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Abstract

Generalised quantum determinantal rings are the analogue in quantum matrices
of Schubert varieties. Maximal orders are the noncommutative version of integrally
closed rings. In this paper, we show that generalised quantum determinantal rings
are maximal orders. The cornerstone of the proof is a description of generalised

quantum determinantal rings, up to a localisation, as skew polynomial extensions.
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1 Introduction

Let K be a field, let m,n be positive integers and let ¢ be a nonzero element of K. The
algebra of quantum matrices over K, denoted by O,(M,,,(K)), is a quantum deformation of
the coordinate ring of the variety of m xn matrices over K. The set of quantum minors II in
O,(M,,,(K)) carries a natural partial order with respect to which the standard monomials
form a basis over K: more precisely, O,(M,,,(K)) is a quantum graded algebra with a
straightening law on the poset of quantum minors equipped with the standard partial
order. (Precise definitions are given later.)

Given a quantum minor 7 in O,(M,,,(K)), one can define a factor ring of O, (M,,,,(K)),
denoted by Oy (M, (K)), and known as the generalised quantum determinantal ring/factor
determined by . The generalised quantum determinantal factors of O,(M,,,(K)) are the
analogues for O,(M,,,(K)) of the quantum Schubert varieties in the grassmannian studied
in [8]. The term generalised quantum determinantal ring is used because special instances
of v determine the quantum determinantal factors where all quantum minors of a given

size are set to be zero. Generalised quantum determinantal rings were shown to be integral



domains in [8, Proposition 4.3], but the question as to whether or not they are maximal
orders was left open, see [8, Remark 4.6]. In this work we show that they are indeed
maximal orders. Maximal orders are the noncommutative analogues of normal varieties,
or integrally closed rings.

Our motivation, here, comes from noncommutative algebraic geometry. The algebras
that we study are noncommutative analogues of coordinate rings of natural varieties arising
from Lie theory and we want to study them as such. This was already the point of view
in the works [6], [7] and [8], where properties of geometric nature of related algebras,
expressible either in ring theoretic language (integrity, normality), or homologically (AS-

Cohen-Macaulay, AS-Gorenstein properties) were studied.

2 Basic definitions

Let K be a field, and let ¢ a nonzero element of K. The algebra of m xn quantum matrices
over K, denoted by O,(M,,,(K)), is the algebra generated over K by mn indeterminates
x5, with 1 <4 < m and 1 < j < n, which commute with the elements of K and are

subject to the relations:

TijTi = QT for1<i<m, and1<j<l<n;
TijThj = qTk;jTij, forl1<i<k<m,and1<j<n;
TijThl = TriTij, forl1<k<i<m,and1<j<l<n;

Titg — T = (@ — ¢ Hrgrg, for1<i<k<m, and1<j<Il<n.

It is well-known that O,(M,,,(K)) is an iterated skew polynomial extension of K with
the z;; added in lexicographic order. An immediate consequence is that O, (M,,,(K)) is a
noetherian domain.

When m = n, the quantum determinant D, is defined by;

Dy = (=) 100 - Tnatn);

where the sum is over all permutations o of {1,...,n}.

The quantum determinant is a central element in the algebra O,(M,,(K)).

Let I and J be t-element subsets of {1,...,m} and {1,...,n}, respectively. It is clear
from the definitions that the subalgebra of O,(M,,,(K)) generated by those z;; with i € I
and j € J is isomorphic in the obvious way to O,(My(K)). Then the quantum minor
[I | J] is defined to be the quantum determinant of this subalgebra. (Note that x;; = [i | j]



and [0 | 0] is taken to be 1.) It is immediate that x;;[I | J] = [I | J]z;; fori € I and j € J,
but quantum minors do not commute with other variables. Nevertheless, several useful
commutation relations have been developed, and we will use some of them in this article.

The set of all quantum minors is denoted by II. The set II is equipped with the partial
order <y defined in [7, Section 3.5]. Namely, if [/ | J] and [K | L] are quantum minors with
I={h<---<ihJ={n<--<jup, K={kbhh <---<k}and L ={l1 <--- <l,}

then
U >,

I J] < [K|L) <= i,<ks, for 1<s<u,

The algebra of quantum matrices, equipped with the partial order < defined on the set
of quantum minors II, is a quantum graded algebra with a straightening law (abbreviated
QGASL), as defined in [7], see [7, Theorem 3.5.3].

