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Abstract

The main aim of this paper is to establish a deep link between the totally nonnegative
grassmannian and the quantum grassmannian. More precisely, under the assumption that
the deformation parameter ¢ is transcendental, we show that “quantum positroids” are
completely prime ideals in the quantum grassmannian Ou(G.,(F)). As a consequence,
we obtain that torus-invariant prime ideals in the quantum grassmannian are generated by
polynormal sequences of quantum Pliicker coordinates and give a combinatorial description
of these generating sets. We also give a topological description of the poset of torus-
invariant prime ideals in Og(Gpn(F)), and prove a version of the orbit method for torus-
invariant objects. Finally, we construct separating Ore sets for all torus-invariant primes
in Oy(Gmn(F)). The latter is the first step in the Brown-Goodearl strategy to establish the
orbit method for (quantum) grassmannians.
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1 Introduction

The quantum grassmannian O (G, (F)) is a noncommutative algebra that is a deformation of
the homogeneous coordinate ring of the grassmannian variety of m-dimensional subspaces in
n-dimensional space. As such, it is generated as an F-algebra by the so-called quantum Pliicker
coordinates. One important goal in the study of the quantum grassmannian is to understand
the structure of the prime spectrum. This study is aided by the presence of a natural action of
a torus group H := (F*)" on the quantum grassmannian for which the quantum Pliicker coor-
dinates are eigenvectors. The Goodearl-Letzter stratification theory, see [8], suggests that one
should first understand the prime ideals that are invariant under the action of H before going
on to a more detailed study of the whole prime spectrum.

In earlier work [41], the first two authors and Rigal have shown that the H-prime ideals
of Oy(G,n(F)) are parameterised by Cauchon diagrams on Young diagrams that fit into an
m X (n —m) rectangular array. These diagrams first appear in work by Cauchon [16] in the
study of the prime spectrum of quantum matrices. Remarkably, the same diagrams also appear
in the ground-breaking work of Postnikov [48] on the positroid cell stratification of the totally
nonnegative grassmannian, under the name of Le-diagrams. These diagrams will play a key role
in this paper, and we propose to call them Cauchon-Le diagrams in recognition of their two
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independent appearances in the work of Cauchon and Postnikov.

The positroid cell stratification of the totally nonnegative grassmannian has been intensively
studied over the last dozen or so years following Postnikov’s paper, see, for example, [3, 34, 35,
47, 52]. Besides its intrinsic beauty, there are also applications in the study of partial differential
equations [32], scattering amplitudes [4], and juggling [34].

On seeing Postnikov’s paper, the first two authors observed that the Le diagrams that Post-
nikov introduced to parameterise the positroid cells were the same as the diagrams introduced
by Cauchon to study the H-prime spectrum of quantum matrices. This lead to several papers
investigating this connection, culminating in the present work. In the first paper in the series,
[41] it was shown that the positroid cells of the totally nonnegative grassmannian were in nat-
ural bijection with the H-prime spectrum of the quantum grassmannian via what we are now
calling Cauchon-Le diagrams. We also conjectured at the time that this bijection would be a
homeomorphism between the partially ordered sets provided by the positroid cells under closure
and the H-prime spectrum under inclusion. Further, we conjectured that the H-primes would be
generated by the the quantum Pliicker coordinates that they contain, and that the containment
of a quantum Pliicker coordinate in an H-prime ideal could be read off from the Postnikov graph.
All of these conjectures have now been answered in the present work. However, at the time, we
did not have the tools in the quantum setting to verify these conjectures. One setting where
we were able to make progress was for quantum matrices, which occur as the “big cell” in the
quantum grassmannian. The first author had already shown that, in the case of a transcenden-
tal deformation parameter ¢, each H-prime ideal was generated by the quantum minors that it
contained, [38], verifying a conjecture of Goodearl and the second author, [22]. Yakimov also
produced a proof of this result, [54], and Casteels replaced the transcendental restriction by the
natural condition that ¢ be a non root of unity, [13]. Casteels’ use of (noncommutative) Grébner
basis techniques was crucial to our present work.

In two papers with Goodearl, the first two authors were able to show that the membership
problem for quantum minors in H-prime ideals in quantum matrices exactly corresponded to
the corresponding problem for minors belonging to a positroid cell, [24, 25].

The main aim of this article is to prove that H-primes in quantum grassmannians are generated
(as left or right ideals) by quantum Pliicker coordinates and to describe explicitly which quantum
Pliicker coordinates belong to a given H-prime. This aim is achieved under the assumption that
the deformation parameter is transcendental.

Theorem 1.1. Let F be a field, and let ¢ be a nonzero element of F. Assume that q is transcen-
dental over the prime field of F.

Then every H-prime of Oy(Gmy(F)) is generated by an explicit polynormal sequence of quantum
Pliicker coordinates.

Once our main result is established, we discuss various applications. In particular, we discuss
the link between positroid cells in totally nonegative grassmannians and H-primes in quantum
grassmannians. This allows us to describe the poset of H-primes in quantum grassmannians,
and prove that, in the spirit of the orbit method, the set of H-primes is homeomorphic to the
set of torus-orbits of symplectic leaves in the corresponding grassmannian variety. Finally, we
use our main result to construct separating Ore sets for all H-primes in the quantum grassman-
nian. These sets are central in the Brown-Goodearl strategy [9] to establish an homeomorphism
between the primitive spectrum of the quantum grassmannian and the set of symplectic leaves
in the corresponding grassmannian variety.



Before we explain the strategy of the proof of the main result, we need to introduce necessary
notation.

Let IF be a field, and let ¢ a nonzero element of F. We assume that ¢ is not a root of unity. Let
m < n be positive integers and let O,(M,, ,(F)) denote the quantum deformation of the affine
coordinate ring on m X n matrices. The quantum deformation of the homogeneous coordinate
ring of the grassmannian, denoted O,(G,(F)), is defined as the subalgebra of O, (M, ,(F))
generated by the maximal quantum minors of the generic matrix of Oy (M,, ,,(F)). To simplify,
these algebras will be referred to as the algebra of quantum matrices and the quantum grassman-
nian, respectively. Moreover, the maximal minors of O,(M,, ,(FF)) are called quantum Pliicker
coordinates.

The starting point of this work is the study of the prime spectrum of the quantum grassman-
nian. This algebra is naturally endowed with the action of a torus H, and it is well known that
the stratification theory as developed by Goodearl and Letzter applies to this algebra, that is the
prime spectrum of the quantum grassmannian admits a partition into finitely many H-strata,
each stratum being indexed by an H-prime ideal (equivalently, a prime ideal invariant under the
action of H in the cases that we will consider).

The finiteness of the set H-SpecO,(Gpn(F)) of H-primes in Oy(Gmn(F)) was established
in [41], where it was proved that there is a natural one-to-one correspondence between H-
SpecO, (G (F)) and Cauchon-Le diagrams defined on Young diagrams fitting into a rectangular
m X (n —m) Young diagram. This bijection will feature heavily in the present work, and so we
briefly recall its construction.

We denote by II the set of quantum Pliicker coordinates in Oy (G,,,(F)). Each quantum
Pliicker coordinate v is an m x m quantum minor of Oy (G,,,(IF)), and so v is characterised by
the m columns chosen to form this quantum minor. Thus II is often identified with the set of all
m-element subsets of the set [1,n] := {1,2,...,n}. This allows one to define a natural partial
order on II by

Y=< <yl <A =y <<l ]if and only if v; <~/ for all i € [1,m].

As an example, the partial order for O,(G5¢6(F)) is illustrated in Figure 1.

Fix a quantum Pliicker coordinate v = [y1 < -+ < 7] of Oy(Gpn(F)). The poset ideal
associated to v, defined by II, := {a € II : a@ # 7}, generates a completely prime ideal of
O,(Gpn(F)) [43]. The corresponding factor algebra S(v) is the so-called quantum Schubert
variety associated to v [43]. The coset 7 becomes a nonzero normal element of the noetherian
domain S(7). Thus one can form the noncommutative localised algebra: S(v)[¥~!]. Computation
in this algebra is facilitated by the fact that it is close to being a noncommutative polynomial
algebra or quantum nilpotent algebra. More precisely, the noncommutative dehomogenisation
theory developed in [31] shows that

By SMF] = O (VA(F))[ 2+ 01, (1)

where the so-called partition subalgebra O,1(Y\(F)) is the subalgebra of Oy -1(M,, ,,—m(F)) gen-
erated by the canonical generators of Oy -1(M,,,—m(F)) that sit in the Young tableau Y) as-
sociated to . In particular, when v = [1,...,m], the partition subalgebra coincides with
Oy (M —m(F)). The Young tableau Y, can easily be constructed from v as Figure 2 below
illustrates for v = [135]: here, 71, . .., v, correspond to the vertical steps on a path of length n

with each step being either horizontal towards the left or vertically downwards.



Figure 1: The standard order for O,(G5¢(F)).
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Figure 2: Young tableau associated to quantum Pliicker coordinate v = [135]

In [41], it was shown that each H-prime (other than the irrelevant ideal) in O,(Gpn(F))
survives in exactly one localisation S(v)[¥~']. This leads, with some slightly abusive notation,
to a partition of H-SpecOy (G, (F)):

H — SpecOy(Gpn(F)) = ()| || | H — SpecO,-1 (Yi(F))

~v€ell

As each partition subalgebra is a quantum nilpotent algebra (quantum nilpotent algebras also
appear in the literature under the name CGL extension) [40], Cauchon’s theory of deleting
derivations [15] applies to these algebras, and was used to prove that # — SpecO,-1(Y,(FF)) is in
bijection with the set of Cauchon-Le diagrams that sit in the Young tableau Y.

Given the above discussion, there is a clear strategy to prove that H-primes are generated by
quantum Pliicker coordinates. In view of the isomorphisms (1), we should prove that the H-
primes of H — SpecO,-1(Y,(IF)) are generated by the images of the quantum Pliicker coordinates
under ®,. So one of the first tasks is to identify these images in O,-1(Y)\(F)). This leads to the
concept of pseudo quantum minor which is a generalisation of the notion of quantum minor. In
the case where v = [1,...,m], the partition subalgebra coincides with O,1(M,, n—m(F)), and
the pseudo quantum minors are exactly the quantum minors of O,-1(M,, ,—m(F)). However,
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Figure 3: Example of Postnikov graph

in general, there are more pseudo quantum minors than quantum minors. Care will be needed
when dealing with pseudo quantum minors as not all of the usual formulae for quantum minors
such as quantum Laplace expansions are true for pseudo quantum minors.

In Section 7, we prove that H-primes in partition subalgebras are generated as right (respec-
tively, left) ideals by pseudo quantum minors. In order to do this, we start from the case of
quantum matrices Oy-1(M,y, —m(F)) and do a decreasing induction on the number of boxes in
the Young tableau Y. This part makes heavy use of Cauchon’s theory of deleting derivations.

As a consequence, transferring through the dehomogenisation isomorphism (1), we obtain that
H-primes in S(y)[y~!] are generated by quantum Pliicker coordinates.

Of course, this is not enough to conclude that H-primes in S() are generated by quantum
Pliicker coordinates: we have to deal with a very difficult torsion problem!

In order to tackle this problem, we will make use of a result of Goodearl and the second author
[23, Proposition 2.1], which will allow us to pass information from the classical setting (that is,
when ¢ = 1) to the generic setting (that is, when ¢ is transcendental) in specific circumstances
that we will detail below. In particular, to use this result, we need to have information about
prime ideals in the quantum grassmannian not only over a field, but also over a commutative
Laurent polynomial ring K[¢*!], as well as information about which Pliicker coordinates generate
prime ideals in the homogeneous coordinate ring of the classical grassmannian.

Working over K[¢*!] brings extra technicalities. For instance, we cannot use the full strength
of the H-action and talk about H-primes.

We proceed as follows. For each Cauchon-Le diagram C' in Y, we give a graph-theoretic way
to recognise whether a quantum Pliicker coordinate belongs to the H-prime Pe of O,(Gn(F))
associated to C. More precisely, we make use of the Postnikov graph associated to a Cauchon-Le
diagram as defined by Postnikov in [48], see also [12, 13]. In each white box of the Cauchon-Le
diagram C, we put a vertex and then draw a I'-shaped hook at each of these vertices. Labelling
the Cauchon-Le diagram as in Figure 2, we obtain a planar network whose sources are indexed
by 71, -, Ym and sinks by [1,n] \ v. Figure 3 illustrates this construction.

We are now ready to state the main result of Section 9.

Theorem 1.2. Assume that ¢ € F* is not a root of unity. Let P # (I1) be the H-prime ideal of
O, (Gn(F)) associated to the Cauchon-Le diagram C in Y. Set {a; < -+ < ap_m} = [1,n] \ 7.
Let a € II be such that a > ~v. Write a = [(v \ {Viy,-- -+ %, }) U{aj, ..., a5} where 1 < iy <
o<y <mandl < g <--- <j <n—mwith aj;, >, foralll e [1,1].

Then the quantum Plicker coordinate o belongs to P if and only if there does not exist a



vertez-disjoint path system from sources indexed by i, ...,V to sinks associated to aj,,...,a;
in the Postnikov graph of C.

For instance, in the Cauchon-Le diagram C' of Figure 3, there is a vertex disjoint set of paths
from {1,3} to {2,4} and so Theorem 1.2 shows that the quantum Pliicker coordinate [245] is
not in the H-prime associated to C.

On the other hand, there is no vertex disjoint set of paths from {1,3} to {4,6} so Theorem
1.2 shows that the quantum Pliicker coordinate [456] is in the H-prime associated to C.

In view of Theorem 1.2 we introduce the following sets of quantum Pliicker coordinates: for
each Cauchon-Le diagram C in Yy, denote by P{ the set of quantum Pliicker coordinates such
that there does not exist a vertex-disjoint path system from sources indexed by v;,,...,7;, to
sinks associated to a;,...,a;, in the Postnikov graph of C'. Theorem 1.2 shows that P¢ is
exactly the set of quantum Pliicker coordinates that belong to the H-prime associated to C. Of
course, we would like to prove that the ideal generated by P{ in Oy (G (F)) is (completely)
prime.

We will prove this in a rather indirect way. Let K be a field, set R := K[¢*!] and let F be the
field of fractions of R. All the algebras we have defined so far can be defined over R, and the
dehomogenisation isomorphisms (1) restrict to isomorphisms of R-algebras. We use a subscript
R to indicate that we are working with the R-algebra.

In order to prove that P2 generates a completely prime ideal of S(v)z[¥7!], we transfer this
problem into a question about certain families of pseudo quantum minors generating completely

prime ideals in O,-1(Y\(R)).

Using the deleting derivations algorithm in a way similar to that which we used when prov-
ing that #-primes in O,-1(Y)\(F)) are generated by pseudo quantum minors, the problem is
reduced to proving that certain families of quantum minors generate completely prime ideals
in quantum matrices over R. The fact that these families of quantum minors generate prime
ideals in quantum matrices over a field was established by Casteels, [13], and we make use of
the fact that they form a Grobner basis to push down the result over R in Section 6. As a con-
sequence, we prove that the right ideal generated by P¢ is a completely prime ideal of S(v)z[77].

Set Br := ((PS)r/(IL)r)[7 '] N Oy(Grn(R))/(IL,) g, and note that By is completely prime.
Set Ap = (P¢ )R/<H7)R Clearly, Agx C Bp, and this inclusion gives a complex of right R-
modules:

AR — Br — 0.

At this stage, we are almost ready to apply [23, Proposition 2.1]. It only remains to prove that

the complex
Ar/(q—1)Ar — Br/(q—1)Br — 0

is exact. In order to achieve this, we use the complete primeness of Bgr together with results of
Knutson-Lam-Speyer [33, 34] that show that the sets P{ generate prime ideals of the homoge-
neous coordinate ring of the (classical) grassmannian over an algebraically closed field (they are
the vanishing ideals of the so-called positroid varieties).

As a consequence, we obtain that Ay = Bg, so that (P{)g is completely prime in O,(G,,,(F))
under the assumption that ¢ is transcendental and K is algebraically closed. The later is neces-
sary at this stage as the results of Knutson-Lam-Speyer are only available under the assumption
that K is algebraically closed. However, using ideas from [20], we remove this assumption to



obtain Theorem 1.1.

In the final section of this paper, we investigate consequences of our main result. First, we
confirm that the set of quantum Pliicker coordinates that belong to an H-prime of O, (G (F))
are precisely the complements of positroids (in the totally nonnegative grassmannian). This is
a grassmannian analogue of the main result of [19, 20].

Next, we turn our attention to the poset structure of H—Spec(O,(Gpmn(F))). The parallel with
the totally nonnegative world still features heavily here. Indeed, we use the notion of Grass-
mann necklace introduced by Postnikov, [48], in the study of positroids to give a criterion for
one H-prime to be contained in another H-prime. This allows us to describe the poset structure
of H—Spec(Oy(Gpn(F))), and in particular to prove that it is isomorphic to the poset of torus-
orbits of symplectic leaves in the grassmannian. This partly answers a conjecture of Yakimov
[53]. This result was certainly expected and is in the spirit of the orbit method.

In order to prove that the primitive spectra of quantum algebras are homeomorphic to the
space of symplectic leaves of their semi-classical limit, Brown and Goodearl [9] have developed a
strategy based on the H-stratification and the so-called notion of separating Ore sets. Our final
main result gives an explicit construction of separating Ore sets for all H-primes in O (G, (F)).

The results of this paper have potential applications in theoretical physics, via a recently es-
tablished connection between scattering amplitudes and the totally nonnegative grassmannian,
see, for example, [4], and the very recent paper by Movshev and Schwarz, [45], which takes this
connection onwards to the quantum grassmannian as a result of our work.

The paper is organised as follows. In Section 2, we develop the notion of pseudo quantum mi-
nor in a partition subalgebra. Section 3 is dedicated to general results about deleting derivations.
In Section 4, we give a graph-theoretic interpretation of pseudo quantum minors. These sections
all feed into Section 5 where we give a graph-theoretic characterisation of those pseudo quantum
minors that belong to an H-prime in a partition subalgebra (over a field). In Section 6, we prove
that certain families of quantum minors generate completely prime ideals in O, (M, ,(R)). We
prove that H-primes in a partition subalgebra over a field are generated as right ideals by pseudo
quantum minors in Section 7. In Section 8, we prove that certain families of pseudo quantum
minors generate completely prime ideals in Oy-1(Y)(R)). Sections 9 and 10 are dedicated to the
quantum grassmannian. We prove Theorem 1.2 in Section 9 and Theorem 1.1 in Section 10.
Finally, Section 11 is dedicated to applications of our main results.

Acknowledgment: SL and THL would like to thank MFO (Oberwolfach), CIRM (Luminy)
and ICMS (Edinburgh), where parts of this work were developed over the last few years. The
authors thank Thomas Lam for his explanations about positroid varieties (see discussion after
Proposition 10.8).

2 Quantum matrices and partition subalgbras thereof

2.1 Basic definitions and g-Laplace expansions

Let K be a field, and let ¢ a nonzero element of K. The algebra of m x n quantum matrices
over K, denoted by O,(M,,,(K)), is the algebra generated over K by mn indeterminates z;;,
with 1 <7 <m and 1 < j < n, which commute with the elements of K and are subject to the



relations:

TiTil = qTaT4j, for1<i<m, and1<j<l<n;
TijThj = QTk;jTij, for1<i<k<m,and1<j<n;
TijTp = TpiTij, for1<k<i<m,and1<j<Il<n;

TiTp — T = (@ — ¢ Vrgrg, for1<i<k<m, and1<j<Il<n.

Informally, we will refer to the final relation above as the nasty relation, as it is responsible for
most of the difficulties in computations in O, (M, »(K)).

When ¢ € K* is not a root of unity, one may write O,(M,,,(K)) as a Quantum Nilpotent
Algebra (QNA for short) or Cauchon-Goodearl-Letzter extension in the sense of [41, Definition
3.1], by adjoining the generators z;; in lexicographic order:

Oq(Mm,n(K)) - K[xll] [x12; 012, 512] e [wmn7 Omn, 5mn]7

(here, the o;; are automorphisms and the d;; are left o;;-derivations of the appropriate subalge-
bras.) The exact definition (of QNA) will be given later in Section 3 .
The algebraic torus H = (K*)™*" acts by automorphisms on O, (M, ,(K)) as follows:

(0517 R 7amaﬁl7 R >5n) c Xy = aiﬁjxij'

By [9, Theorem I1.2.7], the action of # on O,(M,,»(K)) is rational in the sense of [9, Definition
I1.2.6]. All actions of tori which appear in this paper can be checked to be rational using [9,
Theorem I1.2.7] along with elementary arguments.

Let R be a commutative noetherian domain and let ¢ be an invertible element of R. Let F be
the field of fractions of R. (Often, ¢ will be restricted to be a non-root of unity or, even more
restrictedly, a transcendental element over some base field contained in R. We will make the
precise requirements clear whenever we need to restrict R and ¢.) The ring, O,(M,(R)), of
quantum matrices over R is the subring of O,(M,, ,,(F)) generated over R by the z;;.

The ring O, (M, »(R)) is a noetherian domain, as it is an iterated Ore extension over the ring
noetherian ring R.

If a ring A is generated over R by elements z;; which satisfy all of the above relations except
possibly the nasty relation (and maybe has other relations as well) then we will say that A is a
pre-quantum matrixz algebra.

Definition 2.1. Let A = {\; > Ay > --- > \,,} be a partition with associated Young diagram
Yy. In Oy(M,,,(R)), with n > Ay, look at the subring O,(Y)(R)) generated over R by those
x;; that fit into the Young diagram for A. We call this subalgebra the partition subalgebra of
Oy(M,, n(R)) associated with the partition \.

When ¢ € K* is not a root of unity, the partition subalgebra O,(Y,(K)) can be presented as
a QNA with the variables z;; added in lexicographic order, and with the torus H acting via
restriction from the action on O, (M,,,(K)). Other orderings of the variables are permissible
while maintaining the QNA condition, and some will be used later in the paper. A consequence
of the QNA condition is that important tools such as Cauchon’s deleting derivations procedure
and the Goodearl-Letzter stratification theory are available. (This is the origin of the CGL
terminology, see [40].) These ideas will be introduced in detail later. At the moment, we merely
note that it is immediate that partition subalgebras of O (M, ,,(R)) are noetherian domains.

We can augment the generating elements in a partition subalgebra to obtain a pre-quantum
matrix algebra of size m x n by setting z;; := 0 whenever (i, j) lies outside the Young diagram
Y.

Example 2.2. Let A = {4,3,1}. Then the partition subalgebra associated with A is generated
by the following variables:



L11|T12 213 T14

L2122 X23

31

In the corresponding 3 X 4 pre-quantum matrix algebra, zoy = 30 = w33 = x34 = 0.

Later, we also need the following algebras associated to a Young diagram Y. The quantum
affine space corresponding to the Young diagram Y is the algebra generated over R or K (as
appropriate) by variables ¢;;, one for each box (i, 7) of the Young diagram, subject to the following
commutation relations: t;;t; = qtyti;, for each j < [, and ¢;;ty; = qti;t;; for each ¢« < k, while
all other pairs ¢;;, ty; commute. The quantum torus corresponding to Y is the localisation of the
quantum affine space corresponding to Y obtained by inverting each of the ¢;; (this is possible,
as each t;; is a normal element).

An index pairis a pair (I, J) such that I C{1,...,m} and J C {1,...,n} are subsets with the
same cardinality. Hence, an index pair is given by an integer ¢ such that 1 < ¢ < min{m,n}
and ordered sets I = {i; < -+ <4} C{l,...,m}and J ={j1 <--- < g} C{l,...,n}. In
a pre-quantum matrix algebra arising from a partition subalgebra, to any such index pair we
associate the pseudo quantum minor

[1]J] = Z (_q)g(a)xiljo’(l) " Loy

ogESt

with the convention that z;; = 0 whenever x;; falls outside the partition.
For example, in Example 2.2, [12|12] = x11292 — qx12221, which is the usual quantum minor,
whereas [12|34] = —qx14723.

Remark 2.3. Care is needed when manipulating pseudo quantum minors. With the z;; = 0
convention used above, the variables do not form a quantum matrix. For example, the nasty
relation fails: in Example 2.2 above, as x94 = 0 we see that if the nasty relation were to hold
then 0 = 213794 — T24713 = (¢ — ¢~ )T 14703, Which is a contradicion.

So, we are not free to automatically take over known results such as quantum Laplace expan-
sions for quantum minors to pseudo quantum minors. To see this, notice that if we consider the
partition subalgebra of 2 x 2 quantum matrices corresponding to A = {2,1} and so generated
by x11, %12, 221 and x9y = 0, then, reasoning as above we see that the pseudo quantum minor
[12|12] = .I‘HO — qT12%21 7£ q_1I21$12 = XT22T11 — q_1x21x12. ThUS, we don’t have the usual
quantum Laplace expansion on the first row, with the first row occurring on the right. However,
there are two quantum Laplace row expansions which do follow easily from the definition, and
these are noted in the next lemma.

Lemma 2.4 (quantum Laplace expansion with rows). Let I = {i; < ... < 4} C [1,m] and
J=A{h < ... <5} C[L,n]. The following quantum Laplace expansions hold for pseudo
quantum minors over a pre-quantum matriz algebra arising from a partition subalgebra:

!
(1) 1] T) =D (= i lin- v | ja-- Gy il

p=1

!

(2) [I|J]= Z(—Q)l_p[il sl | g g i, -

p=1



Proof. We treat part (1) only; part (2) is similar. Let us assume for ease of notation that
I = J = [1,1] (the proof for general I and J is the same but the notation is more unwieldy).
We have

-1 = Z<_Q)Z(U)x1,a(1) T Te(l)

ogES]
l
- Z Z (_Q>Z(U)I1,px2,a(2) o Te(l)
p=1 oe€s
o(l)=p
l
= Z T1,p Z (_Q)E(J)xz,a(z) o To(l)
p=1 o €S
o(l) =p

Set {ag < <@} ={2<---<l}and {7 <--- <y} ={1<---<p<--- <} so that

l
l —1
Lol = Z T1p Z (—a) ey IalJﬁ(l) N 'x“l—l’jlzj(zA)
p=1

PES; 1
l

- ¢
= (—q)P 1x1,p Z (—q) (p)xal:jﬁ(l).”xalflujﬁ(l_l)

[]

We shall also need quantum Laplace expansions on columns, and the next result is preparation
for such results.

Lemma 2.5. If [ = {iy < ... <} C[l,m] and J = {j1 < ... <5} C [1,n]. The following
expression holds for pseudo quantum minors over a pre-quantum matrix algebra arising from a
partition subalgebra:
(o
1T =) (=) i, ) sy o iy i

oES)]

Proof. Let us assume for ease of notation that I = J = [1,[] (the proof for general I and J is the
same but the notation is more unwieldy). Let usset {1---1[1---I} =3 o (=) zpays - To@)-
Our claim is that {1---1| 1---1} = [1---1 | 1---1]. This claim clearly holds if [ = 1 and we
proceed by induction on [. We have

10



Set {ag < <@} ={2<---<l}and {7 <--- <y} ={1<---<p<--- <}, so that

-0 1---1] = Z(_qy)ilxl,p Z (_q)g(p)xa,}u)vﬁ’ U Ta,qnyaty

p=1 PES|_1
!
_ —14¢
= Z Z <_q)p (p)prxapu),jf U Ta,qony.dty
p=1 p€S;_1
For all j < pand all s = 1,...,l — 1, the relations of the pre-quantum matrix algebra arising

from a partition subalgebra show that x1, commutes with z,  ; and hence

s)o

1+£(p
[ Z Z Q)" La,y 1" Ly 1) p=1T1LpTaypyp+1 " " Layq )l
p=1 peS;_1
- Z Z W1 Lol
= o€ S
o(p) =1
= Z %(1 LoD,
oES;
={1---1|1---1},
as required. n
Corollary 2.6 (quantum Laplace expansion with columns). Suppose that {i; < --- < i} C

[1,m] and that {j; < --- < ji} C [1,n]. The following quantum Laplace expansions hold for
pseudo quantum minors over a pre-quantum matrix algebra arising from a partition subalgebra:

(1) liv---io | gugi = ) (= g liv -ty | oo il

(2) liv---ig | gi--- i) = Z<—Q)lfp[i1“'lz”'il | Jve e il g

p=1

Proof. Follows easily from Lemma 2.5, with the proof as in Lemma 2.4. O

3 Quantum Nilpotent Algebras and their H-primes

In this section, we review the two main tools needed to study the prime spectrum of a quantum
nilpotent algebra: the H-stratification of Goodearl-Letzter and Cauchon’s Deleting Derivations
Algorithm.

3.1 Quantum Nilpotent Algebras

Throughout this section, N denotes a positive integer and A is an iterated Ore extension; that
is,

A = Klzy|[ry; 09,00] - - - [N 0N, On], (2)
where o; is an automorphism of the K-algebra A;_; := K[z1|[z2; 02,02] ... [z;-1;0j-1,9;-1] and
J; is a K-linear o;-derivation of A;_; for all j € [2, N]. In other words, A is a skew polynomial
ring whose multiplication is defined by:

rja = oj(a)r; + d;(a)

11



for all j € [2, N] and @ € Aj_;. Thus A is a noetherian domain. Henceforth, we assume that A
is a quantum nilpotent algebra (a.k.a. CGL extension), as in the following definition.

