PRIME IDEALS INVARIANT UNDER WINDING
AUTOMORPHISMS IN QUANTUM MATRICES
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ABsTRACT. The main goal of the paper is to establish the existence of tensor product decom-
positions for those prime ideals P of the algebra A = O4(My(k)) of quantum n X n matrices
which are invariant under winding automorphisms of A, in the generic case (¢ not a root of
unity). More specifically, every such P is the kernel of a map of the form

A—AQA— AT QA" — (AT/PH® (A= /P7)

where A — A ® A is the comultiplication, At and A~ are suitable localized factor algebras
of A, and P* is a prime ideal of AT invariant under winding automorphisms. Further, the
algebras A%, which vary with P, can be chosen so that the correspondence (PT,P7)— Pis
a bijection. The main theorem is applied, in a sequel to this paper, to completely determine
the winding-invariant prime ideals in the generic quantum 3 X 3 matrix algebra.

INTRODUCTION

This paper represents part of an ongoing project to determine the prime and primitive
spectra of the generic quantized coordinate ring of n x n matrices, O4(M,(k)). Here k is
an arbitrary field and ¢ € £* is a non-root of unity. The current intermediate goal is to
determine the prime ideals of O, (M,,(k)) invariant under all winding automorphisms. (See
below for a discussion of the relations between these winding-invariant primes and the full
prime spectrum of O, (M,,(k)).) Our main result exhibits a bijection between these primes
and pairs of winding-invariant primes from certain ‘localized step-triangular factors’ of
O,(M,,(k)), namely the algebras

(Og(M(k))/(Xij | 5>t or i < 7)) [Kpis - os X o]

(Og(My (k) /(Xij | i > tor j <)) [Kruys- - Xpo]
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where r = (r1,...,7r;) and ¢ = (¢1, ..., ¢) are strictly increasing sequences of integers in
the range 1,2,...,n. In particular, since each R, and R_ can be presented as a skew-
Laurent extension of a localized factor algebra of O,(M,_1(k)), the above bijection can
be used to obtain descriptions (as pullbacks of primes in the algebras R;f @ R, ) of the
winding-invariant primes of O, (M, (k)) from those of O,(M,,—1(k)). In a sequel [7] to this
paper, we follow the route just sketched to develop a complete list, with sets of generators,
of the winding-invariant primes in O, (M3(k)).

The theorem indicated above depends on some detailed structural results concerning
O,(M,,(k)) and on some general work with primes in tensor product algebras invariant
under group actions. First, we construct a partition of spec O,(M,(k)) indexed by pairs
(r,c) as above, together with localized factor algebras A, . of O,(M,(k)), such that the
portion of spec O,(M,(k)) indexed by (r,c) is Zariski-homeomorphic to spec A, .. We
next prove that A, . is isomorphic to a subalgebra By . of R} ® R, , identify the structure
of By ¢, and show that R}’ ® R, is a skew-Laurent extension of By. .. Finally, with the help
of some general work on tensor products, we prove that each winding-invariant prime of
By . extends uniquely to a winding-invariant prime of R;’ ® R, and that the latter primes
can be uniquely expressed in the form (PT ® R_) + (R} ® P~) where P (respectively,
P7) is a winding-invariant prime in R (respectively, R ). We thus conclude that every
winding-invariant prime of O, (M, (k)) can be uniquely expressed as the kernel of a map

Oq (M (k) — Og(Mp(k)) @ O (Mn(k)) — RI @ Ry — (R /PT) @ (R; /P7),

where the first arrow is comultiplication and the others are tensor products of localization
or quotient maps.

Algebraic background. The algebra O, (M, (k)) has standard generators X;; for i, j =
1,...,n and relations which we recall in (5.1)(a), along with the bialgebra structure of
this algebra. The latter structure allows us to define left and right winding automorphisms
corresponding to those characters (k-algebra homomorphisms O, (M, (k)) — k) which are
invertible in O, (M,,(k))* with respect to the convolution product (cf. [1, (1.9.25)] or [12,
(1.3.4)] for the Hopf algebra case). It is well known that the collection of left (respectively,
right) winding automorphisms of O4(M,,(k)) forms a group isomorphic to the diagonal
subgroup of GL,(k), whose action on the matrix of generators (X;;) is given by left
(respectively, right) multiplication. We combine these actions to obtain an action of the
group H = (k™)™ x (k*)™ on O4(M,,(k)) by k-algebra automorphisms satisfying the rule

(*) (al,"';an,ﬁla"';6n)-Xij :aZ/BJij

One indication of the extent of the symmetry given by this action is the fact that there
are only finitely many (actually, at most 2" ) primes of O4(M,,(k)) invariant under H [9,
(5.7)(1)]. The quoted result also shows that all H-primes of this algebra are prime, and so
the H-primes coincide with the winding-invariant primes in O, (M, (k)). (Recall that the
definition of an H-prime ideal is obtained from the standard ideal-theoretic definition of
a prime ideal by restricting to H-invariant ideals.)
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In [9, Theorem 6.6], Letzter and the first author showed that the overall picture of
the prime spectrum of an algebra with certain basic features like those of O,(M,,(k)) is
determined to a great extent by the primes invariant under a suitable group action. We
quote the improved version of this picture presented in [1, Theorem I11.2.13]. Let A be a
noetherian algebra over an infinite field &k, and let H = (k*)" be (the group of k-points
of) an algebraic torus acting rationally on A by k-algebra automorphisms. Each H-prime
of A is a prime ideal, and spec A is the disjoint union of the sets

spec; A:={P especA| () h(P)=J}
heH

as J ranges over the H-primes of A. Further:

(1) Let &; denote the set of all regular H-eigenvectors in A/J. Then £; is a denomi-
nator set, and the localization Ay = (A/J)[€"] is an H-simple ring.

(2) spec; A is homeomorphic to spec A via localization and contraction.

(3) spec Ay is homeomorphic to spec Z(A ;) via contraction and extension.

(4) Z(Ay) is a Laurent polynomial ring, in at most r indeterminates, over the fixed
field Z(Fract A/J)H.

Under some additional hypotheses, satisfied by O, (M, (k)), we also have:

(5) The primitive ideals of A are exactly the maximal elements of the sets spec ; A.
(6) If k is algebraically closed, then the primitive ideals within each spec ; A are per-
muted transitively by H.

Statement (5) was proved in [9, Corollary 6.9] (see also [1, Theorem I1.8.4]). Statement
(6) is a consequence of general transitivity theorems for algebraic group actions due to
Moeglin-Rentschler [14, Théoreme 2.12(ii)] and Vonessen [17, Theorem 2.2], but the case
where the acting group is a torus is much easier (see [9, Theorem 6.8] or [1, Theorem
11.8.14]).

The above results indicate that to draw a complete picture of spec O, (M, (k)), we need
to determine the H-primes. That is easy to do in case n = 2; the result is recorded, for
instance, in [5, (3.6)] (see [1, Example 11.2.14(d)] for more detail). In general, we make
the following

Conjecture. Every H-prime of Oy(M,,(k)) can be generated by a set of quantum minors.

This conjecture is easily checked in case n = 2 using the information above, and we verify
it for the case n = 3 in [7]|. Further supporting evidence is provided by recent work of
Cauchon, who showed that distinct, comparable H-primes in O,(M,,(k)) can be distin-
guished by the quantum minors they contain [2, Proposition 6.2.2 and Théoreme 6.2.1].
Another source of support for the conjecture is the work of Hodges and Levasseur [10,
11], from which one can deduce that, up to certain localizations, the winding-invariant
primes of O, (SL,(k)) are generated by quantum minors (cf. [1, Corollary I1.4.12]). Since
0,(GL,,(k)) is isomorphic to a Laurent polynomial ring over O,(SL,(k)) [13, Proposi-
tion], the above statement also holds in O,(GL,(k)). In particular, those H-primes of
O4(M,,(k)) which do not contain the quantum determinant can be generated, up to suit-
able localizations, by quantum minors.
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Geometric background. The classical origins of our main theorem, especially as it ap-
plies to winding-invariant primes of O,(M,,(k)) not containing the quantum determinant,
lie in the geometry of ‘LU-decompositions’ of invertible matrices. For this part of the
introduction, let us assume (to avoid complications) that & is algebraically closed. An LU-
decomposition of a matrix X € GL, (k) is any expression X = LU where L (respectively,
U) is a lower (respectively, upper) triangular invertible matrix. It is well known that X
has such a decomposition if and only if the principal minors of X (those indexed by rows
and columns from an initial segment of {1,...,n}) are all nonzero. The LU-decomposable
matrices thus form a dense open subvariety of GL,(k), known as the big cell. We may
write the big cell in the form BT B~ where BT (respectively, B™) is the subgroup of lower
(respectively, upper) triangular matrices in GL,(k), and we have

O(B*B™) = O(GLn(k))[D™']

where D is the multiplicative subset of O(GL,,(k)) generated by the principal minors. The
comorphism of the multiplication map Bt x B~ — GL, (k) provides an embedding

0 O(GLn(k))[D_l] — O(BY)® O(B™);

the restriction of § to O(GL,(k)) is just the composition of the comultiplication map
O(GLy(k)) — O(GL,(k)) ® O(GL,(k)) with the tensor product of the restriction maps
O(GL,(k)) — O(B*). The structure of the image of 3 is easy to determine, since BT NB~
is the diagonal subgroup of GL,, (k) and the subgroups B* are semidirect products of their
unipotent subgroups with this diagonal subgroup. Namely, the image of (3 is the subalgebra
of O(BT) ® O(B™) generated by (the cosets of) the elements

(t XX @1 10 Xy X5 (Xis ® Xa)*.

Further, O(B™) ® O(B™) is a Laurent polynomial ring over the image of 3 with respect
to indeterminates 1 ® X 31
Quantum analogs of the above facts are known, but we have not been able to locate
complete statements in the literature. To formulate them, let us write O, (B™) and O, (B™)
for the respective quotients of O,(GL,,(k)) modulo the ideals (X;; | ¢ < j) and (X;; | i > j).
Then:
(a) The composition of the comultiplication map on O,(GL,(k)) with the tensor
product of the quotient maps O,(GL,(k)) — O,(B*) yields an embedding £ :
O, (GL,(k)) = Oy(BT) ® Oy(B~) [16, Theorem 8.1.1].
(b) The multiplicative subset D of O4,(GL,(k)) generated by the principal quantum
minors is a denominator set.
(c) B extends to O,(GLy(k))[D~!], and the image of this extension is the subalgebra
B of Oy(B") ® O,(B™) generated by (the cosets of) the elements (7).
(d) O4(B") ® O4(B™) is a skew-Laurent extension of B with respect to the variables
1o X3
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These facts will be proved as part of the case » = ¢ = (1,...,n) of our work below.
To obtain them via existing results in the literature, one first transfers the problem to
O4(SLy(k)) using the isomorphism O4(GLy(k)) = O,(SLy,(k))[z*!] established in [13,
Proposition|; the desired conditions then hold in the generality of O,(G), where G is an
arbitrary semisimple algebraic group. The isomorphism of the appropriate localization of
O, (G) with the analog of B is given in [3, Theorem 4.6] and [12, Proposition 9.2.14]. It
is easy to see that Oy(B") ® O,(B™) is a skew-Laurent extension of B with appropriate
variables; this is mentioned for the case where ¢ is a root of unity in [4, (4.6)].

