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Abstract

We describe explicitly the admissible families of minors for the totally nonnegative cells
of real matrices, that is, the families of minors that produce nonempty cells in the cell
decompositions of spaces of totally nonnegative matrices introduced by A. Postnikov. In
order to do this, we relate the totally nonnegative cells to torus orbits of symplectic leaves of
the Poisson varieties of complex matrices. In particular, we describe the minors that vanish
on a torus orbit of symplectic leaves, we prove that such families of minors are exactly
the admissible families, and we show that the nonempty totally nonnegative cells are the
intersections of the torus orbits of symplectic leaves with the spaces of totally nonnegative
matrices.

Introduction.

In this paper, we investigate two related decompositions of matrix spaces. The first
concerns the space M%%(R) of m X p totally nonnegative real matrices. (Recall that
a matrix M € M, ,(R) is totally nonnegative if every minor of M is nonnegative.)
Postnikov gives a cell decomposition of Mz? (R) in [23]. The second space is the
affine matrix variety M,, ,(C), endowed with its standard Poisson structure. Here
the relevant decomposition is that into orbits of symplectic leaves under a standard
torus action, as investigated in [3]. Both decompositions are determined by sets of
minors (via equations and inequations), and they are known to be parametrised by
the same combinatorial objects. We determine the precise sets of minors defining
nonempty totally nonnegative cells (respectively, torus orbits of symplectic leaves),
we show that these sets of minors coincide, and we use this to prove that the
nonempty cells in M?n?p(R) are precisely the intersections of M%%(R) with the
torus orbits of symplectic leaves in M, ,(C). More detail follows.

In the unfinished paper [23], first posted on the arxiv in 2006, Postnikov investi-
gates the totally nonnegative (parts of) Grassmannians. He gives stratifications of
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the totally nonnegative Grassmannians via cells, and provides parametrisations of
these cells via combinatorial objects that he calls Le-diagrams. He also describes an
algorithm which has as output a list of the minors that vanish on the cell correspond-
ing to a given Le-diagram. These results easily translate, via dehomogenisation, to
corresponding statements about spaces of totally nonnegative matrices. The cell in
M,%%(R) corresponding to a collection F of minors consists of those matrices M
for which the minors vanishing on M are precisely those in F. Many such cells are
empty, leaving the problem of which collections of minors define nonempty cells in
Mz (R). The analogous problem has been studied by Oh [22] for the Grassman-
nian, in which setting the admissible families of (maximal) minors have been named
positroids (see also [14] for a study of positroid varieties). We present an explicit
solution to the problem for M%%(R) in Theorem 6.2; it describes the admissible
families in terms of certain permutations from the symmetric group Sy, 4, (see be-
low). Further, we develop an alternative algorithm for calculating the minors that
vanish on a totally nonnegative cell. This is a version of the Restoration Algorithm
originally constructed by the second named author in [16] in order to study quantum
matrices. It is worth noting that this algorithm is also a powerful tool to construct
totally nonnegative matrices. Under some natural (and easy to check) conditions
on the input matrix, the output matrix of the Restoration Algorithm turns out to
be totally nonnegative (see Section 4).

Postnikov’s Le-diagrams had already appeared in the literature in Cauchon’s
study of the torus invariant prime ideals in quantum matrices, see [4], and were
denoted Cauchon diagrams in subsequent work in that area. For that reason, in
this paper we use the term “Cauchon diagram” instead of “Le-diagram”.

The method we employ to describe the sets of minors that define nonempty cells
in Mz0 (R) is indirect; it is based on the matrix Poisson affine space M, ,(C) and
its coordinate ring, the Poisson algebra O (M,,,(C)). There is a natural action
of the torus H := (C*)™? on M,,,(C) and a corresponding induced action on
O (M, p(C)). In [3], the stratification of M, ,(C) by H-orbits of symplectic leaves
is studied. These orbits are parametrised by certain “restricted permutations” w
from the symmetric group Sy,4,, namely permutations that do not move any integer
more than m units to the right nor more than p units to the left.

One of the main results of [3], Theorem 4.2, describes the matrices that belong to
the torus orbit of symplectic leaves corresponding to a given restricted permutation
in terms of rank conditions on the matrices. Here, our first main aim in the Poisson
setting is to determine exactly which minors vanish on the (closure of) such a torus
orbit of symplectic leaves. This is complementary to a recent result of Yakimov,
who showed that the ideal of polynomial functions vanishing on such an orbit is
generated by a set of minors [26, Theorem 5.3].

Once this first main aim has been achieved, we study the link between totally
nonnegative cells in MZ? (R) and torus orbits of symplectic leaves in M, ,(C). In
particular, we introduce the notion of H-invariant Cauchon matrices that allows us
to prove that a family of minors is admissible (that is, the corresponding totally
nonnegative cell is nonempty) if and only if it is the family of all coordinate minors
in O (M, p(C)) that belong to the defining ideal of the (closure of ) some torus orbit
of symplectic leaves. This leads to our main Theorem 6.2, which provides an explicit
description of the sets of minors that determine nonempty cells in M%?p(R). To
prove it, we trace vanishing properties of minors through the restoration algorithm



and relate that information to H-invariant prime Poisson ideals of O (M, ,(C)).
Once this theorem is established, finally, we derive the correspondence between
totally nonnegative cells and torus orbits of symplectic leaves: Postnikov’s partition
of M%?p (R) into nonempty cells coincides with the partition obtained by intersecting
M%%(R) with the partition of M,, ,(C) into H-orbits of symplectic leaves. Both
partitions are thus parametrised by the restricted permutations mentioned above.
This coincidence can be deduced from similar existing results in the Grassmannian
case, as explained in Section 7, although it requires a nontrivial chain of results. We
also give a proof that these partitions coincide via our methods, since our results
are stronger than merely the claim that the two partitions above coincide.

Note that the parametrisations of the nonempty totally nonnegative cells by
two seemingly distinct combinatorial objects is illusory — there is a natural way to
construct a restricted permutation from a Cauchon diagram via the notion of pipe
dreams (see [23, Section 19]). At the end of this paper, we present an algorithm that,
starting only from a Cauchon diagram, constructs an admissible family of minors.
Of course, it would be interesting to know exactly which restricted permutation
parametrises the admissible family obtained from a given Cauchon diagram via this
algorithm. We will return to this question in a subsequent paper.

In [10], we use ideas developed in the present article in order to prove that
the quantum analogues of the admissible families of minors are exactly the sets
of quantum minors contained in the H-prime ideals of the algebra Oy (M, ,(C))
of quantum matrices. When the quantum parameter g is transcendental over Q,
these quantum minors generate the H-prime ideals of Oy (M, ,(C)), as proved by
the second-named author [15, Théoreme 3.7.2]. A different approach to this result,
applicable to many quantized coordinate algebras, is developed by Yakimov in [26]
(see [26, Theorem 5.5]).

Throughout this paper, we use the following conventions:
e N denotes the set of positive integers, and C* := C\ {0}.
e If I is any nonempty finite subset of N, then |I| denotes its cardinality.

If k is a positive integer, then Sy denotes the group of permutations of [1, k] :=
{1, k).

m and p denote two fixed positive integers with m,p > 2.

M, p(R) denotes the space of m x p matrices with real entries, equipped with
the Zariski topology.

If K is a field and I C [1,m] and A C [1,p] with |I| = |A| =t > 1, then we
denote by [/|A] the minor in O(M,, ,(K)) = K[Y11,...,Ynm,] defined by:

[IA] == det (Yia) ; a)erxa -

It is convenient to also allow the empty minor: [0|0] := 1 € O(M,,, ,(K)). If
I={i1,...,51} and A = {aq,...,q}, we write the minor [/|A] in the form

[il,.. . ,z’l|a1,.. . ,al}.

Whenever we write a minor in this form, we tacitly assume that the row
and column indices are listed in ascending order, that is, i3 < --- < 4; and
o < - < .



1 Totally nonnegative matrices and cells.

1.1 Totally nonnegative matrices.

A matrix M € M,, ,(R) is said to be totally nonnegative (tnn for short) if all of its
minors are nonnegative. The set of all m X p tnn matrices is denoted by ./\/l?n?p(R).
This set is a closed subspace of M, ,(R). Further, a matrix is said to be totally
positive if all its minors are strictly positive; the set of all m x p totally positive
matrices is denoted by an?p(R). As a result of their importance in various domains
of mathematics and science, these classes of matrices have been extensively studied
for more than a century (see for instance [1, 8]).

1.2 Cell decomposition.

The space MZ? (R) admits a natural partition into so-called totally nonnegative
cells in the following way. For any family F of minors (viewed as elements of the
coordinate ring O (M, ,(R))), we define the totally nonnegative cell Sz associated
with F by:

Sr={M € M;,(R) | [I|J](M) = 0 if and only if [I|J] € F}, (1.1)

where [I|J] runs through all minors in O (M, ,(R)).
Note that some cells are empty. For example, in M%g(R), the cell associated
with [2|2] is empty. Indeed, suppose that this cell were nonempty. Then there would

8] such that a,b,c > 0, but —bc = det [CCL 8] > (, which is

. . |a
exist a tnn matrix [
c

impossible.

Definition 1.1. A family of minors is admissible if the corresponding totally non-
negative cell is nonempty.

Hence, we have the following partition of the space M%?p(R):

MiL,®) = | ] SF

F admissible
which explains the importance of the tnn cells.

The main aim of this paper is to give an explicit description of the families of
minors that are admissible.

1.3 An algorithmic description of the nonempty cells.

In [23], Postnikov considers the cell decomposition of the totally nonnegative Grass-
mannian. His results can be easily used to get information about totally nonnegative
matrices via dehomogenisation. Postnikov parametrises the nonempty cells in the
Grassmannian in the following way. First, he shows that the nonempty cells are
parametrised by combinatorial objects called Le-diagrams. It is remarkable to note
that Le-diagrams have appeared simultaneously and independently in the study by



Cauchon of the so-called H-primes of the algebra of quantum matrices [4]. The im-
portance of H-primes in the algebra Oy (M, ,(C)) of generic quantum matrices was
pointed out by Letzter and the first named author who constructed a stratification
of the prime spectrum of this algebra, which is indexed by the set of H-primes. In
[4], Cauchon has constructed a natural one-to-one correspondence between the set
of H-primes in quantum matrices and so-called Cauchon diagrams which in turn are
the same as the Le-diagrams. Recall that an m x p Cauchon diagram C' is simply
an m X p grid consisting of mp squares in which certain squares are coloured black.
We require that the collection of black squares have the following property. If a
square is black, then either every square strictly to its left is black or every square
strictly above it is black. Denote the set of m x p Cauchon diagrams by C,, p.

Figure 1: An example of a 4 x 5 Cauchon diagram

By convention, an ordered pair of integers (i, ) belongs to the Cauchon diagram
C' if the box (i,«) in C' is black.

One easily obtains the following parametrisation of the nonempty cells in M%?p (R)
from Postnikov’s work.

Theorem 1.2 ([23]). The nonempty tnn cells in M2 (R) are parametrised by mxp
Cauchon diagrams.

We will not use this result. However, we will recover it by using different meth-
ods. In particular, in Corollary B.6, we show that the number of nonempty tnn
cells in M%?p(R) is less than or equal to the number of m x p Cauchon diagrams.
Equality follows from Theorem 6.2.

At this point it is worth recalling that Cauchon diagrams are also closely related
to restricted permutations. More precisely, set

S:S[ff})m] ={we Sntp| —p<w(@)—i<mforalli=1,2,...,m+ p}.

m

The set S is a sub-poset of the symmetric group S,,4, endowed with the Bruhat
order. Namely, we have [17, Proposition 1.3], [3, Lemma 3.12]:

wg[ 1 2 ... p p+l pr2 ... m—l—p}}‘

S:{w65m+p m+1 m+2 ... m+p 1 2 ....o0m

It was proved in [17, Corollary 1.5] that the cardinality of S is equal to the number of
m X p Cauchon diagrams. Note that one can construct an explicit bijection between
these two sets by using the concept of pipe-dreams. (See [23, Section 19])
Postnikov also constructs an algorithm that starts with a Cauchon diagram as
input and produces an admissible family of minors for a nonempty cell as output.



However, although Postnikov’s algorithm produces a list of the minors for such an
admissible family, it does not give an explicit description of the admissible families.
As we do not use Postnikov’s algorithm in this paper, we refer the reader to [23] for
details of the algorithm.

In the present paper, we give an explicit description of the admissible families
and also develop another algorithmic method to find them. Our strategy to do so
is to relate tnn cells with the H-orbits of symplectic leaves of the Poisson algebra
O (M p(C)) (viewed as the semiclassical limit of the algebra Oy (M, ,(C)) of
quantum matrices). In the next section we recall this Poisson structure and the
description of the H-orbits of symplectic leaves that has been obtained by Brown,
Yakimov and the first named author [3].

2 Poisson H-prime ideals of O (M,,,(C)).

In this section, we investigate the standard Poisson structure of the coordinate
ring O (M, p(C)) coming from the commutators of Oy (M, ,(C)). Recall that a
Poisson algebra (over C) is a commutative C-algebra A equipped with a Lie bracket
{—,—} which is a derivation (for the associative multiplication) in each variable.
The derivations {a, —} on A are called Hamiltonian derivations. When A is the
algebra of complex-valued C*° functions on a smooth affine variety V', one can use
Hamiltonian derivations in order to define Hamiltonian paths in V. A Hamiltonian
path in V is a smooth path « : [0,1] — V such that there exists f € C*°(V) with
‘C%(t) = &¢(y(t)) for all 0 < t < 1, where ; denotes the vector field associated to
the Poisson derivation {f, —}. It is easy to check that the relation “connected by a
piecewise Hamiltonian path” is an equivalence relation. The equivalence classes of
this relation are called the symplectic leaves of V; they form a partition of V.

A Poisson ideal of A is any ideal I such that {A,1} C I, and a Poisson prime
ideal is any prime ideal which is also a Poisson ideal. The set of Poisson prime
ideals in A forms the Poisson prime spectrum, denoted PSpec(A), which is given
the relative Zariski topology inherited from Spec(A).

