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The algebraic theory of su'rg:er,‘[

by Andrew Ranicki

Introduciion

An algedbraic theory of surgery on chain complexes with an abstract
Poincaré duality should be a "simple and satisfactory algebraic version of the
whole setup" to quote §17G of C.T.C.Wall's "Surgery on compact manifolds" ([51),.
which includes a first approximation to such a theory. A second and a third
attempt are due to A,S.lMishchenko {1 7,[2 1. These are sufficient to obtain the
syumetric part of the surgery obstruction, and so determine it modulo 2-torsion. !
The theory presented here obtains the quadratic structure as well, thus giving
all of the surgery obstruction. Our theory of surgery is homotopy invariant in
geometry and chain homotopy invariant in algebra. It applies also to codimeunsion 2
surgery obstructions, such as arise in knot theory.

An n~dimensional algebraic Poincaré complex over a ring A with
involution ~:A—r—»A;ak—ﬂ-; 1s an A-~module chain complex C with an n~dimensional
Poincard duality

u*(c) = m,_,(C) .

We shall use n~dimensional algebraic Poincaré complerzes to defipe functors

n
L
: (rings with involution) ———» (abelian groups) (nez)
L
LO(A) i : symnmetric
such that is the Witt group of non-singular forms over A,
LO(A) quadratic

The guadratic Le-groups Ln(A) (neZ) will turn out to be the surgery obstruction
groups of Wall [5 7], with a 4-periodicity

Ln(A) = Lm-b(A) (aem) .
The higher symmetric L-groups Ln(l\) (u 20) are the "algebraic Poincaré bordism"
groups .ﬂn(ll) of Mishchenko [2'}, and are not li-periodic in general., The lower
symaetric I~groups are such that

L") = L(a)  (n<-3) .
The syumetric I-groups differ from !;hg quadratic L~groups in 2-torsion only,

with L'(R) = L (A) (n€Z) if 2 is fnvertible in A.

Z2 -
symmetric 1(n) symmetric
The . L-groups (ne Z) are to the Witt group
quadratic ) Ln(A) quadratic

L%
{-L * wrhat the algebraic K-groups Kn(l\) (n€2®) are to the projective class
o

group KO(A). In order to justify this assertion we shall exhibit

i) a change of rings exact sequence

coe —188) L5 1B > 18— ) I Y gy — L.
(n€Z)

s —1 () Es1 () s 1 (1) — L) —Ssr ()
ii) products
®: Lm(A)®ZLn( B)——uLm+n(A®EB)
(m,n€z)
R Lm(A)GZLn(B)—FLm+n(A@EB)
iii) a localization exact sequence

(nez,;

k cee—> 1AA) ——> 1357 N) —> 124, 5) —> 1" (A) — 1P (57 Ty —
-1 -1
eee—>L (A)~— 1, (5 A)—-—-)Ln(A,s)——-»Ln_,I(A)——» L\ A)—..

symme tric Ln(A,S)

involving the ‘ of algebraic Poincaré complexes over A

L~groups I

quadratic L (a,s)

which become contractible over a localization S-1J\,

&'(A)
iv) simplicial spectra such that
£,

n @2(a) = Ln)
- (n€ )
n L)) = 1 (N .
Furthermore, in certain cases we shall have
v) a Kinneth formula
tMarz, 2 ) = wet™ )
z =2z )

L (ALz,27'1) = L (A)eL__,(A)

vi) a split exact sequence

0——> LP(A) ——= I2(A[x])oL2(A[x 1Y) — > 1A%, 2~ 1) —>T17(a) —> 0

" - (x=x
0= L, (A) 1 (ALx]) oLy (ALx 1) — L (Afx,x™1]) —> 1, (A) —> ©
. , A—B ’
vii) a layer~Vietoris exact sequence for a cartesian square E'_..}"

o> I(A) —> I2(B) oL(B') —=12(A") —» 177 (A) —> 1 “Umer™ (g ...

oo L (A)—>L (B)eL (B")— L (A") —1L__ () — L 4 (B)el, 4(B')— ...



An "algebraic Poincaré complex" in the sense of liishchenko (2] is &
chain complex of f.gs projective modulcs over a ring with involution A

R d d [:S d d
c: Cn—y Cn_1-—> cn_z—»...-—>c1——>co
together with a collection of A~module morphisms

n-r+s

¢ *C (s30)

ey C
5 r

such that

)=0: cn-'r+$—1__’c

do  + ()Tga% + (MU L+ ()T, ,

(o_q4 = O

and such that the chain map
9o ¢t ——c
is a chain equivalence, inducing abstract Poincaré duality isomorphisﬁs4

0 * H"'r(c)—vnr(c) .

where C"™* is the chain complex of dual A-modules cf = C; = HomA(Cr,A) defined by

n"'.)

(c r

=™, agnee = (9)7at s ¢"TT— e+l
and T is the duality involution
. P q . Y . .. _
T : Hom, (C ,Cq) —_— HomA(C .Cp) i e —— ()T (Gp = Cp) .
The motivation for this definition comes from the symmetry properties of the

chain equivalence

n~e

n

9o = [(XIn=-: c(X) " ——¢cx) (Xl = 1ed (X) = Z)
inducing the Poincaré duality isomorphisms

0o = [XIp = ¢ HY(X) ——=H (X)
of a compact oriented n-dimensional manifold X, with ¢4 8 chain homotopy
between g and T¢o, ¢, a higher chain ﬁbmotopy between 9q and T¢1, and so on,
The "algebraic Poincaré bordism" groups~ﬂn(h) of Mishchenko [2] (which we denote
by Ln(A)) are the groups of equivalence classes of such n-dimensional symmetric

Poincaré complexes over A (as we shall call them) under a cobordism relation

given by abstract Poincaré-lefschetz duality.

I

An n-dimensional geometric Poincare complex X determines in a natura
way an n-dimensional symmctric Poincaré complex over ZKW1(X)] ﬁ
o (0 = (X))
with ¥ the universal cover of X. The "higher signature” of lishchenko 2] is
the symmetric Poincareé cobordism class

a*(X) €L Zln, (01) .

This is a geometric Poincaré bordism invariant which is a n1(X)—equivariant 2
generalization of the signature,
Given a degree 1 map of n~dimensional geometric Poincaré complexes

f:tM——X

there is defined a kernel n-dimensional symmetric Poincare complex over Z[n1(x)]~
a*(f) = (c(th) 0

such that up to chain equivalence preserving the symmetric structure
a*(M) = o*(f)ec*(X) ,

where C(f') is the algebraic mapping cone of the Umkehr chain map

([)c]n-)"1

- - - N‘
AN 69 J 0.3 L) . T4 ¢ Lo g §

> (M- o)

with ﬁ'thc covering space of M induced by f from the universal cover E’Of X,
and with o*(M) defined using ﬁ here,

A normal map of geometric Poincaré complexes ’%

(f:4—> Xybiyy —> ux)

is a degree 1 map f together with a covering map b of Spivak normal fibrations.
The fundamental construction of this paper refineés the symmetric structure L2
of the kernel G*(f) = (C(f'),¢f) of a normal map (f,b) to a quadratic structure
Wb depending only on the fibre homgtopy class of b (Proposition 2.9).

Emong” obhers, we shall prove the following two results:

1) The surgery obstruction of a normal map (f,b) is the equivalence class

a,(£,b) €% (Z[n,(X)])

»

of the quadratic kernel 0,(f,b) = (C(f!),vb) in the cobordism group of such e

n-dimensional quadratic Poincaré complexes over %[n1(x)] (Proposition 8,1). ,
In Promosition 8.2 we shall explicitly construct the corresponding element of

e
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the surgery obstruction group Ln(n1(X)) of Wall [5) . This does not renuire
geometric surgery below the middle dimension, and is thus an "instant surgery
oustruction".

ii) The surgery obstruction of the product of normal maps

(fxg:HxN——‘X:Y,b:c:J)MXA)N——'buxxvy) is given by the formula

0, (fxg,bxc) = g, f,b)8T . (g,c) + s* (X))@, (g,c) + &,(f,b)@3*(Y) eme( Zry(X<Y)]) .
involving the "higher signatures" of Mishchenko [2] (Proposition 11.2).
Prior to such applications it is necessary to develop a theory of abstract
quadratic structures appropriate for the range.of b+—— Vb.

In the first version of the present theory of quadratic structures

an n-dimensional quadratic Poincare complex over a ring with involution A was

defined to be a chain complex of f.g. projective A-modules

. d d a_ - a a
C: Cn—¥(1n__1 —-_>cn_2——»...-—->c1——~.co

together with a collection of A-module morphisms

n-r-=s

v :C (s> 0)

8 cr

such that —
-5-1 1
n-s ( + (=) 'y

v

_ . n-r-sf‘i
s+1) =0:¢C —_)cr

Y - T -
av_ + (7Y A+ (-) et

and such that the chain map
(14T, : ¢ ——c¢

is a chain equivalence. This definition suggested itself on the pragmatic grounds
that the cobordism groups Ln(A) of n-dimensional quadratic Poincaré complexes
over A (C,¥) could be shown to be U-periodic

L () =1 () (n20) ,
coinciding for a group ring A = Z[r] with the surgery obstruction groups of
Wall [5]

L (Z[x]) = L (n) (n(med #)) .
There remained the problem of exhibiting such a quadratic structure ¥ on the

'
chain complex kernel C(f’) of a normal map (f,b):M-——>X. Gracme Segal pointed

out that for the chain complex C = C(X) of a topological space X such collections

v
t
1
i
|
1
i
i
1
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¥ o= S_Vslszo} (for A = 2) are the cycles of classes in the homology groups of

the 'quadratic construction' (S"‘,W-)(n)()/z‘2

B (S X xX)/z,) = H_(4 (c(x)=c(x)))

e

@l 7y
with the generator TEZZ acting by the antipodal map on 8 and by the transposition
T:(x,y)——> (y,x) on X% X, where

o) - -
w=c(E) s ... — 77 T, 7 Z,] s, Z[ 7, AT, Z( 2,

and C(X)®,C(X) is identified with Hom,(C(X)*,C(X)) in the natural way. This led
to a formulation of the quadratic theory in which a quadratic structure on an
A-module chain complex C is defined to be a class \VeQn(C) in the %, ~hyperhomology

group

Qn(C) = E_ln( ZZ,C%C) = Eln(W&Z*z (C®AC))

[Z,]
with Téﬂa acting on C@AC by the transposition
. . iy
T:C®C —CQT, ; xgy +—> (=) yex ,
vhich corresponds to the duality involution T on HomA(C‘,C) under the natural
identification HomA(C‘,C) = C®AC for f.g. projective C. In turn, this led to a
reforrmilation of the symmetric theory in which the symmetric structures

{wslsz 0} of Mishchenko [ 2] are viewed as the cycles of classes Q" (C) in the

Ez-hypercohomology group
n n
Q(C) = H (zz,cahc) = Hn(HomE[ZZ](W,CQAC))
Transfer defines a map from nuadratic structures to symmetric structures
n (1+T)WO s =0
(1+T) : @ (C)——Q (C) ; vi—— (1+T)v , ((1+T)¥) =
n s
o) s> 0.
This reduces the problem to the 1lifting of the ma-hypercohomology class
¢feo_"(c(f')) appearing in the symmetric lkermel o*(f) = (C(f!),cpf) of a normal
map (f£:M —* X, b2y —> l)x) to a Z,~hyperhomology class Vbeqn(c(f!)) such that
(1+T)Y, = geeaesty
a2llowing the definition of a quadratic kernel
o.(f,0) = (cCshyv)

containing the surgery obstruction., Ib lladsen sugsested using a more refined
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version of the construction of the Arf invariant in §4 of Chapter III of
Zrowder [2] which involved the S-dual of the induced map of Thom spaces
T(b):T(p%Q ~——rT(u&), a stable map F:EPX+———>EPM+ (p large) inducing the Umkehr
f’:C(X)—-——»C(M) on the chain level, (The adjoint F:K+-——+Sf3rl& sends the
fundamental class [XJe Hn(x) to an element F[X]€ Hn(ﬁ”2~h+), which contains

Qn(C(H)) = Hn((gbx MvcH)/Zﬁ) as a direct summand). This led to the observation

{
that an abstract Z_-hypercohomology class ¢¢27(C) lies in im((1+T)=Qn(C)——&Qn(C))1

2
if and only if

5P = 0€Q™P(sPc) (p large) B
vhere SC is the suspension of C (SCr = Cr-1) and
P9 sz1

0 s§=0

n+1

S : QM) — Q™' (sC) 5 pr— Sp (s9) =¥

(Proposition 1.2). The %, ~hypercohomology class ¢fetq“(c(f’)) is of this type
if therc exists a n1(X)-equivariant map F:Epi;————»zpﬁ; (p large) inducing the
umkehr £':C(X)—— (i) on the chain level, in which case it is possible to
obtain a specific zz-hyperhomologyclass Vo€ Qn(C(f!)) depending only on the
stable u1(X -equivariant homotopy class F, and such that

4TIV, = @ € PR CIED)
(Proposition 2.9). A normal map (sz-——)X,b:uh-———svx) gives rise to such an
equivariant geometric Umkehr map F:Zpi;——~>zpﬁ+ via an equivariant S-duality
theory (Proposition 3.13), and ¥y, = YR€ Qn(C(f!)) defines the kermel
n-dimensional quadratic Poincaré complex over E[n1(x)]

o,(f,b) = (C(f!),Vb) .
For highly-connected f, with M a manifold and b a map of bundles, this agrees
with the surgery obstruction kernel obtained by Wall [ 5] using geometric

intersection and self~intersection forms.

The localization exact sequence of §13 will be used to prove that
the natural maps

LM (Zn]) ——> L (R{x])
) ' (new)

L{Z[n]) — L (RLx])

are isomorphisms modulo 8—torsion. for any group n (Proposition 13.24).

ey
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: Given A-module chain complexes C,D let Ct®AD, Hom, (C,D) be the abelian

§1. Quadratic algebra group chain complexes defined by
let A be an associative ring (with 1) and let = q
) pri=n P®A A C@D(x@y) = xadp(y) + (-)%4,(x)my

tA—— A ar—>a

Hom,(c,D) = % Hom,(C_,p) , q (£) = a,f + (-)a
AY7* 'n -~P= * ’ = .
e an involution on A, with amp=n AP q HomA(C,D) D ¢
—_— - = — - = - The slant chain ma
(a+b) =a + b , (ab) =b.a ,a=a ,1=1 (a,be k) . at P
! v: ctep— m —* . EIED]
Given a left A-module M let ' be the right A-module definmed ' & omy (¢ 7,0) 5 xey +— (f1— Thx)y)

-
if C Be i - i
by the additive group of M with A acting by is an isomorphism if is f.g. projective, where C is the A-module chain

¢ complex defined by (C-')r =CT , a.,~ = as.

mtxa—nut ; (x,0)——3x . ¢ ¢
Except where a right action is specified "A-module"™ will refer to a left [ Given a central unit €€ A such that € = 5~1€ A (e.g. € = 1€ A) end an
A-action. f A-podule chain complex C let the genmerator TE Zz act on ctgc by the
«* :
The dual of an A-module M is the A-module - | E-transposition involution
—_— | -
. _ ) ; : ct t . P
N* = HomA(IX,A) ; T, ¢ cpeAcq—-—» cqucp i x®y —> (~)Plygex
with A ecting by ; and define the Q-grounps
- | n t
AxMt — 3 1* 3 (a,f)+—— (x+—>f(x).a) . 1 Qtid](C,e) = Hn(ﬂomZ[Z ](H[:I.,j],c ®,C)) (
. ! . ~o2{ig€ Joo, ne0)
- M, N A-nodul M
’The dual of an A-module morphism fe HomA(N, ) is the A-module morphism Q,[;l'j] (c,e) = (W[:.,;I] aiz, ](Ct®AC))

oI — o K% g (x 11— g(f(x))) .
with W[4,3] the Z{Z,]-module chain complex given by
If 1 is f.g. projective then so is K*, and there is defined a natural

| C <3 r
- i, i W = = had 13 i
A-module isomorphism ! Hl1,3], o otherwics ' 4Es, 9] 14(=)"T = WLi,§] —> WI1,3] 4
M———oM* ; xv—» (£ ——> T(x)) X
| €%, 7(0e)

which we shall use as an identification. An element is represented by a collection of chains

ve Qgi'j](c'e)

The homology and cohomology A~modules of an A-module chain

o) .

- _ t
complex ¢ = {o el @AC)mSlis s< 3}
' . d d 2 ! b
C:aee—C 41— C —9C ,— ... (a"=0,rez) | v=fvecgoe) |igssil
are defined by 1 such that
= . > . _yn+s=1 38 _aetet _
B (C) = ker(d:C, C._q)/im(d:C_ ,—>C ) i dct@AC¢S+( ) (o 1+ (7T 0 _j)=0€(c®C) . (1<8Ld, ¢4 4 =0)
1 r-1 r T
HT(C) = ker(d*:cT—»C™ ")/ im(a*:c*™'——>c¥) (cT = c*). n-s—1 41 _ t i _
r dct®A0v5+(-) (vt ()T Ty ) =0e(C®C), (1¢8gdy Vyq =
An A-module chain complex C is n-dimensional if it is chain
. The notation is heavily redundant; allowing identifications
equivalent to a f.g. projective A-module chain complex of the type
d d d d d P, 4i(c,e) = QMK (c,(-)%) = II 1o ¥y (rem)
€C:ipe—30-—C —5C - —>C —> ... —>C——>C —>0 N 1,33 Q[ﬂ—k,:i-jk'.' » Quix ' .
3P v . n i
A finite 64enal chain complex C is n-dimensional if and only if H ©) = For i = j we have Q'[i IJ(C,E) = H (Ct® o), Q‘![:l [ ](C £) = i(ct®Ac) .
*

for r<0 and H'(C) = O for r» n.
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chain map complexes f:C——D

A ) chain homotopy of A-module chain ) maps g:f=~f':C——D

homotopy omotopies h:gag':fef':C——D

{fetton, (c_,D )| rez}
is a collection of A-module morphisms sgdlomA(Cr,Drn)lréZ) such that
¢netiom, (c_,D_, )| re z}

de - fdc =0 : Cr———> Dr-

1
"o = .

f f=dyg+egdy: C —D (rez)
''-g-= - H .

g g = dph - hdy 3 C —D

a A chain map which admits a chain homotopy inverse is a chain equivalence.

We recall that a chain map f:C—>D of finite-dimensional chain complexes ia-
a chain equivalence if and only if it induces isomorphisms f,:H,(C) —H,(D)
in homology (or alternatively in cohomology f*:H*(D)——H*(C)).

(c,e)
depends only on

n
Ui,n
Qgi'j] (C'E)

The isomorphism type of the groups

the chain homotopy type of C, despite the gquadratic nature of the comstruction:
used in their definition.
chain map f:C—D

Proposition 1,1 i) An A-module | chain homotopy g:f = f':C——D induces a

homotopy htg ag':fozf'sC —D
chain map

Z~-module } chain homotopy

homotopy

e

~°
Fia o

-12 -

(c,e)

3i) If C is n~dimensional then

n . .
Voo s 0 n+i>2m or n+jK 0
1,3 ifg ¥

Qgiv-ﬂ (C,e) = 0 n~-j>2m or n-i<0

iii) For ~wg$ig j< k¢ there is defined a long exact sejquence of

abelian groups

n. n
ve .—).’;_[j+1 k] (C,e)—9

n n-1
—[1,k](°'5)-_’Q[i,j] (C'E)—_’Q[jn 'k](C.s)—m..

,,,—aqltli.:l](C'E)__,Qgi'kj(c,e)—-»ng“'kj(c,s)——»QE;j](c,e)-————? cee o F

. t
Proof i) Given (peﬂomz[zal(‘rl[:.,j],c ®C)  set

f%(w)s
5%(;;:)5

t t
(r'@,f)e_€ (v'e,D) ..

t +1, t
(rtg,g+ (<)@ 1" o, + () (g'®ye)e, 4
» _t
= q:’g-uPn-q+5+1®ADq

(s'en+ (-)nbg 1 Yo + (=y2+? (g'@yh + () n'eye’ Yo,

2 _t
n+s+2 q:L‘oaDn-q+s+2®ADq

t
e(p ®AP )n+s+1

%
b ((p)'5
t t
+(-) (h'®h)e_ € (D'®D)
(i<s<j' wi_1=° ’ ‘Pi_2=0) -
The lower case is the same, after identifying

s(wu,j]@zmz](ct@Ac)) - Homm[zal(h'[—jﬂ,—i-1],ct®AC) 1<y,
ii) By the chain homotopy invariance of 1) it may be assumed that C
is such that Cp = 0 for r< O or r>m.
iii) Given intervals [i,3j),[1',3'] such that i{i'< j <)’ define a
Z[Za]-module chain map
Wi, j1—> Wi, 3"]
by the identity in the overlap dimensions [i,j)ln [1',3"] = [i',J], so that

contravariantly
there are induced abelian group morphisms
covariantly

,](C,e:)——w)"l (C,e)

1i,34
Qgi'j] (c,e)—»qgi' 3'1c,e) .

n
i,y

For -=§i¢ jg k¢ there is defined a split short exact sequence of
Z[Zz]-module chain complexes
0 — > W[i,jl—H[I, kK] —> W[ j+i ,k§ —> O .,

t
Hom (- ,c@0)
Z(Z A
Kow apply (Z,)

01

t and consider the homology long exact sequence.

P
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i honotoxy invariaznce of the ~groups is basic to this paver - it

is further clarified by the following discussion. Define the @Z-isovariant
category with objects E[zz]-module cirtain coxvlexes and norphisms f:C-—D

. - i Oy . -
Z_-nyperconomology classes feli (%Z,Horjm(C,D)) ‘“ommmzz](W'H“‘Z(C’D))) R
with T€Z, acting on Homz(C,D) by

Tos Hom%(C,D)—vHomﬂ‘(c,D); gr—>T T, .

I Zz-isovariant norvhism f£:C—D is thus an egquivalence class of collections

&fseHomz_)(Cr,DrJrs)lreiZ,s;O} such thet :
s=-1 s=1
apf_+ (2)7 fa, 4+ ()7

5,
D PR CO B 1 §

ple-1Tg) = 0% €D

r+s-1 _(f'1 =0

corresponéing to a Z-module chain map fb.C—-vD together with a Z-module chain i
homotopy f,l:fo':'_TDfoTC:C —— D and the higher chain homotopies f
The diagoral Z[ZZE]-module chain map

prfgrees

-

=i
Ot L1 —> VONIL, ] 5 1 Eo 1,87, (1€s<y)

can be used to define products

H(Hom (w,nomz(c DR N (Hom (vgi, 33,C))

Z{ %] Z{ )

___.yHn(Hom%[ZZ](W[i,j] D)),
so that a Z.Z—isovariant morphism f:C—>D induces in a natural way abelian
grouw morphisns i

f% : Hn(Homm[ZZJ('w'[i,j] .c))—»ﬂn(ﬂommmz)(v![i.:ﬂ D)) .

An A-module chain map £:C ——D of A-module chain complexes induces a

Z{ %} ~nodule chain map fteAf:Ctﬁ C-—»Dt@AD of Z[7Z.,]-module chain conmplexes,

i\ 2]

but an A-module chein homotopy g:f¥ £':C ——> D does not induce a Z[ZZ]-module

chain honmotopy ft®Afxf't®Af':Ct®AC ———'Dt®AD, onlr the le-isovariant chain
honotony used to prove Proposition 1.1 i). Note that for any tovological
space X there is a natural Z,-isovariant equivalence c(x x):)~>C(X)®ZC(X),
25 used in the construction of the Steeurod sguares in singular cohomology

{cf, §2 velowl).

Z,-hrvercohomolosy -~ T -

Ea—hyge rhomolopy

Tate EZz—h_vperc ohomology

Define the sroups of the action of Te %

2

t
on C @Ac by T

n = qh 2y - w _

2(C,e) = Q[o'ﬂ(crz.) = hn(nommmzj (=,c7®,C))
A[0,2] - t

2,(CyE) = 2 7 (e,e) = "n“@m[za]‘c ®,C))

An -y _ An - B A Iy

27(c,e) = "3(-.,.,.:.] (c,c) = nn(Homz[ZZz] (.J,C‘@AC))

with W = VW{O,0] 2 froe Z[?ZE]-resolution of Z and G- W[-w,0] a complete
resolution for Zz(cf. Chapters XII, XVII of Cartan and Eilenberg [17).

An
The groups Q (C,E) are of exponent 2, For n-dimensional C we have

n n

H(C,e) = Q[O,n+‘l](c'8)

9,(6,8) = ol O™ (g ) )
an

aHC,E) = qr[l—n—‘l,m-‘l](c"s)

by Proposition 1.1.

Proposition 1.2 There is defined in a natural way an exact sequence of

abelian groups for any A-module chain complex C
14T
€ H
—55 e, LA, e) a4 (cye) .

n+1

A H
ree—> 17T (G,E) — Qn(C,E)

vith
. an4l _
H: 37 (C,) ——q (Cye) 5 0 ——{(m)_=0__ |53 0}

(14T )V, =0
14T, 1 q (C,e) ———q™(C,e) ; w._ﬂguwg)w)fg 0ty
[} 571
0
J : a™c,e)—» 6™c,e) ; @ ——> 1(J¢)8={'4’5 s3
0 8¢O0.

Proof: This is just 2 special case of the exact sequence of Froposition 1.1 iii),

with Q,, i = -0, j=-1 , k=,

[1
(Proposition 1.2 is related to the EHP sequence, cf. Proposition 4.1 below).

£-symmetric (c,0)
An n-dizensional ] e~quadratic complex over A (c,¥) is
e-hyperquadratic (c,9)
we Qn(C, €)

an n-dinensional A-rodule chain complex € toccther with an element |V ¢ 111(0,:

2 e(c.r)



E-hyperauadratization =15 =~ e-syametric

of an n-dimensional

The g-symmetrization
E-juadratization

E-quadratic coriplex over L

E-hyverquadratic

(c,pea™cC,e)) - n~ e~hyperquadratic

(C.WQQH(C.E)) such that - is the | n~ dimensional /E-symmetric

(C,B(ﬁn(C.E)) H;?C): 0 (n=-1)- E£-quadratic
complex

JC,y) = (C,dp€ 3™c,e))
(4T ) (C,¥) = (6, (14T Ve Q™(C,E))
n(c,0) = (c,He€Q _,(C,e)) .
If 1/2€A the e-symmetrization map (1+4T_):q (C,6)——+q™(C,e) is an isomorphism

H

1
. 5(1+T )o, s=0
(the inverse being given by Qn(c,s)——~Qn(C,e);¢b—-V = Svs =12 eo

(o] = s=1
An e~symme tric
and @ (C,E) =0, s0 that there is no difference between and
€-hyverquadratic
€-quadratic
complexes over A. The case 1/2€ A has been treated in Mishchenko [1].
chain
e-symmetric (C,(pé_Qn(C,E))
An n-dimensional conyplex over A is Poincaré
e-quadratic (c,¥eq,(C,e))

t
wo€ i (C @Ac)

if determines A-nodule isomorphisns

(14T, v, €5 _(C,C)
9o ¢ BE(C)——H___(C)
{ © LT (o€ r &n)
(1+TE)\'/0A: W(C)——n__ (C)
via the slant product
\ e nr(c)®zzun(ct@}\c)——~—»un_r(c) i fB(xBy)+—» F(xVy .

The €-symmetrization of an n-dimensional €-quadratic Poincaré complex (C,¥) is

an n-dimensional e-symmetric Poincare complex (1+TE)(C.W)
c-symme tric
A v of n~dimensional

€~quadratic comnplexes over A

€~hyperquadratic
£ (Chp) ——(C',')
£f: (C,w)——(C',¥')
£ : (C,0) +(C',8')

is an A-module chain map f:C—— C' such that

(

[ £°{p) = o' q"(C",¢€)

) f%(w) = Ve n,n(c?.c)
n2 - )
(o) = 0'efMCr,e) .

Ie prp is & bhowotovy eouivalence if f:C-—»C' is @ chain e-uivalence.

Zezotopy equivalence is an equivalence relatiom.

(E-symuetric
The homotopy theory of n-dimensional t conplexes for

e-quadratic
s
e-symetric
r=0(resp. 1) is the isomorphism (resp. stable isomorphism)theory of
€-quadratic

forms (resp. formations), as elaborated in Propositions 1.5- 1.9 below.

For € = 1€ A we shall contract the terminology by writing

QF, .(c,1) = o®, __(C) e, = )
C4,33 0" = %1, 2.(c.1) = 9.(c)
ol il (c,1) = ot 3l(c) n n )
n n an(c.1) - ﬁn(c) .
1-symme tric symme tric
and calling } 1-quadratic . conplexes {quadratic « As indicated in the
1-hyperquadratic hyperquadratic

Iniroduction our notion of “symmetrie Poincaré complex” is a chain homotopy .
invariant version of the "algebraic Poincaré complex" due to Mishchenko {2]..

82 an n-dimensional geometric Poincaré complex X _
In <53 belowr we shall show that Ja normal map of n-dimensional geometric .

$18 a spherical fibration p:X —>BG oyer an

n-dipensional CW complex X

i{?oincaré complexes (f,b):(,P )——(X,»,) determincs in a natural way

syrmetric Poincaré ¢t (X)
an n-dimensional { quadratic Poincaré couplex{s,(f,b) over the fundamental group

hyrergquadratic 6'(p)

ring %[n1(X)] with the orientation-twisted involution, such that e

(14T ) o u( £, b)ea*(X) = ar* (1)

Ja*(x) = 6‘(L€2. if »Yy*X —+BG is the Spivak normal fibration ol a geometric
Poincaré complex X.

The surgery obstruction of a normal map (f,b) may be obtained from ¢,(f,b).

4



For f.p. nrojective A-module chain complexes C the slant map
peq™(c,=)

isomorphism CHZhC-——»HomA(C‘,C) allous us to represent elements W’Cﬂn(C,E)

oe §°(c,e)
{gpsellomA(Cn_r+s,Cr)|r£ Z,s30}
by collections of A-noduls morphisms i‘I’BG HomA(Cn-r—s,Cr)lre Z,82 0'; such that
n-r+s
ses ¢ Hom, (C ,Cr)|reZZv,seZ}

-1 n-r+s=1
{ dgog + (-)Tp ag+ (M g g+ (9)PT o _q)=0:C ——C_ (5%0,9_,=0)

n-s-1 n-r-s-1

s+1 .
(ws+1 +(-) TEW5+1) =0:¢C

n-r+s-1 cr

| v+ (-)r‘l’Bd(‘-,+ )

C
r
dcog + (=) 85dg + (=)
where TE is the E-duality involution

—C, (5%0)

+5-1 5 N
n+s (95_1 +(~) Tees—1) =0:C (sez@) ,

. P q . _yPag g% ,
Tt HomA(C ,cq)——-,nomA(c .cp) ; 9— (-)" .0

(Cy0 €2"(C,e))
with C f.g. projective
(c,venq (c,e))

E-syrmmetric

An n-dinensional complex

e-quadratic
is Poincaré if and only if the chain map
9ot C T C

. n-=*
(1+T€)v0 : C

—r C
is & chain equivalence.
The suspension of an A~module chain complex C is the A-~module chain
complex SC obtained by dimension shift -1
(sC), = Crq » dgc = ¢ -
We shall denote the inverse operation by JC ((36) = C. 4. dp¢ = d.), and

can identify

H__,(c) , H (QC) = K 4(C)

Hr(SC)
#F(sc) = #Ne) , HT@c) = 1TFc)
n+2

1 -
(c,e) = q?;+1'j+1](sc,s) = Q[i'j](sc, £)

, 59C =QsC =C

n
Ui, 4
Q[i'j](C,E) -

n

]
o
—
[n
1
-
-
s
-
—_
o~
0
Q
-
m
~
§

= QgiéJJ(sc,-e) .

In particular,
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e-symmetric

The skevi-suspension of an n-dimensional 2 (Poincaré) conmplex

e=-quadratic
(c,0er"(C,E)) (-€)-symmetric
over A is the (n+2)-dimensional (Poincare)
(C,WEQn(C,E)) (-£)~quadratic
conplex over A
§(C,p) = (5C,50e@™2(sC,-€))
5(c,¥) = (sc,Sveq ., (sC,-e)) ,

§:9°(c,e)— @™*2(scC, ~€)
withl the abelian group isomorphism induced by the
s:qn(c,s)—~, sz(sc,-s)

isomorphism of thzj—module chain complexes -

5 : ct@Ac—>512(sct®Asc) i xsy — (=) Pxey (xeCp,y(—cq).

Here TE.ZE acts by T, on Cgﬁkc and by T__ on SCtQ%SC. An (n+2)-dimensional

(® ,(peQ“*Z(l_) +=€))
1s the skew-~suspension of an

(-g)-symcetric
% (D,VQQn+2(D,—€))

complex over A
(=€) =-guadratic

€-symmetric (w,5 -1
complex over A

€-gquadratic

(p)€ Q"®W,e))

arn n-dimensional -
Mp,s  (v)e Q,(D,E))

if and only

if D is an n-dimensional A-module chain complex, that is if
B D) = 0, ™*2() = 0.
€-symmetric (C,p)

Poincaré complexes such
E~quadratic (c,v)

Trus the study of n~dimensional 1
trat Hr(C) = 0, H'(C) = O for r<1i reduces to the study of {n-2i)-dimensional
U'c,8 "))
(5tc,§ 1w

() e-syzmetric ,
Poincaré complexes (np2i).

(-)iE—quadratic
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Given an A~module chain complex C define the suspension chain map

: t t - t .
S: Homz[zz] (w,c ®AC)—)Homz[z2](W[-1,m] ,C ®Ac) =0} Homz[ 7, (W,sC ®Asc) :
o r—> S(S(p)s= Log_q I 520'3 (gp_.,:O)
- [«] — t -
S: wesZ[ZZ](cthc) — [ ,w]&z[ 7.1 (chc) _n(v.@z[zzl (sc ®,5C)) ;

vir— f(s¥) _=wv_  |s30}
: W[-1,00] — 3 W[O,0a] = W
using the natural chain map sy 80 that there are
W = W[O,0] ——>W[1,0q]
Z.,-hypercohomology

induced suspension maps ing\ 2

Za—hyperhomology

$:QMc,e) ———> " (sc,e)
S: Qn(C.e)———> Qn+1(sc,e) .

Now W[-w,e] = I.‘._:if W[-p,ss] so that the Tate Ez-hypercohomology groups are the
P

direct limits

4"(c,e) = Lim Q™P(sPc,e)
=
P
of the directed systems of suspension maps

Q"c,e)—3 5 g™ (sc,e) —3 5 q™%(s%c,e) S5 ...
with J ¢ Qn(c,e)——bﬁn(C,E) the natural map. Thus the relation kerd = 1m(1+TE)
in the exact sequence of Proposition 1.2 can be interpreted as saying that an
n-dimensional E-symmetric complex (C,cchn(C,t»:)) is the e-symmetrization
(1+TE)(C,W) of an n-dimensional E-quadratic complex (C,VEQn(C,t»:)) if and only
ir 8Py = 0€Q™P(sPc,e) for some pp O. This is the mechanism by which we

shall obtain quadratic information in the- topological context (in §2).
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The exact sequence of Proposition 1.2 ad dits a gencralization:
Propogition 1.3 Given an A-module chain complex C there is defined in a
natural way a chain equivalence of Zi-module chain complexes

c(sP —
(5P) ——» s(W[o,p 1]®Z[Z2] cgyen
for each p» O, with c(sP) the algebraic mapping cone of the p-fold suspension
chain map

p . 3 » g sPote gP,
sP . Homz[?zzl (w,c*bAc)——-n Homm[zaj(w,s c'®,s°c) ,

and there 1s also defined a commutative braid of exact sequences of Z-modules

J
— T
O oy of an - T T~
o (c,e) QC,E) 37 (C,€)
% \ 1+T/ \.;lp / V‘ /
QP isPc,e) Q,(C,e) Q" P(sPc,e) -1(Cs€)
H P
/ \\1 / § A’Tc \ /
an+ P, 0,p~1
\\_,,//’(C'E)\___/WQMP(S bngp ](C'E)\___,

If C is n-dimensional then for p >/n+1

2,p(5%00) = 0, al®Plc,e) = qee) , @PsTe,0) = Bie,e) L -

and the braid collapses to the exact sejuence

1 +T€

Q““(C.c)—H,Qn(c.e) — 55 dc,e) L., By q_(cie) ..

ere >

Proof: Applying Hom

(= ,058 C) to the chain equivalence of Z[%.,]-module
T 7)) A

5]
chain conmplexes
; SH[-p,-1] ~———> C(W[-p,>] — W[0,09)

arising from the split short exact sequence

0 —— W[~p,=1] —— ¥[~p,~] > WLO,°] 70

we have a chain equivalence of Z~module chain complexes

¢(sP) = cliom (W[0,09) ,¢ '@, C)—>Hon,

77,3 ML-p e B0

Z{ 7,1
t A t
———yHomm[zzl(SW[—p,—1],C cxhc) = s(U[o,p-ﬂ@Z[ %2](0 @Ac)) .
To obtain the braid apply —QZZ[Z ](Ct®[\C) to the commtative diagranm of split
2
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Proposition 1.% i) Given A~module chain complexes C,D there are natural

direct sum decompositions of abelian groups

) g Q"(CeD, )
/ \ i Qn(CaD.e)
Wipo

Qn(C,E)o’-z"(D,e)eHn(ct@AD)

Q,(C,e)eq, (D,€)el_(C'2,D)

| Qn(CeD,e) = Qn(c,e)eQn(D,e) .
\ ! The €-symmetrization (1+T€):Qn(CoD,e)—an(CeD,E) is an isomorphism on Hn(ctQAD),

/\,P/'“\
N - e

o W[—oo, i3) Given A~module chain r2ps f,g:C—>D there are defined factorizations
[ - b
(f+g)%- f%- g’6 : q"(c,e)—1 (cteaAc)-—-g&»H (Dte D) —»r,\n(n )
' te,e
and consider the assoclated long exact sequences of homology groups (f+6) -y Qn(c 5)__,11 (c @Ac) ———»H (D@ D) Q (,¢)
(which are all special cases of those of Proposition 1.1 iii)). (f+g)% ?’ g7/ 0: Q ¢ E)—>Q (D,e)
0 i with ‘
) P n t £ n '(1+T€)e 5=0
' Q (C,E)-—?Hn(c qc)iwr—ﬂpo ' Hn(D ®AD)——>Q (D,E);Bl———vlzps=
Given A-module chain complexes C,C' there are defined direct ! I [o] 521
' ]
¥

sum operations e s= O

n | Qn(C,é)—->Hn(Ct®AC);V.——»(1+TE)VO , Hn(DtogAD)__»qn(D'g);el_—»{\y -4
N n n . > ] : 3
® 2 Q[i'jJ(C.E)eQ[i'JJ(C',E)——»Q[i'ﬂ(CeC'.E) i (grp*)r—sgpop 0 == 1

- Qgi"ﬂ (c,e)qui'j](c',c) Qgi’ﬂ(CeC',E) i (¥, 9) —>veu? | { Proof: i) Applying Hn(_HomZ[zz](W[i,j] +=)) to the direct sum decomposition

of Zi[ 22] ~miodule chain complexes

(caD) g (CsD) = (Ci@\C)etn g, D)e((C %, D)etD B, C))

we have a direct sum decomposition of abelian groups

E~-symmetric ) )
The direct sum of n—~dimensional (Poincaré) complexes over A
€-quadratic
(C,e@™(C,e)), (C',p'eq™(C',£)) e~symme tric (Pos .. .
is an n-dimensional oincare) [ n CeD.e) = Q" ¢ n D.e - w . t
(c,¥en_(C,€)), (C*,¥leq (C",e)) e-quadratic . 1,530 = Qy 1 (CEIeqpy 4y (D sedom (Homyy 5 (L1, 51, (C'g,D)e (0 y0)))
complex over A

t

. Nt t t . rs Pq
T, : CPQADq"Dr@ACs"—"Cs‘”ADr’Dq@Acp i (uev, @y )—r((-) yeex,(~) " "vaen)

[
| with T€Z, acting on (CtQAD)e(DtQAC) by
(C,pre(cC? v¢') (Cec! vpep' €Qn(CoC',E)) [

(C,¥)e(C ¥*)

, :
(Cec! ,vov'€ Qn(CeC €)) . ! By direct computation

Z_-hypercohomology H (HomZ[Z ](W[O =], (C q‘D)e(Dt® €)) = H, (ct ®,D)

The {4

z—hyperhomolog.‘l groups behave as follows under the direct sum ' - (Homz[z ](”[_“ 1),(c ® D)e(Dt@o ) < H (ct@ 5
Tate Z,~hypercohomology !
: e ’ Hn(llomz[z 3 (WL-o%e], (C ®AD)0(D eAc)))
operation. .

i1) Substitute the decomposition Q"(ceC,€) = Q™(C,e)02™(C, )eR (cteAc) in
o n

1\ %
(f g)
(£+)® : Q%(cC,e) (1) n

-7 5 q(CeC,e) ——— > q"(D,€)

and similarly for the other two cases.
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We can associate Wu classes to algebraic Poincaré complexes by
analogy with the Viu c¢lasses of geometric Poincaré complexes. Vle shall relate
algebraic tlu classes to geometric Wu clasres in §18 below.

Let Téz’Zz act on A by

€
Zz-cohomology
and define the Zz-homology groups
Tate zz-cohomology
ker(1-T_:A—>A) r=0
B5(Z,ih,6) = { A7(Z,ih,€) r3
0 <0
coker(1-T€:A——"A) r=20 -
artl
\ Hr(ZZ;A,s) = ) # (ZZ;A,E) r>1
0

k o r <

ﬁr(zz;A,e) = ker(1-(-)7T 1A —~>A)/1m(1+(-)rTE:A—>A) rev .

The function
Ax Bz ;A,s)——)ﬁr(zzm,e) 3 (8,%x) —> axa

defines an A~module structure on fl‘r(zz;A,E) (which is of exponent 2, and
vanishes if 1/2€ A). The functions
A x HO(ZZ;A,E) —’HO(ZZ;A,E) + (a,x)—> axa
{Ax B(Z,ih,e) —> B(Z,3A€) 5 (a,x)y—> axa

are not linear in A, and so do not define A-module structures. levertheless,

HomA(M,HO(Zz;A,s))
we shall write for the abelian group of functions
HomA(H,HO(ZZ;A,E))
£:M—> BN Zy34,€)
defined on an A-module M such that
f:M—H (Z,_;A,E)
o T2’ .
_ HO(ZZ;A,E)
flax) = af(x)a e (a € A,xelf)
HO(ZZ;A,E) ’

calling such functions "A-module morphisms”. Write
H(Z,34,1) = K (Z53:A)
“r(zz"\'1) = }Ir(ZZ;A)

N
T (Z,50,1) = B (Zy30)

-2 -
The cohowology clzsses £ EH(C) of an A-rmodule chain complex C may

T2 regarded as the chzin homotopy classes of A-module chain maps
f+:C——5H,
wrere 574 is the k~module chein complex define? by
L ifr=nm

(s™a)_ =
r O otherwise .

Zpe induced abelian group morphisms

of
el | ?
1,7 1,1

£, Qgi’j] (c,s)_—>q£i’3](s’“/\,s) ; v»—»(ftg‘f)vn_zln v, o€ c;qcm)

(€,e) ——> 07, (s7h,e) 5 o> (£ D)o, (9, ccigc)

devend only on f(-:Hn(C), on account of the chain homotopy invariance of

Proposition 1,1 1). Using the Z[Z,]-module isomorphism
A——r'Qa i ar—s tea

as an identificaticn we have that these morphisms take values in

Hzm'“"i(zz,-A.(—)m'is) if 2m-n< j £ 1

Ho(zz;A.(-)“""‘”s) if 2n-n=3 £ 4

n bel
.-, (57A,E) =
1,31 A if 2m-n=j = 1
o] othervise
-1 . . .
Hn_zm_i(mz,!‘.,( )7 e) ifn-2n¢jf i
-0 n-o+1
B (Z,5n,(-) €) if n=2m=j:# i
Qgi,j] (SEA,E) - 2 ify
A if ne2m=j ="4
0 otherwise .
e-symmetric pE q"(c,e)
Define the rth-} E~quadratic Wu class of an clement VEQn(C,E)
e-hyperquadratic [:¥'3 ﬁn( C,€)

for zome ji-module ¢hain complex C to be the A-module rorvhisc

voo= v (o) TT(C) — Y8 Ta,e) = H“'Zr(zzm,(—)“'rs) i f— (ft@hf)gn_zl_

«T = vT(v) : ;{“‘r(c)_»qn(s“'r:;.s) = 112r_n(7z.2;/\.(-)“"rs) i f— (ft@Af)er_n

n

a A L N=Te, Al -T r . t o
A 7.00) BT —— ANs h,e) =1 (Zyih,€) 5 £0—(E£® L)

t
: >A. o - o
( Cn—r e ("::—?r"'Zr—n"’n—2r€0n~r®ﬁcn—r)

v =0 2r> n
that r for , and that the Y claszes sotisfy the addition
v =0 2ré n
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(141, _ye ) (2%, £)e 1 Zosh,(-)Fe)  (rn=2r
(-)e At %0 235
A2)(F+p) ~v D)) v _(0)(g) =) £
V‘ ? e v r ioﬁlo(z}z;l‘.,(-)rE) g
t - T

(£ ®,s)(1+T )V el (Z34,(-)"€)
YE(¥) (F42) = vE(¥)(£) - vT (W) (g) = I\OA £ r(-)H 0""e
oeff (ZZ;A,(—) £)

30 (£45) = $.00)(8) = §(0)(5) = 0l T 38,() 7€) (rem) .

‘e Wu classes are compatible with all the maps appezring in the braid of

Proposition 1.3. In particular, the Wu clasees commte with the suspension maps:

Q™0 ,8) s Kom, (BT (6) K2Rz, (-) 2 Te))
5 l S id. if n>2r)
N (se.e) — Ty Hom, (1" ™+ 1(50), 1727+ (7,58, (<) ™+ e))
0,(¢,€) ———>Tom, (R""F(C),H, _ (Z,34,(~)"Te))
s L S(= id. if n<2r) -~

r (ZZ;A'(_)n-r+1E))'

(SC,S)—~——1————>HomA(Hn-r+1

(sc)'HZr—u+1

C"n+1
and also with the skew-suspension isomorphisms:
v
Q™6 &) ——E s Hom, (H""T(C) H" 2T (%3 ,(~)"Te))
. S l l ic.
v
A™2(s0,-) — = sgiom, (1" (80) 2T (@54, (=) Te))
n-r . _yn-r
qn(c,e)——-——»HomA(H (c).nar_n(zaz,n.( Y Te))
H l lid.
r+1

v n-r+1 . ~yn-T
Qn+2(SC,—E)~_—_yHomA(H (SC)'Har—n(z‘z'A'( )  e)) .

r
v

The conposite

14T v
q(c,e) e, ane,e) —L—sltom, (BT (), 1 PT (734, ()" TE))

is O for n # 2r. ¥or n = 2r there is defined a commutative diagram

1+T
£ er(C,e)

er(C,E)
Vr v

r 1+T(-)r8 r 0 r
HomA(Hr(C),HO(Za;A,(—) €))——""—> liom, (H" (C) ,H (Z,;A,(-)€))

T

There is also defined 2 commyptetive dizgram

(e, ) — 1 siton, (1777 (0) BT M zp3,6))
H l H (= ia, if 2r> n)
v n-r n-r
2,(C,£) — Homy (H" "(C),H, _ (ZpiA,(-) "€)) |
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Given a morphism of rings with 1

f:A——3B
(such ta-t f(1A) = 1,) regard B as & {B,A)-bimodule by
BxBxA ——>B ; (byx,a)— b.z.f(a) ,
so that an A-module N induces a B~module Bé%ﬂ, with B@hA = B. If f is a morphism
of rings with involution, with
(&) = f(a)e B (a€n)
then for any f.g. vrojective A-module M there is defined a natural isomorphism
of f.g. projective B-modules
B%H‘-—;(B@AH)‘ i Wgr—> (e2nvr—sc.f(n).B) .

For any A-module chain complex C there are defined nmatursl Z-module chain maps

c ————»BE%C P X 1®x

C*——(BRC)* 5 g (Bx > b, f5(x))
' §homology
irducing the change of rings naps in

cohomology

f:}l.(C)———)H‘(BQ)AC)

£:0*(C) ——T*(BRYC) .
If £€A is & central unit such that € = € '€ A end such that N = f(e)eB is
central (necessarily such that ?\:v‘-1€ B) then there are also induced change
of rings maps

f:q’[‘i'ﬂ (c,e) —— Q’Ei'j] (88,¢,7)

f:c.gfli'-ﬂ(c,e)——a—»qﬁi'ﬂ(wAc.rp .

e-gynmetric (C.w)

(Poincaré) complex over A
€-quadratic (c,v)

An n-dimensionasl induces an

‘—sym::‘.etric B®A(C,',o) = (B@AC,‘B&:;)

Bq(c,v) (B8,C,1®v) .

2 I3 . ’
r-Jirensional (Poincaré) complex over B

n

q—quadratic
The Thh cleasses remain invariant under chenge of rinrs, in the sense that the
followins diapran comutes
B T(0) — L > 1™ T (g 0)
v () v, (1e;) (s €q"(c,e))

I CI L) E e BBy —)"—rv})

PR A
ard sizmilarly for 1n,qn.
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We now specialise to the study of algebraic Poincar€ compleres in .
- 28 -
dimensions 0,1.

|
€~-symme tric (M,9) t-symre tric
An form over A is a f.g. projective A-module M rovosition 1.5 The homotopy ejuivalence classes of O-dimensional
€-quadratic (H,v) | e~quadratic

SlweQE(M) = ker(1-'i‘8:HomA(M,I'1‘)———bﬂomA(H,H‘)) (Poincaré) complexes over A are in a natural one-one correspondence with the

together with an element

‘VG,QE(M) = coker{(1-T :Ho:nA(M,H‘)——rHom (H’M')) ' : e-symmetric
£ A P isomorphism classes of (non~-singular) forms over A.
where T_ is the €-duality involution ! €-quadratic
T HomA(H,M‘)—>IIomA(l-1,M‘) i er—>(ge* : x> (yr> e.5(F XN, Proof: The t-duality involution
weﬂomA(H,M‘) . Te * HomA(M,H‘)-——~—>HomA(M,H‘)
and it is pon-singular if is an isomorphism. ’
(1+T€)\V€ Hom, (M,11*) agrees with the €-transposition involution

A morphism (resp. isomorphism) of such forms

T, wiegw sl u ; tegr——geet

£ (M,p)—> (M) . T under the slant map isomorphism
£ M) —> (1 ,v) - f NI M‘-—-yBomA(H,M‘) 3 Bgr— (x+— (3——gl{y).T(x)))
is an A-module morphism (resp. isomorphism) fe.HomA(H,M') such that ' for any f.g. projective A-module M. Thus for any O-dimensional A-module
%f‘w'f = ¢eqt(m ckain complex C we can identify
frvre = veq () . . ‘ Q%c,e) = Q%%
The above definition of an €-quadratic form over an arbitrary ring ) QO(C,E) = QE(HO(C)) .
with involution A is a generalization due to Wall-._[ﬁ] of the definition due €-synme tric (M,p) a fixed point
’ kn form can be thus considered as of
to Tits [ 1) for division rings A, which itself goes back to the work of €-quadratic (1,¥) an orbit space
Klingenberg and Witt [1.] on the invariant of Arf {1] for A = 7, . the €-duality involution T_ on Hom,(M,M*), corresponding to a
; ) . ' €
As explained in WH1Y (6] this definition is equivalent (up to isomorphism) Z,~cohonology (peHo(ﬂvz:HomA(M,M‘)) = Q (1)
) class , and defines a
to that given in §5 of Wall {5), as a triple : Z,-homology v G_HO(ZE;HOmA(M,M‘)) = QE(H)
3 - . M . -
(f.g. projective A-module H,XeHomA(h,H ),/M:H-—)HO(ZZ.A,E)) e-symnetric (C,(peQO(C,E)) .,
such that . O-dimensional complex with CO=H 'Cr= 0 (r#0).
e-quadratic (C ,V’er(C ,e))

A=) (x) =/‘(x) + s’l(x}é EO(ZZ;A,E)

A=) = P(X+y) —/M(X) -/Ky)ﬁHO(ZZ;A,E) classes associated to the algebraic Poincare;' complexes
Plax) = ar(x)Z €B(Z,3A ,€) {x,7eH, acen) , g y

Lote that the guadratic functions associated to the forms are Just the Wu

A 0:“] [ ] ? tza'“' ] ! ¢ ::
with the transformation (M,y)+—>(1 ven
1 e T for 1! ( y ) ( '1yr) glve by O( ) M

HO(C)——)}{O(ZZ;A,E) i xe— ¥(x)(x) .,

Ay = v () + ev(y)(xde p , /“(_x) = V(x)(x)ﬁﬂo(Zz;A.E) (x,yeM). 01

This definition of €-quadratic form is also equivalent to, but not quite the

same as, the definition of Ranicki {1 ] - cf. the discussion in §12.

¢
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an €-symmetric form over A (M,p) metabolic
Given define the
a f.g. projective A-module L hyperbolic
€~symnetric
non-singular form over A
€-quadratic
€ 0 1 €
H (M) = (i*el, €Q (M el))
€ ¢
o] 1
HE(L) = (LeL*, €qQ _(LelL*)) .
€
0 o}
We shall write HY(L*,0) as B°(L), so that
#5(L) = 5%(1+,0) = (4T R (D) .
€-symmetric (H.w(Qe(H))
Given an form define the annihilator of a
£~quadratic (,veq (1))
submodule L of M to be
It = ker(j*p:M——L*)
Lt = ker(j*(v+ey*):t ——L*) ,
(1,625 (M)

with jéHomA(L,M) the inclusion. A sublagrangian of { s a direct

i

(m,veq (1))

J*getlon, (M,L¢) 3*0j = 0€Q%(L)
is onto and

summand L of M such that
j'(‘V+E‘V')€HomA(M,L‘) vy

’
0 GQE(L)
so that LCL* and It is a direct summand of M. A lagrangian is a sublagrangian

L such that It = L, i.e. such that the sequence

03 sy 3% y5e Lo

0L 3 sy STV o g

AE(L* )
and in fact an

e-symme tric
is exact. For example, L is a lagrangian of

H_(L)

€ €=-quadratic

metabolic

form if and only if it admits a lagrangian:

form is isomorphic to a
hyperbolic

i
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€~symmetric
Proposition 1,6 The inclusion of a sublagrangian L in an

€-quadratic
(M,0eq5 (1))
defines a morphism
(M,veq (1)) :
3 (L,0)—— (M,p)
i (L,0) — (M,¥)
which can be extended teo an isomorphism
{f : H5(L*,0)e(LY/L,04/p) — (H,0)

f: He(L)e(Ll/L,wl/w)——————> (M,p) .

forn

if w(im((1+Te):QE(M)———»QE(M)) then j:(L,0)—> (M,p) extends to an isomorphism

£ @ B (L)e(LY/L,ot/p) —> (M,p) .
€-symmetric

Proof: A morphism of forms
€-quadratic

{g s (Np) ——— (1 1)
g (H.‘)‘—' (N',")
(N,»)
with non-singular extends to an isomorphism
(ﬂ'l)
(g g1) ¢ (Ny»)e(NL i) (3 ,p')
(g g*): (H,K)o(ﬂ-‘-,&-‘-)——v(ﬂ' 'K')
N = ker(g*p»':N'—> N*)

with g*(HomA(N*,N') the inclusion of i
N

n

ker(g® (A" + £Y'*): W' ——N*)

1

(g2)*p'gre QF (M)
, since the exact sequence

(54)*y'6* € Q (1)

1
5‘0 W BT g B e >0

pt

A

4

4
0—- e B

o EAER) e

gp—1 € Hom, (N*,N")
is split by -1 .
g(;\w\') € Hom, (M* ")

and
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€-syrmetric (H'GEQE(}I) )
The inclusion of a sublagrangian L in an form
€-quadratic (M,'KQE(H))
extends to a morphism
€ (o) 1
g=(j %) : H(L*,k*ek) = (LsL*, ) ) ——(M,9)
€ k*k
_— o 1
g = (§ (k-Ejk*'¥k)) : H (L) = (LeL*, ) ———(u,v) |,
(o) (o)
j*ok = 1€HomA(L',L‘) ;
with kéHomA(L‘,H) any A-module morphism such that .
§*(¥+e¥*)k = 1 €Hom,(1*,1*)
HE (14, k* k)
How ) is non-singular, so that g extends to an isomorphism
H (L)
£ = (gh) ¢ H(L* k%K) e( Lt/Lpl/p) — (M,p)
f=0(gh): HE(L)G(L"/L,V‘-/V) (M,v) .

if (peim((h»TE):QE(H)——-rQE(H)), say @ = V+EV* (VGQC(H)), then there is defined
an isornorphism of metabolic forms
(1 ~Ek*¥k

0 1

. 0o 1
: 1 (L) = (LeL',(

£ 0 € k*pk

o] 1
) — ES(L* k*gk) = (m-.( ))
which is the identity on L, so that the inclusion j:(L,0) —»(M,p) also extends
to an isomorphism
£ = (g' h) & H (L) e(Lt/L,pt/p) —> (M,q)
(with g' = (§ (k-Ejk*vk)) : LeL*——> H).

]

i

formation over A (M,yp;F,G) is a non-singular

E-guadratic
} €-symmetric -

E-symmetric - 32 -
An

form over A (M,p) together with a lagrangian F and a sublagrangianG
E~quadratic "

A formation (M,p;F,G) is non-singular if G is a lagrangian. An isomorphism of
formations

£z (M,0;F,6) —— (M! ,o";F',G')
is an isomorphism of forms f£:(M,p)——=(M!,p') such that £(F) = F', £(G) = G'.

A stable isomorphism of formations

[£] : (M,@iF,G) — (M? ,o';F',G")

is an isomorphism of the type

I (Myp;F,G)e(N,¥;H,X)—> (M ,";F*,G")e(N',¥';H' ,K')
with (N,V;H,K),(N' ¥';H' ,K') non-singular formations such that N=HeK , N' = H'eK"

Formations first appeared (as "pairs of subkernels") in the work of
Wall £17] on the classification of linking forms (for A = Z) ~ the relationship
of formations to linking forms is discussed in §13 below. The odd-dimensional
surgery obstruction of §6 of Wall [ 5] was obtained as an equivalence class of
the matrix of an automorphism of a hyperbolic itquadratic form (alias "kernei")
o tH+ (L)—>H+(L) with L free. The work of Novikov [ 2] made apparent that only
the structure of the non-singular tquadratic formation (H+(L);Lx(L)) was -
relevant. Moreover, the proper surgery obstructions {Maumary {1.], see also§i2
below) in the odd dimensions are given by equivalence classes of non-singular
+quadratic formations (M,¥;F,G) with f.g. projective lagrangilans F,G for which
there may be no automorphism o: (M,¥) —=(M,¥) such that «(F) = G. Thus
formations cater for a wider range of surgery obstructions than automorphisms
of hyperbolic forms. The slgebraic properties of tquadratic formations were
studied in Ranicki [1 ].
E-symmetric

complex
E-quadratic

1
(C,peQ (G,E))
A 1-dimensional is connected if

(C,WeQ1(C,E))

Ho(w :(‘,1-.—»0) =0 ,
0 1 + In particular, Poincaré complexes are connected.

H : RN =
0((1+TE)‘I’0 [ c) o]
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Proposition 1.7 The homotopy equivalen.ce classes of connected 1-dimensional
e~symretric complexes over A are in a natural one-one correspondence with the
stable isomorphism classes of £-symmetric formations over A. Poincaré complexes
correspond to non-singular formations,
Proof: Let C be a 1-dimensional f.g. projective A-module chain complex

C: ...-—+0——>c1—d—»c —30—2... .

o]

A cycle peHom (W,HomA(C‘ ,C))_I representing a Zz—hypercohomology class

Z[ 7]
weQ1(C,€) is defined by A-module morphisms
0] ~ 1 1
(pO:C—"C,‘ ,(pO:C ——-»CO,(p,I:C——-——*C.I

such that

1
O,q).l-E(p,‘I:O:C —*C

1=* 5 ¢) can be expressed as B

doo+ §gd*=0: c®—c dy, "70* Epd =0 cl—e

0 1]
The algebraic mapping cone C(c.pO:C

Eoq . o 1
o (d.) (ed §) = (egf Q) (s ‘4’1)

o) : 0—>C > € eC > Co—> 0 -

1

If (C,¢) is connected we thus have an €-symmetric formation

o 1 €
1 P o
(s5%(c .v1):c1,c°) = (c1ec1.( > iCy .im<( a?) :C —.c1ec1))

€ (91 *

which is non-singular if (and only if) (C,p) is Poincaré.

Given a homotopy equivalence of f.g. projective connected 1~dimensional

E-symmetric complexes over A
£ :(C,9) ——>(C' p")

defined by a chain equivalence

[}

2 see—> 00— C1——>CO—DO — > ees

R

't see—+ 0 ——>C.'| ——-»C(')———‘C’—> eve

ve have that the algebraic mapping cone

i) (ar -H

C(f): .o —0—C __a,c1'eco —— Gy —> 0 —...

1

is chain contractible. Choosing a contraction of C(f)

(S) (£' g')
(o]

] ]
vee—>0 —>Co C1t~C

~C1—> 00— ..o

-3 -

there are defined inverse A-module isomorphisms

. 2

10 o 170
(d' e')
where e' = -feHomA(CO,C(')). Choosing representative cycles
c.peHomztzzl(w,HomA(C‘,C))1, o'e HomZ[z,Ja](W,Hv:)mA(C",C')).I ve have that

f%((p) ~ @' = dxeHom (W,Hom, (C**,C")),

Z[ 7]

for some chain »\ € Hom (H,HomA(C‘,C))Z, which is represented by an

Z[ %)
A-module morphism “Oe HomA(C'1,C_;) such that

foof* - ol = - a'* + ¢'O——cy }

0
Tg % ~ 93 = KO+E‘6 : c'1—ac; .

Boo0* - Y = d'KO : e ——aq

The A-module isomorphism

1 e _ 12 Fep!
r g E(;\Of foqe'*) Ty

d e €9, 0

h = o : C1eC'eC1$C'o~—’C'eC eC'1eCO
0 0 f'. dl. 0 1 Y
0 0 glt E"

defines an isomorphism of €-symmetric forms
0

h ot HE(C1eC'o,cp1eO) »1E(c* Vec 19}€0)

such that
1] - '
h(C eCl) = CleC, ,

and such that there is defined a commutative diagram

!/ et 1

k=L
—a ¥t re
1-e'*e e 0.0

c%c? r ¢*%c
. E"O 0 €04 o)
0 0 0 o}
ia* o a'* o
o} 1 (o] 1
C,eC! C1QC'0 —‘—————1'*‘_‘_—_“'C'9C eC'1oC
1°%0° 1°0

with kGHOmA(COeC'O,C'OeCO) an isomorphism. Thus there is defined an isomorphism
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of £-symmetric formwations
1 0
ho W5 0)ic,cNetut (el sel,000)
€ 1 [¢) € o)
(7€ T,1)564,C el (C )€ ,CT)
and hence a stable isomorphism
€,.1
[h] ¢ (H(C 'lp.l);c,"co) — (HE(C"IN.',):C{.C'O)
of the e-symmetric formations associated to (C,¢) and (C',p').

Every E€-symmetric formation is isomorphic to one of the type
(HE(F‘,));F,G) (by Proposition 1.6) and so determines a 1-dimensional
e~symnetric Poincard complexes (C,¢€Q1(C,E)) as follows, Write the inclusion
of G in FeF* as (g):G-——*FoF‘, and let

Cy=F ,Cy=0G*,a =pre HomA(F,G‘) 1C. =0 (r £ 0,1),
0 = €Y €Hom, (G,F) , =1+ r'xeﬁamA(F',c') + ¢4 = A €Hom, (F*,F) .
Given a stable isomorphism of €-symmetric formations
[hl : (B5CF* ,2)3F,8) —— > (BE(F'* ,31);F1 ,G0)
let
h: (H5(F*,A);F,6)e(BE(P); P, P*)—, (HE(F** ,2");F" ,G* Yo(HE(P');PY ,P'*)
and write the restrictions of h to the (sub)lagrangians as
a a, b b1
x = : FeP — FleP? @ = : Gep* ————>G'eP'*
b

33 b2 3

denoting the inverse isomorphisms by
1 a' a; 4 b! b!
o =( >: FleP! ——>FeP ¢~ =( 1): G'eP'* —>GeP* .

’ * 1 1
a3 a3 b2 b3

Then there are defined inverse A-module isomorphisms

»
a a1b1
> -b*
F"G" —_— F'GG'
1] thte
a a1b1
te ~pt*
50 that the chain map f:C ~—— C' defined by

M

C: .io—0-——=F ——=G*-—50-—>..,

4T e

C't veu—0——F' Hlhgre 50— ..,

= 3
is a chain equivalence, defining a howmotopy equivalence

f: (Cyo) » (C',0")

of the connected 1~dimensional €-symmetric complexes associated to
(H(F* \)3F,G) and (RE(F'*,X');F*,G").
£l
Given a 1-dimensional €-gquadratic complex over A (C,W€Q1(C,€))
with C a f.g. projective A-module chain complex

C2 a0 —->c1-—d—>co——»o——>...

we have that the Zi,-hyperhomology class V€Q1(C,E) is represented by A-module-

morphisms

(o] e
¥yt C——Cy , ¥,

o : ¢ ¢

¥4 0

H C1 —_ CO N
such that
s o
. - . _ . -
dVo-l-Vod +\V1 EV.I—O.C —-—»CO.
The algebraic mapping cone C((1+T€)WO:C1—1~——# C) can be expressed as
1
C1oc c,.—>0.

Ev +0s
(E 0+ 0)
o\ a*
—_ 0

Thus if (C,¥) is connected there is defined an €-quadratic formation

- e 01
(ed (¥ rev2)) = ((E¥ 1¥)* X .
0—>C

-
(h_(c.):c.,¢9 = (c e, (0 1).-c ,1m(Cv°wz’):c°-—+c oc))
£ 0173% 1 o o)™ 4 1
which is non-singular if and only if (C,V¥) is Poiﬁcaré. The formation
(HE(C1);C1,CO) does not involve ¥ . In Proposition 1.8 below we shall
show that homotopy équivalence classes of connected 1~dimensional

€-quadratic complexes correspond to the stable isomorphism classes of

t~-quadratic formations together with the extra structure afforded by ¥,.



- 37 -
Given a f.g. projective A-module M and a direct summand L define
the abelian group

0 1,1) = } (v, 0)€tiom, (11,11%) eliom, (L,L*) | j*¥j = 6 =€}

S»(K- e{' ,j';‘j + v+ )] (7(,17) eﬁomA(H,M“)eHomA(L,L‘)} ’
so that there is defined an exact sequence
) 3y
Qe (M,L) —— q (1) —Lq (1)

with jeHom, (L,M) the inclusion and

d: QE(H.L)—yQE(M) s (viedr—0 v, Iyt QE(H)—»QE(L);VHJ-” .

A hessian for a sublagrangian L of an e-quadratic form (H,VEQE(H))

is a choice of 1lift of VeQE(M) to an element (V,B)EQE(H.L) such that

o(v,8) = \VeQE(M). Every sublagrangian admits hessians, since j*¥j = OEQE(L),

but they are not unique. A connected 1-dimensional E-quadratic complex

(C,VeQ1(C,E)) (as above) determines an €-quadratic formation (HE(C1);C1,CO)

o 1
together with a hessian ( ) =¥ +d¥ )) e ¢,ect,cO Y
g (0 of % Qe(C eC ,cY) for ¥ in H.(C,).

A split e-guadratic formation over A (F,G) = (F,( “‘).e)G) is an
€-quadratic formation over A (HE(F);F, im((ﬁ):G—-»FcF')) (w:lth' (
tre inclusion) together with a (-E)-quadfatic form OEQ_E(G) such that

¥p= e-ee‘eﬁomA(G,G‘) .

1
This determines a hessian ( ( ),e)GQE(FeF',G) for @ in H_(F), since
()

o
fPEHomA(G'G‘) is the composite

HI

> FeF*

G P
r

F*e

K‘P : G

(Varning: our use of "split" accords with the usage of Sharpe [2 ], but not

4 .

that of Wall [917).

An isomorphism of split €-quadratic formations over A

@, 8¥): (F,6)—— (8',6")

m

is a triple consisting of A-module isomorphisms :,LéHomA(F,F') , (‘)&Ho '

(G,6")
and a (-£)-guadratic form (F* ,VGQ_E(F‘)) such that

P‘):G ——>FeoF*
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oy +xlveev*)rp = ¥'B : G—F!
uf*,L = }HP.: [ pm— )
] +pL'VH= F’e'p.eq_e((;) .

A stable isomorphism of split €-quadratic formations

(e, By¥] @ (F,6) —(F*,G")
is an isomorphism of the type
(o, 8,¥) ¢ (F,G)e(P,P*) ———s-(F',G*)o(PY P'*)

for some f.g. projective A-modules P,P' with (P,P*) = (P,((,?),O)P‘).

Proposition 1.8 i) The homotopy equivalence classes of connected 1-dimensional
t-quadratic complexes over A are in a natural one-one correspondence with the
stable isomorphism classes of split e-quadratic formations over A. Poincaré
complexes correspond to non-singular formations.
ii) A stable isomorphism of split £-quadratic formations

[, 8¥] ¢ (F,6) —> (F',6")
gives rise to a stable isomorphism of the underlying €-quadratic formations

£ : (HE(F);F,G)-——'_”(HE(F');F',G') .

Conversely, every stable isomorphism of £-quadratic formations [f] can be liftead

{non-uniquely) to a stable isomorphism of split €-quadratic formations [«,8,V].

i3i) Given comnected 1-dimensional €-quadratic complexes (C,¥),(C',¥') and a
homotopy equivalence of the e-symmetrizations
f: (c,(1+'1'e)v)—-—-—+ (c',(1+-1'e)w')
such that
£, (0 - ' = H(0)€Q,(C4e)
for some B€ 6,2(0',(—:) with
$400) = 02 HNe)—HNZ,i0,0) 5 x > 8(x) ()
then there is defined a stable isomorphism between the €-quadratic formations

associated to (C,¥),(C',¥"),
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Proof: i) +3iii) Given a connected 1-dimensional €-quadratic complex (C,\VQCJ,,I(C,E))

with C a f.g. projective complex of the type

C: ...—vO—»C,l——d-rCo—r- O—> o0

define a split E-quadratic formation
v sVe
0. EV +
(cy,” = (c1,(( 0 0) (v +av e .
a*

If v' = v + H(6) €Q,(C,E) €3°(c,e) ¢ -
5] GQ,I y€) for some 6 €Q 4E hen 8 is represented by A~module

norphisns
8. :C' c :c%—e, ,5,:C—c 1c%—»c
070 T CaB 1 C—2Cy , 8420 —Cy, 0 5 0
such that . )
-~ -~y
. - - - * -
8g+ €0 =0, d8, ~8_, - €6k, =0, 0,3% + 6_5 + €02, =0,
'y * - . _
a8_, +8_4a% +0_, - €02, = O .
Thus
vi=v 48, :¢% wc, ,VE=V. 40, :C—>»cC
0= Yo +0.q: 10 Y= Yo+ ¥, —Co»
o .
g - .
vi=v, s, c0—cy.

It 171(9) = O then 0, = x - E“ for some KleHomA(C“ ,C1), and there is defined an

isomorphisn of the €~gquadratic formations associated to (C,V),(C,¥!')

1 e Ev 4+ V*
0): (1{E(c1);c1,1m(( 0 °\:c°-»c1.c1))

0 1 a*
E‘V'J"'O‘ o 1
—— - (u_(c,);c, ,in( i —>C_eC)) .
€71 1 a* 1

Conversely, given a split e-quadratic formation (F.((f‘),e)(})
define a connected 1-dimensional €-~quadratic complex (C,VEQ.‘(C,E)) by

Cp=F, Cy=G*, d=pM*€Hom(Cy,Cq) , C. = O (r £ 0,1)

1 = 0
~

. 0 _ 1 0
Vo = eKeHomA(c €40y Vo = Oe!{omA(C Cq) 4 ¥y = -9€HomA(C ,co)
for any representative BeHomA(G,G‘) of eeQ_E(G).
The verificstion that honmotopy equivalence classes of complexes

correspond to stable isomorphism classes of formations proceeds as in the

e~-synnetric case (Provnosition 1.7).
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ii) Given an isomorphism of split E-quadratic formations over A
(,f,¥) : (F,G) —(F',G")
there is defined a comrmtative diagram of A-module norphisas

B

) G —>G! ,
®) i) |
FoF* ——— »F'oF'*
with

o e(y-cy*)*
f = 1 : FoF* ——— > FleF'*

0 oA

giving rise to an isomorphism of the underlying e~quadratic formations

T (HE(F);F,im((g):G +FeF*))

Similarly for stable isomorphisms.

> (HE(F') 3 FY ,in((x')zG' —FfoF'*)) .

Every €-quadratic formation is isomorphic to one of the type (HE(F);F,G),

(o] 1
by Proposition 1,6, and choosing a hessian (( ),0)5 Q_E((;):G——"FGF‘)
[¢] (4]

for G in HE(F) there is defined a split e-quadratic formation (F,(qA),B)G).
Suppese glven a stable isomorphism of E~quadratic formations
[f] : (HE(F);F,G)——v(HE(F');F',G') ,
as defined by an isomorphism
f: (HE(F);F,G)G(HE(P);P,P‘)————~r(HE(F');F',G')e(HE(P');P‘ Jre) .
The restrictions of f to the (sub)lagrangians are A-module isomorphisms

a a, b b.I
oA = : FoP—>F'eP! ,g = : GeP* —— >G'eP'*

a, 33 b2 b3

Now f can be expressed as

-1

o K(v-ev*)*
f = ( ) : (FeP)o(F*oP*) — > (F'aP')e(F1*eP'*)
0 x*

for some A~-module morphism
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-1 =

234 there i35 defincd a commutative diagranm

p

GeP* —3 G'eD'*
(6 o) g o
0O o© (o o)
p oo w o)
¢ (5
(FeP)e(F*ep*) ————— (F'oP')o(F'*eP'*) .

t follows that
X [¢] - [¢]
|y LB
o) 0 (o] 1

b* bINA'' O\ /b b
= ( zf o ) 1 : GoP* ————-G*oP '
b; b% (o] [¢] b2 I:c3 _

s~E8* 64= és§ (P‘ o

. -t
52-551 s}‘ 853 (o] 1

aad in varticular

s3 - Es; = b;x"tl'b1 ¢t P —P .

o 1 ,
Crcose a hessian ( B8N €éQ ((‘,\:G'———\-F'oF") for G' in H_(F¥'),
0 0 EAp (3

a2nd define
= H*g'h - pu* €
8 = b*8'd psp Q_E(G).

The isomorphism of split €-quadratic formations

~ a a b b 5 s
(o B¥) = ( 1». ! ( ! 3)
a, a3 b2 b3 55 't:qE!'b1

: (F,((}‘;),&)G)o(P,P‘)———»(F',((]'s‘\:),ﬁ')(;')e(?' ,P1*)
defines a statle isomorphism of split €-quadratic formations
[ By¥1 ¢ (F,6) ————— > (F',6")
covering the stable isomorphism of €-quadratic formations [f].
0
The extra structure afforded an €-~quadratic formation by a choice of
ressian is required for the uniqueness of glueing of (-£)-quadratic forns,
as 2efined in §5. The choice of hessian does not affcct the cobordism class
(= surrery obstruction) of the associated 1-dimensional £-quadratic Poincare

cozvlex defined in §5 below, but it is neceded for the relative L-theory of §10.

0

$2. Juadratic topology - k2 -

Yirite the singular chain complez functor as
€( ) : (topological spaces)-—»(Z-module chain complexes) ; X}—3 C(X).
Given a commutative ring R (with 1) there is also defined an R-module chain conplex
C(X;R) = R®,C(X) .

“ie shall write the homology and cohomology R-modules as

H,(C(X;R)) = H,(X;R) , H*(C(X;R)) = H*(A;R)
(using the identity involution on R for the dual R-module structure). For R =%
write B, (X;%Z) = H,(X) , B*(X;%Z) = H*(X). Standard acyclic model theory gives:
Proposition 2,1 i) There exists a functorial diagonal chain map
O c( ;R) ——7Homz[z2](w.0( :R)®RC( iR)) ,
that is for each space X there is given an R-module chain map

byt C(X;R) ——— Hon, (w,c(x;n)&nc(x;n))

_ Z( 2,)
such that for each map of spaces f:X——>Y there is defined a commutative diagram
Ay
C(X;R)———-—;.Homz[zzl(W,C(X;R)@RC(X;R))
: | &

A
c(Y;R)—Y——»H (W.C(Y;R)GhC(Y;R)) R

omz[zzl
with T€Z, acting on c(x;n)@Rc(x;R) by
. . . . . . . -)Pa
T : cp(x,n)&ncq(x,n)———»cé(x,R)@ch(x,R) 3 Wy (=) yex .
ii) Any two such functorial diagonal chain maps p,n' are related by a

functorial chain homotopy

P epzh 2 o ;R)————»Homz[mz._‘(w,c( ;R)GRC( sR))

(which is iteelf unique up to functorial homotopy).

03

Recall that the Steenrod squares of a space X are defined by
Sq* ¢ Hr(X;2Z2)—~—¥Hr+i(X;Z2) i

(o:€, (XiZy)—> Z,) > (Sa™ (o) = (o), (= )(1__ Vi€ (Xiz,)— 7, )

%l 2] (ry i)
with 1r—ie wr-i= the generator, and AX any of the diagonal chain

l o. (rc¢i)

maps given by rroposition 2.1 i) for R = Z, . The functional Steenrod squares



- b3 - If win—+2Z, is a group morvhism as algtw-é we have natural identificationc of
of a map of spaces f:X——>7Y are defined by 2
. R[n]-modules
Satt kert | 1): W(HZ) —  — SE(Lz YoE ¥ i(1;2.)) v w L o(¥ )
£ 1 1%, iy i H,OGR) = H,(CC(X3R)) , "HA(G;R) = H*(TC(X;R))
—— coker((Sqi ) Hr'1(x;za)s}f‘*i"'(y;zz).__.gr‘*i"‘(x;za)) ; the latter using the natural R[n]-module isomorphism
(c:cltizmy) — 7,) "HomR[“](c(x),n[n])_,ﬂomR[“](“c(x),R[n]) ; f|——>(xp—>ggnw(g)ngg)
|—-+(Sq§(c) = (geg) (g () (1 _; 1)+ (104308, (-} (1 _ )+ he : C(X3Zy), s 1™ Tp)] (£(x) = £ n geRlr], ng€R)

! Given a pointed topological space X define the quotient R-module

chain complex

(cf = gdx H C(X;ﬂvz)r"'__’ Zz y B¢ C(X;zz)r_»‘ —__"ZZ

(c@c)L\Y( - )(1r_i) =hdy : C(I;Zz)r+i-—»z2 ,h: c(!;z?_)mi_1 -—rzz)

A C(X;R) = C(X;R)/C(pt.;R)
(Theorem 16.3 of Steenrod ..

; and vwrite the reduced homolo and cohomology R~modules as

Let « be a group, R a commutative ring (with 1). i . .

. H,(X;R) = B,(C(X;R)) , H*(X;R) = H*(C(X;R)) .
Given a group morphism win—> 2Z2 =Y:1} define the w—twisted involution

- - . . . -
. For R = Zwrite C(X;2) = C(X), H,(X;Z) = K, (X) , H*(X;) = H*(X).
on the group ring R{n]
’ - - N Given a functorial diagonal chain map -
: Rn]———R(n] ; g%mngg '—’ggn"(g)nss 1 (EEER) ’ , ¢
. b Oy ¢ C(X;R)—-—)Homz[z ](w,c(x;n)sﬂc(x;n))
calling it untwisted if w=1 is trivial. Given an R[n]}-module M let Y 2

. v there is induced a diagonal chain map
denote the H[n]l-module defined by the additive group of I with R[n] acting by '

o .
Ren] x M —— Yt ; (EEK"EE"‘) *'—’ggung“"g)(ﬂ") . ' Ax : C(X;R) = C(X;R)/C(pt.;R)
Then (wl'i)t (resp. ("H)‘) with respect to the untwisted involution on R(x] . _—ELaﬂomZ[Zz](‘f"c(X;R) gRC(X;:R))/HmnE[Zz] (W,C(pt;R)qlC(pt.;Rl)
is the sace as Mb (resp. }*) with respect to the w-twisted involution. | (pr.) Hc)mz(Z ]("-’,(.':(X;R)%E(X§R))
r-action on a topological space X is a continuous function . with pr.:C(x;R)-———-—vé(X;R) thg projection. Then A.X is functorial on the ¥

txX—>X ; (g,x)—>pgx category of pointed spaces and point-preserving maps. Given an (unpointed)

(vith the discrete topology on n), such that space X define a pointed space by adjoining a point

(gh)x = g(hx) , 1x = xe€X (xexX, g, hen). : X, = Xubt}

. . » N
The howology and m-cohomology R[n]-modules of X are defined by end identify C(X ;R) = C(X;R), H,(X+;R) = H,(X3R), H’(X+;R) = H*(X;R), AX =Ax-
+ +

H,(XiR) = H,(C(X;R)) 'VH::(X‘R) = H*(C(X;R)) A n-space is a pointed space X with an action of a group w

with the induced R[nJ-module structure on C(X;R) and the untwisted dual nxX——X ; (g,x)¢ Bx

-
R(n]-module structure on C(X;R) = HomR[n](C(X;R),R[u]). For R = Zwrite such that g(pt.) = pt. €X (gen). The induced R[n]-action on C(X;R) preserves

H(X;Z) = u,(x) , e (X3 Z) = He x) . Cc(pt.;R)C C(X;R), so that there is defined an R{n]-action on C(X;R), also,

Define also the homology and rn-cohomology R~modules of X with coefficients there are defined reduced homology and m-cohomology R(n]-modules

in an R{n]-module ¥ ﬁ.('x;p.) =H.(é(x;R)) ' }'I:t(x-.R) = H'(é(X;R))

HLOGH) = B (COGR)) , H2(GH) = He(C(x;m))
. .t . .
with C{X;¥) = M @R["JC(X;R). In particular, for M = R(n] diagonal n-action on C(X;R)@RC(X;R).

HIOGRIRD) = B, (GR) , 2 (XGR{x]) = H2 (X;R)

and the reduced diagonal chain maps AX are R{n]~module maps, with the

:
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A n-map of n-spaces is a map of spaces
f ¢+ X—»Y
such that
flpt.) = pt. , f(gx) = gf(x) €Y (xeX, gen) .
There are induced R{n]-module maps f:é(X;R)—vé(I;R),f,:].i,(X;R)——?1.1,(1;1?)
f‘:::{‘(Y;R)——-I.{'(X;R), and f%ﬂ.x=&yf:é(x;l?) ~——>Hom,

Z[zz](w,c(Y;R)QRC(Y;R)).

We have the following symmetric construction $x.

Provosition 2.2 Let 1 be a group, w:n——)%z a group morphism, R a commutative
ring, and give the group ring R(n] the w-twisted involution. Regard R as an
R{=]-nodule by

R[x]1* R —>R ; (g%tnsg,r) (gEnns)r

Given a n-epace X there are defined in a natural way R-module

by * HLOGYR) ————q(E(X;R)) (n3 0)

such that
L]
i) for each xeﬂ:(x;wR)
. « 0% (xs f .
vpx(x)o\- =xn~ : “H (X;R) —> Hn_r(x.R)
ii) for each n~map of n-spaces f:X—>Y there is defined a

cozrutative diagram of R-modules
.

. P [
& (13¥R) — X —— Q" (€ (X;R))

£, | &

. %y .
HT,‘,(Y:"R) — 5 qQ™c(1;R))

iii) for each morphism h:R——> S of commutative rings there is
é¢efined a commutative diagram of R-modules

. x .
B:(X;HR)-—————» Q™ (c(x;R))

h’ . h

)
fx:;(x;"'s) ——J(——»Q“(c(x;s))

in which the vertical maps are the change of rings h:R{n]——S(n].
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Proof: Applying Rt@R[n] - to a functorial diagomal R[n]-module chain map

Byt C(X;R)——> Homn[%] (W,C(X; RIBLC (X;R))

there is obtained a functorial Z-module chain map
Lt . + . .
Oy R Q‘[n]C(X,R)——>R @R[“]Homztzzl (1,c (X; R0 C(X;R))

= Homz[zzl (w,c(x;R)tvaR[”c(x;R)) ,
inducing the required Z-module maps in homology

by = B, : B Rigy COGRD) = H(GYR)

___+anmomz[z2](w,é(x;n)t%[“]é(x;n))) = Q™R .

a

Applying the symmetric comstruction to the m~space X+ obtained from
a space with n-action X by adjoining a bzse point we obtain an absolute
symmetric construction

oy = ¥y HIOGYR) = HIOLR)—— @NC(GR)) = QNS GR))

Applyin5+the sympetric Wu class operations L of §1 to the symmetric
construction for = = {1}, R = Z,ve obtain the Steenrod squares:
Proposition 2.3 Let X be a (1‘-space. The composite Zz—module morphism

: . % n,® v - N-1 n-2r
Hn(x;za)-—nz(c(x;zz))——’—»ﬂomzz(n (X32,) 8 (zawza))

;nomzz(ﬁ“'r(x;zz) 1Z,) if n)2r

(o] if n<2r
is given by

vr(éx(x) Wy) = <Sqr(y) ,x>QZ2

with {, the Kronecker product,

(xef{n(x;zza), ¥ eﬁ““"(x;zz)) ,

1

The suspension of a n-space X is the reduced suspension

£X = Xns? = xx8 /X xpt. vpt. x 8!
with the trivial n-action on S1. The relative Eilenberg-Zilber theorem gives
a functorial Z-module chain ejuivalence on the category of pointed spaces X

E : (':()()69225(51)——»c(xx.‘s1 JX X pt. upt.x s1)

uniquely up to functorial chain homotopy. Evaluating on a fixed cycle lEC1(S1)
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cenerating }'i1(S1) = %Z and composing with the chain map induced by the
collapsing map c:(XxS1 yXxpt,upt,.x S1)'~—¥(Ex,pt.) there is obtained a
functorial Z-module chain map

Iy = cE( ~®L) : sé(x) —>6(zx)

uniquely up to functorial chain homotopy, inducing the suspension isomorphisms
£t Hooq(X) ——H, (2X)

in homology. Furthermore, if AW:W——yW®ZW is the diagonal Zi[Z_]-module

5]
chain map defined by !

5 5 r
AW : ws (W®Zw)s = r’=:o W:l"QZWs--r ' 18 rEO 1r®Ts-r (s 20)

and A, :C(X)—> Homr 7 ](W,(.I(X)%&(X)) is one of the functorial Z-module
2

chain maps described above then acyclic models give a functorial Z~—module

chain homotopy uniquely up to functorial homotopy
. o« e
T A E=E 1)
I xs? w' D0

: c(x)@zc(s1 ) —~———Hom ('--J,c(ms1 JXapt.uptx s? )@Zc(xxs'I ,x-pt.Upt.xs1 ).

Z[ZZ]
Evaluating on L€ C1(S1) and composing with the chain map * induced by the )
collapsing map ¢ there is obtained a functorial Z-module chain homotopy
uniquely up to functorial homotopy
% A s s e s s . . ‘
Ty = 7Yy ~®) 2 B, %~ EUSH, ¢ sc(x) +HomZ[z2](w,c(zx)®Ec(zx)) , !
with S the algebraic suspension chain map of §1

S : SHom (4,C(X)R,,C(X)) ——» Hom

77,) (W,5C(X)®_5c(x)) . ’ 5

Z[Z,]
Thus for a n~space X we have functorial Z[n]-module chain maps !

Ty ¢ SC(X) —— C(xX)

inducing isomorphisms in homology, and for each such chain map a functorial
Z(r])-module chain homotopy
L %ot . om Lo o
My * Bpy¥y STySOy * sc(x)-——momztzzj (w,c(zx)@zc(zx)).
The chain map is unique up to functorial chain homotopy, and the chain homotopy

is unigue up to functorial homotopy. Applying R®W - we have the same

types of map for any coefficient ring R.
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Thus. the algebraic and geometrié suspension operations correspond to each other
under the symmetric construction.
Proposition 2.4 There is defined a commutative diagram of R-modules

ﬁ;(x;"n) X o R)) S ™ SC(HiR))

Iy fg‘i

(P .
=X > ™1 (C(zx;R))

o R
Hn+1(z:x. R)
for any n-space X, commutative ring R, group morphism win _—»zz. -

Proof: The underlying chain maps are chain homotopic.

0]

RSP .
A n-space X is n-dimensiomal if C(X X) is an (n+p)-dimensional

Zi(n]-module chain complex for each p> 0, with EOX = X by convention.

For example, if X = i; for some covering Tofa finite n-dimensional

(resp., finitely-dominated) CW complex Y with group of covering transll;tions n
then E3X is an (n+q)-dimensional (resp. finite-dimensional) n-space, a2 0.

If X is & finite-dimensional n-space then é(EPX:R) = R@Z&(EPX) =R[1|;]®Z (.J(EPX)

(]
is a finite-dimensional R[{x]-module chain complex for any coefficient ring R,
and the suspension chain maps EX:S(.:(X;R)——K.:(ZX:R) are R[{nt]-module chain
equivalences.
A n-homotopy of n~maps fo,f1:)( ——Y is a n-~map

H: XA — Y (1 = [0,17)
with the trivial m~action on I, such that H restricts to f, on )(l\f:i.}+ (i = 0,1).
The functoriality of the usual proof of the homotopy invariance of singular
homology ensures that H induces an R[n]~module chain homotopy

H:fjer, @ &(X;R)~—— C(¥;R)

1
We have the following gquadratic construction, associating to an Sm~map

F:me — ¥’Y and a group morphism wi:n ~—» Z_, abelian group morphisms

2
vp : HLOGY (c
¥ n(X, z) -—*Qn c(¥))

in a natural way. We are in effect giving a direct chain level description of -

the composite stable homotopy .

adjoint F . .
o0 o equivalence v (m) projectio {2
—————y R Saheldinbuhdinmhh A
X NE Y > v (Eﬁm)+A£mY ____—+'1(E!:2)+A£ Y
()

vthere Y = Ya¥aeonY (m times), ﬁn((EEZ)+AE (Y,\KY)) = Qn(é(Y)) (if w=1).
2



Proof: Make functorial choices of & ,%,7 and consider the diagram

{
i
i
- ho - l‘
. | A
. R'ep C(4R) i fiom ,c(GR e C(uR))
Proposition 2,5 let n be a group, win—+7, a group morphism, R a commutative X (] zz,1" ' R(n] !
. P P
Sto, S
ring, and give the group ring R(n] the w-twisted involution. \ X
P P o t o %
Given finite-dimensional n-spaces X,Y and a n-mup F:zPX — 5Py (p30) By o St H‘”“EUZE] (,5Pc(x;R) ®R[K]SPC(X;R)) (2§)'°
there are defined in a natural way R-module morphisms 4 X\ L
. . . t, . ‘b - .
0. -1 b6 (sPx. py% m)t
Ve ¢ BL(X;"R) ——————)QE T e(r;m)) (n30) ! R®pr g% CEXR) (=) Homz[zz](w,ﬁpc('ﬂpx,l!) B L (EPXiR))
depending only on the n-homotopy class of F, such that . &2\4 | {A
P. S
. . . . . X
. S PR n . : . .
i) oyfe = f%(px = (1<v-T)‘llF : Hn(x, R) —>q (C(Y;R)) ; F SPHom (W.C(EPX;R)tGR ¢(sPx;R)) l"%
. . . zZ{Z,)" [x)
for any R{n}-module chain map f:C{X;R)—> C(Y;R) in the chain homotopy class L
-1 .
P (=P : . . « \L
. olxs S . F o 5Pe(sPT:R) ——— > o(Ys Po(=Py: Po(xPy-p) ta % ¢sPy.
f : c(X;R) e ePx; rR) —— nPc(ePy;R) c(¥;R) l R GR[“]& c(*1;R) H°mm[z2](w'n' c(sPy;R) @R[n]sé’c(z Y;R))
. i N
ii) suspension of F to zF:zP“x ——-ZP+1Y replaces Ve by the composite i \p sP 4 -
! TY
‘; ‘ ¥ /
v+ EY F [0yP~13 (G (y; K PPN i aP SR YR C(sPy;
Yop ¢ BROGTR) ———— @ 7P H(C(TR)) ——— @ U (C(Y5R)) : H°mm[zz2](""°(z YiR) "G 1C(E7Y5R))
i F 3
1ii) if G:TPY — > £PZ is another n-map between p-fold suspensions of 2‘.¥ ():p)% (25)%
. . -1 . b Y . .
finite~dimensional n~spaces Y,Z and g = (Eg) G(Eg) : C(Y;R) —— C(Z;R) then . sPHom (H,SPC(Y;R)tQR sPe(1;R))
) # Z,) [x)
Vo = N+ V..t ARGV [0,2-13 (S5 ~
Vor = B¥p * Ygle BO(X;"R) ———> q_ (c(z;R)) ! spéy sP
[ o
' . 2%
iv) if h:R——> S is a morphism of commutative rings then there is defined ) rt® c(Y:R) ¥ otv.nyE Slv.
‘ RpxCCEiR) y Homz[zzl(W.c(_v.R) By CCYiR)
a comnutative diagram of R-modules .
. v .
2 (x;YR) F y Qlflovp"“](c(y;R)) which commutes except for the parts marked by the chain homotopies r'x.l'y.
n
h h ; Recall from Proposition 1.3 that there is a natural R-module chain equivalence
b PR F [0,p~11.. - Py = P, c(sPy:p) t c(2Py:
. —_— . . = H
u7 (x;"'s) ol P (c(y;s)) c(sP) = c(s Homz[zaj(w.ﬂpc(z Y;R) GR[K].SI"C(z T;R))
. t .
in which the vertical maps are the change of rings hi:R[n] —— S[n]. ! —-—nS‘LI’HmnE[z ](W.C(EPY;R) @R[K]C(EPI;R)))
2

——— (IO, =118 ]Glpé(sz;R)tGR[“]Slpé(EpY:R)))
2
for any n-space Y. Thus for a finite-dimensional n-space Y we can identify
Py _ ol0sP-1] nps P O.p-11.°
B, = PR @e R = QL0 s (yimy)

| using the chain equivalence E?:C(Y;R) —rjlpC(ZpY;R). We shall construct ‘{.!F using

a chain homotopy inverse for Z¥ ~ this cannot be chosen functorially, and we shall

need the follewing result to show that the choice does not matter.
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Lemma Let f:C—>D be a chain equivalence of finite-dimensional A-module chain
complexes, and let (g,h),(g',h') be pairs consisting of a chain map g:D—>C
and a chain homotopy h:fg=21:D — > D. Then there exist a chain homotopy
j:g~g'tD — C and a homotopy of chain homotopies kth=h'+fj:fg~1:D ——D,
Proof: A chain map of finite-dimensional A-module chain complexes f:C——D is \:
a chain equivalence if and only if the algebraic mapping cone C(f) is
contractible. A pair (g,h) defines a chain map(g):D —nc(f) by

E
(h ): p ——Recl) = °r°?r+1 )

A contraction of C(f) determines a chain homotopy between any two such chain maps
3 B\ (&' B
: ] : D —§1c(f)
k h ht .

Given a n-map F:zPXx — £PY with Y a finite~dimensional n~space we have

0]

that P C(Y;R)— NPC(xPY;R) is a chain equivalence of finite-dimensional
R[{n]-module chain complexes. Choosing a chain homotopy inverse

(Eg)"1 :S).p(.!(sz;R) ————-r(.Z(Y;R) and a chain homotopy .

h: 23(23)-1:1 :Slpé(EpY;R) —-—».ﬁp(.:(EPY;R) define a chain map

V. : CO"R) —anc(sP)

F
by
M E oo
x "'ty x " SpPrFiy
: R"@R[n]é(x;k)n——aﬂommzz] (w.zf’é(zpv;n)teR[ﬂa"é(z"nR))n

esﬁ’aomz[ 7,) (w,&(zP13R) tqz[ﬂé(zprm) )ne

A different choice ofA,E,P.((Es)-1,h) affects ¥, only by a chain homotopy,

so that the gquadratic construction
(0,0~

17 .
a (c(1;R))

. *T W
Ve ot Hn(x; R) —— q

is independent of the choices.

0]
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For n-maps of the type F:pr+———>EpY+ (for some spaces with n-action X,Y)
we have an absolute quadratic construction

¥ = ¥p t BN(GYR) = ﬁ;(x+;"n)—-—->qr[l°'P'1](c(r;n)) = QEO'p-1](é(Y+;R)) .

The result of eapplying the quadratic Wu class operation v of 51 to the
quadratic construction for n = {1), R= Zz can be expressed in terms of the
functional Steenrod squares:

Proposition 2.6 et F3EPX— »5PY be & §1}-map, inducing the chain map

g =H~"

£ 80— &P —F ez
for some finite~dimensional 1}~spaces X,Y. The composite

cm ,

P ' . x ® Prow: )
B0 2) — Lo O P E(r 2)) T Hom (B T(1:2,) QL0 P (5" T m,))
i {nomzz(ﬁ“'r(!;zaz),zz) 1f ng2r & nsp-1
0. v otherwise

is given by

T = (sl (2P, 2Pedem, (ng 2r)

(xeﬁntx; z,), yeﬁ“"(nzz)= {1,K(Z,,n-r)], b= (=Py)F - £P(£*y) €137, 2PR(Z, 00 -
( = generator eﬁn-r(K(Zz.n-r);Zz) = Z, )
with .
T (3497,) = ) (5, - v () (3,)
i(f‘(y“Uyz) = (f*y,0 1*y,) ;O€Z,

n = 2r

OGZZ n<2r.

0]

(It is sometimes useful to consider also the following generalization of the

quadratic construction ;F’ Given finite~dimensional n-spaces X,Y, a group morphism

Wit —»Z, and a w-map F:X—>5PY (p»0) there are defined in a matural way

abelian group morphisms

Ve ¢ BE (VR —— L P eet)

such that . . . ".’I . e% . a
(1+D)V = H:+p(x;“R)—f»H’;(I;“R)——in(C(I;R))——‘*Q (c(£))

where f is the R['n:]-modulf chain map . (z;!))-d . )
. £ : QPC(X;R) —EQPe(T;R) ¢(¥;3R)

and e:G(Y;R)— »C(f) is the inclusion.)
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An n-dimensional geometric Poincar€ complex X in the sense of

all [4] is a finitely dominated connected CW complex X together with an
orientation map group morphism

w(X) 1:1()()——» Z,

7 (X)n w(x)
and a fundamental class [X]EHn (X; Z) such that the cap products

XIn-: W(X)H:1(X)(;)——"Hn-r(;)

~
define Z[n1(X)]-modu1e Poincaré duality isomorphisms, with X the universal

(o€ r$ n)

cover of X and nq (X) acting on X as the group of covering translations.
"'he singular chain complex ¢(X) is then an n-dimensional Z[n,l(x)]-module
cozplex, and the Poincaré duality is induced by a Z[n1(X)]—modu1e chain

ezuivalence

e Ko .

Xjn - :
(Tor finite X and w(X) =1 such & geometric Poincaré complex X is a P-space of
formal dimension n in the sense of Spivak [1], since applying Homz(— W %)
ttzre is obtained a Z[n1(X)]-modu1e chain equivalence

(X1 n- 2 Homy(c(X),2) —— Hom (¢, m) = (X,

irducing Poincaré duality isomorphisms

(K10 - : we(H—8F (8
zetreen the singular cohomology groups of X and the homology groups of ?(’
defined by locally finite infinite chains, with [ﬁ EH{;F(;) the transfer of

tre fundamental class [X]E€H(X)).

- 5_‘*\"-

Iet ¥ te an n-dinencional pgeoretric Poirnc:ré .complex. i ¥ is =
(not necessarily connected) covering of X with group of covering translations
© and % is the universal covering of X the natural projection
Z[“]®za[n1 (X)]c(:f)v—» c(X)
is a chain equivalence of n-dimensional Z[n]-rodule chain complexes, with
Z[n1(x)]——'-—> Z{n] the group ring morphism defined by the characteristic

mayp -;;1()[)—» n. The covering % of X is oriented with data (n,u) if « is

equipped with a group nmorphism win—7Z

5 such that the orientation map

w(X) factors.as
w(x) ¢ w, (X)——!»n——"—»?zz .
In particuler, the universal cover T is oriented with data (n,l(X),wZX)).
If ?(’ is oriented with data (=,w) applying Et® xl ~ to the above Zi[x]-module

chain e~uivalence ve obtein a Z-module chain ejuivalence

69 0 =zt c®)) — =zt c(X
P B, ) = By G ™ s Rt
£(x) w(X) Z[n, (x)]
where refers to the ~twisted involution on , 80 that
t v Zln] -

g t ~ -~
there is a fundezental class [X]€ H:(fc';"zz) = 0 (Z al{ﬂc(x)) for X.
Applying z[“]QE(1:1(X)] ~ to the E[n,l(x)]—module chain equivalence

Xn- ¢ w(X)C(";{’)n—-___’C(’i')
we obtain a Z[w]-module chain equivalence
Xlp- ¢ @ —— o .
Thus = geonetric Poincaré conplex satisfiés Poincaré dunlity with resvect

~
to any oriented cover X.
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The gymmetric construction of Proposition 2.2 associates a
eymetric Foincaré complex to every oricnted covering of a geonmetric Poincaré
comble:. hs noted in the Introduction this construction is due to Mishchenko {2].
Fronosition 2.7 Given an n-ditensional geometric Poincaré complex X and an
oriented cover % with data (=,w) there is defined in a natural way an
n-dimensional symretric Poincaré complex over Z[n} with the w-twisted involution

g*() = (D) ,pglx1e (X)) .
Iif )=( is the universal cover of X then
g*(X) = Z[“m?ztn,l(x)f'(}()
up to homotopy equivalence.
Proof: Bvaluating gpi:HT;(s'(;"'Z)——v Q"(c(X)) on the fundemental class [X]EHT;(')E;”Z)
there is obtained a Z,-hypercohomology class wf[X]eQn(C(i')) such tha.t
slant product with -\;x[X]OEHn(C(f(’)tQZZJ[K]C(i)) defines the Poincaré duality

%[ J-module isomorphisms

eg(XI e = (X1 = & ") ——s 1 _ (D)

-
(cf. Provoszition 2.2 ij. Also, there is defined a comnutative diagram

wa (X) o3 -
Hn‘\ (X;\z(x)z) _“X’ Qn(C(f))

W XV —-ﬂ——»q"(cl(i))
in which the vertical maps are the change of rings Z['n:.l(X)]——-rZ['n:].
]
Vle shall normally urite 0"()?) as G *(X).
A pzyn of geometric Poincaré complexes (not necessarily of
the same dinension) -
f:H——>X
is a map of the underlying spaces which preserves the orientation maps,

that is such that u(ii) factors as

w(1l) ¢ 1r.,|(H)L>n1(X)—M) Z, .
if X is on oricnted cover of X with data (x ,v) then the pullback H ic an

oriented cover of i: with data (x,w).