The above facts concerning O,(GL,,(k)) immediately carry over to O,(M,(k)), since
D is also a denominator set in that algebra and O, (M, (k))[D~!] = O,(GL,(k))[D™1].
Whereas in Oy(GL,(k)) all prime ideals are disjoint from D, that no longer holds in
O4(M,,(k)), and a sequence of modified versions of (a)—(d) are needed to yield information
about those H-primes of O (M, (k)) that meet D. These modifications, involving maps

Br.e : Og(My(k)) — Og(My (k) @ Og(Mn(k)) — R ® R,

concern quantum analogs of what can be viewed as LU-decompositions for certain locally
closed subsets of M, (k) of the form Btw*ew™B~ where w™ are permutation matrices
and e = ey1 + - - - + ey is a diagonal idempotent matrix. We leave the formulations of these
geometric facts to the interested reader.

Some notation and conventions. Throughout the paper, let A = O, (M, (k)), where
we fix a base field k, a positive integer n, and a nonzero scalar ¢ € k*. See (5.1)(a) for
the basic relations satisfied by the standard generators X;; of O,(M,,(k)). As mentioned
in (5.2), our relations for A differ from those in [16] by an interchange of ¢ and ¢—!. On
the other hand, they agree with the relations used in [2, 15]. To match the relations in
(10, 11], replace q by ¢>.

While our main interest is in the case that ¢ is not a root of unity, some of our results
do not require this assumption, and others require only that ¢ # 4+1. Thus, we impose no
blanket hypotheses on ¢. To simplify some formulas, write ¢ = ¢ — ¢~'. We also fix the
torus H = (k™)™ x (k*)™ and its action on A by winding automorphisms as described in
(%) above. The algebra A is graded in a natural way by Z?" = Z" x Z", each generator X;;
having degree (€;, €;) where €1, ..., €, is the standard basis for Z". We refer to this grading
as the standard grading on A. (As long as k is infinite, the homogeneous components of A
for this grading coincide with the eigenspaces for the action of H.)

As in [6], we use the notations [I | J] and [i1---is | j1---js] for quantum minors
in Oy(My,(k)), where I (respectively, i1, ...,14s) records the set (respectively, a list) of the
corresponding row indices, and similarly for column indices. Recall that [I | J] corresponds
to the quantum determinant in a subalgebra of O (M, (k)) isomorphic to O,(M(k)); we
write Oy (M7, ;(k)) for that subalgebra (see (5.1)(c)). We allow the index sets I and J to
be empty, following the convention that [& | @] = 1.

The symbols C and C will be reserved for proper and arbitrary inclusions, respectively.
We write LI to denote a disjoint union.
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1. A PARTITION OF spec A

We begin by investigating sets spec,. . A of prime ideals defined by certain ‘stepwise
patterns’ of quantum minors corresponding to strictly increasing sequences r and ¢ of row
and column indices. Our aim in this section is to show that these sets partition spec A
when ¢ is not a root of unity. In fact, as long as g # +1, these sets at least partition the
collection of completely prime ideals of A. (Recall from [8, Theorem 3.2] that when ¢ is
not a root of unity, all primes of A are completely prime.) We proceed without imposing
special hypotheses on ¢ until needed.

1.1. We introduce the following partial ordering < on index sets I,1’ C {1,...,n} of the
same cardinality. Write I = {41 < --- <4} and I’ = {i} < --- < i}}; then I < I’ if and
only if iy </ for s = 1,...1. (This is the same as the ‘column ordering’ <. used in [6].)
All order relations among index sets in this paper will refer to the above partial ordering.
This includes statements that an index set with a particular property is minimal among
index sets with the same cardinality satisfying that property (e.g., the sets I and J in
Theorem 1.9).

1.2. Let RC denote the set of all pairs (r, ¢) where r and ¢ are strictly increasing sequences
in {1,...,n} of the same length, that is, » = (r1,...,7;) and ¢ = (c1,...,¢) in N with
1<rm<rg<---<rm<nand 1<c¢; <c<---<¢ <n. We allow t =0, in which case
r and c are empty sequences, denoted either () or @. When referring to the length ¢ of
r and ¢, we write (r,c) € RC}.

For (7,c) € RCy, let Ky . be the ideal of A generated by the following set of quantum
minors:

{T| | >e3u{lI|J]|I|=1<tand % {ri,...,r}}
U{lI|J]|I|=1<tand J % {c1,...,c}}.

In particular, Ko o = (X;; | 4,5 € {1,...,n}).
Now set d]"¢ = [r1---7 | ¢c1---¢] for | < ¢, and observe that these quantum minors
commute with each other (cf. (5.1)(c)). Let D, . denote the multiplicative subset of A

generated by d7°, ..., d"®. (In particular, Dy g = {1}.) Set d]"° = d7® + Ky o € A/Ky ¢
for [ <t, and let er’c denote the image of Dy . in A/K, ..

We prove in this section that l~)r’c is a denominator set in A/ K, ., and that when ¢ is
generic, spec A is partitioned by the subsets

spec, o A= {P €specA| Ky C Pand PN Dy = &}

~ spec (A/Ky )| D

1
'r,c]
as (7, c) ranges over RC.

1.3. Lemma. Let I,J C {1,...,n} with |I| =|J|, and set

L={_[I"|J]||I'|=I|, and I' < T or J' < J).
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Ifr,ce{1,...,n} with r < max(I) or ¢ < max(J), then
(%) I | J)Xye —g* D=0 N X [T J] € L.

Proof. If r € I and ¢ € J, then [I | J] commutes with X,.. (cf. Lemma 5.2(a)), and so (*)
holds.

Next, suppose that r € I and ¢ ¢ J. If j € J and j > ¢, then J U {c} \ {j} < J,
whence [I | J U {c} \ {j}] € L by definition of L. It follows from Lemma 5.2(b2) that
[I| J]Xre —qXrell | J] € L. Thus (*) holds in this case. The case where r ¢ I and ¢ € J
is proved similarly, using Lemma 5.2(c2).

Finally, suppose that r ¢ I and ¢ ¢ J, and note that either r < max(I) or ¢ < max(.J).
(This part of the proof is similar to that of Lemma 5.7.) There is no loss of generality in

assuming that
Iu{r}=Ju{c} ={1,...,n},

whence either » < n or ¢ < n. In the notation of [16, (4.3)], [I | J] = A(rc). Note that
{1,...,n}\ {i} < I when i > r, while {1,...,n}\ {j} < J when j > ¢. Hence, A(ij) € L
whenever either ¢ > r or j > ¢. Set D, =[1---n | 1---n]|. The basic g-Laplace relations
(Corollary 5.5) imply that D, lies in the ideal generated by all the A(n j), and in the ideal
generated by all the A(in). Since either n > r or n > ¢, it follows that D, € L.

We now use the basic g-Laplace relations in the form given in [16, Corollary 4.4.4]. The
first two relations yield
(1) Z( Q) " X, A(r 5) :Z q)"7A(rj)X,; = D, € L.

Jj=1 Jj=1

Since A(rj) € L for j > ¢, we obtain the following congruences, after multiplying the two
sums in (1) by (—¢)"~¢ and (—q)°~", respectively:

(2) X, A(re) = — Z(—q)j_chjA(r ) (mod L)
(3) A(ro)X,. = — Z(—q)c_jA(rj)er (mod L).

For any j, the third relation of [16, Lemma 5.1.2] implies that
(1) XA = ACHXe + (1) S~V T ACDX)  (mod L),
I<j
since X;;A(sj) € L for s > r. Substituting (4) into (2) for all j < ¢, we obtain
XT‘CA(T C) = - Z(_Q)j_cA(rj)X
j<c
(5) (1—q~ ZZ )PTIECA(r ) X, (mod L)

ij<cl<y

=—§Z[ 1—q2>§jcﬂﬁfFﬂAvwa

l<c I<j<c
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The expression in square brackets can be simplified as follows:

()" "+ (1 =g > (—g¥ = (—g)" ll +(1-q Y (—q)Qm]

(6) I<j<c 0<m<c—l
= ()72

Substituting (6) into (5) and replacing [ by j, we obtain

(7) X, cA(re) =— Z(—q)c_j_QA(rj)er (mod L).

j<c
Finally, combining (3) with (7), we conclude that
1| J]Xpe = A(r o) Xpe = ¢* XpeA(rc) = ¢ Xpe|I | J] (mod L),

as desired. [J
1.4. Corollary. Let I,J C{1,...,n} with |I| =|J|, and set

L=([I"|J]||I'l=I|, and I' <T or J < J).

Then the coset d = [I | J] + L generates a denominator set in A/L.
Proof. Set B = A/L, and set z;; = X;; + L for all 4, j. Lemma 1.3 says that

(1) dayy = @0ED=3GD 4. g
whenever ¢ < max(l) or j < max(J). Hence, in this case we have d"z;; € Bd" for all
' Z\K(f)l.len i > max([) and j > max(J), Lemma 5.7 says that

(2) drij — ¢*wijd =e:= (1 - )T U{i} | JU{j}] + L.

Observe that d and e commute. Hence, it follows from (2) by an easy induction that

(3) drl‘ij — q2rl,ijdr + (q2r—2 T q2 4 1)6dr—1
— [qQT«rzjd_f’ (q2r—2 IS q2 + 1)6]dr—1

for all » > 0. Combining (1) and (3), we see that

(4) d"x;; € Bd™! (i,j=1,....,n; r=1,2,...).

Since B is spanned by products of the x;;, it follows from (4) that D := {d" | r > 0} is a
left Ore set in B. Similarly, D is right Ore, and therefore D is a denominator set because
B is noetherian. [J
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1.5. Proposition. Let (r,c) € RC}, and set

L=([I|J]|I|=1<t and I <{ri,...,r} or J<{cr,....ci} ).

Then the image of Dy . in A/L is a denominator set. Consequently, D, . is a denominator
set in A/ Ky c.

Proof. For each | = 1,...,t, Corollary 1.4 shows that d;"c + L generates a denominator
set in A/L. The proposition follows. [

1.6. In view of Proposition 1.5, we can form Ore localizations

Ar,c - (A/KT,C) [5_1]

r,cC

for (r,c) € RC. (It will follow from Lemma 2.5 that A, . # 0.) The localization maps
A — A/K, . — Ay ¢ induce Zariski homeomorphisms

spec, , A — spec Ay c.

Lemma 1.7. Let I,J C {1,...,n} with |I| = |J|, and let P be an ideal of A.
(a) Fix Jl Q J. If [Il | Jl] € P for all Il Q I with |Ill = |J1|, then [I | J] e P.
(b) Fix I, C I. If[I; | Ju] € P for all J, C J with |.Ji| = |I,|, then [I | J] € P.