Definition 3.1 ([40]). The iterated Ore extension A is said to be a quantum nilpotent algebra
(QNA for short) if it is equipped with a rational action of a torus # = (K*)! by K-automorphisms
satisfying the following conditions:

(i) The elements x,...,xy are H-eigenvectors.
(ii) For every j € [2, N], d; is a locally nilpotent o;-derivation of A;_;.

(iii) For every j € [1, N], there exists h; € H such that (h;-)|4,_, = 0; and h; - x; = g;; for
some ¢; € K* which is not a root of unity.

(We have omitted the condition o; o §; = ¢;0;0; from the original definition, as it follows from
the other conditions; see, e.g., [27, Eq. (3.1); comments, p.694].) From (i) and (iii), there exist
scalars \;; € K* such that o;(z;) = Aj;z; for all i < j in [1, N].

If, in addition, the subgroup of K* generated by the \j; is torsion-free then we will say that A
is a torsion-free (QNA.

For a discussion of rational actions of tori, see [9, Chapter 11.2].

It is easy to check that all of these conditions are satisfied for partition subalgebras with the
variables ordered lexicographically.

Proposition 3.2. Partition subalgebras of quantum matrix algebras are torsion-free QNAs when
the parameter q is not a root of unity.

A two-sided ideal I of A is said to be H-invariant if h- I = I for all h € H. An H-prime ideal
of A is a proper H-invariant ideal J of A such that if J contains the product of two H-invariant
ideals of A then J contains at least one of them. We denote by H-Spec(A) the set of all H-prime
ideals of A. Observe that if P is a prime ideal of A then

(P:H) == (h-P (3)

heH

is an H-prime ideal of A. Indeed, let J be an H-prime ideal of A. We denote by Spec;(A) the
H-stratum associated to J; that is,

Spec,;(A) = {P € Spec(A) | (P: H) = J}. (4)

Then the H-strata of Spec(A) form a partition of Spec(A) [9, Chapter I1.2]; that is,

Spec(A) = |_| Spec;(A). (5)
JeH-Spec(A)

This partition is the so-called H-stratification of Spec(A).

It follows from work of Goodearl and Letzter [25] that every H-prime ideal of A is completely
prime, so H-Spec(A) coincides with the set of H-invariant completely prime ideals of A. Moreover
there are at most 2V H-prime ideals in A. As a consequence, the prime spectrum of A into a
finite number of parts, the H-strata.

For each H-prime ideal J of A, the space Spec,(A) is homeomorphic to Spec(K[2™,. .., 27'])
for some d which depends on J [9, Theorems I1.2.13 and 11.6.4], and the primitive ideals of A
are precisely the prime ideals that are maximal in their H-strata [9, Theorem I1.8.4].
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3.2 Cauchon’s deleting derivations algorithm

We keep the notation of the previous section. In particular, A = K[z1|[xe; 09,82 - - [xn; 0N, IN]
still denotes a QNA with associated torus H.

As we have seen in the previous section, the H-prime ideals of a QNA A are key in studying
the whole prime spectrum. Cauchon’s deleting derivations algorithm [15, Section 3.2], which we
summarise below, provides a powerful way of studying the H-prime ideals of A.

The deleting derivations algorithm constructs, for each j € {N + 1,N,...,2}, a family
{xgj ). ,x%)} of elements of the division ring of fractions Fract(A) of A defined as follows:

1. When j = N + 1, we set (ngH), . ,J:E\J,VH)) = (21,...,2N).

2. Assume that j < N + 1 and that the xgjﬂ) (i € [1, N]) are already constructed. Then it
follows from [15, Théoreme 3.2.1] that ™" = 0 and that, for each i € [1, N], we have

J

(J+1)

T, ifi>j
(j) — +oo 1—q. —k ) )
G DI R C AR IR
k=0 "y

where [k]!g, = [0], X -+ x [k]g, with [0, =1 and [i],, =14 ¢+ -+ ¢, ' wheni> 1.
For all j € [2, N 4 1], we denote by AY) the subalgebra of Fract(A) generated by the xgj ). that
is,
AW = F(xgj), o ,;1:%)).
The following results were proved by Cauchon [15, Théoreme 3.2.1 and Lemme 4.2.1].
For j € [2, N + 1], we have

1. AY is isomorphic to an iterated Ore extension of the form
Kl - - [yj-1505-1, 05-]lyss 73] - - lyws ]

by an isomorphism that sends a:gj ) to y; (1 <i < N), where 75,..., 7y denote the K-linear
automorphisms such that 7,(y;) = A\ry: (1 <i < /0).

2. Assume that j # N + 1 and set S; := {(azg-jﬂ))” | ne N} = {(a:y))” | n € N}.
This is a multiplicative system of regular elements of AY) and AVU*Y| that satisfies the Ore
condition in AY) and AU+Y. Moreover we have

AV g1 — AU+ g1
J J

It follows from these results that AY) is a noetherian domain, for all j € [2, N + 1].
As in [15], we use the following notation.

Notation 3.3. We set A := A® and t; := z* for all i € [1, N].

It follows from [15, Proposition 3.2.1] that A is a quantum affine space in the indeterminates
ty,...,ty: it is for this reason that Cauchon used the expression “effacement des dérivations”.
More precisely, let A = (u;;) € My(K*) be the multiplicatively antisymmetric matrix whose
entries are defined as follows.

)\jﬂ‘ if i < ]
pii =4 1 iti=j
Ao ifi> g,
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where the \;; with ¢ < j come from the QNA structure of A. Then we have

A=Ky[ty,... ty] = OA(KY)., (6)

where Ky [t1,...,tn] = OA(KY) denotes the K-algebra generated by ti,...,t, with relations
titj = ,ui,jtjtz' for all ’l,j

3.3 Canonical embedding

The deleting derivations algorithm was used by Cauchon in order to relate the prime spectrum
of a QNA A to the prime spectrum of the associated quantum affine space A. More precisely,
Cauchon has used this algorithm to construct embeddings

@; = Spec(AUTY) — Spec(AW) for j € [2, N]. (7)

Recall from [15, Section 4.3] that these embeddings are defined as follows.
Let P € Spec(AU*D). Then
b PS7 N AY if 20D ¢ p
p;(P) = 9;1 (P/<x§j+1)>) if 2

where g; denotes the surjective homomorphism

g; : AV - A(j+1)/<$§j+1)>
defined by . ' '

gi(a”) i= 2™+ (@),
(For more details see [15, Lemme 4.3.2].) It was proved by Cauchon [15, Proposition 4.3.1] that
¢; induces an increasing homeomorphism from the topological space

J

{P € Spec(AU) | 2V*D ¢ p}

onto 0
{Q € Spec(AY) | z ¢ Q}
whose inverse is also an increasing homeomorphism; also, ¢; induces an increasing homeomor-

phism from A A

{P € Spec(AF) | 2V*Y ¢ p}
onto its image by ¢; whose inverse similarly is an increasing homeomorphism. Note however
that, in general, ¢; is not an homeomorphism from Spec(AU*)) onto its image.

Composing these embeddings, we get an embedding

¢ =300y : Spec(A) — Spec(A), (8)

which is called the canonical embedding from Spec(A) into Spec(A). B
The canonical embedding  is H-equivariant so that ¢(H—Spec(A4)) C H—Spec(A). Interest-

ingly, the set H —Spec(A) has been described by Cauchon. More precisely, for any subset C' of
{1,...,N}, let K¢ denote the H-prime ideal of A generated by the ¢; with i € C, that is

Ke=(t;|i€C).
Then Cauchon proved (see [15, Proposition 5.5.1]):
H—Spec(A) = {Kc | C C{1,...,N}},
so that
@(H—Spec(A)) C{K¢ | C C{l,...,N}}.
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3.4 Cauchon diagrams

We are now turning our attention to describing the set ¢(H —Spec(A)).
A subset C' C {1,..., N} is said to be a Cauchon diagram for A if

Ko = (t;| 1€ C) € p(H—Spec(A)).

In this case, Jo denotes the (unique) H-prime ideal of A such that ¢(Jo) = K.
Cauchon proved that

H—Spec(A) = {Jo | C is a Cauchon diagram}.

If J is an H-prime ideal of A, we denote by CD(J) its associated Cauchon diagrams; that is,
CD(J) is the set C such that o(J) = K¢ = (t; | i € C'). Note that the set of Cauchon diagrams
of A depends on the QNA structure of A (and not just on A).

A useful way to represent a Cauchon diagram C' is as follows. Draw N boxes in a row, and
colour the i-th box black if and only ¢« € C; the remaining boxes are coloured white. For example,
if N =5and C' ={1,2,5}, then we draw the diagram:

EE N

The Cauchon diagrams that arise for partition subalgebras O,(Y)(F)) have been studied in
[41]. In the next sections, we will explain the results of [41] which require modifying the visual
presentation of Cauchon diagrams to take advantage of the Young diagrams that are intrinsic
to the presentation of partitions subalgebras.

3.5 Some relationships between Cauchon diagrams

Let A :=K[z1][xe; 02,02 ... [xn;0n,dn] be a QNA, and let ¢ = @y 0---0 @y : H—Spec(4A) —

H —Spec(A) be the canonical embedding.

Suppose that J is an H-prime ideal that does not contain xy. In this case, observe that
CD(J) C{1,...,N —1}.

After the first step in the deleting derivations algorithm, we have

AN — K[ng)][xéN); 09,09] . .. [:175\],\[); on]|

Set y; = :L‘Z(-N) and write B := Kly]...[yn—1;0n-1,0n-1]. Then B is a quantum nilpotent
algebra and A = Blxy; 0w, dy], while AN) = Blyy; on]. (Note that yy = zy.)

Let I := ¢n(J) N B and note that I € H—Spec(B).

Lemma 3.4. With the notation above, let J be an H-prime ideal that does not contain xy. Then
CD(I) = CD(J)

Proof. Note that
on (1) =D Ty
ieN
by [40, Corollary 2.4].
Note that B is a QNA and so we can apply the deleting-derivations algorithm to B. It is easy
to check that A®) = B®[yy: o] (with a slightly abusive notation regarding the automorphism

O'N).
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Next we prove by decreasing induction that for all k € {2,..., N}, we have

proopn(T) =D ko ovn 1Dy,
ieN
where 1) =19 0 --- 01n_1 is the canonical embedding of B.
To simplify the notation, we set J*®) := ¢ 0--- 0@y (J) and I*¥) := oy 0 ---09hy_1(I). Note
that J*) is an H-prime of A®) that does not contain yy and I¥) is an H-prime of B*)
The case k = N has already been proved, so we assume that

P10 0pn(J) =P trar 0o vy (Dyy
ieN
for some k < N, and set t; := y,(f) = y,(ckﬂ). To proceed with the induction step, we distinguish
between two cases.

First, if t, ¢ J*+Y then J® = JEFD[ 1] 0 AR Moreover, as t, ¢ J*+D we get that
ty ¢ I*+D = Je+) A B+ Hence I® = [*+D [N B®) | 5o that we have:
JO g A®

= (D 1"yt nA®

ieN

= (@ TED[E 0 N AW (since ty, and yy g-commute)
ieN

= (@ 1"t yv) N (D B®yhy)
iEN ieN

= P U0 B®)yk
ieN

- @
i€EN

as desired.
Next, if ¢, € J* D, then J® = ( ), where gay 1 A® — % is the surjective

homomorphism defined by g4, k(yz ) k + (k).
J(k+1)

As t, € J®D | we get that t;, € I+ ) J( U0 B**+YD . This implies that [* Bk(ﬁ),

where gg . : B® — l?t(:;r ! is the surjective homomorphism defined by g, k(yf )) = yZ(kH) + (tr) B

(Note that, to avoid any confusion, we have denoted by (t;) the ideal of A®*1) generated by t,
and by (t;)p the ideal of B*+1) generated by t;.)

Observe that % = @D,cn ]?t(:;rny—]v‘, where Jy = yn + (tx). Hence, we can see gp ) as the
restriction of g4, to B®).

Let u € J® . We can write u = @ZEN uzyﬁv with u; € B®. We need to show that u; € I® for
all 7. Observe that:

J(k+1) Jk+1)

Zeei 9Bk (w)YN" = g(u) € A i@? my_]\/l‘

Hence, gp(u;) € Ié: for all 7, so that u; € I® for all 4, as required.

To summarise, we have proved that

JE) — @ IMyi
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forall k € {2,...,N}.
The case k = 2 allows us to conclude that CD(I) = CD(.J), since J? = <y§2) | i € CD(J))
and I® = (4 | i € CD(1)).
[l

4 Cauchon-Le diagrams and Postnikov graphs

Before we show that each H-prime ideal in a partition subalgebra is generated by the pseudo
quantum minors that it contains, we shall identify these pseudo quantum minors. There are
strong pointers to the result that we should expect. In [12, 13], Casteels has shown that the
membership problem for an #H-prime ideal P in Oy (M,,,(K)) is decided by the non-existence
or existence of certain families of vertex disjoint paths in the Postnikov graph of the Cauchon
diagram belonging to P. Exactly the same result has been obtained by Oh, [47], for the member-
ship problem for Pliicker coordinates in positroid cells of the totally nonnegative grassmannian.
In [19, 20] it is shown that the membership problem for cells in the space of totally nonnega-
tive matrices and the membership problem for invariant prime ideals in quantum matrices have
exactly the same solution; so this is what we conjectured happens in the grassmannian setting.
The results in this section achieve this hoped for result for partition subalgebras. This then gives
the desired result for the quantum Schubert cells of the quantum grassmannian, and, later, we
will pull these results back to the quantum grassmannian.
In this section, ¢ € K is just assumed to be nonzero.

4.1 Cauchon-Le diagrams and Postnikov graphs

We consider Young diagrams that fit into an m x n array. Each such Young diagram corresponds
to a partition A = (Aq, ..., \,) with Ay < n. For example, the Young diagram in Example 2.2
corresponds to the partition A = (4, 3,1) and fits inside a 3 x 4 array (or, an m X n array for any
m > 3,n > 4). We number the rows of Young diagrams from top to bottom, and the columns
from left to right, as in the usual matrix notation.

A Cauchon-Le diagram C on the Young diagram Y is a colouring of the squares of Y with
black or white, with the restriction that if a square is coloured black then either each square to
its left and in the same row is also black, or, each square above and in the same column is black.
The set of black squares in C' will be denoted by Bs and the set of white squares of C' by We.
Here is an example of a Cauchon-Le diagram C' on the Young diagram Y associated with the
partition A = {4, 3,1}:

We see that Be = {(1,3),(2,1),(2,2)} and We = {(1,1), (1,2),(1,4),(2,3),(3,1)}.

If A is the partition subalgebra associated with the partition A and ¢ is not a root of unity
then the H-invariant prime ideals of A are in bijection with Cauchon-Le diagrams on Y, the
Young diagram corresponding to A, by [41, Theorem 3.5]. We will come back to this in more
details in Section 5.4.
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Definition 4.1. The quantum torus associated with the Cauchon-Le diagram C on Y, is the
K-algebra generated by elements tfjl with (4, j) € We and subject to the relations t;;t;x = qtixts;
for j < k and t;;t;; = qt;;t;; for ¢ < [ while all other pairs of generators commute. An easy way
to remember these relations is as follows: let a,b be squares in W with a <j b. Then t, and
t, commute unless a and b are in the same row or column, in which case t,t, = qtpt,.

In the case that all boxes of C' are white, this quantum torus is (isomorphic to) the localisation
obtained by inverting the generators of the K-algebra A = A® = K{t;; | (i,7) € C) that occurs
at the end of the deleting derivation process on A := O,(Y)\(K)). In general, there is a natural
surjective homomorphism from A onto K(t;; | (i,7) € W¢) given by t;; — t; for (i,j) € We
and t;; — 0 for (4, j) in Be, with kernel K¢ = (t;; | (4,7) € Be).

Definition 4.2. The Postnikov graph, Post(C'), of a Cauchon-Le diagram C' on the Young
diagram Y, is a directed planar graph with weighted edges, constructed from C', where the
weights come from the quantum torus corresponding to C'. The Postnikov graph is constructed
in the following way. If (7, 7) is a white square in C' then let (i, 77) be the first white square to
the left of (i,7) (if it exists) and let (¢,57) be the first white square to the right of (i,7) (if it
exists). Similarly, (i*, j) is the first white square below (7, 7) (if one exists).

Firstly, place a vertex in each white square of the Cauchon-Le diagram. These vertices are
called internal. Then, place vertices r; immediately to the right of the last box in row ¢, and also
vertices ¢; immediately below the last box in column j. Vertices r; and c¢; are called boundary
vertices. For each row index ¢, put a directed edge from r; to the rightmost white square in row
i (if it exists), say square (i, k). Weight this edge with the weight ¢;,. For each column index j,
put a directed edge from the bottom-most white square in column j (if it exists), to the vertex
c;j. Weight this edge with weight 1. For each white square (7, j), put a directed edge from (3, j)
to (i,77) (if it exists) and give this edge the weight ¢; }#; ;-. Finally, for each white square (i, 7),
put a directed edge from (7, 5) to (i*,j) (if it exists) and give this edge the weight 1.

Here is an example of a Cauchon-Le diagram and its associated Postnikov graph. Note that
by convention the weight of weight 1 edges are omitted, and so we only record the weight of
horizontal edges when drawing Postnikov graphs.

S -1 :
bt t13
[ ) ®
o
t23 1
0——0 79

t§21 l31 t§31 32 | tas
[ ] [ ] [ ]

t221 ta j 42 *Cs

o ooy

.Cl .CQ

It is clear from the construction of the Postnikov graph that it is represented in the plane. We
shall always assume that Postnikov graphs are embedded in the plane in this way, and this
allows us to use terms such as horizontal, vertical, left, right, North, South, East, West, etc. in
reference to vertices and edges of a Postnikov graph.
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Notation 4.3. e For us, “path” and “edge” shall always mean “directed path” and “directed
edge” respectively.

e Let v and v’ be vertices of Post(C'). There is clearly at most one edge from v to v" and if
it exists, we denote it by (v,v’).

e We denote the weight of an edge e of Post(C') by w(e).

e Suppose that (i,j),(¢,7') € We and that there is an edge e = ((i,7), (¢,4)) in Post(C')
(notice that this forces j > j'). Then we set row(e) = {i}, coly(e) = {j}, cola(e) = {j'}.

e Let e be an edge of Post(C) from r; to (i,j) € We. Then we define coly(e) = () and
cola(e) = {j}.

e For any edge e in Post(C), we define col(e) = col;(e) U coly(e).

o If vg,vq,..., v are vertices of Post(C') such that the edges (vo,v1), (vi,v2),. .., (Vk_1,Vk)
exist, then we write (vg, vy, ..., v;) for the path from vy to vy given by the concatenation
of the edges (v, v1), (v1,v2), .- ., (Uk—1, Vi)

e For vertices v and v of Post(C'), we write P : v = v’ to mean that P is a path from v to

v,

Definition 4.4. By the weight of a path (v, v1, ..., vx) in Post(C'), we mean the ordered product

w(vo, vi)w(vy, va) - - - w(v—1, k)
of the weights of its edges. We denote the weight of a path P in Post(C) by w(P).

Definition 4.5. An edge or path in Post(C) is called internal if its beginning and end vertices
belong to We. An edge (resp. path) that is not internal is called a boundary edge (resp. path).

Remark 4.6. Since vertical edges in Post(C') have weight 1, only horizontal edges contribute
to the weight of any path in Post(C'). We shall often use this fact without explicit mention.

Example 4.7. Let c =d =4, let A = (4,3,3,1).
In the figure below, we have shown a Cauchon-Le diagram C on Y, with its Postnikov graph
Post(C) superimposed onto C":

)
Lyt t14
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. o Y
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[ ] [ )
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tas 2 3
o——07y

¥
o |

[ ] e

We shall often superimpose Postnikov graphs onto their Cauchon-Le diagrams in this way.
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Proposition 4.8 (cf. Proposition 3.3 of [12]). The Postnikov graph Post(C) has the following
properties:

(1) Post(C) is acyclic; that is, Post(C) has no directed cycles.

(2) The embedding of the Postnikov graph Post(C) in the plane described above is a planar
embedding; that is, all edge crossings occur at vertices.

(8) An internal horizontal path P : (i,js) = (i,1) has weight t; ;

92 ZJl'

(4) A path r; = (i,7) beginning at a row vertex and consisting solely of horizontal edges has
weight t; ;.

Proof. (1) Because all edges are directed leftwards or downwards, the graph Post(C) cannot
have a directed cycle.

(2) If two edges cross, then one edge must be vertical and the other horizontal. Let a vertical
edge e; = ((i1,7), (i2,7)) cross a horizontal edge ey = ((4, j2), (7,71)) at a black square (i, j)
of the Cauchon-Le diagram C'. The black square (i, j) has the white square (i1, j) above it
and the white square (i, j;) to its left, contradicting the definition of a Cauchon-Le diagram.
It follows that the square (i,j) must be white and that the edges e; and ey cross at the
vertex (i, 7).

(3) If the path P consists of a single edge, then the result follows from the definition of the
Postnikov graph Post(C'). Suppose that the path P consists of n > 1 edges and that the
desired result holds for all internal horizontal paths in Post(C') consisting of fewer than n
edges. Let (i, k) be an internal vertex of P. When P’ and P” are the horizontal paths given
by P': (i,72) = (i, k) and P" : (i,k) = (i, 1), we have P = P'P”. Now the inductive
hypothesis gives w(P) = w(P)w(P") = t; | t; yaa At =ttt

2,J2 2,J2

(4) This follows from part (3) and the definition of the Postnikov graph.

4.2 Commutation relations between weights of paths

In this subsection, we develop commutation relations between edges and certain paths in Post-
nikov graphs. Casteels, [12, Lemmas 3.4, 3.5, 3.6], obtains similar results for the case that the
Young diagram is a rectangle. The proofs for our results are similar, but we record them for the
convenience of the reader.

We refer the reader to Notation 4.3 for the meanings of col;(a), coly(a), col(a) for internal and
boundary edges a.

Lemma 4.9 (cf. Lemma 3.4 of [12]). Let e and f be distinct horizontal edges in Post(C') such
that row(f) < row(e).

(1) If col(e) Ncol(f) = 0, then w(f)w(e) = w(e)w(f).
(2) Suppose that |col(e) N col(f)| = 1.

(i) If coli(e) = coly(f) or coly(e) = cola(f), then w(f)w(e) = qu(e)w(f);
(i) if col(l())( )colg( ) or coly(e) = coly(f) and row(e) # row(f), then w(f)w(e) =
(iii) if coly(f) = coly(e) and row(f) = row(e), then w(f)w(e) = ¢ tw(e)w(f).
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(3) If |col(e) Ncol(f)| = 2, then w(fw(e) = *w(e)w(f).

Proof. The proof consists of an investigation of all possible relative positions of e and f.

Notice that if d is any internal horizontal edge in the graph Post(C') and cols(d) < j < coly(d),
then the square (row(d), j) is a black square in C' which has the white square (row(d), cola(d))
to its left, so that for all i < row(d), the square (i,j) is black. This observation will be used
several times below and is the reason why certain cases cannot occur. For instance, the following
configuration cannot occur, because the square immediately to the right of vertex b fails the
Cauchon-Le condition.

[ 24
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Let a, b, u,v be the vertices of Post(C') such that e = (a,b) and f = (u,v).
Case 0: col(e) Ncol(f) = 0.

o If row(e) # row(f), then the result follows immediately from the relations in Definition 4.1
because t, and t;, commute with ¢, and ¢,.

e Suppose that row(e) = row(f) and notice that we may assume without loss of generality
that v and v lie west of a and b. We distinguish between two cases.

ee Agsume first that e is internal. The following diagram illustrates the situation:

oc———©@ o————O

v Ju |l b la

The relations in Definition 4.1 now give t,t, = qtpty, tute = qlatu, toty = qtpt,, and t,t, = qt.t,.
Hence
w(eyw(f) =ttty ty = qq~ it oty = qq” qq T Tty = w(fw(e).

ee Next assume that e is boundary. The following diagram illustrates the situation:

v fu b e a
o——o ° °

The relations in Definition 4.1 now give t,t, = qtpt,, and t,t, = qtpt,. Hence
w(e)w(f) = tot, 'ty = qq~ 't oty = w(flw(e).

Case 1: |col(e) Ncol(f)| = 1.
We distinguish between 8 cases.

(i) If we are in the situation of the diagram below (coly(e) = coly(f) and u, a internal),

(% f U
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(iii)

(v)

then the relations in Definition 4.1 now give t,t, = tuta, tats = tota, tyty = tuty, and
toty = qtpt,. Hence

w(e)w(f) = t, b, ty = ¢t oty = ¢ w(Huw(e),
as expected in the case where coly(e) = coly(f).

If we are in the situation of the diagram below (coly(e) = coly(f), u internal and a bound-
ary),

o—
b e a
oc———0

then the relations in Definition 4.1 now give t,t, = t,t, and t,t, = qtyt,. Hence
wleyw(f) = tot, ty = ¢, oty = ¢~ "w(fwe),
as expected in the case where coly(e) = coly(f).

If we are in the situation of the diagram below (coly(e) = coly(f), a internal and u bound-
ary),

Y J_
b lea
Oc————©0

then the relations in Definition 4.1 now give t,t, = t,t,, and t,t, = qtyt,. Hence
w(eyw(f) =15 0ty = ¢~ Moty ty = g~ w(Hwe),
as expected in the case where coly(e) = coly(f).

If we are in the situation of the diagram below (cols(e) = coly(f), a and u boundary),

J

[ S
o

b lea
— o

then the relations in Definition 4.1 now give t,t, = t,tp, and t,t, = qtpt,. Hence
w(e)w(f) = tot, 'to = ¢~ ', oty = ¢ w(flw(e),
as expected in the case where coly(e) = cola(f).

If we are in the situation of the diagram below (col;(e) = coly(f), a and w internal),

S

[ I~
o=

[ Jen
a
IS
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(vii)

(viii)

then the relations in Definition 4.1 now give tpt, = tuty, toty = tpty, tot, = tut, and
tuta = qtyt,. Hence

weyw(f) =ttty b = q ', oty e = a7 w(fwe),
as expected in the case where col;(e) = coli(f).

Suppose that row(e) # row(f) and that col;(f) = coly(e) (the case where row(e) # row(f)
and coly(f) = coly(e) is similar). The following diagram illustrates the situation when a is
an internal vertex:

v W u
o———0
b le a
0c———O0

The relations (4.1) now give t,t, = tyta, tat, = tyla, tyty, = tyuty, and t,t, = qtyt,. It follows
that
w(e)w(f) =t "yt t, = qt,  tt, 'ty = qu(fw(e),

as desired.

Suppose that row(e) # row(f) and coly(f) = coly(e). The following diagram illustrates the
situation when wu is an internal vertex:

vfu
o——e
b le g

The relations (4.1) now give t,ty, = tule, taly = ¢ ‘lota, toty = toty, and tuty, = tt,. It
follows that
w(e)w(f) = t; tt, t, = qt, "ttty = qu(f)w(e).

Suppose that row(e) = row(f) and that coly(e) = col;(f). Then the end vertex of e is the
starting vertex of f, that is b = u. The following diagram illustrates the situation when a
is internal:

e
(IS

Ny T

o
~a

If a is internal, then the relations in Definition 4.1 give t,t, = qtpt,, tota = qtat,, and
tyt, = qtuty. Hence

w(flw(e) =ttty = Pty = gty 'ty = gty 4ty 't = qu(e)w(f).
If a is boundary, then the relations in Definition 4.1 give t,t, = gtyt,. Hence
w(flw(e) =ttty = gtyty 't, = qu(e)w(f).

This ends Case 1.

Case 2: |col(e) Ncol(f)| = 2. The following diagram illustrates the situation:
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0c——©O
b e a
0c——©O

The relations in Definition 4.1 show that t,t, = t,ta, tsty = tuts, toty = qtpt,, and t,t, = qt.ty.
It follows that

wle)w(f) =t "yt 'ty = q 1t oty = ¢ Mt My = ¢ Pw(fw(e).
O

Remark 4.10. The reader may notice that part (2) of Lemma 4.9 differs from part 2 of [12,
Lemma 3.4]. This is to clear up a slight ambiguity in part 2(ii) of [12, Lemma 3.4], namely that
in the case where row(e) = row(f), part 2(ii) of [12, Lemma 3.4] only holds if e begins where f
ends.

Lemma 4.11 (cf. Lemma 3.5 of [12]). Let K : vg == v and L : v = v, be paths in Post(C').
(1) If either K or L contains only vertical edges, then w(K)w(L) = w(L)w(K).

(2) If K contains a horizontal edge and L contains a horizontal edge, then w(K)w(L) =
¢ 'w(L)w(K).

Proof. (1) This follows immediately from the fact that vertical edges in Post(C') have weight 1.

(2) Since all vertical edges have weight one, only the horizontal edges of K and L contribute to
their weights. Let v; be the rightmost vertex in K in the same row as v. (Note that v; can
be equal to v as illustrated by the dotted alternative in the following diagram.) We denote
by K’ the subpath of K that starts at vy and ends at vy, and by K” the subpath of K that
starts at v; and ends at v;. Clearly, we have w(K) = w(K")w(K").