2.1 The Poisson algebra O (M,, ,(C)).

The coordinate ring of the variety M,, ,(C) will be denoted by O (M, ,(C)); it is
a (commutative) polynomial algebra in mp indeterminates Y; o, with 1 <4 < m and
1<a<p.

The variety M., ,(C) is a Poisson variety: one defines a Poisson structure on its
coordinate ring O (M, ,(C)) by the following data.

YiaYiy ifi=Fkand a <~
YiaYky ifi<kand a=-v
0 ifi <kand o>~y
2 Yo i<k, a<ry.

{}/iva’ Ykﬂ} =

This is the standard Poisson bracket on O (M, ,(C)) and it arises as the semiclas-
sical limit of the family of noncommutative algebras Oy (M, ,(C)), see [2].



Also, note that the Poisson bracket on O (M, ,(C)) extends uniquely to a Pois-
son bracket on C*(M,, ,(C)), so that M, ,(C) can be viewed as a Poisson manifold.
Hence M, ,(C) can be decomposed as the disjoint union of its symplectic leaves.

2.2 Torus action.
The torus H := (C*)™ P acts on O (Minp(C)) by Poisson automorphisms via:

(@1, . am,b1,..., b)Y 0 =a;ibyYio forall (i,a)€[1,m] x[1,p].

The set of Poisson primes of O (M, ,(C)) that are invariant under this action
of H is denoted by H-PSpec(O (M, ,(C))). Note that H is acting rationally on
O (Myn(C)).

At the geometric level, this action of the algebraic torus H on the coordinate
ring comes from the left action of H on M,, ,(C) by Poisson isomorphisms via:

(@1,...,am,b1,...,by).M = diag(a,...,amn)Mdiag(bi,...,by).

This action of H on M,, ,(C) induces an action of H on the set Sympl(M,, ,(C))
of symplectic leaves in M, ,(C). As in [3], we view the H-orbit of a symplectic
leaf £ as the set-theoretic union (J,cq h.L € My, p(C), rather than as the family
{h.L | h € H}. We denote the set of such orbits by H-Sympl(M,, ,(C)). These
orbits were described by Brown, Yakimov and the first named author who obtained
the following results.

We use the notation of [3] except that we replace n by p. In particular, we set
N =m+p. Let w™, w? and w) denote the respective longest elements in S,,, Sp
and Sy, respectively, so that w (i) =r+1—1 for i = 1,...,r. Recall from equation
(3.24) and Lemma 3.12 of [3] that

wN§ = 52 = Ly e Sy | w > (WP, w™)}, (2.1)
where
(WP, W) = 1 2 ... p p+1 p+2 ... p+m
errel p o p—1 ... 1 p+m p+m-—-1 ... p+1]|°

Theorem 2.1. [3, Theorems 3.9, 3.13, 4.2]

1. There are only finitely many H-orbits of symplectic leaves in My, ,(C), and
they are smooth irreducible locally closed subvarieties.

2. The set H-Sympl(M,, ,(C)) of orbits (partially ordered by inclusions of clo-

(wg,wg*)

sures) is isomorphic to the set S]%, with respect to the Bruhat order.

3. Fach H-orbit of symplectic leaves is defined by the vanishing and nonvanishing
of certain sets of minors.

4. Each closure of an H-orbit of symplectic leaves is defined by the vanishing of
a certain set of minors.

> (wg,wi")

For y € S5 , we denote by P, the H-orbit of symplectic leaves described
in [3, Theorem 3.9].



2.3 On the minors that vanish on the closure of an orbit
of leaves.

In this section, we describe explicitly the minors that vanish on a given H-orbit of
symplectic leaves in M, ,(C). For later purposes, we need to parametrize these

‘H-orbits by S rather than by S]%(wg’w? ), Hence, factors of wl are required when
carrying over results from [3] (recall (2.1)).
We identify permutations in Sy with the corresponding permutation matrices
in Mpy(Z). Thus, w € Sy is viewed as the matrix with entries w;; = 0;
Let w € S, and write w in block form as

w(f)

w— [wn w12] (wn € Mup(Z)  wiz € My (Z) ) (2.2)
wo1 W22 wo1 € Mp(Z) Woo € Mpﬂn(Z) ) '
Hence,
wNw = [ Om wé’] [wn w12} _ wews1  WEWa2 7 (2.3)
wg' 0] w21 wa wMwip  wMwis

which is the block form of wYw as in [3, §4.2].
Now [3, Theorem 4.2] shows that the closure P,~,, of P,~, consists of the
matrices € M,, ,(C) such that each of the following four conditions holds. Here

yla,...,b;c,...,d] denotes the submatrix of a matrix y involving the rows a,...,b

and columns ¢, ...,d.

Condition 1. rank(x[r,...,m;1,...,s]) <rank((wl'wii)[r,...,m;1,...,s]) forr €
[1,m] and s € [1,p].

Condition 2. rank(z[l,...,r;s,...,p]) < rank((w?w8)[1,...,7r;s,...,p]) for r €

[1,m] and s € [1,p].
Condition 3. For 2 <r < s < p,

rank(z[l,...,m;7,...,s]) < s+ 1—r —rank(wo[r,...,p;7, ..., 8]).
Condition 4. For 1 <r <s<m —1,

rank(z[r,...,s;1,...,p]) < s+ 1—r —rank((wJwiowl)[r,...,s;1,...,58]).

Modifications. We can, and do, allow = 1 in Condition 3 and s = m in Condition
4, even though these cases are redundant. First, Condition 1 with r = 1 says

rank(z[1,...,m;1,...,s]) < rank((wl'wi1)[1,...,m;1,...,s])
= rank(wi1[1,...,m;1,...,s])

= s —rank(wai[l,...,p;1,...,s]),

because appending the first s columns of wo; to those of wiy yields the first
s columns of the permutation w. This gives Condition 3 with » = 1. Second,
Condition 1 with s = p says

rank(z[r,...,m;1,...,p]) < rank((wl'wi1)[r,...,m;1,...,p])
=m+1—r—rank((wS'wi2)[r,...,m;1,...,m])

=m+ 1 —r —rank((wwiowl)[r,...,m;1,...,m]),

which gives Condition 4 with s = m.



Our next aim is to rewrite these conditions in terms of the vanishing of minors.
This needs first a result on the vanishing of minors on a Bruhat cell.

Let Ry, denote the set of all partial permutation matrices in M,, ,(C), and
identify any w € R, ) with the corresponding bijection from its domain dom(w) onto
its range rng(w); thus, w(j) = i if and only if w;; = 1. Note that w' is the partial
permutation matrix corresponding to the inverse bijection w=! : rng(w) — dom(w).
Let B and B;t denote the standard Borel subgroups in GL,, and GL,,.

Recall that I < J, for finite I,J C N with |I| = |J|, means that when I and J
are written in ascending order, say I = {i1 < --- <i;} and J = {j1 < --- < ji}, we
have i; < j; for all [.

Lemma 2.2. Let w € Ry, p, and let I C [1,m] and A C [1,p] with |I| = |A|. The
following are equivalent:

(a) [I|A] vanishes on B wB,l .

(b) I £ w(L) for all L C dom(w) such that L < A.

(¢) A # w (L) for all L' C rng(w) such that L' > 1.

Note that as we only allow < for index sets of the same cardinality, conditions
(b) and (c) hold automatically when |I| = |A| > rank(w).

Proof. Set | :=|I| = |A|.

(a)=(b): Note that [I|A] vanishes on Bj,wB; , and hence on B;hwB, . Suppose
there exists L C dom(w) such that L C A and I C w(L). Write the relevant index
sets in ascending order:

I:{i1<-"<il} A:{)\1<-"<)\1}
L={l<---<lj} w(L) ={mi <--- <my}.

Set a = Zizl €i,m, and b = Eizl el, )., where e; o denotes the matrix with a

1 in position (i,«) and 0 anywhere else. Since iy < mg and [y < Ag for all s,

we have a € By}, and b € B]’f . Also, a and b are partial permutation matrices,
representating bijections w(L) — I and A — L, respectively, whence awb is a partial
permutation matrix representing a bijection A — I. Therefore [I|A](awb) = +1.
Since awb € BTJ,QwB;' , we have a contradiction.

(b)=(a): Let 2 = awb for some a € B;}, and b € B,l. To show that [I|A](z) =0,
we operate in M, (C) where p = max{m,p}, and we identify M,,(C), M,(C),
and M, ,(C) with the upper left blocks of M, (C) of the appropriate sizes. In
particular, a and b remain upper triangular.

The only minors of w which do not vanish are the minors [w(L)|L] for L C
dom(w), and [w(L)|L](w) = £1 (depending on the sign of w|;). We claim that
[UlV](a) = 0 whenever |U| = |V] and U ¢« V. Write U = {u; < -+ < w}
and V = {v; < --+ < v }; then ugs > v, for some s. For § > s > «, we have
ug > Us > Vs = Vo, and so Aug v, = 0 because a is upper triangular. Thus, the
U x V submatrix of a has zero lower left (t + 1 — s) x s block. That makes this
submatrix singular, so [U|V](a) = 0, as claimed. Likewise, [U|V](b) = 0. Now
expand [I|A](z) in M, (C), to obtain

[[1A](z) = [[|A)(awb) = > [[|K](a) [K|L)(w) [LIA)(D).
K,LC{1,....u}

|K|=|L|=l

9



The terms in the above sum vanish whenever I £ K or L £ A, and they also vanish
unless L C dom(w) and K = w(L). Hence,

[L[A](z) = > £[Iw(L)](a) [LIA](b).
LCdom(w), |L|=l
L<A, w(L)>
However, by assumption (b), there are no index sets L satisfying the conditions of
this summation. Therefore [I|A](z) = 0.
(b)<(c): Take L' = w(L). O

Proposition 2.3. Let w € Ry, , and v € My, ,(C). Then the following conditions
are equivalent:
(a) * € BhwBy .
(b) rank(z[r,...,m;1,...,s]) < rank(w[r,...,m;1,...,s]) for r € [1,m] and
s e [1,p].
(c) [I|A](xz) =0 for all I C [1,m] and A C [1,p] with |I| = |A| such that
() I £ w(L) for all L C dom(w) such that L < A.

Proof. (a)=(c) is immediate from Lemma 2.2, and (b)=-(a) follows from [6, Propo-
sition 3.3(a)] (as noted in [3, Proposition 4.1]).

(c)=(b): It suffices to show, for any r € [1,m] and s € [1,p], that [I|A](z) =0
whenever I C [r,m] and A C [1, s] with

1I| = |A| > prs :=rank(wlr,...,m;1,...,3]).

Let I and A satisfy the above conditions, and suppose there exists L C dom(w)
such that L < A and I < w(L). Since A C [1,s] and L < A, we have L C [1,s].
Then, since |L| = |A| > pys, we must have w(L) € [r,m], whence minw(L) < r.
But that implies min I < r (because I < w(L)), contradicting the assumption that
I C [r,m]. Thus, I and A satisfy (), and so [I|A](z) = 0 by hypothesis. O

Similarly, we have the following result.

Proposition 2.4. Let w € Ry, , and v € My, ,(C). Then the following conditions
are equivalent:

(a) v € BhwB, .

(b) rank(x[1,...,7;s,...,p]) <rank(w[l,...,7;s,...,p|) for r € [1,m] and s €
[1,p].

(c) |A)(z) =0 for all I C[1,m] and A C [1,p] with |I| = |A| such that
(x) A £ w (L) for all L C rg(w) such that L < I.

Proof. Observe that (B,,wB, )" = Bfw"Bf,. Switch the roles of m, p, I and A in
the previous proposition, and take the transpose. O

We can now reformulate the four rank conditions above (as modified to extend
the ranges of Conditions 3 and 4) in terms of the vanishing of certain minors.

m p
Observations 2.5. Let w € S, and note that wwlY = [wuwo wllwo}

P
Woow]" W21 Wo

e Condition 1. By Proposition 2.3, this occurs if and only if [I|A](z) = 0 whenever
I £ wwyi(L) for all L C dom(w!wi1) = dom(wiy) with |L| = |I] and L < A.
Thus, it occurs if and only if

10



[I|A](x) = 0 whenever I £ w™w(L) for all L C [1, p]Nw™1[1, m] with |L| = ||
and L < A.

e Condition 2. By Proposition 2.4, this occurs if and only if [/|A](x) = 0 whenever
A £ (wMw8)71(L) for all L C rng(ww) = dom(weew!™) with |L| = |A| and
L < I. Thus, it occurs if and only if

[I|A](z) = 0 whenever m+A £ wwl (L) for all L C [1,m]Nwlw™[m+1, N]
with |L| = |A] and L < I.

e Condition 3. The rank of wo[r,...,p;r,...,s] is the number of j in the set
[r, s] N dom(ws1) such that wai(j) > r, hence the number of j € [r,s] such that
w(j) > m + r. Consequently,

s+ 1—r—rank(wor[r,...,p;7,....s]) ={j € [r,s] | w(j) <m+r}.

Since w(j) < m+s for j € [r, s] (because w € S), Condition 3 may be rewritten as:
[I|A](z) = 0 whenever A C [r,s] and |A| > |[r,s] \ w™![m +r, m + s]|.
Using a Laplace expansion, it is easy to see that this is equivalent to

[I|A](z) = 0 whenever there exist A’ C A and 1 < r < s < p such that
A C [r,s] and |A'| > |[r,s] \ w=[m +7,m+ s]|, that is, whenever there exist
1 <7 < s <psuchthat |[AN[r,s]| > |[r,s] \ w i [m +r,m+ s]|.

e Condition 4. The rank of (wlwiwl")[r,...,s;1,...,s] is the number of j in
[1,s] Nwidom(wi2) such that wlwiawl*(j) € [r,s], and so equals the number of
j € [1, s] such that w(N + 1 — j) € wi*[r, s]. For j < r, we have

wN+1—j)>(N+1—j)—p=m+1—j>m+1-—r

(because w € §), and so the rank of (w'wi2wy)[r, ..., s;1,...,s] equals the number
of j € [r, s] such that w(N + 1 — j) € wl*[r, s]. Hence,

s+ 1—r —rank((wy wiawl")[r,...,s;1,...,5])
= {j" € w'[r,s] | w(i') & wi'[r, s}.

Consequently, Condition 4 may be rewritten as:
[I|A](z) = 0 whenever I C [r,s] and |I| > |wd [r, s] \ w™ w™[r, s]|.