Proof. By symmetry (see (5.1)(b)), we need only prove (a). Set J = J\ Ji. Then Lemma
5.4(a) provides a relation of the form

> [ | A2 | Jo) = +¢°(T] ),
IZUls=I

where + is an unspecified sign and ¢°® stands for an unspecified power of ¢q. Since all the
[Iy | J1] € P by assumption, it follows that [I | J] € P. O

Lemma 1.8. Let I, 15, J1,J2 C {1,...,n} with |I;| = |Ji| and |I5]| = |J2|, and let P be
a completely prime ideal of A. Assume that one of the following conditions (a), (b), or (c)
holds:

(a) (1

2

a) (1) [lLN1Iz| > [J1NJs|, and

( ) []1 | JI] e P whenever J1 N JQ Q J’ Q Jl UJQ with |J’| = |J1| but J’ 7é Jl.
(b) (1) [IiNIz| <|JiNJ2|, and
(2) [Il | Jl] € P whenever Il ﬂIQ Q I/ Q Il UIQ with |I/| = |Il| but I/ 7é Il.
(1)
(2)

(¢c) (1) |LhNI|=|JiNJy| and [[; Ul | J; U Js] € P, and

2) Either (a)(2) or (b)(2) holds.



10 K. R. GOODEARL AND T. H. LENAGAN

Then either [Iy | J1] € P or [I2 | J3] € P.

Proof. By symmetry, it suffices to prove cases (a) and (c).

(a) Set V.=J,UJy =JUL where J =J,NJyand L =V \ J. Since |1 N I2] > |J],
we have |I; U I| < |V, and so there exists U C {1,...,n} such that I; UI, C U and
|U| = |V]. Also, we have |I1| + |I2| = |J1| + |J2| = 2|J| + |L|. Thus, Lemma 5.6(b) yields
a relation of the form

(1) > E[L | JULL | JUL" =0.
L=L'UL"

Now for each term in this sum, JyNJy C JUL' C JyUJy with |JUL'| = |J1|. If L' # J1\J,
then JU L' # Jy, whence [I; | JUL'] € P by hypothesis. Therefore the remaining term in
(1) must lie in P. This is the term with L’ = J;\ J, whence L” = J;\ J, and so JUL' = J;
and JUL" = J,. Thus

:Eq‘[[l | Jl][IQ | JQ] e P.

Since P is completely prime, either [I; | Ji] € P or [I3 | J2] € P.

(c¢) By symmetry, we may assume that (a)(2) holds. Again, set V= J,UJo = JUL
where J = JiNJy and L = V' \ J. Set U = I; Uls, and observe that |I1|+ |I2| = 2|J|+|L|.
This time, Lemma 5.6(b) provides a relation of the form

(1) > EL | JuL | JUL ) =+¢" (LN L | J][U | V].
L=L'UL"

Since [U | V] € P by hypothesis, the right hand side of (f) lies in P. Therefore we can
proceed as in the proof above. [J

1.9. Theorem. Assume that ¢ # +1. Let P be a completely prime ideal of A, and let
t < n be maximal such that P does not contain all t X t quantum minors. Choose

IT={ri<---<r}C{l,....n} and J={c1 < --<e}C{l,...,n}

with I minimal such that some [I | x| ¢ P, and J minimal such that some [« | J] ¢ P.
Then ~ ~

(@) [ry--+rs|c1--cs) ¢ P fors=1,...,t. In particular, [I | J] ¢ P.

(b) [I | J] € P whenever |I| = s <t and either I # {ry,...,rs} or J % {c1,...,¢s}. In
particular, it follows that I and J are unique.

Proof. Since the theorem holds trivially when ¢ = 0, we may assume that ¢ > 0. By
assumption, there exists Jy such that [f | Jo] ¢ P. We first claim that

(1) [I|J] € P whenever |I| =s<tand I <{ry,...,rs}.
Suppose not, so that some [I | J] ¢ P where |[I| = s <t and I < {ry,...,7s}. We may
assume that s is minimal for this, and that with I fixed, |J N Jy| is maximal. Note from
the minimality of I that s < t.
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Write I = {i; < --- <is}. There is some b < s such that i; = r; for [ < b while i;, < 7y,
whence {i1,...,ip} < {r1,...,7p}. Since [I | J] ¢ P, Lemma 1.7(b) implies that some
[i1---ip | %] ¢ P. Hence, the minimality of s implies that b = s. Thus, we have i; = r; for
[ < s while 15 < rg. In particular, rs_1 =is_1 < is < Ts.

Assume that |J N Jy| > s — 1. In this case, we will apply Lemma 1.8 with

L =1 Ir =1 Ji=Joy Jo = J.

Note that |Il ﬂIQ| =s—1and [Il | Jl], []2 | JQ] ¢ P. When Il ﬂIQ Q I/ Q Il UIQ
with [I'| = ¢ and I’ # Ij, we have I’ = T U {i,} \ {r;} for some | > s. Then since
re_1 < is <Ts <17, we have I’ < T, and so [I' | J1] € P by the minimality of I. Further,
if |[Jy N Ja| = s—1, then [I; Ul | Jy UJs] € P because P contains all (t + 1) x (¢t + 1)
quantum minors. Therefore by Lemma 1.8(b), if |J N Jy| > s, or by Lemma 1.8(c), if
|J N Jo| = s — 1, we have either [I; | J1] € P or [Iy | J2] € P, giving us a contradiction.
Therefore |J N Jo| < s— 1.

Next, we will apply Lemma 1.8 with the roles of I, Is and Jp, Jo reversed, that is, with

L =1 Ih=1 J=J Jo = Jo.

When JyNJy C J' C JyUJy with |J'| = s and J' # J1, we must have |J'NJy| = |J NJa| >
|J N Jp|. By the maximality of |J N Jy|, we obtain [I | J'] € P in this case. But then
Lemma 1.8(a) leads to the same contradiction.

Therefore (1) holds. By symmetry, we must also have

(2) [I]J] € P whenever |[I| =s<tand J < {cy,...,cs}.
We now proceed by induction on s = 1,...,t to verify the following properties:

(Ps) [ri-ors|er--cs] ¢ P;

(Qs) [I]J] € P whenever |I| = s and either I % {ry,...,rs} or J % {c1,...,¢s}
The theorem will then be established.

To start, note that we cannot have all [ry | %] € P or all [ | ¢1] € P, by Lemma 1.7.
Choose i, j such that [ry | j], [i | c1] ¢ P. If j = ¢1 or i = rq, then [ry | ¢1] ¢ P. Otherwise,
in view of (1) and (2) we must have j > ¢; and ¢ > r;. Hence, because of the assumption
that ¢ # +1, we have

[ri | calli [ 4] =T | 4l | e = (@ = D)ra | 4lli | e] & P,

which implies that [r1 | ¢1] ¢ P. Therefore (P;) holds. Property (@1) is immediate from
(1) and (2).

Now let 1 < s <t and assume that (P,) and (Q,) hold for all a < s. By Lemma 1.7,
there exist j; < --- < js such that

[Tl"‘rs|j1"‘js]¢P7
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and we may assume that {ji,...,Js} is minimal for this. Likewise, there exist i1 <
-+» < ig such that [iy---i5 | c1---¢cs] ¢ P and such that {i1,...,is} is minimal for this.
We cannot have {i1,...,is—1} # {r1,...,rs_1}, since then (Qs—1) would imply that all
[i1---is—1 | *] € P, whence Lemma 1.7(b) would imply that all [i; - - - 45 | %] € P. Therefore
{’il, ceey is—l} Z {7"1, ceey 7“5_1}, and similarly {jl; . 7j8—1} Z {Cl, “aey Cs—l}-

Suppose there exists b < s such that j; = ¢; for [ < b while j, > ¢,. We will apply
Lemma 1.8 with

Ilz{rla---;rs} 12:{7’1,...,7’17}
Jl :{jla---ajs} JQ :{Cl,...,cb}.

Observe that |y NIyl =b > [JiNJe|. If JyNJe CJ C J UJy with |J'| = s and
J' # Jy, then J' = Jy U{cp} \ {ja} for some d > b. In this case, J' < {j1,...,Js}, whence
[I; | J'] € P by the minimality of {ji,...,js}. Therefore Lemma 1.8(a) implies that either
[Il | Jl] € P or [IQ | JQ] € P. But [Il | Jl] ¢ P by choice of J1, and [IQ | JQ] Q_ﬁ P by (Pb),
so we have a contradiction. Therefore j; = ¢; for all [ < s. Similarly, 7; = r; for all [ < s.

If js = ¢s, then (Ps) holds. If js < ¢4, then {j1,...,4s} < {c1,...,¢s}, which would
imply [r1---7s | j1---Js] € P by (2), contradicting our assumptions. Therefore we may
assume that j; > cs. Likewise, we may assume that ig > r.

Set U ={ry,...,rs,is} and V = {eq,...,¢s,js}- By Lemma 5.3(d), we have

i1 dg | g1 Jsllriems |Ccrercs] = [r1eems | 1o csllin- s | g1+ js]
= (¢ = Qs [ gallin s [ e -ed.

Since neither of the factors [ri---7s | j1---Js] and [i1---is | ¢1---¢s] is in P, it follows
that [ry---7s| ¢y -cs] cannot be in P. This establishes property (Ps).

Finally, suppose that (Q) fails. By symmetry, we may assume that [I | J] ¢ P for some
I,J with |I| = s and I # {r1,...,rs}. We may also assume that I is minimal for this, and
that with [ fixed, J is minimal.

Write I = {iy < -+ <is}and J = {j1 < --- <jsh U {in,...,i521} 2 {r1,...,rs=1}s
then by (Qs—_1) we would have all [i1 ---is_1 | x] € P, whence Lemma 1.7(b) would imply
that all [I | #] € P, contradicting our choice of I. Thus {i1,...,i5_1} > {r1,...,rs_1}, and
similarly {j1,...,7s—1} > {c1,...,¢s—1}. Since I # {ry,...,rs}, we must also have iy < rs.
Note that rs_1 < is_1 < is < rs, and so is & {ry,...,rs_1}. Further, {ry,...,7s_1,is} <
{r1,...,7rs}, and so all [ry -+ rs_1is | *] € P by (1), whence I # {r1,...,75-1,is}. There-
fore there is some b < s such that i; = r; for [ < b while i, > 7.

Suppose there exists d < b such that j,, = ¢, for m < d while j; > c¢4. We will apply
Lemma 1.8 with

Ilzlz{il,...,is} IQZ{?"l,...,’I‘d}
J1:J:{j1,...,j3} JQZ{Cl,...,Cd}.

Note that [I[; N 12| > d—1 = |J;NJ3|, and that |I; N I3| = |J; N J2| only when d = b. Since
rp—1 < 1y < ip, we have {ry,... 7, 0p,... 051} < I, and so all [ry - -7pip---is_1 | %] € P
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by the minimality of I. Then Lemma 1.7(b) implies that all [rq---7pip---is | ] € P. In
particular, when d = b we find that [[; Ul | J; U J3] € P.