- 56 = Let fili—— X be 2 map of guoctric voincare coupieXes ol -

dinensions dim Ii = n, dim X = n and let ¥ ve a (not necessarily oriented)
cover of X vith group of covering translations n and induced cover £ of 1.
Define the Umkehr Z{n]-module chain map
1 ~ - Ped
£ o(X)—— 5"
(up to non-canonical Z{n]-nmodule chain homotopy) by applying Z[=1® -
Z{n,(X)]
to the composite Z[n.l(x)]-modu]:e chain map .

o -1 =% N f~1 b~
! edh XIn-) (X Fyn-s 1 wX)g(Fyn-e [HIN - on-mp 3

'd

=
with the universal cover of X and M the induced oriented cover of M. B

1t ¥ is an oriented cover of X with data (w,#) then the Unmkehr factors as

|
£ s o AN T, wpynme B wgqpynet_ BN - gmemg gy |
A nap of n-dimensional geometric Poincaré complexes f:H—>X :
is of degree 1 if it preserves the fundamental classes, that iz if !
£, = [x] e HL(X:"z)
for any oriented cover X of X with data (x,w). The induced chain map
Fro(i)—>0(X) defines a nap of n-dimensional symmetric Poinczré conplexes
over Z[n]} N
f 2 o*(M)—sa* ()
vhich is a homotopy enquivalence if f:¥ - 3X is a homotopy equivalence of -
spaces. Conversely, if f:1—>X is a degree 1 map inducing an isomorphism
~ -~ o~ o~
f:n1(l-1)———v n,(X) and a homotopy equivalence Fra* () — 0*(X) vith H,X the
universal covers then f:M——>X is a homotopy equivzlence, by Whitehead's
theoren,
Provosition 2,8 Let f:li—» X be a degree 1 map of n-dimensional geonctric

Poincaré complexes. Let S(Vbe a cover of X with group of covering translotions

w and induced cover N of M. Then the Umkehr Z[n]-aodule chain map

! e(F) ——c(®

14 :C(i") ———»C()A(.).‘

is a chain homotovy right inverse for f:c(il)——c(¥), that is ¥f
o~ |
Thoe inclusion in the algebraic mapving cone e:C(I:)—>C(f’) is such that
(%) : c@®—sclehec(®
gefines = chain equivalence of p-gipensional Z{n]}-rodule chain coiplexes.
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if ¥ is an orionted cover of X with data (w,w) the symactric kernel of f

o (0) = (cle"),Plogrme 27t
s an n~dinensional symmetric Poincaré complex over Zifn] with the w~tuisted
involution, and there is defined a homotopy equivelence of such complexes
e - '
(f) : g* (1) — o*(f)eo* (X)
Proof: To obtain ff!:“l apply Z[“]‘X‘a.[u1(x)] = to the Z[vt,'(X)]—module chain

honotovy commutative diagram

w(X)C(S(*-’)n—- e w(X)c(i‘f)n--

—_—y

[(Xin- l [i{]n-
= ? a
cX) ¢ ——— c(%)

X E]
with X the universal cover of X and ¥ the induced cover of M. To shoy that
c’ .
- e ! ' ~ 1t
(5) 07— At hee@) = M ets N C@Een (ctsH R, o)
4
sends opllf] to e%(wﬁ[l&] )etp‘i[){]eo (using the decomposition of Proposition 1.k 1))

consider the chain homotopy commttative diagranm
- fl.
. - g Tl ~nee
wc(fl)n » e R/T0 1 i "C(X)n
[”]n-l J[X]n-
oy — L Lo,
which pives f’([l&]n—)e‘:O:V'C(fl)n-‘—-,c(i('), and so -

*y 1 Do, = oer (s oy o)) .

[n]
0]

homology

Define the kerncl Zf{wn]~0dules of a degree 1 map

n-cohonology

of n-dimcnsional geometric Poincaré compleres fili-—>X with respect to a
~
covering X of X with group of covering translations =

K, () = H,(c(£!))

t

r
K* (i) = H*(C(£7))
using the untwisted involution on Z[w) to define the dusl Z[n]-module structiure

! ry s
on C(f )*. Proposition 2.8 gives natural direct sum deconpositions

- 58 - Holii) = Klioeli (X)
B () = ®Gers () .
I ¥ is oriented with data (wx,v) the symmetric kernel o*(f) gives Poincare
Suality in the kernel modules s

ko) = K _ () .

A geometric Umkehr map for £ is a n-map

Fo: tpf('+——>zp17+ (p20)
1
inducing the Umkehr f° on chain level, that is such that there exists a
Z[1])-znodule chain homotopy

& rED =1t @) — ol .

Frovosition 2.9 Given a degree 1 map of n-dimensional geometric Poincaré
complexes fili——> X and a geometric Unkehr map F:EP?:+——> Epﬁ+ vwith respect
to an oriented cover X of X with data (i W) there is defined in a natural

vay an n-dinmensional quadratic Poincaré complex over Z[u] with the w-tuicted

involution, the guadratic kernel of (f,F)

! !
o, (£,F) = (c(f ),e% FlX1eq (c(£))
depending only on the stable u-homotopy class of F, such that
(147X, (£,F) = o*(f) .

Proof: The absolute version of the quadraf:ic construction of Proposition 2.5

R [0,p-1] ~
Vot Hn(.(, ) ——> QU (c(1))
is such that
(4 ~ 13 ~
qrﬂfi - f"”(pi = (14T)vp H’;(X;"z)—»qn(c(x-;)) .
Let e:C(M)—+C(f') be the inclusion, so that

!
(1+T)e%\‘/F[X] = e (1+T)\vF[x]

Fontltn) - Frpgrx1 = Fopnn e a™(clD) |

Here, as elsewhere, we let e%‘vF[X] stand both for an element of ’;]EO'P-H (C(f!))
c2d for its image in Qn(C(f!)).

0]

s d
The quadratic kernels associnted to the various oriented covers X of X

cre all induced vie z{n]%[" - fron the quadratic erncl O, (f,F)
4

)

~ssociated to the universal cover of X.



In §8 telow we shall ;how kovw {o ottain the surgery obstruction of
2 vormal nzp (f,5):Ii——>X% fronm the gquadratic kernel ,(f,F), using thc given
norzmal dundle nmap b:"lr'._—wx and the ejuivarinnt S-durlity of §3 to produce a
georetric Umitehr map 17':51!’2_—7-7:}:’?;’+ for the universal cover X. In favonrable
circumstances it is vossible to obtain F directly from (f,b) without the
3-duality wochinery. For exanmple, if f:H—X is = depgree 1 map of manifolds

which is covered by a map bty —, of stable normal bundles then f can be

X
evoroximated by a framed embedding M xDP Cinterior{X =DP) which 1ifts to an
enbedding of covers H xDPC XxpP for any cover X of X, giving F by the
Fontrjagin-Thon construction
F: zpi‘('+ =% xDP/% x sP~1 collanse ¥, pP FupP W 0P = M xpP/H <P - =P,
The case p=1 is of interest in codir«.xen:_;ion 2 surgery, see 517.

The riod 2 reduction of the quadratic kernel construction gives
the %2—va1ued quadratic form used in §% of Chapter IIX of Browder [2]4o

s . Py ] P4 s
define the Arf invariant. Ve recall that a Z.-Poincareé comnlex is a connected
=2

space X together with a nod 2 fundamental class [X]EHn(X;ZZ) defining mod 2

Poinecaré duality isomorphisms (X)n - : H* K;ZZ)——’ Hn-. (X;ZZ).
Froposition 2,10 i) Given an n-dimensional geometric ZZZ—Poincare' complex X

there is defined in a natural uay an n-dimensional symnetric Poincare

contplex over ZZ
T = (C(X3 2D yoy[X] €QO (X1 Z,)))

such that the symmetric Wu classes of d*(X) are just the Wu classes of X

v, (9, (x1) = v (X) € Hom (n”'r(x;zzz),z?_) = n"(x;zz)

Zy
2s characterized by . L.
Sqg7(y) = {v (X vy,ix)ez, (yeu" T (x;z,)).
ii) Given a degrec 1(mod 2) map f:}—>X of n-dimensional geometiric
zz-Poincaré complexes anéd zv.‘ {1i—uap F:E‘DX+—v Epﬁ+ inducing the mod 2 UnXkehr
f!:C(X;ZE-) -—)C(I&;?ZZ) there is defined in a natural wvay an n-dimensional

~uadratic Poincaré complex over Z7;2

oalf, ) = (c(th) 1o ¥plX)e ANCIEIP)

such that 3
g*(i)) = (1+4D)o, (f,F)oc* (X}
up to heiotorry cquivolence. The quadratic llu classes of G (£,I")

+ » _ ?ZZ if n<2r & n+p-1
vi = v (e%\;lF[X]) : K r(M;ZZ)——v

0 othervise

are such that

vr(y1+y2) - vr(y_l) - vr(yz) = (:f1 U}'Z,Uﬂ> (= 0if n £ 2r) ,
and can be expressed in terms of functionzl Steenrod squares by -

vr(y) - <sqr+1
( P

(zP(V), 22 ez, (nger)
¥y)F x 2 N

(yex" 7 (1; B,) ST (138, )= [M, ,K(Z,,n-1)] 4 L # O EHn-r(K(ZZ,n—r);ZZ)=Z2).
Proof: Apply Propositions 2.3, 2.6. -
]
(Similarly, the generalized quadratic construction defined following -
Proposition 2,6 can be used to obtain the quadratic operation

Vv ¢ ker(Fr:El(M2,) = H'_q(z'z“t_i+;z2)—» B UZ; Z,)) — B,
defined in §1 of Browder {1] for any X-orientation F:X —»E_qu_*_ of a

2q-dimensional geometric Z,- Poincaré complex M, with X any Wu(gq+1)-cospectrum).

The kernel constructions behave as follows under composition.

degree 1
Provosition 2,11 The composite of paps
geoletric Unkehr

. . . e
of n-dinensional geometric Poincare complexes

-~

if:x—-» Y,g:¥— 3
¥ 7 a:pP7 P
F:2P1+—>sz+,c.zpz+__,,1, ¥,

gfiX— 7

symme tric
is another such map , uvith kernel

FG:):P%'+—» i:pi; quadratic
a*(gf) = g*(ea*(g)
o*(gf ,FG) = q,(f,F)ecr,(g,(z“ﬁ)FG)

uy to homotopy esuivalence, tzking the oriented covers f,? of X,Y induced

from ar oricnted cover ? of . ;
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Zroof: Urite {he inclusions in the algebreic mapving coies as

e, : () »c(sh)

f
e c(¥)——sclgh

e . 2 G(B)——cWzn)!))

sf
o w1 t 11 =~ ~ o
2nd noita that (gf) = £7g7:C(2)——>C(Y) ——>C(X). The stable conposite

5 the chain eguivzlences
°t — o
7] e ——cl£)ec(Y)

e
( ’5) : o) ——clghec(D

iz a chain equivalence

f
e | c®———ctrhectghec(
I3
allowinz us to identify
°r ¥ 1t 1 !
s =( L) CE)——C(f'g") = c(£)ec(g’)
g e f
g

Using the direct sum decomposition of Proposition 1,4 1) we have

o
7

eI::r,f"’i[x] = (efoglX] ,eséf%wi.[x] ,(e;aégf)tpi[ﬂ o

o
Tow f’c:‘,:[m = opfa (X3 = eg(¥]€ 1™(c(¥)), ana

@ —L 5 e 8, cgh

t > _ 1t !
(ei,gegf)(q,x[x])o = OEHn(C(f )@z[ﬁ]C(g ))
circe ther: is defined a Z{n]-module chain homotopy commutative diagram
: Ia
i fip— e} o . - f -
3 “C(f’)l‘ » f “C(X)n . wc(?)n .
2907 = [(X0a - 1 1mn—
| ~ e

1
“ith f"'e;. ~ 0. Thus

) e’éfw;zcxl = efog[XIedhegl¥le A(cl(s) ) = MeteHecte

el

39

50
a*(gf) =a*(f)eo*(p) .

\Cre formula ¢*(X) = o*(£)sg*(¥) is the smecial cose % = .

e ™ctr!ectg! ) = et el Net (c(sH @, o)
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7. (gf,F0) = ({80 ") je_o¥e 7le @ (CL(g)'N)

1 1 Ak ~
with Voo = Vpge + 90 2 0 (572) — @ () oy the sum formula of
Proposition 2.5 . WVorking as above we have

¢ pesi¥ral 2 = (eﬁévm[z],eE,I,.,,f%vFG[ZJ,(e;eegf)((nf:)wm[zno)

n

(e o ¥pl¥T e F%ngi +¥,021,0)

eﬂ;WF[Y]@egé‘-"(zpf*-)FG[Z] €2,(ce’)) = 2 (c(tHeug')
so that
o, (gf ,FG) = o, (f,F)ev,(g.(xpf+)FG) .

0]

A degree 1 map of n~dimensional geometric Poincaré complexes f:l—>X
is k-connected with respect to some covering ¥ of X if Kr(li) = 0 for r{k.
Recalling the definition of sl:ew~suspension in §1 we have: ~

syumetric a*(f)

Proposition 2.12 Tne kern91§

of an (r-1)-connected degree 1
o, (f,F)

quadratic
nap of n-dinensional geouetric Poincaré complexes fili-——X with respect to
an oriented covering % of X with data (s,v) is the r-fold skew-susvension of
(-) -symnetric o (£)
r Poinecaré complex over Z[x] s vith
(~) -quadratic o (£,F)

I
EeT(0) =0T ), o%AD) = or(D)

an (n-2r)-dinensional

- I

Svr(f,F) = «r_1(f,1~‘) ' o'o(f,F) = a,(f,F) , (1+T('_)r)dr(f.¥‘) = o' (f).
]

In §4 below we shall.identify the quadratic kernel o—i(f,F) associated

2%
to an (i-1)-connected { -3inensional normael map (f,b):H—— X with the
2i+1

§5

surgery obstruction kernel obtained in of Wall [ 57, using the one-one

0- 1
. . - -
correspondence betiieen dinensional (-) gquadratic Foincaré complexes and

forns 1.5
of Proposition .
fornations 1.8

. i .
non-singular {~) quadratic
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€3, Ejuiveriznt S-dvelity

The S~duality between M, ané the Thom srace 'J'.‘(UH) of the normal

bundle V“ of an enbcdding "< 8™P (p lcrge) of a compact manifold M was first

establisied by Milnor and Spanier [1%]. This was then generalized by Atiyzh ],

and extended to georetric Poinceré complexes by Spivak {1-] and Uall (4 ].
In particular, if f:H—X is a2 degree 1 map of geometric Poincaré complexes

vhich is covered by a map of Spivak normel fibrations b:iv —-—b//x then the

i
§-dwal of T(b):T()—+TG/y) is a geometric Umkehr map F:EPX+———+!ZP}l+,

and this was used by Browder [2 | to obtain the surgery obstruction in the
simply~connected case 17.1()() = {1}. We shall now develop an e~uivariant
S-duality theory for finite-dimensional x-spaces with a w-equivarianf cell
structure ("Cilr-complexes") in order to obtain a geometric Umkehr nemap
F:sz+—»zPﬁ+ for any covering £ of X with group of covering translations =,
giv:'i.ng the non-simply—-connected Surgery obstruction by means of the quadratic
construction. VYp.

Given n-spaces ¥X,Y let [X'Y]n be the vointed set of n:‘-homotopy
classes of m-paps f:X —>Y, Regarding thc loop space SX = (X.pt.)(s )
a2 w~space using the trivial i~action on S1 we have that [EP)C,Y]“ = [X,Y‘Lp‘!']“
iz a group for p>1, abelian for P2 2. Define the abellan group of Sn-maps
tetween n-spaces X,Y to be the direct limit

{X,Y}ﬁ = Lim [sz,zpz]n
P
of the suspension sequence

[x,y]n_z> rox,e) — 2, [zzx,zzv]v_—”—» [z3x,n3u“~_> cee .

For n = {1} we write [X,Y] 1y = TG, $x,1) 1y = $%,Y} as usu=1.
The mzpping cone of a i-map f:X—>Y is a n-spece

Cf = YquI\I .

The cofibration sequence of t~spaces and =-@2PSs

X——f—»Y — Cf —»ﬁXLS}Y—)CEf.——v,,,

jnduces the following m-equivariant analogue of the Puppe exact sejuence.
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Proposition 3,1 For any n-map f:X—*Y and n-space 2 there is defined in a

natural way an exact sequence

[X, 8] et [1,2) «— [0,2) «— (34,31, 2 [P0,2) oo .

0
For any 11 l—space K regard \v/cK as a x—space by permutation of the
summands. Note that for any n-space X
VKX = (5,0, YKxE = ik .
Define the n-space obtained from a n-space X by attaching an

disjoint union

r~dimensional n-cell to be the {
identification space

4]

gxu“xn
Xt =

{r:o
if

Xu nx DT , for some map £:87 1——))(- rz1
nxf

The n-cell is pointed if the attaching map 287 x (r> 1) preserves

-1
basepoints, in which case it extends to a n-map f':xsr —X such that
r
(-
X' = Cpy = Xuf.¥n .
-1 .
1f X is a path-connected n-space then any map £:577 — > X (r31) is

-1 .
homotopic to a basepoint-preserving map fO:Sr — X extending to a n~map

f('):\n/sr_1—5 X, end X' = Xv’“ nxD* is n-homotopic to the mapping come

f

- = V r,
n-space Cg, Xuf, nD

AOCWn-cogElex X is a n~space which is a based CW complex obtained
from the base O-cell by successively attaching n-cells of non-decreasing
dimension. The suspension of a CWn-complex X is a CWr-complex EX, with one
r~dimensional n-cell for each (r-1)-dimensional n-cell of X (r >0).

CWn~complexes arise as follows.

Proposition 3,2 If (')\(',‘-[v) is a covering of a CW pair (X,Y) with group of
covering translations n then i'/f is a CWn-complex with one m-cell for each
cell of X~Y., If Y = @ interpret the quotient as ').('/,0 = )?+.

3

A CUn-complex is pointed if it involves only pointed wm-~cells.

—

A Ciin-complex with no O-dimensional n-cells (e.g. 2 suspension) is n-homotopic

to a pointed t(VWn-complex.

5
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A CWn-complex X is finite if it involves only a finite number of n-cells.

A Céin-complex X is finitely-dominated if there exists a finite CWn-complex K

and n-maps f:X—*K, g:K—> X such fhat ef = 1€ [X, X] y, and it is n~dimensional

if Hr()[) 0 for r>n, in which case C(X) is an n-dlmenslonal Z[x]=-module
chain complex.

We have the following analosue of the Freudenthal suspension theorem.
Proposition 3.3 Let X be an n-dimensional finite pointed CWrn-complex, and let

Y be a n-space of the homotopy type of a CW complex. Then the suspension map
DEEN S 25 08 2 ' [):P“x,):l’”nu
is an isomorphism for py n+1, and

n+1 n+1
{x,y}" = [ X,z 1) .

Proof: By induction on the number of pointed x-cells in X. Trivial for X = pt..
Assume true for X, and let X' = Xufan for some R-map f:¥sn'1—>x (nxy1).
There 1s defined a commutative diagram of abelian groups and morphisms

p+1

=P, 2P0 (¥s™P, 2P — (2P0, 2P —y (2P, 2P s (‘;t/s““.l"1 JEPT]

3| 5| N 5| |:
[Ep+2X Ep+11] [vsn+p+1 1Y]n-[2'p+1x',EP+1Y]“-[EP+1X,EP+1Y]"+[x5n+pyEP+1Y]n
in which the rows are exact (Proposition 3.1). The suspension maps involving X
are isomorphisms for p) n+1 by the inductive hypothesis. Since Y is of the

homotopy type of & CW complex IPY is (p-1)-connected and

n+p n+p+1 'Ep+1 e

% [\,(s““f’,):l’ut = (s™P Py | (s

‘is an isomorphism for pyn+1 by the ordinary Freudenthal suspension theorem.

Applying the 5-lemma gives the induction step.
0
Given n-spaces X,Y define the {1}-space
Xp Y = (XAY)/n
to be the space of orbits of the diagonal n-action
axXAY —— XAY ;5 (g,xAy) ¥ gxagY .
Note that for any n-space X and {1}—space K
XA (NK) = XAK .
A n~spectrum Z is a sequence of n-spaces Zp (sz) and w-maps

EP:L‘Z — 2

p o4 {p> 0). Given a n-space X define the abelian group

- 14 P
ix,zt - L__;E (=Px,2.3,
to be the direct 1limit of the sequence

[X,2.] % . [TX,E2.] —§()—>[2)(Z] ~£—>[22XEZ]—§—1—"
190l —> 12%0'n A B2 15290 see o

- 66 =

In particular, forgp = id. ZZ}'J ZDH o5 —ZP”z we have

p+l 0
ix,z}, = Yx,zo},,.
Given aW -space X and aW-spectrum % let XawZ be the £ 13-spectrum defined by

(XA Z), = XaoZy , ISy ¢ T(XA Zp) = XAZ Zp—> XhgZp g -

Froposition 3,4 Given afil-space W, aw-map f:X—Y and aW-spectrun Z there
are defined exact sequences of abelian groups

32— 10, 10 2y —> o, 0 A 2Y — JU, Xzt —> L

X2} e—11,2 }ar“—"%fv_z_';'rré_'—{gxizgﬂ‘é_”' .
Proof: The first sequence is just the Puppe sequence associated to the
(co)fibration sequence of {1]-spectra

XAnZ _L‘L Ymg—qcfhg —> XMt — ... .
The exactness of the other sequence may be established as in the casejr ={1}
(Puppe sequence again) by insisting onX-maps and ¥ ~homotopies.
0

Given'W-spaces X,Y and a {1} -map

o SN————-) XAqY

for some N 30 define slant products for anyar-spectrum 2
2Pu
a\:§X, z],,—»{s zhﬂ ;(£:2 x—+Z Yy— (s “p-——asz/\,ry LI z AY)

N+p Id’xhip_! Ing XMZP)

ave §Y, z},,—»{s B A Y—»zp)r—> (s
Callol:SN————a XAT an Sy-duality map if these slant products are isomorphisms
for every® -spectrum Z, in which case the suspensions

Zd:S“+1“—"'l_(XAﬂY) = SXagY , S8

1—~—>I(xhy) = X p Y
are also Sw-~duality maps. For 7w = 7_1} this is classical Spanier-Whitehead
S-duality.
Given S7-duality maps

o(:s“—>x;\,¥ R o(':sN——> X'Ap X!
define the Sy—dual of an Sv-map fe{X,X'} _to be the Sv-map gG{Y',Y}ﬂ_to
which f is sent by the composite isomorphism ;

{x,x'}wﬁ» 8" i 8 JLAVINE RN
In particular, if X = X' the Sw-duals of 1€¥X,X}.n_ are an inverse pair of

Sw—horotopy equivalences EG{Y,Y'],". g'c{'!' ,Y\(“..
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Proposition 3.5 Every finite CWiw—complex X admits an Sw-duality map
o 2 S“-—-—~—» hY ¢

with Y a finite CWw-complex.

Proof: Suspending if necessary it may be assumed that X is a pointed CWr-complex.

Our construction of an Sr-dual is by induction on the pointed n-cells: given an

Sn~duality map a:SN——y XAKY between finite pointed CWx~complexes X,Y and a n-map |

r-1 N* r
—X we shall construct an Sw-duality map «':S ——-X'AKY' for X' =XUf\1{D .

let m = max(dimension(Y) + 1,2r-1-N). Replacing w:si—> Xa,Y by

£:Vs
n

n SN+m

Lot —-)XA_NE Y we have that N-r+12 0 and

r~1 N _N-r+1 Rer+1 N-r+1
AR SR 7 A I L S T e i
(by Proposition 3.3). Define an Sw-~duality map -
. N r~1 v ~r+1 - N
B 5 —— (s T I (Ys ) =¥s
. N V. N-r+1
by sending S to the summand labelled by 1¢w. Let g:Y ——'f_WS be aW-map

representing the Sw~dual of fciyrsr—1 ,'X}“, and let Y' = cs be the mapping
cone W-space, Denote the cofibration sequences by

¥Sr~1_f~_’ x -° xl__i, ¥sr

Yy &, ,\T/SN"'”L» SN, L

The diagram of {1}-spaces and {1}-maps
TS BELL NPT ¢
Pl 1Ag‘l g
(y'sr-1)A“(st-—r+1) f—“»Xaﬂ(yrSN_r+1) _e_l\l' X,Arq/’sﬂ—rn)

is homotopy commutative, with the bottom row nmull-homotopic. It is thus

-r+d
possible to define a {1}-map j:DN+1——> X'A"(_:I'SN T*1) such that the diagram

N (ealdx
—_——

s X'AnY

i 1Ag

DN+ Ll_) XAy (¥S

1341

~r+1
Nr+)

is actually comrmutative, with i:SN-—»D the inclusion. The induced

$1%-map of mapping cones

o't C. = 8s™ g

= X'A_Y?
i AE A

is such that both the squares in Ehebodfagram of{‘lk—spaces and {ﬂ -paps
T g+ _ T8

pa r
XA LY V55 )a,
el l ot 1Ah

XA ZT e ME yog e M, (ST 1
w

(¥Sll-r+1)

are homotopy commutative. There is thus defined a commutative diagram of

abelian groups and morphisms

It [ -
{H'E}w—‘——> s-.,\:lsrtz}‘n’ __d___)g)[, '2}1\' —E""—) ix'z}“__f_,sxsr 1&%— 7
€N\ =N o\ A Jfﬂ\ :
N+ Wit N-xr+1 N+1 k ¢ N+t " 1 N-Ta2}
187 zad By s za (VSTTTHIY B4 zp v} g ._Z_Afr}&i{s“* Za0ys %
for anyar-spectrum %, with exact rows (Proposition 3.4). Applying the S-lemma
we have that the middle column is an isomorphism, and similarly for the other

N+

type of slant product. Therefore o':S" —— X'aY' is an Sw-duality map.

Ton
Ve can use Sw-duality to prove a'™ -equivariant analogue of
Whitehead's theorem.
Proposition 3.6 A w~-map of finite CWw-complexes f:X-—Y induces isomorphisms
in homology if and only if F®f:IPX— ¥PY is a+r-homotopy equivalence for
sonme p > 0.
Proof: Let f:X—>Y induce isomorphisms in homology. Applying the ordinary
Whitehead theorem we have that Zf:ZX—> XY is a homotopy equivalence, and
hence that
£ {s“,(}:s");\,,x}——4(s“,(yrsr)m}
is an isomorphism for all N,r 30. This gives the induction step in proving
that
£ 2 45 Ak} — s ua, 1}

is an isomorphism for every finite CWw-complex W. Given an Sw-duality map

u:SN—\‘dA"Y (by Proposition 3.5) we thus have isomorphisms

~1
o o)) X
e, = e I N o {8,
The element g¢ {Y,X}wcorresponding to 1 G{Y,Yiwis represented by a W-map

g:ZpY —1™X for some r> 0 (by Proposition 3.2) which is a T ~homotopy

D,

inverse for T¥:rX -—;ZP! .

0
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2,7 the nabtur 1 nrojiciiorn defines a Z-zodule chain rap
. . oot ., . : - 70 -
5@ (ECOBLE(N) = EC0 PRy (E(T) —— E(Xa 1) 7
i <] =
vhere © reiers o Iii» untulsted invelution on Zlxl. IT Z,Y arc finitely-doninzted [ e . i " .
If &,7 are finite CWi-conpleyes and «w:S —-—»1_/\7[‘! is a §1}-nap
CNe-couzlexcs this is a chain equivalen -~ consider the 1
s s n equivalence { nsider the reduced cellular | then the identificntion of Troposition 3.7 carries the chain level slant product
chain complexes) and the chain level slani —roduct

o _ X ) oa[SVIN - ﬁ;(x)—»ﬁﬂ__(‘f) (.f\,[SH]QHH(X,\ﬂY))
() SIZ[:]C(I))®%C(X)'—+C(I) i (xeyyef m——TTxy to'the georetric slant product

ol\-: §X,En(Z )} — SSN,Kﬁ(zz,r)A“ﬂ = {s“‘r.xn(z,o),\“y}

defined rreviously.

induces a slant precduct in homology :

\: l'{N(XAT:Y)®Z}.{:(}I)———-—) l'iN_r(Y) .

. s . Proposition 3.8 Let X,Y be finite CWn-complexes. A {1}-npap arsf Z Y is an
w (S I\ -t C(X)' ""—= C(Y) is 2 %[r)-module chain equivalence, since the A .
Sn-duality map if and only if the chain level slant product

cellunlar structure was constructed as the dual of that of X. Vie shall show He#

N . .
ke[S I\~ 2 CEX)TT —cC(Y)
\in Proposition 3.8 velow) that this property characterizes Sr-duelity maps for i .

is a Z[n)-module chain equivalerce.

finite Cllx-conplexes neralizing the case n = §1} of ordinary S-duality.
P * B° & { } N € ¥ Proof: If ,,L:SN-——» XA.TY is an Sn~duality map then the chain level slant product

Define the r-dimensional Eilenberc-laclane n-spectrum Kn(Z,r) by

with «,[S']¢ f,(Xa_T) induces the St-duality isomorphisms
: = Vk : Y "
Ln(Zyr)y = Vi(z,ptr) , g = V?p. SKa (Z, 1) ¥m\(z p+r)

o H-r -
—’K'_‘(Z'r)pid - ¥ K(Z,p+r+1) (r20) HE(X) &X, r)} —_ &S Ja(Zedn 1\ = {s Jn(Z 0N Y = Hy L0 .
with 7p: Zi(Z,p+r) — > K(Z,p+r+1) the stzndard map. For = ={1} this is the Conversely, suprose piven a {1}-nap aish > XA ¥ such that

N

d,[s“j\-: ii;(:()———»l{},_.(’f) is an isomorphism. Leto':8"—> X Y' be the

1
|
The Sn~dualitr nap ok:S”—> X[\EY constructed in Provosition 2.5 is such that (
|
|
|
I
i
1
|
usual Eilenberg-raclane spectrum K(Z,r). ‘

T itien 3.7 If ¥ is a finite CWu-complex X then
-5159;‘?3—5—]—'————}——Z ' v 5:u~duality map consiructed for X in Proposition 3.5 for N sufficiently larsge,

LA r - ex) = - ! i

Hr(K) = {S 1xﬂn.}‘_'~.(_21.9)} ' H.t(k) = ‘X,_l_\r:_(Z_‘Lr_)}n (r30) . znd let féi'_",Y}x correspond todds ,}'.A“Y} under the Sn-duality isomorphisn
I e T e e " . 1 N
Proof: Tor any Ciln-complex X we have . ) &'\— H {;",Y}n——>{5 ,X)\KY}.

{Sr,XA:i‘in(Z,O)} = {Sr.X/\K(Z,O)} = Hr(X) (r»0) : ilow fe{Y',¥)_ induces isomorphisms in homology
oy the usual identification of integral honology with K(Z,0)-homology. - £ = u,[Sn]\— . ::{.(Y') = f-l:lrg_.(x) ____y]:!.(Y)

AL ae i 3, & 1 Z{nJ-module morphism |
5o taere is defined & natural Z{nj-module morp ‘ Loplying Yroposition 3.6 we have that fefL‘I',Y}“ is an Sn-homotopy equivalence,
K E (@l —— () 5 (£:2P% —3 VE(Z,pe1)) ——— £ (1) .
x ’ )\ E ) ', ®, ® and hence that a:ST'—————s Xa_ Y is an Sw-duality map.
vith f'-ﬂ-“"(\f"(z p+r)) = Z[a) %Hf*r\s?x) = HL(X). If X is finite ve have =
. 1
an St-duality u:S *—bXAﬁY (Proposition 3.5) and ( can be jidentificd with the
Yith 2 little rmore effort Pronositions 2.5 - 3.8 can be made to
siu-duality isonorphisn
ap»ly 2lso for finjtelv-doninated Cilit~complexes.

a\- : s‘/I,KT.(Z!r)}_‘[—r{S Ju(Z,rh W) = .Ll!__r(Y) = f{i(x) .
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Sa~duality maps arise as follows.
Yroposition 3.9 Ietl X be a compact connected I'-dimensional submanifold of SH
with non-enpty boundary 3E and let 'EE' be a covering srace of E with group of

~ o~
covering translations wn, with aLCE covering d5. Then the comvosite f‘l }—mnp

. - ~ : e e
N _collapse  oN,N_5 . y/sg -~ (E/35)/n Siagonal E A (5/35)

o 2 S
is an Six-duality map.
Proof: The diagonal map is obtained from
At BEE s B B/8 = ExB)/ExSE) 5 x> (2yx)
by quotienting out the n-action. Now f+ and E/;:E are finite Cin~complexes by
Proposition 3.2, and DL=SN—-—-—)E+A“ﬁ/§iE is an Sm~duality map by Proposition 3.8,
since -
o[\ = (B1n- ¢ EEAD - 5E5E) —— i G) =5 @)
defines the Poincaré-Lefschetz duality isomorphisms of (E,dE), with
[E]eH“(E,BE) the fundamental class.
£l

Given a fibration ¥F——>E —F 5 B and a covering E‘ of the base
space B with group of covering translations n define the Thom n-sypace to
be the mnapping cone i-space of the induced wn-map ‘5+:'E’+-———> 3;

Tr(p) = B+u.§ EAI = BUE.XOEKI/E!‘I .

+
The quotient Uf-space ™(p)/n = T(p) is the ususl Thon {1}-space of p,
and if B = n xB is the trivial covering then
Tn(p) =\K/ T(p) «
If ptE—B is a cellular man of connecied CW complekxes then Tx(p) is a
Cn~-complex by Proposition 3.2.
Fibre homotopy equivalence classes of (Xk-1)-spherical fibrations
s g P ,x
over a cocunected CVW complex_ X are in a natural one-one correspondence with the
homotopy classe

s of maps p:X~—>BG(k), for the appropriate clessifying

~
space BG(X). Given such a fibration we shall say that a2 covering X of X

- 72 - is ori=nced with resmect to » if the groun of covering translations nm is

evuipred with a grour morphisz wim——» %, such thet the first Stiefel-lniiney

2~ -
1,, ) .
class wq(rvled (%) = HOL"I(T:,.(;(),EZ) factors as

wi(p) (X)) —— w —— =,
+ith n;()—s 1 the characteristic map, and the pair (w,w) is the data of the
covering. 4 covering X of X can be oriented with respect to p:¥— —»Ba(k) if

and only if the pullback $:X¥— X -23BG(k) is an orientable (k-1)-spherical -

fibration, but the choice of w is not unigue. If f:¥— »X is a map of comnected
C¥l complexes then the pullback cover H of M is oriented with respect to the
tullback fibration f.(p):H——f—»X -2, B6(Kk), with the same data (),

R covering ¥ of a geometric Poincaré complex X is oriented with
data (=,w) in the sense of 82 if and only if it is oriented in the above sense
with respect to the Spivak normal fibration ‘.JX:X—>3G with data (.1,-\1)

(cf. Provosition 3,12 below).

Spherical fibrations are characterized oy the following equivariant
generalization of the Thom iso.orvhism theoreu.

“roposition 3,10 et F ——E ——P_»B be a fitration of connected CW complexes,
with 2,3 finitely dominated. If ¥ = g1 (up to homotopy equivalence) and B

is an oriented covering of B with data (x,w) then there exists an element

U € H':(Tn(p);wﬂ). the Thom class of p, such that the cap product

U - ¥E (T (p) ) —— sFC(E)

2N

5 a chain equivalence of finite-dimensional Z{n]-module chain conmplexes,

tne Tho: ejuivalence. Conversely, if F is simply~connected and there exists -

zn element UPG fl;lt:1(3)(Tn1(B)(p) ;wzz) (k 3} for the Thom mq(B)-spece with

respect to the universal cover i of B, for some group morphism w:n.l(B)—rzzz

such that

Un- e (T, (8)) — s¥c(B)
he1 x
iz a Z[:1(3)]-nodu1e chain eiuivalence:then F is a honotony 5 and

o= w,l(p) B .—-_1(B)-—+76 i5 the first Stiefel-Vhitney class of »n.

2

rooft B the spocliral sequence argumants of Lertia I.%h.3 of Brouder [2]

Y

&)

~
-~ B~ . . ~
polied fo tiie pulltzek F—» 1 —»B of v to the uwniversal cever B of B.

()
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, An n-dinensional norpal svace (X,vy,P._) is an n-dimensional

te con nov state the analogue of Proposition L.h of Spivak (13 . finitely-cominated Cif complex X together with a (l~1)-spherical fibration
an izte t L1 ic Poincaré aplexes i e ] 3 s : X i i i
uproprizte to geouctric Poincaré comple in the sense of Wall [4] i ¥ tX—BG(k) and an element Px € Tpa (TG (This concept is due to Quinn [3])

- ~J
(cf. Prouder [ 3]). : : Given a covering X of X with group of covering translations = define the
- cas e o - s
Frogosition 3,11 Let XC S be a finite subcomplex with a closed regular fundamental map of (X,YX,PX) to be the composite Sﬁ-mztp
neighbourhood L, a2nd let F be the homotopy-theoretic fibre of the inclusion . gtk fX - CUE a AT X
' i Wy 5T Ty) = XE = CUEN/m 2 XA TR - XA Trlyy)
p9E——>E, Then ¥ is an n-dimensional geometric Poincaré complex if and with 1'-: the induced covering of the total spsce E of vx' and Athe diagonal map.
. H-n-1 ~
only if F is a homotopy S (H)n+3). if X is oriented with data (u,w) with respect to VX define the fundamental
Proof: The inclusion X&E is a homotopy ejuivalence, so we can iderntify class to be the twisted hoﬂolog class ’
[od ~e ~ N ~
n4(X) = 1 (B) = =, X = E, Tnlp) = E/OE with X,E the universal covers. (X3 =, n h(PX)eHz(%"wE)
X

Proposition 3.9 gives an Si-duality map

1

. A - . . 5
. - with Uvehﬁ('l'ﬂ:(ux), 7Z) the Tnom ¢lass of vy end h.nn+l:(1(ux))_—y}{n+~k(T(ux))
o1 s ——> XA Tulp) X

such that there is defined a commtative diagranm the Hurewicz map. The fundzmental map is related to the fundamental class by

a Zi{n]-module chain honotopr commutative diagranm

Hﬁ(i;“’z)®z"'“§(;€)~n_"" Hn_r('f) oy [KIn= o oy
(¢, 05" N\-) "B e, 75N -) id. ! v, u- lid'
B (0) Y 2) @, i (Te(p))—Csw () é(m(ux))“*k"iﬁi’:@:_, ¢(X)
B for any group rorphis: w:n—-;?Z.z. Comparing the definition of a geometri-c in which the cup product with ny is a chain equivalence (a variant of the
Poincaré complex (as in §2) with the criterion of Proposition 3.10 gives Thom equivalence of Proposition 3.10).
the required correspondence. . A normal map of n-dimensional normal spaces
(W] ‘ (£,0) = (Mpppp) —— (Kpay 0 py)

Y consists of & mav fili~—>X of the underlying spaces together with a stable

fibre homotopy class of stable fibre maps h:u1 —-’:5( over f such that

1 T(o)py; = Py € Ty (T0y))
for sufficiently large k. (This is a normal map in the sense of Quinn(3]). .
in equivelence of normal structures (ux,l)x), (V)'(,e}'() on a space X is a

normal mayp of the type

(1,v) ¢ (x'ux'(]}()———)(x,’);’(,f}':) N
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Proposition 3,12 An n-dimensional geometric Poincaré complex X admits a normal
. nTm
structure (Ux,Px) with w1("x) = w(X) and the same fundamental class [XJeH (X3 Z)

such that the fundamental map

o . n+k ind

x * 8 —_—‘x+‘nTﬂ'(ux)

defines an Sn~duality for every covering X of X with group of covering °
translations n. Any two such normal structures (Ux,fx), (l)'[.()‘() are related by
a unique equivalence (1,b) : (X,UX,PX)—-—r (X,V)'(,f)’(). Conversely, if X is a

connected finitely-dominated CW complex with a normal structure (/y ) such

that the fundamental map
Sn+k

[
Nyt —> X A T (Vx)

with respect to the universal cover X (n = 1:1\}[)) defines an Sn-duality map
then X is 2n n-dimensional geometric Poincare complex with w(X) = w1(4r;t) and
the same fundamental class [X] CH’;(?{';“Z)-

Proof: If X is finite there exists an embedding ng“ for

N > 2(geometric dimension of X) + 1 by general position, with closed regular

neighbourhood E say. If X is any covering of X with grou'p of covering

translations n then Proposition 3.9 gives an Sn~duality map

Py = collapse n o o~
o ¢ sV X > E/IE > X AERE .

Let F be the homotopy-theoretic fibre of the inclusion 3ECE, so that there

is defined a fibration

¥y
F >JE X _5x.

-~ - -
with Ta(s) = B/9E. If X is an n-dimensional geometric Poincaré complex then

o Nen-1 o
FRg M by Proposition 3.11 and (Vx,ex) defines a normal structure with Sg-duality.

1f X is not finite use the trick of §3 of Wall [ 4] of crossing with 81 to

reduce to the finite case. the uniqueness clause is as in Corollary 3.60f Wall [4]
(see also Theorem I.4.19 of Browder [2 ]). Conversely, given a normal

structure with Sg-duality for the universal cover we can obtain Poincaré

duality by combining the Sn-duality criterion of Proposition 3.8 with the

Thom isomorphism of Proposition 3.10.

]

- /o -

.
Thus an n-dimensional geometric Poincar€ complex X carries a

canonical enuivalence class of normal structures (Vx,?x) with Sn~-duality.

We shall call this the Spivak normal class, calling any such Vx a Spivak
normal fibration of X. A norpalization of X is a choice of normal structure
(Vx,ex) in the Spivak normal class.
Ve are now in a position to apply our Sm—duality to obtain geometric
Unkehr maps of the type considered in §2 for degree 1 maps of geometric
Poincaré complexes which preserve Spivak normal structures.
Proposition 3,13 Given a degree 1 normal map of normalized n-dimensional
geometric Poincaré complexes .
(f,b) (M,vm,hd)-—y(x,vx,(;x) )
and a cover X of X with group of covering translations w there ié induced a
n-map of Thom n-spaces Tﬂ(b):Tm(uu)__._an(yx) such that the Sn-dual of Tr(b)
with respect to the fundamental Sn-duality maps
N N

H M H —¥
Oy 88 —> MA Trlyy) , oy 8 XA Tnlvy)

is an Srw~homotopy class Feii+,?&+§ of geometric Umkechr maps F:Zpi'+-——->i:pﬁ+ -

n
such that (Epf+)F’—'1:Epf+——v Epi'+ up to stable w-homotopy.

Proof! The Sn~duality is defined by the composite -

CAT L Q=)

\T“(‘"i)'T“(”x)"n"—:_“’ S_SN;T“(‘)X)A«EJ -—-:——>{¥+,ﬁ+‘!n .

Working round the stable homotopy commutative diagram

Epe(
gh+p X — =P Taley)
N
zPa 1
2P
X Pr(y, )
BTy
1 EPT(")T EPE aTn (b)
£Pr(vy,)
) ' -
) TPy w‘ 5 a1
v Epd
e u -
shtp Y ZPM_‘_A“TK (u“)
Eptxx 1 ATr(b)
FA1 o PR
i:p')n/\nTn (x)x) > ¥ H+AnTu (ux)




we have that - 77 - -
4 5. JH+ = - 78 -
((EPF P A R ) = (2Pt ) STP 5 2R 4 1 . !
SEANE) (%) - w(wy) A normal bundle map

. P N . . py Pz 7
z 1 Sn— ~qs

Since oty is also an Sn—~duality map it follows that T f+F_.1.iZ X+—>E )(+ for . (£,b) : M X

] -~ '

p large enough. The dimgram also shows that F induces the Umkehr f':C(X)——sc(ﬁ') P is a degree 1 map f:M—>X from an n-dimensional smooth manifold M to an

on the chain level, identifying the Poincar€ duality chain equivalences with n-dimensional geometric Poincard complex X together with a bundle map biy, v
i A ¢

the appropriate Thom equivalences,

from the normal bundle Yyt M——>B0(k) for some embedding MCsTHE (k>n)

a to some bundle My : X——»B0(x). This is the definition of normal map due to
Define the guadratic kernel of a normal map of normalized Browder [ 2] (with M compact and X finite). The guadratic kermel of such a
n-dimensional geometric Poincaré complexes ' normal bundle map with respect to an oriented cover X of X is the quadratic
(£,0) : (M'VM'QH)V———;(X'UX'PX) . kexrnel
with respect to an oriented cover X of X with data (r,w) to be the n-dimensional \ g (E,b) = (c(f‘),e%(v![n)e Qn(C(fx)))

Poi é Z i ~twisted
quadratic Poincaré complex over Z[n]with the w~twisted involution of the normal map of normalized n-dimensional geometric Poincaré complexes

0, (£,5) = 0,(£,F) = (c(th e v [x1¢q_(c(£h)) -
e% F n

(fvb) : (M'HM'QH)-—-—, (X'UX'QX)
using the quadratic kernel construction of Proposition 2.9with any of the geometric

obtained by passing to the associated spherical fibrations »

M
. - . otk collapse _ . Otk
vy + X——> BG(k) #ith s T(Vn) ' Px = T(b)gM 1 ST s ).

l H ————)BG(k) N
Umkehr maps F:):Pf+-—->zpﬂ+ such that (n"f‘+ JF =1 provided by Proposition 3.13. i
|

A1l such guadratic kernels are induced from that associated to the universal

) ~ . The surgery obstruction of a 2q-dimensional normal bundle map (f,b):M——X
covering X of X with data (n,(X),w(X)). We have the sum formula: . :

; % (signature) b4
Proposition 3.1% The quadratic kernel of the composite i such that n1(X) ={11 is of the quadratic form over
the aArf invariant ZZZ
. (£,b) (g,c)
(gfyeb) t (X ug,Pp) —=2—"s (1,44, fy) —=1—> (2,2,,0,) K3(i) 7. (£,b)

m

0
defined ong l (mod 2) (cf. Propositior 2.10i)).
1

by if
of normal maps of normalized n-dimensional geometric Poincaré complexes is Kq(M;ZZ) Z?_@Eﬂ'.(f.b)

v,(gf,cb) = g, (f,v)eo, (g,c) ’ The relationship of “framings of manifolds to quadratic forms was first noted by
up to homotopy equivalence. : A normal map in the sense of Wall [5] liilnor (2]-.
Proof: This is immediate from Proposition 2.11,since (rPf )F =1. [ (£,B) : M——X
0 ) is a degree 1 map f:M——>X from an n-dimensional smooth manifold M to an
The difference V' -‘Veker((‘l+T):Qn(c(f!))——> Qn(c(fl))) of the n-dimensional geometric Poincaré complex X together with a bundle isomorphism
hyperhomology classes appearing in the quadratic kernels 0,(f,b) = (C(f!),\v), B: gy —> Tyef*Yy with TM”"I"—’BO(") the tangent bundle of M, u)(:X'—"BO(k)
Gu(f,b') = (C(f')'w) of normal maps some burdle over X, and €= 0:1i—>B0(n+k) the trivial (n+k)-plane tundle,
(£,b) s (M, 'PM)—'(X'VX'FX) , (£,0"): (H,VH,(M)-—> (X'UX'F)'() (with 1! compact and X finite). Choosing an embedding MHC sN (1> n) with normal -

such that b' = be "”M——’VX for some automorphism °""n*""u will be expressed tundle Vl.‘:l-If—»BO(}Y—n) we have a stable inverse Yu for tt'l and a bundle map

in terms of c in Proposition 18.10 below. bz py0Ey _i‘i’, UMG(ZM“PHX) = (el ef? oy — frEgef®Vy—>Eye by

with ex=0 :¥-— 3BO(N), The quadratic kernel ,(f,b) of the normal bundle
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map (f,b):H—+X does not depend on the choice of 4y, ¢ for if VH,VY are tvo

such then there exists a bundle isomorphisn c:yl':——ﬁJl, such that b' = bc-vl"—'ux
¥y ¥

and T(C)((’x'-:) = Pu€ nN(T()JM)) (by the uniqueness of enbeddings W <as" for U>>n),
so that applying the sum formula of Proposition 3.14 to the conmposite normal

map

CRYIPIN _Gyed ) CH _(£,0) (X Yy )

we have that up to homotopy equivalence

G, (f,b")

(f,b')

=06, (f,b)ed,(1,c) = ¢,(f,b)
Conversely, a normal bundle map (f,b)tM— X determines & normal map in the

sense of Wall [5 ] (f,B):M——X with

B E]‘l l,el)

From now on we shall not distinguish between the two formulations of normal

T sf'l)

bundle maps.

[

- Ou -

§lt, Intersections and self-intersections

We have used the quadratic construction V of 2 to define the Auadratic

¥ernel o,(f,b) = g,({,F) of = normal bundle map (f,b):H ——¥%, using the

equivariant S-duality of §3 to obtain a geometric Umkehr m2p ]-‘:Epi+-—'r Epﬁ+.
Ve shall now describe the self-intersections of an immersion g:Sr'&—-—vlin i
terms of the quadratic construction, allowing the identification of 3,(f,b) .
for highly-connected f with the geometrically defined surgery obatruction

kernels of §8§5,6 of Wall [5].-(Our methods apply to any immersion of manifolds;

as discussed in §18).
Define as follows abelian group morvhisms

itn,(BSO(q)) = = _1(50(a)) —q™*(s%z) = 7 Z,52,(-))

i um+1(BSO(p+q),BSO(q)) == (SO(p+q)/SO(q))
———-—>Q[0 TSR, (2,i7,(-)) if nqer-1£0).
Given a gq-plane bundle a: s™ ——YBSO(q) over 5% aﬂnly lemma 1 of Milnor {3].

to identify the Thom space T{a) with the mapring come of J()€x 1

m+g—1
_ gly miq
T(x) = S ) ® N

A»plying the symmetric construction ard the symmetric Wu class -

Prp(ox )

. v .
Z=B (T(a)) ——=2 5 Q™ (C(T(x)) —Erifom,, (HI(T()) 2™ (s7))

m+q

set

3 = Yol y (1N €U (w(rex)) = 2 .

n
Furthernore, given a trivialization ’¥;:Dm+1—~—>BSG( v+q) ofot e P: 5" —>3506(p+n)

. o] el
there is defined a (p+q)-plane bundle isomorphism B:ewq—‘o‘e:—:- over 1:5 —*S

inducing a homeomorphism of Thom spaces
T(p) : T(eP*D) = sTAVSHPH p Thee®) = TG .
The composite
i(p):

gP(s™d) - g7+Pra inclusion gpraygmepta T(R), smpg,)

. o, . . . .
represents the generator 1€ Hru+p+q(t~f(3()) = Z. Roplying the quadratic

construction and the gquadratic Vu class

v
%= B 8™, AN
r4q

0,017 5 ren n "9 {0,p-11qa
Al 2r® (e (0)) ~Y s non L1 (76)) AL 20 P (520

JBax) = v (DD el 0 (slz)

1(p)
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Applying the symmetric ilu class operotion to the relation
. -1 . cle SO Yy mq A
oo™ - () URED G meqls 3 = (1+1)v1(§)(1)(~:z Ue(r@)))

given oy Proposition 2.5 i) we have that
§lx) = (14T 3B &) e™i(siz)
ilote that in the case m = q = 2k

3 uék(BSO(Zk))—"Qhk(SZk

. . . J
is just the Euler number (= 1r2k(BSO(2k)) —> Ty 'S

Z) =%
. . .
Zk) Hopf invariant z).

Provosition lt.1 There is defined in a natural way a morphism eof conmutative
braids of exact sequences of abelian groups
jsn—Q

from ~

TN

/——\ P
m—1(so)

\ nE(SO(p+q)/SO(q)) n__1(SO(q)) \

e T \SO(Pﬂl)) ™t (sO/SO(q)) m__.l\SO(Pﬂl)) /

3 . 1(50) n \so/so(p+q)) 1(SO(v+q)/SO(q))
to ;
T
\ Q[O P"'](s z:)/_\“*q(sqz)'/\ ™ (s%7)
/ \ ‘I+T/ \‘s / \
m+n+q+1(sp+qz.) a (s%%) F*“q(squ)
“m+q
/ H / \sp A\, /
Lt ATt I TN Chat ) 0512&1’;13(5%3)
1

(Q is a particular case of the braid of Proposition 1.3. It is possible to

factorise j as jin ._Lﬂ LQ, with V1defined exactly as m but using SG
a .
jnstead of S0). For example, j:nm(SO/SO(q))—v- Qm_'_q(S'Z) is an isomorphism

for m¢{ q.

- 82
Let ™ be an n-manifold, which we shall take to be compact, smooth and

closed, f s i i
sed, for simplicity. As usnal, give the group ring Z[n:,l(}()] the w(M)-twistea

involution. let Sr(lvln) (r» 2) be the Z[T:,I(H)]—module of regular homotopy classes
of oriented immersions g:S"a—>M" with a preferred lift F:8T = m, (M) % st ¥
to the universal cover M of Mn, where addition is by connected sum. Given such an

immersion g define a Z[r:1(H)]-modu1e chain map

g+ e (D) oy B, oS ryn=s ([57I0"), gn=T((3F)
(U n-)
__,5_4 C(Tn(u »n o,
where Tn(ug) = \,{ 7( Vg) is the Thom space of the normal bundle ){S.S —-—% BS0(n-r),

sn~r .
Up:ﬂ (T()Jg)) is the Thom class of ‘Jg' and .t = 1t1(H).

The gymmetric self-intersection of an immersion g'.sra.._,Mn

is the Za-cohomology class

Me) = v_(olM) () € B 27 (2,5 20, ()1, (=) ")

obtained by evaluating the composite -

"(n- Z) —1y hil n(C(ﬁ’))L»Hom (

¢ E T B (s ], () P7T))

! Lob alPdoyd - ~e
where x = g *(U )€ ¥E™"T(M) is the Poincaré dual of g,[ST1€ H (4), and w = w(M),
g

(Thus for a fixed M™ the class Mg) depends only on E’,[Sr]eﬂr(’l\d’)). In the case
n = 2r Mg) can be identified with the evalunation M (g,g) of the geometric
intersection pairing

Mt s (F)x s (T —— [, (0] .
By Proposition 2,3, the mod 2 reduction of »(g) can be expressed as

Mg) = <Sqr(x) .[M]>€ Z, (xe BV T(M; ZZ.Z)) .
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Given an immersion g!Sra—>Mn and a non-negative integer p>2r~-n + 1
it is possible to deform the immersion gx1:sr'\~ -7 M%x PP by a regular homotopy
to an embedding g':ST= 5 interior(M"x DP) with normal bundle

Yo = :)geep : ST — > BSO(n-r+p) .
Let E be a closed tubular neighbourhood of g'(s") dn M x Dp, with induced cover

E = anC'f{'xDp_ The w-map

¢+ = Hx DP/N x gP~1 collapse ' P A xpP X = B/eE = Tl = EI".tn(»S)

s ]
induces g!:C(M) —_— C('.l‘n(yg)) on the chain level,

The guadratic self-intersection of an immersion g:Sr-b.w—-*»Hn

is the ZZ—-homology class
e = -v"'(y've[m)(nvs)e Hy o (Zpi Ly (13,(=)"7T)

obtained by evaluating the composite

1 (¥ ¥ 7) s, R, (C(Tr(y; ) Lr—)HomZ[;t](‘fﬁn_r(Tn'(vs)) My
In the case n = 2r P(g) will be identified with the geometric self-intersection
of g (in Proposition l;,zI below)., By Proposition 2.63, the mod 2 reduction of K(g)
can be expressed aa |
K = (Sq;”(xpt),xp[l‘l])E zZ,
(h = (zPy )6 - £P(x) € 2P, ,27K(Z,,n-1)] ,

8

).

( = generator EHn-r(K_(Zz,n-r);zz) = Z,

(Z,32[x], ()"

= 8h-.

Proposition 4.2 The symmetric and. quadratic self-intersections define functions
> (g)

o Zoi ZOn DT, (™) 5 (g™ B > 1 (g)

such that )

\c: sr(m")-—»ﬂ"'zr(zz;Z[u1(n)],(-)“'r) s (g:sTa— ™)y

pe Sl_(H'“)—rﬁ2

1) ) (ag) = aM(g)a yplag) = a'l(g)z (aez[n1(H)],g€Sr(Mn))

1) M (8) = (3(¥),0) + (1+T)p(g)€Hn-zr(Zz;Z[r:.l(H)].(-)n_r)

= B2 732, (=) ) oB* (73 B, (M)1/Z, (-) ") -

144) (g, + &,) - PMgy) - pley) = (31,82651_(““))

{[Ms-,.gz)] ifn=2r
o] otherwise
iv) if the class géSr(Mn) containe an embedding then H(g) = 0, and if

it contains a framed embedding then also A(g) = O
v) 1f n = 2r3 6 and p(g) = O then the class géSr(Hzr) contains an
embedding.
Proof: i) By construction.
ii) Apply the symmetric Wu class Ve to the relation glven by Proposition '2.551)1
& ot = 6T,‘(,)5)51[H] - (¥ € Q(ETR(1)))
1ii) The quadratic self-intersection rl(g.l + 52) of the connected sum g, + 8, of;

immersions 51,52:sr=.——)Mn is given by

e, +g,) = -vr(;’G[H])(UV U, VEH,

(2, Bx, (N)1,(-"T)
g "8

with

- . 2P P
6=qVva,: zpu+-—>z (Tu(»g1)VTn(usz)) .

There is a natural identification of Z[rr.]-modulé chain complexes

C(Tn(vs1)V Tn(usz)) = C(Tn(U81))00(T1t(U82)) '

and Proposition 1.4 i) allows us to expresa V¥ as
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o= Yo U ) 7Qn(é(Tn(.L’g1))oé(Tn(u82)))

2
\—(51'93;)1, o’

. N . ¢
RGO ERCICCRRE AT

G CRY

with (g‘:agzl)bo the composite
A0

(sioER)s o ¢ B Ym) ——> H_(c(F) *®,

~
Z[“]c(M) )

1 1
8,8 . .
172 nn(c(mn(;)g1))tﬁzmc(m»sz))) .

Now apply the rth quadratic Wu class v" to the identity
. . . 1 1 b
Tl = (g 1% 01, (51 08,)69) €, (CTn(2 ) @2a(1) 1))

iv) By definition G'G is a composite

Vg ¢ ) —— QLO T (E (N —— q (BTN
and the middle group is O if p = O.
v) Letp(g)e HO(ZZ;Z[n1(I{)],(-)r) be the geometric self-~intersection of an
immersion g:STa—> e (r; 2), as defined in Theorem 5.2 of Wall [5].]‘It was
proved there that
~ A ~
Pyt ) = PlEy) - Pley) = [M ey 48,0 1€ H( 2y ln, (0,(-)T)
and that for r3} 3 F\(g) is the sole obstruction to deforming g to an embedding.
We shall prove that p(g) r:,}l(g) (for r>3) by a generalization of the
trick used in the proof of Theorem IV.4,1 of Browder [2].; Iift fx(g) to some
element aéZ[m](M)], and let g'xsrcr—) Me2T o Hzrf (5% 8¥) be an immersion
representing the homology class
24s™1 = (0,-a,1)€ Hr(ﬁ') = Hr(ﬁiez[n,,(n)]ezztu,,(u)] .
The immersion M‘fo 1 8o H'zr represents the homology class
(g 01,1877 = (R,[571,0,00¢ H () = B (Memx,(MTeZ[x (1] .
Define an immersion

g" = (gH0)+g' ¢ STO— > M2 |

- 86~

and apply the sum formulae for ’,L andpl to obtain
p(g") =p(g40) + ilg') = plg) - tal = "l(g) -p\(g) < HO(Zz;?Z[r:,I(H)] ()5
(s =Tiles 0) + fig")

(&) - [a] = 0 €Hy(Zys Zlry (M)1,(-)F) .

Thus g" can be deformed to an embedding, and p(&") = 0 by iv).

]
The relation of Propositiom 4,2 ii) for n = 2r

MB) = (302),0) + (4TI(E) HO(Zy3 By (D] ,()7)
is precisely the relation of Theorem 5.2 iii) of Wall [5], with

.‘i()/g) = 7((1)8) ' HO( ZZ; Z,(-)r) the Euler number of Vg(; n:r( BSO(r)).

, fsM——X degree 1
Proposition 4,3 Iet 2 be a

map from an n-dimensional

(£,b):tH—— X normal bundle

manifold M to an n-dimensional geometric Poincaré complex X. Let g:srq—-> M be
an immersion with an oriented normal bundle J)S:Sr—>BSO(n-r) and a null~homotopy

T+ -
h:D r+1

——»X of fg:Sr—» X
——>BSO be the stable trivialization

and let 1)h:D

" symme tric
« The rth

Wu class
of L/'gtsr——y.BSO(n-r) determined by b:L)H—+Ux quadratic

(symmetric 10‘(1‘) = (C(fl),(p = e%(pﬁ[lf_] G'Qn(c(fl)))

of the 1 1
(74(£,0) = (C(£7),¥ = eg¥p[X1& g,(c(£))

kernel
lquadratic
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she disc theorem for geometric Poincaré comrlewes (Theorem 2.4 of iall [ 41)

.-87—1

_ nrovides 2 homotopy enuival
v, () B Tetety) £y enutvatence

KT —— BT (2 7 (X)], () F)

!

n
- 1 - - X—Y v
) s BTt = K O —— 0, (2,521, (1)1 ,(-)"7F) RS
. . -1
, = . with Y 2 homolo 11 ~1)-dirensiona 3 T api—
serds the Poincard dual x€ K™ (M) of the Hurewlcs image in Hr+1(f) - Kr(}t) of gically (n-1)-dimensional complex znd k:S ! some map.

~ Passing to the universa ini oz i a sing ¥
(h,p)e Kr+1(f) . Ttr+1(f) to g crsal covers, adjoining basevoints and collapsing Y there

n=2r is obtained a n-map

VR0 (x) = (300,00 + (WT)p(E) € BN (2,5 2 ny (1)1 ,()7)

=~ Bl n n
- H: X — (Tus(exe™)), —Ys
VG = (304 w),0) + We) €Ry, (23 2y (], . w T (TuglaxeD), —)
_ . ) representing the Sm-dual of Tr(h*v,)-—>Tn(o,), so that
Proof: The expression for vr(g)(x) is inmediate from Proposition 4.2 1),s0 only the . X X

W W Pt
v, = 0: H(X;¥Z) —q_(cWs = .
normal bundle case need be considered, The commutative diagram of maps of spaces H n( i) 'n( T » Gr = w(x))

gF g M . Applying the rth gquadratic VWu class v' to
il lf : EVplX] = \'vl(uh)(ﬂ - ‘I’G[IﬂEQn(é(Tx(vg)))
pF+1_h B - ve obtain the desired expression for v' (¥)(xz). ~
is covered by a commutative diagranm of bundle maps R ]
g‘VT{——’V}I ) At this point it is instructive to compare the approaches taken by
cl ,l,b : all [ 5] and Browder [2] to the problem of performing framed surgery on an
by, ——— vy 1 elerment d€nr+1(f) for some n-dimensional normal bundle map (f,b):HM—> X.
with h*Vy a triviel bundle and cig*yy —sh*My giving rise to l)h:DrH—sto. Theorenm 1,1 of Wall ['5°] establishes that for r {n-2 everyuénr+1(f) deternines
Tzere is induced a comsutative dimgram of Thonm n-spvaces and n~maps (n = 1:1()()) : a regular homotopy cless of framed immersions g:8TA—1 together with a
Tn(g'UM) —~>Tn())H) vrescribed null-homotopy h:Dr+1——rX of fg:8¥ — > X, such that N
Trlc) l lTn(b) \: (z)h,l)s) = 0€1:r+1(BSO,BSO(n-r)). Surgery on % is possible if and only if this
Tn(h‘ux)"—'Tn(Vx) class contains an embedding, so that on the chain level the éixrgery obstruction
vhose Sn~duzl is a n~homotopr comrmtative diagram of m-maps : is YF¥Ix) = p(g) enar_n(zz;zz[n1(x)],(—)"’r). On the other hand, Theorem IV,1.6 .
Z?Tn(Vg)(———g-———Epﬁ_' of Browder [2] assumes that usnr+1(f) is already represented by an embedding
) IF g:ST®—1i with a null-homotopy hep™ ey of fg:ST——>X, so that pg) = 0

~ Surgery on ot i6 possible if and only if (M ,V ) = O€n ", (Bs0,B30(n-r))
29(¥s“)<~—}{——- =%, e r+1

(= -n:r(SO/SO(n-r)) = 'n:r(V

k';x-r)’ k large), so that the chain level surgery

1y

or p2 O sufficiently larse. Adnlying the sum formula for the quadratic

4]

obstruction is v (¥){x) = (j(v_,» ),0). In Proposition 7.9 i) below we shall
construction of Pronosition 2.5 iii) we have h'"g

o0 . . 0o = v o shzll interpret the e-quadratic Wu class v (¥)(x) €H2r_n(ZZ;A,(—)n-re) i
e F [ GF

¥ f . M associated to an abstract n-dirensional e-zuadratic Foincaré complex over A .
=V 0y =V (D) + 100 ), ¥ [X1€ Q (C(Tr(2 ))) . °
l(uh) h'*'H n T

(C,veq (c,e)) as the obstruction to performing nlgebraic surgery on xéHr(C).
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2i- i23
Given an (i~1)-connected dimensional normal bundle map for
2i+1- iz22

(f,0)sHi—> X let

(k, (1A,
a(f,b) = 1 k

(H(_)i(Ki+1(U,)U));Ki+1(U,DU),Ki+1(ﬂo,3li))
form

over z[n1(x)] with the w(X)-twisted

be the non-singular (-)iquadratic [
formation

§5
involution obtained in of Wall (53 as the surgery obstruction kernel,
using geometrically defined intersection and self~intersection forms.
The odd~dimensional terminology involves the union U of disjoint framed
enbeddings stx Dl+1C1N such that the images I(Sj'*D1+1)<:X are contractible,
and such that the corresponding elements of Ki(M) are a set of generators,

with My = MN\UCH. The quadratic kernel 7,(f,b) is the i-fold skew-suspefision

O~
of a i dimensional (-)iquadratic Poincare complex over Z[n1(X)]
g (£,0) = §1¢i(f,b)
(as in Proposition 2.12), and Gi\f,b) can be regarded as a non-singular
form (1.5

by Proposition .

” (—)1quadratic
formation 1.8

Frovosition 4.4 The surgery obstruction kernel of a highly-connected

n~dimensional normal bundle map (f,b):M—X agrees with the quadratic kermnel
A v
defined using a geomeiric Umkehr map Fexx+,M;§“ (n = n1(X))
8(f,v) = 0,(£,b) (n =21 or 2i+1 2 5).
Proof: Consider first the case n = 2i. low C(f!) is given up to chalin equlvalence
by
ctr!) : cre—20—K (H) —>0—...,
and the quadratic kernel is given by
a.(£,0) = (C(£") ¥ = e, v [X]eq, . \CC1})) = coker(1-T, i:Hom (X, (1) K, (1)*)
LRk L 2 24 =) Znl 1

_,Homz[ﬂ( I(i(:-i) ,Ki(z:)o)) '

identifring Ki(H) = K1) by Poincere duality. By Thcorem 1,1 of Uall [ 5]
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every element xGiKi(H) is represented by a2 framed immersion g:Siur—9HZi together
with a null-homotopy h:D1+1————»x of fg:8° — X, and Propositions h,2,4,3
21low the identification
i
v(x)(x) =|.A(g) €HO(E2;Z[1:1(X)],(—) ) .
Thus 8(f,b) = Gi(f,b) if n = 2i.
1n the czse n = 21+1 we have that up to chain equivalence

et ¢+ vee—s 0 —K,

1+1(1~1.u)——>xi(u) —>0—>,... ,

so that Gi(f,b) is a non-singular (-)iquadratic formation over Z(n1(x)]
cri(f,b) = (E(_)i(Ki(U)‘);Ki(U)‘,Ki+1(H,U)) .

Identifying Ki+1(U,‘BU) = K(U) = Ki(U)‘ by Poincarf duality and the udiversal
coefficient theorem we can write the inclusion of the lagrangian
Ky 4,0 ——»Kiw)'elci(u)
as the nap
¥ = d - *
Ky, 4(1,0) = K1+1("o~3")‘—*1(1(9“) = Ki+1(u,au)exi+1(u,au)
appearing in the definition of 0(f,b). Thus 0(f,b) = ‘fi(f,b) if n = 2141,

01
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85. Algebraic cobordism

Wle define an equivalence relation on algebraic Poincare complexes

modelled on the cobordism of manifolds, and also called cobordism. In §6 we show

degree 1 degree 1 ,
that a bordism of maps of geometric Poincare complexes
normal normal
symme tric
determines an algebraic cobordism of the kernel Poincaré complexes.
quadratic
£~symmetric .
The cobordism classes of n~dimensional Poincaré complexes over A
e~quadratic
1™(a,e) _
define an abelian group (n3 0) under the direct sum e. In §7 we shall
L (A,€)
n

analyze algebraic cobordism using an algebraic surgery technique modelled on
the surgery of manifolds. ‘fThe quadratic L-groups will be identified with the
surgery obdstruction groups of Wall [5]
Ln(Z[u],‘l) = Ln(vt) .

In §8 the cobordism class of the quadratic kernel of a normal bundle map
(f,0):M——> X will be identified with the surgery o6bstruction of Wall [5]

a.(f,b) = o(f,D) e L (Z{n (X)), M) = L (2, (X)) ,
and it will be shown that the chain level effect of a geometric surgery is

an algebraic surgery.

~g2-.
let A,e be as in §1, Given an A-module chain map

f:C——D -
define the relative Q-groups
agtt e = oy (Homg 7 5 (U04,31,0(2 G 1))

[103] _
Q, (f,e) = n+1(W[i,3]&E[z ]C(f @Af)))
with C(f qr) the algebraic mapping cone of the Z[sz—module chain map

£ @Aftc ®AC —)Df‘@AD, taking T€ Z, to act by the c-transposition T,.
1

(ore) €Qpy | 47(£16)

GvnealisFis,e

An element is represented by a collection of chains -

1(&,.‘9)5 = (Fp 0 )€ DD _ jecB,0)  ligs<i}
{(Sv,w)s = (Svs,ws)e (DteAD)n-s+1e(ct®Ac)n-s|i< s€3i}
such that -
adg,0), = (aDr@AD@q,S) + (MB(Ee_ L+ (DTS )+ (MY, 10,
ot cL0s) * (™ N, v (T4
= 0€ (DtQAD)ni-se(Ct@Ac)l’H-s—" (i‘ 54 3, J(pi_1 =0, (pi_1 = 0)
adv,v)_ = (a g pT¥y) + (DU, g ¢ (% SV )+ (NN (v),
~5=1 +1
I, * e S i A AN
= OE(DbAD)n_se(Ct@AC)n_S_1 € egdr §¥ =0, 1 =0) . .
n+1 ; n+1
L(£,1) = Q (1)
For € = 1€ A we shall write Ei g:j‘ Ei g%
’
QM 1) = Qlladl(ny’

Proposition 5,1 For any A~-module chain map f:C——>D there is defined a long

exact sequence of Q-groups !9'
n+1 n S al n — s
T, J](f'c)—"Q[i.ﬂ(c'c)TQU.&](D'E’_’Q[LJ]“'E)
ce % Qr[:.{:'](f,e)——»QrEi'j](C,s) ~i>Q,[li'j](D,c)—>Q£i'j](f,e)——‘ cee o

with

n n -
Q[l J](f e)—»q_ (C,e); (fp,0)— o , Q[i’j](D,E)*'Q[i'j](f,E);Etp!——’((‘ﬁp,())

(343)
ol Per,e)— QL Il c,e)iSv,— v, QLT P 0,e)—a[H s ) s v G0

0



E-symmetric -93~ (£:¢——D0,(8p,0)) ~oh~ X e It R
An (n+1)=dimensional —osymmetric air over A 109,40 (130) -9k Define the union of adjoining . cobordisms
E-quadratic (£:0 —D,(Sv,v)) E-quadratic
_ n+1
is a chain map f:C-——>D from an n-dimensional A-~module chain complex C to an €= ((f fc') Cec! D, ('f""o'-e')éq ((IC fge)4€))
(n+1)~dimensional A-module chain complex D, together with a relative ¢ = ((fc fc.):CeC"—vn.(‘W'“’e"‘V')é Q 1((f fC')'E)) ’
_ n+1
7,-hyperconomology (g(p,np)EQn+1(f,€) - Q'EBLQ](f'E) c' = ((f(': C") C'eC" —— D', (S ,p'e—g") € Q ((f(': f(':" JE))
class and it is Poincare
Z,~hyperhomology $v,v)e Qn+1(f,g) = Qr[xg‘;w](f’e)' —_— c' = ((f(':, C") :CleC" —— D', (fvr v! 6-‘V")€Q ((f(':, fé,.),e))
t ) E-symrmetric
) (Sypgsvgle H 4 (f ®,f) i to be the cobordism
if the relative homology class induces A-module | e~quadratic
(T )8, (T v €H_ (', 1) ; 4
isonorphisms i %cuc' = ((f" fb'"):CeC" 4 D".(S(P".npe‘(p")e Qn+1((f" cn) €))
cuJ LI oL 1) +CeC!! ————» D Swn ve-y) g " "
B (D,C) = A (f)—>H, ,_ (D)  (0grgm1) ‘ et = ({15 fgu):Ce D, Qv ve-ymyeq . ((£y £2,),€))
' jven b
(Poincaré~lefschetz duality) via the slant product 8 v
: -1
_ a ()7 's 0
N ED®E (R DB (D) (g,h)R(u8y, xRy v + R 1(y) : D ct
- - ’ d = o d (o]
((g,meDTeC™ 1 | waved®¥®,D) ., xeyeicli®c) ) . : D" —_— -
A7 "n+1 A 'n -
‘ 0o (=) g, a,
E~symmetric ¢ D
The boundary of an (n+1) ~dimensional Poincaré pair over A ) "
- H = Ml 1] " = L} 1
e-quadratic . Dr D-rebr_.leDr — D, Dr-‘lecr 2°Dr-1 ,
(f:C ~—+D,(§o,gp)€Qn+1(f,€)) e-symmetric f
is the n-dimensional Poincaré complex Y
(f:c—D,(8v Ve Q,1U6,E)) €-quadratic o= 0 : ¢ ———» D! = D _eC! D!
C r r r-1
(c,ee2™(C,E)) €~synme tric 0
over A . A cobordism of n-dimensional Poincard complexes
(C,‘VGQn(C,E)) €-quadratic 0
(C,9),(C' ") . e-gymmetric . £ = 0 s C"— D" =D aC' _eD'
is an (n+1)-dimensional Poincare pair with boundary . Y r r ror1"r
(c,v),(c?,v!) E-quadratic £,
g C
(Cyple(Cty=p") ((f £1):CeC' —D,(Sp,00-9p")E Q™ ((£ 1) £))) : Te o 0
y BAY . s
[ . ' - - - 1
(c,¥)e(C',-¥v") ((£ £7):CeC'— D, 5V, ¥e-¥")EQ ,((f £'),€))) .. &P's' ={ (-® r‘péfa' () TS+ Too) 0
In Proposition 5.2 below we shall prove that cobordism is an equivalence 0 (-)sf(':'wé Sq,;
-, t * ' - - - - i
relation on algebralc Poincare complexes, such that the cobordism classes define ¢« p? r+s+1 - po r+s+1ec,n T+S poD r+5+1 D; - DroC;__1eDI'_ (&3 0)
abelian groups under the direct sum e. The verification of the tramsitivity of o o
cobordism requires the following algebralc glueing operation, A geometric cobordism_ 8"" = | V'f‘ (=)P"T=5q_yo
€ 841
gives rise to an algebraic cobordism, and the glueing of geometric cobordisms (=)t wt !
- v [
C''s 8
gives rise to the glueing of algebraic cobordisms. - er-s541 er=5+1 —pe .
. D"n r-s+1 _ Dn T-541 oy DT seD,n r-s+1 D;'_ - DreC;__,‘oD;_ (5?0).
Our notion of cobordism of symmetric Poincare cobordism is a chain
. . We shall normally write
Lomotopy invariant version of the "algebraic Poincaré bordism" of llishchenko [2]. . StP" = S‘PU -S‘P'
t " _ 1]
D" = DUC'D ' S‘V" - &‘VU 'S‘V'
v .




et —————————

(3everal remarks about the union operation are in order: -95-

i) Given A-module chain maps {f ):CeC'—>D, (fé, £!,):C'eC"—— D"

C i.C' cn
n+1

Q

let be the relative groups appearing in the long exact sequence

2
@™, ) ™ g™ (1, £50),8) 6™ (18, £20) ,E) —Q7(C" E) — ...

n+1

cee Q4008 > Q L—aq L ((f £o0),80eQ L ((£8, £44),8)—>Q (Ct,E)— ...

n+1

The definition of the union (as above) depends on a choice of lift of

(Sospomp)olBo" 0 om0 € ker (@™ (1, 15,),)R™ (1Y, 11,),6)—Q™(C",E))

(fw,w-w')o(fv',w'o—w")eker(qn+1((fc fo1)8)eR (L, fhy) ) —>Q (C',E))
n+1 '
to some element of o and then evaluating the abelian group morphisn
Qn+1 -
Q™ — ™ (sl 11,0
Q1= Qg ((L £) )

induced by a Zé-isovariant chain map. There is thus an indeterminacy in the
e-synmetric .

Poincare cobordisms determine
t-quadratic

union operation, since adjoining

coker@™icr,e) —>q™")

only an element of .
'
coker(Qn+1(C ,E)————*Qn+1)

ii) There is a neater expression for the union in the special case when all

the chain maps involved are direct inclusions.

(£:6—»D,(§o,0)e@™ 1 1,£))
is direct

(f:c_—-D.(Sv,v)eQn+1(f.6))

e-symme tric
An pair over A
€~quadratic

if each f¢ HomA(Cr,Dr) (reZ) is a split monomorphism, that is the inclusion

e-symmetric
direct cobordisns

of a direct summand, The direct union of adjoiningi
e~quadratic

n+1

‘c= ((fc fC,):CeC'———7D,(§b,@9-w')€Q ((fC fcl)le))

= (£ £,,):CeC! —> D, (§¥,ve-v1)eq (£, £,),6)) '
{c' = (g, f(':“):c'ec"—»D‘,(é-w',w'e—w"xQn+1((fé| £5u) 1))
c' = ((fé. f(':"):C'e(;"——-’D',(SV'""9"’")6Qn+1((fév fé"),E))

is the direct cobordism

coc'

1

((?g ?g"):CeC" ———+5",(Eaﬁ,we—w“)ﬁQn+1((?E Tgn),e))

cue' = ((Ty -1_'8“):C9C"——)B",(W,Wo—V")EQn'*,'((-f'c' ™.E))

defined by

- 1 — fc'

L - . - -

= o) C.——> DI = coker( iy :CL~>D eD!) , dgy = [dpedy,]
(o)

- 0 - Eo" = (Spely"]

f" = : C" —_—’D"

cn r r

v = [fvefyry .
The direct union for symmetric cobordisms is due to Mishchenko [ 2], where
only the direct symmetric cobordisms were considered. A restriction to direct
complexes and direct complexes does not involve a loss of generalitj: since

" E-symme tric c

every cobordism
E=quadratic c

((f £*):CeC*'—>D,(Sp,00-¢")e@™ ((£ £"),8))

((f £'):CeC' ——D,(8¥,Vo-v')eQ  ,((f £),€))
is homotopy equivalent (in a sense to be made precise) to a direct cobordism
((T T'):CeC’ — 5,(T5,00-¢" )™ ((T ') ,e))

— v e pe— —— Hithﬁ:“(f f') the »
((F T*):cec' —— D, (EV,ve-v1)eq (T T'),e))

ol
a

ol
n

algebraic mapping eylinder of (f f'):CeC'——D. Furthermore, if c,c' are
e~symme tric

cobordisms then
€-quadratic

adjoining {
(cuc”) = (c)o(ec")
up to homotopy equivalence, so0 that the direct union corresponds to the

indirect union.

€~gymme tric
iii) For n = 0,1 the union of%_ cobordisms can be interpreted as
E-quadratic
E-symme tric
a glueing operation on forms and formations,cf. the discussion
€-quadratic

following Proposition 5.7 below).




Proposition 5.2 Cobordism is an equivalence relation on n-dimensional
c~-symnetric . :

Poincare complexes over A, such that homotopy equivalent complexes
e-quadratic

are cobordant, The cobordism classes define an abelian group, the

e-symmetric 1M(A,E)
n-dimensional L-group of A

(n>0) with addition and
€-quadratic Ln(A.E)

inverses by

(C,y) + (C,p") = (Cel',pap') , =~(C,0) = (C,—¢) €EL"(A,€)

(c,¥v) + (C*',¥v1) = (CeC',wev') , -(C,¥) = (C,-W)eLn(A,e) .
€-symme tric
Proof: Given a homotopy equivalence of n-dimensional Poincare
€-quadratic

complexes over A
£t (Cp)——(C'y0")

£ 1 (C,¥)— (C?,¥7)

t n
. peHom (W,cRC) weQ (C,£)
let z[zzj ; q " be a cycle representing [ ( , 80 that
g C
Ve (NQLZ[ZZJ (c @AC))n veq €)
i o' = £9(y)e Hom CRIA- XN

[ Z,)

LA f%(v)e ("’@1[ ) (C't'&nc') Yo

il

o' Qn(c ')
. There is then defined a cobordiam
¥'eq (C',€)

is a cycle representing

(Cf 1):CeC'—C?,(0,p0-p"e@™ (£ 1) ,€)) (C,p) c*,e")
from to .
((f 1):CeC’'—>C*,(O,ve-v1)eq  ,((£ 1),E)) (c,v) (c',v")
This verifies that homotopy equivalent algebraic Poincar€ complexes are
cobordant, and in particular that cobordism 1s reflexive.
(€3 f'):CeC'——yD,(f¢,wo-¢')eQn+1((f £1,e))
If is a cobordism,
((f f'):Cec'——~D,(SW,We-v')eQn+1((f £'),e))
1
((£' £):C'el—>D,(~Lp,p'e~p)EQ™ ((£' £),£))
then s0 is y thus verifying the

((£' £):C'eC —>D,(-&V,¥'e-¥)eq ,((f' £),€))
symmetry of cobordism,.

The union operation ensures that cobordism is transitive.
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symaetric L"a,1) = LA

Vle shall denote the L-groups by . l
quadratic Ln(l\,’l) = Ln(A)

In § below we shall establish that L) = L o(Ay-€) = L, () (np0)

The quadratic I~groups of a group ring A = Z(x] will be identified in §8 with the
surgery obstruction groups of Wall [ 57, Ln(Z[n]) = Ln(n:). The cobordism class of
the quadratic kernel of a normal bundle map (f,b):M— X will be identified with
the surgery obstruction, ¢, (f,b) = B.(f,b)eLn(Z[u1(X)]) = L (x, (X)),
The symmetric L-groups L"(A) coincide with the "algebraic Poincaré bordism"
groups nn(A) of Mishchenko [2 ], except that -ﬂn(A) is defined using only
f.g, free (rather than f.g. projective) A-module chain complexes - the difference
this makes will be considered in §12 below,
The correspondences between low~dimensional (n = 0,1) algebra1c~ Poincaré
and forms and formations of §1 will be pursued further in §7 below, and
YJ(A,E)
) will be identified with a Witt group of stable
L, (A,€)

e-symmetric

isomorphism classes of non—singular{ forms (resp. formations) over A.

E~quadratic

The E-symmetrization of an (n+1)-dimensional e-quadratic (Poincarf) pair
over A (f:C——bD,(SV,W)€Qn+1(f'E)) is the (m+1)~dimensional E-symmetric
(Poincare) pair

(4T (£:0—>D,(8Y,1)) = (£:0—=D, (11 )(E¥, ) €a™ (1,)) ,
wvhere .
(e )8v,, (14T )v de (D) elc’®c)  s=0
¢ e’° 7o e’’0 CA7 'n4 A% ’n =
(1+T€)( V¥ = t t
(0,00 (P G}\D)n+s+1"(c qc)xns s>1 -
Thus the E-symmetrization of a null-cobordant €-quadratic Poincaré complex
is a null-cobordant £-symmetric Poincaré complex, and there is defimed
an £-symmetrization map in the L~groups
(1+T€) : Ln(A,e)—-Ln(A,E) 3 (C,‘VeQn(C,E))—P(C,(1+TE)W€Qn(C,E))

In §11 we shall prove that the €-symmetrization maps (1+TE):Ln(A,e)—+Ln(A,e)

are isomorphisms modulo 8-torsion.
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Froposition 5.3 If A is such that there exists a central element a€A with
a+a=1€R
then the £-symmetrization maps
(141) £ L (A,e)——>1"(A,e)  (nZ0)
are isomorphisms, In particular, this is the case if 1/2é€A.
Proof: For such A already the Q=-group £-symmetrization maps
(1+7.) : _(c,8) —— Q™(C,€)
are isomorphisms for any A-module chain complex C, with inverse
(1e:>a)<y0€(c"®‘\c)n s8=0

Q“(c,c)——»qn(c,c) eV, v =

0 ¢ (cg0) s>1 .

n+s
Thus there is no difference between €-quadratic and €-symretric complexes over A.
Similarly, the E-symmetrization maps

(1#1,) :Q r,e) —— Q7(1,€)

are isomorphisms for any chain map f:C —>D of A-module chain complexes, and .

there is no difference bvetween £~quadratic and £-symnetric pairs over A,

0
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g-symmetric )
{Poincare)
E~quadratic

The skew-suspension of an {n+1)-dimensional

(£:0—— D, (S, (1,e))
pair over A
(f:C——vD,(SW,W)GQn+1(f,E))

(~€)-symmetrid
is the (n+3)-dimensional

(-€)-quadratic

(Poincar{e) pair over A

B(£:C—D,(S0,0)) = (S£:8C —» 5D,5(8p,0)eq™* (51 ,-€))

S(£:c—D,(Sv,¥)) = (Sf:5C — 3D ,SE V,V)eQn+3(sf,-e)) '

—:Q"+1

5 (£,6)—> Q®*3(st,-€)

with the relative version of the isomorphism

S:Qn+1(f,c)——v Qh+3(5f"€)
defined in the absolute case in $§1. Thus the skew-suspension of a null-cobordant

€~symmetric
n-dimensional } Poincare complex is a null-cobordant {n+2)-dimensional
e-~quadratic
(~€)-symmetric ,
bPoincare complex, and there are defined skew-suspension maps
(-g)-quadratic

in the L=groups

1%(a,) —1™2(a,

1]

-€) 3 (C,p)—>(5C,Sy)
_ (nz0)
L (AE)—1L  -(A,~€) ; (C,¥)—>(5C,5V) . -

[%1]
"

In §7 below we shall prove that §:Ln(A,€)——» L ,olAE) is an
isomorphism for all A,e,n2 O (Proposition 7.3), It will also be proved that
§:Ln(A,€)——+Ln+2(A,—E) is an isomorphism if A is noetherian of finite global
dimension m and n)2m (Proposition 7.4). In §14 we shall construct examples

n+2

such that 5:L™A,e) —1%*“(4,-€) 1s not an isomorphism (Propositions 4.3,

bk 1k, 9),



A0 - e-symmctric - “192- {(c,eeq’™(c,e))

! fin n-dinensional comvlex iz connected if
i E-quadratic (c,ven (C,2))
B 1 ' n
i ( . n"‘—,
We shall now define the notion of homotopy equivalence dglygiC €) =0
. & y sh—*
approoriate to algebraic Poincare pairs. It turns out that the homotopy equivalence ho(("*‘T(.;)"'o'c —C) =0 .
e~symmetric In particular, Poincaré complexes are conrected. For n = O connected = Poincare.
classes of Poincare pairs are in a natural one-one correspondence .
€-quadratic ] . E~symmetric
Define the boundary of a connected n-dirmensional conplex
b €-symme tric ! . €-quadratic
with the homotopy egquivalence classes of certain coaplexes j
e-quadratic i (Cy0eR™(C4€)) e-symmetric ,
l over A (n21) to be the {n-1)~-dimensional Poincare
" (Proposition 5.4). This allows for considerable conceptual simplification, giving f (c,ver (G,€)) £-quadratic
1
e~symmetric e-symmetric ! complex over A
the L-groups an expression entirely in terms of n-1
g€~-quadratic : €-quadratic | A(C,p) = (3C,90€q" '(3C,€))
complexes., In §7 below we shall use this expression to identify the low-dimensional c,v) = (BC,.!\'«'EQH_,‘(QC,E))
L-groups with stable isomorphism groups of forms and formatioms, and to establish given by -
the h-periodicity of the quadratic IL~groups, L= Do e (d (- ) Yo '
) *
€-symmetric . Y -)* ag ner n-r+1
Define a homotopy eguivalence of n—dimensionalg pairs over A d)C = r : RCr = Cr+1ec ACr_,l = Cr"c
e~quadratic (d (-) (1+T )\V
(gyhik) : (£:0——D,(§0,0)eQ(£,E)) —> (£7:C —D* ,(Fo',0' )™ (£ )  § 0 (-)"ag
] ( £ )) teC v Syt wr)eqg (£ ) (- )n—r-1 ) (-)r(n-r-1)€
gehik) @ (f:0—>D,(8v,¥)eq (£,6)) — (£':C'——D* (§v',¥*)eq (£',€) Do = ( % 3T Cn—recr+1 x_ - cr“ec“'r
to be a triple (g,h;k) consisting of chain enuivalences 1 o
§:C—>C' , h : D —>1D i n-r-1 n-r - n-r
Iy = : ac =C TeC_ ,—>3C_=C_ 49C
together with a chain homotopy
: f'g~hf : C —> D! (- )n-r+5-‘l . 0 n-r+s=1 n~ n-r
o) . r+s=1 _ r+s _
i ’ags = e¥s41 : 3C =C o1 aCr = C_,4°C
such that o
o/
(5,13i1) (8ay0) = (8o’ ,9") € Q1" 4€) ()" TSy o (e>7).
E 5-1 n-r+s=1 n-r-s n-r
v = s 9C = C oC P QCr = Cr+1eC
(gohik), (8v,¥) = (B¥' ¥veq (£',€) , s 0 0 T+ .

e (Motivation: let M be an n-dimensional manifold with boundary JdH, and let

(e, mi0 (B 0) | = ((hgyh) (Sg ) + ()" (nrax) (o) + (-)°(xet5) (o)

s ot (M,01) = (f‘.C(s‘M)——-rC(ﬁ),lpﬂ"ﬁd[l‘ﬂé Q"™(1)) be the associated n-dimensional
s M @) o) (seg) (o)) € (01 FgDY) | elcri®ct)

n+s-1 symmetric Poincaré pair over Z[m,(M)] defined in §6 below, with boundary
- n-1 P " - ~J
(g4h31), (¥, V) = ((b%h)(&‘:’s) + (=) (nfer)(v ) + ()" (ker'5)(¥ ) ‘ o (a1 = (C(ﬁi).wgﬁtalﬂecl" 1(c(37))). Then the n-dimensional symmetric complex

R (_)mp(k@k)(ws“) v (ger) (¥ ))e (D»t@An-)“_Sg(c.t®Acu)H_s_1 : €,0) = (E(aw véﬁ/a.lf"]@"(c(ﬁ/ﬁ”) obtained from 9*(M2M) by collapsing T*(3H)

t . D’t® has boundary 3(C,p) homotopy equivalent to T*(2M)).
o] ' [ = : b
(s3>0, (m*@pn) = 2 P . ) ‘
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“103- - Given a homotopy equivalence of connected n-dimensional
' €-gquadratic
f:(C'tp)———)(C"w')
. 2 tives
g~syrmetric (C,¢eQn(C,E)) . complexes . choose cycle representa
An n-dimensional coniplex is contractible ’ £:(C,v) (c'y¥h)
e-juadratic C,ven (C,e
q . (c,ve ‘n( 22 we}lomz[z ](W,HomA(C’,C))n,zp'eHomz£% ](W,HomA(C",C'))n
if it is homotopy equivalent to O, that is if H,(C) = O, ve (i@ 2 Hom, (G*.C)) . ¥ (4@ ﬁom (cre,c") » So that
Z(Z,)"°"n " 7 n zZ(7Z,)"°"A ' n
Proposition 214 i) There is a natural one-one correspondence between the
- 1 ] -
€-symmetric f%(tp) -p' = aw)¢ Homztzzj(w,ﬂomA(C ,C ))n
Lomotopy equivalence classes of n-dimensional - Poincaré pairs over A ' ts Ct
e-quadratic f%(v) AR d(y{)e (“@ﬂ.[zzjh‘“}\(c )
*
. €-symme tric . H°mZ[z ](W,HomA(C ’C))n+1 {th
and the homotopy equivalence classes of connected n-dimensional i for some chain ( 2 Hom. (C*,C)) v ¥
. - €-quadratic 1 AE W®Z[ z,) omp L8041
i
complexes which preserves boundaries. Poincaré pairs with contractible ! fwsf‘..w;: do\V_ + (—)rysda'+(_)n+s(u;_1*_(_)ST p__1); c-n-r+s____)c;
boundaries correspond to Poincara complexes. . - : v f'-v;: dc"s*'(—)r{sda‘+(-)n-s(fs+a +(_)s+1T€&s+1) : c.n—r—s___T?c;
; s
e-symmetric , ‘ (s> 0, Y= o) .
i3) A connected n-dirensional complex is Poincare if and only if : '
€-quadratic

let f':C'— > C be a chain homotopy inverse for f:C—>C', and let g:f'f=1:C—>C

e-symme tric be a chain homotopy, with

its boundary is a contractible (n-1)-dimensional complex.
g-quadrati o1 . .
nquadratic o £1f -1 =d.g + gdg * C—C_ (gEHomA(Cr,Cr+1))
L e-symnetric ’, Then the A-module morphisms -
iii) An n-dimensional Poincare complex is null-covordant if and
e~guadratic £ ~fp.g*+ (=)D £+
1 : P8 + - -r
o A = 0 © Jiac_=c_, 0" —— 3cL = C) qeCtT
only if it is homotopy eguivalent to the boundary of a connected - ; o fre r r+ -
e-symmetric | £ =TT )V g* + (5) T4 ) x £ _ -
(n+1)-dimensionzal conplex. Af = €0 e’%o :3c =C .ec" T—— 3cr=C! oct™ T
3 i = r r+1 r r+1
£-quadratic i 0 fre
n .
e~symnetric (C,pcQ (C,£)) ‘
Proof: i) Given a comnected n~-dimensional complex i are such that
e£~quadratic (C,VEQH(C,E)) ‘

(31,150) = (4,:9C——C"7",(0,29)) —> (i, 8¢ ——= €777, (0,3"))
2(C,¢) = (3¢,

e-symnetric
with boundary there is defined an n-dimensional

(3£,1;0) : (1C:ac~——rc“",(o,av))——+(ic,:ac'——a'c'"",(o,a‘t"))
o{c,v) = (2¢c,2¥)

!
€~ dratic l
uacrati i (e—symmetric
|
!
|

) (iclbc——~*Cn~’,(O,am)eln(ic,E)) is a homotopy equivalence of n-dimensional j ) sratd Poincaré pairs over A.
Poincare pair . n-e . , with (E-quadratle
(1C:3C——-C |(079V)6Qn(1cc5)) ()(c'q’) Lo . L

. n-r n-w n-r (The definition of the boundary depends on a choice of cycle

i, = (o 1) : BCr = Cr+1ob ——(C )r = C . ! a(C,V) )
9 €Q™(C€) )

representative for . 1n particular, we have just shown that a

veQ (C,e)

different choice of representative defines a homotopy equivalent complex).
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Conversely, given an n-dimensional Poincare pair over
E-gquadratic
(£:3¢ »C,(0,09)eq"(£,€)) e-syometric
define a connected n-dimensional
(£:3C —c, (v, dv)en (f,£)) £-quadratic
(c',p'en™cr £))
complex by €' = C(f) and
(c',veq (C,€))
0L = ¥ °
8 n=r-1, ., (_y0-T+S
) T (-) TEB¢S_1
; gTTHS Cn~r+sebcn-r+5_1 C; - °r°acr_1 (sz 0)
v 0
¥e = . ner-s~1
s _yn-r- o (_yD-T-5-
() v _r* () T OV, 4 _
. n-r-s _ . n-r-s_n,n-r-s-1 . _
: ¢ =C ©3C . ——*C} = C edC__, (s20) .
(This is an algebraic analogue of the Thom complex construction in topology,
CBC'9¢)
teing just the collapsing of the boundary ). There is defined a
dc,ov)

honotopy equivalence of n-dimensional

with

(o 1
dg =
(o 1 0

e-symmetric P
Poincare pairs
e~-quadratic

(9g,gih) : (10,:30'-_-,c'"",(O.'aq:'))-———-"(f'oaC—70,(«0'3@) '

(ag,esh) t (ig RAC——>C'"77,(0,8v")) —> (£:8¢ —>C,(v,dV)) ,

(o £30,) _ - pe
SERAY : T - ¢t reac“r1————>cr

((1+TE)\'/0 f\1+TE)3VO)

0 Jpp) -
0 : 30! = cr+1eacrec“ Teac™ ™ Lac
(1+T v ) r

- T . y n-r n-r-1 ___,
h= ()" 0 0 0):dc) =C_ 103 eC" " 63C c,

+1 .,
e~symmetric (C,0e™(C,E))
ii) Given a connected n~dimensional complex
£-quadratic (C,VGQn(C,E))

we can identify %

if and only if

iii)

"83C = c(q,o:c“"—> c)

-~
5 = CL(14T VT ——C)
(C ) ,
is Poincare,
(c,v)

i5 immediate from i),

A

, 50 that 3C is chain contractible

]
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An n-dimensional €-quadratic complex (C,¥¢q (C,c)) is highly-connected

i -
and
i+

if n_(c)= B (C) = 0,#{

. for n =§
y op2itT=w _
H, 4 (14T v eC —C) = 0

21

2i+1

Highly-connected complexes are comnected and have highly-connected boundaries.

The quadratic kernel o,(f,b) of a highly-connected n-dimensional normal map

(f,b):M—>X (Kr(n) = 0 for 2r<n) is a highly-conrected n-dimensional
quadratic Poincaré complex over Z[n1(X)].

an €-guadratic form (M,V)
Define the boundary of

a split e~guadratic formation (F,((;D,B)G)
split (~g)-guadratic formation
to be the non-singular

€-quadratic form

An,Y) = (M,(( 1 JVOH)

(v+ev*)

AUF,6) = (64/6,vr/¥) = (ker(ep* 1‘):FeF‘———aG‘)/im((¥):G-——)FeF‘), {
r\

(o]

Proposition 5.5 The homotopy equivalence classes of highly-connected

2i-
dimensional €-quadratic complexes over A are in a natural
(2i+1)~

isomorphism
one~one correspondence with the
stable isomorphism

classes of

(—)ie-quadratic forms
split (-)ie—quadratic formations

forms
boundary operations, and sends Poincare complexes to non-singular

over A. The correspondence preserves the

formations

Proof: Immediate from Proposition 1.5,1.8 i).
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In Ranicki [ 1] there were defined groups Un(A) for n(mod &), as the

. forms
sets of equivalence classes of non-singular (—)1quadratic over A
formations
2i
if n = under the equivalence relation
2i+1
(,v) ~ G4, ¥Y) (-)* formations
if there exist i+1-quadratic
(M,¥;F,G) ~ (M',¥';F'",G") (-) forms

; (Mg H, 0 4 (N 130 KD an isomorphism
and
(), (3" x ") {a stable isomorphisn
if : (M,\V)J(N,K'.H,K)—r(M',‘V')a?(N',{';H',K')

[£1: (M'w;p,c)aa(m,;\)———y. (' ,W'3F1,G")e XN 'I') .

(N,K;H,K) i form
The boundary of is the non-singular (-) quadratic
(N,X) formation
= (K4/K .)‘*/;‘)

Sa(n,)\;n,x
A,y = (n(_)i(N)m.r'(M)) > U, o " { ey O+ () 3*770) () e oo | ek,

Addition and inverses are given by

(5,v) + (1,v) = (MeM' ,Vev') |, =(M,¥) = (M,~Vv) € UZi(A)
(i, ¥;F,G) + (M'",W';F',G') = (Mell',VeV';FeF',GeG') ,
~(k,¥;F,G) = (M,~v¥;F,0) € U21+1(l\) '
Proposition 5.6 There is defined an abelian group morphism

Uy (M) —— (8, (1) 5 Giw—— (c veq (c, (1)

Upg (0 —— Ty (A, (1) 5 (H,F, 60— (C,ver,(c, (201
i form the
sending a non-singular (-) quadratic to the cobordism class of
formation any

o~ .
dimensional (-)1quadratic Poincard complex.
1=

associated

Proof: It is immediate from Propesition 5.5 that U2i(A)~———¥IT#A,(-)i) is

well-defined.
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A non-singular (—)lquadratic formation over A (M,¥;F,0) is such

that (M,¥%;F,G) = CeU (A) if and only if there exists a stable isomornhism

23i+1

[£] = (,¥3F,6) eX(N,q) — A(u' ,x")

for some (—)i+1quadratic forms (H,{), (N',%"). (In Proposition 7.8 we shall ;
prove that we can take (N,\) = O in the above). Every formation is isomorphic {
to one of the type (H(_)i(F);F,G) by Proposition 1.6, and every stable isomorphism:

[£f1 = (B _yi(F);F,G)e AN, {) ——3(N' ")
“1lifts to a stable isomorphism of split (—)iquadratic formations E
1

~ f
,X)N)——-r(H' W C .x' INY) !

CH S (F.((p.o)c)e(li.( R+ -

(")
[¢] 1

for any hessian ( ,B)EQ(_)i+1((x):G———*FGF’) for G, with a corresponding
(8] [¢] r

(-)i+1quadratic form (N' ,i"éq(_)iﬂ(n')) such that .

';‘\" + (-)i"qi" =+ (—)i+17(" T NP !
by the proof of Proposition 1.8 ii). We thus have a stable isomorphism of
non~singular split (-)i+1%quadratic formations

{=,p,v] ¢ (F,G)aa(ﬂﬂ\)—-—f ?(N',X') '
so that (F,G) = O €L, (4, (-)i) by Proposition 5.5. It follows that
21+1(A)—~——*~*L (A, (- ) ) (H(_)i(F);F.G)P———"(F.G)
is well-defined, using any choice of hessian ((g g) ) to 1lift a non~singular
(~ ) quadratic formation (H( )i(F) F,G) to a split formation (F, ((‘) 9)G), thus
obtaining a 1-dimensional (- ) guadratic Poincaré complex.

]
The comnposite .
U, () —— T, (-)h) —%—» L, (n)
S

Uy (N — L, (A, () ——1 . (1) )

2i+1
defines a morphisn

U (A) —rreer Ln(l\) (nx0)

vhich we shall prove to be an isomorphism in §7 below.
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The correspondence of Proposition 5.4 i) shows that up to homotopy

E-symmetric .
equivalence the cobordisms of n-dimensional Poincare complexes over A
e-quadratic

cay be considered as quadruples

E~symmetric (p,V)
(connected (n+1)-dimensional complex over A R
€~quadratic (D ,,‘)

€-symze tric (Cy9),(C'yp'")

n-dimensional Poincare/ complexes over A "
€-quadratic (c,v),(ct,v")

(f £') : (C,p)e(C*,~p') — 2(D,2)

romotopy equivalence
(f £') : (C,W)e(C,~y?) —> B(D.;‘)
which we shall also call cobordisms. The union operation considered above
zssociates a new cobordism to adjolning cobordisms of this type
-~
UDPM)5(C ), (CY ") L £V (D' W1);5(C",9"),(C", "), (£' £))
~ A~
= ((DUC.D'.»uw.v'):(C.w).(C".w"),(f ™)

- In particular, given connected (n+1)~dimensional E~symmetric complexes (D,V),
(D',»') and a homotopy equivalence g:HD,3)~—> 3(D?,') we can glue together

. 50 2s to ootain the (n+1)-dimensional e-symmetric Poincar€ complex (D ,u)us(l)' ")

aprearing in the cobordism

((D,);0,~3(D,w),(0 1)) V((D',-p");~AD,»),0,(g 0)) = ((D,»)ug(n'.-xf');o,o.(o 0))..

Sizilarly for the £-guadratic case, (There is then a sum formula
((D.D)UE(D' .-»'))e((D';u')ug.(n','.-»")) = ((D.v)ug.g(l)",-v"))é 1A ,£)
(nx 0)
(D gD 4= oDy "I (D", 1)) = (D), (D" ,-4")) € L, (A€) '
wnich includes as special cases a sum formula for formations (cf., Proposition 7.7)
1
(M,0;F,G)o(M,0;G,H) = (M,p;F,H) €L (a,e)
(1,¥5F,6)o0,¥iG,H) = (M,¥iF,H) € L, (A,€) ).
‘e-symmetric
re formulation of the union operation entirely in terms of complexes
€~quadratic
(i,e. not involving rairs) has the advantage that in the low-dimensional cases

n = 0,1 it *ranslates directly into the language of forms and formations, using

the correspondences of Propositions 1.5,1.7,1.8.

10~ We shall now give an explicit description of the union operation for
e-quadratic forms and formations, which was obtained in Rariclki [5).prior to
the chain complex theory. We shall need this union operation in §10 below
in order to describe the relative e-quadratic L-groups Ln(f,E) of a morphism of
rings with involution f:A—4B in terms of €-quadratic forms and formationms.