Using a Laplace expansion (as with Condition 3), it is easy to see that this is
equivalent to

[I|A](z) = 0 whenever there exist 1 < r < s < m such that |[I N [r,s]| >
W r, s] \ w™twi [, ]

In view of Observations 2.5, it is natural to introduce the following notation.
Definition 2.6. For w € S, define M(w) to be the set of minors [I|A], with
I C [1,m] and A C [1,p], that satisfy at least one of the following conditions.

1. I £ ww(L) for all L C [1,p] Nw™![1,m] such that |L| = |I| and L < A.

2. m+A £ ww (L) for all L C [1,m] NwYw ! [m + 1, N] such that |L| = |A]
and L < 1.
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3. There exist 1 <7 < s < p such that [AN[r,s]| > |[r,s] \ w=[m +r,m + s]|.
4. There exist 1 <r < s < m such that [I N [r,s]| > [w]r,s] \ w™w?[r,s]|.

Remarks 2.7. The collections of minors of types 1-4 appearing in M(w) for a
given w € S can be described in the following way:

1. “Down-left-closed” sets of minors, meaning that the row index set I is allowed
to increase (with respect to our ordering on index sets) while A is allowed to
decrease.

2. “Up-right-closed” sets, meaning that [ is allowed to decrease while A is allowed
to increase.

3. “Vertical stripes” of the form [—|A] := {[I|A] | I C [1,m] with |I| = |A[}.

4. “Horizontal stripes” of the form [I|—].

These descriptions are clear from the corresponding conditions in Definition 2.6.

Many of the minors in these sets appear automatically as a consequence of the
appearance of others. For instance, if M(w) contains a vertical stripe [—|A], then it
necessarily contains all the vertical stripes [—|A’] for which A C A’ C [1, p], since any
minor in [—|A’] can be expressed in terms of minors from [—|A] and complementary
minors, via a Laplace relation.

Further information about the shapes of these sets is related to the block decom-
position (2.2) of w. By Propositions 2.3 and 2.4 and Observations 2.5, the minors
of type 1 in M(w) are precisely the minors that vanish on Bj,w™w1; By, while the

minors of type 2 are those which vanish on Brw?wd, B, . (Recall the original forms
of Conditions 1 and 2 at the beginning of this subsection.) Consequently,

(a) Whenever 1 <r <m and 1 < s < p with
rank((wi'wi1)[ry...,m;1,...,s]) <t:=min{m+ 1 —r, s},
all ¢ x ¢t minors [I|A] with I C [r,m] and A C [1, s] must lie in M (w).
(b) Whenever 1 <7 <m and 1 < s < p with
rank((wwiH)[1, ..., r58,...,p]) <t :=min{r, p+ 1 — s},
all ¢/ x ¢/ minors [I|A] with I C [1,7] and A C [s, p] must lie in M(w).

1 2 3 45 6 7

Examples 2.8. (a) Take w = 314276 5

,and let m = 3 and p = 4.

Then
1000 0100
wiwi; =10 0 0 1 wiwlh =10 0 1 0
0100 0001

Observe that the [2,3] x {1}, [2,3] x [1, 3], and [1, 3] x [1, 3] submatrices of w3w;
have ranks 0, 1, and 2, respectively. Hence, point (a) of Remarks 2.7 immediately
implies that M (w) contains the following minors:

[211], [311], [2,3[1, 2], [2,3[1, 3], [2,32,3], [1,2,3]1,2,3].

In fact, the only other minor of type 1 in M(w) is [2,3|1,4]. Of course, some of
these are consequences of the others — once we have [2|1],[3|1] € M(w), we must
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have [2,3]1,2],[2,3]|1,3],[2,3|1,4] € M(w), and once we have [2|1],[3|1],[2,3]2,3] €
M(w), we must have [1,2,3|1,2,3] € M(w).

Similarly, the minors of type 2 in M(w) are [1|3], [1]4], [2/4], [1,2]1,4], [1,2]2,4],
[1,2]3,4], [1,3]3,4]. Only [1,2,3]1,2,3] occurs in type 3 (as a vertical stripe), and
no horizontal stripes occur because w1 is a zero matrix. Thus,

M(w) = {12[1], [3[1], [1[3], [1[4], [2[4], [1,2[1, 4], [1,2[2,4], [1,2]3,4], [1,3]3,4],
[2,3]1,2], [2,3]1,3], [2,312,3], [2,3]1,4], [1,2,3]1,2,3]}.

(b) Now take w = 1 ; 2 i g g Z g , and let m = p = 4. In this case,
00 0O

the submatrix we; of (2.2) has the form wy; = 8 8 (1) 8 , and the submatrices
0 00O

wor[r,...,4;7, ..., s] have rank 1 precisely when r < 2 and s > 3. It follows from

the original Condition 3 that the minors of type 3 in M(w) are those which vanish

on the matrices = for which z[1,...,4;7,...,s] has rank at most s — r with r < 2

and s > 3. These consist of four vertical stripes: [—|1,2,3], [-]1,2,3,4], [-]2, 3],
[—]2,3,4]. Of course, once we have [—|2,3] C M(w), the other three stripes must
be in M(w) as well.

Similarly, the minors of type 4 in M(w) consist of eight horizontal stripes:

[3’_]7 [173‘_]7 [273|_]7 [374’_]7 [17273‘_]7 [17374|_]7 [27374’_]7 [1727374|_]‘

As it turns out, the minors of types 1 and 2 in M(w) are already included among
those of types 3 and 4. Thus, M(w) equals the union of the above stripes.

As a result of the foregoing discussion, [3, Theorem 4.2] may be reformulated in
the following way.

Theorem 2.9. Let w € S. Then
Py = {2 € M p(C) | [I|J](z) = 0 for all [I[J] € M(w)}.

Geometrically, Theorem 2.9 only shows that the minors in M(w) cut out the
subvariety P, ~,,, i.e., the ideal of polynomial functions vanishing on P, ~,, is the
smallest radical ideal of O (M, ,(C)) containing M(w). In fact, taking account of
recent work of Yakimov [26, Theorem 5.3], this ideal is generated by M(w).

Our aim is to show that the minors that vanish on P, ~,, are precisely the minors
that are in M(w). Given the above result, what remains to be proved is that if
[I|A] ¢ M(w) then there exists a matrix € P, ~,, such that [[|A](x) # 0.

We start with a preliminary result.

Theorem 2.10. Let w € S, and suppose that
UIV]i=[ur < -+ <Upyr | v1 < -+ < V1]
is a minor in O (My, ,(C)) which is not in M(w). Let
UV =lup < <Ug < <upyy | v < 0 <0y <0 < V1],

for some « € [1, k+ 1]. Then [U'|V'] ¢ M(w).
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Proof. As [U|V] ¢ M(w), each of the four conditions in Definition 2.6 is not satis-
fied by [U|V]. It is necessary to show that each of these four conditions also fails
for [U'|V].

e As Condition 1 of Definition 2.6 fails for [U|V], there exists
L= {ll < - < lk+1} - [[Lp]] ﬂw_l[[l,m]]

such that L <V and U < wlw(L) := {m1 < -+ < mp41}. Let v > « such that
w'w(ly) is minimal. Then we set

L={l < <ly<-<lph
v

We show that L' demonstrates the failure of Condition 1 for [U’|V].

Note first that L' C L C [1,p] Nw™[1,m]. As L <V and v > «a, we also have
L'<v.

Let 6 be such that ms = ww(ly). Then

wlw(L') ={ml <mb--- <ms_; <mjs<---<my}

={my <mg-- <img < -+ < Mpy1}-

So, m}; = m; for i <6 — 1 and m, = m;41 for ¢ > §. Note that, as m; is the least
element in the set {w?w(l;) | i > a}, we must have § < a.
Now write

U={uj < - <u,y<u, < - <up}={ug < - <y <+ <Ups1}

So, u; = u; for i < a—1 and u} = u;41 for i > o. Consequently,

(i) when ¢ < ¢ — 1, we also know that ¢ < a — 1, and so u} = u; < m; = m};
(ii) when § <i < a — 1, we have u}, = u; < m; < mjy1 =m;
(iii) finally, when ¢ > «, note that ¢ > § and so u, = w41 < miy1 = ml.

Thus, u, <m/} for all i =1,...,k and so U’ < wPw(L'), as required.
This establishes that Condition 1 of Definition 2.6 fails for [U’|V].

e Similar arguments show that Condition 2 of Definition 2.6 fails for [U'|V’].

e Assume that Condition 3 of Definition 2.6 holds for [U’|V’]. Then there exist
1 <r < s < psuch that

V' O r,s]| > |[r,s] \ w™[m +r, m + s]|.

Since V’ C V, this contradicts the fact that Condition 3 fails for [U|V]. Thus,
Condition 3 fails for [U’|V].

e Similar arguments show that Condition 4 of Definition 2.6 fails for [U'|V’].

Thus, all four conditions in Definition 2.6 fail for [U’|V’], and therefore [U’|V’] &
M(w). O
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Theorem 2.11. Let w € S, and let I C [1,m] and A C [1,p] with |I| = |A|. Then
I|A] € M(w) if and only if [I|A](x) =0 for all x € Pyn,,-

Proof. If [I|A] € M(w), then [I|A](x) = 0 for all x € P, ~,, by Theorem 2.9.
Next, suppose that [I|A] ¢ M(w). We show that there is a matrix x € P,n,,
such that [I|A](xz) # 0. Suppose that I = {i; < --- < i} and A = {j1 < --- < j¢}.

Let x be the matrix whose entries are defined by: x;, ;, = 1forall k =1,...,t and
x; = 0 otherwise. Then clearly [I|A](z) = 1 # 0; so it is enough to show that
x € Pwévw‘

By Theorem 2.9, it is enough to prove that [A|B](x) = 0 for all [A|B] € M(w).
In fact, we will prove that if [A|B](x) # 0, then [A|B] ¢ M(w).

Suppose that [A|B] is a minor such that [A|B](z) # 0. First, observe that
because [A|B](x) # 0, we must have [A|B] = [iq, < -+ < gy | Jar <+ < Jay)
for some ay,...,a; € [1,t]. By applying Theorem 2.10 repeatedly, starting with
[I|A] ¢ M(w), we conclude that [A|B] ¢ M(w). O

Corollary 2.12. Let w,z € S. Then M(w) C M(z) if and only if w < z.

Proof. If w < z, then w2z < wNw, and so Tévz C % by [3, Theorem 3.13]. In
view of Theorem 2.11, it follows that all the minors [I|A] € M(w) vanish on Py,
and thus that M(w) C M(z).

Conversely, assume that M(w) C M(z). By Theorem 2.11, all the minors in
M(w) vanish on P,~_, and thus Theorem 2.9 implies that Py, € P,v,. Now

wy' 27

w2z < wdw by [3, Theorem 3.13], and therefore w < 2. O

2.4 On Poisson H-prime ideals of O (M,,,(C)).

To conclude Section 2, let us mention that the symplectic leaves in M,, ,(C) are
algebraic [3, Theorem 0.4], that is, they are locally closed subvarieties of M., ,(C).
As a consequence, [9, Proposition 4.8] applies in this situation: there are only finitely
many Poisson H-primes in O (M,, ,(C)), and they are the ideals

Jw :={f € O(Mp,p(C)) | f=00nP,y, }

where w € S, that is, where P, ~,, runs through the H-orbits of symplectic leaves
in O (M,,,(C)). In particular, the set of Poisson H-primes in O (M, ,(C)) is in
bijection with S. As a consequence, thanks to [17, Corollary 1.5], the number of
Poisson H-primes in O (M, ,(C)) is the same as the number of m x p Cauchon
diagrams.

In a recent and independent preprint, Yakimov proves that J,, is generated by
minors [26, Theorem 5.3]. He also gives an explicit description of all the elements of
Jw, as matrix coefficients of Demazure modules [26, Theorem 4.6]. (These results
are obtained from much more general ones, concerning the ideals of the closures of
torus orbits of symplectic leaves in Schubert cells of arbitrary flag varieties.) For
our purposes here, we do not need to know a generating set for J,,. On the other
hand, we must pin down the complete set of all minors contained in J,,, a set that is
generally much larger than the set of generators given in [26]. The required result,
which we deduce from the previous discussion and Theorem 2.11, is the following.
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Theorem 2.13. Let w € S§. Then Jy, is the unique Poisson H-prime ideal of
O (M p(C)) such that the set of minors that belong to J,, is exactly M(w).

Proof. By definition of J,, the minors that belong to J, are exactly those that
vanish on the closure of P, ~,. Hence, the statement about minors follows from
Theorem 2.11. We then obtain the uniqueness of J,, from Corollary 2.12, since
M(z) # M(w) for all z € S with z # w. O

In the next section, we will describe the restoration algorithm that will allow us
to:

1. Describe a new algorithm that constructs totally nonnegative matrices from
matrices with nonnegative coeflicients.

2. Construct an explicit bijection between Cauchon diagrams and Poisson H-
primes.

3. Prove that a family of minors is admissible if and only if it is the set of minors
that vanish on the closure of some H-orbit of symplectic leaves.

As a consequence of point 3 and Theorem 2.11, we will obtain an explicit description
of the admissible families defining nonempty tnn cells.

3 The restoration algorithm.

In this section, K denotes a field of characteristic zero and, except where otherwise
stated, all the matrices considered have their entries in K.

3.1 Description and origin of the restoration algorithm.

The deleting derivations algorithm was introduced by Cauchon in [4] in order to
study the prime spectrum of the algebra of quantum matrices. The restoration
algorithm, which is the inverse of the deleting derivations algorithm, was then in-
troduced in [16] in this framework. However, in this paper, we restrict ourselves to
the commutative setting.