If indy CJ CJyUJy with |J'| =s and J' # Ji, then J' = J U {cq} \ {jp} for some
p > d. In this case, J' < J, and so [I; | J'] € P by the minimality of .J. Hence, case (a) of
Lemma 1.8 (if d > b) or case (c) (if d = b) implies that either [I; | J1] € P or [I3 | J2] € P.
But [I; | J1] ¢ P by assumption, and [I3 | J2] ¢ P by (Py), so we have a contradiction.
Therefore j,, = ¢, for all m <b.

We will conclude by applying Lemma 1.8 with

[1:I:{i1,...,’is} IQZ{Tl,...,Tb}
J1:J:{j1,...,js} JQZ{Cl,...,Cb}.

Note that ip—1 = rp—1 < 15 < 7p implies Ty ¢ I, and so |Il ﬂ]gl < |J1 N J2| IftIniy C
I' C Iy UIy with |I'| = s and I’ # I, then I’ = T U{ry} \ {i,,} for some p > b. In this
case, I’ < I, whence [I' | J1] € P by the minimality of /. Thus Lemma 1.8(b) implies that
either [I; | J1] € P or [l | J2] € P, and again we have reached a contradiction.

Therefore (Qs) must hold, which establishes our induction step. [

1.10. Corollary. Assume that ¢ # £1. Given any completely prime ideal P € spec A,
there is a unique pair (r,c) € RC such that K. . C P and PN Dy . = @.
Thus, if q is not a root of unity,

spec A = |_| spec,. o A.
(r,c)eRC

Proof. Let t < n be maximal such that P does not contain all £ x t quantum minors, let
{ri <+~ <nr}and {¢c; < - - < ¢} be as in Theorem 1.9, and set r = (rq,...,7r¢) and
c = (c1,...,¢). The theorem implies that K, . C P and that d7¢ ¢ P for s =1,...,t.
Since P is completely prime, it follows that PN D, . = @.

Now suppose that we also have (r',¢’) € RCy for some t’ such that K, o C P and
PN Dy o =@. Then P contains all (¢’ + 1) x (¢’ + 1) quantum minors but not all ¢’ x ¢/

quantum minors, whence ¢ = t. Moreover, we have d; © ¢ K, o and are ¢ Ky . The
first relation implies that » > 7’ and ¢ > ¢/, and the second relation yields the reverse
inequalities. (Here we have transferred the relation < in (1.1) from index sets to sequences
in the obvious manner.) Therefore ' =r and ¢/ =¢. O

2. STRUCTURE OF A, .

The purpose of this section is to develop a structure theorem for the localizations A, ..
We introduce localized factor algebras R, and R_ of A (patterned after quantized coor-
dinate rings of groups of triangular matrices) together with subalgebras B,” C R, and
B, C R_ (patterned after quantized coordinate rings of unipotent groups of triangu-
lar matrices), and we show that A, . is isomorphic to an algebra By . trapped between
B} ® B; and R} ® R;. More precisely, we prove that B, . is a skew-Laurent extension
of B;f ® B_ (this is a key ingredient in establishing that A, . = B, ), and that R, ® R_
is a skew-Laurent extension of By .
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2.1. Fixt € {0,1,...,n} and (r,c) € RC; throughout the section. Set
Rig=A/(Xy|j>tori<r;) and R_y=A/(Xiy|i>torj<c)

Write Y;; and Z;; for the images of Xj;; in R: o and R;O, respectively. Note that these
algebras are iterated skew polynomial extensions of k, hence noetherian domains, the
natural indeterminates for these iterated skew polynomial structures being those Y;; and
Z;; which are nonzero. These indeterminates, when recorded within an n x n matrix,
display ‘stairstep’ patterns — for example, if n = 4 and r = (1,2,4), the Y;; may be
displayed as follows:

Yii 0 00

Yo1 Yoo 0 O

Y31 Yz2 0 O

Ya1 Ya2 Yy3 0

Since all the information is recorded in the placement of the zero and nonzero positions
within this matrix, a convenient abbreviation for this example is to write

+000
+ _ ++00
R(1,2,4),0_k[++00]'

+++0

Observe that the Y, ¢ are regular normal elements in R: o, and that the Z,._ are regular
normal elements in R, ,. More precisely,

(¢ YyY, (i=rsj#5)
YrssY;’j = qY:inrss (Z 7A Ts, J = S)
L YiiYe,s (i #7rs, J #5)
( qustcs (l =S5 m 7& Cs)
Zsclem - q_lzlstcs (l 7é s, M = Cs)
L ZlstcS (l 7& S, m 7é CS).

(For instance, the first relation above holds when j > s because Y;; = 0 in that case.
To verify the third relation, observe that Y, ; = 0 if j > s, while Y;s = 0if i < r5.) In
particular, the Y, ¢ commute with each other, and the Z;., commute with each other.
Due to the normality of the Y, s and the Z;.,, we can form Ore localizations
—1 -1 —1 - - 17=1 -1 -1
RS =RV, 1. Y,y Y, and  RZ = R_o[Z10), Zaeys -+ Zier)-

rily Tre2

These algebras are noetherian domains, and they may be viewed as quantized coordinate
rings of certain locally closed subvarieties of M,, (k). Extending the abbreviated description
given for the example above, we display the following abbreviation for R, in that case:

+ 000
-+ - + + 00
R(1,2,4)_k[++00 '

+++0

Observe that the standard Z*"-grading on A induces Z*"-gradings on R, and R, , which
we also refer to as standard.
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2.2. Let 7'(',;.':0 A — Ri—,o and 7_: A — R_, be the quotient maps, and define

A ”i()@”;o C
Bre:A—=ARA "% R @R, = R ®R;.

Observe that
Br.e(Xij) = Z Yu ® Zy;

1<t, r<i, c;<j
for all 4, j. In particular, By (X;;) =0 when ¢ <7y or j < ¢;.
2.3. Lemma. K, . Cker(fGpc).
Remark. We conjecture that ker(Gy ) = Ky c.

Proof. Since X;; € ker(w,to) for j > ¢, all (t+1) x (t+ 1) and larger quantum minors lie
in ker(wi 0)- In view of the rule for comultiplication of quantum minors (see (5.1)(d)), it
follows that all (¢ + 1) x (¢ + 1) and larger quantum minors lie in ker(fGy ).

Consider an index set I with |I| =1 <tand I # {ry,...,r}. Write I = {i; <--- <1i;};
then ¢, < r,, for some m < [. Hence, Y; ; = 0 for all s < m and 7 > m. This implies
that w7 [i1 - -+ im | M] =0 for all M with |M| = m, whence 7,7 [ | K] =0 for all K with
|K| =1 (cf. Lemmas 1.7 or 5.4). Therefore fy [ | J] =0 for all J with |J| = 1.

Likewise, Op [l | J] = 0 whenever [I| =1 <tand J Z? {c1,...,¢}. O

2.4. Let B, . denote the k-subalgebra of R @ R, generated by the set
Ya®@ Zi |1<t, i>r, j>a}U{Y, @2z, 1<t}
We may also express By . as the subalgebra of R} @ R, generated by
Yav 'ol|1<t, i>r}Uu{le 2,2 [1<t, j>a} U{(Yru ® Zie,)™" |1 <t}

Note that fy ¢(Xij) € By for all ¢, 7, so that §p c(A) C By .
Let [ <t. Since Y, ; =0 for s <[l and j > s, we have

Y7’11Y7‘22"'Y7‘zl (K: {17'-->l})

WIO[T1"'Tl|K]:{O (K #{1,...,1}).

Similarly, 7, o[L-- 1| e1---c] = Zie, Zac, * + * Zie), and therefore

ﬁ"',c(dll’"c) = (Y7“11 ® Zlcl)(YT22 ® 2202) e (YTzl ® Zlcz)'

In particular, 8, ¢(d;*¢) is invertible in By ..
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2.5. Lemma. The map (3, . induces a surjective k-algebra homomorphism

ﬁr,c : Ar,c ’ B’r,c-

Remark. We shall prove later (Theorem 2.11) that Br’c is an isomorphism. Note that the
lemma already implies that A, . is nonzero.

Proof. We have K, . C ker(8y ) by Lemma 2.3 and Sy ¢(A) C By by (2.4), and so Gpc
induces a homomorphism £, . : A/Ky ¢ — By . It also follows from (2.4) that 3, . sends
the elements of ﬁr,c to units of B, ., and therefore ﬁkc does induce a homomorphism
ﬁr,c : Ar,c _~> Br,c-

Set E = By ¢(Ap c); we must show that £ = B, .. Note that

(le ® ZZCz)il - ﬁr,C(dT’c)ilﬁr,C(d;‘j)¢l €k

for I < ¢, where dj’® = 1. It remains to show that Y;; ® Z;; € E for all 4,1, j.
As in (2.4), we see that

ﬁ’f‘,c([rl"'rl_li | Cl"'cl]) = (YTll ®Z101)”'(YTZ,1J—1 ®Zl—1,cl,1)(§/il ®Zlcl)
= Bre(d”)(Ya ® Zc,)
for I <t and i > 7, whence Y ® Z;,, € E. Similarly, Y,; ® Z;; € E for j > ¢, and

therefore _
Y ® Zi; = ql_(s(J’CZ)(Ym_ll ® Z;. ) (Yeu © Zi;)(Ya @ Zie,) € E,

lCl
as desired. O

2.6. Lemma. R} ® R is a skew-Laurent extension of By. . of the form

R} ® R, = Bpo[l® ZEL, ..., 1®Zti6t1;7'1,...,7't]

lecyo

for some T1,...,7y € {1}°" x H.

Proof. First observe that there exist o1,...,04 € H such that Z.,r = o;(r)Z, for | <t
and r € R, . This relation extends to r € R, and so

(1 ® Zlcl)w = (1 X O’l)(w)(l ® Zlcl)

for | <tand w € R} ® R_. In particular, if , = (1,...,1,0;) then 1 ® Z, is 7;-normal
with respect to By ..

The standard Z*"-gradings on R;} and R; (cf. (2.1)) induce a Z*"-grading on R;}} @ R .
With respect to this grading, B, is a homogeneous subalgebra of R} ® R, and its
homogeneous components have degrees of the form (x,b, b, *). On the other hand, 1® Z,,
has degree (0,0, €, %), so the monomials

(1 X Zlcl)ml (1 X Z202)m2 e (1 ® Ztct)mt
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have degrees (0,0, mye1 + - - - + myeq, x). It follows that these monomials are left (or right)
linearly independent over B, .. Hence, the subalgebra

C= Y Brell®Z16)" (1© Zoe,)" (1@ Zye,)™

mi,...,mEZ

of R} ® R is a skew-Laurent extension of By of the desired form.
It remains to show that C' = R ® R . First note that Y;;®1 = (Yil®Zlcl)(1®Zl;1) eC
for | <t and 7 > r;, and that

Y el=(Y'®2.)1®Z,)cC

Tll

for [ <t. On the other hand,
1® Ziy = (You ® Ziy) (Y, © 2, (1@ Zie,) € C

for | <tand j>¢,and 1® Z,' € C for | < t. Therefore C = Rf ® R;. O

2.7. Let B;f and B denote the subalgebras of R\ and R, generated by the respective
subsets
av, ' 1<t i>n}y  and  {Z;Z.' |[1<t, j>al

The algebra B,!, for instance, may be viewed as a quantized coordinate ring of the variety

{(aij) € Myp(k) | aij =0 when j >t or i <r;, and a,,; =1 for j <t}.

