[:f(u) du

shows that every line mtegral (1-form) on R! is a gradient, whence
H'(R') = 0. The homotopy invariance is thus established for the real line,
This argument also paves the way for the general case.

The two properties that we have just described constitute a verification
of the Eilenberg-Steenrod axioms for the de Rham theory in the present
context. Combined with a little geometry, they can be used in a standard

- manner to compute the cohomology of simple manifolds. Thus, for spheres
one finds

R for k=0 or n
t 4
H{5) {0 otherwise,

while for a Riemann surface X, with g holes,

R for k=0 or 2
H"(X,) ={ R% for k=1 - .
0 otherwise.

A more systematic treatment in Chapter II leads to the computability
_proper .of the de Rham theory in the following sense. By a finite good cover
i of M we mean a covering U = {U,},. 1 of M by a finite number of open sets”
- such that all intersections U,, n --- n U, are cither vacuous or contract-
gnble The purely combinatorial data that specify for each subset

{ay, ..o} of {1,..., N} which of these two ‘alternatives holds are called
.the incidence._data of the cover. The computability of the theory is the
(assertxon that it can be computed purely from such incidence data. Along
lines established in a remarkable paper by Andre Weil [l], we show this to
. -~be the case for the de Rham theory. Weil's point of view constitutes an
alternate approach to the sheaf theory of Leray and was influential in
Cartan's theorie des carapaces. The beauty of his argument is that it can be
read both ways: either to prove the computability of de Rham or to prove
the topological invariance of the combinatorial prescription.

To digress for a moment, it is difficult not to speculate about what kept
Poincaré from discovering this argument forty years carlier. One has the
fecling that he already knew every step along the way. After all, the homo-
topy invariance of the de Rham theory for R® is known as the Poincaré
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lemma! Nevertheless, he veered sharply from this point of view, thinking
predominantly in terms of triangulations, and so he in fact was never able
to prove ecither the computability of de Rham or the invariance of the
combinatorial definition. Quite possibly the explanation is that the whole
C* point of view and, in particular, the partitions of unity were alien to him
and his contemporaries, stceped as they were in rcal or complex analyuc
questions.

De Rham was of course the first to prove the topological invariance of

_ the theory that now bears his name. He showed that it was isomorphic to
the singular cohomology, which is trivially—i.e., by definition—topologically
invariant. On the other hand, André Weil’s approach relates the de Rham
theory to the Cech theory, which is again topologically invariant.

But to return to the plan of our book, the bulk of Chapter I is actually
devoted to explaining the fundamental symmetry in the cohomology of a
compact oriented m mamfold. !n its most primitive form this symmctry asserts
that

v . PR
N ~

dim H%M) = dim H""'(M). Voo

-

Poincaré seems to have immediately realized this consequence of the locally
Euclidean nature of a manifold. He saw it in terms of dual subdivisions,
. which turn the incidence relations upside down. In the de Rham theory the
duality derives from the intrinsic pairing between differential forms of arbi-
trary and compact support. Indeed consider the de Rham theory of R* with
compactly supported forms. Clearly the only function with compact sup-
port on R' is the zero function. As for l-forms, not every i-form g dx is
now a gradient of a compactly supported function f; this happens if and
only if [, g dx = 0. Thus we see that the compactly supported de Rham
theory of R! is given by

1

e : 0 fork =0
3 Iy __
. : H‘(R)—{R for k = 1,

and is just the de Rham theory “upside down.” This phenomenon now
extends inductively to R® and is finally propagated via the Mayer-Vietoris

~ sequentce to the cohomology of any compact oriented manifold.
One virtue of the de Rham theory is that the essential mechanism of this
- duality is via the familiar operation of integration, coupled with the natural
. ring structure of the theory: a p-form 6 can be muitlphed by a g-form ¢ to
produce a (p + g)rform 0/\¢ This mulhphcauon is “commutative in the

graded sense” ‘

8A¢ = (19 A0.

(By the way, the commutativity of the de Rham theory is another reason
why it is more “perfect” than its other more general "“rethren, which
‘become commutative only on the cohomology level.) In particular, if ¢ has
compact support and is of dimension n — p, where n = dim M, then inte-
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gration over M gives rise to a pairing
©, ¢9)— f OA¢,
cJde

~ which descends to cohomology and induces a pairing L
. HXM).® H"“"(M)—»R S U P

A more sophisticated version of Pomcare duahty is then sxmply that the
pairing above is dual; that is, lt cstablxshcs the two spaces as duals of eqch
other.

Although we return to Poincaré duahty over and over again throughout

the book, we have not attempted to give an ¢xhaustive treatment. (There is,
for instance, no mention of %g@%w&mﬂm&g
_with_relative;-rather than absolute, theory.) Instead, we chose to spen
much time bringing Poinicaré duality o Tife by explicitly constructing the
Poincaré dual of a submanifold N in M. The problem is the following.
Suppose dim N = k amd dim M = n, both being compact oriented. Inte-
gration of a k-form w on M over N then defines a linear functional from
H*M) to R, and so, by Poincaré duality, must be represented by a coho-
mology class in H""%M). The question is now: how is one to construct a
representative of this Poincaré dual for N, and can 'such a rcpresematwe be
made to have support arbitrarily close to N?

When N reduces to a point p in M, this qucsuon is easily answered The

dual of p is represented by any n-form w wnth support in the componcm M,
of p and with total mass 1, that is, with

j w=1,
M,

Note also that such an @ can be found with support in an arbitrarily small
nenghborhood of p, by simply choosing: coordinates on M centered at p, say
Xi, ..., X,, and setting

RS W

o = A(x)dx, .,. dx,

with 4 a bump function of mass 1. (In the limit, thinking of Dirac’s é-func-
tion as the Poincaré dual of p leads us to de Rham's theory of currents)

"When the point p is replaced by a more’ general submanifold N, it is easy
to extend this argument, provided N has a product neighborhood D(N) in M
in the sense that D(N) is diffecomorphic to the product N x D*~* where
D*~* is a disk of the dimension indicated. However, this need not be the
case! Just think of the center circle in a M{bius band. Its peighborhoods
are at best smaller Mdbius bands.

In the process of constructing the Poincaré dual we are thus confronted
by the preliminary question of how to measure the possible twistings of
neighborhoods of N in M and to correct for the twist. This is a subject in its
own right nowadays, but was initiated by H. Whitney and H. Hopf in just



8 . i Introduction

the present context during the Thirties and Forties. Its trade name is fiber
bundle theory and the cohomological measurements of the global twist in
such “local products” as D(N) are referred to as characteristic classes. In the
last forty years the theory of characteristic classes has grown to such an
extent that we cannot do it justice in our book. Still, we hope to have
covered it sufficiently so that the reader will be able to see its ramifications
in both differential geometry and topology. We also hope that our account
could serve as a good introduction to the connection between characteristic
classes and the global aspects of the gauge theories of modern physics.
That a connection between the equations of mathematical physics and
~ topology might exist is not too surprising in view of the classical theory of
electricity. Indeed, in a vacuum the electromagnetic field i is represented by a
( 2-form in the (x, y, 2, t)-space:

w=(E,dx+E,dy+E _dz)dt+H, dydz—H dx dz + H, dx dy,

and the form @ is locally constant in our sense, i.c., dw = 0. Relative to the
| Lorentz metric in R* the star of w is defined to be

!
K ‘o= —(H,dx+ H,dy + H, dz2)dt + E, dy dz — E, dx dz + E, dx dz,

and M li's equations simply assert that both  and its star are closed:

i da %Wn particular, the cohomology class of * @ is a well
T defined object and is often of physical interest.

To take the simplest example, consider the Coulomb potential of a point

charge g at rest in the origin of our coordinate system. The field w gener-
ated by this charge then has the description

W= — -l--dt)
—_— r

( with r = (x® + y* + 2%)'? £ 0. Thus w is defined on R* — R,, where R,
. denotes the t-axis. The de Rham cohomology of this set is easily computed
‘tobe

HYR*-R) =
The form w is manifestly cohomologically uninteresting, since it is d of a
1-form and so is trivially “closed”, i, locally constant. On the other hand
the « of w is given by '
q xdydz-ydxdz+zdx dy
4r r

CPn——

which turns out to generate H2. The cohomology class of sw can thus be
f interpreted as the charge of our source. :
In seeking differential equations for more sophisticated phenomena than
electricity, the modern physicists were led to equations (the Yang-Mills)
which fit perfectly into the framework of characteristic classes as developed
by such masters as Pontrjagin and Chern during the Forties.

{R fork=0,2
0 otherwise.

*0 =
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Having sung the praises of the de Rham theory, it is now time to admit
its limitations. The trouble with it, is that it only tells part of the cohomol-
ogy story and from the point of view of the homotopy theorists, only the

| simplest part. The d¢ Rham theory ignores torsion phenomena. To explain
this in a little moré detail, recali that the homoto ’_pigmnps.dqml behave
well under the union operation. However, er, they behave very well “under
TCartesian products. Indeed, asis qmtc casily shown,

X x Y) = n/X) D =z (Y).

More generally, consider the situation of a fiber bundle (twisted product).
Here we are dealing with a space E mapped onto a space X with the
fibers—i.e., the inverse images of points —all homeomorphic in some uni-
form sense to a fixed space Y. For fiber bundles, the additivity of =, is
stretched into an infinite exact sequence of Mayer-Vietoris type, how;ver
- now going in the opposite direction:

2 BV B B) = 1 X) -y (1) -

This phenomenon is of course fundamental in studying the twist we talked
about earlier, but it also led the homotopy theorists to the conjecture that
in their much more flexible lomotopy category, where objects are con-
‘ sidered equal if they can be deformed-into-each other, every space factors
; into a twisted product of irreducible prime factors. This turns out to be true
and is called the Postnikov decomposuwn of the space. Furthermore, the
“prime spaces” in this context ail have nontrivial homotopy groups in only
: one dimension. Now in the homotopy category such a prime space, say with
" nontrivial homotopy group = in dimension n, is determined uniquely by =
and » and is denoted K(=, n). These K(x, n)-spaces of Eilenberg and Mac-
Lane therefore play an absolutely fundamental role in homotopy theory.
. They behave well under the.standard group operations. In particular, corre-
{ sponding to the usual decomposition of a finitely generated Abelian group:

i
(ow)or .

‘! »
. into p-primary parts and a free part (said to correspond to the prune at
mﬁmty) the K(x, n) will factor into a product '

K(n, n) = (H K(#'?, n)) - K(Z, ny.
—_ R .

\It follows that in homotopy theory, just as in many questions of number
}theory, one can work one prime at a time. In this framework it is now quite
easy to explain the shortcomings of the de Rham m theory: the theory 13

sensitive only to the prime at mﬁmty’
After having en cred the theory in Chapter II, we make in

Chapter III the now hopefully easy transition to cohomology with coeffi-
cients in an arbitrary Abelian group. This theory, say with coefficients in the
. . .o i Te PR

wdse ¢
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integers, is then sensitive to all the p-primary phenomena in homotopy
theory.
The development sketched here is discussed in greater detail in Chapter
111, where we also apply the ideas to the computation of some relatively
simple homotopy groups. All these computations in the final analysis derive
from Serre’s brilliant idea of applying the spectral sequence of Leray to
homotopy problems and from his coining of a sufficiently general definition
of a twisted product, so that, as the reader will see, the Postnikov decompo-
sition in the form we described it, is a relatively simple matter. It remains
therefore only to say a few words to the uninitiated about what this “spec-
 tral sequence” is.
" We remarked earlier that homotopy behaves additively under products.
]On the ‘other hand, cohomology does not. In fact, neglecting matters of
-1 torsion, i.e,, reverting to the de Rham theory, one has the Kunneth _[ormula ‘

HYX x Y)— Y. HYX) ® HYY)

ptg=k

o

The next question is of course how cohomology behaves for twisted prod-
ucts. It is here that Leray discovered some a priori bounds on the extent
. and manner in which the Kiinneth formula can fail due to a twist. ' For
instance, one of the corollaries of his spectral sequence is that if X and Y
/ have vanishing cohomology in positive dimensions less than p and g re-
spectively, then however one twists X with .Y, the Kiinneth formula will
| hold up to dimension d < min(p, g).

Armed with this sort of information, one can ﬁrst of all compute the
early part of the cohomology of the K(x, n) inductively, and then deduce
which K(n, n) must occur in a Postnikov decomposition of X by comparing
the cohomology on both sides. This procedure is of course 3t best ad hoc,
and therefore gives us only fragmentary results. Still, the method points in
the right direction and can be codified to prove the computability (in the
logical sense) of any particular homotopy group, of a sphere, say. This
theorem is due to E. Brown in full generality. Unfortunately, however, it is
not directly applicable to explicit calculanon&veven with large computmg
machines.

So far this introduction has been wntten with' a lay audience in mind.
We hope that what they have read has ma_de sense and has whetted their
appetities. For the more expert, the following summary of the plan of our
book might be helpful. )

In Chapter I we bring out from scratch Poincaré duality and its various
extensions, such as the Thom isomorphism, all in the de Rham category.
Along the way all the axioms of a cohomology theory are encountered, but
at first treated only in our restricted context.

In Chapter II we introduce the techniques of spectrai sequences as an
extension of the Mayer-Vietoris principle and so are led to A. Weil’s '
Cech-de Rham theory. This theory is later used as a bridge to cohomology
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in general and to integer cohomology in particular. We spend considerable
time patching together the Euler class of a sphere bundle and exploring its
relation to Poincaré duality. We also very brizfly present the sheaf-theoretic
proof of this duality.

In Chapter III we come to grips with spectral sequences in a more
formal manner and describe some of their applications to homotopy theory,
for example, to the computation of n5(S3). This chapter is less self-contained
than the others and is meant essentially as an introduction ta homotopy
theory proper. In the same spirit we close with a short account of Sullivan’s
rational homotopy theory.

Finally, in Chaptcr IV we use the Grothendieck approach towards char-
acteristic classes to give a more or less self-contained treatment of Chern
and Pontrjagin classes. We then relate them to the cohomology of the
infinite Grassmannian.

Unfortunately there was no time left within the scope of our book to
explain the functorial approach to classifying spaces in general and to make
. the connection with the Eilenberg-MacLane spaces. We had to relegate this
material, which is most naturally explained in the framework of semi-
simplicial theory, to a mythical second volume. The novice should also be
warned that there are all too many other topics which we have not men-
tioned. These include generalized cohomology theories, cohomology oper-
ations, and the Adams and Eilenberg—Moore spectral sequences. Alas, there
is also no mention of the truly geometric achievements of modern topology,
that is, handlebody theory, surgery theory, and the structure theory of
differentiable and piecewise linear manifolds. Still, we hope that our volume
serves as an introduction to all this as well as to such topics in analysis as

Hodge theory and the Atiyah—-Singer index theorems for elliptic differenital
operators.






CHAPTER 1
de Rham Theory

§1 The de Rham Complex on R* L e

To start things off we define in this section the de Rham cohomology and
compute a few examples. This will turn out to be the most important
diffecomorphism invariant of a manifold. So let x4,..., x, be the linecar
coordinates on R". We define Q* to be the algebra over R generated by
dx,, ..., dx, with the relations

{(dxi)z =0
dx, de = -de dxh i #j

As a vector space over R, Q* has basis

1, dx;, dx;dx;, dx;dx;dxy, ..., dx;... dx,.
i<j i<j<k .

The C* differential forms on R” are elements of

—_———

Q‘(R") = {C"’ functions on. R"} ® Q*.
. N——
Thus, if @ is such a form, then @ can be uniquely written as ) fi ...
dx‘, ... dx; where the coeflicients f;, ..., are C* functions. We also wntc

23 fi dv,. The algebra n'(uLJWJM

where Q"(R") conslsts of the C* g-forms on re is a differential
operator

d:Q_'(R")-——oQ'ﬂ(R'),
defined as follows: = — °

i)iffe Q°R"), thendf = ¥ affox, dx,
i)if o =Y f; dx;, thendw = Y. df; dx,.

13
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EXaMPLE 1.1. f w = x dy, then dw = dx dy.

This d, called the exterior differentiation, is the ultimate abstract exten-
sion of the usual gradient, curl, and divergence of vector calculus on R3, as
the example below partially illustrates.

_EXAMPLE 1.2. On R®, Q°(R?) and Q*(R?) ate each 1-dimensional and Q'(R*)
and Q3(R°) are each 3-dimensional over the C® functions, so the following
identifications are possible:

{functions} =~ {O-forms} =~ {3-forms}
S - f « fdxdyd:z
and .
{vector fields} =~ {1-forms} o~ {2-forms}

X=(nfi,s)frdx+fydy +[sdze fy dy dz - f; dx dz + f; dx dy.
On functions,

of

|
| af axd’”ayd“azd"
On 1-forms, o e W .
d(f, dx + f; dy + f3 dz)
sy 92\ _(Q_f_l 0f3) (3fz 3fx)
(y az)dydz % "3 dx dz + 2y dx dy.
On 2-forms,

d i) )
da(f, dydz—f,dxdz+f3dxdy)=(£+-5€z+—é‘£§)dxdydz.

In summary,

d(0-forms) = gradient,
S d(1-forms) = curl,
d(2-forms) = divergence.

The wedge product of two differential forms, written tAw or 1 - o, is
defined asTollows: if t = ¥ f; dx; and w = ¥ g, dx;, then

tAo= Zf,g, dx; dx;.

————————

Note that 1A = (~ 1) 482y A1,

Proposition 1.3. d is an antiderivation, i.e.,
(_-“___'_._','-———_-—-*-"mH
. - . —])dest £ .
de- @)=y @2 (-7 5 - do

————
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PRroOF. By linearity it suffices to check on monomials
t=fydx;, w=g;dx,.
d(z - @) = d(f;¢,) dx; dx; = (df))g, dx; dx; + f; dg; dx; dx,;
=(d7) - w + (—1)%* 1 - do.

‘On the level of functions d(fg) = (df)g + f(dg) is simply the ordinary prod-‘
uct rule. 0

Proposition 1.4, d* = 0.

PRroOOF. This is basically a consequence of the fact that the mixed partials
are equal. On functions,

d’f==4(2 dx.) S axyax. .

i) ax, 6x,

Here the factors 8f/0x,;dx; are symmetric in i, j while dx, dx. are skew
symmetric in i, j; hence d’f = 0. On forms w = f; dx;, - -

d*w = d*(f; dx;) = ddf; dx;) =0 A
by the previous computation and the antiderivation property of d. - D

} The complex Q*(R") together with the differential operator d is called the

{ Wm kernel of 4 are the closed forms and the.image.
_of d, the exact forms. The de Rham complex may be viewed as a God-given
“set of differential equations, whose solutions are the closed forms. For

 instance, finding a closed 1-form f dx + g dy on R? is tantamount to solving

| the differential equation dg/dx — 8f/dy = 0. By Proposition 1.4 the exact
forms are automatically. closed; these are the trivial or “uninteresting”
solutions. A measure of the size of the space of “interesting” solutions is the
definition of the de Rham cohomology. :

Definition. The g-th de Rham cohbmology of R*is the vector space
HY,(R") = {closed g-forms}/{exact q — forms} .

We sometimes suppress the subscript DR and write H(R®). If there is a need

to distinguish between a form w and its oohomology class, we denotc the
latter by [w].

Note that all the definitions so far work equally well for any open subset
U of R*; for instance,

Q*U) = {C* functions on U} ® Qe

So we may also speak of the de Rham cohomology H3x(U) of U.
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ExampLEs 1.5.
@n=0
R g=0
H = {0 q>0.
(b)yn=1
Since (ker d) N Q°(R?) are the constant functions,
H°R') = R.

On QY(R?), ker d are all the 1-forms.
If = g(x)dx is a 1-form, then by taking

f= L o) du,
we find that
o df = g(x) dx.
Therefore every 1-form on R* is exact and
H*RY) =0.
(c) Let U be a disjoint union of m open intervals on R*.
Then
HU) = R"
and
| H'(U) =0.
(d) In general
R in dimension 0,
H*®) = {0 otherwise.

S———

I de Rham Theory

—
This result is called the Poincaré lemma and will be proved in Section 4.

The de Rham complex is an example of a_differential complex. For the
convenience of the reader we recall here some basic definitions and results
on differential complexes. A direct sum of vector spaces C = @ .2 C* in-
dexed by the integers is called a w«ix if there are homomor- .

phisms

R o - o, LT 5, L PR

such that d? = 0. d is the differential operator of the complex C; The coho-
mology of C is the direct sum of vector spaces H(C) = @ ;.2 HYC), where

HYC) = (ker d n CY(im d 1 C9).
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[ A map f: A— B between two differential complexes is a chain map 1f n
! commutes with the differential operators of A and B : fd, = 2. f.

A sequence of vector spaces . S
vV‘-l h, l—V‘—-r'ﬁ—’VH,l-—-—-» oLt

- is said to be exact if for all i the kernel of f; is equal to the image of its
. predecessor f; ;. An exact sequence of the form

0 » A - B » C +0

is called a short exact sequence. Given a short exact sequence of differential
complcxes

0—a-1sBt.c—0

,’ in which the maps f and g are chain maps, there is a long exact sequence of
~ cohomology groups '

e_ C Hq-t-l(A)_’ . T
C HY(A4) —L~ HYB) —— HYC) )

|

i

. In this sequence f* and g* are the naturally induced maps and d‘lfc],
' ¢ € (Y, is obtained as follows:
) ]

p
Ve ¢! —0.,. .

1
1
"]

0___'___’ Aq+l ____{_.

st ——0

|

By the surjectivity of g there is an element b in BY such that g(b)=c.
Because g(db) = d(gb) = dc = 0, dix=f(a) for some a in A*"'. This a is
easlly checked to be closed. d*[c] is deﬁned to be the cohomology class [a]
in H*!(4). A simple diagram-chasing shows that this deﬁmuon o£ d‘ is
mdcpcndcnt of the choices made.

0 — A __L..i

(‘s

\ Exercise. Show that the long exact sequence of cohomology groups exists
\and is exact. (If you are stuck, see, for instance, MacLanc [1,Ch. 11, Th. 4.1,
p. 43])

Compact Supports

A slight modification of the construction of the preceding section will give
us another diffeomorphism invariant of a manifold. For now we again
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/* restrict our attention to R, Recall that the support of a continuous function

i fon a topological space X is the smallest closed set on which f is not zero,

{ ie, Suppf={p e X| f(p) # 0. If in the definition of the d¢ Rham complex

. we use only the C* functions with compact support, the resulting complex
is called the de Rham complex Q¥(R") with compact supports:

Q*R") = {C* functions on R” with compact support} ® Q*.
R
The cohomology of this complex is denoted by H2(R").

EXAMPLE 1.6.

in dimension 0,
elsewhere.

(a) H(point) = {‘;

(b) The compact cohomology of R:. Again the closed O-forms are the
constant functions. Smce there are no constant functions on R* with com-

pact support, .
HORY) =0
To compute H}(R?'), consider the integration map
J . QYR') — R*.
R

This map is clearly surjective. It vanishes on the exact 1-forms df where f
has compact support, for if the support of f lies in the interior of [a,b], then

df _ bﬁ‘i ~ _ B
,’;l dxdx J:dxdx-f(b) f@)=0.

If g(x) dx € Q}(R!) is in the kernel of the integration map, then the function

S = j o) du

will have compact support and df = g(x) dx. Hencc the kernel of j'm are
precisely the exact forms and _

ncl(Rl)
H)(R! 1.
( ) k In‘ R

REMARK. If g(x) dx € Q}(R') does not have total integral 0, then

09 = J g(u) du

will not have compact support and g(x) dx will not be exact.
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(c) More generally,
R  in dimension n
HYR") = 1 e
(R {0 " otherwise.
This result is the Poincaré lemma for. cohomology with compact support and
will be proved mﬁcnonfi Lt e EEES B :L f)

’ ' J
Exercise 1.7. Compute H3g(R?* — P — Q) wﬁﬁe P and Q are tWO pomts in
R?. Find the closed forms that represent the cohomology classes.

§2 The Mayer-Vietoris Sequence

l (

In this section we extend the definition of the de Rham cohomology from .
R” to any differentiable manifold and introduce 4 basic technique for coms”
puting the de Rham cohomology, the Mayer-Vietoris sequence. But first, we
have to discuss the functorial nature of the de Rham complex. ... -’

| The Functor Q*

| Let xy, ..., x,, and y,, ..., y, be the standard coordinates on R"™ andR‘ .
- respectively. A smooth map f: R™ — R® induces a pullback map on C®

functions f* : QYR") — Q°(R™) via o

g =g-f

~ We would like to extend this pullback map to all forms f*: Q%R") —

. Q*R™) in such a way that it commutes with d The commutanvnty with d .
~ defines f* uniquely: T

f\ ) *(Z g1 dy,, ... dy,) = Z(g, o f) dfs, ... df,,,
\where f; = y; o f is the i-th component of the funcnon FA

-

LIRP T

) groposntnon 2.1. With the above deﬁmuon of the pullback map f *on form, f .
commutes with d. : *\ ,

)
('\

b H

PROOF. The proof is essennally an apphcauon of the chain rule

df*(g; dy,, ... dy) = dllg; ° f))dﬁ.- 4f_.) ,d(g;.;_f)df(,.t._;f.,ﬁ’

Nt i) =1 (B o, ) oo

s HEPIN
CEREE SR PR

(( of)dﬂ)t;ﬁ,-.;%dﬁ,-;\

= digs o ) dfy, .- dfi, . o
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Let x, ..., x, be the standard coordinate system and u,,... 4, a new
coordinate system on R” ie., there is a diffeomorphism f : R" — R" such
that ¥, = x; o f =f*(x;). By the chain rule, if g is a smooth function on R",
then '

" So dg is independent of the coordinate system.

L Exercise 2.1.1. More generally show that if w = Z gr du;, then dow = Z dg,
du, .

[ Thus the exterior derivative d is independent of the coordinate system on

‘ { Rccall that a category consists of a class of gbjects and for any two

jfoby.',cts A and B, a set Hom(A, B) of morphisms from A to B, satisfying the
)followmg properties. lf fis'a morphism from A to B and g a morphism from
|
{
i

B to C, then the composite morphism g o f from A to C is defined; fur-

thermore, the composition operation is required to be associative and to
i have an identity 1, in Hom(A, A) for every object 4. The class of all groups
" together with the group homomorphisms is an example of a category.
! A covariant lunctor F from a category X to a catefory £ associates to
| every object A in ¥ an object F(4) in £, and every morphism f: 4 — Bin
f a morphism F(f) : F(A) — F(B) in & such that F preserves composition
: and the identity:

I
\

Fig « f) = F(g) « F(f)
F(1,) = Lp-

lf F reverses the arrows, i.e., F(f) : F(B)— F(A), it is said to be a conire-
‘ t functor.
;. In this fancier language the discussion above may be summarized as
;follows Q* is a contravariant functor from the category of Euclidean spaces
{{R*} ez and smooth maps: R™ — R" to the category of commutative differ-
“ential graded algebras and their- homomorphisms. It is the unique such functor
that is the pullback of functions on Q%R"). Here the commutativity of the
graded algebra refers to the fact that

TC!) _._( l)degtdclw .

The functor Q* may be extended to the category of differentiable mani-
folds. For the fundamentals of manifold theory we recommend de Rham
i [1, Chap. T]. Recall that a differentiable structure. on a manifold is given by
an atlas, ie., an open COW}“A of M in which each open set U, is
homeomorphic to R®* viax a homeomorphism ¢, : U, X R", and on the
overlaps U, n U, the transition functions

Gup=ba° 95" 19Uy 0 Up) > ¢U, 0 Uy
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/ are diffeomorphisms of open subsets of R*; furthermeore, the atlas is re..
) quired to be maximal with respect to inclusions. All manifolds will be
| "assumed to be Hausdorff and to have a countable basis. The collection
{(Uys @}aca is called a coordinate open cover of M and ¢, is the triv-
ialization of U,. Let u, ..., u, be the standard coordinates on R*. We can
‘write ¢, = (x4, ..., X,), where x; = u; o ¢, are a coordinate system onU,. A
" function f on U, is differentiable if fo ¢_ ! is a differentiable function on
~R" If_f is a differentiable function on U,, the partial denvatlvc 0f/0x, is
i defined to be the i-th partial of the pullback function f o ¢, ' on R":

() a(f ¢. Y
7

= 0) =" G

The tangent space to M at p, written ,T,.M is the vector space over R

' spanned by the operators 8/0x,(p), ..., 8/0x,(p), and a smooth vector field
on U, is a linear combination X, = Z f; 9/0x, where the f¢ are smooth

'functlons on U,. Relative to another coordinate system (y;, ..., Yo X, =
Y g, 0/0y, whcre 0/0x, and 8/dy; satisfy the chain rule:

2 _gma

6x, 6x‘ ayj )

A C* vector field on M may be viewed as a collection of vector fields X, on
U, which agree on the overlaps U, n Uj,.

A dlﬂ”erennal form w on M is a collection of forms wy for U in the atlas
defining M, which are compauble in the following sense: if i and j are the

inclusions .

UnV-—-—U.
X'
vV

then i*wy = j*wy in Q*U N 1§, By the functoriality of QQ°, the exterior
derivative and the wedge product extend to differential forms on a mani-
fold. Just as for R* a smooth map of differentiable manifolds f: M — N
induces in a natural way a pullback map on forms f* : Q*(N) — Q*M). In
this way Q* becomes a contravariant functor on the catcgory of dlﬂ'er-
entiable manifoids. :

A partition of unity on a manifold M is a collectxon of non-neganve C°°
| functions {Pa}e« 1 such that .

(a) Every point has a neighborhood in wtuch Sp. isa ﬁmte sum. ' ’- L
| (b) 2[), =1 . P ¢
- The basic technical tool in the theory of differentiable manifolds is the
X  existence of a partition of unity. This result assumes two forms: = . -

i (1) Given an open cover {U,},, 1 of M, there is a partition of unity {p,}.. ,'
— such that the support of p, is contained in U,. We say in this case lhpt
{p.} is a partition of unity subordmle to the ogen cover {U,}.

\
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(2) Given an open cover {U,},1 of M, there is a partition of unity {p,};.,
with compact support, but possibly with an index set J different from I,
such that the support of p, is contained in some U,.

For a proof sec Warner {1, p. 10] or de Rham [1, p. 3].

Note that in (1) the support of p, is not assumed to be compact and the
index set of {p,} is the same as that of {U_}, while in (2) the reverse is true.
We usually cannot demand simultaneously compact support and the same
index set on a noncompact manifold M. For example, consider the open
cover of R! consisting of precisely one open set, namely R! itself. This open
cover clearly does not have a-partition of unity with compact support
subordinate to it.

" The Mayer-Vietoris Sequence

The Mayer-Vietoris sequence allows one to compute the cohomology of the
union of two open sets. Suppose M = U u V with U, V open. Then there is
. a sequence of inclusions

%
M—UllveUunv
Lt
where U]V is the disjoint union of U and V and 3, and 3, are the
inclusions of U n V in .V and in U respestively. Applying the contravariant
functor Q2*, we get a sequence of restrictions of forms

QM) — QHUYB Q*(V) :t QWU n V),
H
‘where by the restriction of a form to a submanifold we mean its image
under the pullback map induced by the inclusion. By taking the difference
of the last two maps, we obtain the Mayer-Vietoris sequence

| (2.2) . 0 -—oﬂ‘(M) — Q%) @Q*(V) ——’Q*(U NnV)y—0
B (w, 1) - T-w

. Ptoposmon 2.3. The Ma yer— Vietoris sequence is exact.

.PROOF. The exactness is clear except at the last step. We first consider the
case of functions on M = R'. Let f be a C* function on U n V as shown in
Figure 2.1. We must write f as the difference of a function on U and a

" function on V. Let {py, py} be a partition of unity subordinate to the open
cover {U, V}. Note that p, f is a function on U—to get a function on an
open set we must muluply by the partition functxon of the other open set.
Since - .

(qu)"(.—Prf) =1,
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N\
[.

Figure 2.1

c
3

T

we see that Q%(U) @ Q°(V) — Q°%R!) — 0 is surjective. For a general mani-
fold M, if w € QYU N V), then (—py @, pyw) in QYU) @ QYV) maps onto
o. ‘ a
- The Mayer-Vietoris sequence

0—- Q*M) - Q U)eQ*(V)—» QU NN V) 0
induces a long exact sequence in cohomology, also called a Mayer-Vietoris
sequence:

.CH'+1(M)__’ Hq+1(U)eHg+l(V)__’ Hq-l»l(v A V)J

24 d* -)

We tecall again the definition of the caboundary operator d* in this explicit
instance. The short exact sequence gives rise to a diagram with exact rows -

! t 1
0 QIM) - QUHUIDATY) — U A V) -0
dt a = At
0~ QM) — QW) - AUAYV) —0
w - : w .
{ R W | do =0

Let w € QU N V) be a closed form. By the exactness. of the rows, there is
a { € (V) ® QY(V) which maps to w, namely, { = (—py w, pyw). By the
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commutativity of the diagram and the fact that dw = 0, d{ goes to 0 in
QYU n V), ie., ~d(py w) and d(py w) agree on the overlap U ~ V. Hence
d¢ is the image of an element in Q9% '(M). This element is easily seen to be
closed and represents d*[w]. As remarked earlier, it can be shown that
d*[w] is independent of the choices in this construction. Explicitly we see
- that the coboundary operator is given by

[(~dlpyw)] on U

@) dt[w]a{ {dpyw)] on V.

fclosed set Z so that w restricted to Z is not 0. Note that in the Mayer-
. Vietoris sequence d*w € H*(M) has supportin U n V.

ExampLE 2.6 (The cohomology of the circle). Cover the circle with two

open sets U and V as shown in Figure 2.2. The Mayer-Vietoris sequence
gives '

3! ulv Unv
H? 0 0 0
1
(-.H S 0 — 0
d* _)
H° —s RO®R s ROR

The difference map 8 sends (w, 1) to (1~ w,t—w), so imé is 1-
dimensional. It follows that ker 8 is also 1-dimensional. Therefore,

HOS') = ker 6 = R
HY(S') = coker 6 = R.

We now find an explicit representative for the generator of H(S'). If
a € QUU n V)is a closed O-form which is not the image under 6 of a closed
form in Q%U) @ Q%V), then d*a will represent a generator of H!(S'). As a
we may take the function which is 1 on the upper piece of U n V and 0 on

N\
/

St

Figure 2.2
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U

Figure 2.3

the lower piece (see Figure 2.3). Now a is the image of (— py&, hu é). Since
—d(py o) and dpya agree on U ~ V, they represent a global form on S*;
this form is d*«. It is a bump 1-form with supportinU n V.

The Functor Q and the Mayer-Victoris Sequence for Compact
Supports o N

Again, before taking up the Mayer-Vietoris sequence for compactly sup-
ported cohomology, we need to discuss the functorial properties of Q¥(M),
the algebra of forms with compact support on the manifold M. In gencral
the puliback by a smooth map of a form with compact support need not
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have compact support; for example, consider the pullback of functions
under the projection M x R— M. So Q1 is not a functor on the category of
but only an appropriate subset of smooth maps, then Q* can be made into
a functor. There are two ways in which this can be done.

(a) Q¥ is a contravariant functor under proper maps. (A map is proper if the
! inverse image of every compact set is compact.)
{b) Q¢ is a covariant functor under inclusions of open sets.

- Jfj:U— M is the inclusion of the open subset U in the manifold M, then
Jo QX U)—> QXM) is the map which extends a form on U by zero to a
form on M.

It is the covaniant nature of Q* which we shall exploit to prove Poincaré
duality for noncompact manifolds. So from now on we assume that Q*
refers to the covariant functor in (b). There is also a Mayer-Vietoris se-
quence for this functor. As before, let M be covered by two open sets U and
V. The sequence of inclusions

MeUlveUuny

gives rise to a sequence of forms with compact support

Q2 (M) QU)o WU Y)

slgned
inclusion

(—Jes jo) ')

Proposition 2.7. The Mayer-Vietoris sequence of forms with compact support
0— QXM)— QXU) D Q(V)— QXU N V)«—0

,is exact. | '
'ProoF. This time exactness is easy to check at every stép. We do it for the
last step. Let w be a form in Q¥(M). Then w is the image of (py w, py w) in
QXU)YPQ*V). The form pyw has compact support because Supp pyw
< Supp py N Supp @ and by a lemma. from general topology, a closed
subset of a compact set in a Hausdorff space is compact. This shows -the
surjectivity of the map QNU)YPQH(V)— QF(M). Note that whereas in-the
previous Mayer-Vietoris sequence we multiply by p, to get a form on U,
herepuwisaform onU o o d

Again the Mayer—Vaetons sequence gives rise to a long exact sequence in
cohomology:

- gt M) — HE '(0) @ HE YY)+~ HEUW V)

(2.8) C d,
- Hi{M) «— H{U)SHYV) «— HY{UANYV) D)
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nyv

Figure 24

ExaMPLE 2.9 (The cohomology with compact support of the circle). Of
course since S! is compact, the cohomology with compact support H¥(S b
~ should be the same as the ordinary de Rham cohomology H*(S'). Nonethe-
less, as an illustration we will compute H*(S') from the Mayer-Vletons
sequence for compact supports:

st UlLlv Unv
H? 0 0 )
H C  ——— ROR —*— ROR — |
H® C — 0 — 0 el

Here the map 6 sends w = (w,, w;) € HX U n V) to (—(iy ),w, (Jy).w) €
HY(U)@® H!(V), where jy and j, are the inclusionsof U n V in U and i in 1 4
respectively. Since im é is 1-dimensional,

H)S') =ker6 =R
H}(S') = coker 6 = R.

§3 Orientation and Integration

Orientation and the Integral of a Differential Form -

Let x,, ..., x, be the standard coordinates on R*. Recall that thé¢ Riemann
integral of a differentiable function f with compact support is

jfldx, . dx,] = lim }:fo, . Ax,.

R Ax(~0

We define the integral of an n-form with compact support w = fdx, ... dx,
to be the Riemann integral fg.f]dx, ... dx,]. Note that contraty to the
usual calculus notation we put an absolute value sign in ‘the Riemann
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integral; this is to emphasize the distinction between the Riemann integral
of a function and the integral of a differential form. While the order of
Xy, .:., X, matters in a differential form, it does not in a Riemann integral; if
# is a permutation of {1, ..., n}, then

Ifdxﬂl) veos dx'(.) =(Sgn n),J‘fIdxl vas dx“l,

but

J.fldx‘“) ces dx.(.)‘ =Jf|dx1 aee dx.l.

In a situation where there is no possibility of confusion, we may revert to
the usual calculus notation.

So defined, the integral of an n-form on R* depends on the coordinates
X, ..., Xy. From our point of view a change of coordinates is given by a
diffeomorphism T : R*— R* with coordinates y,, ..., y, and x, ..., x, re-
spectively: :

X;=X; 0 T(yl""! yl)= T‘(y!, ceey y').

We now study how the integral jw transforms under such diffeomor-
phisms.

Exercise 3.1. Show that dT,...dT,= J(T)dy, ...dy,, where JT)=
det(dx; /dy;) is the Jacobian determinant of T

Hence,
j m:j (foT)dT, ... dT.=f (f o TI(T) dy, ... dy,
R R ) Re

relative to the coordinate system y,, ..., y,. On the other hand, by the
change of variables formula,

: J;w-‘= _Lf(xl.---.x.)dxx ---dx..=L(f° TJ(T)|dy, ... dy,,

Thus

ERRY

I T*w = iJ. w
R R

depending on whether the Jacobian determinant is positive or negative. In
general if T is a diffeomorphism of open subsets of R* and if the Jacobian
determinant J(T) is everywhere positive, then T is said to be orientation-
preserving. The integral on R" is not invariant under the whole group of
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diffeomorphisms of R", but only under the subgroup of orientation-
preserving diffeomorphisms. '

Let M be a differentiable-manifold with atlas {(U,, ¢.)}. We say that the
atlas is oriented if all the transition functions g,; = ¢, ¢;' are
orientation-preserving, and that the manifold is orientable if it has an orien-
ted atlas.

_Proposition 3 2. A manifold M of dimension n is orientable if and only gf it has
.a global nowhere vanis vamshmg n [orm

PROOF. Observe that T : R®* — R” is orientation-preserving 1f and only if
T* dx, ... dx, is a positive multiple of dx, ... dx, at every point.

(<) Suppose M has a global nowhere-vanishing n-form w. Let ¢, : U, =
R" be a coordinate map. Then ¢¥ dx, ... dx, =f, w where f, is a nowhere-
vanishing real-valued function on U,. Thus f, is either everywhere positive
or everywhere negative. In the latter case interchange x, and x,. Since
¢ dx, dx, dx,...dx,= —¢* dx, dx, dx,...dx, =(—fJw, we may
assume f, to be positive for all a. Hence; any transition function ¢, ¢, * : R*
— R" will pull dx, ... dx, to a positive multiple of itself. So {(U,, ¢,)} is an
oriented atlas. .

(=) Conversely, suppose M has an oriented atlas {(U,, ¢.)}. Then
(Ppdah)* (@x, ... dx,) = A dx, ... dx,

for some positive function A. Thus

¢F dx, .. = (¢ ANPY dx, ... dx,)

Denoting ¢} dx, ... dx, by w,, we see that w, = fw, where f= ¢. A= J °
¢, is a positive functlon onU, n U,. :

Let w = Y. p, w, where p, is a partition of unity subordmatc to thc open
cover {U,}. At each point p in M, all the forms w,, if defined, are positive
multiples of one another. Since p, =2 0 and not all p, can vanish at a point,
w is nowhere vanishing. ]

Any two global nowhere vanishing n-forms @ and @’ on an orientable
manifold M of dimension n differ by a nowhere vanishing function: w = fw'.
If M is connected, then f is either everywhere positive or everywhere nega-

‘tive. We say that w and w' are equivalent if f is positive. Thus on a connec-
ted orientable manifold M the nowhere vanishing n-forms fall into two
equivalence classes. Either class is called an orientation on M, written [M].
For example, the standard orientation on'R” is given by dx;, ... dx,.

Now choose an orientation {M] on M. Given a top fom 17 in QX M), we

define its integral by
[ 25 o
(M) a JU,
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where {y, p,7 means Jg.(¢, ')*(p,7) for some orientation-preserving triv-

ialization ¢, : U, 5 R"; as in Proposition 2.7, p,t has compact support.
By the orientability assumption, the integral over a coordinate patch ju.w
is well defined. With a fixed orientation on M understood, we will often
write [y v instead of LM,I Reversing the orientation results in the negative
of the integral.

P s et

;,Proposntlon 3.3. The dejmmon of the mtegral [Mt is mdependent of the

Pxoor Let {¥;} be another oriented atlas of M and {xs} a partition of
unity subordinate to {¥;}. Since Y ; x; = 1,

I AED) j PaXpT.

a JU, a, 8 JU,
Now p, xs 1 has supportin U, n ¥, so

J. PaXpt = I PaXpT-
v, Vs

) p.r—Z p.xpt—Zan- 0
'’

Therefore

A manifold M of dimension n with boundary is given by an atlas {(U,, ¢,)}
where U, is homeomorphic to cither R® or the upper half space
H={(xy,..., x}x, =20}. The boundary oM. of M is an (n— 1)
. dimensional mamfold An oriented atlas for M induces in a natural way an
- onented atlas for 0M This is a consequence of the following lemma.

lzmma 34, Let T: H" — H* be a diffeomorphism of the upper half space
“Wwith everywhere positive Jacobian determinant. T induces a map T of the
. boundary of H* to itself. The induced map T, as a diffeomorphism of R*™ !,
* aiso has positive Jacobian determinant everywhere.

PRrOOF. By the inverse function theorem an interior point of H" must be the
image of an interior point. Hence T maps the boundary to the boundary.
We will check that T has positive Jacobian determinant for n = 2; the
general case is similar. :

-Let T be given by

xy = Ty(y1, y2)
xz = Ty, y2)-

Then T is given by
x; = Ty(y,, 0).
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Figure 3.1
By assumption
aT oT,
— 3y, U0 -——‘ S 01 0)
T, | 67‘ >0
-—5 00 FE 00

Since 0 = T, (y,, 0) for all y,, 6T2/6y, (y,, 0) = 0; since T maps the upper
half plane to itself,

oT,
—(y;, 0> 0.
ayz (yl )

Therefore

oT, o
1(yh0) . , D

. Let the upper half space H" = {x, 2 0} in R* be given the standard
! orientation dx; ...dx,. Then the induced orientation on its boundary
. 6H" = {x, = 0} is by definition the equivalence class of (—1)"dx, ... dx,_,;

this sign is needed to make Stokes’ theorem sign-free In gcneral for M an

R

on M by the following requirement: if ¢ is s an onentatnon-prescrvmg
~ diffeomorphism of some open set U in M into the upper half space H*, then

, $*[0H"] = [OM]|av,
. where BU (aM) A U (see Figure 3.1).

Stokes’ Theorem

A basic result in the theory of integration is

‘Theorem 3.5 (Stokes’ Theorem). If w is an (n — 1)form with compact support
on an oriented manifold M of dimension n and if M is given the induced
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[o-[s

g ——— e -

. S -
We first examine two special cases.

_orientation, then

SpeciaL Case 1 (R"). By the linearity of the integrand we may take w to be
fdx, ...dx,_,. Thendw = + 3f/dx, dx, ... dx,. By Fubini’s theorem,

JA dw = ij\(j‘ 'éidx.)dxl ...dx._l.
R -—aoaxu

But (®, 81/0x, dx,=f(xy, ..., Xp_1, ) = f(Xq, vy Xpey, — 00) =0 be-
cause f has compact support. Since R* has no boundary, this proves Stokes’
theorem for R".

SpeCIAL Cask 2 (The upper half plane). In this case (see Figure 3.2)

‘ w.= f(x, y) dx + g(x, y} dy
and

_ of og
dw—( ay+ax)dxdy.
Note that

9% 171" ¢ _ o _
J’axdxdy——fo (J_waxdx)dy-j'g(oo.y) g(—o, y)dy=0,

since g has compact support. Therefore,

[ e (%0
L'w Ll aydxdy AL % dv | dx

- J (f(x, @) = f(x, 0)) dx

it

z'r f(x,O)dx::j. w

-®

Figure 3.2
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where ti'nc last equality holds because the restriction of g(x, yMdy to dH? is 0
So Stokes’ theorem holds for the upper half plane.
The case of the upper half space in R” is entirely analogous.

Exercise 3.6. Prove Stokes’ theorem for the upper half space.

We now consider the general case of a manifold of dimension n. Let {U .}
be an oriented atlas for M and {p,} a partition of unity subordinate to
{U,}. Write =Y p, w. Since Stokes’ theorem [y dw = [p w is linear in w,
we need to prove it only for p, w, which has the virtue that its support is
contained entirely in U,. Furthermore, p, w has compact support because

Supp p.w < Supp p, N Supp w

is a closed subset of a compact set. Since U, is diffeomorphic to either R* or
the upper half space H*, by the computations above Stokes’ theorcm holds
for U, . Consequently

Jdp.w=jdp,w=j p¢w=£ Pa
M Us U, M

This concludes the proof of Stokes’ theorem in general.

$4 Poincare Lemmas

The Poincaré Lemma for de Rham Cohomology

In this section we compute the ordinary cohomology and the compactly
supported cohomology of R". Let n: R" x R! — R” be the pro;ectlon on
the first factor and s : R” — R" x R the zero section.

R" x R! Q*R" x RY)

s n s* n* (X, () = x
| sx) = (x, 0)
R LR

We will show that these maps induce inverse isomorphisms in cohomology
and therefore H*(R"*') >~ H*(R"). As a matter of convention all maps are
assumed to be C* unless otherwise specified.

Since n « s = 1, we have trivially s* o n* = 1. However son # 1 and
correspondingly n* o s* # 1 on the level of forms. For example, n* o s*
sends the function f(x, ¢) to f(x, 0), a function which is constant along every
fiber. To show that n* o s* is the identity in cohomology, it is enough to
find a map K on Q*R" x R') such that .

l —n*os*= +(dK + Kd),
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for dK + Kd maps closed forms to exact forms and therefore induces zero
/in cohomology. Such a K is called a homotopy operator; if it exists, we say
that n* o s* is chaifn homofopic 0 the identify. Note that the homotopy
operator K decreases the degree by 1.

Every form on R” x R is uniquely a linear combination of the following
two types of forms:

(1) (n*¢)f(x, &)
(I) (n*¢)f(x, 1) dt,

where ¢ is a form on the base R". We define K : Q‘(R‘ X R)—»
Q" YR* x R) by

() (n*¢)f (x, 1) — G,
(1) (x*)f (x, 1) dt = (*¢) [} f.

Let’s cﬁcck that K is indeed a homotopy operator. We will use the
simplified notation df/dx dx for Y. df/dx; dx,, and (g for fg(x, t) dt. On forms

of type (1),
w={(n*¢) f(x,1), degw=gq,
(1 — 23w = (n*¢) - f(x, t) — 7% - f(x, 0),
(@K — Kdyw = ~Kdw = -—K((dn“'d)) f+(—1)07*¢ (% dx +-§f;dt))
= (=10 % J. —!=( ) 't f(x, 1) — fix, 0)).
Thus,
1 —a%s* = (:—_I)‘"(dK — Kd).

On forms of type (II),
w=(r*P)fdt, degw=gq,

do = (n* do)f dt + (— 1) (n*¢) fdx dt.
(1 — n*s*)w = @ because s*(dt) = d(s*t) = d(0) = 0.

Kdow = (x* d¢) Lf + (=~ 10 Ha*¢) dx L 7

dKw = (n* ddt)‘rf +(— l)‘“(::‘(#)[d:(F aal) +fdt]
0 o OX .

(@K — Kdyo = (-1 "

Thus-
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In either case, .
l1—n%os*= (—-l)'“(dK — Kd) on QYR" x R).

This proves
P;omnion 4.1. The maps H‘(R“ X Rl) ;:;: H‘(R") are isomorphim. o

By induction, we obtain the cohomology of R".

Corollary 4.1.1 (Poincaré Lemma).

e e L

R in dimension O

HYR) = H*(point) = {0 elsewhere

Consider more generally
M x R!

x| [s
M .

If {U,} is an atlas for M, then {U, x R'} is an atlas for M x R!. Again
every form on M x R! is a linear combination of the two types of forms 4]
and (II). We can define the homotopy operator K as before and the proof
carries over word for word to show that H*M x R') ~ H*(M) is an iso-
morphism via n* and s*. )

\ Corollary 4.1.2 (Homotopy Axiom for de Rham Cohomology). Homotopic. .
maps induce the same map in cohomology. g

o~

"Pnoor. Recall that a homotopy between tw maps fand g from Mto Njisa
map F: M x R! — N such that ' -
{F(x, =f(x) for t>1
F(x,t)=g(x). for t<0.
Equivalently if 5o and s, : M — M x R® are the O-section and 1-section
respectively, i.e., s,(x) = (x, 1), then :

f=Fos,,
g=Fos,.

Faio

Thus
J* = (Fos,)* =3t F®,
. g* = (F o 50)* =53 o F*.
Since st and s§ both invert n*, they are equal. Hence,
' fr=g - . O
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Two manifolds M and N are said to have the same homotopy type in the

- C® sense if there are C* maps f : M — N and g: N — M such that gof

" and fog are C* homotopic to the identity on M and N respectively.® A
manifold having the homotopy type of a point is said to be contractible.

~_Corollary 4.1.2.1. Two manifolds with the same homotopy type have the same
' de Rh‘éin“'&bhomology.

. Corollary 4.12.2. If A is a deformation retract of M, then A and M have the
same de Rham cohomology. : e

Exercise 4.2.-Show that r : R? — {0} — S* given by nx) = x/{ x || is a defor-
mation retraction,

7 Exercise 4.3. The cohomology of the n-sphere $*. Cover §* by two open sets
U and V where U js slightly larger than the northern hemisphere and vV
slightly larger than the southern hemisphere (Figure 4.1). Then U A v is
diffeomorphic to §*~1 x R! where $”~! is the equator. Using the Mayer-

R in dimensions 0,n
®{ON =
HYS7) {0 otherwise.

We saw previously that a generator of HY(S') is a bump 1-form on st
which gives the isomorphism H!(S!) ~ R? under integration (see Figure

N

Y
Figure 4.1

* In fact two manifoids have the same homotopy type in the C* sense if and only if they have
the same homotopy type in the usual (coatinuous) sense. This is because every continuous
map between two manifolds is continuously homotopic 10 a C= map (see Proposition 17.8),
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Figure 4.2

4.2). This bump 1-form propagates by the boundary map of the Mayer-
Vietoris sequence to a bump 2-form on §2, which represents a generator of
H*(S?). In general a generator of H"(S") can be taken to be a bump n-form
on S". '

Exercise 4.3.1 Volume form on a sphere. Let $*(r) be the sphere of radius r

x%+"'+x3+l -"-=rz

in R"*! and let
n+l

w—"’ Z("“l)‘ /ngxl "'d;c,"*dx,ﬂ.

r,-

(a) Write S for the unit sphere $*(1). Compute the integral j',.a) and
conclude that w is not exact.

(b) chi’dﬁ—g r as a function on R**? — 0, show that (dr)~c.. = dx,
dx, ;. Thus w is the Euclidean volume form on the sphere S%r).

From (a) we obtain an explicit formula for the generator of the top
. cohomology of S* (although not a» a bump form). For cxample, the gencr-
ator of H?(S?) is represented by .

o SZ;(.X‘ dx; dxy — xzdx, dxy + x3 dx. dx;).

N

The Poincaré Lemma for.Compactly Supported Cohomology

The computation of the compactly supported cohomology HI(R") is agam
by induction; we will show that there is an isomorphism

H**\(R" x RY) ~ H*RY.

‘Note that here, unlike the previous case, the dimension is shifted by one.
More generally consider the projection n: M x R! — M. Since the pull-
back of a form on M to a form on M x R' necessarily has noncompact
support, the pullback map #n* does not send QM) to Q¥(M x R'). How-
ever, there is a push-forward map =, : QM x R')— QF~}(M), called inte-
gration along the‘ﬁb’efdcﬁned as follows. First note that a compact[y

T4
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4
-

supported form on M x R' is a linear combination of two types of forms:

(1) n*¢ - f(x, 1),
(D) n*¢ - f(x, 1) dt,

where ¢ is a form on the base (not necessarily with compact support), and
S(x, 1) is a function with compact support. We define n, by

M 2% - fex, 1) — 0,

(4.4) o
(D) 7*¢ - f(x, t) dt — ¢ j f(x, 1) dt.

Exercise 4.5. Show that dn = n,d; in other words, n, : Q*M x R!) —
Q"' (M) is a chain map. - - __ )

s e

By this exercise n, induces a map in cohomology =, : HY — H?-1. To
produce a map in the reverse direction, let e = e(t) dt’Se a compacﬂy sup-
ported 1-form on R? with total integral 1 and define

e, : QM) — Q** (M x R')
by -

¢ — PAe

The map e, clearly commutes with d, so it also induces a map in cohomol-
ogy. It follows directly from the definition that =, - e, = 1 on ¥R"). Al-
though e, - 1, # 1 on the level of forms, we shall produc—g a homotopy
operator K { between 1 and e,  x, ; it will then follow thate, o 7, = 1 in
cohomology.

To streamline the notation, write @ f for n'@ S(x, 1) and (f for
{f(x, t) dt. The homotopy operator K OFM x R ) — Q‘"‘(M x R‘) is
defined by

e f 0, ‘
(ll) ¢ f dtH ¢J f- ¢A(t)j S where A(t) = J‘ e.

-

Proposition 4.6. 1 ety = - (--1)*" 1K £ Kd) on H(M x RY).

e NN e o —————— ey

. PROOE. On forms of type (I), assuming deg ¢ =gq, we have
U-en)p-f=¢-f,

@K — Kd)p - [ = —K(dqb S (-1 3 f —1)¢¢a—fd:>

o
=(-1r-’(¢f ——~¢A<)f f)

=(—-11"1¢f. [HereJl -Z—f-f(x ) f(x,——oo)so]
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So
1 —e,n, =(~1y"(dK — Kd).

On forms of type (II), now assuming deg ¢ = g — 1, we have

(1 — eym )b S de = $f de ¢( f i f)/\e.

-

(dKX¢fdt)—(d¢)j S+{(=1)"" '¢J. 9 4x dt +(—1)""¢fde

— (d9)A() J: f=(=1""¢ [e J_w S+ A(t)(J._w g){)dx]

(KdXo f dt) = K((d¢) S+ (=17 2 ‘—3—[ dx dt)

(d¢)j J- (d¢)A(t)f f

o [of el ’)dx]

(dK — Kd)yp f di =(‘—l)"‘[¢fdt - ¢(Ia‘f)e]

-®

So

and the formula again holds. o

This concludes the proof of the following

Proposition 4.7. The maps

e e

[USVERUN

HXM x RY) =H (M)
are isomorphisms.

Corollary 4.7.1 (Poincaré Lemma for Compact Supporis).

R in dimension n- - -
* —1
R e

Here the nsomorphnsm HXR") xR is gwen by 1terated My, i€,y by mto-
gration over R".

To determine a generator for H2(R"), we start with the constant function
1 on a point and iterate with e, . This gives e(x,) dx; e(x;) dx; ... e(x,) dx,.



40 1 de Rham Theory

So a generator for HY(R") is a bump n-form «(x) dx, ... dx, with

J o(x) dx, ... dx, = 1.
- JR*

7

The support of « can be made as small as we like.

REMARK. This Poincaré lemma shows that the com actly supported coho-
mology is not invariant under homotopy equivalence, although it is of
prse invariant under diffeomorphisms.

Srm e T T Tt s C e e viee e dmame——

Exercise 4.8. Compute the cohomology groups H*(M) and H¥M) of the
open Mdbius strip M, iec, the Mobius strip without the bounding edge
(Figure 4.3). [Hint: Apply the Mayer-Vietoris sequences.]

Fhe Degree of a Proper Map

As an application of the Poincaré lemma for compact supports we iatro-
duce here a C*® invariant of a proper map between two Euclidean spaces of
the same dimension. Later, after Poincaré duality, this will be generalized to
a proper map between any two oriented manifolds; for compact manifolds
the properness assumption is of course redundant.

Let f: R" — R" be a proper map. Then the pullback f*: HYR") —
HY(R") is defined. It carries a generator of H}R"), i.e., a compactly sup-
ported closed form with .total integral one, to some multiple of the gener-
ator. This multiple is defined to be the degree of f. If « is a generator of
HXR"), then T h

S
A priori the degree of a proper map is a real number; surprisingly, jt turns
out to be an integer. To see this, we need Sard’s theorem. Recall that a

critical_point of a smooth map f: R™ — R™ is a point p where the differ-

ential (f), : T,R" — T;,,R" is not surjective, and a critical value is the

image of a critical point. A point of R* which is not a critical Value is called

a regular value. According to this definition any point of R* which is not in

the image of f is a regular value so that the inverse image of a regular value

may be empty. - -

’

/
[

Figurc4.3
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_Sheorem 4.9 (Sard’s Theorem for R”). The set of critical values o a smooth

map [ : R* 5 R” has measure zero in R* for any integersmandn. .

‘This means that given any ¢ > 0, the set of critical values can be covered
by cubes with total volume less than & Important special cases of this
theorem were first published by A. P. Morse [1]. Sard’s proof of the, general
case may be found in Sard [1]. .
Proposition 4.10 Let f : R" — R” be a proper map If fis not suqectwg_,ﬂ;hcu
it has degree 0

PROOF Smce the image of a proper mapis closed (why?) if f misses a point
4, it must miss some neighborhood U of q. Choose a bump n-form « whose
support lies in U. Then f*a = 0 so that deg f = 0. - : T Cl

Exercise 4.10.1. Prove that the image of a proper map is closed. /
So to show that the degree is an integer we only need to look at surjec-
tive proper maps from R" to R". By Sard’s theorem, almost all points in the
image of such a map are regular values. Pick one regular value, say 4. By
hypothesis the inverse image of g is nonempty. Since in our case the two
Euclidean spaces have the same dimension, the differential f, is surjective if
and only if it is an isomorphism. So by tle inverse function theorem,
around any point in the pre-image of g, f is a diffeomorphism. It
follows that f ~!(q) is a discrete set of points. Since f is proper, f ~(q) is in
fact a finite set of points. Choose a generator a of HYR") whose support is
localized near g. Then f*a is an n-form whose support is localized near the
points of f ~*(q) (see Figure 4.4). As noted earlier, & diffcomorphism . pre-
serves an integral only up to sign, so the integral of f*x near each pomt of
£ Yq)is £ 1. Thus )
[

This proves that the degree of a proper map between two Euchdetm spaces qf
the same dimension is an integer. More precnely, it shows that the number: of

z:,r‘i“l)i 5

Figure 44
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points, counted with multiplicity 31, in the inverse image of any regular value
is the same for all regular values and that this number is equal to the degree of -
the map.

Sard’s theorem for R", a key ingredient of this discussion, has a natural
extension to manifolds. We take this opportunity to state Sard’s’theorem in
general. A subset S of a manifold M is said to have measure zero if it can be
covered by countably many coordinate open sets U, such that ¢{S n U)
has measure zero in R"; here ¢, is the trivialization on U,. A critical point of
a smooth map f : M — N between two manifolds is a point p in M where
the differential (f,), : T,M — T,,N-is not surjective, and a critical value is
the image of a critical point.

Theorem 4 11 1Sard’s Theorem). The set of critical values of a smooth map
f: M — N has measure zero.

Exercise 4.11.1. Prove Theorem 4.11 from Sard’s theorem for R".

§5 The Mayer-Vietoris Argument

The Mayer-Vietoris sequence relates the cohomology of a union to those of
the subsets. Together with the Five Lemma, this gives a method of proof
which proceeds by induction on the cardinality of an open cover, called the
Mayer-Vietoris argument. As evidence of its power and versatility, we derive
from it the finite dimensionality of the de Rham cohomology, Poincaré
duality, the Kiinneth formula, the Leray-Hirsch theorem, and the Thom
isomorphism, all for manifolds with finite good covere ‘

Existence of a Good Cover

Let M be a manifold of dimension n. An open cover lI ={U,} of M is
called a good cover if all finite intersections U,, N ++- n U,, are diffco-
morphic to o R". A manifold which has a finite good cover is sald to be of

;ﬁwe type.

’!\eorems.l Every manifold has a good cover. If the many'old is compact,
“then the ‘Jémay be chosen to be finite.

v To prove this theorem we will need a little differential geometry. A
~ Riemannian structure on a manifold M is a smoothly varying metric { , )
on the tangent space of M at each point; it is smoothly varying in the
followmg sense: if X and Y are two smooth vector fields on M, then
{X,YYy is a smooth function on M. Every manifold can be given a

‘Riemannian structure by the following splicing procedure. Let {U,} be a
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coordinate open cover of M, { , ), a Riemanniap metric on U,, and {p,} a

partition of unity subordinate to {U,}. Then (,) =Y p.{, ), is a
Riemannian metric on M,

Proor OF THEOREM 5.1. Endow M with a Riemannian structure. Now we
quote the theorem in differential geometry that every point in a Riemannian
manifold has a geodesically convex. neighborhood (Spivak [1, Ex. 32(f), p.
4917). The intersection of any two such neighborhoods is again geodesically
convex. Since a geodesically convex neighborhood in a Riemannian mani-
fold of dimension n is diffeomorphic to R", an open cover consisting of
geodesically convex neighborhoods will be a good cover. 0

Given two covers U = {U,},.; and 8 = {V}},,,, if every V, is contained

'in some U,, we say that B is a refinement of U and write ¥ > 8. To be

" more precise we specify a refinement by a map ¢:J — I such that

. Vs © Uy By a slight modification of the above proof we can show that

{ every open caver on a ‘manifold has a refinement which is a good cover: simply

take the geodésically convex neighborhoods arounid each point o be umde
some open set of the given cover.