Given €-quadratic formations over A (M,¥;F,G) ,AM*" ,W';F? G') and an
isomorphism of the boundary £-quadratic forms
T : 3(M,v;F,Q) = (G/G,v+/v) > (M ,=V1;F' ,G') = (G'2/G? |~yr1/ye)

define the union non-singular €-quadratic formation

(M,W;F,G)Uf(M',\II';F',G') = (MeM',WeW';FeF',Geim((j?f):G‘-/G—'MGM')QG') '

with jéHomA(G*/G,M), j'eHomA(G“-/G',H') the direct inclusions appearing in any

of the isomorphisms of e-quadratic forms given by Proposition 1.6

(1 §): HE(G)e(GA/G,vz/v)——»(M,v) e (11 39 HE(G')o(G'-'-/G',‘V'-‘-/\v')——>-(H',V') .
Given £-quadratic forms over A (M,¥),(M',¥') and u stable isomorphism

of the boundary split (-€£)-quadratic formations over A

1 1
[y Byo] =AM, W) = (M,( “w.),w)n) — AN, -¥Y) = (M',((_(V'+ev,,)),-‘v')l—i')

define the union non-singular €-quadratic form

(M,¥)u (Mr,¥1) = (u,vm)

[t 4By

as follows., We have an isomorphism of split (-£)-quadratic formations

(ot.?ﬁh((a a’).<b b‘>.(s B‘))
a a b b3 52 E;3

2 73 2
1 o)
( (o] (o] v 0
: (Mep,( ' YHeP*)
V+evV® O 0 0
(o] 1 >
Lo
0 0 L A
— > (MveD? ( ,( ))M'GP")
o] (o]

-(vryevt*) o
0 1

for some f.g. projective A-modules P,P'. Let
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s! s;
o oo ? =( , ! M'*eP! ——> M'oP'*
s, s

2 3

and set

v [¢]

(H".V") - (HQM",( \EQE(HQH")) .
]

€a s
This is the glueing of forms appearing in Theorem 6.4 of Wall { 9], see

Wall [111, [13].

also
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§5. Geometric cobordism

We shall now develop the relative versions of the constructions in
§% 2,3,4 of algebraic Poincaré complexes from geometric Poincoré complexes.
Given an (n+1)-dimensional geometric Poincaré pair (X,0X) we define an

(n+1)-dimensional symmetric Poincaré paeir over Z[n1(x)]0‘(x.3X) with boundary

degree 1
a*(3X), and given a map of (n+1)-dimensional geometric Poincaré pairs
normal
(£,3f) :(M,3aM) — (X,9X) symme tric
vwe define an (n+1)-dimensional
((£,2£),(b,20)): (M,3M) — 5 (X,dX) quadratic
, a*(£,31) o*(31)
Poincare pair with boundary . -
g, ((£,0£),(b,3b)) o,.(3f,00)

The relative symmetric construction Vrex sy defined below is a relative
version of the absolute symmetric construction Py of Proposition 2.2.
Proposition 6.1 Let x be a group, and give Z[n)] the w-twisted involution for some
group morphism winx — Zz.
Given & n-map of n~spaces

f: X—rY

there are defined in a natural way abelian group morphisms

o * H':H_;'(f;wﬂ.)——-——PQn“(f:(.:(X)—ié(Y)) (nem)
such that

w

. 3 .
i) for each zeHn+1(f. Z)

(Y)

1

., WiT '}
tpf(z)o\- zn- 3 Hn(f)—-*Hm__l_r

ii) there is defined a map of long exact sequences

. fe o
ve .——)H:“(f;"z)—y n;‘l(x;"’z)——w"(y;"z) — n’:‘(r;"z) —— eee

or | i | - | & | o

oo ™) ——y QME) g™ E(Y)) > Q™) vee

Proof: Choosing a functorial diagonal approximation D we have a commutative

diagram of abelian group chain complexes and chain maps
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t hd 181 t .
Z ®z[ﬂc(x) Z e\z[ﬂc(z)
(px = 1$Ax ‘9! = 1@A!

oyt h LY o
H°“‘Z[EZJ (w,0(x) ®Z[“]c(x))—-—, HomZ[zZ](W,C(!) B 11

with a corresponding chain map of algebraic mapping cones
¢y : COIBT) ()
The relative symmetric construction is given by the induced maps' in the
homology groupa
o ¢t B, (c(100) = B (£;"m)—B__ (c(®) = (1) .
£l
Given a pair of n~-spaces (X,Y) we shall write the relative aymmetric

construction for the inclusion 1:1¥=——X as

. wh W U W o+l o hd
_q,x'! =gy 8 En+1(x,Y, Z) = En+1(i. Z)——>Q (1:c(Y)—cC(X)) .
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An (n+31)-dirensional geometri¢ Poincaré pair (X,0X) is a CW pair of

connected finitely~dominated CW complexes such that X is an n-dimensional
geometric Poincaré complex, together with a group morphism w(X):n.l(X)—-zzz
such that w(3X) factors as
w(dx) : n, QX)—> n,l(X)M) %,
K,I(X) ~ o~ w(x)
and with a relative homology class [)(]eﬂm’,| (X,0X; Z) such that the cayp products

w(X)Hr

[XIn- : ﬂ1(x)(’i.’a\5()——'ﬂ (3(,) (0<r< nel)

n+1-r

are Z[n, (X)]-pmodule isomorphisms (Poincaré-lefschetz duality) and

2,0 = PXle H?(X)(%"‘”?z) .

with ')E’ the universal cover of X and 3’\)‘( the induced cover of oX.

The relative symmetric construction of Proposition 6.1 gilves a relative
version of the construction of o*(X) in Proposition 2.7.
Proposition 6.2 Given an (n+1)-dimensional geometric Poincaré pair (X,dX) and an
oriented cover X of X with data {x,w) and induced cover 3X of 3X there is defined
in 2 natural way an (n+1)-dimensional symmetric Poincaré pair over Z{n] with the
w~twisted involution

0* (2,30 = (17:0(30—c(D) 05 5xixIQ™ (1))

with boundary T*(dX) = (¢(3x%) ,‘p&[ax]eq"(c(é\i))). uhere iy is the inclusion.

01

Define the symmetric signature of an n~dimensional geometric Poincaré

complex X with respect to an oriented cover X of X with data (x,w) to be the
syrnrietric Poincaré cobordism class

g*(x) € LM zn])
with g*(X) = (¢(%) ,W[XJEQH(C(;{))) the n~dimensional symmetric Poincare complex
over Z[x) with the w-twisted involution constructed in Proposition 2.7. The symmetric;
signature o*(X)e€L™(Z[x]) is induced via the change of rings maps z[m‘(x)]—_—»ZZ[m]

from the universal symmetric signature 6‘(X)€Ln(Z[n1(X)]) associated to the

universal cover of X.
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The construction of Proposition 6.2 and the symmetric signature 116- -

invariant G‘(X)€Ln(Z[n1(X)]) are due to Misbchenko [2].

2

uQf:(K,w) be the group of geometric Poincaré bordism classes of maps f:X-—K

on smooth bordism

7 = 5% — af(x, )T 1N Zx, (K1)

from n~dimensional geometric Poincaré complexes X such that the orientation map .
in terms of characteristic numbers, for which we refer to Mishchenko [3].

factors as

I
\
Given a connected space K and a group morphism w:ﬂ.l(l{)——-'-m let ‘
1
!
|
|
|
I
I
|
1

w(X) n,‘(X)—f—) (K5 Z, , : .
version of the absolute quadratic comstruction VF of Proposition 2.5,

i,e. such that the cover X of X induced from the universal cover K of X 1s .
Proposition 6.4 Let n© be a group, and give Z[rn) the w-twisted involution for

oriented with data (x,(K),w).

some group morphism w‘-n-—"ZE-
Proposition 6.3 The symmetric signature defines abelian group morphisms .
v g group P Given n-maps of finite-dimensional n-spaces f:X—Y f':X'——Y',

P n

g* 1 (Kw) — L&, (K1) ; (£:X— K r——0*(X) - (n20)

Sln ) £ ! i ° F:2PX ———1Px' | 6:3PY —— 5PY' for some P20 such that the diagram
Proof: If (g;f,f'):(¥;X,X')——> K is an (n+1)-dimensional geometric Poincard <Pt
P 21 5Py N
bordism then the construction of Proposition 6.2 defines an. (n+1)~dimensional ,‘ l l

o .
; F G

symmetric Poincaré cobordism over Z[n1(K)]0"(Y;x,x') from 0*(X) toO~(X'). ‘ Pry
0 i s ORI R '

P . . | commtes there are defined in a natural way abelian group morphisms

Ls a special case of the geometric Polncare bordism invariance of the symmetric
} v : B (Y2 —> QL (£7:0(X")— &(I"))  (nem)

signature we have homotopy invariance: if f:X—>X' is a homotopy equivalence . F,G ettt n+1

, such that

of n-dimensional gcometric Poincare complexes then

o
i 1) toy = gpehe = (WY, 1 B (£3%7) — @™ (11)

fuch work has been done on the evaluation of the symmetric signature

The relative quadratic construction VF G defined below is the rslative
’

G+ =0 (x") € Nz, (]) .+ ; G 7 T
! with h,:HEM(f;wZ)———7}{;+1(f';wﬂ.), h%=Qn+1(f)——rQn+1(f') the induced maps ,

In §13 we shall show that the simply-connected symmetric signature map
ii) there is defined a map of long exact sequences

Z o
. fa .
7, 1 : ...—>ﬂ’r“+1(f;“z)-——+ n’;(x;"z) —_— H:(Y;wﬂ.) — () —> ...
ag* e Slp(pt.) — 1M 7m) = if n & (mod &) . . .
n 0 2 v ' 7 v
F,G F o G F,G
) 3 ' oo = () —5Q (C(X1)) —Fq (BT — () —— ...,
e » - 1i3) vp . factorizes through QE?{P"'J(f)
sends an oriented dimensional geometric Poincaré complex X (w(X)=1) to ’ ' )
(hie1)- .yt W [{0,p-1] {0429 (cry = '
¥p,o P B3 B QT () ——— QTS )=EQq, (1)

(I‘(th)=(signature of X)=(signature of the Poincaré duality intersection
g
If p= O then V¥ = 0.
F,G
form (1121{()(;&1).l.")(f)(]o))e Lhk(z) =% '

}
g‘(x”‘”) = (deRham invariant of X) = (deRham invariant of the Seifert linking
1
form (BN (X0/2) 0, [X1 ) = (dinm, 12V (x;2.))
X% o zZ, 2
bk

€L (za):zzz .

0

s

L
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Given a degree 1 map of (n+1)-dimensional geometric Poincaré pairs
(£,2f) = (M,3H) ——(X,a3X)
and a covering X of X with group of covering translations wm define Z[n]-module

Umkehr chain maps

s o® —— i
al : cBX) —c(Bh)

by applying z["]@’zw,,(x}] ~ to the Za[u:,l(x)]-module Unmlkkehr chain maps

-1 &= —s Te * - -
et o) (X0m) 7, v o (F SHm 1, w0 o Ty DM e (B

-1 ~ 2 ~ 2,
art s o3y (L2XIn=) | wX)p Sfyn=e 31 w(X)g(Jyyn=+_MInS o3y

with i the universal cover of X and ﬁ,am,sk the induced covers of H,BH,ax.

There is defined a chain homotopy commutative diagram

c(a%) _jy__,c(i")

af! L [f!

c(3m) — 2 (i

with iﬁ,ii

“in the algebraic mzpping cones

the inclusions, so that there is induced a Z[n]-module chaln map

iy : C(Qf')—————» ceh

A peometric Umkehr map for (f,3f) is a n-mzp of pairs of n-spaces

. (vFF 5P(9% %y Pe5E
(FRF) = (zFx ,z (aX)+)—r(E M, ,E (au)+)

for some p»0, vhich induces the Umkehr (f!,af!) on the chain level.

symme tric 6.1

construction of Propozition
quadratic 6.4

The relative can be used

symmetric
kernel
quadratic

o*(f)
0 L(f,F)

to obtain a relative analogue of the of Proposition

as follovs,

2.8

*

2.9
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Provosition 6.5 Given = degree 1 map of (n+1)-dimensional geometric Poincazrd pairs

(1,05)  (MPAN) ————(X,a%)
and an oriented cover X of X wit: data (m,u) therc is ~efined in a natural way a
syietrie kernel (n+1)-dimensional symmetric Poincaré pair over Z[n] with the

e e

v-tuisted involution

e (120) = (1o —oleh) ,on s MMeR™ (1)

IigoM
with boundary ¢*(df), and such that
(M, M) = G*(f,3r)ed*(X,0X)
up to homotopy equivalence of pairs. Given also a geomctric Unkehr map
. 158 Py bRy P
(FRF) : (Z7X,E ax+)—»(>: M ,T 911+)
there is defined in a natural way a gquadratic kernel (n+1)-dimensional quadratic

Poincaré pair over Z[=]

o, (£,0£;F 2F) = (ii::C(Qf!)—vc(f!),e%\‘lF'aF[thQn+.1(ii.‘))
with boundary o, (3f,dF), and such that
(14T) 9, (£,315F ,0F) = o*(£ 1) .
Q]

Rext, we outline the relative version of the equivariant S-duality
théory of §3 required to obtain geometric Umkehr maps for normal bundle
raps of vairs. A n-vair (X,Y) is a pair of n-spaces, TZ X, in which case the
suspension £(X,Y) = (¥X,IY¥) is also a n-pair. Given w-pairs (X,¥),(A,B) let
{Z,Y;A,B}“ be the atelian group of stable relative m-homotopy classes of m-maps
of m-pairs (f,g):Ep(X,Y)———*Ep(A,B) (p2 0). The n-pairs (X,Y),(X*,7*) are
relatively Sn-dual if there is given a {1}-map of pairs

(= ,B) @

H o H=1 va v
(p”",3 )—r(x,\ﬂx',u“i')

that for every =~spcctrum of pairs (A,E) the slznt products
H-1

such
\ e fx, ;A,g]“——————+{DN's ;AA“X.'EAHY‘} ;
((£,6): (%%, 5P1)— (r,,3,))

+p N+p-
*

> (((£A1) 2R, gA1)ETR) = (D7 0,8
T oli=1
‘x.vY.iﬂvE‘n‘__—'+ {D‘ys ;xhnﬁvyhnél 5

« m)e (7P yPyey_ o
((£*,g"): (%% ,E5Y*) (Ap,Bp))

> (AT 2R, (Ing* TP (074 7Py s (XA n o¥a 30

1 L] »*
) — (APAKX ' BpAIY »




11g-" are isomorphismfs and such that the {1}-map$:s“-'——»b\u¥‘ is an absolute

Sm~duality map. It then follows that there are defined absolute Sr~duality maps

T y
wp 8T Lusvawr , ~f3r ST XA XY

An n-dinensionnl geometric Foincaré pair (X,97%) can be embedded in (D“+k,Sn+k—1)
. -1 -1
(% large) with xos™et ax o™k y such that there exists a closed regular
n+lc n+k-1

neighbourhood E of X in D wvith E' = ENS €3 a closed regular neighbourhood

. k=1 N N TTT p
of 3X in 5B + The inclusions 2ENE'<—>E, IE'«—+E' define (k-1)-spherical
- fibrations
RS e SN *
)
gk ag X g -ax

such that Uax is the restriction of J’X to X
s
‘)QX : 9X s X —BG(K) .

The collapsing map of {1}-pairs

Prilax)

- 1 - - -
(Dn”‘,sm’( 1) (DMk/DMk-E,SIHk 1/ Sn+k 1 -E") _

= (E/SE\E' ,E'/2E') = (1(g),T(25,))
can be used to define a relative Sn~duality map

n+tk _n+k-1 (/’x'(;ax)
5 ) =& "%

A~ ~
(0,4 ) s (D7, (T(2),T(0g)) ~—->(x+,\n-rn(ux),Bx+nnTn(uax))

N o~ ~
vetueen the n-pairs (X ,9X ) ane (Tn(ux).T:(u‘),)) for any covering X of X with
N
e
croup of covering translations =. Given n-dimensional geometric Poincare pairs
(1,35, (X,3%) and any coverings f',i? with the same group or covering translations =

we thus nave relative Sn~duality isomorrphisms

- . n+k n+k-1_ov oy
{Ti:()l“),Lu(Val':),Tu(V,x) 'T“(UQZ)}K*’ {D S ,11+AKT1I(J)X) ,a“+/\nT1t(V‘;x)}
N o~ o
~—~—»§,c+ YR S

Thus given a normal bundle map of pairs
(£,9f;0,90) : (1,811) —— (%,9X)
and an oriented covering X of X with data (n,w) the Sr-dual of the n-map of rn~pairs

(12(0) , 1e(d0)) + (Prlwy) Ta(ey ) — (T (), T 2,,))

H
iz the relative Sx~homotopy closs of a relative geometric Umkelir map
Y . e S4ed Fyd
(7,20) = (5FF 2P0 ) (=B 25 )
The construction of Proposition 6.5 now rives a quadratic lernel n-dimensional

. . ’ R .
quadratic Poincare pajir over X[n]

G,(£,2f;%,2b) = g, (£,3f;F,3F)
with boundary o,(f,bh).

120~
syrmetric a‘(f)SL“(%(R1(X)]) degree 1
Define the signature of a
auadratic v, (f,b) éLn( Z[n1(l()]) normal

fril — X
”,
map of n-dimensional geometric Poincaré complexes to be the
(f,b):M—sX

symnetric . symmetric
Poincare cobordism class of the kernel
quadratic quadratic
of
g+ () = (ctrh,PegrmeqecsH) 52
' 1 defined in .
a*(f,p) = (C(f'),e%WF[X]GQn(C(f )3)) §3
degree 1 degree 1
A bordism between n-dimensional maps
normal normal
fiM— X, f":H'— X degree 1

1ls a

map of (n+1)-dimensional
(£,b):M —> X, (£, v1)eH’ —» X

nornal
geometric Poincaré cobordisms

(gif,f') & (M3H,H")—— (X x I;X 40}, xxf3d)

(I = [011])
(Cgif,£'),(csb,b)) & Cigd,M') — (X xI5X-80},%x{1}) . -
symme tric g* (D e 1™ Zn, (X))
Proposition 6.6 1) The signature of an
quadratic G,(I,b)ELn(Z[n.I(X)]) .
' degree 1 FiM—a X degree 1
n-dimensional mayp is a bordism invariant
normal (f,b):¥— X normal

such that
a*(f) = o*(M) -u*(x)eLn(zgn1(x)])
(147w, (£,b) = 0*(f) €L (2, (1)) .

symretric gf:tM—— Y

ii) The signature of the composite of n-dimensional
quadratic (gf,cb) M ¥
degree 1 ftH——X,g: X —— ¥
maps . is the sum
normal (f,0):H— X,(g,c):X —> ¥

7t (gf) = 0% (1) + ()€ LU ZLn (D)

a.(gf,cb) = 0,(f,b) +Cf.(g,c)€Ln(Z‘,[n1(Y)])
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symmetric o*(gif, ") degree 1
Proof: The kernel of a bordism
quadratic a,((g;£,£'),(c;b,b")) norpal
(g;f,f") symmetric , symmetric
is a Poincare cobordism ovetwcen the
((g3£,£'),(c5b,b')) quadratic quadratic
a*(f) J9*(f") 2.8 a* (£)£8*(X) = 0*(K)
kernels . Proposition gives that ’
T (f,b), o, (f',0") 2.9 (1+T)o,(£,b) =a* (1)
2.1 O*(gf) =T*(1)eg*(g)
and Proposition that y up to homotopy
3,14 U,(gf,cb) = 0,(f,b)ed,(g,c)

symme tric

equivalence, By Proposition 5.2 homotopy equivalent Poincar; conplexes

quadratic

are cobordant.
0
In Proposition 8.1 we shall ideuntify the quadratic signature

U.(f,b)f,Ln(Z[n1(X)])of an n-dimensional normal bundle map (f,b):M-—X

with the surgery obstruction e(f,b)GLn(n1(X)) obtained by Wall [ 5 using }
geométric intersection and self-intersection formé. We have already related i
the two constructions in Proposition L.4, and the normal bordism invariance i
of the quadratic signature (Proposition 6.6 1)) ensures that there is defined !
a morphism of abelian groups
Ln(n1(x))——>Ln(z[n1\x)]) i 8(f,0)—— o, (£,b)

In §7 below we shall give an algebraic definition of this map, and prove that
it is an isomorphism.

In view of the above, the quadratic signature sum formula of
Proposition 6,6 ii) may be considered as a homotopy-theoretic version of
the sum formulae of §17H of Wall [5°] and Theorcm 7.0 of Jones[1], as
reformulated in the correction to Jomes [1] (which made precise the notion of a
normal map of geometric Poincaré complexes by including the choice of spherical
generator for the top homology classes in the Thom complexes of Spivak normal

fibrations, just as we have done in §3 2vove).
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Ihe geomeLric FLUCLNE Ol AU JOLULIE BOUM vh bl UL ddoio 4iimas o var .

opveration of §5 on the chain level.
(i f,0') s (WM, M) — (Xx[0,1];X~0,X21)

Proposition 6.7 Let and

((gif,£') ,(eib,b')) (N1, H")—* (X=[0,1];X*0,Xx1)

(', ") e (NN M) —— (Xx{1,2];X<1 ,X=2) degree 1
, be adjoining
((g's£',£") ,(ctsb! b)) s (g1t JH")—> (X~[1,2];X»1,Xx2) normal
. . . symmetric
bordisms of n-dimensional geometric Poincaré complexes, with kernels
quadratic

T*(gif,1') a*(g';f',1f") symme tric
and » Then the
d.((g;1,1"),(cib,b")) . ((g's £, ") ,(c";07,b")) quadratic

kernel of the geometric union is given up to homotopy equivalence by the

symme tric
algebraic union of the kernels
. quadratic

d‘(guf,g';f,f") = d‘(g;i‘,f‘)q‘_,(f,)U‘(g';f' o)

G,((guf,g';f,f“).(cub,C'i ')

= U’.((g;f,f'),(c;b,b'))uo_.(f,'b,)ff_((g';f' £, (etib "))

0]

degree 1
Given adjoining bordisms of n-dimensional geometric Poincaré

normal

complexes (as above) we have a map of exact sequences

el ;Yz) —an+1—rHT;+1(N,}!uM' iVz) 0H2+1 Ny MromY ) —HT (M Yz — ...
"M'L g P MuMt OPR e or e l : ‘Vr-i'l
oo™ ) — ™ — ™1 £ NR™V (£ 1)) —— QUC(HN) — ...

T

n R W R Tey W
oo o (R i Bl By g (R XXy 3 TZY OB, (R RuT 3 ") AT, 2)

»

v vy A4 v

F! Yo, ror®Vor FruFn F!
e By )= £1))eq (1 1) —— Q_(C(E ).

Hp (n5Yz) = o
' 4

W -
Hn+1(x1' Z)=0

with (n,w) = (n1(x),w1(x)), xij= Xx[1i,3]. NUH%R , so that there is
symmetric

s b4 3 Iy :
Poincare cobordisms arising out of

ro indeterminacy in the union of
quadratic

geome try.
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§7. Algebraic surgery

The original work of Milmor [ 49, Wallace [ 1] and Kervaire-Milnor [13’

oriented
developed surgery as a method for killing the homotopy groups of an
framed
oriented
manifold M, The framed surgery technique was generalized to surgery to
framed

homotopy equivalence on a normal bundle map (f,b):M—=X from a compact manifold
M to a finite geometric Poinearé complex X (previously X = s™ by Browder [2]
and Novikov [ 1] (for m,(X) = {1}) and Wall [ 3],{.51 (any w,(X)). The manifold
may be taken to be smooth, PL, topological, or according to Maunder [1_'] even a
homology manifold. There are also versions for paracompact M and infinite X,

due to Taylor { 1'] and Maumary ['1']. Various authors - Levitt { 1], Jones [1],
Lannes-Latour-Morlet [ 1], Quinn [ 3] - went on to consider framed surgery on
normal maps of geometric Poincaré complexes. In all cases the surgery
obstructions lie in the groups Ln(n1(x) Ww(X)) of Wall [.5], or one of the
closely related variants described in §12, We shall now develop a theory

E~symme tric ,
of surgery on Poincare complexes, as a method for killing homology.

€-quadratic

) oriented

In §8 we shall show that the chain level effect of surgery in geometry
framed

€-symmetric

syrmetric
s i 3
is Poincare cobordism class

surgery in the algebra. The [
quadratic e-quadratic
E~symme tric

rd
Poincare complex by surgery.
e~quadratic

is the obstruction to killing an

In particular, the surgery obstruction e(f,b)GLn(n1(x)) of an n-dimensional
normal bundle map (f,b):M——X coincides with the quadratic signature
O'..(f.b)éLn( Z(x,(X)1), which is the obstruction to quadratic surgery on the

quadratic kernel o, (f,b).

—
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€-synme tric (f:C-——’D,(S;p,Q)éQn(f,e))

An n-dimensional pair

£-quadratic (f:c-——rn,(SW.W)EQn(f,s))

is connected if
- g -
Ho(( PO pP* () = 0

no(( %) " ——c()) =0 .
(1+T€)vof‘

- s - ey
In particular, Poincare pairs are connected.

e~symmetric
Define as follows the connected n-dimensional complex
€-quadratic
(C',0'er™(C,e)) €-symmetric
obtained from a connected n-dimensional ~ complex
(ct ,‘V'ei),n(c' 4E)) €-quadratic
(Cypea™(c,e))  ( e-symmetric ,
by surgery on a connected (n+1)-dimensional
(C,\VGQn(C,E)) e-~-quadratie
1
£-symmetric (£:c—>D,(S¢,leQ™ (£,€))
pair .
£-quadratic (f:c———,D,(Sw.w)ch+1(f.e))
In the €-symmetric case let
n+1 -
dq 0 (=77 gpf
r re
g = | TF a4 ()8,
)Tar
(o] [o] (-) dD
P n-r+1 ' - n-r+2
: Cr = CreDr+1eD -——)Cr_,] Cr_,]eDreD
90 (o] (o]
n-r n-r r(n-r)
ipb = =) fTE&-,,l (-) TESQ.‘ - €
0 1 0
n-r ner _n-r+1 _ n-r+1
: C! c oD °Dr+1 -—PC;_ = Crel)erD
Vg o] o
n-r n-r+
‘4’; = ) fTC""s+1 - STE&PS+1 0
U o 0
Ly N=T+5 n-r+s_ n-r+s+1 - , n-r+1 1.
: C' =C oD oD _ 4~ —>CJ = Cpeb qeb (s >N



1 Lho L-auadratlc case Lot

n+1 -125-
dq o (=) (1+Tc)w0f'\\

r T
doy =} (7 Fdp ()T(eT P,
)Tas
(o] (o] (-) dD
1Cl=Ceb_ o™ ™ _Lcr -, eD ep™ T
r r+l r-1 r-1""r
WO 0 0
vio |l o o o)™ T T ™ p —ct=C ep e TH!
0 r+l r r r+l
(o] 1 (o]
)T+ .
Ws =) sTews-1f 0
. _yn-r-s+1
¥ o= o (-) ThY.4 O |
0 0 0 ;
. peD~r=s _  n-r-s__n~r-s+l v _ n-r+1 '
: C =G oD oD 4> C) =C oD  ,eD (s21) | :

(Wle are using matrix notation as if C,D were f.g., projective chain complexes), i

€-symmetric .

It may be verified that performing surgery using a different |
€-quadratic ;

i

(B¢,0)e Qn+1(f,€) e-symmetric
cycle representative of leads to an isomorphic
© A - s
(Sv,wyeq .(f,€) €-quadratic
(ctyo")
conrplex . Note that the E-symmetrization of the €-quadratic surgery on
(c',v")

(f:c-——+D,(SW,W)eQn+1(f,E)) is the e-symmetric surgery on

(f:C———;D,(1+TE)(5V,V)eQn+1(f,E)).

(C,peQ™(C,e)) €~symme tric i
t be a connected n-dimensional complex. i
(C,VEQn(C,E)) €-quadratic ..
€-symme tric . ¢
The (n-1)~-dimensional complex obtained from (0,0) by surgery on
€-quadratic
£-symze tric (0:0-——»0,(0,¢)€Qn(0,s))
the connected n-dimensional pair is
e-quadratic (0:0—> C,(O,W)GQn(C,E))
Z(C,w) R
just the boundary , a5 defined in §5 above. We can thus interpret
(c,v)
£-symmetric
d
Proposition 5.4t iii) as stating that an n-dimcnsional Poincare

€-quadratic

-conplex 15 nULl-COUOrdant 11 and ontky L1 L CAll DU O9L2ilel (o0 U of SUIECL
~126-
and homotopy equivalence., This is a special case of the Tollo=ing result, that

coczordism is the equivalence relation on algcbraic Poincard complezes generated

sy surgery and homotopy equivalence. There is an obvious analogy here with

Theorem 1 of Milnor [-4 ], which .showed that compact oriented monifolds are
cozordant if and only if one can be obtained from the other by a sequence of

ceometric surgeries. In §8 below we shall make this analogy riore precise.

Proposition 7.1 i) Algebraic surgery preserves the homotopy type of the boundary,

N N . 7 < .
sending algebraic Poincare complexes to algebraic Poincaré complexes,

€-symmetric , (C,9),(C" ") .
ii) The n~dimensional Poincare complexes are cobordant
e-quadratic (c,¥),(cr,w")
(C'vw') (C1¢)
if and only if can be obtained from by surgery and homotopy
(cr,vv) (c,v) -

equivalence,

(£:0—D,(Fo,0ea™ 1(£,6)) ,(C,pre™CT ,6))
Proof: i) let be as in the
(f:c————»D,(SW,w)eQn+1(f,e)),(c',w'eqn(c',e))

€~-symne tric
definition of surgery. Then the A-module morphisms
€~quadratic
4 1 0 \
0 (o}
0 0o
h= ) 1
(o} (o}
r{n-r)
| ) f 0o j
. _ n-xr v o n~r .n-r _.n-r+1
: BCr = C_, 1°C ——-—————$Ecr = €., qo0 0,00 "eC "eD eD_
€-symmetric

deine a homotopy equivalence of the boundary (n-1)-dimensional
€-quadratic

Toincaré conplexes
h : 9C,p) —— AC',u")
h : c,¥)——s J(CT,v")
(C,0) AC yp)

Frovosition 5.4 ii) states that i is Poincaré if and only if is
(c,v) aC,¥)
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(Ct,o")
contractidle. It follows that is Poincars if and only if ¢ is
(c,v) (c',vt)
Poincard.
s x Py 0} (C,¢)
ii) Continuing with the above notation assvme also that is Poincaré,
(c,v)

E-symnetric .
and define an (n+1)~dimensional Poincare pair

€-quadratic
((g 8"):CeC' — D' ,(0,0-¢")eQ™ (g g") ,£))

(g g‘):CeC'—»D',(O,We—‘l")éﬂ_m__‘((g g"),&))

by
n+1
(dc (-) (pof‘
0 (-) ar
_ D n-r+1 ~r+2
a., = : D!=C_oD ——D' . =c¢C_eD™ T
D! n+1 r~’r -1 -1®
d, (Y )y ge o r
Cc e’ 0
- Tas
(;0 (-)7ay
1 1
¢ = : C_——D!' = c_e" T
o r r r
1 0 0 1
g' = 20l =CeD oD T ——5pt =g ep"TTH
0 0 1 I r r+ r r
_ ) [tcron
Vle thus have a cobordism from ( ) to ( ¢ 50 that surgery preserves
C,v cr.v)
cobordisr classes.

E-symnetric
Conversely, suppose given a cobordism of n~dimensional

€-quadratic
t(r £1):Ce0" —D, (S, 00-p")en™ (1 £'),e))

NER DMWY

I(Cn n)
Yoincaré complexes i "
(&3 £1):CeC' — D, (6 v, Yo-vy')eq (c",vm)
e~symmetric , (C,o)
Poincare complex ohtained from by
(c,v)

b the n~dimensional

E~synnie tric
€-quadratic

e~-quadratic

E-symretric
surgery on the connected (n+1)-dimensional pair
€-quadratic
(g:c—— 0", (55" ,0)en™ (g,s))

defined by

g —— D' (5V', \)€Q 1\g.ﬁ))

iy (=) g
( 2 : D' =D
r r

dl
D o o
5 ()'C—ﬁD’:DeC'
r r r~1
( (-)°1vg!
At o .
“¥s T n~r4 )
) Sqa¢s-1
(=) Sy
fv: = .S
yn~r-s+ '
TEW5+1
The A-module morphisms
h=(0 0 1 v o):c'!(
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%] L] = ¥ C' L t
oCpoa~ ¥Prq = PeCi (DT = C(et)
D,n-r+s+1 - Dn-r+s+1ec,n~r+s DY = D eCt

r rr-1
(s> 0,1‘311 = 0)
. D,n-r-s+1 =Dn-r-s+1sc,n-r-s P' = D eC'
r r-1
(s> 0) .
= C oD_ . eGreD™ T lac!TT s
r r+l r r

“ . Y . e v n2-T+1 . yn-r .
n=(0 0 1 o0 T V) ¢ Cl = C eD  ,oCleD °C —C!
E-symme tric
define a homotopy equivalence of n-dimensional Poincaré complexes
e~gquadratic
h (C",tp") ———F(C',tp')
h (C",V")‘*————’ (C"W')
(cr,vt) '(C,¢) e-symnetric
Thus may be obtaired from by an surgery followed by
(c'ye") (c,v) €-quadratic .
a iomotoyy ejulvalence.
f1

‘le shall prove that certain slew-suspension maps in the L-groups are

izomorphisns using the following criterion,
S

Provosition 7.2 The skew-suspension mapy _ (
S:L
n

one-one) if for every connected (n+2)-(resp. (

(C )

(c,v)

3(C 1)
coniplex over A with a boundary

f

(~€)-symnetric

sew-suspension) it is possible to do

(-£)~quadratic

2 slew-susctension,

A,e) —»1™2(a -¢)
is onto (resp.

Ae)—>L . (A,F)

(~£)~synmetric
n+3)-)dimensional
(~£)-quadratic

which is contractible (resv. a
(Cv¢)

surgery on
(c,v)

F3

to obtain
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Proof: It is immediate from Froposition 7.1 ii) that the claimed condition for

5:18(a,2) — 14 (n,-€)

to be onto is both necessary and sufficient.

(A,-€)

T:1A,€) —> L2 (A, -€)

Assume the claired condition for to be one-one,

(C,¢)

and let be an n-dimensional.{

(c,v)
E(C 1’P)

(v

S:Ln(A,e)———an+2(A,—c)
e-symmetric

e€-quadratic

= 0€L™?(a,~)

= O€Ln+2(A,-€) .

S(C,p)

By Proposition 5.k iii) we have that 1 is homotopy equivalent to the

3(p,»)
3(0X)

5(c,¥)

Poincaré complex over A such that

v

(~£)-synmme tric (p )
boundary of a connected (n+3)-dimensional complex .
(~€)-quadratic (D,{)

b

(D,»)

By hypothesis, it is possible to do surpery on to obtain the

S(p',w*)

@,

g-symmetric

skew-suspension of a connected (n+1)-dimensional complex

E(Dl"l)

(' ")
(pt,x")
equivalent to the btoundary i
(C,0)

(c,v)

Therefore the stated condition is

map 1s one-one,

€~quadratic

(C,¢)

. It now follows from Proposition 7.1 i) that is homotopy

c,v)

o(pt ")
'c)(D',K')

, and so

0 €L (AE)
= 0€ Ln(A,e).

sufficient to ensure that the skew-suspension

£1

!
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As a first application of our algebraic surgery we shall establish the
4-periodicity in the €-quadratic L-groups, L (A,€) = L 4 (A€), by analogy with
the familiar result that is is always possible to perform framed surgery below
tHe middle dimension and t 11 - i = 3

i he familiar h-periodictty L (n) = L ,(x) of Wall [5).
Proposition 7+3 The i-fold skew-suspension map
=1, 1
1 _,,(8,(-)7e)—L (a,e) (np2i)
is an isomorphism for all A,e. The inverse isomorphism
1 =t ~1
=@ e —— 1 ) (n = 21 or 2147)
sends the cobordism class of an n-dimensional €-quadratic Poincaré complex

(C,Van(c,e)) to the cobordism class of the (n~2i)-dimensional (-)ie—quadratig

form

Poincaré complex corresponding to the non-singular (-)ie—quadratic
formation
a* 0 ¥ d
i1 1 o]
(coker( 141 ).C_ C, ,—C eC;.4), )
N (~) (1+T€)\}'o a 0 0 23
uL(c,v) = ( , if n =
14T ¥, d. . 21
. €0 i i+1
(H(_)ie(ci+1).ci+1,im(( car o $C70C, > C,y 4eCT" 1))

Proof: Given a connected n-dimensional €-guadratic complex over A (C,¥eQ (C,e))
let (G',V'(Qn(c',e)) be the connected n-dimensional £~quadratic complex obtained
from (C,¥) by surgery on the connected (n+1)~dimensional e-quadratic pair

(£f:¢ —>D,(0,¥)cq

n+1(f.£)) defined by

1 Cr r>n-i
T = !Cr—>Dr= (d-D‘:dc)-

o] 0 r{n-i
Now
=
B (C') = HN1((1+TE)VO:Cn ——C) (r{n-1)
F(c') = 0 (r>1) ,
and also
Hi_1((1+Te)w6:c'“"—>c') =0.

Thus if the boundary o{C,¥) is contractible (resp. an i~fold skew-suspension)
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then (C',¥') is the i-fold skew~suspension §i(C",W") of an (n-2i)-dimensional
i . .
(-)"e-quadratic complex (C",¥") which is Poincaré (resp. connected). Applying
. =i i
Pf'opositlon‘y.z we have ‘that [ :Ln_Zi(A,(-) €) —— ljn(A,E) is onto (resp.
=i, i . Yy s
S 'Ln-2:‘|_-1(A'(") €) "—"—7Ln_1(A.E) is one-one). If n = 2i or 2i+1 and (C,\}’)
is Poincaré define as follows an (n-2i)-dimensional (-)ie-quadratic
. . R i
P01gcare complex (B,ez_Qn_Zi(B,(-) €)) and a homotopy equivalence
g : (B,8) ——>(cn,yv) ,

In the case n = 2i let

a* (4] .
Bg = coker( (1 1ar v a>: ¢ lecy, ——rclec, )0
[ A ¢ /
1 [4)
s [4) (4]
g1 B (projection)* (clec. )¢ = ¢ eCi+1——S——41—?C" =C it
o 7~ 141 i o= Cy%C; q°C '

(¢] .
with eoE>HomA(B +By) any representative of the (-)is—quadratic form
v d
(&) [¢]
(s, €Qq_yi (B).
[¢] 0]

Yn the case n = 2i+1 let

N . (4T dvg 4 i 141
= : = = +lye
p = €[0 1] By = Cy 47 By im( t Gy, eC —>Cy, q¢C )
ed* o]
o .
(10} :8 — 5B, v,eavg 0]
eo = 1 ) v 0y = t B ~——~——7Bo
O0: B ———_-)Bo (0] (o]
1
H n =
o) > 08 = €5a%Cs0
[+ dv,. a)*
( e) o] R . ™ i+2
BO > Co = CieC
€q* 0 .
21 1.5
If n = the correspondence of Proposition sends (B,8) to the
2i+1 .

. 1 form —~
non~singular (-) e-quadratic JLl(C,W).

formation

£3
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The isomorphism,Q}:Ln(A,s)-——+Ih_2i(A,(-)iE) inverse to Ei is such that

there is defined a conmutative diagram

A C 4T, n
Ln(A,e) —»L (4,2)
i =3 !
A)2 T, i s (n221)
i (=)7e  las i ®
Ln—ai(A'(") €) —— > L (A,(-)7¢€) .

The composite (1+T(_)is)ﬂ;=Ln\A,E)———vIP-Zi(A,(—)ie) sends an n-dimensional
€~-quadratic Poincaré complex (C,¥) to (the cobordism class of) the
(n-2i)~dimensional (-)ie-symmetric complex (C',p') such that gi(C',w') is the
n-dimensional €~symmetric complex obtained from (C,(1+TE)V€Qn(C,E)) by €-symmetric

surgery on the connected (n+1)-dimensional e-symmetric pair

m47(£,€)), with £:C—D as in the proof of Proposition 7.3.

(£:C—D,(0,(1+T I¥)eQ
Despite appearances the class (0,(1+TE)V)eQn+1(I,E) depends on WEQn(C,s), and not
just on (5+T€)weqn(c,s). If v'eq (C,e) is such that
(14T )V = (1+TE)\'J'6QD(C,E)
then by Proposition 1.2 there exists ee§“+1(c,e) such that :
¥!' -V = He eQn(c,e) :
and
(0,(14T)¥") = (0,(1+TI¥) = (£0£*,0) €™ (£,6) .
It will follow /'fyom Proposition 9,1 iii) that
Ei'1(1+T(_)1€)5ﬂ((c,w')o(c.—w)) - 0el™%(a,~e) (nZ2i72) .
In Proposition 14.9 i) we shall construct an example such that
(1+T(_)is)$l:,l((c,‘V')é(C,-‘V)) # 0 €ker(8171: 1072 (n () 1e) —= 17724, -€))
(withn =1k, 1 =2, A = Zf2"], € = =1).
The isomorphism Sgk: Lhk(Q)————>Lo(Q) leads to the semi-local

combinatorial formula for the sigrature of a hk-manifold obtained in

Ranicki and Sullivan [1].
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We shall say that a ring A is m-dimensional if every f.g. A-module M

has a f.g. projective A-module resolution of length m

o— Pmr——+Pm_1 — -.-. ——>P1 —-—}Po——->H — >0,

Bquivalently, A is a noetherian ring of global dimension m. A ring is U-dimensional

1

if and only if it is aemi—simp]%e. | -

Proposition 7.4 For an m-dimensional ring with involution A the skew~suspension map
Propos1tlon c.

5. 1P(a,e) — > TP(A,-€) (230)
4s an isomorphism for n+23» 2m, and one-one if n+3=2m. If A is O-dimensional !
then

12X ae) = 0 (k30 .
Proof: let p = 2 if n+232m (resps p = 3 if n+3 > 2m). Given a connected
(n+p)-dimensional (-g)-symmetric complex over A (C €Q"*P(C,~€)) with e boundary
a(C,p) which is contractible (resp. a skew-suspension) we have that
Ilo(c) = coker(d:G1——*co) is a f.8 A-mod{lle, with a f.g. projective A-module
resolution of length m

a a d .
0——>Dm—d—>Dm_1——7 cos _—»D1——#Do——»ﬂo(c)——+0

Jet £:0 —>D be a chain map inducing

£, =1 no(c)———>Ho(D) = HD(G) '

- . DB _e)
and let “’€H°‘“Z[z2](w’n°’“a(°'v°))n+p be a cycle representing @€ Q (C,~€),
so that
f%( ) f(p(')f' : PP — Dm if n+p = 2m, 8 = 0
¢ =

0:Dpf——

D otherwise o
n+p-T+8

In the case n+p = 2m it follows from the commtative diagram

¢ o f f
™ >C » €y ——> D
ol e
m+1 (')m"’o : SRS
0—-—C —' Cp1 m~1

that

foof* = OGHomA(Dm,Dm) .
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since deHomA(Dm,Dm_1) is one~one. Thus if n+p 2 2m

of
— *
() = OéHomz[zzj(W,HomA(D ,D))n+p ,
and there is defined a connected (n+p+1)-dimensional (-€)-symmetric pair
. 1
(£:¢ ——D,(0,0) EQ™F*(£,-€)). Let (C',p'e@™*P(C?,~€)) be the (n+p)~dimensional
(-g£)-symmetric complex obtained from (C,p) by surgery on this pair. Now
] - =
Ey(C') = B (£) = 0

Hn+P(cv) = 51(f¢o:cn+p-t__,n) - H1(¢0=cn+p—- ¢) =0

’

so that (C',p') is the skew-suspension of an (n+p-2)-dimensional E~symmetric

complex. Applying the criterion of Proposition 4.2 we have that

E:Ln(A,E)——>Ln+p(A,-E) is onto (resp., that E:Ln(A,E)-—%Ll“p-“(A,E) is one-one)
In particular, if A is a 1~dimensional ring with involution we have

that the skew-suspensions

3 : 1P(A,e)——12*2(a,-e) (n»0)
are isomorphisms, If A is O-dimensional and (C,p) is a 1-dimensional:
e-symmetric Poincaré complex over A, then the above procedure defines a
2-dimensional e-symmetric Poincaré pair over A (rzc——vD,(&p,(p)eQz(f,e))
with Dy = H(C) , D =0 (r # 0) and so
1! (A,e) = 0.
[l
' It has already been proved in Ranicki £él ‘( that for a O-dimensional
ring with invoéluntion A ’ o
Ly 1(848) = 0 (k20) .
It is also the case that for O-dimensional A
L(v051(A,E) =0
In Proposition 14,4 we shall give an example to illustrate the
sharpness of the stable range determined above, namely an m~dimensional ring
with involution A such that ESLZN-A(A,E) —»Lzm-z(A,-t-:) is not an isomorphism

(A=2Z[Z], m=2, € ==1).
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is well-connected if

L=SymneLrac L LU 0e (U, E))
-136- An n-dimensional complcx}

-135- €-quadratic (C,\€’),H(C,E))
() = 0, -
It is claimed in §% of Hishchenko [2 ] that the double skew~suspension in vhich case it is connected.
rap in the symmetric L-groups e~symme tric (C,p),(C7 ")
-2 I Proposition 7,5 The n-dimensional Poincaré compleres
5 ¢ LMA) ——1™(a) i
: E~quadratic (c,v),(cr,vr)
is an isomorphism for every ring with involution A. It is indeed the case that 52 ! are cobordant if and only if there exists a homotopy equivalence
. . n . ) 0 . S -
is an isomorphism if 1/2¢A (when I, (A) = L'(A)) or if A is 1-d~mgnsml, by i £ 3 (Cyp)od(D,») ——>(C,p")eID »")
Propositions 7.3,7.4. However, the algebraic surgery technique used to [ £ s

(c,v)aaLD.K)——r(c'.v')eaxn'.;"')
establish such a b-periodicity for gemeral A is bogus: the new algebraic Poincaré e~symmetric (D,») (D! 1)
for some well~connected (n+1)-dimensional complexes

pair (E,OE,E,ﬁk) may not satisfy property a') of §3 (of Mishchenko {2]), e~-quadratic (D'K) '(Dv'(n)'

\ Proof: In view of Proposition 5.k 1ii)it is sufficient to prove that for every

ODn-21-1 Dn—Zi-1F
Opn-2i-1 _ . Ogni=t it LT - oA .
o o n~i n- ‘ e~symme tric (bp) -
1.1 o o 251 connected {(n+1)-dimensional complex there exists a homotopy
R _ = . n-2i- . pe €-quadratic D
need not map C into €, = € _,CT . 4fD pA0za —c, .. | qQ 0,y
< . - . ! equivalence
For a specific example let ue consider the 7-dimensional algebraic Poincare pair |
! £ : 3(D,»)ed(D! p') — HD" ")
over z (¢,%,d,0%) defined by : ’ ’ '
£ 1 HD,A)ed(D',x') —= (D" ")
Z for r = 4,5 o P i ' "
Cr = c=0 , d=1: 05 Cy : e-symmetric (D ,0%), (D" ,wu)
0 otherwise for some well-connected (n+1)-dimensional conplexes .
A t-quadratic (D ,R' ), (" ,)\")
1 L > 1:C -——'05 3 S
D =0:¢C 'Cu » D= 5 s D7 =2z C 05 Define a chain map g:D—+D' by .
~1:C ——»Ch a a a
D: ....—D —D —D ——D — vee
withF =1t A* = —> 05. Here n = 6, 1 = 1, We shall exhibit various failures . n+2 n+1 n n-1
1
of h-periodicity in the symmetric L-groups in §14 below. El 11 l l l
f D': .,.—>D —~d—>D —»0 —/—8 0 —> ,.. ,
; n+2 n+1
: =m0 e " (D0 ,e) (D", 1)
! and let . Let be the connected (n+1)~dimensional
N [ - 1 n "
g L s%(v()e Q<D 4E) ("™
e ~symme tric (D, e(D?, ")
. complex ohtained from by surgery on the connected
£e-quadratic (D'K)O(D"x')
£-symmetric ((g 1):Deb'—sD*, 10, ver?)ea™2((g 1),6))
(n+2)-dimensional pair -
£~quadratic (g 1)=D°D'—"D',(0'\9(')€Qn+2((g 1),£)) .

- (p*,p") (" p™
How and

(D' '_Kv) %((D" 'K")

\ (D, ) AD',p?) = (D",)

%a(p,\)aa(nvq-) = (0" ")

are well-connected, and ¥roposition 7.1i) shous that .

up to homotopy equivalence. 0



LY(A,g)
(resp.
LO(A,E)

L'(A,E)
-137- We shall now identify the L-groups
L1(A,e)

e-symmetric
with the Witt groups of non-;ingular forms (resp. formations) over A.

€-quadratic

Viitt groups of quadratic forms were first studied by Witt [1]. .

g-symmetric 15(a)
The Witt group of forms over A is the abelian group
E-quadratic LE(A)

E-symme tric
of equivalence classes of non-singular forms over A subject to

€-quadratic
r
the relation
(M,06Q°(0) ~ (17, 0%qf (M1))
if there exists an isomorphism
(m,veq (1))~ (1*,¥'eq (1))
(M) oHE (\,0) — & (H',p1)oHE(N' ') ;
(M,\II)GHE(N) — (31 ,V')GHE(N')
retabolic
for some

hyperbolic

HE(n, ) 1E (e o) !
forms « Addition and inverses are by

H (1) B (R?)

(Myp) + (M ,9")

(Mel! ygop') , =(M,p) = (M,~p) €LE(A)

(H,¥) + (M',¥') = (Meki',vev') , ~(M,¥) = (H,-V)éLe(A) .

LF(A)

1o(n,e)
Provosition 7.6 .
Lo{h,e) = L. (n)

Proof: In view of Propositions 1,5, 7.5 it is sufficient to observe that if

(D,V€Q1(D,E)) e~symmetric
is a well~connected 1-dimensional complex then

(D,KeQ1(D,E)) €=quadratic

ive 2 ' m,e) = afm ()

7\€Q1(D,e) 0 .

3(p,») me tabolic
corresponds to the for

hyperbolic

S P
H (8 '(D),»)
and the boundary

LBy B (8'(D))

0]
The even-dimensional U-groups of Raniekd [ 1] are just the Witt groups

of +quadratic forms
- Uy (A) = L y1(R) (ilmod 2)) ,

»nd Proposition 7.6 shovs that the morphism defined in Prorosition 5.6

5 i
U2i(A) LO(A'(—) ) = L(_)i(h)
is in fact an isoworphisn.
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wE(n)

is the abelian

E-symmetric
formations over A

The Witt proup of i

E-quadratic HE(A)
. €-symmetric
group of equivalence classes of non-singular formations over A
e~quadratic

subject to the relation
(M,wiF,G)"ﬂ(H'.w';F',G') if there exists a stable isomorphism of the type
[£] = (MypiF,G)e(H,»;H,K) e,y K, L) o(H! w1;H!,L1)
—> (M o' iF*,G")e(N', ' ;H ,K')e(N', ' iK' L) o(N ;5 H,L) ,

with addition and inverses by

(H,0;F,G) + (M' ,o';F1 ,C') = (Moli' ,pep ;FeF' ,GuG') , =(M,p;F,G) = (M,p;6,F)e M (n),

and similarly for He(A)"

(1 a,e)
Proposition z.z-i

ME(n) -

MC(A)

L,I(A,e)

Proof: Let (C,p),(C',p'),(C" ") be the 1~dimensional €-symmetric Poincard
complexes associated by Proposition 1.7 to non~singular e-symmetric formations
(N,V;F,G),(N,»;G,H) ,(N,»;F,H). We have to prove that
(Cy9)e(Ct,0") = (c" oM er A ,e)
corresponding to the generic sum formula in the Witt group
(N,#;F,G) e(},+;6,H) = (N,»;F,0)e M (a) ,
in order to verify that the abelian group morphism
W) — 1N a,e) § (H,7F,6) —(C,p)
is well-defined. Choosing a chain homotopy inverse for ¢°:C1_.———>C let
Y = (w'g‘)%(w)é Qe
so that there is defined a homotopy equivalence of 1-dimensional €-symmetric
Poincaré complexes over A

e

P ¢ (c @) »(Cyo) .
(In fact (C1_',$) corresponds to the formation (N,-»;G,F), which is thus stably
isomorphic to (¥,»/;¥,G), and there is defined an isomorphism of non-singular

e~symmetric form=tions

(N F,G)e(H"(G) ;G6,6*) — (N,~¥;G,F) e(HE(F) ;F ,F*) ).
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Define a chain map (f f'):C1-.QC'~—<)D by

T=e__,
C 6C' ! ,.e—>0—> GoG —> FreH*—> 00—, .,

€ f')J (1 1)J J

D L eee—2>0—>C —— 0 ——>0—>.,.,.

How (C",p") is homotopy equivalent to the 1-dimensional €~symmetric Poincaré
1-n

complex obtained from (C 19)e(C',0') by surgery on the cobnected 2-dimensional

1=—»

g€-symmetric pair ((f f'):C eC'—-—-D,(O,(pa(p')EQZ((f £'),e)), and so

(C,(p)e(c',(p') = (01-.,(p)0(c',(p') = (C",(p") EL1(A,E)
by Proposition 7,1 ii). T

<

The correspondence of Proposition 1.7 can also be used to define.a morphism
L1(A,E)——>ME(A) i (C,0)v—>(N,»;F,G)
inverse to HE(A)-—+L1(A,E). This is well-defined provided we can show that
for any well-connected 2-dimensional e~symmetric complex (D,PEQZ(D,E)) the
non~singular €-symmetric formation (M,p;F,G) assoeiated to the boundary 2(D,»)
is such that
(M,;F,0) = oerf(a) ,

applying Proposition 7,5. It may be assumed that D is a f.ge projective A-module
chain complex of the type

D : see——>0—>D -—§—>D1—>0—+.‘. ’

2
so that a cycle »eHom +(W,Hom, (D*,D))_, is represented by A-module morphisms
Z{ Z,) A 2

. ] ~ 2 2
VO.D—7D1,))1.D —>D, ,&;tD"—D, ) 15D ——>D2
such that
Y osevtidy, -2a%=0: D' — D
0 o} 1 1 - ’ 1
~ 1
» . _ =0: 5
1+EV1 l)ad'—O.D D2
~ 2
* - .
p1+5v1 d)JZ_O.D —>~D1
2
Y —gp* = . .
> EDZ 0 D——*’D2

The boundary 1-dimensional E~symmetric Poincaré complex a(D,u) corresponds to

the non-singular e-~symmetrie formation
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[} o}
(1,9;F,G) = (HE(D,IQDZ,( >);D19D2,
[} -V,
2
T 0
-~
b 1
3m( 1 : D'eD, —>D'eD.eD, D)) .
. 2 271
—vo -d
a* o
The A-module automorphism l
3 o o o '
~ |
F2%4 A (o] o] ;
f = 1 t M= D_“GDZQD‘lGDZ -—>'D1¢2D2¢3D1¢3D2 }

L3-S | € e
a* o] (8] 4 -
defines an isomorphism of non~singular €-symmetric formations over A

f ¢ (M,p;H,F) — (M,p;H,G) , {

!
vhere H = DzeD.‘gM = D10D20D10D2. It follows that ) .

(M,3F,G) = (M,0;F M) o(M,p;H,6) = (M,p;F,We(i,piH,F) = 0€H(a) .

The correspondence of Proposition 1.8 can be similarly used to define s
H
inverse lsomorphisms of the €-quadratic Witt groups !
LA, e)—>H (8) , M(A) ——r L (A,€) L

1

j

provided it can be shown that the cobordism c¢lass of the 1-dimensional £-quadratic

i
Poincare complex associated to a non-singular split €-quadratic formation :

kF,((}) ,0)G) depends only on the underlying €-quadratic formation
(HE(F);F,im((;):G——’FeF')) and not on the choice of hessian eeQ_E(G). This has
already been carried out in the proof of Proposition 5.6..
£l
The odd-~dimensional U-groups of Ranicki { 1] are just the Witt groups

of +quadratic formations

Upseq(R) = Myi(R)  (i(pod 2)) ,

and Proposition 7.7 shows that the morphism defined in Proposition 5.6

Uy g0 ———— L, (D) = He_yi(a)

is in fact an isomorphism.
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Propositions 5.6,7.3,7.6,7.7 togcther allow us to identify

U =1L (A, = L (A)  (n=2ior 2i41)

It was shown in Ranicki [1.] that the U~groups of a group ring A = Z[x] are the

L-groups Ln(n) of Wall [ 5] (modulo the K-theoretic bypotheses, c¢f.§12), so0 that

Un(%[n]) = Ln(?ztn]) = Ll-l(n:) .

In §8 we shall combine this with the result of Proposition 4.h to identify the

guadratic signature 0;(f,b)€-Ln(Z[n1(X)]) of an n-dimensional normal bundle map

(f,5):M—> X with the surgery obstruction 8(f,b) €Ln(n1(x)).

The following result has strong implications for the elementary unitary

groups of A (cf. Proposition12.2), generalizing the "normal form” of Sharpe [1].

Proposition 7.8 A non-singular €-quadratic formation over A (M,¥;F,G) is such that:

(M,¥;F,G) = 0 €L, (A,E)
if and only if there exists a stable isomorphism
[£f] ¢ (M,¥;F,G)—> a(n,;{)
*for some {~E)-quadratic form (N'REQ-E(H))’

Proof: A 1-dimensional £-quadratic Poincaré complex over A (c,veq,(c,e)) is

“ null-cobordant if and only if it is homotopy equivalent to the boundary B(D;‘)

of a connected 2-dimensional e-quadratic complex (D,KfQZ(D,E)), by Proposition

S.h iii). Let (D"ll) be the connected 2-dimensional €-quadratic complex obtained

from (D,N) by £-quadratic surgery on (5:D——PE,(0,R)€Q3(3,€)), vilth g:D-—>E the

chain map defined by

. q a a
Dt ...—sD, > D, »D, Dy—>...
E 1 p,—% 41 >0 >0 >
T see —% 3 > > td Y coe .

Then (D"AI) is the skew-suspension of a O-dimemsional (-€)~quadratic complex,

and 3(D',R') is homotopy equivalent to (C,¥) by Proposition 7.1 i). The
non-singular £-quadratic formation (M,V;F,G) associated to (C,¥) is thus
stably isomorphic to the boundary a(N,AO of the (-£)-quadratic form

(n,;\') = (}11(1)’),;\' eq_e(!11(n'))).

r]

e

—h2- . €-symmetric (f:c—D,(¢ Q" '(f,e
Intuitively, surgery on R (en kills
€-quadratic (f:c —»D,(S\’/,‘V)Eqn“(f,e))
im(f‘:H‘(D)_——yH‘(C)), vwhereas a geometric surgery only kills individual

\co)homology classes. In &8 we shall prove that the chain level effect of a

geometric surgery on an r~dimensional spherical homology class in an n-dimensional

manifold is an algebraic surgery on a connected algebraic pair such that
s A s =n-r
(D) =
0 s #n—r .,
We shall now break down a general algebraic surgery into a sequence of such

elementary surgeries (subject to a necessary K~theoretic restriction).

E-symme tri
An algebraic surgery on a connected (n+1) -dimensional {- y ¢ pair

e-quadratic

(£:0——D,(Sp,0)€0™ " (1,6))

over A is elementary of type (r,n-r-1) i; D = Sn_rA,

(f:c—vv,(sw,v)eqn+1(r,e))

A s = n-r
that is Ds = i - Such a surgery will be said to kill the (co)homology

0 s # n-r
. (Co)
class £*(1) € H"F(c) (= Hr(C) if j ' is Poincare).
(c,¥)
(C,pe™C,e)) e-symmetric

Proposition 7.9 Ilet {

be a connected n-dimensional
€e-quadratic

(c,veq,(c,e))

complex over A. Then :

. _ e-symmetric
i) A cohomology class x€ H" (C) can be killed by an elementary { v
E-quadratic
~symme tric
surgery of type (r,n~r-1) if and only if its Wu class vanishes,
E~-quadratic

that is
{vr(\p)(x) = oen"'ar(zzz;A,(-)““‘e)

v i¥)(x) = oe HZr_nmz;A,(-)“'re) .

. o]
and in the case r = n x€H (C) generates a direct summand of HO(C).

{
!
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is obtained from

(ct,o")
ii) 1f
(cr,v)

(C,y)
of type (r,n-r-1) then

(c,¥)
(C',(p')

obtained from
(cr,v")

g(c',w')
iii) If

by an elementary §

is obtained from
(ct,¥v")

(£3€ —— D, (Sp,e)e@™ 1(£,e))
such that D
(f:C—-D,(S\V.‘V)eQm_,I(f,E))

)= 8 (D)
(c'vW')

may be obtained from
(cr,v1)

(Cy0)
then

(c,v)

E~symnetric
surgeries.

€-quadratic

(c,v)

(C,w)

is homotopy equivalent to an i

(C,w)

(c,v)

€~symmetric
surgery

by an elementary }
€-quadratic

£-symme tric
complex
€~quadratic

€-symme tric

surgery of type (n-r-1,r).
€-quadratic :
€-symmetric

surgery on
€-~quadratic

has projective class
=0 GKO(A) -

by a finite sequence of elementary

Proof: i) The vanishing of the Wu class is just the condition required to

represent x €H” T(C) by an (n+1)-dimensional

(£:¢ —— s"TA, (S0,0)e@™ 1 (£,€))

(£:c ——»Sn_rA,(S\V,‘V)eQnH(f,E))

€-symme tric

pair
e~quadratic

such that £*(1) = x¢A™ F(C). This pair is

automatically connected if r{ n, but for r = n it is connected if and only if

x€ HO(C) generates a direct summand.
ii) + 11i) follow from the result below on

(Ct,0")
Lemma let
(c',v")

obtained from

(c,v)

(C,p) e~-symmetric
b
{E-quadratic

If D'= C(g) is the algebraic mapping cone

(n+1)-dimensional A-module chain complexes D' ,D", then

be the connected n-dimensional 5

surgery on 5

the composition of algebraic surgeries:

€~symmetric
complex over A
€-quadratic

(£:0—— D, (Fo,0)e@™ (£,€))
(f:c—.n,(fv,v)eczn“(f,e))
of a chain map g:QXD'—— D", for some

(C?',0")
may be obtained
(cr,v")

-y

Y-symme tric LEC — D" (B oM™ T (1m )
by

surgery on some
€-quadratic

z(cn "9")
(Cll ,‘V")
Conversely, given connected n~-dimensional {

(Cll 1‘9")
such that

(fm:c?—— D" ,(J\V" 'V")EQn+.‘|(f" ,E))

€-symmetric
surgery on some
€-quadratic

§ (£1:0—>D" (o' ,9))
obtained by

(£':C—D' ,(S¥' V)
€-symme tric

complexes
€~quadratic

(C.w).(C'.w')-(C“.w") (C'.w')
(resp. ) is obtained from

(c,¥),(c',¥"),(c", w) (cm,vm) (c',v*)

(C,p) (cm ") e~symme tric (£1:0——D* ,(§o' ,0))
(resp. ) surgery on

(c,v) (cr,yn) e-quadratic (£r:c—— D' (§v',¥))

from some

(C'W)
1

(c,v)

(£ eC"—D" , (Se" ™)) (€' (Cye)
(resp. )} it is possible to obtain from
(E:C—s D, (S¥,¥M)) (cr,v) (c,»)
€-symme tric (£:¢—D,(fp,9))
by surgery on with D' = C(g) the algebraic
{E-quadratic (f:C-———’D,(SV,V))

mapping cone of a chain map g:fp'—>D",

Proof: ILet
f'
f=(~):c—~——-PD = D'eD" -
T r r r r
—~
So! »
So = s s . pRTTHE+1 _ on r+s+1eD“n T+5+1 D = D'eD"
5 5ot T rr
“)5 ‘05
v ¥ (s20)
v o= E] As : Dn—r-s+1 - D,n--r-s+1.’D"r1-r—s+1 D = D'eD"
5 A Syn > Oy rr
S 8

and define

" o_ (Fw _yh-r+1 AN,y . oon ’ yn-T+1 ("
o= (I (~) g (1)) : €l = C eD! oD ——>Dp!
= -r+1 \n-r+1) -r+1
oo (0 ()P g ()M (T )e)[('))) 3CY = C oD! L&' TT ——>pit

The converse is proved by reversing the argument.

0]
0]
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&8, Geometric surgery

We now relate framed surgery in topology to quadratic surgery in
algebra.

The groups Un(A) of Ranicki [1.] were defined as stable isomorphisnm
forms 2i

over A if n=
formations 2i+1

groups of non-singular (—)iquadratic S (mod &),

’ 7.6
following the work of Novikov [ 2}. Proposition , identifies

7.7
1, (-1h 21

U _(A) = . if n=

7 L(a,(-)h) 2141 ,

s0 that the i-fold skew-suspension isomorphism of Proposition 7.3 can be

written as

v =1L, 0,0 —— L () .

n-2i
It was shown in §3 of! Ranicki {1] that the U-groups of a group ring Z[x] with the
w~-twisted involution are the surgery obstruction groups of Wall[5] -
Un( ZLx]) = Ln(n: W)
for any group morphism win —+ 2.2, modulo the K-theoretic conditions discussed
in §12 below.

Let (f,b):M—X be an n-dimensional normal bundle map, with quadratic
kernel the n-dimensional quadratic Poincaré complex over Z[u.'(x)] with the
w(X)=twisted involution ’

0u(£,0) = ((rh) egviixieq (c(2')))
constructed in §3. et n = 2i or 21+, and write (f',b'):M'—»X for the normal
bordant (i-~1)~connected n-dimensiomal normal bundle map obtained from (f,b):M—X
by framed surgery below the middle dimension, as in Theorem 1.2 of VWall([S].
Proposition 2,12 gives an (n-2i)-dimensional (-)iquadratic Poincaré complex
di(f',b') such that

's'io'i(f',b') = o, (£',b')

It i:ollows from the normal bordism invariance of quadratic signatures of

Proposition 6.631) that
G.(f',b') = m(fvb)el‘n(ﬂ'[’ﬁ(}()]) .

- a6 -

Proposition 4,k identifies the quadratic Poincaré cobordism class
Ui(f',b')e Ln_Zi(Z[n1(X)],(-)l) with the surgery obstruction
8(f,b) = O(f',b')ELn(u1(X),u(X)) obtained in §§5,6 of Wall {5].
The i-fold skew-suspension isomorphism

_1

S : Ln(n1(X) owiX)) = 1

o2 (204007, () —— 1 (2{r,(07)

is therefore such that

Sio(s,b) = Flo(sr,br) = Ei:ri(f',b') =6,(£",0) =0, (£,b) €1 _(Z[x,(0)]) .
VYle have proved:
Proposition 8.1 The quadratic signature ¢ ,(f,b)€ L( Z[n,(X)]) is the obstructioni
e(f'b)el‘n("‘l(x) +#(X)) to making an n-dimensional normal bundle map (f,b):M—sX |
a homotopy egulivalence by framed surgeries (n2,5). -
]
Given an n-dimensional normal bundle map of pairs
((£,91),(b,db)) :(M,IH) —— (X IX)

such that A:IN—>HK is a homotopy equivalence we have that the quadratic
xernel 7,((£,df),(b,0b)) is an n-dimensional quadratic Poincaré pair over
z[u1(x)] with contractible boundary 9,(9f,2b). Such objects are the sane
up to homotopy equivalence of quadratic Poincarg pairs as quadratic Poincaré
complexes (Proposition 5.%). The quadratic Poincare cobordism class
(T.((f,?f).(b,’ab))eLn(Z[u1(x)]) is the obstruction to making ((f,9f),(b,db))
a homotopy equivalence of geometric Poincare pairs by framed surgeries keeping
(9£,9%) fixed (n35).

The explicit inverse ' = §71:L (A)—— 1L (A, (%) (n=2i or 2i+1)
constructed in Proposition 7.3 has an application, Given an n-dimensional
normal bundle map (f,b):M—> X we can write down a non-singular (—)iquadratic
form or formation over z[n.'(x)] representing the surgery obstruction
a,(f,b) e Ln(Z[ml(x)]) s without preliminary geometric surgeries beléw.the middle
dimension, that is an instant surgery obstruction. This solves Problem 5 of |

Shaneson [3].
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Proposition 8.2 let (f,b}:M——>X be an n-dimensional normal bundle map,
vith quadratic kernel
t .
g.(f,p) = (C(f'),e%VF[X]) = (c.veqn(c)) .

Then the surgery obstruction (T,(f,b)eLn(z[n.](X)]) is the class of the

i form
non-singular (-) quadratic over Z[rt1(x)]
formation
q* 0 . ¥ da
i-1 i 0
(coker( . :C” eC, ,—>C7eC, ,.), )
. (-)1+1(1+T)V0 a js2 i+l 0 0
Yo, (£,0) =
d (14T)V i 141
(H(_)i(ci+1);ci+1,im( o . 2 Gy, 60 —> C; qeC »
2i
€ L (n,(X),w(X)) 4f n = .
1
n 2i+1
n

(It is required that all the chain modules Cr appearing in the above be f.g.

projective Z[n, (X)3-rodules).

- 18-
let us recall the elements of geometric surgery.

oriented

An elementary surgery of type (r,n-r-1) (04r4&n-1) on a

framed
degree 1 f:M—a X
map fron an n-dimensional menifold H to an
rormal bundle (£,0):H— X

n-dinensional geometric Poincaré complex X is determined by the following data:

i) an embedding g:S"=—»M with an oriented normal bundle yg:sr-——-vBSO(n-r)

r+1

ii) a null-homotovy )_)g:D ——=BSO0(n-r) of 1)5351.—-—’350(!1-1'), tkat is an

enbedding E:ernn—rHH extending g
iii) a mull-homotopy h:D™* ' X of #g:sT— s+ X

and in the framed case also

o™ STHIAT — (BS0,B50(n-r))

iv) a relative null-homotopy (:31';5) :

extending ’—)g of the map of pairs (vh.ug) : (! +ST) —— (BS0,BSO(n~r)), with
Uh:DrH—-—*BSO the null-homotopy of the classifying mav for the stable normal
bundle zlg:Sr —BS0(n-r) —»BSO determined by b:)JM —r))x and h:Dr'”———' X.

b3 degree 1 -
The surgery replaces by the n-dimensional may

(f,b) normal bundle
£t »X degree 1 - '

anpearing in the (n+1)-dimensional map

(fr,p*):M'— 5 X nornal bundle

of cobordisns
(es£,£') ¢+ (WHMMY) —(Xx I;Xx0,Xx1)
(Cesf,£'),(a;b,b")) : (WM ,M') — 5 (X XI;X x0,X%1)

defined by

M= MxTuo LS S O HNE(STXD? Ty upTH gt
using h:DrH———»X to extend {:¥ —>» X x0 to a map of vairs

(e ,f"): (N ') —— (X «XI,X*1), and in the framed case using ;h to extend
oiyf ——> Uy, o to a bundle map of pairs (a,b'):(Vu,VH,)———»(qu,l;(u).
“he surgery is said to Xill (h,g)e¢ nr+1(f).

An elementary geometric surgery induces an elementary algebraic surgery

on the chain level, as defined in §7.
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. fil ——X, £ —— X
Froposition 8. et be n-dimensional
(£,0) s ——X, (£',b')eH! — X

"degree 1 £

£

maps such that is obtained fronm s by an elementary

normal bundle (£',b') f,b)
“oriented symzetric

- surgery of type (r,n-r-1) killing (h,glc nr+1(f). Then the

framed quadratic
o*(f") g+ (£)
is obtained from

o, (£',b%)

symre tric
kernel surgery

0,(f,b)

by an elementary
quadratic

of type (r,n-r-1) killing the image of (h,g)€n__ ,(f) under the Hurewicz map

r+1

-~ ~

1) = n (B —sH () = K ().
(e £,£' ) N3k, II') —> (X = I;X = 0,X x1)

Proof: Let be the associated
(Ce;£,£'),(a3b,b')) s (HsH, M) = (X% I;X = 0,X *1)

“degree 1 symme tric » symmetric

bordisn, with kernel {n+1)~dimensional
normal bundle quadratic quadratic

Poincaré pair over Z[m,(X)]

G Cest,e1) = (3 1n):c(eecterh) —ac(e!), (T ,gospnI€a™ (1 1))
T((e;f,£1),(a;b,b"))

(1 i) .

let k:C(e,)————)C(i') be the inclusion of C(el) in the algebraic mapping cone

1
= ((1 i'):c(f’)sc(f")—-»c(e').(Sv,Vo-v')ch+1
of i':C(f'l)———rC(e,). which is such that C(i') = s“'rz[u1(x)] up to chain
equivalence. Use the chain homotopy commutative diagram of 22[1:1(X)]-module
chain maps (with j: ki(1 0) ®k(i i') any chain homotopy)

eteMec(er !y —E 2D ol

(1 0) 3 k
otehy 2= e = 8" Em, (0]
Zz-hypercohomology
to define a relative class
ZZZ—hyperhomology

Gor0) = ((1 0),Xi D*(So,00-0")€ Q™ (D)

v, ¥) = ((1 0) ,k;;])%(Sw,vo-v-)eQ €D}

n+1
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. ]
g | SYECETRC G (") = (o' ) setencter )
'“he . kernel 1 ' is octained fron
quadratic 8, (£ ,b') = (c(f! ),w'ga_n(c(f")))

synne tric
surgery on the (n+1)~dinensional
quadratic

y an elcmentary

%0“‘(1‘) = (c(£h) )
6.(£,6) = (), ¥

n-r

symmetric (':'..':C(f!) —S

Zny (0)1,(Fg,0)e@™ (D))

ir
(Trote!) —s 5™ Tzn (1)) (W ¥)eq 4 (D))

quadratic

1

We have the following partial converse to Proposition 8.3,
Proposition 8.4 Iet (f,b):M——X be an n~-dimensional normal bundle map with
quadratic kernel a,(f,b) = (C(f’).V:e%\VF[X]eQn(C(f!))). If f1¥—>X is
(r~1)~connected (2r ¢n) and n» 5 it is possible to kill xénr+1(f) = Kr(M) by
an elementary framed surgery if and only if it can be killed by an elementary
quadratic surgery on o _(f,b), that is if and only if

v (x) = 0€H, _ (Z,i Zlny(0)1,(=)"T) (= 0 if 2r<m).

(]
The effect on an elementary geometric surgery of 2 change of framing

of the embedded sphere may be measured as follows.

fitM——X degree 1
let be a map from an n-dimensional

(£,b):M——X normal bundle

manifold H to an n-dimensional geometric Poincare complex X, Let g:srﬁ———> M

1

be an embedding with a mull-homotopy h:D™*'— +X of fg:8T——>X on which it is

oriented FreMr —> X, s —— X
possible to perform surgery, and let

framed (£1,0" ) :M'—>X, (£, b") e M —>X
(degree 1 oriented
be the surgery using two

£
maps obtained from by
,b) framed

inormal bundle

differcnt extensions g,g:S™XD" e——M of g
and two different relative

T+1 5Ty —»(BS0,350(n-r)) .

{_null-homotopies (Fh,;E),(f;h.,—_jE) of (Uh,ug):(D
o\eur(SO(n—r))

The differences are neasured by clements : .
per., 1(850/580(n-r))

e st o
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symme tric
are obtained from the

quadratic g (£7,04),7,(£",0")

symze tric a*(£'),0(f")
The kernels
guadratic

(1) = (ats!) o= PFoprmeaties))) symnetric.

kernel surgeries

: ' ' by elementary}

d,(f,b) = (C(f'),v:e%VF[X]eqn(C(f'))) quadratic
"symmetric

of type (r,n-r-1) on the (n+1)-dimensional pairs
) quadratic

(T:0(e!) 8" T zn (001, B7h0) €™ (D (1:00eH) —s" T zpn (01, Eo o™ (1)

GotehH—s"Tzn, (01,87,v)€q ,

dcfined in the proof of Proposition 8.3 , with T = 1 : c(f')— 8" z[x (D)7 .

Now Proposition 5.1 gives exact sequences

QN (5™ T 7)) - @™ (@) 2 Qe '
ner " - 3 1 (x = = (X))
Q,q(8" " &x]) = Q (I) —— Q_(c(£7)) )

so that

(F5.0) - (Go,0)€ ker®) = im(g:2™ (8" T zLn]) —q™ (D))
(39,9) - (¥, ¥) ¢ ker@d) = m(¥: (" Tax])— (D) .

. jen_(S0Cn-r))— Q™Y (s Tm)
Next, recall from Proposition 4,1 the morphisn

ﬂ'ﬂr+1(SO/So(n-r))__,Qn'n(sn-rz).
oriented
Proposition 8.5 fThe algebraic effect on an elementary surgery of
franed
ryen_(50(n-r))
type (r,n-r-1) of a change of framing by r 1s given by
gen ., 1(50/50(n-r))
(5o,0) = (Goy9) = Y(3(),0) eq™\(D)
(?@’V) - (‘J—V.,V) = r(j((_t)'o)egn+1(1-) ,
with
{ (60,0 ¢a™? (Sn-rz)eﬂn-zr_1(ﬂv2iZ[n]/ZZ.(-)n_r) = gV Tzrx])
(i(g),0 GQn+1(sn-rz)9]{2r_n+1(z,2;z[“]/z'(_)n-r) - Qn+1(sn-r%[n]) )

(D), (£:006H) =" TzLr (01, (FF, ¥k, (D) |

e e
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§9. Lower L-theory
e-symme tric L%(a,€)
We shall now construct lower L-groups for
€-quadratic Ln(A 4E)
n = ~1,-2,... extending the sequence of higher I~groups defined for nx0 in §5.

above. Ve shall do this entirely in an ad hoc manner, to be justified by the
extension to the lower l-groups of various results for the higher L-groups.
In §10 below we shall associate to a morphism of rings with involution f:A— 3B

|
|
i
!

a long exact sequence . .

vee > IMA,e) — L LB, £(e)) —r LM£,8) 212N (A,E) —> ... 5
(ne 22) i
L] .
...,—»Ln(A,e)——faLn(B,f(e))—?Ln(f,E)——>Ln_1(A,E)——-> —_— ;
L(1,€)
involving relative L-groups (n€z). In §11 we shall define products
Ln(f,e)
®: ™4,0)9,,1%(8,4)—1""(a®,_B,e@1)
& 'rl\ zZ7 (ane )
@ Lm(A,e)G_DZLn(B,ri)—ern(A@ZB,e@q) .

In §12 we shall establish a long exact sequence in both the higher and the
lower L-groups relating the L-theories obtained by restricting the projective
class and the Whitehead torsion. In §13 we shall describe the relative L-groups
%LH(A —>s5""a,€)

-1 (neZ) of a localization map A —s S_qA in terms of
L (A—>s 'A,€) i

e-syrmetric
structures on S-torsion A-modules., In §14 we shall show that
€-quadratic
- - S
"ALz,2 11,8) = LMA,e)el™ (A,e)02 (z=2"")
for n{1, with ? = O for ng~1, and that

Lﬂ(A[z,z”],e) = L(A,E)eL_,(Ae) (n€m).

Lr(a,e)
In §15 we shall construct simplicial S-spectra such that
L.(8,0)
(nez) .

3 n (L£2(8,€)) = L(AE)

n iy (8,6)) = T (8,€)
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n- complex
An dimensional €~symmetric over A

(n+1)- pair

(C,peQ7(C,E))
1 is even if
(f:c——D,(8¢,p)eq (f,e))
: {Go(q,) = 0 1O — B Zy1A,E) 5 x g () (%)

90(5¢.¢) =0 Hn+1(f)————*'ﬁo(ﬂé;A.E) H (y,x)h~»(€wn+1(y)(y) + (—)nwn(X)(x))

+1

(xec™, yed™', nyo0) .

Call n-dimensional even €-symmetric Poincarf complexes (C,p),(C',p') cobordant

if there exists an even (n+1)-dimensional £-symmetric Poincare pair

(f f'):CeC'——v-D,(Ezp,(pe-(p')EQn+1((f £'),€)) with boundary (C,p)e(C?,-p').
Proposition 9.1 i) Cobordism is an equivalence relation on n—dimensi;nal even
e-symmetric Poincaré complexes over an, such that homotopy equivalent complexes

are cobordant, 'the cobordism classes define the n-dimensional even €-symmetric

L-group of A L(v0>n(A,e) (n>0), with addition and inverses by

(C,p) + (Ctyp'") = (CeC'ypep') , =(C,p) = (C,=p) € L(V&n(A,E) .
ii) The €-symmetrization and skew~suspension maps factorize through the
even £-symmetric L-groups

14T n forget
14T, Ln(A,e)«—-—ﬂ~—> Livy (A,e) ———> L (A,E)

(n30)
T MAe) — L<v0>‘“2(A,-e) Jorget (me2(, ey

iii) The skew-suspension map
E:Ln(A,E)‘—-—rL(v(?m'z(A,—E) i (C,0eQ@™(C,E) I——> (5C,Fpe@™2(sC,-£))
is an isomorphism for all A,e,n> 0.

Proof: i) Work exactly as in Proposition 5.2.

e~symmetrization e-quadratic ,
ii) The of an n-dimensional Poincare complex
{skew-suspension ‘€~symmetric
n- £~
{resp. pair) is an dimensional even symme tric Poincaré complex
tn+2)- (-g)-

({resp. pair).

-1sh -

iii) Define as follows a map
$2: Kop™P(a,-e) ——» 17(n,€)
inverse to S:L7(A,e) —— > L(vo)n+2tA,-E).

2

Poincare
« Given an (n+p)-dimensional even (~E)-symmetric

Let p =
connected
complex over A (C,peQ™ P(C,e)) replace C (if necessary) by a chain equivalent
f.g. projective A-module chain complex of the type
C: see—>0-—C —1L>C —JL+C
n+p n+p~1 n+p-2
and define a chain map f:C ——D by

As (C,p) is even

v(9)=0: H™*P(C) = coker(a®:c™P 1 2Py L §9% Zyih,-€) § x b——»cpn+p(x)(x)
]

so that ¢ & im((1+T_E):Q_€(Cn+p) —q 8(c™P)) ana

()

= 9p,p = 0€R™P(D,-€) = coker((1+T_):q_(¢™F)— q™®(c™P)) |
It is thus possible to 11ift peQ""P(C,-€) to an element (8,0)€Q™P*1(f -).
The result of €-symmetric surgery on (f:C-———»D,(B.¢)€Qn+p+1(f,-€)) is the
_ Poincaré
skew-suspension S(C',p') of an (n+p-2)~dimensional €-symmetric
connected

complex over A (C',p').
Use the case p = 2 to define
N2 Kv™2,me) — > 1MA,E) 5 (Cp) ——(C7 ")
s0 that
N5(Cl ") = (C',p")eLlMa,e) .
The proof of Proposition 7.1 ii) gives an even cobordism from (C,0) to S(C',p!)

¢ = ((g g'):CoSC! ——» D', (Sp,pa-5p" )™ 3((g g*),-€))

2~%
with g = (1‘]: C——=D-= C(¢of‘:Dn+ ——> ), so that
Q

5%(C,p) = (C,p)€ L<v0)9+2(A'_E) .
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ir (5.@X:Qn+3(f,—c) is a different 1ift of w(Qn+z(C,

~€), with corresponding
n-dimensional E-symmetric Poincaré complex (T!,5'e€@™(C',€)), let

T = ((§ §):CoSC' —» B, (57 0e-59")eQ™>((Z ") ,-€))

be the corresponding cobordism from (C,p) to S(C',p'). The union

cuc = ((h h'):5C'eSC' —> D", (§¢",Sp'e-Sy') € Q™3 ((n h'),~€))
- . — 3 —
is a cobordism from S(C',p') to S(C',p'), with D" = C((g):c-———*D'eD') such that

Ho(D") = H_ (D") = 0 .
It follows that cuc is the skew-suspension of a cobordism from (C',p') to (5‘,;‘i
and so : ‘
(C'yo") = (C',9") € LNa,E) _
Thus D{C,9) €EL(A,e) 1s independent of the choice of lift (8,p)eQ"*P(f,-¢). .
The correspondence of Proposition 5.4 i) restricts to a one-one
correspondence between the homotopy equivalence classes of
(n+3)-dimensional even (-€)-symmetric Poinca¥5 pairs over A and the homotopy
equivalence classes of connected even (n+3)-dimensional (~£)-symmetric
complexes over a. As in Proposition 5.4 iii) we thus have that an
{n+2) ~dimensional even (~£)-symmetric Poincaré complex over A represents O in

n+Z(A,—E) if and only if it is homotopy equivalent to the boundary HC,p)

L(vd)
of a connected (n+3)-dimensional even (-£)-symmetric complex over A
(C,wéQn+3(C,-e)). Let (C*,p') be the connected (n+1)-dimensional e-symmetric
complex over A obtained from (C,p), as in the case p = 3 above. Now 2(C,y) is
homotopy equivalent to S3(C',p') by Proposition 7,1 ii), and so

L£23(C,p) =053(C',') = D(C’',p") = 0eL(A,e) .

]
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form (M,0)

An e-symmetric over A

is even if (M,0) = (1+T_)(M,¥)
formation £

(H,p;F,G)
for some £-quadratic form (M,¥), that is if weim((1+T€):QE(H)———» Q%(1) or

equivalently w(x)(x)éim((1+TE):A-——rA;au——+a+E;) (x€M). In particular, the
c 0 1

metabolic e-symmetric form H (L) = (LeL*, EQE(LeL‘)) is even, and
€ (]

every even E-symmetric formation is isomorphic to one of the type (HE(F);F,G)

by Proposition 1,6,

forms

LéS(a)
over A . e is the
MEv > (A)

asses of
(non-singular

over A, subject to the equivalence relation

The Witt group of even E-symmetric

formations

abelian group with respect to the direct sum e of equivalence cl

forms
even E-symmetric
formations
(M) ~ (M ,0") an isomorphism
if there exists

of the ty
(M,9;F,6) ~ (M 0" ;F',G') re

a stable isomorphism
£t (M) eHE(N) — > (M1, )oHE (1)
[£]: (M,@;F,G)e\N,wiH,K) o\ N, »jK,L)o(N* 0% ;H' ,L')

(M ";F*,G") el W' ;R K )e(N' 0! ;K , L") o(N,v;K,L) .
g-symmetric form (M)
over A is the

even E~symmetric formation

The boundary of an
(M,93F,G)

(~e)~symmetric formation

non-singular even % over A

e~-symmetric form
-€
AM,p) = (H (M);H'F(H,w)) P(qu) = {(x,¢(x))|er§

AM,0;F,G) = (GA/G,p1/p) -
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O
dimensional even
1-

Proposition 9.2 i) The homotopy equivalence classes of

’,
€-symmetric complexes over A which are (Poincare) are in a natural
connected
isomorphism
one-one correspondence with the classes of (non-singular)
stable isomorphism
forms
even €-symmetric over A.
formations

o Ky »O(ae)
ii) The dimensional even g-~symmetric L-group is naturally

1
1- Kvp (A,€)
forms L(vd)e(A)
isomorphic to the Witt group of even €-symmetric over A e .
formations H(vo> (A)
form (M,o)
iii) A non-singular even €-symmetric over A represents O
formation (M,¢;F,G)
L(vd)o(A,s) isomorphic
in 1 if and only if it is to the boundary
L(vd> (a,e) stably isomorphic
(N,V;H,K) an even E-symmetric formation (N,2;H,K)
over A
(H,v) a (-€)-symmetric form (Na)

Proof: By analogy with Propositions 1.5,1.74766,7.7,7.8.
0
The result of Proposition 9.2 1ii) for L<v6>1(A,£) will be interpreted
in §12 as a reduction identity for the elementary subgroup of the stable

unitary group Lim aut HE(A™) (Proposition 12.2).
m
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Define the lower £-quadratic L-groups of A

L (Ae) =L (A.(-)is) (ng-1, n+2i>0)

n+2i '

extending the periodicity Ln(A,e) = Ln+2\A,-€) (n20) of rroposition 7;3.
vefine the lower £-symmetric L-groups of A
n 1<vo>“*2(A,-e) n = -1,-2
L (A'E) =

Ln(A,s) ng -3

extending the identification L™(A,e) = L(vo)n+2(A,-E) (n>0) of Proposition
9,1 1ii).
Define the skew-suspension maps

3 : L(A,£) —— L*2(a,-¢)

_ (ng-1) -
S : Ln(A,E)~————9 Ln+2(A,-£)
. ng-5
to be the i£-quadratic skew-suspension isomorphism if y and the forgetful
. : ng -1
-J+$n§3-1
map if .

Proposition 9.3 The skew-suspension map
- N -
5t LTNAE) = Lo(A,e) —> L 2(A,-€) = L(vo)o(A,e)
is onto, with kernel generated by the non-singular t£-quadratic forms over A

of the type

(AeA*, (a 1)€QE(A0A')) '
o b
vith a,be ﬁ1(ZZ;A,£) = flxeA|x+€;= o&/{y-eﬂyu\g.
Proof: The map is onto because every even e~symmetric form is the
e-symmetrization of an £-quadratic form. An element (M,¥)€ker(S) is

represented by a non-~singular €-quadratic form (M,Veqs(ﬂ)) such that

(4] 1
V+EY* =( )1 ¥ = LelL* »——> H* = L*el
€ o]

for a f.g. free A-wodule L, and (M,¥) can be expressed as a direct sum of

a 1
terms like (AeA”, ).
o] b
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Proposition 9«4 If A,& are such that ﬁO(EZ;A,E)E{aeA|E;= a}/Sb+E-l;|b€-A} =0
then the skew-suspension maps

5 : 1%(A,-e)— 1™

(A,e) (nem)
are isomorphisms.

Proof: The case n { -5 has already been considered in Proposition 7.3.

For -4 ¢ ng¢~1 note that the category of even E~symmetric (resp. even

forms

(-€)-symmetric) is equivalent to that of e~symmetric (resp.
formations
forms ~0

(~£)-quadratic) if H (Z,3A,e) = O, For n%0 we can apply the
formations

criterion of Proposition 7.2, as follows. Given a connected (n+2)~dimensional

n+2

e-symme tric complex over A (C,peQ (C,e)) define a chain map f:C——D by

1 Cn+2 r = n+2
f= :+ C——D_ = y assuning C to be such that Cr = 0 for
o] r # n+2

r>n+2 with Cn+2

with T_ the e-duality involution on }IomA(Cn+2,C It is thus possible to

n+2’ "

define a connected e-~symmetric pair (f:C——FD,(Sw.w)EQn+3(f,E)) with which to

do surgery on (C,p) to obtain the skew-suspension S(C',p') of an n-dimensional

(-&)~symmetric complex over A (c',(p'QQn(C',-E))- This proves that

n+1

n+?'(A,E) (resp. §:Ln-1(A,-E)—> L

5:1MA,~e)— L (A,e)) is onto (resp.
one-one) for ny O (resp. n»1).
(1
A - R n n+2 =
(Note that if H'(ZZ;A,E) = O Proposition g.f gives that L'(A,+£) = L “(A,+€)
for n€Z. This is the case if there exists a central element a€A such that

a+a =1€A, e.g. a =.1/2° €A, as in Proposition 5.3).

f.g. projective., Now f%(w)é Qn+2(D,E) = ker(1—TE)/im(1+TE) = 0,
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Proposition 9,5 Let n be a group, and give the group ring Z[n] the untwisted
involution g = 5-1 (gen). Then the skew-suspension maps

5 @ IMZ{x)) — 122

(Zfn1,-1) (n€zm)
are isomorphisms, and the skew-symmetrization map
(47_) & Ly(Z{n) ,=1) —— L2 Z{x1 ,=1) = 172(zZgx))

is onto. If w has no 2-torsion there is defined a split short exact sequence

1+T
0 ——3L(Z,~1) ——> L(Z[x] ,-1) — > 1% Z(n],-1) — >0 ,

Proof: Immediate from Propositions 9.3,9.% since ﬁo(zz;z[u] ¢+=1) = 0 for any
a1 ~1
group w, and H (EZ;Z[n],-ﬂ = H (EE;Z,-1) if n has no 2-torsion.

]

1 1
(LO(E,-‘U = EZ, generated by the Arf form (Eez.( )&Q_.](Zezz))).
o} 1
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§10. Relative L-theory

Given a morphism of rings with involution f:A—> B and a central

unit €£¢ A such that € = e-1e A and f(€) € B is central we shall now construct

e~symmetric L(f,£)
relative I~groups (nez) to fit into a long exact
e-quadratic o CTE)
sequence
e P e) s 1A, ) —E 1P (B,E) > IR €) > uus

£ (ne =)

...——>Ln+1(f,a)——> Ln(A,s) Ln(B,E). LLn_(f.e)-———>...

(denoting £(£)€B by £). The surgery obstruction of an {n+1)-dimensional

normal map of palrs (f,3f;b,db) : (M,0H) ———> (X,3X) is an element

0.(£,31;b,3b)€ L (Z[n,(3X)}—> Z[n,(X)]) . -

n+1
We shall also construct 'hyperquadratic' L-groups in(A,E) (nez), to fit into
a long exact sequence

...———ri.n+1(A,€)-—“—-an(A,€)—1:ir—€—r Ln(A,e) —j—rin(.l\,e)——r cee .
An n-dimensional normal space (X, :X—>BG(k),pyen  (T(¥1))) has a
'hyperquadratic signature' invariant Tr(X)e f.n(Z[m1(X)]) , such that
Ha'(x)éLn_.](z[n.‘(X)]) is the obstruction to making X normal bordent to an
n-dimensional geometric Poincaré complex with fundamental group 1:1(1).
E-symzetric

L~groups
€-quadratic

L2(A,g; Zm)

We shall also construct 'mod m' { (n€Z,m21)

Ln(A,e;Zm)
to fit into a long exact sequence

...--—L““(A.s;zm)—LL“(A.E)—“+L“(A.5)——»L“(A.e;zm)——»

2 m
ceem—rL (AEFZ )L (A,€)~—>L (Ae) =L (A, €5Z)—> ... .

n+1
An n-dimensional geometric Zm-Poincare' complex (X,9X = ln{Sx) has a 'mod m
syometric signature! invariant O*(X)e Ln(Z[n,l(x)];%m)i and the surgery

obstruction of an n-dimensional normal bundle map (f,0):M—— X from &

Z -manifold M to a zm-Poincaré complex X is an element o’.(f,b)eLn(E[u.](X)];Zm).
T
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Given a commutative square of A-module chain complexes

c—L% 5o

ol v
Dt -———'——>C'

define an A-module chain complex C(I") by

- r
dr (g (gt 0
0 dp o (=)t
iy =
o o N N
0 [¢) o) dc
: =c! ' = C!
C(M), = CleD oD} ieC__, el 4 = cr—1°Dr-z°Dx'--z°°r-3~ .

The homology groups of {7 are defined by
Hn(f') = B (C(7)) (nem) ,
and are such that there is defined a commutative diagram with exact rows and

columns

1(8) ——-Hm.‘('") — > aee

l

(c) H (D) >H (f)

=]

— e
4+ — e

-..-——-—-—)Hm_z(r‘) —H 1(f') —>H

=

L

...———)Hm_.](f) » H

o)

5 ey ——%
=1

g

o0 0 ———> H (g')—> H (D) g' -~ H

5 e—

- (" H(8") —> ...

-——
I

(&) ——H (M —— ...

:

S Hm_.](f') — s H (f') — 5H

=

cee &—
900
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Given a commutative square I of A-module chain complexes (as above)

let ['t@A\—' be the commutative square of Z[zzj-module chain complexes
t

e, r
Ct® (o} —-—A———'rnt®A
t rt@A t
£, £ ., lEes
g' @8

D'tqlD' —~————»C't®AC'

Zz-hypercohomology
with TGZZ acting by the £-transposition Tes and define the

Zi_~hyperhomology

2
groups
QUM,E) = H (Fom - (W,C(I'@fM))
L%, ® (nez)
0Mie) = B, (08 ]c(f' §)) .-

. (o', 0,0 ,0) € QMZ(P,E)
An element is represented by a collection of chains

(VX €Q,, (The)

t t
{(wé,vs,v;.ws)é (c GAC')n+s+2°(D @AD)n+ +1G(D't9AD')n+s+1°(ct®AC)n+als>’U;
t t t
S(V;"s’ls"ws) € (cr eAC')n-s+2°(D @AD)n—sHo(D't@AD')n-sHew ®Ac)n-s|5) ol
such that

[ agirgintieg) -

Ig1tg 1 (od) + ™ !y + (91510l 4D + ()
Iyt p(2) + ()70 ¢ () rew, )+ )%, N o,),

ap, tQD.(p )+ (- )‘“sw D+ (e e,
dct@A o) + (- )‘"5“(‘ps 1+( )T 0 1))

e(b'bAD'

n+1, ¢t ot ot
(g%, 8(22) - g' 'gue @),

+ (-)BT n'

e(ct®,C)

= o€(c ®Ac‘) n+s A7 "n+s~-1

TR IR
= (gt ga(Ys(- R I O Lt AT I & )“*‘(wAg(x Y -8"ByE (),
ap @D(;‘ IO L IO LR R NOLE - FILAN
D'@ D'(K (- " s(&s+1+( )5+1 e‘s+1)+( ) (f't® £V )v
o(r 1+ (P Ny () Ny oot

n+s+‘l°(D ®Ab)n+s

)s+1

C@C

t
= ’ t
oce(c @Ac') ness1® enn)n_so(n @AD') LAY

(s20).
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e-symmetric &
An (n+2)-dimensional triad over A _ (n20) is a
g-guadratic (")
c—Ssp
commtative square f‘l r, I,g of A-module chain complexes such that C is
pr_ & ,qt

n-dimensional, D and D! are (n+1)=-dimensional, and C' is (n+2)-dimensional

D= (p',0,,p) EQm'Z(r',s)
together with an element . Such a triad is Poincaré

¥= (v "W €q,, o(TE)

€-symme tric (f:C——»D,(h’,gp)(QnH(f,E))
if the (n+1)-dimensional pairs )
e~-quadratic (f:C—)D,(i\,V)thM(f,E))
1 .
(£':c—— ' (¥ Q™ '(£1,6)) ’ (Cpe"(c,e))
are Poincare (in which case -
(f£':c ,Dl'(xl 'w)eqn-@‘l(f"E)) (C'V(Qn(C,E))
€-gymne tric ,
is an n-dimensional Poincare complex) and such that the chain map
€~-quadratic
3 CrI*eTr ()
(L1, 2 ™ e
defined by
®0
(<)""Typ g+ _
= 0 s ™2 T S (0) = CleD_ eD’ _eC
(s} (~)0 Tt r r r=1"r-1"r-2
of
» .
55/
]
Gler dvy
YT (et )Y 6 -
(14T, = o s ™2 T 5¢(P)_ = CleD_ .eD! . &C
€ (=)0 T(A4T Yy tgt r ror-1"r-1"r=2
e 08
Q+Tw, 575

is a chain equivalence.
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Proposition 10.1 Given a morphism of rings with involution f:A-—»B and a

central unit £ € A such that € = 8_16 A and g = f(e)€ B is a central unit

e-symmetric L(f,e)
there are detfined relative L-groups (n€7) which fit
E-quadratic Ln(f,e)

into a morphism of exact sequences

£ f
...——+Ih(A,E)—~——»Ln(B,e)————>Ln(f,e)v4~—>Ln_1(A,e)~——¢>Ln_1(B,e)——4~...

1+Tsl 1+TE L 1+‘1‘E l 1+‘1‘E 1+T€
e 1PN ,E) L 510(B,e) — > 1P(£,e) — 1P (a,e) L5 12 (B e)—> ...
involving the change of rings map
gf : LMA,e) — > 1L2(B,e) ; (C,q:eQn(C,E))\——y(BQAC,‘I&peQn(B@AC,e))
f: Ln(A,E)w——»Ln(B,e) ; (c,weQn(c,e))»——»(B@Ac,wchn(Bﬁc,e)) .
The relative I~groups are such that -

S L (f,E) = L (f,-e) (n€Z) , L(f,e) = L (f,e) (n€-3).

L“+1(f,e)
Proof: For n0 define

Ln+1

to be the abelian group of equivalence
(£,€)
classes of pairs
e-symmetric (C,9eQ"(c,e))
(n-dimensional Poincaré complex over A N
e~quadratic (C,WeQn(C,E))
€-symmetric
(n+1)-dimensional Poincaré pair over B
- € -quadratic

n+1(g.e))

g(g:a@Ac — D, (5p,18y)eQ
(g:p8,C——> D, (5v,18¥)eq ,(g,e))

under the equivalence relation relative cobordism

((C,0) ,(g:BGC —D,(5p,12p)) ~ ((C'p*) ,(g":BRC'—>D' (84", 1B¢"))

((C,‘V).(g:B@AC-ﬂD,(SVﬂ@‘V))A- ({c*,v"),(g":B8C*' —>D’ ,(3vr 1By?))

if there exists a pair
e-symmetric

((n+1)~dimensional
E-quadratic

Poincare pair over A

{((h h'):C@C'-—rE,(”.we‘(P')ean((h h'),e))

((h B*)5CeC! ——» B, (y,¥e-¥")eq, 1 ((h h*),E)) !
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€ ~symmetric ,
Poincare triad over B
€ -~quadratic

(n+2)-dimensional

(r,®v Bpe-fo, 100,18 pe-p')) € Q™2 (T €))
(r',(S;( JSve-dus VI, 1B vemvi))eq L (T,e))

o
with | a commtative square of B-module chain complexes

BQ (CeC") geg' DeD!

1®(h h') r ).

BG&E ———e—————3 F

“2e verification that rélativé cobordism is an equivalence relation

vroceeds as in the absolute case (Proposition 5.2), transitivity requiring

Ln+1(f,e)

a2 relative version of the union operation. Addition in is by the

Ln+1(f'e)

direct sum s, and inverses are obtained by changing the sign of the

Zﬁ-hypercohomology
classes.

ﬂé-hyperhomology
Define abelian group morphisms
S ™7 (8,6)—— 1™ (£,£) 5 (D, Sl (0,(0:0 —D (&, 0)))

| LpqtBi) ——> L (£,€)5(D,69)— (0,(0:0—>D,(£¥,0)))

1201 ,e) —— 178,05 ((C yp) +(8:B8,C—D,(Sp,12¢))) ——> (C,0)

Ln+1(f,e) —-an(A,E);((C,V) ,(g:B@AC———vD,(SVﬂG\V)))l—-D (c,v) .

We have to verify the exactness of the sequence

n+1

oo 1™, 6) — 1M (1,6) —> 1A, 8) —L5 1B, €) —> ... —> 1L2B,E)

T
...-—-»Ln”(B,E)———»LnM(f,E)——an(A.E) —sLn(B,e)——r ...——>L0(B,€) .
L“+1(f,e)

y consider
(f,£)

1™(a,e),17(B,¢€)
. As for
Ln(A,e),Ln(B,E)

Zractness is obvious at
L
n+1
i n+1

L U(C,p) 4 (g:BBC—D,(Sg,180)) )cker (L (£,6)——L"(4,£))

s 80 that there
((¢,¥),(5:3@,C —>D,({v,%0¥) ) Jeker(L  ,(£,6)— L _(A,E))
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(h:C—>E,(v,p)) (C,p)
exists a null-cobordism over A of - Replacing D by the
(h:C—vE,(;l,V)) (c,v)

algebraic rcapping cylinder of g:B%C —*D, it may be assumed that g is the

inclusion of a direct summand in each dimension. Similarly, we can take h:C—E

to be a direct inclusion, and the direct union (as defined in §5) is an

€-symmetric .
(n+1)~dimensional Poincare complex over B
€-quadratic
i - i
(F,B) = (g:E@AC——‘D,(Sw,‘l&p))U(Bq\c’1®¢)10(h:C—-E,(—J’,-¢)) :
(F,S;{) = (g:E@Ac—,n,(Sw,mv))u(B@Ac’wv)w(h:c—»}a,(—q,-v))
such that there is defined a commt&tive pushout diagram of B-module chain
complexes
B®,c—8 1 -
A
1®h1 k
B@AE —‘1———>F .

Define also a commutative diagram of B-module chain complexes

(&

BS)\C —————> DeF

18h r (x 1)
BBE 3 . F ,

A

€-symmetric .
s0 that there is defined an (n+2)-dimensional, Poincaré triad over B

-quadratic

(r'( 0'5’09"8" '”%W)C‘sz\"‘ ) E) )
and so

o ,(o,8ve—E;[ .\e;(,'v)e Q,,2(Me)
(0, (0:0—F, (50 ,0)) € Amt L™V (B,e) > 17 (£,6))

((C.t.p),(g:B@AC——*D.(&a,1®¢)))

((c,v),(g:8&Cc—D,(5v,%a¥))) = (0,(0=0—>F,(5)‘.0)))€ im(L 4 (B€)— L  ,Uf4e))
™ r,e)

whence exactness at

Ln+1(f,5)

The periodicity in the absolute tE£-quadratic L-groups Ln(A,E)=Ln+2(A,-E)
(ne z)
can now be used to define

L(£,6) = b o (£,()Te)  (ng0,m2i3 1)

(1,e) L (f,€) (ng ~3) .
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Similarly, relative cobordism classes of pairs
\n-dimensional even €-symmetric Poincare complex over A (C,yp),
(n+1) -dimensional even €-symretric Poincaré pair over B (g:B8,C—D,(S¢,%2¢))) '
define relative even €-symmetric L~-groups L(vC?n“(f,e) (n>0) which together ‘
with the absolute even €-symmetric L-groups of §9 fit into a long exact sequence”

coa—r L(v0>“+1(13, E)—»L(v())n'm(f,s)——»L(vo)n(A,E)LL(V(J)n(B,e)—» s L& > (Bye)

“

The isomorphism of Proposition 9.1 iii) extends to the relative case
1,
™ (1,0) = Lo P™s,-e) (n30) .

Define

I

Ln+1(f,£) L<v°7n+3(f,-€) (n = =~1,-2) ,

Define L—Z(f,E) to be the abelian group
L72(f,e) = coker(ker(1+T__:L,(B,-€) L( >0(8,-¢))
’ coke r -*Lo(By-€)—LCv 3 (B,-€)) ——Ly(f,-€)) .