(The factor algebra R, /(Y,,1 — 1, ..., Y., — 1), which one might expect to appear in the
above role, is inappropriate because it collapses to k:[Y,,fll, e Y,,ftl] when ¢ # 1.)

As noted in (2.4), B, is generated by its subalgebra B} ® B; together with the
elements (Y;,; ® Zj.,)*! for [ < t. In fact:

Lemma. B, . is a skew-Laurent extension of B;f ® B, of the form
B”'ac = (B:_ ® Bc_)[(YTll ® Zlc1)i1, RS (YTtt ® Ztct)il; Mmy--- ;ﬁt]

for some ny,...,m € H x H.
Proof. This is proved in the same manner as Lemma 2.6. [J

2.8. We use the above structure of By . in constructing a homomorphism By, . — Ay ¢
which will be the inverse of B/r’c. To begin the construction, we will define suitable homo-
morphisms from B, and B, to Ay c whose images centralize each other. For that purpose,
we need to know the defining relations for B, and B, as well as certain commutation
relations in A, ..

Cc
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Set yi; = YZJYTZ; for j <t and i > r;. In view of the basic commutation relations
satisfied by the Y},,, it is easily checked that the y;; satisfy the following relations:

YijYim = QYimYij (j <m)
YijYi; = qYiYi; (i <)
) YijYim = YimYij (i<, j>m)
YimYij (i <7Tm)
Yijhim = 4 Yim¥Yij + QUi (i=7m) (i <1, j <m).

YimYij + QWimVi; (i > 7rm)

Lemma. The relations (1) are defining relations for the elements y;; generating the alge-
bra B;'.

Proof. Let S be the k-algebra presented by generators s;; for j < ¢ and 7 > r; satisfying
the analogs of (1). Then there is a k-algebra homomorphism ¢ : S — B, such that
&(8:5) = y;; for all 4, 5.

In R}, list the Y;; lexicographically, and observe that the ordered monomials in the Y;;
are linearly independent. This remains true for ordered monomials in which we allow the
Y., ; to have negative exponents. Since the Y..,; commute up to scalars with the Y, (recall
(2.1)), it follows that the ordered monomials in the y;; are linearly independent, and so
these monomials form a basis for B,f. On the other hand, there are sufficient commutation
relations for the s;; to show that the ordered monomials in the s;; span S. Hence, ¢ maps
a spanning subset of S to a basis for B;. Therefore ¢ is an isomorphism, and the lemma
is proved. [

2.9. Lemma. Let M = [IU{a} | J] and N = [I' | J'| be quantum minors in A with
I CI'and J CJ'. Assume that a ¢ I' and that b = max(I") ¢ I.

(a) If a > b, then MN = q *NM.

(b) If a < b, then

MN — ¢ 'NM = (=) "IN T (b} | J)[T L {a} \ {b} | J']

modulo the ideal L := ([I' U{a} \{#'} | J'] | V' € I'N (a,b) ).
Proof. (a) Expand M using the g-Laplace relation of Corollary 5.5(b2) with r = a. Since
(a,n]N I =, we get

(1) M =3 (=)L | T\ {5},

JjeJ

Note that all the [I | J\ {j}] commute with N. Lemma 5.2(cl) implies that X ;N =
¢ 'NX,; for all j € J, and thus it follows from (1) that MN = ¢ *NM.
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(b) Set a = |(a,n] N I|, and again expand M using Corollary 5.5(b2) with » = a. This
time, we get

(2) (—)*M =) (=)' [ JN\ {j}1]X

JjeJ
For all j € J, Lemma 5.2(c2) implies that

NXoj—qXejN =7 Y (=) X1 u{a} \ {i'} | J'],

iel’
i'>a
whence
(3) XgN = ¢ 'NXoy = G-/ Xy ' U{a} \ 9} | 7] (mod L),

where 0 = |I' N [a,b]| — 1 = |I' N (a,b)|. Note that 5 —a = [(I"\ I) N (a,b)|.
Combining (2) and (3), we obtain

MN = Y (—g)lmni- [uJ\{j}](q—lNXaj+a<—q>ﬁxbj[f'u{a}\{b}|J'J)
JjeJ

modulo L. Since all the [I | J\ {j}] commute with N, it follows from (2) that

(5) > (@)L | T\ {j} g T N Xy = ¢ N M.
jeJ
Further, an application of Corollary 5.5(b2) with r = b yields
(6) D I (Y] Xy = [TU{} | J].
jeJ
Combining (4), (5), and (6), we complete the proof. [

2.10. Corollary. Let M =[I | JU{a}] and N = [I' | J'] be quantum minors in A with
I CI' and J C J'. Assume that a ¢ J' and that b = max(J') ¢ J.

(a) If a > b, then MN = q *NM.

(b) If a < b, then

MN — ¢ 'NM = ()DL | Ju{p}][I" | ' u{a}\ {b}]

modulo the ideal L := ([I' | J'U{a}\ {j'}] | /' € J' N (a,b)).
Proof. This follows from Lemma 2.9 by symmetry. [
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2.11. Theorem. The map Br’c : Ap.c — By ¢ is an isomorphism.

Proof. Recall the notation di"¢ = d"¢ 4+ K, . from (1.2). Similarly, we shall use tildes to
denote other cosets in A/ K, .. To abbreviate the relation of congruence modulo Ky ., we
adopt the notation =, .. We shall use the same symbols for elements of A/K, . and their
images in the localization A, ., which does not cause problems as long as we only transfer
equations from A/K, . to A, . and not in the reverse direction.

We proceed to construct, in several steps, a k-algebra homomorphism ¢ : By . — Ay ¢
that will be an inverse for 3,.. The construction of ¢ is based on the skew-Laurent
structure of B, . given in Lemma 2.7. The first ingredient will be a homomorphism from
B} to Ay . To describe it, set

Uij =[ry--rj_1iler-cl €A (j<t, i>r;)
Yij = m-jyr;} € Rf  (asin (2.8)) (j<t, i>rj).

(While the given expressions for v;; and y;; also make sense for j < t and ¢ = r;, they
yield v, ; =1 € Ay and Yr;s = 1 € R}. Tt is more convenient for the proof to exclude
these possibilities.) Recall that the y;; generate B;'.

Claim 1: There exists a homomorphism ¢* : B;f — A, . such that ¢*(y;;) = v;; for
Jj<tandi>r;.

To prove this, we must show that the v;; satisfy the analogs of the relations (2.8)(1),
i.e., the corresponding equations with all y’s replaced by v’s. We first check that the
u;; satisfy the relations (1) below. The first relation follows from Lemma 2.9(a); for the
second, observe that {ri,...,7j_1,i} C {r1,...,7m—1,{} and {c1,...,¢;} C {c1,...,cm}
in that case.

tm g Ui Ui <lij<m,ie{rj,...,rm-1,1}).
Furthermore, when ¢ < [ and j <m but ¢ ¢ {r;,...,7»_1}, Lemma 2.9(b) implies that
_ Z]\uljuim ('L Z Tm)
2 Wiilpm — @ Uy =
( ) 17 Wm q ImWij r,C { 0 (’L < Tm)~

Since u,,; = d;’¢ for | < ¢, the relations (1) and (2) yield commutation relations for the
d;"¢ and wu;j, which we combine in the following form:

dr’ch' — u__d’f',c { (l < j)’ or
(3) L R ({>jandie{r;,...,m})
d'lr,cuij =r,c quijdf’c (l > j and ¢ §é {Tj, ey Tl}).

(Note that when [ < j, we have i > r; > r;.)
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It follows from (1), (2), and (3) that the elements v;; € A, . indeed satisfy the analogs
of the relations (2.8)(1), as desired. This establishes Claim 1.

Next, set
wlm:[rl---rl|cl---cl_1m]EA (l§t7mzcl)
tim = Wi (A7) € Ap e (1<t m>q)
2im = ZimZ,, € Rg (1<t, m>q),

and recall that the z;,, generate B, .

Claim 2. There exists a homomorphism ¢~ : B — A, . such that ¢~ (z,) = t,, for
[ <tand m > .

This follows from Claim 1 by symmetry.

Claim 3. Each v;; commutes with each #;,,.

We first collect the following commutation relations between the wu;; and the w,:

(j=1), or
Wi j Wi, = Wi Wi (j<landie{rj,...,m}), or
(4) (j>1land m € {cj41,...,¢})
_ { g Wi i (J<landi¢{rjii,...,m})
Ui §Wim =r,c .
Ui Wij (j>land m ¢ {ci11,...,¢5}).

The first equation in (4) follows from Lemma 5.3(c). The next two equations hold because
{ri,...,rj—1,i} C {r1,...,m} and {c1,...,¢;} C {c1,...,¢—1, m} in the first case, while
those inclusions are reversed in the second case. Finally, the last two relations follow from
Lemma 2.9 and Corollary 2.10.

Commutation relations between the d;"® and the w;; are given in (3), and, by symmetry,
we also have

< 1),
d;’cwlm _ wlmd?c { (] ) or

(5) (j>land m e {c,...,c;})
d;"cwlm =r.c qwlmd?c (j=land m ¢ {c,....c;}).

It follows from (3), (4), and (5) that v;; indeed commutes with t;,,,, and Claim 3 is proved.
Combining Claims 1, 2, and 3, we see that there exists a homomorphism

(;S:B:'@Bc_ — Apc
such that ¢(y;; ® 1) = v;; and ¢(1 ® 2, ) = ti, for all 4, 5,1, m.

Claim 4. ¢ extends to a homomorphism By, — A, such that ¢(Y, s ® Zs.,) =
dre(di) ! for s < t.
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In view of the relations given in (2.1), we see that

[ q'yij (i=1s)
Yo UiVl = 8 QUi (J=s)
(©) (yij (i #rs, JF5)
qZim (l=ys)
Zse.2imZoer =4 4 tzim (M =cs)
| 2im (I #s, m#cs).

On the other hand, it follows from (3) and (5) that the units d7¢(d":% )~ in A . normalize
the elements v;; and ¢;,,, in exactly the same way, that is,

(g oy (i=1s)
dre(d]e) " oid S (d0) T = % quy (j=s)
(7) ; Vij (i#rs, JF#5)
o o qtim (l=2s)
d7(dg %) imdy S (d50) T =S g i, (m = cs)
[ tim (I # s, m#cs).