\ A directed set is a set I with a partial ordcr > such that for any two
{elements a and b in I, there is an element ¢ with a > ¢ and b > c. The set of

open covers on a manifold is a directed set, since any two open covers
: always have a common refinement. A subset J of a directed set I is cofinal

in I if for every i in I there is a]m.lsuchthatl>} lttsclearthntlﬁ“iho
a directed set.

..\

Corollary 5.2. The good covers are coﬁnal m the set.gf all covers of a
manifold M.

Finite Dimensionality of de Rham Cohomology

Proposltmn S3.n

Ifthemandold)}{hasaﬁnmgoodcover,thenmcohomol-
ogy is finite dimensianal, —~ "

Pnoov. From the Mayer-Vietoris sequence

HEYU o V)5S HU U V) 5 B H W+
we get ' B o |
HYU v V) x ket r@im r = im d*@im r. R A

Thus, .

}(o) if the qth cohomology of U, V,and U n Vareﬁnitedime.nsional,;henso
'is the qth cohomology of U L V.

For a manifold which is diffcomorphic to R*, the finite dimensionality of
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H*(M) follows from the Poincare lemma (41.1). We now proceed by induc-
tion on the cardinality of a good cover. Suppose the cohomology of any
manifold having a good cover with at most p open sets is finite dimensional.
Consider a manifold having a good cover {U,, ..., U,} with p+ 1 open
sets. Now (Ug v ... v U -1)n U, has a good cover with p open sets,
namely {Uq,, Uy,, ..., Up—y.p}- By hypothesis, the gth cohomology of
Ugv..vU,_,U,and (Ug v ... v U,-4) n U, are finite dimensional;

from Remark (*), so is the gth cohomology of Uo V... v U,. This com-
pletes the induction. : 0

Similarly,
m the manifold M has a finite good cover, then its compact
cohomology is finite dimensional. .

Poincaré Duality on an Orientable Manifold

LA pairing between two finite-dimensional vector spaces
:I is said to be nondegenerate if (v, w) =0 for all w implies v = 0; ‘equiva-
{ lently, the map v + (v, ) should define an isomorphism V ~x W?*,
Because the wedge product is an antiderivation, it descends to cohomol-
ogy; by Stokes’ theorem, integration also descends to cohomology. So for
an oriented manifold M there is a pairing

j. : H(M)Q H M) - R _

R e O

ISR

- given by the integral of the wedge product of two forms Our first version of
‘Pomcare duality asserts that this pairing is nondeyenerate whenever M is
 orientable and has a finite good. cover; equivalently, ‘ T

[5.9) - HYM) = (H"Y(M))*.

Note that by (5.3.1) and (5.3.2) both HYM) and H?™ "(M) are ﬁmte-
dimensional.

A couple of lemmas will be needed in the proof of Poincare duality.

Exercise 5.5. Prove the Five Lemma given a commutative dlagram of
Abelian groups - e

g g e D ...

EEERN
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" in which the rows are exact, if the maps &, §, 5 and e ar¢ isomorphisms, then
so is the middle one . .

. Lemma 5.6. The two Mayer-Vietoris sequences (2.4) and (2.8) may be paired
together to form a sign-commutative diagram N

nuricth- differencs

HYU)® HYV) ——— HYU n V)-———-H¢"(U v V)
® ® ® ' - @

S HYU U v e

HYU A V)—— BT YU U V)

L.

. Here sign-commutativity means, for instance, that

j wAd, 1= ;tJ‘ (d*w) A+,
TN vuv

for we H(U n V), te H**" YU u V). This lemma is equivalent to
“saying that the pairing induces a map from the upper exact sequence to the
dual of the lower exact sequence such that the following diagram is sxgn-
commutauve

v HI7YU U V)=~ HI"(U) @ H;™AV)

[,

— HY — H'® H* — He —

! ! !
— (H)* — P OEHTY — H) —

PROOF The first two squares are in fact commutative as is strmghtforward
to check. We will show the sign-commutativity of the third square.
Recall from (2.5) and (2.7) that d*w is a form in H** (U U V) such that

d“”lu* —d(py w) . =
Poly =dpyw),
and d, tis a form in H"%U ~ V)such that - : -
 (~(extension by 0 of d, ¢ to U, (extension by 0 of dy 1t0.¥) .. -
= (d(py 1), dpy 7).
Note that d(py 1) = (dpy)t because 7 is closed; similarly, d(py w) = (dpy)w.

J. w/\d.t=‘[ w/‘\(dpy)n:(-l)“"'f (dpy)w A~
Uvnv - % Ay

Since d*w has supportin U n V,

f d‘w/\ta-—j dpy)o Az
L/EVE 4 UnV
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Therefore,
J w/\d,t=(—l)"°"°“J. d*w At g
L] 4 vuV

By the Five Lemma if Poincaré duality holds for U, ¥V, and U n V, then
it holds for U u V. We now proceed by induction on the cardinality of a
good cover. For M diffeomorphic to R*, Poincaré duality follows from the
two Poincaré lemmas

R in dimension - 0
(DM — .
H®) {0 elsewhere
and
R in dimension n
b =
HR) {0 elsewhere.

Next suppose Poincaré duality holds for any manifold having a good cover
with at most p open sets, and consider a manifold having a good cover
{Uo, ..., U,} with p + 1 open sets. Now (U L - u U,-y) n U, has a
good cover with p open sets, namely {U,,, U, ,, Uy, ,,} By hypothesns
Poincaré duality holds for Ug v ... v U,_{, U,, and Uov...uU,_y)
NnU,,soitholdsforUgu...u U, yuU,as well. This induction argu-
ment proves Poincaré duality for any orientable manifold having a finite
good cover. .

e i et e ..

Vietoris argument above can be extended to any onentablc manifold

(Greub, Halperin, and Vanstone [1, p. 198 and p. 14]). The statement is as
. follows: if M is an orientable manifold of dimension n, whose cohomology is
" not necessarily finite dimensional, then

y HYM) ~(H?"YM))* , for any integer q.

However, the reverse implication H{M) ~ (H* " {M))* is not always true.
The asymmetry comes from the fact that the dual of a direct sum is a direct

- product, but the dual of a direct product is not a direct sum. For example,
consider the infinite disjoint union

©
M=UM|,

i=]

where the M/’s are all manifolds of finite type of the same dimension n.
Then the de Rham cohomology is a direct product

(5.7.1) HYM) = [T HY{M),
{
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but the compact cohomology is a direct sum

(5.7.2) HYM) = @ HHM)

Taking the dual of the compact cohomology H¥M) gives a direct product

(573) (HYM))* = H HiM).

Sco*by (5.7.1) and (5.7.3), it follows from Pomcarc duality for the manifolds
of finite type M|, that

HYM) = (H2™4M))*.
_Corollary 58. If M -is a connected oriented manifold of dimension n, then
HiM) ~ IR' “In particular - if M is compact oriented and connected
HYM) =~

. Let f: M — N be a map between two compact oriented mamfolds of
;dxmensnon n. Then there is an induced map in cohomology '

;i . f*:HN) > HM).
“The \gfﬂ';‘ﬁﬁ['s defined to be [y f*w, where w is the generator of H“(N)
By the same argument as for the degree of a proper map between two
- Euclidean spaces, the degree of a map between two compact oriented mani-

| folds is an integer and is equal to the number of points, counted with
' multiplicity £ 1, in the inverse image of any regular pointin N.

The Kiinneth Formula and the Leray-Hirsch' ’I.'heorem‘

| The Kiinneth formula states that the cohomology of the product of two

i manifolds M and F is the tensor product

[(5.9) H*(M x F) = H%(M) @ H*(F). v
This means : B S
H"(M X F) (%)) H’(M)®H'(F) for cvery n. )
— P"‘""

- et ="

More generally we are mterwted in @ cohomology ofa ﬁb/w }

. _Definition. Let G be a topologxcal group which acts effectively od a space F
on the left. A surjection n: E — B between topological spaces is a fiber
bundle with fiber F and structure group G if M has an open coyer {Ul} such
that there arc homeomorphisms R

¢e:Ely, sU, x F
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and the transitions functions are.continuous functions with values in G:

gu’(x) ¢¢ ¢ﬁ_‘ l(xle € G

Sometimes the total space E is referred to as the fiber bundle. A fiber bundle

with structure group G is also called a G-bundle. If x € B, the set
E, = n”'(x) is called the fiber at x.

| Since we are working with de Rham theory, the spaces E, B, and F will

be assumed to be C* manifolds and the maps C* maps. We may also speak

of a fiber bundle without mentioning its structure group; in that case, the

~ group is understood to bc the group of dxffeomorphxsms of F, denoted
Dlﬂ(

REMARK. The action of a group G on a space F is said to be effective if the
only element of G which acts trivially on F is the identity, i.e,iff g y=y
for all y in F, then g = 1 € G. In the C* case, this is equivalenat to saying
that the kernel of the natural map G — Diff(F) is the identity or that Gis a

subgroup of Diff{F), the group of diffecomorphisms of F. In the definition of
a fiber bundie the action of G on F is required to be effective in order that
the diffeomorphism

~1
¢l ¢J ltx}xF

of F can be identified unambiguously with an element of G.

The transition functions g, : U, n Uy — G satisfy the cocycle condi-
tion:

Hep * 9y = Gay-

Given a cocycle {g,s} with values in G we can construct a fiber bundle E
having {g.,} as its transition functions by setting

(5.10) E= (L U. x F)itx, y)L(x, ge)y)
for (x,y)inU, x Fand (x, gx)y)inU, x F. ~

The following proof of the Kiinneth formula assumes that M has a finite
good cover. This assumption is necessary for the induction argument.
"The two natural projections
"M x F

n

F

M

give rise to a map on forms

0@ ¢ *wAp*P



§S The Mayer-Vietoris Argument 49

which induces a map in cohomology (exercise)
¥ : H*M)® H%(F) —» H*M x F).

We will show that  is an isomorphism.

If M = R", this is simply the Poincaré lemma.

In the following we will regard M x F as a product bundle over M. bet
U and V be open sets in M and n a fixed integer. From the Mayer-Vietoris
sequence

+— HYU v V) - HXU)® HXV) - HYU n V)“"
we get an exact sequence by tensoring with H*~?(F) ’
© = HYU v V)@ H*"AF) —» (HXU) @ H*""(F)) & (HAV) ® H*"XF))
¢ — HU n V)@ H" " XF)— ---
since tensoring with a vector space preserves exactne:;s. Summing over

p=0,...,n,yields the exact sequence

- éH'(U U V) ® H*"¥(F)

p=0

— @ HU)® H**(F) @ (HAV) ® H*(F)

p=0

~ @HAU N V)@ H*"(F) - -

p=0
The following diagram is commutative

é (HYU L V)@ H* "(F)— & (H'(U)@ H* " NF) S HAV)@ H* " "(F)~ @H\UNV)QH"
p=0 1 »=0 l »=0 l
v ¥ v

HY(U u.V) x F) HYU x F) @ HYY x F) -HY U N ¥) x

The commutativity is clear except possibly for the square

® (HAU ~ V)@ H""(F) —— @H** (U v V)@ H AF) .

o b

H(U N V) x F) : + H(U U V) x F,

which we now check. Let © @ ¢ be in HA(U n V) ® H*"/(F). Then
yd*(w ® ¢) = n*(d*w) A p*P
d*Y(@ @ ¢) = d*(z*w A p*¢).
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Recall from (2.5) that if {py, pv} is a partition of unity subordinate to
{U, V} then

~dpyw) on U
* -
o { dipyw) on V.

Since the pullback functions {n*py, n*p,} form a partition of unity -on
(U v V) x F subordinate to the cover {U x F, V x Fl,on(U n V) x F
d*(n*w A p*¢) = d(n*pu)n*w A p*@)

= (dr*(pyw)) Ap*¢  since ¢ is closed

= n*(d*w) A p*¢d.
So the diagram is commutative.

By the Five Lemma if the theorem is true for U, V,and U n V, thenit is

also true for U u V. The Kiinneth formula now follows by induction on
the cardinality of a good cover, as in the proof of Poincaré duality. O

Let n: E — M be a fiber bundle with fiber F. Suppose there are coho-
mology classes ¢,, ..., ¢, on E which restrict to a basis of the cohomology
of each fiber. Then we can define a map

¥ : H{M)® Rie,, ..., e,} = H*E).

The same argument as the Kiinneth formula gives

_Theorem 5.11 (Leray-Hirsch). Let E be a fiber bundle over M with fiber F.
“Suppose M has a finite good cover. If there are global cohomology classes
ey, ..., ¢, on E which when restricted to each fiber freely generate the cohomol-
ogy of the fiber, then H‘(E) is a free module over H*(M) with basis {e,, ...

e}, ie.

H*E) ~ HM@R{e,, ..., ¢,} = H{M)Q H*F).

* Exercise 5.12 Kiinneth formula for compact cohomology. The Kiinneth for-
mula for compact cohomology states that for any manifolds M and N
- having a finite good cover.

H(M x N) = H}(M)® HZ(N).

(a) In case M and N are orientable, show that this is a consequence of
Poincare duality and the Kiinneth formula for de Rham cohomology.

(b) Using the Mayer-Vietoris argument prove the Kiinneth formula for
compact cohomology for any M and N having a finite good cover.

The Poincaré Dual of a Closed Oriented Submanifold

Let M be an oriented manifold of dimension n and S a closed oriented
submanifold of dimension k; here by “closed” we mean as a subspace of M.
Figure 5.1 is a closed submanifold of R? ~ {0}, but Figure 5-2 is not. To
every closed oriented submanifold i : S ¢, M of dimension k, one can associ-
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ate a unique cohomology class [ns] in H"~%(M), calied its Poincare dual, as
follows. Let w be a closed k-form with compact support on M. Since S is

N

Figure 5.1 4 Figure 5.2

closed in M, Supp(w|s) is closed not only in S, but also in M. Now because
Supp(w|s) = (Supp w) N § is a closed subset of a compact set, i*w also has
compact support on S, so the integral s i*w is defined. By Stokes’s theorem
integration over S induces a linear functional on HXM). It follows by
Poincaré duality: (HXM))* ~ H" (M), that integration over S corresponds
to a unique cohomology class [ns] in H"~*(M). We will often call both the
cohomology class [#s] and a form representing it the Poincaré dual of S. By
definition the Poincaré dual ns is the unique cohomology class in H* "% M)
satisfying

(5.13) j i‘w-—-J‘ wAns
s M
for any w in HY(M).

Now suppose S is a compact oriented submanifold of dxmensnon kin M.
Since a compact subset of a Hausdorff space is closed, S is also a closed
oriented submanifold and hence has a Poincaré dual ng € H*~%M). This ns
we will call the closed Poincaré dual of S, to distinguish it from the compact
Poincaré dual to be defined below. Because S is compact, one can in fact
integrate over S not only k-forms with compact support on M, but any
k-form on M. In this way S defines a linear functional on HYM). and so by
Poincaré duality corresponds to a unique cohomology class [ns] in
H"~ 4 M), the compact Poincaré dual of S. We must assume here that M has
a finite good cover; otherwise, the duality (H(M))* ~ H* ¥(M) does not
hold. The compact Poincare dual [#5] is uniquely characterized by

(5.14) j i"'w==J- wAns,
s M

for any w € H¥M). If (5.14) holds for any closed k-form w, then it certainly
holds for any closed k-form w with compact support. So as a form, n is also
the closed Poincaré dual of S, ie., the natural map H" %(M) — H*""4M)
sends the compact Poincaré dual to the closed Poincaré dual. Therefore we
can in fact demand the closed Poincaré dual of a compact oriented sub-
manifold to have compact support. However, as cohomology classes, [ns] €
. H M) and [n5] € H*%(M) could be quite different, as the following
examples demonstrate.
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ExAMPLE 5.15 (The Poincaré duals of a point P on R*). Since H*(R") = 0,
the closed Poincaré dual #, is trivial and can be represented by any closed
n-form on R", but the compact Poincaré dual is the nontrivial class in
HYR") represented by a bump form with total integral 1.

EXAMPLE-EXERCISE 5.16 (The ray and the circle in R? — {0}). Let x, y be the
standard coordinates and r, 9 the polar coordinates on R? — {0}.

(a) Show that the Poincaré dual of the ray {(x, 0)| x > 0} in R? — {0} is
d0/2x in HY(R? — {0}).

(b) Show that the closed Poincaré dual of the unit circle in H'(R? — {0})
is 0, but the compact Poincaré dual is the nontrivial generator p(r)dr in
H}(R? — {0}) where p(r) is a bump function with total integral 1. (By a
bump function we mean a smooth function whose support is contained in
some disc and whose graph looks like a “bump™.)

Thus the generator of H'(R? — {0}) is represented by the ray and the
generator of H:(R? — {0}) by the circle (see Figure 5.3).

REMARK $5.17. Thc two Poincaré duals of a compact oriented submanifold
correspond to the two homology theories—closed homology and compact
homology. Closed homology has now fallen into disuse, while compact
homology is known these days as the homology of singular chains. In
Example-Exercise 5.16, the generator of H,  io,.a (R* — {0}) is the ray, while
the generator of H,_ compact (R* — {0}) is the circle. (The circle is a boundary
in closed homology since the punctured closed disk is a closed 2-chain in
R2? — {0}.) In general Poincaré duality sets up an isomorphism between
closed homology and de Rham cohomology, and between compact homol-
ogy and compact de Rham cohomology.

Let S be a compact oriented submanifold of dimension k' in M. If
W < M is an open subset containing S, then the compact Poincaré dual of
Sin W, ns w € H2"5W), extends by 0 to a form n5 in H?~}(M). 'Is is clearly
the compact Poincaré dual of S in M because

J‘i‘wxj a)/\ng_wzj. wAns.
s v o M

Figure 5.3
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{
Thus, the support of the compact Poincaré dual of S in M may be shrunk into

any open neighborhood of S. This is called the localization principle. For a
noncompact closed oriented submanifold S the localization principlc also
holds. We will take it up in Proposition 6.25.

In this book we will mean by the Poincaré dual the closed Poincaré dual.
However, as we have seen, if the submanifold is compact, we can demand
that its closed Poincaré dual have compact support, even as a cohomology
class in H* XM). Of course, pn a compact manifold M, there is no dis-
tinction between the closed and the compact Poincaré duals.

§6 The Thom Isomorphism

-

So far we have encountered two kinds of C* invariants of a manifold, de
Rham cohomology and compactly supported cohomology. For vector bun-
dles there is another invariant, namely, cohomology with compact support
in the vertical direction. The Thom isomorphism is a statement about this
last-named cohomology. In this section we use the Mayer-Vietoris argu-
ment to prove the Thom isomorphism for an orientable vector bundle. We
¢hen explain why the Poincaré dual and the Thom class are in fact one and
the same thing.' Using the interpretation of the Poincaré dual of a sub-
manifold as the Thom class of the normal bundle, it is easy to write down
explicitly the Poincaré dual, at least when the normal bundle is trivial. Next
we give an explicit construction of the Thom class for an oriented rank 2
bundle, introducing along the way the global angular form and the Euler
class. The higher-rank analogues will be taken up in Sections 11 and 12. We
conclude this section with a brief discussion of the relative de Rham theory,
cntmg the Thom class as an example of a relative class.

v

Vecto,r Bundles and the Reduction of Sfructure Groups

Let n: E—M be a surjective map of manifolds whase fiber 77 %(x) is a
vector space for every x in M. The map =n is a2 C* real vector bundle of rank
n if there is an open cover {U,} of M and fiber-preserving dnﬂ'eomorphlsms

¢’ Ely,=n"'(U)3U, xR
which are linear isomorphisms on each fiber. The maps
G (U, nUpxR = (U,nUy xR |
are vector-space automorphisms of R” in each fiber and hence give rise to
maps .
Gap: Uy n Ug — GL(n, R)
g,,(x) = ¢¢¢ﬁ-l- lmxn" .

In the terminology of Section 5 a vector bundle of rank n is a fiber bundie
with fiber R* and structure group GL(n, R). If the fiber is C* and the
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structure group is GL{n, C), the vector bundle is a ecomplex vector bundle.
Unless otherwise stated, by a vector bundle we mean a C® real vector
bundle.

Let U be an open set in M. A map s: U - E is a section of the vector
bundle E over U if n « s is the identity on U. The space of all sections over
U is written [(U, E). Note that every vector bundle has a well-defined
global zero section. A collection of sections s,, ..., s, over an open set U in
r is a frame on U if for every pomt xin U, sl(x) .» S.(x) form a basis of
the veator space E, = 77 '(x).

The transition funcnons {g.; Of a vector bundle satisfy the cocycle
condition

Gap ° 9pgy =9ay, o U, N Ugn U,.

The cocycle {g,4} depends on the choice of the trivialization.

Lemma 6.1. If the cocycle {g.,} comes from another mvzalazauon {¢.}. then
there exist maps /2, : U, — GL(n, R) such that

. gdﬁ = "ngaﬁ /.J on l.j¢ m U, .
Proor. The two trivializations differ by a nonsingular transformation of R"

at each point:
b=, , 4 :U, — GL(n, R).

Therefore,
Gop = PaPg ' = A @y thg ' = Augigis ' g

Two cocycles related in this way are said to be equivalent.

"Given a cocycle {g,;} with values in GL(n, R) we can construct a vector
bundle E having {g,s} as its cocycle as in (5.10). A homomorphism between
two vector bundies, called a bundle map, is a fiber-preserving smooth map
f : E — E' which is linear on corresponding fibers.

Exercise 6.2. Show that two vector bundles on M are isomorphic if and
only if their cocycles relative to some open cover are equivalent.

Given a vector bundle with cocycle {g.,}, if it is possible to find an
equivalent cocycle with values in a subgroup H of GL{n, R), we say that the
structure group of E may be reduced to H. A vector bundle is orientable if its
structure group may be reduced to GL*(n, R), the linear transformations of
R* with positive determinant. A trivialization {(U,, ¢,)},.; on E is said to
be oriented if for every « and B in I, the transition function g,; has positive
determinant. Two oriented trivializations {(U,. ¢}, {(V;. ¥;)} are equival-
ent if for every x in U, N ¥, ¢, o (¥4) " '(x): R*— R" has positive determi-
nant. It is easily checked that this is an equivalence relation and that it
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partitions all the oriented trivializations of the vector bundle E int> two
equivalence classes. Either equivalence class is called an orientation on the
vector bundle E.

EXAMPLE 6.3 (The tangent bundlc).A By attaching to each point x in a mani-
fold M, the tangent space to M at x, we obtain the tangent bundle of M:
| Ty= U LM

xeM

Let {(U,, ¥,)} be an atlas for M. The diffeomorphism

v.:U, 3 R"

induces a map

(Wc). : TU. = TR‘ ’

which gives a local trivialization of the tangent bundie T,. From this we

see that the transition functions of T,, are the Jacobians of the transition

functions of M. Therefore M is orientable if and only if its tangent bundle is.

If , = (x4, ..., x,), then 9/0x,, ..., 3/dx, is a frame for Ty over U,. In the

language of bundles a smooth vector field on U, is a smooth section of the
¢ tangent bundle over U,.

We now show that the structure group of every real vector bundle E ‘may
be reduced to the orthogonal group. First, we can endow E with a Rieman-
nian structure—a smoothly varying positive definite symmetric bilinear
form on each fiber—as follows. Let {U,} be an open cover of M which
trivializes E. On each U,, choose a frame for E|,, and declare it to be
orthonormal. This defines a Riemannian structure on E|, . Let ¢, Ve
denate this inner product on E|y,. Now use a partition of unigy {p,}. to
splice them together, i.e., form

=2 el s Da

This will be an inner product over all of M.

As trivializations of E, we take only those maps ¢, that send orthonor-
mal frames of E (relative to the global metric { , )) to orthonormal frames
of R". Then the transition functions g,, will preserve orthonormal frames
and hence take values in the orthogonal group O(n). If the determinant of
d.p is positive, g5 will actually be in the special orthogonal group SO(n).
Thus

Proposition 6.4. The structure group of a real vector bundle of rank n can
always be reduced to O(n); it can be reduced to SO(n) if and only if the vector
bundle is orientable.
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Exercise 6.5. (a) Show that there is a direct product decomposition
GL(n, R) = O(n) x {positive definite symmetric matrices}.

(b) Use (a) to show that the structure group of any real vector bundle
may be reduced to O(n) by finding the A,’s of Lemma 6.1.

Operations on Vector Bundles

Apart from introducing the functorial operations on vector bundles, our
main purpose here is to establish the triviality of a vector bundle over a
contractible manifold, a fact needed in the proof of the Thom isomorphism.

Functorial operations on vector spaces carry over to vector bundles. For
instance, if E and E’ are vector bundles over M of rank n and m respect-
ively, their direct sum EQE' is the vector bundie over M whose fiber at the
point x in M is E,@ E... The local trivializations {¢,} and {¢.} for E and E’
induce a local trivialization for EQ E’:

¢ D¢ EDE |, 3 U, x (R"DR™).

Hence the transition matrices for E @ E’ are

(gaﬁ 0 ) .
0 s

Similarly we can define the tensor produst E® E', the dual E*, and
Hom(E, E’). Note that Hom(E, E’) is isomorphic to E* ® E'. The tensor
product E® E’ clearly has transition matrices {g,s ® g4}, but the tran-
sition matrices for the dual E* are not so immediate. Recall that the duai
V* of a real vector space V is the space of all linear functionals on V, ie.,
V* ~ Hom(V, R), and that a linear map f: V— W induces a map f* :
W* — V* represented by the transpose of the matrix of f. If

¢ - E

is a trivialization for E, then

U-QUCXR"

() ' E*|y, 3 U, x (R)*
is a trivialization for E*. Thgrefore the transition functjons of E* are

(6.6) (07105 = (ad; ) = (glp) "

Let M and N be manifolds and n: E — M a vector bundle over M. Any
map f : N — M induces a vector bundie f ~'E on N, called the pullback of
E by f. This bundle f ~'E is defined to be the subset of N x E given by :

{(n, )| f(n) = n(e}
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It is the unique maximal subset of N x E which makes the following di-
agram commutative

cNxE
f'E E
“ n
N M.

S

The fiber of f ~'E over a point y in N is isomorphic to E,,,. Since a
product bundle pulls back to a product bundle we see that f ~!E is locally
trivial, and is therefore a vector bundle Furthcrmore, if we have a com-
position

MM M,

then

(feg) 'E=g Y f'E).

Let Vect, (M) be the isomorphism classes of rank k real vector bundles
over M. It is a pointed set with base point the isomorphism class of the
product bundie over M. If f : M — N is a map between two manifolds, let
Vect,(f) =f ! be the puliback map on bundles. In this way, for each
integer k, Vect,( ) becomes a functor from the category of manifolds and
smooth maps to the category of pomted sets and base point preserving
maps.

REMARK 6.7 Let {U,} be a trivializing open cover for E and gep the tran-
sition functions. Then {f ~'U,} is a trivializing open cover forf “*E over N
and (f “'E)|;-1y, = f ~E|y). Therefore the transition functions for f ~'E
are the pullback functions f*g,,.

A basic property of the puilback is the following.

Theorem 6.8 (Homotopy Property of Vector Bundles). Assume Y to be‘a
compact manifold. If f, and f, are homotopic maps from Y to a manifold X
and E is a vector bundle on X, then f;'E is isomorphic to f{ ’E i.e., homo-

topic maps induce isomorphic bundles.

PROOF. The problem of constructing an isomorphism between two vector
bundles V and W of rank k over a space B may be turned into a problem in
cross-sectioning a fiber bundle over B, as follows. Recall that
Hom(V, W) = V*® W is a vector bundle over B whose fiber at each point
p consists of all the linear maps from ¥, to W,. Define Iso(V, W) to be the
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subset of Hom(V, W) whose fiber at each point consists of all the isomor-
phisms from V, to W . (This is like looking at the complement of the zero
section of a line bundle.) Iso(V, W) inherits a topology from Hom(V, W),
and is a fiber bundle with fiber GL(n, R). An 1somorphism between ¥V and
W is simply a section of Iso(V, W).

Let f:Y xI— X be a homotopy between f, and f;, and let
n:Y x I — Y be the projection. Suppose for some t: in 1, f,.'E is isomor-
phic to some vector bundle F on Y. We will show that for all ¢ near ¢,
f.'E ~ F. By the compactness of the unit interval I it will then follow that
fTlE~Fforalltinl

Over Y x I there are two pullback bundles, f "'E and n~'F. Since
S lE~F, Iso{f 'E, " 'F) has a section over Y x t,, which a priori is
also a section of Hom(f "'E, n~'F). Since Y is compact, Y x t, may be
covered with a finite number of trivializing open sets for Hom(f ~'E, n~'F)
(see Figure 6.1). As the fiber of Hom(f " 'E, n~ ' F) are Euclidean spaces, the
section over Y x t, may be extended to a section of Hom(f "!E, n~'F)
over the union of these open sets. Now any linear map near an isomor-
phism remains an isomorphism; thus we can extend the given section of
Iso(f "'E, = 'F) to a strip containing Y x t,. This proves that f;'E ~ F
for t near t,. We now cover Y x I with a finite number of such strips.
Hence fo!E~ F ~f[!E. . 0

Y
Figure 6.1

ReMARK. If Y is not compact, we may not be able to find a strip of constant
width over which Iso(f ~'E, n~'F) has a section; for example the strip may
look like Figure 6.2. ' ‘ ‘

But the same argument can be refined to give the theorem for Y a paracom-
pact space. See, for instance, Husemoller [ 1, Theorem 4.7, p. 29]. Recall that
Y is said to be paracompact if every open cover U of Y has a locally finite
open refinement U', that is, every point in Y has a neighborhood which
meets only finitely many open sets in ¥'. A compact space or a discrete
space are clearly paracompact. By a theorem of A. H. Stone, so is every
metric space (Dugundji [1, p. 186]). More importantly for us, every mani-
fold is paracompact (Spivak [1, Ch. 2, Th. 13, p. 66]). Thus the homotopy
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Y
Figure 6.2

property of vector bundles (Theorem 6 8) actually holds over any mamfold
Y, compact or not. .
Corollary 6.9. A vector bundle over a contractible manifold is trivial.

PROOF. Let E be a vector bundle over M and let f and g be maps

i)
M 2 point
[}

such that g o f is homotobic to the identity 1,,. By the homotopy propcri_‘_y'
of vector bundles

Ex(@-f)"'Exf""(g™'E).
Since g~ ' E is a vector bundle on a point, it is trivial, hence so is f ~}(g~'E).

O

So for a contractible manifold M, Vect(M) is a single point.

REMARK. Although all the results in this subsection are stated in the differ-
entiable category of manifolds and smooth maps, the corresponding state-
ments with “manifold” replaced by “space” also hold in the continuous
category of topologncal spaces and continuous maps, the only exocptnon .
being Corollary 6.9, in which the space should be assumed paracompact.

Exercise 6.10. Compute Vecty(S*). . o ‘

Compact Cohomology of a Vector Bundle

The Poincaré lemmas
H*M x R") = H¥M)
H}M x R") = H? "%(M)
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‘ may be viewed as results on the cqhomology of the trivial bundle M x R"

’

over M. More generally let E be a vector bundle of rank n over M. The zero
section of E, s : x+»(x, 0), embeds M diffeomorphically in E. Since M x {0}
is a deformation retract of E, it follows from the homotopy axiom for de
Rham cohomology (Corollary 4.1.2.2) that ’

H*(E) ~ H*(M).
For cohomology with compact support one may suspect that
6.11) H*E) ~ H* "(M).

This is in general not true; the open Mobius strip, considered as a vector
bundle over S', provides a counterexample, since the compact’ cohomology
of the Mobius strip is identically zero (Exercise 4.8). However, if E and M
are orientable manifolds of finite type, then formula (6.11) holds. The proof
is based on Poincaré duality, as follows. Let m be the dimension of M. Then

H*E) ~ (H**""%E))* by Poincaré duality on E .
~ (H™**~*(M))* by the homotopy axiom for de Rham cohomology
~ H* (M) by Poincare duality on M.

Lemma 6.12. An orientable vector bundle E over an orientable manifold M is
an orientable manifold.

ProoF. This follows from the fact that if {(U,, Yo} is an oriented atlas for
M with transition functions h,s = ¥/, o ¥, ! and
$a:  Ely, 3 U, x R

1s a local trivialization for E with transition functions g,4, then the com-
position

E

v. > U, x R" 3 R™ x R"

* gives an atlas for E. The typical transition function of this atlas,

WexDoetps'os! x1):R*" xR - R" x R
sends (x, y) to (hgx), g.5(¥< *(x))y) and has Jacobian matrix
: D(h.g) . )
6.12. ,
©124 ( 0 gul¥vs '(x)

where D(h_g) is the Jacobian matrix of h,;. The determinant of the matrix
(6.12.1) is clearly positive. O

Thus,

Proposition 6.13. If n: E— M is an orientable vector bundle and M is
orientable, then H¥(E) ~ H* ~%(M).
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REMARK 6.13.1. Actually the orientability assumption on M is superfluous.
See Exercise 6.20.

REMARK 6.13.2. Let M be an oriented manifold with oriented atlas {(U,,
¥} and n: E — M an oriented vector bundle over M with orientation
{(U,, ¢} Then E can be made into an oriented manifold with orientation
given by the oriented atlas

(R U, W x Do, :m"YU) — U, x R" = R™ x R"}

This is called the local product orientation on E.

Compact Vertical Cohomology and Integration along the Fiber

As mentioned earlier, for vector bundles there is a third kind of cohomo-
logy. Instead of QXE), the complex of forms with compact support, we
consider Q% (E), the complex of forms with compact support in the vertical
direction; in other words, a form in Q2% (E) need not have compact support
in E but its restriction to each fiber has compact support. The cohomology
of this complex, denoted H%(E), is called the cohomology of E with compact
support in the vertical direction, or compact vertical cohomology.

Let E be oriented as a rank » vector bundie. The formulas in (4.4) extend
to this situation to give integration along the fiber, x, : Q%(E) — 02*"%(M),
as follows. First consider the case of a trivial bundle E=M x R". Let
ty, ..., t, be the coordinates on the fiber R*. A form on E is a real linear

¢ combination of two types of forms: the type (I) forms are those which do
not contain as a factor the n-form dt, ... dt, and the type (II) forms are
those which do. The map =, is defined by

D (m*$)f(x, 8,....80dy, ...dty, —O , r<n .
(D) (*P)f(x, by, ..., t) Aty ... dty++ @ Jgo fix, by, ..., L) dty ... dt,,

where f has compact support for each fixed x in ‘M and ¢ is a form on M.
Next suppose E is an arbitrary oriented vector bundle, with oriented triv-
ialization {(U,, ¢}aei- Let x4, ..., x,, and y,, ..., yu be the coordinate
functions on U, and U, and t,, ..., ¢,, u, ..., 4, the fiber coordinates on
E|y, and E|y, given by ¢, and ¢, respectively. Because {(U,, ¢,)} is an
oriented trivialization for E, the two sets of fiber coordinates ¢, ..., ¢, and
u; ..., u, are related by an element of GL*(n, R) at each point of U, n U,.
Again a form w in Q%(E) is locally of type (I) or (II). The map =, is defined
to be zero on type (I) forms. To define x, on type (Il) fotms, wnte @, for

L-l(u.) Then

W, = (’t‘¢)f(xl, se0ey xu’ tl) dtl

-4

and
Wy = (T*TVG(V1y oo Yims Bgs o~os Uy) AUy ... dity.



62 1 de Rham Theory

Define
My W, = ¢ I fx, podey ... dt,.
R
Exercise 6.14. Show that if E is an oriented vector bundle, then n, w, =
n,ws. Hence {n,w,}, . piece together to give a global form n,w on M.

Furthermore, this definition is independent of the choice of the oriented
trivialization for E.

Proposition 6.14.1. Integration along the fiber n, commutes with exterior
differentiation d.

Proor. Let {(U,, ¢,)} be a trivialization for“E, {p,} a partition of unity
subordinate to {U,}, and w a form in Q2(E). Since w = Y, p, w, and both
and d are linear, it suffices to prove the proposition for p,w, that is,
n, d(p, w) = dn (p,w). Thus from the outset we may assume E to be the
product bundle M x R* If o = (n*¢)f(x, t) dt, ... dt, is a type (1I) form,

dn,w = d(¢ jf(x, t)dt, ...dt,)

= (d¢) J'f(x, t) dt, ...dt,+(-l)“"¢;dx,[—a%{-(x. de ... dt
. '
and

A dw = m ((n*d@) fdt; ... dt, + (—1)%%¢ 2% Y g—f dx; dt, ... dt)
a of
= (d¢) jfdtl e dty +(=1)0 Y ¢ dx, Ia dt, ... dt,
i X

So dn, w = n, dw for a type (II) form. Next let w = (*@) f(x, t) dt,, ... dt,,
r < n, be a type (I) form. Then ,

dn, 0w =0
and

= (—1)lese 2 n,((n‘cp) . (x, t)y dt; duy, ... dt,)

=0 nf dt;dth dty, # tdty ..

If dt, dt;, ... dt, = +dt, ... dt,, then | 3f/dt(x, ) dt, dt,l ... dt, is again 0:
because f has compact support, .

j —-(x, t) dt; = f(..., ©,..)~f(.., —00,..)=0. 0

Note that integration along the fiber, n, : Q% E) — Q*~*(M) lowers the
degree of a form by the fiber dimension. :
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Proposition 6.15 (Projection Formula). (a) Let n: E — M be an oriented
rank n vector bundle, t a form on M and w a form on E with compact support
along the fiber. Then

T ((n*7)  w)=1 ", 0.

(b) Suppgse in addition that M is oriented of dimension m, w € Q,(E), and
t € Q""" YM). Then with the local product orientation on E

j *Aw ~—-J‘ tAn,w.
E M

ProOF. (a) Since two forms are the same if and only if they are the same
locally, we may assume that E is the product bundle M x R". If w is a form
of type (1), say w = n*¢ - f(x, t) dt,, ... dt, , where r < n, then

T (7*T) - @) = n (7% @) - f(x, ) dty, ... d1,)) =0 =1 - n .
If w is a form of type (II), say w = n*¢ - f(x, t) dt, .. dt,,, then
T ((n*7) - w) =1 ¢ j fx,8)dey ...dt, =1 -n, 0.

(b) Let {(U,, ¢)},o, be an oriented trivialization for E and {p,}" ja
partmon of unity subordinate to {U,}. anmg W= Z Pu®, where p,,a) has
support in U,, we have

f woro=3 [ @A)
£ s Ja,

3

and
J. AT 0= .[ tAn,(p, w)
] M ' a JUg - ’ .

‘Here 1 A n(p, w) has compact support because its support is a closed subset
of the compact set Supp 7; similarly, (n*7) A(p, w) also has compact sup-
port. Therefore, it is enough to prove the proposmon for M U and E’
trivial. The rest of the proof proceeds as in (a). : O

The proof of the Poincaré lemma for compact supports (4.7) carries over
verbatim to give :

n:&

Propeosition 6.16 (Poincaré Lemma for Compact Vertical Supports). Inte--
gration along the fiber defines an isomorphism i e e

HEM x R = H*"(M). e
Thxsnsaspecnalcascof o

Theorem 6.17 (Thom Isomorphism). If the vector bundle n: E - M over a
manifold M of finite type is orientable, then

HZ(E) ~ H*"%(M)
where n is the rank of E.
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ProoF. Let U and ¥ be open subsets of M. Using a partition of unity from
the base M we see that

0 —QNEly.v) —SQUE ) ®QNE ) — Q(E lvAv)—0
is exact, as in (2.3). So we have the diagram of Mayer-Vietoris sequences

- —— HMEly ) ——HAEN) @ HAE|)— HAYEl ov) —THL (Ely  y)—

v

I : I I

el =M U U V)——H - U)D H* - (V) —H* - U n V}—-d—_-H'H—"(U U V)— -

The commutativity of this diagram is trivial for the first two squares; we
will check that of the third. Recalling from (2.5) the explicit formula for the
coboundary operator d*, we have by the projection formuld (6.15)

n, d*w = n((n* dpy) - w) = (dpy) * Mg = d*z, @.

So the diagram in question is commutative.

By (6.9) if U is diffeomorphic to R*, then E | is trivial, so that in this case
the Thom isomorphism reduces to the Poincaré lemma for compact vertical
supports (6.16). Hence in the diagram above, n, is an isomorphism for
contractible open sets. By the Five Lemma if the Thom isomorphism holds
for U, V, and U n V, then it holds for U v V. The proof now proceeds by
induction on the cardinality of a good cover for the base, as in the proof of
Poincaré duality. This gives the Thom isomorphism for any manifold M
having a finite gaod cover. 0O

REMARK 6.17.1. Although the proof above works only for a manifold of
finite type, the theorem is actually true for any base space. We will reprove
the theorem for an arbitrary manifold in (12.2.2).

Under the Thom isomorphism J : H¥M) = H%**E), the image of 1 in
H®(M) determines a cohomology class @ in H”(E), called the Thom class of
the oriented vector bundle E. Because n, ® = 1, by the projection formula
(6.15) ‘

n(A*0A®) = wAR, ® = w.
So the Thom isomorphism, which is inverse to =, is given by
FT( )==r*( )AO.

Proposition 6.18. The Thom class ® on a rank n oriented vector bundle E can
be uniquely characterized as the cohomology class in H.,(E) which restricts to
the generator of HXF) on each fiber F.

ProoF. Since n, @ = 1, ® |, is a bump form on the fiber with total in-
tegral 1. Conversely if & in HZ,(E) restricts to a generator on each fiber,
then ) ' :

T (m* D) AD) = 0w AR, D = o
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Hence n*( )A®' must be the Thom isomorphism J and @' = F(1) is the
Thom class. O

Proposition 6.19. If E and F are two oriented vector bundles over a manifold
M, and n; and n, are the projections

. E®F

1 2

WA

then the Thom class of E ®.F is ™(E @ F) = n¥®(E) A n3®(F).

PROOF. Let m = rank E and n = rank F. Then nT®(E) A n$®(F) is a class in
HZ*™(E & F) whose restriction to each fiber is a-generator of the compact
cohomology of the fiber, since the isomorphism

H"" MR™ x R") ~ H"R™ ® HXR")
is given by the wedge product of the generators. ‘ a

Exercise 6.20. Using a Mayer-Vietoris argument as in the proof of the
Thom isomorphism (Theorem 6.17), show that if n: E— M is an orient-
able rank n bundle, then

HX(E) >~ H? "™ (M).

Note that this is Proposition 6.13 with the orientability assumption on M
removed.

A

Poincaré Duality and the Thom Class

Let S be a closed oriented submanifold of dimension k in an oriented
manifold M of dimension n. Recall from (5.13) that the Poincaré dual of S is
the cohomology class of the closed (n — k)-form #y cbaractenzed by the

property

(6.21) J‘w-‘-f wlAns
s M

- for any closed k-form with compact support on M. In this section we will
explain how the Poincaré dual of a submanifold relates to the Thom class
of a bundle (Proposition 6.24). To this end we first introduce the notion of a.
tubular neighborhood of S in M ; this is, by definition an open neighborhood
of § in M diffeomorphic to a vector bundle of rank n-k over S. Now a
sequence of vector bundla over M, :

0—E—E —E —0,
is said to be exact if at each point p in M, the sequence of vector spaces
0—E,—E,—E,—0
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is exact, where E, is the fiber of E at p. If S is a submanifold in M, the
normal bundle N = Ng;, of S in M is the vector bundle on S defined by the
exact sequence

6.22) 0 — Ty — Ty|s — N —0,

where Ty |5 is the restriction of the tangent bundle of M to S. The tubular
neighborhood theorem states that every submanifold S in M has a tubular
neighborhood 7, and that in fact T is diffeomorphic to the normal bundie
of S in M (see Spivak [1, p. 465] or Guillemin and Pollack [1, p. 76]). For
example, if S is a curve in R*, then a tubular neighborhood of S may be
constructed using the metric in R® by attaching to each point of S an open
disc of radius one perpendicular to S at the center. The union of all these
discs is a tubular neighborhood of S (Figure 6.3(a)).

- @ (b)

Figure 6.3

In general if A and B are two oriented vector bundles with oriented
trivializations {(U_, ¢} and {(U,, ¢,)}, respectively, then the direct sum.
orientation on A @ B is given by the oriented trivialization {(U,, ¢, D ¥,)}.
Returning to our submanifold S in M, we letj: T <, M be the inclusion of a
tubular neighborhood T of S in M (see Figure 6.3(b)). Since S and ‘M are
orientable, the normal bundle N, being the quotient of Ty |s by Ty, is also
orientable. By convention it is otiented in such a way that

Ns®T; = Tuls

has the direct sum orientation. So the Thom mombrplnsm theorem applies
to the normal bundie T ==NsoverSandwe have the sequence of maps

H‘(S) :~. Hl’.“ "(T) H***"X(M)

where ® is the Thom class of the tube T and j, is extension by 0; herej, is
defined because we are only concerned with forms on the tubular neighbor-
hood T which vanish near the boundary of T. We claim that the Poincaré
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dual of S is the Thom class of the normal bundle of S; more precisely
(6.23) Ns =j @A) =j,® in H"YM).

To prove this we merely have to show that j, ® satisfies the defining prop-
erty (5.13) of the Poincaré dual n5. Let w be any closed k-form™ with
compact support on M, and i: S — T the inclusion, regarded as the zero
section of the bundle n: T — S. Since n is a deformation retraction of T
onto S, n* and i* are inverse isomorphisms in cohomology. Therefore on
the level of forms, w and n*i*w differ by an exact form: w = n*%*w + dr.

J wAj, P
M ~
=| oAD because j, ® has support in T
JT
P
= | (n**w + dO))AD
JT . .
= | @*i*w)rd since J d)AD = j d(t A®) = 0 by Stokes’
JT T " dT ’ o
theorem
= J. *oAn,® by the projection formula (6.15)
S
=Ji*w because 1, ® = 1.
S .

This concludes the proof of the claim. Note that if S is compact, then its
Poincaré dual 55 = j,® has compact support.

Conversely, suppose E is an oriented vector bundle over an oriented
" manifold M. Then M is diffeomorphically embedded as the zero section in
- E and there is an exact sequence '

0— Ty— (T)lu— E—Q,

i.e, the normal bundle of M in E is E itself. By (6.23), the Poincaré dual of M
mEtstheThomclassofE In summary, .
Proposition 6.24. (a) The Poincaré dual of a dosed oriented submngfold Sin
an oriented manifold M and the Thomdaaofthenormalbuudkome):.
represented by the same forms.

(b) The Thom class of an oriented vector bundle R:E— M over an
oriented manifold M and the Poincaré dual of the zero section of E can be
represented by the same form. Co

Because the normal bundle of the submanifold § in M is dxﬂ'eomorphlc.
to any tubular neighborhood of S, we have the following proposition. T

Proposition 6.25 (Localization Principle). The support of the Poincaré dual of
a submanifold S can be shrunk into any given tubular neighborhood of S. ~
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Figure 6.4

EXAMPLE 6.26.

(@) The Poincaré dual of a point p in M.
A tubular neighborhood T of p is simply an open ball around p (Figure 6.4).
A generator of HJ(T) is a bump n-form with total integral 1. So the
Poincaré dual of a point is a bump n-form on M. The form need not have
support at p since all bump n-forms on a connected manifold are cohomol-
Ogous.

(b) The Poincare dual of M.
Here the tubular neighborhood T is M itself, and H%(T) = H*(M). So the
Poincaré dual of M is the constant function 1.

(c) The Poincare dual of a circle on a torus.

Figure 6.5

The Poincaré dual is a bump 1-form with support in a tubular neighbor-
hood of the circle and with total integral 1 on each fiber of the tubular
neighborhood (Figure 6.5). In the usual representation of the torus as a
square, if the circle is a vertical segment, then its Poincaré dual is p(x) dx
where p is a bump function with total integral 1 (Figure 6.6).

Using the explicit construction of the Poincaré dual 5 =j, ® as the
Thom class of the normal bundle, we now prove two basic properties of
Poincaré duality. Two .submanifolds R and § m M are said to intersect
transversall y if and only if

621" T,R+T.S=T,M
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B
>

Figure 6.6

at all points x in the intersection R N § (Guillemin and Pollack [1, pp.
27-32]). For such a transversal intersection the codimension in M is addi-,
tive:

(6.28) codim R N § = codim R + codim §.
This implies that the normal bundleof R ~ Sin M is
(6.29) Ngns= Ny ® Ns.

Assume M to be an oriented manifold, and R and § to be closed oriented
submanifolds. Denoting the Thom class of an oriented vector bundle E by
Q(E), we have by (6.19)

(6.30) O(Ngns5) = ®Ng @ Ns) = B(Ng) ADN;).
Therefore,
(6.31) Nras =Nx A ns;

i.e., under Poincaré duality the transversal .intersection of closed oriented
submanifolds corresponds to the wedge product of forms.

If f: M’ — M is an orientation-preserving map of oriented manifolds, T
is a tubular neighborhood of the closed oriented submanifold S in M, and
f(M’) is transversal to S and T, then f™!T is a tubular neighborhood of
f'Sin M'. From the commutative diagram ,

o 2. w2 mem
f‘ f‘l | ‘ f‘
aN'D Je

H*f~ lS) L U 22— B,

we sec that if w is the cohomology class on M representing the submamfold
S in M, then f*w is the cohomology class on M’ representing f ~(S), i.c.,
‘under Poincaré duality the induced map on cohomology correspond: to tin,

pre-image in geometry, i.e., n;-ys, = f*ns.
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The Global Angular Form, the Euler Class, and the Thom Class

In this subsection we will construct explicitly the Thom class of an oriented
rank 2 vector bundle = : E — M, using such data as a partition of unity on
M and the transition functions of E. The higher-rank case is similar but
more involved, and will be taken up in (11.11) and (12.3). The construction
is best understood as the vector-bundie analogue of the procedure for going
from a generator of H*"}(§" ') = H" '(R" — {0}) to a generator of H(R").
So let us first try to understand the situation in R”.

We will call a top form on an oriented manifold M positive if it is in the
orientation class of M. The standard orientation on the unit sphere $*~! in
R" is by convention the following one: if ¢ is a generator of H*}(S"~!) and
7 :R* — {0} — $*"! is a deformation retraction, then ¢ is positive on §*~?
if and only if dr - n*0 is positive on R* — {0}.

Exercise 6.32. (a) Show that if 9§ is the standard angle function on R?,
measured in the counterclockwise direction, then d@ is positive on the circle
st ‘

(b) Show that if ¢ and 8 are the spherical coordinates on R? as in Figure
6.7,then d¢ A d6 is positive on the 2-sphere S*.

]

Figure 6.7

™

s Let o be the positive generator of H*~'(S"~ ') and ¥y = n*g thé corre-
sponding generator of H* Y(R* — {0}); ¢ is called the angular form on
R* — {0}. If p(r) is the function of the radius shown in Figure 6.8, then
dp = p’(r)dr is a bump form on R! with total integral 1 (Figure 6.9). There-
fore (dp) - ¥ is a compactly supported form on R* with total integral 1, i.e.,
(dp) - ¢ is the generator of HX(R"). Note that because ¥ is closed, we can
write ‘ - :

6.33) C Wp)Y=dip V).
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p(r)

Figure 6.8

Now let E be an oriented rank n vector bundle over M, and E° the
complement of the zero section in E. Endow E with a Riemannian structure
as in (6.4) so that the radius function r makes sense on E. We begin our
construction of the Thom class by finding a global form ¢ on E® whose
restriction to each fiber is the angular form on R* — {0}. ¥ is called the
global angular form. Once we have the angular form y, it is then easy to
check that ® = d(p - ¢)is the Thom class.

Now suppose the rank of E is 2, and {U,} is an open cover of M. Since
E has a Riemannian structure, over each U, we can choose an orthonormal
frame. This defines on E°|, polar coordinates r, and 6,; if xy, ..., x, are
coordinates on U,, then n*x,, ..., n*x,, r,, 8, are coordinates on E°|U .
On the overlap U, n U,, the radii r, and r, are equal but the angular
coordinates 6, and 8, differ by a rotation. By the orientability of E, it makes
sense to speak of the “counterclockwise direction” in cach fiber. This allows

P

Figure 6.9
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us to define unambiguously ¢, as the angle of rotation in the counterclock-
wise direction from the a-coordinate system to the f-coordinate system:

(6.34) 6, = 0, + ﬂ‘(Pd, 0 Pap < 2n.

Although rotating from a to § and then from f to y is the same as

rotating from « to v, it is not true that g5 + @4, — @,, = 0; indeed all that
one can say is

Pep + Py — oy € 20L.

AsiDE. To each triple intersection we can associate an integer
' 1
(6'35) scly = 57-[ (q’cﬂ = Pay + (pﬂr)‘

The collection of integers {5, } measures the extent to which {@,4} fails to
be a cocyle. We will give another interpretation of {e,,, } in Section 11.

Unlike the functions {¢,s}, the 1-forms {d¢,,} satisfy the cocycle condi-
tion. - ’ ‘
Exercise 6.36. There exist 1-forms £, on U, such that
4 I L
'i; d(pd = fp - Ca '

[Hint: Take¢, =Y, p, do,,, where {p,} is a partition of unity subordinate
to {U,}.] ' '

It folows from Exercise 6.36 that d, = d§; on U, n U,. Hence the d{,
piece together to-give a global 2-form e on M. This global form e is clearly
closed. It is not necessarily exact since the £, do not usually piece together
to give a global I-form. The cohomology class of e in H*(M) is called the

Euler class of the oriented vector bundle E. We sometimes write e(E) instead
of e.

Claim. The cohomalogy class of e is independent of the choice of & in our
construction.

ProoF oF CLAIM. If {£,} is a different choice of 1-forms such that

| ) .
.'z‘;d¢¢=€a“zf=fp"‘fn

then . '
E""&p"—'za'-fa:c
is a global form. So d¢, and d¢, differ by an exact global form. 0
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By (6.34) and (6.36), on E°|y, . ¢,

do, . de,
(6.36.1) -2—7—; —n*¢, = ’E;f —-n*&, .

These forms then piece together to give a global 1-form y on E°, the global
angular form, whose restriction to each fiber is the angular form (1/2x) d6,
i.e,if 1, : R? —~ E is the orthogonal inclusion of a fiber over p, then1,*y =
(1/2n) d6. The global angular form is not closed:

dy = % — n*§ ) = —a*d, = —n*di,.

Therefore, '
(6.37) dy = ~ u‘e

When E is a product,  could be taken to be the pullback of (1/‘21:) dé
under the projection E° = M x (R?> — 0) —» R? — 0. In this case y is closed
and e is 0. The Euler class is in this sense a measure of the thstmg of the

‘oriented vector bundle E.

The Euler class of an oriented rank 2 vector bundle may be gwen in
terms of the transition functions, as follows. Let g,y : U, n Uy — SO(2) be
the transition functions of E. By identifying SO(2) with the unit circle in the
complex plane via (¢ -%8)=¢¥ g, may be thought of as complex-
valued functions. In this context the angle from the f-coordinate system to
the a-coordinate system is (1/i)log g,s. Thus

6, — 05 = n*(1/i)log g,
and
n* dg.y = —n*(1/dlog g, .
Since the projection n has maximal rank, n* is ix_ljective,lso that
dpqg = —(1/D)iog G-
Let {p,} be a partition of unity subordinate to {U,}. Then -~ "~ - °

1
'i;dfpaﬂ"f’—cc’-

where

1 1 .
(6.37.1) | ¢, = oy ; p, A, = -— - Y p,dlog Gre -

4
Therefore,

. .
(6.38) eE) = — I Y dpp,dlogg,) onU,.
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Proposition 6.39. The Euler class is functorial, ie., if f: N — M is a C* map
and E is a rank 2 oriented vector bundle over M, then

of 'E)=f* e(E).

PROOF. Since the transition functions of f “'E are f "'g,,,, the proposition is
an immediate consequence of (6.38). O

We claim that just as in the untwisted case (6.33), the Thom class is the
cohomology class of

(6.40) ® =dp(r) - ) =dp(r) - ¢ — p(r)n*e .

Although ¥ is defined only outside the zero section of E, the form ® is a
global form on E since dp = 0 near the zero section. ® has the following
properties:

(a) compact support in the vertical direction;
(b)closed: d® = — dp(r) - dy — dp(r)n*e =0
(c) restriction to each fiber has total integral 1:

© 2z
n‘x,‘,‘@:jJ‘ ——p(oo) p0) =1,
o o

where 1,: E,— E is the inclusion of the fiber E, into E;

(d) the cohomology class of ® is independent of the choice of p(r). Sup-
pose j(r) is another function of r which is — 1 near 0 and O near infinity, and
which defines @. Then

® — & = d((p(r) — eHV)

where (p(r) — p(r)) - ¢ is a global form on E because p(r) — p{r) vanishes
near the zero section.

Therefore @ indeed defines the Thom class. Furthermore, if s : M— E is
the zero section of E, then

s*® = d(p(0)) - s*Y — p0)s* n*e=e.
This proves

Proposition 6.41. The pullback of the Thom class to M by the zero section is
the Euler class.

Let {U,} be a trivializing cover for E, {p,} a partition of unity subordi-
nate to {U,}, and g,, the transition functions for E. Since
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sl'*ﬁ—n*di

dH 1
=3 +E—n‘2p,dlogg,,

(cf. (6.36.1) and (6.37.1)), we have by (6.40),
(6.42) @ = d{ p(r) %) , L dip(rin* ¥ p, dlo

: =N %) T & Py CTOB B
This is the explicit formula for the Thom class.

Exercise 6.43. Let = : E — M be an oriented rank 2 bundle. As we saw in
the proof of the Thom isomorphism, wedging with the Thom class is an
isomorphism A® : H*(M) x H%* *(E). Therefore every cohomology class
on E is the wedge product of ® with the pullback of a cohomology class on
M. Find the class u on M such that

®* = ®An*uin H% (E) .

Exercise 6.44. The complex projective space CP" is the space of all lines
through the origin in C**!, topologized as the quotient of C*** by the
equivalence relation

z~4z for zeC"*', 1 a nonzerc complex number.

Let z,, ..., z, be the complex coordinates on C*"**, These give a set of
homogeneous coordinates {z,, ..., z,] on CP" determined up to multi-
plication by a nonzero complcx number 4. Define U, to be the open subset
of CP* given by z; # 0. {Uo, ..., U,} is called the standard open cover of
CP*.

(a) Show that CP" is a manifold.
(b) Find the transition functions of the normal bundle N¢pi,cp: relative
to the standard open cover of CP'.

ExameLe 6.44.1. (The Euler class of the normal bundle of CP! in CP?). Let
N = N¢pi,cp2 be the normal bundle of CP! in CP2. Since CP! is a compact
oriented manifold of real dimension 2, its top-dimensional cohomology is
H*CP'y = R. We will find the Euler class e(N) as a muluple of the gener-
ator in H*(CP!).

By Exercise 6.44 the transition function of N relative to the standard
open cover is go, = Zo/z, at the point [z4, 2,]. Let z = z4/z, be the coordi-
nate of U, which we identify with the complex plane C. By (6.38) the Euler
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class e(N) on U, is given by

1
eN)= — i dp, d log go,

1
=5 dpo dlog z,
where po is 1 in a neighborhood of the origin, and O in a neighborhood of
infinity. .

Fix a circle C in the complex plane with so large a radius that Supp p, is
contained inside C. Let A4, be the annulus centered at the origin whose
outer circle is C and whose inner circle B, has radius r (Figure 6.10). Note
that as the boundary of 4,, the circle C is oriented counterclockwise while
B is oriented clockwise. :

_

Figure 6.10

Now

‘ 1
: Lle(N)z ‘2_1zij;dp°d log z,
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and

Ld(po dz/z) = lim J d(po dz/z)

r—0 ’

= lim J. Po dz/z + f po dz/z by Stokes’ theorem
/B,

r-=0 JC

= lim f dz/z
r~0 JB,
= — i,

where the minus sign is due to the clockwise orientation on B,. Therefore,
1

Exercise 6.45. On the complex projective space CP" there is a tautological
line bundle S, called the universal subbundle; it is the subbundle of the
product bundleCP* x C**! given by

S={(¢ 2]z}

Above each point ¢ in CP", the fiber of S is the line represented by ¢. Find
the transition functions of the universal subbundle S of CP! relative to the
standard open cover and compute its Euler class.

Exerczse 6.46. Let S" be the unit sphere in R**! and i the antlpodal map on
sl

i (xl" ,x,.“)—o( Xgs ooos -x.+1) ' ' ’

The real projective space RP" is the quotu:nt of S* by the eqmvalcnoe
relation

- x~i(x), for x&R"'.

(@) An invariant form on S* is a form w such that i*w = w. The vector
space of invariant forms on S*, denoted Q*(S*Y, is a differential complex,
and so the invariant cohomology H*(S") of S" is defined. Show that
H*RP") ~ H*S". '

(b) Show that the natural map H*(S*)' — H*(S") is injective. [Hint : If @
is an invariant form and -@ =dr for some form ¢ on S° then w=
d(t + i*1)/2.]

(c) Give S" its standard orientation (p. 70). Show that the anupodal map
i: S*— §" is orientation-preserving for n odd and orientation-reversing for
n even. Hence, if [o] is a generator of H%(S"), then [s] is an invariant
cohomology class if and only if n is odd. .
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(d) Show that the de Rham cohomology of RP* is
(R forq =0,
for0 < g <n,

HYRP") 0
‘.IR for ¢ = n odd,
L0

for ¢ = n even.

Relative de Rham Theory

The Thom class of an oriented vector bundle may be viewed as a relative
cohomology class, which we now define. Let / : S— M be a map between
two manifolds. Define a complex Q*(f) = @, o S¥(f) by

d(w, 8) = (dw, [*o — d6).

It is easily verified that d* = 0. Note that a cohomology class in Q*(f) is
represented by a closed form w on M which becomes exact when pulled
back to S.

By definition we have the exact sequence

0 — Q9 X(S) = Qf) L QM) — 0

with the obvious maps a and : «(6) = (0, 8) and f(w, 6) = w. Clearly fis a
chain map but « is not quite a chain map; in fact it anticommutes with d

ad = —da. In any case there is still a long exact sequence in cohomolr
(6.47) = HHS) S HY) D H(M) 55 HY(S)— -

Claim 6.48. &* =f*.
Proor oF CrLaM. Consider the diagram

S0 QYS) - FTH() - T (M) 0

d? dt dt
0—-Q"Y(S)—~ QYf) - QM) -0

w w

(w, 8) w

Let w € QX% M) be a closed form and (w, 6) any element of Q¥ f) which maps
to w. Then d(w, 6) = (0, f*w — d0). So *[w] = [f*w —-df] =[f*w]. O
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Combining (6.47) and (6.48) we have

Proposition 6.49. Let f : S— M be a differentiable map between two maini-
Jolds. Then there is an exact sequence

o= HYf) & H(M) & HYS) = HY*Y(f)— -

Exercise 6.50. If f, g: S— M are homotopic maps, show that H*(f) and
H*(g) are isomorphic algebras.