Similarly, let vy be the leftmost vertex in L in the same row as v. (Note that vy can be equal
to v as illustrated by the dashed alternative in the following diagram.) We denote by L” the
subpath of L that starts at v and ends at v, and by L’ the subpath of L that starts at v,
and ends at v;. Clearly, we have w(L) = w(L")w(L").

b k a Vo
@< [ YA —
K/
K
U2 L ) U1
[} [} [ ] [ ] [ ]
| l K"
Vg L/l L l i
o Oc-—|---@c--|---@
w U

We distinguish between two cases.

e Case 1: K" # () and L" # ().
By Lemma 4.9(1), the weights of all edges in K’ commute with the weights of all edges in L

24



and the weights of all edges in L' commute with the weights of all edges in K. By Lemma
4.9(2)(ii) or Lemma 4.9(2)(iii), we have w(K")w(L") = ¢ 'w(L")w(K"). Now

w(K)w(L) = w(K )yw(K")w(L")w(L)

w(K')
¢ w(Kw(L")yw(K")w(L')
q w(
q w(

fw(L")w(L yw (K w(K")
fw(L)w(K).

e Case 2. K" =0 or L" =10.

In this case, we denote by k : a — b the last horizontal edge in K and by [ : © — w be the
first horizontal edge in L. We denote by K \ {k} the subpath of K starting at vy and ending
at a, and by L\ {l} the subpath of L starting at w and ending at v;. By Lemma 4.9(1), the
weights of all edges in K \ {k} commute with the weights of all edges in L and the weights
of all edges in L\ {/} commute with the weights of all edges in K. By Lemma 4.9(2)(ii), we
have w(k)w(l) = ¢ tw(l)w(k). Now

w(K)w(L) = w(K\ {kHw(k)wl)w(L\ {I})
= ¢ 'w(K\ {kHw(w(k)w(L\ {1})
= ¢ 'w(w(L\ {IHw(K\ {k})w(k)
=q w(L)w(K).

]

Lemma 4.12 (cf. Lemma 3.6 of [12]). Let K : v = ¢; and L : v = ¢; be two paths in
Post(C') which share their initial vertex and no other vertex. Let K be the path that starts with
a horizontal edge and let L be the path that starts with a vertical edge.

(1) If L consists only of vertical edges, then w(K)w(L) = w(L)w(K).
(2) If L has a horizontal edge then w(K)w(L) = qu(L)w(K).

K

Postnikov diagram illustrating Lemma 5.12 (2)
Proof. (1) This follows immediately from the fact that vertical edges have weight 1.

(2) Suppose that L has a horizontal edge. Because of the Cauchon-Le condition, no vertex of
K lies (with respect to column coordinates) between the vertices of a horizontal edge of L
(see the beginning of the proof of Lemma 4.9 for more details).
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Claim: If e is any horizontal edge of L except the first horizontal edge of L, then w(e)w(K) =
w(K)w(e).

There are four possibilities for e:

e Case (i): No vertex in K shares a column coordinate with either vertex of e. In this case,
Lemma 4.9(1) then shows that the weights of the horizontal edges of K commute with w(e),
so that w(e) commutes with w(K).

e Case (ii): There are two distinct horizontal edges f’ and f” of K such that |col(e) N
col(f")| = |eol(e) Neol(f")] = 1, cola(f") = coli(f") = cola(e), and col(e) Ncol(f) = O for all
other edges f of K.

f/

f//

e
O———0

Postnikov diagram illustrating Case (ii)

In this case, Lemma 4.9(2) shows that w(f")w(f")w(e) = qg  w(e)w(fw(f") = wle)w(fHw(f").
Now with Lemma 4.9(1), we can conclude that w(e)w(K) = w(K)w(e).

e Case (iii): There are two distinct horizontal edges f’ and f” of K such that |col(e) N
col(f")] = |col(e) Ncol(f")]| =1, cola(f) = coly(f") = coly(e), and col(e) N col(f) = B for all
other edges of K.

f/

f//

(&
o———0

Postnikov diagram illustrating Case (iii)

This case is similar to Case (ii).
e Case (iv): There are edges f', f”, f" of K such that |col(e) N col(f")| = 2, cola(f') =
coly(e), and coly (f") = coly(e).

fl

f//

f///

€
0———0

Postnikov diagram illustrating Case (iv)

By Lemma 4.9 parts (2) and (3), we have
w(fw(fw(fwle) = q ¢ w(e)w(f)w(f)w(f") = wle)w(fHw(f Iw(f")
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and now with Lemma 4.9(1), we can conclude that w(e)w(K) = w(K)w(e). This establishes
the claim that if e is any horizontal edge of L except the first horizontal edge of L, then
w(e)w(K) = w(K)w(e).

Let us turn now to the first horizontal edge e; of L.
Claim: w(K)w(e;) = quw(ey)w(K).
Let us denote by f; the first horizontal edge of K. There are two cases to consider:

(i) Let us suppose that cols(fi1) < cols(e;). Then Lemma 4.9(2) gives w(fi)w(e;) =
quw(ep)w(f;) and Lemma 4.9(1) allows us to conclude that w(K)w(e;) = qu(e;)w(K).

(ii) Let us suppose that cols(f;) = cola(e;). Then the second horizontal edge fo of K
satisfies coly(f2) = cola(fi) = cola(er). Then by Lemma 4.9 parts (2) and (3), we have
w(f)w(fo)w(er) = qw(er)w(fi)w(f2) and now with Lemma 4.9(1), we can conclude that
w(K)w(e;) = qw(ey)w(K). This completes the proof of the claim. (Note that the case
cola(f1) > cola(ep) cannot happen because Postnikov graphs are built from Cauchon-Le
diagrams.)

The result now follows from the two claims which we have proven, namely that if e is any
horizontal edge of L except the first horizontal edge of L, then w(K)w(e) = w(e)w(K) and
that if e; is the first horizontal edge of L, then w(K)w(e;) = qu(ey)w(K).

[

4.3 Path systems

Definition 4.13. Suppose that [ = {i; < -+ < i;} C [I,m] and J = {j1 < --- < ji} C
[1,n]. An R p-path system in Post(C') is a collection P = (P, ..., ) of paths in Post(C)
starting respectively at the row vertices r;,, ..., r;, and ending respectively at the column vertices
Clonyr 2 Chomt for some permutation op € S, called the permutation of the path system P.
The path system P is called vertex-disjoint if no two of its paths share a vertex. The weight of
the path system P = (Py, ..., P,) is defined simply as the ordered product w(P;)---w(F;) of the
weights of the paths P, ..., P.

Example 4.14. Let ¢ = d = 4 and let A = (4,3,3,1). Below are the Cauchon-Le diagram
on Yy from Example 4.7, with a vertex-disjoint R({; 4} {14})-path system marked in solid lines
and a non vertex-disjoint R(f2 3} {2,3})-path system marked in dotted and dashed lines; each path
system has permutation (1 2) € S,.

oo
oCy
@ ...7”2
~
0¢--|---0¢---073
1 .
: :
b e v
.62 .CS
o——07,

¥
o |
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In the case that a Young diagram is rectangular, the permutation of a vertex disjoint path
system must be the identity permutation. This needs not be the case for nonrectangular Young
diagrams, and the following lemma deals with this problem.

Lemma 4.15. Suppose that [ = {i; <--- <i;} C[l,¢c] and J ={j1 <--- <j:} C[1,d]. Then
all vertex-disjoint Ry j-path systems in Post(C') have the same permutation.

Proof. The proof is by induction on ¢. The case t = 1 is obvious; so, suppose that ¢ > 1 and
that the result holds for vertex disjoint path systems of smaller size than t.

Choose s as large as possible such that the Young diagram Y, has a square in the (i, j;)
position. Let & denote any vertex-disjoint R(; y-path system. We claim that the path S, in S
starting at r;, must finish at ¢;,.

Suppose, for a contradiction, that the path S, in S starting at r;, does not end at ¢;,. Let [ be
such that the path S; in § starting at r;, ends at ¢;,, forcing | < s because of the maximality of s.
Suppose that S ends at ¢;,, and note that u < ¢t. As Post(C) is planar, the paths S, : r;, = ¢;,
and S; : r;, = c¢;, must cross, as 7;, is to the right of the path S; and ¢, is to the left of S;
this crossing must occur at a vertex by Proposition 4.8(2). This gives the desired contradiction
and proves the claim that the path Ss in § starting at r;, must finish at c;,.

Consider any two vertex-disjoint R(; j)-path systems P = (P,..., P,) and Q@ = (Q1,...,Qy) in
Post(C'). The paths P; and @, which start at r;, must finish at ¢;,. Now P\ {Ps} and 9\ {Qs}
are two vertex-disjoint R(p (i,1,7\(j,})-Path systems and hence must have the same permutation
by the induction hypothesis. The result follows immediately. O

Lemma 4.16 (cf. Lemma 4.2 of [12]). Suppose that I = {i; < --- <i;} C[1,m] and J = {j1 <
< gy € [Ln]. IfP = (Pr,..., ) is a non-vertea-disjoint R y)-path system in Post(C),
then there exists s € [1,t — 1] such that Ps and Psyy share a verte.

Proof. Let d = min{|a — b| | a # b and P, and P, share a vertex} and suppose that d > 1. Let
a < b be such that |a — b| = d and P, shares a vertex with P,. Let  be the first vertex which is
common to P, and P, and consider the subpaths P, : 1, = z of P, and P, : r;, = x of P,.

Since d > 1, there exists ¢ € [1,t] such that a < £ < b. The path P, € P which starts at r;,
must intersect either P, or P} and this intersection must be at a vertex of Post(C') by Proposition
4.8(2), contradicting the minimality of d.
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4.4 Path matrices and their pseudo quantum minors

Definition 4.17. Let A = (A,..., A.) be a partition with d = A; > --- > A, > 1, where ¢ < m
and d < n. Define the path matriz Mo = (Mcli, j]) of C to be the ¢ x d matrix with entries from
the quantum torus associated with C' such that for each (i, j) € [1,¢] x [1,d], the entry Mcli, j]
is the sum of the weights of all paths from r; to ¢; in Post(C). For I = {i; < ... <1} C[1,]
and J = {j; <...<7j} C[1,d], we define the pseudo quantum minor [/ | J] of M¢ as follows

| J] = Z(_Q)Z(U)MC[ilaja(l)]"'MC[it7ja(t)]'

oESt

In the case of a rectangular Young diagram, [12, Theorem 4.4] shows that the quantum minor
[I | J] of M¢ is equal to the sum of the weights of all vertex-disjoint R(; j-path systems in
Post(C). In the nonrectangular case, we have to take account of the permutation associated
with the vertex disjoint path systems (cf. Lemma 4.15), to obtain the next theorem.

Theorem 4.18 (cf. Theorem 4.4 of [12]). Let I C [1,c] and J C [1,d]] have the same cardinality
and let oz 5y be the permutation of all vertex-disjoint Ry j)-path systems (see Lemma 4.15). Then
the pseudo quantum minor [I | J| of M¢ is given by

117) = (=)o S w(P) )

P

where P runs over all vertes-disjoint Ry j)-path systems in Post(C'). In particular, if there are
no vertez-disjoint Ry yy-path systems in Post(C), then [I | J] = 0.

Proof. For ease of notation, let us take I = J = {1,...,t} (the proof for general I and J is the
same but the notation is more unwieldy).
By the definition of the path matrix, we have

1] J] =) (=)@ Mc[1,a(1)] - - Mot o(t)]

o€ESt

[
n
)
N~—

=
3

S wpy) S oowr| | Y wr

o€St Prirqy — Co(1) Po:ro —> Co(2) Prry — Co(t)
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where, in the final sum, P runs over all R(; j-path systems.

We claim that
> (=g)"Pw(P) =0. (10)
PeN

where N is the set of non-vertex-disjoint (R;, C'y)-path systems.
To show that (10) holds, we construct a fixed-point-free involution 7 : N' — N which satisfies

()" w(P) = ~(~g)" "= u(x(P)) (1)

for every P € .

Let P = (Py,...,P,) € N and let i be minimal such that P; and P,;; share a vertex (this i
exists by Lemma 4.16). Let = be the last vertex shared by P, and P;,; and let K : r;, = x and
Ly :x = c,,() be subpaths of P; so that P; = K, L;; define Ky and L, from Py, similarly.
For any j € [1,t], set

K1L2 j :Z
m(Py) == KoLy j=i+1
P; otherwise

(see Example 4.19 below for an example of the action of 7). Define 7(P) to be the R; j-path
system (7w(Py),...,7(P;)). This gives us a map 7 : N' — AN which is clearly an involution
and which clearly has no fixed points. In order to prove (11), we may assume without loss of
generality that op(i) < op(i + 1), so that orpy = op(i i + 1) satisfies £(orp)) = l(op) + 1.
Notice that because z is the last vertex shared by P; and P4, the assumption op (i) < op(i+1)
forces Lq to start with a horizontal edge.

We claim that w(P)w(P;11) = qu(n(FP;))w(m(P41)). There are two cases to consider:

(i) Suppose that Ly has a horizontal edge. Then

w(P)w(Pir) = w(Ky)w(Ly)w(Kz)w(Ly)
= qu(K;)w(Ky)w(L)w(Ly)  (Lemma 4.11)
= ¢*w(K)w(Ky)w(Ly)w(L;)  (Lemma 4.12)
= ¢*¢ w(K) ) w(Lo)w(Ky)w(L,)  (Lemma 4.11)
= qu(m(P))w(m(Pita))-

(ii) Suppose that Lo consists of vertical edges. Then w(Ly) = 1 and we have

Hence we have

- ( w(w@») qw(r(P))w(r(Py)) (}H w<w<PJ>>)



Now

(=) P w(P) = (—¢)"“" qu(r(P))
= —(=)"“"P " w(x(P))
= (=g u(n(P)).

proving that 7 : A" — N satisfies (11); the claim (10) follows immediately. Moreover, the claim
(10) immediately gives
1] 7] =) (=9 w(P),
P

where P runs over all vertex-disjoint R(; j-path systems in Post(C'). Lemma 4.15 shows that
op = o1, for all such P, giving the result. O

Example 4.19. Below left is an example of a non-vertex-disjoint R({1,2} {1,31)-path system P =
(Py, P») on the Postnikov graph of a Cauchon-Le diagram. Below right is the non-vertex-disjoint
R({1,2}7{173})—path System W(P) = (7T(P1), W(Pg))

Py o 7T(P1 o
¢ o - _]_D 2 ey ¢ o -7T—(—P—22 o7y
L ---& ge——————x—m———*

é o - -8 '3
9 o ---8 $
6 %Cs %cy $C3

Py marked with straight lines. Py marked with w(Py) marked with straight lines. w(Ps) marked with
dashed lines. dashed lines.

Example 4.20. Let ¢ =d =4, let A = (4,3,3,1), and let C be the Cauchon-Le diagram on Y
from Example 4.7. Below are C' and Post(C):

1
tiabin t14
) 0¢---07
1
1
1
—1 oC
lygla2 tog 4
[ ] ° o7
) )
t3olan l l33t3,2 lt3,3
° ° P4 or;

oC C
ty1 2 3
0 ---07y
1
:
¥
.Cl
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The only vertex-disjoint R(f1 43 (1,4})-path system in Post(C') is that which is marked with
dashed lines above; this path system has weight ¢; 4t41 and has permutation (1,2) € Sy, whose
length is 1. Theorem 4.18 predicts that the pseudo quantum minor [14 | 14] of M¢ is —qt ata ;.
Computing the pseudo quantum minor [14 |14] of M¢ directly, we indeed get

(14 | 14] = M¢[1,1]Mc[4,4] — ¢Mc[4,1]Mc[1,4] = 0 — qtaati s = —qtiataq.

There are no vertex-disjoint R(j2,3},{1,2)-path systems in Post(C'), so that Theorem 4.18 pre-
dicts that the quantum minor [23 | 12] of M¢ is zero. Computing the quantum minor [23 | 12]
of M¢ directly, we indeed get

23 | 12] = Mc[2, 11Mc[3, 2] — qMc[3, 11Mc[2, 2]
= (t2,2t3:;t3,1 + tz,atiétm)(t:m) — Q(t3,1)(t2,3t3:ét3,2 +t92)
= t2,2t3:%t3,1753,2 + t2,3t3:§t3,1t3,2 — qt3,1t2,3t3:§t3,2 —qt31l22
= qtaotsy + qtsitastsstsg — qlsitostsstss — qlsitas
=0.

4.5 Vanishing of pseudo quantum minors of a path matrix

Definition 4.21 (cf. Definition 3.1.7 of [13]). Let v € W¢ be a vertex of a path P:r; = ¢;
in Post(C'). Let e be the edge of P which ends at v and let f be the edge of P which begins
at v. Then we say that v is a I'-turn of P (or that P has a '-turn at v) if e is horizontal and
f is vertical and that v is a I-turn of P (or that P has a J-turn at v) if e is vertical and f is
horizontal.

Proposition 4.22 (cf. Proposition 3.1.8 of [13]). Let P : r; = c¢; be a path in Post(C). If
V1, Vg, ..., Vs 1S the sequence of all I'-turns and I-turns in P, then v, is a I'-turn for odd values
of a and a I-turn for even values of a, s is odd, and

W(P) = byt oy -t o,

V1 Yvg

Proof. 1t is clear that v, is a I'-turn for a odd and a Jd-turn for a even. Since P ends with a
vertical edge, s must be odd. Consider the subpaths:

P:r, = U1, biv = V2, ..., P, v, = Vg, P5+1ZUS = Cj

of P. For a € [1,s+ 1] even (that is for a = 2,4,...,s — 1, s+ 1), the path P, consists solely of
vertical edges and hence w(P,) = 1. It follows that

w(P) = w(P)w(Py) - - w(Po)w(Peyr)
= w(Pl)’LU(Pg) tee ’LU(PS_Q)U)(PS)
= ty,,w(Ps) - w(Ps_g)w(Ps) (by Proposition 4.8(4)).

However, Ps,...Ps 5, P; are internal horizontal paths in Post(C) and their respective weights

are ty ' ty,, ..., t, " by, 5,1, Ty, by Proposition 4.8(3). The result follows. O

Notation 4.23. Let M be any ¢ X d matrix with entries from Z. Then t™ denotes the element
[Lijewe t%[” ! where the factors appear in lexicographical order.

Theorem 4.24 (cf. Theorem 4.1.9 of [13]). Let I C [1,c¢] and J C [1,d] have the same
cardinality. Then the pseudo quantum minor [I | J| of M¢ is zero if and only if there does not
exist a vertex-disjoint R j)-path system in Post(C).
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Proof. For ease of notation, let us take I = J = {1,...,t} (the proof for general I and .J is the
same but notationally more unwieldy).

By Proposition 4.22, the weight of any vertex-disjoint R(; j-path system P is equal to ¢*t"7
for some integer o, where the ¢ x d matrix Mp = (Mpli, j]) is defined as follows:

1 if there is a path in P with a I'-turn at (i, j);
Mpli,j) = ¢ —1 if there is a path in P with a I-turn at (i, j);

0 otherwise.

Let P = (P,...,P) and Q@ = (Q1,...,Q¢) be vertex-disjoint R(; j-path systems satisfying
Mp = Mg. Fix any i € [1,t] and let (i,¢) be the first vertex where P; turns and (7, ¢') be the
first vertex where @); turns. Suppose that ¢ > ¢, so that P; goes horizontally straight through
(7,¢') and in particular, (i,¢) is a vertex of P; but neither a I'-turn nor a I-turn of P;. However,
since (i,¢') is a I'-turn of @); and Mp = My, there must be a path P # P, in P which has a
[-turn at (¢, ¢'), which is a contradiction since P is a vertex-disjoint path system. Hence ¢ % /.
A similar argument shows that ¢ % ¢/, so that ¢ = ¢’; that is, the first turning vertices of P;
and @; coincide. A similar argument can be applied to the remaining turning vertices (if any)
of P; and @); to show that P; and (); have the same turning vertices and hence P; = ();. Since
i € [[1,t] was chosen arbitrarily, we conclude that P = Q.

We have shown that if P = (P,...,P,) and @ = (Q4,...,Q;) are distinct vertex-disjoint
R(1,5)-path systems, then Mp # Mg and hence Mp[i, j| # Mgli, j] for some (i, j) € We.

It follows easily that if there exists at least one vertex-disjoint R(; j)-path system in Post(C)
then [/ | J] is a nontrivial linear combination of pairwise distinct lex-ordered monomials in the
tfjl where (i,j) € W and hence [I |J] # 0, because the lex-ordered monomials in the ticjl with
(1,7) € We form a basis for the quantum torus associated with C. Theorem 4.18 gives the
converse. [

5 H-primes in partition subalgebras: membership

The aim of this section is to give a characterisation of those pseudo quantum minors that belong
to an H-prime in a partition subalgebra. To achieve this aim, we will use the parametisation
of H-primes by Cauchon-Le diagrams through the deleting derivations algorithm for partition
subalgebras.

Throughout this section we assume that ¢ € K* is not a root of unity.

5.1 Partition subalgebras as QN As

Let A ={X\ > Ay > --- > A\, } be a partition with associated Young diagram Y\ and n > A;.
Recall that O,(Y)(K)) is the K-subalgebra of O,(M,,,(K)) generated by those x;; that fit into
the Young diagram for A. The partition subalgebra O,(Y)(K)) can be presented as a QNA with
the variables z;; added in lexicographic order, and with the torus H acting via restriction from the
action on O, (M, »(K)). More precisely, adding the generators x; ; ((i,j) € Y)) in lexicographical
order, we may write the partition subalgebra O,(Y,\(K)) as an iterated Ore extension

Oq(Y/\(K)) = K[xm] ce [l’i,j; 05y 5i,j] tet [Qim,Am; Om,Am s 5m,,\m]7 (12)

where for each (a,b) € Y,, the automorphism o,; and the left o, ,-derivation J,, are defined
such that for each (i,7) € Y, satisfying (7, j) <ix (a,b), we have

1 s | =
q "Tij ifi=aor i b
Oab\Ti i) = 13
,b( ,J) {x” otherwise ( )
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and
-1 _ b . d i b
un(r) = {(q Q)TipTa,; <aand j< (14)

0 otherwise.

It is easy to check that O (Y, (K)) is a QNA for this presentation as an iterated Ore extension (and
torus H = (K*)™*" acting via restriction from the action on O,(M,,,(K))). As a consequence,
Cauchon’s deleting derivations theory applies to the QNA O,(Y\(K)). We make explicit the
results of Section 3.2 in the context of partition subalgebras in the next sections.

5.2 Deleting derivations algorithm for partition subalgebras

Set By = (YA \ {(1,1)}) U {(m, A\, + 1)}. For (a,b) € Yy, let (a,b)" be the smallest (with
respect to the lexicographical order) element of E) satisfying (a,b)™ >ix (a,b). Clearly (1,1)"
and (m, \,, + 1) are respectively the smallest and largest elements of E) with respect to the
lexicographical order. Moreover E\ = {(a,b)* | (a,b) € Y\}. For (a,b) € Ej, let (a,b)” be the
largest (with respect to the lexicographical order) element of Y) satisfying (a,b)” <jex (a,b).
With this notation, the deleting derivations algorithm constructs, for each (a,b) € E), a family

{xgafib), 2D Y of elements of Frac(O, (Y (K))) defined as follows:

P YmAm
1. xg?’)‘ml) = x;; for all (i,7) € Yy;

2. Assume that (a,b) # (m, \,, +1). Then xfﬁébﬁ # 0 and

—+00

(1 B qll,b)_n n -n a,b + a,b + -n . ..
(a,b) J— Z [ ][ 5a,b © Ua,b (l.z(,j ) )('r((l,b ) ) lf (27]) <lex (Cl, b)u
x’b,] T n=0 n ‘qa,b
o5 if (7,7) >1ex (a,b),

that is

1,] a,j
Tij (a,b)*

i?j

(15)

(@b) @ _ ng;;b”(:cg‘jl;b”)—lx(“”’)* if i <aandj <b;
. otherwise.

As usual, for all (a,b) € Ey, O, (YA(K))@" denotes the subalgebra of Frac(O,(Y)\(K))) gener-
ated by the xngb) with (4,7) € Y\. Moreover, we set t;; = x§1]2) Recall that the subalgebra
0,(VA(K)) = O,(YA(K))1? of Frac(O,(Y,(K))) generated by the t; ; with (i,) € Y3 is a quan-
tum affine space in the ¢, ;, and ¢, ; and ¢;; commute unless (¢, j) and (k,[) are in the same row
or column (that is, unless (k, 1) is West or North of (i, 7)), in which case t; jt;; = ¢ 't ti ;.

5.3 Canonical embedding and H-primes

By [15, Section 4.3] (see also Section 3.2), for each (a,b) € E)\{(c,\.+ 1)}, there is an injection
o Spec(O,(13(K)) ) = Spec(0,(¥4(K)) ).

We shall not describe again the construction of this injection but we shall recall some of its useful
properties.

Let (a,b) € Ex\ {(m, Ay + 1)} and let Q be a prime ideal of O,(Y3(K))@"". The Lemmas
[15, Lemme 5.3.1 and Lemme 5.3.2] give isomorphisms

Frac(O,(YA(K)) ™" /Q) = Frac(O,(Y2(K))“? /04,(Q)). (16)
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Fix a prime ideal P of O,(YA(K)). For each (a,b) € E, set P = p,,0---0 @mr,. (P) €
Spec(O,(YA(K))@?)) (which gives P(m =+ = P) and for each (i,j) € Yy, let Xz(:?b) be the
canonical image of a:z(flj’b) in O,(Y)(K))@® /Plab) Let us denote by G the total ring of fractions
of O,(Y,(K))/P (which is a division ring since all prime ideals of O, (Y, (K)) are completely prime)
and by varying (a, b) over Ex\{(m, A +1)} and Q over POV PmAn+1) i the isomorphism
(16), let us identify the total ring of fractions of each noetherian domain O,(Y}(K))(@? /p(ab)
((a,b) € E)) with G.

Some immediate consequences of this setup (noted in [15, Proposition 5.4.1]) are that for each
(a,b) € Ej,

e O,(Y)\(K))@b /Pab) is the subalgebra of G generated by (X%b))(i,j)en?

e there is a morphism of algebras f,; : Oy (YA(K))@? — G which sends each mgg’b) ((i,7) €
Y)\) to X(mb)'

©j
e the kernel of f,;, is P and its image is O,(Yy(K))@? /P(ab).

Suppose that (a,b) € E\ \ {(m,\,, + 1)}. By [15, Proposition 5.4.2], we may construct the

generators XEZ’b) ((i,j) € Ya) of the algebra O,(Yy(K))@ /P@b) from the generators XEZ’b)+

((3,7) € Y3) of the algebra O,(Y)(K))@?" /P as follows:
Lemma 5.1. Suppose that (a,b) € Ex\ {(m, A\, +1)}. Then for all (i,j) € Yy, we have

1,J B (ab)

,J

a,b a,b 1,1)T _ ,)t e . 1,1)*
(a,b)t Xz(',j ) + X’EJ) )<X((1,b) ) 1X((z,j ) ifi <a, j<b, and X((I,b) # 0;
otherwise.

5.4 Cauchon-Le diagrams in O,(Y,(K))

Let us now assume that P is not just a prime ideal but an H-prime ideal of O,(Y,(K)).

The canonical embedding ¢ : Spec(O4(YA(K))) — Spec(O,(Y(K))EDT) is defined by ¢ =
QA1)+ O 0 P, (see [15] or Section 3.2). By the results of Cauchon described in Section 3.2
the action of H on O, (Y, (K)) induces an action of H on the quantum affine space O, (Y, (K)) =
O,(YA(K)ED™ such that ¢ sends P to an H-prime ideal o(P) (= PUDY) of O,(Y3(K)) and
©(P) is generated by {t;; | (¢,7) € B} for some subset B of Y. In the terminology of Section
3.2, B is a Cauchon diagram for the QNA O, (Y)(K)).

As mentioned at the end of Section 3.2, we modify the visual presentation of Cauchon diagrams
as defined in Section 3.2 to take advantage of the Young diagram that is intrinsic to the partition
subalgebra O,(Y,(K)). More precisely, we colour the squares of the Young diagram Y) in the
following way: for (i,7) € Y\, if (¢,5) € B, then assign colour black to the square of Y) in the
(1, 7)-position and if (7, ) ¢ B, then assign colour white to the square of Y, in the (4, j)-position;
call the resulting diagram C. By [41, Theorem 3.5], the diagram C'is a Cauchon-Le diagram
(see Subsection 4.1) and all Cauchon-Le diagrams on Y, arise from #H-prime ideals of O (Y, (K))
in this way, giving us a one-to-one correspondence

H — SpecO,(Y5(K)) +— Cauchon-Le diagrams on the Young diagram Y. (17)

Recall that W denotes the set of white boxes of the Cauchon-Le diagram C'.