Claim 4 follows from (6), (7), and Lemma 2.7.

Claim 5. ¢ = ~T_7i

Since Bmc is surjective (Lemma 2.5), it is enough to show that ¢B,.,c is the identity on
A, .. First note, using (2.4), that

QSBT,C(JZ’C(JZi)_I) = ¢(Yr,s ® Zse,) = g:’c(ggfﬁ_l
for all s, whence ¢Br7c(dv§’c) = Egc for all s. Next, for j <t¢ and ¢ > r; we have

QSBrac(aij) = QS((lel ® Zlcl) T (Yrjflyj_l ® Zj—l,ijl)(S/:ij ® chj))
(i @ D) (Y1 ® Zie,) -+ (Yo, 5 © Zie,))
((yij ® l)ﬁr,c(dg’c)) = Uijd;.’c = ﬂzj

¢
¢
By symmetry, ¢Br7c(zﬂlm) = Wy, for I <t and m > ¢;. Therefore gbﬁnc at least equals the
identity on the subalgebra C of A, . generated by (the image of) the set

{(d7)* | s <ty U{ty; |5 <t, i>r;}U{Tm [1<t, m> ¢}

To finish the proof, we just need to show that C' = A, ., that is, that X’ij e C for all
i,7. This is clear in case i < r; or j < ¢, since in those cases X;; = 0. We also have
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)Z'Z-cl =u;; € C for i > ry and )Z'le =wy; € C for j > c;. Hence, )Z'Z-j € C whenever i < rq
or 7 <.

Now let 1 < [ < t and assume that )?ij € C whenever ¢ < r;_q or j < ¢_1. For
ri—1 <i<tand ¢_; <j<g¢, it follows from Corollary 5.5(b1) that

(8) (=)' 'ri-m—ai| e amig]) = (@) T Xl omie | e e
-1
Y ) Ko |1 e

s=1

Most of the cosets of the factors in (8) can be seen to lie in C' right away. For instance, the
coset of the left hand side is zero if either i < r; or j < ¢, and it equals wu;; if i« > r; and
J = ¢. For s <, we have X’icg € C by the inductive hypothesis, and similarly the coset
[r1-+-ri—1 | c1- G- -c—1j] + Ky is in C since it is a linear combination of products of
elements )?ab with a < r;_1. Consequently, we obtain from (8) that

Xijlri-mier | ersraoa] + K e € C

In other words, X”d? . € C, whence X” € C. Thus, X” € C whenever j < ¢. By
symmetry, X’ij € C whenever 1 < 7.

The above induction proves that )?Z-j € C whenever ¢ < r; or 7 < ¢;. If there exist
indices ¢ > r; and j > ¢;, we have

9) (=@)'fry-rei] i eeg] = (=) Xiglry - -re [ ea - - ]

30 X [y e G ]

s=1

by Corollary 5.5(b1), from which we see as above that )Z'Z-j € C. (Note that the left hand
side of (9) necessarily lies in K, . because it involves a (¢ + 1) x (¢ + 1) quantum minor.)

Therefore all X;; € C, and the proof is complete. [

3. TENSOR PRODUCT DECOMPOSITIONS OF H-PRIMES

Throughout this section, we assume that ¢ is not a root of unity; we shall place reminders
of this hypothesis in the relevant results. Thus, by [8, Theorem 3.2], all primes of A are
completely prime. Since this property survives in factors and localizations, all primes in the
algebras A, ., R;', and R, are completely prime, and also in By. . because of Theorem 2.11.
We have already observed that the algebras R+O and R, are iterated skew polynomial
algebras over k, and so is their tensor product. The iterated skew polynomial structure
of R:O ® R, is easily seen to satisfy the hypotheses of [8, Theorem 2.3], and thus all its
primes are completely prime. Consequently, all primes in the localizations R} ® R, are
completely prime.
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3.1. In order to deal with H-primes in tensor products, we need the following rationality
property. Suppose that S is a noetherian k-algebra and that G is a group acting on S by
k-algebra automorphisms. We say that a G-prime P of S is strongly G-rational provided
the algebra Z(Fract S/P), the fixed ring of the center of the Goldie quotient ring of S/P
under the induced G-action, equals k.

By [9, (5.7)(1)] (cf. [1, Theorem I1.5.14]) and [1, Corollary I1.6.5], A has only finitely
many H-primes, and they are all completely prime and strongly H-rational. These prop-
erties carry over to A, ., R, and R;. Analogous results [1, Theorems I1.5.12 and I1.6.4]
imply that Ri—,o ® R, o has only finitely many (H x H )-primes, and they are all completely
prime and strongly (H x H)-rational. These properties now carry over to R}’ ® R .

Identify H with the subgroup

H= (k)" x {1}") x ({1}" x ()") < H x H

in the obvious way. With this identification, 3, . and Bnc are H-equivariant. In particular,
it follows that B, . has only finitely many H-primes, and they are all completely prime
and strongly H-rational.

3.2. Lemma. Fori = 1,2, let A; be a k-algebra, H; a group acting on A; by k-algebra
automorphisms, and P; an H;-prime ideal of A;. Set P = (P; ® A3) 4+ (41 ® P,), and let
H; x Hy act on A1 ® Ay in the natural manner.

(a) If each A;/P; is H;-simple and Z(A;/Py)Ht = k, then (A; ® As)/P is (H; x Ho)-
simple.

(b) If each A; is noetherian and P is strongly Hy-rational, then P is an (Hy X Hy)-prime
ideal of A1 ® Ay. Moreover, P is the only (Hy x Hs)-prime ideal of A1 ® Ay that contracts
tOP1®1jHA1®1 and tOl@Pg 1I11®A2

(c) If each A; is noetherian and each P; is strongly H;-rational, then P is strongly
(Hy x Hy)-rational.

Proof. Since (A1 ® A2)/P = (A1/Py) ® (Az/Ps), there is no loss of generality in assuming
that each P; = 0.

(a) This is a standard shortest length argument. Let I be a nonzero (H; x Hs)-ideal
of A1 ® Ay, and let m be the shortest length for nonzero elements of I (as sums of pure
tensors). Choose a nonzero element

r=b®ca+ - +bp®cy el

of length m, where the b; € A; and ¢; € As, and note that the ¢; are linearly independent
over k. Now the set

{b€A1|(b®01—|—A1®02+-~+A1®cm)ﬂl7é®}

is a nonzero Hi-ideal of A1, and so it equals A;. Thus, without loss of generality, b; = 1.
For any a € Ay, we now have z(a ® 1) — (e ® 1)z in I with length less than m, whence
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z(a®1)— (a®1)x =0 and so bja = ab; for all j. For any h € H;, we have (h,1)(z) —z in
I with length less than m, whence (h,1)(x) —2 = 0 and so h(b;) = b; for all j. Therefore
all b; lie in Z(A)f = k. Tt follows that x € 1 ® Ay, whence m = 1 and = 1 ® c1.
Consequently, the set {¢ € As | 1 ® ¢ € I} is a nonzero Hs-ideal of Ay, and so it equals
Ay. Therefore 1 ® 1 € I, proving that I = A; ® As.

(b) Each A; is an H;-prime noetherian ring, and so is semiprime. Let C; be the set of
regular elements in A;, and note that the set

C={c1®cy|c €C;}

is an (H; x Hs)-stable denominator set in A; ® As, consisting of regular elements. Each
AiCi_1 is H;-simple artinian, and Z(AlCl_l)H1 = k by our hypothesis on P;. Thus by part
(a), the localization

(A1 ® A)C71 = A1C7 @ AxCyt

is (Hy x Hs)-simple. It follows that each nonzero (H; x Hs)-ideal of A1 ® A5 meets C; in
particular, A1 ® As is an (Hy x Ha)-prime ring.

Now let @ be any (H; x Hs)-prime ideal of A; ® Ay that contracts to zero in both
A1 ®1 and 1 ® As. Then @ is a semiprime ideal, disjoint from both C; ® 1 and 1 ® Cs.
If some prime ideal Qp minimal over @ meets C; ® 1, then h(Q) meets C; ® 1 for all
h € Hy x Hy. But since @ is a finite intersection of some of the h(Q), it would follow that
@ meets C; ® 1, a contradiction. Therefore C; ® 1 is disjoint from all primes minimal over
@, whence C; ® 1 is regular modulo @). Likewise, 1 ® Cy is regular modulo ). It follows
that C is disjoint from (), and therefore @) = 0.

(c) After localization, we can assume that each A; is H;-simple artinian. By part (a),
A} ® Ay is now (H; x Hj)-simple. Consider an element u in Z(Fract(4; @ Ag))H1*Hz,
The set {a € A1 ® Ay | au € A; ® As} is a nonzero (H; x Hs)-ideal of A; ® As, and so it
equals A1 ® As. Therefore u € Ay ® As. Now write u = v1 ® wi + - - - + vy ® wy for some
v; € Ay and some linearly independent w; € As. Since u is fixed by H; x 1 and commutes
with 4; ® 1, we see that all v; € Z(A;)H1 = k. Hence, u = 1 ® w for some w € Ay. But
then w € Z(AQ)H2 = k, and therefore u € k. [0

3.3. Proposition. Fori = 1,2, let A; be a noetherian k-algebra and H; a group acting on
A; by k-algebra automorphisms. Assume that all H,-primes of A, are strongly H,-rational.
Then the rule (Py, Py) — (P ® As) + (A1 ® Py) provides a bijection

(Hl -Spec Al) X (HQ -spec Ag) — (Hl X HQ) —spec(A1 X Ag)

Proof. Lemma 3.2(b) shows that the given rule maps (Hj-spec A1) x (Hs-spec As) to
(Hl X HQ) —spec(A1 X Ag)

Now consider an (H; X Hy)-prime P in A; ® Ay. Let P; and P, be the inverse images
of P under the natural maps A; — A; ® As. Then each P; is an H;-ideal of A;, and
(P ® A3) + (A1 ® Py) C P. There are Hy-primes Q1,...,Q; in Ay, containing P;, such
that Q1Q2--- Q¢ C P;. Then the Q; ® Ay are (Hy x Hs)-ideals of A3 ® Ay such that

(Q1®A2)(Q2® Ag) -+ (Qr ® A2) C P, ® As C P.
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Consequently, some Q); ® Ay C P, whence Q; C P, and so Q; = P;. This shows that P;
is Hy-prime. Similarly, P, is Ha-prime.

By Lemma 3.2(b), (P; ® A2) 4+ (A1 ® P») is an (H; x Ha)-prime of A; ® A, and it is the
only (H; x Hs)-prime of A1 ® A, that contracts to Py ®1in A;®1 and to 1® Py in 1 ® As.
Therefore P = (P; ® As) + (A1 ® Py). Tt is clear that P; and P, are unique, since P; equals
the inverse image of (P ® As) + (A1 ® P>) under the natural map A; — A; ® As. O

3.4. Lemma. [q not a root of unity] Let (r,¢) € RC. If P is an H-prime of By, then
there exists a unique (H x H)-prime Q of R}t ® R, such that QN By .= P.