In order to define the restoration algorithm, we will need the following conven-
tion.
Notation 3.1.

e The lexicographic ordering on N? is denoted by <. Recall that:
(lba) <(J,8) <= (i<j)or(i=jand a<p).

o Set E:= ([1,m] x [1,p] U{(m,p+1)}) \ {(1,1)}.

o Set E° = ([1,m] x [1,p]) \ {(1,1)}.

e Let (j,8) € E°. Then (j,3)" denotes the smallest element (relative to <) of
the set {(i,0) € E | (G, 3) < (i,0)}.
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Convention 3.2 (Restoration algorithm).
Let X = (zia) € My p(K). As r runs over the set E, we define matrices X (") :=
(:EST;) € My, p(K) as follows:

1. When r = (1,2), we set X12) — X that is, xz(’lof) = xq for all (i,a) €
[1,m] < [1,p].
2. Assume that r = (j, 8) € E° and that the matrix X() = (a:(r(i) is already

1
) ’
(e

known. The entries x of the matrix X () are defined as follows:

(a) If a:ﬁ?a =0, then xgr:) = xSTo){ for all (7, ) € [1,m] x [1,p].
(b) If 3352 # 0 and (4, ) € [1,m] x [1,p], then

-1
(r+) xZ(TO)é + xl(%) (:zi%) azgro)é ifi<janda<f

i )

T
i otherwise.

We say that X(") is the matrix obtained from X by applying the

(r)

restoration algorithm at step r, and x 3 is called the pivot at step

r.

3. Set X := X(mPtD): this is the matrix obtained from X at the end of the
restoration algorithm.

j?

0 1 2/3 1
2 3 2 3
X is not totally nonnegative, while X is. This observation will be generalised in
due course.

Example 3.3. If X = [ ], then X = [ } Observe that in this example,

Observe also that the construction in Convention 3.2 is closely related to minors.
Indeed, if i < j, a < 3 and :EgTﬁ) = 0 then

(") _ ) D) (DY) o aly) )~
T =Ty —Tig <xjﬂ ) T = det o) X (:1; ) . (3.1)
Tia  Tjp
More generally, the formulae of Convention 3.2 allow us to express the entries
of X() in terms of those of X (7"+), as follows. These expressions also describe the

deleting derivations algorithm (see Convention B.2).
Observations 3.4. Let X = (z;4) € My, p(K), and let r = (5, 5) € E°.
1. If :ny;) =0, then xl(ro)é = xET;) for all (i,) € [1,m] x [1,p].

rt

2. If :ng.ﬁ) # 0 and (i,) € [1,m] x [1,p], then

rt ’r‘+ r+ -1 fr"r . i
27— xz(‘,a) - x;g) (ﬂfg,g )) $§~7a) ifi<janda<pg
7 E,Toj ) otherwise.

The following proposition is easily obtained from the definition of the restoration
algorithm.

17



Proposition 3.5. Let X = (2;0) € Mpp(K), and (4,3) € E.

1. x( ) Tiqo for all (k,v) < (i +1,1). In particular, xgi’f‘) = J:Ei’xaﬁ =Tjq if
(, ) € E°.

2. If x; 3 =0 for alli < j, then ZL‘(kN) =0 foralli<j and (k,v) < (4,0)".

(,
3. Ifxjo =0 for all o < 3, thenx( ’7)—0f0ralloz<ﬂ and (k,v) < (45,8)".

4. xifo’é’g) =Tiq+ Q(-j’ﬁ) where

1,

QU € Q! | (i.0) < (k.7) < (J.5), wrsy # 0.

Proof. Parts 1, 2 and 3 are easily proved by induction on (k,~y); we concentrate on
4. The proof is by induction on (j, /). The induction starts with (j,5) = (1,2)
(1,2)

where T o

Assume now that (j,3) € E° and that m( 3B) = Tj o + Q1, where

Q1 € Qlzy) | (i,0) < (k,7) < (4, 8), x14 #0].

We dlstlnguish between two cases.

o If :z(] ot _ xgj A the induction hypothesis immediately implies that x;

T + Q for a su1table Q.
o If ; ]/3) 7& xZJ B3) then Tig = xgjvﬁﬁ) — x§]:ﬁ5)+

= x; o by construction, as desired.

(J Bt

is nonzero, and

2B ( B)

Z

(4,8) (4,8)
+mj Jﬁ%‘?oc ’

Hence, it follows from the induction hypothesis that

. -
372(,],;/6) = Zia+ Q1+ Q2 5 Qs,

where each @); belongs to Q[xf}/ | (i,0) < (k,7) < (4, 5), zk~ # 0]. Thus, xl(;jo,(ﬁﬁ _
Tio + Q, where

Q=Q1+ Q27 5Q3 € Q) | (4,0) < (k,7) < (7, ), @y # 0],

as desired. This concludes the induction step. O

3.2 The effect of the restoration algorithm on minors.

Let X be an m x p matrix. The aim of this section is to obtain a characterisation
of the minors of XU that are equal to zero in terms of the minors of X U9 that
are equal to zero.

We start by introducing some notation for the minors.

Notation 3.6. Let X = (z;,) be a matrix in M, ,(K), and § = [I|A](X) a minor
of X. If (4,0) € E, set ' '
§UP) = 1A} (X U-2)).

For i € I and o € A, set
SO0 = [\ {i} | A\ {a}](XUD),
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while
85 =TT AU{ I\ {}](XUD) (v ¢ A)

and
UM = [TU{k\ {3} | AJ(XOD) (k¢ 1.

We start by studying minors involving the pivot.

Proposition 3.7. Let X = (z;4) € Mpmp(K) and (j,5) € E°. Set u := x;%ﬂ)* _
xj 3 and assume that u # 0. Let § = [iy,...,4lo, ..., oq)(X) be a minor of X with

(i1, 1) = (4, B). Then 632" = 677,

Proof. This is a consequence of Sylvester’s identity. More precisely, it follows from
(3.1) that, with r = (5, ),

( i,3) :U(T+) ;U(Tg)
(SAJL = d t d t Lo 2, X —1
il el RS RSO N I R
e e e
(rt) )
€. X
= det det ne i“p X u_(l_l)
) )
xj’a :L'jvﬁ 1=%1,..,8—1

A=0],..,O—1

Now, it follows from Sylvester’s identity [7, p 33| that:

CADIRINCAD
det | det ne Wh = §UAT 2
(rt) (") ’
T T il
The result easily follows from these last two equalities. O

The following result is a direct consequence of the previous proposition.
Corollary 3.8. Let X = (zja) € My p(K) and (j,8) € E°, and let
d=li1,...,0lai,...,oq)(X)
be a minor of X with (i;, ;) = (j, 8). If §@AT =0, then zjg=0 or (5%’;) =0.

The converse of this result is not true in general. However, it does hold for the
following class of matrices.

Definition 3.9. Let X = (z;,) € My, p(K) and C a Cauchon diagram (of size
m X p). We say that X is a Cauchon matriz associated to the Cauchon diagram C
provided that for all (i, ) € [1, m] x [1, p], we have z; o, = 0 if and only if (i, ) € C.
If X is a Cauchon matrix associated to an unnamed Cauchon diagram, we just say
that X is a Cauchon matriz.

A key link with tnn matrices is the easily observed fact that every tnn matrix is
a Cauchon matrix (Lemma B.1).
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Proposition 3.10. Let X = (z;4) € My, p(K) be a Cauchon matriz, and let
(7,0) € E°. Setu := l‘g‘jﬁﬁ) =g, and let 6 = [i1,...,9]a1,...,q)(X) be a minor
of X with (ij,cq) = (j,3). Then sGOT = 63(.%’6)% so that §UP)" =0 if and only if
u=20 07’(5916) =0.

7,8
Proof. It only remains to prove that if v = 0 then s6AT = .

Assume that v = 0. As X is a Cauchon matrix, this implies that either z; 3 = 0
for all © < j or zj, = 0 for all @« < 8. Now, it follows from Proposition 3.5 that

either x(]ﬂﬁ) =0 for all : < j or x(J At _ = 0 for all « < 8. Of course, in both
cases we get 06U A" = 0 as either the last column or the last row of the submatrix
X(jﬁ)+[i1,...,il;a1,...,al] is zero. O

The formulae for the deleting derivations algorithm and the restoration algorithm
show how the individual elements of a matrix change during the running of the
algorithms. As we are concerned with arbitrary minors for much of the time, we
need more general formulae that apply to minors. These are given in the following
results.

Proposition 3.11. Let X = (2;4) € My, ,(K) (not necessarily a Cauchon matriz)
and (j,3) € E°. Set u:=x;g and let § = [i1,... dqfoq, ..., q](X) be a minor of X

with (ilval) < (.]75) Ifu=0,orifig=7j, orif B € {ala-- . aal}7 orif B < ai, then
sUAT = 53.8)

Proof. If u = 0, then $(j A (‘ ) for all (i, ); so the result is clear. Hence, we

assume that v # 0. If § < aq, then x( 0 J/‘E{f) for all ¢+ and all @ > «y, and
again the result is clear. 7

Next, assume that i = j. Then a; < § because (i, q) < (j,3). We proceed by
induction on [. In case [ = 1, we have

8 L0 _ GB) _ 50,8

s5EA*T x? xl — 5UB).
Now suppose that [ > 1 and that the result holds in the (I—1) x (I—1) case. By the
induction hypothesis, 52 hy* = 59D for all k € [1,1]. Since i1 < j and all oy < 3,

11,Q k 11,0 k
expansion of the minor 0 B along its first row yields

l

11,0k gy SO
k=1

l
:Z( 1)k+1(( )+$§1[3) ]ﬁx(]ﬂ))égﬁ)

11,0k 1%k /iy an
k=1
: (G.0) 5GB) | ,(B),, l (4:8) §4:B) _
. k41 7, J, k?-i—l J» J (4:8)
- kZ( 1) xu,akén Qg + xllﬂ JB kz T 621 ag =0 ’
=1 =1

by Laplace expansions. (The last summation vanishes because it expands a minor
whose first and last rows are equal.) This completes the induction.
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Finally, assume that i; < j and § € {ao,...,}. Note that [ > 2 and oy > .
We again proceed by induction on [. In case [ = 2, we have

GoHt AT (7,8) (4.8) (48 .(4,8)
i)t LR x“ _ i1, +x T xa x
ﬂj)—d%< Lot i )—dﬁ< L T ) (%J

(4.8) .8+ (4,8)
i2,a1 xw,ﬁ 12,01 + Liy5 L5, ,6’37] a1 LigB
(4,8) (4,8)
— det | Tivar T ) — 5P
(4,8) (4,8)
<$i2,a1 Lis.B

Now suppose that [ > 2 and that the result holds in the (I —1) x (I—1) case. By the
induction hypothesis, 5( o* 5( P for all k € [1,1]. Since ay < § and all i < 7,

k7a1 1k, 1
expansion of the minor 60 s* along its first column yields

l

Q1 T4 aq

k=1
l
_ k+1(,..8) (4,8) (7,8 5(4,8)
_Z(_l) ( Lig,0n +x7«kﬁ ]/Bx]al )65,6,071
k=1
: (4,8) (4,8 (7.8 : )58 _
_ k41, (s J» k+1 J, U, 6)
- Z( 1) mzk:alézk a1 37/6:1:]7@1 Z 'Lk B z;wal - 5
k=1 k=1
by Laplace expansions. This completes the induction. O

Lemma 3.12. Let X = (25,4) € My p(K) and (j,5) € E°. Set v := x;3 and let
§=[i1,...,i)ar,...,q)(X) be a minor of X with i < j and a; < (3. Assume that
u#0. Then

sURT _ 5G.8) +Z k+l5]ﬁ (@.0),,

ik—J Zk 7/8

Proof. It follows from Proposition 3.7 that

(4,8) (4,8)
inar 0 Tina
60y = det : : X U
e 290
217041 o 217041
4.8+ (4,8)F (4.8)*
1,01 o T L,8
= det| e oy G
]7 ]7 J7
Li) o o Ty Lip
$j7oc1 e xj,()él u

Expanding this determinant along its last column leads to

k=g °

l
i8) = B)* 1)k+iHy BT sG.6)F
§UPu = wst" 4y (- 206
k=1
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By construction, mfi ’Bﬁ) = :L'E 5), and it follows from Proposition 3.11 that 5

5(] B)

ig—J"

(J, )
Hence,

!
§ERT — 568 _ Z 1)kH+1 w100 sU:B).
ig,8 ik

k=1

O
Proposition 3.13. Let X = (25,0) € My, p(K) and (j,3) € E°. Set u := x;g, and

let 6 = [i1,...,qla1, ..., oq](X) be a minor of X. Assume that u # 0 and that i; < j
while ap, < B < apy1 for some h € [1,1]. (By convention, ayy1 =p+1.) Then

§UAT = 5GP 4 sen) g 1

ap—pB

Proof. We proceed by inductionon l+1—~h. If [+1—h =1, then h = and oy < .
It follows from Lemma 3.12 that

!
G8* 1)k+ @.6) .30,
Y + Z 5%-’] 38 U
k=1
Moreover, it follows from Proposition 3.11 that
(4,8) (7,6-1) _ (J,00+1)
61‘1@%]‘ 6%%] ' 511@%] :
Then we deduce from Proposition 3.7 that
(4,8) (J,cu)
6Zk~>] - (Slk a x]»al
As xgi g) = :):Ei g D - = xEk /6,) by construction, we obtain
l
56B* 8 4 Z kH(Sz(Z 2) gaZUCEZ’%l)U 1
k=1
Hence, by using a Laplace expansion, we obtain
§@BT — 568 4 sl -1

a;—0 Ljoqt

as desired.
Now let [ 4+1—h > 1, and assume the result holds for smaller values of [+ 1 — h.
Expand the minor §6BT along its last column, to get

l

Z k+l B)* 5GB*
’k’al IR
k=1

The value corresponding to [ + 1 — h for the minors 5( A s 1 — h, and so the
1k, l

induction hypothesis applies. We obtain

(5(] @) 5(] B) + 5(10%) T u—l
(Y (e ig,ay
ap—p3



for k € [1,1]. As GUBT — 0B L plan) by construction, we obtain

1,0 Zkval 1k,
l l
(G.8)* _ Z ket o, Z 1)k (an) s(G,an) -1
5 - ( 1) zk7al Zk Otz + zk,al 6 A l‘jvahu
k=1 k=1 ap—fB

= 50D 4 600 ) ™Y,

by two final Laplace expansions. This concludes the induction step. O

Even though Propositions 3.11 and 3.13 constitute important steps towards a
characterisation of the minors of X(U#" that are equal to zero in terms of the
minors of X% that are equal to zero, the sum in the last part of Proposition 3.13
causes problems. In order to overcome this, we introduce a new class of matrices in
the next section.