As we have identified the division ring G = Frac(O,(Y,(K))/P) with the total ring of fractions
of each noetherian domain O,(Y(K))@? /P@b) ((a,b) € Ey), we have in particular identified G
with the total ring of fractions of the quantum affine space

O,(A(K) M /o (P). (18)
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For (i,j) € Yy, let ¢; ; denote the canonical image of ¢; ; in the algebra (18), so that ¢; ; = Xf;l”

and we may reahse G as the total ring of fractions of the uniparameter quantum torus 7¢ which
is generated by {t ' | (i,§) € We} with relations

%i,jgi,l - qti,lth lf (7'7])7 (Za l) € WC and ] < l7
tiitej = qteiti;  if (i,7), (k,j) € We and @ < k; 19
Tty =tnile;  if (i), (k1) € We, k#1i, and j £1; (19)
f@j%;jl = if (Z,j) € Wc.
The following result allows us to express the XEZ”bﬁ in terms of the x;’ (a b).
Corollary 5.2. For all (a,b) € Ex\ {(m, \n, + 1)} and all (i, j) € Y), we have
(a,b) (a.b)3 3 <) d b W
(ab)t Xz] +X btaj ZfZ<CL7 J <0, an (CL, )6 Cy
ivj - (a b) .
Xij otherwise.
p . ant 7. . . . ant 5 .
roof. Since x,; " = tap is nonzero if and only if (a,b) € We and since x,, i’ = 145, this result
is an immediate consequence of Lemma 5.1. O

5.5 Pseudo quantum minors belonging to an #H-primes in O, (Y,(K))

Let P be an H-prime ideal of the partition subalgebra O, (Y, (K)) corresponding to a Cauchon-Le
diagram C' on the Young diagram Y) and let I C [1,m] and J C [1, n] have the same cardinality.
As in Section 4.4, we denote by My the path matrix associated to C.

Theorem 5.3 (cf. Lemma 5.4 of [12]). For each (i,7) € Y, Mcli, j] is the canonical image in
O, (YA(K))/P of 23, namely Moli, j] = x{;" . For each (i, j) € [1,m] x [1,n] \ Ya, Mc[i, j]
18 zero.

Proof. 1t is obvious that Mcli, j] is zero for each (i,j) € [1,m] x [1,n] \ Y); so for the rest of
this proof all boxes shall be in Y.

For any (a,b), (i,5) € Y), let us define Méa’b) [i, 7] to be the sum of the weights of all paths
P :r;, = c¢; in Post(C) which have no I-turn after (a,b) with respect to the lexicographical
order (that is, whose I-turns v all satisfy v <j (a,b)). It will suffice to show that for any
(a,b),(i,7) € Yy, we have

MEL G = x5 (20)
setting (a,b) = (m, \,) in (20) gives the result. We prove the claim (20) by induction on (a, b).
If (¢,j) € Be, then there is no path P : 7, = ¢; in Post(C) which has no J-turn after (1,1)
and we have MV[i j] =0=1;,; = XZ(1]1) If (i,7) € We, then the only path in Post(C) from
r; to ¢; which has no I-turn after (1, 1) is the path which runs horizontally from r; to (7, j) and

then vertically from (4, j) to ¢;; this path has weight ¢, ; = Xg}j’l)+ by Proposition 4.8(4), so that

M 1)[2 i = X(ljl)
Let (a,b) € Ex\ {(m, A\, + 1)} be such that

MED [, ) = X5 (21)
for all (¢,7) € Y). For any (¢, ) € Y), let us define F; ; to be the set of all paths in Post(C') from

r; to ¢; which have a I-turn at (a,b) and no later J turn; it will suffice to show that for each

(i,7) € Yy, X§f‘j’b)+ is obtained from ngj’b) by adding 3 pep,  w(P).
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We may assume that ¢ < a, j < b, and (a,b) € W¢ (since otherwise F; ; is empty and Corollary

5.2 gives Xg’aj’bﬁ = XEZ’I’)). By Corollary 5.2, we have ng}’b)+ = ng’b) + Xgi’b)f;ifa,j, so that it will
suffice to show that X
a,b)7—17
S w(P) = X . (22)
PcF; ;

There are two cases to consider:
(a) Suppose that (a,j) € Be. Then F;; is empty and ¢, ; = 0; (22) follows immediately.

(b) Suppose that (a,j) € We.

Let F; be the set of all paths in Post(C') from r; to ¢, which have no I-turn after (a,b)” =
(a,b—1), so that 3 p w(Q) = ME™[i,b] and hence > ger W(Q) = ngzb) by the induction
hypothesis (21). Let the path Kj : (a,b) = ¢; be given by concatenating the horizontal
path (a,b) = (a,j) with the vertical path (a,j) == ¢;. Proposition 4.8(3) gives
w(K;) = Z;,lja,j. Let L, be the vertical path from (a,b) to ¢,. For any path P € F,;, the
subpath P’ : r;, = (a,b) of P is such that P = P'K;, P'L, € F;, and w(P'Ly,) = w(F’).
Notice that each path in F; has the form P’L; for a unique path P € F;, ;.

We have

Yo wP)y= ) w(P)uw(K))

PEFZ"]' PEFi,j

= Y w(P'Ly) | w(K;)

PEFZ',]'

_ (z w<@>) (i)
QEF;
a,b

= Xz(,b )W(KJ)
a,b)7—17

= Xz(,b )ta,btayj’

establishing (22).

The proof is complete. O

As an immediate corollary of Theorems 4.24 and 5.3, we get the main result of this section,
which is a generalisation of the main result of [12]:

Theorem 5.4 (cf. Theorem 5.6 of [12]). Assume that ¢ € K* is not a root of unity. Let P be
an H-prime ideal of the partition subalgebra Oy (Y)\(K)) corresponding to a Cauchon-Le diagram
C' on the Young diagram Yy and let I C [1,m] and J C [1,n] have the same cardinality. Then
the pseudo quantum minor [I | J] of Oy (YxA(K)) belongs to P if and only if there exists no
vertez-disjoint Ry yy-path system in the Postnikov graph Post(C') of C.

6 Primes in O,(M,,,(R)) from Cauchon-Le diagrams
In Section 9, we will use Theorem 5.4 together with noncommutative dehomogenisation to iden-
tify the quantum Pliicker coordinates that are contained in an H-prime P of O,(Gpn(K)).

However, we would like to show that these quantum Pliicker coordinates generate P as an ideal.
This is a known result in the classical (commutative) case and our strategy is to pull back the
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result from the classical case by using the technique developed in [23]. In order to do this, we
need to work with ¢ transcendental over a base field K and with R := K[¢¥!] as the base ring so
that we can “set ¢ = 17.

With this in mind, we need to re-develop some of the theory of the earlier sections for partition
subalgebras of O,(M,, ,(R)). In this section, we focus on the case of Oy (M,,,(R)).

Let F = K(gq) be the field of fractions of R. In this section, we start by considering certain
prime ideals in O, (M, ,(R)). We need to be careful here, as H = (F*)"™™ does not act on
O,(M,, ,(R)); so it does not make sense to refer to H-prime ideals of O, (M, »(R)). Instead, we
proceed as follows. Let II denote the set of all quantum minors of O,(M,,,(R)). Let C be a
Cauchon-Le diagram on an m x n array. Let II¢ be the set of quantum minors [I | .J] such that
there are no vertex disjoint R s-path systems in Post(C), and let (II°)r denote the ideal of
O,(M,, ,(R)) generated by I1°. The aim is to show that (II)x is a completely prime ideal of
O,(M,, ,(R)). When the base ring is a field, Casteels, [12], has shown that I1¢ is a generating
set for P, the H-prime ideal corresponding to the Cauchon-Le diagram C'. In fact, in [13], he
goes further and shows that IT1¢ is a Grobner basis for P either as a left ideal or as a right ideal.
As this is a crucial result for us, we state his theorem below.

Notation 6.1. If If M = (M, ;) € M, ,(Z>), then we set:

M Mii Mg M,
T =T Ty Ty

where the indices are in the lexicographic order, from the smallest to the largest when one goes
from left to right. Such a monomial is called a lexicographic monomial.

Note that lexicographic monomials form a R-basis (resp. F-basis) of O,(M,,.(R)) (resp.
Oy (M, (F))). This basis is referred to as the PBW basis of Oy( M, n(R)) (vesp. Oy( M, (F))),
and the expression of an element a € O,(M,,,(R)) (resp. a € Oy(M,,,(F))) in this basis is
called the lezicographic expression of a.

For details about Grébner bases, see either [13], or [11].

In this section, by a symbol ¢°*, we mean some power of ¢ with exponent in Z.

6.1 Matrix lexicographic order and lexicographic expression

In order to discuss Grobner bases, one first has to choose an ordering on the generators of an
algebra. We give the generators x;; of Oy(M,, ,(R)), or Oy(M;,»(F)), the matrix lexicographic
order as defined below.

Definition 6.2. The matrixz lezicographic order < on m X n matrices with integer coefficients
is defined as follows. If M # N € M,, ,(Z), let (k,{) be the least coordinate in which M and N
differ. Then we set

M~< N & (M)]%g < (N)k7g.

If M < N are both in M,,,(Z>o), then the matrix lexicographic order induces a total order
(that we also call matrix lexicographic) on the lexicographic monomials of O,(M,,,(R)) and
O,(M,, ,(F)) by setting

M <N o M < N.
On the generators, under the matrix lexicographic order, we have
xi,j < L0 g (17]) > (k’f)u
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so that, for example, in quantum 2 x 2 matrices xoy < T91 < T12 < T17.

For a given element a, the leading monomial, LM(a) is the monomial &V that is the greatest
monomial in the < order that occurs with a nonzero coefficient. The leading ezponent, LE(a) is
N where LM(a) = V. If " is any other monomial that occurs with a nonzero coefficient in
the expression of a in the PBW basis then we know that W < N. For example the quantum
minor [12]12] = x11292 — qx12w9; has leading monomial z1;x95. More generally, let [ = {i; <
o<y €{l,...,m}and J = {j; < --- < j} € {1,...,n}. Then Casteels prove [13, Lemma
4.2.8] that the leading monomial of the quantum minor [{ | J]| of Oy(M,,,(F)) is given by:

LM([L | J]) = @iy gy Tigyjo ** Tig -
In particular, observe that
[I| J] =LM([I | J])+ smaller terms,

that is the coefficients of the leading monomial of a quantum minor is always equal to 1.
If i < k and j < £ then

—1
T olij = T jTre — (q —q )xi,éxk,j'

On the other hand, we also have
Ti Tk = TjjThe-

By repeated application of this fact and the other relations for O,(M,(R)), we obtain the
following, which is a special case of the more general [11, Chapter 2, Proposition 2.4], although
there the authors are working over a field.

Proposition 6.3. For M, N € M,,.(Zso), the lexicographic expression of & x™ in O,(M,(R))
18
M = g™ 4 Z apxl, (23)
LEMm,n(ZZO)

where ay, € Zlqg*'] and for every ar # 0, one has L < M + N.

Proof. For this proof, note the following easy properties of < for any A, B,C € M,, ,(Z>).
e A< A+ B:;
e A<B —= A+(C<B+C.

One can show easily by induction on the matrix lexicographic order of M that it is enough to
prove (23) when M is elementary, that is, when M = E,;, where E,, € M, ,(Z>o) has all its
entries equal to zero, except its (a,b)-entry which is equal to 1. Indeed (23) clearly holds when
M = 0. Suppose that the first nonzero entry of M is M, ; and set M’ = M — E; ; < M. Then

’
a:Ma:N = xi,ij xr

=i (q'a:MurN + Z aLa:L> ,

L<M'+N

N

where the latter equality holds by the induction hypothesis; the assumption that (23) holds when
M is elementary now allows us to conclude.

So let us assume from now on that M is elementary; let M = E,;. We proceed by induction
on the matrix lex order of N (the result clearly holds when N = 0). Let NNV, ; be the first nonzero
entry of N and set N' = N — E;; < N. We may assume that (i,7) < (a,b) as otherwise the
result is trivial. There are two cases to consider:
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Case 1l: i=aor (i <aand b > j).

/
wMa:N = [Ba7bl’i7]’$N

/

= Q'xi,j(%,bﬂ?N )

= ¢z, | g™ TFa 4 Z apxt (by the induction hypothesis)
L{N"i’Ea b

Using the induction hypothesis again, we may settle Case 1.
Case 2: 1 < aand j <b.

/
waN = ZL‘ajbilTi’ij

-1

N’ N’
=2 jTapx” + (¢ — Q)TipTa T

V' +E L -1 N'+E, L
=xi; | ¢z T 4 E arz” | + (¢ = qwip | @™ TF g aLT
L<N'+E, L<N'+E,;

(by the induction hypothesis)

Using the induction hypothesis again, we may settle Case 2. O]

Definition 6.4. Let M, N € M,, ,(Z>o). We say that £ occurs in «V if (M);; < (N);; for
all (4,7) € [1,m] x [1,n].

As a consequence of Proposition 6.3, we obtain the below result. It is similar to [13, Corollary
4.2.4], but the extra information on the coefficients will be crucial in the next section.

Corollary 6.5. Let M, N € M,, ,(Zo). If M occurs in x| then there exist matrices L < N,
and oy, € Z[g*'] such that

oV = VM M—i-ZOéLiU
with L < N for each L such that a, # 0.

6.2 Grobner bases and completely prime ideals of O,(M,,,(R))

Let J be a right (resp. left) ideal of O,(M,,(F)). Recall (see for instance [13, Definition 4.2.7])
that G = {g1,...,9:} € J is a Grébner basis for J if for all a € J, there exists g; € G such that
LM(g;) occurs in LM(a). While it is not a requirement of the definition, as in the commutative
setting, it is easy to show that G is indeed a basis of the right (resp. left) ideal J.

We can now state Casteels’ result.

Theorem 6.6. [13, Theorem 4.4.1] Let C' be a Cauchon-Le diagram on an m X n array and let
1€ be the set of quantum minors [I | J] such that there are no vertex disjoint R;. .y -path systems
in Post(C'). Then (I1°)g is a completely prime ideal of Oy(My,.(F)) and 1€ is a Grébner basis
for (II)r considered either as a left ideal or as a right ideal.

Proof. This is the case t = mn in [13, Theorem 4.4.1]. O

We will use this result to show that (II)g is a completely prime ideal of O (M, .(R)).
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Theorem 6.7. Let C be an m xn Cauchon-Le diagram and let TIC be the set of quantum minors
[I | J] such that there are no vertex disjoint Ry -path systems in Post(C). Let I§ denote the
left ideal of Oy( My (R)) generated by 11¢. Then

Ig = <HC>F N Oq(Mm,n(R))‘

Proof. Tt is obvious that 1§ C (I19)gNO,(M,,.»(R)); so we need to show that (I1€)gNOy (M, .(R))
I§.

Suppose that (II)yNO,(M,,,(R)) € I5. We will derive a contradiction from this assumption.

Set S := (1% N Oy (M., (R))\IS, a nonempty set by assumption. Choose a € S with small-
est possible leading monomial LM(a).

We know that (I1¢)p is generated by I1¢ as a left ideal of O,(M,, ,(F)); so we may write

s

t
a = E bIZmIe: E ClAg
(=1

(=1

with Iy € My,n(Zso), 0 # by, € K[g*'] and 0 # ¢, € Oy(M,,,(F)) for all £ € {1,...,t}, and with
A, € TI€ for all £ € {1,...,s}. Note that each A, € I§ and let us emphasise that b;, € K[g*!]
as this will be crucial later in the proof.

As 1€ is a Grobner basis for (I19)g as a left ideal of O (M, (F)), the previous equality implies
that there exists ¢ € {1,...,¢} such that LM(Ag) occurs in LM(a) Without loss of generality,
assume that £ — 1 and that LM(a) = . Suppose that LM(A;) = . Write A} = M + u
and note that LM(u) < =™

By Corollary 6.5, we can write

w[1 — q. 11 + E OCLCC
L<I
_ q..’Bh_MAl o 11 U+ E aLw

L<I

Iy

We use this expression for ' in the PBW expression for a to obtain

t
a = bha:h+2 b[e.’DIZ
(=2

= b MA — byt M+ Z arx”
L<I;

If —br,q*x"Mu+37, , apz® =0 then a = by g*x" YA, is in I§ (here, we are using our
previous observation that by, € K[¢*!]), contradicting our assumption that a € S.

Hence, we may assume that

0 # —brq"x" My + Z arxet =a— by MA,. (24)

L<I

So @ :=a—by,¢"x" "M A is a nonzero element of S (since a € S and by, ¢*z""MA, € I§).
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On the other hand, note that
LM(=by,¢* =" Mu) = LM(2" " M)LM(u) < LM(2" " M)LM(2™) = LM(z").
Having noticed this, inspection of the left hand side of Equation (24) above reveals that

LM(a') = LM(=by,¢"x"Mu + Z arx’) < LM(a),
L<I

a contradiction to the choice of a having least leading monomial among members of §. Hence,
I = (%% N O (M, »(R)), as required. O

An immediate corollary of this result is that the ideal (II°)z is a completely prime ideal of
Og(Mimn(R)).

Corollary 6.8. The ideal (I1°)g is a completely prime ideal of Oy(M,,.(R)) that is generated
by II€ as a left ideal and as a right ideal.

Proof. As IS = (I1%yg N Oy(M,,,(R)), by the previous result, we see that I§ is a two-sided
ideal and is also completely prime, because (II)g is a completely prime ideal of O, (M, (F)).
Now, II¢ C I§ and this forces (I C I§ C (1) k. Hence, I§ = (I1%)g; and so (II% R
is a completely prime ideal that is generated by II¢ as a left ideal of O, (M,,,(R)). In the
previous theorem, we could have chosen to use right ideals rather than left ideals; so (II¢)p is
also generated by I1¢ as a right ideal of Oy(M, .(R)).

[

7 H-primes in partition subalgebras: generation

Let F be a field containing a non root of unity ¢ and let R be any subring of F containing ¢ and
q .

Let A\={\ > X2 >--- > \,,} (A1 < n) be a partition with associated Young diagram Y, and
consider the partition subalgebras O, (Y)\(R)) and O, (Y)\(F)) of O,(M,»(R)) and Oy(M,, ,.(F))
respectively. The partition subalgebra O (Y, (F)) can be presented as a QNA extension in many
ways. In fact, it is straightforward to check that a QNA presentation is associated with any
ordering of the variables z;; which satisfies the following property: suppose that ¢ < j and & < [,
then zj; should be later in the ordering than x;,x; and zj;. A specific such ordering would
be the lexicographic ordering; however, for some partition subalgebras, we also need another
ordering which we now describe.

Suppose that O,(Y\(F)) is a proper partition subalgebra of O,(M,,,(F)) and notice that this
forces the partition A = (\q, ..., \,,) to satisfy A, < n. Let us choose the QNA presentation of
O, (Y\(F)) with the variables z;; ordered lexicographically.

Choose u to be minimal such that A\, < n, set v = A\, + 1, and consider the partition \ :=
(Ao Auc 1 U Ayt 1y - o5 Am). Set 2 =y, € Oy (Y (F)). The following picture illustrates the
idea (for m =n = 5).
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We obtain a QNA presentation for O,(Yy(F)) by using the variables for O, (Y)(F)) in the
(lexicographical) order already chosen, together with z = z,, as the final variable in the ordering.
More precisely:

Lemma 7.1. There is an automorphism o of Oy(YA(F)) and a left o-derivation § of O,(Y\(F))

such that
¢ '2ap ifa=wuorb=uv;
o(Tap) = .
Tab otherwise,

Tap) = .
? 0 otherwise,

and there is a QNA presentation for Oy (Y (F)) given by
Oy (Yx (F)) = Oy(Ya(F))[2; 7, 0]. (25)

We shall later rely on the following proposition, which essentially says that this nonstandard
QNA expression for O (Y (F)) does not affect its Cauchon diagrams (Cauchon diagrams in the
sense of Section 3.4). First we introduce some new notation. Let G be any division ring and let
{vi;}ajev be a collection of elements of G indexed by the boxes of a Young diagram Y. For

any (a,b) € Y, define the collection {y§37b>}(i’j)ey of elements of G by:

(26)

(ab) {yu — YitYapYay < J<bYap#0
Yii = )
Yij otherwise.

Set Y := Y\ (and assume for ease of notation that this Young diagram is not just a column, so
that (1,1)* = (1,2)), G := O,(Yx(F))/J for some H-prime ideal J, and y; ; := z;; + J € G.
Then by [15, Proposition 5.4.2],

o\ (1,2)
e with respect to the usual QNA structure of O, (Y (F)), we have x§3’2)+<]<172> = ((yle”\m) )
for all (z,7) € Y, where (m, \,,) — (1,2) proceeds backwards along the boxes of the Young
diagram Y =Y);

e with respect to the alternative QNA structure of O (Y (F)) (see (25)), we have xfj’” +
(1,2)

)
) for all (i,7) € Y, where (m, \,,,) — (1,2) proceeds backwards

J12) — (y<u7v))

.3

along the boxes of the Young diagram Y.

N\ (L2)
. mam)y 7\ 12 (u,) (msAm) o
So if we can show that ((yi’j’ ") ) = | (W) for all (4,j) € Y, then for both

QNA expressions, the Cauchon diagrams for J (in the sense of Section 3.4; that is, those (i, 7)

such that xg’lj’Q) € J2)) must coincide; this is the purpose of the following lemma.

Lemma 7.2. Let G be any division ring and let {y; ;}ujyey be a collection of elements of G
indexed by the boxes of a Young diagram Y .

If (a',V') is strictly south-west of (a,b) in'Y (that is, if ' > a and V/ < b), then {yé;’w}(i’j)ey
and {yéfljl’b/>}(i7j)gy — which are themselves collection of elements of G indexed by the bozes of the
Young diagram 'Y — satisfy

(a’,b) /i (a;b)
()= )" e
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Proof. Notice that yé‘z’b/> = Yap and yi?”f? = Y- The result is clear if ¢ > a, j >V, yop =
yfﬁb’w =0, or Yyp = yi’f”l[:) = 0, so let us assume that i < a, j < V', yup = yé‘fb’w # 0, and

ya’7b’ = yé(,l’f) 7é 0 We have

/N <a7b> Vi YV /N -1 /Y
(l,b ,b 7b 7b a?b
(yf,j >> =y —yls ><§‘fb >) yoy "

= Yij — Yirr Yy Yarg — Yislap (Yai — Yabr Yo iyYar 5)

and

(a’,b") -1
,b (l,b ,b ,b ?b
R I A €
= Yij — YioYasYaq — (Vi — YiwlasYab) Yar by Ya' s-

s (@:b) (a’,b')
It is trivial to check that the above expressions for (yf’; b >> and (ygf}’w) coincide. O

Remark 7.3. In adapting the above lemma to O (Y (F)), one should think of (a,b) as (u,v)
and (a/,V') as any box occurring after (u,v) in Y).

The following proposition is an immediate consequence of Lemma 7.2 and the discussion pre-
ceding it.

Proposition 7.4. Let J be any H-prime ideal of Oy(Yx(F)). Then the Cauchon diagram for
J is the same whether one uses the standard lezicographical QNA presentation for O,(Yy(F))
or the QNA presentation for Oy(Yy (F)) given in (25), where z = x,, appears at the end. As
a consequence, the set of Cauchon diagrams in both cases coincide with the set of Cauchon-Le
diagrams on Y.

Both the automorphism o and the left o-derivation 6 of O,(Y)\(F)) clearly restrict to Oy (YA(R));
we shall abuse notation slightly and refer to these restrictions also as ¢ and 6. The equality (25)
restricts to give

Oy (Y (R)) = O4(Yx(R))lz; 0, 4].
In the rest of this section, in order to save space in displays, we will set

Ay 1= O,(YA(R)). Ay = O,(Yu(R)), By := O,(VA(F)), and By = O,(Yx(F)).

In particular,

By = Bylz;0,6] and Ay = A,[z;0,0].
Remark 7.5. Notice that if we take R =, then Ay, = B, and Ay = By.

By [15, Lemme 2.1], the powers of z form a left and a right Ore set in B,/; inspection of the
proof shows that although not all of the assumptions of [15, Lemme 2.1] hold for Ay, the proof
is valid for showing that the powers of z form a left and a right Ore set in A),. As an immediate
consequence of [15, Proposition 2.2, Proposition 2.3(2)], there is an embedding

0 : B)\ — B)\/[Z_l]
such that for all (7,7) € Y,

ij— Tip? iy i< dj<uw;
G(xi,j):{x” Tipz 'y ifi<wuand j<w (27)

Tij otherwise.
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Notation 7.6. For all (i,7) € Y, set y; ; := 0(z; ;).

From now on, we will identify By with its image under 6 in By/[z7!]. By [15, Propositions 2.3,
2.4], we have
B[z 0] = By[271]. (28)

The embedding 0 : By < By [27!] clearly restricts to an embedding 0 : Ay — Ay[z7!]; from
now on, we will identify Ay with its image under § in Ay/[27!]. The equality (28) restricts to

A)\[Zil; (7] = A)\/ [2_1]. (29)
From now on, we shall work in Ay[27!] and By[27!]. This means in particular that
o z;; (with (i,j) € Yy ) shall always denote a standard generator of Ay and By;

e A, and B, denote respectively the subalgebras of Ay[z7'] and By[z"!] generated by
{is | (i,4) € Va}.

The following technical lemma will be useful.

Lemma 7.7. Let J,J' be ideals of By, By respectively and consider the ideals [ = J N Ay, I’ =
J N Ay of Ay, Ay respectively.

(i) If z ¢ J', then we have J'[z71| N Ay[z7] = I'[z71].
(i) If = ¢ J' and @, , Jz' = J' |27, then @, 2" = I'[z71].

Proof. (i) We claim that if p € J', m > 0 are such that there exist s € Ay, n > 0 with
pz~™ = sz~ ", then either p or s belongs to I’. Indeed

e If m = n, then obviously p=se€ J NAy=1.
e If n > m, then s = pz"~™, which belongs to J’ because p does; hence s € JJNAy = TI'.

o If m > n, then p = sz™ ", which belongs to Ay because s and z do; hence p €
J'N A)\/ =1T.

From this claim the required result follows easily.
(ii) By part (i), we have

P 7 n Aol = TN Az =T (30)
i€z
By the independence of the powers of z over By O A,, we get
@JziﬂAA[zil;a] :@(JQA,\)zi :@Izi. (31)
i€z i€Z i€Z

Now (30) and (31) give @,, [2" = I'[z""], as required.

Proposition 7.8. Fiz any ideal I of Ay and let I' be the ideal @, , 12" N Ay of Ay. Every
pseudo quantum minor of Ay belonging to I' can be expressed as an R[z*1]-linear combination
(with coefficients on the right) of pseudo quantum minors of Ay which belong to I.

Proof. Let us set z;; := 0 for all (4,7) ¢ Yy and y;; := 0 for all (z,7) ¢ Y). Recall that z = z,,
and note the following facts which will be used often in this proof:
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e 1,; =y;; when i > w or j > v (except when (7, j) = (u,v))
e y;; =0 when i > v and j > v.

Let us use subscripts to indicate the partition subalgebra in which we are taking pseudo
quantum minors. Consider a pseudo quantum minor [i1---4 | ji---ji]a, of Ay which belongs
to I'. We wish to express [i1 -+ -4 | j1---ji]a,, as an R[z*!]-linear combination (with coefficients
on the right) of pseudo quantum minors of A, which belong to I. Because the powers of z
are independent over Ay and I' C @,., I 2*, it will be enough to show that there exist pseudo
quantum minors d_1, dg, 01 of Ay and p_1, o, 1 € R* U {0} such that

[iv iy | jie-giJa, = U102+ pglo + pr 1 2.

If u < iy or v < j1, then T4e = Yee for each entry in the two pseudo quantum minors; so

[ d | g gilay, = i -d | gue o il ay -

Thus we may assume that v > ¢; and v > j;; from here we break the proof down into four
distinct and exhaustive cases.

Case 1: u € {iy,...,iy} and v & {j1,..., 5}
In this case, we claim that

[iv i [ v gilay, =l dn | ga il ay - (32)

We prove this claim by induction on (#i's > u) + (#j's > v). Assume that (#i's > u) +
(#j's > v) = 0; that is, assume that u = ¢; and v > j;. Then the pseudo quantum minors
are actually genuine quantum minors and (32) follows from [16, Lemme 4.2.1]. Assume that
(#i's > u) + (#j's > v) > 0. The inductive step differs slightly depending on whether or not
i = u:

Assume that i; # u. Then i; > u and we have

l

[ i | e dilay =Y (=) Plin i | Gylay T,
p=1

=" Z(_q)l_p[il Cee g | jp]A,\yisz
p=1

=3 iy iy | J1--- g1 ay,s
where in (=!) and (=3%), we are using g-Laplace expansion on the last row with entries on the

right (see Lemma 2.4 (2)), and (=?) follows from the inductive hypothesis.
On the other hand, assume that 4, = u. Then j; > v and, noting that z,; = y.; = 0, we have

o~
[y

1 -

[il Tt Zl | jl o 'jl}A)\/ = (_Q>l_p[2p | jl o 'jl—l]A)\/xipjl

T
==

=? (_Q)lip[ip | Ji-- 'jl—l]AAyipjz
p=1

=3 iy dp | 1o i) ays

where in (=') and (=%), we are using ¢-Laplace expansion on the last column with entries on
the right (see Corollary 2.6 (2)), and (=?) follows from the inductive hypothesis.
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This finishes Case 1.

Case 2: u ¢ {iy,...,i;} andv € {j1,..., 5}
In this case, we claim that

[iv i [ v gilay, = [ d | ga il ay (33)

We prove this claim by induction on (#i's > u) + (#j's > v). Assume that (#i's > u) +
(#j's > v) = 0; that is, assume that i; < u and j; = v. Then the pseudo quantum minors
are actually genuine quantum minors and (33) follows from [16, Lemme 4.2.2]. Assume that
(#i's > u) + (#j's > v) > 0. The inductive step differs slightly depending on whether or not
Ji=v.