Proof. Since B, . has only finitely many H -primes and H x H just permutes them, the (H x
H)-orbit of Pin spec By . is finite. Since Pis prime, it now follows from [1, Proposition
I1.2.9] that P must be invariant under H x H. In view of Lemma 2.6, Q = P(R} ® R)
is an (H x H)-invariant prime of R}’ ® R, such that Q N By = P. It remains to show
that if Q' is any (H x H)-prime of R;} ® R, that contracts to ﬁ, then Q" = . Note that
Q" O Q by definition of Q.

Set G = ()™, let ¢ : G — ({1} x (K*)") x ((k*)" x {1}") € H x H be the
homomorphism given by the rule

dlag,...,on) = (1,..., 1, a7t . o ag, .. am, 1,0, 1),

and use ¢ to pull back the action of H x H on R;}} ® R, to an action of G. With respect
to this G-action, B, . is generated by fixed elements, and each of the elements 1 ® Z,,,
is a G-eigenvector with eigenvalue equal to the projection (ag,...,a,) — as. In view of
Lemma 2.6 and the fact that k is infinite, it follows that the G-eigenspaces of R} ® R
are the subspaces By (1 ® (21212522 -+ Zt)) for (mq,...,my) € Z'. Consequently, any

G-eigenvector in R} ® R has the form du where d € B, . and u is a unit. If du € Q’, then

d € Q' NBpe= P, whence du € Q). Since Q' is G-invariant, we conclude that Q' = @, as
desired. [J

3.5. Set H-spec, . A = (H-spec A) N (spec, . A) for (r,c) € RC. These sets partition
H-spec A because of Corollary 1.10.

Theorem. [g not a root of unity| For each (r,c) € RC, there is a bijection
(H-spec R) x (H-spec R; ) — H-spec,, ., A

given by the rule (Q*,Q7) — G, L(QT @ Ry ) + (R ® Q7)).

Proof. If QT € H-spec R}’ and Q~ € H-spec R, then Proposition 3.3 shows that the
ideal Q = (QT ® Ry ) + (R} ® Q™) is an (H x H)-prime of R,;” ® R, . In particular, Q is
completely prime, and so QN By ¢ is an H-prime of By ¢, whence 5;3;(62) = ﬁ;i(@ NBrc)
is an H-prime of A lying in spec,. , A. This shows that the given rule does define a map
from (H-spec R;) x (H-spec R, ) to H-spec,. . A.

Now consider an arbitrary H-prime P in H- spec,. . A. Then P induces an H-prime in
Ay ¢ that contracts to P under the localization map. In view of Theorem 2.11, it follows
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that fp c(P) induces an I:T—prime P of B, . such that ﬂr_}:(f’) = P. By Lemma 3.4, there
is a unique (H x H)-prime Q of R;}f ® R, such that Q N By . = P. Then Proposition 3.3
implies that Q = (Q* ® R;) + (R} ® Q) for some H-primes QT in R} and Q™ in R.
Thus,

Bre((QT ®Ry) + (RF ©Q7)) = 5,4(Q) = 5,.6(QN Bre) = B o(P) = P.

It remains to show that QT and Q~ are unique. Consider any T+ € H-spec R, and
T~ € H-spec R such that P = §,J(T) where T = (T ® R;) + (Rf ® T7). Asin
the first paragraph of the proof, T is an (H x H)-prime of R ® R; and T'N B, . is an
H-prime of B, .. Since B,Té(T N By ) = P, we must have T'N By . = P, whence T' = @

by the uniqueness of (). Therefore Proposition 3.3 shows that 7T = QT and T— = Q~,
as desired. [

3.6. Fix t € {0,1,...,n}, and let H-spec!! A be the set of those H-primes of A which
contain all (t+1) x (¢4 1) quantum minors but not all £ X ¢ quantum minors. By Corollary
1.10,
H- spec[t] A= |_| H-spec,. . A,
(r,c)eRC:

and consequently Theorem 3.5 implies that

|H-speclt! A] = Z |H-spec R, | - |[H-spec R |.
(r,e)eRC,
If R; denotes the set of sequences (ri,...,r;) € N® with 1 <7 < .-+ < ry < n, then

RC; = R; x R,. For each r € Ry, the automorphism 7 of A discussed in (5.1) induces
an isomorphism 7 : R;f — R,.. While T is not H-equivariant, there is an automorphism ~y
of H, given by (a1,...,an,01,...,0n) — (b1, -, Pn,01,...,0y), such that the following
diagram commutes:

H —— H

l l

AutRf ——— AutR;

(Here the vertical arrows denote the standard actions of H on R, and R, .) Hence, T
provides a bijection of H-spec R, onto H-spec R,.. Therefore

2
|H-specl!l A] = Z |H-spec R,}| - |H-spec R} | = < Z |H—specR,T|) ,

T,CeRt rERt
a perfect square. These numbers are known in three cases:
1 (t=0)
|H-specll A = { (27 —1)? (t=1)
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The case when t = 0 is trivial, and the case when ¢t = 1 is given by [5, Corollary 3.5].
For the remaining case, note first that H-spec!™ A ~ H-spec O,(GL,(k)). It can be
checked that there is a bijection between H-spec O,(GL,(k)) and the set of winding-in-
variant primes of O, (SL,(k)) (e.g., see [1, Lemma I1.5.16]), and it follows from the work
of Hodges and Levasseur [11] that the latter set is in bijection with the double Weyl group
Sp xSy, (cf. [1, Corollary 11.4.12]).

3.7. Asacorollary of Theorem 3.5, we obtain the following less specific but more digestible
result.

Corollary. [¢ not a root of unity] Set
RT = A/(Xy5 |1 <) and R™ =A/(Xi; |i>7),
let 7+ : A — R* denote the quotient maps, and let 3 denote the composition
AL A0A T Rt R
Given any H-prime P in A, there exist H-primes P* in R* such that

P=p"((PT®R )+ (RT®P)).

Proof. By Corollary 1.10 and Theorem 3.5, P = 3, L((QT @ R;) + (R;f ® Q™)) for some
(r,c) € RC and some H-primes Q@ in R and @~ in R_. Observe that X;; € ker 7'(':: 0
when ¢ < j, and that X;; € kerm,, when ¢ > j. Hence, there are surjective k-algebra
homomorphisms 77 : RT — R:;O and 77 : R~ — R_ such that 747+ = W::O and 77T =
Teo- Consequently, (77 ® 77)3 = B (with the obvious adjustment of codomains).
Next, observe that QS’ =Q"N Rj."o and Qg = Q™ N R_, are H-primes of Ri—,o and
R, respectively, whence the ideals P+ = (Ti)_l(Q(:)t) are H-primes in R*. Finally,

P=((rte@r7)8) ((QF ® Rog) + (Ri,© Q) =B ((PY @ RT) + (RT © P7)),
as desired. O

4. ILLUSTRATION: O4(Ma(k))

Theorem 3.5 opens a potential route to computing the H-primes of A in the generic case:
If we can find all the H-primes in each R} and R, we immediately obtain descriptions of
all the H-primes in A. Since these descriptions would be in terms of pullbacks of H-primes
from the algebras R} ® R, it would still remain to find generating sets for these ideals.

To illustrate the procedure, we sketch the case where n = 2, for which H-spec A is
already known. In [7], we use the above process to compute H-spec A when n = 3.
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4.1. Assume that ¢ is not a root of unity, and fix n = 2. There are only four choices for
r and ¢, namely &, (1), (2), and (1,2). The corresponding algebras R, and R, are

RS = A/(X11, X12, Xo1, Xo0) = k Ry =k

Ry = (A/ (X2, X02)) [X11'] = k(YT You) Ry = K(Zii' Z12)

Ry = (A/ (X1, X2, Xo0)) [X5,'] = k[Y5y! Ry = k[Z15

RY 5 = (A/(X12)) (X5, X35 = (VA Yar, Yas') Ry = K(ZE 21, 2531,

The H-primes in these algebras are easily computed:

H-spec RS = {(0)} H-spec Ry = {(0)}
H-spec Ra) = {{0), (Ya1)} H-spec R}, = {(0), (Z12)}
H-spec RZ;) = {(0)} H-spec R,y = {(0)}

H-spec Rzrl 9) = {(0), (Ya1)} H-spec R, o) = {(0), (Z12)}

The only choice for (r,¢) € RCy is r = ¢ = @. In this case, the only H-primes in R
and R_ are the zero ideals, and 65712,((0)) = (X711, X129, X217, X22), the augmentation ideal
of A. We record this H-prime using the symbol

to denote the generating set {Xi1, X12, X21, X202}, the bullet in position (i,7) being a
marker for the element X;.
Corresponding to the four pairs (7, c) € RC, there are nine H-primes in A of the form

Bre((QT®R.) + (R Q7))

where Q7 is an H-prime in R, and @~ is an H-prime in R, . We can record generating sets
for these ideals as follows, continuing the notation introduced in the previous paragraph;
here o is a placeholder and [J denotes the 2 x 2 quantum determinant.

Ry R
(0) (Z12) | (0)

_|_
fo O o ogt | g
(Ya1) oo oe e0
[ N ] [ N ] LN

_|_
G -
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(See, e.g., [5, Theorem 1.1] for a proof that the quantum determinant generates the kernel
of B1),(1)- We leave it to the reader to check that the other H-primes are generated as
indicated.)

Finally, the only choice for (r,¢) € RC5 is 7 = ¢ = (1,2), and there are four H-primes
in A of the form

Bz, (QF ® R o) + (R 5 ® Q7))

with Q* € H-spec R, We record generating sets for these ideals as follows:

(1,2)
(0) (Z12)
O | g9 9¢
(Y21) | g9 ¢

We now conclude from Theorem 3.5 that we have found all the H-primes of A =
O,(Mz(k)). There are 14 in total, which we can display as follows:

[ N ] \:\ ce @O OO0 Oe
[ N ] ce @O OO0 OO
OO0 Oe eO0 OO0 Ooe
o0 o0 oo O @O

[ N J [ N J
[O)Ne] ce ® O
For a display showing the inclusions among these ideals, see [5, (3.6)].

5. APPENDIX. RELATIONS IN O, (M, (k))

The proofs in this paper rely on a number of relations among the generators and quan-
tum minors in quantum matrix algebras. We record and/or derive those relations in this
appendix. Throughout, let A = O, (M, (k)) with k an arbitrary field and ¢ € k> an
arbitrary nonzero scalar.

5.1. (a) We present the algebra A with generators X,; for i,j = 1,...,n and relations

Xinlj = leinj (’L < l)

Xij Xim = qXim Xij (j <m)

Xij Xim = Xim X5 (i<, j>m)
XijXim — XimXij = (¢ — ¢ ) Xim X5 (i<l,j<m).

As is well known, A is in fact a bialgebra, with comultiplication A : A — A® A and counit
€: A — k such that

A(XZ]) = Zle &® le and G(Xij) = 5ij
=1
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for all 1, 5.