3.3 The effect of the restoration algorithm on the mi-
nors of an H-invariant Cauchon matrix.

Definition 3.14. Let X = (2;4) € My, ,(K). Then X is said to be H-invariant if

for all (j,8) € E° and all minors 6 = [if,...,q|ag,...,q](X) of X such that
(il7al) < (]76)

In the following sections, we will construct several examples of H-invariant Cau-
chon matrices. One of the main examples of an H-invariant Cauchon matrix is the
matrix (Y; o + J), where the Y; , denote the canonical generators of O (M,, ,(C)),
and J is a Poisson H-prime ideal of this Poisson algebra (see Section 2). This is the
reason why we use the terminology “H-invariant” in the previous definition.

When X is an H-invariant Cauchon matrix, we deduce from Propositions 3.11
and 3.13 the following characterisation of the minors of X @A) that are equal to
zero in terms of the minors of X 0% that are equal to zero.

Proposition 3.15. Let X = (z;4) € M, p(K) be an H-invariant Cauchon matriz,
and let (j,0) € E°. Set u := x;g. Suppose that § = [i1,...,0la1,...,q|(X) is a
minor of X with (i;,aq) < (4, 3).
1. Assume that u = 0. Then §U8)" =0 if and only if 6U9) = 0.
2. Assume that w # 0. If iy = j, or if p € {ou,...,q}, or if B < «i, then
§UOT =0 if and only if §UP) = 0.
3. Assume that w # 0 and i) < j while ap < f < apy1 for some h € [1,1]. Then
sUAT =0 if and only if 6UP) =0 and either 55(5 ‘ﬁ% =0 orxjq, =0.
Proof. This follows easily from the previous formulae and the fact that X is H-
invariant. O

We are now able to prove that the minors of an H-invariant Cauchon matrix
X associated to a Cauchon diagram C that are equal to zero only depend on the
Cauchon diagram C and not on the matrix X itself. More precisely, we have the
following result.
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Theorem 3.16. Let C' be an m x p Cauchon diagram. Suppose that K and L
are fields of characteristic 0. Let X = (zj0) € Mpmp(K) and ¥ = (yia) €
M p(L) be two matrices. Assume that X and Y are both H-invariant Cau-
chon matrices associated to the same Cauchon diagram C. Let (3,8) € E, let
0 = [i1, ..., iloq,...,q](X) be a minor of X with (ij, ;) < (4,08), and let A =
[i1,...,0lat,...,qq)(Y) be the corresponding minor of Y.

Then 6UP) =0 if and only if AUP) = 0.

Proof. Tt is enough to prove that 6% = 0 implies that AU#) = 0.
The proof is by induction on (j, 3). Assume first that (j,5) = (1,2): we have to

prove that if xff) =0, then y&’m = 0. Assume that x%f) =0. Thenz1; = mg}f) =
0. As X is associated to the Cauchon diagram C|, this implies that (1,1) € C. As

Y is also associated to C, it follows that 0 = y11 = y&z), as desired.

Now let (4, 8) € E with (j, 5) # (m,p+1), and assume the result proved at step
(4,8). Let 6 = [i1,...,i|aq,...,q](X) be a minor of X with (i;,a;) < (j,8)", and
let A = [ig,...,q]ag,...,q](Y) be the corresponding minor of Y. Assume that
§UAT = 0. In order to prove that AUAT = 0, we consider several cases.

e Assume that (i;,;) = (4,5). Then it follows from Proposition 3.10 that 0 =

50" = 59025, so that 897 = 0 or ;5 = 0.

If 5;%6 ) = 0, then it follows from the induction hypothesis that Aéj’; )= 0. As
AUST = A%j’;)yj,g, by Proposition 3.10, it follows that AUST = 0, as required.

Ifx;g= é, then (j, 3) € C as X is associated to C. Now, as Y is associated to C'
as well, we get y; 3 = 0, and then it follows from Proposition 3.10 that AGAT =,
as required.

e Assume that (i, ;) < (4, 5). We distinguish between three cases (corresponding
to the three cases of Proposition 3.15).

ee Assume that z;3 = 0. As we are assuming that sUOT = 0, it follows from
Proposition 3.15 that 605 = sUAT = 0. Hence, we deduce from the induction
hypothesis that AU#) = 0. On the other hand, as xj3 =0, we have (j,3) € C and
so y;3 = 0. Thus, it follows from Proposition 3.15 that AP = AGH = 0, as
desired.

ee Assume that z; g # 0, and that 4; = j, or that 8 € {aq,...,q}, or that 8 < .
As we are assuming that sUBT = 0, it follows from Proposition 3.15 that 609 =
s6AT = 0. Hence, we deduce from the induction hypothesis that AU#) = 0.
On the other hand, as z;3 # 0, we have (j,3) ¢ C and so y;3 # 0. Moreover,
as iy = j, or B € {aq,...,q}, or B < a1, it follows from Proposition 3.15 that
AUDT = AUBH) = 0, as desired.

ee Assume that ;3 # 0 and ¢; < j, while aj, < 8 < aj41 for some h € [1,1]. Then
as in the previous case, y; 3 # 0. Moreover, it follows from Proposition 3.15 that

562" = 0 implies 0% = 0 and either (5&‘3}% =0 or zj,, = 0. Hence, we deduce

from the induction hypothesis that A@#) = 0 and either AU — () o Yjan, = 0.

ap—pB =
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Finally, it follows from Proposition 3.15 that AUBT = 0, as desired. O

In the case where (j,8) = (m,p + 1), the previous theorem leads to the follow-
ing result. (Recall here that X is the matrix obtained from X at the end of the
restoration algorithm.)

Corollary 3.17. Retain the notation of the previous theorem. Let I C [1,m] and
A C[1,p] with |I| = |A|. Then [I|A](X) = 0 if and only if [I|A](Y) = 0.

4 The restoration algorithm and totally non-
negative matrices.

Let N = (nja) € My, p(R) and let N be the matrix obtained from N at the end of
the restoration algorithm.

Theorem 4.1. Assume that N is a Cauchon matriz and also that N is nonnegative;
that is, nj o > 0 for all (i,a). Then N is a totally nonnegative matriz.

Proof. We will prove by induction on (j,3) € E that

(xj3) For any minor 0 = [i1,...,%|a1,...,q)(N) of N with (i, o) < (4, 5), we
have 808 > (.

Assume first that (j,8) = (1,2). Then 609 = ngiz) =mny1 > 0, as N is
nonnegative.
Now assume that (j,3) € E°, and that (x;g) holds. Let

(S(Jﬂ)-‘— = [/i17 cee 7il‘a17 cee 7al](N(jﬂ)+)

be a minor of NUA" with (i,00) < (4,0). We distinguish between two cases in
order to prove that §6AT > 0.

First, assume that (i;,;) = (j,5). Then sUBT = 5&{’;)71]-@ by Proposition

3.10. As 59[’35 ) is nonnegative by the induction hypothesis and n; g is nonnegative

7y

by assumption, it follows that §UAT >0 in this case.
Next, assume that (i, ;) < (j,3). Then it follows from Propositions 3.11 and
3.13 that either 602" = 600 or n;g > 0 and ¢ < j while

0D 5 = 60D, 54 50 m; a,

for some h € [1,] such that ap < 8 < apt1. In each of the two cases, it easily
follows from the induction hypothesis and the assumption that N is nonnegative
that 68" > 0, as desired. This completes the induction step.

The final case, where (4, 3) = (m, p+1), shows that every minor of N = N(mp+1)

is nonnegative, as required. ]
1011
0 011 . . .
Example 4.2. Set N := 111 1l Clearly, N is a nonnegative matrix asso-
11 11

ciated to the Cauchon diagram of Figure 2.
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u

Figure 2: An example of a 4 x 4 Cauchon diagram

The previous result shows that the matrix N is totally nonnegative. Six nontriv-
ial steps are needed to compute the matrix N when using the restoration algorithm.
Indeed, here are the detailed calculations:

1 011
N2 — Ny23) — N(22) — y@1) = y14) = y(13) — N(12) = (1) (1) 1 i :
1 1 11
1 0 2 1 3 2 21
33) _ B2 _ ey _ |00 1 11 @Ga_ (L1 1 1}
N N N 11 1 1|° N 1 1 1 1|°
1 111 1 111
4 3 31 (7 3 3 1
(42) _ ar(4,1) _ 2 2 2 1] (43) _ 4 2 2 1|
N N 11 1 1)° N 2 1 1 1}’
1 1 11 11 1 11
10 6 3 1 [11 7 4 1
(a9 _ |6 4 21 ~_ s _ |T 5 31
N 3 9 1 1 and N=N 403 9 1
1 111 11 1 1 1

One can check that N is indeed totally nonnegative. Note that it is only at this last
step of the algorithm that a tnn matrix is obtained — e.g., [1,3,4[1, 3, 4](N(*4)) = —4.

Remark 4.3. A careful analysis of the restoration algorithm reveals the following.
Suppose that N is a Cauchon matrix with indeterminates as entries. Then the
minors of N are Laurent polynomials with nonnegative integer coefficients in the
original indeterminates. This suggests a connection with cluster algebras which we
intend to investigate further in a subsequent paper.

We end this section by constructing a totally nonnegative H-invariant Cau-
chon matrix associated to each Cauchon diagram. We will also need analogous
H-invariant Cauchon matrices (although not tnn) over other fields of characteristic
zero, defined as follows.

Definition 4.4. Let K be a field of characteristic zero, with transcendence degree
at least mp over Q. Choose a set {{; o} of mp elements of K that are algebraically
independent over Q. Moreover, if K C R, choose the &; o to be positive.
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Given any m x p Cauchon diagram C, denote by N¢o the m X p matrix whose
entries n; o are defined by n; o = & o if (i,a) ¢ C and n; o =0 if (i,a) € C.

Theorem 4.5. 1. The matric No € My, p(K) is an H-invariant Cauchon ma-
trixz associated to the Cauchon diagram C'.

2. If K =R (and so all & o > 0), then N¢ is totally nonnegative.

Proof. Part 2 holds by Theorem 4.1.

1. Let (j,8) € E° and let 6 = [i1,...,4lal,...,qq](N¢) be a minor of N¢ such
that (i;, ) < (j, ). Assume that §UBT = 0. We need to prove that 608 = 0. If
600 = §UAT | then there is nothing to do; so assume that 60U £ §GP* . In the
notation of Proposition 3.13, u = n;g = §; 3 # 0 and ¢; < j while ap, < 8 < ap41
for some h € [1,1]; moreover

sGAT — 5068 4 5&%% nj,ahu—l.
Hence,
B s ) -1
0 =67 4 58,:1—?% N & 3

In order to conclude, recall from Proposition 3.5 that each ngja’g ) = N o + Qi Where
Qi is a Laurent polynomial with coefficients in Q in the nonzero ny . such that
(1,a) < (k,v) < (J,B), and that each ngfc’yah) = Nio + Q; , Where Q; o is a Laurent
polynomial with coefficients in Q in the nonzero nj, such that (i,a) < (k,7) <

(4, ap). Hence, 607 and 5((3})0&% Nja, are Laurent polynomials in the 5 such that

(k,~) < (4, ). It follows that 609 = 0, as desired, because the &i o are algebraically
independent over Q. O

The minors which vanish on the tnn matrices No will be identified, in terms of
Poisson H-primes of O (M, ,(C)), in the following section.

5 The restoration algorithm and Poisson H-
prime ideals of O (M,,,(C)).

In this section, we investigate the standard Poisson structure of the coordinate ring
O (M, p(C)) that comes from the commutators of O (M, ,(C)) (see Section 2).
Recall, from Section 2.4, that the number of Poisson H-primes in O (M, ,(C)) is
the same as the number of m x p Cauchon diagrams. In this section, we use the
restoration algorithm to construct an explicit bijection between the set of m X p
Cauchon diagrams and the set of Poisson H-primes of O (M, ,(C)). As a corollary,
we will attach to each Poisson H-prime an H-invariant Cauchon matrix. This is an
essential step in order to describe the admissible families of minors.

Let C be a m x p Cauchon diagram. Denote by A¢ the following commutative
polynomial algebra over C in mp — |C| indeterminates:

Ac = Cltia | (i, a) € ([1,m] x [1,p]) \ C].

In the sequel, it will be convenient to set ¢; o := 0 when (i,a) € C. While A¢
can be identified with a subalgebra of O (M, ,(C)), we label its indeterminates ¢; o
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rather than Y; , because we require Ac to have a different Poisson structure than
O (M, p(C)), as follows.
There is a unique Poisson bracket on A¢ determined by the following data:

t@atkﬁ ifi=kand a < ¥
{tiorthn} =1 tiatk, ifi<kanda=rv
0 ifi <kand o # .

Denote by L¢ the corresponding Laurent polynomial algebra; that is,
Lc = Clti, | (i,0) € ([Lm] x [1,p]) \ CI.

The Poisson bracket defined on A¢ extends uniquely to a Poisson bracket on the
algebra L¢, so that L is also a Poisson algebra. Denote the field of fractions of
Ac by G¢. The Poisson bracket on A¢ extends uniquely to a Poisson bracket on
G¢; so that G is also a Poisson algebra.
Observe that the torus H := (C*)™*? acts by Poisson automorphisms on A¢
such that
(al, ey, bl, c. ,bp).tz‘p[ = aibatz‘ﬂ

for all (a1,...,am,b1,...,bp) € H and (i,a) € [1,m] x [1,p]. This Poisson action
extends naturally to Poisson automorphism actions of H on Lo and Gg.