Assume that j; # v. Then j; > v and we have

Y (=) Pl | gy il ay ma,

MN

[il"‘il Ul"'jl}Ay:
1

=
= 1

=? (—C])l_p[ip | Ji-- -jl—l]AAyipjl
p

3 iy | g il ay

I
—

where in (=!) and (=?), we are using ¢-Laplace expansion on the last column with entries on
the right (see Corollary 2.6 (2)), and (=?) follows from the inductive hypothesis.
On the other hand, assume that j; = v. Then 7, > v and, noting that z;, = y;,, = 0, we have

—~
—_

1

[iv---dp | jue-gila, = (=) Pliv - iim1 | Jplay mi,

T"B
)

= (=) Pliv - i1 | Jnlayyi,
p

3 iv-i | g i A,

I
-

where in (=!) and (=%), we are using g-Laplace expansion on the last row with entries on the
right (see Lemma 2.4 (2)), and (=2) follows from the inductive hypothesis.
This finishes Case 2.

Case 3: u € {iy,...,i;} and v € {j1,...,Ji}-
Where v = j, and u = 4;, we claim that

(i i g giday, = (0 ik \ud [ {0 \{o}a,z (34)

We prove this claim by induction on (#i's > u) + (#j's > v). Assume that (#i's > u) +
(#j's > v) = 0; that is, assume that u = 4, and v = j;. Then the pseudo quantum minors
are actually genuine quantum minors and (32) follows from [16, Lemme 4.1.2]. Assume that
(#i's > u) + (#7's > v) > 0. The inductive step differs slightly depending on whether or not
1 = u:

Assume that #; # u. Then 7; > u and, noting that x;;, = y;,;, = 0 for p > k, we have

k—1

iy | g dilay, =0 (=) i | Jplay iy,
p=1
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k-1

:1 Z( q)l p[zl |jP]A,\/yllJp
p=1

=23 (=) (=) IR @G | 5]y 2y,
p=1

k—1
_3 2l k—t (Z l l_p {Zl, o ,il—l} \ {u} | jpi}\]AAyiljp) z

p=1

= (=) Ly, i\ L | G a0\ {0 a2

E
—_

where in (=°) and (=?), we are using g-Laplace expansion on the last row with entries on the

right (see Lemma 2.4 (2)), (=) follows from relevant z., and 9., being equal, (=2) follows from

the inductive hypothesis, and (:3) follows from the commutation between z with relevant 1,,.
On the other hand, if 7; = u, then j; > v and so, noting that z,; = vy,; = 0, we have

~
—

[iv iy | e gday, =" ) (—q)"” p[lp | J1- - Jie1]ay, Tiyg,
p=1
-1
=1 Z(—Q)l p[lp | g1 jl—l]A/\/yipjl
p=1
-1
=2 (") @ G e} N o} a2
p=1

=3 (—q)" kz )T iy @ | (s G\ {v Az
=1 (—q) "‘[{zl,...7zl}\{U} | {1, aiy \{v}a, 2,

where in (=Y) and (=*), we are using ¢-Laplace expansion on the last column with entries on
the right (see Corollary 2.6 (2)), (=) follows from relevant x,, and y,, being equal, (=2) follows
from the inductive hypothesis, and (=3) follows from the commutation between z with relevant

Yoo -
This finishes Case 3.

Case 4: u & {iy,...,i;} and v & {j1,...,5}.
Where £ is maximal such that j, < v and t is maximal such that 7; < u, we claim that

(i i [ gy giday = (i gy dilay = (oM 7 i adu{ud - u{odae
(35)

We prove this claim by induction on (#i's > u)+ (#j's > v). Assume that (#i's > u)+ (#j's >
v) = 0; that is, assume that u > ¢; and v > j;. Then [37, Proposition 3.1.4.3] gives

~

!
[il"'il|j1"'jl]A)\,:[l g | gy Z l+1 "'ip"'ilu|j1"'jl]A)\yiva_1

p=1
(36)
(all pseudo quantum minors appearing in (36) are genuine quantum minors). However it follows
from g-Laplace expansion with the last column on the right (Lemma 2.6) and from the fact that



Z(—Q)(l+1)_p[i1 oty | g g agYie = i i w | e i vy,

so that (35) holds.

Assume that (#i's > u) + (#j's > v) > 0. The inductive step differs slightly depending on
whether or not ¢; > wu.

Assume that ¢; > u. Then, noting that x;;, = y;,;, = 0 for p > k, we have

[ | Ja-- - diay,

k
=03 ) i | Glag i,
p=1
k
=! Z(—Q)Hﬁ[zﬁ i | Jplay Vi,
p=1
k
=23 (=) ([ e | Glay = (=005 i U | U ol =) g,
p=1

k
=33 (=) Pliv i | Jylay Y, — (—a)tH Z Yy, iy U {ud | Gy U {0l a2
=1

=" i i g giday = (=) i, Zz}u{u} {1t U {edae

where in (=°) and (=?), we are using ¢-Laplace expansion on the last row with entries on the

right (see Lemma 2.4 (2)), (=) follows from relevant z., and 7., being equal, (=2) follows from

the inductive hypothesis, and (=?) follows from the commutation between z~! with relevant y,.
On the other hand, assume that ¢; » u. Then 7; < u, j; > v, and we have

[iv---d | o+ dila,,

=" Z Zp | g1 Ji-1]ay, Ty

l

= Z(—Q)l_p[ip | g di-a]ay Vi

p=1

a3 (e e e e e S

=3 Z “Ji- 1]14,\ ipji k ZZ l+1 p Zp U {u} | {]17 s 7jl—1} U {U}}A/\yipjlz_
=1 [21 i | g dlay — ()" i, ad o {U} {1, U {oHa 2!

where in (=) and (=), we are using ¢-Laplace expansion on the last column with entries on the
right (see Corollary 2.6 (2)), (=!) follows from relevant x4 and yee being equal, (=2) follows from
the inductive hypothesis, and (=?) follows from the commutation between >~ with relevant ys,.

This finishes Case 4 and completes the proof.
O
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Remark 7.9. Though we did not say it explicitly, in the proof of Proposition 7.8 we showed
that that every pseudo quantum minor in Ay can be expressed as an R[z*!]-linear combination
(with coefficients on the right) of pseudo quantum minors in Ay. We can also get this result
simply by setting I = A, in Proposition 7.8.

Corollary 7.10. Let P’ be a completely prime ideal of Ay that does not contain z and that is
generated as a right ideal by pseudo quantum minors of Ay. Assume there is an ideal P of A
satisfying @,., Pz = P'[z7']. Then P is completely prime and is generated as a right ideal by
pseudo quantum minors of Ay.

Proof. Clearly P = P'[z7!] N Ay, from which it follows easily that P is completely prime.
Where 6}, ..., 0] are all the pseudo quantum minors of Ay, belonging to P’, by assumption we
have P’ = 0] Ay + -+ + 0/, Ay. Since P C P'[z7], we have

P C A+ 4+ 8L Av[zY] = 6 ANz 0] + - - - + 8L Ax[2F o]

Let 01, ..., dn, be the pseudo quantum minors of Ay belonging to P. Notice that P' = €p,, Pz'N
Ay this allows us to invoke Proposition 7.8 to give

P C 6, ANz 0] + -+ 0, AN o). (37)
From the independence of the powers of z over Ay, we conclude that
P=6§A\+ -+ 0,4,
O

Proposition 7.11. If the H-prime ideals of By are generated as right ideals by pseudo quantum
minors of By, then the same statement is true for By.

Proof. Let J be an H-prime ideal of By and let J' = @, _, Jz' N By; clearly z ¢ J'. By [40,
Theorem 2.3], @,., J2' is an H-prime ideal of By[z*';0] = By[z7']; hence J' is an H-prime

ideal of By, and 4
=7 (38)
i€Z
Since J’ is completely prime (in fact all prime ideals of By are completely prime) and does not
contain z, we may conclude via Corollary 7.10 (with R = F). O

We are now ready to state the main result of this section.

Theorem 7.12. Assume that ¢ € F* is not a root of unity. The H-prime ideals in a partition
subalgebra of quantum matrices are generated as right ideals by pseudo quantum minors.

Proof. The H-primes in O,(M,,,(F)) are generated as right ideals by quantum minors, see
[12, 13]. For a partition subalgebra of O (M, ,(F)), induction on the number of missing boxes,
plus Proposition 7.11 gives the result. O]

8 Primes in O, (Y)\(R)) from Cauchon-Le diagrams

Let us continue with the notation and conventions of Section 7 and let us add the following
conventions:

e There is a subfield K of ' over which ¢ is transcendental.
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e R is the Laurent polynomial algebra K[g*!].
o F= Frac(R) =K(q).

Let C be a Cauchon-Le diagram on Y, and let C" be the Cauchon-Le diagram on Y that has
the same black boxes as C' has on Y,

Notation 8.1. Let IT) denote the set of pseudo quantum minors in O,(Yy(R)) (or, equivalently,
in O,(Y\(F))) and let IT{ denote the set of pseudo quantum minors [I | J] for which there are no
vertex disjoint families of R(; p-paths in the Postnikov graph of C. Define 1Ty, and Hg/ similarly.

Let (II{)r be the ideal in O,(YA(R)) generated by II{. We aim to show that (II{)z is a
completely prime ideal in O,(Y)(R)) that is generated as a right ideal by 1. The proof will be
by induction. The partition Y) sits in an m X n array, and the induction will be on the difference
between mn and the number of boxes in Y). The base case, where this difference is equal to
zero, is that of O,(M,,,(R)), and this result has been established in Section 6 (see Corollary
6.8). Thus, we need only deal with the inductive step. Before embarking on the proof, we need
some notation and preparatory results.

Let (I1$) z be the ideal in O (Y (R)) generated by I1§,. Over the next few results, under the
assumption that Jj := <H§,’> r is completely prime and generated as a right ideal by HS’, we will
show that (II{)r is also completely prime and is generated as a right ideal by II.

Recall that, as in the previous section, we set Ay := O, (Ya(R)), Ax = O (YN (R)), By :=
O,(YA(F)) and By := O,(Yx(F)). Moreover, z still denotes the new variable corresponding to
the extra box in Y.

Now, let Ji := (II )¢ be the ideal of O (Y (F)) generated by II§;. Notice that, by Theorems
5.4 and 7.12, Ji is the H-invariant (completely) prime ideal of O, (Y (F)) with Cauchon-Le
diagram C". Since the box in C” corresponding to z is white, [15, Proposition 5.4.2] (which is

rewritten for our current context as Lemma 4.3.3 in [46]) guarantees that z ¢ Ji. Set J2 :=
Jz71 N O, (YA(F)) and notice that, by [40, Theorem 2.3], Jg is an H-prime ideal of O, (Y, (F))

satisfying
P w2 = Jil= (39)
i€z
By Lemma 3.4, the black boxes in the Cauchon-Le diagram of JQ in Y) are the same as the
black boxes in the Cauchon-Le diagram C” of Jj, in Yy,. (Note that, here, we are really talking
about the Cauchon diagram of Jj, with respect to the alternative QNA presentation of O (Y (F))
where z appears at the end. However, Lemma 7.4 shows that this Cauchon diagram coincides
with the Cauchon-Le diagram of Ji for the standard QNA presentation of O (Y (F)).) Hence,
JP is the H-prime ideal of O, (Y, (F)) with Cauchon-Le diagram C; it follows by Theorem 5.4
that Jﬁ? N HA = Hg

Assume that Jj, = (II§)) r is completely prime and, noting that z ¢ J}, since z ¢ Ji D J5, set
J% = Jp[z7 N Ay. Then J% is a completely prime ideal of Aj.
Lemma 8.2. With the notation and assumptions above,
Jy NIy, =105

Proof. Tt follows from the definitions that Jg C J2. Recalling that Theorem 5.4 gives J2 N1Iy =
1§, we have J% NI, C J2 NIy = Y. Thus, all we need to show is that II{ C J%. Suppose
that 0 € I1{. Then

6 € Jg = Jglz7'] N By,
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Hence, there exists a nonnegative integer i such that 62* € J; = J5[(R*)™!], where R* denotes
the nonzero elements of R. Thus, there exists 0 # w € R such that dz'w € Jy. As Jj is a
completely prime ideal, either w € Jp, or §z° € Jy. If the first possibility occurs then w € J,
which is impossible as w is a unit in By. Hence, § € Jy[z7'] N Ay = J9, as required. n

Corollary 8.3. Suppose that that Jp = <H§,/)R 1s completely prime and generated as a right
1deal by HSI. Then (TI{) r is also completely prime and is generated as a right ideal by TIS.

Proof. Recall that Ji = J5[(R*)™!] and that we have assumed that J} is completely prime, so
that J = Jh N Ay. Tt follows that J% = J2 N Ay. Indeed

Jy = Jrplz71 N Ay
= (JENAV)[z7'] N Ay
= Jplz" U NAy[z" N Ay, (by Lemma 7.7(i))
= Jp[z7' ] N Ay
= (Jelz7'1 N By) N Ay
= Jp N A,.

Hence, by Lemma 7.7(ii) and (39), we get

@ Jpzt = JRlz7h. (40)

1EZL

Now Corollary 7.10 shows that J% is completely prime and is generated as a right ideal by
the pseudo quantum minors which it contains. Thus we deduce from Lemma 8.2 that J9 is
completely prime and is generated as a right ideal by II{; that is, J = (II{)g is completely
prime and is generated as a right ideal by II{, as required. O]

We now have all the necessary ingredients to prove the main theorem of this section.

Theorem 8.4. Let K be a field and let q be an element that is transcendental over K. Set
R = K[¢*']. Fiz a partition X and let C be a Cauchon-Le diagram on the Young diagram
Yy. Let 11§ be the set of pseudo quantum minors (I | J]| for which there are no vertex disjoint
families of Rz y)-paths in the Postnikov graph Post(C) of C, and let P := (II{) g be the ideal of
O,(YA(R)) generated by 11 .

Then P is a completely prime ideal of O,(Y\(R)) and P is generated as a right ideal by TI§ .

Proof. Let m,n be minimal such that Y), sits in an m x n array. The proof will be by induction
on the number ¢ that is the difference between mn and the number of boxes in Y.

If t = 0 then Y) is itself an m x n array, and Oy (Y\(R)) = Oy(M,,»(R)). In this case, the
result is given by Corollary 6.8.

Now, assume that ¢ > 0 and that the result is true for values less than t.

Augment A\ to X' such that the Young diagram Y, of A’ is obtained from Y, by adding a box
in the manner described at the beginning of Section 7. Let C’ be the Cauchon-Le diagram on
Yy that has the same black boxes as C' has on Y, and let (I ) be the ideal in O, (Yy (R))
generated by Hf/. Let t' be the difference between mn and the number of boxes in Yy.. Then
t' = t—1 and so the result holds in O,(Yy/ (R)), by the inductive hypothesis; that is, P’ := (II§/ ) g
is a completely prime ideal of O,(Yy (R)) that is generated as a right ideal of O, (Y (R)) by TI§ .
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Corollary 8.3 shows that (II{) is a completely prime ideal that is generated as a right ideal
by TI{, as required to prove the inductive step.
m

Of course, one can also show that the ideal P from Theorem 8.4 is generated as a left ideal by
¢

9 “H-primes in the quantum grassmannian: membership

Fix positive integers m < n and let ¢ € K*. Assume that ¢ is not a root of unity. The quantised
homogeneous coordinate ring of the m X n grassmannian over a field K (informally known as the
(m x n) quantum grassmannian), and denoted by O,(G,,,(K)), is defined to be the subalgebra
of Oy(M,,(K)) generated by the maximal quantum minors of the matrix

11 0 Tin

(41)

of canonical generators of O,(M,,,(K)). By [31, Theorem 1.1], the quantum grassmannian
O,(Gn(K)) is a noetherian domain.

An m x m quantum minor of the matrix (41) must involve each of the m rows of (41); so in
order to specify a maximal quantum minor one needs only specify m of the n columns. As such,
the generators of O,(G,,,(K)) are written as [y - - - vm] where 1 <y <y < -+ < 7, < n; that
is, [y1 - - - Ym) denotes the maximal quantum minor [1---m | 4 - - - ] of Oy(M,, (K)). Such sets
vi={m <7 < - <y} are called indez sets, and the maximal quantum minors [7y; - - - 7,,] are
called the quantum Plicker coordinates of Oy(G,n(K)). The set of quantum Pliicker coordinates
of Oy(Gyn(F)) is denoted I, ,, or II when m and n are understood. We shall often identify II
with the set of all m-element subsets of [1,n] in the obvious way.

There is a natural partial order on II given by

1 m] < I A] == (3 <) for all i € [1,m]). (42)

Next, there is an action of the torus H := (K*)" on O,(G,(K)) coming from the column action
on quantum matrices. Thus,

(1, s am) - [y Y] = @y 0 [ Y- (43)

By [31, Corollary 2.1], the algebra O,(G,,,(K)) has a K-basis consisting of products of quantum
Pliicker coordinates. Since quantum Pliicker coordinates are clearly H-eigenvectors with rational
eigenvalues, it follows easily that the action of H on O (G, (K)) is rational.

The set of H-invariant prime ideals of O,(G,.»(K)) has been studied in [41], building on earlier
work in [31, 42, 43] and [44]. Our aim in this chapter is to develop a graph-theoretical method
for deciding whether or not a given quantum Pliicker coordinate belongs to a given H-prime
ideal of O, (G,,n(K)), by using and refining the methods developed in these papers to reduce
this problem to the problem of deciding when a given pseudo quantum minor in a partition
subalgebra is in an H-prime ideal of the partition subalgebra, a problem that we have solved in
Section 5.5.

We start by summarising the known results that we need from these aforementioned papers.
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9.1 Quantum graded algebras with a straightening law

The quantum grassmannian O,(Gp,(K)), equipped with the partially ordered set (II, <) is a
quantum graded algebra with a straightening law in the sense of the following definition, see [42,
Theorem 3.4.4]. In particular, Oy (G, (K)) is N-graded, with all quantum Pliicker coordinates
in degree one.

Let A be an algebra and II a finite subset of elements of A with a partial order <g. A standard
monomial on II is an element of A which is either 1 or of the form ay - - - g, for some s > 1,
where aq,...,as € [l and oy <g -+ <q as.

Definition 9.1. Let A be an N-graded K-algebra and II a finite subset of A equipped with a
partial order <. We say that A is a quantum graded algebra with a straightening law (QGASL
for short) on the poset (II, <) if the following conditions are satisfied.

(1) The elements of II are homogeneous with positive degree.

(2) The elements of II generate A as a K-algebra.

(3) The set of standard monomials on II is a linearly independent set.

(4) If «, p € II are not comparable for <, then af is a linear combination of terms A or Au,
where A\, u € I, A <y p and \ <4 «, .

(5) For all «, 5 € 11, there exists c,5 € K* such that aff — c,s0a is a linear combination of terms
Aor A\, where A\, p € I, A <y ppand A <y «, B.

By [42, Proposition 1.1.4], if A is a QGASL on the partially ordered set (II, <g), then the
set of standard monomials on II forms an K-basis of A. Hence, in the presence of a standard
monomial basis, the structure of a QGASL may be seen as providing more detailed information
on the way standard monomials multiply and commute.

For any v € II, set II, = {a € II | @ # 7}. By [41, Theorem 5.1], for every P €
Spec(Oy(Gn(K))) other than the irrelevant ideal (II), there is a unique v € II such that
v ¢ P and I, € P. For any v € II, let H —Spec, (Oy(Gmn(K))) denote the subspace of
Spec(Oy(Gmn(K))) consisting of all those H-prime ideals J such that v ¢ J and IL, C J; we
have

H—Spec(Oy(Gmn(K))) = | | H—Spec, (Oy(Grmn(K))) L (IT). (44)
eIl

In order to understand the whole of H—Spec(O, (G, (K))) it is useful to study the individual
subsets H — Spec,, (Oy(Gmn(K))) of this partition. This is done via the notions of quantum
Schubert varieties and quantum Schubert cells, as outlined below.

Convention 9.2. For the rest of this chapter, let us fix some v = [y -+ - y,,] € IL.

If J € H—Spec,(Oy(Gnn(K))), then by the definition of H—Spec. (Oy(Gpn(K))), we know
that v ¢ J and that o € J for all @ € II such that & % 4. What remains is to decide which
other quantum Pliicker coordinates belong to J; that is, given a € II such that o > v, we
seek to decide whether or not o belongs to J. The key to achieving this goal is to exploit the
correspondence (established in [41]) between H —Spec, Oy(Gpn(K)) and the H-spectrum of a
certain partition subalgebra of O, -1 (M, n—n(K)). We shall describe this correspondence below.

9.2 Noncommutative dehomogenisation

The process of noncommutative dehomogenisation, introduced in [31, Section 3|, is the foun-

dation for the construction in [41] of a biincreasing one-to-one correspondence between H —
Spec., (Og(Gmn(K))) and H —Spec(Oy-1(Y(K))), where A is a partition associated to 7.

54



Let R = @,y R be an N-graded [F-algebra, and let = be a homogeneous normal regular
element of degree one. Set S := R[z~']. The algebra S is Z-graded with S = @,., S; where
Spi=> g Ripix™. (In this sum, we take R; =0 for ¢ < 0.)

Definition 9.3. Let R = @, R be an N-graded K-algebra and let x be a homogeneous
regular normal element of R of degree one. The noncommutative dehomogenisation of R at x,
written Dhom(R, z), is the subalgebra Sy = > ,°) Riz™" = (J;o, Rz ™" of the Z-graded algebra
R[x_l] =5= ®ZGZ S;.

Denote by o the conjugation automorphism of S given by o(s) = zsz~! for all s € S. It is easy
to check that o restricts to an automorphism of Dhom(R, x) = Sy (which we shall also denote
by o). By [31, Lemma 3.1], the inclusion Dhom(R, z) < R[z~!] extends to an isomorphism

Dhom(R, z)[y*!; o] = R[z™]

which sends y to z.

9.3 Quantum Schubert varieties and quantum Schubert cells

The ideal (IL,) of O,(Gn(K)) is completely prime, by [42, Corollary 3.1.7]; and so the noetherian
algebra S(77) = Oy(Gpn(F))/{Il,) is a domain. It is well known that O,(G,(K)) is an N-
graded K-algebra with each quantum Pliicker coordinate being homogeneous of degree 1. As the
elements of II, are homogeneous, there is an induced N-grading on S(v). By [41, Remark 1.4],
7 € S(7) is a homogeneous regular normal element of degree one, so that we may dehomogenise
S(v) at 7 (in fact this follows from a more general result, see [42, Lemma 1.2.1]).

Definition 9.4. The algebra S(v) := Oy(Gpmn(K))/(IL,) is called the quantum Schubert vari-
ety associated to . The algebra S°(7) := Dhom(S(v),7) is called the quantum Schubert cell
associated to 7.

Remark 9.5. We shall later describe an isomorphism (established in [41, Theorem 4.7]), between
the quantum Schubert cell S°(y) and a partition subalgebra of O,-1(M,, ;—m(K)).

Definition 9.6. The ladder associated to 7 is denoted by £, and defined by
E’Y = {(17‘]) € [[Lm]] X HLTL]] | j > Ym41—i and j 7é " for all I € |117m]]}

A generating set for the quantum Schubert cell S°(y) was described in [41, Proposition 4.4]:
if, for (4,j) € L., one defines m;; := [{v,...,Ym} \ {¥m+1-:} U {j}] (which clearly belongs to
IT\IL,, so that 7;; € S(7) is nonzero and homogeneous of degree 1), then the quantum Schubert
cell S°(v) is generated by {m; ;7' | (¢,7) € L,}. Let us set m;; :=m; ;7 * for all (,7) € L,,.

Since (IL,) is clearly an H-invariant ideal of O,(Gnn(K)), the action of H on O, (G (K))
descends to S(y). Since 7 is an H-eigenvector of S(7), the action of H on S(v) extends to
S(v)[7 '] This action of H on S(v)[7 ] restricts to S°(7y); indeed for any m;; with (i,7) € L.,
and any («q,...,a,) € H, an elementary calculation shows that

o
(aq,...,qp) -Mmij = L

Recall from the general theory of noncommutative dehomogenisation that when o is the re-
striction to S°(7) of the automorphism of S(v)[F™!] given by s ~ Fsy~! for all s € S(y)[77!],
the inclusion S°(y) — S(v)[7 '] extends to an isomorphism

S* (™ 0] = (Og(Grn (K)) /(L)) 7] (46)
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which sends y to 7. Notice here that by [42, Lemma 3.1.4(v)], the automorphism ¢ multiplies
each m;; ((i,7) € L,) by g. The action of H on (O, (G, (F))/(IL,))[7 '] passes to S°(7)[y*!; o]
via the isomorphism (46) and this action of H on S°(v)[y*™!; o] restricts to the action of H on
S°(y) described in (45). In particular, the isomorphism (46) is H-equivariant where H acts on

S°(y) as in (45) and each (o, ..., q,) € H acts on y as follows

(0517"’7Oén)'y:a'yl"'a’}’my (47)

(ct. (43)).

9.4 Quantum ladder matrix algebras

It was shown in [41] that the quantum Schubert cell S°(y) can be identified with a well-behaved
subalgebra of O,(M,,,(K)), which can in turn be identified with a partition subalgebra of

Oy (M n—m(K)). We describe these isomorphisms in detail in this section.

Definition 9.7. The quantum ladder matriz algebra associated to 7 is the subalgebra of O (M, ,,(K))
generated by all those z; ; with (¢, 7) € L£.; it is denoted by O, (M, n~(K)).

By [41, Lemma 4.6], there is an isomorphism

S°(7) = O My (K))

_ (48)
mij ~> Tij-
One may obtain the generators of O,(M,, ,~(K)) as follows. Consider the matrix
11 - Tin
(49)
Tmi1 *° Tmn

of canonical generators of O,(M,,,(K)) and recall that v = [y;---7,). For each i € [1,m],
remove the i™-last entry of the /" column of (49) (namely the entry z,,41_~,) and replace it
with a bullet. For each bullet, replace all matrix entries which are to its left and all matrix
entries which are below it with stars. Then the quantum ladder matrix algebra O, (M, ., (K))
is the subalgebra of O,(M,,,(K)) which is generated by the entries of the matrix (49) which
survive this process (that is, which are not replaced by a bullet or a star).

Example 9.8. Let v be the maximal quantum minor [1347] of O,(G4s(K)) and consider the
matrix

11 Ti2 T13 T14 T15 Tie L7 T18

T21 T2 T3 T4 Tas T2 L2,7 T28

T31 T32 T33 T34 T35 L3 T37 T38

Tg1 Ta2 Ta3 T44a Tas Tae LTa7 T4g

of canonical generators of O,(M4s(K)). Applying the prescribed procedure, we are left with

* ko ok * ES [ ] 56178
* * @ To5 Tog * T2g (50)
* ® X T35 T3 * T38
® T4p2 k* k Tygps5 Tap * T4

The quantum ladder matrix algebra O,(M,s~(K)) is the subalgebra of O,(M4s(K)) generated
by those z;; appearing in (50). After rotating (50) through 180° and deleting the columns
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containing bullets, notice that the generators of O,(Mys~(K)) lie in the Young diagram below

(51)

In fact it turns out that the quantum ladder matrix algebra O,(Mys(K)) is isomorphic to the
partition subalgebra of O,-1(M,4(K)) corresponding to the partition whose Young diagram is
(52).

Notation 9.9. Notice that v; —i = [{a € [1,n] \ v | a < 7;}| for each ¢ € [1,m]. It follows
easily that if we define \; = n —m — (v; — i) for each i € [1,m], then (Ay,..., \,) is a partition
withn—m > X\ > Xy > - >\, > 0. Let ¢ be as large as possible such that \. # 0 and
denote by A the partition (A1,..., Ac). Recall that O,-1(Y)(K)) denotes the partition subalgebra
of Oyp-1(My,n—m(K)) associated to the partition A.

Note that the south and east borders of Y) give rise to path of length n, from the north-east
corner to the south-west corner of the m x (n—m) rectangle. Label each of edges of this path with
the numbers 1 through n (starting from the north-east corner). Then the elements of v coincide

with the vertical steps in this numbering. The following example illustrates this construction
when v = [1347].

32

4

-6 5

8 (52)

Let {a1 < -+ < @p_m} = [1,n] \ v and notice that all elements of £, take the form (i, a;)
for some ¢ € [1,m] and some j € [1,n — m]. The following result appears in the proof of [41,
Theorem 4.7]. We write down the maps explicitly here as we shall need them later.

Lemma 9.10. There is an isomorphism
f 2 Og(Minnq(K)) = Og-1(YA(K))
such that
® f(%ia;) = Tmy1-in—mi1-j for each (i,a;) € L;
o [THTiy) = Tmti—ian_msr, Jor each (i,j) € Y.

Proof. By the proof of [22, Corollary 5.9], there is an isomorphism O, (M, (K)) 5 O,-1 (M, (K))
which sends each x; j to @11 nt+1—;; this isomorphism can be thought of as rotating the matrix
of canonical generators for O,(M,,(K)) through 180°.