Definition 2.1. Let v € II and set II, := {a € II | a 24 7}. Set I, to be the ideal
generated by IL,. The generalised quantum determinantal ring Oy(M,,(K)), associated
to «y is the factor algebra Oy (M, (K))/L,. (Welet p 1 Oy(Mpn(K)) —> Of(Mn(K)),

be the canonical projection.)

The terminology we use arises in the following way. Let vy =[1,...,t—1|1,...,t—1].
Then II, consists of the s X s quantum minors with s > ¢, and O,(M,,,(K)), is the factor
ring obtained by setting all of the ¢ x ¢ quantum minors to be zero: such algebras are

known as quantum determinantal rings, see, for example, [6]

Proposition 2.2. The generalised quantum determinantal ring Oy( M, (K)), is a QGASL
on the natural projection of II\IL, from Oy(Mn,(K)) to Of( My (K)), .

Proof. This follows immediately from [7, Theorem 3.5.3 and Corollary 1.2.6]. O

Recall that an element w of a ring R is a normal element if uR = Ru and is regular if

it is a nonzerodivisor.

Corollary 2.3. The image 7 of v in Oy( M, (K)), is the unique minimal element of
p(INIL,). Further, for each T >4 v, there exists c; € K, nonzero, such that ¥7 = ¢, 77,
where T = p(7). Consequently, 7 is a reqular normal element of the generalised quantum
determinantal ring Oy( M, (K))s.

Proof. See the proof of [7, Lemma 1.2.1]. O



3 Relations for a subalgebra of quantum matrices

Let v = [A|B] = [a1,...,a¢ | b1,...,b] be a quantum minor in Oy (M,,,(K)), and let
¢1 < ¢g < -+ < ¢y be the column indices of O,(M,,,(K)) that do not occur in v and
Ty <1y < -+ < Tyt be the row indices of O,(M,,,(K)) that do not occur in v. We will
use this notation throughout the paper.

Denote by S the ¢ x ¢ quantum matrix subalgebra of O,(M,,,(K)) generated by the
Tqp,- Our strategy to show that the generalised determinantal algebra determined by
v is a maximal order will be to show that it is related via localisation to an algebra 7'
which is an iterated Ore extension. The algebra T is a subalgebra of quantum matrices
generated by S and a family of quantum minors (explicit generators are given below). In
order to show that T is an iterated Ore extension, we need to do two things. First, we
need to develop suitable commutation relations between the generators; this is done in this
section. Secondly, we need to show that the generators are independent enough to give a
presentation as an iterated Ore extension.

Let M be the set of ¢ x t quantum minors that are > 7, and which differ from ~
in precisely one entry. Let T be the subalgebra of O,(M,,,(K)) generated over S by the
quantum minors in M. To study T, we need a notation for the quantum minors in M.

First, note that each such minor either has the same row set or column set as v and
differs from ~ in the column set or row set, respectively, by exactly one element. Let R
be the set of such quantum minors with the same row set as v and C be the set of such
quantum minors with the same column set as 7.

Note that a quantum minor [A | B U {c¢mn—it1)—i}\{b;}] is in M precisely when b; <
Cln—t4+1)—i- Similarly, the quantum minor [AU{ru,—1)—i}\{a;} | B] is in C precisely when
aj < T(m—t41)—i-

For each i, j such that b; < c(—¢41)—i, set

Mg 1= [A ‘ B U {C(n—t—l-l)—i}\{bj}]v

and, similarly, set
nij = [AU{r@m—trn-if\{a;} | B
whenever a; < 7(n—t+1)—i-
Then, R = {my; | bj < ctn—t+1)—i} and C = {n;j | a;j < rm—it1)—i}-
We now order M = R LUC in the following way. The members of R come before the
members of C, while m;; < my, if and only if (4,5) < (k,l) in lexicographic order and,

similarly, n;; < ny if and only if (7, 7) < (k,!) in lexicographic order.



The plan is to build up 7" from S by introducing the members of M in this order.

At this point, let’s look at a specific example.