Then the exact sequence above terminating at LO(B,e) can be extended to the
right by an exact sequence N
128,005 1%, 00— 1% 1,0) —17 (8,0 L 1V Be)— TN, 0 L,
0 .
Ad hoc definitions of the relative quadratic Le-groups Ln(f) = Ln(f,1)k
have been given by Wall [ 5] (n odd) and Sharpe [ 2] (n even). In Proposition
10,2 below we shall express these groups in terms of iquadratic forms and
formations.
In §13 below vwe shall express the relative L-groups of a localization
rap A—-—,S_“A as the cobordism groups of algebraic Poincareé complexes over A
vhich become contractible over S—1A, jdentifying the low-dimensional cases

with Witt grouvs of linking forms and formations.
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tt,g)
of a morphism f:A-——>B

-170- Proposition 10.2 The relative £-quadratic group i 21

2 +1

(f,e)

The full force of the equivalence relation of Proposition 5.4 i)

e-symne tric

is the abelian group of equivalence classes of triples

(between the homotopy equivalence classes of %

the homotopy equivalence classes of connected 3

Poincaré pairs and

e-quadratic

€-symmetric
complexes over A)
€-quadratic

split (—)1-1E-quadratic formation

n+1

e-symmetric
allows us to express the relative
e-quadratic

as the group of equivalence classes of triples
E-~symmetric

(n-dimensional
e~quadratic
€-symmetric

connected (n+1)-dimensional
€-quadratic
g:B@%(C,w)————+D(D,D)

g:B&, (C,¥)——3(D,%)

homotopy equivalence

The equivalence relation is defined by

(f:A—=B,g)

) (F,G)
inon-singular 5 over A )
(-)"e-quadratic form (1,v)
R form (V1) a stable isomorphism
(-)*e~quadratic { over B 1 , of
formation (N,‘;H,K) an isomorphism

L~groups

(nz 0)

n+1(f A—»B,£)

split (-)1-18
non-singular

~quadratic formations

over B

4
Poincare complex over A

(Cc,p)
(c,w)'

(p,»)

complex over B -

(D,{) !

(-)iE-quadratic forms
[ yBood ¢ B, (F,6) ——> a(N,%)
B@A(M,\V)

g * a(N,J\;H,K)

under the equivalence relation
[CF0) (1) 1T By07) ~ (1,60, (00 ()L 37 0 D)
LG, (8 (35,8, g)~ (MW7) (Y, ' 5HY K9) ,g")

if there exists a quadruple

(-)ie-quadratic form (1,¥)
over A

split (-)is-quadratic formation (F,G)'

’\(c.w).(D.ﬂD.g:BGk(c,w)——*S(D.v))—~((C'.¢').(D',u').g':B@i(C'.w')~——73(D'.v'))
((C,W),(D")'E:BQA(C,\V)_.B(D',‘)) ~((C,p") ,(D'."),g"wA(C' W) — XD ')v))

if there exlists a quadruple

stable isomorphism [Dxp o] 2 (M, W) —> (F,G) o~ -(F',G*)

isomorphism h't 3(F,G) — (M, V) (1"

1
i+ €-quadratic form

_\y') '

(P.e)'

isomorphism h : d(H K)——»(BSh(H,W))U

stable isomorphism

split (- ) €-quadratic formation (H,K)
over B

( [Ul |P |d'] G[u’.p',u’J ) (1®[X |F'”] ') ( (N 'I) G(N'{_" )):
).

£-symmetric (£,8¢)
(a connected (n+1)~dimensional complex over A .
€-quadratic (E,SV)
h¥(E,59) — (C,~p)o(C' ")
a homotopy equivalence . .
h:0(E,5%) — - (c,~¥)e(C? ,¥*)
g-symmetric (r,5v)
a connected (n+2)-dimensional complex over B N
g€-quadratic (F,5%)

B®, (E,5¢)U,
a homotopy equivalence A( 2) (

geg')(1®h)((D"’)°(D' y=0")) —> (F ,50)

i )
B@k(E,SV)u(geg,)(1®h)((D,K)e(Dv'_‘v))———o D(F,SK)

In the low-dimensional cases this formulation tramslates directly into the

language of forms and formations, and as such applies to the €-quadratic

L-groups Ln+1

(f,e) (neZ) and also n+1(f £) (n€0).

D op a2l =b(P.e)——>(Bql(F,G))u

((N.a(;H.K)e(N' X' HY LKD)

(geg')(1®h)
0
(e are here using the union operation for forms and formations defined at the

end of §5),

As in §7 of Wall [5] there is in fact a yet simpler expression for
L2i+1(f,c), as the group of equivalence classes of pairs

tron-singular (-)'e-quadratic form over A (1,¥), lagrangian H of BG%(M,W))

that is we can take K = 0 in the corresponding part of Proposition 10.2.
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\(C,cp),(g!B@hC—'D,(«Sw,‘l@'\a)))E Ln+1(f:A—-B,€) Define as follows the n-dimensional €-hyperjuadratic L~group of A
(More generally, every element (n20) ~n . ~ned
((C'W),(g:B@AC—'D'(SW,1@¥)))€LH+1([':A_.B'5) L(A,e) (n€Z). For n30 let L' (A,e) be the group of relative cobordism
has a rerresentative such that classes of pairs
u 1\D) =0 . (n-dimensional £-juadratic Poincaré complex over A (C,¥),
n+
which can also be regarded as a triple (n+1)-dimensional E-symmetric Poincaré pair over A (g:C —>D,(-V,(1+'1‘€)\v))) .
A
g-symmetric (C,yp) For n = =-1,-2 let Ln+1(A,C) be the group of relative cobordism classes of pairs
(n-dimensional Poincaré complex over A ’ .
g~quadratic (c,v) ((n+2)-dimensional (~-£)-quadratic Poincaré complex over & (c,¥),
even
€ -~symmetric (o) (n+3)-dimensionaly(-€)~symmetric Poincaré pair over A (S:C—»D,(p,(1+T;:)V))) .
well-connected (n+1)-dimensional complex over B ’ ‘ Ans
€ ~quadratic (D'{) For ng ~3 let L (A,e) = O.
$;B®A(c,¢)_—»a(n'u) Proposition 10.3 1) The e-hyperquadratic L-groups of A fit into a long exact
homotopy equivalence . '
&:B8, (C,¥) — 3(Dyy) sequence
h B | n+1 J _snsl H Wl n -
Similarly for ng¢-1). : see— L7 (A,e)——L (A,e)——)Ln(A,E)———-———*L (A,e) —...
The relative €-symmetric I~groups L(f,e) (n<1) can be expressed in ‘ with
| n+1 ~n+1
terms of forms and formations, as in the e-quadratic case (Proposition 10.2). . J+ L7 (Ae) ——— L (Ae) 5 (D) +—>(0,(0:0—>D,(2,0)))
g , . tn+l . .
In particular, L z(f,E) is the abelian group of equivalence classes of triples : H:L (AfE)_*Ln(AvE)'((C'V)'(S'C“—'D'(”v(1+T€)"’)))‘—"(c"') .
i . s - S
(non-singular e-quadratic formation over A (M,¥;F,B), ‘ ii) If there exists a €A such that a+a = 1€A (e.g. a = 1/2) then L*(A,e) = O.
| -
even (-€)-symmetric form over B (N,x), : iii) Given a morphism of rings with involution f:A —>B there are defined
‘ A
stable isomorphism of non-singuler £-quadratic formations over B ‘ relative £-hyperquadratic I-groups I™(£,e) (n€Z) which fit into a commutative
[h] : Bq(M,v;F,G) R a(N'K) ) . . diagram with exact rows and columns

In terms of algebraic Poincare complexes L-Z(f,c) is the cobordism group of pairs

(1-dimensional €~quadratic Poincaré complex over A (C,¥eQ,(C,E)) ‘ | f %
] Lt Rl i ) B ,.,.__,Ln(A'g)._—,Ln(B,r‘)-——-v Ln(f,s)——>Ln_1 RyE) —> ..,
2-dimensional €~gymmetric Poincaré pair over B (g:B®AG —D,(Eg,0)eq"(g,£))) . 14T l, 14T, 14T, l« 14T,
vith oo I(a,0) L (B ) — 1RCr,e) —> 1M N (AE) — ...

l J l J l J . l J (ne z)
e 10,0 S BB — 1,0 — 1N E) — L
H | =u | m !
..._->Ln_1(A,s)—f>Ln_1(B,?)——»Ln_,lu,s)——»Ln_z(A,s)——+

(o) = (1+Tg)(5"ow') EQZ(EOE)
for some (JV',\V')GQZ(E,E) such that

L AT 1®A\v H(e_)eQ#BfiG,c)

.e—

for some B¢ QZ(BGiC,E) with

.. s —

~ 1 Aq
v4(8) = 0 : B (BgC) —H (Z,3B,€) i . .
(cf. Proposition 1.8 iii)). 01

. ~ ~
" For € = 1€ A we .shall write L7(A,1) = LMA) (nem).
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Given a connected space X and a group morohism wamy, (X)—-—)ZZ let

H .
;II;_,'_1P(X) . { £2(L,H) —X (n+1)-dirensional
ﬂE(X) be the bordism group of mzps { f:M——X from } n-dimensional
SII;(X) f:—>X n-dimensional

normal pairs (L,M) with geometric Poincaré boundary N
geometric Poincaré complexes M

norpal spaces N

. Y
w(L).u.l(L) ,n‘l(X) z,
maps factor as w(l~i):u1(M) n:1(X) hid » %y The work of Levitt [2]

W) i, () L w00 Mz,

Jones [4 ] and Quinn [ 3] (- see also §17C of Wall [ 5]) identifies -

QP = 1 (zn (0D, QMK = B (X5188) (= LD w3 (K AHSG00))
for n»5, w = 1. Following a suggestion of Frank Quinn we shall now define
the notions of higher signature appropriate to normal spaces and normal pairs
with Poincaré boundary. The latter is particularly relevant.to surgery
obstruction theory because the mapping cylinder of a normal map of
n~dimensional geomctric. Poincaré complexes (f,b):M— X defines a bordism
class ((M(f) =Mufxox::l,nvx)ﬂx)eﬂﬂ;f(x) (cf. Quinn [3]). We shall find
this point of view useful in §15..

Proposition10fi Given a comnnected space X and a group morvhism w:m‘(x)———.—-)?ZZ

there is defined in a natural way a morphism of long exact sequences
N,P P R be) e
— a0 Sh(e3) > Q ()
[A l » C'l la‘;

eo eI _(Z0r, (0 P 2z, 0D L T2, (01) A (2, (OD— ...

Qﬂ'P(x) —F e

such that cr,:,‘"‘ﬁ(x)—»Ln(m[n1(x)]) is an isomorphism for n5. If X is a
geometrie Poincaré complex and (f,b):l-l-—,.x is a normal map then

o, ((M(£) M) — X) = o {f,b) €L (Z[=,(X)]) .

such that the orientation‘
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Proof: Ve shall use algebraic surgery to define the guadratic signature of an

(n+1)-édinensional rorazl veir
o1 . nntlHl ontk
(f.hL.L,(l)L,UN).(L,H)~——rBG(!(),(QL,91‘;).(D 5T = (T(2p),T(4.)))
with an n-dimensional geometric Poincaré boundary (H’vl-l’?l\‘[) to be the cotordisn
class in Ln( Zfn]) (n =

1:1(L)) of an n-dimensional guadratic Poinceré comrvlex

7,(L,l) over Z[x} which cormes equipped with a canonical cobordism from

(1+7)0,(L,H) to 0*(}), The hyverguadratic signature 3‘(L)€f_.n+1(z[u1(L)]) of

an (n+1)-dimensional normal space

n+k+1

(Ly» 2L —>Ba(x),p; 15 —— T ))

T
1
]
T

Aned .
is the cobordism class in Ln+1lz[n]) of the pair&*(L) defined by 0,(L,f) together

with the canonical mull-cobordism of (1+T)0,(L,#), so that ¥3*(L) = o ,(L,0).
let then (L,}) be an (n+1)-dimensional normal psir with M Poincar§,
The relative symmetric construction avplied to the fundamental class-

_ T ot ) o o - —as
Ll = h(?L’PH)nUuLe Hn+1(L,H, Z) (v =w(L) -\s1(vL)) gives an (n+1)-dimensional

n+1

syunetric pair over Z[n] (£:6—D,(0,p)€Q ' (£)) with Poincaré boundary

(Cyp) = (c () ,Qﬁ[lﬂ) =a*(11), where £:C = C(f)—D = C(T) is the inclusion.

let (C*',p’) be the n-dimensional symmetric Poincoré complex obtained from

(C,p) by symmetric surgery on (£:C—>D,(0,¢)), Proposition 7.1 provides a-

canonical cobordism between (C,p) and (C',¢'). We shall now soecify a

Z,=hyperhomology class V'éQn(C‘) such that (1+T)v' = qa'e'.;_"(c’),. thus

defining o (L,M)=(C',¥') € L (Z[x]) such that (14T)o, (L,H) = a*(l) ¢ L zZr1).

n+1

Let (D',0'€Q"" (D)) be the (n+1)-dimensional symueiric complex defined by

a, o
= H ' = =
dps (e 4 D = Comq®Pp =D = CpeD 4
)

ol = P51 0 )
s n-r n-r+s-1
(-) 2o =) 0,

. D,n--r+:34-1

_ oh-r+s_ n-r+s+l Y _
c oD —-—4|—Dr = Cr-—1°Dr (s3» o, 9_q4= 0)

waich 35 the complex obtained by applying the absolute symmetric construction
+ . 1 r oW *7 N W . MY
o the image of [L] under Hn+1(L,h, }Z)—*}{n+1(~1/h; Z), with D' = ¢(f) = c(i/%).

he chain map g:D™ '~ »D' defined by



: D —*D! = C oD
r

n+1 -
- = ( ) Q0f n=r+1
(_)reo r r-1

is induced by an Si-dunl G:Tn(x)L)" —»2(T/T) to the fundamental map of (L,I5)

! 1 - 0 /P
o : Sn+_:+1 - Dn+..+1/sn+k ?L P}l

b ~ A
L5 T(uL)/'r(v‘.;) —_— L/MA“TK(UL) .

Applying the quadratic construction to the homology class Uj, e B (Tn(v )*;

dual to the Thom class U € H (T‘[(U 1;¥%Z) ve have a Z -hyperhomology class
Yy,

) 'f\L '~ 57"’(' (U )) = (i+Tve g™ (1) |, o
'\\ /O) 8 “P'I‘n(vL)t vy =+ > v g

and 56~
6") = (1+T)ey(v) €™ (c(a))
with e:D'—>C(g) the inclusion., Identifying
=0C(g) , Se' = eP(a!)eq™(sc")
consider the exact sequence of Q~groups

(1+T) ( %
S ~(14T
S/, a™ct)eq, ,(50") ————r @™ (sc1)

g, (c")
(or rather the underlying exact sejuence of chain complexes) provided by
the cormrmtative exact braid of Proposition 1,3 for p = 1 to obtaln a
Z,~hyperhonology class ¥'€ Qn(C') such that
(1+T)¥r = ot eq™cr) , syt = eqveq  4(sC') .
Finally, set
6, (L) = (c',v'eq (C')) .
0
Proposition 10,5 The cokernel of the hyperquadratic asignature map
e r g S (K(Z,02,1) — =253 gz, e m)

is infinitely generated, for each k 21
Proof: Cappell [ 2] has shown that P/PnQ is infinitely generated, where

P

Q

im(Luk+2(m[mal)°l‘uk+z‘z[m) ~—r Ly o (Z[1]))  (r= ZyeZ) .

It follows that

~
coker\G* :J'Hk+3( K(Z,0 7 1)) —s 'I:l*k*‘}
is infinitely generated.

(W:[Z}Z-ﬂ,]))

r

i <P
V= ‘V (U‘ )€Q kD') such that - lr(d‘ AR

Yz)

=3

ker(('1+T)=L‘+k S(Z[r))—1L k+2(z[u])) = im(H:L k+3\z[u])-thk+2( Z[x])
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E-symmetric
Cur algebraic methods serve also to dcfine the L~groups
£-quadratic ’
L"(a,£56)
of A with coefficients in a f.g. abelian group G (n€Z), which
L (A,E;G)
n
are characterized by a long exact sequence L
-1,
veo— 1A ,E;G)—> LA, €5H) — (A LE3K) —> L™ {A,e56)—> ... ‘
(ne z) |
ves — Ln(A,e;G)—> Ln(A,e;H)-—an(A.S;K)——an_.](A.E;G)——» .
associated to any short exact sequence of f.g. abelian groups !
i
0 > G »H >K >0 , ‘
and also '
L™(A,e:Z)= L™(A,E) - ‘
(nez)
Ln(A,e;Z) = Ln(A,e) .
The quadratic L-groups are l-periodic
L (A,€56) = Ln+2(A,-E;G) = L, (A,E5G) (nez)
and
L™(A,€36) = L (A,€;6) (ng-3). i
37 the structure theorem for f.g., abelian groups it is sufficient to |
]
consider the case of finite cyclic groups G. !
e-symmetric Ln(A,E;Zm)
Define the n~dimensional mod m L-group of A ;
g-quadratic . L (A€ Z)
L+ (ne )
N ,es z)

as follows. For nj 0 let be the group of relative cobordism
Ln+1(A,5;%m)

classes of pairs

(C,0)

(c,v) '

e-symmetric P
(n-dimensional Poincare complex over A
g-~quadratic
e~-gymmetric , (f:mC —D,(22,mp))
Poincaré pair over A )

(f:mC—eD,(x ,m¥))

(n+1)-dimensional
£~quadratic

(m terms). The lover mod m L-grouvs

(cC,mp) = (C,p)e(C,ple...e(C,0) -
“ith :
(zC,mv) = (C,¥)e(C,v)0...0(C,¥) i

are defined similarly, working as in Proposition 10.71.
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Proposition 10.6 The mod m L-groups
. e-quadratic

Ln(A,e;W.m)
Ln(n.,e;zm)

a long exact sequence

n+1

e LA ) — 51™MA,) B

7L"(A,€)——>LD(A,€;Zm)—> .
- m .
o> Ln+1(A,E,7Lm) —>L (A€) ——>Ln(A,e)—>Ln(A,e,zm)—+ .

01

L“(A.1;zm) = Ln(A;Zm)
For €= 1€¢A we shall write

Ln(A,1;Em) Ln(A;Zm)
An n-dimensional geometric Zm-Poincare' complex {X,dX = ln-,!Sx) has a

sympetric mod m signature invariant

T * (%) € LN Z[x, ()1 )

constructed by analogy with the absolute case m = O (Proposition 2.7).

It will follow from the computation of L*(Z) in §13 that the simply-connected

mod m signature map

z (o]
m
P Z,R,%, 1
a* 2 Q (pte;Z ) —— 1% Z) = ns * (mod )
m " Z,® 5,7, 2
0 3

(hxk)~

sends an oriented { (l4k+1)-dimensional geometric Zm—Poincaré complex X to the

(bks+2)-
{signature of X)
(deRham invariant of X) (m=0(med 2)) .

(deRham invariant of §X) (mZ O(mod 2))

Given a normal map (f,b):M——>X of n-dimensional geometric Zm-Poincar€

complexes there is defined a quadratic mod m signature

g ,(f,0)€ Lt Zn (X)) Z)

by analozy with the absolute case m = O (Proposition 2.9). For a normal bundle

map from a Zm-manifold M we can jdentify the quadratic mod m signature with the

obstruction to Zm—surgery, vorking as in §3, Surgery on Zm-manifolds is an

important ingredient of the work of Sullivan [1 ], Morgan and Sullivan (1]

and Wall [14#] on characteristic classes for surgery obstructions,

(ne Z) fit into
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§11. Products

The tensor product of rings with involution A,B is a ring with

involution A @EB s vwhere

a®b) = E@SEA@ZB (a€hA, vEB) .

(For group rings A = Z[w], B = Z[g] ve have AGEB = Z[swxe]). The tensor

product of an A-module chain complex C and a B-module chain complex D
is an AGZZB—module chain complex C®ZD’ with A®ZB acting by

A®, BxC® D—>C®, D ; (a®b,x®y) +——> ax®by -

- - - -1
I1f EEA,\FB are central units such that € = € ‘e Aym =T € B then

S -1
EENEA®_ B is a central unit such that (Ecsv]) = (Etxq) EA®ZB, and there
is a natural identification of %[Ze]—module chain complexes

t, t _ t
(c ®AC)®Z(D ®BD) = (cezn) ®A®ZB(C®ZD)

with TEZZ acting by TEQT,.‘ on the left hand side and by T on the right.

S|
As in §% of Chapter XII of Cartan and Eilenberg [1 ]it is possible to

construct a diagonal chain map
A N A
A:W——>ue W
A ~ A
for any complete resolution W for EZ {2llowing infinite chains in w-gzw),
and use the restrictions

A:w —— We_u

a: w"‘———»wezw"

to define chain maps
t t
@: HomZ(zel (w,c ®AC)®ZH°mZ[Zz] (w,0"®D)

———>Hom

t
z[zzj(w'((:@?zb) ®

@ B(°®zD)) s oar — s (p@»)A
Z

t t
®: Homz[zzj(w,c ®A°)®z(w®zczzj(" &D))

— W@z( Z?]

W*,-) = (We
7L %,) Z [ Zy]

. n n
@ : Q7(c,e)® "D, —— 2

t . . U
({c®,D) ®A®zB(C®ZD)) i peY —— (bav)A
(identifying Hom -~)) and so obtain products

m+n

(C®,D,e09)

® : Q"(C,e)®0 (D)) — q_  (CR,D,een) .
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A
For the standard complete resolution W of ZZ.2

A ~ A s
W o= ZZ,) d: ws——vws_1 ' 15._—_> 15_1 + (=) Ts_1 (se )
we can take
A % A i
a A '\ . . r
AW — RN = & -J’rgz”s-r P G 1T (seZ) ,

giving explicit formula for the products (subject to sign conventions)

s
(Wy)s = r§0 erT;ps_IQ ((CGED)tQAQZB(CQZD))mms

= riu (CtsAc)m+r®Z(Dt@BD)n+s—r (s}O,weQm(C '€) 'an(D "] »

(W)s = rgo "rm‘;ws+re ((C®Zn)t®A@zB(caZD))m+n—s

= rj“:ab (ct®AC)m+r®Z(Dt®BD)n-s-r (s>0'¢éQm(c ,e)_,W‘—Qn(D '7)) T

Pronositionﬂ.] There are defined natural pairings in the symmetric and quadratic

L~groups

m+n

s Lm(A,E)®ZLn(B,f1)——»L (A®,,B,e®n)

: 1%A,)®,_ L (B) — L . (A®,B,e®")
Z'n ‘] m+n /A 1 (m,n 0)

® & &

: Lm(A,e)QZL“(B,q)—-» L, (A®,B,c6n)
® : Lm(A,E)Qan(B,q) —_— me(A@zB.e@r) )

such that there is a commtative diagram

1@(1+T?) n
Lm(A.€)®an(B.'l) —_— Lm(A,E)GZL (B,V")

® l@

L4
Lmﬂ‘(A QEB.eml)

(1+T€)®1

L™(A,£) @, L ( B,q)
1 1+T,l) 1(1+Te@v‘)

Lm(A,e)®an(B,q) _® Lmﬂl(A@zB,E@r') .

There are defined compatible pairings in the lower L~groups
m+n,
®: Lm(A,e)GELn(B,rl) — L (A(X!,ZB,t:@())
and also in the hypernquadratic L-groups

®: 'I\,m(A,e)®zi,n(B,r]) -—»I’\.m+n(A®ZB,§:®|]) (m,n€Z) .

-180- !

Froof: The product of an m-dimensional E-symmetric Poincard complex over A
m

(C,92Q (C,€)) and an n~dimensional .1—symmetric Poincaré complex over B
n . N . 4

(D,.xQ (D,VI)) is an (m¢n)~-dimensional (E@l‘)-symmetric Poincare complex

over A@ZB

(Cip)® (D) = (CQZD.:p@vEan(C@ZD,E&I))) .

If (g:D—>E,(Sv p)eq™"

(g,e)) is a null-cobordism of (D,v) then the product

(C,9)(g:D—E, (8w ) = (1®g:C@ZD——'C®ZE.(w@&,@DKan+1(1®g,E®q))
is a null-cobordism of (C,9)2(D,»). Similarly for null-cobordisms of (C,p),
and also for products of other types of algebraic Poincaré complexes. Thus the
Y-group products pass to the L-groups in the non-negative dimensions, The above
diagram actually commutes on the Q-group level.

if (C,p) is ah even m-dimensional €-symmetric Poincaré complex over A

and (D,») is any n-dimensional ?-symmetric Poincaré complex over B then
(C,)®(D,V) is an even (m+n)-dimensional (E@r})-symmetric Poincare complex

over A®2ZB‘ This defines products

®: L(v(}m(A,e)®2ZL“(B,r‘)——rKV&Mﬂ(‘\@zB'E@") (m,n} 0) .
In particular, there are products
-1 n n=-1_
®: L (A,e)® LYB,j) — L (AR, B,e0N)
T® ) heatind (ny0)

® L-Z(A,E)lﬁan(B,rl)——f—'L"_Z(A®EB,E®‘\)

There are also defined products

®

L-Z(A,e)%ﬂ-Z(n,r’) ——vL"f(A@ZB,e@;]) = LO(A®ZB,E®r,) 3
(M,V—EW‘&Q-E(M))@(N,J\-ﬂ‘EQ_Q(N))

— (M®ZZN.V®U\-Q\') = (V'-ew')@‘eqwq(ne’mﬂ)) (‘VEQ_E(M).‘eQ_ ,l(N)) '
@ : L”(A,e)@zL'Z(B,rI) ——>L'3(A@z13,e@«]) = L1(A®zs,e®q) 3
(M,w—ew-;F,c)GJ(N,;‘-“').__. (M%N,V@(\-']T);F@ZN,GQDZN) .

It now only remains to defime the product

® : L"(A.e)@EL"(B,w])——»L"Z(A@smn,eml)

and the products in the hyperquadratic L-groups.



-182-  Proposition11.2 i) The symuetric signature of the cartesian product X x { of
~181— bYiven a non-singular even e-s yrmetric formation over A (H (F);F »G) write ——

i geometric Poincaré complexes is
the inclusion of the lagrangian G as a morphism of even g-

symmetric forns

[o] 1
( 3) : (6,0) —1%(F) - (FeF’,( € QE(FQF‘)) .
® e 0

. . - symmetric
There is defined an even 1-dimensional t-symmetric Poincare complex over A ii) The

(C,0607(C,e)) with

(X x¥) = o*(V&o*(¥) € L™ (Z[n, (X =1)])

where m = dim X, n = dim Y.

signature of the kernel of the cartesian product

quadratic
o —_—_ ITxgitMx N—» Xx Y degree 1 fe—X,g: ¥ —Y
¥:C =g 01 = F of maps . .y )l —> %
d=|"‘ :C1 =F-——>C0=G‘ "Po= 1 (fxgb‘c):n‘n———’x‘y ormal (f'b).H—_) (gae):
EY* : C = F*— _5C - G* ’
. i g lex i
Cr =0trs oM ¥s = 0:¢ C1—r+5 Ur,s) # (010)1(1|°))- of geometric Poincaré complexes is

m+n

g—‘(fxg) - U“(f)@“‘(s) + 6’(X)@G‘(g) +a*(fleos*(I)EL (Z[K.‘(XXY)])
Similarly, given a non-

,.
singular even §-symmetric formation over B (HI(H) ;H,K)

N ? o d,(f=g,bxec) = 0,(f,b)e0,(g,c) +5*(X)e0,(g,c) + 0, (f,b)eo*(Y)€ Lm+n(Z[1\:1(x"Y)])
write the inclusion of the lagrangian K as *

Proof: i) Choose a functorial diagonal chain approzimation A, The standard

(r) : (K,0) — Hq(}l)

' - acyclic model proof of the Eilenberg-Zilber theorem gives a functorial
1 . .
and let (D,veQ (D,l?)) be the corresponding even 1-dimensiomal I)-symmetrie chatn equivalence on the category (topologlosl spaces) s (bopological spaces)

Poincard complex over B. The product (C,p)®(D,») is an even 2-dimensional

hy ¢+ C(X XY) ——3C(X) QZC(Y)
(e®)-symmetric Poincare’ complex over A®,B which is cobordant to the '

and the acyclic model argument underlying the Cartan product formula for the

skew-suspension of an even O-dimensional -(E@l})—symmetric Poincare complex

% A
. o A\* ~h
Steenrod squares gives a functorial chain homotopy kx'y'A (A}F y)hx Y "X,Y XxY
over A@EB (obtained by working exactly as in the proof of Proposition 9,1 iii)),

in the diagram
corresponding to the non-singular even —(E@P-symmetrlc form over A® B

", ¥ > c(x c(Y)
(E () 57 ,0)0uNu) s 1, K) c(xxY) ' > C()®,
AX&AY
@1 0 EYOR* e@ ).
! o q a T on W, C()BLC)B Homy 7 1 (4,C(NB,C(D)
T (coker(] @A [ 6Bt —— rorcaiveren), | -yBip 0 -cpren | ) - 21%,) 7,
fa)
o
X@P -1®X po1 0 . "
Hom (W,e(XxY)® c(xﬂ))-—hlﬁ»uomZEZZ WL (C0® 0 (1)I® (@, L(T)))
This defines a product ] Z[ZZ] . 7 , ( m)
] : 3 ; i i roximation for W = C(5 ),
® : 1L 1(A.-€)®ZL 1(B.-l‘f*—¥1, 2(A®EB.E®V]) ' with A: — W@, an algebraic diagonal app ’ d
as required The product of an m-dimensional geometric Poincaré complex X and an
i 4 i m+n) ~dimensional geometric
The product in the hyperquadratic L-groups is defined by n-dimensional geometric Poincaré complex ¥ is an (m+n
R e im(A.E)@ i"(B,q)M—rimn(A@ B e@n]) ; Poincaré complex X *Y, with orientation character
b = ¥) : (X% Y) = n (L) xn (YY) —r 7
(G 1 (2:0—D o, (1am VIV EY (g:E—F, 0, (e, PPN — WX x¥) = w(x) < wlY) t my( 1 1 >
((c@x-‘u REDCE VB w®z() (f@19; E1®g $1CEF (o DEEDEF , (g, (14T {(w‘;’”‘vai‘“’))' and fundamental class - “ (v)
XxY) ~~ Tq ~ ‘, X) ~ ‘,,
making use of the union operation of §5. (This may bve regarded as an algebraic mq( w(XxY) 1

Hp, z)@Fn (Y

™9
(XAY] = [XI@[7) €ty (XxY
analogue of the Hopf construction in topologyl.

]
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o~
vlhere X,Y are the universal covers of X,Y. It now follows from the chain
homotopy invariance of the Q-groups that there is defined a homotopy equivalence
of (m+n)-dimensional symmetric Poincare complexes over Z[m, (Xx¥)]
hy ¥ (X)) = (C(XaY) 03, 3[Xx¥]1eQ™R(c(Hx)))
YT 1% ¥ Q

—— THXBE(T) = (C(R®,c(D) ,gpi-[XJew;I'[Y]ean(C(?)@zc(}’)))

and the homotopy invariance of symmetriec Poincaré cobordism gives
a* (X *Y) = o*(X)gs*(Y) e Lm+n(Z[1r1(XxY)]) .

. £x1sMXN —— XxN
ii) Consider first the special case of the product
(£x1,bx1) tHXN —> XxN

degree 1 ftM——X : -
of an m-dimensional map with an n-dimensional geometric
normal (f,b):M—>X

Poincaré complex N. Given an Umkehr chain map for f:M——X

(tx1m)”"

w(x)c(‘i)m-- T

—_—

' e® ¥(Xg@m-r_ M=)

there is defined an Umkehr chain map for fa1:MaN—= XaN
s -1
' v~ B = ~ th1 e o MRE oo
(£x1)° : C(X!N)—-~—L——>C(X)Q%ZC(N)-——————»C(M)GDZF(N)——~—4-——*C(M!N) .

There are also defined a chain equivalence
]

M

and a chain homotopy commutative diagram

e((ex) ) —— c(elen) = c(r’)@zc(?{)

c(Fdh) € fet 1
x, ———)C((f;‘]) )

h~ -~ lJ
H,N 1 R,
& 5 o7 N me
C(MB 6N —— (s 1B,c(x)
with ei:’, efx‘l

symmetric Poincaré complexes over %[1\:1(){’ )] ’

the inclusions. The homotopy equivalence of (m+n)-dimensional

hi ~

3 o (fxl) = (C((fﬂ)’),e?ié-ﬂmﬁxﬁ[r.hln)

—— ()@ () = (C(f!)QZC(F).e%;wﬁtlﬂ@wﬁ[“])
implies that

T Ent) = 0‘(1‘)@0‘(N)€Lm+n(z[n1(xxﬂ)]) .

rfurthermore, if i-‘:}:-'}l+———>2‘l'.+ is & geomeiric UmKenr wmap 10X \1,0}3u — 3 4 Lpen
e YY) = vPY AT D) = vPE AR
Fal ¢ T (x-‘u)+ = TXAN ——»=7(M40), = ¥ H AN,
is a geomeiric Umkehr map for (fx=1,bx1):l=li — Z=K, with quadratic construction i
e, (¥xii) .
. . 3 5 (LX) iy
VFI\1'Hm+n (€41 z)——.qmn(c(rm‘)) such that

By gV pa (0N = VIXlgegIN] € Q, () @,c() .

The homotopy equivalence of (m+n)-dimensional quadratic Poincaré complexes

over Z{n, (Xx1)73)

hl o ¢

!
R Tu(£21,0%1) = (C((£x1)7) ye g 10 ¥plX x N1)

> 0.(f,b)Ba* (W) = (c(r')@zc(ﬁ'),ef%wF[x]@,ﬁ[m)

implies that

7, (£x1,011) = a,(f,0)@0*(N)€ Lm+n(z[n1(XxN)]) .

degree 1 i
In the general case express the product map as the composite ;
normal
fegaHak — 21 _xun 178 yuy
1
(fxgbxc) & Mxh LEXLBxD 5y Oxgre) 4oy

2,11

and apply the sum formula of Propositioni to obtain that

3.14
a*(fxg) = 7*(fx1)ed*(1xg) = a*(fl@c*(N)ea (X)as*(g)
T, (fxg,bxc) = ¢, (£x1,bx1)er (1xg,1%c) = o, (f,b)00*(H)eo* (X)Rs, (g,c)
up to homotopy equivalence. How *(N) = T*(g) +0"(Y)€Ln(Z[n1(Y)]), so that
T*(fxg) = a*(£ed*(g) + o*(XWG*(g) + o (£)RI*(Y) € L™ ™(Z[r,(X=1)])
}U.(flg,b)'c) = q(£,0)89,(g,c) + 7*(x)@v,(g,c) + 6_(f,b)@"f‘(Y)ELm+n(ﬂ-[n:1(x1Y)])f
0]
The product formula for symmetric signatures of Proposition 11.2 i) is
a generalization of the classical product formula for the signature.
The product formula for surgery obstructions \= quadratic signatures)
of Proposition11.2ii) is a common generalization of the product formulae of
Sullivan (for n,(¥) =(\1}, n, (Y) = 11}, proved in Chapter ITI of Browder [21), -
Uilliamson [1 ], Shaneson [2] and ¥organ [ 1] (all for = (X) ={1},f=T:H—X=H), .

The product formulae for the obstructions to surgery on Zm—manil‘olds of

tforgan and Sullivan [1] fit into the scheme of Proposition 11.2 ii)
(cf. Proposition 10.6).
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The algebraic suspension map defined in §1 for any chain complex C

s 1 97(C)— »™!

(sC)
is the evaluation of the product
R Q1(SZ)@EQH(C) —q™Y(s0) (5ZR/,C = sC)
on the generator 1€ Q1(SE) = Z. Thus for the chain complex C = C(X) of a
topological space X the algebraic suspension is the evaluation of the product
® : Q1(C(D1,So))®ZQn(C(X))—>Qn+1(c(n1's°)®mc(x))
on the fundamental Z,-hypercohomology class of (D1 ,So), cf., Proposition 2.k,
Proposition11.3 The periodicity isomorphism in the e-quadratic L-groups is given
by taking products with G‘($P2)€Lh(z)
B 2o @P)®- L (Ae) —— L, (Ae)  (Z@A=h).

Proof: Removing the fundamental class of (EP‘2 by symmetric surgery represent

=1 :CZ———)CZ.

0

The algebraic 4-periodicity in the €~quadratic L~groups is thus seen

s 4 Zif r=2 -
a*(cP)el (%) vy (C,0eq (C)), with . =

]
0 if rf2

to correspond to the geometric L-periodicity

2—-—_»)(#0:?2)

- L (s) —> Ln+4(1\:) 3 G, ((£,1) tM—X) g, ((£x1,bx1) M XTP
of Theorem 9.9 of Wall [5].

“Proposition1l.% Product with the generator Eg= c.(Qg—v 58) < L8( Z) = Lo( )

defines a morphism

Eg8- : Ln(A,e)—-—-—>Ln(A,£)
such that both the composites with the £-symmetrization map

14T, Ln(A,e)—v-Ln(A,e)
are multiplication by 8. Thus the &~symmetric L~groups 17(A,e) aiffer from the
e-quadratic L~groups Ln(A,E) only in the 8-torsion, and the €-hyperquadratic
L-groups in(A,E) are of exponent 8.
Proof: (1+T)E8 has signature 8€ LO(Z) = Z.

0

In §17H of Wall [5] it is proved geometrically that for any n~dimensional

8

normal bundle map (f,b):M—X R 8 8
—MxSY) ~ 9,(XxQ >Xx5") € L (Z[n (X)])

8u,(£,b) =q (HxQ

\nodulo the difficulties with composition of normal bundlemavs,cf.Proposition 6.62
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A ring with involution A is an R-module for some ring with involution R
if there is given a morphiem of rings with involution
RQZA—+A i THhar——>Tra .
Proposition 11,5 1) If A is an R-module the symmetric L~theory of R L*(R) acts
€-symmetric L*(A,c)
on the L~theory of A by natural pairings
e-quadratic L,(A,E)
LRI, (A,€) s L™ (4 ,€)
o (m,ne =)
L (R)@ZLn(A,e)v———-» Lmn(A,e) ’
such that the element (R,1:R—»R*jr+—>(sr—sr))e LOR) acts by the identity.
ii) If f1A-—3Bis a morphiem of rings with involution which is also a morphism
of R-modules for some ring with involution R then L*(R) acts on the exact sequence
oo 18,8) L 1(B,6) —> 1 £,e) —> 17T (A,E) —> ...
¢ (ne )
cie—> Ln(A,e) ————-,Ln(B,e) ——;Ln(f,e)—-—-)Ln_.l(A,e)——) .
Proof: i) These are Just the pairings of Proposition 11,1, composed with the
maps induced by R@ZAq—» A. For example,
L'“(n)@ZL"(A,e)—+Lm+“(R®ZA,e)—-+L‘“+“(A,e) (m,ncz) .
On the chain level the pairing is given by (C,0)eAD,¥)F—> (CED ,¢¥), with
the tensor product CQRD defined as follows. Each r,€ A (r€R) is central in A
(since (r1,)a = (;11\)(;) = u(r1A)€A (acA)), Given an R-module M and an A-module
N define an A-module
M@ N = MR, N/ {raey - x#z1,)y | xcM , yeN , reR Y,
with A acting by
AXHREN —— MO N ; (a,x07)— xRay .
1f M and N are f,g. projective then so is M@RN.
ii) Immediate from i) and Propositioen 10,1,
0

In particular, a commutative ring with involution R is an R-module unf

the symmetric I~theory L*(R) is a graded ring with 1 (such that xy = (=)!T1 1%l
such that the quadratic L-theory L,(R) is a graded L*(R)-algebra. The symmetric
Witt ring LO(R) has the usual tensor produc{on the quadratic Witt group LO(R).

achion
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In our applications of Proposition 11.5we shall need to know the ) H
syametric Witt groups Lo(zm) of the finite cyclic rings Zm= Zf mZ7% .

k k
Let o = P N ...prr be the factorization of m into prime powers, so that !

n 0 & 10
Zm=iG=51Zki . L(Zm)=i=1L(Zki) .
' Py Py
Lemma 5 of Wall [8} and Theorem 3.3 of Bak [1] on reduction modulo a,

complete ideal (alias Hensel's lemma) apply to show that the projections

14

7z, —> ZB y k23
2 “induce isomorphisns

T ——ST P odd , k1 ¥

k
P

0 0
L (zzk?——+L (zg) = TgoZ,
2

1%z )1z ) =
r %y, if p=3(moa &) .

{ZZ oZ, 1f p=1(mod &)
P

Moreover, i

0
L (Zh) = Zhezz

0
, L (z?_) =%, .
For each integer m2 2 define the number
2 if m=4d or 24
¥(m) = exponent of 1% Z) = L if m = kd,e,2e or le

8 otherwise y

d = a product of odd primes. p= 1(mod 4)

[
1}

a product of odd primes, including at least one pZ 3(mod &),
A ring with involution A is of characteristic m if m is an

integer » 2 such that m1 = O€EA, in which case ma = O for 21l a€A and

A is a Z.m—module.

"(a,£)

Proposition 11.6 The L—groupei (n€Z) of a ring with involution A of

Ln(A,e)

characteristic m are LO(Zm)-,mod“ules, and hence of exponent ¥(m).,
Proof: A ring A of characteristic m is =a Z, -module.

{1
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The symmetric Witt groups L°(£.m) of the rings of m-asdic integers

A
Z, = lim Z/mkz (n}>2) are computed as follows. Again, express m as
X

k
T
m = P1 pz ...pr 8o that .
Z, = B %

[ 5 105
A . L(zm)-;i@‘L(zp)

i i

Lo(zig) = ZgeZ, if p=2
0,2 .
L (zp)_ = i.o(zp) ] ZyoZ, if p 1(moa &)

z, if p

m

3(mod &) .

For each integer m» 2 define the number

2 if m is a product of odd primes p = 1(mod 4)
~ 0,4 4 if m 38 a product of odd primes at least one
¥(m) = exponent of L (zm) =
of which is p = 3(mod 4)

8 if m is even .

A ring with involution A is of characteristic n™ if it can be expressed

as an inv'e_ree limit -

R e

k
of an inverse system of rings with involution {Ak|k>,1} such that each Ak is v

of characteristic mk. For example, a ring of characteriatic mk (for some kZ1)
is also of characteristic m™ .

1™(a,€)
Provosition 11,7 The L-groups

(n€%Z) of a ring with involution of
A,€)

"~ la)
cheracteristic m™ are Lo(Zm)-modules, and hence of exponent ¥(m).

~
Proof: A ring A of characteristic n” is a sz-module.

0
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Iet R be a commtative ring, and let x be a finite group. Given an
R[#t]~module ¥ let HR be the R-module defined by the additive group of M with
the restriction of the R[n]-action to RCR[n]}. The dual R-module M.':? = HomR(HR,R)
is to be regarded as an R[x]-module by

R[x] XM} ———> M$ ; (ggnrsg,f)r——"(xr——yggnrsf(g-1x)) (rgeR,xEM) .
An R[n]-module morphism (p:I{T——)Mi is the same as an R~module morphism
pHp—Mp x+—(yr—— o(x)(y))
such that
o(ex)(gy) = ¢(x)(3)ER (x,yeM} gen) .,
Let Lo('n:,R) be the Witt group of pairs (M,p) such that M ie a f.g, R~projective
R[r]-module together with an element: ¢£Q+(MR) whicl; defines an R[x]~module h
isomorphism gp!H—-—»Mﬁ. The natural paj;riﬁg
(f.g. R~projective R[n]~modules) X (f.g. projective R[n]-modules)
——> (f.g. projective R[n]-modules) ; (M,N) t-——>l{R®RN
extends to L~theory pairings

o (ne )
L (x ,R)D, (R[x] ,€) ——> L _(R[n],E) .
7n n

. { 1%r ,RIRg, 1" (RLx] ,€) ———> L(RLx] ,€)
“The equivariant Witt group LO(-n: ,R) was used by Dress [1] to obtain induction
theorems for the quadratic I~groups L,(R[r]) of finite groups x with R a
Dedekind ring ~ in principle, these methods also apply to the symmetric

L~groups L*(R[x]).

=190~ -

§12. Change of K~theory

o

~

K.(A)

Let X be a subgroup of the{
1

projective class ¥ ()
group
Vhitehead torsion

which is setwise invariant under the duality involution
o 2 K(8) —— Ky(a) 5 [P) ——> [P*]
Ilj : E,(A)—> R’1(A) i T(£:p —>Q) ——> T(f"19* —>P*)
denoting by P a f.g. free A-module P together with a choice of base,
In dealing with based A~modules it is convenient to assume that A is such

that f.g. free A-modules have a well-defined rank, as is the case with group

rings A = Z[r]. Also, we shall assume that T(e:A—>A)€ x’gi?ﬂ(A).

e~symme tric I;(A'E)
The intermediate I~groups of A} y (n€ Z) are
e-quadratic Ln(A.E)
E-symme tric
defined for n» 0 to be the cobordism groups of n-dimensional
€~-quadratic
i | (C,0eQ(C,E))
Poincare complexes over A such that C is a finite chain complex
(c,veq (C,e))

of f.g. projective A-modules with projective class
(-4 b -
el = % (-)FeJex
if Xg_?i‘o(A) , and of based f.g. free A-modules with Whitehead torsion
sl'Z' (cpozgn—‘—7 E,) eX
't((1+'1‘£) Woggn"__“(\)‘)éx

if XEE1(A), with corresponding K-theoretic restrictions on the cobordisms.

-1
(a,€)
Furthermore, LJ_EZ is the VWitt group of non-singular even (-£)-symmetric
Ly (a,€)
\ formations (M,p;F,G) [G] - [F*]€ X - F,G
such that if XSKO(A), and such that
forms (M,p) [MJEX H

-1
f
2(Fef* — 1 -Esgagrrex: ~
are based f.g. free A-modules with if XGK1(A) !
(p:H—r M*) E€X

where f:HE(F)—> (l!,«g),g:He(G)—v(M,w) are the isomorphisms of €-symmetric

forms extending the inclusions F—M, G— M given by Proposition 1.6.
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The lower intermediate I~groups are defined by

12(a,6) = T (A,(-)%) (ng-3)

Xa,e) = X (A,()%) (ag-1) .
All the results in §81-11 above have obvious intermediate L-group
analogues, as do those of §813~18 below. In particular, the e-quadratic

L-groups are L-periodic

X X X
Ln(A,E) = Ln+2(A,-e) = L, (A€) (ne )
12(4,€) LACA,€)
and 1 Pe X ) is the Witt group of non~singular e-symmetric
Lx(A,E) L1(A,E)
forms
(resp., €-quadratic) over A, with K~-theory in X.
formations -

The L-groups considered so far are the case X = ﬁo(A)

A,e) = 12 (A,£) !
&, (a) : |
n €7)

K. (A) i
L (Ae) = L 0" (A,E) . '
symmetric L;(A,1) L;(A) ‘
The intermediate L~-groups X will be written X .
quadratic Ln(A,1) n(A) .
i

The groups Un(A),Vn(A),Wn(A) of Ranicki {1 ] can be identified with the

appropriate intermediate quadratic L-groups

U_(n) = 2oy L1 (a)

n n n

v_(a) Lio!sio(A) ) = LE1(A)(A) ;
n n n ,';
W () L{o‘;s'ﬁ1(A)(A) |
n n !

(For Un(A) this has already been dome in Propositions 7.3,7.6,7.7). lore

generally, the intermediate quadratic L-groups Lﬁ(A) can be identified with

the corresponding groups Uﬁ(A) (for X< f(JO(A)), Vﬁ(A) (for XE'E.‘(A)) of
Ranicki [ 3], vhich were defined using +quadratic forms and formations with
K-theory in X, For a group ring A = Z[n] with the w-twisted involution
.for some group morphisnm w:n~—-¥222 we thus have all the various geometric

K (

Ko(z{n])

surgery obstruction groups. If XC4.

is a +-invariant subgrou
K, (z[x]) Broup

. =192~ then Lﬁ(Z[n]) is the obstruction group for surgery on normal bundle maps of

- proper
geometric Poincaré complezes with fundamental group & up to
finite

finiteness obstructions
homotopy equivalence, with all the
¥Whitehead torsion

lying in

. {We recall that the finiteness obstruction of a

X <X (z[x])
i_x/n:‘é Wh(x) = K,(z[x1)/nY
geometric Poincaré complex I is the projective class [C(ﬁ$]eﬁb(%[n1(M)])
(Wall [2 1), and that the Whitehead torsion of a finite geometric Poincare
complex M is z([M]n-:c(ﬁ)“"——-»c(ﬁ))e Wh(x,(¥))). In particular, we have the

surgery obstruction groups

=}k, (Zn1)
LE(n W) = Lsn 1 (z[x1) )
N K, (z[r))
Ln(n.vl) = Ln (zZ[x])
LP(r,w) = L (Z[x])
Wall (57

considered by Shaneson [ 1] (see also the discussion in §17D of Wall s».

Maumary [ 1']

X¢K, (Z[x1)

Intermediate surgery obstruction groups Ln (Z{n]) were first

considered by Cappell [1].

Ly(A,E) Uy(a,e) - vy(A,E)
We shall write 1 as] y for XCK,(A), and as for
Xa,e) v¥(a,e) va,e)
n n n
x€X,(A), with
v™a,e) = U%O(A)(A,E) via,E) = vl%1(A)(A,s)
K olh) ' (A (nez)
Un(A,E) =0, (A,€) Vn(A,s) =V, (A,E)

extending the notation of Ranicki.T1],[3}. For € = 1 the notation is
contracted in the usual fashion, e.g. UT(A,1) = U2(A).

The change of rings exact sequence of Proposition 1U.1 has an intermediate

version

X (nez)
H(r,e) —— i (AE) > eee

n~1
{ e —r 150,00~ To12(B,0) iy y(£,8) Iy () P

Y X
._rlyi(l‘\ ,E)—E*LH(BVE) ———”Ln
for m-invariant subgroups X<€¥p(a),¥YSK (5} (m = 0,1) such that B XC Y.
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Mishchenko [2] only considers Yinite geometrie Poincaré complexes in
geometry and f.g.- free A-module chain complexes in algebra, so that-the
symmetric Poincaré cobordism groups.ﬁh(A) defined there are Vn(A) rather than
U“(A? = 17(A). The difference is at most 2-torsion:

E-symretric
I~groups of A associated to
€-quadratic

Froposition12,1 The intermediate%
s-invariant subgroups XgI.C_'l\('m(A) (m= 0 or 1) are related by a long exact
sequence of abelian groups

vee > IR ,E) —> 13(A,E) —> BNz /0 =12 e) — 12 ) — .,

X Y A X Y
eee —* Ln(A.E)“Ln(A.E)—>}In( Z,;1/X) ——an_.,(A.c) ~—>Ln_1(A,e)»—»
involving the reduced Tate Zb-cohomology groups
A
HMNZ,33/%) = §g e v/x|g* = () gl/fh+ () |ner/x}y, _

which are of exponent 2.

Proof: The first such exact sequence was obtained by Shaneson [1.7]

h

. —»L:(n) — L};(n) —»ﬁ“(z:z;wh(n)) -——»Lz_.l(n) —>L

L) — ...
(the Rothenberg sequence) involving a geometric proof of exactness at
Hal(z ;Wh(x)). The exactness of the corresponding sequence
vor — L) s L) — BN 23 R (2e D)) ——> B (1) ——1F_ () — ...
was conjectured in §17D of Wall [5']. Theorems 2.3,3.3 of Ranicki (3.,] gave a
unified algebraic proof of both these sequences, which applies also to the more
general e-quadratic sequence above. (The algebraic proof of exactness at ﬁZi
was an early instance of the glueing of c-quédratic forms, cf. the proofs of
Proposition 5.2 and of the €-symmetric case below).
The €-symmetric case with m = O proceeds as follows.
Given a f.g. projective A-module P define an (n+1)~-dimensional £-symmetric
Poincaré pair over A
(£(P,n) :C(P,n)—» SC(Pyn) ,(So(P,n) ,o(P,n))eq™ 1 (£(P,n),€)) (n>0)

with projective classes

[ee,m] = E _(7CPm 1 = (e "D e R yn)
w r i (n=2i or 2i+1)
(sc(pym)] = % (-) [SC(P,n)r] = (~) [P]eﬁo(A) :

by:

(nem)
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if n = 2i

f(p,2i) = (4 0) : c(P,ai)i = PeP* ——§C(P,2i), = P

o (=)
o(P,21) ) =
1 o

c(p,2i)* = Prep — c(P,21); = FPep*

c(p,21) = ‘Sc(P,zi)r =0 (r #£1) , S(P,21) = 0,
if n = 2i41
p* r=1i
P r = i+
C(P,2i+1) = }J P r = i# ,  Sc(p,2i+1)_ =
r r s
0 r # il

o] r £ di,is
P

d=0: C(P,Zi+1)i+1 = —~——>C(P,2i+1)i = P* , &(P,2i+1) = 0

’
1:c(P2ieNN = p— > C(P,2i41); 4 = P

i+l !

cp(P,Zi+1)o =
€ : C(P,2i+1) = P‘—->C(P,2i+1)i = p*

£(P,2141) = 1 2 C(P,2441); 4 = P ——>C(P,2i41), , = P .

1
Define abelian group morphisms
i I L‘;(A,e)—.}{“(zzﬂ/x); (C,0)—»[C]

¥ 1 Ly(AE)—— Lo(A,€) ;5 (Cyp) ——> (C,0) (nz0) .

} . ﬁ"“(zz;y/x)—vl.;(‘(A,s) ; [PI—=(C(P,n) ,u(P,n))

The composite
- 9
R 10z,51/0 — L3, 0) > L2(A,e) m
is 0, since (f(P,n):C(P,n)——38c(P,n),(Sp(P,n),p(P,n))) is a null-cobordism
of ¥3[P] = (C(P,n),o(P,m)) with [SC(P,m] = ()" [F1e 1= (A). Given

(C,p)€ ker ¥ there exists a null-cobordism (£:C—>C,(Sw,p)) with [SC]&YQRB(A)'
n~-i,

and (C,p) = (=)™ *3[%Cle im(d :'il"”(zzz;y/x)—»L;(A,e)) so that (I) is exact.

The corposite

1 -
L;(A,£)~——-?L§(A.E) H"(ZZ:Y/X) (11)

is 0. Given (C,y) € ker P there exists a f.g. projective A-module P such that
(€1 + ()™ P+ Py - oe?('o(;,) R [P]exgﬁo(A)

and '
(Cyo) = (C,)d[P] €in(¥:Ly(A ) —>L3(A,E)) ,

so that (I1) is exact.
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The composite 3
1.3*1(;\,5)——5——»”"*1(% 1/X) —> L (A,€) (I11)

is 0, for if (C,¢)€ L;‘”(A,s) and P is a f,g. projective A-module such that
(8] = (3" i e K (A) then (£(P,n)e0:C(P,n)—SC(P,n)eC,(Sp(Pyn)ep,@(P,n)))
is a null-cobordism of 3B(C,p) = A[PF] = (C(P,n),e(P,n)) such that
fc(p,n)eCle xg'ﬁ'o(A). Given [P] € kerd 1let (g=C(P,n)-—rD,(8,w(P,n))€Qn+1(g,€))
be a null-cobordism of 3[F} = (C(P,n),e(P,n)) such that [D)] exg'fc'o(A). The union
(£(P,n):c(P,n) —>8c(P,n), (§o(P,n) ,9(P,n)))¥(g:C(P,n) —>D,(0,p(P,n)))
= (0',0%eq™ " (D1,e))

is an (n+1)~dimensional €-syumetric Poincaré complex over A such tha$

[p'] = (D) - (C(P,n)] + [SC(P,n)] = [F] eﬁ“+1(z2;Y/x) .
Thus [P] = B(D',8")€ im(B:L’ "*1(1\ e)— iz ,i¥/X)) , and (III) is exact.
The cases m = 1 , ng ~1 may be treated similarly.

Q]

(It follows from Proposition 12,1 that the intermediate €-hyperquadratic
L-groups L;(A,E) appearing in the long exact sequence

1+T 3

X € n X
L (a,€) ‘L)((A,E) >L _1(A.E)——>...

YE;‘(A,e) (ne )

are independent of the group X, with

AIX“(A.E)

= 'i.;‘(l\,s) (nezZ, xs?c'm(A), ISNKP(A). m,p €0, ).
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unitary group of A to be

E-quadratic

!
E-symmetric
Define the
U*(A,e) = Lim Aut HE(A™) ‘
n i
UL(A,€) = Lim Aut B (AT !
o .
metabolic even €-symmetric
that is the stable group of automorphisms of the
hyperbolic €-quadratic

4] 1
B5(A™) = (A%e(a™)*, ( )qu(A“‘e(A"‘)-)) -
€ 0 N

o 1 (which are a cofinal
(A%(A“‘)'.( )GQE(A‘%(A“‘)‘))
o 0

even €-symmetric -
forms over A).

forms
m
HE(A ) =

family of objects in the category of non~singular

€-quadratic
E-symmetric gu*(a,g)
Define the elementary unitary group to be the subgroup of
€-quadratic € (a,e)
L
us(a,e) generated by the elements of type
(A, e)
. . m n )
1) ), for any automorphismet:A —A
o) )
1 (~g)~-symmetric
ii) , for any form
() 0) even (~£)-symmetric
1 (" e (a™)
(Am,ueim((1+’1‘_€):Q_E(Am)-'—’q_e(l\m)))
o =1
iii) g = o where Y :A—s> A*;ab— (b—73ta),
£y 0
Given a s-invariant subgroup XQ;EA(A) define
3 o~ -
ui(A,E) = ker('t:ll*(A,E)*»K LA)/X)
UKA,E) = ker(T:U (A, )— K (/0
ui(A.E) cu(h,e) -
and let be the subgroup of obtained by restricting the

EUF(n,€) €U, (A,€)

gencrators of type i) to be such that t(u)exgl(1(l\).



7= Yroposition12.2 Let Xg?(’.l(l\) be a s~invariant subgroup. Then

E‘u)‘((l\,e)
e, e)

i) the elementary subgroup contains the comrmutator subgroup

[ug (A, Ug(A,€)]
kn,e) 1k a,en
ii) up to natural isomorphism of abelian groups
. Ve (A,-€) = UNALE)/EU A )
wne) = Wraeutae
u€tlls (A, €)

veltX(a,e)

e €20 D00 )
0

o A" —5 AT

ii;t) every element can be represented by a matrix such that

t(t)e xsl?,l (a)

- !
for some automorphism and some

A s AT r(Prexek, (1)’
((a™*,8),(A",0),((A™* ,0*)

(A™*,2), (", ,((aM*,2") .

(-€)-symmetric
£ forms
even (-&£)-symmetric

fUug(a,e)
W,

«Proof: The elementary unitary group lies in the kernel of the group

morphism

ui(A,c)—————»V;‘I(A.-E) i (uzEEA™ — HE(A™) —— (15 (A™) ;A" ,u(A™)

UEn,e) —— V(A ,E) ;5 (viH (AN —H (AT — (1 (AT ;A" v(a™)

7.7
which is well-defined by Proposition ;and onto by Proposition 1.6.

u
Every element in the kernel is represented by a matrix with an expression
v
- HeTE e it . 9.2 1ii)
for some stabilization as in iii), by Proposition . s 80 that
veSe,.,o0 .8
£ug(A )
it lies in % .
ak(ne)

0l
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The original definition of the odd~dimenzional surgery obstruction
groups of Wall [5 7 was given by

15, = 1z, b gz 0h (e 2

fu*u*] sy Wasserstein [1]
T'he inclusion

vas obtained hy; using explicit

tu,,u,1cél, Wall (5]

_ _ Sy (A,€)/TU F(A,€) U5 (A,€)] !
matrix identities. (The quotient, X X X is generated
UL (A, €)/TU S (AE), UL (A,E)]
by Oy, s0 has order at most 2, at least for A = Z[n] , € = +1, X ={n}§?(-;(Z[n])):
The "Bruhat type" decomposition of elements in Eu, given by Proposition12,2iii)
is the improvement due to Wall [12] on the "normal form" of Sharpe [1].

~ ~~
Sharpe {1 ] dealt with the "split" unitary groups U, (A,E) ,fu,,(A,E:) covering

U, (a,e) U, (A,e), whose definitions we can reformmlate as follows. ~

~
A split e-quadratic form over' A (M,¥) is a f.g. projective A-module M

together with an A-module morphism 3’6 HomA(l-I,M‘). A morvhism (resp. isomorphism)

of split €~-quadratic forns

(- (31,%) —— (117 %)
is an A-nmodule morphism (resp. isomorphism) fGHomA(M,M') together with a
\-€)-quadratic form (H,'&e Q_e(M)) such that

IV - ¥ = A - €|* €tom, (1% .
(For € = +1€A this is the category of tforms defined in Ranicki {17, except
that there morphisms involved also a lifting of (M,;(GQ_E(M)) to a split
\~E)~quadratic form (l-i,';‘(eﬂoml\(n,w))). A split €-quadratic form (u,?eﬂomA(M,M'))
determines an €-quadratic form in the sense of §1 (l-I,‘l'eQ,E(H)) , with ’\ITF—D‘I’ B
the natural projection, and this defines a one-one correspondence between the
isomorphism classes of split €~quadratic forms over A and the isomorphism
classes of €-gquadratic forms over A, Given a f.g. projective A-module L
define the hyperbolic split €-quadratic form over A

~ Y 1
B (L) = (LeL*, .

0) € HomA(LoL’ JL*el)) .
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Define the split €-quadratic unitary croup of A
~ . ~ L m
u, (4,e) = I_%lll Aut HE(A ), ’ Returning to the projective I~groups we have: :
N
and let EU,(A,E) bec the subgroup generated by the elements of type E-symmetric
+ (A, group g Y YP ‘ Provosition 12.%4 The L~groups of a semi-simple ring with involution
o [o] €~quadratic
i) ( ,0), for any automorphism o :A™ —— A" &
o ot | A are such that
1 0 v o .\ (A, ) = v*2(a,-¢) e =0 ‘ .
ii) ) y ), for any (-€)~quadratic forlz! o " ‘ (x30) , )
Y-ey*) 1 0 0 AT Ve AT)) = - =
1 e i f UorlAs€) = Uy 5(R,-€) Uopep1(As€) = 0 ’
141) @ ( 0 X ( 0 —1>) [ ! and there are defined exact sequences -
= = Py . . E A . w
e O o o o 0 #*(z,: % (1)) —> vPE(a £) —> 18 £ ) E5( 2, K () v (a,e)— 0
A split unitary automorphism ; i fok+1 > A2k g ((kez)
N || o—> (ZpiKp()) —» ¥, (8,8) —> Uy (B,8)—2H HZ, 3 K (A) Y, (AE)—0
~ J N
( (X ¥ ), 8 7,\\, ) e E;(Am) —‘—"’H:(Am) _ ‘ Proof: A ring A is semi~simple precisely when it is O-dimensional in the sense of
pF X ° ' . §7 (i.e. noetherian of global dimension 0) so that U™(A,€) = U™*2(a,-€) (n70) ,
5 N . n m Lot . . .
determines a non-singular split £-quadratic formation (A™,( Y),O)A ). - U2k+1(A,€) = 0 (k30) by Proposition 7.k, The proof of. the latter also applies
Conversely, given a non~singular split €-quadratic formation over A (F,((z),O)G) . to show that U'1(A,€) = 0, The result U2k+1(A,€) = 0 (ke ) was obtained in
the inclusion of the lagrangian defines a morphism of split €-quadratic forms L Ranickl [6]. The above exact sequences are now immediate from those of
}
~ Proposition 12.1,
((p,e) : (6,0) — H_(F) : P .
which can be extended to an isomorphism : o 0
~
x 'i; o ’i N N o The expreasion V2k+1(A) = coker(02k+2(A)——>ﬁ (Zz,KO(A))) was first obtained
( - .( ~ ]) 2 B (G) ——H _(F) , i by Pardon [2]. .
3]
PR |
working exactly as in Proposition 1,6.
~ o 1
Proposition 12.3 The natural projections lL(A,s)——sU,(A,e),fl(,(A,c)-——;fu.(A,c) }
- )
induce an isomorphism of abelian quotient groups }
fa'4 ~
Holn,e) /€U, 00 ) — U (a,e)/ 8 () = v (a,e) .
Proof: Immediate from Proposition 5.6. ;
3
(There is also an intermediate version, ;
~ o X b ! )
wXa et e UL, AUTA,E) = Vi ,E) .

~
for any «-invariant subgroup X§K1(A)).
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§13. Localization
Let S be a multiplicative subset of central non-zero divisors in a
ring A, so that the localized ring S-1A obtained by inverting S is defined.
The localization exact seguence of algebraic K~theory identifies the relative
groups Kn(A-+S-1A) appearing in the exact sequence
e K (M) > K (8T — K (A 8T —— K _ (D)~ ... (neZ)
(where Kn(A) = Kn(exact category of f.g. projective A-modules)) with the K-groups
Kn(A,S)=KH_1(exact category of S-torsion A-modules of homological dimension 1) ,
nanely
K (A—57"8) = K (4,5) (n€m)
(Bass {17 for n€1, Quillen {1} for n32)..
v Given a ring with involution A and a multiplicative subset S of central
non-zero divisors stable under the involution we shall now define L—groups
gLn(A.S.E)

Ln(A,S,E)

e-symme tric
(n€Z) of Poincaré complexes over A which buecome
e~quadratic

contractible over S—1A. We shall exhibit natuiral identifications

I;(A——>S—1A,e) = L%(A,8,€)
s -1 {(n€ &)
L(A—— S A,k) = L_(A,S,E) ’
n n
€-aynmetric
the groups on the left hand side being the relative intermediate
€~quadratic

L-groups associated (as in §12) to S = im(ﬁb(A)——*’io(S-1A)). We thus obtain
a localization exact sequence in algebraic I-~theory
e —— LA, E) —— Lg(S—1A,e)-——>Ln(A,S,e) —;aLn-1(A,e)—r
%; cee——> Ln(A,s) — Li(s-1A,s:) — Ln(A,S ,E) —»Ln_,I(A,e) - ...
(In §17 we shall construct a generalization of this exact sequence, relating
the L-groups of a ring A to the V-groups of complexes vwhich are defined over A
and become Poincaré over another ring B, such as arise in codimension 2

1(a,s,0)
surgery obstruction theory). The relative L-groups for n&1 will

L (A,5,€)
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be interpreted as Witt groups of S_1A/A-va1ued linking forms and formations
involving S~torsion A-modules of homological dimension 1. It will thus be
possible to express the top sejuence as a localization exact sequence of
Witt groups
vee—>12(A,8,€) — ME(A) r—>}-x§(s'1A) — M 5(4,8) — >1F(n) — 15s™')
— L (A,8) —> M H(A) —— M s TR — H_ (A,8) — Lév > "(a)
—L{vy ;e(s-1A) ——L_(4,8) — M (A)— lli(s_1A) — ﬁe(A 18) ——> L (8)

———»Li(s"n\) —_— ZE(A,S) —H () — er(s"1A) — H_(A,8) —

which extends to the left as the localization exact sequence in the higher
€-symmetric L-groups. (non-periodic in general), and to the right as the
12-periodic locmlization exact sequence in the €-quadratic L-groups.—
1Ea) = 1%a,¢) uS(a) = 1Y(a,e)
Here, L(VO)E(A,E) = L_?'(A,-E) (resp. H<v0>5(A) = L'1(A,~e)) is the Witt
Le(A) = Ly(A,E) M_(a) = L (A,E)
€-pymmetric
group of non-singular / even €~symmetric forms (resp. formations) over A, and
€-quadratic
Lg(S-1A) = Lg(s—1A,e) hg(s"'A) = L;(S-1A,€)
Kypgs™h) = 127", -€) (resp.

Spa=1 S,.=1
Le(s A) = LO(S A,E)

€=l =~y
B e(s™'A) = L7 (s™h,-6)) s tne
=1 S,o—1
Mi(s A) = Li(s™ A,€)
E~sgymmetric
Witt group of non-singular ) even E-symmetric forms (resp. formations) over S-1A
E-quadratic
involving only the f.g. projective S—1A—modules which are induced from
Kvy®(a,s) = 1%a,s,e)
L(A,8) = 172(a,8,-€)
A
L (a,s)

f.g. projective A-modules. The relative term

Lo(A,5,€)
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mweta,s) = 1'a,s,0) ;

(resp. HE(A.S) = L-1(A,S,-€) ) is the Witt group of non-singular
n
H_(8,5) = L,(A,5,€)

even E-symmetric
e-quadratic linking forms (resp. formations) over (A,S), to be
split €~-quadratic

defined below.

)

A localization sequence for Witt groups of the type

veo——HE(A) — 1B (57TA) —a1E(a,8) — > LE (M) —> I8¢5~ TA) —> EE(A,5)—>M"E(A) —> ...
vas first obtained by Karoubi [2],{3] ~ unfortunately Theorem 1.2 of Karoubi [2)]

only holds if 1/2€& A (otherwise the condition qlL = 0 is insufficient to

1

ensure that Q:F-—%S Ajxt> lé(ﬁoj(x) ,j(x)> actually defines an E~quadratic
5

function Q:F — A/{a~cala€A})- so that the results of Karoubi [2],[3] only hold 1¢‘

1/2€ A, in which case the various categories of linlking forms over (4,S) all
coincide. A localization exact sequence for surgery obstruction éroups
vor — L (Z[x]) —> L RIx)) —> L (z(x), Z-{0}) —1 _ (Z[x))—> ...

vwas first obtained by Pardon {2 ], following on from the earlier work of
Wall [1},[{3]), Passman-and Petrie [1] and Connolly [1]. The methods of Pardon £23
apply to more general localizations A——’S-1A, as long as 1/2€SP1A (e.g. if 2¢8).
The localization exact sequence of Witt groups in the case 1/2€S-1A

1£(a) —»Lg(s-1A) _»L(vof(A,s) ———vl‘l(vo)_E(A) ——v}1<v0>'s'5(s'1A)
has also been obtained by Carlsson and Milgram [1 ). Localization techniques
play an important role in the computations of the quadratic L-groups Ln(Z[n])
of finite grouvs m due to Wall (10] and Bak [1 }. More recently, Carlsson

=1
and Milgram {2 ] used localization to compute H(vo) (Z[n]) for certain finite =n.
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lLet § be a subset of a ring with involution A such that

i) steScA (s,tes)

1i) sescA (s€5)

§i4) if sa = 0€A (acA,5¢ S) then a = O€A

iv) as = sa€A (aech,s€S)

v) 1€8 .
The localization S—1A is the ring of equivalence classes of pairs (a,8)€ AxS
under the relation

{a,s) ~(b,t) if at = be€lA ,

1

. o -
As usual, the equivalence class of (a,s) is denoted by EES A. Addition and

multiplication in S-1A are given by

b _at+bs -1 aycby _ ab -1
+T = =t €S A'(s)(t)_stes A,

olp

and there is defined an involution
1

“ish—ssh 32—

LIRED]
.

The localization map
- a
A—> S 1A ;] ar——o» T .
is a morvhism of rings with involution. If E€A is a central unit such that

1

“les™ .

- R €y _ (E
T =e '€ then (%)e s™'A is a central unit such that (3} = &)
-1
Given an A-module M there is induced an S A-module
-1 -1 -
s M=8 AGAIA
whose elements Z = -1-®x (xell,s¢S) can be regarded as the equivalence classes
s 8
of pairs (x,s) ¢ 1ix S under the relation
(x,s) ~(y,t) if tx = syeH .
Similarly for right A-modules M. Given (left) A-modules M,N regard HomA(H,N) as
a right A-module by

HomA(M,ll)K A ______,.HomA(H,N) ; (f,8)—> (xr+—>f(x)a) .
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The natural right S-1A-module morphism

-1 A, =1 . I x £(x)
S HomA(N,N) ———>Homs-1A(S M,8 K) ; T (; — "(s't':')
is an isomorphiem if M is a f.g. projective A-module. Regarding the dual
H* = Hom, (}N,A) as a left A-module by
AXM* ——M* ; (a,f) —> (xi—— £(x)7)

(as before) define a natural left A-module morphism

sV = s'1ﬂomA(H,A)—_—, (s" o = Eoms-1A(S-1H,S-1A) ;

f g , f(f_) .
s t 8

If H is & f.ge. projective A-module this is an isomorphism, allowing us to
identify

sThy = (s7'me
so that the notation S~ 'M* is unambiguous.

Given an A-module chain complex ¢ there is induced an S-1A-module

chain conmplex

s7c = sagc .
Localization is exact, so that we can identify

1(s""e) = s7'm, () , (s o) = sTler (o)
An A-module chain complex ¢ is S—acyclic if
s™'m,(0) =0, s”'ur0) = 0.

A finite-dimensional A-module chain complex ¢ is S-acyclic if and only if 5-10

is a contractible S-1A—modu1e chain complex.

(C,9eQ"(C,€))
(resp. an
(C,VﬁQn(C,E))

e-~symmetric e-symme tric
An complex over A

e~quadratic e~quadratic

(£:C—D, (0,06 (1,e))

pair over A { or a surgery on such a pair) is

(r:c~—+n,($w,v)eqn+1(f,e))

S-acyclic if the A-umodule chain complexes C (resp. C,D) are S-acyclic.
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E-symmetric Ln(A,S,E)
Define the n-dimensional I~zroup of (A,S) (n2
E-quadratic Ln(A,S,E)

even (-€)-symmetric
to be the cobordisn group of S-acyclic (n+1)-dimensional

(~-£)~quadratic

s -’ ry - ]
Poincare complexes over A. Here, a cobordism is an S-acyclic (n+2)~dimensional

even {~€)-symmetric o
Poincaré pair over A. The verification that the direct sum

(-£)~quadratic
o defines an abelian group law on the set of S-acyclic cobordism classes
n
L™(A,s,£) 1™ ,e)
proceeds exactly as for the set of cobordism classes
Ln(A,s,s) Ln(A,s)
. L*(A,E)
(Proposition 5.2). Every algebraic property of the L-groups has
L, (A,E)

1*(A,S,£)
« In particular, by
L,(A,S,8)

an S-acyclic counterpsrt in the L-groups

insisting that all the A-module chain complexes concern;d be S-acyclic we

obtain from §7 an algebraic S-acyclic surgery theory with which to analyze

S-acyclic cobordism.

Proposition 12.1 i) There are defined natural isomorphisms of abelian groups
L“(A,S,s)——»Lg(A——>s'1A,e)

s -1 (n30)
Ln(A,s,e)-———>Ln(A-—~*S A,E)

~ -~ -
with § = im(Ko(A)—-——+ KO(S 1A)). The L-groups of (A,S) fit into an exact sequence

...—-—-»L“(A,e)——»L§(s‘1A)-9—»L“(A,s,s)—>L“'1(A,s)-—>...
Spo-1,y 2 (n> 0)
..._>Ln(A,r_)—>Ln(s A) ——wLn(A,S,c)-——an_.](A,e)—-»
with
?: Lg(s-1A,e) ——» 1MA,5,8) ; S"1(c,<;.)|—-—» ds(c,0)

2: Li(s_1A,s)—— L (A,5,€) ; s'1(c,w).——> 38(c,v)

Ln(A,S,s)-——-»Ln-“(A,E) = L(v&m'“(l\,-s) i (C,0) v— (C,¢)

Ln(A,S',F:)———j»Ln~1(A,t:) = Ln+1(A,—c) i (W) ——(c,w)

0)
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ii) The skew-suspension maps in the €~quadratic L-groups of (4,S)
g Ln(A,S,E)_——;Ln+2(A,S,-E) i (C,¥)—>(sC,3v) (n3}0)
are isomorphisms for all A,S,E,

Proof: i) There are defined forgetful maps from the L-groups of (A,S) to

the relative intermediate I~groups of the localization map A—> S-1A
- - -1
L(A,5,6)-— > Lévg B*2(A —>578,-6) 5 (C,0)—3((C 19D, (057 'c —>0, (0,57 '¢)))
L (A,5,8)—> 1 (a—> s7"n,-e) 5 (c,¥)r—((c,¥),(0:57c —>0,(0,57¥)))
9.1 1ii)
The relative versions of the skew-suspension isomorphisms of Proposition
7.3
define skew-suspension isomorphisms
5 : Lg(A—_» S-1A,E)—-——v~L(vo)xs1+2(A-—-vS-1A.-E)
S -1 s -1 (n20)
§ 1t L(A——3 5" A,8)—L) (A—>S" A,-€) .
We shall prove that the composites
n n+2 -1 -S--‘I n -1
LMA,8,8) —> v S0 —— 8" A, -e) 22— 1X(A—> 57 A ,E)
o’s == s (a3 0)
7

1 S

L (A,5,8) —> Li+2(A-4~» ST AE)—2—> Li(A——7 s'1A,s)

are isomorphisms by constructing inverses.

n>o)
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r -1
(4,5 ,e)—— Lg(A—> 5T A,E)
(Explicitly, the nap pe -1 sends the S-acyelie
Lq(A,S,E)-——»Ln(A——rS 2LE)
(C,2e7™ N (C,-€))
cobordism class of to the relative covordism class of the
(C,ve N (C,~€£))
- - - -1 -1 -1
(e, 0rea™ e ,e)), (s M5 o — 871D, (0,57 e s 17 ,€))) -

pair -1y, o1 -1 -1 -1
((c',v'e-a,n_1(c',e)),(s £1:57 ¢'——5 D',(0,5 'v')eq (5 '1',e)))

obtained as follous. Take C to be a f.g. projective A~module chain complex -

d

—> see —>C1——>CO-—>O—»...

¢t >0 —rc —se ,

n-1

and let f:C——D be the A-nodule chain map defined by

1 Cn+1 r = n+l
f = t C—>»D_ = . -
T 4] r £ n+1

even (-£)-symmetric
The (n+1)-dimensional Poincaré complex over A obtained

(-£)=quadratic

(C,op) even (~€)-sym=etric
from bv surcery on the connected (n+2)-dimensional
{C,¥) (-£)-quadratic
(£:6——D,(0,0)en™?(£,~¢)) 5(ct 9"
pair over A is the skew-suspension j_
(£:0—D,(0,¥)€q , ,(£,-€)) s(c*,v")

-1 -
€-synnetric (C'.w'EQn (ct,e))

of an (n-1)-dimensional Poincaré complex over A
e-quadratic (C',V'eQn_1(C'.E))

Define an A-module chain complex D' and an A-module chain map £':C'——D' by

1 n+1

£ = (0 1):c=c1ec“+__._.,no=c ,D;:O(r;!O) Y.

1]
(0]
e-symme tric
Consider the case ny 1. Given en (n-1)-dimensional
€-njuadratic

(Croe™ NC o))
. P
Poincare comnlex over A
(c,ver, 4 (c,e))

{(f:s"'c——»D,(!:,S"%)Q“(f.a))

-1
and 2 null-cobordisn over S A

-1 .
s (C,9) &, -1
1 of 1 " such that [D]e€ SQ_KO(S a) ,
s (c,y)

(r:571c——D,(fv,57 Ve (1,6))
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E-gymmetric
it iz rozcidle to find =zn elerent s€ S and an n-dimensional
€-quadratic

(£':C——D', (! ,-'p)"'%n(f' yE))
such that
(£1:C—>D', (S¥! ,\")(Qn(f' WE))

1

pair over A

(sf:5” C~———»D,((s®s)8q,5-1¢)) = S-1(f'!C-—~9D',(S¢',¢))

-4 -1
(s£:57'c—— D, ((se8)S¥,5™ ¥))

s (gr:c—D1,(s¥",¥))

e€~-symmetric -1
up to hocotopr equivalence of r-dimensional nairs over S A,

€-juadratic

(C",g"€Qn+1(C",-E)) even (-€)-symmetric
let be the S-acyclic (n+1)~dimensional

(C".V"%Qn+1§0".-i)) {-€)-quedratic
E(CN’)
Poincaré complex over A obtained from the skew-suspensiony by surgery on
s(c,v)
even (-£)-symmetric
the counected (n+2)~dinensional pair over A
: (-g)~-quadratic

(~]]

(£7:0——D,(Jp " 0") _
N . Vie can now cefine the inverse isonorphisnm
B(ft:C——— D', (EV',¥"))

1

Lg(_rL ——»S-1A,a) e I™(A,8,2) 5 ((C yip), (£2S7 c—»n,(fw,s”w)»——ﬂc",;a")

. 1 1 . (nz21)
Lf“(lt——a»s‘ A,a)-—»Ln(/\,s,s);((c,\v),(f:s C—D,(Jv,s” ¥))—— (C" ")
g-synmeiric
The construction elso worlis for n = O, taking (-1)-cdinensional
€-quadratic

"even (-£)-symmetric
coaplexes to pemn 1-<imensional . complexes, end
(~£)~-quadratic
even (-€)-syrretric

e~srmetric
vzirs to rican 2-dirensionel

C-dinersional

lsﬂﬁuadratic (-€)~quedratic

k(f:C-—ﬂD,(ﬁé,:w))

pairs suck that HO(D) =0, HZ(D) -~ 0.

\(f:c—,- p,(Ev,v))
1i) It is immediate from i) and Proposition 7.3 that E:LH(A,S,E)———}Ih+2(A,S,~E)
is an isomorphism for all A,S,e,n O,

0
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We shall say that the pair (A,S) is m-dimensional if every f.g. S-torsion

A-module M hae a f.g. projective A~module resolution of length m+1
0—-—>Pm+1-—> Pm———v... — P, —>P;—¥— 0,
For example, if A is (m+1)-dimensional (in the sense of §7) then (4,S) is
m-dimensional. If n is a finite group and p is & prime such that pJ’Inl
then (Z[x], s_pklkZ 0}) is O~dimensional,
Proposition 13,2 If (A,S) is m-dimensional the skew-suspension maps
3 ¢ 1%(A,8,6) — I™2(4,5,-e)  (n) 2me1)
are isomorphisms, and there are natural identifications
LZi(A,s,a)

241 = (S-acyclic cobordism group of S~acyclic
L (A,s,€) 2m~

(_)i-mp1

(2m+1) -
dimensional

€-symme tric Poincaré complexes over A)’ (i2m+‘|)
under which Ln(A,S,e)—~——+ Ln-1(A,E) (n»2m+1) becomes the forgetful map

?i(a,s,e) — 1247 Flom=1

LZi-1

(a,e) 5 (C,p)—> (C,p)

-sfl-m-‘l (1 > m+1)

(A,5,8) — 12172(a,5,6) § (Coo)—o (Cy9) ;

In particular, for m = 0

¥ 1a,5,6) = 0 (ky0) .

121(a,s,6)
Proof: In order to identify 241 (1> m+1) with the S-acyclic cobordism
L (r,s,8)

{(2m+1)~

dimensionsl (_)i-m-1

group of S-acyclic E-symmetrie Poincaré complexes

2m=
over A it suffices (by the S-acyclic counterpart of Proposition 7,2) to show
that it is possible to perform S-acyclic¢ surgery on a connected S=acyclic
n+1(c'

(n+1)-dimensional even (-£)~symmetric complex over A (C,pcqQ -£)) (a3 2m+1)

s0 as to obtain a skew-suspension, killing Hn+1(C). VWorking exactly as in the
proof of Proposition 7.k use a f.g. projective A-module resolution of the
fog. S-torsion A-module H,(C)

0——)Dm+.1——» Dm——> ses —> D, —>D —7 Ho(c)—% 0

0
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to define a connected S-acyclic (n+2)-dimensional (-€)-gdymmetric pair over A

(f:¢ — D,(0,9)¢€ Qn+2(f,—€)) with which to perform just such a surgery.

In particular, if (A,S) is O-dimensional we have that L2k+1(A,S,E) (kx> 0)
is the S-acyclic cobordism group of S-acyclic O-dimensional (-)kE-symmetrio
Poincaré complexes over A (C,wer(C.(-)kE)). Now HO(C) is an S-torsion
f.g. projective A-module, and S consists of non-zero divisors, so that

2k+1

Hy(C) = 0 and L (A,S8,8) = 0,
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In §1 we identified the homotopy equivalence classes of n-dimensional

[ E-synmetric
Poincaré complexes over A for n = O (resp. 1) with the (stable)
€-quadratic

e~symmetric

isomorphism classes of non-singular 5 forms (resp, formations) over A,

€-quadratic -
1%a,¢e) a0
going on in §7 to identify the cobordism group resp ) with
LO(A,e) I.1(A,t~:) -
the Witt group of such objects. We shall now proceed to identify the homotopy
(-€) -symmetric
equivalence classes of S-meyclic (n+1)-dimensional Poincaré
(-€)~quadratic

complexes over A for n = O (resp. 1) with the (stable) isomorphism classes of

€-symnmetriec _
non~-singular S
€-quadratic

1A/A—valued 1linking forms (resp. formations) on

S-torsion A-modules of homological dimension 1, going on to identify the

1%a,s,¢6) 1Va,s,0)
S~acyclic cobordism group (resp. ) with the Witt group .
LO(A,S,E) L1(A,S,e)

of such objects., As a necessary preliminary we shall develop an algebraic

e~synmetric
complexes, an S-acyclic
£-quadratic

theory of linking Wu classes of S-acyclic

counterpart to the algebraic Wu classes of §1.
An A-module M is S-torsiom if
sThM-o0 ,
Given an A-module M let TSH be the maximal S-torsion submodule of M
TSH = {xeMlsx = 0 for some seS; = ker(M— S-1H;XH—*%) .
An A-module M is S-torsion if and only if
TSH =M. -
A f.g. A-module M is S-torsion if and only if there exists s€S such that

sli=0. .
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Define the linking pairing of an n-dimensional £-symmetric complex

over A (C,weQn(C,E))

]

. o ul n-r+1
9o ¢ Tgll (C)x ToH

(©) —> sT/A & (xyp)r—r Tog(x)(2)

n-r+1 n-r n-r+1)
3]

(xeCT, yeC zeC™ ©, 5€S, d*z = sy€Cl
with the properties

(pg(x,yi-y') = q%(x.y) + «pg(x.y')

wg(x,ay) = awg(x.y)

wg(x,y) = (-)r(n_r+1)£wg(y,x)

(xeTer(c) . y,y'ETan—r+1

(€), a=n) .

In particular, the linking pairing of the n-dimensional symmetric
Poincaré complex over % o*(k) = (C(1) '(p=(pH[l'r_]€Qn(C(H))) of an oriented
n-dirensional manifold M

n-releny 0/% (s = Z-§o})

vy t THT(H) x TeH
agrees (via Foincaré duality) with the pairing
TR, (M) x TR (W) ——2/Z

defined by the geometric linking numbers of torsion homology classes, as

originally studied by Brouwer, deRham [1 ] and Seifert [1 3.
Peopsatraiy 2

2
In &7 we show that the cobordism clams (c,¢)€Ln(A,e)

of an n-dimensional £-symmetric Poincaré complex over a Dedekind ring A is
form over A

2i <
deternined for n = by the (=) e-symmetric
2i-1 linking pairing

. (s =a-{o))

i v ¢+ HHC)/THN (@) % B (C) /T gH (0) —>
%0

: Tslli(C)" TH(C) —— s~ A/

*
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An A-nodule morphism fe HomA(P,Q) is an S-isomorphisn if

st s7p 57 .’BE»-————»%")

. =1
is an S 'A-module isomorphism, If P,Q are f.g. projective A~modules then

fe,HomA(P,Q) is an S-isomorphism if and only if f*¢ HomA(Q’,P’) is an S~isomorphism.

An h.d. 1 S-torsion A-module M is an S-torsion A-module of homological

dimension 1, that is an A-module which admits a f.g. projective A-module resolution

d

0———+P1-‘———»PO———»H———+O
such that d € Hom,(P,,P,) is an S-isomorphism.
The S-dual of an A-module 1 is the A-module
u”* = HomA(}I,S-1A/A)
with A acting by

AxHN ——H" 5 (a,f)— (x—£(x)3) .

The S-dual of an h.d.1 S-torsion A-module M is an h.d.1 S-torsion A~module M",

since the dual of a f.g. projective resolution of M
0—p) 2 5P —H —o0

is a f.g. projective resolution of M*
0--—»P6——d—.——»P; — s K" —>0

with “

Py —— MY £ ([x] — 31(3))
The natural A-podule morphisn
U UM x e (£ ——T(X))
is an isomorphism if ¥ is an h,d.1 S~torsion A-module, and if N is another
h.d.1 S-torsion A-module the abelian group morphism
HomA(H,H)—~——>HomA(NA,H*) i £ r— (g —r (x +—>gf(x)))
is an isomorphism., In particular, the €-transposition map

T, * HomA(H,l-‘l*) —)HomA(l’.,M“) P opr—> (Te"’= e 1x > (y—> gp(y) (z)))

is an involution, Ti = 1.

(xeP,, [xlcM, =¢S5, yeP,, sx = dy €Pp) .
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An g-symmetric linking form over (A,S) (¥,\) is an h.d.1 S-torsion

A-module H together with an A-module morphism XGBomA(H,MA) such that
T X = AeHomA(H,M“) .
Equivalently, it is possible to regard XéHomA(M.H“) as a pairing
Aot e ——STTA/R 5 (xyy) e N x,y) = N (y)
such that
Axyy+3") = Mx,y) + Mx,y")
Mx,ay) = aMx,y) (x,y,y'€M, ach)
Mx,y) = X7, x) .
Vrite QE(S-1A/A) for the Z,-cohomelogy group
Qf(s~azm) = 1%(2,:5™"0/8,6) = foesa|b-eTenln -
and let Q5(A,S) be the subgroup of Q°(S™'A/A) definmed by
Q%(a,8) = ilbes'1nlb-e%' = a-€a, acA}/A .
An €-symmetric linking form over (A,S) (HM,\) is even if for each xeM
X () (x) € Q5(A,5)CQ5(s™ asn)
Write QE(S-1A/A) for the Z,~homology group
o (s7 /) = Ho(zz;s"A/A,e) = 5" a/{a+ b-eT|acn,bes A,
and define also the abelian group
Q.(4,8) = \bes'1n|b = €6)/[a+ calaen} .
The €-synmetrization map
14T, ¢ QE(S-1A/A)——+QE(S-1A/A) § XV— X4+ EX
factors as
14T, Qe(s'1A/A)_‘1_. QE(A"g; —3 ,q%,s) —Tq%s a/m)
with
p: Qs(s"‘A/A) —— . (A,8) ; xe—s x+ex

a : Q. (n,8) —— > q%(a,s)

|

r : 95(a,8) ——qS(s ™ Ta/n)

|
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An g-guadratic linlking form over (A,5) (M,},) is an e-symmetric

linking form over (A,S) (},») together with a function
pot M————»QE(A.S)
such that
1) plax) = ap(x)a €Q (4,5)
11) P“(x+y) - p(x) ‘tl(y) = 2Mx)(y) + X eQE(A,S)
111) qp(x) = Mx)(x) €3%(a,S) (x,yeH, aca) .
Then (¥,)\) is an even €-symmetric linking form over (A,S).

A split £-quadratic linking form over (A,S) (M,\,r) is an e~symmetric

linking form over (A,S) (14,)\) together with a function
v o1 K —— q_(sTA/R) -
such that
1) »(ax) = afx)a e (s A/A)
11) »(xey) = 40x) ~2(3) = X () () € (T A/A)
113) qpulx) = M (x)(x) €q%(a,s) (x,y¢l%, a€A) .
Then (MyX\,p=pv: M<~——»Q€(A,S)) is an e-quadratic linking form over (A,S). -
In Froposition 13.5 below we shall show that every E-quadratic linking
form (¥,),p) can be refined (non-uniquely) to a split £-quadratic linking .
form (M ,») such that p = pv , and that 1f 1/2€ ST A (e.g. if 2€5) toere
is no difference between €-juadratic and split €-quadratic linking forms
over (4,8).
€~symmetric
A morvhism of { e-juadratic linking forms over (4,S)
split €-quadratic

£ ())—— (', \Y)

£ 0 (yp) —— (5N, W)
£ () (1 )\ ")

is an A-rniodule morphism f GHomA(H,M') such that
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A, £(y)) =)«(x.y)t‘S-1A/A (x,ye M)

and also
'(£(x)) = p(x) eq_(A,8)
¥ v - (xeM)
»'(£(x)) = v(x) € Q (57 A/R) .
€~synpetric (M,))

The | €-quadratic linking form over (4,S) < (M, ) is
split e-§uadrafic (M, ,0)

non-singular ifLeHomA(M,H“) is an isonmorphism,

12(a,8,-€) (A,S) O-dimensional)

LO(A,S,E)
In Proposition 13.710 below we shall identify -2
L “(a,5,~€)
LO(A,S,E)

e-symme tric

even E-symmetric

with the {litt group of non-singular linking forms over (A,S).

€~quadratic

split e-quadratic
In the first instance, we shall identify the isomorphism classes of linking
forns over (A,S) with appropriate equivalence classes of S-acyclic 1-dimensional
complexes over A (Proposition 13.4),

Kervaire and Milnor {1 ] used geometric linking numbers to prove that

odd~dimensional surgery obstructions vanish in the simply~connected case.
Wall [ 3] used geometric linking and self-linkding numbers to express the
odd-~-dimensional surgery obstructions for a finite fundamental group n in terms of
non-singular tquadratic linking forms over (%[n],ﬂkﬁoﬁ. Idinking forms were used by
Passman and Petrie [1] and Connolly [1] in certain computations of the odd
L~groups Iék+1(") of finite groups n. More recently, Pardon [2],[ 4] has
developed a surgery obstruction theory (along the lines of Wall {57]) for
normal bundle maps which are rational homotopy equivalences. On the algebraic side,

there was obtained in Pardon [2] a loczlization exact sequence for the surgery
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obstruction groups of a finite group =«
ees—> L (Z[x])—> L (A[x1) —> L (Zx],Z-{0}) ——> L__ (Z[x]) — ...

Ly (Z(x1,2-|0})

with the Witt group of non-singular (-)1quadratic linking

Lyy,q(BOnd,2-10])
forms
over (Z[n],ﬂk;O}). On the geometric side, Pardon [4] used certain
formations
combinations of elementary framed surgeries preserving rational homotopy type
("local surgery on conglomerate Moore spaces") to identify the obstruction to
making an (n-1)-dimensional normal bundle (f,b):M——>X such that n,(£)8} = 0
a homotopy equivalence (f',b?):M'-—>X by a normal bordism
((g5f,£1),(e3b,0")) : (MM M) — (X xI;X = 0,X x1) -
such that n,(g)@RQ = O with an element Uf(f.b)eLn(zztn1(x)] ,Z~{0}) obtained by
local surgery below the middle dimension. The S-acyclic guadratic Poincaré
cobordism theory developed here provides a unified approach to both the
algebra and the geometry. In particular, the local surgery obstruction can
be expressed as the S~acyclic cobordism class
a3(£,1) = So,(£,p)€ L (Z[x, (01, 5) (s = z-{o})
of the skew-suspension of the quadratic kernel ¢, (f,b) = (c(f!),vbeqn_1(c(f!))),
2n S~acyclic counterpart to Proposition 8.1. We shall not spell out the
connection between our algebra and the geometry of Pardon [4] except to mention =
that the chain level effect of a local surgery is that of an S-acyclic
surgery on an S-acyclic quadratic pair over 22[1&1_()()] (h:Cv—>D,(SV,V)eQn(h))
with D an S-acyclic f.g. free Z[n1(x)]-modu1e chain complex

D: ,o0e.—>0 —-+Dk—§->nk_ —>0 > ses

1
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Let TEZ, act on the additive groups A, S"'A, 8 A/A by x1—>€xX

Z?_—cohomology 1( ZZ;A »E)

in each case, As in §1 define the Zz-homology

Tate Zz—cohomology

Hr(zz;s'1A,a) . Hr(zz;s"1A/A,a)

groups Hr( Zyih ,E) (re

AT
H (ZZ;A,E)

Similarly define Hr(ZZ;S-1A,E) R Hr(ZZ;S_‘IA/A,e) (re#). The short exact

ﬁr(zz;s"1A,e) . ﬁr(zz;s'1A/A,e)

sequence of Z[sz-modules

1

0 —>A——>8 A -»s"a/a —>0

Zz-cohomology

induces a long exact sequence of Ez—homology

Tate Zz-c ohomology

groups

. ..—Hur(zzm,s)—+nr(z2;s'1n,a) —>Hr(Z2;s'1A,e) Lnr”(zz;A,a) — e

-4 -1 ? !
cve——B (Zy;A,€)— B (Z,;S 'A,£) —H (7,5 A'C)T"Hrﬂmz’“")—’ cos (rEZ.

cee — ﬁr(zz;A,s)——»ﬁr(zz;s’h,e)——#ﬁr(zz;s’1A,e)~§»ﬁ“1(z A, E)— ...

E-symme tric

Define the rth e~quadratic linking Wu class of an S~-acyclic

E€-hyperquadratic

e-synmetric (C,¢£Qn+1 (c,e))

(n+1) -dimensional | e-quadratic complex over A (C,VeQn+1 (C,£)) to be

e-hyperquadratic (C,DEQn+1(C,E))

the function

O B OB o T V7N O Ll S TR SR G L P DY ST &)

(T, a0 (3) ()

VI TN - B, (7,587 A/ ()T ) xen v

2r £5 & 2r-n+1

Ag - Ao - -
Vo (0) B T (0)— W2 (2187 /0, ()P T ey sxes (o
58

n-r
n—2r-1+( ) en-?_r

n-r+1 n-r

(xeC , ¥yeC , BES, Bx = d*y) .,

'

|
|

a*) (5)(y)
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Hotivation: The cohomology classes xel™(C) of an S-acyclic A-module chain
complex C are in a natural one-one correspondence with the chain homotopy
classes of A-module chain maps x:C-———Cm(A,S). where Cm(A,S) is the S-acyclie

A-module chaln complex defined by

A i=m
C (a8, = ) s 1= w1, e (A,S)=A—C (A,8) =57y a—s 2
0 1 #£ mym
€-gymme tric vf_ (c ,¢€Qn+1 (C,e))
The rth } E-quadratic linking Wu class vg of (C,VéQn+1(C,E)) is such that
€-hyperquadratic Qi (c 'e£§n+1 (C,e)) .
B = Plea™ o, 40,8, = Bz, (e

vg(‘l’) (x) x%(V)é Qn+1 (cn-r+1 (8,8),8) = HZr-n( ZZ;S-1A/A0(') -+ €)

B = Fere §™ e BT (387 A/, ()P e

(a,s),5)

(A,5)) .

n~-r+1

(x:6—=C 144

€~symmetric vi(w)(x)
The linking Wu class r {8 the obstruction to Klling
€=-quadratic vg (¥} (x)
nered (C,p) -, e-symmetric
xeH (¢) (= 5 _(C), if is Poincare) hy an S-acyclic
T (c,v) €-quadratic

(x:6——C 1 (8,9), (5 ,9)e@™ 2 (x,2))

(x,€))

for some s¢S. Here, Cm(A,a)
_r+1(A,s),(Sv,v)eQ

surgery ong\
(x:€—— Cn n42
is the S-acyclic A~-module chain complex defined by
A i=n,m1
, d:Cm(A's)m=-A—"’Cm(A,s)m_1 =A}jar—> as

c (A,s), =
“"iio 1 # mo-1 .

The A-module chain maps Cm(A,s)—-—vcm(A,st) (s,t€S) given by
a i =m R
C(A,s), =A ——cCc (A,Bt), = A ar— .
n i m i ;
at 1= m-1
define a directed system of S~acyclic A-module chain complexes S;Cm(A,aﬂséS} :
(55 s' if there exists t¢S such that 8! = gt €S) with direct limit f

Lig C_(A,8) = C_(1,5) , !

BeS i
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The linking Wu classes are related to each other by

S
v (0) _ . - _ _ ~
;i(J‘p) . Hn-r+1(c) r " Zr(zz;s 1A/A,(-)n r+1E)_.Lﬁn Zr(zz;s 1A/A,(—)n r+1E)

vi((1+'1‘e)‘\‘/) i H

xo) - T (o)

n—r+1(c) S

vi(¥)

-1 n-r+1
HZr-n( ZZ,S A/A (=) €)
14T

aS

0) _ _
r A" Zr(ze;s 1A/A,(-)n r+1E)

. "
¥ or-n-1

(ee@™(c,e), veq_, (c,e), 03 (c,e))

€, Hn-Zr(zz;s-‘lA/A'(__)1:-:'<|-1F__)

(EZ;S-1A/A,(-)n_r+1e)

The linking Wu classes are related to the algebraic Wu classes of 51 by

() - -
v (o) : En-—r+1(c)_k_i’_‘Hn—Zr(zz;S-1A/A'(_)n-r+1s)_§__,ﬂn 2r+1(zz;A'_(_)n r+lgy

vi(v)

ETONE Gl () Y

ROK T+ (e)

(o)

-1 n-r+1 E]
HZr_n(ZZ;S A/A () e)—=5H

~

2r-n=-1

(Z,38,()2 )

S = -
ﬁn—Zr(zz;sﬂA/A'(_)n-r+1€) ___ﬁn 2r+1(z2m'(_)n r+1€) .

The linking Wu c¢lasses satisfy the sum formulae

Vf_(q:)(x+3) - vf_(q-)(x) - vi(cp) (y) =é

VE(W) Cxry) - v () (2) = vg (V) ()

3300 Geey) - $300) () - (0D ()

0¢ HZr—n

93(x,7) + oy sm) € 8%z,157"8/8,(-) ™) (n=2r

0 en“'zr(mz;s'1A/A,(—)“'"15) (n # 2r)

S((1+Ts)wg(x,y)e Ho(Z,38 T '8/8, () 1e) (n = 2r)
(za;s'1A/A,(-)“'r"1s) (r # 2r)

o¢ fin2r( ZZ;S-1A/A (=T

5 (x,y €8 (c))
with %o 5 * II:H"I(C)x Hr+1(C) —75-1A/A the linkding pairing of

(QES 0L
} (4062”71 (C,0)

(n = 2r). Furthermore,
(C,(1+TE)\'/tQ2r+1(C,€))
-1 1
V@ () = gl €B(Z,387 WA ) (n=2r) .

|
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Proposition 13.3 1) If ker(ﬁ:ﬁo(zz;s'1A/A,s)—+ﬁ1(ZZ;A,s)) = O there is a
natural identification
1%(A,8,6) = (S-acyclic cobordism group of S-acyclic (n-1)-dimensional
E-gymmetric Poincaré complexes over A) (n3}2) ,
under which Lu(ll,s,e)——iLn-"I (A,€) becomes the forgetful map. In particular,
this is the case if ﬁo(ﬂz;s-1A,€) =0,e,g. if 1/265-1A.
ii) If ﬁo(% ;A,e)—»ﬁo(mz;s-1A,e) is an isomorphism then the skew-suspension map
§ : 1°(a,8,-e)——> 1™2(4,5,6) (n30)
is an isomorphism. In particular, this is the case if 1/2€A.
iii) If ﬁ‘(ZZ;S-1A/A,€) = O then the E-symmetrizetion map
T, Ln(A,S,e)——>Ln(A,S,E) (n>0)
is an isomorphism. In particular, this is the case if 1/2 €A,
Proof: i) By the S~-acyclic counterpart of Proposition 7.2 it suffices to show
that it is possible to perform S~acyclic surgery on a connected S-acyclic
(n+1)~dimensional even (-¢)-symmetric complex over A (C,¢€Qn+1(c,—€)) (nz2)
so as to obtain a skew-suspension, killing H““(c). As (C,p) is even we have
that for any element xéHn+1 (c)
§v30) (1) = vo(e)(x) = 0cf(Zyin,0)
and so
v%(&p)(x)&ker(gzﬁo(zz;s_1A/A,E)—>ﬁ1(EZ;A,E)) =0.
Thus x€Hn+1(C) may be represented by an A-module chain map x:C —rcm_.l(l\,s)
for some s S such that there is defined a connected S-mecyclic (n+2)-dimensional
even (-€)-symmetric pair over A (x:C——?CnH(A,s),(§¢,w)€Qn+2(x,-€)).
S-acyclic surgery on such a pair results in a comnected S-acyclic

n4+1

(n+1)-dimensional even (-£)-symmetric complex over A (C',p'¢q = (C',-€)) with

ey = ™) /(x) .
n+1

Now H~ '(C) is a f.g. S-torsion A-module, so that it is possible to kill Hn+1(C)

by successively killing off a finlte set of generators.
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ii) Consider the exact sequence of abelian groups n
n

. - . . o §
H1(2z2;s 1A/A,s)i»no(zzm.e)—’no(zaz;s 1A,s)-——-—n°(z2;s 1A/A.e)—*ﬁ1(Z2;A.e) J

If ro(zz;A,e)—>fIO(Z2;s-1A,e) is onto then ker(S:ﬁo(zz;s"1A/A,e)——- ﬁ1(zz;n,e)) = 0,

and by i) we can identify

Ln+2(A,S,e) = (S-acyclic cobordism group of S-acyclic (n+1)-dinmensional

e-symmetric Poincaré complexes over A) (nz0) .
Iif ﬁo(zng,€)——+ﬁo(ﬂé;s-1A,€)is one-one then ..
in(g:ﬁ1(Z2;S-1A/A,E)——aﬁo(ZE;A,E)) = O end every S-acyclic (n+1)-dirensional
E-symmetric complex or pair over A is even, Thus if ﬁo(ZZ;A,E)———>ﬁ0(Z :S-1A,€)
is an isomorphism we can identify

Ln+2(A,S,E) = (Ss-acyclic cobordism group of S8-acyclic (n+1)~-dimensional

even E-symmetric Poincaré complexes over A) = Ln(A,S;E) (n»0).
A - tos
1i1) 1¢ f*(Z,:8 A/A,€) = O then §+(c,e) = 0 and 147,1Q (C,e)—>Q™(C,€) 1s an

isomorphism for every finite-dimension&l S-acyclic A-module chain complex C.