Set Mc = (tin) € Mmp(Ge); this is a Cauchon matrix associated to the
Cauchon diagram C. For all (j,3) € E, set

MED = (159) € My (G

that is, Méj’ﬁ ) is the matrix obtained from Mc at step (j,3) of the restoration
algorithm. Let Ag’ﬁ ) be the subalgebra of G generated by the entries of Mg A

Theorem 5.1. Let (j,0) € E.
1. Frac(Ag’ﬁ)) = Gc.
2. For all (i,a) € [1,m] x [1,p], we have tz(}jf) = tia + Q(j’ﬁ) where Qz(jf)

i,
is a Laurent polynomial with coefficients in Q in the nonzero ty~ such that

(i, a) < (k,7) < (4, 8).
3. Let Bg’ﬁ) be the subalgebra of Go generated by the tz(,jf) with (i,a) < (4,0). If
tj3 # 0, then the powers t;?’ﬁ, with k € NU {0}, are linearly independent over

(7,8)
B
4. If (i,a), (k,7) € [1,m] x [1,p], then
tl(’];f)tg’vﬁ) ifi=Fkand o <v
tl(?f)tgf) ifit <k anda=rv
{tl(ff),tgf)}z 0 ifi <k and o>y
2t2(-7jv’ﬁ)t,(c{f) ifi <k, a<~vyand (k,v) < (j,0)
L0 ifi <k, a<~and(k,7v) > (j,0).
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5. (a1, ,am,b1,- - ,bp).tl(-f;m = aibatgo’[ﬁ) for all (a1, -+ ,am,b1,---,bp) € H
and (i,a) € [1,m] x [1,p].

Proof. 1. This is an easy induction on (j, 3) € E (recall Observations 3.4).

2. This is part 4 of Proposition 3.5.

3. This claim easily follows from the previous part and the fact that the powers
t’f“" 5 are linearly independent over the subalgebra of G¢ generated by the t; , with
(i) < (G, B).

4. We relegate the proof of this part to Appendix A, due to the large number
of cases to be checked.

5. This is an easy induction and is left to the reader. O

For each Cauchon diagram C, we thus obtain from the restoration algorithm
= A(Crvmerl) (m,p+1)

a Poisson algebra A, : generated by mp elements y; o =1, , such

that, for all (i, ) < (k,7y), we have:

Yialky ifi=kand a <y
. _ Yi,aYk,~ ifi<kand a=-y
{yz,myk’,’y} 0 ifi<k‘anda>fy

2YirUka ifi<kanda<ry.

Hence, there exists a surjective Poisson homomorphism ¢¢ : O (M, ,(C)) — A
that sends Y; o to yi o for all (i, «). Moreover, we deduce from Theorem 5.1 that this
homomorphism is H-equivariant, so that the kernel J{, of ¢¢ is a Poisson H-prime
of O (M, ,(C)).

Recall the notation Cy, ), for the set of all m x p Cauchon diagrams.

Lemma 5.2. The map C +— J}, is an embedding of Cp,p into the set of Poisson
H-primes of O (M, ,(C)).

Proof. Let C' and C' be two Cauchon diagrams, and assume that J, = Jj,. In
order to avoid any confusion, we will denote the natural generators of A, by yg’ o
rather than y; . As Ji = J, there exists a Poisson isomorphism ¢ : A, — A,
that sends y; o to yz’ﬂ for all (i,a). Of course, this isomorphism extends to an
isomorphism v : Frac(Af) — Frac(A.,), and a descreasing induction on (j, #) shows
that @Z)(tz(,](;ﬁ)) = t’gfo’éﬁ) for all (i,«) € [1,m] x [1,p] and (4, 5) € E. In particular, we
get:

hayeC = =0 = =0 = (La)eC"
Hence, C = C’, as desired. O
Theorem 5.3. H-PSpec(O (M., ,(C))) ={J- | C € Crnp}-
Proof. We have just proved that
H-PSpec(O (M, ,(C))) 2 {J& | C € Crnp}-

In order to conclude, recall from the discussion in Section 2.4 that the number of
Poisson H-primes in O (M,, ,(C)) is equal to |Cyp, ,|. In view of the previous lemma,
the displayed inclusion must be an equality. O
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Theorem 5.4. Let C be an m x p Cauchon diagram.

1. The matrizc Mc = (tia) € Mmp(Ge) is an H-invariant Cauchon matriz
associated to C.
2. A minor [I|A] belongs to Jf. if and only if the corresponding minor of Mc =
Mém’pﬂ) 18 zero.
Proof. The first part follows from Theorem 4.5. The second part is a consequence
of the construction of the Poisson H-prime J;, as the kernel of the surjective H-
equivariant Poisson homomorphism ¢ : O (M, ,(C)) — A that sends Y o to y; o
for all (i, a). O

Corollary 5.5. Let C be an m X p Cauchon diagram, and construct the matrix
N¢ € My »(R) as in Definition 4.4. Then No = Ném’pH) is a tnn matriz, and
the minors which vanish on N¢ are precisely those which belong to the ideal J{. of

O (Mm,p(C)).
Proof. Theorems 4.5 and 5.4, and Corollary 3.17. O

6 Explicit description of the admissible fami-
lies of minors.

Recall that a family of minors is admissible if it defines a nonempty totally non-
negative cell. We are now ready to prove our main result that gives an explicit
description of the admissible families of minors.

Recall the families M(w) with w € S defined in Definition 2.6. Our work so far
immediately shows that these define nonempty tnn cells, as follows.

Lemma 6.1. For each w € S, the tnn cell Sy is nonempty.

Proof. Tt follows from Theorem 2.13 that there exists a (unique) Poisson H-prime
ideal Jy, in O (M, ,(C)) such that the minors that belong to J,, are exactly those
from M(w). Moreover, it follows from Theorem 5.3 that there exists a Cauchon
diagram C such that J,, = J. By Corollary 5.5, the minors that vanish on the
totally nonnegative matrix N¢ are exactly those in M(w). Therefore, No € S M(w)-

O
Theorem 6.2. The admissible families of minors for the space ./\/l%?p(]R) of mXp
totally nonnegative matrices are exactly the families M(w) for w € S = ng;,m].

Proof. We already know that the number of nonempty totally nonnegative cells is
less than or equal to |S| by Corollary B.6. Note that Postnikov, in [23], has shown
that this is in fact an equality, but, in Appendix B, we prove this inequality via
different methods. We thus recover the equality by our methods, as a consequence
of the present theorem.

By Corollary 2.12, the sets M(w), for w € S, are all distinct. We conclude by
invoking Lemma 6.1. O
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Notice that the families of minors M(w) are not that easy to compute. Let us
mention, however, that the results of the present paper provide also an algorithmic
way to produce these families. Indeed, it follows from the proof of Corollary 5.5
that the admissible families of minors are exactly the families of vanishing minors
of M¢ with C' € Cp,p. Hence, we have the following algorithm that, starting only
from a Cauchon diagram, constructs an admissible family of minors.

Algorithm 6.3.
Input:

Fix C € Cy, p, and denote by Ac the following commutative polynomial algebra
over C generated by mp — |C| indeterminates:

Ac = Cltia | (i,0) € ([1,m] x [1,p]) \ C].
Let G¢ denote the field of fractions of Ac.

Step 1: Restoration of Mc. As (j,3) runs over the set F, define matrices
Mg’ﬁ) = (tz(jam) € My, p(Ge) as follows:

1. If (5, 8) = (1,2), then the entries of the matrix Mo = Mé1’2) are defined by

poo 2 [ e i (i,a) ¢ C
B otherwise.

2. Assume that (j, ) € E° and that the matrix Mg P i already known. The

entries tgjf )" of the matrix Mg B)* are defined as follows:

(a) If t; 3 =0, then tz(’jfﬁ = tgf;ﬁ) for all (i,«) € [1,m] x [1,p].
(b) If t; 3 # 0 and (i, ) € [1,m] x [1,p], then

5t
=140 e

7,00

7,00

HUBT _ {tz(,];ﬂ) + tl(?éﬁ)flt(j’ﬁ) ifi<janda<p

otherwise.

Step 2: Calculate all minors of Mo = Mém’pﬂ).

Result:
Denote by M(C') the following set of minors:
M(C) == {[I|A] | [T|A](Mc) = 0}.
Then, M(C) is an admissible family of minors and, if C' and C” are two distinct

Cauchon diagrams, then M(C) # M(C").

Example 6.4. Assume that m =p = 3.
Applying Algorithm 6.3 to the Cauchon diagram of Figure 3 shows that the
family of minors

{131, [1,2/1,2], [1,3[1, 2], [2,3]1, 2], [2, 3], 3], [2, 312, 3] . [1, 2, 3]1,2, 3]}

is admissible. As is easily checked, the above admissible set equals M (w) where
112 3 45 6
YTl 4326 5]
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Figure 3: A 3 x 3 Cauchon diagram

7 Tnn cells and H-orbits of symplectic leaves.

One can construct another partition of the space Mz’ (R) using the H-orbits of
symplectic leaves in M,, ,(C) as follows. For each restricted permutation w € S,
we set:

U = Py N M7 (R).

As the H-orbits of symplectic leaves P, form a partition of M, ;,(C), the sets
Uy with w € S form a partition of MZY (R).

On the other hand, we know that the nonempty totally nonnegative cells also
form a partition of this space M%?p(]R) and are parametrised by the same set S of
permutations. For each w € §, we have a nonempty tnn cell denoted by Sy, in
the notation of equation (1.1), so that one can write:

|| Uw = MEER) = || Saaw)- (7.1)

wWES weS

Thus we have two partitions of the same space MZ" (R) indexed by the same set
S. Our final theorem asserts that these two partitions are the same. We first give
a proof based on our present methods, and then we sketch an alternate proof that
follows ideas and results in the literature.

Theorem 7.1. For each w € S, we have Spyw) = Uw. Thus, the nonempty tnn
cells in the space M%?p(R) of tnn matrices are the intersections of the H-orbits of
symplectic leaves in My, »(C) with MZ9,(R).

Proof. The theorem follows easily from (7.1) once we show that Sy(w) € Uy for all
w € S, given that each Sy, is nonempty (Lemma 6.1).
Let w € S. Because of Theorem 2.9, we at least have

SM(w) - Pw(z)vw N M?n?p(]R)
If Spq(w) € Uw, it thus follows from [3, Theorem 3.13] that there exists a matrix
x € SM(w) N Pwévz

for some z € § with z > w. By Corollary 2.12, M(w) is properly contained in
M(2), so there is a minor [[|A] € M(z) \ M(w). Since x € P,n,, Theorem 2.9

shows that [I|A](z) = 0. However, this contradicts the assumption that = € Syq(w),
since [I|A] ¢ M(w). Therefore Sy(wy € Uy, as required. O
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7.2. Alternate proof of Theorem 7.1. Keep m and p fixed as usual, and set
n=m-+p.

We begin in the Grassmannian setting. Let Grﬁﬁz denote the m x n case of
Postnikov’s totally nonnegative Grassmannian [23, Definition 3.1], a subset of the
real Grassmannian Gry, ,,(R). It consists of those points represented by matrices A €
M n(R) such that Ar(A) > 0 for all m-element subsets I C [1,n], where Aj :=

[1,...,m|I] is the maximal minor with column index set I. The tnn Grassmann
cells [23, Definition 3.2] are subsets S{" C Grﬁgf;l, for collections M of m-element

subsets of [1,n], defined as follows: S/t{}ln consists of those points represented by
matrices A such that Aj(A) > 0 for all I € M and Ar(A) = 0 for all I ¢ M.
(Postnikov only defined Sj\‘}ln for matroids M, but the definition works equally well
in general. It is easily seen that if S is nonempty, then M must be a matroid.)

Lusztig has introduced nonnegative parts of real generalized flag varieties, one
case of which leads to the Grassmannian. Let G = GL,(R), with its usual Borel
subgroups B* and B~ consisting of invertible upper, respectively lower, triangular
matrices. Let W be the Weyl group of G, which we identify with both the symmetric
group S, and the subgroup of permutation matrices in GG. Then set

i [CLn(®) My ()
0 GL,(R) |’
a standard parabolic subgroup of G containing B*. Let P’ = G/P” denote the
corresponding partial flag variety, and 7/ : G/B* — P” the natural projection.
Lusztig first defined the nonnegative part of the full flag variety G/B™ ([18, §8.8],
[19, §2.6]), and then defined the nonnegative part of P as the projection: Péo =
™ ((G/B*)z0).
Under the standard identification of Gry, ,(R) with P/, we have
Grtnn ,Péo

m,mn

This is tacitly assumed in the discussion of [23, Theorem 3.8]; details have been
worked out by Rietsch [25].

Now partition G/B™ into intersections of dual Schubert cells, namely the sets
Ryw := B~ wBt N BT .wB™* for v,w € W. Then R, # @ precisely when v < w
(this is implicit in [12, 13], as noted in [19, §1.3]; in the case of an algebraically
closed base field, it is proved explicitly in [5, Corollary 1.2]). This partition of
G/BT projects onto a partition of P into sets which Rietsch labelled

,P‘r],u,w = TrJ(Rl“,wu) = WJ(qu—l,w)

for (z,u,w) € W, # @ if and only if x < wu [24, Section 5].
Here W/

ax denotes the set of maximal length representatives for cosets in W/Wy,
where W is the Weyl group of the standard Levi factor of P’/. Now contract
these sets to the nonnegative part of P”, to get sets Pa{u,w;>0 =P N 73;70 for

T,u,w
(z,u,w) € WL, x Wy x WY, Rietsch proved that the nonempty strata Pﬂiu,w

of P/ all have nonempty intersection with the nonnegative part of P/, namely
P a0 # @ if and only if z < wu [24, Section 6, p. 783].

T, u,w;>
The nonempty sets 7350]7 ww;>0 Partition Péo, and this partition coincides with

tnn
m,n

xWyxW, with P/

T,U,w

Postnikov’s partition of Gr
3.8].

into nonempty tnn Grassmann cells [23, Theorem
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In order to discuss symplectic leaves, we have to move into the complex setting.
Let us denote the complex versions of the above ingredients with hats. Thus, G =
GL,(C), with its usual Borel subgroups B*, while

57 _ [GLm(€) My, (C)
0 GL,(C) |’

with corresponding partial flag variety Pl =a / p/ partitioned into subsets 7392] ww

We identify the maximal torus Bt N B~ with the group ‘H = (C*)". Identify P’/
with its natural image in P7; then Pl = ﬁguw NP7 for all (z,u,w).