Example 3.1. Consider the quantum minor v = [13 | 12] in O, (M33(K)). Then S =
K{z11, 12, T31, T32), a quantum matrix subalgebra of O, (M;3(K)), while R = {mq;,m12} =
{[13 ] 23],[13 | 13]}, C = {n1} = {[23 | 12]} and M = {my; < mis < ny1} = {[13 | 23] <
13 ]13] < [23 | 12]}. Then,

T = S[mn;mmnn]-

What we are aiming to do amounts to showing, in this example, that T is (isomorphic
to) a three step iterated Ore extension of S, with the “variables” mji,mia,n1; added in
this order. It then follows that T is a seven step iterated Ore extension of K, and that
GKdim(T') = 7.

For each my; that is defined let R(my;) be the subalgebra of T' generated by S and the
m;; that are less than or equal to my; in the order defined above, and for each ny that is
defined let R(ny) be the subalgebra of T' generated by S, all of the m;; and the n;; that are
less than or equal to ny in the order defined above. Let m,; be the m,; that immediately
precedes my; in the above order and let n;; be the n;; that immediately precedes ny; in the
above order. Then, R(my;) is generated over R(my;) by my and R(ny) is generated over
R(ng;) by ng. (If my, does not exist set R(my;) := S, and, similarly, if n,; does not exist
then R(n,,) is generated over S by all of the m;;.)

We need to know suitable commutation relations between the members of M and
between members of M and the z;; in the quantum matrix subalgebra S.

First, we check how the m;;,n;; commute with the generators of S.

Lemma 3.2. Let x,,5, be a generator for S. Then

(1) Tapp, commutes with m;; when | # j, while
— L4
xakbjmij - qmijxakbj - q <_Q) misxakbs )
s<j

where § = q — ¢~ ' and (—q)* is an unspecified positive integer power of —q.

(1) Taup, commutes with n;; when k # j, while

~ °
LajbyTij — qMijLa;b, = 4 E (—Q) NisTagby
s<j

where § = q — ¢! and (—q)* is an unspecified positive integer power of —q.
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Proof. We prove (i), the proof of (ii) is similar. Recall that m;; = [A | BU{c(n—s+1)-: } \{0;}]
is the quantum determinant of a quantum matrix subalgebra that contains the element
Za,p, Whenever [ # j, and so commutes with such elements.

When [ = j, we use [10, Lemma 4.5.1(2), first equation] with r = aj, s = b;, A(i,s) =
[A | BU{cpm-ti1-i}\{b;}]. (Note that we must interchange ¢ and ¢~! when using results
from [10].) We see that

Lapb; Mij — M5 Tayb;
= Tap,[A \ B U {cm-rs1-i\{bH — alA | BU {cu-t41)-i\{bjHZa,
= 7Y (=) [A ] (BU{cm-rr- b D) U {0\ {bs e,

s<j
= 7Y _(—=9)°[A] BU{cmots1)-i\{b:}]Tas0,
s<jJ
= Z]\Z (—=q)*misTayp, -
s<jJ
Note that these m;, exist, as b, < bj < c(n—t+1)—i- O

It is important to note that this result shows that z4,5,mi; — qmijTa,p,; € R(m ) and

similarly for n;;.

Next, we need to know commutation relations for M.

Proposition 3.3. (i) The m;; obey the rules for quantum matriz variables, with parameter
q ', as do the ny;.

(11) Given m;; € R and ng € C, myjng = ngm;;.

Proof. There are several relations to check. We present the proof of the following claim.
(The proofs for all other cases are similar, but easier.) Suppose that i < k and j <l and

that m;; and my; are defined. Then my and my; are defined and

-1
MM — MM = (C] - Q)milmkj .

Proof of claim. We know that b; < by, and by < c(n—t41)—r as my, is defined. Thus,
bj < cn—t+1)—k and so my; = [A | B U {cm-t31)-r}\{b;}] is defined. Also, b; < cn—t41)—k,
as my; is defined, and c(—¢11)—k < Crn—t41)—i as © < k. As a consequence, by < C(n—t41)—i
and so my = [A | BU{cm—t4+1)—i} \{bi}] is defined.