There is an isomorphism 6 : Oy(M;,n(K)) = Oy (M, n(K)) with §(x;;) = Tmi1—in+1—;
for each (i,7) € [1,m] x [1,n], (this isomorphism can be thought of as rotating the matrix
of canonical generators for O,(M,, ,(K)) through 180°). This isomorphism is constructed by
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identifying O,(M,,(K)) with the subalgebra of O (M, (K)) generated by the last m rows of
the matrix of canonical generators for O (M, (K)), identifying O,-1(M,, ,(K)) with the subal-
gebra of O, -1(M,(K)) generated by the first m rows of the matrix of canonical generators for
O,-1(M,(K)), and applying the isomorphism described in the previous paragraph.

There is an isomorphism 6(O, (M, ~(K))) =Y Og1(YA(K)) which sends each 0(z;,,) =
Trg1-inti-a; ((1,05) € Ly) 10 Tymy1—in-m+1—;. Composing this isomorphism with ¢ (or rather
the restriction of § to Oy(M,, n~(F))) gives the desired isomorphism f. O

The isomorphism f is simpler than the notation of Lemma 9.10 might make it seem. The
following example should illuminate the idea.

Example 9.11. In the situation of Example 9.8, where v is the quantum Pliicker coordinate
[1347] of O,(G45(K)), the generators of the quantum ladder matrix algebra O (Mg, (K)) are
those appearing below

* Xk * * ® Ti18
* * @ Tos T2 * X238
* ® X 1'375 .1’376 % 33'3’8
® Ty k * Tys Tae * T48

The action of the isomorphism 6(0O,(M4s(K))) = O,-1(Mys(K)) may be understood as rotating
this picture through 180°:

T11 * 13 T14 k* %k Ti7 ©
T2l * T2z Toq4 * € X K
) ’ ’ (53)
T31 * Tr33 T34 @ * *
Tg1 © * * x ok *

Let A\ be the partition associated to 7 as in Notation 9.9, whose Young diagram is

The subalgebra of O,-1(M,s(K)) generated by the ;; appearing in (53) is clearly isomorphic
to the partition subalgebra O,-1(Y)\(K)) of O,-1(My4(K)).

The following is a more explicit statement of [41, Theorem 4.7].

Theorem 9.12. There is an isomorphism 0 : S°(y) = O,-1(YaA(K)) such that

—~—

o O(Miq,) = Tmi1—in—ms1—j for each (i,a;) € L;

© 071 (xij) = Muns1—ian_mss, JOr €ach (i,j) € Yy.

Proof. When g is the isomorphism 5°(y) — Oy(M, 1 ~(K)) given in (48) and f is the isomor-

phism O,(M,, » ~(K)) 5 O,-1(YA(K)) given in Lemma 9.10, the desired isomorphism 6 is given
by fog. ]
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We may pass the action of  on S°(y) through 6 to get an action of H on O,-1(Y)\(F)) described
by

(a1, ...,qp) @ = Oé,;ilOéanimleijxi,j (54)

for all (a1,...,a,) € H and all (i,7) € Y\. With this action of H on O,-1(Y,(F)), the isomor-
phism 6 is H-equivariant.

AWARNING /\ Because it allows the isomorphism 6 to be H-equivariant, the H-action on

O,-1(YA(K)) which we shall use is that given in (54); this is NOT the usual action of H on
O,-1(YA(K)) (which is the restriction of the action of H on Oy-1 (M, —m(K))).

In spite of the warning above, the following lemma shows that in fact we may use the term
H-prime ideal of Oy-1(Yy(F)) without ambiguity (cf. commentary in [41] before Theorem 4.8).

Lemma 9.13. The same subsets (and in particular the same prime ideals) of Oy -1(Yx(F)) are
invariant under H whether one uses the action of H described in (54) or the restriction of the
action of H on on Oy-1 (M, pn—m(K)).

Proof. Let us use “” to denote the action of H on O, -1(Y\(IF)) transferred through 6 from
the action on S°(7y) (described in (54)), let us use “#” to denote the standard action of H on
O,-1(YaA(F)), and let us fix any a = (a4, ..., a,) € H.

Define o/ = (af,...,a}), o' = (of,...,ap) € H by af = o7 for all i € [1,m], a,,; =

O pey, for all j € [L,n —m], of = o' for all i € [1,m] and o = Q4  for all
jel,n—m].

One checks easily that if (i, 7) € Y), then o - z; ; = &/#x;; and aftz; ; = o - x; ;. Since these
z; j generate O,—1(Y)(K)), we have oz = o/ #x and a#z = o -z for all z € Oy-1(Y)\(K)). The

result follows. O

An—m+1—j

9.5 The correspondence between H-primes and Cauchon-Le diagrams
Recall that we have set {a; < --- < an,_n} = [1,n] \ 7 and that all elements of £, take the form
(i,a;) for some i € [1,m] and some j € [1,n —m].

When o is the automorphism of O,-1(Y)(K)) which multiplies each x; ; by ¢, the H-equivariant

isomorphism 6 : 5°(v) = O,-1(YA(K)) (from Theorem 9.12) and the H-equivariant dehomogeni-
sation isomorphism

~

S* ™5 01 = (Og(Grmn (K)) /L)) 7]
given in (46) induce an H-equivariant isomorphism

P : 01 (YAK))y™: 0] = (Og G (K))/(TL)) 7]

xivj ~ mm+17i,an,m+1,j ((ZM]) 6 YA) (55)
Yy~
whose inverse we shall denote by W.

Remark 9.14. Recall that the dehomogenisation isomorphism

S (Ny*50] = (O G (K)) /(L)) 7]

extends the inclusion S°(y) <= (Oy(Gmn(K))/{IL,))[7 ], so that for any z € S°(v), we have
U(z) =0(x) € Op1(YA(K)).
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By [41, Theorem 5.4], there is a bi-increasing bijection
& : H—Spec. (Oy(Gmn(K))) = H—Spec(O,-1(Y2(K))) (56)

such that B
E(P) = U(PH ') N Og-1(YA(K))

for any P € H—Spec,Oy(Grnn(K)) (with the convention that P := P/(IL,)) and £~4(Q) is the
preimage in O,(Gpmn(K)) of

® <@ Qyi> N (O (Grun (K)) /(IL)) -

1€Z

for any @ € H —Spec(O,~1(Y5(K))). Recall the one-to-one correspondence (17) (first estab-
lished in [41, Theorem 3.5]) between the H-prime ideals of O,-1(Y)(K)) and the Cauchon-Le
diagrams on the Young diagram Y). Composing this correspondence with £ gives the one-to-one
correspondence

H — Spec, Oy(Grn(K)) <— Cauchon-Le diagrams on Y, (57)

which was established in [41, Corollary 5.5]: any P € H — Spec, Oy (G (K)) corresponds to the
Cauchon-Le diagram of the H-prime ideal {(P) of O,-1(Y»(K)) and any Cauchon-Le diagram C
on the Young diagram Y, corresponds to the image under ' of the H-prime ideal of O -1 (Y3 (K))
which has Cauchon-Le diagram C.

9.6 Quantum Pliicker coordinates in H-primes

Fix P € H — Spec,O,(G,nn(K)) and denote by C' the Cauchon-Le diagram on Yy which corre-
sponds to P under (57). We seek to identify those quantum Pliicker coordinates that belong to P
by considering the Postnikov graph of C'. Recall that by the definition of H—Spec. (Og(Gn(K)))
(see the beginning of Section 9.1), if @ # 7 then a € P; so we need only consider o > 7. Fix
such an « € II. Notice that there exist 1 < i3 <--- <y <mand1<j; <--- <53 <n—m
such that a; >, forall [=1,...;t and a = [(7\ {Vir,---» v }) U{aj, .-, a5}

Notice that when hg = (o, ..., a,) € H is such that a; = ¢* if i & {71,...,7m} and a; = ¢ oth-
erwise, the isomorphism o of O,-1(Y,(K)) (which multiplies each z; ; ((7,7) € Y3) by ¢) coincides
with the action of hg. Moreover hg -y = ¢™y by (47). Hence the algebra O,-1(Y)\(K))[y*"; o],
along with its H-action, satisfies [40, Hypothesis 2.1]. We shall use this fact in the proof of the
following proposition.

Proposition 9.15. The condition that a belongs to P is equivalent to the condition that ¥(ay )
belongs to £(P).

Proof. By [40, Lemma 2.2], we have @, , £(P)y" = U((P/(IL,))[7']), so that the isomorphism
¥ induces an isomorphism

(Og (G (K)) /(1L ) 7]
(P/{I,)) 7] Dicz Py’

which in turn induces an isomorphism




Now, a € P if and only if @3~ = 0 in (Oy(Gma(K))/P)[y"], and this is true if and only if
U(ay~') = 0. Since

Y@y ) =v(a7) € O (M(K))ly* s 0l/ D EP)y,

1€Z

we find that o € P if and only if ¥(ay ') € @, ., &(P)y".
However the element ay ™! of (Oy(Gmn(K))/(IL,))[77"] in fact belongs to S°(v), so that
U(ay 1) € 041 (Ya(K)) by Remark 9.14; hence o € P if and only if

(@7 € (@ é(P)’yZ) N Op-1(YA(K)) = £(P).

1EZ
O

For the proof of the next theorem, we shall need two sets of relations, known to hold in quan-
tum grassmannians, called the generalised quantum Plicker relations and the quantum Muir
Law of extensible minors.

Theorem 9.16.

1. Generalised quantum Plicker relations [31, Theorem 2.1]:
Let Jy, Jo, K C [1,n] be such that |J1],|J2| < m and |K| = 2m — |Ji| — |J2| > m. Then

o (g RO gy KK U ) =0, (58)
K'UK"=K

where for any two sets I, J of integers, {(I;J) denotes the cardinality of the set {(i,7) €
I'xJ|i>j}.

2. Quantum Muir Law (adapted from [42, Proposition 1.3]):
Let r be a positive integer. For s € [1,r], let I, Js be m-element subsets of [1,n] and let
cs € F be such that Y., cs[L][Js] = 0 in Oy(Gmn(F)). Suppose that D is a subset of [1,n]
such that (J,_; I,) U (U,_; Js) does not intersect D. Then in Oy(Gpyip|n(F)), we have

s=1"$

T ¢;[I, U D][J, U D] = 0. (59)
>

s=1

Before reading the following proof, the reader might want to revisit the construction, given in
Notation 9.9, of the partition A from the quantum Pliicker coordinate ~.

Theorem 9.17. Let o € IT with o > v, and write o = [(y \ {Viys - - Ve }) U {ajy, - - ., a;, }] with
1< <<y <m, 1< <---<jp<n—-—mandaj >, foralll =1,...,t.
The isomorphism

(—q) Qrimmiddi A D gy | p—m 41— n—m+1—ji.
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Proof. Suppose that t = 1. Then a7~ = [(v\ {7, }) U{a),}] = Tms1-i0, 7" = Mims1-ir.ay,»
which is sent by ¥ to @i, n—m+1—j, = [i1 | n —m + 1 — j1]. Since £({;, };{a;, }) = 0, the claim
holds.

We proceed by induction on ¢t. (In order to keep the notation managable here, we denote a
singleton set by its element; that is, we write a singleton set {z} simply as z.)

Let us set a = {a;,,...,a;,} and ¥ = {4, ..., %,}. Applying the generalised quantum Pliicker
relations (58) with J; = @, J» = 0, K = a;, U7, and noticing that ¢(v;; (a;, U7) \ v,) =
U(visa5,) +1—1 (forall { =1,...,¢t) and £(a;a;,) =t — 1, we see that the following holds in
O,(Gon(F):

Z @)+ i) L oy (g, UA) \ i + (—g)t @D ay, - - a][7] = 0.

Notice that no element of v \ 7 appears in any of the quantum Pliicker coordinates in the
above display, so that the quantum version of Muir’s Law (59) with D = ~ \ 7 shows that in
Oq(GtHDLn(F)) = Oq(Gmn(F))a we have

' (’Y\’YiQUajl
D (=) @ O (G Ly ) U (v A )] [((a W) \ %) U (7 \ 7))
=1
X e

~\ 7~

+(—q) D [\ F) U {ayy, .. a5, TU (1 \F)] = 0;
that is,

t

D (=) @G T @ Ly ) U (A )] [(7 \ ) Uag] + (=) P ay = 0.
=1

Let s be maximal such that a;, > v, so that in S(v) = Oy(Gpn(F))/(IL,), we have [(v \ v;,) U aj, ] =

0 for [ > s. Notice that if [ < s, then {(a;v;,) =t — 1 and £(~;,; a;,) = 0, while {(a;;;7) = s; so
that we may conclude from the above display that the following holds in S(7):

Now [42, Lemma 3.1.4 (v)] gives YMunt1—ipa;, = QMunt1-ipa;, Y for all I = 1,... s, so that in
S°(), we have

- :_qz ) @) U ONDT s, 7

Now if we write [Z | n—m/—lj—jl] for [zlazt |n—m+1—7j---n—m+1— js] the
induction hypothesis gives

S

V(a7 =D (=)' (=) O T D iy | =t T = i ey
=1

For [ <'s, we have

g({’yiu s 7’72’,5}; {a’jm B 7ajt})
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- e({/yzl’ o ’%’ T 77@2}76) +€(’7iza{aj1a s 7ajt}) +€({7@1a s avit};ah)
:é({’yil""7’y/\’l‘l7"'7fyit}72i)+0+t_8.

Now
S

\I/(d’jl_l) e Z(_q)z({yi1w-77it}; {ajlv"'vajt})+l_t [Z | n — nfl,/_|_\1 — j1]$il,n—m+1—j1-
I=1
If I > s, then aj, <~;, and hence |{j | a; < v, }| > j1. Now since [{j | a; < v, }| = v, — i (see
Notation 9.9), we have
iy —i >j1  foralll>s. (60)

If I > s, then (60) shows that n—m+1—j; > n—m+1i,—;, and hence (i,,n—m+1—7j;) ¢ Y,
since row 4; of the Young diagram Y) has only \;, = n —m +1i; —7;, squares (again see Notation
9.9), so that our convention (see Section 2.1) says that ;, ,—mt1—;, = 0 in Oy,-1(Y5(K)). Hence
we get the following expression for ¥(ay™):

t
W(a7h) = () O ) S i = T = i i
=1

Quantum Laplace expansion in O,-1(Y)\(K)) with the last column on the right (see Corollary
2.6(2))! shows that, as required, we have

\I/(O_ﬁ/il) _ (_q)f({%l,...,’yit}; {ajl,.,.,ajt})[z'l gy ‘ n—m+1—j,---n—m-+ 1— ]1]
[
For later use, we also compute the image of a pseudo quantum minors of O,-1(Y,(K)) by ¥~ 1.

Corollary 9.18. Let [iy---i; | 4} - - - 1;] be a nonzero pseudo quantum minor in Oy-1(Y\(K)). Set
n=n—m+1l—i<---<jp=n—m+1—14 and o= [y \ {7V, vt U{aj,....a;}]
Then o > v and

\Ij_l([il . e it | 2,1 e ’l;]) — (_q)_e({7i17---77it}; {ajlv---vajt})di/_l‘

Proof. We claim that
Vi, <aj foralll=1,...,t (61)
or equivalently that there is a permutation o € S; such that

Vigy < @5 foralll=1,....1. (62)

Define Cj to be the Cauchon-Le diagram on Y) where all boxes are white (this corresponds to
the H-prime ideal (0) of O,-1(Y\(K))). Since [iy-- -4, | ¢} - - -7;] is nonzero, Theorem 5.4 (with
P = (0)) implies that there is a vertex-disjoint path system in Post(Cy) from {r;,...,r;,} to

{Ci’l ;... ¢y }. In the labeling of source and target vertices introduced just after Notation 9.9
(see (52)), this is a vertex-disjoint path system from {v;,,...,7,} to {aj,...,a;}; it follows
immediately that (62) holds, that is (61) holds, as required. O

Recall the biincreasing bijection
€ : H — Spec, Oy(Grnn(K)) = H — SpecO,-1(Y>(K))

given in (56). As in immediate consequence of Proposition 9.15 and Theorem 9.17, we get

!Care is needed with the parameters ¢ and ¢~! here because in the proof of Theorem 9.17, we are working
with a partition subalgebra of Oy-1 (M, n—m(K)), whereas Corollary 2.6 is stated for partition subalgebras of
Og (M, n (K)).
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Corollary 9.19. Let a € II with o > v, and write o = [(y \ {Viys - - -» Vi }) U{ajy, - -, aj, }] with
1< < <y <m,1<ji<---<p<n—mandaj >y, foralll =1,...,t.
The condition that o belongs to P is equivalent to the condition that the pseudo quantum minor

iv-ie [n—m+1—ji-n—m+1—j] = (—¢) Cividi ta D g (ay )
of Oy-1(YA(K)) belongs to the H-prime ideal £(P) of Op1(YA(K)).

Recall from Notation 9.9 that we have set \; = n—m — (v; —1) for each ¢ € [1,m], chosen ¢ as
large as possible such that A, # 0, and defined the partition A by A = (A1, ..., A.). When d = Ay,
if we can show that {i1,...,%} C [1,c] and {n—m+1—j;,...,n—m+1—73} C [1,d], then the
question of whether or not the pseudo quantum minor [iy -+ -4, | n—m+1—7j;---n—m+1— j;
of O,-1(Y\(F)) is in {(P) can be settled by the graph-theoretic method of Theorem 5.4.

Lemma 9.20. We have
(i) {i1,...,i} C[1,c] and
(ii)) {n—m+1—j,....n—m-+1—75}C[Ld].
Proof. (i) Clearly it will suffice to show that \;, > 0. Recall from Notation 9.9 that

)‘it:n_m_</yit_it>
:n—m—|{a€[[1,n]]\fy|a<%-t}].

Now if \;, = 0, then |[{a € [1,n] \ v | a < 7;,}| = n —m so that every a € [1,n] \ v =
{a1 < -+ < ap_pn} satisfies a < ~;,; this is impossible since a;, > ;.

(ii) Clearly it will suffice to show that Ay > n —m + 1 — j;. Recall from Notation 9.9 that
A =n—m— (v — 1), so that it will suffice to show that j; > 7. Since a > v, v
cannot be the largest element [n —m + 1---n] of II with respect to the partial order on
II, so that 71 € [1,n —m]. Notice that a; = j for all j < 7 and a,, > 7, so that
inf{j € [I,n—m] | a; >} = . Since a;, > ~;, > 71, we must have j; > 71, as required.

O

This brings us to the main result of this section, which tells us that « belongs to P if and
only if there exists no vertex-disjoint R(; p-path system in the Postnikov graph of C, where
I={i,....5u}and J:={n—m+1—j;,...,n—m+1—j;}. For the sake of completeness,
we include our conventions in the statement of the theorem.

Theorem 9.21. Assume that ¢ € K* is not a root of unity. Let P # (II) be an H-prime ideal
of Oy(Gn(K)) and let v = [y1 < -+ < | be the unique quantum Plicker coordinate such
that P € H—Spec, (Oy(Gmn(K))) (see [41, Theorem 5.1]). Let X be the partition corresponding
to v as in Notation 9.9 and let Y, be the Young diagram of X\. Let C' be the Cauchon-Le
diagram on Yy corresponding to P as in (57). Set {a; < -+ < ap_m} = [L,n] \ 7. Let
a € II be such that a > v and let 1 < 43 < - <3 <m, 1 < j1 < - <53 <n—m
be such that o = [(7v \ {Virs---» 7)) U{ajy, ... a;}] and aj, > ~,;, for all 1 € [1,t]. Then
the quantum Plicker coordinate o belongs to P if and only if there does not exist a vertex-
disjoint Ry j-path system in the Postnikov graph Post(C) of C', where I := {iy,...,4} and
J={n—-m+1—j,....n—m+1—j}.

Proof. This follows immediately from Corollary 9.19, Lemma 9.20, and Theorem 5.4. O]
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For example, let us consider the Cauchon-Le diagram below, and denote by P the corresponding
H-prime in Oy(G,nn(K)). Then, P belongs to H—Spec(;35(0,(G36(K)))

__Raney

1

Moreover, there is a vertex disjoint set of paths from {1,2} to {2,3} so [245] is not in the
prime P. On the other hand, there is no vertex disjoint set of paths from {1, 2} to {1, 2} so [456]
isin P.

As the reader has seen on the previous examples, the labeling of the sources and sinks is not
helpful when one wants to decide whether a given quantum Pliicker coordinate belongs to a
specific H-prime (given by its Cauchon-Le diagram). It is more natural to label the sources of
Post(C) by the ~; (that is, one replaces source r; by 7;), and the sinks by the a; from the left (that
is, sink ¢,_n41—; is replaced by a;). Note that this labeling coincide with the path-numbering
introduced after Notation 9.9 (see also (52)).

We denote by Post'(C) the Postnikov graph Post(C') with this alternative diagram. With this
new convention, the example above becomes:

__Rane

6

Moreover, there is a vertex disjoint set of paths from {1, 3} to {2,4} so [245] = [y\{1, 3}U{2,4}]
is not in the prime P. On the other hand, there is no vertex disjoint set of paths from {1,3} to
{4,6} so [456] = [y \ {1,3} U{4,6}] is in P.

We finish this section by restating Theorem 9.21 with the new labeling of the sources and sinks
of Post(C).

Theorem 9.22. Assume that ¢ € K* is not a root of unity. Let P # (II) be an H-prime ideal
of Oy(Gn(K)) and let v = [y1 < -+ < Y] be the unique quantum Pliicker coordinate such that
P € H—Spec, (Oy(Gnn(K))) (see [{1, Theorem 5.1]). Let X be the partition corresponding to
v as in Notation 9.9 and let Y, be the Young diagram of A. Let C' be the Cauchon-Le diagram
on Y\ corresponding to P as in (57). Set {ay < -+ < ap_m} = [L,n] \ 7. Let a € II be
such that a > v and let 1 < 13 < -+ <3, <m, 1 < 751 < -+ < Jy < n—m be such that
a=[Y\{v,--v ) Waj, ..., a;,} and aj, > v, for alll € [1,t]. Then the quantum Plicker
coordinate o belongs to P if and only if there does not exist a vertez-disjoint R,

..... 'yit},{ajl,...,ajt})'
path system in the Postnikov graph Post'(C) of C.

10 H-primes in O,(G,,,(K)): generation

In this section, we prove the main result of this article. More precisely, we prove that H-primes
of O (Gn(F)) are generated by quantum Pliicker coordinates when ¢ is transcendental (over
the prime field of F).

In order to prove this result, we proceed as follows. First, we use noncommutative dehomogeni-
sation to prove that the result is true up to localisation. Then we use results from [23] to prove
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the main result under the assumption that certain ideals of the homogeneous coordinate ring of
the corresponding grassmannian are prime. Using results of [33, 47] on positroid varieties, we
conclude that the main result is true over an algebraically close field. Finally, we extend the
result to arbitrary fields using ideas from [20].

10.1 Noncommutative dehomogenisation over R

Throughout this section, let R be a commutative noetherian domain containing a nonroot of
unity ¢ € R*. Let F denote the field of fractions of R, and let v € II. We set {a; < -+ <

Un_m} = [1,n] \ 7.

We need to check that the dehomogenisation isomorphism obtained in Section 9 restricts to
the quantum grassmannian over a commutative noetherian domain R from the quantum grass-
mannian over the field of fractions F of R.

Recall that O,(G,,,(R)) and O,(Gn(F)) are both N-graded, with all quantum Pliicker coor-
dinates in degree one.

Set S(V)r 1= Oy(Gmn(R))/(IL,) g and S(Y)r := Oy(Gmn(F))/(IL,)r. (Here, we use a subscript
r in order to avoid confusion.) There is a natural map ¢ : Oy(Gpn(R)) — S(7)r induced
by the inclusion of O,(Gpn(R)) into Oy(Gpn(F)) followed by the natural homomorphism onto
the factor S(y)r. Obviously, (IL,)r C ker(¢) and we claim that ker(¢) = (Il,)r. Suppose that
a € ker(¢). Note that any standard monomial that involves an a 2 v is certainly in (I,)g; so,
without loss of generality, assume that a = > r;5; for some r; € R and S; standard monomials
that do not involve such a. Let b denote the coset b+ (IL, ). Then, 3" 7;S; = ¢(a) = 0. However,
S(7)g is a graded quantum algebra with a straightening law, with the .S; forming a basis over F,
by [42, Corollary 1.2.6]; and so each 7; = 0. Hence, each r; € (IL,)y " R = 0. Thus, a € (IL,)g,
as required to show that ker(¢) = (IL,)g.

It follows that S(v)r C S(7)r, via the inclusion a + (II,)p — a + (II,)r. As a consequence,
S(7)r is a domain and (IL,) g is a completely prime ideal of O (G (R)). Also, S(v)r and S(7)r
inherit an N-grading from the N-grading on O, (G, (R)) and Oy (G (F)), respectively; and the
inclusion we have just obtained preserves the N-grading on S(v)g and S(v)r. Each of these two
rings is N-graded and the inclusion respects the graded components.

It follows easily from [42, Theorem 3.4.2] that 7 commutes up to a power of ¢ with any @ for
any o > . Thus, 7 is a regular normal element in both S(v)r and S(y)r, and we may invert
the powers of 7 to obtain S(v)gr[¥ '] C S(7)r[y~!]. Each of these rings is Z-graded and the
inclusion respects the graded components. In particular, considering the zero components, we
see that S°(v)r C S°(7)r. (Note the use of subscripts compared to previous sections. Again this
is just to avoid confusion.)

By Theorem 9.12, there is an isomorphism 6 : S°(y)r — O,-1(YA(F)) such that, with the
notation of Theorem 9.12, we have:

P

9(mi,aj) = Tm+1—in—m+1—j

for each (i,a;) € L,; and

071 (xi,j> = Mm+t1—i,an_mt1—j

for each (7,7) € Y.
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This isomorphism 6 clearly restricts to an isomorphism S°(y)g = O,-1(Yy(R)). Then the
noncommutative dehomogenisation isomorphism

U S(Y)s[F 7 = Op1 (Ya(F))[y*; 0] (63)

from Section 9.5 (see (55)) restricts to an isomorphism

~

SR = Op-1(VA(R))ly™; 01, (64)

which we shall also call W, by tracing through the maps above. We summarise our discussion in
the following proposition.

Proposition 10.1 (Dehomogenisation over R). Let v € II, and set {a; < -+ < ap_m} =
[1,n] \ v. Then there is an R-isomorphism

U SOy = Ot (Ya(R)) [yt 0] (65)

e~

defined by W(7) =y and V(Mumy1-ia,_pii_,;) = iy for all (i,7) € Y.

10.2 Quantum Pliicker coordinates generate H-primes: algebraically
closed case

In this section, we set R := K[¢*!] with ¢ transcendental over a field K, and F := K(¢*') denotes
the field of fractions of R.

The aim in this section is to show that any H-prime ideal in O, (G,,,(FF)) is generated by the
quantum Pliicker coordinates that it contains, under the assumption that the corresponding list
of (classical) Pliicker coordinate generates a prime ideal of the homogeneous coordinate ring of
the grassmannian G,,,(K).

Let P be a H-prime ideal in Oy (G, (F)). As the augmentation ideal is clearly generated by
quantum Pliicker coordinates, we assume that P is distinct from the augmentation ideal.

As usual, we denote by v = [y; < -+ < ;] the unique quantum Pliicker coordinate such that
v ¢ Pbut o € Pforall @ # 7. Let A be the partition associated with v and let C be the
Cauchon-Le diagram on Y, corresponding to P.

Notation 10.2. 1. Weset P{ :={a €Il | a € P}.
2. We define {a1 < -+ < ap—n} :=[1,n] \ 7.

3. Let a € II be such that a > . Then there exists 1 <i; < --- <4 <m, 1 < jy < -+ <
Ji <n—msuch that @ = [(v\ {vi,, .- 7. }) U{aj,...,a;}] and aj, > ;, for all [ € [1,¢].

We set I, == {vi,,-.., %} and J, = {a;,,...,qa;,}.
With the above notation, it follows from Theorem 9.22 that
P =11, U{a €Il | a >~ and there is no vertex-disjoint R(;_ ;.)-path system in Post’(C)}.

Lemma 10.3. The ideal (P/(IL,))[77'] is completely prime in (Oy(Gmn(F))/(IL)) [y~ and is
generated as a right ideal by PS.
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Proof. Note that complete primeness is clear.

We use the notation from Sections 9.5 and 9.6. In particular,we still denote by £ the biincreasing
bijection

& H — Spec, Oy (Grn(F)) = H — SpecO,1 (Yx(F))

given in (56).

Recall that @ := £(P) = U(P[y )NO,1 (YA(F)) and P = @ (P, Q') (O (Grun (F))/(IL,)).

As the Cauchon-Le diagram associated to @) is C, it follows from Theorems 5.4 and 7.12 that
() is generated as a right ideal by the pseudo quantum minors [/ | J] of O, -1(Y)(FF)) such that
there are no vertex-disjoint R(; j-path system in Post(C).

Hence we deduce from Theorem 9.17 that P[y~'] = & (@ieZ le) is generated by PC as a
right ideal of (Oy(Gmn(F))/(IL,)) [y, as desired. O

As extension and contraction are inverse bijections between the prime spectra of O, (G, (F))/(IL,)
and (Oy(Gpn(F))/(IL,))[y '], we deduce from the previous lemma the following remark.

Remark 10.4. If P{ generates a prime ideal in O, (G, (F)), then (P )r = P.

So, we are aiming to show that the set P{ generates a prime ideal in O,(Gy,,(F)). Let (PSR
denote the ideal of O,(G,,,(R)) generated by P{.