There is a standard Poisson structure on @, arising from the standard r-matrix
on gl,,(C), making @ into a Poisson algebraic group (cf. [3, §1.4]). The Grassmannian
Grp,n(C) then becomes a Poisson variety and a Poisson homogeneous space for G (3,
Proposition 3.2]. Further, the torus H acts on Gry, ,,(C) by Poisson automorphisms
[11, §0.2], and so it permutes the symplectic leaves. It turns out that the H-orbits
of symplectic leaves in Gry, ,(C) coincide with the nonempty sets 73;] uw Of Rietsch’s
partition [11, §0.4]. Therefore,

(I) The nonempty tnn Grassmann cells S{ are precisely the intersections of
Grjnh, with the H-orbits of symplectic leaves in Gry,,(C).

Let € denote the top Schubert cell in Gry, »(C), namely the set of points corre-
sponding to matrices A for which A ,,j(A4) # 0; then Q = B~.P’ under the iden-

tification Gry,,(C) = P7. Postnikov has given an isomorphism between M%?p(R)
and QN Grﬁf}ﬁl [23, Proposition 3.10], which we modify slightly. For matrices

X = (z45) € Myp(C), define X = ((—=1)™ “@pm41-4;). There is an isomorphism
£ My p(C) — Q sending X to the point represented by the block matrix [Im )ﬂ .

As is easily seen, the maximal minors of [Im X } coincide with the minors of X

(with no changes of sign). Hence,

II) ¢ restricts to an isomorphism of M=° (R) onto 2 N Gr™® | which carries the
m,p

, m,n’
nonempty tnn cells Sy C M%?p(]R) to the nonempty tnn Grassmann cells
Syt can Grff;ﬁl.

We next need the Poisson isomorphism ¥ : M,, ,,,(C) — B~.P’ = Q given in [3,
Proposition 3.4]. The map £ can be expressed in terms of ¥ by the formula

(X) = ¥(X"D),

where D = diag(1,—1,1,...,(=1)""2 (=1)""1), from which it follows that ¢ is a
Poisson isomorphism. Neither transposition nor ¥ is equivariant with respect to
the relevant actions of H, but both permute H-orbits of symplectic leaves, because
there are automorphisms «, 3 of H such that £(h.X) = «(h).£(X) and ¥(h.Y) =
B(h).¥(Y) for X € My, ,(C), Y € Myp,n(C), and h € H (see the proof of [3,
Theorem 3.9] for the latter). Thus,

111 sends H-orbits of symplectic leaves in Mm C) to H-orbits of symplectic
P
leaves in ().

Combining (I), (II), and (III) yields a second proof of Theorem 7.1.
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Appendix.
A Proof of Theorem 5.1(4).

Set r = (j,03). It is clear that statement 5.1(4) holds when r = (1,2). Now let
r € E° and assume that the statement holds at step r. We distinguish between
two cases.

e Assume first that ¢; 3 = 0. In this case, tl(:;) = tl(;) for all (1,6), and so we
may rewrite the result at step r as follows:
(+U) i = kand a < 4
t(r+)t(r+) ifi <kand a=
o “kyy v
rt rt
{tr ) t  = 140 ifi<kanda>~y
2t(,y)§;;r) ifi <k, a<~vyand (k,y) <r
0 ifi <k, a<~yand (k,v)>r.

To conclude in this case, it just remains to show that t( )t(r ) = 0 when (k,vy)=r

with ¢ < k and a < ~; that is, we need to prove that t(rﬁ) §Ta)

(rt) _
and o < (. By Proposition 3.5, we have tj’a

= 0 when ¢ < j
= tja, and so we need to prove

that t(rﬁ) ja = 0 when i < j and o < 3. It is at this point that we use our
assumﬁtlon that C'is a Cauchon diagram. Indeed, as t; 3 =0, then r € C. As C is
a Cauchon diagram, this forces either (j,«) € C or (k,3) € C for all k < j. Hence,
by construction, we get that either t;, = 0 or ¢ 3 = 0 for all £ < j. In the first

case, it is clear that t(rg) tjo = 0. If 3 = 0 for all £ < j, then it follows from
Proposition 3.5 that t(Tﬁ) =0 for all £ < j. Thus, t( )tj,a = 0 in this case too.
Thus, 5.1(4) holds at step r* provided ¢; 3 = 0.
)

e Now assume that t; 3 # 0. We first compute {tZ o ,t(r)} in a number of cases,
where (i, ), (1,8) € [1,m] x [1,p] with i < j and a < 3. Note that

+
{tz('ra)’ Z(T(S)} =
{tzoﬂtl }+{tzﬂ’tl§}t]ﬂ Ja zﬁtj_é{tjﬁ’tl }t]a—’_tz(rﬁtj_é{tga?t )} (Al)

When expanding a bracket using (A.1), we will write out four terms in the given
order, using 0 as a placeholder where needed.

For terms in the same row, we claim that
(#7) — ) ) (i=1<j, a<é<p)
{tz a l ,0 }

() 4t ) = 478 (=1 <G a< B <),

In the first case, we obtain the result by observing that

{t 40y = 6740 1 (- 1 3 — 0+ 0.
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The second case splits into two subcases:

HOH) 40—t 2t ati D) 10 (i=1<j; a<B=0)

{t(r+) t(r)} _ i,al,0 ,6"73,8
ha 7, () 4(r) () (r)y,=1,(r) _ o ..
tiatis + (Ligtis)t gtia —0+0 (i=1<j; a<p<d).

This establishes (A.2).
For terms in the same column, we claim that
(r) _ () =1,(r)\,(r) ; L

i,a VL6

(A.3)
' r — T T T+ '8 B .
(7 + 6 ) =) (i< j <l a=6<p).

The first case follows from

rty L (r r),(r r),— r) ,(r
{to 113} = 0007 + 0= 0+ 1505 (- 1007),

while the second follows from

HOH) 40—t 2 (i ati D) 10 (i<j=1 a=06<p0)

{t(T+) t(r)} _ i,al,0 4,0"3,8
ta VLS (r) ,(r) 0—0 r),—1,,(r) (1) . . I: y
tiatls T +ti,ﬁtj,g(tj,atl,5) (i<j<l;« < B).

This establishes (A.3).
For terms in NE/SW relation, we claim that

(r) . .
ot i<l<j;d<a<p
(i<j<lid<a<p).

() —14(r
[t 4y = {%iﬁtjﬁtl t
L, 77 0

In the first case, we have
+
() = 040 -0+t (-2,

while in the second, we have

{10 17} =
0+0— tt2(—tyati DE) + e (404 (i<j=1 6<a<p) )
0+0—-0+0 (i<j<lyd<a<p).
This establishes (A.4).

For terms in NW/SE relation, we claim that
2t )t)") (i<l<j;a<d<p)
2te) + 2 L (<1< a<8=p)
2 () + e ) (i<i<ji a<f <)

rt r ), (r ), —1,(7r) (7 . .
{60,100 = 2 1o i) <1 = ji a <5< ) (A.6)

2t = 21" (i<l=j; a<d=p)
0 (i<l=j; a<f<9)
0 (i<j<l;a<f; a<d).

\
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The computation of {L‘Z t(T } in the first six cases yields the following:

2t +0—0+0 (i<l<j; a<d<p)
2t () — 12—ty gt 40 (i<l <y a<d=p)
2tt") 4+ (2t ) — 040 (i<l<j; a<B<0)
26N 40 — 10 2 (—ty gt D) DLW (i <i=j; a <8< f)
0+ ()t 3t — 0+ 6 L4y i<l=j; a<d=p)
0+0 — £t 25,5t + 1t L4 (i<l=7j a<fB<0).

As for the final case of (A.6), when i < j <l and o < 3,6 with 3 # ¢, we have
(8 =0+0-0+0,
while when ¢ < j <l and a < § = §, we have

(0 8070 = 04 (66 5 — 2 8 pt ) 4 0.

This completes the proof of (A.6).
We are now ready to tackle step r™ of 5.1(4) when tjp # 0, that is, to prove
that

i) ifi=kand a <y
tga)t(r) ifi <kand a=-vy
{tz;)atkr;r}: 0 ifi <kand a>~y (A.7)

2t it < ko <y and (k,7) < 1"

1,y Tk«

0 ifi <k, a<~vyand (k,v)>rt.

+
Assume first that either ¢ > j or @ > 3, whence tz(ra) = tl(ro)é. If also k > j or

+ b
v > 3, we have t,(ﬁrv) = t,(g. Thus, under the current hypotheses,

{tza ’tk'y }_{tzoﬂ k'y}

r),(r r),(rt .
(00 =7 1) (i=k a <)
E08) =6 i<k a=7)
0 (i < ks a>7) (A.8)
24747 = 26" H) (i< ks a <y (k) <)
0 (1 <k; a<ny; (kyy)>r).

Since i > j or a > 3, we cannot have (k,~y) = r when ¢ < k and « < ~. Hence, the
fourth case of (A.8) covers the range (i < k; o < ~; (k,7) < rT). The fifth case
includes the range (i < k; o <7; (k,v) >r™).
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Suppose now that ¢ < k < j and o > 3 > . In this case,

_1 -1
{tzra )’ tk: Y } {tgrcw tl(cry}—i_{tzro)z’ tk ﬁ}tg 1¢] ]7:3 tk ﬁtg ﬁ{tzro)ﬂ t] /B}t] fy+tkr)ﬂt] B{tz a’ 7:'))/}7

and we find that

7‘+
(4 )) =
0+ (LT — 200 ) 40 =0 (0= 9) "

0+0-0+0=0 (a > B).

Equations (A.8) and (A.9) verify all cases of (A.7) in which ¢ > j or a > S3.

For the remainder of the proof, we assume that ¢ < j and a < 3. Thus, equations
(A.2)—(A.6) are applicable, and will be all we need when k > j or v > . In cases
where k < j and v < (3, we have

{tz ,Q 7tk7 } -
{tZ(Ta ’tk 7} + {tlra )’ tkr)ﬁ}tj 83, v o 2t1(€)ﬁ 7.8 Eié)‘tg tltgrv) + t(Tﬁ 7y 6{tz a ETW)} (A.10)
because {tzra ),tg?g} = QtYB jrc)y by the fifth case of (A.6).
When ¢ = k and a < 3 < v, we see by the second case of (A.2) that

r r r rH), (rt
{tza 7tk7 }_{tza 7t( }_tga)tl(c;)y:tz(,a)tl(cq)'

When i =k and o < 7 < 3, we use (A.10), (A.2), (A.6) to see that

r T T ), (r — r
{1 00} = (00— 65 SN + (L 6 b

73,8737
(1) =2,1) (1) 1) (1) (=1 () (1) ()1, (1) ()
= 205t Gttty bt s (2t + 26 5t st )

( ( ) +tgrﬁ)tg_ét§rc)y)tl(c,f)y +t1(',a )( g)gt]_éérb _ tia )t(r ).

This establishes the first case of (A.7).
The second case of (A.7) is parallel to the first; we omit the details.
When i < j <k and v < a < 3, we see by (A.4) that

7‘+
{tza 7tkfy)} - {t'ga ’tk'y}_o

When i < k < jand v < a < 3, we use (A.10), (A.4), (A.6) to see that

(r)4(r) (r)=1,(r)
)+(2t16ka+2t16]6t o

T

{tza ’tk'y }_( Eﬂ)t ﬂtl(ﬂ ())ét.g tl(ﬁ)ﬁ)t 5t(r)
2,(r)
tz

r)
v
() ()()
k’ﬁtaﬁ B3 JV+0

=0.

This establishes the third case of (A.7).
If i <k, a<~,and (k,v) > r, we see by the last two cases of (A.6) that

() =)0y =o,
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which establishes the fifth case of (A.7). If i < k, « < v, and (k,~y) = r, we have,
by the fifth case of (A.6),

r T rT),(rt
{tza 7tk7 }*{tza)’tk'y}:ztz(;; () *2t('y)tl(f )

e’

It remains to deal with the cases when i < k, o <y, and (k,7) <.
If i <k<jand o <y < f, then by (A.10) and (A.6), we get

(T*) (r) () (r) () (r);—1,(r) 1 (r) y, —1,(r)
{tla ,t } = Qtzwtka + (Qtl ﬁtkza + thﬁtjﬁ ]atk B)tjﬁtjw
(1) 4=2, (1), (r) (1) 4 4(r) 1 =1 94(r) 4 (r) (1) 1 =1,(r) ()
= 25t Gt gyl T Lty 326 e + 2t gt gt 0t
— 21/.( +)t(r+)
Yy ko C
Ifi<k<jand a <y =0, wesee by (A.6) that
T T T T'+ T‘+
{tza 7tk7 } {tza 7t( } - 225512 l(c())z + 2t£'\3 ],Gtg (ltl(c,)ﬁ = QtZ(,’y )tl(c,a)7

while if i < k < j and a < # < 7, we see by (A.6) that

rt rt rt T r rt
{0 0y = () )y = 2t ) e b)) = 208D

Finally, if i < k = j and a < v < 3, then (A.6) gives us

6y = () =2

za’kw i, )

r),—1,(r) ,(r) r rt
1 200 L) — 9g (T4,

)()
i,y V0 1,875,875,073,y T el

This verifies the fourth case of (A.7), and completes the proof of 5.1(4). O

B Number of tnn cells.

The proof of Theorem 6.2 relies on a comparison of the number of nonempty tnn
cells in MZY (R) with the number of m x p Cauchon diagrams. These numbers
are equal, as follows from Postnikov’s work [23]. Our purpose in this appendix is
to show how to obtain the key inequality (Corollary B.6) via our present methods.
Equality then follows easily, as in Theorems 1.2 and 6.2.

Lemma B.1. Every tnn matriz over R is a Cauchon matriz.

Proof. Let X = (z;,) be a tnn matrix. Suppose that some z;, = 0, and that
T > 0 for some k < i. Let v < o. We need to prove that z; , = 0. As X is tnn,

x T .
we have —xy ox;, = det ( kY k’a> > 0. As zp o > 0, this forces z;, < 0. But

LTiy Tjq
since X is tnn, we also have z; , > 0, so that z; , = 0, as desired.
Therefore X is Cauchon. [

We next give a detailed description of the deleting derivations algorithm, which
is inverse to the restoration algorithm. In order to have matching notation for the
steps of the two algorithms, we write the initial matrix for this algorithm in the
form X.
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Convention B.2 (Deleting derivations algorithm).
Let X = (Tiq) € M p(K), where K is a field of characteristic zero. As r runs over

the set E, we define matrices X () := (mm) € My, p(K) as follows:
1. When r = (m,p + 1), we set X(") = X that is, :c( mptl) Tjq for all (4, o) €
[1,m] > [1, p]-

2. Assume that 7 = (j, ) € E° and that the matrix X" = (xgr;r)) is already
(r )

known. The entries z; of the matrix X (") are defined as follows:

(a) If a:(r ) =0, then xg ( 7 for all (1,a) € [1,m] x [1,p].