Set A" = A\{a1, a2} and B’ := B\{b;, b;}. Then m;; = [A'U{a1, a2} | B'U{c(n—t41)-s, b }]
and my; = [A"U{a1, as} | B U {cm—i+1)—k, bj}].
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We need a commutation rule for the quantum minors [aias | bicp—i11)—) and [a1as |
bjCin—t4+1)—k); Where b; < b < Cn—ty1)—k < Cn—t+1)—i- It is easy to verify that, in
O, (M 4(K)), we have [12|24][12]13] — [12[13][12|24] = (¢~ — ¢)[12]|14][12]23]. Tt follows
that, in Oy (M,,,(K)),

[ara2|bicn—i11)—i][a1a2|bjCn—111)—k] — [a1a2]bicom—t11)—k][ar102|biC(n—t41)—i]

= (¢7" = @larag|bjcnry1)—illarazlbici—ry1)-1]-

Using the quantum Muir’s Law of extensible minors, see [8, Proposition 1.3] for example,
to re-introduce A’ and B’ we obtain

—1
MMk — MpgMy; = (q - Q>milmkj )

as required. O

4 Torus actions induced from O,(M,,,(K))

The algebra T is a subalgebra of O,(M,,,(K)). Recall that there is an action of the torus
H = (K*)" on Oy(Mn(K)) defined on the generators of O,(M,,,(K)) in the following
way: if h = (a1,...,qm;B1...,0,) then h-x;; = o;B;z;;. The generators z;;, m;;, n;;
are all eigenvectors for the action of H; and so it is easy to check that H restricts to
automorphisms of 7" and the various subalgebras that we are using to build up 7" as a
purported Ore extension. Our aim is to show that the commutation relations developed in

Section 3 can be rephrased by using suitable choices of elements h € H.

Definition 4.1. Set hy,,, = (o1,...,Qm; 51, ..., B,) where (i) oy = 1 when s € A, and
ag =q " when s ¢ A, and (ii) Be,_,1y_, =4 By = ¢, and B, = 1 for s € B\{b;}, with
Bs=q " for s & BU{c(n—ts1)-k}-

Also, set i, := (@1, ..., m; Br, - - -, Bn) Where (i) oy, = ¢ % =¢q,and a, = 1
for s € A\{a}, while ay = ¢7" for s € AU {ru_ts1)-k}, and (ii) B = 1 for s € B and
Bs=q ! for s ¢ B.

Let’s check the action of the h that we have just defined on relevant generators of 7.

Lemma 4.2. The following hold.

(1) Fori € A, j € B, then hy,,(Ti,) = qri, and hpy,,(z;;) = x;; when j # by.
(2) Forie€ A, je€ B, then hy,,(2q,j) = qTa;; and hy,,(x;;) = x;; when i # q.
(3) Suppose that (i,7) < (k,l) in lexicographic order, then:

(@) hum,, (mij) = m;;j wheni# k and j #1;



(b) huny, (M) = ¢ 'myj when i =k and j <1 ori <k and j =1.
(4) Suppose that (i,7) < (k,l) in lezicographic order, then:

(a) hy,, (ni;) = ny; when i # k and j # 1;

(b) hn,,(nij) = ¢ *nij wheni=Fk and j <l ori <k and j=1.

(5) hny, (mij) = myj, for all ng and m;;.

Proof. We prove (1) and (3a). The proofs of all other claims are similar to one of these

two.
(1) huny, (245) = qifjzij. Now i € A, so oy = 1 and hyy,, (24;) = Bz, which is equal to qx;;
when j = b; and equal to 1.z;; otherwise.
(3a) Suppose that i # k and j # I. Now, m;; = [A | B U {cmu-t1-i}\{b;}] with
bj < Ctn—t+1)—i, and myy := [A | BU{cm-t31)—k} \{bi}] with by < c—t11)—k-

Let h = hy,, = (01, ..., B1 ..., By). Then

Doy (5)

= P ([A ] BUA{cn—t41)-i}\{b;}])

= Qg ---0q, 0 - .ﬁbj o BBy i [A | BU{cm—t1y—i}\{b5}]

= Qg .. Qg0 -- .Eb\j e BoiBenriry_m

Hence, we need to evaluate A := g, ..., - - - B; .. .ﬁbtﬁ%fm)ﬂ.. From the defi-

nition of h,,,, we see that each a,, = 1. Also, for s € B\{b} we know that f; = 1
Therefore, A = Bblﬁc(n,m),,—- We know that 5, = ¢, so it remains to evaluate BC( PN
As i # kit follows that c(,—11)—i # Cn—t+1)—k SO that Ctn—t+1)—i & BU{Cm-t+1)-k} and so
Benoiinys = - Hence, X = By, By =aq~ ' = 1. O

The previous lemma, together with the results obtained in Section 3 are sufficient to

establish the following result.