(b) The algebra A possesses various symmetries. In particular, it supports a k-algebra
automorphism 7 such that 7(X;;) = Xj; for all 4,5 [16, Proposition 3.7.1]. Pairs of
results which imply each other just through applications of 7 will be simply referred to as
“symmetric”.

(c) Given U,V C {1,...,n} with |[U| = |V| = t, let Oy(My,v(k)) denote the k-
subalgebra of A generated by those X;; with ¢ € U and j € V. There is a natural isomor-
phism Oy (M¢(k)) — O4(My,v(k)), which sends the quantum determinant of O, (M (k))
to the quantum minor in A involving rows from U and columns from V. As in [6], we
denote this quantum minor by [U | V], or in the form [uq - -us | vy - - - vy] if we wish to list
the elements of U and V.

We shall also use the isomorphism Og(M(k)) — Ou(My,v(k)) to simplify various
proofs, since it will allow us to work in smaller quantum matrix algebras than A on
occasion. For example, since the quantum determinant in O,(M;(k)) is central (e.g., [16,
Theorem 4.6.1]), the quantum minor [U | V] commutes with X;; for all i € U and j € V.
Consequently,

VI = J]U | V] (ICU JCV).
(d) Recall from [15, Equation 1.9] the comultiplication rule for quantum minors:

A1) = Y UIK][K]|J].
IKI=11]

5.2. We next restate some identities from [16], given there for generators and maximal
minors, in a form that applies to minors of arbitrary size. Note the difference between our
choice of relations for A (see (5.1)(a)) and that in [16, p. 37]. Because of this, we must
interchange ¢ and ¢~! whenever carrying over a formula from [16].

Lemma. Letr,ce€{l,...,n} and I,J C{1,...,n} with |I| =|J| > 1.
(a) If r € I and ¢ € J, then X,.[I | J] = [I | J] X .
(b) If r € T and ¢ ¢ J, set J* = J U {c}. Then

(1) Xpell | ) =q | T Xpe = (gt = @) Y (=)~ [ TP {5} X
2

(2) | ) Xre = qXoelL | T] = (g —a7") Y (=) "X 1 | T\ {5}]
=

(c)Ifr¢ I andce J,set IT =1U{r}. Then
(1) XpolI | J) = ¢ I | T Xpe = (g7 = @) Y _(—q)""OAIITN (i} | J] X

el
>r
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(2) [ [ T Xre = qXope[ | J] = (g —q7") Z(—q)'m["’”'Xic[I+ \ i} | J]

Proof. Part (a) is clear. To obtain part (b), we may work in O4(Mj g1y, 5+ (k)) for some
r’ ¢ I, and so there is no loss of generality in assuming that I C J* = {1,...,n}. The
desired relations then follow from the second cases of parts (1) and (2) of [16, Lemma
4.5.1]. Part (c) is symmetric to (b). O

5.3. Lemma. Let U,V C {1,...,n} with |[U| = |V|, and let ui,us € U and vy,vs € V.
Set Us = U \ {us} and Vs =V \ {vs} for s = 1,2.

(a) Ifu; < U9, then [Ul | Vl][UQ | Vl] = q_l[UQ | Vl][Ul | Vl]

(b) If v1 < vq, then [Uy | VA][Uy | Va] = ¢~ HU; | Va][Uy | V4.

(C) If u; < uo and v > V2, then [Ul | Vl][UQ | va] = [UQ | VQ][Ul | Vl]

(d) If uy; < ug and vy < vy, then

[U1 | A][Us | Vo] = [Uz | VolUL | VA] = (¢ — @)Uz | VA][UL | V2.

Proof. Since we may work in O,(My v (k)), there is no loss of generality in assuming that
U=V ={1,...,n}. The result then follows from [16, Theorem 5.2.1]. [

5.4. We also require the form of the g-Laplace relations given in [15]. For index sets I
and J, set
UL J) = {(6,5) € I x J i > j}.

Lemma. (g-Laplace relations) Let I, J C {1,...,n}.
(a) Ile,JQ Q {1, . .,n} with |J1| + |J2| = |]|, then

S (=) I | L | ) =
ILWul,=I
|1, |=]Ju|

{oﬂwhbWWAu&] (JiNJy=02)
(J1 N Jy 7£ @).

(b) If]l,lg Q {1, . .,n} with |]1| + |IQ| = |J|, then

S (@)L | K[ | ) =

JiUJa=J
| Jul=I10]

{ (—' R Lul|J (hNnl=2)
0 (I N1y # o).

Proof. [15, Proposition 1.1]. O

5.5. The ¢-Laplace relations simplify somewhat when one of the index sets is a singleton,
as follows.
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Corollary. Let r,ce {1,...,n} and I,J C {1,...,n}.
(a) If |I| = |J| + 1, then

. A\ Leond| c c
(1) Z(_q)lh,z)mnXic[I\ (ir] J] = { é q) (L] JuA{c}] Ec i j;
_g)lemlny] c .
2) Z( )\EROIT 1) | X, _{é q) [ JuA{c}] Eczj;
(b) If |J| = |I| + 1, then
(—)rru{ry [ ] (r¢ )
(1) (=) /INIX T [ I\ {5} =
jEZJ 1 { (rel
: . (=) T U {ry | J] (g )
(2) (=)L | I\ {1 Xy =
jeZJ I J { 0 (rel)

Proof. (a) For the first case, fix J; = {c} and J, = J. We will use Lemma 5.4(a), which
involves a sum over Iy LIy = I with |I;| = 1; thus [; = {i} and I, = I'\ {i} for some i € I.
In that case, £(I1;I2) = |[1,4) N I| and ¢(Jy; J2) = |[1,¢) N J|. Thus, formula (1) follows
directly from Lemma 5.4(a). Formula (2) follows similarly, where this time we fix J; = J
and Jy = {c}.

(b) These follow from (a) by symmetry. O
5.6. Lemma. Let U,V C {1,...,n} with |U| = |V].

(a) Let U = T UK, and let Jy,Jo CV such that |Ji| + |J2| = 2|I| + |K|. Then

Z (_q)f(I;K/)+€(K/;K//UI)[Il_lK/ | Jl][KH LT | JQ]

K=K'UK"
| K = [J1] =[]

_ { (=) T INP)TUINT R | N J)U [ V] ([N Ja| = |I))
0 (|10 Ja| > |I]).

(b) Let V.= J UL, and let Iy, I, C U such that |I;| + |Is| = 2|J| + |L|. Then

Z (_q)Z(J;L’)—FE(L’;L”I_IJ)[]1 | Jl_lL/][IQ | Jl_lLH]

L=r'uL"
|L | =[11]=]J]

_ { (—q) (WOEINRIHINER L N L | J)U | V] (LN D] =|J))
1o (I N I, > |J]).

Proof. By symmetry, we need only prove (a). Note that

[Jul + | Jo| = 2[1| + |K| = [I| + [U| = [T + [JL U Jo| = [T + [ 1| + |J2] = [J1 0 Jal,
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whence |J; N Jo| > |I]. Let (1) denote the left hand side of the formula to be established,
and (2) the first choice on the right hand side.

Expand each term (—¢)*E)[TUK’ | J;] using Lemma 5.4(b) and insert into (1). Thus,
(1) equals

(3) Y () RIOHESEID L K YK UT | o).

K=K'UK"
Ji=Jiug]

We next claim that the sum

(4) ST (m@)t RIS | gL | JY)[I2 | T2

U=I1UI>
Ji=J0J"

equals (3). For I; as in (4), we have |I| + |I1| = |J{| + |J]| = | /1], and so Lemma 5.4(b)
gives

(5) > (=) O | AL | I =0 (I Z K),

Ji=JluJy

because I N I; # & in this case. On the other hand, for fixed Jy, J{’ as in (4), we have

(6) Z (—q)" (1 | YN[z | o)
U=I1UI>
LCK

= > (=)' "HDIR | YK U T | ).
K=K'UK"
It follows from (5) and (6) that (4) = (3) as claimed, and thus (1) = (4).
For J;" asin (4), we have |J]'| = |K'| = |K|—|K"| = |U| - |K"UI| = |V|—|J2|. Hence,
Lemma 5.4(a) says that

{ () VERU V] (NS =2)

_ N\(I1;12) /" =
M Y. (9 [ | JY][L2 | J2) = (JI' N Jy # D).

szl |_|I2

Substituting (7) into (4), it follows that (1) is equal to the sum

(8) N () VEIOHGI L d( ),
Ji=JiuJy

where d(J{) = [U | V] if J{" and J; are disjoint, but d(J;") = 0 otherwise.

If |Jy N Jo| > |I], then since any |J{| = |I|, we see that J; NJo2 € Ji and so J'NJy # @.
Thus in this case all d(J;") =0, and so (1) = (8) = 0.

Finally, suppose that |J; N Jo| = |I]. Then the only time J;" and J5 can be disjoint is
when J| = J; N Jo, and therefore (1) = (8) = (2) in this case. O
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5.7. Lemma. Letr,c€ {l,....,n}andI,J C{l,...,n} with|I|=|J| > 1. Ifr > max(])
and ¢ > max(J), then

1] T Xre = ¢ XelI | J] = (1= ¢*)[TU{r} | JU{c}].

Proof. Since we may work in O, (Mp iy}, 5043 (K)), it suffices to consider the case that
r=c=nand [ =J={1,...,n—1}. Now [I | J] = A(nn) in the notation of [16, (4.3)].
Set Dy =[[uU{r}|JU{c}]=[1--n|1l---n].

The first two g-Laplace relations in [16, Corollary 4.4.4] yield

n n

(1) Y () "X An ) =) (~a)" I A(nj)Xu; = Dy
j=1 j=1
Solving for X,,,A(nn) and A(n n)Xm, we obtain
(2) XonA(nn) =Dy =Y (=)’ "X, A(n j)
j<n
(3) A(nn)X,, =Dy — Z )" A(nj) X
j<n

For any j, the third relation of [16, Lemma 5.1.2] implies that
(4) Xonj A(nj) = A(n j)Xn; + (1= ¢7%) Y _(—a)’ A1) X
I<j

Substituting (4) into (2) for all j < n, we obtain
XnnA(nn) =D, Z 7 "A(nj)Xn;

ji<n
- — (1= ) ) (¥ A X
( ) i<n l<j
_ D, Z[ fa-g) Y <—q>2j—l—"}A<nZ>Xm.
I<n I<j<n

The expression in square brackets can be simplified as follows:

(o) 4 (1) Z<—q>2j—l—"=<—q>l—“[l+<1—q—2> 3 <—q>2m}

(6) I<j<n

0<m<n—I
= (—q)" "2
Substituting (6) into (5) and replacing [ by j, we obtain
(7) Xnn =D, Z )"IT2 AN ) X,
j<n

Finally, combining (3) with (7), we conclude that
A(nn) X, — qQXnnA(n n)=(1- q2)Dq,
as desired. O
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