0
E~symmetric
An | €~quadratic map (resp. homotopr equivalence) of S~-acyclic

split €~quadratic

€~symnetric
1-dimensional €~quadratic compleves over A

€-quadratic
f: (Cyp) —(C',0")
f ¢ (C,¥)——(C' ¥")
f£f: (c,¥)——(c',¥v")
is an A~module chain map (resp, chain equivalence)
f:C——>C!
such that
er1(c',e)
!r(e)eq,l(c',e)
H(0) € q,(c’,e)

f%(w) ~- o
f%(v) -yt
f%(‘i’) b ‘~|"

"

for some Tate Z,~hypercohomology class oeﬁa(c',e) such that
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v,(0) = 0 ¢ 31(0')-—->§1(2z2;A,s)

Gf(a)

]

o+ w'(e— 10%z,35 /) .

€=-quadratic €-symretric
An map £:(C,¥)—=(C*',¥') determines an map

split E~quadratic €~quadratic

£ (0, (14T V) ——> (c', (14 )¥v")

£ (c,v)——> (C* ¥") .

since
FUALTIY) - (T vt = (LT )ECe) = 0eq’(ct e)
AS A
vi(e) =0 - N
$.(8) : H'(cY) HO(ZZ;S ane) —& BN zn,e) .
1 2
€~-gymme tric _
even £€-symmetric
Proposition 13.4 The category of linking forms over (A,S)

e-quadratic
split E~quadratic
is naturally equivalent to the opposite of the category of S-acyclic
(~€)~symmetric
even (-€)-symmetric
1-dinensional complexes over A and homotopy classes of
(~€) -quadratic
(-€) -quadratic
(-€)-symmetric
(-€) -symme tric .
maps. Isomorphisms of linldng forms are eguivalent
(~g)-quadratic
split (-€)-quadratic

to homotopy equivalences of complexes. Non-singular linlding forms are

3 . 4
equivalent to Poincare complexes.
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Proof: The linking pamiring of an S-acyclic 1-dimensional (~€)-symmetrie
complex over A (C,¢5Q1(C,-E))
s . .1 1 -1, ,. . 1
9o P B(C)x B (C) —> 5 'A/A ;5 (x,7)e—— —o,(x)(2)
(x,ytc1,zeco,ses,d‘z= sy€C1)
defines an €-symmetric linking form over (A,S)
(1) = (5O ) .

The Oth (-g)-symmetric Wu class of (C,p) factors as

]

v (o) _
vole) t B'@ s 1Oz am,0) 2z, im0 -

and ker$ = QE(A,S)Q'HO(E2;5-1A/A,E)= QE(S-1A/A). so thot the complex (C,¢)
is even (vo(¢) = 0) if and only if the linking form (M,}) is even
(x(x,x) = va(e) (x)€ Q5(A,S) for all xe M = H'(O)).
The Oth (-€)-quadratic linlking Wu class of an S~acyclic 1-dimensional

(~€)-quadratic complex over A (C,¥¢Q,(C,-£))

vg(w) : H1(C)——»H0(YZ2;S-1A/A,E) = QE(S"1A/A) H yF—’;%(V1+VOd‘)(z)(z)

(y£c1,zeco,sss,d‘z= ayeC1)
defines a split e-quadratic linking form over (A,S)
(2,20 = (H'(0),(14T_)vg,v (W)

with associated €~quadratic linking form over (4,S)

() = (H1(0),(1e1_ S puo(v) 1H(C) —> Q (A,8)) .

A (-€)-symmetric map of S~acyclic 1-dimensional (-€)-symmetric complexes

over A

£ : (Cyp)——(C'y0")
induces contravariantly a morphism of the associated €-symmetric linking
forms over (A,S)

£o 2 (11" 0% —— E(©) 0D .
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Conversely, every morphism of the associated e~symmetric linldng forms is
induced by a (~g)-symmetric map of complexes.

Let (C,VEQ1(C,-e)),(C',V'EQ1(C',-E)) be S-acyclic 1-dimensional

(-€)—quadratic complexes over A. A (~€)~symmetric map of the (-£)-symmetrizations

f e (C,(1+T_E)V)————# (C',(1+T_E)V')
€-quadratic
induces contravariantly a morphism of the associated
Bplit e€~quadratic
linking forms over (A,S)

20N —(m(0) , (147_ )5 pv0(w))
£o 1 (@', (er_OvgS v v — '), (er_ ¥, 3m).

f£* : (H1 (c") .(1+T_E)V(')S,pv

(~€) ~quadratic
if and only if f:(C,¥)——>(C',¥') i5 a map, since
split (-£)-quadratic
£ (v) - ¥' = H(e) € Q,(c',~€)
for some 0& aa(c'.-e) (by the exact sequence of Proposition 1.2) and there

is defined a commutative diagram

B(c")

vg(E,(0) - v3¥?) = v3(He)

B z,557a/m,e) — 2 s q (s7a/m) — 9B qf(a,s)
g J .

8%z 430, 4 Q. (A,8) — 3 5q5(a,s)
involving the exact sequences

0 (z,i87a/m,0) —E 5 _(s7a/m) —P ,oF(a,s)

0 -— 8%z30,8) 3 _(4,8) —1 ,Q%(4,s)
with

H: ﬁ1(za;s"1A/A,e) —»QE(S_1A/A) { x— x

1 r B%Zyi0,8) ——5Q (A,8) 5 av—n

Pt
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€-gymmetric '
The relation T ) =XcHom, (I{,}i") is resolved by a chain homotopy
Conversely, given an ) E~quadratic linking form over (A,S) € A

1-»
9 ¢ T__Erpo:' 9g ¢ C

> C .
split €-quadratic

as defined by an A-module morphism

(1)) (~€) -symmetric : 1
“ gp,‘ : C —‘———*01

(M,A,r\) we shall construct an S-acyelic 1-dimensional / (-€)-juadratic
! such that

(M, )\ ) (-€)~quadratic ! 0 1

. P+ EQE = —p d* 2 C ——=C Prt+t EPr=dp, :C — > C o

(C,¢EQ1(C,—E)) ! ° 0 1 e ° ! ©

i Now
complex over A (C'\V€Q1(C,-E)) such that

g, + £p3) = (§+ Egd) ~€lpy+ €GP * = 0 = c1-—+co

(c,veq, (c,-£)) f
141Gy ,
‘ and d € Hom, (C,,C.) is & monomorphism, so that
E(0) o) = 5,0 3(C11Co e
R G, +Ept = 01 C — G, .
®'(0),(1a1_ ¥, pv3(9) = (2,0 1+ €0 1 )

Vle have obtained an S-acyclic 1-dimensional (~€)-symmetric complex over A
1 S _S
(B, (3+T_Ivg.vp(¥)) = (B,2,»)

(C.lpeQ1(C,-€)) such that
(E(0) 0 = (N .

es follows.

Given an e-symmetric linking form over (A,S) (M,\) let

o The chain map ¢0:c1" »C is a chain equivalence i1f and only if it induces

»c,— % e amh—0
1 (o] } .

. an A-module isomorphism

be a f.g., projective A-module resolution of ‘the S-dual MA. The A-module morphism 1 "

(pr)e =2t H(C) = H —— H _(C) = W

» eHom, (M,I1") can be resolved by a chain map ®o’» 0 !

1-+ eo that the complex (C,») is Poincaré if and only if the linking form (¥,»)
P9 : C ——— C -
is non-singular,
such that there is defined a commutative diagram
Given an t-quadratic linking form over (A,S) (M,)\,p) let

qa* 1
—C —>H —>0

0O——=¢

o »~
~ 0 —Cy Co n o
%o o A be a f.g. projective A-module resolution of the S~dual M" with C, a f.g. free
0—sc, 4 sop o .

A-podule. Write the dual resolution for the double S-duval (E™)* = M as

d.

We thus have A-nodule morphisms °
0 —>C" —~

4] P |

et v .0 .

: C c :C ——¢ -1
Y0 1 ¥ 0 . Choose a base {xi|1§ 1¢n} for L 3, and let gyijes Al1s4,j<n} be
such that
0 such that
dgy + §d* = 0: €O s : o -1
0 o 1 ) : 1) gg = STTE S A (1g4,3¢m) -
and 11) x(exi)(exj) = ¥45€ s'1A/A (1<1<j<n)
Aot K= coker(at:c®——ch) —— Hh  x1 s (ys ] : i |
{ = coker(d*:C ch) nt G ox (r Z0olx) (2)) 111) plex,) = y,,€Q.(n,8) (1si<n) . -

(x,yec1 ,zeco,scs,d’z = sy£C1)
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Give HonA(C1,S_1A) an A-module structure by
Ax HomA(C‘I ,s’1A)——. }iomA(C1 .s"'A) 3 (a,fh— Gu—1(x)a) .

The A-nodule morphism

ot C1—--—>H0mA(c1,s"1A) s 151 a,x 1»———»(321 bjxjk__q;<ifj(n bjyij;i)
(ai,bjG_A)
is such that
1) () (y) = emes'1A/A
1) X(ex)(ey) =o((x)(y)€S-1A/A (x,yéc1)

131) plex) = ox(x)(x)€ Q. (4,8) .

Now -

-1

alarz) (p)e acs™ A (yec?,zec®)

%

(d%2) (a%2) € n( 14T 1A — Aja s aren) SSTA  (zec?)

so that there is a well-defined A-rmodule nmorphism
(S N chr = C, 3 2 —— (y +——xd*(z)(y))
such that
dV0+\v1 +EV% =0: c°————>co
for sone V1€BDDA(CO,CO). We have obtained an S-acyclic 1-dimensional
(-€)-quadratic complex over A (C,V¢Q1(C,—e)) such that
(B'(6),(14T_I¥3 ,pv(¥)) = (H,A )
Given a split €-quadratic linking form over (A,S) (M,\,») Let
(C,W£Q1(C,-E)) be the S-acyclic 1~-dimensional (-€)-quadratic complex aver A
constructed as above, but with V1£HomA(cO,CO) determined byAD:M-bqe(S_1A/A)

es follows. Let §z,eS 'A[1< 1< n} be such that

V(exi) =2,€9 (S-1A/A) (1<i<n) ,
i €
end define an A-module morphism
1 1 o1
t ¢ —> Hom,(C ,S™ 'A); E ayx, — ( E b.x. > L y + z b
¢ AN PP i 1=133 1$i<1‘njiji LICH
(ai,bjEA)

)
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Now

x(x)(y) = P( )(y)+t~:—(_§)—GJes A . y€C1)
»lex) = p0x)(x) € (s7'a/m) '
and there exists an A-module morphism ¥4 HomA(CO,CO) such that
v (2)(2) = -Blarz)(a*n)e g (sT'A) . (zec¥)
v+ v, vevg=0: O—c .
The S~acyclic 1~dimensional (-€)-quadratic complex over A (C,VEQ1(C,-E)) is
such that

(E(0), (1eT_OV5,v3(¥)) = (u,2 o

01
Proposition 13.5 1) Every e-quadratic linking form over (A,S) (H,X,P) admits
a split e-quadratic refinement (I,)\,») such that
pr M2 QE(S—1A/A) —P sq.(a,5) .
11) If A,5,€ are sush that .
1m(ﬁ0(Z2;S-1A/A,E)'—E—> Bz, =0
ﬁo(zz;A’c)-———vﬁo(ﬂb;s-1A,c)1s an 1somorphisg
1m(ﬁ1(z2;s'1A,c)———-.ﬁ1(zz;s'1A/A,e)) =

then the forgetful functor

even E-symmetric
{ | e~quadratic linking forms over (A,S))
split E~quadratic
€~symmetric
— ————— »( ] even E-symmetric linking forms over (A,S))
E~guadratic
is an isomorphism of categories. In pa~ticular, this is the case if 1/2¢€A,
If 1/2€5°78 (e.g. 4f 2€5) then the forgetful functor
(split e-quadratic linking forms over (4,S))
——————— (e~quadratic linldng forms over (4,5))

is an isomorphism of categories.
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Proof: i) Immediate from Proposition 13.%4,
§i) Let Se(n,s) be the subgroup of Q_(A,5) defimed by
ae(A,S) = S_b+€'5|bes-1A}/{a+E;|aeA} ’
and define abelian group morphisms
=09 : QE(s"'A/A)—-;'cE’E(A,s) { b—> b4+ €D
T=al : 34,8 — a%(4,8) 3 x—>x .
By i) we have that for every €-quadratie linking form over (A,5) (M,\,V)
ke T (h,8)c (a,8) (xem) .
The isomorphisms of categories of linking forms may now be deduced
from the correspondences of Proposition 13.4t and the exact sequences
i A -
{\ 0—2%(n,8) =% a/8) — 1m(B%z,i57/m, 00 2 Wz 0,600 — 0

\ 0—>rer(Bz,:8,6) —>0%(Z,3571A,6)) T (4,5) -1 5 0% (a,8)

2
{

5 coker(ﬁo(z ;A,E)——»ﬁo(zz;s-‘lA,e))—» o
(oﬁ im(ﬁ1(zz;s’1A,s)-—> ﬁ1(z2;s'1A/A,e))—>Qe(s"1A/A) _'f’_;de(:\,s) —> 0
(vhich are valid for any A,S,E).
0
Yie have related linking forms over {A,S) to S-acyclic 1-dimensional
corplexes over A (Proposition 13.1*'(]. In §1 we related 1-Cimensional complexes

over A to formations over A, It is therefore possible to relate linking forms

to forrations - this was first observed by Wall {1] (in the case A = Z , S = Z—{Obl

(X 2e%(K))
i
(x,peq (K))

e~symre trie
form over A
e~quadratic

in S-lagrangian of an % 8 a

f.ge zrojective A-submodule I of K such that S—1L is a lagrangian of the

€-symme tric - ‘8_1(1(,:1)
induced form over S A and is also such that

e-quadratic 5_1 (K,ﬁ)
i*A3 = 0€q5(1)
{°¢3 = 0eq (D)

with jellomA(L,K) the inclusion.
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(even) £~symmetric (2,9:F,G)
An S~formation over A is a
€~guadratic (Q,¥;F,6)

(even) e-symmetric

(Q."?)
@,v)

non~singular form over A{

€~-quadratic
and an S-lagrangian G, such that S-1F and S-1G are complementary lagrangians
-1 .
S (Qo'ﬂ)
in -1
s (Q,¥)
57 = s”res™ " .
Then F G ={ 0}, and Q/F+G = coker(G—>Q/F) is an h.d.1 S~torsion A-module

(even) (-€)-symmetric

supporting aug linking form over (A,S) (as made precise

(-€)-quadratic
(Q'W;F 'G)
in Proposition 13.6' below). The S-formation is non-singular if
(q,v;F,G)
(Q"‘P)
G is a lagrangian of .
QW

(even) e-synmetric

An isomorvhism of S-formations over A

€-quadratic

£ : (9,0;F,8) ————(Q*,0';F',G")

£ : (Q,Y;F,Q) (q',v';F',G") ,

(even) e~-symuetric

is an isomorphism of% forms over A

e-quadratic
£ (Qup) ——(Q'yp")
£t (Q,¥)——(q',Vv*")
such that

£(F) = F' , £(6) = G* .

together with a lagrangian F

-
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(even) E-syrmetric
S~forpations over A

A stable isomorphism of
E-gquadratic
%[ﬂ t (piF,6)—> (2", ";F*,G")
[f1 : (Q,¥;F,6) — (3',¥';F",G")

is an isomorphism of the type

y
..

(2,9 F, @) (EE(P) s P,P*) — > (Q' 0" sF' ,G") e(BE(P!) ;P! ,P'*)

y
.

(Q,V;F,G)Q(HE(P);P,P') —> (Q',V';F"’ ,G')e(HE(P');P' ,P'*)

for some f.g. projective A-modules P,P',

A split €-quadratic S~formation over & (F,G)

(F,((}),O)G) is an
€-quadratic S-formation over A (H.(F);F,G), with (:;) t G——> FeF* the inclusion,
together with a (-£)~quadratic form over A (G,eeQ_E(G)) such that B

¥*p = @ - €8° € Hom, (G,6*) .
Then PEHomA(G,F‘) is an S-isomorphism, and FeF*/F+G = coker(p:G-——*F‘) is an
h.d.1 S~torsion A-module supporting a split (-£)=~quadratic linking form
over (A,S) (as made precise in Proposition 13.6 below), Call (F,G) non~singular

if (HE(F);F,G) is non-singular, that is if the sequence

x) LRV
(r\ FeF* alal ),

0O——G ——— G* + 0

is exact.
An isomorvphism of split €-quadratic S~-formations over A
@) 1 (7,000 — (5,016
is a triple
(e HomA(F,F') ' penomA(G,G') Ve Q_E(F’))
such that o« and 9 are isomorphisms, satisfying
i) f".B = a"}x ¢ Homy (G,F'*)
i) ¥'p = o § +ou(v-ev*) *petion, (G,F')

111) p*o’E - 0 - pvpcker(sTy__(6) ——q_(s7'@) .

23k .

A stable isomorphism of split e-quadratic S-formations over A

oty fy¥] @ (F,G) — (F',G")
is an isomorphism of the type
(=,P,¥) : (F,8)e(P,P*)——(F’,G")e(P',P'*)
for some f,g. projective A-modules P,P'.with (P,P*) = (P,((?),O)P’).
(even) E-symmetric
Proposition 13,6 The isomorphism classes of < €E-quadratic linking
split €~guadratic
forms over (A,S) are in a natural one-one correspondence with the stable
(even) (-g)-symmetric
isomorphlsn classes of (-g)-quadratic S-formations over A.
eplit (-£)~quadratic
Non-singular linking forms correspond to non-singular S~formations.
(even) €-symmetric
Proof: The isomorphism classes of (non-singular) e-quadratic
split e~quadratic
linking forms over (A,S) are in a natural one—one correspondence with the
(~€)~symmetric
(-&)~quadratic homotopy equivalence classes of S-acyclie 1-dimensional
split (-€)-quadratic
(even) (-€£)~symmetric
(~E)-quadratic (Poincaré) complexes over A (by Proposition 13.5),
(~€)-quadratic
which in turn are in a natural one-one correspondence with the stable
(even) (~€)-symmetric
isomorphism classes of (non-singular) § (~g)=-quadratic S~formations

split (-£)-quadratic

over A (by a sgtraightforvard modification of the proofs of Propositioms 1.7,1.8)
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(even) (-&)-symmetric
Explicitly, a (non-singular) (~-€)-quadratic

split (-g)-quadratic

S~formation over A

(Q,¢;F,6) (even) e~symmetric
Q,¥;F,G) determines a (non~singular) J e-quadratic linking form
(F,((; ),0)6) split £-quadratic

)
over (A,5) [ (M,2,p) by
(M,
At M= Q/F+6—>MN" § xr— (y.——>gv(x)(g))

(x,ycqQ, geG, s€S, sy - g€ F)

22 M= Q/F+6—a3M § Xr— (y»—-»-:-(v-ev‘)(x)(s))

Bt M= a/Fs ——q (4,5) ;5 3 2v-ev*) () (g) - ¥(5) ()
(x,y¢Q, geG, seS, sy~geF)

\: M = coker(p:G —F*) > ¥ x—— (> %5‘(x)(g))

r: N = coker(p:G6—F*) —— Qe(s-1A/A) Py -3:—9(5)(5)
8

(x,yeF*, gcG, 8€S, sy =_,15(~F‘) .

e-symmetric (K ~eq5(K))
An form over A is non-degenerate if

€-quadratic (x,peq (X))
5-1(}:,c<) €-gymnetric -1
-1 is a non-singular form over S 'A, that is if
s (K,p) E-quadratic
chomﬂ(K,K')

is an S~isomorphism.

(p+ep*)cHon, (K,K*)

0]
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even €-symmetric
We shell now describe the non-singuler linking
split e-quadratic

£9(a,s5,€)
(under the correspondence of
Lo(4,5,€)

forms over (A,S) representing O in

€-symmetric -

Proposition 13.4) in terms of non—degenerate§ forns over A.

€~-quadratic
e-gymnetric "
The boundary of a non-degemerate / even €-symmetric form over A
e—quadratic
(K,deQe(K)) even €-symmetric
(K,deim(1+TE:QE(K)—>QE(K))) is the non-singular { €-quadratiec )
(K,ESEQE(K)) split €-quadratic
linking form over (A,S)

9(K,2) = (3K,»)

2(K,) = (91{,).‘1)
9(K,p) = OK,),5)

defined by

XA ¢ 9K = coker(at:K——>K*) —>2K" ; [x]+—a ([y]r——»%x(Z))

P ¢ 2K = coker{at:K— K‘)-——-.QE(A,S) H [y]t—*%y(z)
v oK = coker(ﬂ:K—bx‘)—er(S—1A/A) i Y1y ';!3' F(z)(z)
(x,yeK*, z€K, 8¢S,ot(z) = sy €K*,ol = B+£4* in the €~quadratic case),
even (~€£)-symmetric
The boundary linking form corresponds to the boundary J (~€)-quadratic
split (-€)-quadratic

S-formation over A

(K0 = (H-E(K);K,V(K'q)) . V(K'u) = {(x,x(x))eKer® | nek} .
2(K,0) = (H_E(K);K,P(K'd)) ;
3, = (5, gpe) P00 -

(under the correspondence of Proposition 13.6). The boundary operation on
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K“/K — 4 3K = coker(x:K——>K*) .
non-degenerate forms over A is thus seen to be a special case of the boundary

The A-module isomorphism K”/K—»BK defines an isomorphism of non-singular
operation O: (forms) — > (formations) of §5. (The boundary operation

even E-symmetric
0 : (non-degenerate forms) —> (linking forms) can also be expressed in terms

e~quadratic linking forms over (A,S)
of the "dual lattice" construction familiar in the classical theory of quadratie

split E-quadratic -

forms, perticularly the case A = Z, § = Z-$0}, 8" A =4 .
¥R —— > 3K

e-symme tric (Q,0)
- ‘ %78, 1) —— > 3(E,)
A lattice of a non-singuler ( even E-symmetric form over S A ({(Q,p) is a :
i (x*/K, ) ,») ——» B(K,B) ).
e~quadratic @Q,v) | /R, : ds
- | g€-symme tric (Kat) S-metabolic
e-symmetric (Kye) ! A non-degenerate form over A is if
: e~quadratic (Xx,8) S~hyperbolic
non-degenerate { even E-symmetric form over A (! (K,«) defined on a f.g. projective

| s V(R p) metabdlic
€-quadratic (x,) ' 1t admits an S-lagrangian, or equivalently if is a

s~ (K,P ) hyperbolic
A-submodule K of Q, such that the inclusion K—>Q extends to an isomorphism

-1 e=-symnmetric -1 : -1
of non-singular forms over § A form over S~ A with a lagrangian isomorphiec to S 'L for some
-1 | e-quadratic
8 1(K'd) Q) i f.g. projective A-modyle L. 4
87 (Kym) —— (Q) : t (C,peQ (C,~€)) .
-1 | Proposition 13.7 Let be an S-acyclic 1-dimensional
s (Kl@) — (Q,V) - }[ (C,VEQ.l(C'-E))
A non-singular form over s (Q,9) 2dmits a lattice if and only if Q is i even (-€)-symmetric
-1 I Poincaré complex over A, with associated non-singular
isomorphic to S 'K for some f.g. projective A-module K. The dual lattice of | (~€)~quadratic
a lattice (K,«) in a non-singular form over s (Q,9) is the A-submodule ‘ even £-synmetric M) = (H1(C),(pg)
] -\ : . linking form over (A,S) .
K ={xeqlop(x) (R CASS < \ S‘split e~quadratic (M0, 00) = (51(c).(1+'.r_e)wg,vg(v)) .
|
i

(with ¢ = Y+EV*, s = B+EA* in the E-quadratic case). Define a non-singular (C,p) € LO(A,S,:-:)

1) The S-acyclic cobordism class depends only on the
even €~symmetric (KK/K,)) v %(C,\?)é Lo(A,8,€)
e~quadratic linking form over (A,S) (K*/K.)\,‘\) by 1,0\
isomorphism class of .
split E~quadratic (KE/K,),V) P z(ld,)‘,v)
3 A
A sk —— a0 5 b (i ) () (c,p) = 0eLO(A,S,E) (1,0
K’, ¥ 3. if and only if is isomorphic to the
p ot K/K—— Q.(4,8) ; [(x]r—— o(x)(x) (x,y€K) (c,¥) = 0eL(4,S,€) (4, ),)
Y K*/K——% QE(S-1/\/A) 3 (X1 —— ¥(x)(x) . d(K,x) S-metabolic e-synretric
. . boundary of an non-degenerate form over A
The A-module isomorphism 2(x,p) S-hyperbolic e-quadratic
o o)) (e %(K.«)
sends Kg}(‘\} to «(K)< K*, so there is induced an A-module isomorphism (K,8)
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even (-g)-symmetric

Proof: An S-acyclic 1-dimensional i Poincaré complex over A

(~£)~quadratic
(2R (C,~E)) 1°(a,s,)
represents O in if and only if it is homotopy
(c,veq,(C,-€)) LO(A,s,s)
3(p,9)
ejuivalent to the boundary of a connected S-acyclic 2~dimensional
(0,%)
even (~g)-symnetric (D,quz(D,-E))
complex over A with D a f.g. projective
(-€)-quadratic (D,§eQ,(D,-£))
A-nodule chain complex of the type
D: ...—-—»o-—»na-—d—.n.,-—"-vno-—»o-——, I

by the S~acyclic counterpart of Proposition 5.4 1ii). -
(€,0) = 0,q)
(c,v) =9(p,%)

Let be an S~acyclic boundary, as above. The associated

even e~-symmetric
linking form is the boundary
split €-quadratic
(n’(c),¢§ = B(K,0)
(1 (0), (a_O¥3 w309 = B(K,B)
E~symmetric

of the non-degenerate form over A
€-quadratic

(K,

q* +d d
(coker(( ) : p° ———yD1oD2) ' [10 71 ]GQE(K))
o €a* o0

q* d
(coker(( ): p® —»p'en,), [§° ]e Qe (K)
o o]

(x,p)
<
(. (4T )5
®.n 2
(which is obtained from by surgery on H(D)). loreover, the morphism
,%)
€-symretric
of forns over A
e-quadratic

2o~ -

[ 0} t (D,,0)—— (K,x)

(o]
: (D,,0)
1]

is the inclusion of an S-lagranglian in

» (K,p)

(k)
xp

(Ky) S-netabolic
be an non~degenerate

Conversely, let g_

(K,p) S~hyperbolic

€-symme tric
form over A, and let
€-quadratic ’
3 (L,0)——>(K,=)
j: (L,0)—— (K,?)

be the inclusion of an S~lagrangian. Define a connected S-acyclic

even (-£)-symmetric (D,qu (D, -E))
2-dimensional complex over A
(-g)-quadratic (D,£e2,(D, -e))
L
DO a* D1 da* DZ L 3 . K Jre L*
d ot
= 11 k/,:l///’/af z//////’ﬁ///’lja
L qj > Kt J. L.

X J‘(F*‘E".)" e

1 (o]
2 L __,‘__4___,
\ \ \ \ 0
ep*J
(P+ep*)d 3

D ——————sD -————~»D L > K*

for any Pe HomA(K,K‘) representing @(QE(K), and any ){GHOmA(L‘,L‘) such that
1*Bi = i E\‘é Hom, (L,1*) .

(K, ‘even £-symmetric
The boundary is the non-singular linking form
E(K.F) split €-quadratic

even (-€)-symmetric

associated to the boundary S-acyclic 1-dimensional
(-€) ~quadratic
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(C,p) = 3D,y
(c,¥v) =2(,%)
B(r,) = (1) 3
BE,B) = (K'(C), (142§ 3,v25) «
(Cy0) ,(CTy0")

It remains to show that if are S~acyclic 1-dimensional
(C,W),(C',V')

. [ 4
Poincare complex over A

even (-€)-symmetric
Poincaré complexes over A such that there exists an
(-£)-quadratic

' even E~-symmetric
isomorphism of the associated non-singular linkcing forms
split €-quadratic

over (4,S)

(B'(0) o) —— (' (") o)

(H7(0) , (1+7_¥3,v3(¥)) ——= (" (C*), (1+T_)vg® ,v3(v1))
then

(C,0) = (C',o") € 10a,5,8) !

(c,v)

(ct,vt) € LO(A,S.E) .
. (-€)-synme tric
Given such an isomorphism we have (hy Proposition 13.3) a
split (-€)-quadratic

homotopy equivalence

f: (Cpp) —>(C'yp")

£ : (c,v) » {(c*',¥v") , }
with :

7(0) = o' €a'(ct,-€) |

]

£,(v) = ¥ + 1(0) €Q,(C?,~¢)
for some 8¢ QE(C',-E) such that

50

n

0: H’(c')—»'ﬁo(zz;s'1A/A,e) .
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even (~€)-~synmetric
There is defined an S-acyclic 2-dimensional Poincaré
(-g)~quadratic
pair over A
((£ 1) 1 CoC' ——>C",(Sg,po-p" )€ Q2((£ 1) ,-E))
((£ 1) : CeC'~——C", (3¥,Vo-(v'+1(8)) € Q,((£ 1),-€))
so that
3(0,,,) = (C' o e 10a,s,e)

(c,¥) = (', v* +1(0))EL(A,5,€) .

We shall prove that (C',¥'+H(9)) = (C',V')GLLO(A,S,E) using the language of

S-formations {Proposition 13.6), as follows.

Given non-singular split (~£)=-quadratic S-formations over A

(F,((X) .e)G).(F.(( ‘),e')e) such that
¥ ®

o' - 8 € ker(s™"

1, (6)——q_(s"6))

we have to show that the non-singular split (-£)~quadratic formation over A
(F,((ﬁ),B)G)o(F,((KP) ,~8')G) is stably isomorphic to the boundary

UK,B) = (K,(( « )yP)K) of an S-hyperbolic non-degenerate e-quadratic form
. Q+€p

over A (K.FEQE(K)). Extend the inclusion of the lagrangian

- (fk) t (6,0)——>H__(F)

to an isomorphism of hyperbolic (~E)=quadratic forms over A

¥ X o 1 o 1
~ |+ BE_(6) = (Gea*, ))—~——>H_E(F) = (FeF*, )
P [ o o0

(using Proposition 1.5). Define a non-degenerate E~quadratic form over A

-8 0 ¥ -4\ ( 0 0 ey i
(K,‘&) = (GaF,( + j) e o E(GsF))
P oo PRt No  er-e AEEM R .

For some s5¢S there is defined a morphism of £-guadratic forms over A

0

s
which is the inclusion of an S-lagrangian so that (K,G) is S-hyperbolic.

) t (F,0) —(K,0) = (GoF,@)



_24}_

The isomorphism of non-singular split (-€)-quadratic formations over A

Y - —5{ 0 l"F“ 'P! 1 0
ST B T L A

b o p 1 0 1

’k 0 ",‘( 0 ‘ﬂl*ew Y -1

o] 6’ 0 o]
0 0 o ' 0 \\
)
o X’ -0 O }
(V] o] ] ]
: Y(GeF, ?)9(6‘01” GeF) ——(F, ((X} 8)G)e(F, (( " ).e')G)e(F’oF_’,FoF)

defines a stable isomorphism
[a,b,c] : 2(K, P) —>(F, (() B)G)e(F ((3) e')a) .
It follows that the S~acyclic 1-dimensional (-t—:)-qnadratic Poincare conplexes
over A (c,v),(C,¥') associated to (F ((Y> 8)a),(F, ((Y).B')G) are S-acyclic
cobordant }A
(c,¥) = (C,¥") EL(A,S5,€) .

0l

—2hli-

€-symmetric
A sublagrangien of a non-singular /] €-quadratic linking

split €e-quadratic

M)
form over (A,S) (M,\,p) is a submodule L of M such that -
(M)
i) L end M/L are h.d., 1 S-torsion A-modules .

E-gymmetrie
11) the inclusion,jeﬂomA(L,H) defines a morphism of /J €-quadratic
split e-quadrati
linking forms over (A,S) )
3 (1,00 —— (M)
3t (1,0,0—— () )
3+ (1,0,0)—— (11,\ )
111) the A-module morphism
[N : W/L——s L* ; [x] —— (y—— X (x)(¥))
is onto.
The annihilator of a sublagrangian L is the submodule
IA = ker () :M ——— L™ ; x—— (y—Nx) (7))
of M, such that LSIA and IA,IA/L are h.d,1 S-torsion A-modules with
1t/L = ker([)\] : /L——>1") ,
A lagrangien is a sublagrangian L such that [)‘]eﬂomA(H/L,L'\) is
an isomorphism, that is
+t=5L .
(even) e-symmetric (even) metabolic

A non-singular linking form is

(split) e-quadratic (split) hyperbolic

if it admits a lagrangian.
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Proposition 1§.& i) Given a sublagrangian L of a non-singular

(even) £-symmetric (=,
e~quadratic linking form over (A,S) / (M,),p) there is defined a
split €-quadratic . (1,)\,v)
(even) c-symmetric (L2/L, )40 )
non-singular 1 €-quadratic linking form over (A,S) (L#/L,)l/x,p|)
split €-quadratic (L2/L, A ,0])
) e(14/L,~2%/)) (even) metaholic
such that (H,),p)e(Lﬁ/L,-)*/x,-p') is /J hyperbolic , with lagrangian
Q1,2 ) e(IA/L, =22/ ,-p|) split hyperbolic

A= { (x,[x))e l‘—‘ieL‘/leeIr'-} .

(even) e€-~symmetric
ii1) A non-singular linking form over (A,S) is

(eplit) e-quadratic

(even) metabolic {(~£)~symmetric
if and only if the associated
(eplit) hyperbolic (split) (-e)~-quadratic
(even) (-€)-~symmetric
homotopy equivalence class of S-acyclic 1-dimensional
(~£)-quadratic

(C,eeq'(c,-£))

Poincaré complexes over A contains the boundary o
(C,V¢Q1(G,-E))

f an

(even) (-€)-symmetric
S-acyclic 2~dimensional
(~€)~quadratic

Poincaré pair over A

z(fzc-———>D,(5$,w)‘ Qz(f;'e))

with HZ(D) =0,
(£:¢— D,(§v,¥) € ,(£,~€))

—2l6- .

| (£:6 — D, (§9,9) € Q2(£,-€))

Proof: ii) ILet be an S-acyclic 2-dimensional
(f:C—- D,(8¥v,¥) e Qz(f,-e))

%feven) (-€)-symmetric

Poincaré pair over A such that H,(D) = 0.
(~e)-quadratic

(even) e-symmetric
linking form over (A,S)

The non-singular
split €-quadratic

1
(1'(0) o5 (c,pea’(c,~€))
associated to the boundary

1 s 0 i
(B7(C) , (1+1_ )V, v (V) (c,veq, (C,-€))

(even) metabolic .
y with lagrangian
split hyperbolic
L = in(£*:H (D)—>®(C)) SR (C) .
The correspondence of Proposition 13.4 associates to a metabolic

s

(even) €-symmetric linking form over (A,S) (M,)) with lagrangian L a
map of S-mcyclic 1-dimensional (even) (-g£)-symmetric complexes over A
f: (Cyp) ——(D,0) ,

with f:C~—D a chain nmap of f.g. projective A-module chain complexes

c: .-.-—aO——rC1——rd Cu—>0 —> ...

fl fl lf
D: eee—r0 ———>D1 -ji>no-——+ O —>.en
resolving
f* = inclusion : E1(D) =L ———a~>H1(C) =M .

From the exact sequence of Iroposition 5.1 we have

pe ker(£:7(C,~€) —> @' (,-€)) = in(2:9%(£,-€) —a'(Cc,~)) ,
go that there exists an S-acyclic 2-dimensional (even) (~-€)-symmetric
Poincaré pair over A (f:C~———+D,(5¢,¢)EQ2(f,—E)) such that HZ(D) =0,
with boundary (C,p). Thus a non-singular (even) €-symmetric linking form

over (A,8) (M,)\) is metabolic if and only if any associated S8-acyclic

1-dinensional (-€£)-symmetric Poincaré complex over A (C,e) is such a

boundary.
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hyperbolic
The correspondence of Proposition 13,4 associates to a

split hyperbolic

j e~-quadratic (0: 89 WV

(M, ,v)

linking form over (A,S) with lagranglan L a

2$plit €-juadratic
(-£)~quadratic
map of S-acyclic 1-dimensional (-€)-quadretic complexes
split (~€)-quadratic
over A
f : (C,¥)—> (D,0)
with f:C——D exactly as in the €-symretric case above. It is possible to

choose resolutions such that f¢ HomA(CO'DO) is an isomorphism. (Explicitly,

given a f.g. projective A-module resolution for M*

'

0—¢,—Lscy—rH —>0
write the dual resolution of (M) = Il as
0—ac® ¢l Cn— 5o .
Define a f.g. projective A-module
p=eMucct
vrite g eHomA(P,C1) for the inclusion, and let he’HomA(Co,PO be the restriction
of d* = ghElkmmﬂCo,c1). The S~acyclic 1~dimensional f.g. projective A-module

chain complex

D ...—~—r0—>D1—i~;Do——>0-—? cee

defined by

is a resolution of I

0—->D1——d—>DO-——»L"—-0 .

The A~module chain map f:C——D defined by
C: sie—>0 —» C1-—g——+co~——+ [
fl f:g’l 1?:1
D: ...—~ 0 ~——bD1 ——:;—vDO<~—4 0O—r ...

is a rezolution of

l
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1
f* = inclusion : H1(D) =L——H(C) =N
with T¢ HomA(Co,Do) an isomorphism). By the definition of}

nap we have that
14(v) = H(e)€ Q,(D,~€)
for some Tate Z?-hypercohonology class BC:QZ(D,-E) such that
a A
$,00) = 0 31(D)——-—->HO(Z2;A,E)

A O

o: B'(0) —— (7,57 'a/m,0) .

(-€)-quadratic

split (~€)-quadratic

A
The classes V€ Q1(C,-E), ee;QZ(D,-E) are represented on the chain level by

A-module morphisms

N A A A A
8yt D'—>D, , 8_y:0°—>D, , F_ 20" —>D 6,
such that
avy + ¥at + vy +evs =0, 30, + 8 3% +6_, + €02, =0

(o}

. e
:t D Do

A

-~ -~ - ~ ~ - . -
8y — €03 =0 ,d0,=-0_, + 59:1 =0, 04*+6_, -0, =0,
T = perd *« .8 T ~. =
v ft =6, o, VI =0 4, TV, £* =6, .

Yu class
linking

The vanishing of the (~€)-hyperjuadratic

41(9) =0: END) ———rﬁo(zz;A.E) i x— 8(x)(x)

3?(9) =0

5'(p) —#' (EZ;S-1A/A,E) iox —L (e_,
58

+3;135)(y)(y)

(xeD1, yGDO, s€S, EX = E'y&;D1)

implies that there exists)e HomA(D1,D1) such that

8y = A+ e"e :L|:1(1+TE:QE(D1) ——»QE(D1))

Ty, + ¥anie - E'y\'&" exer(s™? :q, @% —» 8¢~ %) .

A
Define e'eQZ(C,—E) by
I I ey ¥ a*) : c©
8, = f ‘dxd*f* -(V1+\|lod) : ¢ ——Cg

-2
2-r+8

el =0:¢C —c_ (s7 ) I
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and let . .
S-isomorphism classes of non-degenerate even £~symmetric forms over A.
V' = ¥ + H(o') e Q1(c,-e) .
(An S-isomorphism of the e€-symmetrizations
Then
£ (E,p+ep®) —— (XK', 8'+ep'*)
Ty lv) = 0eQ,(D,-€) . )
defines an S-isomorphism of non-degenerate £-quadratic forms over A
and
) ; 0 £ (K,p) —— (K',p")
v, (8') =0 H(C)——>H(Z, 3A,8)
; 1 1 2 4 since
v.(8') =0: H(C)——> H ' (%.,;S A/A,E) . -1
1 ' ’ - _ A - A - _ -1
5 (fg'r - p) = s(f*p's £) SE(I*p'f - £)* = 0€Q.(s7'K)) .
(=£)-quadratic )
We thus have a homotopy equivalence of S-acyelic €-gymme tric

split (-£)-quadratic An S-ejuivalence of S-isomorphisms of non-degenerate
: . €-quadratic
1-dimensional (-€)=quadratic Poincaré complexes over A
forms over A
. ' -
1: (¢, ¥)——(C,v") (g.6") ¢ (£:(K,x)—> (K!,at)) —> (;’:(k";) _— (El '?.'v))
with (C,¥') the boundary of an S-acyclic 2-dimensional (-€)-quadratic Poincaré

(518" & (£:(K,p) — (K' p*))— (F:(K,F)——= (®",i")
pair over A (f:c-*—*D,(S‘V',V')GQZ(f,-t-:)). is defined by S-isomorphiems

0 g (Kpt) —— (K &) , g ¢ (K',a')-——*’('i",;')
Next, we relate the (sub)lagranglans of the boundary of:;a % g : (K,(;)-——»(i,‘.;') . &'t (K',pT) SE—— - 'F')
non-degenerate form over A to morphisms of non~degenerate forms over A such that geHomA(K,ﬁ), g’ eHomA(K',f’:') are isomorphisms and such that the

vhich become isomorphisms over S-1A.

diagram
e-symmetric K —2L gt
.An S-isonorphism of non-degenerate forms over A

€~quadratic gl lgv

£ 1 (RA)—— (K',a") FE_—f L &

£ (K,p)—(K',p") commutes.

is an A-module S-isomorphisn fﬁHomA(K,K') such that (even) e-symmetric (1,))
-1 .€ €ra=1 A non-singular linking form over (A,S)
‘f‘-.s('f - eker(s” :q (K)—>2°(s” K)) = 0 (split) £-gquadratic Q4,5 P

)f"i}'f -pc ker(S-1:Q€(l()—-—’ QE(S—1K)) (# 0, in general) . (even) metabolic

“1. ., =1 -1 is ptably if there exists an isomorphism
S f£:8 (Kx)——>8 (K',«") (split) hyperbolic
Then 1

s~

-1 ) -1 is an isomorphism of non-singular
T:8 (Kp)——5" (K',p") £ (M) el ,0) —— (K" 1o")

-1 1 £ s (M,\,ln)e(n,w,v)—% (N, ,¥")
forms over S 'A, Note that if 1/2€S A the S-isomorphisnm
g-quadratic (even) metabolic (N,0) ,(H' o)

for some linking forms
classes of non~degenerate £-quadratic forms over A coincide with the (split) hyperbolic

a e-symne tric

(H"F W) (1 T AAD )
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even €~symmetric ()
even €-symnetric
ii) A non-singular } e-quadratic linking form over (A,S) (H )
Proposition 13.9. i) The sublagranglans L of the boundary /{ €~quadratic
split €~quadratic (M, %)

{ sp1it €~quadratic
even metabolic

"

Q(K,d) (M) E-symme tric
is stably [ hyperbolic if and only if it is isomorphic to the u

linking form over (A,S) 0 (Kya)

it

(H,),P) of & non-degenerate ! even E~symmetric
split hyperbolic
(K, p) = (B,\ ) €~quadratic
?(K,) S-metabolic e-symmetric
(X,4€Q%(K))
boundary 9(X,o) of an ) S-metabolic non-degenerate even €-symmetric
form over & 4 (K,ae :Lm(1+Te:Q€(K)——)Q€(K))) are in a natural one-one
] K, P ) S-hyperbolic €~quadratic
(x,peq_(K))
'BE], (K,
correspondence with the S-equivalence classes of S~isomorphisms of - -
form over A ) (K,a).

€~symme tric
(k)
non~degenerate even e~symmetric forms over A
(even) €-gymmetric
e~quadratic Proof: i) Given an S-isomorphism of non~degenerate '
' €~quadratic
£t (K,) —> (K',a*)
forms over A
1 (Kyot) — (K',0t') .
f: (Ke) —> (K", %)
£ (kp)——> (x',p") ,
£ 1 (K ——> (K", B")
with even €-symmetric (€-quadratie) -
define a sublagrangian L for the boundary
(LL/LAY/3) = a(l(',u') split €-quadratic
L = coker(f:K —>K') , (L‘"/L.)“'/) v|"|) = B(K‘ ") ( Q(KP()
_ 1inking form over (A,S) by the resolution
Lt/ 22/n ) = 3(K*,BY) . 2(x,p)
(r*, o) 0—sr L skt ——>L—>0
Lagrangians L correspond to S-isomorphisme with { (K',o') non-singular. 1l £ooct l

(K',p') 0—>K-——?——) e sH-—0,
with o= @+ E{J’eHomA(K,K*), ! = g.' + Qe HomA(K',K") in the E~quadratic

case. An S-equivalence of S-isomorphisms of non-degenerate
(even) €-symmetric
forms over A

€-quadratic
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(506") * (£1(K)— (K' ")) — (F2(K &) —— (X7, 3))
{(g.s-) t (£(K,p) ——> (K1,61)) —— (F:(E,f) — (X' ,£")
even £-syrnetric (e-quadratic)
induces an lsonorphism of linking forms
split E-quadratic
over (4,S)
h ot D(Kyx) — (K, X)
h o2 3 (K,p) —> A(K,P)
such that
ML =Lch,

where héHomA(H,?»i:) is the isomorphism with resolution
L-3

o—+x_§£?i»r:°___>ra_—>o )
oz 1= b
S5 3 N A S
€-symme tric
Conversely, suppose given a non-degenerate even €~gymmetric form
€-quadratic
(K, o(K,x)
over A } (X,») and a sublagrangian L of the boundary {9(K,%) . Define an
(x,b) %(x,p)

" even {~E)-symmetric

S-acyclic 1-dirensional (-g)~quadratic Poincare complex over A
{-€)-quadratic
\ (C,¢5Q1 (c,-£)) even E-symmetric
(c ,VLQ.I (c ,~E)) with associated non-singular €-quadratic linking
(C,Wl’:Q,I(C,-E)) split €-~quadratic

25k

D(K,x)
form over (A,S) § 3(K,x) by
a(K,p)
[e
a = ot tC=K——>Cy=K, C =0(r#0,1)
peep*
0
1:6 =K——Cy =K 1
0o = . 19 =0:C =K—>scC, =K
€ :C = K*—C, =K
11:c9=x—>c1_x . o
V. = WV, =2 -8 C =K—3C. =K
O lo:c'- K ——Cy =k P °

for anyFGHomA(K,K‘) such that p
let e GHomA(K‘,H) be the natural projection
coker(of: K ——»K*)
e t K* — 3H = { coker(«:K ——K*)
coker((,«rsp‘:K—-———K‘) ,
define a f.g. projective A~module
Kt = " (L)CR*
and define also A-module morphisms
|
=)o
§ el

g = inclusion : K' —>KkK* ,

t K —K!

The A-module chain map h:C——>D defined by
Ct ape—r0—>K—2sKt—sr 0 —> ...
f.
D: sue—>0—>K'"*" —,X*—3 0 —> ...

(with. =P +€(\‘c~ HomA(K,K‘) in the £€-quadratic case) is a resolution of

h, = (inclusion)” : HyC) = H°— B,(p) = 1"
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even e-symmetriec
The morphism of { €-quadratic linking forms over (A,S) defined by the
split e-guadratic
inclusion
(L,0) ——— K,
(1,0,0) ———3(K,x)
(r,0,0) ———(K,pP)
€-symme tric
is associated (by Proposition 13.4) to an)] £-quadratic map
split €~quadratic
h : (C,9) ——(D,0)
h s (¢,¥) — (D,0)
h : (C,¥) —— (D,0) ,
with
Ry (¥)
for some 8¢ QZ(D,-E) such that

n

H(e) Q1(D,-s)

Y40 = 0: B' (D)) —— ﬁo(zz;A.s)

#0) = 0 1@ — {N(zi57wm,0) .
Working exactly as in the proof of Proposition 13.8 it is possible to
replace V€Q1(C,-s) by v+H(e') e Q1(C,—s) for some 8'€ QZ(C,—E) such that
¥,08")

¥een

[
y to ensure that
0

b%(v) = 0€Q,(R,~€) .

1

h%((p) 0 €Q1(D,-e)
It follows from h%(V) = ()€Q1(D,-E) that there exists a connected S~acyclic
h%(w) = 0€Q1(D,-—5)
even (~£)-symmetric (h:C-————»D.(Sw,m)tqz(h,—s))
2~dimensional |/ (-g)-quadratic pair over A i (n:c *&D,(SV,V)C Qz(h.—(-:) ).

(-€)-quadratic (h:c ——D,(§¥,¥)eq,(n,~€))
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g-synrmetric (X' ")

Define a non-degenerate { even €-symmetric form over A {(K',xu') by

e-quadratic (x', ")
1 - = *
o = -Se8
o' = -($VO+E$VB)‘ s D1 = K'»~—————-»-D1 = K's ,
e f = - SVB

The S-isomorphism of non-degenerate forms
£t (Kp) — (k')
£ 1 (Ko) ——— (' ,a')

f

ve

(x,p) ——— (", ")
D(K,)
determines the sublagrangian L of 4 2(K,o0).
0(K,p)
i1) We need & preliminary result.
e=symnetric
Lenma Given an S-isomorphism of non-degenerate even E~symmetric forms over A
e-quadratic
£ (Ket) ——— (K' ")
£ : (K,0) — (K',*')
£ (Kp) — x',g"
even £-symmetric
there is defined a lagrangian L for the boundary €-quadratic
aplit e-quadratic
(K,a)edHK' ,-at)
linking form over (A,S) ] 0(K,x)ed(K',~«').
2 (X, ed (K" ,-2")
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(even) e~symmetric
Proof: The S-isomorphism of non-degemerate

€-quadratic

o' 0 (o] 1
t (K,)0(K',~a') ——— (K'*eK', )
f* 1 € —u'

(§'+€F'.). o ‘0 1
: (K.P)O(K'.—ﬁ')———-)(!("ox'. ( )
- f* 1 0 -P'

(K, o) e XK' ,—ok')
has a lagreangian by i).

K, P oK' ,—")

has non-singular range, so that

0
(R) S-metabolic (even) e-symmetric
et be an non-degenerate
(K,p) S~hyperbolic €-quadratic
form over A, and let je;HomA(L,K) be the inclusion of an S~lagrangian L.
3*= €Hom, (K,L*) -1
As becomes onto over S A there exist kEBomA(L‘,K),sL—S
j‘($+e§‘)€.ﬂomA(K,L‘)
» such that

J%k = &€ Hom, (L*,1¢)
j‘(€+6$‘)k = a eﬂoqA(L‘,L‘) .

Applying the Lemma to the S—-isomorphism of non-degenerate forms

(3 K) : (X',o")

(o] 8
(Lor*, | _ >) — ()
€s  k*k

(31 ¢ (K',p")

(o] 8
(LolL*, ( \))———’(K.@)
0 k*Bk

(K,x)ed(K' ,~ot') (hyperbolic) even metabolic
we have that is a linking
(K, R eAK’,- ') split hyperbolic

form over (A,S). Furthermore, there is defined an S-isomorphism of

non-degenerate forms

'S 0 0 1
( ) s (K',u')~~—————7(1aL‘,( )
4] [ k*k

1
s o o} 1

( s (K'yfgl) — (Lel*, ( ))
(o] 1 0 k*8k

forms over A
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.(K',u') (hyperbolic) even metabolie
with non-singular range, so that is by i).
(K',F') split hyperbolic

(K,x) (hyperbolic) even metabolic
We have shown that is stably

(K.@) split hyperbolic

even metabolic
It remains to prove the converse, that:a stably hyperbolice
split hyperbolic
S-metabolic
linking form over (A,S) is isomorphic to the boundary of an even S~-metabolic
S-hypgrbolic

non-degenerate form over A.

(M,0\) even E-symmetric
be a non-singular linkdng form over (A,S).
(1,),w) split e€-quadratic

even (-g)-symmetric
By Proposition 13.k4 there exists an S-acyclic 1-dimensional

(-€)-quadratic
(¢ 92’ (c,-€))
Poincare complex over A such that
(c,veq, (c,-€))
(5'(0) o) = ()
(5(0),(1+T_)v5 w39 = (Mx ) .

(c,9) € 1%4,8,¢)

The S-acyclic cobordism class depends only on the isomorphism

(C,V)eLo(A.S,e)
(1,3 LN
class of (Proposition 13.7 1)), vanishing if is
(1,x, 0 (M, ,»)
even metabolic (c,) = 0€1%a,5,e)
(Proposition 13.8 1i)). It follows that
split hyperbolic (c,v) = OG:LO(A,S,E)
(1, ) even metabolic (m,\)
if is stably s and hence that is isomorphic
(M, ,0) split hyperbolic (4, 2,0)



-259-
MK,) S-metabolic €-symme tric
to the boundary of an non-degenerate form
a(K,F) S~hyperbolic €-quadratic
(K,=t)
over A (Froposition 13.7 1i)). It may be similarly verified that if
(K,(&)

(1,\) is the g¢-symmetrization of a stably hyperbolic €-quadratiec linking form
over (A,S) (H,X,P) then it is possible to find an S-metabolic non-degenerate
e-symmetric form over (K,x) which is even and such that (M,x,p) is isomorphic

to the boundary 9(K,o).
0]

E-symmetric

even E-symmetric
Define the Witt group of linking forms over (A,S)

E-gquadratic

split €-guadratic

15(a,5)
€
L{vy> (4,8)
to be the abelisn group of stable isomorphism classes of
L (A,S)
3
~
LE(A,S)
E-synmetric
even E~symmetric
non-singular linking forms over (A,S), the stability being

E-quadratic
split e~quadratic
metabolic
even metabolie
with respect to the
hyperbolic
split hrperbolic

sum e, and inverses are given by

linking forms. Addition is by the direct
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(H'A) =

(H,)) =

(Myh,p)
= (M,

since the diagonal O = L(x,x)eueﬁlxeﬁs is & lagrangian of

(1,~») & 1f(a,s)
(1,-N) € L pEn,s)
= (Hy-\,-p) € L(4,5)

= (,-),-») € I .(a,5) ,

(1,2 e(1,-3)
(M, M) e(M,=N)
(M, %, P e, =), ~p)

(5, ) e (21,=-2,~»)

(Proposition 13,8 i)). There are defined forgetful maps

Ly 288, 8)——=15(A,8) 5 (M) > (1,\)

L(4,8) —— L&) ®(A,8) 5 (A,p) ——> (1,0

iE(A,s)___-yLE(A,s) i MM (MM p= p) .

(even) e-symmetric
A non-singular
e-quadratic

[Ql€s = im(l’{vo(A) ——H?o(s"ll\)) is isomorphic to%

(even) e-symmetric
non-degenerate
€-quadratic

-1 (249)
form over S A such that
Qv
-1 -
5 (Kp0)
for some

5"1(1{,&)
(K0

form over A « It follows from
(x,$)

Proposition 13,9 ii) that the boundery operation

“d ¢ (non-degenerate forms

over A) —— (linking forms over (A,S))

can be used to define abelian group morphisns

7
[

167 M) —— Ly t(A,8) 5 s~ (k&) — (K,

KVOSE(SFAIA)'-_*LE(A'S) H 5-1(K,°’~)-——7'9(K,'.x)

3 18T T (,8) 5 8T —— AKP) .

There is also defined a morphism

2 6T ——15(a,9) s O AKX

namely the composite

Era=1 2 E €
(87N — L (A,S) —— L°(A,8) .
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The correspondence of Proposition 13,6 associates to a non-singular

\ (even) e~-symmetric (1))
linking form over (A,S) a stable isomorphism
ze—quadratic (M,
(even) (-£)-symmetric (Q,0;F,G)
class of non-singular formations over A R
(-£)-quadratic (Q,v;F,G)

and it follows from Proposition 13.9 ii) that there &re defined abelian group
norphisms
1°(8,8) —— K (a) 3 C(1,N —— (Q,4;F,6)
Ly (A,8) —— Mz D E(A) 5 (,N) ——>(Q,iF,Q)
L (A,8)—— M_(A) ;5 (,\, )07 (q,¥;F,C) .
There is also defined an abelian group morphism
T (8,8)—— M_(A) 5 (1,3,2) ——>(Q,¥;F,G) ,
nanely the composite
T (8,8) —> I (A,8) —=>¥_(a) .
12%(a,s,€)
Define abelian groups (k:g-1) by
sz(A,s,e)
L, (A,5,8) = L2k+21(A,S.(-)i€) (k+1;o)
(extending the periodicity of Proposition 13.1 ii))

172(a,5,€)

L_E(A,S)

1%%(a,s,€) L, (4,5,€) (kg-2) .
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Pronosition13.,10 i) The localization exact sequence of algebraic Poincaré
cobordism groups
1258, (=) Fe) —— 12557, () o) —— 12,5, (=) e
—— 1 s 12 T, %
k

S o
18 naturally isomorphic for Jk = -1 to a localization exact sequence of
k& =2
Witt groups
IF () — 1557 a)—— Ly D B(A,8) —> Méx > “F(A) — Mée 5 2E(s )
S . d> ' C? (?S
€ €, .=1 -1
L(v(} (A)——L(vo)s(s A)——»LE(A,S)~—->H_E(A)—*HEE(S A)

L. (A) — Li(s"'.q)—»fE(A,s) — 1_ (a) ——,lf_c(s'1A) .

1i) There are defined natural abelian group morphisms
1f(a,5) —12%(a,5,(-)%) (k21
(A,ﬁ) is O-dimensional kz1

A aq -1 ~0 then for
ker(5:H (zz;s A/AE)—>H (Z,;A,E)) = O k=1

for all A,S,c. If?
these are isomorphisms, and (‘)Zk is naturally isomorphic to a localizatiom
engt sequence of Witt groups
27L€(A)—-——r L§(s"1A) ——>15(a,5) —>¥"E(R) -—>M;€(S-1A) g™
12(a,~€) —--ng(s”A,-e) —>1%a,8) —> N E(A) — mge(s"'A) .

iii) For all A,S,e the forgetful map of Witt groups

’fe(A,s)——»LE(A,s) i (A 0) /> (MM | = p))
is onto, and there are natural identifications
coker(a:Lg(S_1A)————+i;(A,S)) = coker(E:L(_vc;‘g(s""lA)-———-> L .(4,5))
= ker(i_ () — 15 (s710)) .
If (A+8) is O‘dimensional
ker(L¥(A,8) — >N E(A)) = ker(L\'vo)e(A,S)——» nqov"*:(A))

= eoxcer(Le(A)—»Lg(s‘1A)) .
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3
sn(f0z,587a/m, 02— 11 (Z0,e0) = 0
£0 . Y ~1 : .
If } H (ZE,A,E)—»H (Zz;& A,€) is an isomorphism the forgetful map identifies
. A“ - A -
in(H (Z,;8 1A,E)-———-»-H1(Zz;s 1A/A,e)): 0

( vy ©(a,5) = L¥(4,S5)

L(8,8) = L&vg ©(4,8)

I.(a,8) = 1.(a,5) .
In particular, if 1/2€5 A

LE(A,S) = LE(A,S) .

and if 1/2€ A then

n

~ ) € €
L (a,8) = L_(A,8) = Li{v> (A,8) = L°(a,5) .

even (~g)-syrmetric L,
Froof: 1) An S-acyclic 1-dirensional Poincare complex
(-€)-quadratic

(C,pea’(C,-€)) 1%a,s,6)
over A represents O in if and only if the assoclated
(C,V€Q1(C,'E)) LO(A'S’E)
even E-symmetric (H1(C),¢g)
non~singular linking forn over (A,S) 1 s o
split e-quadratic (H(C),(1+T_ )V ,vg(¥))
L{vy ©(4,8)
represents O in (by Propositions 13.7 1i), 43,9 11)). It follows
Le(A,S)

that the correspondence of Proposition 13,4 defines abelian group isomorphisns
100,8,8)—— L& (a,8) 5 (Cop) e (@1(C) 405
Lo(8,8,6) —— T _(A,8) i (C,¥)—> (8(0),(1+7_)v3,vOw)) .
The exactness of the Witt groun sequences
L (h) — L§(s'1A) —LL(VO)E(A,S) ___>M<v0>'€(p.) —7H<v0);€(s-1A)
L) — 157 25 T .(a,8) —> m__(0)—> 15 (s7Tn)
ray now be deduced from the exactness of (')0 and (‘)_br (Proposition 13.1 1)),
or else may be established directly using Provosition 13,9 ii). The direct

method applies also to the exaciness of (‘)_2

Lévg S(A) — Lév dgts™'n) 2., L (A,8) —=H_ (8) —> 15 (sT'h) .
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ii) Define abelian group morphisms

15(a,8)— 12%(,5,(-) %) 5 (,M)r——>5%C,)  (k31)
by sending a non-singular E-symmetric linking form over (A,S) (i,)) to
the k~fold skew—suspensioh of an S-acyclic 1-dimensional (~€£)-symmetric
Poincare complex over A (C,¢QQ1(C,-E)) such that

') 99 = BN,

as given by Proposition 13.4. The S~acyclic cobordism class .
Ek(c,¢)€,L2k(A,S,(-)kE) depends only on the isomorphism class of (M,)\)
(which may be proved exactly as in Proposition.13.7 1)), and vanishes if
(H,X) is stably metabolic (Proposition 13.81i)), so that the morphisms

.(A,S) is 0-dimensional

are well-defined. If % £ a1 -1 ~0 then by
ker(s:H (Z,;5" 'A/A,€)—> K (Z,34,6)) = 0
13.2. .
Proposition there are natural identifications
. 13.31).
LZk(A,S,(-)kE) = (5-acyclic cobordism group of S-acyclic 1-dimensional
k31
(-€)-symmetric Poincaré complexes over A) ( )

k=1 ,

s0 that the morphisms are onto. Horeover, if (H,x)eker(Le(A,S)—-—;IF(A.S,-e))
then (C,p) is homotopy equivalent to the boundary ©(D,n) of a connected
S-acyclic 2-dimensional (-€)-symmetric complex over A (D,‘EQZ(D,—E)), and
the proof of Proposition 13.9 ii) generalizes to show that (M,)\) is
stably metabolic, so that the morphisms are also one-one, and hence isomorphismn
4i1) Inmmediate from i), 1i) and Proposition 13.5 ii).

0
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{even) €-symmetric (M,\;F,G)
An linking formation over (A,S)
e~quadratic : (M, p3F,B)
(even) €-symmetric (i1,))
is a non-singular 1linking form over (4,S) together
€~quadratic (M,> ,p)

with a lagrangian F and a sublagrangian G. The linking formation is mon~singular
if G is a lagrangian.

(even) E-symmetric

An jsomorphism of linking formations over (A,S)

€-quadratic
£ (M,NF,G) —— (M, A5F,GY)
£ 2 (U)W F,8) —— (M A7, F!,G") -

(even) €-symmetric

is an isomorphism of{' linking forms over (A,S)

€-quadratic
£z (M) — (u* \')

£ (M0 —— (1,0 )

“such that

£f](r) = ¥ , £(G) = G' .

(even) e-symmetric

A sublagrangian of an %

€-quadratic
(1,2 F,0) (4, N)
is a sublagrangian H of such that
(H,),p3F,6) 1,5,

3) HC G, with G/H an h.d.1 S~torsion A-module
11) FpE =§0}, M= F + B .

(even) e-symmetric

An elemsntary equivalence of 1inking formations

£-quadratic
over (A,S) is the transformation
(M) 3F,8) —— (M N'5F',GY)

(M, 5 13 F, Q) 1———> (M N' WI5F° ,G")

linking formation over (A,S)
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(M,);F,G)
determined by & sublagrangian H of s with
1, ,p3¥,6)
(H' A" FY,GY) = (HY/H,\%/);Fn HL,G/H)
(M' N0 5F,6Y) = (HE/H,\4/x,p|5F nH2,G/H)
(where FpH* stands for the image of the injection FnH* —HI/H; x+——>[x]),
Note that there are natural identifications of S~torsion A-modules
F'nG' = FnG , M'/F4G' = M/F+G , G'L/G' = G/G
- in general, only G*/G is h.d.1. Elementary equivalences and isomorphisms
(even) e-synmetric
generate an equivalence relation on the set of linking

E~quadratic

formations over (A,S), which we shall call stable equivalence.

In Proposition 13.12 below we shall identify the stable equivalence classes
of (non-singular, resp. even) E-symmetric linking formations over (A,S)
with the homotopy equivelence classes of tonmected S-acyclic 2~dimensional
(Poincaré, resp. even) (-£)-symmetric compleres over A.

Given an h.d,1 S~torsion A-module I define the

metabolic E~symmeilric

hyperbolic €-quadratic linking form over (A,S) on L to be the

hyperbolic svlit e€-gquadratic

even £-symnetric
non-singular e~quadratic liniding form over (A,S)
split €-quadratic

(L) = (zen’,))

Ho (L) = (LeL' 2
ﬁE(L) = (LeL*,\,»)

with
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Nt IeL x Lol —» 8T A/A § ((x,0) ,(x",£")) —— £(x") + €T7(xT

p: Lel” QE(A,S) 3 (x,f) —— £(x) + €T ()

¥i Lol —r g (8TMA) ;i (x,0) e~ £(0)

for which both L and I are lagranglans.

A split €-guadratic linking formatiom over (A,S) (F,G) = (F,( E),B)G)
is an e-quadratic linking formation over (A,S) (EE(F);F,G), where (z)!G’*L7FOFA
is the inclusion, together with a function 8:G6—— Q_E(A,S) such tﬁat
(G, petion, (G,6%),8) is a (~€)-quadratic linking form over (A,S).

(It can be shown that every e-quadratic linking formation over (A,S) is stably
equivalent to one of the type (HE(F);F,G), and that (HE(F);F.G) supports a
split €-quadratic linking formetion over (A,S) (F,G) if and only if G is a
sublagrangian of the hyperbolic split €-quadratic linkding fornm ﬁc(F).)

In Proposition 13,12 we shall identify the homofopy equivalence classes of
S-acyclic 2-dimensional (~€)-quadratic couplexes over A with appropriate
equivalence classes of split €~quadratic linking formations over (A,S).

A split €-quadratic linking formation over (A,8) (F,G) is
non-singular if G is a lagrangian of EE(F), that is 1f the sequence of
h.d,1 S-torsion A-modules

(D AEE

0 —> G —— FoF" —— g*

— 0
is exact.
An isomorphism of split e-quadratic linking formations over (A,S)
(%,B,0,¥) ¢ (F,G) ———(F',G")
is a quadruple
(v € Ttom, (F,F') , B€ Hom, (6,6') ,p€ HomA(F“,F) JVIFY — Q_(1,8))
such that ot and @ are isomorphisms, (F*,¢,¥) is & (~£)-quadratic linking

form over (A,S), and
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i) rx'\-1'.A = r\'g,eﬂomA(G,F' )
11) XY+ p= 3'5\€HomA(G,F')
iii) o + Yp=0'p : G ——>Q_€(A,s)
(The A-module isomorphism
f =(°‘ *® _1> : FoF™ ——» F'eF*" )
0o ot

defines an isomorphism of the underlying €-quadratic linking formations over (A,S)
£ 3 (H_(F);F,G) —— (B (F*);F",6") ,
as well as an isonorphism of hyperbolic split €-quadratic linking forms over (A,5)
£ B (R ——F D . -
Conversely, given split €-quadratic linking formations over (A,S) (F,G),(F!',G')
and an isomorphism of hyperbolic split €-quadratic linking forms over (4,S)
f:'ﬁ;(r‘) ——-,ﬁ;(r") such that £(F) = F', £(G) = G' it is possible to define an

= SCS
isomorphism (e, Byo,¥):(F,G) — (F',G?) such that f = <0 o<'~'1> : FoF® —»F'eF'")

(There is an evident analogy between the theory of forms and formations
over A (as developed in §1) and the theory of linking forms and linking formations
over (A,S), except for the following minor discrepancy. Given a sublagrangian L
in a split e-quadratic linking form over (A,S) (M,A,#) define a hessian to be
a (-£)-quadratic linking form over (A,S) (L,p,0) together with an A-module
morphisn weuomA(n,n") such that

o) (v) = V(u)(v)es_qA/A (u,vel)
M) (y) = v(x)(y) + eWTﬂ'GU,es""A/A . X(x) = ¥(x)(x)e QE(S-1A/A) (x,yel)

In particular, a split E-quadratic linking formation over (A,S) (F,6) is an

e€~quadratic linking formation over (4,S) (HE(F);F,G) together with a choice

of hessian (G,{"},8) for G in H_(F), where

o 1 T : X t
v =< ): FoF® —— (FoF*)"= FYoF ; (x,f)r—=((x',£*)s—>1(x')) .
0 0 H

H
I
i
{

i
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The non-singular split gquadratic linking form over (E,ZZ-)'OD (H,),v)

defined by
M= ZEQZ%
Nt ByeTox Ty, —> R/Z ((a,b) ,(a?,b"))e—— %(ab' +ba'+ bb?')
3] Zzeze _ Q+1 (0/7Z)=R/% ; (a,b)—s ;;(Zab+ b2)

(a,a’,b,b'€ %, = %/27%)

has a lagrangian L = Z,e0 which does not admit a hessian, since h £ ¥+ V*
for any V€ Homz(l'l,M'\). Thus hessians need not exist, unlike the situation
obtaining in §1. However, a sublagrangian G in a hyperbolic €=-quadratic
linking form over (A,S) HE(F) is a sublagrangian in the hyperbolic split
e-quadratic linking form over (A,S) 'i\i’e(F) if and only if it admits a hessian.
It is conceivable that there exists a different notion of hessian for
sublagrangians in arbitrary split e~quadratic linking forms, which agrees
with the one above for hyperbolic split €-juadratic linking forms,
The extra structure carried by a split E-quadratic linking formation (F,G)
corresponding to the choice of hessian for G in ﬁ'E(F) (i.e. the (-€)-quadratic
linking form (G.x"he)) was firet obtalned by Pardon [2]).

A sublagrangian H of a split e-quadratic linking formation
over (A,S) (F,G) is a sublagrangian H of the underlying €-quadratic linking
formation (HE(F);F,G) such that

a|H =0 H———)-Q_E(A,S) .

An elementary equivalence of split €-quadratic linking formations

over (A,3) is the transformation
(F,0) ———(F',G6")
deterrined by a sublagrangian H of (F,G), with

FI

i)

FnpBY = ker(§*):F ——H*)  (J = inclusion : H—>@)

G' = G/H = coker(j: H—> G)
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%' G —— F' 5 [x] — ¥(x)
PG F (1) (31— p () (7))

8' 2 G'—— Q_.(A,8) 5 [x]+— 8(x) (x€G,yer?)

(Then (HE(F');F',im(usl:):G'—» F'eF'")) is isomorphic to the €-quadratic
linking formation obtained from (HE(F);F,im(l}‘):G——y FeF")) by the elementary
equivalence determined by H). Elementary equivalences and isomorphisms
generate an equivalence relation on the set of split £-quadratic linking

formations over (A,S), which we shall call stable equivalence.

Prior to the identification of equivzlence ¢lasses of linking
formations over (A,S) with equivalence classes of S~acyclic 2-dimensional
complexes over A we need some preliminary results on the homotopy
classification of 2-~dimensional complexes.

A 2~dimensional A~module chzin complex C is in normal form if it
is a f.g. projective A-module chain complex with Cr = 0 (r £ 0,1,2)

Ct soo> 0~—¥Cz—d—rc1——d—a~co—>0——>... .

€-symme tric (c,0)
A connected 2-dimensional complex over A
€-quadratic (c,v)
0€%(C,€)
is in normal form if the chain complex C is in normal form and
veQZ(c,e)
¢ & Hom (W ,Hom, (C*,C))
has a chain representative Z[zzl A ' 2 such that

& L]
y ("‘&a[zz]ﬂmh(c ),
9p€ HomA(Co,Cz) 9 = 0€HomA(Cz 1C4)
0 1s an isomorphism and 1 >
Yo& HomA(C 'CZ) Vq= OeHomA(C ,CO), Vo = 0¢ HomA(C ,co).
€-gymme tric (C,¢)
An complex in normal form is Poincaré if and only if
€-quadratic (c,v)
o€ HomA(C1 ,C1)
1 is an isomorphism.
(1+Te)w0e HomA(C +C,)
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e-symnetric
A stable isomorvhism of connected 2~dimensional

€~quadratic
complexes over A in normal form
(11 : (C,0) —> (C',0")
(f3 : (c,¥)—> (C',¥")
E~synrnetric
is an isomorphism of conplexes
€-quadratic

£ 2 (C,p)eCE(P)— (C*,0")eCE(PY)

£1(C,¥)eC_(P)——s (C*,¥") 6C_(P')

c&(p) = (D,?eqa(n,en
for some f.g. projective A-modules P,P' with the
CE(P) = (D,StQZ(D,E))
E-symmetric
contractible 2-dimensional complex over A in normal form
£~juadratic
defined by
(=) !
. ~€ .
D: (.o —~——>0—>P > P*oP Qa 0)> P* —> 0 — ...
! . p° = =
1: D =P —~_—_*'D2 = P
0 ! 1 2-r+s ;
T = . - * - P* - i
)0— " o : D = PeP*— D, = P*oP ,78_0 D —9Dr(s>,0)
€:D° =P — >D,= Pt
) 1:0%=pP— 4D =P
/ o o0 J
{ _ . nt _ D _ . no-r-8
gu_ ( ).D = PsP*—— D, = P*eP .gs_o.n — D (s3>0
; ~£ 0
2 .
0 : D" = P’——-——q-Do = P
ce(pr")

and sinilarly for .
CE(P')
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Proposition 13.11 The homotopy equivalence classes of connected 2-dinensional

e~symme tric
complexes over A are in a natural one-ome correspondence with
€~quadratic
‘E-symmetric R
the stable isomorphism classes of connected 2-dimensional
€-quadratic
complexes over A in normal form. .

Proof: A stable isomorphism is a homotopy eguivalence. Therefore it is
e-symmetric

sufficient to prove that every comnected 2-~dimensional conplex
€-quadratic

is homotopy equivalent to one in normal form, and that homotopy equivalent
complexes deternlne stably isomorphic complexes in normal form.
e~symme tric (c .tpéQz(C +€))

complex over A

Every 2~dimensional is
g€-quadratic (c ,w;zz(c JE))

homotopy equivalent to one in which the chain complex C i1s in normal fornm,

(9ea?(c,e) -
and for such C the class is represented by A-module morphisms
veq,(c,t)
. . ’ -
C0 d > 1 d 4‘xcz

c
A7) Liz/ x

91

/ 6:‘ on
d
o]

such that
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dpg - ga* = 0: ®—rcy , aG, + g2t = 05 e
018% + ¢o - €58 = 0 : COrC , dApy - Fyati s Gy + 78 = 0 ¢'—c, ,
gy + %0 - epy = 0 cz—>c0 )y 9,4% - 9y ~EFy = 0 : c"-—»c2 .
dp, = F3 - 9§ = 0 : €7 —aCy , g, - E93 = 0 ¢ CP—>C,
av_ - Var - v, +e¥r = 0: c®—sc

o~ Yo 1 1 1
dVo + 70d‘ -V, o+ evd = 0 : c1~->c0 .
Qg + V,ar + v, +evg = 01 cO—cy .

(C,9)
Such a complex ¥ is connected if and only if the A-module morphism

(a é"o) : 01002——7 Co
3

( is onto, in which case we shall comstruct a homoto)
da v
0o

2
* .
+EVO) : c1ec ——)Co
(c,0'ea?(C1 ,e))
in normal form, as follows.

(C',¥'eq,(C ,e))

equivalent complex

Define a connected 2~dimensional €~symmetric complex over A .

(C',Lp'cQZ(C',E)) in normal form by

d
ar =( ): cé = ¢y C,} ker{{a - ‘6) 301002—*00) ’

]
. 2 . @12 _ a2 2
' = (0 1) : el ——CL=C" , gy =-1:C'" =C —>Cl=0C",
~ :F -?P' a* d a*
<P(', 701 s et o colcer( : c°—-->c1ec2)———-‘c,'l .
. .
~£d (o] 90

36:8.‘0'0:0 +Cl =C ,Lp,i=[;p2d‘ 0]!0'1————'0'=C

2 2 2 2 2
~ - . 2 - — . l2 - 2 1 =
§1=0:C=0,——Cl,0}=g9,:C =C——Cl=C,.

The chain equivalence f:C'——»C given by
Ct & ... .o—»cél»c;—‘-i—'—-»ca—»oe...
1‘1 11/ (1 0)1 cp‘al
a a
c : ...———)0-—-»C2-——701 ———?C0—>0—> coe

defines a homotopy equivalence of 2~dimensional €-symmetric complexes

f:(C',p")—— (C,p) .
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Given (C,VEQZ(C,e)) as above we shall define first an auxiliary

2-dimensional €-~gquadratic complex over A (C",V"éQZ(C".E)) by

d 2
" = H Cg = CZ‘——" C‘1' = C1BC N

2

a =(¥_sev)*
- 077707} . ¢v = G002 ——— CU = C_oC°
o ; 1=C4 o= %

1) C"o = c%%c

»-1
"
~
o

——V-Cg = 02

2

- Y. o
wn o ): C"1 = C1eC ——ch = C,IGC2
-€d* © 2

[]

v =

|
/\'
-«
(]
r
-9
S
N
Q
©
|
Q
(=}
2
Q
N
3
1
(2]
L)
Q
N

f TR . 1_ ¢ "o
V!I'..O.C" _Cecz———+co_coec

v, +V.d* 0
w2 ¢ ¢"0 = c%c_ ——cn = ¢_oc?
2 2 o] o)
o} o]
The chain equivalence f":C——C" glven by
a

C: «eo—>0—C ———'——vC'~-———>Co——-‘>D-—> eee

of O |®

"t .eo—s0—scy Toor om0 ...

defines & homotopy eguivalence of 2-dimensional €-quadratic complexes over A
e (C,¥) —— (C",v)
Define a 2~dimensional A-module chain complex C* in normal form
da' a°

[ ...—»0—-—»0&——»0,‘. --»c&——-»o—» vee

by
d ~

at = (0): 4 = Cp—> C} = ker((d Vo&e\va)zqecz——aco)

at

. L
(0 1) : ¢t ——cCyp=0"
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J A
Choose a splitting map < H co-———-,c1ecz for (d W0+EV6) :c1ecz--»co.
k

such that
43 + (Vrevk = 1 ¢ Co——Cjy

and define a chain equivalence f':C"——»C'

e e—0-—>on Lo Lo >0 ...

[ A

1
cr: ...—_.o_+c'__,c,'l_d_*c' >0 —> ...

2 0
by

y 2
)

lad
O-
4]
1
Q

(-k <€) : oy = CO&CZ~—-> c

- X -
oo 1-3d eV eeve) )
ki EX(Veevs) -

1Y = G oC° ———»C} = ker((d ¥ +e¥g) & C eC? —C ()

| - . n . L
f2—1 .02_02—+02_02 .
The connected 2-dimensional e-quadratic complex over A (C',V'GQZ(C',E))
defined by
| B L " 1
V' = (v €eq,(ct 4e)
is in normel form, and there is defined a homotopy equivalence

£= £ ¢ (C,¥) — (C',¥") .

The above procedure associates to an isonorphism class of connected

E-symmetric (c,0)
2-dimensional complexes over A with C in normal form
e~quadratic (c,¥)
e-symmetric
an isomorphism class of connected 2-~-dimensional complexes over A
e~quadratic

ct,o")
in normal form, preserving the homotopy type and also the direct sum e,

(cr,vt)
In particular, if C is a chain contractible 2-dimensional A-module chain complex

in normal form then it is isomorphic to
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(o)
cee—0 P 20% pq (901, 4 0 > ...
(C* ") ¢
for some f.g. projective A-modules P,Q and is isomorphic to N
(c',v') CE(P)
and hence stably isomorphic to 0. It will follow from the Lemma below that
(va)v(cv$) ~
homotopy equivalent complexes n With C and C in normal form
(c,v),(c,¥)

~ ~

Cryot),(c',5")

deternine stably isomorphic complexes in normal form T
(ct,w1),(c'v")

(c 10) , (E !"P\)

(c,¥) ,(C,¥)

€-symme tric
be 2-dimensional
€~quadratic

Lemma let complexes over A with

C and E in normal form. There exists a homotopy equivalence
&f : (Cyp)——>(C,3)

£:(C,v) > (€, V)

if and only if there exists an isomorphism
1 : (c,0)e(D,0) — (G,3)e(D,0)
1t (¢, ¥)e(D,0) —(§,Ne(H,0)
for some contractible 2-dimensional A-module chain complexes D,B in normal form.

Proof: Given such an isomorphism i define a homotopy equivalence f by the

(g) CoD 1

Conversely, let f be a homotopy equivalence of the type stated.

composition

~ -
£:¢ +Ted 19T

The algebraic mapping cone C(f), as defined by

EREN S Ll -

doqe) = $0(f) =CeC —>C(f) 4, =C

eC
o a r r~1

r=1 r=2

is chain contrzetible. Choose 2 chain contraction
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r=<f
f

)r' +a

so that

- do(s oty =1 D D,

and define chain contractible 2-dimensional A-module chain complexes D,ﬁ in

normal form by

d d

d_D=

~y [l
@ £):p,=Cecy—Dy=8, , D

1 & ~
i~ a : D, = C‘l ————>D1 = 01000
b =

R
]

(@~ D, =cClec,—B, =¢
The isomorphism of A-module chain complexes

i1 CeD ———-—%-Eoﬁ

-~

h o~
g): c(f) = C eC_ ,——C(f) , =C

- glven vy
(f 1-¢F  -fg
. 0 -af 1-ag
f ~ ~
: C,eD, = Czacoker( s :cz-——>czoc1)——————>c2 B
i= L
£ 1T eF ()T g
1 T (™
0o 0 1
~ ~ o~ ~
t CeD = CroCreCr_1-————f«—e-creDr = Crecrecr_1
e~symme tric
defines an isomorphism of 2-dimensional complexes
€-quadratic

1t (C,p)e(D,0) — (¢, e(D,0)

1: (c,¥)e(D,0)— > (C,¥)e(D,0) .

r+1

~
oD, =

(r

d -1 £ -
o H D2 = coker( : 02———+ 02001) — D,

al

oC

T,

=E‘Gc

1

0 (r # 0,1,2)

0 (r £ 0,1,2)

oC

1
€]

(o]
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(even) E-syrmetric (K,%; L)
An S5~form over A is a non-degenerate
e-juadratic (K,p; 1)
{ (even) e-symmetric (K,xq%(K))
form over A together with an S-lagrangian L.
€-quadratic (x, gcqe(lc) )

(K,43;1)
(Kv?;L)

(x,x)
is non-singular.
(x,2)

The S-form is non-singular if the form z

(even) €~symmetric

An isomorphism of% S-forms over A

e-quadratic
£ (K,%;L) —> (K, 9" L)
)_f : (R,B31)— (K',p75 L)

(even) e-symmetric

is an isomorphism of 5 forms over A

g~-quadratic
£ ¢ (K,%) ——(K'»")
£ (Rg)—=(Kx',p")
such that
() =1 .

(even) €-symmetric

A stable isomorphism of S~-forms over A

e-gquadratic
[£f] ¢ (KA;L) ——— (K' «'3L")
(£}

is an isomorphism of S-forms

(K33 1)~ (K*,351")

£fr (KLY e(M,oiH) — (X' (L") oM, N')
%f H (K,?;L)O(H.W;N)—*(K'.F’;L’)e(ﬂ'."';N')

(even) e-symmetric
S~forms over A

(M,q;10) v(M' vo! N
for some non-singular

e-quadratic (M,vsN) (M v 510)
(M,¢) (o)
such that N is a lagranglan of and N' is a lagrangian of .
(M,v) (M ,vt)
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even €-symmetric

Proposition 13.12 i) The stable enuivalence classes of { e-quadratic

so0lit €-quadratic
linking foruations over (A,S) are in a natural one-one correspondence with
€~symmetric
the stable isomorphism classes of even €~-symmetric S-forms over A.
e-quadratic
Non~singular linking formations correspond to non-singular S5-forms.
i1i) The stable equivalence classes of (even) €-gymmetric linking formations
over (A,S) (M,\;F,G) are in a natural one-one correspondence with the homotopy
equivalence classes of connected S-acyclic 2-dimensional (even) (—E):synmwtric

conplexes over A (C,¢4Q2(C,-E)). Under this correspondence the exact sequence

? ? :
0-—— su'(C) —2 H,(C) — K, (g ) ——> B2 (€) — 2> H (C) ——> 0
can be identified with
(o] FnG FnGt — G4/G ——3> M/F+G —> M/F+Gt —> 0O ,

and
vg(w) : B2(C) = 1«VF+G—>ﬁ°(Z2:S_1A/A.E) 3 oxv— M) (x) .

Hon-singular linking formations correspond to Poincaré complexes.
1i1) The homotopy equivalence classes of connected S-acyclic 2-dimensional
(-€)=quadratic complexes over A (C,V&QZ(C,-E)) naturally project onto the
stable equivalence classes of split E-quadratic linking formations over (A,S)
(F,((ﬁ ,8)G). If the complexes (C,¥),(C*,¥') project to the same stable
equivalence class then (C',¥') is homotopy equivalent to a complex obtained
from (C,¥) by an S-acyclic (~£)-quadratic surgery preserving the (~€)-symmetric
homotopy type, and

pra¥) = pra(v?) : BUC) = kex(p:G—>F")—>q_(A,8) § x+—> 0(x) .
Poincaré couplexes project to non-singular linking formations.

0]
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(Before embarking on the proof of Proposition 13.12 vie remark on the sirilarity
between these correspondences and those of
(linking forms over (A,S))
€«—> (S~acyclic 1-~dinensional complexes over A) (Proposition 13.4)
(linking forms over (A,S))é—> (S-formations over A) (Proposition 13.6) ,
(formations over A)¢— > (1-dimensional complexes over A)
(Propositions 1.7, 1.8) .
€-symuetric
In particular, given a connected 41-dimensional i complex over A
F-quadratig
(C,weQ1(C,s)) e~symmetric »

and an associated

formation over A
(C,W6Q1(C,s)) split e-quadratic

(M,5F,G)

(F.((g),e)s)

vwe can identify the exact sejuence

0 — H(C) —25 Hy(C) >y (p) —> T (6) — 2= B (0) —> 0
with °

O—>r FnG —> Fn Gt —— GY/G —— M/F+G — N/F+G2 —> 0

N . €-symmetric
(take ¢ = (1+TE)V in the €-quadratic case), and the Wu classes

€-quadratic

are given by

vole) * H'(C)

) £%(c)

W/F+G —> ﬁo(zz;n.e) $ [X—> o (xX)(x) (xecM)

FNG = ker(ju:G —F*) —*ﬁo(zzzl\,e) ; y—>a(y)(y)).
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geven e-symmetric (M,\;F,G)
Proof: i) Given an linking formation over (A,5)
zE—quadratic (M, 3F,G)
| even €~symmetric
we have from Proposition 13,9 that the linking form over (A,S)
z e-guadratic

)
\ is isomorvhic to the boundary ‘a(K,«) of an S-metabolic non-degenerate
(1, 1)

(K, (K))
form over A , &and that

€-symmetric
(Ko 1n(147 19 (R)—> Q¥ (K))

even €-symmetric

L]
1

coker(f:K’—)KF)E M = coker(o: K ——>K*)
G = coker(g:K __‘KG)C' M = coker(ot:K-———>K*)

!E-symmetric
for somz isomorphism of non~-degenerate forms over A

{ even £-symme tric
£ (Bp)—— (Fp,™p) , &8 ¢ (KeV) —(Kg%g)
\e-symmetric
with (K_F,UF) non-singular. The 4 S-form over A associated to
| even €-symmetric
Q) 3F,G)

is to be
(N.).MF.G)

X o) f
F € . .
(KFGKG,( )I:Q (KFEKG),:.m(( ). K ———)KFQKG)) .
0 = 3
G
We defer to ii) the proof that the stable isomorphism class of this S-form is
(M'X) = S(K,-,(
is independent of the cholce of non-degenerate form (K,x) such that
(4, , =K
even E-symmetric (M,};F,G)

Given an linking formation over (A,S)
e-quadratic "(M,\p3F,G)
and a sublagrangian H write the linking formation obtained by elementary

equivalence as

g(l«l',)";F',G') = (HL/H,\/% ; FoHX ,G/H)

(M, M, G FY,6Y) = (HY/H, MY/ 1] s Fert,o/H)
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Continuing the previous terminology, let
h @ (Ryo) ——r(K' yo?)

e-symmetric

be the S~-isomorphism of non-degeneratei forms over A

even E-symme tric
assoclated to H by Proposition 13,9 1), with

(', \) = K ")
H = coker(h:K——>K')< M = coker(a:K—>K*)
(B 2, pt) = (K ')
As HCG there is also defined an S-isomorphism of non-degenerate forms over A
g' : (K'.u')—-——>(KG.“G)
such that
1)
£=gh: (Kp) 2 (R ") —E o (Rg,o)
The composite

F [inclusion] WL 2] "

is onto, with resolution

f

0—K ——> K, —F——0
' |
o hl lf’vlr l
h* s
0—=K'* ———>K* —— H —>0 .
Thus F' = ker(F —— H") has resolution
0—+K—2"3J ——>F'—>0

with

f
e =(¢'h\) t Kk ——J = ker((f"a(F -h*) KFeK"-—*K’) .

E-symme tric

Define 2 non-singular s form over A

even £-symmetric

l(F (o) (o]

(R'P) = (KFGK"GK', (o] [o] 1 e‘QE(KiGK"eK')) .

0 € o'
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and let L be the sublagrangian of (R,p) given by
f
L =4m( [-o'*h |: K—~———+—KFQK“9K') .
h
so that
(L‘/L.P"'/P) = (Kp %)

E~symmetric
is also a non-singular form over A. The S—-isomorphism of

even E-symmetric

f.g. projective A-modules

Y
kert{(f*% €h* 0) : KgeK'*eK' — > K¥) _
1= l0 [t KK, = F
1 : f
' in( | ~at*h |1 K —— > K oK' *oK")
h
e-syonetric
defines an S~isomorphism of non-degenerate forms over A
even E-synmetric
' e (1(',&')———~+(KF,,mf,,)
(e,
such that the associated leagrangian of J(K',u?) = is precisely
CUDANY

coker(f':K' — 5 K,) = coker(e:k ——>J) = F' .

-)(F, o Fal
(Bp oKy, o g tQE(KI_-.OKG);im(( '> tK'—— K, eK0))
-, g

(1 2*5F7,G)

Thus

e-~-symme tric
is the S=form over A assoclated to

even E-symmetric (M',)',r';F',G')
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E-symmetric
Define an S=-form over A
2even E~symmetric
/g 0 0 o0
( I ’ (o] (o] E (o]
Q,93P) = (K_FGK oK L)€ o , o 3
o o 0 =dy:
£ 0
-ﬁ'h "ok' , v ,
im( o , t KekK ~ KoK'* oK eKG)) .
g g

By Proposition 1.6 the inclusion of the sublagrangian

£
' ~a'h

+ (k,0) — (Qy9)

h

\ o
e~symmetric
extends to an isomorphism of forms over A

even £-gyatetric

0 1 X, ©
HE(X,8) 6 R/K, /o) = (KeK‘”/ \)Q(KF,GKG,K‘\F ) —— (Q,9)
\E 9 } o -

\ ’ GG
"\ {e€Q®(x
sending Keim( ): XK' - KF,eKG) to P, for some e
&' | (eeim(1+TE=QE(K‘)—+Q (x*)) .
ic—symmetric
Thus there is defined an isomorphism of | forms over A

\even E~symme tric

£
'):K' ——> K oK) —— (Q49;P)
8",

O
(nE(x.a);x)o(xF,exG,(dF ) );im((
[o] -

| E-symme tric
There is also defined an isomorphism of \ forms over A

teven g-symmetric
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1 Y 0 0 The inclusion (§ k) t LeL' ——» K defines a resolution for G = coker(j k),
o) o) ' 1
3 vith \3)' G ——>FoF” resolved by
o) o) 1 4] )
0 1 0 g'%g, 0 —— LelL' G® 5 x > G —0
dF (o] f e *
t (Qyp; P) (KpeKq, ;im(( iK —> K eKg))e(BE (K');K') 1 I (x)
o ~ug g o) u %o I"
‘€~gymnme tric ' €u* O cet*__© A
Thus the S~forms over A associated to stably equivalent o > LeL —> Ltel FeF >0

even €~symmetric

for some non-degenerate even €-symmetric form over A (K,O(GQE(K)). As

{ even €-symmetric (HU\;F,G) (M \';F ,GY)

linking formations over (A,S) im( (E):G—) FoF") is a sublagrangian of the hyperbolic split e€~-quadratic
. €=quadratic (N 3 F,6) , (M Nt i Ft G')
. AL SERA AN S 1linking form over (A,S)

are related by a stable isomorphism

~ o) u
Ap 0 (£ H_(F) ='B(L¢L'.(o O>EQE(L0L’))
(KFGKG,(O . ;m((g 1K ——> KpeK))
(]

we have that

of o £
1]
—————> (K oKg, (or :im(( '):K'—rxr,oxs)) . o = §+ ep*¢ Hom, (K,K*)
- 76 & for some non~degenerate E~quadratic form over A (K,{,GQS(K)) - as in
Given a svlit E~quadratic linking formation over (A,S) (F,({:),B)G) Proposition 13,9 1) this is only determined up to S-isomorphisn, i.e only
Ve shall obtain an €~quadratic S-form over A (K,p;L), as follows. let uEHomA(L',L‘) [F] QQE(K)/ker(S-“!QE(K)~——>QE(S-1K)) is determined. Proposition 13,6
be an S-isoworphism of f.g., projective A-modules such that there is defined = associates to the (~€)-quadratic linking form.over (A,S)
. A
resolution for F ) (G,%H‘HomA(G,GA) ,ezG——vQ__e(A,s))
» .
) yL — > L' >F >0 .

an e-quadratic S-formation over A
let eeHomA(L’ﬁL",FeF") be the projection appearing in the corresponding

~eeprry O

resolution for FeF" (K" oK,y (z ’;) < QE(K’QK);K"M( k] k P LeLt KR
( 0 “> with
0> LeL' LEW' O/, yaerrs___© FoF* 0, 0 : G = coker((§ k) : LeL' —+K) ——> Q__(4,8) 3
and define a f.g, projective A-module Xy—n &‘f_f;%l.(_l.'l - B(x)(x)

-1 -
” C e te |
K=e (G)SLteL (xeK, 865, ytb, %L, sx = iy + ky'c K)

for a unique €-quadratic form over A (K,%th(K)) in the prescribed S~isomorphisn
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class. The e~quadratic S~form over A associated to (F,((‘;),B)G) is defined to be
(K,BLQE(K);im(j:L—rK)) .

(even) e-symmetric (K, L)
S-forn over A

we shall
€-quadratic (K,P s L)

Conversely, glven an%

even €-symnetric (€-quadratic)

define an linking formation over (A,S)

split E-quadratic
(M,) ;F,G) ((M,),r_;F.G))

7(r.(\\r$‘\.o)e)

Let jc¢ HomA(L,K). The inclusion of the lagranglan

s as follows.

i (s"1L,o)——>s"1(_;{,«)

3 (s'1L,o)——> s'1(K.g.)

can be extended (by Proposition 1.6) to an isomorphism of non-singular
(even) €~-symnetric -1
forms over S A

€~quadratic
1 B o 1 -1
(3 3%) ¢ (57 Les 'ILe, ) ——— 8" (K,)
\‘5 j"(’;j'

3 /0 1\

REERE (S_1Les-1L',\ ) ————> 5'1(K,g,)
0

o/
' =11e 51
for some J'¢ Hom _, (57 'L*,5 'K) such that
5 A

% oIt = 1€ noms-1A(s"11.~ ,s"1L°)

eyt = e Homs-1A(S~1L‘,S-1

1) .

Given a f.g. projective A-module L' such that the induced S~1A—modu1e 5-1

L' is
isomorphic to s e there exists k(‘}lomA(L'.K) such that u = j*%Xk EHomA(L',L‘) is
an S-isomorphism, with

Cd'u= kenoms-1A(s"1L'.s"1K).
(For example, take L' = L* so that j' = ‘;‘enoms—u(s'”v,s”x) for some s€S,
k¢ HomA(L‘ ,K), and u = J*«k = séHomA(L‘ s1*) is indeed an S~-isomorphism).

In the €£-guadratic case we have

3f3 = ocr T,
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s0 that k*fk¢ ker(s"1:QE(L')—-»QS(s”L')) and
X ex* -1 -1
* _ N _EXT S [ '
k*Bk = ¢ = EHo_.S1A(S L',S L'*)
for some teS,KEBomA(L' ,L'*). Replacing k by kt tHomA(L’ yK) we can ensure that
- = e [}
k*pk = 0€Q (1Y) .

(even) e-symmetric

The S~isomorphism of non-degenerate % forms over A

u* [o] 0 u o] 1
( ) (LelL', ( ) ——(L'*elL’, )
0 1 €u* k* k € k* k
u* o] [¢) u [¢) 1
( ) (LelL*, ) ——> (L'*eL', ( )
0 1 0 0 0 0 -

has non-singular range, corresponding by Proposition 13,9 i) to a lagrangian

€-quadratic

F = coker(u*:L —L'*)C M

even e~symmetric (e-quadratic)
of the boundary linking form over (A,S)

split e€-guadratic
. o] u
2(Ler, (E \) = (H2) (= () ,4))
u* k«k;

u

o
a(m-.( )) = .0 = (1,0,) .
0

o]

The inclusion of the lagrangian F—— M has resolution

G %)

0 > LeL! SL'%eL' —  >F —— >0
1 (Lo u ) (o u )
0 kPok (4 k*«k
0 + LeL® s LoeL'* M >0 ,

with k*%k = k‘(F+5§')k = OeﬂomA(L',L") in the £-quadratic case.
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(even) e-symmetric
The S~iromorphism of non-degenerate forms over A
€-quadratic

o] u

) (Jx: (LeL'.( ))——9(1{.0‘)
€

u* k*«k
[o] u

L0 s o, ))————+(x@)
(o] [o]

corresponds by Proposition 13.9 1) to a sublagrangian
G = coker((j K):lol' —»K)ICH
\even €-symme tric (€-quadratic) ‘-(M,>) (g, 1))

of the /| linking form 2

| split e-quadratic M) = £(F)

the inclusion G— M has resolution

0 ——> LelL’ (3 ¥) » K —» G »0
J*et
1 l ( 0 " ) llk‘¢)
geu* k*~k

— > L*eL'* ———5> 0 —>0

UX g 5a——>0

s | .| (° (o) [

Ut 0/ o IeeL'$ ———3FoFA —> 0

In the (even) €-symmetric case we thus have an even e-symmetric (e-quadratic)

linking formation over (A,S) (M,);F,G) ((M,\Mm;F,G)). In the €-quadratic case

we have a split £-quadratic linldng formation over (A,S) (F,((,E),B)G), with
(G,ﬁteﬂomA(G,G"),B:G——yQ_E(A,S)) the (-£)-quadratic linking form over (A,S)
associated by Proposition 13,6 to the €-quadratic S-formation over A

-€fi Pk
(HE(K‘)‘K.'“’(( tLel! —>EK*eK)) .

i x

, such that
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(In the even E-symmetric case Proposition 13.7 actually gives an
extension of j¢ Homs-1A(S—1L,S—11() to an isomorphism of non-singular
even €-symretric forms over S-1A

o 1

G i 2 BT = (S_1Les-1L‘,( ))——.xs"(x,«)

€ (o]

leading to &n S-isomorphism of non-degenerate even e~-symmetric forms over A

[o] u

(3 %) : (LoL‘,( ))———)(K,«) .

gu* ]
In this way it can be proved that every €-quadratic linking formation over (A,S)

(M,),piF,G) is stably equivalent to ome of the type (HE(F);F,G)).

: (even g-symmetric (e-quadratic)
It remains to investigate the effect on the

1split e-quadratic
(4,\F,8) " ((M,M §13F,G))

(F.(Q).e)e)

(3§ X). Given two such extensions

linking formation over (A,S) of the choice of extension

o u
(3 k) : (Lert, ( r) ) v (K,)
L »
Eug krlxkr
(r = 1,2)
o] u
(3 k) : (LeL! ) — (&2
T ' o ° 'F
(M_,\F_,G) ((M_,)_,siF_,G))
vrite et ety LA S for the corresponding linking formatlons.

¥r
(Fr'((,,r)"’r)‘*r)
There exist a f,g, projective A-module L!, S-isomorphisms vré HomA(Li,L;) (r = 1,i
and an A-module morphism henomA(L',L) such that
wv, = uzvzeﬂomA(Ls,L‘) v kv,
}v_‘:u;heQ—e(Li) = ker(1-T_ :Hom, (L3, 1.4*) — Hom, (13 ,13*))

veuthe im(1+T_€:Q_E(L'3)-—>Q_E(LS)) .

- kv, = jhéHomA(Li,K)

11
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(For examvle, let Lé = 1* and apply the unigueness clause of Proposition 1.6
- I (HA/H /03 F40BE,6,/H) = (M, 0 ,5F,,6,)

to obtain an § A-module morphism gEHoms-1A(S L*,S L) such that <
(CHL/AAL/A g o, | FynES G /H) = GRS WNTIE SR

Kup| - Rquy = g cRomg=1, (87 10,570 : [%, ¥
-EGQ-E(S-“L.) (Fynas,( 1 )'[91])61/}{) = (F2'< 2)'92)62) .
[ll1]- Pz

gein(er_a_ (871 5 (s "))
- Thus the linking formations associated to the choices (L!,u ), (LS u )
There exist s€S, S-isomorphisms vre'HomA(L‘ 'Lr) (r = 1,2), and an A~module 10090K) 21150k,
are stably equivalent,
rorphism he HomA(L'.L) such that
- )

u
r

- If the choices (L!,u,,k.),(L! u ) are related b
_v_r'&}'{oms-‘lk(s 1*,8 1L;_) (r =1,2) 11808900 (L5 00,k ¥

S L%:Lé'u1=u2,k2=k1+jh
g = %GHoms-1A(S-1L',S-1L)

-1

0

for some hEHomA(L{ yL) such that
- -

h * [ =
sh&€q (L*) ) uth€Q E(L{)
- -£

h 1+T _¢ L*) ——> * . . -
sh €dm{1+T_ :q_ (1*) Q) ) ugh € 3m(14T_:Q__ (L)) — @ (L))
Ve shall consider separately the effect on linking formations of the

even e-symretric (E€-quadratic)

transformations then there is defined an isomorphism of

Plit €-quadratic

1 |l 1 - '
(L] yug kg — (LB'“1V1 v (L3 g ¥q0kg Y+ h) = (L3'u1v1 EAPY E linking formations over (A,S)
—> (Llu, k) . .
2202 5 (Mg M giF,8) —— (500 5iF5,6,) (2 (Mg A, 1q3F4,6,) —> (0, ), P0iF,,6,)

If the choices (L!,u,,k,),(L},u ) are related by an 14
° ¢ oty Hgearie 7 (g0 ¢ (7,,(] ") 008, ~(F,,(},2],6,)6,)
1 2

S-isonorphism veHomA(L;,L_;_) such that

with “
u = v eHomA(L.;,L‘) v Xy = kzv(_—HomA(L{,K) ( o u, )
€ 1

(M N 3F,6,) (CMy N, 14y3F4,46,))

Y1
(F, .({h).epeﬁ

» o
uj k2 ok

then the sublagrangian H of defined by the o) > 1,91_,_‘ 1 > L‘QL%' - M >0

g -h) (1 o)
(] u
resolution . , o 1 2 \ he 1
1 0 / ey Ky,
< 0—>LeLy X = £ % ,1eeli* —— > M, — 50
0 SRR LN 7S 3 " 0 h 2 2
Le - —_—> -> \
2
0~y LeL} LK) g 3G, —50
1 (5 x,)
(3 k'1) 1 -h
0 ——> LeL} >K > G > 0 1 €
:5 such that ° (5 x,) :
o ; 1 . .
) > LeL} K G, ) ,




- 293 ~

A 'y A
and (F; = coker(u :L}——1*) yoeTom, (Fy '\ F,) ,WeF ——> Q__(4,5)) the
(~€)~juadratic linking form over (A,5) associated by Provosition 13.7 to

the €-quadratic S-formation over A
-€h

(HE(L) ;L,im(( ) 1L} — LeL*)) .