If S is a submanifold of M and i: §— M is the inclusion map, we define
the relative de Rham cohomology HYM, S) to be H%i). :

We now turn to the Thom class. Recall that if #: E— M is a rank n
oriented vector bundle and E° is the complement of the zero section, then
there is a globai angular form ¢ on E° such that dy = —n®%e, where ¢
represents the Euler class of E (6.37). Furthermore, if s: M — E is the zero
section, then e = s*® (Proposition 6.41). Hence, (s - n)*® = —dy, where
s o m: E®— E. This shows that (®, —y) is closed in the complex Q%s o n)
and®o represents a class in H*(s o n). Since the map s o n: E® — E is clearly
homotopic to the inclusion i: E°— E, by Exercise 6.50, H(s o =) = H"(i).
Hence, (®, — ) represents a class in the relative cohomology H¥E, E°).

§7 The Nonorientable Case

Since the integral of a differential form on R” is not invariant under the
whole group of diffeomorphisms of R”, but only under the subgroup of -
orientation-preserving diffeomorphisms, a differential form cannot be irlte-
grated over a nonorientable manifold. However, by modifying a differential
form we obtain something called a density, which can be integrated over
any manifold, orientable or not. This will give us a version of Poincaré
duality for nonorientable manifolds and of the Thom isomorphism for non-
orientable vector bundles.

The Twisted de Rham Complex -

e LEL M be a Tnanifold and E a vector space. The space of differential forms on
M with values in E, denoted Q*(M, E), is by definition the vector space
spanned by w ® v, where w € Q%(M), v € E, and the tensor product is over
R. This space can be made naturally into a differential complex if we let the
differential be ) '

dw®v)=([dw)®v.

So the cohomology H*(M, E) is defined. Indeed, if E is a vector space of
dimension n, then H*(M, E) is isomorphic to n copies of H3x(M).
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Now let E be a vector bundle. We define the space of E-valued g-forms,
QYM, E), to be the global sections of the vector bundle (AT%)® E. Lo-
cally such a g-form can be written as ), w; ® e;, where w, are g-forms and ¢,
are sections of E over some open set U in M, and the tensor product is over
the C*® functions on U. For these vector-valued differential forms, no na-
tural extension of the de Rham complex is possible, unless one is first given
a way of differentiating the sections of E.

Suppose the vector bundle E has a trivialization {(U,, ¢,)} relative to
which the transition functions are locally constant. Such a vector bundle is
called a flat vector bundle and the trivialization a locally constant triv-
ialization. For a flat vector bundle E a differential operator on Q*(M, E)
may be defined as follows. Let e}, ..., el be the sections of E over U,
corresponding to the standard basis under the trivialization ¢,: E|y, >
U, x R". We declare these to be the standard locally constant sections, i.e.,
de,'; =0. Over U, an E-valued g-form s in Q¥M, E) can be written as
Y w, @ e., where the o, are g-forms over U,. We define the exterior deriva-
tive ds over U, by linearity and the Leibaitz rule:

dY o ®e) =} ([dw)®e,.

It is easy to show that, because the transition functions of E relative to
{(U,, ¢} are locally constant, this definition of exterior differentiation is
independent of the open sets U, . More precisely, on the overlap U, n U,,
if

s=Y o;Qe =) 1,0e)}
and e} = Y ey ej, where the c;; are locally constant functions, then
Tj = Z Cuw‘
and
dY 1,@e =Y @dr)®e}

= Z (cy do) @ e}

= Z dw) @e,

=dY ;@ e,).

Hence ds is globally defined and is an element of Q%* (M, E). Because d? is
clearly zero, Q*%(M, E) is a differential complex and the cohomology
H*(M, E) makes sense. As defined, d very definitely depends on the triv-
ialization {(U,, ¢J)}, for it is through the trivialization that the locally
constant sections are given. Hence, d, Q*(M, E), and H¥(M, E) arc more
properly denoted as d, , Q3(M, E), and H}(M, E).

ExaMPLE 7.1 (Two trivializations of a vector bundle E which give rise to
distinct cohomology groups H*(M, E)).
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Let M be the circle S! and E the trivial line bundie S* x R* over the
circle. If E is given the usual constant trivialization ¢:

dx,r)=r for xeS! and reR',

then the cohomology HY(S', E) =
However, we can define another locally constant trivialization § for E as
follows. Cover S' with two open sets U and V as indicated in Figure 7.1.

b

U

T~

Figure 7.1

Let p(x) be the reai-valued function on V whose graph is as in Fi 1gurc 7 2.
The trivialization y is given by

forxe U, re R},

vx, r? {p(x)r forxe V,reR.

The standard locally constant sections over U and V are ey(x) = (x, 1) and
ey(x) = (x, 1/p(x)) respectively. Relative to the trivialization ¢, the cohomol-
ogy HYS?, E) = 0, sirce the locally constant sections over U and V do not
piece together to form a global section (except for the zero section).

It is natural to ask: to what extent is the twisted coilomology H¥(M, E)
independent of the trivialization ¢ for E?
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| N

2 -

\'
Figure 7.2

Proposition 7.2. The twisted cohomology is invariant under the refinement of
open covers. More precisely, let {(U,, ®J}.er be a locally constant triv-
ialization for E. Suppose {V3}s, is a refinement of {U,},.;and the coordi-
nates maps Y5 on V3 = U, are the restrictions of ¢,. Then the two twisted
complexes Q¥(M, E) and Q}(M, E) are identical and so are their cohomology :

H3(M, E) = HY(M, E).

Proor. Since the definition of the differential operator on a twisted complex
is local, and ¢ and ¥ agree on the open cover {V;}, we have d, = d,.
Therefore the two complexes Q$(M, E) and QJ(M, E) are identical. 0

Still assuming E to be a flat vector bundle, suppose {(U,, ¢,)} and
{{U,, ¥} are two locally constant trivializations which differ by a locally
constant comparison O-cochain, ie., if ¢! and f! are the standard locally
constant sections over U, relative to the trivializations ¢ and ¥ respectively,
then

¢ =¥ aif]
for some locally constant function o
a, = (a): U,— GL(n, R).
In this case there is an obvious isomorphism
F: QYM, E)— QYM, E)
given by ‘ »
r e ) alf.
It is easily checked that the diagram b
QM E) —-~Q3* (M, E)
IF ;
Q3(M, E) ——Q3* (M, E)
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commutes. Hence F induces an isomorphism in cohomology. Next, suppose
we are given two locally constant trivializations {(U,, ¢.)} and {(V;, ¥,)}
for E, with possibly different open covers. By taking a common refinement,
which does not affect the twisted cohomology (Proposition 7.2), we may
assume that the two open covers are identical. The discussion above there-
fore proves the following.

Proposition 7.3. (a) Let E be a flat vector bundle oyer M, and {(U,, 9o} and
{(Vs, ¥p)} two locally constant trivializations for E. Suppose after a common
refinement the two trivializations differ by a locally constant comparison 0-
cochain. Then there are isomorphisms

Q3(M, E) ~ Q}M, E)
and
H¥M, E) ~ H}(M, E).

This proposition may also be stated in terms of the transition functions
for E.

Proposition 7.3. (b) Let E be a flat vector bundle of rank n and {g,,} and {h,s}
the transition functions for E relative to two locally constant trivializations ¢
and Y with the same open cover. If there exist.locally constant funcgions , . ..

4,: Ug— GL(n, R)
such that
gcﬁ - ;»,hd 1-‘,,
then there are isomorphisms as in 7.3(a). E

Proposition 74. If E is a trivial rank n vector bundle over a maanold M, with
¢ a trivialization of ‘E given by n global sections, then -

H3(M, E) = HYM, R = ‘GBIH"'(M)

PROOF. Let e, ..., ¢, be the n global sections corresponding to the standard
basis of R". Thcn every clement in Q%(M, E) can be written uniquely as

Y @;® e, where w; € Q*M) and the tensor product is over the C* func-
tions on M. The map

Zwi®et"“’(wb~m w)
gives an isomorphism of the complexes Q¥(M, E) and Q%(M, R"). 3

Now let {(U,, ¢.)} be a coordinate open cover for the manifold M, with
transition functions g,s = @, o ¢, '. Define the sign function on R! to be
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+1 for x positive
sgn(x) = { 0 forx =0

-1 for x negative.
The orientation bundle of M is the line bundle L on M given by transition
functions sgn J(g,4), where J(g,4) is the Jacobian determinant of the matrix-
of partial derivatives of g,4. It follows directly from the definition that M is
orientable if and only if its orientation bundle is trivial.

Relative to the atlas {(U,, ¢,)} for M with transition functxons s> the

orientation bundle is by definition the quotient

(Uc x R! )/ (x, v) ~ (x, sgn J(gd(x))v)’

where (x, v) € U, x R' and (x, sgn J(g,s(x)}v) € Uy x R, By construction |
there is a natural trivialization ¢’ on L,

-

¢,: Llg, 53U, x R,

which we call the trivialization induced from the atlas {(U,, )} on M.
Because sgn J(g.;) are locally constant functions on M, the locally constant
sections of L relative to this trivialization are the ‘equivalence classes of

{(x, v)| x € U,} for v fixed in R'.

Propasition 7.5. If ¢’ and ' are two trivializations for L induced from two
atlases ¢ and yr on M, then the two twisted complexes Q}(M, L) and Q3(M,
L) are isomorphic and so are their cohomology H}{M, L) and H}(M, L).

PRrROOF. By going to a common refinement we may assume that the two
atlases ¢ and § have the same open cover. Thus on each U, there are two
sets of coordinate functions, ¢, and ¥, (Figure 7.3.1

%a

Figure 7.3
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The transition functions g, and h,, for the two atlases ¢ and y respectively
are related by

GapX) = e b5 ' |y xas
= ¢¢d’;"/‘¢'/’ﬂ-l'h ¢;1 lmxm
= px)h p(X)pg(x),
where u,: U, n Uy,— GL(1, R} is the function
1%) = G ¥ |y xmr-
It follows that

sgn J(g.s) = sgn J(u,) - sgn J(h,g) - sgn J(ug) ™.
Since sgn J(u,) = £ 1, by Proposition 7.3(b)

Q3(M, L) = Q3M, L). a

We define the twisted de Rham complex Q*(M, L) and the twisted de
Rham cohomology H*(M, L) to be Q3(M, L) and H$(M, L) for any triv-
ialization ¢’ on L which is induced from M. Similarly one also has the
twisted de Rham cohomology with compact support, H¥(M, L).

ReEMARK. If a trivialization ¥ on L is not induced from M, then HJ(M, L)
may not be equal to the twisted de Rham cohomology H*(M, L).

The following statement is an immediate consequence of Proposition 7.4
and the triviality of L on an orientable manifold. '

Proposition 7.6. On an orientable manifold M the twisted de Rham cohomol-
ogy H*(M, L) is the same as the ordinary de Rham cohomology.

Integration of Densities, Poincaré Duality, and the
Thom Isomorphism

Let M be a manifold of dimension n with coordinate open cover {(U,, ¢J)}
and transition functions g,,. A density on M is an clement of Q%(M, L), or
equivalently, a section of the density bundle (A*T%)® L. One may think of a
density as a top-dimensional differential form twisted by the orientation
bundle. Since the transition function for the exterior power A*TY; is 1/J(g,,),
the transition function for the density bundle is .

1
g

1
T B0
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Let ¢, be the section of L{U_ corresponding to 1 under the trivialization
of L induced from the atlas {(U,, ¢,)}. If ¢, = (x4, ..., x,) are the coordi-
nates on U,, we define the density |dx, --- dx,| in I(U,, (A*T)®L)) to be

|dx, -+ dx,] = ¢, dx, -+ dx

Locally we may then write a density as g{x,, ..., x,)|dx, - -- dx,| for some
smooth function g.
Let T: R" —» R" be a diffeomorphism of R" with coordinates x,, ..., x,

and y,, ..., y, respectively. If w =gl|dy, ... dy,| is a density on R", the
pullback of w by T is

T*w=(g o T)dy, > T)...dQy.~ T)|
= (g T)JD)l|dx, ... dx,|.

The density gjdy, ... dy, | is said to have compact support on R* if g has
compact support, and the integral of such a density over R" is defined to be
the corresponding Riemann integral. Then

J T*w = (g DJD)ldx, ... dx, |
R JR* ’

= gldyl .dy,| Dby the change of variable formula
JR* .

P
=| o
JR*

Thus the integration of a density is invariant under the group of all diffeo-
morphisms on R". This means we can globalize the integration of a density
to a manifold. If {p,} is a partition of unity subordinate to the open cover
{(U,, ¢,)} and w € QYM, L), define

J w=}:j’ (¢ Y)* (o, ).
M « R

It is easy to check that this definition is independent of the choices involved.
Just as for differential forms there is a Stokes’ theorcm for densities. We
state below only the weak version that we need.

Theorem 7.7 (Stokes’ Theorem for Densities). On any manifold M of dimen-
sion n, orientable or not, if w € Q2 (M, L), then

‘de=o.
M

The proof is essentiaily the same as (3.5).
It follows from this Stokes’ theorem that the pairings

M) M, L)—+ R
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and
QM) Q" M, L) - R
given by

w/\tr—»f w1
M

descend to cohomology.

Theorem 7.8 (Poincaré Duality). On a manifold M of dimension n with g finite
good cover, there are nondegenerate pairings

HYM) @ HI"YM, L) — R
and " '
HiM) @ H* M, L) — R.
R

ProoF. By tensoring the Mayer-Vietoris sequences (2.2) and (2.7) with
I'(M, L) we obtain the corresponding Mayer-Vietoris sequences for twisted
cohomology. The Mayer-Vietoris argument for Poincaré duality on an
orientable manifold then carries over word for word. a

Corollary 7.8.1. Let M be a connected manifold of dimension n having a finite
good cover. Then

(R if M is compact orientable
HM) = {0 otherwise,

PrOOF. By Poincaré duality, HYM) = HX(M, L). Let {U,} be a coordinate
open cover for M. An eclement of H)(M, L) is given by a collection of
constants f, on U, satisfying

Jo = (sgn J(gp)) -

If f, = 0 for some a, then by the connectedness of M, we havef, = 0 for all
a. It follows that a nonzero element of H(M, L) is nowhere vanishing
Thus, HXM, L) % 0 if and only if M is compact and L has a nowhere-
vanishing section, i.c., M is compact orientable. In that case,

H)(M, L) = HI(M) = R. 0

Exercise 7.9. Let M be a manifold of dimension n. Compute the cohomol-
ogy groups HYM), H*(M, L), and HXM, L) for each of the following four
cases: M compact orientable, noncompact orientable, compact nonorient-
able, noncompact nonorientable.

Finally, we state but do not prove the Thom isomorphism theorem in all
orientational generality. Let E be a rank n vector bundle over a manifold
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M, and let {(U,, ¢.)} and g, be a trivialization and transition functions for
E. Neither E nor M is assumed to be orientable. The orientation bundle of
E, denoted o(E), is the line bundle over M with transition functions
sgn J(g,s). With this terminology, the orientation bundie of M is simply the
orientation bundle of its tangent bundle Ty, . It is easy to see that when E is
not orientable, integration along the fiber of a form in Q2% (E) does not yield
a global form on M, but an element of the twisted complex Q*(M, o(E)).

Theorem 7.10 (Nonorientable Thom Isomorphism). Under the hypothesis
above, integration along the fiber gives an isomorphism

n, : HL Y E) 5 H¥M, o(E)).

Exercise 7.11. Compute the twisted de Rham cohomology H*(RP", L).



CHAPTER I
The Cech~de Rham Coniplex

§8 The Generalized Mayer-Vietoris Principle

Reformulation of the Mayer-Vietoris Sequence
Let U and V be open sets.on a manifold. In Section 2, we saw that the
sequence of inclusions
UoVveeullveUny
gives rise to an exact sequence of differential complexes
O—+ U V) - QU (V) - MU NnV)—>0

called the Mayer-Vietoris sequence. The-associated long exact sequence

-3

o= HYU U V) S HYU) @ HY(V) 2o H(U A V) S HUY U 0 V) — -

allows one to compute in many cases the cohomology of the union U v V
from the cohomology of the open subsets U and V. In this section, the
Mayer-Vietoris sequence will be generalized from two open sets to count-
ably many open sets. The main ideas here are due to Weil [1].

To make this generalization more transparent, we first reformulate the
Mayer-Vietoris sequence for two open sets as follows. Let U be the open
cover {U, V}. Consider the double complex C*U,Q*) = §K**=
@ CP(U, Q) where

K% 9= C%U, Q%) = QYU) D QUV),
K'Y =C'U, Q) = QU n V),
Kr1=0, p>2
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w

a 2| Fweewm | ow
11 awmenin | au ~ v)
0| QW)@ Q%) | W n V)

o 1
SR
Thasdoublc complex is eqmpped with two differential operators, the -
exterior derivative d in the vertical direction and the difference operator 6 in
the horizontal direction. Of ¢ourse, & is 0 after the first column. Becaused
"-and & arc independent operators, they commute. _
*In general given a doubly graded complex K* * with commuting differ-
entials d and 4, one can form a smgly graded complex K‘ by summmg
along thc anudaagon&l lma

L

NWIOO O -
)

I +

q

2

K'= @ Kt |

LT TN |
and defining the differential operator to be |

| oao'+o'mmo«son'-( 1yd on K>

RmxouumDmmnonovD

- “q;qi ‘- R " . .o
.8 .6

If D were naively defined as ﬁ =d+3, it would not be a differential oper-
ator-siice D? = 245 # 0. However, if we alternate the sign of d from one
columntothenext,thpnasuappmntftomthedngramabove, '
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D*=d*+dd—-déb+ 8 =0.

In the sequel we will use the same symbol C*(U, Q*) to denote the
double complex and its associated single complex. In this setup; the Mayer-
Vietoris principle assumes the following form. -

Theorem 8.1. The double complex c*(u, Q‘) covnputes the de Rham cohomol-
ogyof M:

HD{C‘(u, 0*) > 1.,15:(1”)- A
* PROOF. In one direction there is the natural map
r: I%M) — Q%(U) @ Q%) = CHYU, O*)

given by the restriction of forms. Our first observation is that risa cham
map, i.e., that the following diagram is commutatwe

QM) — C*(U, n*)
J ]o |
QM) —» CHL, 0% | —
This is because
' Dr=-(6+(-1)'d)r [herep=01
=dr
=rd. _
Consequently r induces a map in cohomology - - -~ ..«
r* . Hjx(M)— Hp{(C*(U, Q%)}.

do
B+ a

P
A g-cochain a in the double complex C*Y, Q*) has two componenu i

a=ay+ a,, aoeK"" ey e Kot

By the exactness of the Mayer—Vietoris sequenice there exists a # such that

0p = a,. With this choice of §, « — Df has only the (0, g}-component. Thus,"

every cochain in C‘(ll, 0‘) is D-cohomolom to a cochain wuh only the top
component.
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-

We now show r* to be an isomorphism.

Step 1. r* is surjective.

By the remark above we may assume that a given cohomology class in
Hp{C*(U, Q*)} is represented by a cocycle ¢ with only the top component.
In this case

D¢ =0 ifand only if - d¢ = ¢ = 0.
So ¢ is a global closed form.

Step 2. r* is injective.

Suppose nw) = D¢ for some cochain ¢ in C*U, 2*). Again by the
remark above we may write ¢ = ¢’ + D¢”, where ¢’ has only the top
component Then

Hw) = D¢’ = dp', 3¢’ = 0.

So w is the exterior derivative of a global form on M.

Generalization to Countably Many. Open Sets and Applications -

Instead of a cover with two open sets as in the usual Mayer-Vietoris se-
quence, consider the open cover ¥ = {U,},., of M, where the index set J is
a countable ordered set. Of course J may be finite. Denote the pairwise
intersections U, n U, by U,,, triple intersections U, n Uy n U, by Uy,,,
etc. There is a sequence of inclusions of open sets

%o

«— ——
d ., ..
M*—u Uao % I_I Uaon — u Uaoa;n o=
4-— ¢o<n 3, 20 <ai<a2
—

where J; is the inclusion which “ignores” the ith open set; for example,

60 : UMGIGS — Umcz‘

This sequence of inclusions of open sets induces 3 scquencc of re-
strictions of forms

8 . .
vy llavw,) :Hn*(v.o..)i;? 1 Q) S

<gy <
a0 <ay <az
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where J,, for instance, is induced from the inclusion -, : R

‘ 30 . ]_I U.’,"‘" U,, .
® ..

and therefore is the restriction
60 Q¥ U,,) — [_[ Q‘(U,,,).

We define the difference operator J : Hﬂ HUpo)— nﬂ‘(Um - “) to be the
alternating difference 6, — 6, + ;. Thus -

' . (66)1:0 aa = Cauz - Cuocz + c‘olI;
More generally the difference operator is defined as follows.

Definition 8.2. If w e [[Q%(U,,.. ), then @ has “components” @, . o, €

QYU,,.,)and

ptil

(aw)u...c,o- 1 5‘2:0( - l)‘wco...ﬁ"‘c,+ 1?

where on the right-hand side the restriction operation to U, . ,,, has been

suppressed and the caret denotes omission.

Proposition 8.3. 5% = 0.

ProoF, Basically this is true because in (J’w)., apr2 we omit two indut

oy, a, twice with opposite signs. To be precise,
(sz)u .1,,3 - z( l)‘(&)).o...&...a'+z

=Z(—-l)‘[--l)"w., Ay 8. 4943

I<t
+ Z( l)‘( ly- wu lc- l; ap¥3 '
v J>‘ ; e N
=0 . . -
Convermon Up until now the indices in @, . ,, are all in increasing order
g < . More generally we wil] allow indices in any order, even vmh

repeutnons, subject to the convention that when two indices are mtct-
changed, the form becomes its negative: :

D qg..8.F ~w s..e.."

In particular a form.with rcpeated indices is 0. In the following exercise the
reader is asked to gheck that this convention 13 consutcnt with the deﬁm-
tion of the difference operator é above.

Exercise 84 Suppose a < f. Then (éw), ,..,... may be defined éther as

---------

—(0w).. ,.. 5... or by the difference operator formula (8.2). Show that thcne
two definitions agree.

ash

Ler o
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Proposition 8.5. (The Generalized Mayer—Vietoris Sequence). The sequence
0— Q‘(M) - HQ*(Uao) = HQ‘(Udon) < I-IQ.(Uaoas«z) -

is exact; in other words, the d-cohomology of this complex vanishes ident-
ically.

Proor. Clearly Q*(M) is the kernel of i.e first  since an element of
HQ"‘{UQO) is a global form on M if and only if its components agree on the
overlaps. .
Now let {p,} be a partition of unity subordinate to the open cover
= {U,}. Suppose w e [[Q*(U,, ,) is a p-cocyclc Define a (p — 1)
cocham T by

T =Y p.
20...3p-1 i Wy, Y
. z

Then
(6})10..&, = ; (— l)‘tuo...da...a,

= Z( - l)‘pa wuo...&l...a, .
i, a
Because w is a cocycle,

(‘sw)uo;..c, = wco..:.a, + ; (~ 1)“1(‘)“0---‘4---‘:..: 0

-
.

So
(61')&0...3, = Z ; N l)lwaa.-,...é.-...g,
= z Wyq...qp
= muo...a,‘
This shows that every cocycle is a coboundary. The exactness now follows
from Proposition 8.3. 0

In fact, the definition of 7 m this proof gives a homotopy operator on the
complex. Write Ko for 1:

8.6) (K)g,...qp-s 2 PaWuup...ap-1-
Then

-

. (éKw),o .ap —Z( 1)‘(K(D),° &..ap

(Ko, = Z.e.(éw)m....,
= (z pcbao...c, + Z (- l)‘+lplwm...¢4...¢,

= (f’ao...l, - ((’K(D).o_,_.'-
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Therefore, K is an operator from [[Q*(U,,. ) to [[Q*U,,_,,_,) such that
8.7 oK + K6 = 1. |

As in the proof of the Poincaré lemma, the existence of a homotopy oper-
ator on a differential complex implies that the cohomology of the complex
vanishes.

For future reference we note here that if ¢ is a cocycle, then by (8.7),
0K ¢ = ¢. So on cocycles K is a right inverse to . Given ¢, the set of all
solutions ¢ of 6 = ¢ consists of K¢ + d-coboundaries.

The Mayer-Vietoris sequence may be arranged as an augmented double
complex

q |

0 —Q}M)— | K®? | K2

O—OQl(M)—r—' KO.! KI. l

0 — QM) — | K™° | K*-©

p “ o -y
J"!-L,. *:'-

where K¢ = Cf, Q9 = [[¥(U,,...) cqns:sts of the “p- cochams Qt the
cover U with values in the q-forms The horizontal maps of the dopble
complex are the difference operators & and the vertical ones the exterior
derivatives d. As before, the double complex may be made into a single
complex with the dlﬂ‘erentml operator gwen by

D=D+D" =5+(—1pd. .

AD—cocycleisastnngsuchasd»-—a+b+cthh . Ce

€8 % LG e T

da = 0, 0
—+
éa = tdb ar.,
ob = tdc i"*,
5c =0, ‘ cho

P

(To be precise we ‘should wrlte da = ——D l;. :Sb —. — D"c) So ‘a‘ “ll)-cocyqle
may be pictured as a “zig-zag.” ‘
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A D-coboundary is a string such as ¢ = a + b + ¢ in the figure below,
where a = da, + D"a,, etc.

q
0
b
T
a;+ a
?_
az""’ b ¢
$
as—<+ o4 ¢
¥
a‘--oO
4

The double complex

C*U, Q%)= @ CHU, 9
‘ p.g20
is called the Cech-de Rham complex, and an element of the Cech-de Rham
is called a Cech-de Rham cochain. We sometimes refer to a Cech—de Rham
cochain more simply as a D-cochain.

The fact that all the rows of the augmented complex are exact is the key
ingredient in the proof of the following.

Proposition 88 (Generalized Mayer—Vietoris Principle). The double com-
plex C*(U, Q*) computes the de Rham cohomology of M ; more precisely, the
restriction map r :¥*(M) — C*(U, Q*) induces an isomorphism in cohomol-
ogy: o < . :

. T Hp(M) — Hp{C*U, Q*)}.

PrOOF. Since Dr=(6 + d)r = dr = rd, r is a chain map, and 8o it induces a
map r* in cohomology.

Step 1. r* is surjective.

3

q] | - q

i ghins-—vt ——--oO 0

>

P p

Let ¢ be a cocycle relative to D. By J-exactness the lowest component of
¢ is & of something. By subtracting D(something) from ¢, we can remove
the lowest companent of ¢ and still stay in the same cohomology class as ¢.
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After iterating this procedure enough times we can move ¢ in its cohomol-
ogy class to a cocycle ¢’ with only the top component. ¢’ s a8 closed glohal
form because d¢’ = 0 and 6¢’ = 0. .

Step 2. r* is injective.
q A . ' ,"-.:" " q
0— QM) > 0 M) S
0 QM)— | + ‘ 0+ QM — | ¢

P ' P

. If{w) = D¢, we can shorten ¢ as before by subtracting boundaries until -
it consists of only the top'component. Then because &4 is 0, it is actually a_
global form on M. So w is exact. S

The proof of this proposition is a very general argument from wluch we 3
may conclude: if all the rows of an augmented double complex are exact, theu

the D-cohomology of the complex is :somorphic to the cohomology of the
initial column.

It is natural to augment cach column by the kernel of the bottom d,
denoted C*(U, R). The vector space CP(U, R) consists of the locally constant
functions on the (p + l)-fold intersections U, ., .

q
0 - Q(M)-L Hﬂ%u&
0—- QM) — | [IQ' WU
0— 0M) — | [I0°W.) |1V TIW o o)

) A 1 | it P
ﬂ*ﬂ~cgmw~m?mq.

0 . 0 -0

The bottom row
WM, R) S C'(, RY S €, R) S |
is a differential complex, and the homology of this complex, H*(l1, R), is
called the Cech cohomology of the cover U. This is a purely combinatorial
object. Note that the argument for the cxactness of the generalized Mayer-
Vietoris sequence breaks down for the complex C*U, R), because here the
cochains are locally constant functions so that partitions of unity are not

applicable.

If the augmented columns of the complex C‘(ll, Q°*) are exact, then the
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same argument as in (8.8) will yield an isomorphism between the Cech
cohomology and the cohomology of the double complex _,

H*U, R) > H {C*(l, Q*)},

and consequently an isomorphism between de Rham cohomology and Cech
cohomology

Hpa(M) = HYW, R). -

Now the failure of the p™ column to be exact is measured by the coho-
mology groups

Ul Hq(uao..,a,)'
ol

So if the tover is such that ali finite nonempty intersections are contractible,
e.g., a'goed cover, then all augmented columns will be exact. We have
proven : B

Theorem 8.9)If U is'a ’gqbd cover of the manifold M, the(t the de tham’
cohomology of M is isornorphic to the Cech cohomology of the good cover
HDR(M) ZH(U, R).
Let us recapitulate here what has transpired so far. Fillst," the basic
sequence of inclusions - S :

MeUSEULEU

"t

2By

gives rise to the diagram

differential _
geometry of 0 -» Q¥(M) C*U, Q%)
forms

T
CHU, R)
T
0
combinatorics
of the cover

Along the left-hand side is the differential geometry of forms on M, along
the bottom is the combinatorics of the cover U = {U,}, and in the double
complex itself the two are mixed. As the complex is the generalized Mayer—
Vietoris sequence, the augmented rows are exact, for any cover. It follows
that the de Rham cohomology of M is always isomorphic to the cohomol-
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ogy of the double complex:
3x(M) = Hp {C*U, Q*)}.

If in addition U is a good cover, then by the 'Poincare lemma the
augmented columns are exact. In that case the Cech cohomology of thc
cover is also isomorphic to the cohomology of the double complex:

H*U, R) ~ Hp {C*U, Q%)}.

Hence there is an isomorphism between de’ Rham and Cech. This result
provides us with a way of computing the de Rham eohomology by means
of combinatorics, since from Section 5 we know that every manifold has a
good cover. All three complexes here can be given product structures, in
which case the isomorphisms between them are actually 1somorph15ms of
algebras, as will be shown in (14.28). : e

A priori there is no reason why different covers of M should have- the
same Ccch cohomology However, it follows from Theorem 8.9 that

-

i Lb

The ¢ ech cohomology H*U, R) is the same for all good
covers U of M. |

If a manifold is compact, then it has a finite good cover. For such a cover

the Cech cohomology H*(U, R) is clearly finite-dimensional. Thus, e
Corollary 8.9.2. The de Rham cohomology H3x(M) of a compact manifold is
[finite-dimensional. . '

In fact,

Corollary 8.9.3. Whenever M has a finite good cover, its de Rham cohomology
br(M) is finite-dimensional. S
_ v o,
. [ S
Both the proof here and the induction argument in Section S of the finite
dimensionality of the de Rham .cohomglogy rest on the Mayer-Vietoris

sequence, but they are otherwise independent of each other.

§9 More Examples and Applications of the
Mayer-Vietoris Principle

In the previous section we used the Mayer-Vietoris principle to show the
isomorphism of the de Rham cohomology of a manifold and the Cech
cohomology of a good cover; from this, various corollaries follow. In this
section, after some examples in which the combinatorics of a good cover is
used to compute the de Rham cohomology, we give an explicit isomor-

-
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phism from Cech to de Rham: given a Cech cocycle, we construct the
corresponding global closed differential form by means of a collating for-
mula (9.5) based on the homotopy operator K of (8.6). To conclude the
section, we give as another application of the Mayer—Vietoris principle a
proof of the Kiinneth formula valid under the hypothesxs that one of the
factors has finite-dimensional cohomology. . ~

&
B

Examples: Computmg the de Rham Cohomology from the :
Combmatorm of a Good Cover o

Let U =’{U.} be an open cover of a manifold M. The _nerve of U is a
simplicial complex constructed as follows. To every open set U, , we associ-
ate a vertex . If U, n U, is nonempty, we connect the vertices o and B
with an edge. If U, n U, n U, is nonempty, we fill in the face of the
triangle «fy. chcanng this prooedure for all finite intersections gives the
norve of U, denoted N(u). For the basics of sxmphctal comphxee, sce Croom

(11

Exameis 9.1 (The c:rek.). Let M .= {Uo. Uy, Uj} be the good cover . of the
circle as shown in Flgure91 TheCechoomplexhastwoterms :
CULR=RORG R== {(@o, @, ¥))l®, is & constant onU,},

C'ULR) =R @ R S R = {(o1, oz, Ma)lnah is.a constant on Uy},

Figm 9.1

Thecobonndaryé C°—» C‘ng:venby(&w),,=w,-—-m Tbcrefore,- -
k“ 5 {((Do. ©y, @2)jwg = @ = W,} = =R,

o m(s‘)=

Smcciméak’ H‘(S‘)aR’ﬁm&:R.

L
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ExAMPLE 9.2 (A nontrivial 1-cocycle on the circle). If a 1-cocycle 7 = (104,

N2, M12) is a coboundary, then 5oy —no2 + 1, =0.Son=(1,0,0)is a
nontrivial 1-cocycle on the circle.

ExaMpLE 9.3 (The 2-sphere). Cover the lower hemisphere of Figure 9.2 with
three open sets as in Figure 9.3. Together with the upper hemisphere U,,
this gives a good cover of the entire sphere. The nerve of the cover is the
surface of a tetrahedron as depicted in Figure 9.4. The Cech complex has

Figure 9.4
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three terms: . ' \

CoulL ) o canr Y cauw
i I

'n@w@w@n RORPRORDROR ROROROR

3 2 3 [ ]} 01 03 12 13 23 012 ot} 023 123
‘ker 50 = {(wp, Wy, W2, W3)|Wy =W, =wW; = ws} =R

So im d, = R® and H%S?) = R. If 5 is in ker &,, then n is completely
determined by 79, 102, and o3 . Therefore ker 8, = R® and
‘ H(S?) = ker 6,/im (50 =0.
Since im 8, = C'/ker §, = R?,
H*$%) = R*im §, = R.

Explicit Isomorphisms between the Double Complex and de Rham
and Cech

We saw in Proposition 8.8 that the Cech-de Rham complex C*(U, Q*)
and the de Rham complex Q% M) have the same cohomology. Actually,
what is true is that these two complexes are chain homotopic. To be more
precise, there is a chain map

94) - [ CHU, Q%) - Q%(M)
such that - |

(@) f-r=1, and

{b) r o fis chain homotopic to the identity.

We may think of f as a recipe for collating together the components of a
Cech-de Rham cochain into a global form. The not very intuitive formulas
below were obtained, after repeated tries, by a careful bookkeeping of the
inductive steps in the proof of Proposition 8.8.

Proposition 9.5 (The Collating Formula). Let K be the homotopy operator
defined in (8.6). If a = Y .o «; is an n-cochain and Da = f§ = Y 125 P;, then

nd i

fl@) =Y (=D"Kyai — Y K(—D"K)'™'B: e C°U, Q)
i=0 i=0
is a global form satisfying the properties above. The homotopy operator
L: C*(, Q%) — C*(U, Q%)
such that 1 —r « f= DL + LD is given by

n—1

La= Y (Ly),,

p=0
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where

(Lx), = Z K(—~ D"K)""’*“a e CP(U, Q" 1-p),

f=p+1

Bo

an ﬁn#l

REMARK. To strip away some of the mysteries in the expression for f(a), it
may be helpful to observe that the operator D’K sends an element of
Co(U, Q%) into. C*~'(U, Q**'), so that (D"K)', and K(D"KY B, are col-
lections of n-forms on the open sets U,. The collating formula says that a
suitable linear combination of these local n-forms, with 11 as coeflicients,
is the restriction of a global form, '

The broof_ of Pfeposiiéon 9.5 requires the following technical lcmma
Lemma 9.6.
: | J(D"K)‘ (D"KY' & — (D"KY~'p". - et

PROOF OF LEMMA 9.6. Smcc o antncommutes wnh D a,ndn.siqqe.
OK + Kd =1,

ID"KXD"K)Y ™' = —D"oK(D"K) !,
‘ = =D"(1 - K6YD"K)'\?
= (D"K)XD"K) " *.
So we can commute D”K and 9 until we teach (DK )‘” l(5(D"K) Then ‘
' O(D”K) = (D"K)='3(D"K) L
= —(D"K)™'D(t—Ké&) T
= —(D"K)~'D" + (D"K)'. m|

voeost

~

PROOF OF PROPOSITION 9.5. To show that f(«) is a global form, we compute
of (2). Using the lemma above and the fact that éa; + D", = B;,,, this is
a straightforward exercise which we leave to the reader.
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Exercise 9.7. Show that éf () = 0.
Next we check that fis a chain map.

A+l

S(Da) =f(p) = ‘Zo( ~)(D"K)'B:.

ntl

df () = Df(e) = fo + 121(—- (D"K)'Bi.

So
S(Da) = df ().

The verification of Property (a) is easy, since if a is a global form, then
o = &y and -

Jora)=f(@)=ap=a
Property (b) follows from the fact that
! —rof=DL + LD.

As its verification is straightforward and not very illuminating, we shall
omit it. The skeptical reader may wish to carry it out for himself. Apart -
from the definitions, the only facts needed are Lemma 9.6 and the chain-
homotopy formula (8.7). O

REMARK. Actually the existence of the chain-homotopy inverse f and the
homotopy operator L is guaranteed by a general principle in the theory of
chain complexes (See Spanier [1, Ch. 4, Sec. 2; in particular, Cor. ii,
p. 167)).

We can now give an explicit description of the varicus isomorphisms
that follow from the generalized Mayer-Vietoris principle. For example, by
applying the collating formula (9.5), we get

Proposition 9.8 (Explicit Isomorphism between de Rham and Cech). Ifn €
CU, R) is a Cech cocycle, then the global closed form corresponding to it is
given by f(n) = (- 1)(D°KY'n.

EXAMPLE 9.9. Let U be a g:cod cover of the circle S'. We shall construct
~{rom a generator of the h cohomology H'(U, R) a differential form
representing a generator of the de Rham cohomology Hpa(S')

As we saw in Example 9.2, a nontrivial 1-cocycie on §*is ™~

n = (Mo1» Moz» Mm3a) = (1,0, 0).
If {p, } is a partition of unity, then
Kn = (—p1 Po, 0).
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So the generator —D"Kn of Hpg (S') is represented by —d(—p;), a bump
form on Uy n U, with total integral |. .

Exercise 9.10. The real projective planc RP? is obtained by identifying the
boundary of a disc as shown in Figure 5. Fing a good cover for RP? and

N~

Figure 9.5

compute its de Rham cohomology from the combinatorics of th¢ qover.
One possible good cover has the nerve depicted in Figure 9.6. o

Figure 9.6

Exercise 9.11. Let Figure 9.7 be the nerve of a good cover U on the torus,
where the arrows indicate how thg vertices are ordered. Write down a
nontrivial 1-cocycle in C'(U, R).

)

The Tic-Tac-Toe Proof.of the Kiinneth Fo:jmula' i

We now apply the main theorems of the preceding section to give another
proof of the Kiinneth formula. This proof, admittedly more involved in its
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4
4
|

P L e

Figure 9.7

Y

construction than the Mayer-Vietoris argument of Section §, is a prototype
for the spectral sequence argument of Chapter 111. It will also allow us to
replace the requirement that M has a finite good cover by the slightly
weaker hypothesis that F has finite-dimensional cohomology.

Before commencing the proof we make some general remarks about a
technique for studying maps. Let n:E — M be a map of manifolds. A
cover U on M induces a cover 7~ 'U on E, and we have the inclusions

Eeljn U, gn Uy E -

n

M, ldu, E--.

In general U, N U; # ¢ is not equivalent to x~'U_ N 2~ U, # ¢. How-
ever, if n is surjective, then the two statements are equivalent, so that in this
case the combinatorics of the covers U and n~'U are the same. The double
complex of the inverse cover ¢omputes the cohomology of.E, which can
then be related to the cohomology of M, because the inverse cover comes
from a cover on M. This idea will be systematically exploited throughout
this chapter and the next.

A quick example of how the inverse cover 7~ 'U may be used to study
maps is the following. Note that although the inverse image of a good cover
is usually not a good cover, for a vector bundle n : E— M the “goodness™
of the cover is preserved. Since the de Rham cohomology is determined by
the combinatorics of a good cover, this implies that

.. HBR(E) = Hpx(M).
Of course, this also follows from the homotopy axiom for the de Rham
cohomology (Corollary 4.1.2.2).

Proposition 9.12 (Kiinneth Formula). If M and F are two manifolds and F
has finite-dimensional cohomology, then the de Rham ¢ )homqlogy of the prod-
uct M x F is A

H‘(M x F) = H¥M) @ H*(F).
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Proor. Let M = {U,} be a good cover for M and n: M x F-+ M the pro-
jection onto the first factor. Then n™ ‘U = {a~ 'U,} is some sort of a cover
for E = M x F, though in general not a good.cover. There is a natural map

C*xz~'U, Q%)

1
N

n* .

[

cru, %) . o D
which pulls dback differential forms on open sets. Choose a basis for H*(F),
say {[w,]}, and choose differential forms w, representing them. These may
be used to define a map of double complexes

.C*(n~ U, ")

4

4

g

H*(F) @ C*U, Q%)
by | | .
‘ tilw,) & ¢) = p*w,An*¢
where p is the projection on the fiber o ' L
P

F———F

|

' |
. I
M.. . T

Since H*(F) is a vector space, H*(F) @ C™U, Q*) is a number of copies of
C*U, Q*) and the differential operator D on the double compiex C*(U, Q*)
induces an operator on H*(F) ® C*(U, Q*) whose cohomology is

- HYF) @ Hp{C*U, Q*)} = H*F) @ H*M).
Since the D-cohomology of C*(x~'U, Q*) is H*(E), if we can show that
o crnu, ‘

Tad-

i1,

3
i

H*F) @ C*(U, Q%)
induces an isomorphism in D-cohomology, the Kiinneth formula will

follow.
The proof now divides into two steps:

Stepl. . . - « _ _ .
For a good cover U, the map Y induces as isomorphism in H, of these

complexes.
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Step 2. _

Whenever a homomorphism f:K— K' of double complexes induces
H jisomorphism, it also induces Hp-isomorphism. (By a homomorphism of
double complexes, we mean a vector-space homomorphism which presefves
bidegrees and commutes with d and é.)

PROOF OF STEP 1. The p* column CP(n~'U, Q*) consists of forms on the
(p + 1)-fold intersections Lz~'U,, . and C’(U, Q*) consists of forms on
1U,, ..., The d-cohomology of C*(n~ ‘U, Q*) is

012y  JIH@7'U,...,) = H (AQ]] HYU,,...).

the isomorphism being given by the wedge product of pullbacks. So n§
induces an isomorphism of the d-cohomology of C*(x~ 'Y, Q*) and
H*F) @ C*(U, Q). O
Exercise 9.13. Give a proof of Step 2.

ReEMARK. This argument for the Kiinneth formula also proves the Leray-
Hirsch theorem (5.11), but again instead of assuming that M has a finite
good cover, we require the cohomology of F to be finite-dimensional. If
both M and F have infinite-dimensional cohomology, the isomorphism in
(9.12.1) may not be valid.

The following example shows that some sort of finiteness hypothesis is
necessary for the Kiinneth formula or the Leray-Hirsch theorem to hold.

ExaMPLE 9.14 (Counterexample to the Kiinneth formula when both M and
F have infinite-dimensional cohomology). Let M and F each be the set Z*
of all positive integers. Then

HOM x F) = {square matrices of real numbers (a,)), i,j € Z*}.

But HYM) ® HO(F) consists of finite sums of matrices (a;;) of rank 1. These
two vector spaces are not equal, since a finite sum of matrices of rank 1 has
finite rank, but H°(M x F) contains matrices of infinite rank.

§10 Presheaves and Cech ‘Cohomology

Presheaves

The functor 2*( ) which assigns to every open set U on a manifold the
differential forms on U is an example of a presheaf. By definition a presheaf
F on a topological space X is a function that assigns to every open set U in
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X an abelian group #(U) and to every inclusion of open sets .
iLp:V->U . oo
a group homomorphism, called the restriction,
| F(il) : F(U) — FV)
satisfying the following properties: .

(@) #(iy) = identity map
(b) transitivity: F(i}Y) F(it) = F ().

The restriction #(il)) : F(U) — F(V) is often denoted py. A homomorphism
of two presheaves, f: # — ¥, is a collection of maps f, : F(U) — %(U)
which commute with the restrictions:

Ju
F(U) —SU) . : L

oy | Loy
FV)—SV) " e o add

Sr N

Let Open(X) be the category whose Ob_]CCtS are the open sets in X and
whose morphisms are inclusions of open sets. In functorial language, a
presheaf is simply a contravariant functor from the category Open(X) to the
category of Abelian groups, and a homomorphism of two presheaves,
[ F — 9, is a natural transformation from the functor # to the functor .

The trivial presheaf with group G is the presheaf # which associates to
every connected open set the group G and to every inclusion V.« U the
identity map: F(U) — F(V). We say that a presheaf is a constant presheaf
if it is isomorphic to the trivial presheaf, and that it is a locally constant
presheqf if it is locally isomorphic to the trivial preshealf, i.e., every pomt has,
. a neighborhood U so that # |, is a constant presheaf.

ExampLE 10.1. Let n:E — M be a fiber bundle with fiber F. Define a
presheafl #¢ on M by #%(U) = H%n~*U). For U contractible, H{n~*U) = .
HYF) by the Kunneth formula, and if ¥V <. U with ¥V connected, then the.
restriction pp : H{n " 'U) — H"(n“V) is the ldcnmy Therefore X4 is a
locally constant presheaf on M. v . e, e

Now consnder the trivial bundle E = M x F. Assume that F has finite-:
dimensional cohomology. Since H#YM) = HYE)= P;+;-, (H M ®
H(F)) is not usually equal to H%F), a locally opnstant presheaf on M need
not be a constant presheaf, even if M is simply connected.® - S

* However, a locally constant sheaf on a simply connected space is constant.
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Cech Cohomology

Let U = {U,},.s be an open cover of the topological space X. The 0-
cochains on U with values in the presheaf # are functions which assign to
cach open set U, an clement of #(U)), ie., C°U, F) = I1,,, F(U,). Sim-
ilarly the 1-cochains are elements of

C'(U, F)= [] FWU, A U,)
a<p

and so on.
The sequence of inclusions

gives rise to a sequence of group homomorphisms
[1# . )-*[]y(ud)z

We define & : CXU, #) — C** ‘o, # ) to be the altcrnatmg difference of the
F(6,)'s; for example,
$:C°, #F) - C}U, F)

is given by
8 = F(do) — F(2y).
In general
d:CHU, #) - CP*Y (U, F)
is given by

6 f(ao) bt f(al) + + (“‘ 1)'+‘f(.a,+;). '
Exphatly, if we CHU, .9'), then |

pt+t

(10°2) ) (aw)co —lpry Z (—1)‘wco...~... c,ol’ .
where on the nght-hanti side the restriction of w,, . o, ... apey 10 Uso...apes 18
suppressed. It follows from the transitivity of the restriction homomorphism
that 8° = O (proof as in Proposition 8.3). Thus C*(M, %) is a differential
complex with differential operator 5. The cohomology of this complex,
denoted by H, C*(, #) or H*(lL, #), is called the C’ech cohonwlogy of the
cover U with values in#.

REMARK 1023, fFisa cavariant functor from the category Open(X) to the
category of Abelian groups, and U is an open cover of X, one can define
analogously a chain complex C (M, #) and its homology H (%, #). Apart
from the direction of the arrows, the only difference from the case of a
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pmheaf is in the definition of the coboundary opcrator 6:C, (Y, f) -
"L, <(U, &), which is now given by

(5(0).0 —e Bg=1 = 2 @

®%0 ... 8p—-14°
-

One verifies easly that this § also satisfies 6% = 0. The functor #°¢ which

associates to every open set U on a manifold the compact cohomology
HYU) is covariant.

Because of the antxsymmetry convention on the subscnpts, in this for-

mula there is no sign in the sum. Of course, if we had written each term

Wy ...4,_, With the subscript « inserted in the i-th place, then there would be
asnsn (Vg o apr

Returnmg to the dlscusston of the Cech cohomology of a presheaf &,
recall that the cover 8 = {V} },,, is a refinement of the cover U = {U,}, .1,

written U > B, if there is a map ¢ :J — I such that V) « Uy, . The refine-
ment ¢ induces a map

¢*:CYU, F) - CYB, #)
in the obvious manner: . g L
(" WX (Vso...8) = X Usisot ... o8y).

Lemma 104.1. ¢” is a chain map, i.e., it commutes with J.

PROOF.  (H($*wNVp,...4,.0) = X(— 19" XV}, _4,_s..)

= 2~ XUy y-sat,..)
(¢'5wapo }'N) (6wa”o) Mﬂl)

*Z( 1Y“’(U«ﬁo) . #00 .. vm.m)‘
a

Lemma 104.2. Given U = {U,},,; an open cover and B = {Va}gas 'a re
Jfinement, if ¢ and Y are two refinement maps: J - ¥, then there is a homotopy
operator between ¢"' and v

PRrROOF. Define K : CYU, #) — C*~ '(QJ f) by
(wa Bo... By- ,) = Z(“ 1) “’(Umo) s MBS ... M—l)'
Exercise 10.5. Show that

L

¥* — ¢* = BK + K5,
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A direct system of groups is a collection of groups {G,};., indexed by a
directed set I such that for any pair a > b there is a group homomorphlsm
f4:G, — G, satisfying

(1) 4 = identity, -
@ fe=1213.

On the disjoint union LIG; we introduce an equivalence relation ~ by de-
creeing two elements g in G, and h in G, to be equivalent if there is some ¢
in I such that f%g) = f%h) in G,_. The direct limit of the direct system,
denoted by lim;_,; G;, is the quotient of LIG; by the equivalence relation ~ ;
in other words, two elements of LIG; represent the same element in the
direct limit if they are “eventually equal™.

It follows from the two lemmas above that if U > B, then there 1S a
well-defined map in cohomology

H*U, #) - H%B, #),

making {H*(U, #)}, into a direct system of groups. The direct limit of this
direct system.

H*X, #) = lim H*U, #)
u
is the Cech cohomology of X with values in the presheaf & .

Proposition 10.6. Let R be the constant presheaf on a manifold M. Then the
Cech cohomology of M with values in R is isomorphic to the de Rham
cohomology. .

Proor. Since the good covers are cofinal in the set of all covers of M
(Corollary 5.2), we can use only good covers in the direct limit

H*M, R) = lim H*, R).
o

By Theorem 8.9,
H*(U, R) ~ H}(M)
for any good cover of M. Therefore, there is an isomorphism
HM, R)~ H3(M). =
(J

Exercise 10.7 (Cohomology with Twisted Coefficients). Let # be the presheaf
on S! which associates to every open set the group Z. We define the
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restriction homomorptnsm on the good cover ll {Uo, U » U} (Flgure
10.1) by

Pgl = P(ln = 1,
: Piz = Pf: =1,
sz = —], sz =],

~ where g}, is the restriction from U, to U; n U,. Compute H*(l, #).

Uo

§11 Sphere Bundles

Let n: E~—+ M be a fiber bundle with ﬁberthesphcnS“, n21l A:the
structure group we ‘normally take the largest group possible, namely the
diffeomorphism group DifR{$*), but sometimes we also consider sphere bun-
dles with structure group O(n + 1). These two notions arc not equivalent;
there are examples of sphere bundles whose structure groups cannot be
reduced to the orthogonal group. Thus, every vector bundle defines a
sphere bundle, but not conversely. By the Leray-Hirsch theorem if there is a
closed global n-form on E whose restriction to each fiber ggperates | the
cohomology of the fiber, then the cohomology of E is

HYE) = H*M) @ H‘(S"}

It is therefore of interest to know when such a global form exists. -

In Section 6 we constructed the global angular form ¢ on’a rank 2
vector bundle with structure group SO0(2). Tlm fom & ‘Was seen to have the
following two properties: -

(a) w restricts to the volume form on cach ﬁber
(b)dy = —n®e

where e is the Euler class. Exactly the same procedure defines the angular
form and the Euler class of a circle bundle with structurc group SO(2)
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Consequently, for such a bundle also, if the Euler class vanishes, then ¥ is
closed and satisfies the condition of the Leray~Hirsch theorem.

We now consider more generally a sphere bundle with structure group
Difi{S*) or O(n + 1). We will see that the existence of a global form as above
entails overcoming two obstructions: orientability and the Euler class.

Orientability

In this section the basc space of the bundle is assumed to be connected. A
sphere bundle with fiber $*, n 2 1, is said to be orientable if for each fiber F,
it is possible to choose a generator [o,] of H*F,)satisfying the local com-
patibility condition: around any point there is a neighborhood U and a
generator [oy] of H*E|y) such that for any x in U, [o,1 restricted to the
fiber F, is the chosen generator [o.]; equivalently, there is an open
cover {U,} of M and generators [5,] of HYE|y) so that [6,] = [0,] in
HYE|y,  v)-

Since a gencrator of the top cohomology of a fiber is an n-form with
total integral 1, there are two possible generators, depending on the orienta-
tion of the fiber. A priori all that one could say is that [¢,] = +[0,] on
U, n U,. For an orientable sphere bundle either choice of a consistent
system of generators is called an orientation of the sphere bundle. A bundle
with a given orientation is said to be oriented. An S°-bundle over a mani-
fold M is a double cover of M; such a bundie over a connected base space
is said to be orientable if and only if the total space has two connected
components. .

CAVEAT. The fact that the cohomology classes {[s,]} agree on overlaps
does not mean that they piece together to form a global cohomology class.
A global cohomology class must be represented by a global form; the
equality of cohomology classes [4,] = [0,] mplnes only that the forms o,

and o, differ by an exact form

Recall that in Section 7 we called a vector bundle of rank n + 1 orient-
able if and only if it can be given by transition functions with values in
SO(n + 1). We pow study the relation between the orientability.of a sphcrc
bundle and the orientability of a vector bundle.

Let E be a vector bundle of rank n + 1 endowed \mth a Riemannian
metric so that its structure group is reduced to O(n + 1). Its unit sphere
bundle S(E) is the fiber bundle whose fiber at x consists of all the unit
vectors in E, and whose transition functions are the same as those of E.
S(E) is an $"-bundle with structure group O(n + 1). ~

ReEMARK 11.1. Fix an orientation on the sphere §”. If the lincar trans-
formation g is in the special orthogonal group SO(n + 1) and o] is a )
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.

generator of HYS") with fs, o = 1, then the image g(S") is the sphere S* with
the same orientation, so that

[ .,-La-L,-l

Thus for an orthogonal transformation g, g*c and o reprem tlw same
cohomology class if and only if g has positive determindm

Proposition 11.2. A vector bundle E is orientable if and only if its sphere
bundle S(E) is orientable.

PRrOOF. (= ) Fix a generator o on $* and ﬁx a MWMn {(U,, 9} ,t;os ;E
so that the transition functions g,, assume values in SO(n + 1). Let .

PiU xS 8"
be the projection and let n~'(x) be the fiber of the sphere bupdb
% : S(E)— M at x. Define [o,.] in HY(S(E)|y,) by .
[o.] = ¢2 p2[o].

To avoid cumbersome notations we will write [6,] |, and &, |, for the re-
strictions [0,] |- 1(x) 204 @, |¢-1(s) respectively. Then for gvery x in U,,...... ;.

 [odl = (@e*[0}
It follows that if x € U, n U,, then
(ol =@l
=@ el
Cmeeedl. . T L

since g ,(x) has positive determinant. Theretore, [0p] = [aJ on U, U, ;
and the sphere bundle S(E) is orientable.

(<) Conversely, let {U,, [0.]} be an orientation on the sphere bundle ﬂE)
and let (S", o) be an oriented sphere in R**!, where ¢ is a nontrivial top
form on S*. Choose the trivializations for S(E) ~

e et

$e:S(B)o, > U, x.5*

in such a way that ¢, preserves the metric and ¢ p[0] =[0,]. Then at any
point x in U, n U,, the transition function g.«(x) pulls [a] ta itself and so
g.s(x) must be in SO(n + 1). 3 0

REMARK 11.3. Since SO(1) = {1}, a line bundle L over a connected base
spacelsoncntablenfandonlynhtumvml.lnthucasethelphetcbnndk
S(L) consists of two connected components. .,

stey
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Proposition 11.4. A vector bundle E is orientable if and onl y if its determinant
bundle det E is orientable.

- PROOF. Let {g,s} be the transition functions of E. Then the transition func-
tions of det E are {det g,}. An orthogonal matrix g,, assumes values in
SO(n + 1) if and only if det g, is positive, so the proposition follows.

" Whether E is orientable or not, the 0-sphere bundle S(det E) is-always a
2-sheeted covering of M. Combining Corollary 11.3 and Proposition 11.4,
we see that over a connected base space a vector bundle E is orientable if
and-only if S(det E) is disconnected. Since a simply connected base space
cannot have any connected covering spacc of more than one sheet, we have
proven the following,

Proposition 11.5. Every vector btmdle over a sxmply connected base space is
orientable. ,

In particular, the tangent butidle of a simply connected manifold is
orientable. Since a manifold is onentable if and only if its tangent bundle is
(Example 6.3), this gives

Corollary 11.6. Every simply connected manifold is orientable.

The Euler Class of an Oriented Sphere Bundle

We first consider the case of a circle bundle = : E — M with structure group
. Diff(S!). As stated in the introduction to this section, our problem is to find
a closed global 1-form on E which restricts to a generator of the cohomol-
ogy on each fiber. As 4 first approximation, in each U, of a good cover {U.}
of M we choose a generator [a,] of H(E|y). The collectlon {o. is an
clement ¢ in the double complex C‘(x‘ W, Q*):

G
0.0,1_1._

[ ke amasd

G '°-—-l
g

From the isomorphism between the cohomology of E and the cohomology
of this double complex, :

H3E) > Hp{C*x™'U, %)},

we see that to find a global form which restricts to the d-cohomology class
of a%! it suffices to extend ¢! to a D-cocycle. The first step of the exten-
sion Yofuires that (60*'),, = 0, — 0, be exact, {e, {0,] = [0,] for all a, .
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This is precisely the orientability condition. Assume the bundle E to be
oriented with orientation ¢%!, so that dc%! = do*< for some o in
Cl(n~'U, Q°. Then ¢*! + o' is a D-cocycle if and only if 60**° = 0. Since

d(6a*%) = &(do"'®) = H50%') = O, .

d0**° actually comes from an element — ¢ of the cochain group C3*(n~U,
R). Now since the open covers U and n~'U have the same combinatorics,

1€, 71U, 4, is nonempty if and only if U,, ,, is, C*zx~'U, R) = C*(U, R)
and we may regard ¢ as an element of C3(, R). In fact, because de = 0, &
defines a Cech cohomology class in H*(U, R). By the isomorphism between
the Cech cohomology of a good cover and de Rham cohomology, & corre-
sponds to a cohomology class e(E) in H¥M).. For a circle bundle with
structure group SO(2), this class turns out to be the Euler class of Section 6,
as will be shown later. So for an oriented circle bundle E with structure
group Diff{S*) we also call (E) the Euler class.

The discussion above generalizes immediately to any sphere bundle with
fiber S*, n > 1. Such a sphere bundle is orientable if and only if it is possible
to find an element ¢%” in C°(n~ 'Y, Q%) which extends one step down
toward being a D-cocycle:

60’0" = do.l.n-l = -—D”d‘l"-".

0.0..1___

wl.u-

o .
o™ s SR
N
—n*s

There is no obstruction to extending o'**~* one step further, since every
closed (n — 1)-form on Ely _, ., is exact. In general, extension is possible
until we hit a nontrivial cohomology of the fiber. Thus for an oriented
sphere bundle E we can extend all the way down to ¢™° in such a manner
that if

a=a°"'+a""'"+...+an.o’ . P
then : : , . . .
Do = da™°.

Since d(dc™ °) = &(do™°) = 1 8d0*" ") =0,

Do = 36"° =i(—5) y
for some ¢ in C**'(n~'U, R)~ C**'(, R), where i is the inclusion

C"* (U, R) — C**1(Y, Q°). Clearly de = 0, s0 & defines a cohomology class
e(E) in H** (U, R) =~ H"*'(M), the Euler class of the oriented S*-bundie. E
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with orientation ¢ *. The Euler class of an oriented S°-bundle is defined to
be 0. Note that the Euler class depends on the orientation {[c,]} of E; the
opposite orientation would give — e(E) instead.

If E is an oriented vector bundle, the complement E° of its zero section
has the homotopy type of an oriented sphere bundle. The Euler class of E is
defined to be that of E°. Equivalently, if E is endowed with a Riemannian
metric, then the unit sphere bundle S(E) of E makes sense and we may
define the Euler class of E to be that of its unit sphere bundle. This latter
definition is independent of the metric and in fact agrees with the definition
in terms of E°, since for any metric on E, the unit sphere bundle S(E) has
the homotopy type of E°.

In the next two propositions we show that the Euler class is well defined.

Propesition 11.7. For a given ortentauon {{0.1} the Euler class is independent
of the choice of ™4, j = 1, .

PROOF.-

T
|
1 i
T —E€

Let 6" be another cochain in C°(x~*U, Q") which rcprescnts the orien-
tation {[,}}. Then ¢%* — ¢** = dr"~! for some 1:““ in Con~ ', Q1)
Since d(67*~ ') and d(6""~! — ¢!'"" ') are equal, 67"~ ! and 5}~ — gt !
diﬁ'qr by d7*~2 for some "~ 2 in C‘(n ", 2~ %). Again,

d(or"~?) = —d(&f"_“z _ az..—z)’
$0 . ‘i
(G*"3) — (3> -2 {tz =2y gom=3
for some "~ in C*(n~'U, Q" *). Eventually we get
. . 8 — (3% — 0™%) = i1, t € CYn~ 1L, R).
Taking é of both sides;, we have'
‘ E—¢=01

So £ and ¢ define the same Cech cohomology class.
]

Proposition 11.8. The Euler class e(E) is independent of the choice of the good
cover. ‘

i
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PROOF. Write gy for the cocycle in H** (U, R) which defines the Euler class
in terms of the good cover U. If a good cover B is a reﬁnemnt of U, .then
there is a commutative diagram ‘

H"*'U,R) —— H""Y(B,R)

P~ Pad
—_ —

n+ !.(M)

&y and &g give the same clement in H3'(M), because if we choose the 0%*
on n~ !B to be the restriction of the a° " on ™'Y, the cocycle &g in C** (B,
R) will be the restriction of the cocycle gy in C** (U, R), so that as elements
of the Cech cohomology H**!(M, R) they are equal. Given two arbitrary
good covers U and B, we can take a common refinement 2B; then gy =
£ = £y in H** (M, R). So the Euler class is independent of the cover.

. ‘ 0

If the Euler class vanishes, then the D-cocycle o corresponds to a global
form which restricts to the d-cohomology class of 6% *. In sum, then, there is
a global form that restricts to a generator on each fiber if and only if

(a) E 1s orientable, and
. (b) the Euler class e(E) vanishes.

For E a product bundle, the extension stops at the ¢%* stage so that
¢=0. In this sense the Euler class is a measure of the twisting of an
oriented sphere bundle. However, as we will see in the proposition below,. E
need not be a product bundlc for its Eulcr class to vamsh.