Proposition 4.3. (i) For z;; € S and for any my, that is defined,
My 5 — h;n}d(xij)mkl € R(my)
(11) For x;; € S and for any ny that is defined,
iy — by (€)1 € R(ng)

(111) mygmi; — h;nil(mij)mkl € R(my,) for (i,j) < (k,1) in lexicographic order
() ngmi; = L (mag)ng for all (i,5) and (k,1)
(v) nng; — by (nij)nw € R(ng) for (i, ) < (k,1) in lexicographic order.
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We can use this proposition to show that at each stage in the construction of 7" we have
an Ore extension. In order to do this, we need to utilise the following result concerning
Gelfand-Kirillov dimension of extensions of the type considered in the previous result. See

[5] for standard properties of Gelfand-Kirillov dimension.

Lemma 4.4. Let B be a K-algebra. Suppose A is a finitely generated subalgebra of B
that is an integral domain with finite Gelfand-Kirillov dimension and that x is an element
of B such that B is generated by A and x as an algebra. Furthermore, suppose there
exists an automorphism o of A and finite-dimensional subspace V' of A that generates A
as an algebra such that (V') = V. Suppose that xa — o(a)x € A, for each a € A. Then
GKdim(B) < GKdim(A) + 1.

Also,
(i) 0 : A — A, defined by §(a) := za — o(a)x, is a o-derivation of A, and
(ii) if C = Aly;0,0], the natural algebra morphism 0 : C' — B such that 0|4 = ida and
0(y) = x is an isomorphism if only if GKdim(B) = GKdim(A) + 1.

Proof. Note that [8, Lemma 2.3] guarantees that GKdim(B) < GKdim(A) + 1. As C
is a particular example of such a B, we have GKdim(C') < GKdim(A) + 1. However,
it is well-known that GKdim(C') > GKdim(A) + 1 (see [5, p.164]) and so GKdim(C') =
GKdim(A) + 1.

It is routine to check that ¢ is a o-derivation of A. The map 6 : C' — B given
by 0(f(y)) := f(x) is an epimorphism from C to B. If # is not an isomorphism then
GKdim(B) < GKdim(C) — 1 = GKdim(A), by [5, Proposition 3.15], while if 6 is an
isomorphism then GKdim(B) = GKdim(C) = GKdim(A) + 1, as required. O

Corollary 4.5. GKdim(T) < (m +n+ 1)t — >_'_, (a; + b;)

Proof. Recall that T is generated over K by the ¢? elements Tqp,; together with those ¢ x ¢
quantum minors that are greater than v and differ from ~+ in exactly one entry. Such a
minor which excludes a; is given by including a row index which is bigger than a; but
not equal to any of the other a;. There are m — a; — (¢t — ) such indices. Summing over
i=1,...,t, one obtains mt — ) a; — t(t — 1)/2. There are also nt — > b; —t(t —1)/2 such
quantum minors that exclude a b;, giving a total of (m + n)t — > (a; + b;) — t(t — 1) such
quantum minors. Adding in 2 for the elements z,,,, produces (m+n-+1)t—>"i_, (a;+b;)
generators. At each stage that a new generator is introduced, we have an algebra A, a
new generator x to generate an algebra B containing A and an automorphism o with the
property that xa — o(a)z € A for elements a in a generating set of A as an algebra. As

o is an automorphism, this property extends to all elements of A and so the first part
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of Lemma 4.4 is applicable to establish that GKdim(B) < GKdim(A) + 1. There are
(m+mn+ 1)t —31_, (a; + b;) such extensions building up 7' from the base field k and so
the required inequality is obtained. [

5 Generalised quantum determinantal rings are max-

imal orders

Let v = [A|B] = [a1,...,a¢ | b1,...,b] be a quantum minor in O,(M,,,(K)) and set
Jy = Of(Mpn(K)). Then 7 is a regular normal element of J,, by Corollary 2.3; and so
we can invert 7 to obtain the localisation .J,[y~!]. Our aim is to show that this localisation
is isomorphic to a localisation T'[y~!] of the algebra T constructed in the previous section.
As a consequence, J,[7~!] will be a maximal order. From this we will deduce that .J, is a
maximal order.