Uq
This completes the verification that the stable equivalence class

(4,0 iF,6) ((M,)p;F,G))

of the linking formation is independent of the choice

(F,G)

of extension (j k),

ii1) A connected S-acyclic 2-dimensional (even) (-€)-symmetric complex over A
(c,¢eQ2(C,-€)) is homotopy equivalent to one in normal form (Proposition 13,11).
Given such a complex in norma) form we shall construct an (even) €~symmetric
linking formation over (A,S) (M,)\;F,G), as follows, Choose a cyele
representative € Hcomz[iIZ ](w Hom (C‘,C)) with @& Hom (CO,C ) an isomorphism
and p, = O €Hom, (c? C ) Using g, e Hom, (c® ,C ) as an identification express

the diasgram

as

with § Hom, (L,K),%& Hom, (K,K*) , € How, (1#,1) satistying
j*«§ = 0€Tom (L,1%)
A - Ea* 4 U‘.jr,j‘o(': 0 €Hom, (K,K*)

(\+ E:tl' =0 c}lomA(L’,L) .
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The sequence of f.g. projective A-modules and A~module morphisms
. 0o
0—>L 45k =510
becones exact over S-1A, so that there exist a f.g. projective A-module L' and
an A-module morphism keﬂonA(L',K) such that u = j’.(keﬂomA(L',L‘) is an
S-isomorphism. Let (M,%) be the non-singular (even) e~symmetric linking form
over (A,5) associated by Proposition 13.6 to the non-singuler (even) (-c)-symmetris

S=formation over A

o 0o 1 o 1 0
v] 0 V] 1 4] 1 )
(LoL'el*el'*, ;LeL' ,im( tLeL' — > LeL'elL*eL'*)
-E 0 1 0 -
0 = o] En* k’a&k/

Define a lagrangian F and a sublagrangian G of (M,}) by the resolutionms

%)

O——»LeL' 2\~ 7 5 L'*el' 2 — 0
0 u
0 u
1 € k*«k
4 u* k%k \L
0 —— LoL! ————» L*eL'* > M > 0
”» A
o
(i x)
o > LeL' 3 > G ——> 0 .

Then (M,\;F,G) is the (even) e-symmetric linking formation over (4,8)
associated to the complex (C,yp).

Replacing wéHomm[?Z ](W Hom, (c*, C)) by a different cycle
iepresentative ¢'€ lllomz[z ,](U Rom, (c*, C)) of wg'z (C,~€) replaces X V) by
o' ,\\ such that

o' "ot =) Xj‘\\(‘ eﬂomA(K.K’)
1-n=X

for some ;\e EomA(L',L). The A-module isomorphism feHomA(M,M') given by the

- E'{‘ EHomA( L*,L)
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resolution

o} u )
(Eu‘ k*a X
N T s

> L*oL'* > M >0

1 0
1 0 u ( \ f
Eu*  ktalk wx v

0 > LoL' > L*eL'* > M! 0

0——5 LeL' .

defines an isomorphism of the associated (even) E-symsetric linking formations
over (A,S)
f: (M,)3F,G)—— (M \*;F',GY) .

The verification that the stable equivalence class of (M,};F,G)
is independent of the choice of (L' ,ue_HomA(L',L') ,keHomA(L' ,K)) proceeds
exactly as in the proof of 1) - indeed, if (C,p) is even then q;eQZ(C,-E) has
a eycle representative with n= 0 €Hom, (L*,L), in which case (K,>;im(j:L—> X))
is an e-symmetric S~form over A and (M,2;F,3) is the associated even E~symmetric
linking formation over (A,S). Moreover, if (C,0)=C"5(P) for some f.g. projective

A~module P we can take

(L!,u,k) = (P* ,1€HomA(P‘ W P*) ,(3):?*——-»1:%?)

so that (I’J,X;F,G) = 0 up to stable equivalence.

Thus the stable equivalence class of (M,)\;F,G) depends only on the
stable isopmorphiszm class of the complex (C,p) in normal form, which by
Proposition 13.11 is the same as the homotopy equivalence class of (C,q).

Conversely, given an (even) €~symmetric linking formation over (A,S)
(1,2;F,G) we shall construct a comnected S-acyclic 2~dimensional (~€)-symmetric
complex over A (C ,(p(Qz(C,"E)) in normal form, such that (},);F,G) is in the

stable equivalence class deternined by (C,p), as follous,
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Let (D,(]&Q‘I(D,—E)) be an S-acyclic 1-dimensional (even)
(-£)~symmetric Poincaré complex over A associated to the non~singular (even)
€-symmetric linking form over (A,S) (M,)\) by Proposition 13.4, with D an
S-acyclic 1-dimensional f.g. projective A-module chain complex

D:..—>0—0,-5p 50 ...,
such that
@' .qf,) = () .

1 )
let eéHonA(D sM) be the projection appearing in the resolution

0 — D0 q* >D1 e

> M >0 ,
and define f.g. projective A-modules
D3 = (@D, Dy = (7Te)). .

let f'(HomA(]).I ,D_‘), f"eHomA(D_l,D',l') be the duals of the inclusions

1 1 1

=e(F)—>D , fU* D" = e'1(G) sy

fl. [ Dl

and let d'¢ HomA(D; ,DO), d"eHomA(D"",DO) be the duals of the restrictions

ar* = a*| + p°——p*? am* = as| : p°——pn?

o]

(which are well-defined since im(d*:D ———->D1) = e-1(0)§ e—1(F)ne-1(G)).

The A-module chain maps f':D ——> D', £":D

: ...——->o—rn1——-d—+'no—>o —_— ...

l SN

':«...-—vO———rD"‘ ——)Do—»——>0 —> ere

T D" defined by

D: .eo—2>0 »D

1

a
> Dy 0

J1

" 2
i o—s0——pt s o ...

1

are resolutions of the inclusions

£1e t B'(D') =F—— >HY(D) =M

o s '™ =6 ——aND) =1 .
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The inclusions define morphisms of (even) e-symmetric linking forms over (A,S)
(r,0) ——— () , (G,0) ——> (M1,\)
corresponding by Proposition 13.4t to maps of S-acyclic 1-dimensional (even)
(-€)~symmetric complexes over A
: (D,l])———>(D',0) , 12 (D,l])»—-—?(D",O) .
Thus there are defined an S-aeyclic 2-dimensional (even) (-£)-symmetric
Poincaré pair over A (f"D——'rD',(SrI ?)EQ (f?',~£)) and a connected S-acyclic
(even) (-€)-symmetric pair over A (f":D -—)-D",(br‘“ l])eQ (f",~€)). The union
(Cy9) = D'UDD"."Sr]qur] € 2Dty pn =€)
(as defined in §5) is a connected S~acyclic 2~dimensional (even) (-g)~symmetriec
¢omplex over A, Next, we show how to recover the stable equivalence class of
(M);F,G) from (C,0).

The relative Z, ~hypercohomology classes (Srl' .'])6 Qz(f' =),

2
(Sq",'l)e Qz(f“ -£) are represented by A-module morphisms
. 10 Y .t t e ptle——pt
T D —=D . r‘o.D—-——yDo,fh.D——)-D“'Sr'o.D D}
1
" . " "
8‘]0 : P — DY
such that
dq, + B a* =0:0%——p_, a -F’-en°—o-n1—~—+n
To* o™ =7 ° 0+ %1 Jo" 5= 0" =
. ol . . 0
71+EI];=0.D—-——~7D1,nd‘+qo 57_0. -——”'D1
f'-lo_-&bd"' D ———-vD . q £1r = avdqy D'1-———->D .
AL FE LA b'}o - e...q(')' : D'1-—>D‘; v "9 =-Sr|8d"°z p° —*DY ,
f'of"t = dang s D"1 b+Do . fu'hfnt = 578 - E[,]go < D"1——'D!" .
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Define a connected S-acyclic 2-dimensional (even) (-€)=-syrmetric complex

over A (C',q)'eQz(C'.—E)) by

’ f'\
. - - [} t
( oo 1563 = Da———>C} = Dieny
= ! c! =0 ( 0,1,2
dcl r r £ 0,1,2)
. [
(a* -am) : ¢} = D.{eD{" »Cg =Dy
(0] o
r,o 1 C?'" =D Cé = D,
-0 0
‘P' = f‘o = D'1GD"1—‘——>C = DiaDY
s o s')“ 1 171
o
o~ 2
"0 : D D0
fee 0) ¢ c|1 - D'10D"1—'——‘—> cl =D -
q1 ) = 2"

o
o

H C'2 = D“—-—)'C,'I = D"IQD!"
f"']1
¢l = :C'2=D1*-——->C'=D .
2= 'h 2= P

The A-module chain equivalence h:C —— C' given by

~f

L]
a (d 1 o )
- o 1 a

Ct .o > O D ,D%eD eD" -———————-———?DoeDo-—)O——’ .o
1 0
b’ (1 -1
o (0]
fn ’ (dl "'d")
Cct: ...-——»0—-————>D D.'IeD!" » Dy —> 0 —..

defines a homotopy ejuivalence of connected S-acyclic 2-dimensional (even)
(~€)-symmetriec complexes over A

h : (C,9) — = (C'y") .
Now apply the method of the proof of Proposition 13.1% to obtain a complex
(C",(p"EQZ(C",-e)) in normal form which is homotopy equivalent to (C',p'),

with
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/g
. - -. P T - Dt 1
" | 6 =D ——>Cl = ker((da' -a” ?6).D10D1|'9D —> D)
\ 0
1
. 1] -
(0 0 1) : c} ey = D
0
( 1:¢c" = D, C§ = Dy
\ / 370 0 £ as
9 1 (o} 1,1
0P = -f"? fre ES‘T" f" | : C" = coker({ -~d"* |:D"—> D' eD" eD,) — cY
f‘. f". o _70‘
- cll = D1 c" - D1
\ T Yo 7
( (”1{!. q free 0) : C"1-————” cg = D1 -
Q =
1 7_ 0: cy
[ 2 - -
(9'2'=f]1.c"-D—————)Cg—D1 .
As before, write
agn=gie®=1—>so'ox

1 }
¢'6=DL.C"=K—-—?C'1'=K' .

2nd let iéHomA(D,'l 4D,) ,s€S be such that

PO LI S SN
8 1 1

so that the A-module morphism

10\ are
1 e O l1 ll1
k = 0o t IL* =D —>K = coker( | -4 tD"——» D' D" eD,)
\o o /

is such that
ok =€ : IL*—— 1%,
The (even) e-symmetric linking formation over (A,S8) (M',)\';F',G') essociated

to the complex (C,¢£Q2(C,-E)) is described by the resolutions

1
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o
3
=

»

N
5
L)
=

v

" ——>0

(v |
1
(j k) k* ot

0 > LeL* K >G> 0 .

Let H' be the sublagranglan of (M',)\';F',G') with resolution

(1 o)
ep' 29 3%/ _p gpr?

0-— D1 1 e————3H' — 30
o 1
1 o o
1 o/

0 ——> Lel* G w g e G 30 .
There is defined an isomorphism of (even) e€-symmetric linking formations
over (4,8)

(M)GF,6) ——> (HY&/HY  \14/ 5P aH & HY/GY)
so that (M' ,\';F'.G') is stebly equivalent to (M,\;¥,G).

Next, we consider the effect on the complex (C,p) = (D'uDD" -Sv'u aTW

of the elementary equivalence

(H, )3 F,6) ————> (H,3F,G) = (B4/H,\4/);FoH*,6/H)
for some sublazrangian H of (M,);F,G). Let the inclusion H~—» G have

resolution
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mae

0 p° d > D'“1———>H ~—> 0
1)

0 > p0 4" o pnl y G >0

with g*e HomA(D"'1, p"') the inclusion of DV

T e 100! = e o) D!,

and e eHomA(D1 M) is the projection (as above). The A~module chain map

frre pn D" defined by

D: see——>0—>D —d——v-D —3>0 —> .es

]

1 0

orr] . [

D"': .. —> O-—-—)D!{'———-—» D,—>0—> ...

0

is such that there exists a connected S-acyclic 2-dimensional (even) (-€)-symmetric

pair over A (f™ : D— 5 D™ .(3!]"',!])& Qa(f" +~€)). The S-acyclic 1-dimensional

(even) (-£)~-symmetric Poincaré

complex over A (’ﬁ,ﬁe(f(’ﬁ,-c)) obtained from (D,'))

by (~€)=-symmetric surgery on (f" $D———>D" ,(Erl "',r])) has assoclated non~singular

(even) e-symrmetric linking form over (A,S)

Define A-module chain complexes
D = ' m & .ph
D' = c(f r)of )
and A-module chain maps
T :D—- 3D

with

so that
F1* = inclusion : H'(D')
T"* = inclusion ¢ H1(3")

There exist connected S~acyclic

(' (B .ﬁﬁ) = (A3

 A-e »>D%) , " = .‘.1C(SSD"———7D'")

Pt D —— D",

= D eD™ _eD™ 2-r > D1 = Diepm &°F
r r+l T r

~ D oD oD 2-r >DW = DWeDth
r r+l r r r+l N

=F——>H'(D) =

=l

-G ~1'(D) =

2-dimensional (even) (-€)-symmetric pairs over A
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(T':ﬁ-———a'l')",(i?",ﬂl)eaa('f",-e)) ,

(Fn:5 — B, Gy, e P(F,-e))
and the union

(€9 = (ﬁvuﬁiﬂ,-'sTl'uj{feQz(ﬁ'uﬁﬁ",-e))
is a connected S-acyclic 2-dirmensional (even) (-£)-symmetric complex over A
associated to (W,);F,G). It may be verified that (C,¢) is homotopy equivalent
to (C,9), the complex mssociated to (M,\;F,G). e

This completes the proof of ii), It remains to complete the proof of i).

e

even €-gymmetric M) ;F,G)
Given an linldng formation over (4,S) let
€-quadratic (M, 1PiF4G)
e=-synme tric =
(K,%),(K',0l') be non-degenerate forms over A such that

even €~symmetric
M)\ = d(Ke) = K ') ,
so that

o]
1]

coker(f:K —> KF) = coker(f':K! ————)K.‘é,)

G = coker(gtk —> KG) coker(g!:K* ——KY)

e-symmetric
for some S-isomorphisms of non-degenerate forms over A
even €~symmetric
£ (Rp) —— (Kpeotp) , £ 2 (K'o') — (K 23)
gt (BEp)—> (Kp0%y) » €' ¢ (Kt , ') — (Kt';.olé) .
‘g~aymmetric

Wle have to show that the associated S~forms over A
even €E-gymmetric

s 0 f
(KFGKG'QOF U‘G\ s4n( (g) : K ——>KgoK))
( *f 0) ™ x »
10K} ;im : K'——— KloK!
¥ KG'(O a4 s') L

are stably isomorphic. The S~acyclic connected 2~dimensional {~€)-synnetric
even
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comolexes over A in normal form obtzined from the S-forms (as in 1)) ave
hocotopy equivalent, since they correspoad to the same linking formation,
and are therefore stably isomorphic (by Proposition 13,11). It follows that

tre 5-forms are stably isomorphic.

1ii) A connected S-acyclic 2~dimensional (=g)-quadratic complex over A
(C,\lngZ(C,-E)) is homotopy equivalent to one in normal form (by Proposition 13,10).
Given such a complex in normal form we shall construct a split €-quadratic
linking formation over (4,S) (F,G) = (F,((i)a)G), as follows., Choose a cycle
revresentative V¢ (H@utzzj

. -
v, = OeHonA(CZ,CO), ¥, = OcHom,(c",Co). Using ¥, as an identification write

the diagran

N o
HomA(G‘,C))2 with ¥ € HomA(C ,Cz) an isomorphism,

a8

>
»L*

with j(HomA(L,K),P(—HomA(K,K'),. GHomA(L,L") such that
B3 = A" e;'\'eaomA(L,L‘)' .
Iet (F,G) be the split €-quadratic linking formation over (A,S) associated by 1)
to the €-guadratic S-form over A (K,FCQE(K);im(j:L——>K)). N
¥ < hd aiff nt cycle
Replacing Ve(H@Z[ ZZ]““‘E[EZ] (c*,C)), by a differe ¢

rerresentative in normal form ¥'& (W@u[zzjnomA(C" ,C))z replaces e,x by f,',x'
suct that

F' -p= W - g€ HomA(K,I{‘) , ;\' =X = 3" +q+ er\‘eHomA(L,L')
for some W¢& HO!ﬂA(K.K‘),V]éllomA(L,L‘). Neither the €-quadratic S-form (K,ﬁ;L)

nor the split £-quadratic linking forpation (F,G) are affected by such a change.
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In particular, for the contractible S-acyclic 2-dimensional (-€)-juadratic

complex over A (C,V) = C_E(P) (P = a f.g. projective A-module) we have the

1
):P)
0

‘ 1]

€-quadratic S-form over A
o
(K,p;L) = (PoP‘,(
o

corresponding by 1) to the stable equivalence class of the O split £-quadratic

linking formation over (A,S) (take k = (1) t L=P-—>K= PeP*) ,

0

Thus the stable equivalence class of the linking formation (r,q)
associated to (C,¥) depends only on the stable isomorphism class of (C,¥),
which by Proposition 13,11 is the same as the homotopy equivalence class of (C,¥).

Conversely, given a split €-quadratic linking formation over {(A,S) (F,G)
we shall construct a connected S~acyclic 2-dimensional (-E)-quadratic complex
over A (C,¥) in normal form, such that (F,G) is in the stable equivalence
class determined by (C,V).

Let (K,piL) be an €~quadratic S-form over A associated by i) to (F,G). -
let jéHomA(L,K) be the inclusion. For any 1lift e’GHomA(I(,K‘) of @GQE(K) there
exist NéHo’mA(L,L‘) such that -

PBI=4 - € Hom, (L,1*) .
Given such a choice q’-q)eﬂomA(K,K")GHomA(L,L‘) define (C.V’(QZ(C.-E)) by

(R+ep*)j : C, = L——> C, = K*
d= ¥ P 2 1 ' cr=o(r;£o,1,2)
J* 1€ =K —>Co= 1t

1:¢C =L—~——-—)CZ=L o
1 E{"J!C =L“—>C1=K'
Vg = P:C =K————701=K' v ¥y o= 1
(o] : C =K——')CO=L'
O:CZ=L‘——700=L’
- 'l o_. —_ -
VZ—’R'C _L——>CO—L .

The method of proof of i) shows that the homotopy equivalence class of (C,¥v)
depends only on the stable equivalence class of (F,G) together with a cholce
of hessian (r. ,7\) 4 QE(K'L) , where
= - - - -7 - o.k EYTORET Y *
QE(K,L) = {(F,\)enonA(K,x )aI{omA(L,L 1F N'R e)\ ,/s(u U | *uj tqten |
. tompe Hom, (K,K*) efiom, (L, L.)} )
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(Define a split E~quadratic S-form over A (K.$:L,X) to be a non~degenerate
€~quadratic form over A (K,PEQE(K)) together with an S-lagrangian L and a
choice of hessian (Fi\)G:QE(K,L). The homotopy equivalence classes of connected
S-acyclic 2~dimensional (~€)=-quadratic complexes are in a natural one-one
correspondence with the stable isomorphism classes of split e~quadratic
S-forms over A).
It remains to show that if (C,W),(C,;) are the complexes associated to
different choices x,’iéﬂomA(L,L‘) such that
3*B3 =§- e\ - “7"-: E;\‘CﬂomA(L,L‘)
then (C;;) is homotopy equivalent to a complex obtained from (C,¥) by an
S-acyclic (-€)-quadratic surgery. As before, let L' be a f.g. projective
A-nmodule and let k¢ HomA(L',L‘) be such that u = j‘q'>+s ‘)kéﬂomA(L' ,L*) is
an S-isomorphism and k‘Fk = OGEQE(L'). Also, let R'e HomA(L',L") be such that
Kk = K - ey'* € Homy (L',L1%) .
 Let (C',W'GQZ(C',-E)) be the connected S-acyclic 2~dimensional (~€)-quadratic
complex over A associated to the e-quadratic S-form over A
(KB sin(x:Lt—s K))
with choice of hessian (P,ﬂ')EQE(K,L'), corresponding by i) to the split
€-quadratic linldng formation over (A,S) (F“,((_£%>,9)G). Let (C“,W"GQZ(C",-E))
be the connected S-acyclic 2-dimensional (-£)-quadratic complex over A
obtained from (C,¥) by surgery on the connected S-acyclic 3~dimensional
(~e)~quadratic pair over A (f=C-———*D,(KW,V)EQB(f,-E)) defined by

4y = €u* : D, =L—> D, =L'* , D =0(r#1,2)

2
1: ¢, =L——>D, =1L
f= 2 2 . %W1=-\'.D1=L'————»—D1=L"
k‘!C,l = K‘—-_,.]:),l = L'e
Y = . p¥ -
¢V¥q = 0:D ——» D}—r (r = 1,2) .
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The A-module chaln eguivalence

h:C'"——>C"

glven by
($+E$‘)j -($+EF‘)k
1 o (j‘ 0 e)
0 Tu \<k* eu* 0
c" : ,..—> 0 s LeL' > K*eLel* — 5 J*eL'*—0
i —> cen
h (o (=1 (p+ef*)y 0 (o 1)
R - .
C't ¢oo—> 0 —5 L' Qrept) —>K* K 5 L' 503, ..

defines a homotopy equivalence

h : (C"\¥") —— (C',¥").
Thus (C,¥) is homotopy equivalent to a complex obtained from (C',¥') by
S-acyclic (-£)-quadratic surgery. Now (C' ,¥') is independent of the choices
of x fﬂe HomA(L,L'). It now follows from Provosition 7.9 (or rather the
Lemma used in the proof, concerning the composition of algebraic surgeries)
that (C,$3 is homotopy equivalent to a complex obtained from (C,¥) by
S-acyclic (-€)-quadratic surgery.

0]
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(even) g-symmetric (Kp1,d) :
A non-derenerate formation over A i
£-guadratic (x,p;1,9) t
(even) e-symmetric %(K,&eQE(K))
is a non~singular form over A together with a
e~quadratic (I(,@c—Qe(K)) '

(even) .e-symme tric

lagrangian I and an S-lagrangian J. The formation over S-1A

€-quadratic
5™V (ks T,9)
| s"(x,?;I.J)
{ (2,051,

1(K.§;I,J)

is non-singular, and it is stably isomorphic to O precisely when

(K3 X,9)

is an S-formation. A non-degenerate formation is
(Epi1,0

(K) -
non-singular if J is a lagrangian of .
(x,)
'Q(K,d;I,J) (even) e£-synmetric
The boundary of a non-degenerate
WK,PI,I) e-quadratic
(X,5;1,3) j

forpnation over A is the stable equivalence class of the non-singular

(K,F_;I,J)

even e-symmetric (€-quadratic)
linking formations over (A,S)
split €e-quadratic

x(uv\ﬁFvG) (1) vP;FnG))
)
L

associated by Proposition 13,11 1) to the non-singular

(F,6)
(even) e-symmetric (K,»33) D(Kpi;I,d) = 0 i
S=-form over A . As usual, if and
E-quadratic (x,g59) ZB(K'F;I'J) =0 :
| (K, 1,0)
only if is non-singular.
(X,3;1,J)

(The boundary operation
? : (non-degenerote formations)—— (linking formations)

can also be expressed in terma of the "dual lattice" construction, as follows.
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\(K.u) &(even) e~-symme tric PR Y (™
A lattice of a non-singular form over S A
l(x,‘}) /E-quadratic : (q,v

S(even) €~symuetric
is non-singular if it is a non-singular )
[E-quadratic

equivalently if it is self-dual

g\xﬁs {erhp(x)(K)S acs Wl =x

¥ = ;:eQ'(VH:\V')(x)(K)g Ags"A} =K.

)
)

form over A, or

(even) e-symmetric (K,»;I,J)
Given a non-degenerate . formation over A there
e-quadratic (K,B;I,9)
) (ke (57 R e -
exist non-singular lattices of -1 such that KIr\S I=
(g o) o (K5 By s (x,p)
(B ,%) _ (K. ,%)
is a lagranglan of KI I and Kwas 1J = J is a lagrangian of arg .
(Kpfy) (%5 By)
(K’ ,x") 57N (xm)
Also, there exists a non-degenerate lattice of 4 4 such that
(x*,p") s (K,F)
K'CKpn KJgs'1x ’
and such that the inclusions K'——;KI, K — KJ define morphisms of
((even) e~symmetric
non-degenerate‘z forms over A
€-quadratic
(K'.-:(')—>(KI,NI) s (K'yot") — (K0 p)
(K1) —> (Kp,py) , (R,BD ——ﬁ(KJ,y,J) '
with
- |"®F J -*F LI 1 1
(K I,d) = (KV/K' ' /et i Ky/R K /K1)
~no
) 2031, = (/R KK e pien = oo )

I



—309_

e~symmetric
The boundary of an { even E-symmetric linking form over (A,S)
e~quadratic
(M) even (~g)-symmetric

(M,\) is the non-singular /(~-€)-gquadratic linking formation

(M,),v) split (-e£)-quadratic
over (A,S)
a1,\) = (E5q);H,
g(n.i; = EH_EEMZ;H,::E’:;; T'(M.x) = %hp\hneumklxm}
1
DU p) = Gt} 40m ) .
(K,31,J) (-€)-symmetric

If Y(¥,%;I,J) is the L even (-t£)-symmetric S-formation over A associated to

(F,831,9) (-€)-juadratic
(M,3) (K, N
(M,)) by Proposition 13.6 then }?(M,)\) agrees with the boundary
(1) ,p) (11, \,p)
HK,;1,9) (K,ot31,J)

?(K,~;1,J) obtained by regarding §(K,«;I,J) as a non-degenerate formation
_(K,;;I,J) (K,&;51,9)
over A, (There is an evident analogy between the boundary operation
d: (linkdng forms) — > (linking formations)
and the boundary operation
?: (forms) ————> (formations)
of §5. To complete the analogy we can also define a boundary operation
d : (1inking formations) — % (linking forms)
corresponding to

d : (formations) ——5 (forms) .
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(even) e-symmetric
The boundary of an 4 €E-quadratic
split €-quadratic
(even) e-symmetric
is the non-singular E-quadratic
split e-juadratic
DM,\;F,0) = (GF/G,\/\)

(M, 1H3F¢G) = (GL/GQ)\L/X ' I“l)

(H,A;F,G)

linking formation over (A,S) 4 (M,\,>;F,G)

(F,G)

linking form over (A,S)

3F,0) = (e th ) (F) = (FeEN\ ) .

e-symoetric

even €-symmetric

An linking form over (A,S) is non-singular ( resp. represents

e-quadratic
split e-quadratic
1%(a,s)

Luy©(a,s)
0 in the Witt group
- LE(A,S)

‘ZE(A,S)
&a(n,x;r,e)
. '9(M,);F,G)
isomorphic to the boundary of an
(M, A pi F,G)
a(F,G)
. (4,5;F,Q)

(11,\;F,G)
linking formation over (A,S) ).
(M,\,piF,G)

( (F,G)

A\

) if and only if it has O boundary {resp. is

e~-gymnetric
even e£-symmetric
e~quadratic

split €-quadratic
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(c,062%(c,=€))
Proposition 13,13 Let be an S~acyclic 2-dimensional
(c,veQ,(G,-£))
even (-€)-syrmetric (1, F,G)
) Poincaré complex over A, and let be an
L(—e)-quadratic (F,Q)

even g-symmetric
associated non-singular linldng formation over (A,S).
split €-quadratic
(¢, er'(a,s,e)
i) The S-acyclic cobordism class depends only on the
(c,¥)e 1,(a,8,e)

(M,\;F,G)
stable equivalence class of
(F,G)
{ (C,9) = 0€ L1(A,S,£) (1,\F,6)
ii) if and only if is stably equivalent
L (c,¥) = 0€L,(A,5,€) (F,G)

SQ(K,u;I,J) €-symme tric

to the boundary 2 formation over A

3X,e351,9)

of a non-degenerate
E-quadratic

s (Kyi1,9) = oené(s“A) = 1;(3-1.4,(-:)

such that S, -1 .
Ly(S” AE)

1|
1]

; (K,#;T,d)

(KypsI,0) (3'1(K.E;I,J) = oeni(s"'A)

1f ker(H9( %Z:S-1A/A,E) LN ﬁ1(E2;A,E)) =0
it is possible to choose

(For all A,S,E

(K,x31,J) e~-symme tric
. to be an S-formation over A (i.e. such that
(X, p;1,9) ge~quadratic
e (Cy0) = O€EL(A,S5,6) (M,\:F,6)
S  K=8 I+5 J), so that if and only if
(c,¥) = 0¢1,.(A,S,8) (F,G)
1
2(x,0) (-€)-symme tric
is stably equivalent to the boundary of a 1linking
?(N,B,rJ (-€)—quadratic
(n,8)
form over (A,S) .
(B,S,r)
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| i)
Proof: i) Immediate from Proposition 13.12 .

iii)

ii) By the S-acyclic counterpart of Proposition 5.k iii) an S-acyclic

even {-g€)-symmetric (C,¢£Q2(C,—e))
2-dimensional Poincaré complex over A
(=€) ~quadratic (C,VQQZ(C,-e))
1L1(A,S,E)
represents O in if and only if it 1s homotopy equivalent to the
[L,l(A,S,E)
D(D,q) even {(~€)-symmetric
boundary of a connected S-acyclic 3~dimensional
D,S) (~€)-quadratic
(0,4¢2%(D, -€))
complex over A with D a f.g. projective A-module chain complex
(D.geQ3(D,~E))
D: .os—s 0—>D3—d>D2-—g—-—>D1——d—->DO——->O—‘——>... .

(C,p) = ’B(D.V\) (D.l])
be the boundary of such a complex
(c,¥) =2(p,8) ,§

[ (0',n'c 0" ,-€))

as above,

even (-€)-symmetric

Let ‘oe the connected 3-~dimensional
(D'qg'é Q3(D'.'5)) (~€)-guadratic
(D,v])
complex over A obtained from by surgery on the connected 4-dimensional
(D,S)

even (-€)-symmetric '(f:D«———-)E,(O,r])te*(I,—E))

pair over A defined by
(-£)~quadratic (f:D————-rE.(O.S)G-Qk(f.—ﬁ))
f=1=D3—->E3=D3,Er=o(r;!3)-
(Dn,qn) = S(p",n") €-symnetric
Then 1

is the skew-suspension of a 1-dimensional
(Dl.év) = §(Du'3n)
(D",U]"QQ1 (D",E)) 5—1(D",l]")

conplex over A such that is Poincare and

(D".§"6Q1(D".5)) 5-1(D"'i")
null~cobordant over S_1A. The homotopy equivalence classes of 1-dimensional

(c—symmefric -
% complexes over A which become Poincaré and null-cobordant over S
Le—quadratic

e~quadratic

a
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& 3@
are in a natural one-one correspondence with the stable isomorphism classes ° (p) = 0€27(E,-8)
e-symme tric E%(\v) = 0eQ,(E,-€) .
of non-degenerate formations over A, In particular, the 5
split €-quadratic even (-€)-symmetric
The connected S~acyclic 3-dimensional complex over A
e-symmetric (n"'.rv) (~€)~quedratic
non-de generate forpation over A associated to is given ~ ;
e-guadratic ll(D"' ") (Dt ,g'éQB(D' +=€)) (0] ,§) (f:D——-)‘E\Z'(O,S)GQL(f'—E)
_S obtained from by surgery on - -
up to stable isomorphism by (o lf\'ﬁQ3(D' =€) (D,’\) (f:p—> E:(Op'))th(f"'ﬁ)
. o 1 d (p? ,r"{') = S(on ,~")
(K,5;1,9) = (D eDz, ) iD_ ,im( "0\ +D 0D1 >D eDZ)) is the skew-suspension 4 ,_ o ~ of an S-acyclic 1-dimensional
2 e T].‘, 2 0 e 3 2 (D"g') = S(D" 'gn)
\ , [0 1 a (147 )S e-symmetric (dr ,?]"6 Q1 (p",e)) \ (=€) -symmetric
L(I(@;I,J) = (D_eD°, i, ,im( €20} :p,ep'——>D_ed?)) . complex over A4 . . The linking
0 0 0 ar 3 .2 €-quadratic (p" ,g"gQ1 (p",e)) (~€)~quadratic
and is such that . (pn» "l\“'")
1 1 form over (A,S) associated to } . )
STUKM31,9) = 0eM(sTA) (o™
- - 1 ~, lad
S 1(KsB§I,J) = O(:HS(S 1A) . (N,8) = (B (D) 'yﬂ(l))
. € ~
1o ‘n LOcch
even E-symmetric (N,0 .rx) = (2 (D ).(1+T£)( orvsE™)
The non-singular linking formation over (A,S) associated - =
- split £-quadratic is such that
(C,:p) (H');FIG) = D(N,B)
to is the boundary
@ (c,v) . AF,6) =9(x,0,10 .
2.80 -1 A1
(M,%F,8) = 3(K,»;1,J) If ker(S:H (Z,;S” A/A,€) — H (Z,;A,€)) = O then for any §-acyclic
(F,6) = 2(x,p;1,) . 3~-dimensional even (~£)-symmetric complex over A (D,quB(D,-e)) vwe have
v s .
- . v (") A - s A
Since D is S~acyclic there exist s€S, chomA(Dz,DB) such that vo(q) =0 : HB(D) o' HO(ZZ;S 1A/A,(-:)- H1(z2;A,e)
gd = B € HomA(DB'DB) . "and so v%(r\) = 0.
Let T:D——E be the A-module chain map defined by t £-syme tric
a a a ! Conversely, given a non-degenerate formation over A
D: ...—>O~—r-D3 7D2-——-—>D1-—-——>Do—-———+0———)... i €=-quadratic
: ) a (K,451,9) 5T (Ke31,9) = o (s
€ . such that 1 s, -1 v have to show that the
N ~ v ¢ . - . = y -
E:i—0—>D, — s—*D3 —>0 > O N | S i (K451, $ (KPiT,0) = 0€ti(SA)

a ‘ even (-g)~-symmetric ,
if vi(v’l) = 0: B(D)—>i%z ;s-1A/A,e) ) S~acyclic 2~dirensional Poincaré complex over A
~ so that 2 then : (-€) -quadratic



‘even €-symmetric

(C,pe22(C,-€))
associated to the boundary linking

(C,WtQZ(C,-E)) split £~-quadratic
HK,»31,d) = (M,)F,G)
formation is an S-acyclic boundary. As I is a
a(K,Il.;I,J) = (F,G)
(Xy=)
lagrangian of we can identify
(x,p)

(o] 1
(E,) = (IeI‘,( ))
€ 2]

[0} 1
(KR = (IeI‘.( )
(¢] [0}

for some e-symmetric form (I*,8) (by Proposition 1.5). Write the inclusion

of J in X = Iel* as

(i):J~——+Id‘ N
so that in the E-quadratic case
j‘k:x—e&‘ t J———y J*
E-symmetric

for some (-€)-quadratic form (J,R). Define a 1-dimensional %
€E-gquadratic

1 (D.']tQ1(D,e))

complex over A which becomes Poincaré over S~ A ! by
(D,§e3,(D,£))
d=% :D =I—Dy=J* , D =0(r#01
ej:0%=J—p =1 1
Y)0= 1 y Rg=0:D =I*— 5D, =1
j*+k*0 : D' = I* —5 D = J* !
e :0%=0—>p =1 o
- = - s = = L
¢ - 1 L G = D = d——D =3
0:D =I*——Dy=17J

Now

s o) = 5T ERMITD = oergsT e =M™

0e13(s™Ae)

]
-
ot
~
w0

[
-
=
Z

s'1(D.§) = s7TNE,ES L) ,
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g-syrmetric
so that there exists a 2~dimensional pair over A
€~quadratic

[ (£:D——>5D,(54,ea’(1,€)) -1
. vhich becores Poincare over S 'A.
(f:p—> 5D,(a§,§)EQ2(f.€))

‘(D‘.q'eQB(D',—e))
et be the connected S-acyclic 3-dimensional
(D*,§'€Q5(D",-€))

even (~£)=-symmetric
complex over A obtained from the skew-suspension
(-€) ~quadratic

"S'(D.r\|) 5(f:p—— SD,(br] 2D
_ by surgery on the skew-suspension {_ .
5(p,%) 5(£:p-—> §0,(§§.§))
even E-symmetric AKx;I,0)
The boundary linking formation over (A,S)
split e€-quadratic B(K,@;I,J)

is the linking formation associated to the S-acyclic boundary
a(D‘,Q') . ?E(D,q)
', g") 3§(D,S)

(C.‘peQZ(C,-e))
, up to homotopy eauivalence).

n

(C'W(QZ(C,-E))
01



"

- 317 -
317 ; ' - 318 -

In particular, stably equivalent linling formations revresent the sane

E-synmetric

even e-symmetric e
Define the Witt group of linking formationms i HGv D= (A,8) ——M5(4,8) 5 (MMF,B)—s (M,5F,0)
E-quadratic i .
j H (a,8) —> n<v(;e(A.s) 3 (MM 5 F,G) +——— (M,)\:F,G)

\ element in the {itt group. There are defined forgzatful maps
I

split e-quadratic

M (8,8)—— M .(8,5) ; (F,6)—— (B (F);F,6) .

i
|
1 (a,s) ! ~
i In order to verify that M_(A,S)—M _(A,S) is well-defined we have to show
nér »*a,8) | € €
over (A,S) .5 to ve the abelian group with one generator for ‘ that d(M,1) = O€M_(A,S) for any (~€)-quadratic linking form over (4,S) (M,\,p.
M_(a,s
,VE( i\ For any non-singular €~quadratic linking formation over (A,S) of the type
M_(A,S) |
© \ (8,(F);F,G) we have
€-symme tric ‘ A A
; (8, (F);F,0) = (HE(F);F.F'\)e(ﬂe(F);F 46) = (B (F);F7,e)e M (A,5) ,
even €-symmetric - i -
each isomorphism class of non-singular linkdn so that for any even (-€)-symmetric linking form over (A,S) (M,\)
g
€-quadratic ; r - ~ e
| (M) = (H_(M);H, ) = (B_(M);u", ) = oeM (A,8) .
split €~-quadratic | € (m,)\) € (,%) €
(1,3 ;F,G) f even E€-gymmetric
(1,\; F,G) k Proposition 13.1% A non-singular €~quadratic linking formation
TNy *
formations over (A,S) subject to the relations: .
€= t
{IBY 'P;F'G) split quadratic
. NE
(F,G) (11,%F,G) M<vo (A,58)
in the (even) e~symmetric case over (4,5) (M, ),p+3F,G) represents O in the Witt group / M _(A,S)
~
(MyXiF,G) + (M X F?,G*) = (Meli' \e)';FeF',GeG') (r,6) “e(A'S)
(4,5 5F,6) + (M,);G,H) = (M,\;F,H) D(Kex31,J)

(,\F,6) = (LL/L,\/n;Falt,G/L) if T iS a sublagrangian of (M,\;F,G) if and only if it is stably equivalent to the boundary 8(K,%;I,J) of a

(M,);F,G) = (Lt/L, ¥/\;F/L,G/L) if L is a sublagranglan of (M,») . D(EK,p51,9)
such that LEFAG , ! e~symme tric (K,%31,J)
similarly in the €-guadratic case ’ non~degenerate even E-symmetric formation over A (X,%;I,J) such that
’
in the split £-quadratic case €-quadratic o ) (K.f‘;l.gJ)ﬁ‘l
ol . i Eeg=t If ker(HU(Z. ;87 A/A,e) 2> R (Z ;A,e)) = O
(F,G) + (F*,G') = (FeoF',GeG") (\s (Xp31,9) = 0¢ M (s 'A) 2 ' Siby
5‘1(;( 3I,J9) = 0eHl \E(s'1A) For all A,S,t
(F,G) = (FnL*,G/L) if L is & sublagranmgian of (F,G) —; I = Yo's .
-1 ; -1 For all A,S,t
MM = 0 if (NP is 2 (~€)~quadratic linking form over (A,S). LS (X,BiI,0) = OGHE(S A) or a It
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’ ! of the boundary even £-symmetric linlkdng forn over (A,S)
(%3 1,9) (M) =3(r,8) .

it is possible to choose J (K,7;1,J) to be an S—formation (i.e. such that Set
e

(K,PiI'J)

[QR,0),1,(710")3 = (1,\F,0) € G pE(R,S)
(1,):F,6) = 0¢ Méry ©(a,8)

- _ - lemma 1 The Witt class [( £,(Q%,0" M €a,8) 1
sk = 57 1e5™9), s0 that (LA F,6) = O€H (A,5) 4T and only if lemma 1 [(Q,0),£,(2°49")1e M{v > (A,S) 1s independent of the
- choice of S~iscmorphism u¢ Hom, (P,Q).
(F,6) = oeH . (a,s) 3 € Homy (742)
Proof: If U €Hom, (P,3) 1s another choice of S-is hiso th §
(H,5F,6) (N, 8) —_— AN ~ : isomorypl : ere ex:.sia
f.gs projective A-module P and S-isomorphisms H ’I\" P), ¥ P, )
(M,\,F,G) is stably equivalent to the boundary43d(N,8) of an * rphisus v € Bom (P,P), v¢Hom, (P,P)
such that
(F,6) 3(N,0,¥) ~
. - ‘ uv = uv€ Hom, (P,Q) .
(-£)-synmmetric (M,8) om, (P, -

Therefore it is sufficient to consider the effect of laci f
even (~£)-symmetric linking form over (A,S) J(N,8) . ° replacing ueﬂomA(P,Q)

] by ® = uv ¢ Bom (FQ) for some S-isomorphism v& H 'I\" P). Th -
l (~g)-quadratic (W,8,V) AT e € Tom (F7) ® monTeinguiar

even £~symmetric linking formation over (A,S
(\le thus have an S-acyclic analogue of the "Bruhat—'l‘:'i.ts decomposition" of the v € (2,5

: (M,%\F,6) = (3(P,0);coker(usP —s ker(fu:P ———0up Q"
unitary groups, cf., Proposition 12,2). . Y verTe 3(Py0); b ) ycoker(fu N

. . is replaced by
Proof: It is convenient to introduce the following termimology, associating -

(E,K;?,E) = (;,3);coker(';x':3 ~——%12) ,coker{fi:P —>q"))

to non-singuler e-symmetric forms over A (Q,9),(3',p') and an isomorphism of '
the induced non-singular E-symmetric forms over S-1A vith v
£ 157 Q) —— 5@ 0" | ¥ = Teell = veove tom, (B,70) .
jag ~ o~ ~
an element [(Q,¢),f,(R%,¢*)]¢€ l-‘l(voﬁe(A,S) in the Witt group of even e-symmetric let H = coker(viP——F) be the sublagrangian of (M,\) = B(P'g) associated by

. Proposition 13.8 i) to the S~isomorphism of non-degenerate £-symmetric forms
linlking formations over (A,S).

over A
Iet ue HomA(P,"L) be an S-isonorphism of f.g. projective A-modules
~ N
- - v : (P,8)—— (P,8) .
such that fu Q,Homs-1A(S 1P,s 1!1.) is induced from an A-moduleSisomorphism 1) +9)

. A Then HCFnG and there is defined an isomorvhism of non-singular even €-symmetric
fu(—_HomA(P,’.)_'),, and define an A-~module morphism ~

linking formation over (A,S)
8 = u*yu ¢ P—rP* .,

~ " ~
(M,\;F,G) ———> (H&/H,\/X;F/H,G/H
The S-isonmorphisms of non-degenerate £-symmetric forms over A 1015y /H,A2/XF/H,G/B)
so that
u: (P,8) —— (Q,9) , fu : (P,8) ——(3",0")

~ ~
(4,%\3F,0) = (BY/H, N/ F/H,6/H) = (4,3;F,G) e Hey SF(A,s) .
correspond by Proposition 13,3 1) to lagrangians T /RNE/RS/ v < °> !

03

F = coker(u:P—>Qq) , G = coker(fu:P ——» Q")
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“ezze 2 Given non-singular €-symmetric forms over A (3,9),(2',0%),(3",0") and
isomorphisms of the induced e~symmetric forms over S-1A
f: s'1(52.¢)——>s"1(Q'.¢') , £ 2 s"'(Q'.ca')———’S-"(Q“.ro")
there is a "Whitehead lemma" identity
[€2,0) 4 £,(Q" 10" )Jel(Q" 40') ', (3% 1™ = [(Q,0) 4£'£,("9™)]
enwPyta,s) .
Proof: There exists an S-isomorphism of non~degenerate E-symmetric forms over A
u: (P,6)——>(Q,¢)
* cuch that both fu€ Homs-1A(s'1P,s”1Q') and f'fueﬂoms-1A(S-1P,S-1Q") are
induced from A-riodule S-isomorphisms fu eHomA(P,Q'), f'quHomA(P,Q".).
let F,G,H be the lagrangians of d(P,8) = (I1,)) associated by Proposition 13.9 1)
to the S~isomorphisms of non-degenerate €-~symmetric forms over A
ur (Pye)——=>(q,9) , fu : (P,0)—> (Q',0") , £'fu : (P,0)—— (Q",¢") .
Then
[€240) o £,02" 9" ) e[ (2" ,01) , £ (3" 19™)]

= (M, F,@)e(M,);G,H) = (M,\;F,H)

[(R40) 1, (A"0M T e Mv y®(8,8) .
0]
lec=a 3 Given metabolic €-symmetric forms over A (3,¢),(Q',p') with lagrangians
T L,L' let
-1 -1
£ 8 {Qup)—>8 (Q'e")
“e 2n isomorphism of the induced metabolic forms over S—1A, If

£s" ) = s sy

[€Q,0) ,£,(Q 0")] = O¢ M(VO}E(A,s) .
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Proof: Choose a direct complement to L im Q, so that

o] 1 €
(2y9) = (LeL'.( € 9" (LeL*))
€ o

for some €-symmetric form over A (L*,xéQ%(L*)). Similarly, choosing a direct
complenent to L' in Q' we have

(4] 1

(Q',9") = (L'oL",( ')EQE(L'GL"))

E o
for some (L",a'eQE(L")). The isomorphism f€ Homs-1A(S-1Q,S_1Q') can be

expressed as

B
s

1 L'eS

: 579 = s pes v 57T = 577 Tpee

o]

v olx

for some s€85, g eHomA(L,L') + g'€Hom, (L*,L'*), keHom, (1*,L'). The S-isomorphisn

of non-degenerate e-symmetric forms over A

5 0 o 58 0 1
u =( ): (P,8) = (LelL*, (_ _ ))——*(Q.q’) = (LeL‘.( ))
0 s EBS  8AS € ol

can be used to define a pon-singular e€-symmetric linking formation over (A,S)
(2 iF,G) = (O(P,8);coker(u:P—»]) ,coker(fu:P —»Q'))

such that
[(2,0) 4£,(2",9*)] = (M)\;F,G)€ u<v07€(A.s) .

The S~-isomorphisms of non-degenerate €-symmetric forms over A

B8 0 0 ss 0 1
B =( : (P,0) = (Lel*, | _ _ | )-—>(Lel*, _ D
(o} 1 €8s 5ds 4 846

s 0 0 1] 0 3
i =( } : (P,8) = (LelL*, < _ y— (LelL*, { _ _ )
: ES [543

E58 BuB

[ Y 0 ©8 0 h
3= ) : (P,0) = (Lel*, [ _ )— (Ltel*, R D)
o 1 £88 508 €h* sols

correspond by Froposition 13,9 i) to a lagrangian
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H = coker(h:Lel* — > LeL*)
and sublagrangians

I = coker{i:LelL* —— LeL*)

J = coker(j:Lel* ——sL'eL*)
of the non-singular even e-symmetric linking form over (A&,S) (M,)\) = 3(P,0).
How ICFNH, JCGNH and the even €-symmetric linking formations over (A,8)
(It/I,)\t/3;F/1,8/1),(J2/J,\/»;8/J,G/J) are stably equivalent to O, so that
T(R,0) 4 £,(2",0") ] = (M)F,G) = (M, ;F,E)e(M,\;H,G)
= (I/1,54A 3F/1,H/1)e(J4/T,3/\38/J,G/J) = O eu<v0>€(A,s) .
0l

The boundary 9(K,X;I,J) of a non-degenerate E-symmetric formation
over A (K,3;I,J) may be described as follous., Choose a direct complement to
the lagrangian I in (K,x), so that

o

1
(K, = (IeI‘,( )GQE(IeI‘))
8

€

for some €~symmetric form over A (I*,fe QE(I’)). The inclusion of the

3 [o] 1
( ): (3,0) ————» (TeI*, ( ))
Xk € o

extends to an S-isomorphism of non-degenerate £-symmetric forms over A

i 7 0o s o 1
( ~ ] (Jed*, (( ) ————(I=1*, < )
k k s ] € 0

for some s¢ S, ¢ QE(J‘) (by Proposition 1.5, applied to the induced forms

- -1
over S 1A). Define an isomorphism of metabolic e€-symmetric forms over S A

S=-lagrangian

o} 1 1 (o] 1
f= : 57 (Jesr, ) —— 8" (Tel*, o)}
4 .

£ L4

wlix ok
®] ]
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Then

/01 o 1
(Ky231,9) = [(Jed*, )),f,(IeI‘, ( A| EI'I(V(?E(A s).
€ ® € <] ’

4

(To verify that this is the linking formation associated to the non-singular

€-synmetrie S-form over A (K,%;J) used to define (K, >;I,J) use the S-isomorphism

8 [o]
u = t P = JoJ*——> JeJ*

o 1

in the construction of [(Q,¢),£,(2',0")7).
Lemma 4 Iet (K,3I,d), (K',x*;I',J') be non~degenerate €~symnetric formations
over A such that there exists an isomorvhism of the induced non—sinéular
€-symmetric formations over S-1A

£ 1 8 (Ky3T,d) ——— 8 (K y'317,37) .
Then

K, I1,d) = HK! ,o517,37)¢ 1-1<v0>5(A,s) .

Proof: ps.above, let

f s -1 - 0 1 -1 0 1
: 8 (JeoJd ’ )—s (I%I‘, ) = S-—1(K o) -
S e 8 !

o -1 o 1
)—=s (I'eI".< ) = 57N, o)
N € o' !

£ 3_1(J'°J'a'

-

be isonorphisms of metabolic €~symmetric forms over S—1A extending the inclusions

R -1 - -
of the lagrangians 8~ (J,0)——>§ 1(K,00 s S 1(J',O)4———* 3-1(K',u').
The isonmorphisms of metabolic E-symmetric forms over S-1A

—s 57N 0
o 1
- ~1 - o] 1
gf : S (JeJ’,( ))—>s N(aregrs, )
€ © £ o

-1 -1 -1, ~ - - -
g(s7'1) = sT'1'¢csT 'k |, n(s n=s 1J'<_Zs Tgres™ 100 .

g 3—1(K,u)

are such that

Avplying Lemma %, we have

kY



=

“
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0 1 o 1
[(J-BJ‘,( ),h,(J'eJ",( ) )3
€ ] € Py

oenwpa,s) .

[{x,m),g, (K',a')]

n

Applying Lemma 3, we have

0 1 [ 1
2R3 I,9) = [(JoJ’,( ), £,(Te1*, )]
€ ] € 8
0 1 0 1
= [(Jed*, ( ),h,(J%ed', ( )]
€ 9 € o'

(o) 1 o 1 -1
e[(J'OJ'.'( \ )'f'I(I'eI'.!< . )]e[(K',M'),g I(Kl"()]

€ ® € [} -
[o) 1 [o) 1
[(JIeJ'.' ),f',(I'oI", })]
€ wl € el

K o510 ,0") e Wy T (A,S) .

Q
lemma 5 If (K,«;I,J) is a non-degenerate £-symmetric formation over A such
that 57 (Kmil,d) = 0EHI(S™'A) then

3K,iT,0) = €Uy >E(A,S) .
Proof: let (D,vleQ1(D,l-:)) be a 1-dimensional e~symmetric complex over A

associated to (K,=;I1,J), with

d=k.3D1=I——-—'>D = J* ,Dr=0(r#0,1)

(o]
€j: DO=J———§D1=I 1
I]O= 1 .V,,‘=9!D =I.-————)D1=I
*+%x*8 ¢+ D = I*——>D, = J*

for some €-symmetric form over A (I*,8) such that the inclusion of the
S-lagrangian (J,0)—> (K,X) extends to an S~-isomorphism of non-degenerate

)
e-symnetrie forms over A

3 ? 0 s ’ 0 1
~ |2 (Jea+, )—— (X, X) = (TeI*, ) (ses)
k k €s » € 3]
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Then S-1(D,1‘) is Poincaré, and

i
s o = s (Kym31,0) = 0c 1;(5_11\,5) = Mg(s"'n)
50 that there exists a 2-dimensional e-symmetric pair over A
l(f:D-——-#SD.(Sr’,q)eQz(f,E)) which becomes Poincaré over S—1A, with $D a
f.g. projective A-module chain complex
d » 6D, 4 . 5p o

o > vee o

D ¢ ...——-»0-—->SD2
Define an A-module chain map g:{D ——SD' by

§D : ...—»o—>xD2_._‘L> ED1-—d-—»SD0——>O——+

N

D't ...—>0—(D, 4 > &, >0 >0

P vee
and let (D',r]'eQ1(D',E)) be the 1-dimensional e€-synmmetric complex over A
obtained from (D,r]) by surgery on the 2-dimensional €-symmetric
pair over A (gf:D —»SD',(5.1)%(87}.")6Q2(gf,€)). (Strictly speaking, the
algebraic surgery of §7 was only defined for connected conplexes and coannected
pairs and neither (D,')) nor (sf:D——\—SD',(gJ)%(&} ,r])) need be connected.
However, the formulae of algebraic surgery are still applicable, s"_" (D,f]) is
Poincaré and 5'1(81-:1,___)8])"(5'1)%(51,?)) is connected, so that (D'.q')
becomes Poincaré over S-1A). The non-depgenerate £~symmetric formation over A
associated to (D',r")
en?
(K' 251 ,J0%) = (D,'IeD'1.(O 1') ;D,'I,im<aqo)=l)'o——rn."eb'1))

€ 1 ars
nas boundary even £-symmetric linking formation over (4,5) 2(K',u';X',J')
stably egquivalent to HX,;I,J) (by Propositions 7.1 1), 13.12 i1), since
3(K,”;I,J) agrees with the S-acyclic 2-dimensional even (-~g)-symmetric
Poincaré complex over A'OE(D,G))). Define a 2-dimensional £-symcetric pair
over A (g':D'——-—)SD',(O.r]')(’},z(g',e)) using the A-module chain map

g':D'— > 85D’ given by
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4 0 11
At =| ~f a -Xrio
0 0 -a* /

D' ¢ ...——+O—>D1GSDZQSD1 ——-——-——yDoeSD1eSD2———>0—> oo

g l g' =(f a -8n)
_ !

gpt : ...—>0 3 0 SDO > 0 > ees .

There exist i HomA(D,'“SDO), s'¢ S such that
inte’ = &' §p0— > 500
and such that the A-module éhain map h:D'———D" given by
d -

L]
D' : ...-__;o—-—)D,; ———+D(')—>0—-—+ oo

| o)

M ,,——>0-—D >SDO—»O — Y.

becones a homotowy equivalence of 1-dimensional €-symmetric Poincaré complezes
over S_1A

h: s (o ,vl’)——> 5-1(D",r|")
where q" = ﬁ%(rV)é Q1(D",e). The 1-dinensional e-symmetric complex over A

(D",1‘1Q1(D",E)) has associated non-degenerate €-synmetric formation over A

o 0o 1 o €s' 0 o
(k50,3 = (508D, 1504  J:0®—> 8% ))
\ERd
€ 1711 (o]
such that

1 1

sl - sTVgngs™ ke
It follows from Proposition 1.7 that there is defined an isomorphism of
non-singular €-symmetric formations over S-1A
SR o311, 31 )08 (HE(IM*) j ane ,am) ,
' _ 5-1(1(",u“;I",J“)es-1(He(J");J",J') .
Applying Lemma 4, we havé
DKy I,T) = K 51, T = 9K, 5 1,J™) i

= QK o3I, 1) = OeM(vo)E(A,S) . ;
0] i
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It follows from Proposition 13+13 ii) and Lemma 5 that the
correspondence of Proposition 13.12 ii)
(S-acyclic 2-dimensional even (-£)-symmetric Poincard complexes over A (c,o))
<> (non-singular even €-symmetric linking formations over (A,S) (IM,)\F,G))
can be used to define an abelian group morphism
L1(A,s,a)+——>x—z(v(?e(A.s) i (C,0) — (11,%F,0) .
We shall prove that this is in fact an isomorphism, so that applying
Proposition 13,13 ii) again it will follow that a non-singular E-symmetric
linlking formation over (A,S) (M,\;F,G) representing O in H(vo)e(A,S) is
stably eguivalent to the boundary 2(K,x;I,J) of a non-degenerate €-symmetric
formation over A (Kx;I,J) such that s'1(1<,u;1,J) = 0¢ M§(s"1A). In order to
verify that the correspondence of Proposition 13,11 also defines an abelian
group morphism
M(vC?E(A,S)————>L1(A,S,E) 3 (M, \F,8) ———>(C,0)
we have to show that the S-acyclic 2-dimensional even (~€)-symmetric Poincaré
complex over A assoclated to the non-singular even £-symmetric linking )
| (1,5 F,G) e(11,%3G,H)
formation over (A,S) (HA;F,G) is S-acyclic cobordant to the
k(H,)iF,G)
(M,%F,H)
(12/L,%4/%;Fnlt,G/L), for any non-singular even

(1£/L,%*/2\3F/L,G/L)

conmplex associated to

e-symmetric linking form over (A,S) (M,\) and lagrangians F,G together with a
lagrangian H of (M,))
sublagrangian L of (M,)\;F,G) We shall consider the three

sublagrangian L of (M,)\) such that LCFNG.

cases seperately.
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Recall from the proof of Proposition 13.12 ii) that the S-acyclic
complex (C,p) associated to the linking formationm (¥,%;F,G) is the union
(C10) = (EDYED! =8t € Q% (WupD? j-c))
of the 3-acyclic null-cobordisms (f:D————-GD,(Sq,q)tQZ(f,—E)),
(f':D-———+SD',(Sq'ﬂveqz(f',-s)) associated to the. lagrangians F and G by

Proposition 13,8 ii), with (D'7QQ1(D'—E)) the S-acyclic complex associated

to the linking form (M,2) by Proposition 13.3. Let (f":D———’SD".(Sq",q)éQa(f".-E))

be the S~acyclic null-cobordism of (D,q) associated to the lagrangian H of (M,}),
so that the S-acyclic complexes associated to the linking formatioms (M,);G,H)
and (M%;F,H) are the unions
(07 19") = (DWL5D" -t U, €Q7(EDI D7, -2))
(c",o") = (8D UDSD",—6r| U,'En]"c QZ(SD UDSD",-e)) .
Now (C",p") is homotopy equivalent to the S-acyclic complex obtained from
(C,p)o(C',p') by surgery on the connected S-acyclic 3-dimensional (-€£)-symmetric

pair over A ({(g g'):CeC'—> D',(O,ve-w')éQB((g g'),-€)), where

- . ’ '
g=(0 0 1) c, £DreDr_1oEDr — &}

g'=(1 0 0):Cl=8DleD jed" ——5p! .
It follows from the S-acyclic counterpart of Proposition 7.1 that
(Cy0)e(C,0") = (c"yo") €L)(A,5,) .

The non-singuler €-symmetric linking formations (1,)\;F,G) and
(L2/L, 2/)\;Fnl*,G/L) are stably equivalent, so that the associated S—zcyclic
complexes are homotopy equivalent (by Proposition 13.12 1i))and hence
represent the same clement of L1(A,S,E).

Given a non-singular even £-synmetric linking formation over (A,S)
(M,2;F,G) let (K,x;L) be a non-singular e~symmetric S~form over A associated
to (li,A;F,G) by Proposition 13,11 1i). ILet jG_HomA(L,K) be the inclusion, and
let keHomA(L‘,K),ses be such that

j*ek = & &'HomA(L‘,L’) .
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Given a sublagrangian H of (IM,\) such that HCFNG there exist a f.g. projective
A-module L' end A-module morrhisms ué;BomA(L,L'), ve HomA(L',L), j'(_HgmA(L|'K)
such that the inclusions H——»>F, H —> G have resolutions
u (o]
G )

—y> Li'e¢l* ——— > H ——> 0

LR

o] IeL*

-
——
(o] ]

1
o] > LoL* - LelL* > —> 0
(u 0)

0 1 -

0 y ToL* >L'eL* > " > 0
1 (3 x) 1

(i x) )

0 > LaL* > K >G - %0 .

Iet (C,thZ(C,-E)) be the S~acyclic 2-dimensional even (~£)-symmetric Poincaré
complex over A in normal forn associated to the S-form (K,a;L) (as in the

proof of Proposition 13,12 ii)), &nd define an A-module chain map f:C —D by

C: eeo—+0~—>1L JE:i—)K'<—!:—~>IP — 00— ,..

| .

Pteee—30—s0-——>L* 2 10 _,0—>... .
Let (c',w'eqz(c',-e)) be the S-acyclic 2-dimensional even (~£)-symnetric

Poincaré complex over A obtained from (C,p) by surgery on the connected
S~acyclic 3-dimensional even (-£)-symmetric pair over A (f:C———»D,(O,¢)eQ3(f,-E))
Let (C",w"cQZ(C",—E)) be the S-écyclic 2-dinensional even (-€)-synmetric
Poincaré complex over A in normal form associzted by Proposition 13,12 i)

to the non-singular €-symmetric S~form over A (K,¢3im(j':L'— K)), which
corresponds by Proposition 13.12 i) to the non-singular even £-symmetric

linking formation over (A,S) (H&/H,)\%/\;F/H,G/H). The A-module chain



- 331 -
equivalence h:C'——C" given by

1
<) (a*3 ~a3") (—5'-)
1 Kt

>0 — L > LeL —

(1 u*)
c'

hl , (u -€) 1 (0 -1)

v

c": ,,,—>0—0 >y L' L — K* y.‘L"

defines a homotopy equivalence of S-acyclic 2-dimensional even (-€)-symmetric
Poincaré complexea over A B
hs (C'yp')—(C"o") .
It follows that
(C,0) = (C',0") = (C",0") € L1(A,S,e) .
verifying that the S~acyclic complexes associated to the linking formatlions
(11,\;F,G) and (HY/H,)*/);F/H,G/H) are S-acyclic cobordant.
This completes the identification

L'(a,8,6) = M B(a,8) .

€-quadratic
The verification that a non-singular linking
split €-quadratic
. (1, M4 F,6) HE(A,S)
formation over (A,S) represents O in the Witt group ) .
(rF,@) HE(A,S)
(K,a3X,J)
if and only if it is stably equivalent to the boundary 4 of »
J(K,p;T,J)
even E-symmetric (K,0;1,J)
non~degenerate formation over A such that
e~quadratic (K,331,9)

proceeds by analogy with the case of

s %31, = 0e1«1(v0>g(s"11\)
57, piT,9) = 0e(sTIA)

even E-symmetric linking formations,

»0—>0—,..

N AT AL JEEEEEEPY, £ QRS B
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’

It remains to prove that for all A,S,c

for all A,S,c

even £-gymmetric (1,2;F,6)
a non-singular )} €-quadratic linking formation over (4,S) (H,),P;F'G)
split €~quadratic (F,6)
M(v&E(A,S)
represents O in the Witt group HE(A,S) if and only if it is stably
M_(a,5)
2(xw,0) (~€)=symmetric

equivalent to the boundary { 2 (N,0) of an { even (~€)~symmetric linking

2(M,0,v) (-€)-quadratic
(n,0)
even E€-symmetric

form over (A,S) | (¥,0) . For linking formations this

s5plit €-quadratic
(N,0,¥)
follows from Proposition 13.13 ii),(The projection of Proposition 13.12 iii)
(s-acyclic 2-dimensional (-€)-quadratic Poincar€ complexes over A (C,V))

—>(non-singular split €-quadratic linking formations over (A,S8) (F,G))

can thug be used to define an isomorphism of abelian groups

L,(A,S,€) -»ﬁE(A,S) i (C,¥)—(F,6)).
The method of proof of Proposition 1%,12 ii) is readily modified to prove
the corresponding result for e-quadratic linking formations,

0]

~
it ker(R0(z 557/ ,0) S #(z,8,00) = 0

-

-
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E L2k+1(A,S,E)
. (even) e-symmetric 21 V@,0F,0) Define abelian groups (kg ~1) by
A non-singular formation over 5 A L21 1(1\'5:5) M
g-quadratic (2,v;F,G) * i
- —~ i L (A,S,E) = L, (A,5,(=)"e) (x+i} 0)
such that [G] ~ [F*]¢S = im(KO(A)——)KO(S 1A)) is stably isomorphic to ! 2kt 2141 -
— ) (extending the periodicity of Proposition 13,1 ii))
S (K,»x;I,J) {even) e-symmetric ;
-1 for some non-degemerate formation over A ‘ L-1(A,S,E) = M__(A,S)
s (¥,p3:1,9) €-quadratic k41 €
1P a,5,0) = L, (A,5,8) (kg-2) .
(K,o3I,0) : ' *
(x P . ). It follows from Proposition 13.13 that the boundary operation i Proposition 13,15 i) The localization exact sequence of algebraic Poincaré
WP I, ;

5t ) ( ( . cobordism groups
¢ (non-degenerate formations over A)—>(linking formations over (A,S

| L2k+1 (A,(-)kE)———)L§k+1(S 1A,(—)ke) —_— L2k+1(A,S ,(-)ke)
can be used to define abelian group morphlsms i

2k 2k o~1 k.
- - —— 17K, () %) —— 12¥(s ™A, () Ke) Q)
o ng(s 1A)——>H(vo)e(A,S) ; S 1(K,u;I,J)l——> UK, ;I,N) ' S ' 2k+1
- - k=20 -

2 n(vag(s 1A)—)ME(A,S) 3 S 1(K,q;I,J)l———>3(K,u;I,J)
3 15( -1 ) ¥.( ) _1( ) ( F ) is naturally isomorphic for j k = -1 to a localization exact sequence of

: (S A)——> M .(A,S) ; 8 K3 I,0) —>9(K,B;I,J .

€ ] ) ’ ’ Rl ]
k& -2

There is also defined a morphism
e, -1 -1 Witt groups
¥ 1g(s A) ——— M (A,8) § 87 (KoL, N—HKu;1,0) , 1 e c e, -1
M () —> 15(87'A) —— v » 5 (8,8) ——> L5(A) ——>I5(sT )
namely the composite ¢ c( ) ¢ g( -1 ) .,s) 14 E( ) 1.¢ C( -1A.)
v A) — 5 My S A) — H — Ly A) —> L&y S
l~X§(S_1A)———3——+H(vo)c(A,S)————-? 1(a,s) . ? Js e ¢ s

Me(A)——»l*i(S-"A)——yﬁE(A,S) > L .(4) >L§(s"1A) .
The correspondence of Proposition 13,11 i) essociates to a non-singular

The long exact sequence of L=groups

even E-syumetric ’ (1,A;F,G) . -
veo——>LM(A,€) —>12(5™ A,e) —>1L(4,5,8) —> L7 (A, €) —* ... (nez
g£-quadratic linking formation over (A,S) (M,),p5F,G) a stable s )
2 is maturally isomorphic in the range n<2 to the long exact sequence of
split €-quadratic (F,q)
vitt oups
e-symmetric (Kg ;L) itt group

...—+L2(A,s,e)—>M€(A)_>1~{g(s"1A)——> l‘-‘[(vo)e(A,S)—»LE(A)——’rLg(S-1A)
jsoriorphisn class of non-singular |} even e-symmetric S~forms over A (KoL),

— € > “E(a nev y-E¢s™ M H_(A,S v > E(A)
€-quadratic (K,p5L) Lv " (8,8) — M (M) — My g (57 A) —> 1 (A,5) —>Idvg

—L(vY gf(s"'A) —L_ (8,5) —> M _(A) —> (T M) —> T (1,8) — L, (A)
1

It follows from Proposition 13.13 that there are defined abelian group morphisms

Sy em ~ -1 ~ ,
KCr ) ©(A,8) — L5 (A) 3 (M,\F,6)—> (K,x) 1T =T () —H_ () =K (5T T (1,8 — ...

M_(A,8) — L&y (a) 5 (1, 2,15F,6) —n (Ky)

H (A,8) —— T (8,8) 5 (F,6)v—> (K,8) .
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ii) There are defined natural abelian group morphisms

21+

H(aA,8) —— 1 (A,S.(-)kt-:) (x31)

(A,S) is 1-dimensional k3

A ﬂ1 -1 ~0 then for
ker(S: (z%;s A/Ae)—H (z%;A,s))= o k=1

for 211 A,S,t, If{
these are isomorphissms,
iii) If (A,S) is O-~dimensional
€ [3
H(A,8) = My y (a,s) = M (a,8) =0,
and there are defined localization exact sequences of Witt groups
€ - R - - -
0 — LE(A) ——~,L§(s ") 2 15(a,8) —> WE(a) —»HSE(S ) p—
€ P | € - o ~Eem
0——> L7(a) —>Lg(s A)—>L<vo) (A.S)—+H<vo> (A)-—-»M(vo)se(s 1A)—+0
E £, =1 - ~
0—> Lo S(A) — Livey S (57'A) — 1 (1,5) — M__(A) — r.fe(s ) —> H__(4,5)
S (-1 > -
I M) 12 (5T — T (4,9 — 1 ) — 15T — K (a,5)— ...
im(A%( 75~ 1
im(# (zz,s A/AE) > H (ZZ;A,E)) =0
. -0 -
iv) If ) R (EZ;A,E)—-Jrﬁo(EZ;S 1A,e) is an isomorphism then the forgetful map
1

_ﬁ1(Z2;A.E)———-7ﬁ1(Z ;8

5 A,€) is an isomorphisnm

identifies the Witt groups
My (a,8) = 15(a,s)
£
M (A,8) = M{v ) (4,S)
H_(A,8) = M (4,8) ,
In particular, if 1/2¢& A then
s €
M(4,8) = H_(1,5) = MwP®(a,s) = 1E(a,s) .
Froof: i) Ve have already verified (in the course of the proof of Proposition

13.14) that there are naturzl identifications

t

L' (8,5,6) = HErE(a,8)

L,(a,8,8) = H (a,8) .

The sequence of Witt groups
2

W) — 1-:2(5'110 »M(vose(A S)— 18(A) — Lg(s-1A)

K (a) — 1€(5"1A) 2 1 (n,8) 7 L (A) — Lg(s"'A)
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"),
» The exactness
*) 3

of this sequence of Witt groups can also be established directly, using

can thus be identified with the exact sejuence of L-groups

Proposition 13.1‘%2 The direct method applies also to the verification of the
exactness of (‘)_1

u(vo)e(A)-—m(vo)g(s"'A)—?-mt(A,s)—v L(vo)E(A) —»L(vag(s-11\) .
i) Define abelian group morphisms .

1 (A,8) —— 17,5, (%) § MF,8) > 55,9 (k31)

by sending a non-singular E-symretric linking formation over (A,8) (M,}F,G)
to the k-fold skew-suspension gk(C,q;) of an S-acyclic 2-dimensional )
(~€)-symmetric Poincaré complex over A (C,(p(Qz(C,—E)) associated to (IM,);F,G)
by Proposition 13.12 ii), The S-acyclic cobordism class §k(C,q;)eL2k+1(A,S,(—)ke)
depends only on the stable equivalence class of (M,\;F,G) (proved exactly as in
Proposition 13,13 1)), vanishing if (M,)\;F,6) = Oel'iE(A,S) (proved as in
Proposition 13,14), so that the morphisms are well-defined.

kz1

" (A,8) is 1-dimensional
1f3 ! ¥ s (%) -

8 a9 -1 AQ then fors
¥er({:H (%38 A/AE)—— K (Z,34,€)) = O =1
is the S~acyclic cobordism group of S-acyclic 2-dimensional (-£)-symmetric
13.2 .

), so that the corphisms
13.3 1)

Poincaré complexes over A (by Proposition
are onto. If (M,\;F,6)¢ ker(E(A,8)—12%*1(a,5,(-)%e)) then (C,0) is
homotopy equivalent to the boundary'a(D,q) of a connected S-acyclic -
3-dimensional (-€)-symmetric conplex over A (D,|\&Q3(D,-E)), and the proof of
Proposition 13.1hgeneralizes to show that (M,A;F,0) = 0€M (A,S), 5o that

the morphisms are also one-one. a
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80 that it is possible to identify the stable equivalence classes
iii) If (A,S) is O-dimensional

\ (split e-quadratic linking formations over (A,S))
2(n,s,-e) = L'(A,5,8) = 0O
= (e-quadratic linking formations over (A,S))
by Proposition 13.2, so that
and also the Witt groups
1 (a,s) = M{v %(a,8) = 0 . .
! o W (a,8) = M (a,5) .
The proof of Proposition 13.2 generalizes immediately to show that
W]

‘ In Proposition 13.3 1i) we showed that if ﬁo('zzz;n,e)._..ﬁo(za;s'11x,e)
| n

L-1(A,S,—e) =1 (a,8) =0.
~
L3

A -
{ 1a(8%(z,;5 Ta/a,€)

>ﬁ1(Z2;A,E)) =0
iv) If%

1 we have an : is an isomorphism then

ﬁO(EZ;A,E)~—>ﬁ0(E2;S- A,€) is an isomorphism (8, 5,-¢) = I.n+2(A,S,e) (a3 0) .
identification of categories We shall now extend this to all n€Z, obtaining an S-acyclic analogue of

(even €-symmetric linldng forms over (A,S)) _ ~ Proposition 9.4 (if ﬁO(ZZ;A,E) = 0 then L(A,-¢) = Ln"'z(A,e) (nem)).
= (cveymetric linking foras over (A,5)) Proposition 13.16 If ﬁo(z23ﬂ.€)~——*fﬁo(Z2¥S-1A.€) is an isomorphism then the

(e~quadratic linking forms over (A,S))
skew-suspension maps

= (even €~symmetric linking forms over (A,S)) -
¥ g J S 1 1%(a,s,~6) — > 1%*2(a,5,6) (n€Z)

by Proposition 13.5 ii). Vle can thus identify the categories are 1somorphisms.

: -5 ic link i A,8
(even e-symietric linking formations over (A,5)) Proof: Immediate from Propositions 13,3 11), 13.15 iv).

1

|
1
|
= (e-gymmetric linking formations over (A,S)) :
i
1 The localization exact sequence is natural, in the following sense:

(e-quadratic linking formatioms over (A,S))

= (even E-symmetric linking formations over (A,S)),
Proposition 13,17 Given a morphism of rings with involution f:A——>B such that

aﬁd also the Uitt groups .
£(S)C T for some multiplicative subsets SCA, TCB there is defined a morphism

(1w 2,5y = ¥5(a,s)
Y of exact sequences of abelian groups

M (8,8) = M OS(A,8) . : - -
e o ! ‘ cee ———)Ln(A,e)——ng(s Ta,6) —> 174, 8,6)—> 1" Va0 ) —— ...

If fl1(%2;A,€)-——> ﬁ1(Zz;S-1A,E) is an isomorphism Proposition 13.5 ii) gives £ £ § £
identifications of categories ! e — Ln(B,e) _— I};(T—‘IB,E) ——'Ln(B,T,e)-—an—1(B,e) s .. (nem) .
(split €-juadratic linking forms over (A,S)) Similarly for L,.

= (e-quadratic linldng forms over (A,S)) Proof: If C is an S-acyclic n-dimensional A-module chain complex then B%c

((~€)-quadratic linlking forms over (4,5)) is a T~acyclic n-dimensional B-module chain complex, since .

= (even (-g£)~synmetric linling forms over (A,3)) , T-1(B®AC) - T-1B® 1' S-1C .
sTa

01
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Given a central indeterminate x over a ring A there is defined a
meltiplicative subset S = Zxklk) 0} of the polynomial extension A[x], such that
s™hx] = Ax,x 1] .

The "fundamental theorem of algebraic K-theory", the split exact sequence

0——>K (4) r—%}(n(A[x])aKn(A[x_‘]])———F- Kn(A[x,x"1];—->Kn_1(A) —0

may be obtained from the localization exact sequence (nez)
...~—>Kn(A[x])—>Kn(A[x,x—1])———»Kn(A[x] y8) —> Kn_1(A[x])—— ees g
using the equivalence of exact categories
{h.d.1 S-torsion A[x]-modules M)
= (f.g. projective A-modules with a nilpotent endomorphism x:M—>H)
(Bass [1] for n¢1, Quillen [1] for n;z). Similarly, we could use. the

I~theoretic localization exact sequence of Proposition 13,1

eee —>LM(Ar%] ,E) —> Lg(A[x,x-1] ,€) — > IR(A[x],S,6) —> 12 N (Arx] $E) —>ue

to obtain analogous results for the I~theory (in the range n€1) of the
polynomial extensions A[x] ,A[x,x—1] of a ring with involutlon A, where the
involution is extended by
xX=x.

We have already studied the quadratic L~theory of such polynomial extensions
in Renickd [4 ], so that in fact we can reverse the process and deduce
information about the localization exact sequence

eor—> I_(A[x],E) —> Lo(ALx,x"11,8) —> L(A[x],8,€) —> L__,(Ax1,€) ...
It follows from Ranicki [4] that this breaks up into split exact sequences

0——> L (A[x] ,6) —> L3(Arx,x'1,8) —> L (A[x],5,6) —>0 ,

and that there are defined natural isomorphisms

Ln(A[x] +S,4€)

y L};(A[x_‘l] &)  (nez, K = im(-l\fo(A)-—vﬁz)(A[x-‘l]?)
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- We thus have a commtative diagram of Witt groups

L (A)—— L(vo)E(A)

T (A(x1,8,6)— 1 (A[x],5,€) .
in which L_(A) = L (A,6) —> T (A(x],8,6) = Ly(A(x],S,6) 1a a split injection.
(Lev S(8) = 172(A,-€) — L.(A[x],5,6) = L'2(A[x],8,-€) is also a split
injection). In words, the extra structure afforded an E-quadratic linking
form over (A[x],S) (M,’,\,r\) by a choice of split €-juadratic linking form
over (A[x],S8) (M,2,V) such that

Yiu _—”—> QE(A[x,,x'H/A(x])—I’» e (arx] ,8)
corresponds to the structure of an £-quadratic refinement of an even E-symmetric
form over A, In particular, the extra structure detects the Arf invariant:

Proposition 1%.18 Let ¢ = (M,),V) be the non-singular split skew-quadratic

linking form over (Z[x], S) (S = ixk|k>,0} ) defined by
M=2ZeZ,xM =0  ,\: MXI'!—>Z[x,x-1]/Z.[x] i Cmyn) ,(m' ,0"))—s %~ '(mn?® - m™n)

Y1 My Q_ (Zlx,x '3/ ZLx]) = Zxyx 1/B0x] + 280x,x ] 5
2

(n,n) +—> x-1(m2 +10% +mn) .
Then ¢ # 0€1:er(’fe(Z[x]‘,S)——rLE(Z[x],S))éZZ (e = =1).
Proof: The element cefe(ﬂu[x] 48) = LE(Z[x],S) is the image of the generator
c eLz(Z) = Z, under the naturalv injection LZ(Z) = zz—;fe(g,[x] ,5) .
0
The main result of Ranicki [ 4] is & split exact sequence
0—> Vn(A,E)——=r Vn(A[x] ,E)eVn(A[x-1] ,€) ——7Vn(A[x,x-1] .Q—HJn'(A,e)—v-o .

The same arguments apply to also give:

Provosition 13.19 There is a natural split exact sequence for n£1

0——V(A,e) —>V(A[x] ,E)evn(A[x'1] E) —>Vn(A[x.x-1] ,€) —HJ“(A,e) —>0
0]

!

}

It nay be conjectured that the result of Proposition 13.19 holds for all n€Z. §
v |

. !

1
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There are also intermediate versions of the localization exact sequence,
for the intermediate L-groups of §12,

Given a *-invariant subgroup XE;?B(A) let I;(A.S.E) (n€2) be the L~groups
defined exactly as Ln(A,S,E) but using only S-acyclic algebraic Poincaré complexes
over A (C,p) such that [C]QXQEO(A). In particular,

Ly () (Rs548) = 12(a,5,e) .

Given #~invariant suggroups xg'fi1 (), I§E1(S-1A) such that s'1x<;t let
I.;'Y(A,S,E) (ncZ) be the L-groups defined exactly as Ln(A,S,E) but using only
S-acyclic algebraic Poincard complexes over A (C,p) such that C is baged,

’t(qioxcn-.—»c)é X< ’f('1 (1), z(s'1c)€ I§E1(S-1A). In particular,
n n
Iil(A)'l—\(v‘I(sﬂA)(A,s,e) = LSO}QKO(A)(A,S,E) .

Proposition 13,20 i) Given a *-invariant subgroup X_(;’EO(A) there is defined

an exact sequence of abelimn groups

oo I';(A'E) 4*‘7'1-'“-1 (S-1A'5)i"1';(Acsoe) ? 1;-1(}"5) eee (n€Z),
S X

ii) Given ®*-~invariasnt subgroups Xgiﬁl\), ng‘1(s-1A) such that S-1X§I there

1s defined an exact segquence of abelian groups

ceer 1A, 8) ——> LT E) — I} 1(A,8,0) I (A, ) ... (a€m) .

0
As a particular case of Proposition 11,5 ii) we have:

Proposition 13,21 et A,R be rings with involution such that A is an R-module,

and let SCA be a multiplicative subset, The symmetric L-groups L*(R) act on

the localizatlion exact sequence

vee—> LP(A,E) ——»L’S‘(s"'A,e) —r1P(A,5,6)— 1" (A ,e) — ...
S¢a=1 (ncz)
oo —"> Ln(A,e) 'vn—)Ln(S A,€) — >L (A,8,€) —A»;Ln_,I(A,e) —> e, .
The element (R,1)€ LO(R) acts by the identity.
]
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In our applications of the localization exact sequence we shall
make much use of the following criterion for a morphism of rings with
involution and mltiplicative subsets

£ (A,5)—(B,T)
to irduce isomorphisms of L~groups

(ne®m)

Sf : 1%(A,8,6)——>L7(B,T,£)
£ Ln(A,S,s)—————-)Ln(B,T,e) .

Define a partial ordering on § by

s8¢ 8' if there exists t€ S such that ' = stes.

Define also a direct system of abelian groups {A/aA|aeS} with structure maps

A/sA—> A/8tA ; x+—rtx .
The abelian group morphisms

A/sA———»s-1A/A 3 al———+-§
allow the identification

-1

i_::g A/sA = 8 A/A .
The involution
a

- s™aa— s &

olipl

is identified with the involution

¢ 1im A/sA _—__»Iég A/BA § fa e A/aA|ges}|_.§Z§cA/sA|aes} .
8¢ 8¢

A morphism of rings with involution and multiplicative subaets
£ : (A,8)—(B,T)
i8 cartesian if f(S) = T and if for every s €S the map
£ 1 A/eA———3B/tB § x— —f(x) (%t = f(8)€T)
is an isomorphism of abelian groups, in which case there is induced an

isomorphiem of abelian groups with involution

f: Iim A/sA = S-1A/A ——-—-)Ié_g B/tB = T'1B/B $ x+——>f(x) .
8es te
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Cartesian morphisms were introduced by Karoubi [2] (Appendix 1) who proved

that such a morphism induces an isomorphism of exact categories |

f : (hed. 1 S-torsion A-modules) ——(h,d, 1 T-torsion B-modules) } ‘
M———Bg M (= M as an A-module) ,

and hence induces isomorphisms in hermitian K-theory. (The nomenclature \

reflects the cartesian property of the commutative square

A s

that the sequence !

TheB__ > '8 ____s0

0—>A —8"
is exact. We shall discuss the L-theory of cartesian squares in §16 below).

Proposition 13.22 A cartesian morphism of rings with involution and multiplicative

subsets
f: (A,8)—>(B,T)
induces isomorphisms of L-groups
£ : L™A,5,6)—L (B,T,e)
(nez)
ot Ln(A,S,e)———»Ln(B,T,e) .

Proof! Define an n~dimensional (A,S)-module chain complex to be a chain complex

1 ...-—-yo—-»cn-,‘l—ycn_ ey eee—C, 2 5C 50 —>...

1 1 o]

of h.d. 1 S-torsion A-modules.
lemma There is a natural identification of chain homotopy classes
(S-acyclic (n+1)-dimensional A-module chain complexes)
= (n-dimensional (A,S)-module chain complexes) (n} 0) .
Proof: Given an n-dimensional (A,S)-module chain complex C write a f.g. projective
A-module resolution of c. (0¢r<n) as

y f N
0 yP_ >Q, > C »0 ,

and resolve d eﬂomA(Cr,Cr_1) (1<rgn) by

00— Pr-1—)q':r-1 —>Cpaqg——0 :
2
As @° = O there exist chain homotopies k EHomA(Qr,Pr_a) (2<rgn) such that
2 _ 2 _ -
g5 = kaHomA(Pr,Pr_a) A fkeHomA(Qr.Qr_a) .

Call a collection such as (P,Q,f,g,h,k) a resolution of C. A resolution of C

determines an S~acyoclic (n+1)-dimensional A-module chain complex D, with ©

(1€ r< n+2)

g (-)k :
dp =( R b G T T -3

£ (-)"n
such that H,(D) = H,(C). A chain equivalence of (A,S)-module chain complexes
C ——>C' determines a chaln equivalence of 8-acyclic A-module chain complexes
Dp—>D',

Conversely, given an S-acyclic (n+1)-dimensional A-module chain
complex D it is possible to define an n~dimensional (A,S)-module chain
complex C with a resolution which determinea D (up to chain equivalence),
as follows. As S-1D is a chain contractible S-1A—modu1e chain complex there
4D

exist s€s, eeHomA(D 1) (0<rgn) such that

r'r+
de + ed = 8 1 ]?ir——-—-—>Dr (0¢r< n+1),

Define a resolution (P,Q,f,g,h,k) by

d 0 0 .
e d 0 . t+ P, =D,eD oD _e..——>Q, . = D _eD_eD,e..
PR T Pq%s%s0 0 0% 2"y
0O e 4 .
£ = .
s 0 O .
e2 s 0 .
: = .e = oe 1
[} e2 8 . P:l- Dr+1°Dr+3°Dr+5° __)Qr Dr+1°Dr+3.Dr+5. (=>1)
/4 0 0 , «
e a 0 .
g = 0 e a . | : P = Dr+1.Dr+3°Dr+5°"—_)Pr-1 =D_eD eD_ ,e.. (r30)
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o 0o 0o ., Given a ring with involution A and a multiplicative sibset S<A
1 0 0 {
: [ define the S-adic completion of A to be the inverse 1limit
c 10 . H Q.I = Dzonuoneo..-———#Qo = D0°D2°Dl+"' i "
i i=14n a/mn
h = ¢t : B€S
d 0 0 .
¢ of the inverse system of rings {A/sAlseS} with structure maps the projections
e d 0 , TS T L L TOLL WA LLE LS A
A/BtA —————7 A/8A (s,tes) .
0 e 4 .,
X ¢« o o a2/ The ‘completion K is a ring with involution
(0 0 0 . i >A 3 fa er/sh|seSt—>§ amen/sA | eS8},
10 0 . ® "
= . = .o = .o The inclusi
k o1 0 . i Qr Dr+1°Dr+3.Dr+5. '—‘)Pr-z Dr-1.Dr+1.Dr+3. (r>2) be inclusion
e e e s £ 1 A—>h al——-»{aéA/ﬂA‘B&S}

A -~
* is a morphism of rings with involution, such that S = f(S)CA is a
This is a resolution of an n~dimensional (A,S)-module chain complex C such
multiplicative subset.
that H,(C) = H, (D),

Proposition 13.23 The inclusion f:(A,S)-——)(ﬁ,'S\) is a cartesian morphism

0
of rings with involution, and so induces isomorphisms
Applying the Lemma twice we obtain the following identifications of . oA A
£ 1 L™a,8,e)—>L"(4,8,e)
chain homotopy classes: . (nez)
f ¢ L (A,S,8) »L (A,§,8) .
(S-acyclic (n+1)-dimensional A-module chain complexes) o n
. Proof: Immediate from Proposition 13,22,
= (n-dimensional (A,S)-module chain complexes) 0
= (n~dimensional (B,T)-module chain complexes)
The profinite completion 2= ‘Lim Z/mZ of Zis the infinite product
= (P-acyelic (n+1)-dimensional B-module -chain complexes) . m
A A
Moreover, if D is an S-acyclic (n+1)-dimensional A-module chain complex z = ? 2ZI’

fal k.
11 t rimes p of the p-adic completions Z_ = lim Z/p 22, with
then B®D is a T-acyclic (n+1)-dimensional B-module chain complex such that over = he primes p P P P 5% '

Qn+1 (D,e) = Qn+1(B®AD,e) symmetric Witt group
(D) (BKD,e) @ = 1%z,
Qu+1 &) = Qu+1 % '€ P P
It is now immediate that we can identify ; where
if =2
1%a,5,6) = L™(B,T,e) ZgeZ, P
(n€ 2) O > = L)
Z )= ! @ ew if p = 1(mod
L (a,8,8) = L (B,T,e) . L°( I’) e %,

3(mod 4) .

Z, if
1 L p
A ring with involution A is torsion~free if the additive group of A

is torsion-free, in which case S = Z-{01CA is a multiplicative subset,

-1 A ~
such tha\t S A= QQ‘JZA, A= Z@ZA,
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o . !
A ring with involution A is p -torsion-free if p1€ A is a non-zero-divisor, | We shall now investigate the general properties of the L-groups

in which case S = {pk'k) O}CA is a mltiplicative subset such that

! ..n
: L°(A,S,e)
=1, _ .1 1 2 a (ne Z) in the case when the ring with involution A is an algebra
5 A= A[p] - z[pJQZA' A= ZPGZA' : Ln(A.S,E)
Proposition 13.24 1) If A is a torsion-free ring with involution then the over a Dedekind ring R and S = R-{O}. An S-torsion A-module has a canonical
natural maps . decomposition as a direct sum of P-primary S-torsion A-modules, with P
Ln(A,e)-—ng(S-1A,e) ‘ ranging over all the non-zero prime ideals of R, and there is a corresponding
8. -1 (nez, s = Z-§03CA) ;
Ln(A,t-:) —_— Ln(S A,£) ‘ direct sum decomposition for the L-groups.
are isomorphisms modulo 8~torsion. ; Given a multiplicative subset S<A in a ring with involution A we shall

ii) If A is a p'-torsion-free ring with involution then the natural maps say that the pair (A,S) is a Dedekind aligt_abra if R = Sul0} is a Dedekind ring

MA,e) ——» Ln(S-1A,E) with respect to the ring operations inherited from A. The localization

3 L

s -1 (nezZ, s + {p |k>0}CA) » -

Lu(A'E) “—»>Ln(s A,€) 5 A = FRA is the induced algebra over the quotient field F = 8 'R.
are isomorphisms modulo 8- (resp. 2-, 4-) torsion, according as p = 2 For example, a torsion-~free ring with involution A is the same as a Dedekind
(resp. = 1(mod &), = 2(med 4)), algebra (A,Z-§0}). A Dedekind ring with involution R is the same as a
Proof: 1) By Proposition 13.23 L™(A,S,e) = Ln(K,g,E), and by Proposition 13.21 Dedekind algebra (R,R~{0}). In dealing with Dedekind algebras (A,S) and the
AA "~ ~ ~
1™(A,5,e) 4is an 19 Z)-module, since A is a Z-module. : prime ideals P of R we shall always exclude the case ¥ = O.
ii) As for i), but using the ip-module structure of A. : let (A,S) be a Dedekind algebra. )
0] The annihilator. of an S-torsion A-module M is the ideal of R defined by

In particular, the result of Proposition 13.24 1) applies to the integral ann(M) = {af_R'sM - 0}412 . )

-1 '
group ring A = Z[n] of any group n, with 8 'A = g{x] the rational group ring. : Iike all ideals of R this has a unique expression as a product of powere of

Results similar to those of Proposition 13,24 were first obtained ! distinct prime ideals ’91 "?2,...,?1_
by Karoubi [2]. |

! ann(M) =CP!:1?:2... l:r (ki),1) .
If M i8 such that the natural map M— " is an isomorphism (e.g. if M is h.d.1)
then

‘ ann(M") = ann(H) 4R .

An S-torsion A-module M i=s r.p-zrimarx for some prime ideal P of R if

T ann(M) = ?k

k for some k) 1. An S-mcyclic A-module chain complex C (resp. an S-acyclic algebraic

| Poincaré complex over A (C,p)) is P-primary if each of the homology S-torsion

A-modules Hr(C ) is P-primary.
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Define the localization of A at®P for some prime ideal® of R to be

the ring obtained by inverting R-P

-1
4 A_P = (R-P) A .
If P =P there is defined an involution

T Ap— Ay s %u————-vé (acA, reR-P) .

r
An h,d. 1 S-torsion A-module M induces an h.d.1@-pr:l.mary S-torsion A-module
M =A )
P 5%
ko iy
If ann(M) =P, P, ...3’1_ it is possible to identify

) P:HP:E...’531;{;1P}:i:1...?1:rn if P=:Pi for some i, 1<isr
P o 1 PP Poree e B8
so that

M= é H:Pi . (HA)y = (HJ-,)" s Hom, (M,M") =?HomA(MP,M‘p) .

We thus have a canonical identification of exact categories

(h.d. 1 S-torsion A-modules) = (?;(h.d. 1 P-primary S-torsion A-modules) ,
with ® ranging over the (non-zero) prime ideals of R, The S-duality functor
M—>M” sends the P-primary component to the ?-primary component. Applying
the Lemma appearing in the proof of Proposition 13.22 we have also the following
jdentifications of chain homotopy classes

(S8-acyclic (n+1)-dimensional A-module chain complexes)

= (n-dimensional (A,S)~-module chain complexes)

(?(n-dimensional Peprimary (A,S)-module chain complexes)

%)('P-primary S~acyolic (n+1)-dimensional A-module chain complexes).
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For each prime ideal P of R such that P =% define the L~groups
LAA,%,€) LP(A,S,E)

~  (nEZ) in the same way as
L.(A,F ,€) Ln(A,S,e)

but using only?-primry
S-acyclic A-module chain complexes. Define a multiplicative subset
=\E - st C .
sP_S,16A lees}Cag
There is a natural identification
(h.d., 1 P-primary S-torsion A-modules)
= (h.d. 1 S,~torsion A9-modu1es) '
allowing the identifications

1R(A, P HE)
o0 (n€®m)
Ln(A.P JE) = Ln(A,‘P'SP'E) .

Ln(AP,sP,e)

iftP=nsRis a principal prime ideal of R, with generator m&Jj7, then
X = mu G? for some unit u &R such that uu = 1€&R and there is defined a
multiplicative subset

s, = lluju"| §20,keziCA
such that there are identifications

(heds 1P-primary S-torsion A-modules)
= (h.d. 1 5 _-torsion A-modules)
1%(a,P"e) = L7(a,S_,€)
SLLn(A\,P"':e:)

(nez)
L (A,5_,E) .
n ®

"

Proposition 13,25 The L-groups of a Dedekind algebra (A,S) have a canonical

direct sum decomposition

n n °"
S LP(a,5,6) = ®LYAFP ,0)
» o (ne2)
2Ln(A,S,e) = gLn(A,P E) ~
with ¥ ranging over all the prime ideals of R such that P=9,

The localization exact sequence of (A,S) can thus be expressed as

ves——2LR(A,€) —ng(s"1A,e) ——%%’LH(A,S’M,E) eI A, S

oo 3L (AE) 1357 AE) —~>6;Ln(!t.‘?°‘2e) SR = N (.Y R
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Proof: An S-acyclic finite-dimensional A-module chain complex C is chain
equivalent to a direct sum gc? of?—primary S-acyclic finite-dimensional
A-module chain complexes CI" Expressing the spectrum of prime ideals of R
as a disjoint union
spec(R) = i?}u&Q‘}U{QS ( =’}>
we have
Q™(c,e) =§Q“(c ,e).@q“(c e Q™Mcg,E) =

Thus an S—acyclic E~symmetric Poincare complex over A (C,p) is homotopy

equivalent to the direct sum @(C ,wp)og(c oCx a') with each (C, ,(g?) a
P-primary S-acyclic E-symmetric Poincaré complex over A and each «k{quw

a null-cobordant complex (~ with a canonical null=cobordism, as defined by
1 0):cqeca—-> cq.(o,qb.a))). It is immediate that
1™a,8,¢) =€?BL“(A,3f°,e)
Similarly for the e~quadratic case.
0]
We now specialize to the case of a Dedekind algebra (A,S) such that

A=R=8U04is a Dedekind ring, with 8~ A = s 'R =

F the quotient field.
The symmetric Witt groups of Dedekind rings R have been studied by Milnor
and Husemoller [1], Durfee [1] and Barge,Lannes, Latour and Vogel [1].
(There is an extensive literature in the case when R is the ring of integers
in an algebraic number field F, e.g. Landherr (1],Frchlich [1], Wall [7],
Lannes [1]). In particular, there is the original exact sequence of Milnor

0——1%Rr) — > 1.%(¥)

-g)xf(n/y)

with the identity involution on R, running over all the maximal ideals of R,
This can be deduced from Proposition 13.25 by means of an L~theoretic
analogue of the devissage argument of algebraic K-theory (Bass [1] for n = 1,

Quillen [1] for n>»2) used to prove
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Kn‘(h.d.‘l S-torsion R-modules) =?Kn(h.d.1?-primary S-torsion R-modules)

and hence to establish the localization exact sejuence

ro —>K (R)— K _(F) —> BE (R —> ...
n /f>

21 (B —> Ky
Given a finite-dimensional R-module chain complex C write

T_(C) 77 (C)

r (res r r - ) for the

F_(c) = H_(c)/T (C) F'(c) = HT(C)/T7(C)

8S~torsion subnodule r
. of H (C) (resp. B (C)) (réZ), which is
S-torsion-free quotient

an h,d.1 S-torsion
R-module. The universal coefficient theorem gives
a fog. projective -

natural R-module isomorphisms

Tr(c)—+Tr*1(c)“ = BomR(Tr+1(C),F/R) PR — (fu.—r:lﬁ-f(y))

(x&Cr,yt‘ C ., q18€8,6x= dy,f(Cr+1)

Fr(c)__arr\cr = HomR(Fr(C),R) i X i—> (£ +—2>T(=)) (x(Cr,fLCr) .

Proposition 13,26 The L-groups of a Dedekind ring R and the quotient field

F = 5"TR (S = R~{0}) are such that

1) The skew-suspension maps

5 : tMR,E)—> L2

n+2

(R,~e) (n30)

g : LR,s,6)—+1"4(R,8,~€) (n321)
are isomorphisms.

i3) ME(F) =

Mo (R,8) =

0, Hyp®(F) =0, H(F) =
o, H(VO)E(R,S) =0, N(R,S) =0,

11i) There are defined exact sequences

0 - - LE(R) — IE(F) —2 5> 15(R,8) —» N E(R) —> 0

0 —» L5(R) - > LR - 25 Ly ) E(R,8) —> Méw ) "S(R) —> 0
00— Iy “(R) —> Livy € 2 25 L (R,8) — > M_(R) -—>0

0 — H(R,8)——> I (R) -—>L_(F) 2, LE(R,S) —>M_(R)—> 0
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In particuler, there are natural identificatioms

ESR) = (non~singular (-€)~eymmetric linking forms over (R,S))

(boundaries of non-degenerate {(~£)-symmetric forms over R)+(metaholics)‘

ll(v €(R) = (non-singular even (=£)=-symmetric linking forms over (R,S))

(boundaries of non-degenerate (-£)~-symmetric forms over R)

UAR) = (non-singular (-€)-quadratic linking forms over (R,S))
. =

(boundaries of non-degenerate even (-€)-symmetric forms over R)

- (non-singuler split (-£)-guadratic linking forms over (R,5))

(boundaries of non-degenerate (-€£)=-quadratic forms over R) .

iv) For n = 2i (resp. n = 2i+1) the isomorphism

g-1. IF(R,E)—~—->LF_Zi(R,(-)iE)
-1 L. Gz -
§7: L (RE)——L ., (R, (~)7€)
e-symmetric
sends the cobordism class of an n-dimensional Poincaré complex over R
€~quadratic
i
((C,0ea™(C,€)) 1R, (oY) = 17 Em)
to the class in £ (resp.
(c,veq_(C,£)) Ly(R,(-)7€) = L3 (R)
! (R,(-) iy - H( ) €(r) (-)ie—symmetric
i ) of the non-singular i form over R
L.(R,(-)7€) = M (») (~) e-quadratic
1 (=)
(FL(0) yp eBom (F(0) ,FH(0)*))
N N N (resp. of the non-singular
(F (c) (1) ¥ v (V) :F (C)—’Q(_)iE(R))
e—symmetric
{’ i1 linking form over (R,S)
(-) €-quadratic
§ (z* (c).«poeuomR(T1+1(c) ™ ey ;
@0, (er v v (0 O —— 141 (R,8))

v) There are natural dirsct sum decompositions
E(R,8) = PIERF) =217 (R/p)
L S8 (R,S) =@Lw (RSP
vy ’ =2 Yo ’
yao ~ ~ 20 ~ ~ Lo
L (R,8) = %LE(R, ), L.(R,8) =%LE(R;P~)— N ME(R.S-)V:%ME(R;SL)

with P running over all the non-zero prime ideals of R such that $ =P.
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Prooft i) - iv) Immediate from Propositions 7.4, 12.%, 13,10, 13,15 since a
Dedekind ring R is 1-dimensional (= noetherian of global dimension 1) and the
quotient field F is O~dimensional (= semi-simple).
v) The direct sum decompositions of the type LT(R,5) = ?LE(R.'PM) are immedinte
from Proposition 13.25. It remains to identify LE(R,?M) = LE(R/J:).
Let LE(R,?k) (k21) be the Witt group of non-singular £-symmetric linking
forms over (R,58) (M,A) such that M 18¥ -primary with annihilator
ann(M) = ?j (1¢x).
The natural maps
ERED —>IFRP™Y) ;0,0 (M) (x21)
are ilsomorphisms, with inverses
RS IF @) 5 ) (/) (=P
We can thus identify
I°(Rfp) = I5(R,P) = iy F(RAES = IFRP) .
[
(The argument used to identify 1t (R/P) it (R,fP) breaks down in the €-quadratic
case. Given a non-singular e-quadratic linking form over (R,S) (M,\,u) such

k1 (k21) it need not be the case that L = ‘PkM Mis a

that ann(M) =P
sublagrangian., For example, consider the non-singular quadratic linking form
over (Z,7Z~}0}) defined by
= Z/MZ Nt MxM—3 /% ;(m,n)»—a-;;mn
prU——Q (2,210} = R/2% ; mi—3qn° .
Then L = 2Z/L4% is a sublagrangian of the symmetrization (M,1) but not of
(M, 2,1}, since p2) = 1 #£ 0€ /2% . In fact, (M,\,p) 18 a generator of

ker((1+7) 1L (Z, 2~ 103) —— 1%z, Z- §0})) = z/8z).
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even
In particular, we have that Z is a Dedekind ring, with quotient field R. 1 Proof: Proposition 13.26 reduces the computation in the a dimensional case
od
Proposition 13,27 The symmetric and quadratic L-~groups of Z are glven by z
- f.g. free
, 7z 0 to the stable clessification of non-singular valued forms on
/7~ finjte
. o] 1 -
1M z) = 2 , L(m = ifn= (mod &) (n0) . Milnor and Husemoller [1 1, Arf [1 ]
0 n 7 2 abelian groups, for which we refer to .
2 ‘ deRhem {1 ], Wall [1 ]
Q o] 3 .
1.%(z) symmetric
The invariants are given by The generator of is the non-singular form over Z
L (%) : quadratic
b Y
Lz r Z 3 - +1 1. 2
. o (Z,1eQ” () 1e%Z L(Z) = LNz, z~{0})
(c,pe@ T(C)) ——> (signature of (F77(C),p.)) 8 of signature « The generator of
beal (z 1Egé Q+1(Z)) 8¢z LZ(Z) = L}(Z,ZZ-X_O})
LB ——2,
’ ies oke synnetric formation
(C,pc@ 1'(C))——> (deRham invariant of (T (€) y94)) is the non-singular over %
‘ skew~quadratic form
P ik 1 2k | o N\ . 1 ( 1
(Cyveq,, (C))———> g(signature of (F7(C),(1+7)¥()) ( a = (ZeZ,(1 , € (ZeZ); o Z.\ ) z) - emh
: - eRham
Lo B — %y 5 | of{ invariant 1€ 2,,
LI | Arf
(C,¥eq,, . 1(C))—— (Arf invariant of (F2X*'(c),v ) . ¢ = (Ze, ¢q . (Zom)) -
b4 0 ) 1 +1

The hyperquadratic L~groups of Z are given by .
skew-symmetric linking form over (Z,Z-jo})
Zg (o} corresponding to the non-singular *
split ekevw-quadratic linking formation

~An 4 1
1L Z) = = (mod 4) (n>0) d

(Z/2,)\: B/2T% B/ 27 —> R/ T (m,n) —> Jun)

b
=
0

AC |

]

(2 0)
(Z/hZ,((( )>'8)Z/2ZQZ/ZZ) ) 01 Z/2Ze /27— Q (%, Z-(0}) = R/27 3
02

(m,n)r——>m +n? .