Proposition 11.9, If the onented sphere bundle E has a section, then its Euler
class vanishes.

PROOF. Let s be a section of E. It follows from # o s = 1 that s*z* - 1. We
saw in the construction of the Euler class that
| —n* = Do
for some D-cochain . Applying s* to both sides gives
—¢& = Ds%o,

80 e is a coboundary in H%(M).
. D )

The converse of this proposition is not true. In general a oohomology
class'is too “coarse” an invariant to yield information on the existence of
geometrical constructs. In (23.16) we will show the ‘existence of a sphcre
bundle whose Euler class vanishes, but which does not admit any section. '
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We now show that for a circle bundle n : E — M with structure group
SO(2) the definitions of the Euler class in Section 6 and in this section agree.
We briefly recall here the earlier construction. If 8, is the angular coordi-
nate over U,, then [d6,/2x] is a generator of H'(E ). Furthermore,

dO d& - do
21: 21t 2n

The Euler class of the circle bundle E was defined to be the cohomology
class of the global form {d¢,}.

In the present context these cochains fit into the double complcx
C*(n~ 'Y, Q*) of E as shown in the diagram below.

= n*{y — n*¢, for some 1-form {, over U,.

2N 'd 4
QM(E) “5‘;’:— 5—5%‘5 C*n™ 'Y, Q%)

u_.i‘l —~ 7%
- 2n

ko
1

—-n*e
C*n~'U, R)
By the explicit isomorphism between de Rham and Cech (Proposition
~ 9.8), the differential form on M corresponding to the Cech cocycle ¢ is

(—D"K)?e. Since &5 — &, = (1/27) d,s, 6§ = (1/2n) d¢, so by (8.7), we may
take { to be (1/27) Kd¢. Also note that since d(¢/2n) = —e,

~Ke = ¢/2n (modulo a é-coboundary).

Hence
(—D"K)*e = —dKdKe
= dKd{(¢/2n) + 61) for some t
= dKd(¢/2n) + dKdbz
=d{ + dKdér.
Here A |
dKdét = dKédr because d commutes with §
= d(1 — 5K)dt by (8.7) -
= —oddKdr.
Since Kdr € Q'(M), dKdz is a global exact form, so ddKdt = 0. Hence

(—D"K)*e = d¢, showing that the two definitions of the Euler class could be
made to agree on the level of forms.
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The Global Angular Form

In Section 6 we exhibited on an oriented circle bundle the global angular
form y which has the following properties:

() its restnctlon to each fiber is a generator of the cohomology of the
fiber;

(b) dy = —n*e, where e represents the Euler class of the circle bundle.

Using the collating formula (9.5) we will now construct such a form on any
oriented S"-bundle.

Let W = {U,} be an open cover of M. Recall that the Euler class of E is
defined by the following diagram:

%o
Xy

o, | —=n%e

where a, € Co%(n~'U, Q") is the orientation of E,

6“‘= —D”a‘.u, i=0,...,n"“l,
and
o, = —n'.

Hence

»

Digg + - +a,) = —n%.

Here a; is what we formerly wrote as o**~%,

If {p,} is a partition of unity subordinate to the open cover U= {U.}
then {n*p,} is a partition of unity subordinate to the inverse cover x " *U =
{n=1U,}. Using these data we can define a homotopy operator K on the
double complex C*(U, 02*) and also one on C*(z~ U, O*) as in (8.6). We
denote both operators by K. Both K satisfy

. 0K+ Kd= 1.
Since ' ‘, '
(KR*0)y. . ap-y = LA*PNR*D)pgs .. o, -,
= 1* 3 PDacy ... ept

= (n*Kw)y, ... 01>

K commutes with n*.
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Exercise 11.10. If s : M — E is a section, show that Ks* = s*K.
By the collating formula (9.5),
(11.11) Y= Z(—1)(D'K)a; + (—1P" KD K)(—n*e)
y=1z :

is a global form on E. Furthermore,
Cdy=(- 1" {dK(D"K)(~n*s)
. —n*(~ 1" (D"KYy** e since x* commutes with D"K
(11.12) = - n*e. by Proposition 9.8.

In formula (11. 11) since the restriction of n*({— l)"“K(D"K)"e) to a fiber is
. 0, the restriction of the global form ¥ to each fiber is d-cohomologous to
o lriver» hENce is a generator of the cohomology of the fiber. The gobal
n-form ¢ on the sphere bundle E satisfies the properties (a) and (b) stated
earlier. We call it the global angular form on the sphere bundle.

»

Exercise 11.13. Use the exnsteno’e of the globai angular form § to prove
Proposition 11.9.

Euler Number and the Isolated Singularities of a Section

Let  : E » M be an oriented (k — 1)-sphere bundle over a compact orien-
ted manifold of dimension k. Since HM) ~ R, the Euler class of E may be
identified with the number ) e(E), which is by definition the Euler number
of E. The Euler pumber of the manifoid M is defined to be that of its unit
tangent bundle S(T,,) relative to some Riemannian structure on M. While
the Euler number of an orientable sphere bundie is defined only up to sign,
depending on the orientations of both E and M, the Euler number of the
orientable manifold M is unambiguous, since reversing the onentanon of M
also reverses that of the tangent bundle.

In general the sphcre bundle E will not have a global secuon howcver,
there may be a section s over the complement of a finite number of points
X1, ...y Xg in M. In fact, as we will show in Proposition 11.14, if the sphere
bundle has structure group O(k), then such a “partial” section s always
exists. In this section we will explain how one may compute the Euler class
of E in terms of the behavior of the section s near the singularities

Xpyoony xq. v

Proposition 11.14. Let n :E— M be a {k — 1)-sphere bundle over a compact
manifold of dimension k. Suppose the structure group of E can be reduced to

O(k). Then E has a section over M — {x,, ..., x,} for some finite number of
points in M. e .
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PROOF. Since the structure group of E is O(k), we can form a- Riemannian
vector bundle E’ of rank k whose unit sphere bundle is E. A section s of E’
over M gives rise to a partial section s of E : s(x) = s'(x)/ || s'(x) || , where || ||
denotes the length of a vector in E’. Let Z be the zero locus of 5'; s is only a
partial section in the sense that it is not defined over Z. Thus to prove the
proposition, we only have to show that the vector bundie E‘ has a sectlon
that vanishes over a finite number of points.

' This is an easy consequence of the transversality theorem which states
that given a submanifold Z in a manifold Y, every map f: X — Y becomes
transversal to Z under a slight perturbation (Guillemin and Pollack [1, p.
68]). Furthermore, we may assume that a small perturbation of a section of
E is again a section, as follows. Suppose f is a perturbation of s and f is
transversal to the zero section. Then g = n o f is a perturbation of n o s,
which is the identity. Thus, for a sufficiently small perturbation, g will be
close to the identity and so must be a diffeomorphism. For such an £, define
s'(x) = f(g~*(x)). Then n o s’ = 1 and & is transversal to the zero section s,,
1.e., S = 5'(M) intersects Sp = so(M) transversally. Since |

dim § + dim S, = dlm E‘

S 2 So consasts of a discrete set.of pomts. By the compactness of 3, it must
be a finite set ofpomts R > R =
. KRR
REMARK 11.15. It follows from the rudiments of obstruction theory that this
proposition is true even if the structure group of the sphere bundle cannot
be reduced to an orthogonal group. For a beautiful account of absisruction

theory, see Steenrod (1, Part IH}.-, . - .- el

Suppose s is a section over a punctured neighborhood of a point x in M.
Choose this ncighborhood sufﬁciemly small so that it is diffeomorphic t6 a
punctured disc in R* and E is trivial over it. Let D, be the open neighbor-
hood of x correspondmg to the ball of radius r in R“ under the diffeomor-
phism above. As an open subset of the oriented manifold M, D, is also
oriented. Choose the orientation on the sphere $*~! in such a way that the
isomorphism E|p ~ D, x $*7! is onentatlon-preservmg, where D, x $*!
is given the product orientation. (If A and B are two oriented manifolds
with orientation forms w, and w;, then the product orientation on A x B is
given by (pfw,) A (p$ ws), where p, and p, are the pro;ecuons of Ax B
onto A and B respectively.) The local degree of the secnon s at x is defined
to be the degree of the composit¢ map .

— - - " - B s "f.
D, 5 E|p, =D, x s*~15 s+t Ralisaiis

where p is the projection and D, is the closure of D, .

t
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Theorem 11.16. Let n: E—~ M be an oriented (k — 1)-sphere bundle over
a compact oriented manifold of dimension k. If E has a section over M — {x,,
...,‘x,}, then the Euler number of E is the sum of the local degrees of s at

Xgseery X'.

PrOOF. Let M, be M minus the balls of radius r around the points x;, ...,

x,. (By the radius, we mean the radius in R” under some fixed diffeomor-

phisms of the neighborhoods of the singular points x,, ..., x, as above.)
The Euler number of E is

(11.16.1) J‘ e = lim e = lim s*n*e since s is a global section
. M

r-0 JM, r-0 JM,
over M,
= — lim I s*dy because n%e = —dy
r-~0 JM,
=—1lim | s*% by Stokes’ theorem.
r =0 JOM,

For each i, choose an open ball D, around the singularity x; as before,
(To keep the notation simple, we write D, rather than D, ;) Let o the
generator of S*~*. Then p*o restricts to the generator on each fiber of E |, .
So p*c and the angular form y define the same cohomology class in
H*E|p,), ic.,

Y —pto=dr
for some (k — 2)-form t on Ejp,. By shrinking r slightly, we may assume
that 7 is defined over a neighborhood of the closed ball D,. Then

s*Y — s*p%o = s%dt
and
I sty — ‘[ s*p%a = J: ds*t=0 by Stokes’ theorem.
4D, D, B, ‘
Therefore, '
L s*y = local degree of the section s at x;.
B, .

Since 0D, has the opposite oricntation as 0M,,

~ lim s = lim ), s*y = ), (local degree of s at x;).
1

r = 0 JOM, r=0 x JOD,

Together with (11.16.1), this gives

J. e =), (local degree of s at x;).
M [
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This theorem can also be phrased in terms of vector bundles. Let
n : E — M be an oriented rank k vector bundle over a manifold of dimen-
sion k and s a section of E with a finite number of zeros. The multiplicity of
a zero x of s is defined to be the local degree of x as a singularity of the
section s/|| s || of the unit sphere bundle of E relative to some Riemannian
structure on E. (This definition of the index is independent of the Rieman-
nian structure because the local degree is a homotopy invariant.) Since the
Euler class ¢(E) of E is a k-form on M, it is Poincaré dual to nP, where"
n= fu e(E) and P is a point on M. Thus we have the following.

Theorem 11.17. Let n: E— M be an oriented rank k vector bundle over q
compact oriented manifold of dimension k. Let s be a section of E with a finite
number of zeros. The Euler class of E is Poincaré dual to the zeros of s,
counted with the appropriate multiplicities.

ExampLE 11.18 (The Euler class of the unit tangent bundle to S2). LetS(ng)
be the unit tangent bundle to S2. It is a circle bundle over $2:

St — S(Ts2)

SZ

Fix a unit tangent vector v at the north pole. We can define a smooth
vector field on S*-{south pole} by parallel translating v along the great
circles from the north pole to the south pole (see Figure 11.1). (Parallel
translation along a great circle on S? is prescribed by the following two
conditions:

(a) the tangeht field to the great circle is parallel;
(b) the angles are preserved under parallel translation.)

N,

B

A

-
"——— - —
-~

-
4

Figure 11.1
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Figure 11.2

This gives a section s of S(Ts:) over S%-{south pole}. On a small circle
around the south pole, the vector field looks like Figure 11.2, i.e., as we go
around the circle 90", the vectors rotate through 180°; therefore, the local
degree of s at the south pole is 2. By Theorem 11.16, the Euler class of the
unit tangent bundle to S% is 2.

Exercise 11.19. Show that the Euler class of an oriented sphere bundle with
even-dimensional fibers is 2610, at least when the sphere bundle comes from
a vector bundle. :

Since the Euler class is the obstruction to finding a closed global angular
form on an oriented sphere bundle, by the Leray-Hirsch theorem we have
the following corollary of Exercise 11.14.

Proposition 11.20. If n 1 E— M is an orientable S2*-bundle, then
H™E) ~ H¥M) ® H*(8").

Exercise 11.21. Compute the Euler class of the unit tangent bundle of the
sphere's* by finding a vector field on S* and computing its local degrees.

Euler Characteristic and the Hopf Index Theorem

In this section we show that the Euler number [, &(T,,) is the same as the
Euler characteristic y(M) = ) (— 1)%dim HYM) and deduce as a corollary
the Hopf index theorem. The mamfoid M is assumed to be compact and
oriented.

Let {w;} be a basis of the veclor space H“(M), {t,} be the dual basis
under Poincaré duality, i.e, {yw; A1, =5, and let = and p be the two
projections of M x M to M:

Mx M. :
7[/ \\p
M M.
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By the Kiinneth formula, H¥M x M) = H*M) ® H*(M) with {n*w; A
p*1;} as an additive basis. So the Poincaré dual n, of the diagonal A in
M x M is some linear combination n, = Y. ci;ntw; Ap*t;.

Lemma 11.22. i, = Y (— 1)*3“'z*w; A p*7;.

Proor. We compute [, n*t, Ap*w; in two ways. On the one hand, we can
pull this integral back to M via the diagonalmap:1: M - Ac M x M:

J n*n/\p‘w; — J‘ 1“'1:“":,/\ 1“p‘w, = j t*/\w, = (— l)(deg “""‘3‘""&,.
A M M

On the other hand, by the definition of the Poincaré dual of a ‘closed
oriented submanifold (5.13),

J n*t, A pfw, = j n* A ptayAn,
A M x M

S Zc‘,J. *uAp*o AntwAptt;
Iy MM . Y " Tevsns T
Z g (~ 1)“'" w+ deg conldeg o) I a*(w, At )p*(w A ty)
i,J M x M .

- (___ l)(dtl sk +deg wi}deg or Cur-

) _.{0 | ik 1
U= k=],

Therefore

a

Lemma 11.23. The normal bundle N, of the dmgonal A in M x M is isomor-
phic to the tangent bundie T, .

PRrOOF. Since the diagonal map 1:M x M sends M diffeomorphically onto
A, i*T, = T,,. It follows from the commutative diagram
(v,0) — (v,v) -
0— 'IL-:* TuquA — Ny— 0
R~ .. R S ,
0o Tyo Tu@®Tu— T 0
v (v,0) '

that Ny > Ty = T.
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Recall that the Poincaré dual of a closed oriented submanifold S is
represented by the same form as the Thom class of a tubular neighborhood
of S (see (6.23)). Thus

P
J Na= | ®N,) where ®(N,) is the Thom class of the normal
A s bundle N, regarded as a tubular neighborhood

of Ain M x M
= | ¢(N,) since the Thom class restricted to the zero
a section of the bundle is the Euler class
= | T
A
=1 eTy).
JM

So the self-intersection number of the diagonal A in M x M is the Euler
number of M. (By Poincaré duality, fs s = fmxufaAns is the self-
intersection number of Ain M x M)

Now the right-hand side of Lemma 11.22 evaluated on the diagonal A is

_[ s = 2, (— 1) * | n*w;Ap*y
A i

vA

P
= Z(— l)“' o . l'n‘w,/\ l‘p"'t,
4 o .

=Z(—1)d.' o w'A T
i JM

= S (-1

=Y (—1) dim HY{M)
q

/
= X(M). ;

Therefore,

Prop:uition 11.24. The Euler number of a compact oriented manifold |y e(T,,)
is equal to its Euler characteristic y(M) = Y (— 1) dim He.

It is now a simple matter to derive the Hopf index theorem. Let ¥V be a
vector field with isolated zeros on M. The index of V at a zero u is defined
to be the local degree at u of ¥/ |} V || as a sectionof the unit tangent bundle
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of M relative to some Riemannian metric on M. By Theorem 11.16 the sum
of the indices of V is the Euler number of M. The equality of the Enlcr
number and the Euler characteristic then yields the following.

Theorem 11.25 (Hopf Index Theorem). The sum of the indices of a vector
field on a compact oriented manifold M is the Euler characteristic of M.

Exercise 11.26 (Lefscheiz fixed-point formula). Let f: M— M be a smooth
map of a compact oriented manifold into itself. Denote by HYf) the in-
duced map on the cohomology HYM). The Lefschetz number of f is defined
to be

L(f)= Z (—1)* trace HY(f).
Let I" be the graph of f in M X M

(a) Show that

f 1 = L)
A

(b) Show that if f has no fixed points, then L(f) is zero.
(c) At a fixed point P of f the derivative (Df), is an endomorphism of the
tangent space Tp M. We define the multiplicity of the fixed point P to be
op = sgn det((Df )p —

Show that if the graph I' is transversal to the diagonal A in M x M, then
L(f ) Z GP,

where P ranges over the fixed pomts of f (For an explanation of the
meaning of the multiplicity 65, see Guillemin and Pollack [1, p. 121].)

o

§12 Thom Isomorphlsm and Poincaré Duahty
- Revisited - . ‘ . o

In this section we study the Thom isomorphism and Poincaré duality from
the tic-tac-toe point of view. The results obtained here are more general
than those of Sections 5 and 6 ih two ways:

(a) M need not have a finite good cover,
and .
(b) the orientability assumption on the vector bundle E has been

dropped.
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The Thom Isomorphism

Let n: E - M be a rank n vector bundle. E is not assumed to be orient-
able. We are interested in the cohomology of E with compact support in the
vertical direction, H%(E) = H*{Q2,(E)}. Recall that

R in dimension n
0 otherwise,

(a) H}R") = {
(b) (Poincgu‘é lemma) H%(M x R") = H* ""(M).

Let U be a good cover of the base manifold M. We augment the double

complex C*x~'U, Q*) by adding a column consisting of the kernels of the
first 4:

oo || ||

0 — QL(E) -
0 — Q(E) - |

Using a partition of unity from the base, it can be shown that all the rows
of this agumented double complex are exact. The proof is identical to that
of the generalized Mayer-Vietoris sequence in (8.5) and will not be repeated
here. From the exactness of the rows of the augmented complex, it follows
as in (8.8) that the cohomology of the initial column is the total cohomol-
ogy of the double complex, i.e.,

HY(E) = Hp {C*x™'U, Q2)}.
On the other hand, -
HE 4{C*x™ 'Y, Q%)) = HL(Ln "' Us,..)
| =[] Hy(x"'U,..)
= C?(U, »#1),
where XY, is the presheaf given by
- HELU) = BLr~'U). .
By the Poincaré lemma for compactly supported cohomology, if U is con-
tractible, then
- R ifg=n

¢ y = .
*50) {0 otherwise.

Therefore H, and also H} *H, = H3{C*U, »#4%,)} = H'(u, ML) have entries
only in the nth row. :

Proposition 12.1. Given any double complex K, if H; H{K) has entries only in
one row, then H, H, is isomorphic to Hp.
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This proposition will be substantially generalized in Section 14, for it is
simply an example of a degenerate spectral sequence. Its proof is a technical
exercise which we defer to the end of this section. Combined with the
preceding discussion, it gives

HY(E)=Hp= @ HW, H#)=H*""(Y, H7,).
: prq=mw
This is the Thom isomorphism for a not necessarily orientable vector
bundie.

Theorem 12.2 (Thom Isomorphism). For n: E— M any vector bundle of
rank n over M and U a good cquer of M,

HY(E) ~ H*™"(U, X7,),
where X7, is the presheaf #7,(U) = H} (n ™ 'U).

We now deduce the orientable version of the Thom isomorphism from
this. So suppose n : E — M is an orientable vector bundle of rank n over M.
This means there exist forms g, on the sphere bundies S(E) |U. which restrict
to a generator on each fiber and such that on overlaps U, n U, their
cohomology classes agree: [a,] = [a5]. Now choose a Rlemanman metric
on E so that the “radius” r is well-defined on each fiber and any function of
the radius r is a global function on E. Let p(r) be the.function shown in
Figure 12.1. Then (dp)o, is a form on E lu , where we regard o, as a form on
the complement of the zero section. Furthermore, [(dp)o,] € H:,(E Iu ) res-
tricts to a generator of the compacily supported cohomoiogy of the fiber
and [(dp)e,] = ((dp)o;] on U, n U,. Since the fiber has no cohomology in
dimensions less than n, o 0.% = {g,} can be extended to a D-cocycle. This
D-cocycle corresponds to a global closed form @ on E, the Thom class of E,
which restricts to a generator on each fiber. Now »#°%,(U) is genecrated by
®|y and for V.c U the restriction map from x’:,(U) to J(P:,(V) send,s Plo

[
‘x‘ A . i ,! Ik

)

Figure 12.1 . et
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to ¢D|y. Hence, via the map which sends ®|,, for every open set U, to the
generator 1 of the trivial presheaf R, the presheaf »#?, is isomorphic to R.
The Thom isomorphism theorem then assumes the form

(122.1)  H*(E) ~ H* ", o¢",) = H*~"U, R) = H*~*(M),

for an orientable rank n vector bundle E. This agrees with Proposition 6.17.
It holds in particular when M is simply connected, since by (11.5), every
vector bundle over a signply connected manifold is orientable.

From the explicit formula (11.11) for the global angular form on an
orniented sphere bundle, we can derive a formula for the Thom class of an
oriented vector bundle. Let f : E® — S(E) be a deformation retraction of the
complement of the zero section in E onto the unit sphere bundle. If 5 is the
global angular form on S(E), then y = f*y5 € H"" '(E®) is the global angu-
lar form on E°. It has the property that

dy = —ne,

where e represents the Euler class of the bundle E.

Proposition 12.3. The cohomology class of

@ = d(p(r) - ¥) € K, (E)
is the Thom class of the oriented vector bundle E.

PROOF. Note that
(12.3.1) ® =dp(r) - ¢y — p(r)n*e.

For the same reasons as in the discussion following (6.40), ® is a closed
global form on E with compact support in the vertical direction. Its re-
striction to the fiber at p is dp(r) - 13 ¢, where 1,: E,— E is the inclusion
and 13 ¢ gives a generator of H*~! (R* — {0}) = H*~(S""*). Since

Ldp(r) ap = L dptr) L Y =1

by (6.18), @ is the Thom class of E. O

If s is the zero section of E, then s*dp = 0 and s*p = — 1. By (12.3.1),
s*® = —(s*p)s*n*e =e.
Thus,

Proposition 12.4. The pullback of the Thom class of an oriented rank n vector
bundle via the zero section to the base manifold is the Euler class.
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REMARK 124.1. From the formula for the Thom class (12.3), it is clear that
by making the support of p(r) sufficiently close to 0, the Thom class ® can
be made to have support arbitrarily close to the zero section of the vector
bundle.

REMARK 12.4.2. In fact, in Proposition 12.4 any section will pull the Thom
class back to the Euler class. Let s be a section of the oriented vector bundie
E and s*: H}(E)— H*(M) the induced map in cohomology. Note that s*
can be written as the composition of the natural maps i : H%(E)— H*E)
and s* : H%(E)— H*(M). As a map from M into E, the section s is homo-
topic to the zero section s, . By the homotopy axiom for de Rham cohomol-
ogy (Cor. 4.1.2), s* = 53 . Hence, s* = s§ .

Using the description of the Euler class as the pullback of the Thom
class, it is easy to prove the Whitney product formula.

Theorem 12.5 (Whitney Product Formula for the Euler Class). y’ E and F
are two oriented vector bundles, then e(E D F)= e(E)e(F).

PrOOF. By Proposition 6.19, the Thom clas_s of EQ Fis

- ™E @D F)==,*WE) A x3W(F)

where n, and n; are the projections of E (P F onto E ead F respectively.
Let s be the zero section of E@ F. Thenx, os and x3 0 s arcthezcro
sections of E and F. By Proposition 12.4,

ED F)=s*"®ED F)= f"itf (E)‘/\ s*r3D(F) = e E)e(F).

Exercise 126. Letn : E— M be an onented vector bundlc.

(a) Show that x*e=® as cohomology classes in H‘(E), bm not
HE(E).

(b) Prove that DAD = @ Ax*ein H;(E).

Euler Class and the Zero Locus ofa Sectxon

Letn E— Mbeavectorbundkandsothemmofthomomonmz.
A section s of E is transversal if its image S = s(M) intersects S, trans-

versally. ’l‘hepurpo&ofthuaecuonutodenveanmterptmnonofthe
Euler class of an oriented vector bundle as the Poincaré dual of the zero
locusofatmnsvemlaection.'l‘hisuanmlomof’l’hem 11.17,
which is more special in that rank E = dim M, but more pneralm that the
section is not assumed to be transversal ‘ .

Propodtionlz.‘l.wz EﬂMbemyuctorblaldlqandehcurolocusof
a transversal section. ThenZisaacbmn{folddMandltsuormalbmdkh
M”Nz,uﬁ'ﬁ[z
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Elz

So

Figure 12.2

Proor. Write S = s(M) for the image of the section s (see Figure 12.2).
Because S intersects S, transversally, S N S, is a submanifold of S by the
transversality theorem (Guillemin and Pollack [1, p. 28]). Under the
diffeomorphism s : M — S, Z is mapped homeomorphically to § n §,. So
Z can be made into a submanifold of M.

To compute the normal bundle of Z, we first note that because E is
locally trivial, its tangent bundie on S,.has the following canonical de-
composition

. TEISQ=ElSo® 'rSo'
By the transversality of S ~ Sg,
Li+T5,=Tz=E@ T;,on SN S,.

Hence the projection Ts— E over § N S, is surjective with kernel Ts n T, .
Again by the transversality of S N So, s N Ty, = ‘I,‘,,,,o. So we have an
exact sequence over Z = 8§ N S, _

0 T;— Tzjz— Elz— 0.
Hence Nz,n QEIZ' ‘ ‘ D

In the proposition above, if E and M are both énented then thc zero

locus Z of a transversal section is naturally an arunted mmfold, onented
in such a way that-

E lz D Tz = Toelz
has the dlrect sum onentatlon
Proposition 128. Let n : E— M be an oriented vector bundle over an oriented

manifold M. Then the Euler class e(E) is Poincaré dual to the zero Jocus of ¢
transversal section. ‘ ]
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Supp ¢

Figure 12.3

Proor. We will identify M with the image S, of the zero section. If § is the
image in E of the transversal section s : M — E, then the zero locus of s is
Z =8N S8,.Zis a closed oriented submanifold of M and by Proposition
127, its normal bundle in M is Nz = E |z. Since S is diffeomorphic to M,
the normal bundle N5 of Z in S is also E |z The normal bundies Nz, and
N z;s Will be identified with the tubular neighborhoods of Z in M and in S
respectively, as in Figure 12.3.

Choose the Thom class @ of E to have support so close to the zero
section (Remark 12.4.1) that @ restricted to the tubular neighborhood N5
in S has compact support in the vertical direction. In Figure 12.3 the
support of @ is in the shaded region. We will now show that s*® is the
Thom class of the tubular neighborhood Nz, in M.

Let E,, S,, and M, be the fibers of E |z Nzs = Nz respectively above
the pomt zin Z. Because ® has compact support in §,, s*® has compact
supportin M,. Furthermore,

J. $*®O = f P by the invariance of the integral under the - .-
M, . 4%  orientation-preserving ddfeomorphum s:M,-8, ..

= J. o becausc E, is homotopic to S modulo the regnon § ol
& in E where @ is zero :

w1 by the definition of the Thom class.

So s*® is the Thom class of Ny . By Proposition 124, s*® = ¢(E). Since
by (6.24) the Thom class of N, is Poincaré dual to Z in M, the Euler class
e(E) is Poincaré dual to Z in M. . -

A Tic-Tac-Toe Lemma

In this section we will prove the technical lemma (Proposition 12.1) that if
H;H, of a double complex K has entries in only one row, then H, H, is
isomorphic to. the total cohomology H(K). With this tic-tac-toe lanma we
will re-cxamine the Mayer—Vietoris principle of Section 8. C e
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PROOF OF PROPOSITION 12.1.

Z

v ' <

o

We first define a map h: H,H,— Hy. Recall that D=D'+D"=34+(—17)d.
An clement {¢] in H5%H, may be represented by a D-cochain ¢ of degree
(p, ) such that :

D' =0
o¢p = —D"¢, forsome ¢,.
This is summarized by the diagram

0
D't
> s+ DG, =0
A
¢;

Since H§***"'H, =0, 6¢; = —D"¢, for some ¢,. Continuing in. this

manner, we sec that ¢ can be extended downward to a D-cocycle ¢ +

¢: + - + ¢,. The map h is defined by sending [¢] to [@+ @+ -+ ,]).
Next we define the inverse map g : Hp — Hy;H,;. Let w be a cocycle in

Hp. As the image of w we cannot simply take the component of w in the

nonzerorowbecausedofltmay not be zero. Supposcw==a+b+c+

as shown.

a ' .

IERE |
75557

We will move w in its D-cohomology class so that it bas nothing above the
nonzero row. Since da = 0 and éa = — D*b, a represents a cocyclein H, H,.
But H,H, = 0 at the position of a, 30 a is 0 in H,H,; this implics that
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a = D"a, for some a,. Then w — Da, has no components in the first col-
umn. Thus we may assume w =b + c + ---. Again b is 0 in H,H,, so that
b = 6b, + D"b;, where D"b; =0. Then w — D(b; + by) = (c — éb,) + -
starts at the nonzero row.

0
1
b,—b
1
b, = ¢

Thus given [w] € Hp, we may pick w to have no components above the
nonzero row of H; H,, say @ = ¢ + -+ -. Then dc = 0 and the mapg: Hp—
H, H,is defined by sending [w] to [c].

Provided they are well-defined, h and g are clearly inverse to each other.

Exercise 12.9. Show that h and g are well-defined.

a

Using Proposition 12.1 we can give more succinct proofs of the main

results of Section 8. Let U = {U,} be an open cover of the manifold M and

CcA(Y, Q9 = NMQYU, ..., )- By the exactness of the: Mayer-Victoris sequence,
H, of the Cech—de Rham complex C*(U, Q%) is

1

Q*(M)
QM)
QM)

so that H,H, is
q |
H*M)

H'(M)
HO(M)
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Since H,H, has only one nonzero column, we conclude from Proposition
12.1 that

H3{CxU, Q*)} =~ Hj(M)

for any cover U. This is the generalized Mayer-Vietoris principle (Prop-
osition 8.8).

Now if U is a good cover, H, of the Cech-de Rham complex is

q p

co, R) | CHU, R) | CHU, R)

and H,Hyis

H°(M, ®)| H'(U, R) | HXU, R)

Again because H; H, has only one nonzero row,

B{C*U, Q%)} =~ H*(Y, R).

This gives the isomorphism between de Rham cohomology and the Cech
cohomology of a good cover with coefficients in the constant presheaf R.

Exercise 12.10. Let CP" have homogeneous coordinates 2, ..., z,. Define
U; = {z; # 0}. Then U = {U,, ..., U,} is an open cover of CP", although
not a good cover. Compute H*(CP*) from the double complex C*(, Q*).
Find elements in C*(U, Q*) which represent the generators of H*(CP").

Exercise 12.11. Apply the Thom isomorphism (12.2) to compute the coho-
mology with compact support of the open Mobius strip (cf. Exercise 4.8).
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Poincaré Duality

In the same spirit as above, we now give a version of Poincaré duality, in
terms of the Cech—de Rham complex, for a not necessarily orientable mani-
fold. Let M be a manifold of dimension n and U = {U,} any open cover of
M. Define the coboundary operator

6: @ Q:(Ucoap) - @ ﬂ:(um...ap—t)
by the formula
(&w)ao .&p-1 Zw - Gp-1

where on the right-hand side we mean the extension by 2er0 of Wy, o, , 10
a form on U,, . ,,_,. To ensure that each component of w has compact
support, the groups here are direct sums rather than direct products, so that
we @ 2{U,,. ) by definition has only a finitc number of lnonzero com-
ponents.

Proposition 12.12 (Generalized Mayer—Vietoris Sequence for Compact Sup-
ports). The sequence

OWQ:(M) = @ Q"(U_w) @ Q‘(Uaoﬂ)
— $Q:(U l') -— e

is exact.

PROOF. We first show 57 = 0. Let w be in @ Q¥U,, __,,) Then
(62“’):0 e Xp=2 = Z(éw)uo g2 = Z ; wﬂaao v Bp-2
[ ] a

=0, sinCe w,p = —wy, ...

Now suppose dw = 0. We will show that w is a -coboundary. Let{p,} be a
partition of unity subordinate to the cover U. Define

Tao...apss = 20(-1)»0« 0 ..4. @pea’ ) .
= 8. AN

Note that 1,, , ,, has compact support. Then

(51)10 ser.Bp = Z tno v Bp . . ’

= Z(Pc + Z( 1)“1Pu Weg .. L ¢,)
= W4 + ;('~1)‘*-‘p.,(6w).o lis,

= Wy ... 0
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Exercise 12.12.1. Show that the definition of 7 in the proof above provides a
homotopy operator for the compact Mayer—Vietoris sequence (12.12). More
precisely, if w is in ®OQNU,, ) and

pti

then

0K + Ko = 1.

Consider the double complex CP(U, Q9):

3

=] N o

D Q(U.y) D QUgu)

0 1 2 p

In this double complex the s-operator goes in the wrong direction, so we
define a new complex

K~79=C/U, Q).

I | q1

D NUeaie) ¢ D WUy, + D XU

-2 -1 0 P
By the exactness of the rows, H{K) is
q] :
QM)
QM)
02(M)

-2 -1 0 P



§13  Monodromy 141

Since Hy H, has only one nonzero column. it follows from Proposition
12.1 that

(12.13) Hp(K) = H Hy(K) = H (M),
On the other hand, if U is a good cover, then H, (K)is
] | q
l X
]
oL S W<

) ;‘[, s @R ® R
] 14

-1 U p

Hy 7 %K) = CPU, #9)
where OF? is the covaflant functor which associates io every open set U the
compact cohomology HAU) and to every inclusion i, the extension by zero,
i,; moreover,

I v i wme avr Wt
H/79K)=0 for g #n.
Again by Proposition 12.1,
(12.14) HYK)y=Hy ™"H,=H,_, (U, Xx7).
Here H, . (U, #7) is the (n — »)-th Cech homology of the cover U with
coefficients in the covariant functor #" (cf, Remark 10.3). Comparing
(12.13) and (12.14) gives R

Theorem 12.15 (Poincaré Dualit y). Let M Qe a manifold of dimension n and U
any good cover of M. Here M is not assumed to be orientable. Then

C HXM) =~ H,_ U, X7,
where ¥ is the covariant functor #XU) = HYU). >

Exercise 12.16. By applying Poincaré duality (12.15), compute the compact
cohomology of the open Mébius strip (cf. Exercise 4.8).

<
~

$13 Monodromy

When Is a Locally Constant Presheaf Constant?

In the preceding section we saw that the compact vertical cohomology
HYAE) of a vector bundle E may be computed as the cohomology of the
base with coefficients in a locally constant presheaf. When this locally con-
stant presheaf is the constant presheaf R*, HY(E) is expressible in terms of
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the de Rham cohomology of the base manifold (Proposition 10.6). In this
case the problem of computing H%(E) is greatly simplified. It is therefore
important to determine the conditions under which a locally constant pre-
sheaf is constant. '

First we need to review some basic definitions from the theory of sim-
plicial complexes (see, for instance, Croom [1]). Recall that if an n-simplex
in an Euclidean space has vertices v, ..., v,, then its barycenter is the point
(vo + --- + v)/(n + 1). For example, the barycenter of an edge is its mid-
point and the barycenter of a triangle (a 2-simplex) is its center. The first
barycentric subdivision of a simplex o is the simplicial complex having all
the barycenters of ¢ as vertices. By applying the barycentric subdivision to
each simplex of a simplical complex K, we obtain a new simplicial complex
K’, called the first barycentric subdivision of K. The support of K, denoted
| K|, is the underlying topological space of K, and thek-skeleton of K is the
subcomplex consisting of all the simplices of dimension less than or equai to
k. The complex K and its barycentric subdivision K’ have the same support.

Theestar.of a_vertex u in.dl, denoted st(v), is the union of ail the closed
simplices in K having v as a vertex.

Next we introduce the notion of a presheal on an open cover. Let X be a
topological space and U = {U,} an open cover of X. The presheaf ¥ on U
is defined to be a functor & on the subcategory of Open(X) consisting of all
finite intersections U,,_,, of open sets in U. Equivalently, if N(U) is the
nerve of U, the presheaf # on U is the assignment of an appropriate group
to the barycenter of each simplex in N(U); for example, the group attached
to the barycenter of the 2-simplex representing UnV AW is
F(U n V n W) Each inclusion, say U n V — U, becomes an arrow in the
picture, F(U)— F(U n V), and the transitivity of the arrows says that
Figure 13.1 is a commutative diagram.

FU)

F(W)

Figure 13.1
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Two presheaves # and ¥ are isomorphic relative to an open cover U =
{U,} if for each W = U,,, . ,, there is an isomorphism

hy : F(W) — $(W)

compatible with all arrows. In other words, there is a natural equivalence of
functors # — 4 where # and ¥ are regarded as functors on the subcate-
gory of Open(X) consisting of all finite intersections U,, , of open sets in
U. The trivial presheaf and the constant presheaf on.an open cover U are
defined as in Section 10. However, the definition of a locally constant
presheaf on U requires some care, since the notion of “local” does not make
sense on a cover. We say that a presheaf # is locally constant on U if all the
groups F(U,, . ,) are isomorphic and all the arrows are isomorphisms.
Note that a locally constant presheaf on a space X is locally constant.on
some open cover, and conversely. :

Of course, if two presheaves # and ¢ are isomorphic on an open caver.
U, then the cohomology groups H*(U, #) and H*(U, ¥) are isomorphic.

Uo

U,
Figure 13.2

i

\
EXAMPLE 13.1 (A locally constant presheaf on U which is not constant). Let
= {U,, U3, U} be a good cover of the circle Sl (see Fxgure 13.2). Deﬁne
a prcsheaf F by

F(U) = Z for all open sets U,
PO = piy = pi2 = piz =1,
sz = -1, .P32= L

& is locally constant but not constant on U chause p, is not the identity.

Let F be a locally constant presheaf with group G on an open cover
= {U,}. Fix isomorphisms '

¢e: FU)>G.
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If U, and U, intersect, then from the diagram

b,
FUJ S G

3

PaJ!L

FWU, A Uy

me

|
I
|
!
I
¢p |
FUy 5 G

~

we obtain an automorphism of G, namely ¢;(p%s) ™ 'pise, ' Write pj:
F(UY— F(U,) for the isomorphism (p%;) "' = p2s. Choose some vertex U,
as the base point of the nerve NQU). For U, U, ... U, U, a loop based at U,
we get an automorphism of G by following along the edges

$o
f(Uo) -

+ d_’.l
FWU, -

A 0

|
FUy -+ G.

This gives a map from {loops gt-Uo} to Aut G. We claim that if a loop
bounds a 2-chain, then the associated automorphism of G is the identity.
Consider the example of the 2-simplex as shown in Figure 13.3.

U;

Po U,
Figure 13.3
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U,

Ug

U,

U;

Uo

U,
p3(p12) &) p3L2 08

()

Uz

U

(P32 ) (0352 pBi2 00,

(e)

Figure 134
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U
u,
PP (P612) " POL20%
(b}
Uo
U,
P%(P%n)-lﬂgiz_l?g:
(d)
U,
Uo
U,

(P12) 1 P012P0 = 1

(f)

The associated automorphism of the loop Us U, U, is ¢olpipipDdo ! so it
is a matter of showing that p2pip? is the identity. This is clear from the
sequence of pictures in Figure 13.4, where we use heavy solid lines to
indicate maps which, by the commutativity of the arrows, are all equal to

pepipd.
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More generally, the same procedure shows that the map p‘(',...pf,’ around
any bounding loop is the identity. Hence there is a homomorphism

{loops}
{bounding loops}

p m(NU)) = — Aut G,
called the monodromy representation of the presheaf #. Here n,(N(U)) de-
notes the edge path group of the nerve N(U) as a simplicial complex.

Theorem 13.2. Let U be an open cover on a connected topological space X
and N(U) its nerve. If n,(N(U)) = 0, then every locally constant presheaf on U
is constant.

PROOF. Suppose n,(N(U)) =0, ie., every loop bounds some 2-chain. For
each open set U,, choose a path from Uy to U,, say U, U,, ... U, U,, and
define Y, = o (o7 ... plypa)™" : F(UJ — G.

b0
FUg— G

{
FU,)

¥, is well-defined independent of the chosen path, because as we have seen,
around a bounding loop the map p§ ... pj is the identity.

Now carry out the barycentric subdivision of the nerve N(U) to get a
new simplicial complex K so that every open set U,,. ,, corresponds to a
vertex of K. Clearly #,{N(U)) = n,(K). By thc samc procedurc as in the
preceding paragraph we can define isomorphisms

Wao...ap :y(Uzo_,, 3’) - G

for all nonempty U,, . ,,. The maps ,, ., give an isomorphism of the
presheaf # to the constant presheaf G on the cover U. 0

REMARK 13.2.1. If the group G of a locally constant presheaf has no auto-
morphisms except the identity, then there is no monodromy. In particular,
every locally constant presheaf with group Z, is constant.

REMARK 13.3. Recall that a simplicial map between two simplicial complexes
K and L is a map f from the vertices of K to the vertices of L such that if
v, ..., U, Span a simplex in K, then f(vo), ..., f(v,) span a simplex in L. A
simplicial map f from K to L induces a map f: | K |— | L| by linearity:

SE Av) =Y 4 filv).

By abuse of language we refer to either of these maps as a simplicial map.
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For the proof of the next theorem we assemble here some standard facts
from the theory of simplicial complexes.

(a) The edge path group of a simplicial complex is the same as that of its
2-skeleton (Seifert and Threlfall [ 1, §44, p. 167)).

(b) The edge path group of a simplicial complex is the same as the
topological fundamental group of its support (Seifert and Threlfall [1, §44,
p. 165]).

(c) (The Simplicial Approximation Theorem). Let K and L be two sim-
plicial complexes. Then every map f:|K|—|L| is homotopic to a sim-
plicial map g:| K®|— | L| for some integer k, where K*’ is the k-th bary-
centric subdivision of K(Croom [1, p. 49]).

Because of (b) we also refer to the edge path group of a simplicial complex
as its fundamental group.

None of these facts arc difficult to prove. They all depend on the follow-
ing very intuitive principle from obstruction theory.

The Extension Principle. A map from the union of all the faces of a cube into a
contractible space can be extended to the entire cube.

Asipe. With a little homotopy theory the extension principle can be refined
as follows. Let X be a topological space and I* the unit k-dimensional cube.
If m,(X) = O for all g < k — 1, then any maps from the boundary of I* into
X can be extended to the entire cube I*,

In section 5 we defined a good cover on a manifold to be an open cover
{U,} for which all finite intersections U,, » -+ n U, are diffecomorphic to
a Euclidean space. By a good cover on a topological space we shall mean an
open cover for which all finite intersections are contractible.

REMARK. Thus, on a manifold there are two notions of a good cover. We do
not know if they are equivalent in all dimensions. It appears to be a difficult
question whether every contractible manifold of dimension n is diffeomor-
phic to R”, for an affirmative answer would imply the generalized Poincaré
conjecture (which states that a compact manifold ef dimension n having the
homotopy type of the n-sphere $” is humeomorphic to S*). The generalized
Poincaré conjecture is still open for n = 3 and n = 4, the case where n > 4
having been proved by Smale [1]. For a good cover on a manifold, we will
always stick to the more restrictive hypothesis that the finite intersections
are diffeomorphic to R". This is because in order ta prove Poincaré duality,
whether by the Mayer—Vietoris argument of Section 5 or by the tic-tac-toe
game of Section 12, we need the compact Poincaré lemma (Corollary 4.7),

which is not always true for an open set with merely the homotopy type of
R . .



148 Il  The Cech-<de Rham Complex

Theorem 13.4. Suppose the topological space X has a good cover W. Then the
Jundamental group of X is isomorphic to the fundumental group n,(N(U)) of
the nerve of the good cover.

ProoOF. Write N, (U) for the 2-skeleton of the nerve N(U). Let U;, U;, and
U,i be the barycenters of the vertices, edges, and faces of N, (U) and let
N5(U) be its barycentric subdivision. As the first step in the proof of the
theorem we will define 4 map f from | N5(2)| to X. We will then show that
this map induces an isomorphism of fundamental groups.

To thrs end choose a point p; in eacih open set U, in U, a point p,, in each
nonempty pairwise intersection U,;, and a point p;j in each nonempty
triple intersection U, . Also, fix a contraction ¢; of U; to p; and a contrac-
tion ¢;; of U;; to p;;. These contractions exist because U is a good cover. By
decree the map fsends U, U;;, and U to p;, p;;, and p,y respectively.

A
\/

Figure 13.5

Next we define fon the edges of | N3(U)|. The contraction ¢, takes p;; to
7: and gives a well-defined path between p; and p;;. Similarly, the contrac-
tion c; gives a well-defined path between p; and p;; (see Figure 13.5).
Furthermore, for each point p;; the six contractions ¢;, ¢;, ¢, ¢, €, and
¢ produce six paths in X joining p;; t0 pi, p;, Px. Pij» Pix» and pj respect-
ively (see Figure 13.6).

Figure 13.6
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The map f shall send the edges of | N5(U)| to the paths just defined; for
example, the edge U, U, is sent to the path joining p, and p;; .

Finally we define f on the faces of | N%5(¥)|. Since each “triangle” p; pi;piu
lies entirely inside the open set U, (such a triangle may be degenerate; ie., it
may only be a point or a segment), the triangle may be “filled in” in a
well-defined manner: to fill in the triangle p; p;; pia, use the contraction ¢; to
contract the edge p;; p;i to p; (see Figure 13.6). This “filled-in™ triangle will
be the image of the triangle U, U; U,; under f. In summary, with the choice
of the points p;, p;;. p;x and the contractions ¢;, ¢;; fixed, we have defined a
map f: | N3(U)|— X. We will now show that the induced map of funda-
mental groups, f,: 7,{| N3(U)|)— =,(X) is an isomorphism.

STeP 1 (Surjectivity of f,). Take p, in U, to be the base point of X. Let
y: §'— X be a loop in X based at p,. We would like to deform y to a map
of the form f,(y), where y: S* — | N, (U)| is a loop in | N, (U)| based at U, .

Regard S' as the unit interval I with its endpoints identified. To define 7,
we first subdivide the unit interval into equal pieces, so that it becomes a
simplicial complex K with vertices qq, ..., g, (Figure 13.7).

e o o

Qo q;n q; q'nz q: qn
Figure 13.7

By making the pieces sufficiently small, we can ensure that the star of g; in
the barycentric subdivision K’ of K is mapped entirely into an open set
U¢(l):

st(g)) = Uy-
To simplify the notation, write j instead of i + 1, so that ¢;q; is a 1-
simplex in K. Let q;; be the midpoint of q;q;. Define y: S*— | N, (U)| by
sending the segment g, q; to the segment U, Uy ,; it follows that f{g) =

Uy and £, (X9 = Patiy-
Next define a map F on the sides of the square 12 by (see Figure 13.8).

F!mﬁa= F(x, 0) = ¥(x),
| Fluwpsae = F(x, 1) = f,/(x),
and
Flnﬂiwlddn = F(0, t) = F(1, t) = po.

The problem now is to extend F: 3I*— X to the entire square. Subdivide
the square by joining with vertical segments the vertices (g;, 0), (g, 0) on
the bottom edge to the corresponding vertices on the top edge. Since
Flg;, 0)=yq) and F(q;, 1) = f,7(q) = P.i)» they both lie in U,,. Since
U.w 18 contractible, by the extension principle F can be extended to the
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fuy
Po Po
Y
Figure 13.8

vertical segment {q;} x I. Similarly, F can be extended to the vertical seg-
ment {g,;} x I. Thus in Figure 13.8, F is defined on the boundary of each
rectangle and maps that boundary entirely into a contractible open set U,.
By the extension principie again, F can be extended over each rectangle. In
this way F is extended to the entire square I°.

SteP 2 (Injectivity of f,). Suppose y: I — | N, (U)]| is a loop such that f,(y) is
null-homotopic in X. This means there is a map H from the square I? to X
as in Figure 13.9. '

Y
Po H Po
Po -
Figure 13.9

By the simplicial approximation theorem we may assume that y is a
simplicial map from some subdivision L of the top edge of the square to
| N2 (). Now subdivide the square I? repeatedly to get a triangulation K
with the property that if g, is a vertex of K and st(q;) is the star of ¢; in the
barycentric subdivision K’, then .

H(st(q)) < Uty

for some open set U, in U. In the process of the subdivision new vertices
are introduced on the top edge only by repeated bisection of the edge;
furthermore, the function a on the vertices of the top edge may be chosen as
follows. Consider for example the 1-simplex ¢,9,. If g, is a new vertex
to the left of the midpoint q,,, choose g(k) = a(l); otherwise, choose
ak) = af2).
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Define
H: I = |K'|—|N;W)|
to be the simplicial map with
H(g) = Uyy.

The restriction g of H to the top edge of the square agrees with y on the
vertices of L. Furthermore, by construction g is homotopic to y in| N, ()|,
and H is a null-homotopy for B. Therefore, f,: 7,(| N, (W)|)— n,{X) is in-
jective. Since the nerve N(U) and its 2-skeleton N, (U) have the same funda-
mental group (Remark 13.3 (a)), the theorem is proved. 0

Examples of Monodromy

EXAMPLE 13.5. Let S be the unit circle in the complex plane with good
cover U = {U,, U,, U,} as in Figure 13.10. The map = :z — z* defines a
fiber bundle 7 : S! — S! each of whose fibers consists of two distinct points.
Let F = {A, B} be the fiber above the point 1. The cohomology H*(F)
consists of all functions on {4, B}, i.e, H*(F) = {(a, b) € R?}. _

Fix an isomorphism H*(n " *Uy) = H*(F). We have the diagram

H*zn 'Uo) 3 H¥(F)
o
H*n 'Uo,)
T
H*n " 'U,)
{
H¥n™'U;3)
1
H*n 'U,)
l
H*n 'Uy;)
T .
H¥x 'Uoy) 5 H*(F).

o U

If we start with a generator, say (1, 0), of H*(F) and follow it around the
diagram, we do not end up with the same generator; in fact, we get (0, 1). In
general (a, b) goes to (b, a). Therefore the presheaf #*(U) = H*(n~*U) is
not a constant presheaf.
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Ug
o= -5 A
> e B
U, l
n
b o e

' 0
( v )
Figure 13.10

Exercise 13.6. Since H, of thé double complex C*(n~'U, Q*) in Example
13.5 has only one nonzero row, we see by the generalized Mayer-Vletons
principle and Proposition 12.1 that

HY(S") = HB{C*n™*U, Q) = HyH, = H*(U, X°).
Compute the Cech cohomology H(U, #°) directly.

ExampLE 13.7. The universal covering n: R — S* given by n(x) = e?** is a
fiber bundle with fiber a countable set of points. The action of the loop
downstairs on the homology H,(fiber) is translation by 1: x+—x + 1. In
cohomology a loop downstairs sends the function on the fiber with support
at x to the function with support at x + 1. (See Figure 13.11.)

X +1

.2l
g1 |

Exercise 13.8. As in Example 13.5, with U being the usual good cover of S,
H*R") = H3{C*(n"'U, Q*)} = H,H, = H*U, o°).
Compute H*(U, »#°°) directly.
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ExaMpPLE 13.9. In the previous two examples, the fundamental group of the
base acts on H, of the fiber. We now give an example in which it acts on
H,.

The wedge S™ V S” of two spheres $™ and S” is the union of $” and §*
with one point identified. Let X be S' V S? as shown in Figure 13.12 and
let X be the universal covering of X. Note that although H*(X):is finite,
H*(X) is infinite. We define a fiber bundle over the circle S* with fiber X by
setting.

E=X xI/(x,0)~ (s(x), 1)

where s is the deck transformation of the universal cover X which shifts
everything one unit up. The projection n: E — S' is given by mX, 1) =1t.
The fundamental group of the base n,(S*) acts on H(fiber) by shifting each
sphere one up.

Exercise 13.10. Find the homotopy type of the space E.

,_}
. \~ .

Figure 13.12



CHAPTER 1II
Spectral Sequences and Applications

This chapter begins with the abstract properties of spectral sequences and
their relation to the double complexes encountered earlicr. Then in Section
15 comes the crucial transition to integer coefficients. Many, but not all, of
the constructions for the de Rham theory carry over to the singular theory.
We point out the similarities and the differences whenever appropriate. In
particular, there is a very brief discussion of the Kiinneth formula and the
universal coefficient theotems in this new setting. Thereafter we apply the
spectral sequences to the path fibration of Serre and compute the cohomol-
" ogy of the loop space of a sphere. The short review of homotopy theory
that follows includes a digression into Morse theory, where we sketch a
proof that compact maaifolds are CW complexes. In connection with the
computation of n,(S?), we also discuss the Hopf invariant and the linking
number and explore the rather subtle aspects of Poincaré duality concerned
with the boundary of a submanifold. Returning to the spectral sequences,
we compute the cohomology of certain Eilenberg-MacLane spaces. The
Eilenberg-MacLane spaces may be pieced together into a twisted product
that approximates a given space. They are in this sense the basic building
blocks of homotopy theory. As an application, we show that =y (83) = Z,.
We conclude with a wery brief introduction to the rational homotopy
theory of Dennis Sullivan. A more detailed overview of this ghapter may be
obtained by reading the introductions to the various sections. One word
about the notation: for simplicity we often omit the coefficients from the
cohomology groups. This should not cause any confusion, as H*(X) always
denotes the de Rham cohomology except in Sections 15 through 18, where
in the context of the singular theory it stands for the singular cohomology.

+ o
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§14 The Spectral Sequence of a Filtered Complex

By considering the double complex C(U, Q*) of differential forms on an
open cover, we generalized in Chapter II the key theorems of Chapter I
This double complex is a very degenerate case of an algebraic construction
called the spectral sequence, a powerful tool in the computation of homol-
ogy, cohomology and even homotopy groups. In this chapter we construct
the spectral sequence of a filtered complex and apply it to a variety of
situations, generalizing and reproving many previous results. Among the
various approaches to the construction of a spectral sequence, perhaps the
simplest is through exact couples, due to Massey (11

Exact Coupies

An exact couple is an exact sequence of Abelian groups of the form

A—us A’
N/
B
where i, j, and k are group homomorphisms. Defined :B— Bbyd =j o k.
Then d? = j(kj)k = 0, so the homology group H(B) = (ker d)/(im d) is de-
fined. Here A4 and B are assumed to be Abelian so that the quotient H(B) is

a group.

Out of a given exact couple we can construct a new exact couple, calied
the derived couple,

A i
(14.1) 7
by making the following definitions.

(a) A" = i(A); B’ = H(B).
(b) # is induced from i; to be precise,
i(ia) = iia). o
(c)Ifd’ = iaisin A, with a in A4, then ja’ = [ ja], where [ ] denotes the
homology class in H(B). To show that j is well-defined we have to check
two things:

(1) ja is a cycle. This follows from d(ja) = j(kj)a = 0.
(ii) The homology class [ ja] is independent of the choice of a.
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Suppose @' = ia for some other 4 in A. Then because 0 = i(a — @), we have
a — a = kb for some b in B. Thus
ja — ja = jkb = db,
SO
[jal = [ja].
(d) k' is induced from k. Let [b] be a homology class in H(B). Then
jkb = 0 so that kb = ia for some a in A. Define

K'[b] = kb € i(A).

It is straightforward to check that with these definitions, (14.1) is an
exact couple. We will check the exactness at B’ and leave the other steps to
the reader.

(i) imj < kerk":
kj(a) = kjlia) = k'j(a) = kjla) =
(i) ker k' < im j':
Since k'(b) = k(b) = 0, it follows that b = j(a) = j'(ia) € im j'.

L

The Spectral Sequence of a Filtered Complex

Let K be a differential complex with differential operator D; ie., K is an
Abelian group and D: K — K is a group homomorphism such that D? = 0.
Usually K comes with a grading K = @,z C* and D: C*— C**! increases
the degree by 1, but the grading is not absolutely indispensable A subcom-
plex K’ of K is a graded subgroup such that DK’ < K A sequence of
subcomplexes

K'—-K(}'DKIDKIDK}D"

is called a filtration on K. This makes K into a filtered complex, with
associated graded complex

GK = @ KJK,,.
| 4 p0
F:or notational reasons we usually extend the filtration to negative indices
by defining K, = K for p < 0.

ExampLE 14.2. If K = @@ K% is a double complex with horizontal oper-
ator 6 and vertical operator d, we can form a single complex out of it in the
usual way, by letting K = @ C*, where C* = @, ,-x K9 and defining
the differential operator D: C*— C**! to be D =06 + (— 1)’ d. Then the
sequence of subcomplexes indicated below is a filtration on K:

‘Kp==EB EB Ktq

12p q20
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Returning to the general filtered complex K, let 4 be the group
| A= K,.

pel

A is again a differential complex with operator D. Define i: 4 — 4 to be the
inclusion K+, < K, and define B to be the quotient
(14.3) 0— A A B0,

Then B is the associated graded complex GK of K. In the short exact
sequence (14.3) each group is a complex with operator induced from D.
From this short exact sequence we get a long exact sequence of cohomol-
ogy groups

= HY{A)S HYA)S B S B ) -,

which we may write as

i

H(A) ——— H(A) A —— A,
\ S ® N /
& h h

H(B) H®B)

where the map { is no longer an inclusion. We suppress the subscript of i, to
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avoid cumbersome notation later. Since this is an exact couple, it gives rise
as in (14.1) to a sequence of exact couples:

A, ——A,
B, ,
each being the derived couple of its predecessor.

For the sake of the exposition consider now the case where the filtered
complex terminates after K;:

"'=K_1=KODK13K2:K3:O'

Then A, is the direct sum of all the terms in the following sequence

- & H(K) & H(K) < HKK,) & H(K;) «~ H(K;) « 0.

This is of course not an exact sequence. Next, A, by definition is the image
of A, under i in 4, and so is the direct sum of the groups in the sequence

-« & H(K) & H(K) 2 iH(K,) « iH(K,) « iH(K,) « 0.

Note that here the map iH(K,) < H(K) is an inclusion. Similarly 4, is the
sum of .

& H(K) & H(K) = iH(K,) 2 iH(K;) + iiH(K3) « 0

and A, is the sum of
& H(K)& H(K)> iH(K,) o iiH(K;,) 2 iiiH(K ;) 2 0.

Since all the maps become inclusions in A4, all the 4’s are stationary after
the fourth derived couple:
A‘=A5 =A6="'=Am.

Furthermore, since

A4 ! A4
N/
B,

is exact and i : A, — A, is the inclusion, the map k, : B, — A, must be the
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zero map. Therefore, after the fourth stage all the differentials of the exact
couples are zero and the B’s also become stationary, -

B,=Bs=Bg=-=B_

In the exact couple

inclusion iy,

N/

A, is the direct sum of the groups
(14.4) -++ = H(K) = H(K) 2 iH(K ) > iiH(K,) 2 iiiH(K;) > 0 -

and the inclusion i 1s as in (14.4). Since B, is the quotient of i 1,0,, it is the

direct sum of the successive quotients in i . If we let (14.4) be the filtration

on H(K), then B is the associated graded compiex of the filtered complcx

H(K).
We now return to the general case. The sequence of subcomplexes

o =K=KoK,2K;5K35

induces a sequence in cohomology

.- =H(K) & H(K) & H(K,) & H(K;) < HK,) « -+,

where the maps i are of course no longer inclusions. Let F » be the image of
H(K,) in H(K). Then there is a sequence of inclusions

(14.5) . H(K) = FO:DF,:FzzF,: ,

making H(K) into a filtered complex; this filtration is- called thc mduced
Sfiltration on H(K).

A filtration K, on the filtered complcx K is said to have length ¢ if
K,=0forp>¢. By the same argument as the special case above, we sce
that whenever the filtration on K has finite length, then A, and B, are
eventually stationary and the stationary value B, is the associated graded
complex PF,/F,,, of the filtered complex H(K) with filtration given by’
(14.5). _

It is customary to write E, for B, . Henoe '

E, = H(B) with differential d, = j, - k,,
E, = H(E,) with differential d,,
E, = H(E,), etc. |

- A sequence of differential groups {E,, d,} in which each E, is the homology
of its predecessor E,_, is called a spectral sequence. If E, eventually be-
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comes stationary, we denote the stationary value by E, and if E is equal
to the associated graded group of some filtered group H, then we say that
the spectral sequence converges to H.

Now suppose the filtered complex K comes with a grading: K =
@ .z K" To distinguish the grading degree n from the filtration degree p,
we will often call n the dimension. The filtration {K,} on K induces a
filtration in each dimension: if K} = K* n K, then {K } is a filtration on
K"

For the applications we have in mind, the filtration on K need not have
finite length. However, we can prove the following.

Theorem 14.6. Let K = @, ., K" be a graded filtered complex with filtration
{K,} and let H}(K) be the cohomology of K with filtration given by (14.5).
Suppose for each dimension n the filtration {K}} has finite length. Then the
short exact sequence

0— DK,..— BK,— OKJ/K,+1,—0
induces a spectral sequence which converges to H§(K).
PrOOF. By treating the convergence question one dimension at a time, this

proof reduces to the ungraded situation. To be absolutely sure, we will write
out the details. As before,

A, = @ T HK,)
pel
ifr=2p+1,theni'H(K)) = F,and
it i'H(K 4 ,)—i"H(K,)

is an inclusion. With a grading on each derived couple, i and j preserve the
dimension, but k increases the dimension by 1. Given n, let /(n) be the
length of {K}},.zand let 7 2 ¢(n + 1) + 1. Then for any integer p,

i"H"* (K, 41) = Fyi4
and
TH YK, . )~ TH YK
is an inclusion. It follows that
": A:+l_.A:+l
is an inclusion and
k,: By— A;*!

is the zero map. Therefore, as r— oo, the group B} becomes stationary and
we can define B”, to be this stationary vaiue. Note that

A,=0D F
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and that i, sends Fj., , into F} for every n. Becausei,: @ F,.,— @F, is
an inclusion, B, is the associated graded complex @ F,/F,,, of H¥K). [

The Spectral Sequence of a Double Complex

Now let K = @K?? be a double complex with the filtration of Example
14.2. We will obtain a refinement of Theorem 14.6 for this special case by
taking into account not only the particular filtration in question but also
the bigrading and the presence of the two differential operaiors d and d.
The direct sum A = @K, is also a double complex. Here, as always, we
form a single complex A = @A* out of this double complex by summing
the bidegrees: A* consists of all elements in 4 whose total degree is k. There
is an inclusion i : A*— 4* given by

itA* K,y — AANnK,. \

The single complex A4 inherits the differential operator D = 4 + (~ l)'d
from K.

Similarly, B = PK /K,,, can be made into a single complex with oper-
ator D. Note that the dl(Terentlal operator Don B 1s( 1)°d; thcrefore,

(14.7) : E,=Hy(B)= Ha(K)-

Recall that the coboundary operator k, : H(B) — H(A) is the coboun-
dary operator of the short exact sequence (14.3) and hence is dc.ﬁned by
following diagram:

3
O—s A A K,y — A A K B KK ey — 0,

(148) ]a,,. . ‘mi;] ]D

0—A* nK,,, -— A'NK, -‘-;-’.»B*nx,/x,,,—.o

Let b in A* A K, represent a cocycle [b) in B* A K,/K,.,. This corre-
sponds to Step (1) in the diagram. To get k,([b]), we

(2) compute Db and
(3) take its inverse under /.