- =,
(b) Ifx““ #Oand( a) €1, m]]x[[, ]]then
) (r e
iﬁgro){: a:m <J ) ifi<jand a< g
’ otherwise.

ZO(

3. Set X := X(1.2); this is the matrix obtained from X at the end of the deleting
derivations algonthm.

4. The matrices labelled X (") in this algorithm are the same as the matrices with
those labels obtained by applying the restoration algorithm to the matrix
X (cf. Observations 3.4). Thus, the results of Subsections 3.2 and 3.3 are
applicable to the steps of the deleting derivations algorithm.

In dealing with minors of the matrices X %) we shall need the following variant
of Proposition 3.13, which is proved in the same manner. As in Notation 3.6, we
will write minors of XU# in the form 6%, this time viewing X as the starting
point.

Lemma B.3. Let X = (T o) € My p(K) be a matriz with entries in a field K of
characteristic 0, and let (j,8) € E°. Let § = [i1,...,ijla1,...,q](X) be a minor
of X. Assume that u := x5 # 0 and that i; < j while a, < 8 < api1 for some
h € [1,1]. (By convention, ayy1 =p+1.) Then

sGAT — 568 4 Z 1)t+hs G8) G.0),, -1

atﬂﬁ Jyoue

Proof. We proceed by inductionon [+1—~h. If [+1—h =1, then h =1 and oy < .
It follows from Proposition 3.7 that

(75) (7ﬁ)

xii,al T xiiaz

5§00y = det : : X U
(4,8) (4,8)
a1 T 1,0
e B)* 29 B)* 29 B)*
Lit,on o Ty L8
= det] o GO Gt

-]7 ‘77 ]7
ir,00 e T L
2 B+ 2 BT
_] a1 ‘e ] a u
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Expanding this determinant along its last row leads to

i3 _ 8 1)+ @.8)7" 568"
5By = uslsT _|_Z zin. Oarlls-
By construction, :chj aﬁt " :chj £ ), and it follows from Proposition 3.11 that 6&@; =
5&1@5 Hence,
l L9509
BT _ (.8 41, J> Js
sGBT — 568 _ Z(_l) T30 O30
t=1
as desired.

Now let [ 4+1—h > 1, and assume the result holds for smaller values of [+ 1 — h.
Expand the minor §UBT along its last column, to get

1,0 lkval

MN

i

1

The value corresponding to I + 1 — h for the minors (5(] i s — h, and so the
1,0

induction hypothesis applies. We obtain

h
G.B)* (4,8) t-+h 5(5,0) (J ﬁ)
6zk,al 6zk,al + tz_;( ) 62k aIlB ] at

for k € [1,1]. As A ——C ) by construction, we obtain

(27F187) Tk,
l 5L (4 B (4,8) ( B)
3T _ k+l k+l J> t+h 5(J; J> -1
5(] = Z( 1) Zk:al ik + Z Z Ziwal ) o Tja U

Zkval
k=1 t=1 k=1 ar—

h
— 5:0) +Z(7 t+h5(J B) ( )u—17
t=1

ar—B Lja

by two final Laplace expansions. This concludes the induction step. O
Theorem B.4. Let X = (Tia) € M p(R) be a tnn matriz. We denote by X 0GB)
the matriz obtained from X at step (j,3) of the deleting derivations algorithm.

1. All the entries of XU® are nonnegative.

2. XU is a Cauchon matriz.

3. The matriz obtained from X@P) by deleting the rows j + 1,...,m and the
columns B,8+1,...,p is tnn.

4. The matriz obtained from X0 by deleting the rows j,j + 1,...,m is tnn.

5. Let § = [i1,... 01, ..., q)(X) be a minor of X with (i;,aq) < (j,8). If
§UAT =0, then U4 = 0.
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Proof. We prove this theorem by a decreasing induction on (j, 3).
If (4,8) = (m,p+ 1), then 1, 3, 4 hold by hypothesis, 2 holds by Lemma B.1,
and 5 is vacuous.

Assume now that (j, 3) € E° and the result is true for X0-2)"
(4,8)
i,]oz
1,

o $',

o Let us first prove 1. Let x be an entry of XU# We distinguish between

two cases. First, if x , then it follows from the induction hypothesis

that xgjaﬁ ) is nonnegative, as desired. Next, if xgjaﬁ ) #* xgjaﬂ )+, then ¢ < j and
a < 3. Moreover, it follows from the construction of the algorithm and the induction
(.8)* (.8) i R
hypothesis that a:]]ﬁ > 0, and ZL'Z]a = det Efﬁ)* zfﬁﬁ (IL‘J]ﬁ )~1. Note
Tja Y5
that if 8 < p, then (4, 3)" = (j, 3+1), while if 3 = p, then (j,3)" = (j+1,1). Hence,
by the induction hypothesis (3 or 4), the previous determinant is nonnegative, so

that a:fjf ) > 0, as desired.

e Let us now prove 3. Let § = [i1,...,i/|ai,...,q](X) be a minor of X with

iy < j and oy < 3. We need to prove that §¢%) is nonnegative. Set u := xg.j’ﬁm =
G:B8)*
RO

First, if iy = j or u = 0, then it follows from Proposition 3.11 that 6(%) = 5(j’ﬁ)+,
and so we deduce from the induction hypothesis (3 or 4) that 60:%) = §G:5" > 0,
as desired.

Now assume that 4; < j and u # 0. Then it follows from the induction hy-
pothesis (3 or 4) that v > 0. Moreover, we deduce from Proposition 3.7 that

80P = det (;rg]aﬁ) ) ity u~!. By the induction hypothesis, the above deter-
a=ai,...,ap,

minant is nonnegative, so that 8P >0, as claimed.

e Let us now prove 4. We will prove by induction on [ that all the minors of the

form 605 = det (:cz(jaﬁ )> with ¢; < j are nonnegative.

1=11,...,0]
a=aq,...,0q

The case [ = 1 is a consequence of 1. So, we assume [ > 2. Set u := wéjéﬁ ) —

xgjbﬂ)+. If a; < 3, then it follows from point 3 that 60#) > 0. Next, if u = 0, or if

B € {a,...,oq}, or if B < aq, then it follows from Proposition 3.11 that 608 =
§UAT  and so it follows from the induction hypothesis (4) that 607 = sGAT > 0,
as desired.

So, it just remains to consider the case where u # 0 and there exists h € [1,1—1]
such that ap < 8 < ap41.

In order to simplify the notation, we set [I|A] = [I|A](XUA)) and [I|A]T =
[1]A}(X U4 for the remainder of the proof of 4, for any index sets I and A.

For all k € [1,1], we set I} := {il,...,ﬁ,...,il}. We also set I := {i1,...,4}
and Ay :={a1,..., a4, ..., 1} for all ¢t € [1,A].

For all k € [1,1], it follows from [1, (2.10)] and Muir’s law of extensible minors
[21, p 179] that

Lk Ae U{BY [T[As U, ar}] = [Tk Ay U {aa}] [T]As U {ew, 5}]
Ik Ar U {ae}] [T]A V{6, en}].  (B.1)

Recall that 604 = [I|A; U {a;, oy}] for all ¢.
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It follows from the secondary induction hypothesis (on the size of the minors)
that [Ix|A:U{eq}] > 0 and [Ix|A: U{a:}] > 0. Moreover it follows from Proposition
3.11 that [I|As U {au, B} = [I|At U{ay, B})T and [I|AU{B, aq}] = [I|A+U{B, au}]T,
and so we deduce from the primary induction hypothesis that these minors are non-
negative. All these inequalities together show that the right-hand side of equation
(B.1) is nonnegative, that is, for all k € [1,!] and t € [1, k], we have

[Ik|At U {,8}] [I|At U {at, al}] Z 0. (B2)

From the secondary induction hypothesis, we know that [Ix|A; U {3}] > 0 for all
k,t. We need to prove that 60 = [I|A; U {ay, oy }] is nonnegative.

If there exist k and t such that [Iz|A; U {8}] > 0, then it follows from the
inequality (B.2) that [I|A; U {4, a;}] > 0, as desired.

Finally, we assume that for all k£ and ¢ we have [I|A; U{S}] = 0. In this case, it
follows from a Laplace expansion that [I|A; U{aq, B}] = 0. In other words, we have

§U B)ﬁ =0 for all t € [1,h]. Hence, we deduce from Lemma B.3 that §U-%) = §GA"

at—
As 6027 > 0 by the induction hypothesis, we get 6% > 0, as desired. This
completes the induction step for the proof of 4.

(J B) _

e Let us now prove 2. Assume that z;, =0 for some (i,). We must prove

that :):gf) =0forall k <ior :rgj)\ﬁ) =0 for all A < a. We distinguish between
several cases. 7

ee Assume that i < j. Then by 4, the matrix obtained from X @) by deleting
the rows ¢+1,...,m is tnn. This matrix is Cauchon by Lemma B.1, and our desired
conclusion follows.

ee Assume that ¢ > j. Hence, by construction, we have z;

we deduce from the induction hypothesis that :B(] At =0 for all k<ior ngf - 0
for all A < a.

Assume first that x(]/\ﬁ) =0forall A <a. Asi > j, we get x( A - a:Z(J)\m =0
for all A < a, as desired.

Assume next that x(] ot~ = 0 for all £ < 4. Then for all j < k < 1, we get
0 = "

= 0. So it just remains to prove that a;,(C A =0 for all k < J.

Let £ < j. We distinguish between two cases. First, if myﬁﬁ ) = wygﬁ - 0, then

ngf) = l‘;jf) =0, as expected. Otherwise, u := xgjﬂﬁ) = x§ 5 B # 0, and

+ i +
fﬂz(fjf)—ﬂf;(w) 733](6{,5) ul 5{6)

As x,(gf)Jr =0 and xff) =0, we get :c(] h = =0, as desired.

. Fmally, let us prove 5 by induction on [. For the case [ = 1, assume we have
290" — 0 with (t,a) < (4,0). If x; ]ﬁ) = x(] At , then clearly xl(]f) = 0. Otherwise,

’LOé

Wehavez<]anda<ﬁ,whlleu—x #Oand
. -
xl(if) _ _xl(’Jé@) -1 gjaﬂ) ) (B.3)
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. o s
By points 3 and 4, the numbers ng), asgjéﬁ) , IL‘g-?f) are all nonnegative, and u > 0.

Hence, we see by equation (B.3) that xz(,](f ) = 0, as desired.

Assume [ > 1. Let § = [i1,...,i|a1,...,o](X) be a minor of X with (i;,qq) <
(7, 3). We assume that §UBT = 0. 1 6P = 5GP then clearly §¢%) = 0. Hence,
we deduce from Proposition 3.11 that we can assume that u := :L‘gj ég ) = l‘yﬂﬁ " # 0,
iy < j and there exists h € [1,1] such that ap, < 8 < apy1.

We distinguish between two cases to prove that %) = 0. First we assume that
oy < 3. Let A be the matrix obtained from X @ " by retaining the rows i1, . .., i, j
and the columns «q,...,q, 3. It follows from 3 or 4 that A is tnn. Moreover, A
has a principal minor, 5(775)+, which is equal to zero. Hence, we deduce from [1,
Corollary 3.8] that det(A) = 0, that is,

det (m§]a5)+) = 0.

1=,
a=at,...,ar

Then, as we have assumed that u # 0, it follows from Corollary 3.8 that
[i1, . it .., o] (XUP) = 0,

that is, 6% = 0 as desired.
Next, we assume that there exists h € [1,1 — 1] such that o < 8 < ap41. With
notations similar to those of equation (B.1), we have
0= [LlAe U BT [TIA: U {ar, a0}]" = [Tl AU {a}]™ [T]Ac U {au, B3]
I A U {ae}]T [TIAU {8, ar}]*

for all k € [1,1] and ¢t € [1,h]. As all these minors are nonnegative by 4, we get
that

el Ae U {a}] T [TIA U {a, BT = [T A U {on}] T [IIAU{B, 00} =0

for all k, t. Now we deduce from the secondary induction (on the size of the minors)
and Proposition 3.11 that

Lk Ar U {oa}] [T[Ar U {o, B} = [T Ay U {oe}] [TIAULB, ar}] = 0
for all k, t. Hence, by equation (B.1),
[Tel Ay U{B}] 699) = [Ie| Ay U{B}] [T|A¢ U {ay,eq}] = 0

for all &, t.

If [I|As U{B}] # 0 for some k, t, then 6U%) = 0. If [I|A; U {B}] = O for all k, ¢,
then it follows from a Laplace expansion that [I|A; U {ay, 5}] = 0 for all ¢. In this
case (as in the proof of 4), it follows from Lemma B.3 that 60 = §0-8)" = 0. This
completes the induction step for 5. O

At the end of the deleting derivations algorithm, we get the following result,
which provides a converse to Theorem 4.1.

Corollary B.5. Let X = (Tia) € Mump(R) be a tnn matriz. We set X := X(12),
the matriz obtained at step (1,2) of the deleting derivations algorithm. Then X is
a nonnegative H-invariant Cauchon matrix.
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Corollary B.6. The number of nonempty tnn cells in M%?p(R) s less than or
equal to the number of m x p Cauchon diagrams.

Proof. If X € MZ°,(R), then it follows from the previous corollary that the matrix
X = (x;,) obtained at step (1, 2) of the deleting derivations algorithm is a nonneg-
ative H-invariant Cauchon matrix. Let C := {(i,a) | ;o = 0}. As X is Cauchon,
C' is a Cauchon diagram. So we have a mapping 7 : X — C from M%?p(R) to the
set Cpp of m x p Cauchon diagrams. Now, let X and Y be two m x p tnn matrices.
If 7(X) = 7(Y), then it follows from Corollary 3.17 that X and Y belong to the
same tnn cell. So, each nonempty tnn cell in Mz (R) is a union of fibres of 7. The
corollary follows. O
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