]
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§14, Laurent extensions

Given a sejquence of algebraic K-functors
F ot (rings) -——» (abelian groups) (ne z)
it is traditional to aim at splitting theorems of the type
-1
F (Alz,z" 1) = F (A)eF

(R)e7 (necz)

_ with A[z,z-1] the Laurcnt extension of A, by analogy with

~1 .
K1(A[z,z 1) = K1(A)eKo(A)el‘lil+(A)eN11_(A)
We shall now investigate such splitting theorems for the algebraic L-functors
", L : (rings with involution) ——(abelian groups) (n€Z)

The Laurent extension A[z,z-1] of a ring with involution A is the

ring of finite polynomials gtza‘,‘z"1 (ajeA,jEZ) in a central invertible
indeterminate z, with involution by
T A[z,z-1] — A[z,z—1] 3 gajzjo——oij:;jz-j
In particular, for a group ring Z[r] with the w-twisted involution (for some
group morphism weinx — Za) there is a natural identification
Zx)(z,2" ) = Z{nx7)

tiving Z[rnxZ] the (wx1)-twisted involution, wrlin % ——» 2Z2,(g,z I—> w(g).
Proposition 14,1 There is a matural direct sum decomposition of the £-quadratic
L-groups of the Laurent extension A[z,z_ J of a ring with involution A

vn(A[z,z‘1],s) =V (h,e)eu _ (A,e)  (neZ) .
Proof: The splitting theorem for surgery obstruction groups

L:(n:xZ) = Li(n)oL:_,l(n)
was first obtained geometrically by Shaneson [17] {and implicitly by Wall [5]),
by ezpressing the surgery obstruction U,(f,b)é I,z(n1(xxs1)) of an n~dimensional

normal bundle map of the type (1‘,!:;):!«1———*-)!)(31 as the direct sum of two terms

G, (f,0) = %[u1(X)]®z[ml(xls‘lnﬁ,(f,b)eﬂ.(g,c)éL:(n,l(x))eL::_.‘(n.](X)) ,

with ¢,(g,c) the surgery obstruction of the (n-1)-dimensional normal bundle map

(g,c) : N= f—1()(lregu1ar pt.) —>»X constructed by transversality.
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The splitting theorem was then obtained algebraically by liovikov (2]
(modulo 2-torsion, with 1/2¢ A) and Ranicki [2] (for any A}, with isomorphisms

(e ® : vn(A)eun_1(A)———rvn(A[z,z"1]) (n(mod 4))
Here € is the nep induced by the split injection of rings with involution

et A—'rl\[z,zq] ; al——ra .
The corresponding isomorphisms for the intermediate ghadratic L-groups

@B+ Emerkn) — v XDz Ny (xR, 1R
were defined in Ranicki {3]. The methods of Ranicld [2],[{3] generalize
immediately from € = 1€A to any central unit € €A such that €t = 1€A,
0

(There is a generalization of the decomposition of Proposition 14,1 to twisted
Laurent extensions Ad[z,z-1] (az = zo(a) for some automorphismot:A-—A;ar—%(a),

z = z-1), involving an exact sequence - cf. Cappell (1] and Ranicki-{31).’.

The symmetric signature 0"(51)6 L1(Z[z,z-1]) of the circle ! is
represented by the 1-dimensional symmetric complex (C,%Q‘I(C)) over
z[n1(s1)] = Z[z,z_1] defined by

Z(z,z-1] r = 0,1
{ (o] r # 0,1

1:01—~Co
C =
T tC ——;01

-1
corresponding to the non-singular symmetric formation over Z[z,z )

0 1 1 1 _
a*(sh) = (m[z.z”]eztz.qu.( )( )u[z.z'11.< )zarz.z B}
1 1 0 z~1 .

(lioreover, G‘(S1) is isomorphic to the symmetric formation
(Z[z,z-1]eZ[z,z-1],19-1;5,(z®1)ﬁ) associated to the automorphism

2:(Blz,2" 11 ,1) —> (ZLz,211,1) , with O=§ (x,x)|er[z,z'1]} . It is thus

-1 g . -1 !
seen to correspond to the generator ¥(z:%[z,z ]—»Z[z,z ])6\1(2[2,2 1)=2Z. ‘

The connection of the symmetric L-groups with the orthogonal groups of
automorphisms of symmetric forms will be discussed further in §15 velow).
The split injections of Proposition 14,1 are precisely the products
B-oo(sHe-: U (A,8) ——V__(Alz,2"1,8) (nez) -
B=  Tn ! n+1 ' 4
Define similarly products in the €-symmetric L-groups

n+1

B =nr(she- : t™A,e) ——V (A[z,z'1],c) (nez) .

1
,d=1—z:C1——"Co,wo=i -1 0 'W1=1:C—’C1V
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_,.359 - LD(E[ZZ ])®EZLO( Z) ——————> TAZ(Z 3)@219(2)
(1.T)en @
Conjecture 14,2 The map -0 _
_ n n-1 n -1 Lzt 2Z2])®22L0( n—2 Lo ZZ°T)
(e B) : V(A,e)eU (A,e) ——V (A[z,z 1,€)
5 —
is an isomorphism for all A,£,nCZ. & 5
2 2 - @ -
0 LN Z[Z°))®, T, (z) L (z(%%])
Proposition 14,1 verifies the conjecture in the €-guadratic range n§ ~3. )
The skew-symmetrization map (1+T):T (zZ[Z°]) —> T Z[Z2]) 1 .
In Proposition 14,6 below we shall establish the conjecture in the even P 0( (z'D LZ71) is onto, by -
Proposition 9.3 . Thus if o*(slxst)e im(E:T,O(z[ZZ])—r Lz(z[zz])) there

e-symuetric range -2 ¢ ng -1, and show that (& B) is at least a split injection

AO exists an element x €L (%[Zz]) such that
for O¢ng1. If H (ZZ;A,E) = O Proposition 9.k gives the corresponding results 0

wial o1y _ a0 2 2
for ng3. G*(sx8') = S(I+T) () €L (Z[Z"]) .

The Arf invariant element ¢ eio(z) = Ez is such that

gr(skshee = Fie) £ 0eT(mz’D)

For any ring with involution A let us write

I

L (n,-1)
(n€ )

by Proposition 14.1. The above diagram gives
L (A1) (= L (M) . e

i

L (a)

11 .= = - 2
T*(8 x5 )@c = S(xx1+T)c) = 0 €L _(Z[Z
As usual, questions of periodicity are closely related to Laurent ® & Ye) 2 2L D

. o =0
eps nce {1+T = 0€L =0, 1 sets
extensions, Combined with the computation of L*(Z) (Preposition 13.27) since (14+T)(c) €L (Z) =0, It follows from this contradiction that there is

- 2 LA g, =
Conjecture 14,2 would give no such xeLo(E[Z 1), and hence that I*(Sx5') ¢im(5). For general k2 O observe

_ b >
that S:1%(z( 22— T (= Z%]) 1 i hism b ition 9. o
P27 = 12(@mer (myer (2012 2) = OoZ 0z 07 . R S [%71) 48 an iconorphisn by Froposiiion 9.5, and that

2772 : =] 2 4423 2 1
i 54T (mz)) — LN Zr 25y, -yd+ ( 1) is an isomorphi 3
On the other hand, Propositions 9.7 , 14.1 give that ! 1%) t 2] ) ) 1 ) wia somorphism by
- - L ! Proposition 7.4, since Z[Z"] is 3 -Umensioneh - .
Tz Z%)) = Lo(z)eL1(2z)eL1(zz)eLo(z) = 0e0s008%Z . : » 74 (%] is
This suggests that the skew-suspension map E:ZO(Z[ZZZ])——)LZ( Z[ZZZ_I) is not : 0
. | Let d€L1(ZZ) = 7, be the generator (= the deRham element).
onto, and hence that the symmetric L-groups are not L-periodic in general, i 2
n n+h i Proposition 1%.4 The (k+1)-fold skew-suspension map
L £L . We can prove that much, even without the conjecture: a1 0 T K
<k+l | = +
. S + L(Z[Z]) = 00— L (z =) (kz0)
Proposition 14.2 The (k+1)-fold skew-suspension map ‘ tzl ’ 11, 7
=k= wk+
kel = > 2 is not onto, with § B(a)¢ im(S" ') = O.
547« T zr27) — 17*%(z2,(0)%) (k30 ' ¢ ,
] — : Proof: Let Z[Z ] be the group ring Z[%] with involution z = ~z . It is
is not onto, with SkO‘(S1)'~S1)¢ im(SkM). : - (%] group & %)
. . proved in liorgan [1.] that the product
Proof: Consider first the case kX = O, The products of Proposition 11,1 fit - -
_— v de- : LAZ[Z D=2z, —— L (Z[Z 1) =12,
into a commutative diagram i ]
. is an isomorphism. It follows that the product
- == . - _ - _ * i
sTB(a)® - : LB(Z[Z 1= Zy—> Lzmsmw’ xZ],(=)") = z,

= 2k+2
is also an isomorphism, and hence that 5°B(d) # OeL ket

1 (Z{ 2} ,(-)5).
(Conjecture 14.2 would give that SQI—S(d)eLZMZ(Z[Z}],(—)k) =%, isthe generator.)

| 0
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The symmetrization functor emoeds the category of juadratic forms
over a group ring Z[n] with the untwisted involution (= category of even
symmetric forms over Z[x]) in the category of symmetric forms over Z{n].
Hevertheless, it need not be the case that the symmetrization map in the
Uitt groups (1+T):LO(Z[1(])—> LO(E[K]) is one~one, as snown by the following
example., ( In Proposition 11;; 8 below it will be proved that LO(Z[u]) is
isomorphic to a direct summand of Lo(%[nrzh]))-

Proposition 14.5 The symmetrization map
147 2 L@zt —— 1A= 7))
is not ome-one, with —ﬁ?'(c) £ 0 €ker(1+T).

Proof: There is defined a comrmutative diagram

12z 2P @, T (7) —B— T (2 2°]) «—>— L(2{Z%1)
18(1+T) 14T l 1T
12z 72 )@z'i.o( z) -2 Tz )y —> 1%z Z2))

+ guch that the skew~suspensions § are isoworphisms (by Propositioms 7.3, 9.5 ),

with T%(Z) = 0. The generator ¢ Gio( Z) = %,

I

. (14T "B(e) = 5 (14MBe) = TR (1+T) (e) = 0 erNz(z?)) .

is such that

0]
Proposition 14.1 gives
2 T T, 1, -
Lo(z[z 1) = LO(E)&L“(E)QL,I(E)QLO(E) = Bzeowezzz ’
and Conjecture 14,2 would give

Lo(z[zzz]) = Lo(z)eL"1(z)eL’1(z)eL’2(za) = Ze0e000 |,

At any rate, Proposition 14,6 will show that LO(E[ZZJ) = Ze000500? .
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Proposition 14.6 There are defined natural direct sum docomvositions of

e-symnetric L-groups

VYACZ, 27 17,6) = VA, E)et™ (A,E)  (ng-1)

vOo(atz, 271 ,6) = vOA,e)eu N (n,e)eT0(n ,€)

- 1
vi(atz,211,e) = vI(A,e)ot%(a,e)eT (A ,E)
with 10,17 such that

10(Atz,2717,6) = T0A,€)

1 ACz,2 15 ,€) = TT(A,e)etO(n,E) .
Proof: For n -3 these are the decompositions of the €-quadratic L-groups
of Proposition1k.1 . We shall now define maps
B: vM(Alz,z '],8) —> U™ (a,e)  (-2€<ng )
such that BB=1, Be = 0, treating seperately the cases n odd and n even.
" Given an E~symmetric form over A[z,z-1] (L,A) with L = A[z,z'-‘l]e‘\LO
for some f.g. projective A-module Lo there is defined an isomorphism of

-1
g~symmetric metabolic forms over A[z,z

1 0 A e
: HE(L,\) = (LeL*, )
ToA.z A 1 0
J=1 j l
0 €

-, £
Al z, @K (L ,\) = (LeL*, )
L2,z 1GH {DgiAg .

20
O = jgéwsz-" VN Romy (1, 18), A5 =2 ) -

-1
Given a non-singular E-symmetric form over A[z,z ] (?,p) and a lagrangian
of the typse F = A[z,z"‘IJ@AF0 it is thus possible to choose a direct complement
-1
- -1 - . - -
F' = Alz,2  J@,F! to F in Q such that ¢l tF' ——>F* = Romy e, 5 1](F,A[z,z 1

-1
is an isomorphism sending Fg to Fa = HomA(FO,A) and w(Fb)(Fb)gAg Alz,z .

Bt vIALZ,2 7 ,8) — UOALE) 5 (3T ,0) > (B(FeFg,Goeug ), le] )
2nd verify tiat HB=1, €= 0 exactly as in the tquadratic case (82 of

P - N - + 3
Ranicki [ 27). tHere BH(rOeF('),GUfGa) =z (FOeFa) {\\GoaGa) for H20 so large

that zH(FoeFB)+§(GOGG6)+, using direct complements F*,G* to F,G in Q chosen
(2]

=4
IS Y

as above, with M' = %Lz , M = jgm 2IM SA[z,z—‘l]@A il for any A-module H
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and [gn]o(x)(y):auel‘x if o(x)(y) = ajzje A[z,z—1j (aje A, x,7€Q).

w0
P
J:-OI

1f (Q,9;F,G) is an even (~£)-symmetric forration over A[z,z-1] then B(Q,p;F,G)

is an even (~£)~symuetric form over A, and we have also a map
B : v'1(A[z,z'1],e)——>U"2(A,a)

such that BB = 1, Be = O.

Given a non-singular e-symmetric form over A[z,z_1] (Q,9) with
Q= A[z,z~1]®AQO for some f.g. projective A-module Qo define a nom-singular
even (-~g)-symmetric formation-over A

B(Q,y) = (H_E(l;.z:)zjqo);?é:)zjqo,{(z“(1-»)z-Nx.mp(x) )E?élszoegg_:—_;zjqa |
. xeq (NZNQ:)_) nQg 3= By(Qg,e))

for B0 so large that ¢(QQ)€;% Q% . ..p""(Qa)s:j:z_szQo , with
Y=(10) :q = QB@Q(_) —»Qt). Define

B: vo(A[z,z'1],e)—~+U'1(A.s) i (@) —— B(Q,y)
and verify that BB = 1, Be = O exactly as in the tquadratic case (§3 of
Ranicki [27). If (Q,p) is an even (-g)-symmetric form over A[z,z-1] then
B(Q,9) = (HE(I;;‘oszU);I;ELZJQO.BN(QO,M) is an €-quadratic formation over A,
and ve also have a map

Bt V2(ALz,2 11,6) —>UT2(A,8) = U (4,€) 5 (Q,9)—> B(Q,9)
such that BB = 1, Be = O.

The exactness of the sequences

0— v a,e) —2— v arz,27,6)—B 5 17?(4,e)—> 0

0— V—Z(A,E) L V-Z(A[z,z-1] ,€) —B—r U-3(A,€) —> 0

may be verified precisely as in §§2,3 of Raniclid [2].
0]
. . o1 . .
Conjecture 14,2 would imply that the groups T ,T vanish, that is
1%(a,6) = 0, T'(A,E) = O
for any A,e. At any rate we have:
Al

Proposition 14.7 If n,e are such that }IO(ZZ;A,E) = 0 then

TO(A,E) =0, T1(A,E') =0.

E- 364 - Froof: l[U(ZZZGA[Z,z,—']'E) = ﬁU(;zZ;A,E) = 0, 50 that by Propositions 9.4, 4.6

\'1(A[z.z"1].e) = v'1(A[z,z'13,—e) = V;“(A,—E)QU—Z(A,-E) = V1(I\,E)C~UO(A,5)

1)

vOo(arz,z7 1 ),e) = vR(Arz, 2 T ,me) = VR(A,-e)eU (A, =€) = VoA, )50 (ae) .

(1
The decomposition of Proposition 1k4.6 shows that ker(E:LO(A,e)—vLZkA,-E))
zay be quite large in general (albeit 8-torsion, by Proposition11.B), since there

is defined a commutative diagram

v n,e) —B o vOarz,2 7 1,0)

| E

U (A,-€) ;»V (A[z,z-1] s=E)
with both the maps B split injections. Thus ker(§:vO(A{z,271],6)>V2(A(z,2 '],-€))
is at least as large as ker((1+T_e) :U—1(A,E)———+U1(A,—E)), vhich may even be

infinitely generated (cf. Proposition 1%.9 ii)).

Proposition 14,8 For the group ring Z{x] of a group = with the untwisted

involution there are natural identifications

L ziexz) = L (zn)) el Zin)) o2 , LA Zinxz) = LA Zn]) oL (Zn]) o2

]
1

THzinaz) = T 2ix)) |, TXAZeez)) = TXBLx)) oLy (7x))
v zea) = Thze)) @) = Izm)
TN @) = L), Tz = L(ZLx)) .

Proof: Immediate from Propositions 9,5, 14.7, neglecting the difference between

U and V.

0]
Proposition 14.9 i) The (k+1)-fold skew-suspension map

57, D0z 2') — —12%2(zz*, (YD) (k30

is not one-one, with Eh(c) P Oéker(—k“).
ii) The skew-suspension map
- =0 L 2 4
S : T(Z[(Z,+ %z 1) —L (zznzz‘mxzz 1
is not one-one, and ker(S) is infinitely generated. -
= =0
Proof: i) is immediate from Propositions 7.4,14,8 and (1+T)(c) = OEL (Z) = O.
ii) Cappell [2 ] has shown that ker((‘Hﬁ):IO(FZ[EZ'Z])——-‘*IO( Z[?ZZQZ])) is ~

infinitely senerated. How apply troposition 14.8 again.

0]
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\He can apply the decompositions of Proposition 1% .8 to express the surgery

obstruction of an oriented normal bundle map in terms of the symmetric signature

of an associnted highly-connected degree 1 map, subsuming the quadratic

information in a geometric construction. Let then (£f,b)tH—»X Ve an n-dimensiona
21

rormal bundle map with X oriented (w(X) = 1) and n = 21...1. Let

R ¥ T be the highly-connected (n+k)-dimensional normal bundle

k

(£f',b*):H

map obtained from (fx1,bx1):MxT —+an1‘ (Tk = S1)'~S1Jl...ls1. k times) by framed
2
surgery below the middle dimension, with k = if i=0(mod2) , k=

U 3

I
y

|

if 15 1(mod 2)

Set § = -12-(n+k), n = n,(X). The split injection ?:Ln(Z[n])——pio(z[uxz“])
sends the surgery obstruction 0,(f,b)€ Ln( Z(n]) to the symmetric signature

o, (£,0) = o351 e T zrexz")) )
with skew-suspension

1% zx, (-

5e3(en) = TDa,(£,0) € 12 Znx2®)) (147D, (£,D) €

L (ze1, (-
and j-fold skew-suspension
sled(e) = B () ~a v (x))e LMz ) .
. (All this holds for unoriented normal bundle maps also, provided that we set

6
k = if 1 = O(mod 2)). In particular, consider the 2-dimensional normal

5
pundle map (f.b):Ta——‘S2 defined by the exotic framing b on T2, with

L
Arf invariant 0,(f,b) = 1€L,(Z) = Z,. Let (f'.b'):Ms-——PSZxT be the

Lo 2. b
2-connected &-dimensional normal bundle map obtained from (fx1 ,bt1):T2xT —3S xT |

by framed surgery below the middle dimension. Then the Arf invariant is detected

by q'}(f') = —lgl:(c) £ 0eker(E:ZO(Z[ZZh])—*LZ(Z[Eh])). the element constructed

2

in Proposition 14,9 i). Let (f.bo):TZ————ﬁrS be the normal map defined by the

standard framing b0 on ’1‘2. with (‘r,(f,bo) = OELZ(Z}). Ve can also write the
- =3 — 6 b
element as (1'3(f')=(1+'1')69(0,(fx1 Jox1)e-o, (£x1 ,b0x1))eker(33:L0( Z[zl'] YL (Z[ 7%

so that this failure of periodicity in L* is one of the type discussed following

Proposition 7.3).

i
1M
t

{
|
i
|
-
i

|

e
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tne realization theorems oi yuH,b of wall {5 | snow that for a
finitely presented group n every element x€L (Z{r]) is the quadratic signature
x = g,(f,b) of an (i-1)-connected normal map (f,b):M—>% of n-dimensional
geometric Poincaré complexes with n1(x) = n, if n = 2i or 2i+1, for n35.

It is not known which elements x €L™(Z([n]) can be realized as the symmetric

signature x = 0*(X) of an n-~dimensional geometric Poincaré complex X with

vt1(X)=n, or as the symmetric signature x =6 *(f) of a degree 1 map f:M—X

of n-dimensional geometric Poincaré conplexes with 1:1()() =n. In Proposition 10.51_

we gave an example to show that not every element xéin(Z[n]) can be realized
as the hyperquadratic signature x =&'(x) of an n-dimensional normal space X
with 1\:1\)() =7, In Proposition 18.8 we shall show that for i # 2,h,8 the

symme tric signature d*(f) of an (i~1)-connected n~dimensional degree 1 map
f:M— X (n = 2i or 2i+1) is such that 0*(f)cC im((1+T):Ln(z[n])——n.“(zh])).
no= 1\:1()(). All this suggests that not every element of
coker((1+T):Ln(Z[n])—+Ln( Z[n])) is geometrically realizable, An unlikely

source of such npon-realizable elements are the failures of Conjecture 14,2:

Proposition .10 The geometric Poincaré bordism groups are such that
P 1 P P
= P
Q (xx8) = (Ve _,(X) (n25)
for any space X. Geometrically realizable elements of Ln(z[r:!Z]) lie in
in( (% B): LM ZLx]) ol N Z[n]) —> L Z{nxZ])), for any group .
Proof: (lere, we are neglecting the difference between U and V, and between
finite and infinite geometric Poincaré complexes). Applying the 5~lemma to
the morphism of exact sequences
P P N N .
cee—L (Z[n])eL _ (Z[x1)- (X)eR (X)L (Xl (X)L ¢ Zx])eL  ,(Z(n])
l -
(n=mn,(x)) (e B) , (e B)
Ve -—.Ln(z[,uzz]) — s 9 :(XxS‘I) _— ﬂg(an y—— Ln_1(7£[m<71,])'—’ v
P .
ve have that ai(x)easq(x)»ﬂ;(x,sﬁ is an isomorphism for n} 5, with
Q:(X) = H_(X;MSG) the normal space bordism grouns (as in Proposition 10.h4).
—— =1 n
Thus no element of colker((s B):L™(&[x])el™  (Z[n]) —» L (Z[nxZ])) is
geome trically realizable as the symmetric signature G*(i¥) of an n~dimensional

geometric Poincaré complex Ii with respect to a covering t—s K(nx 2Z,1).

0



§15. Classifying spaces

let X be an n-dimensional geomctric Poincaré complex with a tovological
normal bundle sirscture (»k:X——* BTOP(k),(Xenn+k(T(Lk))L e.g. a topological
n-panifold. Given a tovological normal bundle map

(1,0 ¢ (Myu0p) —> (X, 20 ,02)
there is defined an equivalence of Spivak normal structures c:(bk,ﬁx)———*(ui,Pi),
Giving 2 fibre homotopy trivialization of ”x"“i : X ——BTOP, Conversely, given
a fibre homotopy trivialized topological bundle E:X-—-isTOP make the homotopy
cquivalence h:E(E)—» X« transverse regular at the zero section XxO< X~m~ (np5)
to obtain a topological normal bundle map -
(£,9) = Oy, p) — Xy ~§4pP)
with i = h'1(x x 0)< E(E) . It was first observed by hHilnor [ 3] (for X = 87,
with normal vector bundle maps) and then by Sullivan [ 1] {(for any X, with PL
normal bundle maps) that the normal bundle bordism classes over a fixed range X
are in a natural one-one correspondence with fibre homotopy trivialized bundles
over Y. The extension to the topdlogical category was carried out by Kirby and
Sievenmann [1.] (cf. §17B of Wall [ 5]). Our aim here is to give a purely
algebraic description of the surgery obstruction map
8 : [X,,G/TOP] —— Ln(Z[n1(X)]) .
In particular, we shall construct algebraically anfl—spectrum of simblicial sets
Qo(rz) such that the Oth term ]LO(Z) is canonically homotopy equiveslent to
LO(%)KG/TOP. For any connected space X there is defined a natural rap
Oy ¢ B (GE(2)—> L (z{n,(0])

which is an isomorphism for X = pt.. An n-dimensional geometric Poincaré complex
X with a tonological normal bundle structure satisfies Foincard duality with
__E:o(ﬂ,)-coefficients, Hr(X;EO(ZZ,)) = Hn_r(}(;}o(%)), such that the surgery
obgstruction mov is the composite

0 : [X,,6/T0r] "> (x+,m0(7/:')] = }{O(x;go( Z)) = Hn(x;go(zz)) N L( zr-[n1(:'.)]) .
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An (n+1)-ad of chain complexes = §C,f} is a directed system

of chain complexes

¢ = {cl)|«C I =11,2,..,n}}
(including & = @) and chain maps

£ = {£0,2) : c(3) —— ()| Bcac 13
such that

fle,e) = 1, £(«,P2(B,7) = (2, 7) (yeBex ) .
The homology groups of a chain complex (n+1)-ad I" are the homology groups
B, () = H,(c(T))

of the chain complex C(l') defined by

deery £ O, = d%in C(d)r-mldr—) ¢ 4

S 2= 2 gu(+ TS e ihagegy
ds< I
~'n n

In particular, a 1-ad I" is just a chain complex C{@), with c(I') = c(@),
end a 2-ad I is a chain map £ = £({1},8) : c(#) ——— c({1}), with c(m) = c(1)
the algebraic mapping cone of f.
Proposition15.1 The chain complexes of a CW (n+1)-ad X (in the sense of §0
of Wall [ 51) define a chain complex (n+1)-ad C(X) such that‘the
homology groups of C(K) are just those of K.
€]
Given a chain complex (n+1)-ad r- iC,fS define for each

iel chain complex n-ads ?&r, Sir and for each i€1I , an (n+2)-ad Uir by
2,6() = €0 §0(ed = ClEw)  0,C(x) = Cloel)

2, 1(x,B) = £(2.0,0,8) &1 ,p) = £Chw, 8,8 O f(a,p) = £(0,2,7,F)

vhere
j  if jdi 5 5 .
9, : I _ —I ; j—> o) = douiil (i€l ,wSI _,)
i n-1 n §41 if §yi M 1 i n?' n-1
-1
- C
T() = 9,7 () (deI €T .
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Tre abelian group wmorphisms

o(8,M) ——cr)_ ; (50— 2 _1<-)|“‘“5“”x(aia)

b
59In-‘l n

x5 xap)

2, : ¢(f) —sc(@,) = c(a,M
i r i’r i n ST, 1

r-1} utéc:].

define a split short exact sequence of chain complexes and chain maps

3,
0 —— c(s,F) —— c(r) ————>5C(3,1") ——> 0
inducing a long exact sequence in the homology groups

i

cer H (0,7 ——> B (51— B () —Eon (3 F)——H__ (2f) —>...

Define a chain map O ¢ C(l")~—-»QC(0’iF) by

oyt C(I‘)r———ﬁm(rrir')r = C(cri“)r+1 ;d‘sé:l x(d)'——-’gs%- ;
n n+

X(diﬁ ) .

The abelian group morphisms

% t H(M)——m (1) , o, : B (M) —H

i (o i(‘)

r+1
satisfy the usual simplicial relations for face and degeneracy maps.
For any chain complex (n+1)-ad [" = §C,f} we shall denote
c(I ) vy c(|P]), writing H,(C(|P])) as H.(|C]).
Given an (n+1)-ad of A-module chain complexes r= fc,f}

define an (n+1)-ad of Z[Z.]-nodule chain complexes

5]
rt@.A(” = ict®Ac,ft®Af}
cy
(ct-z)AC)(u«) = c(d)"@AC(-—t) . (ftdbAf)(D‘.?) = f(ﬂ.P)t®Af(u.§) .

with T€E2 acting by the £-transposition involutien Te as before.

Homztm ](w,rt@Ar)
We thus have abelian group chain complex (n+1)-ads 2) r
®
‘N‘E[zz](r R
Ez-hypercohomology
and groups
Ez-hyperhomology
m _ t
iﬂ (reg) = um(nomzmz](w,r )
t
= y r
qm(r‘,e) = H GE[Z&ZJ(F «r) ,
™M)
to be denoted for € = 1€A. There are defined natural maps
q_(M)
m

(14T ) ~ 370 - ¢
Q(F,€) ——=—q™(F, &) —— u_(c(|r|) ®,c(r))

(generalizing the cases n = 0,1 considered in $1 above), and there are
natural identifications

t ot t _ to ¢ t _ t o

ai(r ®AF) = air eAbil" . Si(r ®AF) = sir @Asi R gi(l' ®AF) = oir B, I

giving exact sequences !

9
ce om0 2) — Q75 1, 6) — QUML) —E ™ (B T o) ..
eee—>Q (3.0 ,6) —>Qq (5., €)—Q (\".e)—a—i»q (,f,e) — ...
m i m i n m=1""3
and also morphisms

g, @ Qm(l",a)-——>qm"’1(cril',e)

i
o; ¢ Q(re)——q (o le) .
E-symmetric (c,¢)
An m~dimensional (n+1)-ad over A is an (n+1)-ad C
e-quadratic (c,v)

of finite-dimensional A-module chain complexes such that
dim C(x) = m - n + |x| (wc I, meZ, Cl=) = O if dim C(x)<0)

Z,~hypercohomology o€ qQ"(c,e)
together with a class

Z&a—hyperhomolog-y

. Such an (n#1)-ad
Ve Qm(c ,€)

is Poincaré if for each of the 2" subsets dS—'In the element of

2 P alal (3,¢,€)

3 v induces
i VE Qm-

Hm-|d|(c(|auc|)t%c(adc)) determined by 5
l("‘c'c)

e
A-module isomorphisms

“r(l"’qc')—’“m-[q-r(adc) (0Sr<m-ja])

via the slant prodict

\u eI cec]a, e e, ca e)) ——» & @.c
i~ [t | o AL % C)

vhere

o= fot | -r

3. O, veod. _ €i €i <.,¢1 ¢
% - iy ip i, ir o _5_11,i2,...1p}§1" » 1€4,¢4,<., ip\n

jdentity if ot =g .
e-symnetric . .
In particular, an Poincaré 1-ad (resp. 2-ad, 3-ad) is the same as
e~quadratic i

e-symme tric
an Poincar€ complex (resp. pair, triad).

e-quadratic



N

A1l the results on geometric spaces of §§1- 11 have (n+1)-ad versions,
some of which we shall now state,

A CU (ne1)-ad % = §X(0 |4< T ¥ is m-dimensional (n€Z,n20) if each
X(h) (Olc_In) is a finitely-dominated CW complex of dimension

dimX(e) = m - n + |x| ,

with X(#) = g if m - n + |o(| <0. (Warning: our convention concerning the
dimension of CW (n+1)-ads, dim X = din |X|, differs from that of §0 of Wall [5),
dim X = dim |X| -~ n). If |;(v| is a covering of |X| = X(I) with group of covering
translations t then C(X) = QC(),(.(\;)) |ote In} is an m-dimensional Z{x)-module
chain complex (n+1)-ad.

An m-dirensional geometric Poincaré (n+1)-ad X (n€Z,nZ0) is an

m-dimensional CW (n+1)-ad {X(nl) ]dSIn} together with an orientation map
win = n1(|X|)——>z2 and a fundamental class [X]eH:(f;"Z) inducing Poincaré
duality Z{n]-module isomorphisms
[XIn- wHi(\ﬂ)————va_r(;(') ’
and such that each Bix (1€ i<n) is an (m~1)~dimensional geometric Poincar€ n-ad
with compatible orientation map and fundamental class. Then each CW pair
(X)) ,ox(o) = éz)dX(fw)) (€1 ) is a (m-n+ || )-dimensional geometric Poincare’
pair, so that Xfis a. (m+n)-dimensional geometric Poincaré (n+1)-ad in the
sense of §0 of Wall {5].
Proposition 15,2 An m-dimensional geometric Poincaré (n+1)-ad X (m €Z,n3 0)
determines in a natural way an m-dimensional symmetric Poincaré (n+1)-ad over Z{n]
a*(x) = (c(X),Beq™c(X))) (o= mg (X)L
A degres 1 map of m-dimensional geometric Poincard (n+1)-ads f:M——>X has a
kernel m-dimensional symmetric Poincaré (n+1)-ad over Z[x), the symmetric kernel
u*(f), such that up to homotopy equivalence of (n+1)-ads
o*(M) =9*(f)eo*(X) .
0]

Given a spherical fibration p:le———?BG(k) over the total space of a

CW (n+1)-ad X write the restrictions of p to X(ol (oLSIn) as
p(=) @ X(o) —|x| —B (k) ,

so that the Thom spaces define a (W (n+1)-ad TX) = {'L‘(pko())ldg In§.
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Regard the standard n-simplex £ as an (n+2)-2d with A=) the face

n
of A" spanned by the vertices erIn+1. For i >0 let ot XDN be the (n+2)-ad

defined hy

(&1 x DH)(u) = AMx) % DNU a" XSN-1 (= §In+1) .

for the 1-ad (= space) defined by (15_1KDN)(}6) = Sl‘-1. i :

vrite n ' x Dt

A geometric Poincaré (n+1)-ad X car be embedded as an (n+1}-ad in
An_1't~ Dk+m+1 for sufficiently large k3 O, at least for finite X, with a closed -
regular neighbourhood E such that each Elx) = En(Dn_1ka+m+1)(0\) is a regular
neighbourhood of X(o) in (&' x p™*™7)(x). The inclusions BE(=)C E(e) define

\k-1)~spherical fibrations

Yr)

1L 9me) — %) e - x|,

gk

and the collapsing map of (n+1)=-ads

-1 _1It - c40 - pa2
PX : Dn KDI +m+1 n 17~D1 +n+1/An 1%Dk+ +1 ~E - E/OF = T(“;X)
is of degree 1. The composite
-1 xeed b A
o, 1 AN Hepirit ——X—-»T(ux) — ?('+,\"Tn(ux)

is the prototyve of an Sn-duality map between (n+1)-ads of n-spaces.

£n m~dizensional normal (n+1)-ad (X,Vx,ex) is an m-dimensional

¢ (n+1)-2d X = jX(a)|ag 1n1 together with a (k~1)~-spherical fibration

k+m+1

UX:|X|'——~>BG(k) and a map of (n+1)-ads szbn—1)<D ———'T(Ux). Call

T
m+n

[X] = h(px)nuuxe i (X;Vm) (vr:vr1(ux):1:=n1(|xl )-——-rZZ) the fundemental class,

-1+t Px A o

and ux:An D

Proposition 15,3 i) An m-dimensional gecometric Poincaré (n+1)-ad X carries a

T(ux) ~}E*_,‘“'l‘rt(u:‘() the fundauental map.

canonical enuivalence class of normal structures (VX,PX) with a fundanental

Sn-duality map “x° !
ii) A normal map (f,b):H —>X of m-diwensional geomectric Poincaré (n+1)-ads ‘

determnines in a natural way an m-dimensional nauadratic Poincaré (n+1)-ad over

713[1:1(|X|)], the quadratic kernel ¢,(f,b), such that

(1+17)7,(£,0) = o*(£f) .
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iii) An m-dimensional normal (n+1)-ad X determines in a natural way a pair i
~N B
&*(X) = ({m-1)-dimensional quadratic Poincaré n-ad over %[1!1(|K|)]x,
m-dimensional symmetric Poincaré (n+1)-ad y over Z[n.I(IXI)J y)
’ ol
= ces = Q. i i - = q* '
such that 2 .y (1+T)x, am.,an 91)' 0. If X is Poincaré then F*(X) = (0, (X)Z

01

Vle now define our classifying spaces, as simplicial sets of algebdraic

on™(a,t)
Poincare (n+1)-ads. let (meZ) be the simplicial monoid with n-simplexes
I (A,€)
m
e-symmetric (C,9e™(cC,e))
the (m+n)-dimensional Poincaré (n+2)-ads over A
e€-quadratic (C,V(‘Qm+n(C,E))

such that C(@) = O, with the direct sum e as monold operation.and O as the base
simplex in each dimension, The face operations are given by

_— m+n=1
Di(c,un (C,e)) = (3iC,3i¢tQ (BiC,E)) (1€ 1< ne1)

ai(c,veqmm(c,c)) (3ic,aiwqm (ai(:,e))

+n~1

and the degeneracies by

7, (C0€™(C,e)) (o‘iC,aig;(-Qm"'n”(viC,E))

~

1£3 €n+1)
- qi(c,weqmn(c,s)) = (o-ic,aiveqm+n+1wic.s)) .

(In Proposition 15.5 below we shall identify L (Z,1) = % G/TOP).
The mavping fibre of the t-symmetrization map

14T mm(A,s)——!»n,“‘(A,e) i (€, ¥) > (C, (14T IV¥)

’I‘Lm+1 Amt1

will be denoted by (A,e) (me€Z). An n-simplex of L~ (A,e) is thus a pair

(an n-simplex (C,WeQm_n(C,s)) of I[,m(A,E) '

m+n+1

an (n+1)-zimplex (D preq (D,£)) of L™A,E))

- [ = = €
such that 3 .(D,s) = (e ) (c,¥), an+19n...81\1),») = 0. For € = 1€ A we shall

af(a,1) = B™A)
vrite L (A1) = le(A) .

A »
n™a,1) = 1™(A)

1}
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Provposition 15,4 The sinplicisl ronocids L (A,e) (n€i) satisfy the Yan
ﬁ,m(A,t:)
extension condition, and are such that
o™ (a,e) - Lo, e)
n,m_lu\,e) =.SLle(l\,e)
2™ (a,e) = SULP(A,c)
ur to canonical isomorphism of H-spaces. There is defined a long fibration

sequence

An+l H 1+TE n J _Am
cee —>1L (A,s)——»mm(A,e) > (A, E) — S5 I (A ) —s ..,

and the homotopy groups are pgiven by

n+n
L (A,E) L . (A,€) mn} 0
= (L7(A,E)) = ) m(m (a,e)) = L T if
[+] 0 mné -1
n
™A ,€) men3 1
~
n (L™A,6)) = {coker((147,):L(A,e)—10(A,€)) if J men=0 .
4 ,e) 0 g€-synne tric m+'1$ -1
Proof: A O-sinplex of is an p~dimensional Poincare complex
o _(A,e) €~quadratic o
" LA e )
over A, and a 1-sicplex is a cobordisn of its faces. Thus for n<o0 ( ) is
o, (A,c
n

connected, while for n3 O the set of path-components is the cobordisn group
1o(L(A,€)) = L(a,€)
no(ILm(A,E)): Lm(l\,e) .
The verification of the Kan exiension coxfition requircs a generalizetion to
algehraic Poincaré n-ads of the union constriction for cobordisms (= 3-ads)
used in thke proof of Proposition 5.2. An n-simplex of .Sl]l:m(A,s) (= mapping fibre

of 0:0 —»I"(A,e)) is an (n+1)-simplex x of KT(A,e) such that 3n+2x= o,

m+1

3n+1an-..01x = 0, which is the same as an n-simplex of IL" (A,€) up to labelling.

This identifies .‘IlILm(A,e) = 1Ln+1(A,E) as simplicial sets, The H-space structure

n
on SUIL (A,e) agrees with the zoroid oreration e in Il.m+1(A,€), for if x,x' are

(r+1/-sim-lexes of L™(A,E) such that Jn+2x =0 ,d _x'=0, 3

n+1 n"'a1x =0,

n+2

3,194+ 3 x" = O tken x" = g xes,x' is an (n+2)-sinrlex of LP(A,€) such that
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X i=1
xex! i=2
?.x" =
i %! 123
0 izh . :

The higher homnotopy groups of ILm(A,E) are thus given by

™%(a,e) mn> 0
o (TA,e)) = n (E™(A,€)) = ng (W™ (A,€)) = if

[¢] m+n< O

~m
Similarly for JLm(A,a), IL (A,e).
0
Product with the generator § = 1 €L2(7L,-1) = 7 defines a skew-suspension
ma» in the t+e-quadratic L-spaces
’ S : Em(A,E)——vII,m+2(A,—€)
inducing the skew-suspension isomorphisms in the homotony grouvs

(A,~€)) = L (A,-e) (m+n30)

|
|
|
|
|

B:n(m(A,e))=L (AE)——n (L
n m n4+n n

n+2 n4n+2

(¢f. Prorozition 7.3). Thus -S—:]Lm(A,E)——PILEHZ(A,-E) is a homotony equivalence
for m» U, br the simplicial Vhitehead theorem. The double skew-suspension map
-2,
3¢ ¢ ]Lm(A,e)——-*ILmhLA,E)

is & homotony e-uivalence for m» 0 (a fortiori), 2lloving the identifications

s “""Jn.o(A,e) m30, bigm
]Lm(l\,t»:) ol g ifg
N (n,o(A,s)(uj,hjn,...,w))

with IL(4j,b4341,...,9) the universal (hj-1)—co;:mected space over IL. Similarly
m m {-dimensional

for the €~symmetric and €~hyperquadratic IL-spaces IL (A,E),ﬁ, (A,€) of o G-hepedibery

ring A (cf. Proposition 7.k). The deformation retract of ]Lm(A) (m 20) consisting

of the highly-connected quadratic Poincaré (n+1)-ads was obtained in Ranicld [ 5]

by a direct construction involving tquadratic forms and formations. The space

ILO(A) has also been constructed by 'Mishchenko and Solov'ev [1 ].(cf. §10 of

Mishchenko {3 ]).
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Cinssifring s»aces for rormnl bundle mazs (e. G/P0) were constructed I

thexn by Quinn [ 13 in general (cf. Rourlke [ 1], €174 of all [51). Given a
s»ace K and a grour corvhisn \-.v:n1(;:j=—.z:’.2 define f-sets (= simplicial sets

vithout degeneracies) Em(K) (m€Z) vith n-sinmplexes the (m+n)-dimensional

Y

tovological normal bundle navs of (n+h)wads (f,b):H——>X with a reference nay

e
p;

| —> K, such that )

a f, 9

na2 o an"'a f are homotopy equivalences and

n+3f' n+1l

@) = X(P) = P - ve have modified the definition of the snaces mm(rc) appearing *
in quinn [ 17} to ensure the characteristic properties -QILm(K) = n’u+1(K) .
nn(JLm(K)) = Ly, o (Z0n (11). In particular, Ly(pt.) = Lo Z)X G/TOP,
Provosition 15.5 The quadratic kernel construction defines hootopy equivalences
of Kan A-sets -
Tat B (K ——s m (2, (193) 5 (£,50—>0,(f,0) .

In particular, there is defined a honotorr ejuivalence

e ¢ ILo(pt.) = Lo(yz)xs/mop__,n.o(z) .

]
Quinn (17 also defines an "asszenbly" nap

A [X+,ILm(K)] _ Lm+n(Z[n1(K"X)])
for any triangulated topological n-menifold X, which sends 2 simplicial map
f1X —>ILm(I() to the quadratic kernmel induced by & reference map Y —> K xX
from the topological norrel bundle rmap of 1-ads (f,b):H——> Y obtained by
glueing together the normal mavs classified by flAkcx' In particular, the
surgery odstruction nap is the comrosite

8 ¢ [X, ,G/TOP)e—s [X, ,ZxG/TOP) = [x+,mo(z)] -t Ln(Z[T:1(X)]) ,

vhich we wish to describe algebreically. In the first instance we define naps

0 * 1 HSPL(1)—s 7 N(2) inducineg the symmetric signatures on PL cobordism -

1*:5!511‘: Lip T3 (HSPU()) ——1(Z) | and vhich behave well with resvect to "

the multiplicative structure in the Thom spectrun HSPL - the multiplicative

structures in the algevraic L~sraces are defined as follows. -



- 377 -
The snash product of based simplicial sets X,Y is the based simplicial
set XAY defined by
Gan ) oy y(m) pmdy (g ay (@)

(n)

. er(l’l))

ai(x,y) = (aix,aiy) . O'i(x,y) = (a’ix,rjiy) (xeXx
and there is defined a natural pairing in the homotopy groups

nm(x)®mn:n(‘l) > o a (XAY) .
Proposition 1.5._6 The L~group products of §11 are induced by simplicial naps
® : LAEIAL"(B,)) —— L™ (A®, B,c04)
Q : n}“(A,s)/\n,n(B,q)——»mmn(A@ZB,eeq)
®: H,m(A,s)/\]Ln(B,r')~—>1Lm+n(AQEB,E®l) (m,nez)
Q@ : ﬁm(A,E)Aﬁ;n(B,v\)——-»ﬁ.m'n(l\@?zB,e@'[) -
Proof: Unfortunately, this requires bisimplicial sets.

Define a chain complex (m+1,n+1)=-ad F:{C,f} to be a directed system

of chain complexes

¢ = Yo, p)|wc I.6<1}
and chein maps
£ = §fot,a’; BB ) 0o ,p) —>Clo" ,p*) | C 'S I, pcp’s In] .
The homology groups of 7" are defined to he
H (M) = K, (c(M)
with C{i") the chain complex given by '
C(x,B)

RION —— o

E -
de(m) = (3% Y13 ) r—m—n+|o¢|+|@| 1!

d)&:@ xloc,ff) ——»di':& (dc(p('ﬁ)x(o\,&) + ig(:_f(c«',x-iihﬂ.ﬂ Yxlx =143 ,R) ;
+ j():‘.g_i-_f(vl,d;ﬁp— 131 )x(ex - 113))
In particular, the tensor product of a chain comvlex (m+1)-ad | ={C,f1 and
a chain complex (n+1)-ad A =$D,g} is a chain complex (m+1,n+1)-ad
(@b = {co,seg)
with

(COD)(u,8) = COED(P) , (18 (ko' i B, B = flety? (R0 .
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"E-symmetric (C,)
& X%-dimensional Poincare (m+1,n+1)-ad over 4 is 2n
E-guadratic (c,v)

(z+1,n+1 }-ad SC,TE of finite-dimensional A-module chain complexes such that

dim C(*,B) = k-m-n+ |« + |] (eI 68T,k €Z)
Zzz—hypercohomology
together with 2 class
ZZZ—hyperhonolog;y
k
©0€Q (C4e) = Hk(HomZ[ZZ](w'chc))

t
Ver(C,e) = Hk(wamz?_](c @Ac))
giving rise to a total of 2™™ Poincaré dunlity isomorphisms of the type

ur(lau_pcl)—ﬁu (8“' c) (rem 2SI ,pSI) .

B
Here Bu,pc is the (m~|o}+%,n-|p|+1)-ad with %60 1) = CAA a1,

k= |o| = | Bl -r-1

|a,lpc| = ad.pC(Im—lc-! ,In_m) = c(Im\u,In\g), and cteAc i5 the (m+1,n+1)-ad

t
of Z[ZZZ]-module chain complexes with (Ct@hc)(ol,{l) = C(ot,R) @AC(N,(&)-

mi(a,e)ee
let be the bisirplicizl set with (myn)-simplexes the

ll.j(!x JE)*
e-symmetric (C,v)
( j+m+n) ~-dimensional Poincaré (m+2,n+2)-ads over A with
€-quadratie o (c,v¥)

wia,e)e
yBEI 1). Let be the diagonal simplicial
m+1 n+ o (A,E)‘

nda,e)es pin,e)™ - pi,e)(mn)
set of with

' (n) (n,n)" The face and degeneracy
Iy (A,€)** L, (h,e) o L (A,e)"

clo,g) = c(g,B) = 0 (51

le(A'E)“ in‘j(’\le)(n") —_— Ej(A,E)(n-1")
raps Of%I‘Lj(A,e)“ are homotopy e'lu:.valencesv le(A'E)(n") Ej(A'E)(n_1")

i (h,e)*
in each degree, so that is horiotopy equivalent to
l]..j(l\,s)‘

m3a,e) (0 - wica,e)
(0,9)

I]Jj(f'.,i) = ILJ.([\'E).
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The tensor product of a (j+m)-dimensional €-symmetriec Poincard
(m+2)-ad (C,9) over 4 and a (k+n)-dimensional ?—symmetric Poincaré (n+2)-ad (D,~)
aver B is a (j+k+m+n)~dimensional E@ll-symmetric Poincaré (m+2,n+2)~ad over A®_ B
(C,0)@,(D,0) = (CE,D,p0v) ,

thus defining a bisiwmplicial map

®@: mI(n,e) = ]Lk(B,r\)/]Lj(A,E)‘ 0vo x5(B,) —————+n,3+k(p.®zs,5®q)" .
Restriction to the diagonal defines a simplicial map

@: ILj(A,E)I\]Lk(B,vl) ——»m3+k(A®ZB,e®?)' = ]Lj+k(A®EB,€®1)
inducing the tensor product in the symmetric L-groups. Similarly for the other

products.

0

Define an oriented (G(k),PL(k))-bundle over a CW pair (X,Y) to be

an oriented G(k)-bundle (= (k~-1)-spherical fibration) ot :X —BSG(k) over X
together with an oriented FL(k)-bundle §:Y ——BSPL(k) over Y such that the
restriction of ® to Y is '-"lY:Y —@—VBSPL(k)—g—>BSG(k). Such objects were
first systematically considered in the context of surgery by Sullivan (1],
although the case 1X,¥) = (DN,8 1) goes vack to Iilnor [ 3]. Oriented
(G(k),FL(Xk))-bundles over (X,Y) are classified by the relative homotopy classes
of maps of pairs @&,():(%,¥) —(8SG(k),BSPL(k)). The Thom space of &X,8) is

T(x,8) = T(«)/T(B)

so that there is a cofibration sequenoe »T(5)—4T(a)—9T(N,B)—’ET(P)—"ET(U-)—f... .

e (X, 7)—= (83G(X) ,BSPL(X)) 9,“ PI‘(x Yio,B)
Givend p :Y — BSPL(k) let glflL(Y,S) be the bordism groups
o 1 X — B3G(k) _,ql:(x,u)

(f,g): (1, 11) - (x,Y)
of mps ! g: W —— Y from conpact n-dimensional PL-manifolds W

feli —— ¥ fintte n-dimensional normal spaces H

PL-manifold boundary K (uM,uN) = (f*%,g*p) +(11,) —{( BSG,BSPL)
- such that p{v, = g*p: N——>BSPL ‘

- Yy = f*oe z M — B3G

finite (n+1)-dimensional normal pairs (If,N) with
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The standard transversality argument vroves that the Pontrjasin-Then maps
i, PL "
Lo (E, i ,p)—rnn+,_+1(T(\x,¥’)); ‘
\ 1 P
\ (L, G 0P — (X, 1)) s (g0 —“—ﬂv'r(u ) Bl TCEAE), p(a £

S’-iL(Y,B)—'n L2 5 (et s s (57 (g, ) TED, (g T(R))

Qi(x,u) xS (T(es) ;5 (f23” —»x)v——»(s““‘&,i‘(um) (£, pied)

n+X

are isomorrhisms. There is defined a long exact sequence |_

coe DR () — T, 70, B) — 2P B — ) —— L

The vordism groups considered at the end of§1o are given by -

321$L( (x+,msc1( %) /MSPI (X))

g5 ql,PL g . .
x) = 1%951“;1 (X»BSG(k) ,X2BSPL()k) ;e ,B) = 1%,3 L

PLiy) = 14m aPlry, . .
S, (x) = LTI{?S\'n (X«BSPL(k),B) = 1%51 7 1 K AMSPL(I))

Slz(x) = L%.'{FQII:(XXBSG(];) @) = Lim w (X ABSC(K)) _
with (=,B) = projection : X x (85¢(Xk),BSPL(k)) —— (B3G(Xk),BSPL(Xk))
(o, B (X,¥) —— (B36(%) ,BSPL(X))

be an oriented

frovosition1%.7 let

B:Y —— B5PL(k)
& 31X ——3 B3G(k)

(G(x),PL(%))- pair (X,Y) 1(1(X)——>1t

PL(k)- bundle over a connected CY | complex ¥ , and let n:_l(Y)—v x

G(x%)- conplex X 1!1()()——’ b .
auzdratic
te a grouy oorohism. The sviretric signatures
hyverquadratic )
A.,.L _ 3 -
T X, T B) = nn+‘\+1(T(d,B)) —* L (Z(~1)
a :nPL(y,p) = 7 (T(R)) —— L™(m[x1)
n n+k
~

a* :qi(x,ﬁ) = “inc(T("'” —_— i“(zr_n]')

are induced dy natural sinvlicial nans

g, : TOLR)— (Zixl)

—: -1
o* @ TE) —— mwN(Epn))
Kz

* o T(w) — 1 inl)

which fit irto a coxautative diarran



3 -

S(p) () > T, B
- o l l o, l
- J it
o (7%Zn]) —— X wrnl) ——— ]I,_k__,I(Z['n:]) .
aqracdratic y
The sinmnlicial symme tric K:mp on the Thom snzce of the cartesian vroduct

hrperquadratic

(orxat', BrRt) s (XnY! ,Yu¥!)—> (BSG (k') {BSPL(k+k')) preit — 3SPL(X')

AxBreYx Y —— BSPL(k+k') with { g*:¥'—> BSPL(k')

= axat:X 2 X' —— B3G(k') at:xt —> BSG(k'),

is such that there are defined commutative diagrams

TNO* )
Tl PIAT(R') ——> Ly _4(Z(x] JADLTS (zZ[x!])
@1 Lg

Tu
T(ate ' pxpr) ———> I, ¢ q(Zlnxn'])
w(pInr(pr) —Z0 s M A ()

6| e
T(Q,V) NN A I (Eutxn'])
N TR InT( ') —-—“—"3'———-> i L(Zuﬂ ik (?z(u'j)

o lo

- Tl xa') ——-—(L:—————» ﬁ-v-bk'(n"fb[ﬂ:(ﬂ'])

the maps between the Thom spaces teing the natural homeomorphisms,

nornal
¥roof: Use transversnlity in the cntegory to consider the Thonm space
L
() 82X — 35G(X) £:0" —ar()
of as the simplicinl set of sinpular simplexes n
(P) p:¥ —> mseLC) 0 — T(B)
SXCT(.:()
transverse rejular et the zero section y in the sense that
Z'Ic'r(p)
=k s rooenn norpal svace
-k -1 is an oriented -(%+1J-dinensional (n+2)~-ad
CREIEEE S €' % FL nerifold
c(k)- Y. = g*®) 2 H—sB50(X)
with norial bundle the vullback i alont the
L) - o, = E—,*('B) s H—— 35771(1)

“he Thor Snace »roducts agree with the L-space vroducts because the natural

=g tn—sy <~382- 15.2 32
restriction . 'The construction of I'ronosition can
=)t H—— 15.2
o uscd to define a simplicial map
Ay ~ :
0 % Y Rel) —— W) 5 (£ Tl )) Y () §
-1 ~ 9 - !
i 9% 2 TR —— LTHZ1) 5 (a7 > 7@ ot R

@ :T(RIAT (' ) — T(otat")

nomeomorshisn can be exnressed in teras of our

@:T(p)l\’l‘(g') —+ TRAP")
sinvlicizl model using the bisimplicial methods of Prodosition 1‘-5.6.
]
(Given an oriented G(k)-bundle E:X — 35G(k) let W(E) be the simplicial set
of singular simplexes f:A" —v”(f) "Poincaré transverse" to XCT(§), i.e. such

R -

o
P 2 T RE A is an-AmM-dinensional geometric Poincaré (n+2)-ad with

that ii
Srival norrmel fibration I)I HE —fl-—»}( -—-E—» ,ESG(!:), exaétly as in
Levitt-~liorgan [1']. The method of Provosition15.7 also gives sinplicial naps
T,40* to fit into 2 commmtative diagram
F§) —— = W(E) —————> 1T(§)
U. o* 3"

~Ic

_, (Z{n,(X)1) Ty (Zn, (01) L 87 zn, (01)

vith F(§) the honmotony-theorectic fibre of the forgetful map W(E)—>T(E) . ) ‘
e can interoret Remark 4,6 of Levitt [2] as stating that the map

1 F(§)— I (EZ[n (x)1) induces isomorphisms o,im . (F(f))-———vL (Z[n, (x)1)
for ny k33 - at least for w,(X) = {1% vut in principle for all n, (x).

The map ¢*:W(E)—= 1L k(%[n (X)]) induces the symmetric signatures .

in- the geometric Poincaré cobordism groups

P, . . "j n it
L Y " - 34
ot 1o (X,8) = 1_-151;1 T g (G 0E )) » LB, (X)) .
Trhe Ievitt-jones-Juinn exact sejuence v earing in ¥rorosition 104
P -
eor L (B[r,(X)1) — N, () — }1n(,a;rsc)——-‘ Ln_1(Z3[1t1(X)]) — ...
is the statle homotop— exact sejuence associated to the fibration -

7(8)—> (§)—>T(§) in the spreial case f = projection : X » 3sG(x)—> 556(3).

Given an oriented 2C¥(kj-bundle 13X — 1STOP() let XTOP(K,T) be the tozologicel
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sordisn rrour of meps il — X fron compact tonolosical n-monifolds it with

ztadle norwmal TOP-bundle »), = £*§ ¢ Ii -—> 353TCP. The Pontrjaszin-Thom nep

1
o A . Iy
SEP e g)—n (280 5z > 0 (5™ B

» 103 2L, mie))

-

iz not in genernl an isomorphisn, owing to the absence of TOP transversality in

dinension &, For the same reason, it is not possible to use the method of
Froposition 15.7 to define directly a simplicial map o‘:T(§)—>1L-k(%[n1(X)])
such that the synmetric signature map factorizes as

TOP

o* =nh

lovever, the trick of raising dirensions by crossing with (E!’Z can be used to

(%,8) ——»nfﬁk('r(g)) ——°1—~»L“(z[n1(x)]) .

construct a section T(§)——1(§) of (§)—>T(§) as in Theorem A of -
Levitt-iiorzan [1 1 and Theoren 4,5 of Brumfiel-Morgan [ 1], at least for n1(X) =fi}
but in principle for all n1(X). (Indeed, liftings §:X —» 35TOP(k) of §:x—BsG(1)
are shown there to correspond to such sections T(¥)—>%(%))., The composite

o ¢ T(§) - (§) — 2

n.'k(m[n1(x)])

is then a simnlicial syretric signature map. Given an .oriented

(6{x%) ,TOF(%) }-bundle (=,£):(X,¥} — (BSG(X),BSTOP(k}) there is likewise defined
o simplicial map

Tp 2 TEGF)— 1L, (Z[x, (X)])

=1

such that the quadratic signature on the (,TOP)-bordism groups is given by the

conposite

H’TOP(X‘,Y;v‘,ﬁ) Pontrjagin-Thonm T|:S

T
n+1 n+!:+1(T(“ £ — Ln( Z["W(X)]) ).

ag. 8

ror ml & let _]_]_,m(li.,s) be tre sipplici-~l fl-spectrum vhose rth ter: is

TP(h,€)

™ (a,6) P (s,e) — LoF TN ae)

]Lm_r(A,:-:) (r€%) with structure mavs o (Ae)— NI (A,e) the

n~r m=r=1

LT (h ) AT (a,e) — LA™ ,e)
canonical isomorphisns of Proposition15.’+ .The products of Proposition 15.6define
pairings of spectra in the sense of G.li..'hitehead [1]
@ @ L'A,e) ALY (B,)) — ™A@, B,c01)
®: Em(A,e)/\En(B,r]) — L. (A®,B,c@n)
®: g_,m(A,e)Agn(B,v\) —r E;m_n(A@ZZB,E@r])
®: i,m(A,s)/\in(B,r)) — _ﬁJ_m"(l\@ZB,s@r]) .
In particular, for a comuutative ring A we have connective co@tative ring
spectra lI_,O(A) =__H_.O(A,1) and 'I:I_:O(A) =i0(1\,1), and a2lso a connective _ILO(A)—alge’cra
spectrum QO(A) =_I_LO(A,1J, using A@zA——s.ﬁ.;aGbi—’ ab to convert the external
products into internal products.
For H = G,PL let ISH be the Thom spectrunm whose lith term is the Thom
space [SH(X) of the universal oriented H(Xk)-bundle over BSH(k). The products
@ : LSH(3) A NSH() —>iSH( j+k)
induced oy the Uhitrery sum of bundles _
@ : BSH(3) % BSH(J —— BSH( j+k)
can be exprecsed in terms of the simpliciz) rodel of Proposition 15.7(involving
singular simplexes transverse regular at the zero section) using bisinplicial
sets as in Proposition 15.6.These products maie MSH into 2 ring spectrum.
Let HSG/1'5PL be the cofibre of MSPL —» 1iSG, that is the spectrum whose kth tern
is the cofibre 115G(k)/1iSPL(X) of the natural map HSPi:(k)——"HSG(k). The induced
products
@ : HSFL(j) A FSG(k)/1SPL(1) —— 1iSG( j+1) /HSPL( j+k)

malke MSG/MSPL into an I'SPL-module spectrurn,
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S quadratic
Pronosition 15.84) The sinnlicial synmetric signature mars

hrpersuadratic
e ¢ 18560220 /1BPL() — IL_ __1(m)
o* : UEPL() ———y TNz define a natural trensforration of
n B Ak
& ¢ 186(x) — I (=)
cofiorations of spectira
MSPL, — ——— » ¥SG — > MSG/MSPL

A
a* a* L ‘(.J/

oz L §5km—E . n_ (= .

1i) For any connccted spece X and any ring with involution A there is defined

a natural transformation of long exact sequences of abelian groups

~0
...——»Hn(x;_]l,o(A,E)) 14T =i (X (A,e))—Jaun(x;g_, (A,e))l»nn_,l(x;g._o(a,e))—'...

-
(e o,

S, ot
coe—> I (A(n, (0)],8) = 4T LP(ALr, (X1 ,E )—-—»Ln(A[-:1(x)] ,e)-—-»L (AL, (7,60

wnich is the identity for X = vot..

quadratic (W,PL)~
iii) The syanetric signature map on } PL- b,ordisn is the conposite
hypertuadretic -
Ca
Tyt SLH'PL(‘{) = B (X5l 1i53/1SPL) —— H (x;go(z)) +Ln(m[n1(x)3)l
o* :5}:‘(}:) = ( HSPL)——"}I (¢s)A (zz))__» “(z[n1(*<)1)
.. G 0 n
Foa () = nn(ﬂ.;-.ss)-—:,un( (zz))———» (zam,‘\n)]) .

Sroof: i) A»vlr the construction of Proposition 15.7 to the universal Thon
snoces.
ii) Tet u":X+=T(O)—v]],O( 71.[1\:1()()]) oe the simplicirl symmetric sipnoture mav
crsocirted to C:X——> B3PL(0), which is the composite
o* 0
X, K, (), 1), —— L (Zn, ()])
with X >Llr (X),1) the mop klling n (X) (ry2) and ¢*:K(x,1), —> 0o(Zx1)

defired as follows (at = 111(,.)).
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The elessifying spece K(w,1) of a (discrete) rproup = has a stendard
sinplicial model, with n-zeleton (= '1)(11) = txn% seeXw (n times). Let 5 bhe
the infinite creclic grouy written multirlicativelr with generator z€Z, so that
w(2,77 = s ana &5 = Z[z,z—1] (z=2". The sizmvlicial cyometric sicnature
nap v‘:!((Z,1)+—v]1-0(Z[Z]) is defined on the 1-slkeleton by

s 12,0 1O
2t gt (2N = (BB e[ T],10-1; Ux,x) | xez[ 21}, (=, ") [xe ) , |

regarding non-singular symretric formations over Z{Z] as the 1-simplexes of

]Lo(Z[Z]) with O faces. In particular, o *(z) =0"(S1)6L1(-"Z[Z]). For ge =
define a group morvhism

g * Z—-—\n:;zn-——————rgn '
and consider the commutative diarram

K(z,1)+—‘£—.— Otz z1) ‘

g g
K1), 7 uSmey)

to obtain that
ot K(n,1)(1) =z —'—>JLO(Z[1:])(1)
sends g€ n to the non-singular symmetric formotion over Z{xn]
0*(g) = (Z[nleZ[n],e=1; {(z,x) |xe @[]}, {(::,gx)lxe?z[nj})

@ )——-o ILO( Z[n] )(1) to-the 2-skeletons is

The extension of :r“‘:K(T:,1)
related to the sum formula
(u,v;f‘,G)e(r-I,cg;G,u) = (H,p;F,J) € ')

of Proposition 7.7, which has a canonical proof on the re-resentative level
(cf. the identity of lemma 3.3 of Ranicki [31]). Given g,h& n there is defined an
isomorphism of non~singular symmetric formations over Z[x]

1og @ q'(h)—»(z[n]ez[n],1o-1;§(x,gx)|xem[n]&,5(::,ghx)|xeza[n]’s) .
so that applyin'g the sun formula

a*(glev*(h) = o*(gh) € LN (@rn]) .

There is a canonical choice of 2~sinnlex G*(E,h)e ILO( ZCW])(z) such thet

2o (g,h) = a%(g) L‘Zn'(g,h)=c‘(gh) . Dzu"(g,h)=0"(h) .
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* @
o. X AT (A,E) 820t mOmra i) AL (R,e) ———> T (Aln, (X)) )
- - P - N
S* ¢ X AL Yae) 901, nO%min, (I ATL Sa,e) B L@ AL (x)7,€

N . N o
& : I(+,\]L-k(A,E) B AL N TSN cITPIN N T & L IR(ALn, (x)1,€)

ieTine & natural transformation of cofibration senuences of svectra

A
X, aILo(h,E) EELLINN }(+,\EO(A,E) —9d . x+,\g°(n,e)
A ao* 5

Lo(Alr, (07,6 2 mOArr, (007 ,8) —Ts BOALx ()7 46)

inducing natural maps in the homotopy grouds
T ® }ln(X;EO(A,E)) = Lip = (X AIL_ (A, £)) ——1, S (ALr, (x),e)
k

L_gln
(At))—L:Lmn:
i

n+k

ot H (x;50(n,6)) = AT Kin,e)) —— LArx,(X)7,€)

&*:H (,\, (x+,\n, X(a,e)) ——— 1 (A[1:1(K)] ,€) .

n+k
133) Proposition15.8 pives that the signature maps on the bordism groups
T, .SLN PL(}!)

i :sln Lex)

(Y | PO
g .ﬂn(,\)

144 (X3 HSG/T1SPL, L) —— L (ztn1(x)])
= H (X;HSPL) —> L (%[1:1()()])
H_(XiN5G) —— T, ()72

are induced oy the simplicial maps

AT, @
Ge t X AlxoG(}’)/}.SPL(k) — 5 (Z[r: (X)) AL, 1(%)——-»11, (2L (x)7)

a* 1 X ,\‘L-ESPL(k ML) (m[n (XNIA I Xz -® .x k(zz[n (xh)
& 1 X, alisG() _geade, no(zn, (03I A LK) — B X zin, (x)1) .

W]
Identifying ILO( 7Z) = Lo( Z)XG/TOP 25 in Proposition15+5 we have the

fiore square of Sullivan (1]

mo(z) —> 1 K(Z[1/048) ,41)X K(Zy bi+2)

A

h oo

(zBo)ez[1/21 -2, 1) k(p,u4)

with ph.the Pontrjagin character and

1/L-gen F’|
~genus
A rgemis L T (e, b4)

ph. Az L(Z) = L,(Z)*G/TOP forget, & v mrop
It would be interesting to see this directly in terms of ]LO( Z). At any rate we

can identify

- 288 - B(ZI®Z[1/2] = BB 1/2] = bo®%(1/2] ,
where bo is the connective real K-theory Sl-svectrun with kth term
8~k
N7 T(Z xB0)(8j,8j+1,000y0) (8 2k »0). The invariant ¥(M™) defined for

n-dimensional manifolds M in §17H of Wall [5.] is just
q Ve - .
w(u™) = d‘(!-;)@t.sELn(Z[n,‘(h)]) (By= 1eho(z)=zz)
(by the surgery rroduct formula of Proposition11.2 applied to M= QS-——> IlixSB),
so that the related maps defined there
1! : KO (X(r,1))®@f1/2) ——> L (z:[n])ezm/zj = LN Z[n])eZ[1/2]

1 1?-10 el (n,1);0) ——— 1, (zrﬂ)@n = LM Z[x])en

™

pay be obtained from
o* : Hn(K(n,ﬂ;_]x_,o(?z))——»L“(Z[n])
by applying -~@4[1/2]1 a2nd - @7 respectively. Furthermore, the map
1Uxd : I(On(K(n,1))®Z[1/2] —~—>Ln(7z{n])®z[1/2]
defined in §3.3.1 of Loday [ ;) 1s likewise the nap obtained from
s* @ 'Hn(K(n,ﬂ»;Eo,(.ZZ)) —— 1M &[n))

by applying ~®7%[1/2], since its construction uses the map .

1(xd: ¥lx,1 )+-——> lLo( Z{1/21(n]? sending gen to the non-singular symmetric

formation over Z{1/23(=] -

o] 1
1nd(g) = (Z[1/2][n]e%[1/2][ﬂ]‘.< )3z[1/2][ﬂ'
A 0

'-2-(1+g) !

im( 2 Z[1/2][R] —— %{1/2) [n]eZC1/21[x]*)) i
1-g

igomornhic to

17 0 1
a* (g)®zr1/2] = (z[n]eZ[n],( );im(( ): Zi[n] ——> Z[nleZx]?, 1
o -1 1

1
im( ( ) + Z[n] — Z(n)eZ[x]) }Rm[1/2]
g

P
1 -

1/2 1/2
(vy :0"(5)@2.[1/2]———»1(15“5”. In vrincirle, we have proved
1

Conjecture 3.3.5 of Loday [1] that 1! = 1(x). The map

o. t 1 (4B (Z[n])) —> Ln(zz[nun1(x)])

errees with the georetricallr defined "assemdly map" A“ of wuinn [1],[2]."
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Let R = {Rj.):Rj-—»RjH /®:R AR — R

”kv“:sk—" 1‘&._'.1.'7112 0} be a comnutative

ring srectrum., £n R-orientation for a svierical fibration M:¥-—> 26(1r) is a

Thom cless U u!k('l‘(v);n) = Lin [EjT(v),P.. 1] which restricts to a
B o

i*(pt3R)-sodule generator iU E}.{]:(TG."');B) for each noint i:{pty—~X (T(iw) =39,

k
Ir particular, € :X——BG(k) (X > C) has the canonical R-orientation
elc, 1o
1eir(y ‘1+;E) represented by the composite
5 > Rk .

There e:ists a classifying space BRG for R-oriented spherical fibrations over

E"{X collapse 13 1
. >

CH comnlexes X, with [X+,B§G] the set of R~orientation preserving stadle fibre
honotopy classes of pairs

(soherical fibration »:X ——» BG(k),R-orientation U Gﬁk(T(U);E)) .
The Whitney sum e defines an abelian group structure on [X+,B_I_¢_G], giving BRG

an li-srace structure. Given (D,U)&[X*_,BBG] for a finitely-dominated CY complex

X and an 2-nodule spectrum S we have that the Atiyah-liirzebruch spectral

sgruence converges
2

B = XH .3 i

Zova I{P(\.}.q(pt i8)) == B,(%8)
giving risc to the usual Thom isonorrhisms in 5-homology

Uq-: l’!r”:(T(u);_S_) — 1 (x;8) (rez)
2nd similerly for S-cohoriology. An R-orientation for an n-dimensional geométrie
Poinceré conplex X is an R-orientation for the S»ivak normal fibration Yy
gopearinec in a ziven normal structure (UX:X ——>BG(k),pXe1rn+k(T(ux))), in which
case the I‘undamental S~duality isomorpyhisn

a\~ @ B0 )iR) — H_(GR)

scends the Thon class U‘)

to a fundamental R-homology class [XJ =u.x\Uv€Hn(X;__‘3_)
X X

and there are defined 5-(co)honology Poincaré duality isomorphisns

(ax\-)-1 Uy -

. r,... f ol )- .
(= ¢ B (38) —=— 0, 470, )i8) s nn_r(x.g)

for any ..~nodule spectrum 3. Hote that a map of ring srcctra R ——» R' sends

R-orient~tions to R'-orientations.

- 0 -
a(x)- 390(:)( » 58G( )
An oricnted bundle has a canonical
PL(%:)- p:Y —— 25PL(%)
g M5G- iudeﬁ“('r(z);gs_e_) T(ot) —1:5G(k)
orientation e , represented by the natural oap
l LSPI~ erH‘(T(ﬁ);HSPL) (A} —15FL(k)

(cf. Theoren 7.4 of G.V.Whitehead 1 7). The Thom isomorvhisn

Un- s (60 = B () HSC) —— (X = B (X31i56)
S5 (T(p))

U -

5 *7: PL -— -
A Sk }ln+k(T(B),I.SPL)—' Ky (x) = Hn(X,HSPL)

£:(L™E, 21) —(T(x) ,¢)
transverse regular in

$3M) —> (T(B),*)

normal pair

qn+k

sends the singularg
PL manifold g:{(X

= XesP(x) N-
the seuse at the zero section to the bordism class
PL~ Y —7(p) PL-

i‘ﬂ s = £ —> X
gl i v = g () — ¥

(
transversality results of Thom [2 ] in terms of MSO-orientations due to Atiyan{2])

. {The model for this is the reformulation of the smooth

i

has a canonical

G(k)~ x:X — 35G(k)
bundleg
B:¥ —> BSPL(k) ;

Proposition15.9 i) An orientedg
R PL k)~

1.9 z)-

1.%(z)-

U R )3 10(7))

ol o such that :
Upe H(T(p )0 ()

orientation, with a Thon class {

Ju =1U eka('r(p);io(zz)) . ;

IS

ii) An oriented n-~dimensional geometric Poincaré complex X has a canonical

) ~
I_L_O(ZZ)-orientation, with a fundamental class [}:]é“n(x;_lﬁ_lo( %)) such that .

5*(%7) = Jo*(x) e @, (01 :

i1ii) A PL normal structure on an oriented n-dimensional geometric Poincaré
complex I
VX 3 4
(vy2x — BSPLUK) ypyem , (T(ey)))
determines Hy FL transversality a PL normal bundle map
.y -
(£=pyl 4 B) 210 = P2 (X) —— x
and places an Eo( Z)-orientation on X, with a fundamcntal class [K]GHn(X;@_O( 7z))
such that
. n L .
g*({x1) =o (M ez, (X)]) , IX] = (XI€H0GE(Z))

(147)0,(£,0) = o*([X]) - O¥(X) €L 7z (01)
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let (v.:,:):—»DSPL(!r.'),p;'(en (T(v,'())) be another PL normal structure on X,

n+lc!
classified with respect to (UX,PY) by ¢:%—>G/PL. The Foincaré dunlity
ironorpnism
0
[(XIn-: H (x;_n;&zz)): [x+,n)0(z)]__,ﬂn(x;1_1,_o(zz))

sends X+—c—-v- (O'G/PL)+—> ILO( Z) = LO(Z):G/TOP to an element [c]) eHn(X;EO( %))

such that

o, ({c]) = o (f',b") - (f,0) e, (BT (x)3), (147)e] = [X'] - [X X)€H (G L O(z)).

rroof: It is sufficient to observe that an orientedg\

PL(k)-

G(k)- o:X —>BSG(k)
bundle
Q:Y— BSPL(X)

A .
10(m)- U e B ()5 £O( 22))
has a canonical 0 orientation % , Which 45 represented by
oL (Z)- ti,c H(r(g); % z))
- a* -t -
{ Uy t T(x) — —3MSG(X) — = T z)
Up : P(R) —— ESPL(x) — 2y w(zm)

{1
Iet X be an oriented n~-dimensional PL manifold, so that the PL normal
bundle naps (f£,b):li— X are classified oy raps c:X—>»G/PL (= (G,PL)-bundles
over {s,%)). The uapning cylinder of a PL norzal bundle map is an {N,PL)~bordisn
clement (cf. Proposition 40.4), thus defining a function
NPk 5 ((g,0) s — X —— ((X,i0-x) — 0

¢ ¢ [X,,6/PL]— ¢

H
such that the sur-ery obstruction is the composite

,AL

e : [%,,6/PL] Py (x) T, Ln(za[n1(x13) .

(Recall fromi ».710 of Vall [5] the varning that 0 is NOT a morphism of avelian
grouns with respect to the Whitney sum of »uzdles H-~sp-ce structure on G/PL).

ict (r:Ll_,B,rl:(n,G():I'/PL(Jc”—Q(BSG(k),‘:}SPL(!:)) be the universal oricented

(G()),7L(12)=bundle, vith Thon sprces

tord = 8, 1B = B0, e B0 = BN E0/P1()

ard a nnr of cofibrations

P ) —— Ty ety B

L |

BSPLOk) ——— 1556(k) ~——— 1156() 1510 )

'.-.392_

The adjoints G()/PL(%)—r 5).‘“1(.ZDG(1')/T BPL(1d) (2 70) fit to-ether, and define

a nap
y: G/PL = Lim G(%)/PL{K)—> _L!i?,agt‘“(i;se(k)/i-zsm( xl)) .
such that ¢ (as definped above) is the composite

h |
¢ ¢ [X,,6/PL) — [X‘*’LT? §Lk+1(HSG(I:)/IESPL(!())] = - (X;HSG/2'5PL) P

(XJn - (X3 MSG/HSPL) =Sl§;f1‘(x) )

(1:x —¥)e Q_PL(

i

with [X] = 1) = H (X;MSPL). The composite |
1
{

.+1

G/PL —'-1——, Lip 2+ (msG(10) /1S PL(K)) N Lo %)
K

1
is almost a homotopy equivalence into the zero componment of ]Lo( z), inducing !
i

the surgery map in the homotopr grouns nn(G/PL) ——»Ln( %) vhich ic an isomorphisn

for n # L and maps onto the subgroup of index 2 if n = k. The surgery obstruction

pap can thus also be factored as !

Yy - .
£ [X,,6/PL) ——= (X, , ()] = HOCK; E( E))—[i‘—]—'l—;Hn(X;EO(m))i.Ln(Z[m‘(X)])i

with [X]G.Hn(x;_H___JO(ZZ)) the canonical L-thcoretic orientation of .

et n () m)

Z~
Iet sx,Ank, Ye the { valued cochzin assigning to each -
§%eCT (L ()3 Zg) Zq-

lk~=sinplex of i

The additivity of the signature (first observed dr Iilnor (2], and then

¥ z)
L5(%)

.
(i.e. a non-sinmulrr symmetric form over Z) its signature. !
i
i
:

generalized by Novikov)ensures that the cochains are cocycles, defining cohomology

e TNz 2) = (w78 (%, 1))

classes o, A ek Ak and hence a mar of ring spectra
a*eH‘(n.'(zz);zs)= (L2 k(g % ]
o*:10(m)— K(%,0) nf(z)-
A - . It follows that every } . oriented spherical
0 0
L (%) — £(Zg,0) o (7z)-

fibration is oricnied in the usual sense. The homotonr-thcoretic fiovre of the

BL0(27)6 ——»>356

classifies the orientations of

forgetiul rmep %

20 ) A
BIL ()G —— BSG oL(m)-
the trivial oricnted sphericel fibrations, which for 0:X ~—»357(0) are the r

1% z)- -



whichk send X to the component of

ver®Csnfz)) = rx  ,mlemn - 393 -
clenents J 0. #0 * AD

Ueir GG () = (X 0 (Z)]
ieng (1002) = 19(%) = %

~ A
1€n0(3‘_-0 z)) = %@ = @

. It follows that therc is dGefined a commutaiive
3
oroid of fibroations

TS

S
1. (zz) BLL O(zia

®
1+T\ / \ /
i (z) B]L O(z)e
J\, /
i (z:)
0 0
(% 10(=) . Ten (L (z))
wit the vath-component ind .o ~0 and W, (Z)_ the
1%z % () Ten(B(Z)) ®

homotopr~theoretic fibre of J:mo(z)@——-»ﬁ,o(z)@. How Lo (Z)g, can be identified
with the zero path-cozmonent of ILO(E), with the U hitney sum E-space structure
inherited from B_@o(:zz)e given by
Lo(Z) A Ty(Z) ——>ILy(Z) 3 anb+—> acbelawd) .

The L-theorctic orientations of Prorosition15,9i) define forgetful nnvs

BSPL, —— 3E()6

BSG ————> Bfl_:_o(ZZ)G
and hence a nap of the fibres

6/FL ——— L (&g
which can be identified with the almost homotony equivalence oLtained above.
In princinle, it is also possible to I (Z’;)-orient STOP-bundles and improve
this to = honotopr eruivalence

G/TOP -——— n.o(m)@
allouing us to claim:
_l";r_o_&ts_i_t_:l__on15.10 There is a natural equivalence of categories

(oriented snhericnl fibretions with an EO(ZL)—Orientntion lifting the

n
canonical L.O(%)~orientation)e>(oriented TOF bundles) .
- 0

(Avey fron z this is the result of Sullivan [2 ] that TOP bundles are the sane

frt <]

- $0®Z{1/21-oricented spherical fivrations).

- 394 - £ (a0
YWe shall now define simplicial spectra{ such that
£.(8,e)
n G (A,e)) = 17(a,€)
~ (newz)

!

1@ (A,E)) = L (A,E)

involving the lower L-groups of §9.

E-symmetric r,®
A weakly m~dimensional Poincaré (n+1)-ad over A .
E-quadratic ((§ 'Q)

(méZ,nZ 0) is an A-module chain complex [ = IC(o()'olS In} together with a class

YE
¢ such that
(rgeq™r ,e))

(F, %, (F,2))

g-symmetric
Poincaré
€-quadratic

i) if m30 is an m-dimensional

(n+1)~ad over A (as previously defined)
ii) (e~symmetric case) if mg -1 2= (3 ,3") with §'GQ-m(S—mP,E-) such
that (S_mr,E') is a {-m)-dimensional even €-symmetric Poincare (n+1)-ad over A,
with
vo@@" = 0 1 ltlgr) — R0z (wer
and §"eQ_ (S"",e) such that

(er B = F@)eQ™E e

A

where "' = {C'(a()hxg Inl is the A-module chain complex (n+1)-ad defined by
0 ' (m-n+|a| = ~1,-2)
C'(x) = ) !
Cle) (m-n+ |ot}g-
and f:I"—[" is the natural projection

ii) (e-quadratic case) if m¢ =1 ’:E’GQ_m(S_mr,E) with (87T &) a

(~-m)~dimensionzl €-quadratic Poincaré (n+1)-ad over A.

m
2™ ,€)
Define (méZ) to be the simplicial monoid with n-simplexes
L (ae)
e-symmetric ) (r3)
the weakly (m+n)-dimensional Poincare (n+2)-ads over A such
E~quadratic "5

that C(®8) = 0, with the direct sum e as monoid operation and O as the base

simplex in each dimension,
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&, (ALE)
Provosition 15.11 The simplicial monoids (m€7Z) satisfy the Kan
£ .8,8)
extension condition, and are such that
n @A) = ML)
i m (n30) %
n EAE)) = L (AE)
L"(n ) = £™(4,0)
i1)
S (Aye) =& JUA,E) '
£%a,e) = L™a,6) B, e)(~m~mt1, ... ,0) = LP(A,E)
iid) (m3z0) (mg-1) .

1

;ﬁm(A,e) = le(A,E) (RN (mymmel ol o) = ILm(A.e)

Proof: By analogy with Proposition 15.k.

3
£+(a,e) £7A,E)
Thus the simplicial $l-spectruml”™ with mth term (me2z)
£,(A,8) L _p(AE)
is such that
*(A,€)) = “A4E)) = L(A,E)

"n(& €)) T‘rn-md' € (nez, m+n),0)

nn@,(A,E)) = nmn(;e_m(l\,e)) = L (A,€) .

"he skew-suspension maps
3 :tm(A,e)—>£m+2(A,-e) (n€wm)

are homotopy equivalences, so that £ (A,e) is a periodic fi-spectrum.

The classifying spaces of the discrete orthogonzl croups wap into
our algebraiec I~spaces as follows.

LU (1,)
Define the orthogonal group

E-symn~irie
of a non-sinsuler
0, (i5,v) e-qundratic
(i) o1 (i1, ) —— (M)
forn over A

g:(I,V)—> (n,v)'

_ to be the zroup of autonornhisms
(14,v)

ilorking as in the proof of Pronosition 15.8 it is vossidle to construct a

sim»licial map

o* : BO*(M,) = K(0%(M,e),1) — E2(A,€)
go. : BO.,(I-i,V). = K(0,(1M,¥),1) — Lo(4,€)

given on the 1-skeletons by
Q)(1)

o*:B0*(i1,: = 0%(H,p) — ]LO(A,E:)“) i b———r (Mol 00-p;8,(xe1)D)

G.:BO.(I-R,V.)(‘]) = 0,(M,V) —— ‘_'LO(A,E)(1) ; (!vi———)(l-ieH,‘;'o-V;A,(#g’I-)A)

(M) metabolic

"8
=]

vith A= §(x,x)€ Hel|xen} . (1f with lagrangian L then

(M,¥) hyoerbolic

In perticular, the na» anrearing in

&U"(u) = (l—l,¢;L,u(L))€L1(A,e)
5, (B) = (N,vLBLIE L (Ae)

Proposition15.8 9*:X(x,1) ——»]I,O(E[‘n]) (for any srcuy n) is the cormosite -

4% ¢ K(r,1) —— Bo*(Z{x],1) ——> RO ZLx7)
with (Z{x],1) the non~singular symietric form over Z{n] defined by
1 : Z{a]——>Zx?* ; av—> (o—>ba)
znd t the map of classifying spaces indvced by the rroup morphism

_1)

Gt ——— 0*(Z[n],1) 3 gv—> (z:{Z[x],1)— (Z(r1,1)) (g = ¢ .
iote also that o*:BO* 75,1)—*1[[:0(%) induces an isouiorphisn
ot t g (30°(Z,1)) = 0%(%, 1) = Ty ——» L7 = T,
sending the renerator =-1:(7%,1)—> (Z,1) to the dclhar element deL1(71.).
Karoubi [1 ] defines various L-spaces by aprlying the +construction’

of iuillen to the classifving svace BEO(A) of the stavle e~~uadratic ortiuogonal

rroun of & ring with involution £ _O0(4) = Lig 0.(HE(AD)) (2nd related svaces),
n

8]

né thesc L-spaces mar be mauned to ours by the oap tr.t'iEG(A)+-—-‘H_-O(A,E)
obtained¢ fron the maps U,:BOt(HE(I\m))—-“-* To(A,e) (y1). Similarly, there is

E + -2 . E R E,. m
defined a map 9*:B O(A) —L “(A,-€) with 0(4) = Lim O*(H (A7)).
o
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§16. Kayer-Vietoris sequences

Ve shall now seek algebraic L-theoretic analogues of the Mayer-Vietoris

exact sequence in the algebraic K-groups of a cartesian square of rings

A—sB
jé ] with B—A' onto (Milnor {5])

1 .Al

Ky (0)—> K, (B)oK, (B —>K, (A') — K (A)—>K (B)eK (B') — K (A —>... ,

as well as of the Mayer-Vietoris exact sequence

- -1 aAcla
ere—> K (A) —>K (MoK (57 A)—>K (S A)—> KX, (A)—=... (n€z)
- a—s"1a
of a cartesian localization-completion square l (R = Linm A/sA).
-1a s5eS
—87A

Vie shall construct the L-groups of commutative diagrams of rings with

e-symmetric LNZ,¢e)
involution, such as the I~groups (n€Z) of a commutative
e-quadratic Ln(sTZ,!:)
square
A————8
B'— A"
L’(f,&) =0 :
vhose vanishing is the necessary and sufficient condition for there
Lt(§v5) =0

to be excision isomorphisns
L"(A— B,e) —L"(B' — A' ) , L(A—+B' £) —» L (B—A" ,£)
Ln(A-—) B,e)—-—bLn(B' — At ) , Ln_(A—’ B! ,£) —> Ln(B——+A' JE)
and Hayer-Vietoris exact sequences
% ver > (A, E) > L(B,£) eL7(BY ;&) — LAY ,£) ——> 17 (A ,e)—> ...

.. .——)Ln(l\,e) -—)Ln(B,c)eLn(B',e)——an(A' ,e)———PLn_,‘(A,c)——" voe

We shall prove that L,(¥,e) = O (using the appropriate intermediate €~quadratic

L-groups) if $ is a cartesian square with B—*A' onto, and alsoc if B is a

cartesisn localization-completion square.
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A morphism of rings with involution

f: A—B

is a function such that

£(asb) = £la) + £{b) , flab) = £(a)f(b) , £(1) =1 , £(3) = TaJ€B (a,ten)

An (n+1)-ad of rings with involution A (n2 0) is a directed system

of rings with involution
{aeojec 1 =§1,2,..,n} }

and morphisms

f£(,f) = A(R)—2()] pEx< 11,

such that

fltp) = 1, £, 1(Ay) = tlay) (YSApASHET)

In particular, a O-ad is just a ring with involution A(P), a 1-ad is a morphism

of rings with involution £(1,0):A(g) —A(1), and a 2-ad is a commutative
square of rings with involutions

£(1,0)

A(R) ———27 5 A(1)

£(2,0) £(12,1)

A(z)—f(_"z—'l» A(12) .
Given an (n+1)~ad of rings with involution A define for each i€l
n-ads 3,4, SiA and for each i€I . an (n+2)-ad $;A by
9,800 = M) | FA(A) = A(310) , TiALx) = AlTyx)
D, HxP) = 12, ,2,B) 4 5 f(e,p) = 150, 8,8) 4 T 10 p) = £(0, T
with
§  if 3<i
j#1 if 33i
oy (o) = 3;1 (€I, (€1 ,,™E1)

(exactly as in §15 above, and §O of Vall £s1). .

y 560 = ai(‘x)u{'i} (€I €T, _q)
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Our methods serve to pive a completely algebraic account of the
geometrically defined surgery obstruction groups of (n+1)-ads of Theorem 3,1
of ¥Wall [53.

Provosition 16.1 et A be an (n+1)-ad of rings with involution, and let

e=e(@)e A(P) be a central unit such that € = E-1€A(ﬂ), and such that each

elr) = f(x,0)(e)e Alx) (xS In) is a central unit, Then there are defined in

E-symmetric L™(A,€) ]
a natural way the (n+1)~ad I~groups of A (m€72) which
g~guadratic Lm(A,l—:)

are invariant under the permutation of factors in A, and come equlpped with

ai:Lm(A,s)———b =1 3,A,€)

natural transformations and natural equivalences

ai:Lm(A,e)——> Lm_1(biA.e)

1
q‘i:Lm(A,s)—r  hak (o'iA,t—:)

such that the inclusions A _-".SiA, o, 8,A k.
o*i=Lm(A,s)~—'r Lmn(viA,E)

induce an exact sequence

n ] . .m ko m % m-1
see——L (aiA.e)—-L (SiA,e)——oL (R,e)——1L (QiA,E)———*

3 ko, 2y (ieIn)
eee —L (2,A,8) — Lm(SiA.E) ——-vLm(A.E)-—v I’m-1(91“'5) —> eee .
£+(A,€)
Froof: let{ be the {n+1)-ad of simplicial Sl-spectra defined by
L.0,8)
Lr(A,e) () = &2 (A(x) ,e())
- (ot )
£iu(A,8) () = £, (A(X) ,e(x))

l{-
using the construction of §15 for {oe in the 1-ad case, and set

*

L™A,e) = n_(L*(a,€))
n (me 7)
Lm(A,E) = nm(.g_(l\,e)) .
L"(n,e)
Thus (m¢ Z) is the cobordism group of collections
Lm(l\,s)

€-gymmetric

Poincaré (n-|o|+1)-ad over Alx)
e-quadratic
(rd 3)

a,(1" &)
|u I -k such Llhat Lo
,, (%)

\lweakly (on-|| ) -dimensional 5

(iexsI , p=ot-{if).
(r'fl .?p)

A(ot)@

2
0

~ koo -

iet @ be a commtative square (= 3-ad) of rings with involution

A—Z .38

] = |p

BY ..L_)Al
L°(3,c)
Ln(§,s)

€-symmetric
The I~groups of ® vanish,
€-quadratic

"

0
(nez), if and only if
0

1]

there are excision isomorphisms

(o, B) :

1%z ,€) '*—*Ln(p' €)

(0" ’ B') :
=, B)
As usual, such excision 1somorphisms imply a Hayer—Vietor:Ls exact sequence

p)
(A? e)——»L (A E)L-)L "(B,e) oL (B',e)——»L (A'ye)— ..,
of

LM, e) — L7( B.€)
(nez)

(o, B) = Ln(o‘,t—:) -—»Ln(p' &), : L (u',t—:)—v L (3‘ )

vee—s1B*]

(3 (nezm)
eee—rL A" .s)—»Ln(A.E)—>Ln(B.s)eLn(B' .e)—*Ln(A' ) ...

There is an appealing pseudo-geometric interpretation of this condition in terms
of the union operation for algebraic Poincaré cobordisms of 85, as follows.
E-symme tric

Poincaré complex over A
e~quadratic

(Cv‘O)
Given a weakly (n-1)-dimensional

(c,v)

;(f:wAc——»D,(Sw,mw)) (1':B'®,C—D',(Jp',04))
and null-cobordisms N over
(!‘:BGAC——»D,(XW,‘I@W)) (r':8'@,C—D"',(3Vv’,18v))
;A'GB(f:Bq\c—-D.(Jo,mw))
B,B' respectively it is possible to glue together
A'@B(!‘:B@AC—’ D,(Sv,1ev))

A'@sB,(f':Behc—»D',(Iw',m))
and to define a weakly n-dimensional
A'®B,(f':BsAc—»D',(3v',1®v))

€-symmetric
€-quadratic

Poincaré complex over A'

(C'y9") = (A'@DPY Mg, ch 'S’ VBSoung o~(195,9¢))
cr,v) = (A'@B'D\.h'® ch'® 0,18 SwumAw-(mB,Sv')) .
1*@,e) = 0 L (A e)
Then _ if and only if every element of (for every nt %)
L. (@,e) = 0 ) L (A',E)

-symrretrlc
is represented by a weakly n~dimensional Poincaré complex over A' -
e-quadratic

(C',0")

with such a Mayer-Vietoris decomposition, and the decomposition is
(cr,v")
unique up to cobordism. nctually, we shall find the following criterion for

excision more useful.
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Proposition 16.2 let ® be a commtative square of rings with involution
A—"—>p
o -3 j,p
B L, '
and let €€ A be a ceniral unit such that € =‘e-1€ A and such that the images of
€ in A',B,B' (also to be denoted by €) are central as well.
The natural map of €-symmetric L-groups
(o' ,B) : L7(ex,e) ——L(P',E)
is an isomorphism (for some n€Z) if and only if there exist abelian group
morphisns
% 1™Mar,e) —LM(=,e) 8. LM’ e) —1™ a0

to fit into a commutative diagram

1%« ©) L, €)
/é/// \\i&; (u)
n n (F ?") n n-1 l n-1, n-14 9,
17(B,e) oL (B! ,e) — > L"(A' ,€) [ ) 1" (a,e)—>L" (B,e)elL” (B',r)

‘ , ~
& /?jjji///”’,,sfg”””’/;*
L™(R',€) (ap.

ot ’a - -
Ln(B,e)-K——an(u,e) 12 (aLe) Zsan Y(8,e)

involving the exact sequences

U ‘ ’ 3 -
(Bt ,e) —Bs 17(07 6) SE1h(pr e) > 1m(Br )
Similarly for the natural map of €-quadratic L-groups
(o' ,B) : Ln(a,e)——-—an(g,'.e) R
Proof: If (&',B): L"((x,t»:)———>L“($',e) is an isomorphism define
- n n, T -1, .n n-1
§ = @,p) 1&' t L (A','e)—rL (o,€) , §= 3 (a',p)” s LBt ,e)—> L (a,e) .
n
Conversely, given 5,5 we shall verify that (ot',F) is an isomorphism
by diagram chasing as follows.
let xeker((o(',p):Ln(u,s)——»Ln(B',E)), so that

3,x = §(x',P)x = O€ e

ard x¢ ker(d, : L™ ,E)—+L""‘l (A,€))

be such that

inm(y, :L"(B,e)--—>L"(c(,r.)). Let y e L™(B,c)

—

- Lo -

Xd(y)‘ = x €LMa,€) ,
so that ,
xﬂ.my) = o Pr(y) = (& ,B)(x) = 0 €EL(P' )
and ply)e ker(KP,:L“(A',e)——»L“(@',e)) = im(p':L“(B',e)—>L“(A',e)).
Let z € L"(B',£) be such that
@(y) = p'(z)eLn(A',e) ’
50 that
x = Yuly) =8P(y) = §p'(2) = 0€L (e ,€)
and (a',8):L (o ,€) —>L7(B',€) is one-one.
Let u €L"(B',e), 50 that
a8 =0 er™(B,¢)
and S(u) € ker(o: LV 1(a,e) —> 17"} (B,€)) = 1m(3, s L ,€) ——> L7 (A,€)),
Let v € LMer,e) be such that
Bt =3met"™ e ,
so that »
(u- (', BI(¥))E ker(E:L“(p' ) — 1774 €)) Sker@g,:1L7(p’ &)1 (81 e))
= im(xp,:L"(A’,e)—>L"(5',e)).
let we L™(A',e) be such that
u =~ (o ,B)(v) = Xp.(w)ELn(p'.e) ,
50 thnt
u = (& ,B)v+8w))€ in((x' ) : L (ex ,£) —> L (B’ (£))
and (ot',0):L (e, e)—>L"(B,€) is onto.

8
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Provosition 16,3 Let § be a cartesian square of rings with involution

A—2>p
c(’L f‘ L@

Bl_..).AI '

such that the sequence
o ‘.
w) (B "P)

O—>* A ——> BoB' —A' —>

is exact, and let XQ’IN(m(A),YgEm(B),Y'E’im(B'),X'Egm(}\') (m=0,1) be e-invariant
subgroups such that ’
o() ~ ~ ~ .
s C < ) 1Cy
ker((u(: .Km(A)—u(m(B)exm(B Nex , BgXSY , B'EX'CY
A'@BY§X' N A'eh,Y'QX'
and such that the seguence
o
o = . ) ¢
O*—-P‘X/ker((d,):KmKA)*»Km( B)el(m(B')) —>YeY' —>» X' —— 0
is exact. Then if
either i) #:B-—> A' (or f':B'—24A') is onto

or ii)u':A——> B' = 5-1

A and B:B——>A' = ‘1‘—1}3 are localization maps
such thatot :(A,8) —(B,T) is a cartesian morphism (in the
sense of §13) A .
there are defined excision isomorphisms

(o, B) : Lfl'x(ac,e)—>L);"Y'(‘3',e) o (o, ) Lfl' 'x(o(',t:)——HL;{’ 'Y(p,s) (nez)

and a liayer-Vietoris exact sequence

: ® -

.o .~——>L§;1(A‘ €) ~8——»L)r(l(l\,s:)l—vL:l(B,t:)eL};'(B' '£) ———bLi'(A' E)— ... (nez).

Proof: It is sufficient to consider only the case

X =KW, 1= K (B) , ¥' = B (B , X' = im((B p'):f“(B)e‘ﬁ,‘(B')——vi‘(A')).‘

The other cases may be deduced from this by repeated application of the exact

sequences of Proposition 12.1, working as in §5 of Ranicki [3].
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Given a f.g. projective B-module M, a f.g. projective B'-module M,
and an isomorphism of the induced f.g. projective A'~modules

£ ADM——>A'E

there is defined a f.g. projective A-module
(M, £,1") = {(x,x') € Melt'|£(10x) = Tex'e AR M,
with A acting by
Ax (M f M) — (M,£,H") 5 (a,(x,x"))r——> (x(a)x,x'(a)x") . =
Ve shall use the natural B-module isomorphism --
BQ(M,I,H')—~—>M ;i Bx,x')——x
to identify B@A(M,I,M') = M, and similarly for the natural B'-module
isomorphism
B'®A(H,f,l{')-——>l{' 3 1(zyx')—sx'
There is also defined a natural A-module isomorphism

(e, g0~

M) ——— (M, £ HY)*
(818" ) ((x,x") > (g(x) ,g' (x"))EA = ker((8 -p'):BeB'—>1'))) .
Morphisms also pull back. Given f.g. projective B-modules M,N,
f.gs projective B'-modules M',N' and A'-module isomorphbisms
fe HomA,(A'®BI{,A'®B,H'), ge HomA|(A'®BN,A'@h,H') there is defined an exact
sequence of abelian groups
0O— HomA((M,f,H') (N,g 1)) —> HomB(H,M')eHomB,(N,N')
—_— HomA,(A'Gi;BM,A'@h,N')——e o .

1

In particular, for N= M*, g = f*  , N' = M'* there is an exact sequence

0— HomA((H,f,H') SO, £, M1)*) —— HomB(H,H‘)oHom.B,(H' Je)

?HomA,(A '@BM,A 'QBM’) —— 0

so that it is possible to pull back split e-quadratic forms, as detailed

below, (The theory of split €-quadratic forms was developed in §12. -
It is =lso possible to pull back €~quadratic forms, but the sequence

0-—— Qe((M,f,H')) _— QE(H)QQE(H') —_—_ QE(A '@BM) >0



- Los -

may fail to be exact at Qe((M,f,H')), s0 that the pullback £-guadratic
form is not uniquely determined. In the following example (due to Pardon)
Z ) o
e_l lp (e,€atbD) = asheZ, a,be T
P p = projection)
B @y
it is tbe case that
Q__1(%[?ZZ]) = Z[ﬂz]/az[zz]——‘PQ_1(Z)GQ._1(Z) = zzomz H
[a+bT} +——s ([a+b] ,[a-b])
is not one-one).
Given a split E-quadratic form over B (H,‘VGHomB(M,M‘)),
a split €-quadratic form over B! (M' ,V'GHomB,(H',H")), and an isomorphism
of the induced split E-quadratic forms over A'
(£,1) : A'ep(M¥) —— A'E,, (1 ,¥*)
define a pullback split e€-quadratic form over A
- L), (e, O v))

T ey = (Mg,

= ((u,f,u'),(v+1B-eH3,w'+;(B,-eu\i,):(M,f,n')—-»(M'.P'
* using any of the £~quadratic forms (M'1§Q€(m)’(“"\BﬁQe(H')) such that
7& = 1@1'B - f‘(1®{B.)feQ€(A'®BH) .

The isomorphism class of the pullback does not depend on the cholices °f7[B'¥B"

|
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i) Let f:B-——A' te onto.
1
Every elerent of VJ?(i(A',E) is represented by a non-zingular

(-)'e-quadratic form over A' (A'P,w'cq ;i (A'P)) (for some p 20) such that

(-)e
(v (=) evrmn P > (P e xre K,(an

, and such that there exists

VeHomg (87, (BF)*) with

®
(i) -

There also exists K&HomB((Bp)",Bp) such that

Y = 19V eq

S O R Y O L R G IR (T )
The split (-)i-1a—quadrati_c formation over A
(1-( +(-)ie v+ (=) ievy o)
(F.(U\.e)c) = (AP=(BP.1,B'P).(( X v ' )
B (w+(=)"ev*,1)
v=(ra (=) Tev ) o (v () 1ewe ) (8%, w1+ () Tewr+ (31 P) 7))
becomes null~cobordant over B, with an isomorphism
. (1—()\+(-)ie)\‘)(‘l'+(—)ie\"")\)
(1,1,) : B® (F,6) = (BY,( '
A A . ve(-)teye
v-(r+ (=) ev) v o)) 8P
1
—_— > ¥B%w) = (BF, 5 " 3:L NN
v+(=)"ev*

This defines an abelian group morphism
1
g : Vgi(A',E)g VZi(“ve) H (Alp'v')p. i ((F'G),(BP,W),('l,’I,()) *
)
Every element of V)?Ei” (A' ,€) is represented by an automorphism of split

Ead ~r
hyperbolic (-)it—:-quadratic forms over A' (f,‘):H(_)iE(A'p)—)-H(_)iE(A'p) (for

. some p%0) such that 't(f:A'pe(A'p)"—-—'A'pe(A'p)‘)ex'gi’“(A'). The non-~singular

split-(—)ie-quadratic form over A
¥) = (§ P T P
(,Y) = (H(_)ie(B ).(f,)() ,H(_)iE(B ))
becomes null-cobordant over B, with an isomorphisnm of (.—)ie-quadratic forms over A
1 : B8 (H,V) = I{(_)iF(Bp)——rB(Bp,U) = He_yi (89) .