There is a natural homorphism 0 from T'[y!] to J,[7 '], see below. In order to show
that 0 is surjective, we need to employ quantum Laplace expansions; while in order to see
that 6 is injective, we need to use Gelfand-Kirillov dimension calculations. The details are

in the next few results.

Lemma 5.1. The quantum minor 7y is a reqular normal element in the algebra T'. More

precisely, v q°-commutes with each of the generators of T

Proof. A variable z;; is in the generating set for 7" as an algebra precisely when ¢ € A and
J € B, in which case x;; commutes with .

Recall that m;; = [A | B U {cm-t+1)—i }\{b;}], with b; < c(n_t11)—i. A simple applica-
tion of the quantum Muir’s law [8, Proposition 1.3] shows that the commutation relation
between v = [A | B] and my; is the same as that between z,,;, and Tareq_osny_io and this
is a g-commutation as these two variables are on the same row of a quantum matrix. A
similar remark applies to the commutation relations between v and the n;; with the roles

of rows and columns interchanged. O

As a consequence of the previous lemma, we can form the localisation T[y™!] of T'
obtained by inverting the powers of v and the canonical morphism 7' — T'[y~!] is injective.

Gelfand-Kirillov dimension behaves well with respect to this localisation, as we see below.

Lemma 5.2. (i) GKdim(T[y~!]) = GKdim(T) < (m +n+ 1)t — >.'_, (a; + by).
(ii) GKdim(J,[71]) = GKdim(J,) = (m +n + 1)t — S0, (a; +b;).
(i) GKdim(T[y!]) < GKdim(J,[y71]).
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Proof. (i) Let V' be the vector space generated by the generators of 7' (that is, the z;;, m;;
and n;;). Then the previous lemma shows that ¥V = V~. Set W := V 4+ ~47'K and note
that W generates T[y~!] as an algebra and that W~y C T. Set Y := Wy + Ky + K, a
finite dimensional vector subspace of T'. It is easy to check that W"~+"™ C Y. It follows
that dim(W") < dim(Y™) and so GKdim(T[y™']) < GKdim(7T). As it is obvious that
GKdim(T[y™!]) > GKdim(T), equality follows. The inequality is already established in
Corollary 4.5.

(ii) For the first equality, a similar proof to that in (i) works, taking the generating subspace
V' to be generated by the image of I in J,, and using Corollary 2.3 instead of Lemma 5.1.
For the second equality, see [8, Remark 4.2(iii)].

(iii) This is immediate, from (i) and (ii). O

The inclusion of T in O,(M,,,(K)) induces a natural homomorphism 6 : T — J,[7 !
which sends any quantum minor [ | J] to its image [I | J] in J, C J,[7"!]. In particular,
0(v) =7, and so we may extend 0 to a homomorphism (also denoted by ) from T[y~!] to
L.

Proposition 5.3. The homomorphism
0: Ty — L[77]
s an isomorphism.

Proof. The algebra J,[7 '] is generated over K by 7%! together with the image Z,; in .J,
of the mn generators z,, of O,(M,,,(K)). Thus, in order to prove surjectivity, it is enough
to see that the 7,5 are all in the image of 6. This is obvious for the Z,; which have r € A
and s € B.

Let z,s be a generator with (r,s) ¢ A x B.

Suppose first that s ¢ B. By [3, A.5. Corollary (b)(i)], for any I C {1,...,m} and
J CA{1,...,n} with |J]| = |I| + 1 we have

1 (~a) BTy ] (e )
S (=) 1[I\ = {0 el

jeJ

If we set I = A and J = BU{s} then we obtain the following relation in O, (M,,,(K)):

(=g)*[AU{r}y [ BU{s}H (r ¢ A)

(—q mmA\B+Z q) i, [A | BU{s}\{b;}] = {0 red)

11



To start with, suppose in addition that r € A. Let us look at the image in J, of the above
relation. The terms x,4,[A | B U {s}\{b;}] where s < b; are sent to zero because they are
not greater than or equal to . In addition, the image in J, of the remaining such terms is

in the image of 6. It follows from this that, in this case, T, is in the image of 6. Of course,

by a similar argument, exchanging rows and columns, we get that T, is in the image of
whenever r ¢ A and s € B.