Notation 10.5. Set {ay,...,a,} := P{. To avoid confusion later, in this section, we use over-
bars to denote images modulo g—1 and we denote the image of v in S(7) g := Oy (Gmn(R))/(IL,) k
by p. Similarly, we write p; for the image of o; in S(y)g, fori=1,...,s.

Before proving the main result of this section, we establish an analogue of Lemma 10.3 over

R.

Lemma 10.6. The ideal ((P{)r/(IL,)g)[1™] is completely prime in (Oy(Gmn(R)) /(1LY r) [~
and is generated as a right ideal by py, . .., ps.

Proof. As in Theorem 8.4 (with ¢ replaced by ¢~!), TI{ denotes the set of pseudo quantum
minors [/ | J] in Oy-1(Yx(R)) for which there are no vertex disjoint families of R(; ;)-paths in
the Postnikov graph Post(C') of C.

Recall that, where S(7)r = Oy(Gmn(R))/(IL,) g and S°(y)g = O,-1(YA(R)), Corollaries 9.18
and 9.19 show that the noncommutative dehomogenisation isomorphism

U S()rl"] = S ()rly™; o), (66)

established in (65), sends the right ideal of S, (R)[p '] generated by py, .. ., us (or equivalently by
pap o psp ) to the right ideal of Q-1 (Yy(R))[yt; o] generated by I1Y, which is a two-sided
prime ideal by Theorem 8.4. The result follows immediately. ]

We are now ready to prove the main result of this section. To state it, we need to introduce a
few additional notation.

Set Br := ((PS)r/(IL)r) [t N Oy(Grn(R))/(IL,) g, and note that By is completely prime.

Set AR = <P>\C>R/<H,Y>R Clearly, AR g BR.

Similarly, define Ar and Bp.

We wish to prove that Ay = Bp. If we can do this then Ap is completely prime (since By is
the localisation at R* of the completely prime ideal Bg and hence By is itself completely prime)

and it follows that (P¢)r is completely prime.

The idea is to use [23, Proposition 2.1] whose right-module version is reproduced next for the
reader’s convenience.
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Proposition 10.7. Let k C K be a field extension and ¢ € K \ k transcendental over k (so
that the k-subalgebra R = klq,q™'] C K is a Laurent polynomial ring). Let us denote reduction
modulo q — 1 by overbars, that is, given any right R-module homomorphism ¢ : A — B, we write
¢: A— B for the induced map A/(q — 1)A — B/(q —1)B.

Let A2 B2 Cbea complex of right R-modules, such that C is torsionfree. Suppose that
there are right R-module decompositions

A=PA4; B=D5; C=PC;
jeJ jeJ jeJ
such that B; is finitely generated, ¢(A;) C B;, and ¢(B;) C C; for all j € J.
If the reduced complex A B Tis ezact, then so is

1d®¢ 1dQ@y

ARp K B®r K C®r K.

We would like to use this result with £ = K and A := Agr, B := Bi while C := 0.

If we assign degree one to each (image of a) quantum Pliicker coordinate, then A and B both
have R-module decompositions of the type required by the proposition, with J = Z.

Let ¢ : A — B be inclusion and 1 : B — C be the zero map. We aim to show that

- C

S|

a2

¢
is exact; that is, we aim to show that g_b(Z) = B, and to do this it is enough to show that

BR - AR + (q - 1)BR
_ Let b € Bg. Then there is an ¢ > 0 with bu € Agr. Reducing modulo ¢ — 1, we obtain
DT € (Tiy, - i)

Assume that (fiy, ..., @) is a prime ideal and 7 is not in this ideal; then we deduce
that b € (7, ..., 7).

Hence, b = pycy + - -+ + ey + (¢ — 1)d for some ¢;,d € S(7)g.

Now, pye1 + -+ ey € Ar € Bg; and so (¢ — 1)d € Bg. As Bpg is completely prime and
q — 1 & Bpg, we obtain that d € Br and so Br C Agr + (¢ — 1) Bg, as required.

Thus, the conditions of Proposition 10.7 are satisfied, and we deduce that

id®e id®p

AegF

B®rF

CerF
is exact when F = K(g*1).

As C ®rF =0, it follows that A ®r F = B ®g IF; that is, Ap = By as right ideals.
The discussion above is summarised in the following proposition.

Proposition 10.8. Let K be a field, and let F := K(q) be the field of fractions of the Laurent
polynomial ring K[qF]. Assume that (fiy, ..., T,) is a prime ideal of the homogeneous coordinate
ring of the classical grassmannian G, (F) and [ is not in this ideal. Then P = (jq, ..., 1) 1S a
(completely) prime ideal of Oy(Gn(F)), and P is generated by py, ..., as a right (resp. left)
1deal.
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Unfortunately, it is not known in general whether (g, ..., f,) is a prime ideal. It is only known
under the assumption that the base field K is algebraically closed. We thank Thomas Lam for
the explanation below.

Recall that a positroid is a matroid that can be represented by a m x n matrix with nonnegative
maximal minors. In other words, positroids are the set of maximal minors that do not vanish
on an m X n matrix with nonnegative maximal minors. These matroids were introduced and
studied by Postnikov in [48, Definition 3.2] (see also [47, Definition 3]). Crucially for us, Oh
proved that each positroid is exactly the intersection of cyclically shifted Schubert matroids (we
refer the reader to [47, Theorem 6] for more details).

Let K be an algebraic closed field in any finite characteristic. It is shown in [33, Corollary
4.3] that projections of Richardson varieties are compatibly Frobenius split. Positroid varieties
defined in [34, Section 5.2] are special cases of these. By [33, Lemma 4.1], components of inter-
sections of Frobenius split subvarieties are automatically Frobenius split and therefore reduced.
By standard arguments, the “reduced” statement also holds in characteristic 0 (see for example

[7, Section 1.6]).

Since each positroid variety is the (reduced) intersection of cyclically rotated Schubert varieties
by [47], the above comment implies that it must be a scheme-theoretic intersection. It is known
for algebraically closed fields in any characteristic that the ideal of a Schubert variety is linearly
generated by the Pliicker variables vanishing on it, see for example [49].

It follows that the ideal of a positroid variety is linearly generated by Pliicker variables not in
its positroid. This ideal is prime because a positroid variety is irreducible.

Finally, recall that Postnikov parametrised positroids by Cauchon-Le diagrams in a Young
diagram that fits in a rectangle of size m x n — m. Moreover, [48, Theorem 6.5] (see also
[47, Proposition 13]) shows that the Pliicker coordinate o € II belongs to the positroid asso-
ciated to the Cauchon-Le diagram C' on the Young diagram Y, if and only if there exists a
vertex-disjoint R({%lM%.t}7{aj1,._,7ajt})—path system in the Postnikov graph Post’(C) of C, where
{ag < - < appm}=[Ln]\yand 1 <i; < -+ <@y <m, 1 <j; <.+ <jy <n—m with
a=[v\{v, -7} U{a,...,a;}] and a;, > ;, for all | € [1,¢].

Comparing the above with Theorem 9.22, we obtain that the set fi,, ..., 71, is exactly the set
of Pliicker coordinates that don’t belong to the positroid associated to the Cauchon-Le diagram
C'. Hence we conclude that (g, ...,q,) is prime and does not contain .

We are now ready to state the main result of this section.

Theorem 10.9. Let K be an algebraically closed field and let F := K(q) be the field of fractions
of the Laurent polynomial ring Klg*']. Let P be an H-prime ideal of O (Gun(F)).
Then P is generated as a right ideal by the quantum Plicker coordinates contained in P.

Note that if P is the H-prime corresponding to the Cauchon-Le diagram C' on the Young
diagram Y), then the quantum Pliicker coordinates that it contains are specified in Theorem 9.21.

In the next section, we extend this result to the quantum grassmannian over any field that
contains a transcendental element q.
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10.3 Quantum Pliicker coordinates generate H-primes: general case

In this section, F denotes an field and ¢ € F* is not a root of unity.
In order to extend Theorem 10.9 to arbitrary field, we will use an idea from [20] which is based
on the notion of strongly H-rational ideal.

Definition 10.10. Let R be an integral domain that is an F-algebra and supports a rational
action of a torus H. Let P be a completely prime H-prime ideal of R. Then P is strongly
‘H-rational provided that the set of H-invariant elements in the centre of the division ring of
fractions of R/P is precisely the field F. If all H-prime ideals of R are completely prime and
also strongly H-rational then we say that R is a strongly H-rational F-algebra.

By [8, Theorem I1.6.4], quantum nilpotent algebras are strongly H-rational algebras.

In what follows, D(R) will denote the division ring of fractions of an integral domain R that
is a F-algebra, and ZD(R) will denote the centre of this division ring. In all occurences, D(R)
will have an induced H-action from R, and the task will be to show that the set of H-invariant
central elements ZD(R)" :={d € ZD(R) | h-d=d for all h € H} is precisely F.

Lemma 10.11. Let R be a strongly H-rational F-algebra that contains a nonzero normal H-
eigenvector u. Set T := R[u™'] and note that there is a natural induced action of H on T. Let
Q be an H-prime ideal of T. Then T/Q is an integral domain with an induced action of H, and

ZD(T/Q)" =

Proof. Note that Q = (Q N R)T and that @ N R is a completely prime ideal of R that does
not contain u. It follows that the image @ of u in R/(Q N R) is a nonzero normal element of
R/(QNR). Also, R/(QN R) C T/Q, via the natural map embedding that sends r + @ N R to
7+ Q. This map induces an H-isomorphism 7/Q = (R/(Q N R)) [u~'] which we will consider
to be an identification. Then

D(T/Q) = D((R/(Q N R)) [a']) = D(R/(Q N R)),

where the final equality holds because u~! € D(R/(Q N R)). Hence ZD(T/Q)* = ZD(R/(Q N
R)" =T, as R is a strongly H-rational F-algebra.

Theorem 10.12. The quantum grassmannian Oy(G,,(F)) is a strongly H-rational algebra.

Proof. Note that the augmentation ideal is clearly strongly H-rational.
Let P be an H-prime ideal of O (G, (IF)) distinct from the augmentation ideal. Suppose that
7 is the quantum Pliicker coordinate such that v ¢ P but o € P for all @ # . Then IL, C P. Set

Q) := P/(IL,) < S(7), and note that ) is an H-prime ideal of S(7). As O (Gmn(F))/P = S(v)/Q,
it is enough to show that @) is strongly H-rational in S(7).

Set u := 7% € S(vy) and recall that u is a nonzero normal element in S(7). It follows that
U := u+ Q is a nonzero normal element of S(v)/Q. It also follows that Q[u~'] is an H-prime
ideal in S(7)[u™'] and that S(v)[u™!]/Qu~"] = (S/Q)[u""].

Asu ! € D(S/Q), we see that

D(S/Q)" = ZD((S/Q)[@™"])" = ZD(S(v)[u""]/QLu~"])".
In view of this, it is enough to show that ZD(S(v)[u™!]/Q[u'])* =T.

71



In order to prove this latter equality, we use the (H-equivariant) dehomogenisation isomor-
phism (more precisely, we use the H-equivariant isomorphism (55))

S’ Mly*ol = Sy

to transfer the problem into the problem of showing that ZD(S°(vy)[y*';0]/J)* = F, for each
H-prime ideal J of S°(v)[y*'; o].

Note that S°(y) is a torsionfree quantum nilpotent algebra, by Theorem 9.12 and Proposi-
tion 3.2. It is then easy to check that S°()[y; o] is also a torsionfree quantum nilpotent algebra.
Hence, S°(7)[y; o] is strongly H-rational. As y is a nonzero normal H-eigenvector in S°(v)y; o],
the equality we desire is obtained by using Lemma 10.11 [

In order to prove that H-primes of Oy (G, (F)) are generated by quantum Pliicker coordinates
when ¢ is transcendental, we need results from [20] and [21]. For the reader’s convenience, we
have extracted the necessary results.

Proposition 10.13. Let K C K be fields, let A be a noetherian K-algebra and let H be a group
acting on A by K-algebra automorphisms.

Assume that all H-prime ideals of A are strongly H-rational. Then the rule P ~~ P Qg K
gives a bijection from H—Spec(A) — H—Spec(A @k K).

Proof. This is a special case of [21, Proposition 3.3] where, in the statement of that proposition,
we set Ay ;= A, Ay .= K,P, =P, P, =0, H; :=H and H; to be the trivial group. O

Lemma 10.14. [20, Lemma 1.3] Let K1 C K5 be infinite fields and let A be a noetherian Ks-
algebra supporting a rational action of a torus Ho = (K3)" by Ks-algebra automorphisms. Set
Hy = (KY)", which acts on A by restriction of the Ha-action. Then the Hi-prime ideals of A
coincide with the Ha-prime ideals of A.

Proposition 10.15. (c.f. [20, Proposition 1.4]) Let Ky C Ky be infinite fields, let ¢ € K
be a nonroot of unity and identify the algebra O (Gpn(K2)) with Oy(Gumn(K7)) ® Ky.  Set
Hi = (K)" fori = 1,2 and let H; act on Oy(Gmn(K;)) by K;-automorphisms in the stan-
dard way. Then the rule P ~» P ®p, Ky gives a bijection from Hi—Spec(Oy(Gpn(K1))) —
Ha—Spec(Oy(Grn(K3))).

Proof. Set A; = Oy(Gun(K;)) and recall that H; acts rationally on A; and that every #;-prime
ideal P of A; is stongly H,;-rational.

The action of H; on A; extends naturally to an action of H; on A; by Ks-automorphisms,
and it follows from Proposition 10.13 that the rule P ~» P ®g, Ky gives a bijection from
Hi—Spec(A;) — Hi—Spec(Az). In view of Lemma 10.14, H;—Spec(As) = Ha—Spec(Asy), and
the proposition is proved. O]

A version of the following theorem is obtained for quantum matrices in [20, Theorem 1.5], and
the proof we give is similar to the proof of that theorem.

Theorem 10.16. Let F be a field that contains an element q which is transcendental (over the
prime field of F). Then every H-prime ideal of Oy(Gpn(F)) is generated as a right (or left) ideal
by the quantum Plicker coordinates that it contains.

Proof. First, let K be the prime subfield of F, and consider the subfield K; := K(¢) C F, and
identify Oy (G (F)) with Oy (Gn(K1)) ®k, F. Set Hy := (K7)™ with the standard action on
O,(Gpn(K1)). By Proposition 10.15, any H-prime ideal of Oy (G (F)) is of the form P @k, F
for some H;-prime ideal P of O (G, (K1)). Hence, it suffices to prove that P is generated, as
a right (or left) ideal by the quantum Pliicker coordinates that it contains.
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Now, suppose without loss of generality, that ¢ is transcendental over the algebraic closure

K of K and set Hy := (K')" with the standard action on O,(Gyn(K>)), with K, = K(g). By
Proposition 10.15, P ®g, Ks is an Ha-prime ideal of Oy (G,,,(K>)), and thus, by Theorem 10.9
P ®k, K, is generated as a right ideal by the set X of quantum Pliicker coordinates that it
contains. Note that X is also the set of quantum Pliicker coordinates contained in P, and let
P’ be the right ideal of O,(G,,(K7)) generated by X. Then P’ ®p, Ky = P ®k, K», and,
consequently, P' = P. Therefore, P is generated as a right ideal by X, and similarly as a left
ideal. O]

11 The link with the total nonnegative grassmannian and
applications

The positroid cell stratification of the totally nonnegative grassmannian has been intensively
studied over the last dozen or so years following Postnikov’s groundbreaking paper [48], see,
for example, [2, 3, 36, 47]. Besides its intrinsic beauty, there are also applications in the study
of partial differential equations [32], scattering amplitudes [4], and juggling [34]. On seeing
Postnikov’s paper, the first two authors observed that the Le diagrams that Postnikov introduced
to parameterise the positroid cells were the same as the diagrams introduced by Cauchon to
study the H-prime spectrum of quantum matrices. This lead to several papers investigating
this connection, culminating in the present work. In the first paper in the series, [41] it was
shown that the positroid cells of the totally nonnegative grassmannian were in natural bijection
with the H-prime spectrum of the quantum grassmannian via what we are now calling Cauchon-
Le diagrams. We also conjectured at the time that this bijection would be a homeomorphism
between the partially ordered sets provided by the positroid cells under closure and the H-prime
spectrum under inclusion. Further, we conjectured that the H-primes would be generated by
the quantum Pliicker coordinates that they contain, and that the containment of a quantum
Pliicker coordinate in an H-prime ideal could be read off from the Postnikov graph. All of
these conjectures have now been answered in the present work. However, at the time, we
did not have the tools in the quantum setting to verify these conjectures. One setting where
we were able to make progress was for quantum matrices, which occur as the “big cell” in the
quantum grassmannian. The first author had already shown that, in the case of a transcendental
deformation parameter ¢, each H-prime ideal was generated by the quantum minors that it
contained, [38], verifying a conjecture of Goodearl and the second author, [22]. Yakimov also
produced a proof of this result, [54], and Casteels replaced the transcendental restriction by
the natural condition that ¢ be a not a root of unity, [13]. Casteels’ use of (noncommutative)
Grobner basis techniques was crucial to our present work.

In two papers with Goodearl, the first two authors were able to show that the membership
problem for quantum minors in H-prime ideals exactly matches to the corresponding problem
for minors belonging to a positroid cell, [24, 25]. Our first task in this section is to show that
the same correspondence holds with respect to (quantum) Pliicker coordinates in the quantum
and totally nonnegative grassmannians.

We start by outlining the key properties concerning the positroid cell stratification of the
totally nonnegative grassmannian.

11.1 The positroid stratification of G- (R)

The totally nonnegative m X n grassmannian, denoted by G=Z2(R), consists of those points in
the m x n real grassmannian which can be represented by a m X n real matrix whose Pliicker
coordinates are all > 0.
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The study of the cell decomposition of the totally nonnegative grassmannian was initiated by
Postnikov in [48].

Given a set M of m-element subsets of {1,...,n}, the cell in G2 (R) determined by M, and
denoted by Cell(M), consists of those points p in G2 (R) for which the Pliicker coordinates of
p that are in M are zero, while those not in M are greater than zero. For a given choice of
M., the corresponding cell may well be empty: for example, in the 2 x 4 totally nonnegative
grassmannian the Pliicker relation [12][34] — [13][24] 4 [14][23] = 0 shows that it is impossible
to have a point where [12] = [23] = 0 while the remaining four Pliicker coordinates are greater
than zero. (As a precursor to what we are to discuss below, notice that essentially the same
reasoning, using the quantum Pliicker relation [12][34] — ¢[13][24] + ¢*[14][23] = 0, shows that if
a (completely) prime ideal P in the 2 x 4 quantum grassmannian contains [12] and [23] then it
must also contain at least one of [13] and [24].)

Postnikov made the following definition.

Definition 11.1. If Cell(M) is nonempty then Cell(M) is a positroid cell in GZ2 (R).

It is obvious that the positroid cells give a partition of the totally nonnegative grassmannian,
but much more is true: the positroid cell decomposition is a stratification, in the sense that the
closure of a positroid cell is a union of positroid cells.

Postnikov showed that the positroid cells are parameterised by a variety of combinatorial
objects. Two that are relevant to us in this section are Le-diagrams and Grassmann necklaces.
Le-diagrams are what we have been calling Cauchon-Le diagrams and we will continue to use
that terminology. Grassmann necklaces are defined later in the section.

A fundamental question is to describe the points in a positroid cell when given the Cauchon-Le
diagram corresponding to the cell. Oh obtains the following result and attributes it as a corollary
of [48, Theorem 6.5]

Theorem 11.2. [47, Proposition 13] Let C' be a Cauchon-Le diagram defined on a partition
Y\ which fits into a m x (n — m) rectangle, and let Po denote the positroid cell in G=0(R)
corresponding to C'. Let [I] be the Plicker coordinate corresponding to the partition \; so that
the rows of Yy are indexed by I. Then a Plicker coordinate [J] vanishes on all points of Po if
and only if there are no vertex disjoint Ry j-path systems in the Postnikov graph Post’(C) of
C.

11.2 Links between the quantum and totally nonnegative grassman-
nians

Comparison of Theorem 11.2 with our Theorem 9.21 immediately gives the following theorem.

Theorem 11.3. Let C' be a Cauchon-Le diagram that fits into a m x (n —m) rectangle. Let Pg
be the positroid cell corresponding to C. Let K be a field, ¢ € K* not a root of unity, and let Q¢
be the H-prime ideal of Oy(Gmn(K)) corresponding to C. Let F be the set of Pliicker coordinates
in Gn(R) that vanish on the whole of Po and let F, be the set of quantum Plicker coordinates
that are contained in Qc.

Then F and F, are essentially the same, in the sense that the Plicker coordinates in F are
obtained from the quantum Plicker coordinates in F, by setting ¢ = 1.

Proof. Membership of F and F, are both recognised by the same test: nonexistence of vertex
disjoint families of paths in Post’(C'), by Theorem 9.22 and Theorem 11.2. O

In view of this theorem, for the rest of this section, we will assume that K is a field and that
q € K* is not a root of unity. We can then use the theorem to transfer many results concerning
the positroid cells of G (R) to the H-prime spectrum of Oy(Gyn(K)).
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11.3 Grassmann necklaces

In [48], Postnikov associated various combinatorial objects with the nonempty positroid cells of
the totally nonempty grassmannian. In view of the connection that we have established between
positroid cells in the totally nonnegative grassmannian and the H-spectrum of the quantum
grassmannian, we can potentially use these combinatorial objects to study the quantum grass-
mannian. Here, we use the notion of Grassmann necklace to study the Zariski topology of
H—Spec(O,(Grn(K))); that is, to decide when @ C P for H-prime ideals P, Q).

Recall that the irrelevant ideal of Oy(Gn,(K)) is the ideal generated by all of the quantum
Pliicker coordinates. This ideal is an H-prime ideal that contains all other H-prime ideals and so
in what follows we will usually assume that we are dealing with H-prime ideals that are distinct
from the irrelevant ideal.

A matroid of rank m on the set {1,...,n} is a non-empty collection of m-element subsets M
of {1,...,n} called bases of M, that satisfy the exchange axiom: for any I,J € M and i € I,
there exists j € J such that I\{i} U {j} € M, see, for example, [48, 2.3].

Postnikov showed [48, 2.3| that the set of Pliicker coordinates that do not vanish on a given
positroid cell in GZ% (R) forms a matroid of rank m. In view of Theorem 11.3, the same conclusion
applies to the set of quantum Pliicker coordinates that are not contained in a given H-prime
ideal of O,(G,,,(K)) distinct from the irrelevant ideal. For the convenience of the reader, we
give a direct proof which is essentially the same as that for GZ¥ (R), but uses quantum Pliicker
relations rather than classical Pliicker relations.

Proposition 11.4. Let ¢ € K* and assume that q is not a root of unity. Let P be an H-prime of
Oy(Gn(K)) that is not the irrelevant ideal and let M be the set of quantum Pliicker coordinates
that are not in P. Then M is a matroid of rank m.

Proof. Let [I] and [J] be two quantum Pliicker coordinates that are not in P. We need to verify
the exchange axiom for [ and J. Fix¢ € [. If ¢ € J then the exchange axiom is trivially satisfied
by choosing j = 4. Thus, assume that ¢ ¢ J.

The generalised quantum Pliicker relations of [31, Theorem 2.1] (see also Theorem 9.16),
applied with J; = I\{i}, Jo = 0 and K = J U {i} give a relation

Y. (o [hUKIK]=0
K'UK"=K

in Oy(Gn(K)). (Here, by a symbol (—¢)®, we mean some power of —g with exponent in Z.)

Consider the various terms in the above expression. When K’ = {i} then J; U K’ = I and
K" = J. Otherwise, K’ = {j} for some j € J and each of the other terms is of the form
[I\{i} U {7}H[J\{j} b {i}]. If every term [I\{i} U {j}] is in P then we obtain [I|[J] € P.
However, P is completely prime; so either [I] € P or [J] € P, a contradiction. Thus there exists
g € J with [I\{i} U{j}] € M and the exchange axiom is verified. O

We know that the quantum grassmannian is a graded quantum algebra with a straightening
law (abbreviated to QGASL) on the usual poset II, see [42] and Section 9.1 earlier in this paper.
However, we can put other partial orderings on the quantum Pliicker coordinates and again get a
QGASL structure. In particular, for each ¢ with 1 <7 < n we can define the i-ordering, denoted
by <;. In this ordering, we have

1<;1+1<;14+2<;...<;n<; 1< ... .<;1—1.
There is then an induced partial ordering on the quantum Pliicker coordinates given by

[CLl <i--~<iam] < [b1<z<zbm]
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if and only if a; <; b; for each 1 < 57 <m.

We will refer to the set of quantum Pliicker coordinates with this partial ordering as II;. Note
that <; is just the usual ordering on the natural numbers and that II; is the usual II.

As an example, we show the four partial orders on O,(G24(K)) in Figure 4.
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Figure 4: The four i-orderings on O,(G24(K)).

Theorem 11.5. The quantum grassmannian O (G, (K)) is a QGASL on the poset 11; for each
Twith 1 <i<n.

Proof. See [44, Theorem 3.5 O

Theorem 11.6. Consider the QGASL structure on Oy(G,(K)) determined by the poset 11;.
Let P be an H-prime ideal of Oy(Gn(K)). Then there is a unique quantum Plicker coordinate
[I;] in I1; with the property that [I;) &€ P but [J] € P for all J %; I;.

Proof. This is proved in [41, Theorem 5.1] for the standard order <;. Inspection of the proof
reveals that it works for any quantum graded algebra with a straightening law; so the result
follows from the previous theorem. O

We adapt Postnikov’s definition of a Grassmann necklace, see [48, Definition 16.1], from the
totally nonnegative case to the quantum case in the following definition.

Definition 11.7. A Grassmann necklace in Oy(Gpnn(K)) is a sequence Z = ([I4],...,[I,]) of
quantum Pliicker coordinates such that for each 1 <i < n, if i € I; then [,;; = (L\{i}) U {j}
for some 1 < j < n, and, if i € [; then [;;; = I;. (Here, indices are taken modulo n, so that

[n+1 == Il)
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In [48], Postnikov shows that each positroid cell in G202 (R) determines a Grassmann neck-
lace. In view of Theorem 11.3, the same result is available for H-prime ideals in the quantum
grassmannian O,(G,,,(K)). Nonetheless, we give a direct proof in the quantum setting for the
convenience of the reader.

Theorem 11.8. Let ¢ € K* and assume that q is not a root of unity. Let P be an H-prime
ideal of Oy(Gmn(K)) and let T = ([I1], ..., [I,]), where [I;] is the quantum Plicker coordinate of
O,(Gn(K)) determined by Theorem 11.6. Then T is a Grassmann necklace.

Proof. For each ¢ = 1,...,n we need to show the correct relationship between I; and I;;,. The
proof is the same in all cases, but we will present the proof in the case that ¢ = 1 to simplify the
notation.

Note that if @ <; b and a # 1 then a <5 b. As a consequence, if [I| and [J] are quantum
Pliicker coordinates with I <; J and 1 & I then I <, J.

Let [[1] = [i1 <142 <1 ... <y im) and [I5] = [j1 <1 j2 <1 ... <1 Jm)-

It follows from the previous theorem that I; <y I, as [I5] € P. As a consequence, is <; js for
each 1 < s < m. Also, the observation above shows that i, <, js for each 2 < s < m and that
’il SQ jl whenever ’il 7é 1.

In a similar way, I, <s Iy, as [[;] & P.

We consider three mutually exclusive and exhaustive cases. Case 1: i; # 1. Case 2: i1 = j; = 1.
Case 3: 71 =1 and j; # 1.

Case 1 Assume that i; # 1, and note that this implies that 1 ¢ I;, so we need to prove that
I, = 1I;. Now, [Il] = [21 <9 lg <9 ... <o Zm] and [IQ] = [jl <9 Jo <9 ... <y ]m] AISO, it follows
from the previous theorem that Iy <, Iy, as [I1] € P. Thus, j; <5 i, for each 1 < s < m. How-
ever, we know from above that iy <5 js for each 1 < s < m. Thus, i, = j, for each 1 < s < m;
and so I, = I, as required.

Case 2 Assume that iy = j; = 1. We need to show that I, = (I;1\{i1}) U {jx} for some j; € I.
1\IOW7 [Il] = [22 <913 <9 vv. <9ty <o 7/1] and [IQ] = []2 <973 <9 ... <9 Im <o ]1] ThllS, Js <o g
for each 1 < s < m, because I, <, I;. As we already know from above that i, <5 js for each
2 < s < m this shows that iy, = j, for each 2 < s < m. As we are in Case 2, we know that
in=71=1;s0 I, =1 = (I1\{i1}) U{j1}, as required.

Case 3 Assume that i1 = 1 and j; # 1. In particular, 1 & I,. We need to show that
I = (I\{i1}) U {ji} for some ji € I>.

Recall that i1 = 1 is the largest element with respect to <5 so displaying /; in the order <,
we have
[[1] = [ig <9 <9y <o il].

Also, j; # 1; so displaying I5 in the order <5, we have
o] = [J1 <2 J2 <2 ... <2 Jml-

Thus, j; <9441 foreach t =1,...,m — 1, because I, <5 I5.