This defines an abelian group morphism

5. v

2i+1 (2e) 5

At E)——V55 04

(H(_)ic(A'p);A'p,f(l\'p))‘——‘—’((H,V).(BP,O).‘I) .
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1]
Every element of Vgi(p',s) is represented by a non-singular split
(—)1_1E—quadratic formation over B! (B'p,((g),e)B'p) together with a
(~)iE—qunﬂratic form over A! (A'P,\'EQ(_)iE(A'P)) and an isomorphism of

split (~) e-quadratic formations over A’

(a,bye) : A'@B,(B"’,((a),e)B'P)——ﬁ(A'p.x') = (A'P.(( , 11 ") Y QIR
such that T(a:A'P——> A'P) 2y (b:atP—AtP)e x'gi',lu').y\ WA
There existsKé_Q(_)ie(Bp) such that
Y = 18geq i (AP .
e

Define a non-singular split ( €-quadratic form over A

~ ~ P a alet(-)iect)” 0 0 - P '
(H,\Vr:ﬂomA(H,H’)) = (E(,_)ie(B ),(( 1 .( ),E(_)ie(B' )) °i

0 a*" 0 c

Define lagrangians F,G for the associated (-)1-1E-quadratie form over A

(M,¥eQ _y11 () vy

F

1 0
m((k ),( )): AP = (BP,1,B'F)— M)
0 1

@
n

1
1) ()

This defines a morphism of abelian groups

n 1]

5: VJin(P"e) B A PYWRLCIL B

(P, ({)rBe), (1P, x1) (a0, > (,viFL0)
Every element of V§i+1(P',E) is represented by & non-singular
split (—)ie-quadratie form over B! (B'ZP,V') together with an isomorphism
of split (-)ie-quuﬂratic forms over A'
() + 1 (A7) ——>ar6y, (817P,¥ 1)

such that T(f:A'po(A'P)‘-—>A'2p)€ X'Q—%%(A'). This defines an abelian
group morphism

v

2141(p" 18—V, (R4E) 5

((B'ZI’,V').(f,x))i———ﬁ-(ﬂ(_)iepr),(f.R),(B'ZP.\V')) .

r
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The abelian group morphisms

r~ 1) a
S vxn (A',8)——>V_(x,8) , §: vi'(‘g.',s)——»vn_,l(tx,e) (n€m)
satisfy the hypotheses of Proposition 16.2, so that we have excision
isomorphisms
1] L]
BB 1 V(o) — T (pr,E) , 6B 1V ) —> VL (fye) (nem)

and a liayer-Vietoris exact sequence

1]
cee 2V _(8,€) > vn(s,e)gvn(n' ,e)-v—ﬂiﬁ (a'e)—V _,(Ae)—>...
(nem),
11) Let o:(A,8) ——>(B,T) be a cartesian morphism of rings with
involution and multiplicative subsets, and let iibe the cartesian square

A—2 53
®

’ sTh—— 517"
Neither B——>T" '8 nor S™'A——T 1B is onto (in general), but for every
element x¢ T-1B there exists t €T such that tx ¢ im(p—r T‘1B).Thua every
€-quadratic form over T-1B (H,VGQE(H)) with M a f.g. free 7-1B ~module is
isomorphic to the form induced over T—1B from an €-quadratic form over B
(ﬁ,QEQE(ﬁ)), via an isomorphism of the type
£ ¢ (,9)—>(M,Tvt) = '1"113@8(?4,‘?) (teT).
We can thus work as in 1), and define abelian group morphisms
S v’;'(s'h,e)———»vn(p.——ra,s) L5 Vxn'(S-1A——>T-1B,€)———)Vn_1(A'g)
(n€z, X' = im('f(’,‘(s-‘]A)oa(B)—)f1(T'1B)))
to satisfy the conditions of Proposition 16.2, obtaining excision isomorphisms
and a Hayer-Vietoris sequence. Alternatively, we can use the localization
exact sequence of Proposition 13,15 and the natural equivalence of categories

(h.d4,1 S-torsion A-modules) = (h,d.1 T-torsion B~modules)

(cf, Proposition 13.23). 0

}hyér—Vietoris exact sequences such as those of Proposition 16.3 have also

been obtained by Wall [ 9 ], Karoubi [ 2], Bak [1].
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Let I be a ring with involution, possibly without 1€I. Define

quadratic L-groups of I

L (1) = xer(L (I")—>1L (7)) (n€)
vhere I' = IeZ is a ring with involution and 1 = (0,1)€I+, and
t— % d,2)—z .

If there exists 1€ I this agrees with the previous definition of Ln(I)'

Let I be a 2-sided ideal of a.ring with involution A (such that 1 €A)

the

which is invariant under the involution, i €IS€A (i€ 1I), so that the quotient A/T

is also 2 ring with involution. Define the guadratic L-groups of (A,I)

X
L (A, = If (a— /1) (nem)
. —~ e —~
with A—— A/I the natural projection and X = im(Ko(A)—'KO(A/I))Q KO(A/I).

There is thus an exact sequence of gquadratic L-groups

...——)Ln(A,I)—»Ln(A)—>L§(A/1)———Ln_1(A,1)——» ves  (nem) .

By analogy with the excision isomorphisms in algebraic K-thfory

Bass [1])

k(D) = 1<n+1(1+-+zz) —— K (A,1) = K _(A—/I) (2% 0)

we have the following excision isomorphisms in algebraic Letheory:

invariant under the involution the natural maps

+ X
Ln(I) =L (IT— @) — L(AI) = B g

(A—14/1) (nez)
arc excision isomorphisms.

Proof: Apply Propositien 16,3 ii) to the cartesian sjquare of rings with

involution

in which A — A/I is onto,

® Proposition 16,4 If I is a 2-sided ideal of a ring with involution A which is

€l

- 410 ~.

The e-symnctric L~groups do not apprear to have as good excision ang
Hayer~Vietoris properties for cartesian squares as the E-quadratic L-groups.
Here are some partial results.

As before, let ¥ be a cartesian square of rings with involution

A B

l : la

BI_E.__)AO

1]
and let xgim(ﬁ),x'g'im(m),yg Em(B),Y'gi"m(B') (m = 0,1) be s=invariant
subgroups such that there is defined an exact sequence

ol _a)
A\ ~ ~ - ~ (D") (ﬁ #
[o] —-K/ker((d,):Km(A)——-——va(B)oKm(B')) »*YsY! X' —0 .

Proposition 16,5 1) Ifp:B—*A' is onto there are defined excision isomorphisms
n n . D n _
(ou,P) : Ly'x(u,s)—bl.x,'y'(pv'e) y (ot,8') 2 LI,'x(ou,g)———»lx,'Y(g.,c) (ng -1)

and a Mayer~Vietoris exact sequence

o) ®-p) ? ) _ -
L;1(A,5)QLY'1(B,5)01.;1,(B',s)-—P»L;,(A',e)-—»sz(A,c)—?LYZ(B,s)eLY%(B' ,€)
P -#)

B

A —>

11) 1f §is the cartesian square l l associated to a cartesian
s A—s7"135

morphism o :(A,8) —(B,T) there are defined excision isomorphisms

n -1 =1
X 'Y'(S A——~T B,e)

.. . ~1 n -1
Ly,'x(A——vs A,s)——*lx,'Y(B——?T B,E)

n
(A B,e) —— L
LY,X TBE (ne®)

and a liayer-Vietoris exact sequence

...——)I;(A,E)—»L;(B,E)°L;'(S-1A ) I (T, 1T (A yE) > e

Proof: 1) By analogy with the proof of Proposition 16.3.

i1) Immediate from Propositions 13.23, 12.1.

0]
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§17 Codimension 2 surgery chain complex C is B-acyclic if and only if B&AC is a contractible B-module
Algebraic Poincaré complexes can also be used to construct the homology : chain complex, or equivalently if H,(B@AC) = 0, In particular, if f:A —>B is
surgery obstruction groups arising in codimension 2 surgery, such as the knot onto or if it is a localization map f:A—B = S-1A (as in §13) then it is

cobordism groups Cn of Kervaire (1] and the non-simply~connected generalizations locally epic.

of Cappell and Shaneson 1], Matsumoto {1] and Smith {2]. Given morphisms of An n~dimensional €-~quadratic complex over A (C,W(Qn(c,e)) is B-acyclic
rings with involution A — 5B, B——> B! we shall define cobordism groups (resp. B-Poincaré) if the A-module chain complex C (resp. C((1+TE)‘¥0:C“-'——>C))
Ln(A; B,B',e) (n»0) of n-dimensional €-~quadratic complexes over A which become is B~acyclic, in which case B‘%(C ,i’) is an n-dimensional €e-quadratic contractible
Poincaré over B and contractible over B!, For a group ring A = Z[x] the guadratic (resp. Poincaré) complex over B, Similarly for pairs.
I~groups Ln(A;B,B') are the obstruction groups to performlng surgery to Given morphisms of rings with involution
B-homology equivalence on the interior of an n-dimenslional normal map of pairs A— 3B , B—3B!'
(f,b):(M,°M) -»(X,9X) (n = 1:1()()) such that f|:aM——3X is a B-homology define the n-dimensional E-quadratic L-group of (A;B,B') Ln(A;B,B',E) (n>0)
equivalence and f:M———~X is a B'~homology equivalence, in such a way that to be the cobordism group of n-dimensional e-quadratic B~Poincaré B'-acyclic
the trace of the surgeries is also a B'~homology equivalence. We shall only complexes over A. For example,
deal with the €-quadratic I~groups of this type, leaving the €-symmetric theory Ln(A;A'O'e) = Ln(A,e) (“20)-
for a later occasion. ‘ Proposition 17.1 1) The skew-suspension maps
ILet f1A——>B be a morphism of rings with involution, and let ) 5 L (A;B,B' )~ 7L o (AiB,B',-€) (n3 1)
EAE A, EBEB be central units such that ! are isomorphisms. Given morphisms of rings with involution
- -1 - -1 i
EA=EA€A'EB=EB€B'f(eA)=EB€B' | A—>B,B—>B' , B* —>B"
We ghall denote both €, and €, by €, as before. there is defined an exact sequence
An A-module chain complex C is Beacyclic if there exists a collection ..,—)Ln+1(A;B',B",E)——)Ln(A;B,B',E)-—bLn(A;B,B",E) —L (A;B",B",£)—>...
of A-module morphisms {h EHomA(Cr,CrH)lre%k such that the B-module morphisms eeo—>L(A;B,B"E) .
® s ii) The skew-suspension ma
1 A(dh + ha) B%Cr~—)Bqu (rez) pe P
are isomorphisms, in which case the collection of B-module morphisms 8 : L,(A;B,0,e)—>L,(A;B,0,-€)
g ~1 is an isomorphism, and there 1s defined an exact sequence
§(1®, (an+ha)) "' (1@, h) € Homy(BGC_,BEC . ) [rez} ,
is a chain contraction of E@;\C- L, (A;B,0,8)—> L1(A;Bl'0'e) —yI.Z(A;B'B',-e)——)LO(A;B,O,E)-—->L0(A;B"0,e) .

If f:A——B ias locally epic in the sense of Cappell and Shaneson [1]
(that is, for any finite collection jbie Bl1g i¢ m} there exists a unit

u€B such that ub,€ im(f:A——B) (1€ i< m)) a finite-dimensional A-module
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Proof: 1) In the first instance, we show that every element of Ln(A;B,B',e) (n>1)
.is represented by a connected complex (C,¥), Given a representative complex

(C,VEQn(C,E)) we may take C to be a f.g. projective chain complex of the type

d

C : ...—+0—>Cn—>c —»...——>C1—d—>00———»0——v... .

- n=1
The boundary of the skew-suspension 3S(C,¥) is a B-acyclic (n+1)-dimensional
(~g)-quadratic Poincaré complex over A, which we shall denote by (D,IeQm_,](D,-e)).

=

Let {he HomA(Dr,Dr+1) |osrgn} be a collection of A-module morphisms such that
the B-module morphisms {1 2, (dn+hd) € HomB( B@ADI_,BSADI_) |0 sr<n+e1} are isomorphisms.

Define an A-module chain map gtD— E by

. a . a o >
D:..—0—>D »D_ »D > .en-
E?..—s0——>p 2455 00— ,,. ,

n+1 n+1

and let (D',)('QQBH(D',-E)) be the well-connected B-acyclic (n+1)~dimensional
(-€)-quadratic Poincaré complex over A obtained from (D,{) by B-acyclic surgery
on the connected B-acyclic (n+2)-dimensional (-€)-quadratic pair

(sSD—%E,(O,'{)GQ (g,~€)). By Proposition 7.2 there is a B-acyclic cobordism

n+2
between (D,K) and (D',;\'), and there is also a B'~acyclic null-cobordism of (D,K).
The union of these cobordisms is a B'-acyclic null-cobordiem of (D' 'K')'
corresponding by Proposition 5,4 ii) to the skew-suspensiocn of a connected
n~dimensional e-quadratic B-Poincaré B'-acyclic complex over A (C',V'eQn(C',e))
such that
(c,¥) = (c*,¥")€L (A3B,B',€) .
Next, we define an isomorphism inverse to the skew~suspension map
S L,(A;B,B',e) ——L . (A;B,B',~€) (n31) .

Given a connected (n+2)-dimensional (-€)-quadratic B-Poincaré B'-acyclic complex
over A (C,VeQn+2(C,-E)) let she}lomA(Cr,Cr+1)|0$ r£ n+1} induce isomorphisms
{l@A(dh+hd)e HomB,(B'®ACr,B'®ACr)IOg r¢ n+2¢, and define an A-module chain map

- g« ——D by

C:
L
D: ... >0—C h—d)c —0 — ..o .
n+2 n+2
The complex obtained from (C,¥) by surgery on the pair (g:C—>D,(0,¥)) is
the skew-suspension S(C',¥!) of an n-dimensional €~-quadratic B-Poincaré
B'-acyclic complex over A (C',V'ch(C',a))- Define
1. L ,(AiB,BY,=e)—L (A;B,B',€) 3 (C,¥) ———>(C*,¥') (n31).
The relative Le-groups Ln (n21) appearing in the exact sequence
ess——>L (A;B,B re)—> Ln(A;B,B",e)-—>Ln———)Ln_,](A;B,B",e) P ees
are the cobordism groups of n-dimensional €~quadratic B-FPoincaré pairs over A
(g:C—)D,(SW,V)EQn(g,E)) such that C is B'-acyclic and D is B"~acyclic.
The algebraic Thom complex construction used in the proof of Proposition 5. 1)
gives an n-dimensional e-quadratic B!'-Poincaré B'"-acyclic complex over A
(C(g),SV/Vch(C(g),e)), thus defining an isomorphism
Ln—>Ln(A;B',B".e) i (g:C—>D,(§v,¥))——(C(g) ,5v/¥) (n21),
i1) Work as in 1), replacing g:D—>E in the first paragraph by

d d
D: ...—ro—)Dn+1—-#Dn—>Dn_1—»...

q TR
E 1@ ...——)0————>Dn+1——>0 ——0 ——> ...
and similarly for g:C——D in the second paragraph.
0]
In the case B = A , B' = S~1A , B'" = O the exact sequence of
Proposition 17.1

- - -1
(A;s 1A,0,€)——)Ln(A;A,S 1A,E) ———»Ln(A;A,o,e)-—-yLn(A;s A,0,€)
> ., (221

.-.—)Ln+1

is just the localization exact sequence of Proposition 13.1
- -1
cie—> Li+1(s 1A,:»:) —)Ln+1(A,S,E)—)I.n(A,€)——¥Ln(S AE)— .ot
as there are natural identifications

- o - -
L,(A54,0,e) = Ly(A,e) , Ly(A;s 11%6) = Lﬁ(s 1A,e) , Lp(A3A,8 1A,e) = L .q(A,8,8) ‘
(nx 1) .
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Given a group n and a morphism w:n——)za let the group ring Zf{=x]
have the w~twisted involution, Assume given morphisms ‘of rings with involution
Z[n]—>B' , B —» B" ,
Let (f,b):(M,9M) ——(X,0X) be an n-dimensional normal bundle map of pairs
such that (m,(X),w(X)) = (myw), K (M;B") = 0, K, (OMiB') = O (di.e. f:M—> X is
a B'-hamology equivalence and 9f:3M ——3X is a B'-homology equivalence).
The quadratic kernel ¢,(f,b) is an n-dimensional guadratic Poincaré pair over Z[=x]
which is B"-acyclic, with a boundary o,(9f,0b) which is B'-acyclic. Applying the
algebraic Thom complex construction (exactly as in the proof of Proposition 17,1 1),
with B = A = Z[n],€ = 1) there is obtained an n-dimensional quadratic
B'-Poincaré B'-acyclic complex over Z[x], whose cobordism class is an element
U,(f.b)ELn(Z[n];B',B") .
Proposition 17,2 The cobordism class a,(f,b) € Ln(Z['n:];B' yB") (n36) is the
obstruction to making (f,b):(M,9M)——(X,9X) a B'~homology equivalence of pairs
(f',b') (M’ 9M)———(X,DX) by a sequence of surgeries on the interior of M
such that the trace (W;M,M') ——(XxI;Xx0,Xx1) is a B"-homology equivalence.
0]
The following special cases of Proposition 17,2 are of particular interest:
i) B' = Z[‘u] , B'" = 0. This is the classical surgery obstruction theory of
Wall [5] (since Z[n]- homology equivalence of spaces with fundamental group x
= homotopy equivalence, by Whitehead's theorem), and
L (Z{n3;: Z[x],0) = Ln(Z[n]) (n30) .
i4) B" = 0. This is the homology surgery obstruction theory of Cappell and
Shaneson [1], whose I"-groups here appear as
Ln(Z[u]iB' ,0) = l"n(ﬂ.[n]—)—B') (n20).
Indeed, the groups Ln(%[u];B' +B") (for arbitrary B") are the relative ["-groups
appearing in the exact sequence

e e T 1 (BLR] —B") —> T (Z[x]—B") —> L (Z{x];B',B")

—>» T (Z[r] —>B') —> ... .

- 416 -

We shall discuss the P-g’roups further below.

i3i) B' = Z[x], B" = Rln]. This is the local surgery obstruction theory
studied by Pardon [4]. The groups L (Z{x);Z(x],alx]) = L (Z{x1,5) (s = z~{o})
fit into the localization exact sequence

...——»Ln(z:[u])—ni(nz[x])——) L (Z{x],8) —> L _,(Z[x])—> ... .

iv) B' = Z[n]. This i5 the dual surgery obstruction theory studied by Smith [2].
The groups Ln(Z[x];E[n],B") fit into the exact sequence relating L- and V' -groups

eee—>L 2 (2[r])—> " (Z[z] —>B") —> L _(2[x]; Z[x],B")

n+1
—_— LH(Z[n]) e Y
We shall now relate the P-Erougs defined by
l"n(f:A——-?B,E) = Ln(A;B,O,E) (nz 0)
with the r-groups as defined by Cappell and Shaneson [1].
An e~guadratic form over A (H,VeQE(M)) is B-non-singular if the A-module
chain complex
cee—30—5>M ¥ e L0 5 ...
is B-acyclic. Then Bq\(M,\V) is a non~singular €-quadratic form over B.
A B-lagrangian of a B-non-singular €-quadratic form over A (M,¥) is a
f.ge projective A-module L which is a submodule of M such that
1) §*vj = 0€Q (L), with J€HRom,(L,M) the inclusion

ii) the A-module chain complex

* *
e 00— Aoy LWV e L5 5L
is B-acyclic.
Then BR,L is a lagranglan of B%(M,V).

A B-non-singular €-quadratic formation over A (M,¥;F,G) is a non-singular

€-quadratic form over A (M,¥) together with a lagrangian F and a B-lagrangian G,

Then B@}\(M,V;F,G) is a non~gingular €-quadratic formation over B.
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Proposition 17.3 i) The even-dimensional [ ~group I"Zi(f,E) = LZi(A,‘B,O,E) (i 0)
is naturally isomorphic to the Witt group of B-non-singular (—)ie-quadratic

forms over A.

ii) The odd-dimensional I’ ~group F'21+1(f,8) = L21+1(A;B,0,E) (1> 0) is naturally
isomorphic to the subgroup of L?][(B,E) (X = im(EO(A)——‘-'fO(B))) consisting of
elements of type B®A(H,W;F,G), with (M,¥;F,d) a B-non-singular (-)ie-quadratic

formation over A.

Proof: Use the periodicity L (A3B,0,£) = Ln+2(A;B,0,-€) (n3 0) given by

Proposition 17.1 to reduce to the case i = 0, and then proceed as in

Propositions 7.6,7.7 (which is the special case A = B).

0
Thus the U-groups r(n = l"n(t,1) defined above agree with the ['-groups

defined in Cappell and Shaneson [1].

Define the &-groups
A (f:A——BeE) = Ln+1(A;A,B,-e) (n21)

Ag mentioned above, these fit into an exact sequence
...~—>Ln(A,e)——7Fn(f,e)———>An(f,e)———>Ln_1(A.e)~—~>... .

A non-singular €-quadratic B-form over A (M,V;L) is a non-singular
E-quadratic form over A (M,¥) together with a B-lagrangian L,
A pnon-singular split E-quadratic formation over A (F,G) is a non-singular

split e~quadratic formation over A such that the A-module chain complex
0— @ L 3F*———30

is B-acyclic,
Aai(f.e)
Proposition 17.4 The A-group (i >1) is naturally isomorphic to
Boyq(fi€) 7
split

B~formations
the Witt group of non-singular i

e-quadratic over A.
B~forms

(_)i+1

0]

The identification of Proposition 17.4 in the special case B = S-1A has

&lready been carried out in §13, w’ﬂ‘a\

l:)(\{ﬁ?¢ﬁ‘_;?:égﬁ9é5':;L‘n(}\lsgfsﬁ »
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Hatsumoto {1 ] has defined obstruction groups Pn(é) for the
problem of finding locally flat spines of codimension 2, which may be

expressed as I -groups (cf., Matsumoto {2],{3)). Given a group = and a central

element gew let C be the cyclic normal subgroup of n generated by g, and let |

E:{1l—=c > x >®/C —11) ‘

be the associated short exact sequence of groups. The. obstruction groups are
_ P &) =T (Z{x]—> Z{x/C],E) ,
so that
Pzi(é) = the Witt group of Z[n/C}-non-singular (-)ig-quadratic
forms over Z[x]
P21+1(C) = the subgroup of Lﬁ(z[n/cj,(-)i) consisting of the non-singular
(-)i-quadratic formations over Z[x/C] of the type -
Z(n/@]@zn‘]
(-)ig-quadratic formation over Z{x]and X = im(i’o(z[n])—’ﬁo(z[n/c:l))-’

(M,v;F,6) with (M,¥;F,8) a Z[{x/Cl-non-singular

Kervaire [ 1] introduced the cobordism groups Cn.. of knots s"C Sn+2,

and showed that cZk = 0 (k7 0). Levine { 1] gave an algebraic characterization

of C (x >2) as a Witt group of Seifert matrices over Z. The Wiil group of

2k+1
Seifert matrices over § was computed by Ievine [2], and the isomorph of CZk+1
in this group has been described by Stoltzfus { 1] using a localization

exect sequence. We shall now give an algebraic charaoterization of the groups
C]:l as the algebraic cobordism groups of (n+1)-dimensional symmetric Poincaré

complexes over Z .with the extra structure afforded the Poincaré duality of

n+2 n+2

n
the chain complex of a Seifert surface Hn+1CS of a knot 8 = dMCS

In particular, we shall obtain an algebraic interpretation (Proposition 17.16)
of the identification

G, = Tpys®  (m38)
derived geometrically by Cappell and Shaneson [ 1], where P is the square

z 7] — 7 7]
1 ‘l ® Le
P P
and €W = Zl’z.zﬂ'\ ——>Z: 24— 1 is the cugmentation rap.
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The geometric methods of Matsumoto [1 ] identified

Cn = |"n+1(e:Z[Z]—»Z,z) (n;l&) ,

and the algebraic methods of Matsumoto [ 3] interpreted this in terms of
Seifert matrices ~ we shall give an interpretation in terms of algebraic

Poincarf complexes (Propositions 17.13,17.1%),

A locally flat n-knot S2Cs®*2

admits a Seifert surface, that is a
Hn+1 n+2
locally flat (n+1)-~dimensional dimensional submanifold <s such that
M = Sn<78n+2. Inclusion defines a degree 1 map of (n+1)~dimensional geometric
Poincaré pairs which is the identity on the boundaries
£ 1 (1,20 ——> (073 5T
The transversality used to construct the Seifert surface equips M with a

normal vector field in Sn+2

embedding MxIR' C 82

s 80 that f is & normal bundle map. The corresponding
glves a geometric Umkehr map

F o (07,50 —— (M ,53H,)

involving Just a single suspension E, so that the associated Zb-hypercohomology

class %eq"”(c) (¢ = ¢(£")) 1is such that

o€ ker(5:9™ " (6) —»@™*2(50)) € ker(3:Q™ () —> §™(0))
This suggests developing an abstract theory of chain complexes (over any ring
with involution A) with Poincaré duality stemming from elements of the relative
groups Qn+2(s) appearing in the long exact sequence

n+1 n+2

e e—2Q™2(5) 5™ (c,e) 5,5 Q™2(sc,e) —> Q™1 (5) —> Q%(C,E) — ... .

The relevant part of the exact braid of Proposition 1.3 gives identifications

Qn+2(s-) - Qn+1 (C,E) = H

t
e c'g,0) -

n+1
Hore precicely:
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Proposition 17.5 For any A-module chain complex C there is defined a long
exact sequence of abelian groups

14T

eo—> Hn(ct®Ac)—E>Q“(C.E) -5 .o

(sc,r:)——»B Hn_,l(ct@Ac)—»
vhere
(+T)v s =0

1+TE : Hn(chkC)———a-Qn(c,e) : Vp———>(1+T€)V '((1+TE)V)5 = {o s

n+1 t M
21 Q7 (8C,€)——>H _ (C7®C) ; ¥i——D¥ , V), =
0 s2>1 .

£l

An n-dimensional e~symmetric Seifert complex over A (C,¥)

is an n-dimensional A-module chain complex C together with a homology cless
VeHn(ct®AC) such that slent product with (1+TE)VGBn(Ct®AC) induces
A=-module isomorphisms

(4T )v ¢ B (C)—>H _ (C) (0<r<m) .

t
SC = Homn(c' +C)

makes apparent that ve;un(cﬁghc) is jJust a chain homotopy class of chain maps

For f.g, projective chain complexes C the identification C

vy:c"'—5c¢
such that
(4T v ¢ ¢ — e

is a chain equivalence.

A homotopy equivalence of n-dimensional €~symmetric Seifert

complexes over A

£f: (C,¥) —— (C',¥*)
is a chain equivalence

ftC——C'
such that

(ft@Af)V zvie Hn(c't@Ac') .
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Working as in §1 we can identify such structures for n = 0,1 with

An isomorphism of Seifert e-formations
Seifert forus and formations, as follows. . :
i f 2 (I,¥;F,G) ——= (1" ,¥';F',G")

A Seifert e~form over A (M,V) is a f.g. projective A-module li together

. is an isomorphisu of Seifert £-forms
with an A-module morphism ¥ ¢ Hom, (14,M*) such that (1+T_)¥ €Hom, (},1:*) is an
A € A ;
_ £ (V) — (17,v")
isomorphism. The Seifert €-forms appearing in the isotopy classification of

‘ such that f(F) = F', £(G) = G'. A stable isomorvhism of Seifert £-formations
odd-digensional simple knots of Levine [ 3] are the case € = +1€A = Z. !

[£) : (H,¥;F,6) ———> (M*,¥*;F" ,G?)
* An isomorphism of Seifert e-forms over A

! is an isomorphism
£ (MY) —> (' ,v)
£t (M,¥;F,6)e(N,6;H,K) —— (1" ,¥*;F' .G )o(K',07;H K1)

1

is an A-module isomorphism f ¢ Hom, (M,l4') such that [
‘ with (N,05H,K),(Nv,8';H' K') such that N = HeK, N' = H'eK!.
I

f*Y'f = VéHomA(H,ll‘) .

Proposition 17.7 The homotopy ejuivalence classes of 1~dimensional E~symmetric
Proposition 17«6 The homotopy equivalence classes of O-dimensional g-symmetric !

Seifert complexes over A are in a natural one-one correspondence with the stable
Seifert complexes over A are in a natural one-one correspondence with the

P isomorphism classes of Seifert e-formations over A.
isomorphism classes of Seifert e~forms over A.

0 i Proof: Let (C,V£H1 (Ct%C)) be a 1-dimensional E-symmetric Seifert complex, with

C a f.g. projective A-module chain complex
A lagrangisn of a Seifert £~form (M,¥) is a direct surmand L of M such

C €m0 —>C—2sc —>0-—>...

that the inclusion jEHomA(L,I-i) fite into a short exact sequence o 1 !
4+ (147 _)v i ’ so that V¥ is represented by A-itodule morphisns
> 3 L € 1* ——0 ~
- © t " ‘ w:co-—>c1 ,v:c1———vc0
and also such that
yi o= . Lo -
§*¥4 = Oetlomy (1,14 . o av+var=0:c®—-oc,,
Sei —f i A (14,v;F,G) 1 Seifert e~form (M,¥) together . |
M Seifert e-formation over A (I4,V;F,G) is a r , ge u and such that the chain map
viith an ordered pair of lagrangians F,G. Such objects appear in the isotopy o 1e 0 -a* 1
; c e —>0—3C % e C 30 ...
classification of even-dimensional simple lknots of Kearton [2] for €=1t1€¢hA = 7, ! . .
. : (14T _)¥ YeEY* Yecy*
(The actual classification involves also an abelian group n fitting into an € a
' c H ...-—rO——+C1—~—»CO—————>0 R
exact sequence .
o] ——>(1-i/F+G)QlZZ2 i it h | Fg >0 , ; is a chzain equivalence. The algebraic mapping cone C((1+TE)\:I) defines a s3lit
together with a bilinear pairing : short exact sequence of f.g. projective A-modules
et N x —— %, ; ( a* )
i e (Yecv* Q)
= such that : 0 —— C0 —____"IHEW C“cac1 — > o .
w(ia,b) = ¥(a,hdb) , ¢(b,ia) = ¥(hb,a) €%, (ac ¥/F+G , be FaG)). Choosing a splitting map for (V+ev* 4)
3 -
H CO————> C eC1

4
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such that

(Veey* a)( i ) = (Veev*)j + ak = 1 ¢ Co—Cq
\ k :
we have a Seifert €~formation over A
. ) ejv Ve s o ]
(M,¥;¥,G) = (C1eC R - ~ ;C.‘,:I.n( 1€ ——C,eC » .
1-V*3j* k¥ -ceV*k* a*
Conversely, every Seifert e~formntion is isomorphic to one of this type.

{1
An (n+1)-dimensional E~symmetric Seifert pair over A (f:C —>D,(p,¥))

is a chain map f:C ——D from an n-dimensional A-module chain complex C to an
(n+1)~dimensional A-module chain complex D together with a relative homology
. t, ..t t
class (p,v) eHn+1(f @, f:C@C —D &AD) such that slant product with
t -
((1+TE)¢,(1+TE)W)€ Hm_.](f ®Af) defines A-module isomorvhisms

(14T gy (14T V) = H'(f) — W )

e t—r (0¢rgn#l) o

The n-dimensional e-symmetric Seifert complex (C,Ve}{n(ct@AC)) is the boundary
of the pair (f:0——D,(y,¥)).

The n-dimensional €-symmetric Seifert complexes (C,¥),(C’,¥') are
cobordant if (C,¥)e(C',~¥!) is the boundary of an (n+1)-dimensional e-symmetric
Seifert pair ((f £'):CeC' —>D,(0v,Ve-¥")).
Proposition 17.8 ‘Cobordism is 2n equivalence relation on n-dimensional €-symmetiic
Seifert complexes over A, such that homotopy equivalent Seifert complexes are

cobordant. The cobordism classes define the n~dimensional E~-symmetric Seifert

group A (A,e), with
(C,¥) + (C',W') = (CeC',¥e¥') , ~(C,¥) = (C,-V)(‘Ah(A,e) .
[1
Given an n-dimensional £-symmetric Seifert complex (C,\"c—}{n(CtGAC)) there
is defined an n-dimensional €-guadratic Poincaré complex (c,fv‘éqn(c.s)) with

o Y'c (ct@l\c)u 8=0
= t
8 -
oc(C ®Ac)n-—s s>1 .
This defines a forgetful map in the cobordism groups
o)
A RE) — > T (A,E) 5 (C,¥) r—— (C,V)

vwhich is a monomorphisn for n odd (cf. Proposition 17.12 below).

- e —

Corresponding to Propositions 7.6,7.7 and 17.6, 17.7 we have
Proposition 17.9 The O-dimensional e-symmetric Seifert group A,(A,€) is the
group of stable isoworphisam classes of Seifert e-forms over A modulo those

admitting lagrangians.

03
Proposition 1710 The 1~dimensional €-symmetric Seifert group I\.I (A,e) is the
ebelian group with one generator for each isomorphism class of Seifert
e~-formations over A (M,¥;F,G) subject to the relations
(M,¥;F,G) + (H',¥"';F,G*) = (Mel' ,VeV';FeF',GoG')
(M,¥;¥,6) + (M,¥;G,H) = (M,¥;F,H)
(5,V;F,G) = O if M = FeG .
03
The skew-suspension of an n~dimensional e-symmetric Seifert complex (C,¥)
is the (n+2)-dimensional (~£)-symmetric Seifert complex (SC,5¥) defined by
v = ven (sclgs0) = H (c'@0) .
By analogy with Proposition 7.3 we have
Proposition 17-_2 The skew-suspension map in the Seifert groups

St A (AE) —— A (A,-E) 5 (c,¥) ——> (5C,5v)

n+2

is an isomorphism for all A,e,n 0.

Proof: We shall perform algebraic surgery on an (n+2)-dimensional (-€)-symmetric
Seifert conplex (C,V€Hn+2(ct®Ac)) to obtain a cobordant skew-suspension of an
n-dimensional g-symmetric Seifert complex(1(C,¥), thus defining an isomorphism

QA A-e)— A (A,e) 5 (C,¥) m—> QAc,¥)

inverse to E:An(A,s)—~>/\n+2(A,-e). It pay be assumed that C is a2 f.g. vrojective

A-module chain complex of the type

d d d

d d
C : .-.—70——an 2~—7Cn+1—-)cn——>-.. _,,C1 ——-)Co——>0 —> ese o

+
so that V can be expressed as a chain map

v : c™Er

such that

n+e-*

(l+T_J¥ : C

is a chain equivalence. In particular
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< n~1 1 1
. L YS-EN ne2 Given an (n-1)-Xnot k:5" "€ 5™ and a choice of Seifert surface 1Mc gi+t
ho((1+T___E)\-’:C ———rC):coker(((1+T_c)‘I’ 4):67" “eC, ——Cy) = 0, ... n-1 e
tat oo . \ . ) such that dii = k(8" ')<s define an n-dimensional symmetric Seifert complex

so that there exists an A-nodule morphisn )
- over 7Z

J \
n+2 : ' - t
(k)g Co——rC" “eC, | 7, (i, M) = (c,ver (C*®,,C))

by considering (as above) the kermel C = C(f!) of the n~dimensional normal

such that !
! bundle map

0 0 (£,5) ¢ (1,9H) ——> (O™ w(s™ )

((1+T_e)‘l’ d)/ 3\ = (1+T E)Wj-rdk =1:C.,—>C,_. .
X .
given by inclusion. (A direct construction for o,(k,li) is given as follows.

1

let (C',W'EHn+2(C't®AC')) be the (n+2)-dimensional (-~g)-symmetric Seifert complex ne
. Use the map M ——»S —-M defined by the normal field and Alexander duality

defined by ‘
N . to define a chain map
(=)"a* a*\y n+1
—. . .
~(1+T_ Jve ((=)"a» 0) ( ) (-t (=37 vi:ce™ s ) — o™ - = ).
cr1a+2=+, 0 clec c2._s o0 fonet ome2 on+2 : n-1. nsi .
—_—— s ppp ———>C ..l —s nH""———‘ : An (n-1)-knot k:§ 'C S is simple if
v 0 v (-) v .
gt v ( v v ( Tre v oo 2i
n+1 . . - i
] vke (=) yge l 0 1-3T ¥ : 1:1‘(Sm"l -x(s™) = nr(S1) for r<i if n =S
.. ne2 ‘ 2i41
o o: Cn+2~—————> cn+1ecn+2 —G—B)_)cn?"'—d’cZTC <C T»CO 1
( d . ( ) (a (_)“ (14T 'e)w) in which case there exists an (i-1)~connected Seifert surface M"C 8™'. The
. ) ° e

assoclated Seifert complex ¢ ,(k,l) is then the i-fold skew-suspension
Then (C',¥') is cobordant to (C,¥), and it is also the skew-suspension -5
| T (k,1i) = § o‘i(k,li)

. (cr,v') = SNC,V)
! o- N
of an n-dimensional €-symmetric Seifert complex QC,¥) = (SX}',W'EHH(SIC'tQAQC')). } of a dinensional (-) symmetric Seifert complex over 7% O'i(k,H), corresponding
; 1
01 ] i
: (~)"~fornm (Him) Y€ Hom, (1,1:4))
Proposition17.11 gives a L-periodicity to a Seifert N U'i(k.“) = . i
(=) -formation (¥,¥;F,G) with C(¥) ¢ .. —=0-—=G—1/F -0,
I\n(A,E) = Au+u(ﬂ.€) _—
via the double skew-suspension map. by Provposition % , exactly as in the classification of simple (n-1)-knots

Algebraic surgery can also be uscd to identify the e-symmetric A-groups

. (In the case n = 2141 one has also to consider the homotopy

Levine [3]
of A with the €z—quadratic {"-groups of the augmentation due to

-1 _ - Kearton [2}
A{zy2 1 —s A 5 21— (z=12 ") .

liniing
Propositioni7. 12 The natural map

(1) x rci+1(H) — 7%

LR LT I 2

I\n(A,E) — Pn(A[z,z'1] — 2 A,£z) 5 (C,¥W)H——~ (A[z,z-1]®AC,1®\‘/)
defined as follous, Use the given framing of the normal bundle of the enmbedding
is an isomorphisnm of abelian groups. i+7  2iaD
O:,2m) € (07443 5%442) 4o define an S-duality map

i+3 i+ +2 coliapse 2 ~ O 2 L -
14 Dcl ,,/Szi oliap 5 (1,3/0“) > (”/ 1-1)/\1'; .

o8

ziving an 5-duality isonorphisn
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. .5 it i, 1
o 2oy (/2N = {577 i/} ——ag(i) = {H_},s 1,
and let » be the composite

s g . wy proj.*proj., _S S o 1xx S y i
§ oMy, (i) x ni+1(.x) K ALLES S (H+) x ni+1(l,/3;1) —_.ni+1(li+)lns(l{+)

evaluation S
—— 1'[1 = EZ .
In fact, ni+1(11) fits into an exact sequence
0 —— H (B, Z, —sn; (M) —>H () ——0
and ¢ agrees with the Seifert (—)i-—form ‘VéHomz(ll,N‘)).

Kervaire {1'] has defined the cobordism of n-knots, with cobordism

n+2 .’:(Sn—1 )) associated

sroups G . The normal bundle maps (£,0):(M,0M) — (D
to the various of choices of Seifert surface for an (n-1)-knot k:Sn-“CSm"l
are normal. cobordant, by a relative version of the Seifert surface construction,
so that the corresponding Seifert complexes &,(k,l) are also cobordant.
Pronosition 17+13The natural map
O, 1 Coy —IA(Z) 5 (k8™ e 5™y v o, (1, 1)
is an isomorphism of abelian groups for n2 5, where /\n(ﬂv) = f\n(E,‘l).
Iroof: In the case n = 2i we have that
N, (7) = Az, ()

by Proposition17.11, and by Proposition 17,9 that Ay(Z,(-)1) is precisely the
cobordisnm group of Seifert (—)iforms over Zused to characterize CZ:’L-‘\ in
Levine [1 ] for i 3.

In the care n = 2i41 we have that C = O by FKervaire [1] and that

2i
n (%):P

-1 -
2141 (Z{z,z2 ] —>r Z,2)SL +_l(%) = 0 by Proposition 17.12.

2141 2i

(1
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Algebraic Seifert complexes serve to clarify the algebraic
relationship between the Poincaré duality of a Seifert surface for a knot
and the Blanchfield duality of the infinite cyclic cover of the knot
conplement. Again, we start by developing the abstract theory, over any

ring with involution A,

Define the Blanchfield complex associated to an n-dimensional

e-symmetric Seifert complex over A (C,¥) to be the (n+1)-dimensional

e-symmetric Seifert complex over A[z,z—1] (z = 2_1) =
eé(c,v) = (D,p)

defined by

-1 n-r+1
D, = Alz,z ]@A(Crsc )

r-1
. =(ac ) “*TEZW)
D \p (-)r'1d5

-1
: D= Alz,z 1@ (C eC

o (_)r(n-r)ez)
¢ =
((—)“"r 0

; T A[z,z-1]®A(C

n-r+1
)—D__,

-1 n-r+2
Alz,2z ]G:,\(Cr__lec )

n-r+1 n-r+1 ) -

-1
eCr)——"Dr = Alz,z ]®A(CreC
We are assuming that C is f.g. projective in order to use the matrix rotation.
Note that D becomes contractible over A under the augmentation

-1
Afz,2 1——> A ; 2+ 1, since AoA[z,z—1]

the algebraic mapping cone of a chain equivalence.

D= C((1+TE)V:CH—‘-—->C) is

Proposition 12.1'+An(A,E) is isomorphic to the cobordism group of
(n+1)-dimensional €-symmetric Seifert complexes over A[z,z—1] wvhich
become contractible over A.
Proof: By the Blanchfield comnlex construction snd algebraic surgery.
1

Call n-dimensional €~symmetric Seifert complexes over A (c,¥),(cr,v*) .
S-equivalent if the associated Blanchfield conplexes PLC,¥), f(C*,¥') are
homotopy eguivalent (n+1)-dimensional e-symmetric Scifert complexes over
A[z,z—1]. S-cquivalence is an equivalence relation, such that S-equivalent

Scifert complexes are cobordant (by Froposition17,14 ),
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1

1 n-1 2
M te a closed

-1
3" e g™ 1et N o= 877 % pe g™

Given an (n-1)~knot k:5

n-1 n+1

regular neighbtourhood of S in S , and let X = Sn+1\N. We shall construct

as follows a normal map of (n+1)-dimensional geometric Poincaré pairs

n+2 S‘l ‘sn—‘l x S1)

f: (x2X)—— (D
such that

n-1, .1

1) f|yy = identity : 3X —> 5 S

ii) f is an integral homology equivalence, with f:ﬂ1(x)—v1r1(nn+%ls1)= /4
tee Hurewicz map,

iii) there is given a Z-equivariant geometric Umkehr map
F: S0™2xm/s" Txm) —— £(T/50)

involving just a single suspension £, with X the infinite cyclic cover of X

2 n+2

s . 1
ootained from the universal cover D™Ex R of D x S by pullback along f.

Choose a Seifert surface M"C Sn+1

1

for k. Assume that M intersects

oW = X = Sn—1 X S transversally, and also that MAN is a collar of dM = Sn"‘I

in M. Then P* = MnX is isomorphic to li, and there is defined a normal map

of n-divensional geometric Poincaré pairs

et (P2P) — (D n-1y

n+2
S

exactly as in the definition of T,(k,M) above. Let Y be the space obtaired

from X by cutting along P, so that 23Y contains two copies of P, P‘l and P2

say, identified alonzg the comnon boundary. There is an essentially unique
vay of extending the corresponding two copies of e to a normal map of

(n+1)-dimensional geometric Poincaré triads

n+2 n+2

1;0™*%x 0,0™*2 =

n-1)

h: (Y;P,l,Pz,BP)‘—-—)(D 1,8

involving just a single suspension in the Umkehr. Nefine a Z~equivariant

n+2

rap F:X——0D *IR by glueing together a countable number of copies of h

end to end, This gives the desired f4, a different choice of Seifert surface M

giving a homotopic f. The kernel of such a normal nap

. 1 on-1

Y (x‘ax)-—s*_)(n‘”zx s',s" 'x 31) is an (n+1)-dirensional symmetric Seifert
-1

complex over Z[z,z ] P,(k) = (D,¥) wbich becomes contractible over Z, whose

nomotopy type depcnds only on the isotopy class of the knot k. The kernel

- 430 =

E[z,z-1]—codu1es are the usual Z[z,z_1]—torsion knot modules
K (X) = B,(D) = B,(X)
iae 3 R . t -
The duality isomorphisms given by (1+T)‘Veﬁn+1(D @ﬂ[z,z 1]1))

1) ——— H (D) (0<r< n+t)

n+1-r
are just those established by Blanchfield {1 ] using linking numbers. This
duality has been studied more recently by Levine [ h]. The construction of the
Blanchfield complex PO, (k,1) is a precise algebraic analogue of the
construction of e,(k), replacing the geometric glueing by its algebraic
analogue, the union operation of §5. o
Proposition17.15 Up to homotopy equivalence of (n+1)-dimensional Seifert
complexes over 'Z[z.z-‘l]

0. (k) =9, (k,H)

1

n=1¢ gnt and Seifert surface M c §™ . The S—equivalence

for any knot k:S
class of J,(k,l) is an isotopy invariant of k.
0

Proposition17.,15 generalizes the relationship between a
Seifert (=)iform o, (kM) = (Hi(ld) ) eHomz(Hi(l-l).Hi(H)‘)) of a simple
(24-1)-knot k:s2 e 5?1 4na the (~) *'symmetric Blanchfield duality
pairing (1+m)v:E, (B —s1 (%) = nommz'zﬂ](nin('i) F/ (2,27 7)
studied by Trotter [ 1] and Kearton [}, where F = (Z[z,z-1]-{o])"1z[z'z'1]

is the quotient field. It is shown there that Seifert €-forms (over Z) are

S-equivalent in the sense of Trotter [1] if and only if they induce Asomorphic

(-€)-symmetric Blanchfield duality pairings (& = #1). Proposition 12.3 of
Levine [ 4] implies that there are natural identifications of categories

(Z~acyclic 1-dimensional €-symmetric Seifert complexes over Z[z.zﬁ""])

= (Z~acyclic 1-dimensional €-quadratic Poincaré compleges over Z[z,z-1])

(Z-acyclic 1~dimensional e-symmetric Poincaré complexes over z[z,z-1]) .

n

Thus our notion of S-equivalence of O-dimensional €-symmetric Seifert complexes

over Z 1is just S-equivalerce in the sense of Trotter [1]. S-equivalence of
1-dimensionel e-symnetric Seifert complexes over Z is just the T-equivalence

of Seifert €-~formations defined by Kearton [2 ] (provided the homotopy linking

is neglected).
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Proposition 17:16 Let P be the commtative square of rings with involution

27— 7 )
1 1 % 1e
Wz} — s
with et Z[{2Z] = E[z.z_1]———)z $ Z+———> 1 the sugmentation map.
The Blanchfield complex construction defines natural isomorphisms of
algebrajic cobordism groups
8: I\n( Z) = (n~dimensional symmetric Seifert complexes over %)

— . (B = Am_z(e) = (Z~acyclic (n+1)=dimensional quadratic

n+2
Poincaré complexes over Z[Z]) ; (c.v)»————»{s’(c,v) (nz0) ,
0
Ve thus have an algevraic interpretation of the identification
Cp = Moys@® (A 4(Z)) (a2 k)

of Cappell and Shaneson [1].

Proposition 17.17 Let SC Z[Z] be the multiplicative subset

s = {pezm|p(1) = 1€ B} .
The forgetful maps define isomorphisms of algebraic cobordism groups
137 zrm) = U (22— 87z 7))
= (n-dimensional quadratic s~ Z( %]} -Poincaré complexes over Z[Z])
— Pn(e=Z[z]————’Z) = (n-dimensional quadratic Z-Poincaré
conplexes over Z[Z]),
L, (Z( 7} ,5) = An(z[z3—-—»s'1z(z1)

= (3—1 T 2Z)-acyclic (n-1)-dimensional quadratic Poincaré complexes
over Z[7%Z))
— A n(e t Z[Z) —> Z) = (Z~acyclic (n-1)-dimensional quadratic
Poincaré complexes over Z[Z]) (n3z O)

Proof: There it a natural identification of categories

(h.d.1 S-torsion Z[Z)~modules)

(S-1Z[Z]-acyclic 1-dimensional Z[Z]~module chain complexes)

= (Z~acyclic 1~dimensional Z(Z)-module chain complexes)

(1
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We thus have an algebralc interpretation of the identification

c (zZ[ 7]} ,8) (=An+3(e)) (n> 4)

n~ Lm-}
of Smith (1] and Pardon [1].
It follows from Propositions 17.16,17.17 that the Blanchfield
complex construction defines an isomorphism
B:c, =A (B —— 1, 5(2(72),5) § (6, ¥)i—— p(C,¥)  (n30)

which fits into & commutative square

An+1(z) - Ln+1(z)

ei B

L, 5 B ,8) ——> L (%[ 7))

involving the forgetful maps

A n+1(Z) - Ln+1(z) ' Ln+3( ZLZE) S) —— Ln+2(Z[z")

and the splitting map

- 1 .
B = 0% ¥~ : Ln+1(Z)—>Ln+2

(zZ[Z])
of Ranicki [2 ] (cf. Proposition 14,1). The commutativity of such a square

n+2

has a geometric interpretation. Given a knot k:s"Cs and & Selfert surface -

vn+1C s'n+2 let x = (sn+2

=VXI;Vx0,¥»x1,0VxI) be the relative cobordism
used above in the construction of an (n+2)-dimensional normal map

(f£,b) : (X,%X)—»(S1an+3,S1 x 8™ (X = knot complement)
with Z-acyclic symmetric Seifert kernel

Gol£,0) =0, (k) =B7,(k,V) .

Applying the same infinite cyclic glueing construction to the relative cobordism
x' = (VxI;V%x0,Vx 1,2V x I) results in an (n+2)-dimensional normal map

(£',00) 1 (s'x v,sTx ) 5 (st < p*3 5T x s
with synmetric Seifert kernel
a,(£*,b") =0‘(S1)®a.(k,v) .

n+2

Now xuU-~x!' = S = aDn+3, so that there exists an (n+3)-dimensional normal

bordism between (f,b) and (f',b?)
((gs£,£%),Ceib b)) ¢ ™2™ 2 shey™hy o g%, 5243, (1;0,1)

implying that

L Z(7Z])
B5a(k,V) =0, (£,0) =0,.(£',b?) = q‘(S1 oo, (k,v) € ne2l [Z],




- h}} -

As a particular case of the knot module realizability theorem of Levine (4]
. we have that for any non-singular (-)i+1-symmetric linking form over (Z(7],S)
(MneM— 5 M1 = HomZ[Z](H,S-1 z{ )/ 2L %))
there exists a simple knot k:SZi-1C geis
poli) = (M) .
Let VZj'CSZ:“"I be a Seifert surface for k, and let N = Hi(v)/torsion

(1722) such that

so that ¢,(k,V) = (N,eéﬂomz(ﬂ,N‘)) is a Seifert (-)1-form over Z such that
) = p(w,0)

(by Proposition 17.15). Explicitly, (M,X) is given in terms of (N,0) by

"= coker(e+(-;)i'ze‘:Nz—rN;)

Nt MXM — s oz ([x].[y])l————»(l;—é,x(w)

(x,y €N, WEN,, peS, py = (a+(-—)ize‘)(w)eu;) .
Trotter [2 ] has used localization to give & direct algebraic proof that for
each Blanchfield linking form (M,\) there exists a Seifert form (N,8),
in effect describing the isomorphism
(;"' f Ly 27D ,8)— N,y (2) 5 (M) ——> (1,0)

*inverse to@ y which fits into a commutative square

Ly 4o  BLZ) o8)—= Ly 4 (7 Z])

=1

p B
I\Zi(z) —_— LZi(Z)
involving the splitting map
Bt L, 1(Z[Z]) —L,, (%) (EB = 1)

of Ranicki [2 ) (cf. Proposition 1k.1).
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§18. Wu classes

The equivariant S-duality of §3 was developed for the vurpose of
converting a map of Spivak normal fibrations b:VM‘——’UX over a degree 1 map
f:}li ——X of geometric Poincaré complexes into a quadratic Poincaré complex
0,(£,b) such that (1+T)0,(£,b)ec*(X) = o*(M). In this appendix to §3 we describe
the extent to which the symmetric Poincaré complex d*(X) = (C(X),¢3[XJeQ™(C(X)))
essociated to an n-dimensional geométric Poincaré complex X reflects properties

of the Spivak stable normal fibration UX:X ~——3BG. For any stable spherical

fibration p:X ——>BG over any n~dimensional CW complex Xwe shall define

- - ~ — i
an n-dimensional hyperquadratic complex over Z[m,(X)] a*(p)=(c()® ‘,aptan(c(x)“ "

The hyperguadratic Wu classes of G‘(p) are equivariant analogues of the Wu classes
v.(p)GH‘(X;ZZ). For the Spivak stable normal fibration .} :X——»BG of an
n~dimensional geometric Poincaré complex X it is possible to identify

Jo*(X) = 3‘(ux)
(up to hormotony ejuivalence), giving rise teo an equivariant analogue of the Wu
formla vr()'.) = vr(vx)e (X Zyz)relating the diagonal structure of C(X;?z‘.g to Vx.
Thé quadratic structure in V,(f,b) expresses the vanishing of the equivariant
¥u classes on the kernel of a normal map (f,b): ——>X. We shall also develop
ejuivariant analogues of the suspended Wu classes (qv),(h)EH"‘"(X;ZZ) of
autonorphisps h:p —+p of stable spherical fibrations p:X —>BG (over any

cozplex X), as required for describing the effect on the quadratic kernel o,(f,b)

of a normal map (f,b):H——X of a change in the map by, —>if.

To the symmetric and quadratic constructions of §2

0y P B (0 —=2%(c(X)) , ¥ H(X) —>q,(c(¥)) (refx, 1}

F

we now add & 'hyperquadratic consiruction’

By * HU(X) ——*(C(X)*) -

This is defined to ve the composite

0y t E D = KD —Eqr(e(n) = 3 (c(0)*) ~Thr(e(0)*)

for any 5-(or Sx-)dual Y of Y. For example, if Dx:x —BG(k) is a srvivek normal

3
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fibration for an n-dimensional geometric Poincare complex Z, and ’)\(’ 1s an oriented
covering of X with data (m,w), then the Sp-duality betueen 3(; and Tr:(Dx) given by

Proposition 3.12 expresses the symmetric construction on the fundamental class

[X]eH’:‘(X;"ZJ) in terms of the hypergquadratic construction on the Thom class

ak W
UVxé H“(Tn(vx), ),

Given a group n and an Sx-duality mapoL:SN——-»J(AEY between
finitely-dominated Clr-complexes X,Y there is defined a chain equivalence of
finite-dimensional R[n]-module chain complexes

X = (z:\.[SN]\--)“1 : (.J(!;R) —_ ('J(X;R)N-.

for any commutative coefficient ring R, which is obtained by applying R["]&E[ﬂ:] -
to the Z[n]-module chain equivalence Kd:C(Y)—rC(X)H_. given by Proposition 3.8,
Given a group mbrphism w:n—r%z endow R[n] with the w-twisted involution, and

define an R[rn]-module chain map

% Ne-s w

. " ok o . . Lt %
Oy ot HomR[“](C(X;R)"R) ——;HomR[K](C(i.R) + R) = R @R[ﬂc(r,n)“__
oy = 180 . ¢ .
TnomZEEEJ(v..c(y;n) R OB g,
o . . . _
._____ﬂnom;zmz](w,(c(x;n)N )teh["]c(x;R)N i

This inéuces R-module norphisms in homology

L TRy W N-X, oo oy N=*
ex’d : H“(X, R)—q  (C(X;R)" )

such that there 1s defined comrmutative diagram of R-module morphisms
b 4 134 Py n,-
H (Y;"R) ———Q (C(YiR))
| ¢
'H-n‘,‘ vy OXg mps H-e
HoG R) — 7 @ (C(X;R)Y" )
with :pY the symmetric construction of Proposition 2.2. Thus for the Sn~duality

n+%

~
map QKX:S __-.;.X+/\HT1((L)X) associated to a normalized n-dimensional geometric

Poincaré complex (X,VX:X——-DBG(k),‘)thn“{(T(VX))) and an oricnted covering e

with data {m,w) we have a commutative diagram

- _,b36 -

. oy >
WG ———————— ~T(C(X;R))

o

Rtes X, .

8,
L) | P v, b (Vx),ux n,; n+k-»
“n(”("}:)* ) ——mm——> 1 (C(Tm(ux);n) )

. . . -
using the untwisted duzl R{n]-module structure in C(TE(U,{);R)IH' *. Evaluating

on the fundamental class [X]e H’;(Y;WR) and using the isomorphism K} as an
identification we can write
n, o
og[X] = o (v, )eq (c(X;R)) ,
X Ty ) ety ¥y

with UV € Hk(Tn:(VX);wR) the Thom class of Yy- (We are only using the orientability
X

T

of X with coefficients in R here).
We shall nov show that for a fixed finltely douinzted Clz-conplex X
the composite X
xRy R, PR OGRR) — ARG ™)
is independent of the S5z-~duality mep d:SN-———+ XA!\:Y' vith J as in Proposition 1.2.

We have the following hypersuadratic construction.

Proposition18.1 Let « be a grour, v:n ——-—-»252 a group morrhism, R a corrutzative
rirg, and give the grouv ring R{n} the w-twisted involution.
Given a finitely-dominated CWr-cox:lex X there are defined in a
natural way R-module morphlsms
oy ¢ iﬂ:(x;“’n)—-»'c‘z‘k(é(x;k)") (k3 0)
with the untwisted duzal R{n]-rodule structlure on 6(3{;R)—. , such that
1) 1f 28" —3 ¥A ¥ is an Su-duality map thereis defined a commitative

diagram of R-modules

QN_k(é(:«: s

')('u -
:'1:'()(;"’12) J
\) . . -
7 ey .
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!
ii) if £:X—>Y is a n~-pap of finitely-dominzted Clix-complexes then
there is defined a comrutative diagram of R-modules
bt | ST V4 OY a-X,” -
1{],(1(; R) ————— @ (Cc(T;R)™)
a o
f* e
0

ol y X Ay, » —_
506G YR) — > 75 0GRY )
1ii) the comstruction is inveriant under suspension, in that there

is defined a commutative diagram of R-modules

. 9 A~ .
H:‘“(::x;“n) — 2 LG EgR™)
8%
2 3

. . e -, -
o —X L3 e wn ™)
in which the vertical maps are the suspensior isomorphisms,

. . k=1, W
iv) if htR—>S is a morphism of comrutative rings, with H_ (x; 8) =

there is defined a commutative diagram of R-modules

8y
Hk(X R)»——m k(c(x n)

& h h

)
f'{;‘(x;‘"'s)—-—x—> a7 %e;s)™)

in which the vertical maps are the change of rings h:R(n} —»S[n].

it 1
Proof: If «:S _——»xAkY ls an Sn-duality map then so is Eu:SL+1———+ XAREY.

and Froposition 2.4 gives a commutative diagran

o Ah k(C(X R)H' )
X4
5(x; V) s
L
BX,EDA *h—k+1(c(v )H+1~o) .

N
If 4 ':S ———»XA“Y' is another Sn-duality mzp let Fe;X,Y'}n be the imnge of

1G$X,X§K under the Sr-duality isorniorphism

2 ¥ -1
%} BCACIN [s",y',“x} L) fr, 003

Applying the quadratic construction of Proposition 2,5 we obtain

- L}S -

: (YR ——— 39
F ¢ oMY R

)

<

such that
o

W = WuF- = (1+T)"’ -

: B (YR ——— T8GRy
+ gy

The composite
. 1 -k, Te
Qe (B3 T, M R(E (v R)) — L5 ARG (e m))
is O (Provosition 1,2), so that there is defined a commtative diagran

o1 " Je
n;(x;"n) X,

e

(YR) X RS (riR)) 90 8

> 37%CER)™)

/«9; /'

Al=-k

11 k (C(YyR))

1 F, o 1
: v ek Al
i (s R)—v’), (S0 5R)) LAY =G (v 5R))

Y /’(""" Jo %’(\

+
5023 9) X,u! s ARG R)TYY .

Thu

“KC(x;R)” )

is indevendent of the Swu-duality maps involved, and may be written as eX'

IOy o = Jex'm. }ﬂf(x R)———> §

1
A
Applying the hyperquadratic Wu class operetions v, of §1 to the

hyperquadratie construction for w = 51}. R = Zé we recover the duals of the

Steenrod squares.
Provosition 18,2 Tet X be a finitely-dominated zomnected CW complex.

The composite
~
0 Ay @ - v .
K;Ez)——LQ l‘(C(Xi?Za) *Y— L »Hom (Hk+

tk
H(
7z,

L(52,),2,)
is given by
V03N =Ly (5 Dem, e 3), yefy, (457,))

k+r

vith K(Sqr) the image of Sqr under the canonical anti-~autoiiorphisnm x of the

s i {sq%ifr =0

rod2 Steenrod alrebra, as characterized by i+E_IK§Sq )sqJ=
J 0o ifrfo.

Proof: frrly Pronosition 2.3 to an S-dual Y of X, and use the result of Thos [1]

that Stecnrod sjuares in ¥ correspond to the dunls of the Stcerrod siurres in X.

(1
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Vie shall say that a space X is n-dimensiornal if it is of the homotopy
tyve of a connected finitely dominated CW complex and the universzl cover % is
sveh that ﬁ:(')-(‘) = 0 for r>n, in which case C(¥) it an n-dimensional Z{n]-module
chain complex (n = , (X)). In particular, an n-dimensional geometric Poincare
complex is an n-dimensional space.

The hypreriuadratic construction associates 2 hyperquadratic complex
to every oriented covering of the base space of a stable spherical fibration
over a finite-dimensionel space.

Proposition18.3 Given a stable spherical fibration p:X——>BG over an n-dimensjonal
space X and an oriented covering’i(' with data (x,w), and glven also a commutative
ring R, there is defined in a natural way an n-dimensional hyperquadratic
complex sver R{w] with the w~twisted involution, the Wu complex of p, .
&0 (@) = CCEGRMT 00 500 ) € ANCVCEm ™)
depending only on the stable fibre homotopy class of p.
The hyperquadratic Wu clesscs of 9*(p) are the Wu classes of p,
R[n}-modulec morphisms . a . .
v (p) = 7 (eTn(p)(U )): Hr(x R}——> 87 (Z,;R(x]) (r>»0)
such that

i) the Oth Wu class is the augmentation map

volp): :Io(x ‘?)—H{ %z, iRn1); o “nsngFg“nseT’\/ZR A (Ea,R)CH (zZ.R[n])

vith xéllo(%;ﬂ) the g:ometric R[n}~module generator defined by any path-component
of ')‘(’,
ii) if f:M——>X is 2 mep of n~dimensional spaces with induced cover U

and pullback fibration £*p:k—T1-% X ~P-51G then there is defined a map

of Wu complexes
Tt g (p)— 8 (£*p)

snd the Vu clssses are such that there is defined a commutative diagram

H(ER‘ —*’H(XIR)

v (f“p\ /v (p)

it (ZZ,R[n])

- hlD -

$4i) if pii-—>G is stably fibre homotopy trivial then
~ A
v.(p)=0: lIr(X;R)——)Hr(%Z;R[n]) (r>0) ,
. A . Y - ~ I
:v) @*(p) is induced v"_i REK]@R[T.’,,‘(X)] - fron the Wu complex 3*(¥) associzted

T
‘o the universzl cover X, and there is defined a commtztive diagram

>~ vr(p) “

E_(X;R) Hr(zzz;R[n1(x)J)
1 v_(p) N

Hr(i';R) —r 5 Hr(ZZ;R[n-.] )

ir which the vertical maps are the change of rings R[1r1(X)]——>R[1:], with
-:.1(1)——>1: the characteristic map of the covering,

v) if hiR—+S is 2 morphism of commtative rings there is defined a commutative

ciagran
~ v _(p) A
H_(X;R) ——1———>Hr(2z2;n[.1])
h h
v_(p)

B (%;5) —_———»ﬁ"(z $sL=1)

ip wvhich the vertical waps are the change of rimngs h:R{n]—> S{x].

Froof: Choose a representative (J=~1)-sphericrl fibration p:X — BG(k),

evzluate

S (p) * Ei:('l‘n(p);wR) — AR () R)7Y) = AME( TR () R)VTETY)

o the Thon class U GH “(T2(v);"R), and use the Thom eiuivalence

Un- C(Tx(p) ;R) —> s¥e(¥;R)

o obtain an element 8 (p)(U )eQn(”C(]—(';R)n-.).

To prove iii), that vr(0)= 0 (r>0), let Y be a skeleton of K(x,1) of
d¢inension »>r containing the image of the classifying map f:X-—K(n,1) of the
covering X (assuming that ¥ is finite, in the first instanceJ, and apply the
vaturality vroperty ii) to obtain a commutative diagran

o~

H_(X;R) ———— B_(FiR) =

v lg*c) = Vr(o)\.‘ ‘/V (0) (g=f] : x— 1)

fi (Z',_,,I‘[ﬂ)
[




‘-" "-l}'l =

The mod 2 Stiefel-Whitney cleosses w.(p)e‘;.‘(](;izz) of a smhericnrl

fivration 2:l—3 BG(k) are charscterize! ir the promsrtx
' el ik, S
Up nuj(p) = 8q (Up)en (2(p)sZy)

which ney be exvressed in terns of the symmetric conciruction and the symmetric

" classes as

-1
(U_n-) .
w (p) 2l x;z,) —2— Ha+k(T(p) Z, )——T—Q)—)’»"“‘{(C(T(p) z,))
Vi o1 %, 3f <Xk
3 Hon, (H"(T(p);zz),ﬂk‘j(zz;zz)) - g 2 A3
2 o if §>k

(cf. Proposition 2.3), with UPEX.{k(T(p);ZZ) the mod 2 thom class.
The mod 2 Wu classes v,(p) €I*(X;%,) of a stable spherical fibration
p:X—>BG over a finite-gimencional spacc X are defined by
vr(p) 143 rK(Sq )it (-p)€ HI(X Z } (r20)
with -p:X—>BG any stable inverse for p. The rod 2 Wu classes are characterized
ty the proverty

v (2)(U n2) = {ysaU ) adem,  (z€f, (T(p)52)))

Provosition 18.4 The rod 2 reductions of the Yu classes of a stable spherical

fivration p:X—>305G over a finite-dimension=l space X with respect to en
k4

oricnied cover ¥ of X with data (x,v) agrece with the mod 2 Wu classes, that

is therc are defined commtetive diagrams

N v_(p)
H(X) ————— ﬁr(zz;zzu])
J« v.(p) L.
B (3 2Z,) L > (Z,3%,) = %,

in which the verticel a=ps are the chanpge of rings mﬂ_wzz f§1 gg HEE g

Proof* Applying Proposition 18.2 we can express the mod 2 Viu clesses of p
in terme of the hypergundratic construction by evaluating the composite

.l e v :
10)12,) 20y 3G a(p)5m,)) — F Homg, (i (21220, 2,)

= Homg, «H_ (A.zz ),4 Y=H (x,m-)
on the rod z Thonm class U €H]‘(L(n) 7,), 2, that
- evr -
vrkp) ¥ T(P)(up) H (x,mz) . n
0

- Wl -

Define the liopf invariant function

Z if m = n+1 , n=1(nod 2)
m ~-n~-1 .
H: nmn(s ) —— ™ n (Z.Z;ZQ.(-)m) = { %, if m> n+1 , n=1(wod 2) ;
0 otherwise

(£:5™ > s™—>i(s)

ty applying the.symmetric construction to the mapping cone X = Smufem'nﬂ, with
- PX  mened, Vot *m m-n—1
Z=R_, (X)) —"»Q c(x)) Hom,,(E™(X) ,H (Z,,2,(-)™) ;
. .
Vv, 164 (1)) = B(L) (H(X) = =) .

Alternatively, apply the quadratic construction to £:5%(s™) = n—»gm(so)=sm,

v H (3™ =2 — L0 (s = B Nz, 5m, ()™
(. [376)]

Soth these ways agree with the construction of the Hopf invariant due to

1 ;—.Gfﬁ) = H(f).

Steenrod [1 ], by tropositioms 2,2 i), 2.3, 2.6. The morphism defined in §% is the

composite j:nn(SO(m))—"Lrnn(SG(m))=‘n:m+n(Sm) B ™™ s"z). The asagram
-n-1
w 8™ —E "Nz 7, (™
b S (= id. if m>n+1)

w41 H . m-n N m+1
T peq (8™ B Nz 5 2, ()™

commtes, so that it is possible to define the stable Hopf invariant

 Z., if n=1(mod 2)
’”1(2z $2) = \2

oY s . m
He:n =limn (s™) ——H
n ? m+n

0 if n=0(mod 2) .

Proposition 18.5 The Wu classes of an orientable steble spherical fibration
p:S™ 518G over S (m3 1) are given by

vo(p) : HO(Sm) = B — i (ZZ;Z) B z\——»zzi z(mod 2)

]

2

v (p) : H (s) =
m” o 0 if m=1(mod 2)

R Z., if m= 0(nod 2)
Z —— W (Z,i7%) =

S
zu—-zz(stable Hopf invariant of classifying map peum(BG) = "m-1)'
Proof: Choosing a representative (k-1)-svherical fibration p:8™ — > Ba(k) (k»pm)

oK
we have that the Thom svace T(p) is the mapping cone of putkaG(k)) = "m+k—1ks )

T(p) = s"upe’“‘“
by Lemma 1 of Milnor [3] (see also broposition 3.7 of Wall [ 41). Now

v(p) = 7\(Sq )w (-p) = w (-p) = v _(p)€ h"“(sm;zzz):@2 .

1+j m

~
and wm(p) = H(p)¢ %, by construction.

(1




- 1

-~ 543 ~
“he rth Wu cless of an n-ciriensionzl geometric Poincaré complex X

. 2 frd a- L. s ey 7
with respect tc ~n oriented cover X of il with data (w,w) is the rth %u class of

asaociated n-dimensionzl symmetric Poinceré comnlex €-(X) = (C(i),ﬁf?])
v'r(x) = v (og(X1) ¢ ur(?{')———» H"'ZT(zZ;E[n],(-)“—r) (x>0) .

The 1iod 2 Wu classecs vr(X)ﬁ}!r(X;ZZZ) of X arc characterized by

v (O(XIny) = (Sqr(y),[X]>€27;2 (yeu“'r(x;zz). (%) €8, (X;7,)),

i
and Froposition 2.3 gives comrutative diagrams relating the two types of Wu class

- v_(X) - _
H (X)) ——F——— B2, 201, (-)"T)

1 v_(x) _ l %, if 2rgn
(X2 2Nz s ()P Ty = 4 2 A
T 2 2 %2 3

0 if 2r»n

Sg »——»S}gnng .

The reduced Wu classes of X are defined btr passing to the reduced (Tate)

in which ihe verticsl maps are the change of rings Z{axl—> Ez;g%‘nn

cohoology groups l
v _ .1 A
n-ry reduction I;r(ﬁz;z[n]) .

v .
’Gr(x) ¢ H (0) —F—— 1", Z2(x] ,(~)
iote that ¥ (1) = v (X) for n # 2r.
- ~
Proposition 18.61f % is an n-dimensicnal pgeometric Poincaré complex and X is
an oricnted covering with data (n,u) then the Poincaré duality chain ejuivalence
~on-~-n —
(xIp - ¢ "€ s c(X)
defines a honotopy eguivalence of n~dimensional hyperjuadratic complexes over
%] vith the w-tvisted involution
» W, gN=e [a3 PR SPL.ES T
~ . - =
[(ZINn- ¢ (u:() = (Fe(x) .OTK(Uv)(Uu}_)GQ (e(X)7 YY)
e An &~
—————> J6*(x) = (¢(D,Jogrx1 €7 .
In particular, the reduced Wu classes of X are just the wu classes of the
Svivalt nornial fibration Ux:X—iBG
Y0 = v ) B () — s Bz E=]) (ry0). |
r’ r X T 2? B
Froof: We have alrcady obtazired the identity
- ne .,
o=[X] = 8, (u, ) e (c(x))
b4 h(')x)'m:( px
(juct vefore Fropozition48,1), iow apply the J-kor:enorvhicn of passing to

the susversion linit to remove the derendence on t'e choice of SGi-dualitiy &..
) a“n

[}

- b -

The identities Jo*(X) =G'(vx), Gr(x) = vr(ux) rzy be considered as equivariant
generalizations of the formulae of Wu [ 13 and Thom [ 1] relating the rod 2 Wu
classes of a manifold X to the mod 2 Stiefel-Whitney classes of the tangent
bundle Ty, since v (X) = v (v) en"(x;zz) can be written as
- i ¢ .
vo(X) = 4 % A(Sq )wj(rx)eﬂ’(x.zz) )
or equivalently
= i .
w (Ty) = sedr S0 vj(X.) en"(x,zz?_) .
If TCZZ acts on a group ring Z[n] by the w-twisted involution,

for some group morphism wig—-» ZZ' then the direct sum decomposition of

74§ ZZJ ~modules
Z(n) =Ze Z[n)/%
Zz-cohomology
gives rise to a direct sum decomposition of Zzz—homology groups
Tate zz-cohomology
which we shall write as
R (Zyi B(x],€) = B (Zy3 By€ Yo (Zy3 ZxY/ T € )
Hr(ZZ;ZZ[n],e) = Hr(ZZ;Z.,e)eHr(Z s Z(v)/%,c)
#(z,3200] ,€) = B (2, 2,6)ef™ (7,1 Bx)/T,€) x

with € = +1 €7%Z . Vle shall call elements of these groups regular 1f they have
a decomposition of the type (?,0). The Wu classes of an orientable spheiical
fibration p:X—BG(k) with respect to the trivial cover X =nxX take regular
values, vm(p)tﬂm(ﬁ) = Z{n]1@zH,(X) -—-’ﬁm(ﬂz;ﬂv[n]) i 18x+—s (v (p)(x),0).

A map of geometric Poincard complexes f:M—>X such that
dim M = m€dim X = n represents the homology class xeﬂm(i) if ¥ is an
oriented cover of X with data (n,w) such that the composite u1(l{)“f—)1r1(x)-—-»1r
is trivial, so that M= nxhis the trivial cover of M and M is oriented
(since w(14)=1r1 M) —fn:,,(x)—* % —LIEZ is trivial), and if the fnduced

Z(n]}-module morphism E:Hm(ﬁ) = Z[“]QZHE(H) = Zln)—— Hm(i) sends the

generator to 5(1@[“]) = xeﬂm(f) for some 1ift f:fi—+ %, The 1ift is non-unique,

all such lifts being given by gf = fg : H—% (gen), so that if erm(%)

[ ——

R
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is representable then so is ngHm(i') (gcn).(Hote that for n = Sl‘l} vie have the
result of Levitt [ 1] that every homology class erm(X) is representable in
this sense, for any Cil complex X). The homology class erm(;) vhich are
represented by maps f:8™—— 5% are scherical.
Proposition 18,7 The mth reduced Wu class of a geometric Poincaré complex X
with respect to an oriented cover ; of X with data (w,w)

V0 B 0 —— 8z, mx)
takes regular values on representable homology classes. If xeﬂm('f) is
represented by f:}—>X then
$,00G) = (vm(f'ux)([H]),o)eﬁ“‘(zz;?z[n]) = ﬁm(zz;z)eﬁ“‘(zz:zcn]/z) ,

2nd if ¥ = S® then

S

. .
em(X)(x) = (stable Hopf invariant of fr € nm(BG) = nm_1,0) GHm(Zz;EZ[n]).
Froof: Combining Frovpositions 18.3 ii), 18.6 we have

7,00(F0erH)) = v (0 )(F1erH1))

L] Am .
v (e ) (erH]) = 1&v (£ ) (M1)€ B (Z,;2[x]) .

For spherical homology classes apply Froposition 1_8.5 to identify the Wu class

with the stable llopf invariant,
]
The result of Proposition 18.7 restricts the. ssymmetric forms and

formations occurring as the symmetric kernels of highly-connected degree 1

naps of geometric Poincaré complexes to be the t+syrmretrizations of +quadratic

forms and formotions, except in dimensions related to the Hopf imvariant 1
dimensions,

Proposition 18.8 The symretric kernel of an (i~7)-connected degree 1 map

2i-
fil——>X of dimensional geometric- Poincaré complexes is a non-gingular

2i+1~ .

i forn -
(~) " ~symmetric
formation
. (Q’W)
o) =
(Q!$?F,G)

~ 446 - which has a vanishing reduced Wu ¢lass for i # 2,4,8

:'i(::) =0t )= Ki(lf'l) = wi+1(f) -—»ﬁi(za;z’l[vt]) i X —oou(x)(x) : .
3,(9) = 01 A/FeG=K () =y, (8) BT Z0n1) 5 xe gl )
50 that p = V4.(=) y» eker(1—T(_)i=Hom22h](Q,Q‘) ——’Honz[nT(Q,Q‘)) for

some Ve coker(1-T(_)i=Hbmz["] (Q,Q')——»Homz[ﬂ(Q,Q')). For i = 2,4,8 the

reduced Vu class only takes regular values in i EZ;ZZ[Tr]) = %ZOﬁi( ZZ;%[K]/E).!
H
|

Proof: This follows from Proposition 18,7 on applring the result of Adans 13

R .
that the stable Hopf invariant map H:ﬁ§_1—-"ﬁl(% i%) is O for 1 # 2,4,8,

(1
For 1 = 2,4,8 let M be the (i~1)-connected 2i-dimensional geometric Poincard
complex defined by the complex projective plane (CP2= SZU el‘, the quaternion

l‘u,leg and the Cayley projective plane mp?‘ s8u e16

vrojective plane X-EP2 =8
respectively, with Y€ ﬁ2i_1(Sl) the Hopf invariant 1 elements. The symmetric
xernels of the associated degree 1 maps f:H —>821 are all given by the

symnetric form over %

ai) = (=)
with non-trivial reduced Wu class. Further, crossing with S1 gives

(i-1)-connected (2i+1)-dimensional degree 1 maps f x 1M xs — 552y gt

such that the symzetric kernels are all given by the symmetric formation
over Z[z,z—1] (z = 2-1)

) o 4
sty 2o () @o*(s") = (Zr2, 2 Yoz 2,271 ,( : );Z[z,z_1],
14

1 -1 -1 -1
im(( tZlzy2 ] ——>Z[z,2z 1eZ[z,2 1*))
z =1

with non-trivial reduced Wu class. (Another example is furnished by SU(3)/SO(3),

v2ich is a 1~connected S-manifold with non-trivial liu class = deRham invariant).
3y contrast with Proposition 18,8 the realization Theorems 5.8,6.5 of uell [5]

. form
shou that every (-)1quadratic over the group ring Z[n] of a finitely

formation

preseinted proup n is the quadrati¢ kernel Ui(f,b) of an (i-1)~-connected normal
2i 3
rap (f,0):ll——X ofg -dimensional geometric Foincaré complexes, with 1t=1t1(X)-
) 2i+1
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firation ptX—— 3G over a firite-dimensionsl svnce X arc classified by homotopy
clanses of naps hiX—> G = Lin G(m), or equiverlently by the relative homotony
—

1

clnsses of mans hi(X =D ,Xx So)———yBG such that h|x,so = pup: Xxso__+3G .

r-1

Define the rth susvended mod 2 .ju class of h, (o'v Yn)ew (x;z ), to be the

irace of ihe universal 'rth mod 2 Wu class v el (BG Z‘: ) under the conposite

57(36; 2, ) P mT(ixp,x xs° 3 %,) M_,

‘r .- -1
B (X, 5 %,) R L (X3 2Z,) .
In terms of the mod 2 Stiefel-Whitney classes this is just

(Gvr)(h) =, =\(Sq )(E"w (-n)) B " (x;zz)

+J

0 .

(wj(—h)enj(xm =0 7,) = Bex, 52,0
Provosition 1§.9 Let h:p-—+p be a stable automorphism over 1:X—> X of &

stable syherical fibration p:X——>3G over an n-dimensional space X. Let X be
an oriented cover of X with data (x,w), 2nd let R be a commutative ring.

+hen there is defined in a natural way an (n+1)-dimensional hrperguadratic

crooleX over R(wn] with the w-twisted involution, the suspended Wu complex of (p,h)

(o) = (KRN0 e § (iR

ievending only on the homotopyr class of h:X—"G, such that

n+l

1) if oS5 Te—> Yn i (p) 1s an Sn-guality mep for some finite-dimensional

Gifn-complex ¥, and KelY,7}_ is the Sn-dual of Tn(ndefmn(p),Tn(p)}  then tne
Z{n]-nodule chaln esuivalence

([ s™\ -)

kel C(Y;R)

un-
$rYC(GRVTT B s G(Ta(p)R

sends B3 €9 ("e(%;RM*) to v (a{s“”‘]\n Yeq, (C(Y;R)), (with E as in
Dyh

. _ Proposition 1.2)
vH(zx[s"”‘]\Up) = g0 € qn(c(Y;R))

[ ond
31) if f:H—>¥ is a nap of n-dimensional spaces with induced cover M

srere is defined a man» of the suspended liu comrlexes
T* : S*(p,h)— G*(£*p,f*h)

=8 + 0 0 =0
P+gh P8 - Pyh ' TR,

iv) for R = %2 , the nod 2 reduction of the rtn hyperquadratic Wu class

ii) 9

He

of 8 is the rth suspended faod 2 Wu class of h

Pyh _
Fol0p ) = v ) Slomy, n_ (xi,),,) = B (i)

For ¥ = S0 § (

Vo1 ) (stable Hopf :Ln\.arlant of hern (G)—'u )E}[“(S 2, )= Z, -
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croof: The relative version of the Yu complex construction of Proposition 18.3

- 1
arnplied to h:(XxD ,X XSO) — 3G gives a relative Tate Zz—hypercohomolog:[ class

N i ~ . - .
B (n) Un)€ I (i“°1“51°")‘="0(“D1:R)“ ‘—-—v—'“c(ﬁ'x s%R)™*). The

snclusion “o(¥ xs® R) —-‘——ﬁv(l) = Ye(R)™

sends BT“(h)(Uh) to the required
element 0_ € 8™ ("c(Fim)™™). ‘
Pyh

0
The hyperquadratic Viu classes of the suspended Wu complex *

~ - A
8"’(13,!1) = (Mc(X;r)" ',ep u+“("’C()( R ™)) are the suspended Wu c¢lasses of
'

an automorphism h:p—rp of p:X ——>BG, R[n]-module morphisms
[ . N. ’r .
(ov )(n) = "r(ep,h) PH 4 (XR) —E (Z,3R(n])  (rz1).
We have already related these classes with the suspended mod 2 Vlu classes,
in Proposition 18.9 iv) above. Hote that the quesdratic Wu classes of
\ W, B .
ﬂBp'hG Q ("C(XsR)™ ") are given by

e, ) = BEv, )0 2 B (KGR — By (iR, ()Y (r 20)

vith ™ (e(Rr) ™) —q_(Ye(FR)™™*) as defined in Proposition 1.2, and
n

r+1

Rl (Z,iR{n])— K (zZ;R{n],(-)“'r) the natural map.

2r-n
Proposition 18.10Let (£,b):(N, M'(JM) —'(X,UX,PX) be a normal map of #
normalized n-dimensional geometric Poincare complexes with quadratic kernel

7,(f,0) = (C(fl),‘v = ec,WF[X]e 3, (C(f’))). Given an automorghism c:¥, —=t/,

of I,'H—?BG(}:) define normal maps
(£, (M2 p) —— (R apy) o (5,072 (200 ) ——> (X2 P3)

(P(P))y b =be,b"=b: 22—V,

by Py = Tedpy€m, ATORD), Py = TCOIpf €mp (T M X

Then the quadratic kernels of (f,b'),(f,b") are given by

T, (£,0%) = G, (£,0") = (6(£), ' = v + Foeq (c(s1))

with 8 = 'é%ov ceQn+1(C(i‘l)), apd the quadratic Wu classes are such that ~
M

vTe) = VW) = Mlev )(e) & K (M) ——H, (7, 120, (-)PT) (rpo0).
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Froof: let (1,d):(X,px,())'()———v(X,px,ex) be the cononical enuivalence of Spivek

i normal structures given by Provosition 3.12. The fundamental Sn~duality nads

. btk
dx =ﬁ?x .ui:b?i : 8

are such that there is defined a homotopy commtative diagram

"

E— X+A“T1T(UX)

1
n+lk %

s _— i+f\n'1‘vr(vx)
&‘ A
" T(ux)
1 l T(d) 1ATr(d)
Px T(”X) a R
n+k /dx \{7 ()
N +AnTn a)x .

Let ﬁ:npi'+—~):"i+ be a w-map which is St-dual to Tr(d):Tr(Up)——5Trly) with

respect to d.)'(, so that there is defined a homotopy commutative diagran

. ):po()'{ ~
n+ltp
s —_— ::Px+,\ L {CH
2Py
" Pt
T oy H A
1ATr(d)

Py Py

¢ I X+I\"Tn(l/x) b X_‘/\NTN(VX) .

Working as in the proof of Theorem 3.5 of Wall [‘l- ] we can take H to be
H: Epf+ = ;{;)\ sP_ X A s? i Fasr——o5aalx)(a)
with d:X —>G(p) a classifying map for d:px-—’ux, and similarly for a n-map

G:Em+——+2p}"-i+ Sn~dual to Tn(c):Tn(VH)w—-—?Tn(VH) with respect to the fundamental
St—duality nap

Ay = By SMK’_"EJ‘,;“("M)'
By the definition of quadratic kernel we have that

7,020 = (ol e v xie @ (cte!)))

0,(f,b') = (C(f!),e%\'/}..[x]GQn(C(f'))) '

Tr(b):Tr(2),) —> Tnly)

P oY
F:3X — > Tl
. with + vwith resvect to

- o B MemAp Sn~dual to
ForPX — s Tn(b'):Tn(VM) ——?Tm(yx)
+ +
Ay o
" . Considering the homotopgy comrutative diagram

Gy oy

3 L
- 1;50 -

»
ghtkte oy

D
» T X+/\nTn(VX)
Al

~

. 1]
T X+AKT1!(VX)

FA
1AT=(b)

D P
B, EFH A Tn () =P A _Trlvy) GFHA 1
Ga1l GAl
I A Te@)
Ar M AAT(b)
ATre(c)
vy 1ATr(b') DY
UM A T (,) P H+AnTn(l/X)

vwe can identify
F' = GFR : 5PX —— 2 .
Aoplying the sum formula for the quadratic construction of Proposition 2.5 iii)

we obtain

v, =V v

=Yg £vy ¢ HL(GYR) —>q (cGD)

F*
co that

eV X - e ¥ [X] = e¥ciiieq (c(s) .

Turther, apvlying the construction of Provosition 18.9 1) to the fundamcntal

3z-cuality map O‘M:Sm'k——?ﬁ_'_AKTn(uM) we can identify

~,
vgiMd = Ifepwcean(C(u))
66,'”1(“0(1’1)“-‘) = anH(C(ﬁ)), and so

eg¥pi[X) = ey¥p[X] = H(a%euwc)eQn(C(f!)) .

with 6
Mar©
Anplying the quadratic kernel sum formula of Proposition 3.1 to the composition

of normal maps

(f,b') : (“'VH'?M)._S1_'E_)__,(N'uﬂ'()"'§)_£_'.b_")_+(){'ux'9}':)

<ie hzve that up to homotopy equivalence
T AE,0') =G (£;5")6e9,(1,e) = G,(£,0")
{1

The mod 2 reduction of the quadratic Wu class identity of Provosistion 18.10

im the case n=2r is the formula for the twisting of the Arf forwm due to Drown [1].
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Provosition 18.11 i) Let (f,b):ii—X, (f,b'):H—>X be normal bundle maps with

b’ =be : yy—>Vy for sone automorphism cryy— 4, classified by c:M-—SC. The

M i

ouadratic kernels
! !
7.(f,b) = (C,¥) = (c(f ).e%vr[neqn(c(f M
705,010 = (C,¥0) = (e(h) egvp, EXI€Q (C(E1))
€3}

are such that if x(Kr(H) =Hr+1(f) is the Hurewicz image of (h,g)&nr+1(f)=1:r+1

with g:srt\——vld an immersion and h:Dr+1 — X a null-homotopy of fg:Sr——b X then
- - -y !
VI YI) - VI (x) = (B3 (cg),0) €Q (s" T Zx]) = @ (" T Den, _ (Z,3Z(x)/2, ')
J . an+l, . .n- (x = "1(x))

with Hj:r (50) —> Q™" (s Tzy -, Qn(s“'rz).

ii) The surgery obstruction d,(f,b) €L ( Z[r:,‘(x)]) of an (i-1)-connected
n~dimensional normal bundle map (f,b):M ——X for n = 2i or 2i+1 is independent

of the bundle map b:VM—‘*Vx for 1 £1,3,7.

Froof: i) The universal cover X of X induces the trivial cover S° = nxx 8T of &

’

so that applying Propositions 18.10,18.9 iv) we have

V0 (x) - VT (N(x) = (Bov (e)(x),0) = (A)(eg),0) €Q (57T zx1) ,

3 A
since j is the conposite jix_(S0) —Lnr(SG)=u§ stable Hopf invariant jr+1

(z,; %)
by construction.

ii) Let w,y! CQn(C(fl)) be the Z,~hyperhomology classes appearing in the
quadratic kernels g,(f,b)=(c(s!),¥) , @.(£,b') = (C(£'),¥') of (11)-conmected
n~dimensional normal bundle maps (£,b):M—¥%, (£,b'):M~——X for n = 2i or 2141,
with b’ = be @ VH—-—'rl)x for some automorpvhism c'.t«'H
By the llurewicz theorem every element xeKi(H) = Ei+1(f) is represented by an

% of st x,

—¥) classified by c:li—-50.

imsersion g:Si“v—'H together with a mull-honotopy h:D
so that by i)

A - G = (Biter) 00 (8" zx)) .

Aivl

Now j(eg) = (stable Hopf invariant of J(cg)éui(SG) =ui)= O¢H (zz;z) for

. < forns
i #£1,3,7 oy the result of Adams [1], so that the (-)'quadratic
formations

1.5
1.8 1ii) .
0]

associated to o,(f,b), 0, (f,b') are isomorphic by I‘roposition{

i

- h52 ~

- 2i | - .
For X = 877, i51(mod 2) Proposition 18,11 ii) is the familiar result that the

Ar{ invariant of an (i~-1)-connected framed 2i-manifold is independent of the
framing for i # 1,3,7. For i = 1,3,7 there exist (i-1)-connected 2i-dimensional

norpal bundle maps

i1, .1 21

{f,b) : STX8" — S

i N §

with exotic framings b of x5 of Arf invariant o, (f,b) = 1 €L21(Z) = zz , and

. 1.
crossing with 8 gives (i-1)-connected (2i+1)~dimensional normal bundle maps

(fx1,0x1) = sixsixs1-—,52in s)

i i 0
with exotic framings bx1 of §*S™%S such that ¢, (fx1,bx1) = 1 eL2i+1(z[z])=zz.
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The chain homotopy theoretic treatment of the self-intersections
of an immersed sphere in §4 will now be generalized to any immersed manifold.
Given a map of geometric Poincaré complexes £l ——— X" with a Spivak normal
fibration ppit ——BSG(n-m) (e.g. an irmersion of manifolds) we shall use
ejuivariant S-duality to obtain an Sm~map Fe{§+,Tn(uf)}“ (r = (X)) such that
the Z,-hyperhomology class ¥(f) = 'I'F[XJeqn(s“"“c(i‘i’)) is an obstruction to
making (f,Vf) a Poincaré embedding by a regular homotopy (= homotopy preserving
the normzl fibrations). In order to do this we shall need the following
ejuivariant generalization of the S~duality of Theorem 3.3 of Atiyah [1].

Proposition 18,12 Iet p:X —3G(j), q:X —=>38G(k) be spherical fibrations over

an n~dimensional geometric Poincare complex X such that the Whitney sum peq is
a Spivak normal fibration for X
peq = vy * X ———» BG(j+k) ,

vith a spherical generator ¢, €= (T(Vx)). 1f X is a covering of X with

n+j+k

group of covering translations n then the composite

; ¢
., oDtJ+k X
o(x LI

is an Sp-duality map between the Thom m-spaces Trn(p),Trnlq).

A
T(peq) Tn(p)/\KTn(q)

Proof: let E be the total space of p:X—»BG(j), and let r:E Proje,y 9 ,36(k).
Then (X,E) is an (n+j)-dimensional geometric Polncaré pair,.a “Poincaré
thickening of X", with a Spivak normal fibration

V(X,E) = (q,r) ¢ (X,E) —BG(k)
and a fundamental Sn-duality nap

. Sn+j+k e X

4y —_5 T(peq) = T(g)/T(r) —A—-’(M)A“Tn(q) = Tn(P)I\WTn(q) .

€
In particular, for p = 0 : X ——86(0) = §pty (E = §), q=#y t X —>BG(k)

n+k

Proposition 18.12 is dealing with the Sn-duality mav O‘X:S ———>3(+,\“T=t(dx)

of Proposition 3.12.

v
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let p:X—+BSG(k) be an orierted (k-1)-spherical fibrotion over an
n-dimensional geometric Poincaré complex X, and let X be an oriented covering

of X with data (x,w). Define the algebraic Thom complex of p to be the

(n+k)-dimensional symmetric complex over Z[n] with the w-tuisted involution
o*(x,p) = (s5cD) ,¢p[x]eQ“+“(skc(i')))

~F
with (.pp[x] the image of the fundamental class [X]€H;;(X;WZ) under the composite

~ (v n-):‘I . @ " .
0, ¢+ B ) —B ", BT (re(p);¥ ) — 5B, B G (na(p)))
L4
(u_n-)” -
L Q™

where Upr\- : (')(Tr:(p))—'rskc(i) is the Thom equivalence. Note that o*(X,p)
is obtained by collapsing the boundary ¢*(E) in the (n+k)-dimensional symmetric

Poincaré pair g*(X,E) = (Ezc(ﬁ)—»c(f) og E[X,E]egn“k
’

(p)) of the associated
(n+k)-dimensional geometric Poincaré pair (X,B) with E the total space of p,
corresvonding to the definition of the Thom n-space Tr(p) = ;(’/'E

Provosition 18.13 The algebraic Thom complex construction enjoys the following

properties:
i) o*(X,0) =a*(X) (k=0, E = §) ,
11) 0*(X,vee) = Se*(X,p) (e=0: X ———= BSG(1))
1ii) 9 (X1, is the composite Z{n]-module morphism
S R G T DR T S SRS 2EaB (€ SRS L U O G T O)
with e(p)EHk(X) = H:(')-(J;Z.) the Euler class of p,
iv) the Poincaré duality chain equivalence
X1 n- ¢ Y@ ——c(®
defines a homotopy equivalence of n-dimensional hyperjuadratic complexes
(XIn- :0 (v -p) = ("c(fc')“",a,m(ux__p)(U‘,x_p)e',c‘g“("c(i)“"))
———— 3T (X,p) = (c(f),Jq,p[:{]ea“(c(i)))
with 4 :X —BG the stable spivak normal fibration of I,

r
v) the mod 2 reductions of the Wu classes vr(«gD[X]) = vr(ux- p) ER (x;ﬂ.a)

are the charccteristic classes for the :Zz—module norphism

n“'r(x;zz)——rn“(x;za) = By iy i+§:rwi(p)USq‘1(y) =4y v (p [X1),(X] >
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Proof: 1) is &rivial.

ii) follows from Tu(pec) = ¥Tn(p) and Provosition 2.h4.
ot *
13i) The Tuler class is by definition e(p) = "(U )GHL(X ;Z) = B (X), with
it X —» Tr(p) the canonical n-map and U éH (Tn:(p) %) = E (T(n)) the Thom class,

and there is defined a comrutative d:.agram of Z[n]-module niorphisms

~ 0 [Xg .
HE (%) P S SN ¢)
Upl)‘ e(plu- [XIn-
YRR (p)) — 2 YERE) .

iv) Choose a representative q:X—>BG(J) for 4y - p:X —BG, so that

ntj+k

Proposition 18.12 gives an Sm-duality map oly:S > Tr(pA Tn(q) such that

n+lk
9pUX0 = 8 (g) 0 (V) €0 (s*c (@),

exactly as in the proof of Proposition 18.6 which is the special case p=0,q=l)x.

v) By Propssitien 2.3 we have that the mod 2 reduction vr(n;-p[)(])e Hr(x;zz) is
such as to make commutative the following diagram:

(o [X])o
7T (x; z, )--v—wP———~———> "(x,z )=

- U J- = id.
Up\J p

Sqr

> i.IMk(T(p);ZZ) = 7

fi"'”k(T(p);%Z) 5 -

Applying the Cartan formula we have

vr(cpp[xl)(y) = Sa.r(Up\Jy) = i+§=r Sqi(UP)Uqu(v) = i+§=rwi(p)usqj(y)ézz

(yeR T(X;Z,)) .
{1

(Furthermore, given p:Xn-—*BSG(k) as above and a fibre homotopy trivialization

F:pesjz‘ej+kzx-——7336(j+k) there is defined a n~-homotopy equivalence

)"JTT:(p) = Tn(ne&:j)—————v ::3(21"5(' ) = T (e34) inducing the Thom equivalence

F = U n-: c(Tn(n))—>sl‘c(y) on the chain level. The quadratic constructlon
0,31

,_ives a Z,~hyperhomology class V [X]GQ[ 'J Y(s'c(%)) (and hence in Qn+1(s E163)))

such that

Ky Koo
sFoelx] - 9 (X1 = (WT)¥E[xT€ ™ (57T ().
This generalizes to an arbitrary geomctric Poinearé complex X the construction

of j in Proposition 4.1, where X = S™).

.‘..1;56— r‘

Lis zn unstable complement to Proposition 18.5 we have:
Proposition 18,14 The symmetric Wu classes of the algebraic Thom complex

: v h .
o+ (5™ 0) = (5"0(s™) o 871 € @™ (s¥O(s™))
of an oriented (X-1)-svherical fibration p:§™—+BSG(i) over st are given by

vo(¢p[sm]) : no(sm) Z —— i 7 ;Z,(-—)Mk):

]

Zyiz 2= 2z(rnod 2) -

Z if Xx=m, 2=0(mod 2)

R mn k=-m k .
Vm(‘?p[sm]) : Hm(S ) = Z——H (ZZ;Z,(-') ) = Z, if k>m, n=0(mod 2) ; ¥
O othervise
2 . k
z+— 2 (Hopf invariant of p€1tm(BSG(k)) = "k+u—1(s )) .

Proof: This follows from Propositions 18.5, 18.13 identifying T(p) = Skl_;pek*'ln
as before. (Note that for k=m = 2r

. . 2r ’ RN} ) o
vm(q;p[sm])= (Hopf invariant of pemy, .4 (5 }) = (Euler number e(p)eR“"(5°%))e =).

0

A normal fibration (t)f,b) of fibre dimension lc for 2 map of geometric

Poincare complexes f:M——>X is an oriented (k-1)-spherical fibration over Ii

pp ot M—o PSG(X)

together with a stable fibre homnotopy esuivalence over 1:M——H

. -
bt ety

for some given normalizations (¢ (UX’PX)' Every map of geometric Poincaré

Ygr P

complexes admits normal fibrations for % sufficiently large, and Uf is unique

up to stable fibre nomotopy equivalence, by Froposition 3.12. In particular,
a2 normal map of normelized n-dimensional geometric Poincaré complexes
(£,0):(t,p Vo Pz ) — (X, v 'rX) is the scme as a degree 1 map f:H——X
together with a normal fibration (Uf,b) of fibre dimension O such that

':(b)((z”) = Py €n (T(ux)).

n+l

A Poincaré embedding is a map of geometric Foincaré complexes

f:ii —»X such that n = dim H¢n = dim X, together with 2 normal fibration
(I)f,h) of fibre dimension n-r and with a hoootopy ejuivalence

b e a1

X —-—-»XOUEHL. X Iupflolk

with I the total space of »il —B5G(n-n) znd g:B _-vxo some mav,
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L 4

——Y be a mav of geomeirie Ioincoré complexes with

a normal fibration (Vf,b) of fibre dimension k2n-m, m = dim M, n = dim X.

Given an oriented cover X of X with date (x,w) and induced cover ﬁ of M there

o~
is defined a self-intersection class ¥(f)e ka(s T(M)) such that

“+n-n

i) :pr[H] -5 fl%qvx-[X] = (1T)v(E) € gE(sMe (i)

ii) V(f) = 0 if k¥ = n-m and (Uf,b) is the normal fibrrtion of a Poincare

envedding.
Proof:

Propositions 3,12, 18,12 give Sx-duality maps

NPX

: . .N Pu T(b) a
Ot S —>T(UM)——>T())fef‘J)x) -—)Tr:(uf),\"']?u(f‘lf'x)

o S

T(UX) X+/\":T1t (Ux)

k+m— n~

let FG{E ,Tn:(v )} be the Sm-dusl of the m-map Trt(f'l) )—)Tn(ll ) induced

by the fibre map f"ﬂx-—¥ VX over f:M —> X, Evaluate the quadratic construction

Vo0 WY V) g (TR 0D)) = g, (sFCG)

on the (k+m-n)-fold suspension of the fundamental class [X] en” (X' Z) and define

v(f) = \vaeQ (s¥e(@)

Tiow 1) follows from the relation

o+ o

%

“’zk+m-n = (1+T)\‘/F :

+

. 1. k
Y (ETTR YE) — QR ()

(1)

- a2
? piven by Proposition 2.5 i), since F induces the Umkehr f!!C('}.{I)—-‘S':l () on

chain level, If f is a Poincaré embedding it is possible to represent F by

-~
the w-map collapsing the complement Xg

F:X ——(}'u E'Iu OH) collapse, (Fary, 0».)/3-1 i)
+ £
so that \'VF = O by construction, and v(f) = O.
0

An oriented immersion of manifolds f:M"e—»X" (smooth and closed, for

simplicity) has a normal bundle uf:}-l———rBSO(n-m) such that THeUfz

tle thus have 2 normal fibration (V ,b) of fibre dimension (n-m), taking for

(Vl'l'PM)'(u)('Px) the canonical normalizations associated to embeddings of M

and X in high~dimensional spheres, so that the given f{framings of T, aZ/", T, eJ{(
an embedding of

define 2 stable bundle isomorphism bil) -—Herf'IJx If fis

(5
warifolds then it is 2 Toincare ecmbedding as above.

*, o]
f tx.n BO(n).

ot m—— s

“¢(#)) of an imuersion

Bl

roposition 18,16 The self-intersection class v(fjc-qn(s“

of ranifolds f:M &—X" ie such that

1) ¢, 119 - f!%:pi[XJ = (1+TIV(E) € Q7 (s e (W)
£
f X1:I~Im'\—v x® xDP can be deformed by a regular homotopy to a2a

(,,n 4D

; £1 1™ interior(x™ xD®) then 87W(f) = 0cq ®c(#)) and

vT(w(£)) = 0 : n$ %3 2], (- )“ T) for r3

B_(f) 2 N+D.

r

In verticular, if f is already an embedding then V(f) = oeqn(s“'“c(r-:)) (p=0).
$3ii) If g:X%a— ¥YP is another immersion of manifolds then ”gf=

v(gt) = s¥ Mw(f) +

f
f,;v(g) € qp(sp""c(ﬁ)) (m<n<p).

V. ef*) and
g

i) is immediate from Proposition 18.15 1).

let E be a closed tubular neighbourhood of f'(l4) in X xDP, so that the

Pontrjagin-Thom coasiruction gives a m-map

F: = ¥ xDP/X xsP~1 collapse § x pP % x pP - F = E/OE = P (o)

X
+
revresenting Fe{)(_'_,Tn:(uf) }n:' so that
v(£) = ;’F[XJE im(qgo’p'ﬂ(s"'“‘c(ﬁ'))——>Qn(s“"“c(u)))
= ker(sP:q_(sPTo(H)——q_, _(s"™Pc(iD)) ,
*n n+p
using part of the comrmtative exact braid of Proposition 1.3.
(lote that Qn+p(Sn-m+pC(ﬁ’)) = O for dimensional reasons if n+p22m+l,
m n
corresponding to the gemeral position argument that £ x1:M &—>X xDP caa
e approximated by an embedding in this range).
4ii) is an immediate consequence of the sum formula of Proposition 2,5 iii).
0
-, ol n : d i §’+
The self-intersection of an imnersed sphere p:S oc—>» M define n
r . . _yn-r s
-v (w(g))(1)eH2r_n(z 2, (1)1 ( Y% T). The relation

Me,e) = (j(ug)'o) + (1+T)p(g)eH“'zr(zz;%[r:.,(ri)].(-)"_r)

is P(g) =

of Proposition 4,2 i) can also be obtained by applying the rth symmetric Vil

class operation v to the relation giver by Provosition 18.16 i)

S%(pM[H] =9, 8Ty - (+dv(el €3 (s“’rc(sr)) ,
E
zwd usirg Frovosition 18.14 to jdentify

v o, [571)(1) = (§(v,),0) = (sopf invariant of I der, (BSG(n=r)) = mp
r

,

€ g ?‘(;zz,zJ[n.' 13,(-)"")

(s" ;0
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