Since b represents an element of E, = Hy(B) = H,(K), db=0 and
Db = 6b + (—1Ydb = éb. Thus k,[b] = [3b]; so the differential d, = j, k,
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on E, is-givcn by 4 (in fact by D, but P = é on E,). Consequently
(14.9) ' E, = H; H,(K).

We now compute the differential d, on E,. As noted in the proof of
Proposition 12.1, an element of E; = H, H,(K) is represented by an element
b in K such that

Y O

db=0 — 1
0b = —D”c for some c in K,

o

where D" = (—1)’d. We will denote the class of b in E,, if it is deﬁned by
[b],. From the definition of the derived couple (14. l).

dy[b); =jr k3 [b); = j, k [blx

To compute j, k;[b];, we must find an a such that k,[b], = i[a];. Then
Jaka[b)2 = [j,a);. Since kb is in A*** N K, ., aisinA*** n K,,,. To
findaweusenotbbutb+cind* n K, to represent [b]; in Step (1); this

is possible since b and b + ¢ have the same unagc undcr the prOJecnon
K - K'IK'&I Then ' ‘

ky(b + ¢) = D(b + ¢) = éc
So
' (14.10) da [b]; = [oc];.

Thus the differential d; is given by the J of the tail of the zig-zag which
extends b. It is casy to show that dc represents an element of H, H,(K) and
that the definition of d; [b]; is independent of the choice of c.

S O
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Exercise 14.11. Show that if d, [b], = 0, then there exlst < and 2! so that b
can be extended to a zig-zag as shown:

0
$
¥
b—4—
D’b=0 I
C‘ —t—
6b = -“D”Cl tr
€2
6C|A = —D"Cg .

We say that an element b in K lives to E, if it represents a cohomology
class in E,; equivalently, b is a cocycle in E,, E;,..., E,_;. From the
discussion above we see that b lives to E, if it can be extended to a zig-zag
of length 2, the length of a zig-zag being the number of terms init,

db=0

O
b

6b= —D"¢

and d, [b]; = [c];; it hvu 0 E, if .it: can be: extended to a zig-zeg of
length 3: :

0 i
amo 1l
8b = —D’c, l:—-—*
dc, = ~D'c;. | l
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To compute dy[b];, we use b+ ¢y + ¢, in A* n K, to represent [F] e
B* n (K/K,_,) in Step (1) of (14.8), so that k; [b]; is given by D(b +
¢, + ¢;) = ¢, and d; [b]; = [dc;]a. In general, parallel to the discussion
above, an element b in K? ¢ lives to E, if it can be extended to a zig-zag of
length r:

0
b1
. CT
1=
[
€3 ——»
I
Cr-2 4
I
Cr-1

and the differential d, on E, is given by ¢ of the tail of the zig-zag:

(1412 . d, [b], = [éc,-.],.

Thus the bidegrees (p, q) of the double complex K = @ K" persist in the
spectral sequence

E, =@ E’_"s

[ X §
and d, shifts the bidegrees by (r, —r + 1):
d,: E2 € — Eptre-ri,

The filtration on H(K) = P HYK):

HK)=Fygo F 5Fy; > ---

induces a filtration on each oomponent HX(K), the successive quotients of

. the filtration being E%*, EL "1, ..., E%%:
14.13) HYK) = (FonH") > (F; nH" > (F;nHY > ... > (F,nH) >0
Eg;" E:l; a-1 E:.)O

This is best seen pictorially
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El.n-l

p——

F,
F F,

In summary, we have proved the followixig refinement of Theorem 14.6. -

Theorem 14.14. Given a double complex K = @, , ., K"* there is a spectral

sequence {E,, d,} converging to the total cohomology H n(K) such that eacK E,
has a b:gradmg with

d,:E,’"—’ E”+r,g—r+l
and
Ef* = HEYK),
Eg* = H5 *H,(K);
furthermore, the associated graded complcx of the total cohomology is

given by
GHYK)= @ ELYK).

Pre=~a

REMARK 14.15. Of course, instead of the filtration in Example 14.2, we could
just as well have given K the following filtration.

}
q.
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This gives a second spectral sequence {E,, d,} converging to the total
cohomology Hp(K), but with

1 = H,(K),
E; = H Hy(K),
and
d' . E:'vq — E;p-r+l.q+r.
ExampLE 14.16 (The Mayer-Vietoris principle and the isomorphism be-

tween de Rham and Cech). Let M be a manifold and U a good cover on M.
Consider the double complex K = @ K*9,

Kri=CrUu, )= [] QYU,..)

Gn< - Tap

Since the rows of K are the Mayer-Vietoris sequences, the E, term of the
second spectral sequence is

QM)
Q¥ M)
ﬂ’(Mj
Q°(M)

(== T

E’1=H‘=

(=}

Therefore the E, term is

Ey=H,H,= Hy(M)| 0O
HiM)| 0
HpxM)| ©
HOx(M)| ©

*

In gemeral a spectral sequence is said to degenerate at the E, term if d, =
d,., =---=0. For such a spectral sequence E,=E,,, =---=E_. The
degeneration of the second spectral sequence of the double complex
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C*(U, Q*) at the E, term proves once agam the Mayer-—Vnetons prmc:ple
(Proposition 8.8):

(14.16.1) Hpx(M) = HE {C%U, Q*)}.
p+q-t

Now consider the ﬁrst spectral sequence of C*(U, Q*). Its E, term is

0 ifg>0
Efe= HY Uy ... ={ i
! ,0<D<,, Weo...a) C*U, R) ifq=0.

=
o

T
a
!

Co(up R) Cl(u, R) Cz(u’ R) YA

So the E, term is

. Ez=HoH4=

H°U, R) | H'(YU, R) | H*(U, )

The degeneration of this spectral sequence gives
HU, Ry =" @ E}*= @ EL*= HL{C*U, ﬂ‘)}
pte=k pre=k

Together with (14.16.1) we get .
Hjx(M) = HY(U, R) for all integers k 2 0.

This is the spectral sequence proof of the lsomorphnm between de Rham
and Cech (Theorem 8.9). :

REMARK 14.17. The extension problem. Because the dimension is the only
invariant of a vector space, the associated graded vector space GV of 4
filtered vector space V is isomorphic to V itself. In particular, if the double
complex K is a vector space, then

Hy(K) = GHYK) ~ @ 2 X

preman - B s Td
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v

However, in the realm of Abelian groups a knowledge of the associated
graded group does not determine the group itself. For example, the two ,
groups Z, @ Z, and Z, filtered by

2,<Z,PZ,
and

ch14

have isomorphic associated graded groups, but Z, @ Z is not isomorphic
to Z,. Put another way, in a short exact sequence of Abelian groups

0—-A—+B-+C—0,

A and C do not determine B uniquely. The ambiguity is called the extension
problem and lies at the heart of the subject known as homological algebra.

For our purpose it suffices to be familiar with the following elementary facts
from extension theory.

Proposition 14.17.1. In a short exact sequence of Abelian groups

0—- A4 4 B C—0,

if A and C are free, then there exists a homomorphism s: C— B such that
g © s is the identity on C.

Proor. Define s appropriately on the generators of C and extend linearly. [

Corollary 14.17.2. Under the hypothesis of the proposition,
(@) the map (f, s): A @ C— B is an isomorphism,
(b) for any Abelian group G the induced sequence

0— Hom(C, G)-» Hom(B, G)—» Hom(4, G)— ¢

is exact,
(c) for any Abelian group G the sequence

"02A@G=B®G-C® G0
is exact. . .
The proof is left to the reader.
Exercise 14.17.3, Show that i
02 A, 2 A, Ay— -

s an exact sequence of free Abelian groups and if G is any Abelian group,
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then the two sequences
0 «~ Hom(4,, G) +~ Hom(A;, G) ~ Hom(A3, G) « - -*
and
04, G4 G4, QG-
are both exact.
Exercise 14.17.4. Show that if
0+ A—B—C—0

is a short exact sequence of Abelian groups (which are not newuanly f;ee)
and G is any Abelian group, then the two sequences

0— Hom(C, G)— Hom(B, G)— Hom(A4, G)
and . C
ARG+BRG+~C R G0
are both cxabt. ' '

The Spectral Sequence of a Fiber Bundle-

Let n: E — M be a fiber bundle with fiber F over a manifold M. Applying
Theorem 14.14 here gives a general method for computing the cohomology.
of E from that of F and M. Indeed, given a good cover U of M, x ‘u is a
cover on E and we can form the double complex '

K“=C’(1t'l_u,ﬂ')= “ mu.-lu ')'

W<...<ap .

i

whose E,; term is

Ef*=Hpt'= [] Ha=™'U,...) =CU, #9

0 <...<ay

where ¢ is the presheaf #YU) = H¥(n~'U) on M. For emphasis we some-
times write the presheaf #% as W#Y(F). Since U is a good cover, H** is a

locally constant presheaf on U with group HYF) (Example $0.1). Since
dy=6onE,the E;termis °

 EL% = HY(U, 2.

By Theorem 14.14 the spectral sequence of K converges to H}(K), which by

the Mayer-Vietoris principle is equal to H*(E), because ™ *U is a cover on

E. . . ” .
In case the base M is simply connected and HXF) is ﬁnite-dimensioml,

Theorems 13.2 and 13.4 imply that )% is the constant presheaf R -

@ R on U, consisting of h*(F) copies of R where i(F) = dim H'(F). So the
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E% 7 term is isomorphic as a vector space to the tensor product H"(M) ®
HYF), since
E¢¢=H (U,RP - P Ry = H*U, R) ® HYF)
= H M) @ HYF),

where the last equality follows from Theorem 8.9.
We have proven the following.

Theorem 14.18 (Leray’s Theorem for de Rham Cohomology). Given a fiber
bundle n : E — M with fiber F over a manifold M and a good cover U of M,
there is a spectral sequence {E,} converging to the cohomology of the total
space H*(E) with E, term

E$® = HAU, »#),

where #% is the locally constant presheaf #%U) = HY(n"'U) on W. If M is
simply connected and HY(F) is finite-dimensional, then

E%* = HAM) @ HYF).

Some Applications

EXAMPLE 14.19 (The Kiinneth formula and the Leray-Hirsch theorem). We
now give a spectral sequence proof of the Kiinneth formula (5.9). Let M and
F be two manifolds and U a ggod cover of M. Suppose F has finite-
dimensional cohomology. By Leray’s theorem (14.18), the spectral sequence
of the trivial bungle

F—-MxF .

l
M

st . R

'EB¢ = HP(U, HYF)).

has E, term

Becaus¢ M x F is a trivial bundle over M, the presheaf #%(F) is constant,
so that

ER® = H'U, R) @ HYF)= HM) @ HYF).

By (14.12) the differential d, measures the extent to which an element of
C*(n~'U, Q%) that lives to E, fails to be extended one step further to a
D-cocycle. Since every element of the E; term is already a global form on
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MxF, dy=dy=-=0. So E;=E,, which by Theorem 14.18 is
H*(M x F). Therefore we have the Kiinneth formula

H*M x F) = HYM) & H*(F).
The proof of the Leray-Hirsch theorem is analogous.

REMARK 14.20 (Orientability and the Euler class of a sphere bundle). Let
n : E — M be an S$*-bundle over a manifold M and let U be a good cover of
M. The spectral sequence of this fiber hundle has

QAL INY

Ef¢ = Hp = C(U, 2#%(S") =

U117

0 1 2 n

Let o be the element of EY"" = Co%U, X#"(S")) corresponding to the local
angular forms on the sphere bundle E. From the description of the differ-
ential d, as the & of the tail of a zig-zag, we see that E is orientable if and
only if d,0 = 0 (compare with pp. 116-118). For an onentable S“-bundle
then, such a g lives to E,

| AN KKV

E,=E;=H,H,= H*@ opss)= |- |17 | oLy

Rl P ter] b e, Mo ] s

E¥

/ d 7
o A

Up to a sign d, o in H** (U, #°(S") = H*"* (M) is the Euler class of the
sphere bundle. It measures the extent to which o fails to be extended to a
D-cocycle, i.e., a global closed n-form on thc sphere bundie.

ExampLE 14.21 (Onentablhty of a sxmply connected manifold). Let M be a
simply connected manifold of dimension n and S(T,) its unit tangent
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bundle. The spectral sequence of the fiber bundle
! o S(Th)
!

has E, term

This shows that there is an element in C%n~*U, "~ ') which can be
extended one step down toward being a D-cocycle. Therefore S(Ty,) and also
M are orientable. This gives an alternative proof of the orientability of a
simply connected manifold (Corollary 11.6).

ExAMPLE 14.22 (The cohomology of the complex projective space). Consider
the sphere

S = {(zgy -oe» 2a)| |20 P + - + |zu]F =1}
in C**1. Let S* act on §?"*! by
(ZOt LRRE zl.).’_’ (let veey ;'zl))

where A in $''is a complex number of absolute value 1. The quotient of
S2=*1 by this action is the complex projective space CP*. This gives S2**!
the structure of a circle bundie over CP*

sl - SZJH-I

l
cP.

As we will see from the homotopy exact sequence (17.4) to be discussod
later, CP*" is simply connected. Thus

E%* = HYCP") ® HYS").

So E; has only two nonzero rows, ¢ = 0, 1, and the two rows are identical,

both being HH(CP).
Let n = 2. Then
E,= |Rla|Blc|D]0
2 \‘ \\\ A
R|lalB|cplo

01 23 45



§14 The Spectral Sequence of a Filtered Comlplex 173

where the bottom row is the cohomology of the base, H*(CP?2), and the O-th
column is the cohomology of the fiber. HYCP?) = 0 for p > 5 because CP?
has dimension 4. Since d; moves down two steps, d; = 0. Similarly,

d4=ds="”0.

So the spectral sequence degenerates at the E; term and Ey = Eg = - * -
E, = H*(S®). Therefore

Es=|ololo]o
~ IRjololofolo

0 1t 23 435
This means
d;:R— B, B D,
0— 4, A C, C—-0
must all be isomorphisms. It follows that

E,= |R|O|R|O|R]|O
RIOIRIOIR}O
012345
Therefore, ] Y
R in dimensions 0,2, 4 N
. ) =
" (CP ) '{0 otherwise. . R
Exercise 14.22.1. Show that - _
' R in dimensions 0, 2,4, ..., 2n
. = X
HYCP) {0 otherwise. '

Exercise 14.23 (Algebraic Kiinneth Formula). Let E and F be graded differ-
ential algebras over R with differential operators & and d respectively.
Define a differential operator D on the tensor product E ® Fby = -

- De@N=@) DS+ (—1)"* e @ df -

Prove by a spectral sequence argument that

Hp(E ® F) = H,(E) @ H,(F)



174 " NI Spectral Sequences and Applications

Product Structures

In this section we define product structures on the Cech-de Rham complex
C*(U, Q*), the de Rham cohomology, and the Cech cohomology, and show
that the isomorphism between de Rham and Cech is an isomorphism of
graded algebras. We also discuss the product structures on a spectral se-
quence.

Let Z be the closed forms and B the exact forms on a manifold M. From
the antiderivation property of the exterior derivative

dw - n) = (dw) -1+ (—1)**° w - dny,

it follows that Z is a subring of Q%(M) and B is an ideal in Z. Hence the
wedge product makes the de Rham cohomology HEg(M) = Z/B into a
graded algebra.

On the double complex C*(U, Q*), where U is any open cover of M, a
natural product

U CPU, Q) @ CT(UL Q) — CPHR(UL 8T
can be defined as follows. If w is in CP(U, Q%) and n is in C"(U, Q°), then

(1424) (0 U nmUyy 4. ) = (=1 U,, . 0) - MU,, .o

where on the right-hand side both forms are understood to be restricted to
Uao v @pay’ )

REMARK 14.25. The sign (—1)¥ is needed to make the differential operator
D into an antiderivation relaiive io the product structure. It makes sense
that this should be the sign, for in defining the product, p and r are brought
together, and so are ¢ and s, so the order of g and r in CA(U, Q9 @ C(Y,
() are interchanged. It is a useful principle that whenever two symbols of
degrees m and n are interchanged in a graded algcbra, there should be the
sign (— 1)™.

Exercise 14.26. Let w € K”9and n € K™*. Show that

) dw v ) =(0w) U+ (-1 w u.dp
QD(wun=Dwun+(-1)Y**wu Dy
IDwun)=Dw)yun+ (=10 wuDn
wheredeg w = p + q.

We will often write w - norevenwnforo u n. o

The inclusion of the Cech complex C*(M, R) in the Cech-de Rham
complex induces a product structure on C*U, R): if w is a p-cochain and
an r-cochain, then

(14.27) : (@ - M)y

e Qprr wao...a, ’7¢,...a,+,‘
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By Exercise 14.26, § is an antiderivation relative to this product. So just as
in the case of de Rham cohomology this makes the Cech cohomology
H*(U, R) into a graded algebra. If B is a refinement of U, then the res-
triction map H*(U, R) — H*(B, R) is a homomorphism of algebras. Hence
the direct limit H*(M, R) is also a graded algebra. Note that {14.27) also
makes sense for the Cech complex C*(U, R) on a topological space X ; this
gives a product structure on the Cech cohomology H*(X, R) of any topo-
logical space X.
With the prpduct structures just defined, both inclusions
r: Q*M) — C*U, Q%)
and L
i: C*U, R) — C*U, Q%)

are algebra homoniorphisms. Since as we saw in Proposition 8.8, for a:good
cover these homomorphisms induce bijective maps in cohomology .:...

H3x(M) =~ Hp{C*(U, Q*)}

H*U, R) >~ H, {C*(U, Q*)},
the isomorphism between H3z(M) and H*(U, R) is an algebra isomorphism.
Because H*(M, R) = H*(U, R) for a good cover U, we have the followmgr
Theorem 14.28. The isomorphism between de Rham and Cech

Hpx(M) ~ H*M, R)
is an isomorphism of graded algebras.
If a double complex K has a product structure relative to which its

differential D is an antiderivation, the same is true of all the groups E, and

their operators d,, since E, is the homology of E,_, and d, is induced from
D. With product structures, Theorem 14.14 becomes

Theorem 14.29 Let K be a double complex with a product structure relative
to which D is an antiderivation. There exists a spectral Sequence

(E,. d,: Bt — Ep*e=rt)
converging to Hp(K) with the follawmg propemes

1) The E8* term is H§ "HAK).
2) Each E,, being the homology of its predecessor E,_,, inherits a product
structure from E, _ ;. Relative to this product, d, is an antiderivation

v 4

WARNING. Although both E_, and Hp(K) inherit t{hcnr ring structures from
K, they are generally not 1somorph1c asrings.
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Exercise 14.30 The product structure on the tensor product 4 @ B of two
graded rings 4 and B is given by

@ ® bXc ® d)=(—1)4s*M4%89ac @ bd), a, ce A, b, deB.

Show that if n : E — M is a fiber bundle with fiber F over a simply connec-
ted manifold M, then the isomorphism of the E, term of
the spectral sequence with H*(M) @ H*(F) is an isomorphism of graded
algebras. ' .

REMARK 14.31. Thus in Leray’s theorem (Theorem 14.18) each group E, is
an algebra relative to which d, is an antiderivation; furthermore, if M is
simply connected, E, is isomorphic to H*(M) @ H*(F) as a graded
algebra.

EXAMPLE 14.32 (The ring structure of H*(CP")). Assume for now that n = 2
In example 14.22, by applying the spectral sequence of the fiber bundle

St §°
!
CP?

we computed the additive structure of the graded algebra H*(CP?). We
found that the E;termis

R"\dj\ R\\dz\ R

The two d,’s shown are isomorphisms. Let a be a generator of
Ey' ~ H(CP) @ H'(S") =~ H'(S").
Then d, a = x is a generator of N
| E}® >~ HYCP) @ HY(S') ~ HYCP")
and x - a is a generator of |

EX! = HYCPY) ® H'(SY).
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ql
1 a~ ' xXa
0 \\x \\ -

0O 1 2 3 4 S5 p

Because d,: E3*! — E%° is an isomorphism, a generator of E3}° =
HYCP?is

dy(x - @)= x - dya=x3

So as a ring, ) o
H*CP?) = R[x]/(x?). L

In general, the same argument yickis the ring structure of CP* as

HY(CP") = R{x}/(x"*"),

where x is an element in dimension 2.

The Gysin Sequence

The spectral sequence of a fiber bundle is essentially a way of describing the
complicated algebraic relations among the cohomology of the base space,
the fiber, and the total space of the bundle. In certain special situations the
spectral sequence simplifies to a long exact sequence. One such special case
is the cohomology of a sphere bundle. The resultmg sequence is called the
Gysin sequence, which we now derive. ' ety

Let n: E — M be an oriented sphere bundle with fiber $*. By the orien-
tability asspmption, for any good cover U on M, the locally constant pre-
sheaf #% has no monodromy and is the constant presheaf R. Therefore the
E, term of the spectral sequence is

K

W AAs A IS

14

E§* = HA(M) ® HY(S".

Let n be any nonn/egative integer. Since nothing in E5™** can get killed
" (that is, nothing there lies in the image of 4, for.r 2 2), E%%* is the sub-
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group of E3~%* consisting of those elements with d; = d, = --- = 0. Hence
there is an inclusion

0— Ex S - Ejht

This can be extended to an exact sequence
(% 0 Eyhr_, it :'E;“'°——» E’;*"° -0,
' I I
H.—k(M) 'H.H(M) .

where the last map, called an edge homomorphism, exists and is surjective
because every element of E3* ! survives to E .

Because of the shape of the E, term, the filtration (14.13) on H™(E)
becomes

HYE)> E%° > 0;
\—-V-—J
Es-t,t
-]
in other words, there is an exact sequence
(**) 0— E%° — HYE) > Ex** - 0.

The two sequu.wes (*) and (**) may be combined into a single.long exact
sequence

PR Hl(E)_:Hn—k(M)_‘_*’ H“."‘(M)—-‘* H.+1(E)-—b e

This is the Gysin sequence of the sphere bundle.

It remains to identify the maps in the Gysin sequence. Let U be a good
cover on M. The map a is the composition of .

projection

JETEE o 'Eaz-n.k= H*Yx'U,

= HTHM) @ HYSY) 3 HHM).

In this sequence of maps the first three are the identity on the level of forms
and the last one sends a generator of H¥(S*) to 1 by integration. Therefore «
is integration along the fiber.

Next consider d, . Representing an element of

Ey Mt =H"M) @ HYSY

by (a*w) - (~ ,a},whcmansaclosedformonMandvﬁnstheangtﬂarform
on E, we see that

A (7PN~ ) = ddm*oX—¥)) = (— 1 ~*x*w) dl—¥)
= (=1 YaroKxte).

HXE)
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Hence, up to a sign d, : H*~%(M)— H"* (M) is multiplication by the Euler
class e.
Finally the map B is the composition

H ™ Y(M) = H** 1, 2°(F)) 5 H** n~"U, #°(F)

projection
= En*l' 1,0

En+l.0 H"H(E)

So B: H"*Y(M) — H"*}(E)is the natural pullback map n*.
We summarize this discussion as follows.

Proposition 14.33. Let x: E —» M be an oriented sphere bundle with fiber S*.
Then there is a long exact sequence

LY AS * B )
o= HYE) — H“‘t(M)—-D H"‘”(M):’ H'"‘(E)"* ee

IS &
in which the maps w=,, Ae, and n* are integration along the fiber, multi-
plication by the Euler class, and the natural pullback, respectively.
Exercise 14.33.1. Show that if the sphere bundle comes from -a- vector
bundle n: ¥V — M, then the long exact sequence in the proposition may be
identified with the relative exact sequence of the inclusion i: Ve v,

where V° is the complément of the zero secnon in. V. (Compare wnh
Proposmon 649) ' : ‘ ,

.......

Leray’s Constructlon

We oons:der now more generally not a ﬁber bundle but - any - map
n: X — Y from one manifold to another, and study how the cohomology
groups of X relate to those of Y. Let U be any cover for Y, not necessarily a
good cover. Then ™'Y is a cover for X. By the Mayer—Vietoris principle
(Proposition 8.8 or 14. 16)

H(X) = = Hp {C*=~1U, Q%)}.

By Theorem 14.14, if K is the double complex C‘(u U, ©*) on X, then the
spectral sequence of K has

E, = Hp{C*xn™ U, Q%)

-

and

E§* = H *H, {C*n™'U, Q%)}.
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K=/ [T a"'v, . ..)
[T o= tu,..)

@0 <...<ay

H,(K) = [1HG= U, ) | [[HY = Uy ,.0)

Here
Hy4K)= [] HY(x 'U,..)=C'W, 9
ag<...<ap '
“where o1 is the presheaf on Y defined by #%U) = HYn~'U). In summary,
there is a spectral sequence converging to H*(X) with E, term

CE3 = HP(U, #9).

The main difference between this situation and that of a fiber bundle
(Theorem 14.18) is that the presheaf X! is no longer locally constant on U;
indeed the groups HYn~'U) will in general be different for different con-
tractible open sets U.

ExampLE 14.34. Consider the vertical projection of a circle S* onto a seg-
ment 1. Cover I with three open sets Uy, Uy, U, as shown in Figure 14.1.

U,
Figure 14.1
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The presheaf #° attaches a group to caéh vertex and each edge of the
nerve N(U) in the way indicated below '

R R R* R! R
~— ° °

Uo U[ V U2

H, of the double complex C*z ™'Y, Q*) is

= C*U, ¥°)
é

RORDRP RO R?
UO Ul U2 UOl Ul2 -

with & given by (b, (¢cy, ¢;), ) — (¢, — b, ¢; — b); (d — ¢y, d — c3)), Thus
ker 6 = {(b, (b, b), b)} and HY °H,=R. Since im & is 3-dimensional,
H;'°H,=R.So H,H, i§

R R

In this case, then, E, = E_, and we get the cohomology of S*. :

Let us find a nontrivial 1-cochain in C*(U, »#°°) that represents a gener-
ator of H'(S'). A 1-cochain in C*(d, »#°°) is given by a 4-tuple ((r, s), (t, w)).
Such a 4-tuple is exact if and only if r — s = u — t. Therefore as a generator
of H*(S') we may take ((1, 0), (0, 0)), i.c., the 1-cochain t (sce Figure 14.2)

- Uy  Un
" Figure 14.2
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such that
t(Uo,) = (1, 0)
t(U,2) = (0, 0).

Exercise 14.35. Project the sphere S? to a disc D (Figure 14.3) and compute
H*(S?) by Leray’s method.

Figure 14.3
Exercise 14.36. Let Y be a manifold and U a good cover of Y. Denote by 8,
the number of nonempty (p + 1)-fold mtcrsectxons Uy ..o,- Show that
«(Y) = X(-1YB,.

Exercise 14.37. Let n: X — Y be any map and U a good cover of Y. Show
that

w=I ¥ G 1P* dim HY{(x"'U,,....)

preso<

Deduce thatifn: X — Y maﬁber bundle with fiber F, then -
21(X) = x(F) x(Y).

§15 Cohomology with Integer Coefficients

An element in a Z-module is said to be rorsion if some integral multiple of it
is zero. Since the de Rham theory is a cohomology theory with real coeffi-
cients, it necessarily overlooks the torsion phenomena. For applications to
homotopy theory, however, it is essential to investigate the torsion. The
goal of this section is to replace the differential form functor Q* with the
singular cochain functor S*, define the singular cohomology, and show that
the preceding results on spectral sequences carry over to integer coeffi-
cients. The key as before is the Mayer-Vietoris sequence for countably
many open sets. The natural setting for the singular theory is the category
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of topological spaces and continuous maps, rather than the more restrictive
category of differentiable manifolds and C* maps of de Rham theory.
Unless otherwise indicated, from here till the end of Section 18 we will
work in the continuous category. We begin with a review of the basic
definitions of singular homology.

Singular Homology

Via the map
(xlv LR ] X‘) s (xh oy X., 0)

each Euclidean space R® is naturally included in R**!, Viewing cach R* as a
subspace of R*** in this way we consider the union

R*= ] R~

' a30 _
Denote by P, the i-th standard basis vector in R®; it is the vector whose
i-th component is 1 and whose other components are all 0. Let Py be the
origin. We define the standard g-simplex A, to be the set

A, = {;go yP, ;g:o 4= l}.

If X is a topological space, a singular g-simplex in X is a continuous map
s:A;— X and a singular g-chain in X is a finite linear combination with
integer coefficients of singular g-simplices. Collectively these g-chains form
an Abelian group S,(X). We define the i-th face map of the standard g-
simplex to be the funchon

O’ A«—l"’Ac ;
given by (see Figure 15.1)
. fq~1 g1 q
7 ) ‘:PJ) Z 4P+ Y ‘JPJ-
j=0 }-H-l

P

Figare 15.1
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The graded group of singular chains,
SJfX)= D S (X)

g3 0
can be made into a differential complex with boundary operator

2: 5,(X)— S,_1(X)

0s = i (—1)'s o 0.

i=0

It is easily checked that 9% =0. The homology of this complex is the
singular homology with integer coefficients of X, denoted H(X) or
H (X; Z). By taking the linear combination of simplices to be with coefii-
cients in an Abelian group G, we obtain similarly singular homology with
coefficients in G, H (X ; G).

The degree of a O-chain Y n; P, is by definition )_ n,. Suppose X is path
connected. If — P and Q are in a O-chain on X, then any path from P to Q
is a 1-simplex with boundary Q@ — P. Hence a O-chain on a path-connected
space is the boundary of a 1-chain if and only if it has degree 0. This gives
rise to a short exact sequence

0— 3 S1(X)~ So(X) = 20,

from which it follows that if X is path connected, Ho(X) = Z. In general,
dim Hy(X) = the number of path components of X .

The Cone Construction

The goal of this section is to compute the singular homology of R*. If s in
S,(R") is a g-simplex in R®, we define the cone over s to be the (g + 1)-
simplex Ks in S, ,(R") given by

gt} q
K:(): :lp,)=(1,- tee)s| 3 ——‘L—P,).

i=0 =0l =gy

This is the cone in R" with vertex the origin and base the simplex s. To
make sense of the formula, we view the last coordinate ., , as “time”; as
time goes from O to 1, the cone Ks moves from s to the origin. For the

singular simplex s pictured in Figure 15.2, the cone Ks is the “tetrahedron™
and '

0Ks = Oth face — Ist face + 2nd face — s
Kos = Oth face — st face + 2nd face.

~
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s(Py)

P, = Origin

Figure 15.2

In general we have the following.

Proposition 15.1. Let K: S (R")— S, , 1(R") be the cone construction. Then
0K — Ko = (—1yr*! |
onS,(R") forqg > 1.

PROOF. The geometrical idea is clear from F igure 15.2. The proof itself is a
routine matter of unravelling the definitions. We leave it to the reader. (3

In other words, the cone construction K is a homotopy operator between
the identity map and the zero map on §,(R"), g 2 1. Consequently,

0 g=>1

Ha(F) = {Z q=0.

The Mayer-Vietoris Sequence for Singular Chains

Let U = {U,}, ., be an open cover of the topological space X. Just as for
differential forms on a manifold, the sequence of inclusions e

X~1lu., I & Upeo -
@ ; Fo<a
induces a Mayer-Vietoris sequence. However, for technical reasons which
will become apparent in the proof of Proposition 15.2 (to show the surjec-
tivity at one end of the Mayer-Vietoris sequence), we must consider here the
group Sy(X) of U-small. chains in X ; these are chains made up of simplices
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each of which lies in some open set of the cover U. The inclusion
i: S§HX)— S(X)

is clearly a chain map, ie., it commutes with the boundary operator 4.

Indeed, it is a chain equivalence. The proof of this fact is tedious and we

will omit it (Vick [1, Appendix I, p. 207]), but the idea behind it is quite

intuitive: to get an inverse chain map, subdivide each chain in X until it

becomes U-small. In any case the upshot is that to compute the singular

cohomology of X it suffices to use U-small chains: H(S (X)) = H(S4(X)).
Define the Cech boundary operator

6: @D S(Upo)—= D  Se(Upg.o-,)

ag<--<a, g, < <a,,

by the “alternating sum formula”
(OChuq - ay-1 = LCaso
[ ]
Here, as always, we adopt the convention that interchangmg two indices in
Cap - a, iNtroduces a minus sign. The fact that 4% = 0 is proved as in Prop-

@0 -

osmon 12.12. The boundary operator § on @ S, (U,) — S, (X) is simply
the sum; we denote this by &.

Proposition 15.2 (The Mayer—Vietoris Sequcncé for Si‘ngular Chains). The
Jollowing sequence is exact

0 « SHX) & @S(U,.)«— ® S,U,.) « -

o < a4

Although this sequence bears a formal resemblance to the generalized
Mayer-Vietoris sequence for compact supports (Proposition 12.12), because
we do not have partitions of unity at our disposal now, the second half of
the proof of (12.12) does not apply.

Lemma 153. Let
0-A—-B-C—-90

be a short exact sequence of differential complexes. If two out of the three
complexes have zero homology, so does the third.
Proor. Consider the long exact sequence in homology

+ — H(A) = H(B) —» H (C) —» H,_(4) — ---. a
PROOF OF PROPOSITION 15.2. For two open sets the Mayer-Vietoris sequence
is

0 « SgUo U Uy) & 5(Ug) @ S,(U) + S(Uoy) + 0

(€100 C01) +— coa
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The exactness of this sequence follows directly from the definition. For
three open sets the sequence is

0 SNUe L U, U U= S(Ud D SLU,) @ S YU ) 5 (Ug) B S (Uo)) @ AU, ) = S{Uoy3) 0
€10 + €200 Coy + €33y Cop + €y3) onmr—————Y(Co,, €03, €13)
{€304: €103+ €033 ———{Cas3

The Mayer-Vietoris sequence for two open sets injects into the one for three
open sets, giving rise to the following commutative diagram with exact
columns

o 0 0
i i i

00— S'W,u Uy SUgd Uy S(Uy,) 0
} 1 i i

0« SYU,u U, LU, ——S{U) D SU ) D U ) —— U, D SU) SV ) —— HUpy)) -~ 0
i ! ' ! )

S'(Uo v U] v Ug} ] ?

0~ A AR (U N SUe)® U, SUo12) ~ 0
i i ) R
0 0 0 0

The' in S¥U, v U,) is the open cover {Uy, U, }, while the U inS(U, v
U, u U,)is the open cover {Uy, U,, U,}. So the group

S Uo v Uy v Uy)/S" (UL Uy

is generated by the sunphoes in U, which do not lic entirely in Uy or U,
(see Figure 15.3). '

8 of this is not 0.

Uo

Bof thisis 0.

Figure 15.3
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We now prove the exactness of the rows of the commutative diagram:
The bottom row is almost the Mayer-Vietoris sequence for 'the open tover
{Uoz, U,,}; it is exact except possibly at S(U,). Clearly p o 6 = 0. Now if ¢
is in S(U,) and B(c) = 0, then c is a chain in U, whose simplices lie either in
Uo or in Uy, ie, c is in the image of S(U,,;) @ S(U,;). Therefore the
bottom row is exact. Note that each row of the commutative diagram is a
differential complex and the commutative diagram may be regarded as a
short exact sequence of differential complexes. Since the top and bottom
complexes have zero cohomology, by Lemma 15.3 so does the middle one;
in other words, the middle row is exact. This proves the exactness of the
Mayer-Vietoris sequence for a cover consisting of three open sets. In gen-
eral the Mayer-Vietoris sequence for r open sets injects into the one for
r + 1 open sets. By the above technique and induction, one proves the
Mayer-Vietoris sequence for any finite cover.

Now consider a countable cover U = {U_}. By the definition of the direct
sum, an element ¢ of P S(U,,....,) has only finitely many nonzero com-
ponents. These components can involve only finitely many open sets. There-
fore if éc = 0, by the Mayer-Vietoris sequence for a finite cover, we know
that ¢ = 8b for some bin @ S(U,, ., ,+1) This proves the exactness of the
Mayer-Vietoris sequence for countably many open sets. d

REMARK 154. If the coefficients are in an arbitrary Abelian group G, the
same proof holds word for word.

Now suppose the open cover U consists of two open sets U and V. By
Proposition 15.2, there is a short exact sequence of singular chains

(15.5) 0— S,(U N V)= S,(U) @ S, (V) SHX)— 0.
The associated long exact sequence in homology is the usual homology
Mayer-Vietoris sequence.

Corollary 15.6 (The Homology Mayer-Vietoris Sequence for Two Open
Sets). Let X = U u V be the union of two open sets. Then there is a long
exact sequence in homology

J
= H{U n V)5 H(U) @ H,(V) 5 HyX) o He- U A V) > -
Here f is the map induced by the signed inclusion ar(—a, a) and g is the sum
(a,b)—+a + b.
Singular Cohomology
A singular g-cochain on a topological space X is a linear functional on the

Z-module S (X) of singular g-chains. Thus the group of singular g-cochains
s SYX) = Hom (5,(X), Z). With the coboundary operator d defined by
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3

(dw)c) = wdc), the graded group of singular cochains S*(X) = @ SYX)
becomes a differential complex; the homology of this compiex is the singu-
lar cohomology of X with integer coefficients. Replacing Z with an Abelian
group G we obtain the singular cohomology with coefficients in G, denote
H*(X; G). For the rest of this chapter we will reserve H*(X) for the singular
cohomology with integer coefficients and write H3z(X) for the de Rham
cohomology.

A function w on X is a O-cocycle if and only if w(dc) = 0 for all paths ¢ in
X. It follows that such an w is constant on each path component of X.
Therefore, HY(X) = S%X)=Z @ Z @ --- @ Z where there are as many
copies of Z as there are path components of X.

Thc singular cohomology .does not always agree with thc Cech
cohomology. For instance,

dim HY,(X) = # path components of X,
but
dim HZ_,(X) = # connected components of X.

We now compute the singular cohomology of R*. Define the operator
L : S{R")— S*"(R") to be the adjoint of the cone construction K:ifoe
SYR" andc € S, ,(R"),

(LoXc) = o(Kc).
Then for o € S%R") and ¢ € S (R"), _
((dL — Ld)o)c = (d(Lo))c — (L(JG)XC)
= (Lo)oc) — (daXKe)
= o(Kdc) — a(0Kc)
= o((K0 — 0K)c)

= ((—1)**'0)c by Proposition 15.1.
Hence
l=(—1y*"dL—Ld) on SYR", g21,

ie., L is a homotopy operator between the identity map and thc zero map
on the g-cochains, g 2 1. It follows that

Z, 0

Applying the functor Hom( , Z) to the Mayer-Vnctoms sequence for
singular chains we obtain the Mayer-V ietoris sequence for singular cochains

(15.7) 0-+SHX) > P SWYS @S W..)5 ...

Gy <,
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Since the functor Hom( , Z) preserves the exactness of a sequence of free
Z-modules (see Exercise 14.17.3), the Mayer-Vietoris sequence for singular.
cochains is exact.

Exercise 15.7.1. Show that &* is the restriction map and * is the alternating
difference ' :

ptl

(é.w)u...u,ﬂ = Z ('- l)I w%...d’.,..c,..
i=0

Once we have the Mayer-Vietoris sequence we can set up the double
complex C*U, S*). Just as in the de Rham theory the double complex
C*(U, S*) computes the singular cohomology of X. This is because by the
exactness of the Mayer-Vietoris sequence, H, of this complex has a single
zero column ’

1
. S¥x)yp 0
i
Hy;= | sS{X)| o
1
Sx)| o
0 1

so that the spectral sequence degenerates at the E, term an?
H{C‘(u, S.)} = H‘H‘ = H‘(X).

To complete the analogy we will need the existence of a good cover on
the topological space X. This presents no problem if X admits a triangu-
lation, ie., a homeomorphism with the support of a simplicial complex,
since the open star of the triangulation is a good cover.-By taking barycen-
tric subdivisions of the triangulation we can refine its star ad infinitum..
Hence just as in the case of manifolds, the good covers on a triangularizable
space X are cofinal in the set of all covers of X. We note in passing that this
gives an alternative proof of the existence of a good cover on a manifold
since it is known that every manifold admits a triangulation (due to Cairns
and Whitney, see Whitney [2, pp. 124-135)).

»
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If U is a good cover of a topological space X, then H; of the double
complex C*U, $*)is :

0 0 0
c’M, 2)| C'(4,2)| C*U, 2)

and HyH, = H*(U, Z) = H{C*(l, §*)}. So there is an isomorphism between
the singular cohomology and the Cech cohomology of a good cover with
coeflicients in the constant presheaf Z:

H¥X) ~ H%(Y, 2).

Suppose X triangularizable. Since the good covers are coﬁnal in thc set of
all covers of X, .

HYX, Z) = H*!, Z)

where H*(X, Z) is the Cech cohomology of X with coeﬂic:cnts in the
constant presheaf Z. Therefore, .

The singular cohomology of a triangularizable space X is

isomorphic to its Cech cohomology with coe_ﬂicxents in the constant presheaf
ZlfuzsagoodcooerofX then da

-

H%(X) ~ HYX, Z) =~ H*(4, Z).

Let n: E— X be a fiber bundle with fiber F over a triangularizable
topological space X. Just as in Theorem 14.18, from the double complex

C(n~'U, S*) on E we obtain a spectral sequence converging to the smgular
cohomology H*(E) whose E, term is

E§ ¢ = HXU, XF)),

where #Y(F) is the locally constant presheaf #°4U) = H{n " 'U). If #'%F)
happens to be the constant preshcafl Z@P --- P Zon U, thcn

E$*=HMU2)® - @ HUD=HX) D - © HX)
- = HYX) ® HYF).

The singular cohomology group H*(X ; Z) can be given a product struc-
ture as follows. If (4o ... 4)) is a g-simplex in X, we say that(A, ... 4,) isits
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Jront r-face and (4,_, ... A,) its back r-face. Let w be a p-cochain and  a
g-cochain; by definition their cup product is given by

(159) ©  (@uUnKAg... Aprd = (Ao ... A) N (A, ... Ay

Exercise 15.10. Show that the coboundary operator d is an antiderivation
relative to the cup product:

dw v n) =(dw)un+(—1)°w U dy.

By arguments analogous to (15.2}) and (15.7) there is also a Mayer-
Vietoris sequence for singular cochains with coefficients in a commutative
ring A. Using the cup product (159) in place of the wedge product, the
spectral sequence of the Cech-singular complex C*, S*) can be given a
product structure just as in (14.24). The arguments in Section 14 carry over
mutatis mutandis. Hence the results on spectral sequences remain true for
singular cohomology with coefficients in A. Note however in (14.18) and
(14.30) the E, term of a fiber bundle n: E — M with fiber F over a simply
connected base space M is the tensor product H*(M; 4) @ H*(F; A) only
if the cohomology of F is a free A-module. In summary we have the follow-
ing.

Theorem 15.11 (Leray's Theorem for Singular Cohomology with Coeffi-
cients in a Commutative Ring A). Let n: E — X be a fiber bundle with fiber
F over a topological space X and U an open cover of X. Then there is a
spectral sequence converging to H*(E; A) with E, term '

E& = HYU, #YF; A)).

Each E, in the spectral sequence can be given a product structure relative to
which the differential d, is an antiderivation. If X is simply connected and has
a good cover, then

E%* = HXX, HY(F; A)).
If in addition H*(F ; A) is a finitely generated free A-module, then
" E, = HYX; A) @ H%F; A)
algebras over A.
Exercise 15.12 (Kiinneth Formula for Singular Cohomolbby). fXisa sj)ace
having a good cover, e.g., a triangularizable space, and Y is any topological

space, prove using the spectral sequence of the fiberbundlen: X x Y - X
that

HYX x V)= @ H"X, H(Y)).

pra=»
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We examine briefly here how some of the theorems in de Rham theory
carry over to the singular theory. Both the Mayer-Vietoris argument of
Section S and the tic-tac-toe proof of Section 9 for the Leray-Hirsch the-
orem go through for integer coeflicients, with the singular complex C*(Y,
§*) in place of C*(U, Q*). However, since there may be torsion in H*(F), the
Kiinneth formula in the form H*(M x F) = H%M) @ H*(F) is not true
with integer coefficients; the Mayer-Vietoris argument fails because ten-
soring with H*(F) need not preserve exactness, and the tic-tac-toe proof
fails because H*(F) @ C*(U, S*) may not be simply a finite number of
copies of C*(U, S"‘) These difficulties do not arise in the case of the Leray-
Hirsch theorem, since in its hypothesis the cohomology of the fiber H*(F) is
assumed to be a free Z-module.

ReMARK 15.13. Given any Abelian group A, let F be the free Abelian group

generated by a set of generators for A and ict R be the kernel of the natural
map p: F— A. Then

(15.13.1) ORI FA 40

is a short exact sequence of Abelian groups. As a subgroup of a free group,
R is also free (Jacobson [1, §3.6]). An exact sequence such as (15.13.1), in
which F and R are free, is called a free resolution of A. LctheanAbdnn
group. By Exercise 14.17.4, the two sequences

(15.13.2) . 0— Hom(4, G)— Hom(F, G)-> Hom(R, G)
and ‘ i_ /
(15.13.3) R@G-ﬁ’l—.pg’c.--;.;n@ G ——0
are ¢xact.

Definition. «
Ext(A, G) = coker i" = Hom(R, G)/im i*.
Tor(A, G) =keri ® 1. . -

Thus Ext and Tor measure the failure of the two exact sequences
(15.13.2) and (15.13.3) to be short exact. It is not hard to show that the
definition of Ext and Tor is independent of the choice of the free resolution.
For_ the clementary properties of these two functors sec, for instance,
Switzer {1, Chap. 13).

Exercise 15.13.4. If m and n are positive integers, we denote their greatest
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common divisor by (m, n). Verify the tables

Ext | Z z, Tor | Z

N
=]
(=

Y 4 0 0
Zuu Zu z(m. n)

N
]

o
N
3
2

For example, _
Ext(Z,,,Z)= 12

In terms of these completely algebraic functors, one finds the following
description of the dependence of the singular theory on its coefficient group.
For a proof see Spanier [1, pp. 222 and 243].

Theorem 15.14 (Universal Coefficient Theorems). For any space X and
Abelian group G,

(a) the homology of X with coefficients in G has a splitting .
H{(X; G)~ H(X)® G® Tor(H,__ «(X), G);
(b) the cohomology of X with coefficients in G also has a splim'ng:’
HYX; G) >~ Hom(H (X), G) ® Ext(H,_ (X), G).

Applying Part (b) with G = Z yields the following formula for the integer
cohomology in terms of the integer homology.

Corollary 15.14.1. For any space X for which H (X) and H,_ (X) are finitely
generated Z-modules,

H'(X) = Fq @ T,- 1
where F_ is the free part of H{X) and T, _, is the torsion part of H,_ ,(X).

ReMARK. The splittings given by the universal coefficient theorems cannot
be arranged to be compatible with the induced homomorphisms of maps.
They are therefore often said to be unnatural splittings. :

ExampLE 15.15 (The cohomology of the unit tangent bundle of a sphere).
The unit tangent bundle S(T5.) to the 2-sphere in R® is a fiber bundle with
fiber S':

S' — S(Ts)

!
S2,
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By (15.11) the E, term of the spectral sequence is
E% = H*(S?) @ HYS)

For dimensional reasons d; =d, =--- =0, so E; = E, . By Remark 14.20
the differential d, in the diagram defines the Euler class of the circle bundle
S(Ts2). Since the Euler class of $(T) is twice the generator of H z(S‘) (Exam-
ple 11.18), this d, is multiplication by 2. Thus

Z in dimensions 0 and 3
H*S(T5:) = § Z, in dimension 2

0 otherwise.

Exercise 15.15.1. Compute the cohomology of the unit tangent bundle
(Ts).

A point in S(Ts.) is specified by a unit vector in R®> and another unit
vector orthogonal to it. This can be completed to a unique orthonormal
basis with positive determinant. Therefore S(Ts;) = SO(3) and we have com-
puted above the cohomology of SO(3).

REMARK 15.15.2, The special orthogonal group SO(3) comes in a different
guise as RP?, as follows. We can think of SO(3) as the group of all rotations
about the origin in R?, Each such rotation is determined by its axis and an
angle ~n < 6 < 7. In this way SO(3) is parametrized by the solid 3-ball D?
of radius n in R?: a point in this 3-ball determines a unique axis and a
unique angle of rotation, the axis being the line through the point and the
origin, and the angle being the distance of the point from the origin. Since
rotating through the angle — 2 has the same effect as through =z, any pair of

antipodal points on the boundary of D? parametrize the same rotation. So
SO(3) is homeomorphic to RP2,

Exercise 15.16 (The Cohomology of SO(4)). The special orthogonal group
SO(n) acts transitively on the unit sphere $"~! in R* with stabilizer
SO(n — 1). Therefore SO(n)/SO(n — 1) = $*~!. A group with a differentiable
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structure relative to which the group operations, namely multiplication and
inverse, are smooth is called a Lie group. GL{(n, R) and SO(n) are examples
of Lie groups (see Spivak [1, Ex. 33, p. 83]). It is a fact from the theory of
Lie groups that if H is a closed subgroup of a Lie group G, i.e., H is a Lie
subgroup and a closed subset of G, then n: G— G/H is a fiber bundle with
fiber H (Warner [1, Th. 3.58, p. 120]). Apply the spectral sequence of the
fiber bundie

SO(3)— SO(4)
i
SS
to compute the cohomology of SO(4).

Exercise /319 (The Cohomology of the Unitary Group). The unitary group
U(n) acs transitively on the unit sphere S2*~! in C" with stabilizer
U(n - 1). Hence U(n)/U(n — 1) = S?"~ 1. Apply the spectral sequence of the
fik<r bundle

Un - 1)— Un)

{
SZ-—I

to compute the cohomology of U(n).

The Homology Spectral Sequénce -

Although in this book we are primarily concerned with cohomology, for
applications to homotopy theory it is frequently advantageous to use the
homology spectral sequence of a fibering. Since the construction of such a
spectral sequence is analogous to that for cohomology, the discussion will
be brief. '

Using the singular chain functor S, in place of the differential form
functor Q* we get a double complex C (U, S,) with differential operators 9
and 6. Define D to be 6 + (— 1)°0.
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. . 3
As in Section 14 this double complex gives rise to a spectral sequence {E"}
which converges to the total homology Hp{C, (1, S,)}. Because of the di-
rections of the arrows ¢ and §, the differential & goes in the opposite

direction as the differential of a cohomology spectral sequence; more pre-
. cisely,

‘f E' —"E'-'.-H' 1

By the exactness of the Mayer-Vietoris sequence (15.2) the spectral sequence
is degenerate at the E? term and

E? = HyHy = H (X).
Hence we have the following.

Proposition 15.18. For any cover U of X the double complex C (Y, S,)
computes the singular homology of X :

HD{C.(u, s.)} = H.(X)'

To avoid confusion with the cohomology spectral sequence, we write r as

a superscript and p and g as subscripts in the homology spectral sequence:
E

g
ltlow suppose U is a good cover of X. Interchanging the roles of d and

gives another spectral sequence which also converges to Hp{C (U, S,)}.
This time

‘where Z is the constant presheaf with group Z Companng (15.18) with

(15.19) gives the isomorphism of the singular homology to the Cech homol-

ogy H, (U, Z) of a good cover. Along the line of Theorem 14.18, if
n:£— X is a fiber bundle with fiber F, and X is a simply connected space

with a good cover, then there is a spectral sequence converging to the

singular homology H «E} with E2 , = H (X, H(F)). If in addition H(F) isa".
free Z-module, the E? term is isomorphic to the tensor ‘ product

H(X) ® H(F) as Z-modules. Unlike the cohomology spectral sequence,

there is in general no product structure in hoimology.

_§16 The Path Fibration

Recall again that through §18 we work in the category of topological spaces
and continuous maps. Unless otherwise noted all cohomology groups will
be assumed to have integer coefficients. Let x: E— X be a fiber bundle
with fiber F over a topological space X that has a good cover U. We have
shown that there is a spectral sequence oonvcrgmg to thc cohomology
H*(E) of the total space, with E, term

Et = HAU, YF), -
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where #%(F) is the presheaf that associates to every open set U in U the
group HYn~'U) ~ HYF). Now suppose n: E— X is simply a map, not
necessarily locally trivial. One can still obtain a spectral sequence by con-
sidering the double complex of singular cochains K = C*(n~'U, $*) on E.
As long as the map n : E— X has the property that

(16.1) H%r~'U) =~ H%F) for some fixed space F and for any contractible
open set U,

then E, = H, H{K) will be the same as for a fiber bundle. Since the spectral
sequence is a purely algebraic way of going from HyH, to Hp, which is
isomorphic to H*(E), the spectral sequence of this double complex will
again converge to H*(E). An example of such a map is the path fibration. As
will be seen in the next few sections, Serre’s application of the spectral
sequence in this unexpected setting has far-reaching consequences in homo-
topy theory. '

The Path Fibration

Let X be a topological space with a base point * and [0, 1] the unit interval
with base point 0. The path space of X is defined to be the space P(X)
consisting of all the paths in X with initial point »:

P(X) = {maps u: [0, 1]— X | u(0) = t}

We give this space the compact open topology; i.e., a basic open set in P(X)
consists of all base-point preserving maps x: [0, 1]-+ X such that
#(K) < U for a fixed compact set K in [0, 1] and a fixed open set U in X.
There is a natural projection n : P(X)— X given by the endpoint of a path:
n(u) = u(1). The fiber at p of this projection consists of all the path from » to
p (see Figure 16.1).

Figure 16.1

We now show that the. map n: P(X)— X has the property (16.1). Let U
be a contractible open set containing p. There is a natural inclusion

i:n Yp)—n Y (U)
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Figure 16.2

(See Figure 16.2.) Using a contraction of U to p, we can get a map
¢:n" (U)-n"(p).

It is readily checked that ¢ and i are homotopy inverses. Furthermore, if p
and g are two points in the same path component of M, then a fixed path
from p to g induces a homotopy equivalence n~*(p) =~ n " '(g). Thus all
fibers have the humotopy type of n ~ (+), which is the loop space QX of X :

= {u:[0, 17— X | pu(0) = p(1) = »}.
So the map n: P(X)— X has the property H*n ™ 'U) ~ H*QX) for any
contractible U in X.
A more general class of maps satisfying (16.1) are the fiberings or fibra-

tions. A map n: E— X is called a fibering or a fibration if it satisfies the
covering homotopy property :

(16.2) given a map f : Y —» E from any topolog;cal space Y into E and a
homotopy f, of f=n o fin X, there is 2 homotopy f; of fin E which
covers f;; that is, n o f, = f;.

The covering homotopy property may be expressed in terms of the diagram

,
y Y ; :,E
I J I‘ ///

0,0 YxI I X,

Such a fibering is sometimes called a fibering in the sense of Hurewicz, as
opposed to a fibering in the sense of Serre which requires only that the
covering homotopy property be satisfied for finite polyhedra Y. If X is a
pointed space with base point +, we call 1~ !(s) the fiber of the fibering, and
for any x in X, we call F, = n™ !(x) the fiber over x. As a convention we will
assume the base space X of a fibering to be connected. It is clear that the
map = : PX — X is a fibering with fiber QX, for a homotopy in X naturally
induces a covering homotopy in PX. This fibering, called the path fibration
of X, is fundamental in the computation of the cohomology of the loop
spaces. Its total space PX can be contracted to the constant path:
[0, 1]— =
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We prove below two basic properties of a fibering, from which it will
follow that (16.1) holds for a fibering. .

Proposition 16.3.(a) Any two fibers of a fibering over an arcwise-connected
space have the same homotopy type.

(b) For every contractible open set U, the inverse image n~ U has the
homotopy type of the fiber F,, where a is any point in U.

PROOF. (a) A path y{¢) from a to b in X may be regarded as a hox.notopy qf
the point a. Let §: F, x I— X be given by (y, f) > 1t), where I'is the unit
interval [0, 1]. So we have the situation depicted in Figure 16.3. By the

y F, < > E
: .4
Ve
g~ . )
i F,
7 .
P
(ya 0) Fg X [_ E P X '
aNb
" I
.0} > (1) 70 By
Figure 16.3

covering homotopy property, there is a map g which covers g. The re-
striction g, = g|s, x,1 is then a map from F, to F,. Thus a path from a to b
induces a map from the fiber F, to the fiber F,.

We will show that homotopic paths from a to b in X induce homotopic
maps from F, to F,. Let u be a path from a to b which is homotopic to 7,
h a covering homotopy of u, and h, the induced map from F, to F,. Define

Z by (see Figure 16.4)
Z=F,xIx{0}JuF,xIxI
andf:Z—-Eby
flexixoy, 5,0 =y
Slrxioxi3 0, 8) = g3, ©)
f".*w*if’)’ 1) = h(y, 1). _
We regard the homotopy between y and u in X as a homotopy Gofnof
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Y

Figure 164

By the covering homotopy property there is a covering map G from
F, x I x' I, which is homotopic to Z x I, into E. The restriction of G to
F x I x {l} has lmagc in F,. Since G'F.!lO)x{l) =g, and G'p.,u,x“"
hy, Gls, x1x1) is @ homotopy in F, betwéen g, and h,.

Given two points a and b in X and a path y from a to b, let u: F,— F,
be a map induced by y and v:F,,—-» F,a map induced by y~*. Then v o u:
F,— F, is a map induced by y~'y. Since y ™'y is homotopic to the constant
map to a, the composition v  u is homotopic to the identity on F,. Thcre—
fore, F, and F, have the same homotopy type.

(b) Lety:U x I— U be a deformation retraction of U to the point a. By
the covering homotopy: property, thereisamap g:n~'U x I— z~*U such
that the following diagram is commutative.

1 ) - identity '
U T U
e
14 /’
-
-
//
- // )
1 ol
U x1 < UxlI - U

We will show that g gives a deformation retraction of #~ U onto the fiber
F,. Let g, be the restriction of g to n~*U x {t}. By identifying z~*U with
n~ U x {t}, we may regard g as a family of maps g, :n~'U— a~'U vary-
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ing with ¢ in the unit interval I. At¢ =0,
go:n U x {0}—=n"tU
is the identity and at ¢ = 1,
g U x {1}>n"tU
has image in the fiber F,. Hence, g, may be factored as g, =i o ¢:

¢
2 WU x {1} 5 F, &n U

So via g the composition i - ¢ is homotopic to the identity. To show that
¢ o i: F,— F, is homotopic to the identity, consider the following diagram

i identity

F,e—n™U — 7'V
-
=7 .
F‘xlCTon"UxI UxlI U.

Note that ¢oi=geojls«q Iis induced from the constant path
I- {a} € X, since y o n < j(y, t) = a for all t. (The deformation retraction y
fixes a at ali times.) By the proof of (a), ¢ - i is homotopic to the identity. []

REMARK 16.4. If we replace F, with any space Y, the argument in (a) proves
that in the covering homotopy property (16.2), homotopic maps in X
induce homotopic covering maps in E. _

Generalizing the fact that a simply connected space cannot have a con-
nected covering space of more than one sheets, we have the following.

Proposition 16.5. Let n: E— X be a fibering. If X is simply connected and E
is path connected, then the fibers are path connected.

Proor. Trivially the EZ° term of the fibering survives to E . Hence
] E}°=Ex’=HYE) =1,
since E is path connected. On the other hand,
E3® = HY(X, HO(F)) = HY(F).
Therefore H(F) = Z. a
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The Cohomology of the Loop Space of a Sphere

As an application of the spectral sequence of the path fibration, we compute
here the integer cohomology groups of the loop space Q8" n > 2.

ExaMPLE 16.6 (The 2-sphere). Since $? is simply connected, the spectral
sequence of the path fibration

Qs? -+ PS?
|
sZ
has E, term
EB¢ = HXS?, HYQS?)).

So the zeroth column E3* = H%(S?, HYQS?) = HY(S?) is the cohomology
of the fiber. By Proposition 16.5, H(QQS?) = Z, so the bottom row H§? =
H?(S%, HY(QS?)) = H?(S?, Z) is the cohomology of the base.

~N
~

By the universal coefficient theorem (15.14), all columns in E, cxcei)t p=0.
and p =2 are zero. Hence all the differentials d,, d,, ... are zero and
E§* = E%%. Because the path space PS? is contractible,

ra {z ¢ 9 = 0,0
® (0  otherwise.

Thus d, : E3'* — E3'° must be an isomorphism. It follows that H}(QS?) = Z.
But then .

"E3 ' = HA(S%, H'QSY) = HX(S%, ) = L

Since d, : E}'*— E3! is an isomorphism, H*(QS?) = Z. Working our way
up, we find HYQS?) = Z in every dimension g.



204 . HI  Spectral Sequences and Applicajions

ExampPLE 16.7 (The 3-sphere). In the E; term of the fibering

q 4
QS3— PS?

s? ' \
RN

o~

AN
R

the nonzero columns are p = 0 and p = 3. For dimension reasons d, =0
and d, =ds == 0. Because the total space is contractible, d; is an
isomorphism except at EJ . Therefore,

y 4 in even dimensions
* Hh = :
H*QS7) {0 otherwise.

Similarly we find that in general

HYQS") = {Z in dlmt?nswns O0n—1,2n-1)... .
0 otherwise;

_Next we examine the rmg structure of H*(§2S"). We start with QS2 Let
u be a generator of E}® = H*(S?) and let x be the generator of H'(QS!)
which is mapped to u by d,. For simplicity we occasionally write d ford, .
By Example 16.6, the differgntial d, is an isomorphism. Note that x com-
mutes with u.because E, is the tensor product H*(QQS?) ® H*(S?). (x is
actually x®@ 1 and uis 1 ® u.)

e |
4172
3| ex exu
2 e\\ eu
1 x\\‘ Xu
0} 1 ™ u
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Since dy(x?) =(dyx): x — x - dyx = ux — xu =0, we have x* =0. Thus
the generator e in H*(QS?) which maps to xu is algebraically independent of
x. Since d(ex) = eu, the product ex is a generator in dimension 3. Similarly,
d(e?) = 2exu so that €*/2 is a generator in dimension 4; d((e*/2)x) = (¢*/2u
so that (e?/2) - x is a generator in dimension 5. By induction we shall prove

— is a generator in dimension 2k

k!
and
ek
ax is a generator in dimension 2k + 1.
PROOF. Suppose the claim is true for k — 1. Since
&t !
d E: = de

P T RSN Tl P T The

which is a generator of E3'2*~!, the eclement €'/k! is a gcncrator of
H*{QS?). Similarly, since

< )- & x+Gual

M) Sk ™ X Tt T
which is a gencrator of E3%* the elcmcnt (e"/k Dx is a generator of
H2h+l(ﬂs2) D

By definition the exterior algebra E(x) is the ring Z[x}/(x*) and the
divided polynomial algebra Z (e) with generator e is the Z-algebra with
additive basis {1, e, e?/2!, */3!, ... }. Hence

H*QS?) = E(x) ® z,(e).

where dim x = 1 and dim e = 2.