We apply the generalised quantum Pliicker relations of [31, Theorem 2.1] (see also Theorem
9.16) with the following assignations. Set .J; := I;\{1} and Jy := (), while K := I, U {1}. There

is a relation
> (=) [HUKK" =0

K'UK"=K
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in O,(Gmn(K)). (As usual, by a symbol (—¢)®, we mean some power of —¢ with exponent in Z.)
Consider the various terms in the above expression. When K’ = {1} then J; U K’ = I; and
K" = I,. Thus, [[;][]2] is one of the terms in the above relation. Each of the other terms is of
the form [(1L,\{1}) U {4s}[(L2\{js}) U {1}] for some 1 < s < m.
Now, [I1][I2] € P; so there must be a term [(I;\{1}) U {js}[(Io\{js}) LU {1}] € P. For such a
term, set [X] = [([1\{1}) U {js}] and [Y] := [(I2\{js}) L {1}]. Note that [X],[Y] & P, as P is a
completely prime ideal. Hence, [y <; XY and I, <5 X,Y.

We consider three subcases: (i) s = 1; (ii) 1 < s < m; and (iii) s = m.

Subcase (i) Assume that s = 1. Thus, [X] := [(L1\{1}) U{s}] and [Y] := [(L\{51}) U {1}].
We know j; <5 i5 from above. In fact, j; <s is, since j; € I1. As a result, displaying X in <s,
we have
[X] = []1 <9 lp <9 ... <9 Zm]

Hence, j; <5 7; for each 2 <t < m, because Iy <5 X. From the beginning of the proof we know
that 7; <5 j; for each 2 <t < m; so j; = i; for each 2 <t < m. Thus,

Iy = {1, g2 gm} = {dn e, i} = (Wi }) U {51},

as required.

Subcase (ii) Assume that 1 < s < m. We wish to display X with respect to <, and to do
this we need to know where to place js. We have already observed that j; <5 7511, and, in fact
Js <g is11, since js € I;. From the beginning of the proof, we know that iy <5 j,. In fact,
s <2 Js, since js &€ Iy. Thus, 15 <9 Js <2 isy1. Hence, displaying X in the order <5, we have

[X] = [’LQ <o iz <g ... <9l <9 js <9 i5+1 <9 ...<9 Zm]
Thus, we see that
J1<ot2, ..., Joo1 Z2ls Jet1 J2lst1y  --es Jm <2 lm, (67)

because I, <5 X.
As [Y] & P, we know that I; <; Y. Now displaying [Y] := [(I2\{js}) U {1}] in the order <;,
we have
Y] =Tl <151 <100 <t Jomt <1 Js1 <1 -0 <1 Jim)

(recalling that i; = 1). Hence, the fact that I; <; Y shows that
12 <1015, ooy 05 <1501, st S1Jst1s -y lm <1 Jm-
As 15 > 1 we get the same inequalities with respect to <g; that is,
12 <2 J1, ooy s <2 Js1y lsi1l K2 Jst1,  ces lm <2 Jm- (68)
From (67) and (68), we see that
=12, oy Js—1 =1ls,  Jst1 =lstl, -5 Jm = lm.
Therefore,

[2 == {jla'"7j8—17j87.j5+17"'7jm}

= {lo, ... 0s, Jsylsi1s---sim}
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= (L\{ia}) udsl,

as required.

Subcase (iii) Assume that s = m. This case is similar to the previous case; so we will be brief.
Recall that 7,, <5 j,,, and, note that, in fact, i,, <o jm as j., € I;. Consequently,

[X] = [(\ i) U {m}] = li2 <23 <2 .. <2im <2 Jml;

and so

J1 <22, ...y Jm-1=2im (69)
because [, <o X.

Now [Y] = [i1 <1 71 <1 ... <1 Jm-1] and so, as [} <; Y}, we see that

12 <1J1, -y lm <1 Jm-1
and deduce that

2 <2 J1, -y lm <2 Jm-1, (70)

as ip # 1.
From (69) and (70), we see that

J1 :7;27 SR jmfl = im-
Therefore,

L = {ji.- - Jm-1,Jm}
- {ig,...,im,jm}
= (L\{a}) U {jm}

as required.
m

Let P be an H-prime ideal in O (G, (K)) with associated Grassmann necklace Z = ([I4], . . ., [1,]).
Then Theorem 11.6 shows that P contains the quantum Pliicker coordinates in the set

n

A1 1T 2 1}

=1

The first two authors and Rigal had conjectured earlier that these are precisely the quantum
Pliicker coordinates in P. We can now prove this conjecture by appealing to the connection with
the totally nonnegative grassmannian.

Theorem 11.9. Assume that ¢ € K* is not a root of unity. Let P be an H-prime ideal in
O, (Grn(K)) with associated Grassmann necklace T = ([I1],...,[I,]). Then the set of quantum
Pliicker coordinates contained in P is equal to the set

n

UAT 17 2 1

=1
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Proof. Let F, be the set of quantum Pliicker coordinates contained in P. Then the corresponding
set of Pliicker coordinates F determines a nonempty cell S in the totally nonnegative grassman-
nian. The Grassmann necklace associated with S is also given by Z = ([I1],...,[l,]) (where
we are now interpreting the [I;] as classical Pliicker coordinates). By [47, Proposition 16|, the
members of F can be described as in the claim of the theorem; and so the same result holds for

Fy 0

If P is the H-prime ideal P of Oy (G (F)) with Grassmann necklace ([I1],...,[I,]), we set
Neck(P) := ([1],- .., [I,)])-

Define a partial order on the set of Grassmann necklaces in the following way. Let @) be
another H-prime ideal with Neck(Q) = ([/1],...,[Ja]). Then set Neck(Q) < Neck(P) if and
only if J; <; I; foreach 1 =1,...,n.

Theorem 11.10. Assume that q € K* is transcendental over the prime field of K and suppose
that P and Q) are H-prime ideals of Oy(Gpn(K)). Then @ C P if and only if Neck(Q) <
Neck(P).

Proof. Set Neck(P) = ([11],...,[Ls]) and Neck(Q) = ([/1],- .-, [/n))-

(=) Suppose that @ C P but that there is an ¢ with J; £; ;. Then [[}] € @ C P, a
contradiction. Hence, J; <; I; for each i = 1,...,n; that is, Neck(Q) < Neck(P).

(<) Suppose that @ € P. We need both quantum Pliicker coordinates and classical Pliicker
coordinates in this argument; so, if [I] is a classical Pliicker coordinate then the corresponding
quantum Pliicker coordinate is denoted by [/],.

Suppose that P is associated with the Cauchon-Le diagram C' and denote the corresponding
positroid cell by S¢. Similarly, suppose that @) is associated with the Cauchon-Le diagram D
with corresponding positroid cell Sp. Then [I], € P if and only if [I](s) = 0 for all s € S¢, and
[I], € Q if and only if [/](s) = 0 for all s € Sp.

As () € P there is a quantum Pliicker coordinate [I], € Q\P by Theorem 10.16. Hence,
[I](s) = 0 for all s € Sp. Thus, by [47, Proposition 16|, there exists a j with I %; J;.

Now, [I], ¢ P and so there exists s € Se with [I|(s) # 0. It follows from [47, Proposition
].6] that [ Zz Iz for all 7. In particular, I Zj Ij. If Ij Zj Jj then 1 Zj Ij Zj Jj, which is a
contradiction. Thus, I; 2; J; and so Neck(P) ? Neck(Q). O

The previous proposition shows that we can decide containment between two H-primes P and
Q of O (Gmn(K)) by comparing their Grassmann necklaces. Let C' be the Cauchon-Le diagram
associated with P. In [47] an algorithm is given to determine Neck(P) from C' and so this gives
an algorithm for the containment problem for H —Spec(O,(G,,,(K))), as it is easy to compare
quantum Pliicker coordinates in each i-order. Another description of an algorithm to compute
the Grassmann necklace from a Cauchon-Le diagram is given in [14], at least in the case of
O,(M,, »(K)). This latter algorithm is perhaps easier to understand than Oh’s algorithm, and
can easily be adapted to work in the general O,(G,.,(K)) case. An algorithm to perform the
reverse procedure; that is, to reconstruct a Cauchon-Le diagram from a Grassmann necklace, is
presented in [1].

11.4 On Yakimov’s conjecture

In [53], Yakimov parameterises the H-prime ideals in quantum partial flag varieties by pairs of
elements in the associated Weyl group, and makes a conjecture about containments between
such primes in terms of the parameterisation. He states that the conjecture was proved in the
full flag case by Gorelik, [28], but otherwise remains open, even in the grassmannian case. In
this subsection, we give a characterisation of the poset of H-primes in the quantum grassmannian.
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We begin by describing briefly Yakimov’s parameterisation and his conjecture. Full details are
available in [53].

Let G be a split, simply connected, semisimple algebraic group over a field K of characteristic
zero and let Py be the standard parabolic subgroup associated with a set of simple roots I. If W
is the Weyl group of G then W/ denotes the minimal length representatives of cosets in W /W
where W7 is the parabolic subgroup of W corresponding to F;.

Theorem 11.11. (Yakimov, [53, Theorem 1.1]) The H-invariant primes of the quantum partial
flag variety R |G/ Py] are parameterised by

Swr = {(w,v) e W' x W | v < w},

the partial ordering being the Bruhat order.

Conjecture 11.12. (Yakimov, [53, Conjecture 1.2]) For (w,v), (w',v") € Sw,; the containment
P, € P, holds if and only if there exists z € W; such that

w>w'z and v<v'z.

The inspiration for Yakimov’s conjecture is the following. The algebra R,[G/P;] is a quantisa-
tion of the projective Poisson variety (G/P;,7r), and there is a bijection between the H-prime
ideals in Ry[G/P;] and the so-called torus orbits of symplectic leaves Ty, , of (G/Py, ), as these
torus orbits are also parameterised by Sy ;.

The Zariski closures of T, were explicitly determined in [26] and [50]:
TL,=A{T) | there exists z € Wy such that w > w'z,v < v'z}.

The orbit method then suggests that the containments between H-prime ideals in R,[G/F]
should mirror the description of the Zariski closures for the torus orbits of symplectic leaves and
this leads to Yakimov’s conjecture.

In [26, Theorem 1.8], Goodearl and Yakimov give the result for membership of the closures in
the Zariski topology of the torus orbits of symplectic leaves. They state that Rietsch has the
same result in [50, Proposition 7.2], and also that she obtains the same result for closures of
nonnegative cells in the corresponding nonnegative setting. Note that, at first sight, the param-
eterisations given by Rietsch and Goodearl-Yakimov are not the same. However, the fact that
they are indeed the same is covered in an appendix in a paper by He and Lam, [29].

We now consider the special case of grassmannians; that is we assume that G = SL, 1 (K) and
I'=A{oq,...,0,} \{am}, so that R,[G/Pr] = O(Gn(K)). As we now know that containments
between H-prime ideals in the quantum grassmannian correspond to membership of the closure
of positroid cells in the totally nonnegative grassmannian by Theorem 11.3, we deduce from the
above description the following result.

Theorem 11.13. Assume that q € K is transcendental over the prime field of K. The following

posets are isomorphic:

1. H-SpecOy(Gn(K)) (endowed with inclusion);
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2. the set of torus orbits of symplectic leaves in the grassmannian SL,.1(C)/P; (ordered by
closure);

3. Sw., where W is the symmetric group W = S,41 and Wi is the subgroup generated by
S1y- vy Sm—1s Smils - -+ Sm, and where the order (w,v) < (w',v") in S, is defined by

(w,v) < (w',v") if and only if there exists z € Wi such that w > w'z and v < v'z.

Previously, only a bijection between H-SpecO, (G, (K)) and Sy ; had been established by
Yakimov [53].

The above result can be seen as a first step towards proving that the primitive spectrum
of O,(Gn(K)) and the the space of symplective leaves in the corresponding grassmannian
SL,.1(C)/P; are homeomorphic.

We note that, in order to prove the full Yakimov’s conjecture in the quantum grassmannian
case, additional work is needed: one still need to compare his parametrisation of H-primes by
the set Sy ; with our parametrisation of H-primes by Cauchon-Le diagrams.

11.5 Separating Ore sets

In [9], Brown and Goodearl consider the problem of determining the Zariski topology of the prime
spectrum of algebras A equipped with a suitable rational action of a torus H. More precisely,
they assume that they are dealing with a noetherian algebra over a field K such that A satisfies
the noncommutative nullstellensatz, that H is a K-torus acting rationally on A by K-algebra
automorphisms and that A has only finitely many H-prime ideals. The basic question is to
decide, given two prime ideals P, ), whether or not () C P. If the stratification theorem applies
and P and (@) are in the same stratum then the problem is relatively easy to solve. The difficult
part is when the two primes belong to different strata. In order to have a chance of progress one
needs to be able to first decide this problem for H-prime ideals; that is, given H-prime ideals P
and @, recognise when ) C P. In the case of quantum grassmannians, we have answered this
question thanks to the notion of Grassmann necklace.

In order to deal with the general situation, Brown and Goodearl introduce a notion that is
subsequently named a separating Ore set in works by Casteels and Fryer, [14], and Fryer and
Yakimov, [17]. Explicit separating Ore sets have been constructed by Casteels and Fryer for
quantum matrices [14], and by Fryer and Yakimov for quantised coordinate rings of algebraic
groups and quantum Schubert cells [17]. In this subsection, we show that Grassmann necklaces
generate separating Ore sets in the quantum grassmannian.

As mentioned above, Casteels and Fryer, [14] addressed this problem in the case of quantum
matrices and our belief that Grassmann necklaces would generate separating Ore sets is a result
of reading their paper. Our proof of the Ore condition for powers of a quantum Pliicker coordi-
nate is via noncommutative dehomogenisation from a result due to Skoda [51] that any quantum
minor in the algebra of quantum matrices generates an Ore set.

Definition 11.14. Let A be a K-algebra that supports a rational action of a K-torus H and let
P be an H-prime. A separating Ore set for P in H-Spec(A) is an Ore set Sp with the following
two properties: (i) PN Sp =0, (ii) if Q € H—Spec(A) and Q € P then Q N Sp # 0.

We begin by recalling some well-known facts about Ore sets. In order to avoid some technical
details concerning denominator sets, we will assume throughout the discussion that we are dealing
with rings R that are (noncommutative) integral domains.

Recall that a multiplicatively closed subset S of nonzero elements in a domain R is said to
satisty the right Ore condition if for each @ € R and s € S there exist ¢ € S and r € R such
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that at = sr (that is, aS N sR # (). If this equation holds for a pair (a, s) with s € S, we say
that the pair (a, s) satisfies the right Ore condition with respect to the set S and that (a, s) is a
right Ore pair (with respect to S). If (a, s) is a right Ore pair for each a € R then we say that
s is a right Ore element with respect to S. The left Ore condition is defined in a similar man-
ner, and, if S satisfies both the right and left Ore conditions then we say that S is an Ore setin R.

Our first aim in this section is to show that the set of powers of an arbitrary quantum minor
is an Ore set in the algebra of quantum matrices. This result was first obtained by Skoda [51],
but we present a complete proof which may be more transparent than that given in [51].

We begin with some preparatory results, some well-known and some taken from or inspired
by Skoda’s work. As we will only be dealing with domains, we assume throughout that R is an
integral domain and that S is a multiplicatively closed subset of nonzero elements of R.

Lemma 11.15. Suppose that S is a multiplicatively closed set and that Sy is a subset of S such
that each element of S is a product of elements of Sy (that is, S is generated as a multiplicative
set by Sp). Suppose that each s € Sy is a right Ore element with respect to S. Then S is a right
Ore set.

Proof. Suppose that s, sy are right Ore elements with respect to .S. We will show that s;s, is
a right Ore element with respect to S.

Let a € R. As (a, s1) is a right Ore pair, there exist t; € S and r; € R such that at; = s174.
As (71, s2) is a right Ore pair there exist to € S and ro € R with rity = ser9. Thus,

a(tita) = s1r1ta = S1S9779,

which shows that (a,s;se) is a right Ore pair, because tits € S; and so s1sy is a right Ore
element, as required.

The claim of the lemma now follows by induction on the length of any element of s € S when
represented as a product of elements of Sy. n

Corollary 11.16. Let Si,...,.S, be right Ore sets in R and let S be the multiplicatively closed
set of all products of elements from Sy U---US,. Then S is a right Ore set.

Proof. This follows immediately from the previous lemma. O

Definition 11.17. For a multiplicatively closed set S of the integral domain R, define E(S) to
be the subset of elements e of R such that (e, s) is a right Ore pair with respect to S for each
s € S; that is, for each s € S there exists an element s; € S and r; € R such that es; = sry

Note that if we can prove that E(S) = R then we have proved that S is a right Ore set in R.
Lemma 11.15 above occurs as [51, Lemma 3.1(iii)]. As we need more from Skoda’s lemma, we
restate it in full here.

Lemma 11.18. Suppose that S is a multiplicatively closed subset of the integral domain R and
that S C E(S). Then

(1) E(S) is a subalgebra of R.

(11) Suppose further that an element f € R satisfies the following property: for each s € S there
exists s; € S and r1 € R such that fs; — sr1 € E(S). Then f € E(S).

(111) Suppose that Sy is a subset of S that generates S as a multiplicative set and that for each
s € Sy and r € R, there exists s1 € S and r1 € R such that sr1 = rs;. Then S is a right Ore set
mn R.

Proof. See the proof of [51, Lemma 3.1]. O
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Note that Part (i) of the previous lemma shows that we only need to consider elements in a
generating subset of R when checking the Ore condition for S.

Lemma 11.19. Let xy; be a generator in Oy(M,, ,(K)) and set S := {x%, | d € N}. Then S is
an Ore set in Oy( M, ,(K)).

Proof. 1t is obvious that S C E(5); so Lemma 11.18 is available for use.
By Lemma 11.18(i), it is enough to check the right Ore condition for the pair (a, s) = (z;;, x%,)
with d € N.

If z;; is weakly NE or weakly SW of z;; then the pair of variables commute up to a power of ¢
and so the Ore condition holds. Thus, we may assume that z;; is either strictly NW or strictly
SE of zy;. Assume that x;; is strictly NW of xj;. Then, an easy induction left to the reader
shows that

d+1

_d 2d+1
zijary = oy (zgaen + (@ -

Q)ilfiliij)
for all d > 1. This demonstrates the right Ore condition for the pair (z;;, z¢,), as required.
The case where z;; is strictly SE of xy; follows by a similar calculation.
Finally, the left Ore condition is checked in a similar way. O

Remark 11.20. We note for later use that the proof of Lemma 11.19 shows that for all d > 1,
there exist e > d and r € Oy(M,,»(K)) such that

e _ _d

Recall that the quantum determinant D, of O (M, (K)) is central in the noetherian domain
O,(M,(K)). Hence we can form the localisation Og(G Ly, (K)) := Og (M, (K))[D; '] of Oy(M,(K))
at the multiplicative set generated by D,. The resulting algebra O,(GL,(K)) is the so-called
quantum general linear group. This is a quantum group in the sense that it supports a Hopf
algebra structure (see for instance [30]). In the following proof, we will make use of its antipode
S which we will apply to quantum minors of O,(GL,(K)). Recall for later use that the formula
for the antipode applied to a quantum minor is S([I|J]) = (—¢)'~/[J|I] D!, where the exponent
I — J is the sum of the row indices in / minus the sum of the column indices in J and D, is the
quantum determinant, while I denotes the complement of I in {1,...,n}, see, for example, [31,
Lemma 4.1].

Theorem 11.21. [Skoda, [51]] Let [K|L] be a quantum minor in Oy (M, ,(K)) and set S :=
{[K|L]" | t € N}. Then S is an Ore set.

Proof. We may assume that [K|L] is of size at least two, as the case of size one is dealt with in
the previous lemma.

As S C E(S), Lemma 11.18 is available for use.

By Lemma 11.18(i), it is enough to check the right Ore condition for the pair (a,s) =

There is a submatrix of generators of O,(M,,,(K)) that contains these two elements and
has at most one more row and column than [K|L]. We can perform all calculations within
this subalgebra, and so, without loss of generality, we may assume that [K|L] is an (n — 1) X
(n — 1) quantum minor in O, (M,(K)). By inverting the quantum determinant we may work
in O,(GL,(K)) — this makes available the antipode which is an anti-automorphism. Note that
n > 3. Our plan is to look at the images of the two elements under the antipode, establish the
left Ore condition for two related elements and then apply the antipode once more to obtain the
right Ore condition that we are seeking.
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Let ¢,d be such that {1,...,n} = K U{c} = LU{d} and let U,V be such that {1,...,n} =
{i}UU ={j}UV. Note that S(zq.) = (—¢)* °[K|L]D;" and that S([V|U]) = (—=¢)" Va;; D;".

By the previous result, the left Ore condition holds in O, (M, (K)) for the pair ([V|U], z%,).
Hence, there exist s € N and an element r € O, (M, (K)) such that

rig. = Ta.[V|U].

Observe that s > t by Remark 11.20.
Note that the equation above is a homogeneous equation, and so r will be a sum of products
of s —t+n — 1 variables multiplied by various scalars. Thus, S(r) will be equal to ry D, *~+" !

for a suitable r; € O,(M,(K)). By applying the antipode to the above equation, we obtain
{(—) " [K|L)D '} - 1 Dy 7Y = ()" Yy D (—q) € [K|L]D, '}

so that
[K|L) {(=q)*r} = ay[K|L]* Dy 2.

where (—¢)* is some power of (—¢) that we need not know explicitly. Note that n —2 > 0; so all
terms in this equation are in O,(M,(K)). Now (D,) is a completely prime ideal in O,(M,(K))
and [K|L] is not in this ideal. Hence, r = r2D, for some 5 € O, (M, (K)). Thus, we obtain

[K|L]" - {(=q)*r2} = @[ K|L]" Dy >,
Continuing in this way, eventually we find an r’ € O,(M,,(K)) such that
(KL {(=q)*r'} = @[ K|L],
and this confirms the Ore condition for the pair (z;;, [K|L]"). O

Remark 11.22. We note for later use that the proof of Theorem 11.21 shows that for all £ > 1,
there exist s > ¢ and r € Oy(M,, ,(K)) such that

[K|L]" - r = 2| K|L)°.

We are now ready to prove that quantum Pliicker coordinates generate Ore sets in O (G, (K))
by using the dehomogenisation isomorphism ¥ from Theorem 9.17. Indeed, ¥ will allow us to
transfer Skoda’s result to quantum grassmannians.

Theorem 11.23. Let ¢ be a nonzero element of a field K. Let [C] be a quantum Plicker
coordinate in Oy(Gpn(K)) and let S be the set of powers of [C]. Then S is an Ore set in
Oy (Grun(K)).

Proof. 1f [C] = [1,...,m] then [C] is a normal element and so the result is well-known. Thus, we
may assume that [C] # [1,...,m]. Let [4] be any quantum Pliicker coordinate. By Lemma 11.18
it is enough to show that ([A],[C]") is a right Ore pair with respect to S for all ¢ > 1; that is,
we need to show that there exists s € N and r € Oy(Gpn(K)) such that [A][C]* = [C]'r.

We consider noncommutative dehomogenisation at v := [1,...,m], see Section 9.2. More
precisely, we will make use of Theorem 9.17 in the case where v = u. By Theorem 9.17 the
elements [AJu~! and [Clu~! are sent to quantum minors in O,-1(M,, - (K)) by the isomorphism
U, say U([AJu) = [I | J] is a ¢ X ¢ quantum minor and ¥([Clu™') = [K | L] is a d X d quantum
minor. Denote the generators of Oy-1(M, n—m(K)) by z;; and, in the next part of the argument,
we consider the degree of elements in Oy-1 (M, ,,—m(K)) with each x;; having degree equal to
one. By Skoda’s work, Theorem 11.21 and Remark 11.22, there exists s € N with s > ¢ and an
element w € Oy-1 (M, »—m(K)) such that

(L] (K L) = (KL -w (71)
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The degree of the term on the left hand side of this equation is ¢ + sd and [K | L] has degree d;
so w is a linear combination of terms of Oy-1(M,, »—m(K)) each having degree e := ¢+ (s — t)d.
Consider one such term w; ... w,, where each w; is some x;;.

By using the dehomogemsatlon isomorphism ¥, we may write w; = ¥([B;Ju™!) for some
quantum Pliicker coordinate [B;]. Hence, w; ... w. = ¥(([Bi]u™!)...([Bu™t)). Each [B)] ¢-
commutes with u, so we may write wy ... w. = V((—q)°*[B1] ... [BcJu™¢). We may also rewrite the
left hand side of Equation (71) as [I | J].[K | L]* = ¥([AJu™")-¥([Clu!)* = (—q)* W ([A][C]5u~+D).
Hence, applying ¥~! to Equation (71), we see that

AN+ =[]z,

where 2 is a linear combination of terms of the form [B]...[B.]Ju~**). Multiplying through by
u¢T we obtain

[A] [C«]suethfsfl — [C’]tz/,

where 2’ is a linear combination of terms of the form [By]. .. [B,]. It follows that 2’ € Oy (G,,,(K)).
Also, note that e+t —s—1=c+(s—t)(d—1)—1 > 0since s—t > 0. If e+t —s—1 = 0 then this
gives the required Ore condition. Otherwise, note that u generates a prime ideal of O (G, (K)),
and [C] is not in this ideal; so we may rewrite 2/ = u**=5712" for some 2" € O (G,nn(K)). We
then cancel u®™*~*~1 in this equation to obtain

[AJ[C) = [C]'",
which is the required Ore condition. O
We are now in position to construct separating Ore sets for H-prime ideals of O (G, (K)).

Theorem 11.24. Let K be a field and assume that g € K* is transcendental over the prime field

of K. Let P be an H-prime ideal of Oy(Gmy(K)) with Neck(P) = ([[1],...,[I,]). Let N be the
multiplicatively closed set generated by [I1],...,[I,]. Then N is a separating Ore set for P.

Proof. Suppose that N is the multiplicatively closed set generated by [I1],...,[[,]. Then N
is an Ore set by Theorem 11.23 and Corollary 11.16. Suppose that @) is an H-prime ideal of
O4(Grn(K)) with @@ € P and suppose that Neck(Q) = ([/1], ..., [/n]). Then Neck(Q) £ Neck(P)
by Proposition 11.10 and so there exists i € {1,...,n} with J; &; I;. This forces [[;] € Q.
However, [I;] € N, by definition. Thus, Q@ N N # 0. O

Corollary 11.25. Let K be a field and assume that ¢ € K* s transcendental over the prime
field of K. Let P be an H-prime ideal in O (Gmn(K)) with Grassmann necklace N. Then

(Oy(Grn(K))/P) [Nﬁl] is an H-simple ring, where N is the image of N in Oy(Gumn(K))/P.

Proof. Set R := O,(G,,n(K))/P. Then N generates an Ore set in R and the localisation R[N_l}
exists. As P is an H-ideal, the action of H on O,(G,,,(K)) induces a natural action of H on

-1
-
Suppose that R[Nﬁl] is not H-simple and choose a proper, nonzero H-prime ideal [ in R[Nﬁl].

Then I = (INR) [Nﬁl], and it follows that 0 # INR. Let @) be the H-prime ideal of Oy (G, (K))
such that P C Q and INR = Q/P. Then, QNN = (), by the previous Theorem. It follows that

1= R[Nﬁl], which is a contradiction. Hence, R[Wﬁl] is H-simple, as required. ]

R, and as the elements in N are H-eigenvectors, there is an induced action of % on R[N

In order to pursue the Brown-Goodearl strategy (see [9]), the next step is to fully describe the
~ !
J

centre of the H-simple ring (O, (Gmn(K))/P) [N
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11.6 Polynormality for H-prime ideals of O,(G,,,(K))

In this subsection, K is a field and ¢ € K* is transcendental over the prime field of K.

Recall that a sequence of elements uq,...,u, in a ring R is a polynormal sequence if uy is a
normal element of R (that is, u; R = Ruy), and, for each i = 2,... n, the image of u; is a normal
element of the factor ring R/(uy, ..., u;i—1).

In [22], Goodearl and the second author conjectured that the H-prime ideals in quantum matrix
algebras would have polynormal sequences of generators, and verified the conjecture for the 3 x 3
case. In [55], Yakimov verified the conjecture in the general case. (In fact, Yakimov proved a
polynormality result for the much wider class of quantum nilpotent algebras of type U%(g), of
which quantum matrix algebras are a special case.) Here, we establish the corresponding result
for the quantum grassmannian.

Theorem 11.26. Let K be a field and assume that ¢ € K* is transcendental over the prime
field of K. Then each H-prime ideal in Oy (Gpn(K)) is generated by a polynormal sequence of
quantum Pliucker coordinates.

Proof. Let P be an H-prime ideal in O (G (K)) and let ([[1],...,[I,]) be the Grassmann
necklace of P. By Theorem 11.9, the set of quantum Pliicker coordinates that are contained
in P is given by IIp := (J_, I;, where II; = {[J] | J #; I;}. As we are assuming that ¢
is transcendental, Theorem 10.16 shows that P is generated as a right (or left) ideal by IIp.
Therefore, it suffices to show that the elements in IIp can be listed in such a way that they form
a polynormal sequence.

Now, O,(Gn(K)) is a quantum graded algebra with a straightening law with respect to
(I1;, <;), for each i, by Theorem 11.6. In view of this fact, [42, Proposition 1.2.2] shows that
the elements of II; may be listed so that they form a polynormal sequence of generators of
the ideal that they generate. Let L; be such a list for each 7. Then the concatenated list
Lp:=(Ly,La,...,L,) forms a polynormal sequence of generators for P. O]
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