It remains to deal with the case where r ¢ A and s ¢ B. In that case, we have the
velation (—q)*,[A[B] + X!, (~@)* 2wy [A | BU {sP\{b;}] = (=@)*[AU{r} | BU{s}] in
O,(M,,,(K)). In this relation, the right hand term is not greater than or equal to v since
it is a (¢4 1) x (¢ + 1) minor. So, taking the image of this latter relation in J,, we get, by
the same argument as above, that 7, is in the image of 6 since, as we have just proved,
Zrp; 18 in the image of 6.

This finishes the proof that 6 is a surjective map.

Hence, GKdim(T'[y™']) > GKdim(#(T[y!])) = GKdim(J,[77']) = GKdim(J,). To-
gether with Lemma 5.2(iii) this gives GKdim(T'[y~!]) = GKdim(.J,[7']).

Suppose now that € is not injective. Then ker(f) is a nonzero ideal in the noetherian
domain T[y*!]. Hence, GKdim(0(T[y*])) < GKdim(T[y*']), by [5, Proposition 3.15].
However, this contradicts the fact that these two dimensions are equal, as observed in the

previous paragraph. Thus, 6 is injective and so 6 is an isomorphism. ]
Corollary 5.4. GKdim(T) = (m +n+ 1)t — >1_ (a;i + b;).
Proof. This follows immediately from Lemma 5.2. [

Corollary 5.5. The algebra T is an iterated Ore extension.

Proof. The algebra T is constructed from K by adding in the (m+n+ 1)t —>'_, (a; +b;)

generators one-by-one. At each stage, the Gelfand-Kirillov dimension can increase by at
most one, by Lemma 4.4, and so must increase by exactly one, as GKdim(7T") = (m +n +

1)t — 321, (a; +b;). Thus, each stage is an Ore extension, by Lemma 4.4. O

Remark 5.6. Corollary 5.5 extends Lemma 6.4 of [1], which asserts that in the commu-
tative case (that is when ¢ = 1), O1(M,,,(K)), is a localisation of a polynomial ring in

(m+n+ 1)t -3 (a; +b;) indeterminates.

Proposition 5.7. The QGASL Oy(M,,,(K)), is an integral domain.

Proof. The algebra T[y~!] is an integral domain as it is a localisation of T" which is a

~

subalgebra of the domain O,(M,,,(K)). As a consequence, the isomorphism T'[y™!]
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Oy (M (K)),[7 1] of Proposition 5.3 shows that Oy(M,(K)),[7 ] is an integral do-
main. As 7 is a regular normal element of O,(M,,,(K)), by Corollary 2.3, the natural
map Oy(Myn(K))y — Oy( My (K)),[7 '] is @ monomorphism, and so Oy (M, (K))., is

also an integral domain. O

Remark 5.8. The previous result applies to all generalised quantum determinantal rings
Oy(Myn(K)),, for any 7 € II. In particular, it applies to the upper neighbours of v which
are the elements 7 € II\IL, with the property that if o € II with v <y 0 <4 7 then o = 7.
This makes available [8, Proposition 2.2.2] which we use in the proof of our main theorem

below.

Theorem 5.9. The generalised quantum determinantal ring Oy(Mp,(K)), is a mazimal

order.

Proof. The algebra T[y*!]) is a localisation of an iterated Ore extension, and so is a
maximal order, by [9, V. Proposition 2.5, IV. Proposition 2.1]. Thus, Oy (M., (K)),[7 '] is
a maximal order, by the isomorphism established in Proposition 5.3. Hence, [8, Proposition
2.2.2] applies to the quantum graded algebra with a straightening law O, (M, (X)), (whose
underlying poset has the single minimal element v); so we conclude that O,(M,,,(K)), is

a maximal order. O

Remark 5.10. As pointed out in the introduction, our motivation in the present work is
to complete the study, from the point of view of noncommutative algebraic geometry, of
generalised quantum determinantal rings. Here is a summary of the results.

Let v € II. Then, Oy(M,,,(K)), is an integral domain and a maximal order in its
division ring of fractions, as established in [8] and the present work.

Further, O, (M, (K)), is AS-Cohen-Macaulay, and it is AS-Gorenstein for any nonzero
q in K if and only if it is AS-Gorenstein for ¢ = 1. All this can be shown following the
arguments developed in paragraph 4 of [7] (see in particular Theorems 4.2 and 4.3). Notice
in addition that necessary and sufficient conditions for O (M, (K)) to be AS-Gorenstein

are given in [1, Theorem 8.14].
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