Now consider H*(2S") for n odd. Let u be a generator of H(S") and e
the generator of H"~ l(QS") which maps to u under the isomorphism d,.
Since d,(e?) = 2eu, 2/2 is a generator in dimension 2(n — 1). In general if
é*/k! is a generator in dimension k(n — 1), then d(¢***/(k + 1)]) = (e/k!)u
so that ¢**'/(k + 1)! is a generator in dimension (k + 1)}n — 1). ,

2 |
TN
BN

™ eu

/

.
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This shows that for n odd,
H*QS") = Z (e), dme=n~-1.
Bya conipntation similar to that of H*(Q25?), we see that for n even,

HYQS") = E(x)® Zfe), dimx=n—1, dime=2(n- 1)

§17 Review of Homotopy Theory

To pave the way for later applications of the spectral sequence, we give in
this section a brief account of homotopy theory. Following the definitions
and basic properties of the homotopy groups, we compute some low-
dimensional homotopy groups of the spheres. The geometrical ideas in this
computation lead to the homotopy properties of attaching cells. A space
built up from a collection of points by attaching cells is called a CW
complex. To show that every manifold has the homotopy type of a CW
complex, we make a digression into Morse theory. Returning to the main
topic, we next discuss the relation between homotopy and homology, and
indicate a proof of the Hurewicz isomorphism theorem using the homology
spectral sequence. The homotopy groups of the sphere, n(S¥), ¢ <, are
immediate corollaries. Finally, venturing into the next nontrivial homotopy
group, n3(S2), we discuss the Hopf invariant in terms of differential fornis.
Some of the general references for homotopy theory are Hu{1]}, Steenrod
[1], and Whitehead [1].

’

Homotopy Groups

Let X be a topological space with a base point s. For ¢ > 1 the ¢th
homotopy group n(X) of X is defined to be the homotopy classes of maps
from the g-cube M to X which send the faces /% to /* to the base point of X.
Equivalently z(X) may be regarded as the homotopy classes of base-point
preserving maps from the g-sphere SY to X. The group operation on = (X)
is défined as follows (see Figure 17.1). If & and § are maps from /M to X,

representing [«] and [f] in n(X), then the product [a][£] is the homotopy
class of the map

(’ { {G(Z“,tz,...,‘.) for OS‘xS*
Wis oo te) B2ty —1,1,,...,t) for ¥t 51,

We recall here some basic properties of the homotopy groups.
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pinch

Figure 17.1

Proposition 17.1. (@) n (X x Y) = n (X) x n(Y).
(b) =(X) is Abelian for g > 1.

PROOF. (a) is clear since every map from I* into X x Y is of the form
(f1, f2) where f; is a map into X and f; is a map into Y. Furthermore, since
(f1, 2)(&1, 82) = (f181, /282), the bijection in (a) is actually a group iso-
morphism. To prove (b), let {«] and [f] be two elements of x,(X) We
represent aff by

a(2t,,t;,...,:t’) for ost‘si
P2ty ~ 1, 43,...,8) for ¥, 51,

a B 7(1;,...,1.):-{

afl is homotopic to the map J from I to X given by

( a2y, 2y ~ 1, 1y, ..., 1),
0<%, i<,
Nty .- os t) =4 B2ty — 1,205, ..., 8)

o }<sy<l, 0st1,s54,

| * otherwise.
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& is in turn homotopic to

and finally to

Propositiou 17.2. n,_,(QX) = n(X), ¢ > 2.

SKETCH OF PROOF. Elements of n,(X) are given by maps of the square r
into X which send the boundary I* to the base point «. Such a map may be
viewed as a pencil of loops in X, i.e., a map from the unit interval into QX.

Therefore, n,(X) = n(€X). The general case is similar; we view a map
from /M to X as a map from ™! to QX 0

It is often useful to introduce ny(X), which is defined to be the set of all
path components of X. It has a distinguished element, namely the path
component containing the base point of X. This component is the base
point of ny(X). For a manifold the path components are the same as the
connected components (Dugundji [1, Theorem IV.5.5, p. 116]).

Recall that a Lie group is a manifold endowed with a group structure
such that the group operations—multiplication and the inverse operation—
are smooth functions. Although n,(X) is in general not a group, if G is
a Lie group, then mo(G) is a group. This follows from the following
proposition.

Proposition 17.3. The identity component H of a Lie group G is a normal
subgroup of G. Therefore, no(G) = G/H is a group.

PROOF. Let a, b be in H. Since the continuous image of a connected set is
connected, bH is a connected set having a nonempty intersection with H.
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-Hence bH < H: It follows that abH < aH & H, so ab is in H.-Similarly
a”'H is a connected set having a' nonempty intersection with H, since 1:is
ina'H;soa 'HcH and a™! is also in H. This shows that H xs a
subgroup of G. s S

Let g be an element of G. Smce gHg 'isa connected set contalmng 1,
by the same reasoning as above, gHg ™! < H. Thus H is normal. -

Because multiplication by g is a homeomorphism, the coset gH is
connected. Since distinct cosets are disjoint, G/H consists of precisely the
connected components of G. Therefore, 74(G) = G/H. [}

)
Let n: E— B be a (base-point preserving) fibering with fiber F. Then
there is an exact sequence of homotopy groups, called the homompy se-
quence of the fibering (Steenrod [1,p. 91]):

(174) - — 7 (F) -, It,(E) 1‘.(3) — "g— 1(F) —-
c— uo(E) — no(B) —0.

In this exact sequence the last three maps are not group homomor-
phisms, but only set maps. The kerne] of a set map between pointed sets is
by definition the inverse unage of the base point. Exactness in this context is -
given by the same condition as before: “the image equals the kernel.” The
maps i, and n, are the maps induced by the inclusion i: F— E and the
projection n: E— B respectively. Here we regard F as the fiber over the |
base point of B. To describe' & we us¢ the covering homotopy property of 3
fibering. For simplicity consider figstg = L. A loop a: I'— B from the uu?
interval to B, representing an elemént of n,(B), may be lifted to a patha in
E with &(0) being the base point ¢of F. Then ofa]}-is ngen by d(1) in =o(F).
More generally let I¢~! < I be the inclusion :

. L

(‘h .o q;l)H(tl) seey bg—1s o)‘ -

Amapa:I*—»B represcntmg an glement of uQ(B) may be regarded as a
homotopy of a|;-: in B. Let the constant map s : I*"*— E from I*! to
the base point of F be the map that coversa[,.—n (t1, ---» tg-1, 0)— B. By,
the covering homotopy property, there is a homotopy upstaxrs a:I*—E
which covers a and such that & |;e-s = ». Then 9[«] is the homotopy class of
themapa:(t,,..., t,-1, 1)— F. By Rcmark 16.4, d[«] is well-defined.

.EXAMPLE 17.5. A covering space n: E— Bis a ﬁbcnng with dxmc fibers.
By the homotopy sequenoc of thefibering, . -~ .

ﬂ‘(E)'—‘-I.(B) fOl’ q'zz - L e e |

and

n‘(ﬁ?c’“l(B)' S e : 3‘.‘:” e
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WARNRNG 17.6 (Dependence on base points). Consider the homotopy
groups x (X, x) and (X, y) of a path-connected space X, computed rela-
tive to two different points x and y. A path y from x to y induces by
conjugation a map from the loop space Q. X to the loop space Q, X :

A yly~! | for any 1 in Q, X.
This in turn induces a map of homotopy groups

Yo! Kg-1E X, X)— x4, X, y),

SR T
K, (X, x) %, (X, y)

where X and y are the constant maps to x and y. The map 7, is clearly an
isomorphism, with inverse given by (y %),
We can describe y, explicitly as follows. Let [a] be an element of
%, (X, x). Define a map F to be a on the bottom face of the cube I**! and y
on lthc vemcal faces (Figure 17.2 (a)); more prectsely. if(mt)el" x L=
I*1 then

. F(u, 0) = a(u) for all ¥ in I
and

F(u, t) = y(¢) for all u in a1
y

Figure l‘l.2(a)

By the box principle from obstruction theory (which states that a map from
the union of all but one face of a cube into any space can be extended to
the whole cube), the map F can be extended to the entire I**. Its re-
striction to the top face represents y [a].

One checks casily that y, is independent of the homotopy class of y
amongst the paths from x to y, so that when we take x = y, the assignment
y+ ¥, may be thought of as an action of x,(X, x) on x (X, x). Only if this
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action is trivial, can one speak unambiguously of x,(X) without reference to
a base point. In that case one can also identify the free homotopy classes of
maps [§% X] with x,(X); here by a free homotopy we mean a homotopy
that does not necessarily preserve the base points. In general, however,
[S*, X] is not a group and its relation to x,(X) is given by the following.

Proposition 17.6.1. Let X be a path-connected space. The inclusion of base-
point preserving maps into the set of all maps induces a bijection

% (X, x)/x(X, x) = [S% X],

where the uotation on the left indicates the equivalence relation [a] ~ 4[]
Jor [7] in my(X, x).

PrOOF. Let h: (X, x)— [SY, X] be induced by the inclusion of basc
point preserving maps into the set of all maps. If [x] € x,(X, x) and
[y] e ny(X, x), it is laborious but not difficuit to write down an explicit free
homotopy between a and y,x (see Figure 17.2 (b) for the cases ¢ = 1 and
q =2). Hence h factors through the action of x¢X, x) on x,(X, x) and

a
-
‘7* X X AT
e - oot

Figure 17.2(b)
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defines a map 4
: H: n (X, x)/n,(X, X)— [S‘, X].
]
]
|
} o
]
]
H o
J
]
,
'
’;.. .............
Y I < ~
I,"
*l

Figure 17.2(¢)

Since X is path connected, any map in [S% X] can be deformed to a
base-point preserving map. So H is surjective. To show injectivity, suppose
[a] in = (X, x) is null-homotoplc in [SY, X]. This means there is a map
F:I**'> X suchthat . ~

Fltopf.u*“r

Flbotwmtwe = X,

and F is constant on the boundary of each horizontal slice (Figure 17.2 (c)).
Let y be the restriction of F to a vertical segment. Then a = y(x). There-
fore, H is injective. L . 0

The Relative Homotopy Sequence

Let X be a space with base point =, and A a subset of X (See Figure 17.3).
Denote by Q} the space of all paths from » to A. The endpoint map
e : 23— A gives a fibering

-~

Qx-Qf
| {
A.

The homotopy sequence of this fibering is

s o 1 {A) > 7y (QK) > By () — 7y (4) -
-+ — 1 o(25) — n(A) — 0.
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Figure 17.3

We define the relative homotopy group n (X, A) to be 7g—1(Q23). Then the
sequence above becomes the relative homotopy sequence of Ain X :

(17.7) - —nfA) = nX) — X, A) —n,_,(4) —
= my(X, A) — 70(4) —0.

Observe that n (X, A4) is an Abelmn group for q 2 3, ny(X, A) is a group
but in general not Abelian, while =,(X, 4) is only a set.

r

Some Homotopy Groups of the Spheres

In this section we will compute u,(S') for g < n.-Although these homotopy
groups are immediate from the Hurewicz igomorphism theorem (17.21), the
geometric proof presented here is important in being the pattern for lgtcr
discussions of the homotopy properties of attaching cells (17.11).

Proposition 17.8 Every continuous mapf:M—> N between two mamfolds is
continuously homotopic to a dgﬂ'erentmble map.

ProoF. We first note that if f : M — R is a continuous function and ¢ a
positive number, then there is a differentiable real-valued function h on M
with | f— h| < &. This is more or less clear from the fact that via its graph, f
may be regarded as a continuous section of the trivial bundle M x R over
M; in any e-neighborhood of f there is a differentiable section h and because
* the e-neighborhood of f may be continuously deformed onto f, h is con-!
tinuously homotopic to f (see Figurc 17.4). Indeed, to be more explicit, this
differentiable section h can be given by sumsxvcly averaging the values of f
over small disks.

Next consider a continuous map f : M —» N of mami)lds By the Whit-
ney embedding theorem (see, for instance, d¢e Rham [1 p- 12]), there isa
differentiable embeddingg : N — R*. If '

gof: M— giN)c R
is homotopic to a differentiable map, then so is

f=g"'olgef): M~ N.
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Figure 17.4

So we may assume at the outset that N is a submanifold of an Euclidean
space R". Then the map f is given by continuous real-valued functions (f,,
..., f,). As noted above, each coordinate function f; can be approximated by
a differentiable function h, to within ¢, and f; is continuously homotopic to
h,. Thus we get a differentiable map h: M — R* whose image is in some
tubular neighborhood T of N. But every tubular neighborhood of N can be
deformed to N via a differentiable map k: T — N (Figure 17.5). This gives
a differentiable map k - h: M — N which is homotopic to f. O

S

Figure 17.5

Corollary 17.8.1. Let M be a manifold. Then the homotopy groups of M in the
C™ sense are the same as the homotopy groups of M in the continuous sense.

Proposition 17.9. n(5") = 0, for ¢ < n.

PRrOOF. Let f be a continuous map from I¢ to S”, representing an element of
n{S"). By the lemma above, we may assume f differentiable. Hence Sard’s
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theorem applies. Because q is strictly less than n, the image of f are all

critical values. By Sard’s theorem f cannot be surjective. Choose a point P

not in the image of f and let ¢ bc_a contraction of S* — {P} to the antipodal
point @ of P (Figure 17.6): :

cpz/ﬁ'—*{P}——»S"—-{P} te[O 1]
¢ =xdcnt}y

1 = constant map Q.

Then ¢, o fis a hfmotopy between f and the constant map Q. Therefore,
n(8") = Oforq < n. a

Figure 17.6

Proposntnon l7lﬂ.1t,(S')= L L

We will md:cate here the main ideas m-ihe geometncal ptoof of thls
statement, omitting some technical details. K

Recall that to every map from S" to S" one can associate an- integer
called its degree. Since the degree is a homotop?‘ mvanant, it gives a ‘map
deg : u,(S’)—»ZTherearetwokeylemmas o R

¢

Lemma 17.10.1 The map deg : n(S") — Z is a group homomorplusm that is,
deg[fg] = deg[f] + deglg].

Lemma 17.10.2 Two maps ﬁom s to s of the same degne can be deformed
into each other. _

The surjectivity of deg followsmi’medlately from Lemma 17. ldl since if

f is the identity map, then deg (f*) = k_for any integer k; the mpctmty
follows from (17.10.2).

To prove these lemmas we will deform any mapf sS85 mto a
normal form as follows. By the inverse function theorem fis a lpcal diffeo-
morphism around a regular point. By Sard’s theorem regular values exist.
Let U be an open set around a regular value so that f ~'(U) consists of
finitely many disjoint open sets, U,, ..., U,, each of which f maps diffeo-
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U,
U, —_— T U
sl
U, n=1
S B
Sl
n=2
Figure 17.7

morphically onto U (Figure 17.7). Choose the base point = of $* to be not in
U. We deform the map f by deforming U in such a way that the com-
plement of U goes into s. The deformed f then maps the complement of
{Ji-1 U; to ». Each U, comes with a multiplicity of +1 depending on
whether fis orientation preserving or reversing on U;. The degree of fis the
sum of these multiplicities. Given two maps f and g from S" to S, we
deform each as above, choosing U to be a neighborhood of a regular value
of both f and g. By summing the multiplicities of the inverse images of U,
we see that deg(fg)=degf+ degg (Figure 17.8). This proves Lemma
17.10.1.

To bring a map f: $" — S" into what we consider its normal form
requires one more step. If U; and U; have multiplicities +1 and —1_re-
spectively, we join U, to U; with a path. It is plausible that f can be
deformed further so that it maps U; U U to the base point #, since f wraps
U, around the sphere one way and U, the reverse way. For $! this is clear.

Figure 17.8
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The general case is where we wave our hands. The details are quite involved
and can be found in Whitney [1]. In this way pairs of open sets with
opposite multiplicities are cancelled out. In the normal form, if f has degree
+k, then there are exactly k open sets, U,, ..., U,, with all +1 multi-
plicities or all —1 multiplicities. Hence two maps from S* to S* of the same
degree can be deformed into each other.

)

Attaching Cells

Let ¢" be the closed n-disk and S*~! its boundary. Given a space X and a
map f : $*! — X, the space Y obtained from X by attaching the n-cell &
via f is by definition (see Figure 17.9)

Y=Xu,e=XUe/f(u)~uforueS

=l

Figure 17.9

For example, the 2-sphere is obtained from a point by attaching a 2-cell
(Figure 17.10):

S2=puel

Figure 17.10

It is easy to show that if f and g are homotopic maps from $*~! to X,
then X U, e® and X U, ¢* have the same homotopy type (sec Bott and
Mather [1, Prop. 1, p. 466] for an explicit homotopy). The most fundamen-
tal homotopy property of attaching an a-cell is the following.

Proposition 17.11. Attaching an n-cell to a space X daes not alter the homo-
topy in dimensions strictly less than n — 1, but may kill elements in x, - ,(X);
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more preclsely, the inclusion X ¢, X' U &" induces isomorphisms
n(X) 3 n X v &) forq<n—l
and a surjection

ﬂ,_l{X) - nn—l(x g en).

PrROOF. Assume g <n—1 and let f: $ — X u ¢" be a continuous base-
point preserving map. We would like first of all to show that f is homotopic
to some map whose image does not contain all of ¢". If f is differentiable
and X u, " is a manifold, this follows immediately from Sard’s theorem. In
fact, as long as f is differentiable on some submanifold of $¢ that maps into
", the same conclusion holds. As in the proof of Proposition 17.8 this can
always be arranged by moving the given f in its homotopy class. So we may
assume that f does not surject onto e”. Choose a point p not in the image
and fix a retraction ¢, of (¢" — {p}) to the boundary of ¢". This gives a
retraction ¢, of X U (¢" — {p}) to x. Via ¢, o f; the map f is homotopic in
X U €" to a map from §? to X (Figure 17. II) Hence n(X)— nq(X U e is
suqectnve for q sn-1L

Figufe 17.11

Now assume g < n — 2. To show injectivity let f and g be two maps
representing elements of = (X) which have the same image in n (X U €°).
Let F: $* x I - X U €" be a homotopy in X U €" between f and g. Since
the dimension of S x I is less than n, agaip we can deform F so that its +

The homotopy F The homotopy ¢; o F
' - Figure17.12 ~ o '



§17 Review of Homotopy Theory . 219

image does not contain all of e”. Roasoning as before, we find maps
coF:S'xI>Xue

such that ¢; o F:8% x {1} X is a homotopy between f and g which lies in
X (Figure 17.12). Therefore [ f] = [g] as elements of n (X). ' O

As for homology we have the following:

Proposition 17.12. Attaching an n-cell to a space X via a map f does not alter
the homology except possibly in dimensions n — 1 and n. Writing X, for
X U, € there is an exact sequence

0— HX)— H{(X )~ Z-2+H,_(X) > H,_,(X )~ 0

where f, : Hy_\(S""") = H,(X) is the induced map. So the inclusion X <
X induces a surjection in dimension n — 1 and.an injection in dimension n. .

PROOF. Let U be X, — {p} where p is the origin of ¢*, and let V be {x € ¢"|
lix) <4}. Then U is homotopic to X, V is contractible, and {U, V} is an -

open cover of X :- By the Mayer-Vietoris ;cquenca; (15 6) the followmg is
exact

- HYS" N H(X) @ Hq(V)—'-' H.(X;)'-* H-."-’l'(S“")-* e
Soforqg#n—1orn, H{X,) = H[X). For q = n, we have

0— HX) > H{X )= Hy_ (S ) L H,y_y(X) > Hy (X )= 0. - O

A CW complex is a space Y built up from a collection of points by the
successive attaching of cells; the topology of Y is required to be the so-
called weak topology: a set in Y is closed if and only if its intersection with
every cell is closed. (By a cell we mean a closed cell.) The cells of dimension
at most n in a CW complex Y together comprise the n-skeleton of Y.
Clearly every triangularizablz space. is a CW complex. Every manifold is
also a CW complex; this is most readily seen in the framework of Morse
theory, as we will show in the next subsection. st

For us the importance of th¢ CW compjexes comes from the followmg
proposition.

e |

Proposition 17.13. Every cw complex is homotopy equwalem toa space wnh
a good cover.

Hence the entire machinery of the spectral sequence that we hzvc developed
applies to CW complexes. This proposition follows from the nontrivial fact
that every CW complex has the homotapy type of a simplicial complex (Gray
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{1, Cor. 16.44, p. 149 and Cor. 21.15, p. 206] or Lundell and Weingram [1,
Cor. 4.7, p. 131]), for the open star of the simplicial complex is a good
cover. '

Digression on Morse Theory

Using Morse theory, it can be shown that every differentiable manifold has
the homotopy type of a CW complex (see Milnor [2, p. 36]). The goal of
this section is to prove this for the simpler case of a compact differentiable
manifold.

Let f be a smooth real-valued function on g manifold M. A critical point
of f is a point p where df =0; in terms of local coordinates x,, ..., x,
centered at p, the condition df (p) = ). (8f/0xXp) dx, = O is equivalent to the
vanishing of all the partial derivatives (df/0x,Xp). The image f(p) of a critical
point is called a critical value. Note that the definition of a critical point
given here is a special case of the more general definition preceding Theo-
rem 4.11 for a map between manifolds. A critical point is nondegenerate if
for some coordinate system x,, ..., x, centered at p, the matrix of second
partials, ((%f/0x,0x,(p)), is nonsingular; this matrix is called the Hessian of
[ relative to the'coordinate system x,, ..., x, at p. The notion of a nondege-
nerate critical point is independent of thc choice of coordinate systems, for
if 4, ..., ¥, is another coordinate system centered at p, then

S ¢ ¥
ay‘ I dx, 6y;

?f - ?*f ﬁ@ﬂ+z_§[_ *x; .
Oy Oy, i 0, 0x, 3y, Dy, 0x; 0y, 0

At p, 9f]ox; = 0, so that

Z s axt _a_ﬂ )
6y. a)': ; axj a)'k oy, -
In matrix notation
| H() = J'H(xV

where H(x) is the Hessian of f relative to the coordinate system x,, ..., X,,
and J is the Jacobian (9x/dy,). Since the Jacobian is nonsingular,
det(3%f]dy, dy,) + O if and only if det(9*f/dx, dx,) # 0. The index of a nonde-
generate critical point is the number of negative cngenvalucs in the Hessian
of f. By Sylvester’s theorem from lincar algebra, the index is independent of
the coordinate systems. It may be interpreted as the number of independent
directions along which f is decreasing.
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ExampLE 17.14. Consider a torus in 3-space sitting on a plane as shown in
Figure 17.13. Let f(p) be the height of the point p above the plane. Then as

a function on the torus f bas four critical points 4, B, C, and D, of indices 0,
1, 1, and 2 respectively.

Figure 17.13

We outline below the proofs of the two main theorems of Morse theory.
For details the reader is referred to Milnor {2, §3] or Bott and Matber [1,
pp. 468-472].

Theorem 17.15. Let f be a differentiable function on the manifoid M, and M,
the set f~ Y[ -, a]). If f~*([a, b)) is compact and contains mo critical
points, then M, has the same homotopy type as M, .

OuTLINE OF PROOF. Choose a Riemannian structure { , > on M. Then
away from the critical points of h, the gradient Vh of a differentiable func-
tion f is defined: 1tutheumquevectorﬁddonMsucb that for all vector
fieids Y on M, _

(Vh,, Y,) = dh(Y)).

Let X be the unit vector field — Vy/} Vf|. Because f has no critical points on

Figure 17.14
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S la, b)), X is defined on f~*([a, b]). As in vector calculus on R" the
gradient of a function points in the direction of the fastest increase, so X
points in the direction of the fastest decrease. Extend X to a vector field on
M. The fiow lines of X give a deformation retraction of M, onto M, (Figure
17.14).

a

Theorem 17.16. Suppose f ~*([a, b]) is compact and contains precisely one
critical point in its interior, which is nondegenerate and of index k. Then M »
has the homotopy type of M, L é". '

To prove this theorem we need the following,
Morse lemma. If p is a nondegenerate critical point of f of index k, then there
is a coordinate system x,, ..., x, near p such that
S=f@) —xi—- —~x}+xis+ 4+ xk.

The Morse lemma may be proved by the method used to diagonalize
quadratic forms (see Milnor [2, p. 6]).

OUTLINE OF A PROOF. OF THEOREM 17.16. Let ¢'= f(p) be the critical value
and ¢ a small positive: number. By Theorem 17.15, M, has the homotopy
type of M., and M, that of M. _, ; so it suffices to show that M., has the
homotopy type of M, U €.

Figure 17.15
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On a neighborhood U of p where the Morse lemma holds,

Mc*i-gn U={—X§““"'—~X:+XE+1 +"‘+x.2$8}

M., n U""{—x%""“‘xf+x&+t+“'+ng""8}

These regions are illustrated in Figure 17.15 for k =.1 and n = 2. The set
M, is the shaded portion. (We choose ¢ smail enough so that U meets the
level sets f ~!(c + &) and f ~*(c ~ ¢)))

Let C be the subset of U defined by : :

C={fsc+exi+ - +xi<é},

where 4 is a small positive number, say smaller than ¢2. Note that C is
homotopically equivalent to the cell &*. Set B =M,,, — C. B is the shaded
region in the picture in Figure 17.16. From the picture it is plausible that B
can be contracted onto M,., by moving along the vector field — Vf. Since
M., is obtained from B by attaching C, up to homotopy '

Mt_“g c—cu'i'b ’

‘ . . et
' . .l .. et

Figure 17.16 A o

A smooth real-valued function on a manifold all of whose critical points
are nondegenerate is called a Morse function. It follows from ‘the two pre-
ceding theorems that there is a very close relation between the topology of
a manifold and the critical points'of a Morse function. We next show that
there are many Morse functions on any manifold. Our proof is taken from
Guillemin and Pollack [1, pp. 4345]. © et ' IR

Lemma 17.17. Let U be an open subset of R* and f any smooth real-valued
Junction on U. Then for almost all a = (a,, ..., a,) in R*, the function f{x)=
f(x)+a1xx+---+a,',x,,isanrseﬁmctian.. o S

Proor. Recall that we denote the Jacobian matrix of a function h by Dth).
Define g(x) = (9f/dx,, ..., df/ox,). Note that the Hessian of f is precisely the
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Jacobian of g, and x is a nondegenerate critical point of f if and only if
g(x) = 0 and D(g)x) is nonsingular. Let g (x) = (df/0x,, ..., 9f.,/0x,). Then
g4x) = g(x) + a and D{g,) = D(g). In this setup x is a critical point of f, if
and only if g(x) = —aj; it is nondegenerate if and only if in addition D{g)x)
is nonsingular, i.c., a is a regular value of g. By Sard’s theorem almost all a
in R”" are regular values of g. For any such a, the function f, will be a Morse
function on U, ]

Proposition 17.18. Let M be a manifold of dimension n in R’. For almost all
a=(ay,...,a)in R, the function f(x)=a;x, + ‘- + a,x,is a Morse func-
tionon M.

PrOOF. Let x,, ..., x, be the coordinate functions on R’. Every point x in M
has a neighborhood U in M on which some n of x, ..., x, form a coordi-
nate system. (Proof: Since T, M — T, R’ is injective, T*R’ — T*M is surjec-
tive, so dx,, ..., dx, restrict to a spanning set in the cotangent space T*M.
If dx,,, ..., dx, is a basis for T¥M, then x,, ..., x, is a set of local coordi-
nates around x.) Because a manifold is by definition second countable, M
can be covered by a countable number of such open sets, M = | J2; U;.
Suppose x,, ..., x, form a local coordinate system on U,. Fix(a,4,, ... G,)
and define f(x) =a,¢yX441+ - +4a,x, on U,. By Lemma 17.17, for
almost all (a,, ..., a,), the function f(x) + a;x, + -+ + a,x, is a Morse
function on U,. It follows that for almost all @ = (a,, ..., a,) in R’, the
function f(x) = a,x; + '+ + a, x, is a Morse function on U;. Let

A, = {a € R"| f(x) is not a Morse function on U,}.

If ae R — | J, A, then f(x) is a Morse function on M. Since { J2; 4;
has measure zero, the proposition is proved. 0

Theovem 17.19. Every compac: manifold M has the homotopy type of a finite
CW complex.

Proor. By Whitney's embedding theorem (sece de Rham [1, p. 12]), we may
assume that M is a submanifold of some Euclidean space. Let f be a Morse
function on M (the existence of f is guaranteed by Proposition 17.18). By
the Morse lemma, the critical points of f are isolated. Since M is compact, f
can have only finitely many critical points on M. Furthermore, for any real
number a, the set M, = f ([ — o, a]) is compact, as it is a closed subset of
a compact set. Let p,, ..., p, be the critical points of index 0. By the two
main theorems of Morse theory (Theorems 17.15 and 17.16), up to homo-
topy M is constructed from p,, ..., p, by attaching celis, a cell of dimension
k for each critical point of index k > 0. Hence M has the homotopy type of
a finite CW complex.
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The Relation between Homotopy and Homology

The relatwn between the homotopy and the homology functors is a very
subtle one. There is of course a natural homomorphism

i:nfX)— H/(X),
defined as follows: fix a generator u for H(SY) and send [ /] in n(X) to
f4(u). In general i is neither injective nor surjective. We have seen that H, is
relatively computable. On the other hand, z, is not; there is no analogue of

the Mayer-Vietoris principle for . For this reason, the following theorems
are a cornerstone of homotopy theory.

Theorem 17.20. Let X be a path-connected space. Then H,(X) is the
Abelianization of n,(X), i.e., if [n,(X), (X)) is the commutator subgroup of
7y(X), then H (X) = ny(X)/[7,(X), n(X)).

We will assume this theorem as known. Its proof may be found in, for
instance, Greenberg [ 1, p. 48]. The higher-dimensional analogue is

Theorem 17.21 (Hurewicz Isomorphism Theorem). Let X be a simply con-

nected path-connected CW complex. Then the first nontrivial homotopy and

homology occur in the same dimension and are equal, i.e., given a positive

integer n 2 2, if n(X) = Ofor/} S q'<n then H{X)=0 for 1 <q<nand
,,(X ) = un(x) . A e

!

PRrOOF. To start the inductioi, consider the case n = 2. The E* term of the
homoiogy spectral sequence of the path fibration

QX -+ PX
!
X ’
is
q
1 1(02X)
o | z 0 T HyX)
0 1 2

H,(X) = H,(QX) because PX has no homology
= n,(QX) because n,(1X) = n,(X) is Abelian
= Rp(X).
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Now let n be any positive integer greater than 2. By the induction
hypothesis applied to QX,

H(QX)=0 forg<n-—1
and |
H,_,(QX) = 7, ,(QX) = n(X).
The E, term of the homology spectral sequence of the path ﬁbratioﬁ is

\
. T
z\\ \

n

Since PX has trivial homology,

H{X)=H, ,(QX)=0 forl<g<n '
and

H,X) = H,_,(@X) = n,(X).

i

O

REMARK 17.21.1. A careful reader should have noticed that there is a sleight
of hand in this deceptively simple proof: because we developed the Leray
spectral sequence for spaces with a good cover (Theorem 15.11 and its
homology analogue), to be strictly correct, we must show that both X and
QX have good covers. By (17.13), the CW complex X has a good cover.
Next we quote the theorem of Milnor that the loop space of a CW complex
is again a CW complex (Milnor (1, Cor. 3, p. 276]). So, at least up to
homotopy, X also has a good cover.

Actually the Hurewicz theorem is true for any path-connected topologi-
cal space. This is a consequence of the CW-approximation theorem which,
in the form that we need, states that given any topological space X there is a
CW complex K, unique up to homotopy, such that X and K have the same
homotopy and homology groups (Whitehead {1, Ch. V, Section 3, p. 219]). In
its more general form, the CW-approximation theorem implies that in
homotopy theory every space may be assumed to be a CW complex. In any
case, in the Hurewicz isomorphism theorem, we may drop the requirement
that X be a CW complex.
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The spectral sequence proof of the Hurewicz isomorphism theorem is
due to Serre [2, pp. 271-274]. Actually, Serre’s approach is slightly differ-
ent; by developing a spectral sequence which is valid in much greater
generality than ours, Serre coyld bypass the 9uesnon of the existence of a
gqod cover on a topological space. Of course, a price has to be paid for this

greater generality; one has to work much harder to establish Serre’s spec-
tral sequence. ‘

As a first and very important example, consider S* again. It foﬂoﬁs from
the Hurewicz theorem and the homology of S" that the homotopy groups of
$" in low dimensions are

(S =0 forg<n
and
n(8") =2

n3(S?) and the Hopf Invariant

Now that we have computed n(S") for q < n, the first nontrivial com-
putation of the homotopy of a sphere is n4(S?). This can be done using the
homotopy exact sequence of the Hopf fibration, as follows. ‘

Let S? be the unit sphere {(zo, z)) 1201 + |2, > = 1} in C2. Dcﬁne an
equivalence relation on S by

(205 21) ~ (wo, wy) if and only if (2o, 2,) = (Awy, Awy)

for some complex number 1 of absolute value 1,.The quotient 83/~ is the
complex projective space CP' and the fibering

Sl_.'sl

|
sz = C Pl
is the Hopf fibration. From the exact homotopy sequence
r o RS~ mfS%) > mfST) o e (S -

and the fact that n‘(S‘) =0 for q 2 2, we get n(S%) = n(S?) for ¢ 2 3. In
particular n5(S?) =

This homotopy group 75(S?) was first computed by H. Hopf in 1931
using a linking number argument which associates to each homotopy class
of maps from S* to S? an integer now called the Hopf invariant. We give
here an account of the Hopf invariant first in the dual language of differ-
ential forms and then in terms of the linking number Thus the scttmg for
this section is the differentiable category.

Let f: §?— S? be a differentiable map and let a be a generator of
H3g(S%). Since H}x(S?) =0, there exists a l-form » on S° such that
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f*a = dw. As will be shown below, the expression
H(f) = I wAdo
s

is independent of the choice of w. We define H(f) to be the Hopf invariant
of f.

More generally the same procedure defines the Hopf invariant for any
differentiable map f:82*"!' - §* If « is a generator of H}a(S"), then
f*a = dow for some (n —~"1)-form @ on $**~! and the Hopf invariant of fis

H(f) = '[ wAdw.
IS28-1

Proposition 17.22. (a) The definition of the Hopf invariant is independent of
the choice of w.

(b) For odd n the Hopf invariant is 0.

(c) Homotopic maps have the same Hopf invariant.

PRrOOF. (a) Let.w’ be another (n — 1)}-form on $**~! such that f*a = do'.
Then 0 = d(w — @’). Hence

j; w/\dw—J; m’Adw’=J‘ (w — w)Ado
2a-1 2 -1 IS2a~1

=] dlo-o)r\w)

-1
= () by Stokes’ theorem.
(b) Since w is even-dimensional,
wAdo = }dwAw).

By Stokes’ theorem, (sz.-1 @ Adw = 0.

(¢) By (b) we may assume neven. Let F: S* ! x I+ S*bea homotopy
between the two maps f, and f; from §2*~! to §*, where I = [0, 1]. Ifi, is
the inclusion

‘ ip: 8 1Sy =81 x {0} St x]
and similarly for i, then :
F ° iO =f0:
Foi =f,.
Let a be a generator of Hpx(S"). Then F*a = dw for some (n ~ 1)-form w on
$2*~1 x . Define i§w = w, and itw = w,. Then
f8a = dwg and fla = dw;.
Note that
Qg A d(l)o 18(0) A da));
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Hence,
]

H(f,) — H(f,) = j

S2a~-1

o, Adw; — J wo/\dwo
o fz‘- .

= if(w/\dw)-J. i$wAdw)
JS2a~1 S2-1 -

w/\dm —-I wAdo
So

il

J wAdw
8(S28 -1 x [) ’

= J‘ dw Adw by Stokes’ theorcm
IS28~1 x I)

I F*aAa)
IS2a—-1 x [

because a Aa € Q%(S").

-

Since homotopy groups can be computed using only smooth ‘maps

(Pmposmon 17.8.1), it follows from Proposmon 1. 22(c) that thc Hopf
invariant gives a map

é" I SOV SN

H Y 7T 1(S.)“'"R.

We leave it as an.exercise to the reader to prove that H is u;, fact a
homomorphlsm.

Actually the Hopf invariant is always an mteger and is geomcmcally
given by the linking number of the pre-images A = f ~(p) and B =f ~1(q) of
any two distinct regular values of f. In the classical case where n = 2, these
two submanifolds are two “circles” embedded in S°. To fix ¢he ideas wq will
first explain the linking concept for this case. .

The linking number of two disjoint. oriented, clrcks 4 and Bin$® can be
defined in several quite different, but equivalent ways. | . , e

4

The Intersection-Theory Definition. ]

Choose a smooth surface D in S° with boundary A such that D intersects B
transversally (Figure 17.17). Set the linking number to be .

link4, B)= Y t1. !

DnB

Here the sum is extended over the points in the intersection of D with B and
the sign is given by the usual convention: at a point x in D n B, the sign is
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Figure 17.17

+1 or —1 according to whether the tangent space T, S* has or does not
have the direct sum orientation of 7T,D @ T, B (Guillemin and Pollack
(1, p. 108]). -

It of coursec has to be shown that the linking number as defined is
independent of the choice of D. This is a cdnsequence of the discussion to
follow.

The Differential-Form Definition.

Choose disjoint open neighborhoods W, and Wy of A and B and choose
representatives n, and 7, of the compact Poincaré duals of 4 and B in
HXW,) and H3(W,). Because H2(S?) =0, the extensions of n, and 75 by
zero to all of S, also denoted 57, and n,, are exact. Thus there are 1-forms
w, and wy on S such that

do,=1n, and dwy=n;.

In terms of these forms one would expect, naively, that the dual to the
intersection-theory definition is the expression

A L w4 Anp,
3

for if A = 0D and n, = dw,, then in some sense D should correspond to
4. So let this integral be the differential-form definition of the linking
number of -4 and B. We have to check that it is independent of all the
choices involved. Let o) be some other form with dw/y = n,. Then w/y — w,
is closed. So '

L Wy —w)Ang= + L dl(wy — @JAwy,]

On the other hand, if 5}, is another representative of [n,], then
Ny — Ny =dpu
for some u in QL(W,). Hence,

L W A(ng—1np) = —Ld(w4Au) + L naAp
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Both terms on the right vanish: the first by Stokes’ theorem, and the second
because the supports of 5, and u are disjoint!

The differential-form definition is quite close to the Hopf invariant. To
bring one into the other, we first choose disjoint neighborhoods U,and U,
of the regular values p and ¢ of fand set W, = f~ Y(U,) and W, -f ‘(U).
. We next choose forms a, and.a, in QX(U,) and QU,) representing the
Poincaré duals of p andq and set 7, = f*a, and ny = f*a,. According to
the differential-form definition the Imkmg number of f~'(p)= A and
f Y9=Bis tben gwcn by A

LwAA".c .

where w,, is a form on S? with dw, = 1. Onthcoﬂnthmd.asa,m
ates H3x(S2), the Hopf i Jnvarmnt isgivenby

H(f) L DqAn,.

Because e, and a, are both representauvcs for the generator of Hax(S?), '
there:saformﬂmﬂ’(s’)suchthat

a, —a,=df.
Hence, »
W A4 —np) = A f*dp
= —d A f*) + )N B
The last term on the right equals
N8 =[*a, AP).
But a, A € Q%(S?) and hence vanishes! By Stokes’ theorem it follows that
L’ W Ang = L’ w An, = H(f),

as was to be shown.

Finally we prove the compatibility of the two definitions of the linking
number. This will then also explain why the Hopf invariant is always an
integer.

To start off one needs certain plausible constructions of differential top-
ology. The first of these is that a surface such as D, which has boundary 4,
can always be extended by a small ribbon diffeomorphic to A4 x [0, 1}
More precisely, there exists an embedding

p:Ax[-1,1] 8

such that ¢ maps 4 x [—1, 0] diffiecomorphically onto a closed neighbor-
hood of A = 4D in D, with A x {0} going to A, and such that

D, =D v ¢4 x[0,1])
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is still a smoothly embedded manifold with boundary. If we set "
Dy =D-@dx(=10],

this construction’ exhibits D in a nested sequence of submamfolds with
boundary '

D, >D>D_;

with the interior of Dl -~ D, being diffeomorphic to A x (—1, l). A map ¢
of this type is often called a collar about D, and the restriction of ¢ to
A x (—1, 1) an open collar about dD.

Using this parametrization we can clearly construct a smooth function
X4 on D, such that

(1) x. = O near 0Dy, and
(2) x4 = 1 o0n aneighborhood of D_, in D,.

It follows that dy, is a 1-form with compact support on the open collar
D} — D_,, where Dj is the interior of D,. Furthermore, dx, represents the
compact Poincaré dual of 4 in Q}(D} ~ D_,).
Next we choose a neighborhood of D, in S, say W, small enough to
admit a retraction
rwW-D,.

(For ¢ small enough an ¢-neighborhood of D, relative to some Riemannian
structure on S* will do.) Let T be a tubular neighborhood of D, — D, in
W — dD, diffeomorphic to the unit disk bundle in the normal bundle of
D, — oD, in W — 2D, and let w5 represent the Thom class of T in QL(T).
See Figure 17.18. .

" Figure 17.18
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Now consider the 1-form

= (r*x)ws .
It has many virtues. First of all it has compact support in W and so can be

extended by zero to all of S°. This comes about because w$ has compact

support normal to D} and r‘x,. vanishes identically near dD,. Secondly, we
see that if we set

- WA r I(Dx D_,)

then dw, € Q3(W,) and represents the compact Poincaré dual of A4 there.

We will use this w, in the integral [5, w,An, to complete the argument
that

L wAng= ) +1.

DnB

First choose a small enough neighborhood W} of B, a small enough collar
“for D, and a small enough tubular neighborhood T for D} so that (see
Figure 17.19)

W. NnTc "-I(D_l).'

----_.Tq.‘...---—_
)-—-——-—-—kp——-———-<

Figure 17.19

Once this is done w, will equal w5 in the support of 7, since on r~ (D _,)
the function r*y, is identically 1. Therefore, our integral can be rewritten in
the form

) | L % Ans. |
~8D, SRR Co
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But now 9 represents the Poincaré dual of D3 in Q(S® — 8D,) and #;, the
compact Poincagé dual of B in Q}(S® — 4D,). In Section 6 we discussed the
relation between the Thom isomorphism , Poincaré duality, and the trans-
versal intersections of closed oriented submanifolds. Although (6.24) and
(6.31) were stated for the closed Poincaré duals, the same discussion applies
to the compact Poincaré duals, provided the relevant submanifolds are
compact. Hence the integral (*) just counts the transversal intersection
number of D, with B. Thus

JAmAAnB-— Y 1= )Y +1,
53

DynB Dn8

the last being valid because the extension D, intersects B no mare often
than D did. 0

ReMARK. The arguments of this section of course extend to the higher-
dimensional examples. In particular the two definitions of the linking
number make sense and are equivalent whenever A and B are compact
oriented submanifolds of an oriented manifold M satisfying the following
conditions:

(1) A and B are disjoint;

2)dimA+dmB=dmM - 1;

(3) both A and B are bounding in the sense that their fundamental classes
are homologous to zero in H (M).

Linking is therefore not a purely. homological concept.
We cannot resist mentioning at this point that there is yet a third defini-
tion of the linking number of two disjoint oriented circles 4 and B in S°.

The Degree Deﬁm’ﬁon.

Remove a point p from S* not on 4 or B and identify $* — {é} with R?, Let
. L:Ax B~ §?
be the map to the unit sphete in R? given by
— 4
le i’

where || || denotes the Euclidean length in R%. Give 4 x B the product
orientation and S? the standard orientation. Then

link(A, B) = deg L.

b(x. y)=

We close this section with two explicit computations of the Hopf in-
variant- in the classical case, onc using the differential-geometric and the
other the intersection point of view. Just to be sure, if you will.
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ExXAMPLE 17.23 (The Hopf invariant of the Hopf fibration). Let.S> be the
unit sphere in C2 and f: §*— CP?! the natural map : :

S (20, 2)— [Zo, 21]

where we write [2z4, z,] for the homogeneous coordinates on CP’. IfCPl i
identified with the unit sphere S? in R?, say via the stereographic pro;ectlon,
then the map f: §°— S? is the Hopf fibration. To compute its Hopf in-
variant, we proceed in five steps:

(a) Find a volume form ¢ on the 2-sphere.

(b) Write down a diffeomorphism g: CP! x 82

(c) Pull the generator o of H*(S?) via g back to a generator a of H 2(CP)
(d) Pull « back to S* via fand find a 1-form w such that f*a = dw on S°.
(¢) Compute [g; w Adw.

(a) A Volume Form on the 2-Sphere.

Let u;, u,, and u; be thc standard coordmatcs of R3 By Excrcise 4.3.1 a
generator of H z(S’) is

o= Z; (‘!1 duy dus — u; du, du, + u3 duy du;). N

Since (dr) - o = (r/4n) du, du, du,, which is the standard orientati;b«,dn
R3, the form o represents the- positive. génerator on S? (see the discussidbn
preceding Exercise 6.32).

Over the open set in S? where u3 % 0, the form o has a simpler ex-
pression. For if

T . ..
v vt Sedoth

w+ud+ui=1,

thcn . . . _‘-. .. ,'-' . o . 1 .. : 1. e ..Z._‘ . 1"-‘_?&;‘,_.: .“
| u; du1+u3 d“i'*’“; d“;’or . . .74 e -, »
so that we can eliminate du; from o to get _
1 du, du,
17.23.1 =
( ) 7= an U R

b) Stereographlc Pro;ecuon of s? onto £P‘

In the homogenecous coordmates [zo , z,] on CP!, the smglc pomt [zo ' 0] is
called the point at infinity. On the open set'z, » 0 We MAay use.z = 2o/z, &
the coordinate and identify the point z = x + fy in CP' — {[1, 0]} with the
point (x, y, 0) of the (u,, 4;)-planc in R>. Then the stereographic projection
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from the north pole (0, 0, 1) maps S* onto CP', sending the north pole to
the point at infinity (Figure 17.20). To find the inverse map g: CP! — §?,
note that the line through (0, 0, 1) and (x, y, 0) has parametric equation
0, 0, 1) + t(x, y, — 1), which intersects the unit sphere when

2y +(1-02=1,
that is,

2

t=0 or —.
14+ x%+y?
Hence the inverse map g: CP! — S2 < R’ is given by

2x 2y —l+x’+y2)
1+x2 4y’ 1+ x2+y*" 1+x2+y?

(17.23.2) z=x+iyrs (

RJ

RZ

\
(x,y,0)

Figure 17.20

(c) The Generator of H*(CP").

By pulling the generator o in H*(S?) back to CP! we obtain a generator g*o
in HYCP?). It follows from (17.23.1) and (17.23.2) that in the appropriate
coordinate patch,

o=k L duy du;

us
where

2x 2y
METT R T TR WMemT AT

In terms of z = x + iy, the form g®o can be written as
1 dx dy i dzdz

g‘a= —

x(l+x’+y1)’ T2+ 1z
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By convention the standard orientation on CP' is given locally by dx dy.
Therefore the positive generator in H¥(CP') is

i dzdz

= —7® —_—
r="go= 21:(1+|z|2)2

Since z = z4/z,, in terms of the homogeneous coordinates,

i (24 dzg — 2 dzyXZ, dZg — Z¢ dZ,)

17.23.3 =
= (20l +12,PF

ReMark. If $2 and CP' are given their respective standard orien(ations,
then the stereographic projection from S? to CP! is orientation-reversing.

(d) Finding an w such that f*a = dw on S,

Let zo = x; + ix; and z, = x5 + ix, be the coordinates on C2. Then the
unit 3-sphere S° is defined by

lzZo P+ 1z =x3+x34+x3+x2=1.

Hence Z,. y X, dx; =0 on S* By a straightforward computauon, rcplacmg_
2o and z, in (17.23.3) by the X; s, we ﬁnd

1,
[*a= ; (dx, dxz + dx, dx,) = - d(xy dx, + x3 dx,).
Therefore, we may take w to be

1
wﬂ;(xldx,""'xgdx‘). . A

(e) Computing the Integral.
The Hopf invariant of the Hopf fibration is ,

H(f) = f wAdw

1
;:i’ xt dxz dX3 dx.. + X3 dxl de dX4

2 . ‘L . -
—, L 1 dx; dx, dx4 -by symmetry. -
N P *
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Using spherical coordinates,
x, = sin ¢ sin ¢ cos 0,
x; = giu § sin ¢ sin 6,
x3 = sin ¢ cos ¢,
X4 ™= CO8 §,
where0 < ¢ < 2,0 < ¢ < %, and 0 < 0 < 2=, the integral becomes

j %, dx; dx, dx, = L I: ‘[:' sin® & sin® ¢ cos? 0 dO d¢ d¢
Is3
= 31/2

Therefore, the Hopf invariant of fis 1.

This Hopf invariant may also be found geometrically, for by identifying
$? — {north pole} with R?® via the stereographic projection, it is possible to
visualize the fibers of the Hopf fibration

St s

|
s*=Cp!
and to compute the linking number of two fibers. We let 2o = x, + ix;,
2y = X3 + ix,. Then the stereographic projection
p:5*-{0,0,0,1)} - R = {x, = 0}
is given by

Xy - X3 X3
(xg, x2, x xu—o(
» X25 X35 Xa) l=x," 1~x,"1—x,

This we see as follows. The line through the north pole (0, 0, 0, 1) and the
point (x,, x;, x3, x,) has parametric equation (0, 0, 0, 1) + #x,, x;, x3,

i x4 —1). It intersects R? = {x, = 0} at ¢ = 1/(1 — x,), s0 the intersection

point is

X3 X2 X3
y ——, ,01.
l—x¢ 1~x, x—x,

Note that the fiber S, of the Hopf fibration over [1,0] € CP! is {(zo,
0) € C*{|zo| = 1} and the fiber S, over [0, 1] is {(0, O, cos 6, sin 6) € R*,
0 < 0 < 2n}, both oriented counterclockwise in their planes. So via the
stereographic projection S, corresponds to the unit circle in the (x;,
xj)-plane while S, corresponds to {(0, 0, cos 6/1 —sin 6), 0 < 8 < 2=},
which is the x3-axis with its usual orientation. Therefore the linking number

See Figure 17.21.
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(0,0,0,1)

(l Xy X X3 0)

*1=x¢' 1 —x¢
Figure 17.21

of S, and S, is 1. By the geometric interpretation of the Hopf invariant as a
linking number, the Hopf invariant of the Hopf fibration is 1.

Exercise 17.24. (a) Given an integer ¢, show that for n 2> g + 2, the natural
inclusion O(n) ¢, O(n + 1) induces an isomorphism t.(O(n)) 2% x{O0(n + 1))
For n sufficiently large, the homotopy group x{(0(n)) is therefore indepen-
deutofnandwecanwntex,(O).Thuuthcq-thstabkhomow”aronpol
the orthogonal group.

(b) Given integers k and g, show thatforn > k +q + 2,

%O/ Ofn — k) = .

(c) Similarly, use the fiber bundle of $2*** = U(n + 1)/U(n) to show that
for 2n 2 q + 1, the inclusion U(n) ¢, U(n + 1) induces an isomorphism

x{U(n) = x(U(n + 1))
Deduce that for n > (2k + q + 1)/2,
x(Um)/U(n — k)) = 0.

é

§18 Applications to Homotopy Theory

The Leray spectral sequence is basically a tool for computing the homology
or cohomology of a fibration. However, since by the Hurewicz isomorphism
theorem, the first nontrivial homology of the Eilenberg-MacLane space
K(x{(X), n) is x(X), if one can fit the Eilenberg-MacLane spaces K(x (X), n)
into a fibering, it may be possible to apply the spectral sequence to compute
the homotopy groups. Such fiberings are provided by the Postnikov ap-
proximation and the Whitchead tower, two twisted products of Eilenberg-
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)
MacLane spaces which in some way approximate a given space in
homotopy. As examples of ho\v this works, we compute in this section
m(S’land s - L

Eilenberg-MacLane Spaces

Let A be a group. A path—connected space Y is an Edenberg-MacLane space
K(A, n) if

A .in dlmcnsmn n
0 otherwise.

nY) = {

(We do not consider 7, unless atherwise indicated.) For any group 4 and
any integer n > 1 (with the obvious restriction that 4 be Abelian if n > 1), it
can be shown that in the category of CW complexes such a space exists and
is unique up to homotopy equivalence (Spanier [1, Chap. 8, Sec. 1, Cor. 5,
p. 426] and Mosher and Tangora [1, Cor. 2, p. 3]). So provided we consider
only CW complexes, the symbol K(4, n) is unambiguous.

ExXAMPLE 18.1. (a) Since  : R'— S given by |

n(x) = e**

is a covering soace, nq(S )= n,(R‘) = 0 for q =2 by (17.5). Therefore the
circle is a K(Z, ]).

(b) If F is a free group, then K(F, 1) is a bouquet of circles, one for each
generator (Figure 18.1).

Figure 18.1

(c) The fundamental group of a Riemann surface S of genus g > 1
‘(Flgure 18.2) is a group m with generators a,, by, ..., a,, b, and a single
relation

. alb,af bl‘ - a,b,a;lb;l.= 1.

"By the uniformization theorem of complex function theory the’ universal
“cover of a Riemann surface of genus g > 1 is contractible. Henee the Rre-
-nann surface S is the Eilenberg-MacLane space K(x, ). -~ ™ =+
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N _ Figure 182
{d) By Proposition 17.2, we sec that QK(A, n) = K(4, n — 1).
(¢) The Eilenberg-MacLane space K(Z, n) may be constructed from the
sphere S" by killing all 7(8") for ¢ > n. The pracedure for killing homotopy

groups is discussed in the section on Postnikov approximation.
(f) By (17.1.a) if A and B-are two groups, then.

K(A, n) x K(B, 1) = K(4 x B, n).

-

The Telescopmg Constructlon .
In thxs section we give a techmque for ‘constructing certain Enlenberg—

MacLane spaces, called the telescoping construction. It ‘is bcsﬂl!ustraeed
with examplcs

’ . MRTE LA S
EXAMPLE. 18.2 (Thc infinite. real pro;ectlve spaoe) ‘The real pro;ectxve space
RP* is defined as the quotient of the sphére S* under the equivalence
relation which identifies the antipodal points of S*. There is a natural
sequence of inclusions

{point}c."' SRPOGRP M VG ooen

We define the infinite real pro;ectxve space RP® by gluing togethcr vna the
natural inclusions all the finite real projective spaces -

= LI RP* x I [(x, 1) ~ (i(x), 0).

Pictorially RP®.looks like an infinite telescope (Figure 18.3). . - =k
Since §"— RP" is a double cover, by (17.5) 2 (RP") = (5" = 0-for
1<qg<n We now show that RP® has no higher homotopy, i.ec.,
n(RP®) = 0 for q > 1. Take n,5(RP®) for example. Suppose f : S5 — RP®
represents an element of n,s(RP*). Since the image f(S'%) is compact, it
must lie in a finite union of the RP* x I's above. We can slide f(S*%) into a
high RP*x I. If n> 15, then f(S'%) will be contractible. Therefore
% s(RP*) = 0. Thus by sliding the image of a sphere into a high enough
projective space, we see that this telescope kills all higher homotopy groupe.
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Rpo!

RP* ‘-]
0 T £(s*)

0 1

0 1
Figure 18.3

Applying the telescoping construction to the sequence of spheres

{point} ¢, -+ A LT
we obtain the infinite sphere |
$° = 11 8* x I fx, 1) ~ (ix), 0).
It is a double cover of RP®. By the same reasoning as above, S* has no

homotopy in any dimension. Therefore a.(RP“’) = J,. This proves that
RP* i ma K(Zg, t).

ExampLe 18.3. (The infinite complex projective space). Applying the tele-
aeop:ngoonstrmuontotheseqm
szuﬂ s+’ o ...
syl
-cCP* cCP*' -,

we obtain the fibering
si — s®
(18.3.1) Tl
cp~

where CP* is gotten by gluing together the CP*’s as in the previous exam-
ple. Since S® has no homotopy in any dimension, it follows from the
homotopy sequence of the fibering that ,

o Z whenk=2
MCPI={g i
Therefore CP* is a K(Z, 2).

Exercise 18 4. By the Hurewicz isomorphism theorem Hy(S®) = 0 except in
dimension 0. Apply the spectral sequence of the fibering (18.3.1) to show
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that the cohomology ring of CP* is a polynomial algebra with a generator
_ in dimension 2:

‘ H*CP®) = Z[x], dim x=2
EXAMPLE 18.5 (Lens spaces). Let $2**? be the unit sphere in C***. Since §*

acts freely on $2**1, 30 does any subgroup of S'. For example, Z; acts on
sh-ﬂ by

ez-us . (z(h esey z.)H(ezw’zo: sney ez"“z.)'

The quotient space of S***! by the action of Z; is the Lens space L(n, 5)-
Applying the telescoping construction

Slc...c §iatt c gaa+d e
Zs] i [
Lo, S)c--clinS)cLin+1,5) < -,
we obtain a five-sheeted covering
15—’ s
¢
L{a0, 5).
Hence
Z, lfk = l
o, 3) = {o ifk> 1.
So the infinite Lens space L(o0, 5) is a K(Z, 1). In exactly the same manner
we can construct (oo, g) = K(Z,, 1) for any positive integer g.

' REMARK 18.5.1. The Lens space l.(n,z)uthendpmpcnvespweﬂ?"”
and the infinite Lens space L{0, 2) is RP®.

Next we shall compute the cohomology of a Lens space, say L(n, 5).
Since the Lens space L(n, 5) is not simply connected, the defining fibration
Z,— S**1 s L(n, 5) is of little use in the computation of the cobomology.
Instead, note that the free action of S' on §***! descends to an action on’

L(n, 5):
(Zos --.» ZY+{AZg, ..., AZ)), AeStcCe,

. with quotient CP*, so that there is a fiber bundle
S'— Ln, 5)

|

CP.
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The E, term of this fiber bundle is

(18.5.2)

e : a ax_ ax?
Z\O’x}'x2
01 2 3 4 - 2m

- To decide what the differential d, is, we compare with- the spectral se-
quence of the fiber bundle S'— $2"*!%%, CP". The bundle map p:
§2*1_, I(n, 5) over CP" induces a chain map on the double complexes

p‘ . C'(ﬂftu, Q.)—’ C‘(nS- lu’ Q.)’

xl

where U is a good cover of CP". Let a; and a5 be the generators of ES>' ! for
these two complexes, and x a generator of H*(CP"). Because p is a map of
degree 5, p*a, = Sag. Hence,

p.(dz a‘_) = dz P‘a'_ = dzsas = 5x.

So d,a; = 5x in (18.5.2). The cohomology of the Lens space L(n, 5) is
therefore

' - - -
Z in dimension 0

"z in dimensions 2, 4, ..., 2n
H%(L(n, 5)) =< 7

in dimensio_q 2n+ 1
0  otherwise. ‘

A A e T

SRR §

.REMARK 18.5.3. Another way of determining the differential in (18.5.2) is to
compute H*(L(n, 5)) first by the universal coefficient theorem (15.14). Since
ny(Lin, 5)) = Zs, H(L(n, 5)) = Zs and H* = Z, @ free part. Therefore d,a
must be 5x and H*> = Z,.

In exactly the same way we sec that the cohomology of the Lens space
L(n, g)is : -

Z in dimension 0
(185) H%(Lin, qj) _J Z, in dimensions 2, 4, s 2n
Z in dimension 2n + 1
0  otherwise.

Exercise 18.7. Prove that the Lens space L(n, g) is an orientable manifold.
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-Exercise 18.8. Let q be a positive integer greater than one. A ' -
(a) Show that the integer cohomology of K(Zq, 1)is ©Ty T

- Z “in dimsension 0 '
H%K(Z,, 1); Z) = (}q :; hcvery posmve even dimension
erwise. ¢ ,

(b) Using the fibering S‘-—a K(Z 1)— CP‘?, domputé H%K(Z,, 1); Z,)
where p is a prime: . ‘

Exercise 18.9. Let n and g be p_ositjye i_ntegersl Show that - LA
g Q | in dimension 0
H * K Z ’ ’ =
(, (2 m); Q) {0 otherwise,
Therefore, by the structure theorem for finitely generated Abelian groups,

the rational cohomology of K(A4, n) is tnv1a1 for a ﬁmtely generated torsxon
Abelian group. L. R . e

_Exercise 18.10. Determine the product structures “of H‘(L(n q)), H“‘(K(Z.,
1)), and H*(K(Z,, 1); Z,). In particular, show that - .

HH(RP) = Z[a]/(2a, 242, 203 ....;, Aun am2,

.
. <.

and ‘- } D b, 0T
H*RP®; Z;) = Z,(x], "dim x = 1.
The-Cohomology of K(Z 3) SR

Since nq(S’) =0forg < 3 and n,(S ) Z one may woader if thc spba:e S’
is 4 K(Z, 3). One way .of deciding this is- tmmputc the cohomology of
K(Z 3) WC fll'st Obw“c.that . Rt -Us EREIL el

| QK(Z, 3) = K@, 2)= CP=; ‘ “

PR

whose cohomology we know to be Z[x] from Exercnsc 18.4. Since by
Remark 17.13, every CW complex has_a good .cover, we can apply the

spectral sequcnce of the path fibration - . : NPT
K@ 29—PKZ3) e
K(z,3)

to compute the cohomology of K(Z, 3).
By Leray’s theorem with mteger cocfﬁc:ents (15.11), the E, term of the
spectral sequence is '

E§ % = HYK(Z, 3) ® HY(CP®)
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.

and its product structure is that of the tensor product of H*%(K(Z, 3)) and
H*CP™). : ' o

6 a{\ |
5 R )
4 | al] L‘a’{
3 h S 4
53'53- 2 a “\L~ \lasz
\v \ >

1 N \ NG
oftlof{oTslo oy | Iv¢

0O 1 2 3 4 s 6 7 8

Since the total space PK(Z, 3) is contractible, the E_ term is O except for
E%°. The plan now is to “create” clements in the bottom row of the E,
picture which would sooner or later “kill off” all the nonzero elements of
the spectral sequence. There can be no nonzero elements in the bottom row
of columns 1 and 2, for any such element would survive to E_. However
there must be an element s in column 3 to kill off a. Thus

d;a = g
and
dy(a?) = 2ad, a = 2as.

There must be an element y in column 6 to kill off as for otherwise as would
survive to E_. Therefore H%(K(Z, 3)) # 0. This proves that S* is not a
K(Z, 3). Equivalently, it shows the existence of nontrivial higher homotopy
groups for S°. Later in this section we will compute x, and x5 of §°.

As for the cohomology ring of K(Z, 3), we can be more precise. First,
note that y = d(as) = (da) - s = s>. From the picture of E,, it is clear that
H%K(Z, 3)) = Z,. Therefore, 25> = 0. Now a nonzero element in E] ° =
H(K(Z, 3)) can be killed only by a® under d,. Since dy(a’) = 3a?s # 0, a°
does not even live to E,. So H'(K(Z, 3)) = 0. Since d,(a*s) = 2as* = 0, a’s
would live to E_ unless ds(a’s) =t # 0. In E, = E,, a*s generates the cyclic
group Z,. Since ¢ is the clement that kills a?s in E,, ¢ is of order 3. In
summary the first few cohomology groups of K(Z, 3) are

-

g |ol1|2]|3|a]5s5[6]7]s

(18.11) H* Z|0]0|Z|0|O0]|Z,]0]Z,

generators | 1 s s? t
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ExErCise 18.12. Show that H¥K(Z, n); Q) is an exterior algebra on one
generator of dimension » if » is odd and a polynomial algebra on one
generator of dimension n if n is even. In cither case we say that the cobo-
mologyol‘K(Z,n)ufrxonouemra&or(mSecnonl9forthedeﬁmuon

of a free algebra). . '

The Transgression

Let n:E— X be a fibration with connected fiber F over a space with a
good cover UL In computing the differentials of the spectral sequence of E-
using what we have developed so far, one often encounters ambiguitics
which cannot be resolved without further clues. One such clue is knowledge
of the transgressive clements. An clement w in

HY(F) ¢ E3'* = H(M, PYF))
is called transgressive if it lives to E_, ,; that is,
Qomdyo=: - md =0
An alternative characterization of a transgressive clement is given in the
following proposition, which we phrase in the language of differential forms.
Of course by replacing forms with singular cochains, the proposition is
equally true in the singular setting with arbitrary cocfficients.
Proposition 18.13. Let x: E— M be a fibration with fiber F in the differ-

entiable category. An element o in HYF) is transgressive if it is the restriction
of a global form y on E such that dy = x*t for some form t on the base M.

REMARK 18.13.1. Because x* is injective and
®%dtr = ddy = 0,
we actually have
dt =0,
so the form 1 defines a cohomology class on M.

PROOF OF PROPOSITION 18.13. Let U be a good cover of M. If @ is trans-
gresswc, then by (14.12) it can be extended to a cochaina = ag + -+ + a,
in the double complex C*(x~'U, Q*) such that Da = x*8 for some Cech
cocycle f on M.
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By the oollatmg formula 9.5),
@ b= PR+ -1 ‘K(D”K)‘n‘ﬁ
o i=0 .
is a global form on E corresponding to a. From (*) we see that:
dy = (=1 DK a0f = n%e,

where T = (— D"K)**!8 is by (9.8) a closed global form on M. * : '
Conversely suppose y is a global form on E with dy = u‘t Then by
restriction y defines a cochain in C%n ™'Y, Q*) such that Dy = n*1.

i

It is a simple exercise (analogous to Prop 8.8) to show that y is D-
‘cohomologous to a cochain & in C*n~ Y, Q‘) such that Da = n‘B for
somcC‘echcocyclcﬁm C*U, Q‘) L -

-

Exercise 18.13.2. Prove this assertion. ~ ' * = * *
- Let § be the. global -form corresponding to a given by. the, aollatmg
formula (). Then y |p = nﬂp € H'(F) is transgressive, - .. O

We wﬂ] now apply the singular analogue of Proposmon 18 13 to obtam
one of the most useful vanishing criteria for the differentials of a spectral
sequence. ‘

Proposition 18.14. In mod 2 cohomolog ¥, if a is a transgressive, so is &>.

PROOF. Let ¢ be the singuiar cocham on E given by Prop. 18.13. Since ¥
restricts to a on a fiber, Y restricts to a?. With Z, coefficients,

d(w?) = 29 dy = 0. _
Therefore, by Prop. 18.13 again, a? is transgressive. - = . Q
Exercise 18.15. Compute H*(K(Z;, 2); Z,) and H*K(Z,, 2); Z) up to di-
mension 6.

Exercise 18.16. Compute H*K(Z,, 3); Z,) and H*(K(Z,, 3); Z) up to
dimension 6.

Exercise 18.16.1. Compute the homology H (K(Z,, 4); Z) up to dimen-
sion 6.
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Basic Tricks of the Trade ... - . .-

In homotopy theory every map f : A— B from a space 4 to a path-
connected space B may be viewed as elthe;' an inclusion or a.fibering. We
can see this as follows. R

(18.17) Inclusion
Applying the telescoping idea Just once, we construct the mapping cylin-
der of f (see Figure 18.4):

My;=(AxI)uB/(a1)~f(a)

[«

P L hadad 2N

- fa) )

Figure 184 - - - °

It is clear that the mappmg cylinder M, has the same homotopy type as. B
and that 4 is included in M,. Indeed the followmg dxagram is com-
mutatnve , .

A—————p-B
i homotopy equivalence

A——— M,.

(18.18) Fibering

Let f: A— B be any map, with B path connected. By (18.7) we may
assume that fis an inclusion, i.e., 4 is a subspace of B (Figure 18.5). Define
L to be the space of all paths in B with initial point in A. By shrinking every

" Figure 18.5
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path to its initial point, we get a homotopy equivalence
LA

Ontheotherhmdbyprojewngeverypathtomendpmnt,weuua
fibering

P Q:—QLQA

-1
. B

whose fiber is Q2, the space of all paths from a point ¢ in B to A. So up to
homotopy equivalence, f : A—» B is a fibering.

Postnikov Approximation

Let X be a CW complex with homotopy groups n(X) = x,. Although X

has the same homotopy groups as the product space [] K(x,, ), in gencral.
it will not have the same homotopy type as [] K(x., q). However, up to

homotopy every CW complex can be thought of as a “twisted product of
Eilenberg-MacLane spaces in the following sense.

Proposition 18.19 (Postnikov Approximation). Every connected CW complex
can be approximated by a twisted product of Eilenberg-MacLane spaces;
more precisely, for each n, there is a sequence of fibrations Y, Y, ., with the
K(x,, q)'s as fibers and commuting maps X — Y,

Yl K(zn3, 3) Yz Ya Y

i
K(x,, 1)

X

such that themapX—-;I’. induces an isomorphism of homotopy groups in
dimen._sionsSQ—l. :

Such a sequence of fibrations is called a Postnikov tower of X. In view of
(18.18) that every map in homotopy theory is a fibration, this proposmon is
perhaps not so surprising.

We first explain a procedure for killing the homotdpy groups of X above
a given dimension. For example, to construct K(x;, 1) we kill off the homo-
topy groups of X in dimensions > 2 as follows. If a : $2— X represents a
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nontrivial clement in x,(X), we attach a 3-cell to X via a:
Xye -X]_]e’/x~o(x), X€ée.

This procedure does not change the fundamental group of the spooe——by
Proposition 17.11 attaching an n-cell to X could kill an element of x, _ ,(X)
but does not affect the homotopy of X in dimensions < n — 2. For each
gencerator of x,(X) we attach a 3-cell to X as above. In this way we create a
new space X, with the same fundamental group as X but with no x;.
Iteratmg this procedure we can kill ail lnghet homotopy groups. This
gives Y,.

PROOF OF PROPOSITION 18.19. To construct Y, we kill off all homotopy of X
in dimensions > n+1by attaching cells of dimensions >n + 2. Then

0, k2n+1
“'(Y')-{x., k=12 ....,n

Having constructed Y,, the space ¥,_, is obtained from ¥, by killing the
homotopy of Y, in dimension » and above. By (18.18), the mclunons

XcY cY el

may be converted to fiberings. From the exact homotopy sequence of a
fibering we sce that the fiber of Y-o Yo, is the Eilenberg-MacLane npooa'
K(r,, q). . | _ O

Computation of n(S?)

This computation of x, = x,(S°) is based on the fact that the homotopy
group =, appears as the first nontrivial homology group of the Eilenberg-
MacLane space K(x,, 4). If this Eilenberg-MacLane space can be fitted into
some fibering, its homology may be found from the spectral sequence. Such
a fibering is provided by the Postnikov approximation.

Let Y, be a space whose homotopy agrees with §* up to and including
dnnensxon4andvamshesmhxgherdmcnnom.Togetmhacpaoewehll

off all homotopy groups of S in dnmcnuons p-31 by attaclung cell: of
dimensions 2 6. So '

Yo.=53uvetu.

By Proposition 17.12, H(Y,) = Hg(Y,) = Q. 'l‘he Postaikov appronmauon
theorem gwes us a fibering

K(xs, 4)— Y4
i
K(Z, 3).
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The E? term of the homology spectral sequence of this fibering is

SN i

| \\

. I~
z z Z,
0 t 2 3 4 §5 6

K(ne, &) -

O = Wk

K(Z, 3)

where the homology of K(Z, 3) is obtained from (18.11) and the universal
coefficient theorem (15.14). Since H,(Y,) = Hs(Y;) = 0, the arrow shown
must be an isomorphism. Hence n,(S%) = Z,.
More generally since ¥, = §> v &#*2 U ..., by (17.12),
H{Y) = Hyy(1) = 0.

Hence from the homology E? term of the fibration

' K(“;: 4}“" Yq q]| 1!.
l
Y-t e
)
q+1
we get
(1820 1S = Hyy(Y- ).
The Whitehead Tower

The Whitehead tower is a sequence of fibrations, dual to the Postnikov
approximation in a certain sense, which generalizes the universal covering
of a space. Unlike the Postnikov construction, where we kill successively
the homotopy groups above a given dimension, here the idea is to kill at
cach stage all the homotopy groups below a given dimension. '

Up to homotopy the universal covering of a space X may be constructed -
as follows. Write n, = n(X). By attaching cells to X we can kill all n, for
g=>2asin(18.19). Let Y = X U e® U --- be the space so obtained; Y is a
K(ny, 1) containing X as a subspace. Consider the space Q2 of all paths in
Y from a base point » to X (Figure 18.6). The endpoint map: Qf — X is a
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Figure 18.6

fibration with fiber QY = QK(xn;, 1) = K(x,, 0). From the homotopy exact
sequence of the fibering

K(x;, 0)— 2
!
X

we see that 7,(Q}) = 0. Hence X, = Q is the universal covering of X up to
homotopy. '
We will now generalize this procedure to obtain a sequence of fibrations

l L
K(x,,n—-1) —X,

!

Xu—l

such that

(a) X, is n-connected, ic., (X,) = O forall g < n;
(b) above dimension n the homotopy groups of X, and X agree,
(c) the fiberof X,— X, _, is K(x,, n — 1).

This is the Whitehead tower of X. To construct X, from X,_,, we first kill
all n(X,_,), ¢ 2 n + 1, by attaching cells to X, _,. This gives a

Kz, m)= X, ; U ety
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Next let X, = Q3*-* be tne space of all paths in K(n,, n) from a base point
» t0 X,_,. The endpoint map: X, — X, _; has fiber QK(=n,, n)=K(n,, n—1).
From the homotopy exact sequence of the fibering

Ky, n — 1)— X,
-l
Xu—l

it is readily checked that n(X,) = n(X,_,) for g=n+1; and n(X,) =0
for ¢ < n — 2; furthermore,

(1821)  0— m(X,)— 7 (X, ) > 7, (QK(m,, n))~> 1, _ (X, )— 0

is exact. Here n{X,_,) = n, by the induction hypothesis, and the problem
is to show that 0: n(X,.,})— =, - ,(QK(zn,, n)) is an isomorphism. Now the
inclusion X,_, < K(,, n) = X,-, v &"*? U --- induces by (17.11) an iso-
morphism '

(X a-1) = n(K(m,, n)).
Moreover, the definition of the boundary map
d: nn(xu— l)""’ Ty 1(QK(“J| ’ ?))

(see (17.4)) is precisely how n(K(rn,, n)) was identified with n,_(QK(=n,, n))
in Proposition 17.2. Therefore 4 is an isomorphism and n(X,)=n,_ (X,)=
0 in (18.21). This completes the construction of the Whitehead tower.

As a first application of the Whitehead tower we will prove Serre’s
theorem on the homotopy groups of the spheres. We call a sphere $* odd or
even according to whether n'is oad or even.

Theorem 18.22 (Serre). The homotopy groups of an odd sphere S* are torsion
except in dimension n; those of an even sphere S" are torsion except in
dimensions n and 2n — 1.

PRrOOF. The essential facts to be used in this proof are the following:
(a) in the Whitehead tower of any space X, n,,(X) = H,.(X)); hence,
‘ T+ (X)® Q = Hyy 1 (X,; Q);

(b) the rational cohomology ring of K(n, n) is trivial for a torsion finitely
generated Abelian group = and is free on one generator of dimension n for
n = Z (Exercises 18.9 and 18.12). : ;

Since S" is (n — 1)-connected and %,(S") = Z, the. Whitchead tower begins

with ‘
KZ,n-1)-X,

(18.22.1) i

s".
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For the rest of this proof we write n, for n (S"). First consider the case
where n is odd. We will assume n > 3. Then the rational cohomology of
K(Z, n — 1) is a polynomial algebra on one generator of dimension n — 1
and the cohomology spectral sequence of the fibration (18.22.1) has E; term

A= Q] Q
‘ Y
n—1 |Q S INQ
™
s
Q ~Q
' n

(Here we are using the cohomology spectral sequence to take advantage of
the product structure) The bottom arrow is an isomorphism because
H,_(X,; Q) = 0; the other arrows are isomorphisms by the product struc-
ture. From the spectral sequence we see that X, has trivial rational coho-
mology, hence trivial rational homology. By Remark (a) above, x,,, is
torsion. Now consider the next step of the Whitehead tower:

K(n:H- 8 n)_' Xui-l

!

Since both X, and K(r,.,, n) have trivial rational homology, so does X, + ;-
By Remark (a) again, #,.; = H,,(X,+,) is torsion. By induction for all
g 2 n + 1, X has trivial rational homology and =, is torsion.

Now suppose n is even. Then the rational cohomology of K(Z,n—1)is
an exterior algebra and the E, term of the rational homology sequence of
the fibration (18.22.1) has only four nonzero boxes:

n—11Q] Q

\ ~

: 4
olQ ~~NQ
0 n

The arrow shown is an isomorphism.because X, is n-connected. So

. Q indimensions 0, 2n - 1
H.(X_, Q) = {0 othcrvme E . . o

P

Supposc n>2.Then n+l<2n—l By Remark (a),a,“-H,ﬂ(X_) is
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torsion. Since H (K(%, ., n); Q) is trivial, from the fibration

K(“.-P 1 R)—" X.+ 1

|

X,
we conclude that X, has the same rational homology as X, . This sets the
induction going again, showing that x, is torsion, until we hit z,,_, =
Hi,y(X;,-2), which is not torsion. In fact, n,,_, has one infinite cyclic

generator and possibly some torsion generators. At this point we may
assume n 2 2. By Remark (b), the rational cohomology ring -

H.(K(RZH"I’ n - 2): Q)

is a polynomial algébra on one generator, so the cohomology E, term of
the fibration

K(x2y-1, 20— 2)—~ X,

A
X322
is
4n -4 o_\ Q
ni
2n-21 Q] ~~Q
Il
Q ~Q
-1

Since H,,_((X;,-;) =0, the arrows shown must all be isomorphisms. It

follows that the rational cohomology groups of X, are trivial for all

q > 2n — 1 and the homotopy groups = (S”) are torsion for all ¢ > 2n - 1.
0

Exercise 18.23. Give a proof of Tl;neorem 18.22 based on the Postnikov -
approximation.

Computation of #s(S?)

If we try to compute ns(S?) using the Postnikov approximation, we very

quickly run up against an ambiguity in the spectral sequence. For by
(18.20), x4(S°) = H¢(Y,), but to compute H(Y,) from the homology spectral
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seqrence of the fibering

612,
5 \\
. 4|2, 'z,
K(Zz, 4)—-) Y‘, 3
l
2
K(Z, 3)

0|z 4 Z,10

0 12 3 4 5 6

we will have to decide whether the arrow shown is the zero map or an
isomorphism. With the tools at our disposal, this cannot be done. (For the
homology of K(Z,, 4) and K(Z, 3) see (18.16.1) and (18.11).)

In this case the Whitehead tower is more useful. Since $ is 2-connected,
the Whitehead tower up to X, is

K(ﬂ‘, 3)""’ X4
d

K(Z,2)— X,
d

s,

From the construction of the Whitehead tower and the Hurewicz isomor-
phism, n5(S3) = ny(X,) = Hs(X,). So we can get n, by computing the hom-
ology of X,. This method also gives n,(S>), which is H (X ). 2 ‘
The cohomology of X; may be computed from the spectral sequence of
the fibration K(Z, 2)— X, — S°, whose E; term is

™\

cp= xu

.

NG

Y
2

C == N W A
*

u
3
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Since d, is clearly zero, E, = E5. Next dy: E3'2— E3'° is an isomorphism
because X, is 3-connected. By the antiderivation property of the differential
d,, which we will write as d here,

_ d(x") = nx*~ ! dx = nx"" .
Hence the integral cohomology and homology of X ; are

g |01 234 5 6 7 8 9 10 11
H(X,)|Z 00 00 Z, 0 Z, 0 Z, 0 Z,
H(X)|{Z 0002, 0 Z, 0 Z, 0 Z; 0 |,

where the homology is obtained from the cohomology by the universal
coefficient theorem (15.14.1).

The homology spectral sequence of the fibration K(n,, 3)— X,— X,
has Ez term

\
Re \d6 .
NN
AN
NN

o{z{olo{o[z,fo0]z,

0 1 2 3 4 5 6

which shows that n, = Z,, since X, is 4-connected.

By Exercise 18.16, H (K(Z,, 3)) = 0 and H(K(Z,, 3))- . Since the
only homomorphism from Z; to Z, is the zero map, dg in the diagram
above is zero. Hence Hy(X,) = Z, and x4(S°) = 54(X,) = Ho(X ) = Z;.

NOWwW A

Exercise 18.24. Given a prime p, find the least q such that the homotopy
group x(S>) has p-torsion.

§19 Rational Homotopy Theory

By some divine justice the homotopy groups of a finite polyhedron or a
manifoldseemas}lxﬁcul to compute as they are casy to define. For a
simple space like 7, already, the homotopy groups appear to be completely
irregular. The computation of #,(S*) and x4(S) in the preceding section
should have given the reader some idea of the complexity that is involved.
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However, if one is willing to forego the torsion information, by considering,
for instance, the rational homotopy groups x(X) ® Q, then some general
theorems are possible. One such result is Serre’s theorem on the homotopy
groups of the spheres (Th. 18.22). In the late sixties Dennis Sullivan shed
new light on the computation of rational homotopy by the use of differ-
ential forms. This section is a brief introduction to Sullivan’s work. Al-
though Sullivan’s theory, with an appropriate definition of the rational
differential forms, is applicable to CW complexes, we will consider only
differentiable manifolds. As applications we derive again Serre’s theorem
and also compute some low-dimensional homotopy groups of the wedge
S?vs3,

Minimal Models

Let A = P30 A' be a differential graded commutative algebra over R;
here the differential is an antiderivation of degree 1:

d(a - b) = (da) - b + (—1)***a - db;
and the commutativity is in the graded sense: . cot
a-b=(—1)tmedindpy.q

In this section we will consider only ﬁmtdy gencrated dnﬂ'aentul gnded
commutative algebras. Such an algebra is free if it satisfics no relations
other than those of associativity and graded commutativity. We write A(x‘,
.., Xy) for the frec algebra generated by xy, ..., x,; this algebra is the
tensor product of the polynomial algebra on its even-dimensional gener-
ators and the exterior algebra on its odd-dimensional generators. An cl-
anenthnssudtobedecamposablnﬁtuasumofpmdnctsofponhve
clementsin A,ic,ae A* - A*, where & ®.>0A Adlﬂ'u'entlalgnded
algebra .« is called a minimal model for A if: - it

(a) A is free; )

(b) there is a chain map f : .4 — A which induces an isomorphism in
‘cohomology;

(c) the differential of a generator is either zero or decomposabie (a differ- -
enﬁdgtadedalgebmsaﬁsfyinsthiswndiﬁonisnidtobew

Ammnnalmodclofamamfolduubydeﬁnﬂonammmalmoddofns
algebra of forms Q*(M).

Examples of Minimal Models

ExaMpLE 19.1. The de Rham cohomology of the odd spbere S*-! i an
oxterior algebra on one gencrator. Hence a minimal model for $2°~ 2 is A(x),
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dim x = 2n -~ 1, with

f 1 x> volume form on §2"~1.

ExampLE 19.2. The de Rham cohomology of the even sphere $%* is
R[a]/(a’), dim a = 2n. To construct a minimal model, we need a generator
x in dimension 2# to map onto a and a generator y in dimension 4n — 1 to
kill off x2. Since dim y is odd, y* = 0. So the complex A(x, y), dx. = 0,
dy = x* can be visualized as the array

4n—1 y\yﬁﬁy x4y
1 xN\x? Xx‘
0O 2n 4n On

which shows that the cohomology of A(x, y) is R[x]/(x*). The minimal
model of $2* is A(x, y), and the map f : A(x, y)— Q%S> is given by

f : x++volume form w on $**
" y—0.

ExampLE 19.3. Since the de Rham cohomology of the complex projective
space CP* is R[x]/(x"*!), dim x = 2, by reasoning similar to the preceding
example, a minimal model is A(x, y), dim y = 2n + 1,dx = 0,dy = x***.

A differential graded algebra A is said to be 1-conmnected if H%(4) = R
and H'(4) = 0.

Proposition 194. If the differential graded algebra A is 1-connected and has
Jfinite-dimensional cohomology, then it has a minimal model.

PROOF. Let a,, ..., a, be the 2-dimensional cycles in 4 which represent a
basis of the second cohomology H’(A4). Define .l, = Alay, ..., &),
where dim a, = 2 and da, = 0, and set -

f H .lz—‘A
a;ra,.

At this stage f induces an isomorphism in cohomdlogy in dimensions less
than 3 and an injection in dimension 3, because A(ay, ..., @) has nothing in
dimension 3. We will prove inductively that for any » there is 8 minimal free
algebra .4, together with a chain map f : .4, — 4 such that

(a) the algebra .4, has no elements in dimension 1 andno generators m,
dimensions greater than n;

(b) the map f induces an isomorphism in cohomology in dimensions less
thag 1.7~ 1 and an injection in dimension » + 1.
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So suppose this iS true for n = g — 1. By hypothesis there are exact se-
quences

0— HY(.#,_\)— HY{A)— coker H(f)— 0
and ' .
0— ker H**!(f)— H** Y4, _,)— H' }(A).

Let {[b1}i. be a basis of coker HY(f) and {[x;]} a basis of ker HT*!(f),
with b, in A* and x; in 411}, where 4%} denotes the elements of degree
q+ 1lin #,_,. The x;s are decomposable because the generators of 4,
are all of dxmensnon < q— 1. The idea is to introduce ngw clements m
4 ,_ to kill both coker HY(f) and ker H**'(f). Define , _

'lqzlq—l®A(bh ¢ dim b, = dlmfj—
4 . is again a free minimal algebra, with differential
dm®1)=(dm®1,
d1®b)=0,
d1®&)=x,81.
Weextend f: M, ,_,— Atof : #,— Aby
f(m® 1) = f(m),
fA®b)=b,,
fA®&)=ua;,

where a; is an element of A such that f(x;) = da;. It is easy to check that
this new f'is again a chain map.
We now show that HY(f): HY(# )— HYA4) is an lsomorphlsm Supposc

za-Zy.(m.@l)-i-Z).,(l@b;)+Zﬂj(1®~f;)
is a cocycle in 4, . Then - |

Ev,‘dmg+2{l,x,=0

Since the classes [x;] are linearly independent, all #; =0. If in addmon
z € ker HY(f), then . R

kaf(mk)"'zllbl’o oo
Since the [b,] form a basis of the cokernel of HY(f): H‘(,l,_,)—-o H'(A), all
4; = 0. Therefore, all the cocycles in .4, that map to zero-come from .4,_,.
By the induction hypothesis these oocycles are exact. This proves the injec-
tivity. The surjectivity follows directly from the definition of the b,.. - - -
Finally, becausc .#,_, has nothing in dimension 1, thcclcmentsofdl-
mension g+ 1 in 4, ,®AWp;,, {) all come from 4, ,; iec,
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M= 4111 ® L. Hence ker H*"'(f) is spanned by x;® 1. Since all of
these elements are exact in .#, (they are the differentials of 1®¢&), H ()
is injective. 0

The Main Theorem and Applications

We will not prove the main theorem stated below. For a discussion of the
proof, see Sullivan [1] and [2] and Deligne, Griffiths, Morgan and Sullivan
{1].

Theorem 19.5. Let M be a simply connected manifold and 4 its minimal
model. Then the dimension of the vector space n (M) ® Q is the number of
generators of the minimal model .# in dimension q.

To make this theorem plausible, we will say a few words about the
computation of the rational cohomology of M. The idea is to compute it
from the Postnikov towers of M, whose fibers are the Eilenberg-MacLane

spaces K(n,, q). Now there are two things to remember about the rational
cohomology of K(x,, g):

(a) a free summand Z in n, contributes a generator of dxmcnsxon q to the
rational cohomology H '(K(u,, q); Q);

(b) a finite summand in n, contributes nothing.

In other words, the rational cohomology of K(xn,, g) is a free algebra with
as many generators as the rank of n, (see 18.9 and 18.12). As far as the
rational cohomology is concerned, then, the finite homotopy groups in the
Postnikov towers have no effect. If the minimal model of M is to be built
step by step out of its Postnikov towers, it makes sense that a generator
appears in the model precisely when a rational homotopy element is in-
volved. Hence it is not unreasonable that the dimension of the rational
homotopy group n (M) ® Q is equal to the number of generators of the
minimal model in dimension q. However, to make these arguments precise,
considerable technical details remain to be resolved. In fact, at this writing
there is no truly satisfactory exposition of rational homotopy theory avail-
able.

From this theorem and Examples 19.1 and 19.2 we have again Serre’s
result (18.22) that the homotopy groups of an odd sphere S* are torsion except

in dimension n, where it is infinite cyclic; for an even sphere S, the excep-
tional dimensions are n and 2n — 1.

EXAMPLE 19.6. The wedge of the spheres $* and S™ is the union of S* and S™
with one point in common, written $"V §™. As an application of Sullivan’s
theory we will compute the ranks of the first few homotopy groups of
$?V $2. Since §?V S? has the same homotopy type as R* — P — Q, where P
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and Q are two distinct points of R?, it suffices to construct a minimal model
A for Q*[R® — P — Q).

At this stage we exploit the geometry of the situation to cor<.ruct two
closed 2-forms X and y on R® — P — Q that generate the cohomology
H3x(R* — P — Q) and that satisfy

X =xXy=y=0.

For this purpose choose small spheres Sp and S, about P and Q respec-
tively. Let wp be a bump form of mass 1 concentrated near the north pole of
Sp and let wq be a similar form about the south pole of S;. The projection
from P defines a natural map

np:R*— P —Q—Sp;
similarly the projection from Q defines a map
ng:R*—P—Q—S,.
Then k
X=nfwp and y=n§wy o

are easily seen to have the desired properties.

The minimal model is now constructed in a completely algebraic way as
follows. First of all, the pinimal model .4« must have two generators x and
y in dimension 2 mapping to X and y. To kill x?, xy, and y?, we need three
generators a, b, ¢ in dimension 3 with (see Figure 19.1)

da = x?
db = xy
dc = y*.

The map f : .4 — Q*R> — P — Q) up to this point is given bnyx,yHy,
a, b, c—0.

The differentials of the elements in dimenaion S are

d{ax) = x?

d(ay) = x*y
d(bx) = x*y
d(by) = xy*
d(cx) = xy?
d(cy) = y*.

Hence d(ay — bx) = 0 and d(by — cx) = 0. To kill these two closed forms,
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A
7
ab
6] bc
ac
5§ pAar
ex,ey
4] eg gx,8y
ax,ay ax?,axy,ay?
3] abec bx,by bx?,bxy,by?
€X,cy cx?,cxy,cy?
2
1
0 x2,xy,y? x*,x?y,xy?,y? x4, x3y,x2y? xy3,y*
0 1 2 3 4 5 6 7 8 -

Figure 19.1

there must be two elements e and g in dimension 4 such that
de = ay — bx

dg = by — cx.
To find the generators in dimension S we need to know the closed forms
in dimension 6. By looking at the differentials of all the elements in dimen-
sion 6:

dex) = axy — bx?
dey) = ay® — bxy
dgx) = bxy — cx?
d(gy) = by’ — cxy
d(ab) = bx* — axy
d(bc) = cxy — by’
&ac) = cx* — ay?,

it is readily determined that ex + ab, gy + bc, and ey + gx + ac are closed.
$ince the existing clements of dimension S do not map to these, we need
#heee generators p, ¢, 7 in dimeasion S with

dp = ex + ab
dg =gy + be
dr-——eytgx«i-ac.
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The reader is invited to continue this process one step furthcr and show
that in dimension 6 there are six generators. -
In summary the generators in dimensions <6 are

dim 2 3 4 5 6

generators | x,y a,b,c e, g p,qr S tLuv,wz

By Sullivan’s theorem the rank of n(S?V 5%) is

q 1 23456
dim n(S’°VS)®@Q|0 2 3 2 3 6

This agrees with Hilton’s result on the homotopy groups of a wedge of
spheres (Hilton [1]), since by Hilton’s theorem

xdS?V S?) = n(S?) + 1 (5?) + n(8%) + x(SY) + x(5*)
+ 2. x5+ Y /5% + =, of spheres of dimension >7.
3 copies 6 coples )



CHAPTER V.
Characteristic Classes

After the excursion into homotopy theory in the previous chapter, we
return now to the differentiable category. Thus in this chapter, in the ab-
sence of explicit qualifications, all spaces are smooth manifolds, all maps
are smooth maps, and H*(X) denotes the de Rham cohomology.

In Section 6 we first encountered the Euler class of a C® oriented rank 2
vector bundle. It is but one of the many characteristic classes—that is,
cohomology classes intrisically associated to a vector bundle. In its modern
form the theory of characteristic classes originated with Hopf, Stiefel, Whit-
ney, Chern, and Pontrjagin. It has since found many applications to topol-
ogy, differential geometry, and algebraic geometry.

In its most rudimentary form the point of view towards the Chern classes
really goes back to the old Italian algebraic geometers, but in Section 20 we
recast it along the ideas of Grothendieck. We introduce in Section 21 the
computational and proof technique known as the splitting principle. This is
followed by the Pontrjagin classes, which may be considered the real ana-
logue of the Chern classes. We also include an application to the embedding
of manifolds.

In the final section the Chern classes are shown to be the only complex
characteristic classes in the following sense: any natural transformation
from the complex vector bundles to the cohomology ring is a polynomial in
the Chern classes. An added dividend is a classification theorem for com-
plex vector bundles. With its aid we fulfill an earlier promise (see -the
remark following Prop. 11.9) to show that the vanishing of the Euler class
of an oriented sphere bundle does not imply the existence of a section.

For the Euler class of a rank 2 bundle we had in (6.38) an explicit
formula in terms of the patching data on the base manifold M. Elegant as
the Grothendieck approach to the Chern classes is, it is not directly linked
to the geometry of M, for it gives no such patching formulas. In the con-
cluding remarks to this chapter we describe without proof a recipe for
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constructing the Chern classes of a complex vector bundle n: E— M out of
the transition functions of E and a partition of unity on M relative to some
trivializing good cover for E.

§20 Chern Classes of a Complex Vector Bundle

In this section we will study the characteristic classes of a complex vector
bundle. To begin with we define the first Chern class of a complex line
bundle as the Euler class of its underlying real bundle. Applying the Leray-
Hirsch theorem, we then compute the cohomology ring of the projectiviza-
tion P(E) of a complex vector bundle £ and define the Chern classes of E in
terms of the ring structure of H*(P(E)). We conclude with a list ot‘ the main
properties of the Chern classes.

The First Chern Class of a Complex Line Bundle

Recall that a complex vector bundle of rank » is a fiber bundle with fiber
C" and structure group GL{(n. C). A complex vector bundle of rank 1 is also
called a complex line bundle. Just as the structure group of a real vector
bundle can be reduced to the orthogonal group O(n), so by the Hermitian
analogue of (6.4), the structure group of a rank n complex vector bundie can
be reduced to the unitary group U(n). Every complex vector bundle E of
rank n has an underlying real vector bundle Eg of rank 2n, obtained by
discarding the complex structure on each fiber. By the isomorphism of U(1)
with SO(2), this sets up a one-to-one correspondence between the complex
line bundles and the oriented rank 2 real bundles. We define the first Chern
class of a complex line bundle L over a manifold M to be the Euler class of
its underlying real bundle Lg: ¢,(L) = e(Lg) € HA(M).

{ l§ L and L are complex lmc bundles with transmon functions {g.,} and

Jas

Gaps Gup - Ug " Upg— C‘,‘

then their tensor product L @ L is the complex line bundie with transition
functions {g, g,,} By the formula (6.38) which gives the Euler class in
terms of the transition functions, we have

(20.1) eyl ® L) = ¢y(L) + ¢y(L).

Let I* be the dual of L. Since the line bundle L ® I* = Hom(L, L) has a
nowhere vanishing section given by the identity map, L ® I* is a trivial
bundle, By (20.1), c4(L) + ¢,(I*) = ¢,(L ® [*) = 0. Therefore,

(20.2) c\(I*) = —c,(L).
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ExampLE 20.3 (Tautological bundles on a projective space). Let ¥V be a
complex vector space of dimension n and P(V) its projectivization:

P(V) = {1-dimensional subspaces of V}.

On P(V) there are several God-given vector bundles: the product bundie
V = P(V) x V, the universal subbundle S, which is the subbundle of ¥ de-
fined by

S={(/,vePV)xV|ve}

and the universal quotient bundle Q, defined by the exact sequence
(20.4) 0 »S—»V->0- 0.

The fiber of S above each point £ in P(V) consists of all the points in ¢,
where ¢ is viewed as a line in the vector space V. The sequence (20.4) is
called the tautological exact sequence over P(V), and S* the hyperplane
bundle.

Consider the composition

c:So PV)x V-V

of the inclusion followed by the projection. The inverse image of any point v

o )= {{¢, v)|v e ¢}.

If v# 0, ¢~ '(v) consists of precisely one point (7, v) where Z is the line
through the origin and v; if v = 0, then.o ™ *(0) is isomorphic to P(V). Thus S
may be obtained from ¥ by separating all the lines through the origin in V.
This map o : S— V is called the blow-up or the quadratic transformation of
of V at the origin. Over the real numbers the blow-up of a plane may be
pictured as the portion of a helicoid in Figure 20.1 with its top and bottom
edges identified. Indeed, we may view the (x, y)-plane as being traced out by
a horizontal line rotating about the origin. In order to separate these lines
at the origin, we let the generating line move with constant velocity along
the z-axis while it is rotating horizontally. The resuiting surface in R? is a
helicoid.

We now compute the cohomology of P(V). Endow V with a Hermitian
metric and let E be the unit sphere bundle of the universal subbundle S:

E={¢ vlveds fvl=1}

Note that ¢~ *(0) is the zero section of the universal subbundle S. Since
S — ¢~ Y(0) is diffeomorphic to ¥V — {0}, we see that E is diffeomorphic to
the sphere $2*“ ! in V' and that the map n : E— P(V) gives a fibering

Sl'-" SZa-l
l
PV).
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SN T>.

/oK

Figure 20.1

By a computation similar to (14.32), the cohomology ring H*(P(V)) is scen
to be gencrated by the Euler class of the circle bundle E, ic,, the first Chern
class of the universal subbundle S. It is customary to take x = ¢4(S*%) =
—¢4(S) to be the generator and write

(20.5) H*P(V)) = R[x]/(x"), where n = dim¢ V.
We define the Poincareé series of a manifold M to be

P{M) = Z dim H{(M) "

i=0
Bﬁ (20.5) the Poincaré series of the projective space P(V) is

PPV)=1+18 4 +t"""=-1i-_—’:

The Projectivization of a Vector Bundle

Let p:E—~ M be a complex vector bundle with transition functions g :
U, n Uy— GL(n, C). We write E, for the fiber over p and PGL(n, C) for the
projective general linear group GL(n, C)/{scalar matrices}. The projectiviza-
tion of E, = : (E)— M, is by definition the fiber bundie whose fiber at a
pointpinMisthcprojectivespaceP(E,)andwhoaetmnsiﬁonm
Gup : Uy N Uy— PGL(n, C) are induced from g, . 'l'hmapomto”’(ﬂ')ua
line 7, in the fiber E, .
Asonthepropohmanonofavectorsp.cc,onl’(E)thmemmal
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tautological bundles: the pullback n'E, the umversal subbundle S, and the
universal quotient bundle Q.

0—-+S—n'E-»Q—0
! E

M
The pullback bundle =~ 'E is the vector bundle over P(E) whose fiber at £ »
is E,. When restricted to the fiber n~ 1(p) it becor=es the trivial bundle,

n_lE|p,£), = P(E)p X Ep,

since p : E,— {p} is a trivial bundle. The universal subbundie S over P(E) is
defined by

I

S={(¢,,v)en 'Ejve,}.

~Its fiber at £, consists of all the points in /,. The universal quotient bundle
Q is determined by the tautological exact sequence

0—»S—an 'E~»Q—0.

Set x = ¢,(S*). Then x is a cohomology class in H*(P(E)). Since the
restriction of the universal subbundle S on P(E) to a fiber P(E,) is the
universal subbundle § of the projective space P(E ), by the naturality pro-
perty of the first Chern class (6.39), it follows that ¢ ,(f) is the restriction of x
to P(E,). Hence the cohomology classes 1, x, ..., x*~! are global classes on
P(E) whose restrictions to each fiber P(E) frPely generate the cohomology
of the fiber. By the Leray-Hirsch theorem (5 ll) the cuhomology H*(P(E)) 1s
a free modulc over H*(M) with basis {1, x, ..., x"~'}. So x" can be written
uniquely as a linear combination of 1, x,..., x"~! with coefficients in

H*(M); these coefficients are by definition the Chern classes of the complex
vector bundle E:

(206) X+ (Ex" P4 +c(E) =0, (E) e H¥(M).

In this equation by c;(E) we really mean n*c;(E). We call ¢;(E) the ith Chern
class of E and )
AE)y=1+c(E)+ - +cE) e H¥M)

its total Chern class. With this definition of the Chern classes, we see that
the ring structure of the cohomology of P(E) is given by

(20.7) HYP(E)) = HYM)[x]/(x" + c|(E)x""" + -+ + ¢ (E)),
where x = ¢,(5*) and n is the rank of E. Since additively

H*(P(E)) = H*(M)® H*(P" "),
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the Poincaré series of P(E) is

I__tZJI

(208) P(PE) = PAM) T .

-

We now have two definitions of the first Chern class of a line bundle L:
as the Euler class of Ly, and as a coefficient in (20.6). To check that these
two definitions agree we will temporarily reserve the notation ¢,( ) for the
second definition. What must be shown is that e(Lg) = c,(L).

(20.9) n 'L

l L
]

For a line bundle L, P(L) = M, n~ 'L = L and the universal subbundle S on
P(L) is L itself. Therefore, x = e(S§) = —e(Sp) = —e(Lg). So the relation
(20.6) is x + e(Lg) = 0, which proves that ¢,(L) = e(Lg)-

If E is the trivial bundle M x V over M, then P(E)= M x P(V), so
x" = 0. Hence all the Chern classes of a irivial bundle are zero. In this sense
the Chern classes measure the twisting of a complex vector bundle.

Main Properties of the Chern Classes

In this section we collect together some basic properties of the Chern
classes. o '

(20.10.1) (Naturality) If f is a map from Y to X and E is a complex vector
bundle over X, then c(f ~'E) = f*c(E).

f

X

S'E
Proo¥. Basically this property follows from the functoriality of all the con-
structions in the definition of the Chern class. To be precise, by (6.39) the
first Chern class of a line bundle is functorial. Write Sg for the universal
subbundle over PE. Now f~'PE = P(f“'E) and f~'S§ = $}_.g, so if
xg = ¢,(S3), then

-

Y

S

Xg-1g = Cy(SF-1p) = ¢,(f ISP =S *x;.
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Applying f* to
Xk + By + -+ c(E) =0,
we get
xposg + S (EX32is + - + % (E) = 0.
Hence

ci(f T'E) = f¥cy(E). O

It follows from the naturality of the Chern class that if E and F are
isomorphic vector bundles over X, then (E) = o(F).

(20.10.2) Let V be a complex vector space. If S* is the hyperplane bundle over

P(V), then c,(S*) generates the algebra H*(P(V)).
This was proved carlier (20.5).

(20.10.3) (Whitney Product Formula) E’' @ E”) = (E')(E").
The proof will be given in the next section.

In fact, these three properties uniquely characterize the Chern class
(Hirzebruch-[1, pp. 58-60]). For future reference we list below three more
uscful properties.

(20.10.4) If E has rank n as a complex vector bundle, then c,(E) = 0 for i > n.
This is really a definition.

(20.10.5) If E has a nonvanishing section, then the top Chern class c (E) is
zero.

ProOOF. Such a section s induces a section § of P(E) as follows. At a point p
in X, the valuc of {is the line in E, through the origin and s(p).

P(E)
s[in

Then §!Sg is a line bundle over X whose fiber at p is the line in E,
spanned by s(p). Since every line bundlc with a nonvanishing section is
isomorphic to the trivial bundle, we have the tautology

§ 1Sy =~ the trivial line bundle.
4
It follows from the naturality of the Chern class that
?Cl(Sn) = 0’
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which implies that
S*x =0~
Applying s* to
X+ x* lg 4o, =0,
we get
s%c, = 0.

By our abuse of notation this really means §*z%c, = 0. Therefore ¢, = 0.
0

(20.10.6) The top Chern class of a complex vector bundle E is the Euler class
of its realization :

c{E) = e(Eq), where n = rank E.

This proposition will be proved in the next section after we have cs-
tablished the splitting principle.

§21 The Splitting Principle and Flag Manifolds

In this section we prove the Whitney product formula and compute a few
Chern classes. The proof and the computations are based on the splitting
principle, which, roughly speaking, states that if a polynomial identity in the
Chern classes holds for direct sums of line bundies, then it holds for general
vector bundles. In the course of establishing the splitting principic we intro-
duce the flag manifolds. We conclude by computing the cohomology ring of
a flag manifold.

The Splitting Principle

Let 1: E— M be a C® complex vector bundie of rank n over a manifold M.
Our goal is to construct a space F(E) and a map o : F(E)— M spch that:

(1) the pullback of E to F(E) sphts into a direct sum of line bundles:
o 'E=L,® - -DL,;

(2) o* embeds H*(M) in H*(F(E)).

Suchuspacclv‘(E).whnchmmfactamamfoldbyconstrwbon,ucalleda
split manifold of E.
If E has rank 1, there is nothing to prove.

I E has rank 2, we can take as a split manifold F(E) the projective
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bundle P(E), for on P(E) there is the exact sequence
0 Sg— 0 E—Qp—0;

by the exercise below, 0 ™'E = Sz @ Qg, which is a direct sum of line bun-
dles.

Exercise 21.1. Let 0— A— B— C— 0 be a short exact sequence of C®
complex vector bundies. Then B is isomorphic to 4 @ C as C* a bundle.

Now suppose E has rank 3. Over P(E) the line bundle Sg splits off as
before. The quotient bundie @, over P(E) has rank 2 and so can be split
into a direct sum of line bundles when pulled back to P(Qg).

B Se® So: @ Qo

!
P(Q5)

S: D Qs ’
{
E P(E)

v

Thus we may take P(Qj) to be a split manifold F(E). Let x, = f*c,(S§) and
X, = ¢4(S§,)- By the result on the cohomology of a projective bundle (20.7),

H*F(E)) = H*M)[x,, x2)/(x1 + cy(E)x} + cy(E)x; + c3(E),
x3 + ¢,(Qe)x2 + c2(Qp)

The pattern is now clear; we split off one subbundle at a time by pulling
back to the projectivization of a quotient bundle. -

(21.2) ) Sx@"‘@-su—z@s-l@Qa-x
595,00, L
l P(Q,-2) = F(E)
$,9Q;
E ! PQ,)
l P(E)
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So for a bundle E of any rank », a split manifold F(E) exists and is given
explicitly by (21.2). Its cohomology H*(F(E)) is a free H*(M)-module having
as a basis all monomials of the form

(21.3) X xela, sn—1,a,sn~-2,...,8,-y S 1,
a,, ..., a,_ nonnegative,

where x; = ¢,(S¥) in the notation of the diagram.

More generally, by iterating the construction above we see that given
any number of vector bundles E,, ..., E, over M, there is a manifold N and
a map o : N— M such that the pulibacks of E,, ..., E, to N are all direct
sums of line bundles and that H*(M) injects into H*(N) under o*. The
manifold N is a split manifold for E,, ..., E,. '

Because of the existence of the split manifolds we can formulate the
following general principle

The Splitting Principle. To prove a polynomial identity in the Chern classes of
complex vector bundles, it suffices to prove it under the assumption that the
vector bundles are direct sums of line bundles.

For example, suppose we want to prove a certain polynomial relation
P(AE), c(F), (E ® F)) = 0 for vector bundles E and F over a manifold M.
Let 0: N — M be a split mamfold for the pair E, F. By the naturality of the
Chern classes :

o*P(AE), o(F), d(E ® F)) = P(clo " 'E), oo~ 'F), (e 'E)® (a"n»,

where 0" E and ¢~ 'F are direct sums of line bundl&s Se if the ldenuty
holds for direct sums of line bundles, then '

0*P(AE), «(F), {EQ® F))=0
By the injectivity of o* : H*(M)— H*(N),

P((E), «(F), (E® F)) = 0

In the next two subsections we give some illustrations of this principle.

Proof of the Whitney Product Formula and the Equality of the Top
Chern Class and the Euler Class

We consider first the case of a direct sum of line bundigs:
E=L ® - -®L,.
By abuse of notation we write n"'E = L, @ -- @ L, for the pullback of E
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to the projectivization P(E). Over P(E), the universal subbundle S splits off
from n~1E.

ScrlE
I}
E PE)

L

Let s; be the projection of S onto L,. Then s, is a section of Hom(S, L)) =
S*® L;. Since at every point y of P(E), the fiber S, is a 1-dimensional
subspace of (x”'E),, the projections s, ..., s, cannot be simultaneously
zero. It follows that the open sets

U.={y € P(E)|s;(y) + 0}

form an open cover of P(E). Over each U, the bundle (S*® L)|y, has a
nowhere-vanishing section, namely s;; so (S* @ Ly|y, is trivial. Let §; bec a
closed global 2-form on P(E) representing ¢,(S* ® L;). Then {,y, = dw;, for
some l-form w; on U,. The crux of the proof is to find a global form on
P(E) that represents c,(S* ® L,) and that vanishes on U;; because w; is not
a global form on P(E), {, — dw; won’t do. However, by shrinking the open
cover {U;} slightly we can extend {; — dw, to a global form. To be precise
we will need the following lemmas.

Exercise 21.4 (The Shrinking Lemma). Let X be a normal topological space
and {U},., a finite open cover of X. Then there is an open cover {V};,,
with

V,c U,.
Exercise 21.5. Let M be a manifold, U an open subset, and A a closed

subset contained in U. Then there is a C* function f which is identically 1
on A and is 0 outside U.

It follows from these two lemmas that on P(E) there exits an open cover
{¥} and C* functions p, satisfying

@¥FcU, _
(b) p;is 1 on ¥, and is 0 outside U,.

Now p, ), is a global form which agrees with w,; on ¥ so that
& — dpiw))
is a global fonifmpraentingc,(S‘@L.) and vanishing on V;. In summary,
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there is an open cover {V}} of P(E) such that c,(S* ® L) may be represented
by a global form which vanishes on V,.

Since {¥;} covers P(E), []7., ci(S* ® L) = 0. Writing x = ¢,(S*), this
gives by (20.1)

[Tx+c(L)=x"+0,x"'+ - +0,=0
im}
where o, is the ith clementary symmetric polynomial of ¢y(L;), ..., ¢,(Ly).
But this equation is precisely the defining equation of ¢(E). Thus
g; = (E
and

oB) =10 + eyl =] L.

So the Whitney product formula holds for a direct sum of line bundles. By
the splitting principle it holds for any complex vector bundle. As an illustra-
tion of the splitting principle we will go through the argument in detail. Let
E and E’ be two complex vector bundles of rank n and m respectively and
let n: F(E)— M and «': F(n~'E)— F(E) be the splitting constructions.
Both bundles split completely when pulled back to F(z "*E") as indicated in
the diagram below. :

Lo @LOLe oL,
Li® - @LOr E |

EQE l o F(r™'E)
1/ o |
’ |

Lcta==1r’<>):.’l’hen

CAEBE)=cloc  (E®E)=cL,® - OLSL, @ - DL
= [T dLocoL)
= 0*(E)c*(E) = a* o E){(E).
Since o* is injective, o(E @ E) = (E)(E’). This concludes the proof of the
Whitney product formula.,
REMARK 21.6. By Exercise (21.1) and the Whitney product formula, when-
ever we have an exact sequence of C* complex vector bundles
" 0—-A—-+B-+€C—0, "
then o(B) = (A)(C).
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As an application of the existence of the split manifold and the Whitney
product formula, we will prove now the relation (20.10.6) between the top
Chern class and the Euler class. Let E be a rank n complex vector bundle
and o : F(E)— E its split manifold. Writeo " 'E=L, ®--- @ L,, where the
L/s are line bundies on the split manifold F(E).

o“c:(E) = c (0" *E) by the naturality of c,
= cy(Ly) - c)(Ly)- by the Whitney product formula
- (20.10.3)

=eé((Ly)e) - e(L)w) by the definition of the first Chern
class of a complex line bundle
=e{(Ly)a® - D(LJn) by the Whitney product formula for
‘ K the Euler class (12.5)
= e((c™'E))

= g*e(Eg).
By the injectivity of 6* on cohomology, ¢ (E) = e(Eg).

Compuiation of Some Chern Classes
Given a rank n complex vector bundle E we may write formally

AdE) = .Hn(l + xJ,
where the x,’s may be thought of as the first Chern class of the line bundles
into which E splits when pulled back to the splitting manifold F(E). Since
the Chern classes ¢4(E), ..., ¢ (E) are the clementary symmetric functions of
Xy, ---5 Xy, Dy the symmetric function theorem (van der Waerden [1, p. 99])
any symmetric polynomial in x,, ..., x, is a polynomml in ¢,(E), ..., c{E);
asxmﬂarmultholdsforpowam o

ExampLe 21.7 (Exterior powers, symmetric powers, and tensor products).
Recallthatlfl’mamspacew:thbasas{v,,.; , U}, then the exterior
power A? V is the vector space with basis{v,, A --* A 1.}, <1 <. <ipca- SO
,wuagdm:mommmauz.,e - @ L., then

NE= & (L,® ®L)

1€ <--<ly&n
Hence

odA’E) =[] (1 + 4Ly, ®---®L,)) by the Whitney product formula
=0 +x,+-+x) by (20.1), with x, = ¢4(L),

where the product is over all multi-indices 1 € i; < -+ < i, € n. Sirce the
right-hand side is symmetric in x,, ..., X,, it is expressibic as a polynomidl
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Qin cy(E), ..., cAE), 80
AATE) = Q(Q(E), -s CAE))-

By the sphttmg principle this formula holds for every rank n vector bundle,
whether it is a direct sum or not. It should be pointed -out that the poly-
nomial Q depends only on n and p, notonMplc,ﬂleChemclas
of A%E, where rank E = 3, is given by

C(AzE) = ¢y, €3, C3) = (1 + ¢, — xx)(l + C: — %0l + ¢ — 3‘3)
=(1+c) —ex(l +¢1) + il +¢1) —cs.

Similarly, if ¥ and W are vector spaces with bases {v,, ..., v,} and {w,, ...,
w,} respectively, then the pth symmetric power SV of V is the vector
space with basis {0,18 ‘@, 1€ €~ Cly&n and the tensor moduct
¥V ® W is the vector space with {0, ® W;}1<ica 16/<n- BY the same
discussion as above, if E is a rank n vector bundle with (E) = [ 5., (1 + x)
and F is a rank m vector bundle with (F) = [L.,(l+y,),thcn .

i

(21.8) oSTE) = I1 a+ x., “+x)
1€ K- -Kp&n
and
(21.9) dE®@F) = [] A +x+y)
1sem |

InparnmlanfLsaoomplexhnebnndbwh&st(lemdassy,dm :
(21.10) AE@Ly= 101 +y+x)= Zc.(m +r
-t S
where by convention weset cofE) =1.- - . e
ExamrLe 21.11 (The L-class and the Todd class). In the notation of the
’ 1:[ A I . t e b odiR
im} tanhle—i a . - It ) "

is symmetric in x,, ..., x,, hence is some power series L in ¢4(E), ..., ¢ (E).
This power series L(E) = L(c,(E), ..., c¢(E)) is called the L-class of E. By the
sphmngpnmplethcbchuaum:mnyunsﬁatheptodwmm )

UE®DF) = HE)I{")-
Similarly,

S=TdB) B =THE .

deﬁnatheTaddclasofE.Bytbesphmngp:mapktthodddauaho
automatically satisfies the product formula. The L-class and the Todd
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class turn out to be of fundamental importance in the Hirzebruch signature
formula (see Remark 22.9) and the Riemann~Roch theorem (see Hirzebruch

(RY)3
ExAMPLE 21.12 (The dual bundle). Let L be a complex line bundle. By (20.2);
| eL¥) = —cy(L).
Next consider a direct sum of line bundles
E=Li® ' ®L,.
B: ﬂaW‘n aey product formula

- CE) = lLy) +++c(L) = (1 + ¢4(Ly)) -+~ (1 + ¢,(L).
On the other hand

E*=Lt® L}
and

AE®) = (1 = e4(Ly)) - (1 — co(L)
Therefore .
- CAE®*) = (—1)'c(E).
By the splitting principle this result holds for all complex vector bundies E.

ExampLE 21.13 (The Chern classes of the complex projective space). By
analogy with the definition of a differentiable manifold, we say that a
second countable, Hausdorff space M is a complex manifold of dimension n
if every point has a neighborhood U, homeomorphic to some open ball in
C., ¢.: U,— C* such that the transition functions
Cl
¢
G =% 5! 90U, 0 Up—C*

are holomorphic. Smooth maps and smooth vector bundles have obvious
analogues in the holomorphic category. If u,, ..., u, are the coordinate
functions on C", then z; = 4, ° ¢,, i = 1, ..., n, are the coordinate functions
on U,. At each point p in U, the vectors 9/0z,, ..., 8/0z, span over C the
holomorphic tangent bundle of M. It is a complex vector bundle of rank a.
The Chern class of a complex manifold is defined to be the Chern class of
its holomorphic tangent bundle.

The complex projective space CP® is an example of a complex manifold,
since, as in Exercise 6.4, the transition functions g, relative to the standard
open cover arc given by multiplication by z,/z;,, which are holomorphic
functions from ¢(U; n U) to ¢,(U, n U). Rwall that there is a tauto-
loglcal exact sequence on CP*

. 05 C*"*1 Q- 0,
where C**! denotes the trivial bundle of rank » + 1. over CP" A tangent
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Figure 21.1

vector to CP* at a line ¢ in C**! may be regarded as an infinitesimal

motion of the line / (Figure 21.1). Such a motion corresponds to a linear
map from ¢ to the quotient space C**!/¢, which may be represented by the

complementary subspace of £ in C**! (relative to some metric). Thus, de- .
noting the holomorphic tangent bundle by T, we have

T ~ Hom(S, Q) = Q @ S°.
We will compute the Chern class of T in two ways.
(1) Tensoring the tautological sequence with S, we get

0-CHS*@C*"'-5*®Q—0.
By the Whitney product formula
AT =dS* @) =dS*@C*"*)=cS*® - B 5*) = (1 + 0)**",
. where x = ¢,(8*).

(2) From the tautological exact sequence and the Whitney product formmte

1 s
«Q --d—ﬁ-l——-; = | + x4+ x5,

since x"*! = 0 in H%CP"). By (21.10)

ACP) = @ ® %) = T ckQNL +xp ™= Txtl 4 xp!
= (1 + xrz ( i+ x)

-(1+x)'[( (1+x) )/("'x:x)]
..(er*‘[ (Hx)m] |

=(1 4Pt -
=(14+xP
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Exercise 21.14. Chern classes of a hypersurface in a complex projective space.
Let H be the hyperplane bundle over the projective space CP" (see (20.3)),
and H®* the tensor product of k copies of H. The line bundle H is in fact
more than a C* complex line bundle; because its transition functions are
holomorphic, it is a holomorphic line bundle. The total space of a holomorp-
hic bundle over a complex manifold is again a complex manifold, so that
the notion of a holomorphic section makes sense. The zero locus of a holo-
morphic section of H®* is called a hypersurface of degree k in CP*. If the
section is transversal to the zero section, then the hypersurface is a smooth
complex manifold. Compute the Chern classes of a smooth hypersurface of
degree k in CP*. (Hint: apply Prop. 12.7 to get the normal bundle of the
hypersurface.)

Flag Manifolds

Given a complex vector space V of dimension n, a flag in V is a sequence of
subspaces A, c A, - c A4, = V,dim¢ 4 = i. Let FI(V) be the collection
of all flags in V. Clearly any flag can be carned into any other flag in V by
an eclement of the general linear group GL{n, C), and the stabilizer at a flag
is the group H of the upper triangular matrices. So as a set F{V) is isomor-
phic to the coset space GL{n, C)/H. Since the quotient of a Lie group by a
closed subgroup is a manifold (Warner [1, p. 120]), FI(V) can be made into
a manifold. It is called the flag manifold of V.

Given a vector bundle E, just as one can form its projectivization P(E),
so one can form its associated flag bundle FIE). The bundle FKE) is ob-
tained from E by replacing each fiber E, by the flag manifold FIE,); the
local trivialization ¢,:E|y,, > U, x C" induces a natural trivialization
FIE)|y, ~ U, x FC"). Since GL(n, C) acts on FIC"), we may take the
transition functions of FI(E) to be those of E, but note that FIE) is not a
vector bundle.

Proposition 21.15. The associated flag bundle FIE) of a vector bundle is the
split manifold F(E) constructed earlier.

PRrOOF. We first show this for E = V a vector space of dimension 3, viewed

as a rank 3 vector bundle over a point.

Sy @ sQr @ QQV
Sv @ Qv |

v | //P(Qy)= F(V)
l /Pm
point
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In what follows all lines and planes go through the origin. A point
in P(V) is a line L in V. A point of P(Qy) is a line L in V and a lineL in
V/L. L may be regarded as a 2-plane in V containing L. Thus F{V) =
P(Qy) = {Al < Az < V, dim Ag = i} = F(V).

Now let E be a vector bundle of rank n over M. The split manifold F(E)
is obtained by a sequence of n — 1 projectivizations as in (21.2). A point of
P(E) is a pair (p, ¢), where p is in M and ¢ is a line in E,. By introducing a
Hermitian metric on E, we may regard all the quotient bundles Q,, ...,
Q. -1 in (21.2) as subbundles of E. Then a point of P(Q,) over(p, ¢,) in P(E)
is a triple (p, 7,, £,) where ¢, is a line in the orthogonal complement of ¢,
in E,. A point of P(Q;) over (p, 7, /,) in P(Q,) is a 4-tuple (p, ¢y, /2, 3)
where 7, is a line in the orthogonal complement of ¢, and /; in E,. Thus,
more generally, a point in the split manifold F(E) = P(Q, - ;) may be ident-
- ified with the flag

(p!{lc{(lgfz}c{{1,{2,{3}(:...:5’)'

This proves the equality of the split manifold F(E) and the flag bundle FKE).
From now on the notations F(E) and FI(E) will be used interchangeably.
The formula (21.3) gives one description of the vector space structure of

the cohomology of a flag bundle. To compute its ring structure we first .

recall from (20.7) that if E is a rank n complex vector bundie over M, then

the cohomology ring of its projectivization is

H*P(E)) = H*(M)[x]/(x" + c,(E)x"~ ! + - -« 4+ c {E)), where x = ¢,(S*).
NoTATION. If A is a polynomial ring, and a, b, ¢, f € A, then (a, b, c) denotes

the ideal gencrated by a, b, and c, while (f = 0) the ideal genecrated by the
homogeneous components of f.

There is an alternate description of the ring structure which is sometimes

very useful. We write H¥(M)[c(S), (Q)] for H*M)[c4(S), ¢1(Q), ---» Ca-1(Q)s
where S and @ are the universal subbundle and quotient bundie on P(E).

0+S—a*E—-Q—-0
| E
P(E) 1
| \M
Proposition 21.16. H*(P(E)) = HY(M)((S), AQ)ASI(Q) = x*c(E)
PrOOF. The idea is to eliminate the generators ¢,(Q), ..., c,-1(Q) by using

the relation (S)c(Q) = n*c(E). Let x -c,(S"L Y= c(Q). and ¢, = x*c{E)
Equating the terms of equal degrees in

Q=21+ 3+ Jumd = L b6+ o,
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we get
Yi— X=Cy
Ya — Xy, = ¢y,
Yy — Xy, = €3,
Yu-1 = XYp_2 =Cq1,s
= XYn-1 = Cy
By the first n — 1 equations, y,, ..., y,.; can be expressed in terms of x

and elements of H*(M), and so can be eliminated as generators of

H*M)[AS), AQ)]1/(c(S)(Q) = n*(E)). The last equation —xy, _; = c, trans-
lates into

(+) X"+ '+t e, =0

Hence H*M)[c(S), dQ)IAc(S)(Q) = n*dE)) is isomorphic to the poly-
nomial ring over H*(M) with the single generator x and the single relation

(*)- O
By (21.2) and (21.15) the flag bundle FI(E) is obtained from a sequence of
n — 1 projectivizations. Applying Proposition 21.16 to (21.2), we have
H*P(Q,)) '
= H*P(E)[(S2), AQ)NcAS2)AQ2) = «(@y))
= H¥M)[(S}), d(Q,), AS2), AQINASIAQ,) = AE), o(S2)AQ2) = dQ )
= HYM)[(Sy), AS2) AQ)NAS,)e(S)(Q2) = AE))
By induction
H*P(Q,-1)
= H¥M)[c(Sy), --.; ASx- 1) Q- )IAAS1) " - - S - 1)@ - 1) = AE)).
Writing x; = ¢4(S), i= 1, ..., n — 1, and x, = ¢(Q, - ;), the cohomology ring
of the flag bundle FI(E) is

H*(FUE)) = H*M){x,, ..., x.]/( ‘ﬁ‘(l +x)= C(E))-

Specializing this theorem to a complex vector space V¥, considered as the
trivial bundle over a point, we obtain the cohomology ring of the flag
manifold

HY(F V) = R[x,, ..., x.]/( I:l(l + X)) = I).

i=}

As for the Poincaré polynomial of the flag manifold we note again that
the flag manifold is obtained by a sequence of n — 1 projectivizations (21.2).
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By (20.8) each time we projectivize a rank k vector bundle, the Poincare
polynomial is multiplied by (1 — t**)/(1 — ¢3). So the Poincaré polynomial
of the flag manifold Fi(V) is

l_tzk l_t20—2 l__tz
PAFUV) = 3—5 1= " " T—g-

This discussion may be summarized in the following proposition.

Proposition 21.17. Let V be a complex vector space of dimension n. The
cohomology ring of the flag manifold F(V) is

H'(Fz(;f)) = R[x,, ..., x,]/( [Tt +x) = 1).

i=1
It has Poincaré polynomial

(=1 =4 (1 — 1

PI(FI(V»= (1 —tle _tZ),,,(l _tZ) ¢

REMARK 21.18. Similarly, if E is a rank n complex vector bundle over a
manifold M, then the cohomology ring of the flag bundle FAE) is

H*FKE)) = H*M)[x,, ..., X.]/( ‘Ifll(l + x) = )

RS

and the Poincare series is

(1 —2)1 — 9 -+ (1 — 129 *
===}

P{FKE)) = P{M)

A

REMARK 21.19. Since projectivization does not introduce any torsion el-
ement in integer cohomology, the integer cohomology ring of the flag mani-
fold FI(V) is torsion-free and is given by the same formula as (21.17) with Z
in place of R. The integer cohomology ring of a flag bundle is given by the
same formula as (21.18). In fact, with a little care, the entire discussion can
be translated into the Cech theory.

§22 Pontljagin Classeé |

Although the Chern classes are invariants of a complex bundle, they can be
used to define invariants of a real vector bundle, called the Pontrjagin
classes. In this section we define the Pontrjagin classes, compute a few
examples, and as an application obtain an embedding criterion for differ-
entiable manifolds. ‘
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Conjugate Bundles

Let ¥ be a complex vector space. If z € C and v € V, the formula
zZesv=2v

defines an action of C on V. The underlying additive group of ¥ with this
action as scalar multiplication is called the conjugate vector space of V,
denoted V. The conjugate space ¥ may be thought of as ¥ with the op-
posite complex structure; as a vector space, ¥ is anti-isomorphic to V. A
linear map f: ¥V — W of two complex vector spaces V and W is also a linear
map of the conjugate vector spaces f: ¥ — W; we denote both by f as they
are represented by the same matrix.
Given a complex vector bundle E with trivialization

0. E

we construct the conjugate vector bundle E by replacing each fiber of E by
its conjugate. The trivialization of E is given by

$: E|ly, 53U, x C",

v, 3 U, x C*,

which is the composition

conjugation

Elo, 3 U, x T

U, xC".

In terms of transition functions, if the cocycle {g,,} defines E, then its
conjugate {g,,} defines E.

As in (6.4), by endowing a complex vector bundle on a manifold with a
Hermitian metric, we can reduce its structure group to the unitary group.
Since unitary matrices g,, satisfy g,s = (gis)~*, we see that the conjugate
bundle E and the dual bundle E* have the same transition functions and
hence are isomorphic. So by Example 21.12, if «(E) =[] (1 + x), then
oB) =101 -x).

Realization and Complexification

By simply forgetting the complex structure, we can regard a linear map of
complex vector spaces L: C"— C" with coordinates z,, ..., z, as a linear
map of the underlyi._ real vector spaces Ly : R**— R*" with coordinates
X1 .-+ X2, Where z, = X334 + ix3,. Conversely, via the natural embedding
of R" in C*, a linear map of real vector spaces L : R*— R" gives rise to a
map L®C:C"— C* The first operation is called realization and the
second, complexification. The complexification of a real matrix is the matrix
itself, but with the entries viewed as complex numbers. The realization of a
complex matrix is described in Examples 22.2 and 22.3 below. In terms of

]
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matrices these tw 0 operations give a sequence of embeddings
Uneo ORn) o U@n)
N N N
(22.1) GL(n, C) ¢» GL(2n, R) ¢, GL(2n, C)
Ars Ag H—Ag®C.
EXAMPLE 22.2. Let L: C— C bé given by multiplication by the complex
number 4 = a + if. Since

(@ + if)x, + ix;) = (axy — fx3) + iPx, + ax,),
as a linear map from R? to R?, Ly is given by

(-G o)
X2 B a/\x3 /"

@+ B = (; “5)

EXxAMPLE 22.3 Let L: C*— C? be given by the complex matrix (2 %)

where 4, = a, + if,. A little computation shows that Lg : R*— R* is given
by

Thus

X1\ « —B, ay —B; Xy
X2 Y B a; B, a X2
X3 as, ~fs ay —Ps X3
Xe By ay Pa Xe Xe

(11 lz) - ((ix)a (lz);)
Ay Ada \(Am (As

It is clear from these two examples what the realization of an n by n
complex matrix should be. ’

Lemma 22.4. Let A be an n by n complex matrix. There is a 2n by 2n matrix
B, independent of A, such that Ag @ C is similar to (§ %) via B.

PRrOOF. In the 1 by 1 case, this is a matter of diagonalizing
(a+iﬂhéc=(; —f)- N
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Corresponding to the eigenvalues a + i and a — iff are the eigenvectors
(%) and (}). Therefore, B = (2, }
Now consider the 2 by 2 case:

A, A
A= (‘ ’),).-_-a+i
‘.‘ k k ﬂk

Al A . [+ “‘ﬁg
Ag®C = ( ) where A, = ( k )
" ® Ay Ay * B ay

Note that ,
1 )11 l 0 ® # )»1
Al AZ —i = "‘lll = -1 O = » 13
Ay A, 0 A3 0 1 « = 0
0 —ils 0 "‘i .- % 0
1 010 1 010 Ay Ay
Ay A \[(-i O0 i O} [ —-i O i O Ay Ae
Ay A, 0O 101 ] 0O 1 01 Ay Ay
0 —i 0 i 0 —i 0 i iy Ae
So
' 1 010
: ' -i 0 i 0
B= 0 1 01
\ 0 —i 0 i
For the n by n case, we can take B to be
1 1
—i
1 1
» —~i i
1 1
—i i

D B

If E is a complex vector bundle of rank n with transition functions {g,,},
then Eq @ C is the complex vector bundle of rank 2n with transition func-
tions {(g,s)e ® C}. By Lemma 224,

(22.5) . Eg®@C~E® E.
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This result may be seen alternatively as follows. On the complex vector
space Eq ® C, multiplication by i is a linear transformation J satisfying
J? = — 1. Therefore, the eigenvalues of J are +i and Eq ® C accordingly
decomposes into a direct sum

Egq ® C = (i-eigenspace) @ ((— i)-cigenspace).
On the i-eigenspace, J acts as multiplication by i, hence

(i-eigenspace) o E.
Similarly,
((— i)-eigenspace) o E.

It follows by reasons of dimension that
Eg®C=EQ®E.

The Pontrjagin Classes of a Real Vector Bundle

By their naturality property the Chern classes of a C® complex vector
bundle are C* invariants of the bundle. For a real vector bundle E similar
invariants may be obtained. by considering the Chern classes of its com-
plexification E @ g C; these are the Pontrjagin classes of E. More precisely,
if E is a rank n real vector bundle over M, thea its total Pontrjagin class is

PE) =1+ pi(E) + -+ + pE)
=1+ (E®C)+ - +c.(E®C)eH‘(M).

It follows from the corresponding properties of the total Chern class that
the Pontrjagin class is functorial and satisfies thesWhitney product formula

PE @ E) = HE)pE).

The Pontrjagin class of a manifold is defined to be that of its tangent
bundie.

REMARK 22.6. Let E be a real vector bundle. Because the transition func-
tions of E@® C are the same as those of E, they are real-valued, and -
therefore E® C is_isomorphic to its conjugate E®C. It follows that
c(E®C) = c;,(E®C)=(—1)'c,(E®C). For an odd i, then, 20‘(E®C)-=0.
Thus the odd Ponrjagin classes, as we have defined them, are zero in the
de Rham cohomology, and torsion of order 2 in the integral cohomology. .
The usual definition of the Pontrjagin classes in ‘the literature (see, for
instance, Milnor and Stasheff {1, p. 174]) ignores thesc odd Chemn classes
and defines p; (E) to be

(~ e (E@C).
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ExaMpPLE 22.7. (The Pontrjagin class of the sphere). Since the sphere S* is
orientable, its normal bundle N in R**! is trivial. From the exact sequence

So N — 0$
we see by the Whitney product formula that

PSTIPN) = P(Tgas 1 |52).

00— Tsa— Tga+t

Therefore,

ps") = 1.
ExampPLE 22.8 (The Pontrjagin class of a complex manifold). The Pontrjagin
class of a complex manifold M is defined to be that of the underlying real

manifold Mg. Let T be the holomorphic tangent bundle to M. Then the
tangent bundle to Mg is the realization of T and

PM) = p(To) = (o ® C) = AT ® T) = (T)(T).

So if the total Chern class of the complex manifold M is c(M) = [] (1 + x)),
then the Pontrjagin class is p(M) = [] (1 ~ x?).

ReEmMARK 22.8.1. If we had followed the usual sign convention for the Pontr-
jagin classes (see Remark 22.6), the Pontrjagin class of a complex manifold
would be p(M) = [] (1 + x}), where the x,’s are defined as above. To have
only positive terms in this formula is one of the reasons for the sign in
(—1)ea,(E ® C) in the usual definition of the Pontrjagin class.

REMARK 22.9. Let M be a compact oriented manifold of dimension 4n. By
Poincaré duality the wedge product A : H*(M) ® H*"(M)— R is a nonde-
generate symmetric bilinear form and hence has a signature; this is called
the signature of M. Recall that the signature of a symmetric matrix is the
number of positive eigenvalues minus the number of negative eigenvalues.

Hirzebruch proved that the signature is expressible in terms of the Pontrja-
gin classes.

Hirzebruch signature formula :
signature of M = I Lp,(M), .,., PuiM».
where L is the polynomial defined in Example 21.11. For a proof of the
signature formula, see Mnlnor and Stasheff [1, p. 224].
Application to the Embedding of a Manifold
in a Euclidean Space

Using the Pontrjagin class one can sometimes decide if a conjectured em-
bedding is possible. We illustrate this with the following example.
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EXAMPLE 22.10. Decide if CP* can be differentiably embedded in R®.
By (22.8) and (21.13) the Pontrjagin class of CP* is -

P(CPY) = (Tepde(Teps) = (1 + x)°(1 — x)* = (1 — x?)°
If CP* can be differentiably embedded in R®, then there is an exact se-
quence '
0— (Tepe)n— Taolcps— N — 0,

where (T¢pd)g is the realization of the holomorphic tangent bundle T¢ps and
N is the normal bundle of CP* in R®. By the Whitney product formula

(22.11) P(Tas lcps) = P((Tcpa)dP(N).

Since the restriction Tgs|cps is the pullback of Tps to CP* under the em-
bedding i : CP*— R®, by the functoriality of the Pontrjagin class

P Tas ces) = i*P(Tpo) = 1.
Therefore, by (22.11)

1 1 2 4
(22.12) pN) = AT~ (l Ty =1+ 5x° + 15x°%.
Since N is a real line bundle, the top component of p(N) should be in
H*CP*). This contradicts the fact that Sx* and 15x* are nonzero classes in
H4(CP* and H}CP*). Thus CP* cannot be embedded in R®.

From (22.12), if CP* can be embedded in R*, then the normat bnndle has
rank at least 4, since the top-degree term of the Pontrjagin class of a rank k
real bundle is in dimension 2k. It follows that CP* cannot be embedded in a
Euclidean space of dimension 11 or lsss.

§23 The Search for the Universal Bundle

Let f : M — N be a complex map between two manifolds and E a complex
bundle over N. The pullback f ~'E is a bundle over M. If the Chern classes
of E vanish, by the naturality property (20.10.1), so do those of f'E.
Taking the Chern classes to be a measure of the twisting of a bundle, we
may assert that pulling back “dilutes” a bundle, i.c., makes it less twisted.
One extseme example is when f is constant; in this case f "' is trivial.
Another example is the flag construction of Section 21; pulling E back to
the split manifold F(E) splits E into a direct sum of line bundlies. One may
wonder if there exists a bundle which is so twisted that evgry bundle is a
pullback of this universal bundie. Such a bundle indeed exists, at least for
manifolds of finite type; it is the universal quotient bundle on the Grass-
mannian Gy(C") for n sufficiently large. We will prove this result and con-
clude from it that every natural transformation from the complex vector

el
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t

bundles to the cohom&logy classes is expressible in terms of the Chern

classes, all for manifolds of finite type. We also indicate how the theorems
generalize to an arbitrary manifold.

The Grassmanniarf

Let ¥V be a complex vector space of dimension n. The complex Grassman-
nian G(V) is the set of all subspaces of complex codimension k in V. We
sometimes call such a subspace an (n — k)-plane in ¥. Given a Hermitian
metric on V, the unitary group U(n) is the group of all metric-preserving
endomorphisms of V. Clearly U(n) acts transitively on the collection of all
(n — k)-planes in V. Since a unitary matrix which sends an (n — k)-plane to
itself must also fix the complementary orthogonal k-plane, the stabilizer of

an (n — k)-plane in V is U(n — k) x U(k). Thus the Grassmannian can be
represented as a homogeneous space

U{n)
U(k) xU(n — k)

GuV) =

As the coset space of a Lie group by a closed subgroup, G(V) is a differ-
entiable manifold (Warner (1, p. 120]). Note that G,_ (V) is the projective
space P(V).

Just as in the case of the projective space, over the Grassmannian G,(V)
there are three tautological bundles: the universal subbundle S, whose fiber
at each point A of G(V) is the (n — k)-plane A itself; the product bundle
V = Gy(V) x V; and the universal quotient bundle Q defined by

0—»S—V—-0-0.

This exact sequence is called the tautological sequence on G(V). Over G(V)
the universal subbundle S has rank n — k and the universal quotient bundle
has rank k.

Similarly, if V is a real vector space, one can define the real Grassman-
nian G(V) of codimension k real subspaces of V¥, and the analogous real
universal bundles. The real Grassmannian can also be represented as a
homogeneous space

O(n)

Gi(R?) = Ok) x O(n — k) °

Proposition 23.1. The cohomology of the complex Grassmannian G(V) has
Poincaré polynomial -

(1—¢t3)---(1 =1t
(A=) (= =3 - (1 =2

PLGV))=
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PROOF. The ﬂag manifold F(V) may be obtained from the Grassmannian

G.(V) by a series of flag constructions as follows. Let § be the pullback of 0
to the flag bundle F(S).

~

0
S®Q l/F(Q)

G.(V)‘/
A point of F(S)is a pair(A, Ly ¢ - < A) consisting of an (n — k)-plane A
in V together wnth a flag in A. Therefore a point in Fi (Q) consists of a pomt.
in F(S), (A, L; < --- € A), together with a flag in V/A i.c., a point in F(Q) is
given by A, Lyc - cL,,_,cAcL,_ss;c - V). So F(Q) is the
flag manifold F(V), and F(V) is obtained from the Grassmanmn GV) by

two flag constructions. By (21.18), the Poincaré polynomials of F(V) and
Gu(V) satisfy the relation

(l—tz)”'(l—_tzh-”Xl —tz)'“(l—-t"‘)

P,(F(V))=P,(G,(V» (l—tz)"'(l“tle“‘z)"'(lT‘z)

From (21.17) it follows that

(1= (11—t -
) (1 =200y — ) oo (1 — 13’

As for the ring structure of the cohomology of the Grassmannian Gy(V),
we have the following.

PG =

Proposition 23.2. Let V be a complex vector space of dimension n.
(a) As aring

RLcy(S). ..., ca-ulS), (@), ..., cd@)]
» = et
HHGW) (@A) = 1)
(b) The Chern classes c,(Q), ..., c.(Q) of the quotient bundle generate the
cohomology ring H*(G(V)).
(c) For a fixed k and a fixed i there are no polynomial relations of degree i
among ¢(Q), ..., c{Q) if the dimension of V is large enough.

PRroOoOF. In the proof of Proposition 23.1, we saw that the flag manifold F(V)
is obtained from the Grassmannian by two flag constructions

0
SBQ F(Q) = F(V)
l F(lS)/ K

GV
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By (21.18) the cohomology ring of the flag manifold is

HHGUV) X1, -, Xos Vir oo Vi
TTa+x)=cS.[](1 +y)=c@)”

On the other hand, we’ve computed the cohomology of F(V) in (21.17) to be

(») H*F(V)=R[xy, ..., Xpeis Y1s - +» yu]/(ﬂ 1+ x) H (I+y)= 1)-

Thus in H*(G(V)) the Chern classes of S and Q can satisfy no relation other
than (S)(Q) = |, for any relation among them would appear as a relation
among the x;’s and y;'s in (=). It follows that there is an injection of algebras

RLc(S), «(Q)]
©(S)(Q) = 1)

From the digression following this proof, the Poincaré series of

RLcy(S), ..., ca-ul8), €1(Q), ..., el @)INAS)AQ) = 1) is

P(R[c(S), dQ)]) _ (=) (1=t
\NeSK@ =1/ (1 =) (1= =) - (1=

But this is also the Poincaré series of H*(G(V)). Thus the injection (23.2. 1)
is an isomorphism. This proves (a).

Writing ¢(S) = 1/c(Q), we see from the description of the ring structure in
(a) that ¢,(Q), ..., cx(Q) generate the cohomology ring of G(V).

The equation ¢(S) = 1/c(Q) not only allows one to eliminate c,(S), ...,
C.-S) in terms of ¢,(Q), ..., cx(Q), but also gives polynomial relations of
degrees 2(n — k + 1), ..., 2n among ¢,(Q), ..., ci(Q). Thus for a given degree
i, if the dimension n of the vector space V is so large that 2(n — k + 1) > i,
then there are no polynomial relations of degree i among the Chern classes

of Q. ]

H*F(V)) =

(23.2.1) o H¥G(V).

Digression on the Poincaré Series
of a Graded Algebra

Let k be a field and A = @2, A, a graded algebra over k. The Poincaré -
series of A is defined to be ‘
: oo
P(A) = Y (dim, A)'.
. 1=0

If Ais a graded Z-module, its Poincaré series is defined to be that of the
Q-algebra 4 ®; Q@

ExXAMPLE. Let 4 be the polynomial ring R[x], where x is an element of
degree n. Then

PlA)=1+t"+ 1" 4= —.
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ExampLE. Let A and B be two graded algebras. Suppose a basis for' 4 as a
vector space is {x;};., and a basis for B is {y;},,,. Then a vector space
basis for A ® Bis {x;® y;}i¢ 1. j< s Therefore

P{A® B) = P(A)P{B).

ExampLE. Let A = R[x, y} with deg x = m and deg y = n. Then since
Rlx, y] = R[x]® Ry},

1 1
P(A) = PAR[XJ)P.(R[.V]) =1 :

1 -

We next investigate the effect of a relation on the Poincaré series of a
graded algebra.

Proposition 23.3. Let A = P2, A, be a graded algebra over a field k, and x a
homogeneous element of degree n in A. If x.is not a zero-divisor, then
P{A/xA) = P{A1 - ). |

ProOF. Because x is not a zero-divisor, multiplication by x is an mjocnon.
Hence for each integer i there is an exact sequence of vector spaces :

3.

0— At"’ Ajva—™ (A/xA)tﬂ"’ 0

By the additivity of the dimension,
dim A4;,, = dim A4, + dim(A4/xA4),,,.
Summing over all i,

»

)_“, (dunA ,,):‘*'= 2 (dun A,)t‘*'+ 2 dun(A/xA),,,,,:‘*'

i=~a im—n S P
where we set A, = {0} if i is negative. Hence

P{A) = P{A)" + P{A/xA). : 0O
EXAMPLE. If x, y, and z arc clements of degrec 1, then the Poincaré series of
A = R[x, y, z}/(x3y + y*2% + xy*z) is

P{A) = P(R[x, y, z](1 —¢*)

= (1 — /1 - 2d). A
To generahze Proposition 23.3, we w111 need the notion of a regular

sequence.

Definition. Let A be a ring. A sequence of elements a,,...,a, in A is a
regular sequence if a, is not a zero-divisor in A and for each i > 2, the image
of a;in A/(a,, ..., a,_,)is not a zero-divisor.
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Proposition 23.4. Let A be a graded algebra over a field k and a,, ..., a, a
regular sequence of homogeneous elements of degrees n,, ..., n,. Then

P{A/(a,, ..., @)} = PLA1 — ") -~ (1 — t*).

Proor. This is an immediate consequence of Proposition 23.3 and induction
onr. O

Let I be the ideal in R[x,, ..., x;, ¥4, ..., Y] generated by the homogen-
eous terms of (1 + x; + - + xX1 + y; + - + yu) — 1. We will now com-
. pute the Poincare series of R[x,, ..., x;, ¥y, ..., /L.

Lemma 235. Let A be a graded algebra over a field k. If ay, ..., a, is a
regular sequence of homogeneous elements of positive degrees in A, so is any
permutation of ay, ..., a,.

PROOF. Since any permutation is a product of transpositions of adjacent
elements, it suffices to show that a,..., 4., 4,4, a;, ..., a, i3 a regular
sequence. For this it is enough to show that in the ring A/(a,, ..., a;-,), the
images of 4, ,, g, form a regular sequence. In this way the lemma is reduced
to the case of two elements: if a, b is a regular sequence of elements of
positive degrees in the graded algebra A4, so is b, a.

If x is an clement of 4, we write X for the image of x in whatever
quotient ring of A being discussed. Assume that g, b is a regular sequence in
A. ' .

(1) Suppose bx = 0 in A. Then bx = 0 in A/(a). Since b is not a zero-divisor
in A/(a), x = ax, for some x, in A. Therefore, abx; = 0 in A. Since a is
not a zero divisor, bx; = 0. Repeating the argument, we get x, = ax;,

x; = axy, and so on. Thus x = ax, = a’x, = a’x; = ..., showing that
x is divisible by all the powers of a. Since a has positive degree, this is
possible only if x = 0. Therefore b is not a zero-divisor in A.

(2) Next we show that a is not a zero-divisor in A/(b). Suppose @x =0 in
A/(b). Then ax = by for some y in A. It follows that by = 0 in A/(a).
Since b is not a zero-divisor in A4/(a), y = az for some z. Therefore,
ax = abz. Since a is not a zero-divisor in A, x = bz; hence, X =0 in

A/(b). d

Lemma 236. Ifa,, ..., a,, band ay, ..., a,, c are regular sequences in a ring
A thensoisa,,...,a,, bc.

Proor. It suffices to check that bc is not a zero-divisor in A/(a,, ..., a,). This.
is clear since by hypothesis neither b nor c is a zero-divisor in A/a,, ..., 4,).
0
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Proposition 23.7. The homogeneous terms of
MB+x++x l+y,+--+y)—1
SJorm a reqular sequence in A = R[xy, ..., X;, 3, -.., Y]
v

Proor. The proof proceeds by induction on j and k. Suppose j = 1 and
k = 1. Then R[x,, y;1/(x; + y,) = R[x;] and the image of x,y, in R[x,,
y13/(x; + y1) is —x32, which is not a zero divisor. S0 x; + y,, X,y; is a
regular sequence in R[x,, y,]. For a general j and k, letf; be the homogen-
eous term of degree i in (1 + x;, + -+ x )1 +y, + -+ + y,) — 1. We first
show that f;, ..., fi+4-4, X; and fy, ..., £+~ 1, i are regular sequences. By
Lemma 235, f), ..., fj+x-1, X; is a regular sequence if and only if x;, f;, ...,
Ji+k-1 is. Let f; be the image of f; in 4/(x,). Since x, is not a zero-divisor in

A, it suffices to show that f}, ..., f,,4—, is a regular sequence in 4/(x). This
is true by the induction hypothesis, since

Af(x) = R[xy, ..., Xj_1, Y1y -2s Vi)
and ’
L+fi+ 4 fimaa=0+x 4+ +x M +y + 0+ y)

- Therefore, fy, ..., fj+x~1, X; is a regular sequence in A. Similarly, f}, ...,
fi+x-1, Y i8 also a regular sequence in 4. By Lemma 23.6, s0 is fj, ...,
j)-&t*b xjyl' B

By Propositions 53.4 and 23.7, if I is the ideal in
A=R[xy, ..., Xgeks Y15 -+ Vi)
generated by the homogeneous terms of
Q+x 4+ +x,Jl+y+--+y)—1,
where deg x; = 2i and deg y, = 2i, then the Pgincaré series of A/I is

(1= )--(1 1)
— 12 (1 — g2y — g2)-. (1 — t25)

P{A/D) = (1

The Classification of Vector Bundles

We now show that the vector bundles over a manifold M may be classified
up to isomorphism by the homotopy classes of maps from M into a Grass-
mannian. We will first discuss this in the complex case and then extend jt by
analogy to the real case. ’
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Lemma 23.8. Let E be a rank k complex vector bundle over a differentiable

manifold M of finite type. There exist-on M finitely many smooth sections of
E which span the fiber at every point.

Proor. Let {U };., be a finite good cover for M. Since U, is contractible,
E |y, is trivial and so we can find k sections s; 4, ..., 5, , over U; which form
a basis of the fiber above any point in U;. By the Shrinking Lemma (see
(21.4) and (21.5)), there is an open cover {¥;},.; with ¥, = U, and smooth
functions f; such that f; is identically 1 on ¥, and identically O outside U,.
Then {f;si1 ... fiS.x}ie1 are global sections of E which span the fiber at
every point. - e ' - O

Proposition 23.9. Let E be a rank k complex vector bundle over a differ-
entiable manifold M of finite type. Suppose there are n global sections of E
which span the fiber at every point. Then there is a map f from M to some
Grassmannian G(C") such that E is the pullback under f of the universal
quotient bundle Q; that is, E = f 1.

PrOOF. Let s,, ..., s, be n spanning sections of E and let V be the complex
vector space with basis s,, ..., s,. Since s,, ..., s, are spanning sections, for
each point p in M the evaluation map :

ev,: V—-E, -0

is surjective. Hence ker ev, is a codimension k subspace of V, and the fiber
of the universal quotient bundlc Q at the point kerev, of the Grassmannian
G{V)is V/kerev, = E,. If themapf: M— G(V) is deﬁned by

f:iprkerev,,

then the quotient bundle Q pulls back to E. We can identify V with C*, and
G(V) with G/(C"). O

This map f : M — G(C") is called a classifying map for the bundle E.

In the proposition above, if {s}, ..., s} is another choice of global sec-
tions which span the fiber at every point, and V’ the vector space with basis
Si, ..., Sy, then there is a natural isomorphism of ¥ with ¥’; and of G,(V)
with G.(V) Therefore the classifying map f : M — G(C") is well-defined up
to the identification of ¥V with C*, independent of the choice of the n
spanning sections. More precisely, any two such maps f and f* from M to
G(C") differ by the action of an clement B of GL(n, C) on G(C"); that is,

[ '=Bof, where B:G(C")— G(C").

Since GL(n, C) is connected, there is a path ¥{¢) joining the identity element
I and B in GL(n, C). Then f, = y{t) o f is a homotopy between f and f.
Therefore we may refine Proposition 23.9 to include the following state-
ment.
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‘(23.9.1) The homotopy class of the classifying map [ : M — G,,(C") of the
vector bundle E is uniquely determined by E. '

In fact, if g : E— E’ is an isomorphism of vector bundles over M, then g
gives a one-to-one correspondence between the sections of E and the sec-
tions of E'. So by the same reasoning as in (23.9.1), we see that E and E’
determine homotopic classifying maps f and f’ from M to the Grassman-
nian G(C"). Writing Vect, (M ; C) for the isomorphism classes of the rank k
complex vector bundles over M and [X, Y] for the set of all homotopy
classes of maps from X to Y, we have the following.

(23.9.2) For n sufficiently large, there is a well-defined map .

B: VectdM; C)— [M, GyC"]
given by the classifying map of a vector bundle. -

REMARK 23.9.3. Frem the proof of Lemma 23.8, if M has a good cover with
r open sets, then every rank k bundle over M has a set of rk spanning
sections. Thus in (23.9) given the manifold M of finite type and the integer
k, if n is an integer >rk, then the Grassmannian Gy(C"). classifies, all vector .
bundles of rank k over M. . ..

Theorem 23.10. Let M be a manifold having a good cover consisting of r open.’
sets and let k be a positive integer, For every integer n 2 kr, there is a
one-to-one correspondence :

Vecty(M; C) ~ [M, GIC"]

between the isomorphism classes of rank k complex vector bundles over M and
the homotopy classes of maps from M into the complex Grassmannign.: Gg(C').
PRrROOF. By the homotopy property of vector bundles ('I'beorcm 6.8), there is
a map .

a: [M, G(C"]— Vecty(M; C)
given by the pullback of the universal quotient bundle over G,(C"):

fefie

By (23.9), (23.9.2), and (23.9.3), for any integer n > rk, the map o

B : VectM: €)— [M, G{(CM], |
glven by the homotopy class of the classifying map of a vector bundle, is
invegse to a. 7 ' | O

As a corollary of the existence of the universal bundle (23.9), we now
show that in a precise sense the Chern classes are the only cohomological
invariants of a smooth complex vector bundle. B
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Proposition 23.11. Every natural transformation froh the isomorphism classes
of complex vector bundles over a manifold of finite type to the de Rham
cohomology can be given as a polynomial in the Chern classes.

PrOOF. Let T be a natural transformation from the functor Vect,( ; C) to
the functor H*( ) in the category of manifolds of finite type. By Proposition
23.9 and the naturality of T, if E is any rank k complex vector bundle over
M and f : M — G(C") a classifying map for E, then

T(E) = T(f ~'Q) = f*T(Q).

Because the cohomology of the Grassmannian G,(C") is generated by the
Chern classes of Q (Prop. 23.2(b)), T(Q) can be written as

T(Q) = Prcs(Q), ..., clQ))
for some polynomial P, depending on T. Therefore

T(E) = [*T(Q) = Pr(f*c\(Q), ..., [*ciQ) = Prcy(E), ..., clE)). O

Of course there is an analogue of Theorem 23.10 for real vector bundles.
Recall that we write Vecty(M) for the 1somorph1sm classes of the rank k real
vector bundles over M.

Theorem 23.12, Let M be a manifold having a good cover consisting of r open
sets and k a positive integer. For every integer n > rk, there is a one-to-one
correspondence

Vect (M) = [M, G(R)].

The proof is completely analogous to that of Theorem 23.10.
We now classify the vector bundles over spheres and relate them to the
homotopy groups of the orthogonal and unitary groups.

Exercise 23.13. (a) Use Exercise 17.24 and the homotopy exact sequence of
the fibration

O(k)—*O(n)l/O(n ~ k)
GR")
to show that
(G R)) =, (Ok) if n2k+q+2.
{b) Similarly show that
n{GUCM) = n,_,(Uk) if n2(2k+q+1)2.

Cadbining these formulas with Proposition 17.6.1 concerning the re-
lation of free versus base-point perserving homotopies we find that for n
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“\

sufficiently large,
Vect,(S9) = [S%, G(R")]
= 1 (GRI/m,(GR")
= 7y~ (O 7o OK).

Exactly the same computation works for the complex vector bundles over
§% We summarize the results in the following.

Proposition 23.14. The isomorphism classes of the differentiable rank k real
vector bundles over the sphere S° are given by

Vecty(S?) = =, (Ok))/Z; ;
the isomorphism classes of the complex vector bundles are given by
Vecty(S9; C) =~ n, - ,(U(K)).

REMARK 23.14.1 If G is a Lie group and a € G, then conjugation by a defines
an automorphism h, of G: °

ha(g) =
Let m be any integer. The map h, induces a map of homotopy groups:

(h)y : 2l G) — 7G).

If two elements a and b in G can be joined by a path ¥(¢) in G thenh is:
homotopic to h, via the homotopy h,,. Consequently (h), = (h), . In this
way conjugation induces an action of #4(G) on x,(G), called the adjoim
action.

We know from (17.6) that for any space X with base point x, conjuganon
on the loop space Q, X induces an action of n,(X) on n(X). With a little
more classifying space theory, it can be shown that the action of xo(O(k)) on
%, - 1{O(k)) corresponding to the action of n,(Gy(R") on n(G,(R")) under the
identification of n,_ {(O(k)) with n(G(R")) is precisely the adjoint action.

REMARK 23.14.2. It is in fact possible to explain the correspondence (23.14)
directly. Let E be a rank k vector bundle over §* with structure group O(k),.
and let U, and U, be small open neighborhoods of the upper and lower
hemispheres. Because U, and U, are contractible, E is trivial over them.
Hence E is completely determined by the transition function

o1 : Up n Uy — Olk).

go1 s called a clutching function for E. Then Proposition 23.14 may be
interpreted as a correspondence between the isomorphism classes of vector

bundles over a sphere and the free homotopy classes of the clutching func-
tions. .
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Exercise 23.15. Compute Vecty(S'), Vect,(S%), and Vect,(S*).

EXAMPLE 23.16 (An orientable sphere bundle with zero Euler class but no
section). Because S* is simply connected, every vector bundle over $* is
orientable (Proposition 11.5). For a line bundle orientability implies triv-
iality. Therefore,

Vect,(S%) = 0
By (23.14),
Vect (%) = n3(SOQR)/Z, = n5(5")/Z, = 0,
Vecty(S*) = n3(SO3))/Z, = ns(RP?)/Z,
= “3(33)/22 =12/,.

Consequently there is a nontrivial rank 3 vector bundle E over §*. The
Euler class of E vanishes trivially, since &(E) is in H3S*) = 0. If E has a
nonzero global section, it would split into a direct sum E = L @ F of a line
bundlc and & rank 2 bundle. Since Vect,(8*) = Vect,(S*) = 0, this would
imply that E is trivial, a contradiction. Therefore the unit sphere bundle of
E relative to some Riemannian metric is an orientable S%-bundle over $*
with zero Euler class but no section. This example shows that the converse
of Proposition 11.9 is not true.

REMARK 23.16.1 Actually Vecty(S*) ~ Z, because the action of Z, on
74(SO(3)) is trivial. Indeed, by Remark 23.14.1 this action is induced by the
action of —1 € O(3) under conjugation on SO(3). But: oonjugatmg by -1
clearly gives the identity map.

In general, by the same reasoning, if k is odd, then the action of ny(O(k))
on n{O(k)) is trivial for all q.

The Infinite Grassmannian

We will now say a few words about vector bundles over manifolds not
having a finite good cover. For Theorem 23.10 to hold here the analogue of
the finite Grassmannian is the infinite Grassmannian. Given a sequence of
complex vector spaces -

ceV,eVurc Ve dime V=
there is a naturally induced sequence of Grassmannians
e GV e GV ) e GV v2) =

The infinite Grassmannian G,(V,) is the telescope constructed from this
sequence. Over each Gk(V) there are the universal quotaent bundles Q, and
there are maps

ccQ, Qi1 €Qh2c
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By the telescoping construction again there is a bundle Q of rank k over
Gu(V,). A point of G(V,) is a subspace A of codimension k in V and the
fiber of Q over A is the k-dimensional quotient space V_/A. ‘
Unfortunately the infinite Grassmannian is infinite-dimensional and so is
not a manifold in our sense of the. word. Since to discuss infinite-
dimensional manifolds would take us too far afield, we will merely indicate
how our theorems may be extended. By the countable analogue of the
Shrinking Lemma (Ex. 21.4), with the finite cover replaced by a countable
locally finite cover, one can show just as in Lemma 23.8 that every vector
bundle over an arbitrary manifold M has a collection of countably many

spanning sections s,, s,, ... . If ¥V, is the infinite-dimensional vector space
with basis s,, 5;,..., there is again a surjective evaluation map at each
point pin M:

-
evy: Vo— E,—0.

The kernel of ev, is a codimension k subspace of V. So the function
f(p) = ker ev, sends M into the infinite Grassmannian G,(V,,). This map fis
a classifying map for the vector bundie E and there is again a one—to—one
correspondence

Vecty(M; C) ~ [M, G,,(C”)].

All this can be proved in the same way as for manifolds of finite type. From
Proposition 23.2, it is reasonable to conjecture that the cohomology ring of
the infinite Grassmannian G,(C®) is the free polynomial algebra

/ R[CI(Q)! seey Cg(Q)]

Thls is indeed the case. (For a proof see Milnor and Stasheff [1, p. 161] or
Husémoller [1, Ch. 18, Th. 3.2, p. 269]) Henee Proposition 23 11 extends to
a gleneral manifold. - -

Exercise 23.17. Let V be a vector space over R and V* = Hom(V, R) its
dual.

(a) Show that P(V'*) may be interpreted as the.set of all hyperplanes in V.
(b)Let Y < P(V) x P(V*) be deﬁned by

- Y={[v] [HDIH@)=0,0 €V, H e V*).

In other words, Y is the incidence correspondence of pairs (line in ¥,
hyperplanc in ¥) such that the line is contamed in thc hypcrplanc Com?utc
H%(Y).

Concluding Remarks
In the preceding sections the Chern classes of a vector bundie E over M-

were first defintd by studying the relations in the cohomology ring H*(PE)
of ;he projective bundle, where the ring was considered as an algebra over
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H*(M). This somewhat ad hoc procedure turned out to yield all characteris-
tic classes of E only after we learned that all bundles of a given rank were
pullbacks of a universal bundle and that the cohomology ring of the uni-
versal base space (the classifying space) was generated by the Chern classes
of the universal bundle.

From a purely topological point of view one could therefore dispense
with the original definition, for by designating a set of generators of the
cohomology ring of the classifying space as the universal Chern classes, one
. can define the Chern classes of any vector bundle simply as the pullbacks
via the classifying map of the universal Chern classes. On the other hand,
from the differential-geometric point of view the projective-bundle defini--
tion is more appealing, starting as it does, with ¢,(S%), a class that we
understand rather thoroughly and that furnishes us with a canonical gener-
ator for H*(PE) over H*(M). However, this ¢, is taken on the space P(E)
rather than on M and is therefore not directly linked to the geometry of M.
The question arises whether one can write down a form representing c,(E)
in terms of the following data:

(1) a good cover U .= {U,} of M which trivializes E;
(2) the transition functions -
o ges: U, n Ug— GLn, C)
for E relative to such a trivialization;
(3) a partition of unity subordinate to the open cover U.

The answer to this question is yes and the reader is referred to Bott [2]
for a thoroughgoipg discussion. Here we will describe only the final recipe,
for to understand it properly, we wouid have to explore the concepts of
connections and curvature, which are beyond the scope of this book.

Observe first that we are already in possession of the desired formula for
he first Chern class of a complex line bundle L (sce (6.38)). Indeed, if g is
‘he transition function for L, the element

cl

2n

in the Cech~de Rham complex C* (U, Q*) is both d- and J-closed. By the
collating formula (9.5), once a partition of unity is selected, this cocycle
yields a global form. The cohomology class of this global form is ¢,(L).

In the general casc one can conmstruct a cocyle ) s=g ¢*~¢**¢ with
cfoektein C U, QF*9), that represents the k-th Chern class ¢(E) by the
following unfortunately rather formidable “averaging™ procedure.

Let I = (i, : * -, i,) correspond to a nonvacuous intersection, set

‘' w2 dlog g,

Ul=Uion ree Ui"
and let
go;: Uiy 0 U= GL(n, C)
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be the pertinent transition matrix function for E. Consider the expression
e -1 '
0r= 3 t;40;' dgo; -
J=0
as a matrix of 1-forms on U; x R**?, the ¢’s being linear coordinates in
R ', From 8 one can construct the matrix of 2-forms
K,=d6, + %6}

on U, x R**! and set

i
c(E) = det(l + o Kp).

Our recipe is now completed by the following ansatz. Let
A= {(ty, -~ te+1)l; 20, Z =1}

be the standard g-simplex in R**!. The 2k-form c¢}(E) restricted to U; x A,,
and integrated over the “fiber A,” yields the desired form on U, :

erran) - [ o,
In other words, c,(E) is represented by the chain

k-1

Y foettee CNU, 0%).

=0 ' .
Note that for dimensional reasons this chain has no component below the
diagonal and also no component in the zero-th column. This fact has
interesting applications in foliation theory (Bott (1]). In any case, the col-
lating procedure (9.5) now completes the construction of the forms c,(E) in
terms of the specified data.
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differential operator on 90, 162, 164
filtration on 156
spectral sequence of 165

Dual 56 (Sec also Dual bundle; Poincaré

dual)

Dual bundle 56

and conjugate bundle 286
Chem classes of 267, 280

Edge homorphism 178
Edge path group 147
Effective action
Eilenberg —Steenrod axioms 35
Eilenberg - MacLane space 9, 240,
250
K(Z,1) 240
K(Z,2) 242
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K(Z,3) 245
K (ZZ» l) 242
K(z,, 1) 243
rational cohomology ring 245
Elementary symmetric functions 278
Embedding a manifold 290
Endpoint map 252
Equivalent cocycles 54
Equivalent oriented trivializations 54
Euclidean space
compact cohomology 39
de Rham cohomology 35
infinite Euclidean space 183
singular cohomology 189
singular homology 185
Euler characteristic 126
is equal to the Euler number
of a fiber bundle 182
Euler class 72, 116
and spectral sequences 171
and the top Chern class 273
functoriality 74
in terms of the transition functions 73
in the Gysin sequence 179
is independent of good covers 118
is Poincaré dual to the zero locus of a
section 125
is the puilback of the Thom
class 132
naturality 74
of an oriented S*-bundle 126
of an oriented vector bundle 118
of the normal bundle of CP' in C P?
of the 2-sphere 125
Whitney product formula 133
Euler number 122
and local degree 124
is equal to the Euler characteristic
is the self-intersection of the
diagonal 128
Evaluation map 298, 303
Exact couple 155, 158
Exact forms 15 '
Exact sequence
of set maps 209
of vector bundles 65
of vector spaces 17

128

128

Ext 193—-19%4 :
Extension principle 147
Extension problem 167 .

Exterior algebra 205
Exterior differentiation 14
Exterior derivative 14

is an antiderivation 14

" Exterior power
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278
Chern classes of 278, 279

Face map 183
47, 48, 199
connectedness 202
homotopy type 200
Fiber bundle 47
cohomology (See Leray— Hirsch
theorem) :
spectral sequence of 169
Fibering 199 .
as a basic trick of the trade 249
in the sense of Hurewicz 199
in the sense of Serre 199
Fibration 199 (See also Fibering)
Filtered complex 156
spectral sequence of 156
Filtration 156
induced filtration 159
length 159
on a double complex 156
Finite type 42
Finite-dimensionality of de Rham
: cohomology 43, 99
Finitely generated Abelian group 9
First homotopy group 1 (See also
Fundamental group; Homotopy
groups)
Five Lemma 44
Fixed-point formula
of Lefschetz 129
Flag 282
Flag bundle 282
cohomology ring 285
is a split manifold 282
Poincaré series 285
Flag manifold 282
cohomology ring 284
obtained from the Grassmannian by two
flag constructions 293
Poincaré polynomial 285
Flat vector bundie 80
cohomology with coefficients in
80
Forms with compact support 8, 25
integration of 29
Forms with compact support in the vertical
direction 61
Frame 54
Free homotopy class 211
Free resolution 193
Front r-face 192




324

Functor 20, 109 (See also Contravariant
functor; Covariant functor)
Functoriality (See Naturality)
Fundamental group 1, 206 (See ulso
Homotopy groups) .
of a Riemann surface 1, 240 .
of the nerve of a good cover 148
of the support of a simplicial complex is
the edge path group 147

G-bundle 48
General linear group 56
Generator 40
for the cohomology of a circle 24
for the. cohomology of a complex
projective space 236
for the cohomology of a sphere 37
for the compact cohomology of a
Euclidean space 40
Geodesically convex nughborhcmd 43
Global angular form 71, 73, 121, 124
formula for 122
God-given set of differential equauons 1§
God-given vector bundles- 268
Good covers 42
are cofinal 43, 190
on a manifold 42
on a topological space 147
on a triangularizable space 190
on the torus 105
Graded algebra (Sec also Dltfercnudl
graded algebra)
commutativity 20
Pomcaré scries 294
Gradient 3. 14, 221
Grassmannian  (See Complex
Grassmannian; Infinite complex
Grassmannian; Real Grassmannian)
Gnffiths, Phiip A, 262
Grothendieck, Alexander 266.
Gysin sequence 177

Helicoid 268
Hessian 220
Hilton, Peter 265
Hirzebruch, F. 280
Hirzebruch — Ricmann— Roch
theorem 280

Hirzebruch signature formula 290
Holomorphic section 282
Holomorphic tangent bundle 280
Hom functor 56, 169

exactness of 169

Index

Homogencous coordinates 7%
Homogencous space 292
Homology 183 (Sec¢ also Smgular
homology)
relation with homotopy 225
Homology Mayer — Vietoris
sequence 188
Homology spectral sequence 196
Homomorphism of presheaves 109
Homotopy 35
between continuous and diffcrcmiablc
maps 213
Homotopy axiom for de Rham
cohomology 35
Homotopy exact scquence
Homotopy sequence)
Homotopy groups 2. 206
higher homotopy groups are
Abelian 207
in the C* sense and in the continuous
sense 214 ’
of a bouquet of circles 240
of a Cartesian product 207
of a Riemann surface 240
of a sphere  (See Homotopy. groups of a
sphere)
of a wedge of spheres 265
ol an Eilenberg — MacLane space 240
of the circle 240
of the infinite real projective space 241
relation with homology 225
relative homotopy groups 213
Homotopy groups of a sphere 214, 215
Hurewu.z isomorphism 227

(See

'n‘(S ) 256
TI"(S ) 251
S ) 227

Serre's theorem 254, 262
Homotopy invariance of de Rham-
cohomology 5, 24
Homotopy operator 34
for the compact Poincaré lemma 38
for the generalized Mayer — Vietoris
sequence 94
for the Poincaré lemma 34
Homotopy property of vector bundles 57
Homotopy sequence -
of a fibering 209
relative homotopy sequence 213
Homotopy type
in the C* sense 36
of a CW-complex 219
of a manifold 220
of the fiber of a fibering 200
Hopf, Heinz 7, 227, 266
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Hopf invariant 228
degree definition 234
differential form definition 230
homotopy invariance 228
Hopf fibration 235
mtersccnon-theory definition 229
of f: ™ '»5" is zero for odd n 228
Hopf fibration 227
fiber over © 238
fiber over 0 238
Hopf invariant 235
Hopf index theorem 129
Hurewicz
fibering in the sense of 199
Hurewicz isomorphism theorem 225
Hurewicz, W. 2
Hypersurface in a complex projective
space 282
Chern classes of 282

Incidence correspondence 303
Inclusion 249
Index
of a nondegenerate critical pomt
of a zero of a vector field 128
Index theorem
Atiyah—Singer 1
Hopf 129
Indices
convention on 93
Induced filtration 159
Induced map
in cohomology corrcsponds to pre-image
in geometry 69 -
*in homotopy 210
‘on the boundary 18
Induced orientation on the boundaty 31
Infinite complex Grassmannian 302
cohomology ring 303 -
Infinite complex pro;ecuvc space 242
cohomology ring *243
Infinite-dimensional manifold 303 -
Infinite Euclidean space 183
Infinite lens space 243
Infinite real pro;ccnve space 241
cohomology ring 245
has no higher homotopy 241
is the infinite Lens space L( o, 2) - 243
Infinite sphere 242 :
has no homotopy 242
Integral 3, 27
Integration
of a density 86 .
of a differential form 27

220
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Integration along the fiber 37, 6163
commutes withd 38, 62
in the Gysin sequence 179
Invariant form on a sphere 77

Jacobian determinant 28
Jacobian matrix 60, 220, 223, 224

Kernel of a set map 209

Kill )
to get killed

Killing homotopy groups

Kiinneth formula
algebraic Kiinneth formula
finiteness hypothesis 108 7
for the compact cohomology ~ 50
for the de Rham cohomology 47 -
for the singular cohomology 192
Mayer~ Vietons argument 47
spectral sequence proof - 170
tic-tac-toe proof 106

177
250 °
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L-class 279
Hirzebruch sngnatutc fonnula 290
Lefschetz fixed-point formula .129
Lefschetz pumber %29 - -
Length of a filtration 159 e
Lens space 243 s
cohomology.. 244
Leray — Hirsch theorem 50 - .
for the singular cohomology 19_2
Mayer~ Vietoris argument: 5Q
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spectral sequence proof 170, .
tic-tac-toe proof 108 .
Leray, Jean 5, 10 T e
Leray’s construction 179
Leray’s theorem

. for the de Rham cohomology 170
for the singular cohomology - 192
Lie group 196, 208,.292 .. .
Line bundle 115 o
Chern class of the dual line bundle 2
Chern class of a tensor pmducl of lir
bundles 267 :
complex line bundle...
Line integral 3 .-
Linking number 229
Live tothe E, term 163 .
Local compatibility condition -114
Local degree of a section 123
Local product orientation 61

267
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Localization principle 53, 67
Locaily constant presheaf 109

on an open cover 143
Locally constant sections 80
Locally constant trivialization 80
Locally finite open refinement S8
Long exact sequence 17, 157

coboundary operator in 17

derived couple 157

of homotopy groups 209
Loop space 1, 199

homotopy groups 208

of a sphere  (See Loop space of a

sphere)

of an Eilenberg—MacLane space 241
Loop space of a sphere

integer cohomology 203

ring structure 204

Manifold 4, 20
existence of a good cover on 42
homotopy type of 220, 224
is paracompact 58
of finite type 42
oricntable <=> has a global nowhere
vanishing top form 29
orientable <=3 tangent bundle is
oricntable S5
simply connected =5 orientable
116
Manifold with boundary 30 (See also
Surface with boundary)
Map between spheres
degree 21§
Hopf invariant 227
normal form 216
Mapping cylinder 249
Massey, William 15§
Mathematical physics 8
Mayer— Vietoris argument 42
finite-dimensionality of de Rham 43
for the singular cohomology 193
Kiinneth formula 47
Leray-Hirsch theorem 50
Poincaré duality 44—46
Thom isomorphism 52
Mayer— Vietoris sequence 4, 22
for compact supports 26, 139
for countably many open sets 94
for singular chains 186
for singular cochains 189
for two open sets 22, 89
gencralized 94

- Normal bundle 66

Index

homology Mayer— Vietoris sequence for
two open sets 188
Mayer- Vietoris principle
as a consequence of the tic-tac-toe
lemma 138
generalized 96
spectral sequence proof of 166
Measure zero 41, 42
Milnor, John 220, 221, 222, 226
Minimal model 259
existence of 260
main theorem 262
Mobius band 7 (See also open Mdbius
Strip)
Mobius strip (See open Mobius strip)
Morgan, John 262
Morse, A. P. 41
Morse function 223, 224
Morse lemma 222
Morse theory 220
main theorems 221, 222
Monodromy representation 146
Morphism 20
Multiplicity
of a fixed point 129
of azero 125

Natural transformation 109, 300 .
Naturality
Chem class 271
Euler class 74
n-connected 253
Nerve of an open cover 100
Nondegenerate critical point .220
Nondegenerate pairing 44
Nonorientable Poincaré duality 87, 141
Nonorientable Thom isomorphism 88,
131 . '
of CPlinCP? 75
of the diagonal is isomorphic to the
tangent bundle 127
of the zero locus of a transversal
section 133
Normal form of a map between two

spheres 216

Object 20
Obstruction theory 123
1-connected 261
Open collar 232

Open cover
Cech cohomology of 97, 99, 110
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coordinate open cover 21
good cover 42
Open Mobius strip
compact cohomology 40, 60, 141
de Rham cohomology 40, 138
Orientability
a simply connected manifold is
orientable 171
of a manifold 29
of asphere bundle (See Orientability of
a sphere bundle)
of a vector bundle 115
Orientability of a sphere bundle 114
spectral sequence point of view 171
Orientable manifold 29
Orientable sphere bundle (See Oriented
sphere bundle)
Orientable vector bundie 54 (See also
Oriented vector bundie)
over an orientable manifold 60
Orientation
direct sum orientation 66
local product orientation 61
on a manifold 29
on a sphere bundle 114
on a vector bundle 55
on the normal bundle of an oriented
submanifold 66
on the zero locus of a section 134
product orientation 123
Orientation bundle
of a manifold 84
of a vector bundle 88
Orientation-preserving map 28
Oriented manifold 29
Oriented sphere bundle 114, 171
cohomology 177
Euler class 72, 116, 171
Gysin sequence 177
orientation 114
Oriented vector bundle
Euler class 118 o
Orthogonal group (Sec also Special
orthogonal group)
reduction to 55
stable homotopy groups of 239

54, 60

Paracompact space 358

Parallel translation 125

Partition of unity 4, 21

Path components 1, 189, 208
and connected components 208

Path fibration 199, 225

Path space 198
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Physics 8
Poincaré conjecture ‘147 .
Poincaré dual 51, 230 (See also Closed
Poincaré dual; Compact Poincaré
dual)
is the Thom class of the normal
bundle 67
localization principle 53, 67
of acircle on a torus 68
of a closed oricnted submanifold 51
of a point 68
of a transversal intersection 69
of the ambient manifold 68
of the diagonal 127
of the Euler class 125
of the pullback of a form 69
of the zero locus of a section 125
support of 67
Poincaré, Henri 5, 6 .
Poincaré duality 44 )
and the Thom i ism 60, 67
nonorientable 87, 14} B -

" Poincaré lemma 16, 35

for compact supports 19, 39
for compact vertical supports 63
Poincaré polynomial (See also Pomcaté
serics)
of a Grassmannian 293
Poincaré series 269, 296, 297
of a complex Grassmannian 292
of a complex projective space 269
of a flag bundle 285
of a flag manifold 28§
of a graded algebra 294
of a projective bundle 271
Pontrjagin classes 289
application to the embddmg of a
manifold 290
of a sphere 290 ~
sign convention 289, 290
Pontrjagin, Lev S. 8, 266
Positive form 70
Postnikov approximation 250, 251
in the computation of homotopy
groups 9, 10, 256 .
in the computation of #«(S°) 256, 25
in the computation of 7 - 281,
252 K

Postnikov tower 250 .

Presheaf 108
cohomology presheaf 109
constant presheaf 109, 141, 177
homomorphism of presheaves 109
locally constant on an open cover 14.
locally constant presheaf 109, 141,17
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Presheaf (cont.)
of compact vertical cohomology 131
on an open cover 142
trivial presheaf 109
Product bundle
over a Grassmannian 292
over a projective space 268
Product orientation 123
Product structure
on a tensor product 176
on the Cech complex 174
on the Cech—de Rham complex -
on the de Rham complex 14
on the singular cohomology 191
Projective general linear group 269
Projective plane
real projective plane 105
Projective space  (See Complex projective
space; Infinite complex projective
space; Infinite real projective space;
Real projective space)
Projectivization of a vector bundle 269
cohomology ring 270, 283
pullback bundle 270
tautological exact sequence 270
universal quotient bundle 270
universal subbundle 270
Projection formula 63
Proper map 26
degree 40, 41
image is closed 41
not surjective =3> degree is zero 41
Pullback ’
commutes withd 19 .
in the Gysin sequence 179 -
of a differential form 19
of a vector bundle 56

174

Quadratic transformation 268

Rational homotopy theory 259
main theorem 262
Real Grassmannian 292
and the classification of vector bundles
over a sphere 301
as a homogeneous space 292
homotopy groups 300
Real projective plane 105
good cover on 105
Real projective space 77, 241 (See also
Infinite real projective space; Real
projective plane)
de Rham cohomology of 78

Index

Real vector bundle 53
Realization 267, 286

of acomplex matrix 287

of a compiex vector bundie 267, 286
Reduction of the structure group. 54

and orientability S$

to the orthogonal group 55

to the unitary group 267
Refinegient 43
Regular sequence 295, 296
Regular value 40, 224, 229
Relative de Rham cohomology 79
Relative de Rham theory 78 -
Relative homotooy group 213
Relative homotopy sequence 213
Restriction 109 ‘
Retraction 36
Riemann integral 27
Riemann-Roch theorem 280
Riemann surface 1

as an Eilenberg—MacLane space 240

de Rham cohomology of § =~

homotopy groups of 2, 240
Riemannian structure 42

Sard, A. 41
Sard’s theorem 41, 42, 215 218,224

Second spectral sequence 166
Section
and the Euler class 119, 302 °

existence of 122, 272
existence == zero Euler class
partial section 122
singularities of 122
Serre
fibering in the sense of
Serre, Jean-Plere 10, 227
Serre’s theorem on the homotopy groups of
the spheres 254, 2Q2
Short exact sequence 17
Shrinking lemma 276, 303
Sign convention "
general principle 174
indices 93
Pontrjagin classes
Signature 290
Signature formula of Hirzebruch 290
Singular chain 183
Singular cochain 188
Singularities of a section
local degree 123
Simplex
barycenter 142
barycentric subdivision 142

119

199

289, 290

122
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standard g-simpiex 183 orientability 171
Simplicial approximation theorem 147 orientability of a simply connected .
Simplicial complex 142 manifold 171
good cover on 190, 220 - .. Spectral sequence of a double
k-skeleton 142 complex 161" '
support of 142 differential 162, 164
Simplicial map 146 - second spectral sequence - 166
Singular cohomology 189 ‘ Sphere :
and Cech cohomology 189, 191 Cech cohomology of 102
of a Euclidean space 189 ; cohomology of 36 ‘
of a fiber bundle 192 Euler class of the tangent bundle of - 125
of a flag bundle 285 generator in the top dimension of 37
of a flag manifold 285 homotopy groups 214, 215 227
of a Lens space 243, 244 invatiant form on 77
of a special orthogonal group 195, 196 minimal model 259, 260
of a unitary group 196 : v Serre's theorem on the homotapy gro!lps
of an Eilenberg~MacLane : of 254, 262
spdce 245-248 tangent bundle (See Tangem bundleot'
of K(Z,3) 245 a sphere)
of the infinite complex projective unit tangent bundle of the 2-sphere is
space 243 : S0(3) 195
of the infinite real projective space 245 volume form on 37, 235
of the loop space of a sphere 203 Sphere bundle (See also Onented sphue
of the unit tangent bundle of a bundle)
sphere 194 ' orientation {14 - -
Singular homology 184 . : structure group 113 ’
of a Euclidean space 185 Spherical coordinates 238 -
Skeleton * Split manifold 273, 275
of a CW-complex 219 is the flag bundle 283 st
of a simplicial complex 142 Splitting - ' -
Spanning sections 298 of a G-module 194
Special orthogonal group 58, 195 of a vector bundle 274 ‘
action of 7 on w, 302 : Splitung principle 275 .
and orientability 5§ ' in the computation of Chem
and the classification of vector classes 279
. bundles 302 - ' in the proof of the Wlntney product
identification of SO(3) with RP formula 277 o
195 ** Stable homotopy groups - foe
integer cohomology of SO(4) 198 of the orthogonal group 239
integer cohomology of SO(3) 195 of the unitary group 239 ' -
reduction to 55 Star 142, 190, 220
Spectral sequence 159 Standard orientation
and the Euler class 171 on a sphere 70
Cech—de Rham xsomorphxsm 167,175 on CP' 237 o
convergence 160 Standard g-simplex 183 et
differential  161—164 - Stationary derived couples 158
- exact couples 155 - Steenrod, Norman 123 - :
Kiinneth formula 170 S Stercographic projection - 235
Leray — Hirsch theorem 170 = - ° Stiefel, Eduard 266
Mayer— Vietoris principle 167 Stokes” theorem 31
product structures 174 -~ for densities 86 = -
of a double complex (See Spectral Stone, A. H. 58 )
sequence of a double complex) Structure group 47
of a fiber bundle 169 of a complex vector bucdle $4; 267

of a filtered complex 160 : of a fiber bundle 47 *“°
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Structure group {cont.) pulls back to the Euler class 74, 132
of a real vector bundle 53 relation to the Poincaré dual 67
of a sphere bundle 113 Thom isomorphism 63
of an orientable vector bundle 55 and Poincaré duality 60 .
reduction of (See Reduction of the nonorientable 88, 131 )

structure group) . 3-sphere 243
Subcomplex 156 (S 251
Subdivision w(s%) 257
barycentric 142 Tic-tac-toe lemma 135
Sullivan, Dennis 259, 263 Tic-tac-toe proof
of Poincaré duality 141
of aform 24 of the generalized Mayer— Vietoris
of a function 18 principle 138
- of a simplicial complex 142 of the Kiinneth formula 105
Surface with boundary 231 of the Leray— Hirsch theorem 108
Sylvester’s theorem 220 . Todd class 279
Symmetric function theorem 278 Tor functor 193, 194
Symmetric power 279 Torsion 9, 182, 194
Chern classes of 279 Torus 221
good cover on 105
‘ Total space 48 -
Tangent bundie 55 ~ Total Chern class 270 (See also Chern
holomorphic tangent bundle 280 classes)
of a sphere  (See Tangent bundle of a Total Pontrjagin class 289 (See also
sphere) Pontrjagin classes)
Tangent bundle of a sphere of a complex manifold 290
cohomology 194 of a sphere 290
Euler class 125 Transition functions
unit tangent bundle of the 2-sphere is for a fiber bundle 48
SO(3) 195 for a manifold 20
Tangent space 21 for a vector bundle 53
Tangent vector field (Sec Vector field) for the conjugate bundle 286
Tautological exact sequence for the density bundle 85
over a Grassmannpian 292 for the direct sum 56
over a projective bundle 270 for the dual bundle 56
over a projective space 268 for the tensor product 56
Telescoping construction. 241 reduction of the structure group 54
infinite complex projective space 242 Transgression 247
infinite Grassmannian 302 Transgressive element 247
infinite Lens space 243 , Transversal intersection 68, 69
infinite real projective space 241 codimension is additive 69
infinite sphere 242 is dual to the wedge product 69
Tensor product normal bundle of 69
exactness 169 " Transversality theorem 123
Chern classes of 267, 279 Triangularizable space 190
of vector bundles 56 ' good covers are cofinal 190
product structure 176 Triangulation 190
Thom class 64, 232 of a manifold 190
a characterization of 64 Tricks
as a relative cohomology class 78 basic tricks in homotopy theory
in terms of the global angular form 74, 249
132 Trivial presheaf 109
in terms of the patching data 75 Trivialization -

of a direct sum 65 and transition functions 54
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of a coordinate open cover 21
locally constant 80
Tubular neighborhood 65, 214
Tubular neighborhood theorem 66
Twisted cohomology 80, 82
and trivialization 80, 83
invariant under the refinement of open
covers 82
Twisted de Rham cohomology 84
is the same as the de Rham cohomology
on an orientable manifold 85
Twisted de Rham cohomology with
compact supports 84
Twisted de Rham complex 85

Unit sphere bundie 114
Unit tangent bundle of a sphere
cohomology of 195
Unitary group 196, 292
integer cohomology of 196
reduction of the structure group to 267
stable homotopy groups of 239 .
Universal Chern classes 304
Universal coefficient theorems
Universal covering 252
of acircle 152
Universal quotient bundle
and.the cohomology of a
Grassmannian 293
classification of vector bundles
over a Grassmannian 292, 298
over a projective bundle 270
over a projective 268
Universal subbundle 77, 270
over a Grassmannian 292
over a projective bundle 270
over a projective space 268
Upper half space 30

194

298

1t-small chain 185
Vector bundles (Sec also oriented vector
bundle)

classification 299

cohomology 60

compact cohomology 60, 65
compact vertical cohomology 61, 63
complex vector bundle 54 .
Euler class 72, 118

exact sequence of 65

flaa 80

God-given 268

isomorphic <= cocycles are
equivalent 54

orientability of 54

orientable <= associated sphere
bundles are 115

orientable <=3 determinant bundles
are 116

over a contractible manifold 59-

over a simply connected manifold

over a sphere 302

real vector bundle 53

reduction of the structure group 54, 267

splitting of 274

to *‘dilute’’ a vector bundle 291

unit sphere bundle of 114

Vector field 21
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116

Hopf index theorem 129
index of a zero 128 ‘
on a sphere 125
Volume integral 3
Volume form
on a sphere 27
on the 2-sphere 235
Wedge of spheres 153, 262

minimal model 263
ranks of the homotopy groups 265
Wedge product of differential forms 14
is Poincaré dual to a transversal
intersection 69

“Weil, André S, 10, 89

Whitehead tower 252, 253, 257
Whitney embedding theorem 213

-Whitdey, Hassler 7, 217, 266

Whitney product formula
for the Chern class 272, 275
" for the Euler class 133
for the L-class 279
- for the Pontrjagin class 289
for.the Todd class 279

‘Yang—Mills 8

Zero Jocus of a section
nomal bundle of 133
orientation on 134
Poincaré dual of 134

Zig-zag 95
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