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ABSTRACT
This article discusses a general framework for smoothing parameter estimation formodels with regular like-
lihoods constructed in terms of unknown smooth functions of covariates. Gaussian random effects and
parametric terms may also be present. By construction the method is numerically stable and convergent,
and enables smoothing parameter uncertainty to be quantified. The latter enables us to fix a well known
problem with AIC for such models, thereby improving the range of model selection tools available. The
smooth functions are represented by reduced rank spline like smoothers, with associated quadratic penal-
ties measuring function smoothness. Model estimation is by penalized likelihood maximization, where
the smoothing parameters controlling the extent of penalization are estimated by Laplace approximate
marginal likelihood. Themethods cover, for example, generalized additive models for nonexponential fam-
ily responses (e.g., beta, ordered categorical, scaled t distribution, negative binomial and Tweedie distribu-
tions), generalized additive models for location scale and shape (e.g., two stage zero inflation models, and
Gaussian location-scale models), Cox proportional hazards models and multivariate additive models. The
framework reduces the implementation of new model classes to the coding of some standard derivatives
of the log-likelihood. Supplementary materials for this article are available online.

1. Introduction

This article is about smoothing parameter estimation andmodel
selection in statistical models with a smooth regular likelihood,
where the likelihood depends on smooth functions of covari-
ates and these smooth functions are the targets of inference.
Simple Gaussian random effects and parametric dependencies
may also be present.When the likelihood (or a quasi-likelihood)
decomposes into a sum of independent terms each contributed
by a response variable from a single parameter exponential
family distribution, then such a model is a generalized addi-
tive model (GAM, Hastie and Tibshirani 1986, 1990). GAMs
are widely used in practice (see, e.g., Ruppert, Wand, and Car-
roll 2003; Fahrmeir et al. 2013) with their popularity resting in
part on the availability of statistically well founded smoothing
parameter estimationmethods that are numerically efficient and
robust (Wood 2000, 2011) and perform the important task of
estimating how smooth the component functions of a model
should be.

The purpose of this article is to provide a general method
for smoothing parameter estimation when the model likeli-
hood does not have the convenient exponential family (or quasi-
likelihood) form. For the most part we have in mind regres-
sion models of some sort, but the proposed methods are not
limited to this setting. The simplest examples of the extension
are generalized additive models where the response distribution
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is not in the single parameter exponential family. For exam-
ple, when the response has a Tweedie, negative binomial, beta,
scaled t, or some sort of ordered categorical or zero inflated
distribution. Examples of models with a less GAM like likeli-
hood structure are Cox proportional hazard and Cox process
models, scale-location models, such as the GAMLSS class of
Rigby and Stasinopoulos (2005), andmultivariate additivemod-
els (e.g., Yee and Wild 1996). Smooth function estimation for
suchmodels is not new: what is new here is the general approach
to smoothing parameter estimation, and the wide variety of
smooth model components that it admits.

The proposed method broadly follows the strategy of Wood
(2011) that has proved successful for theGAMclass. The smooth
functions will be represented using reduced rank spline bases
with associated smoothing penalties that are quadratic in the
spline coefficients. There is now a substantial literature show-
ing that the reduced rank approach is well-founded, and the
basic issues are covered in an online Supplementary Appendix A
(henceforth online “SA A”). More importantly, from an applied
perspective, a wide range of spline and Gaussian process terms
can be included asmodel components by adopting this approach
(Figure 1). We propose to estimate smoothing parameters by
Newton optimization of a Laplace approximate marginal likeli-
hood criterion, with each Newton step requiring an inner New-
ton iteration to findmaximum penalized likelihood estimates of
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Figure . Examples of the rich variety of smooth model components that can be represented as reduced rank basis smoothers, with quadratic penalties and therefore can
routinely be incorporated as components of a GAM. This article developsmethods to allow their routine use in amuch wider class of models. (a) One dimensional smooths
such as cubic, P- and adaptive splines. (b) isotropic smooths of several variables, such as thin plate splines and Duchon splines. (c) Nonisotropic tensor product splines used
to model smooth interactions. (d) Gaussian Markov random fields for data on discrete geographies. (e) Finite area smoothers, such as soap film smoothers. (f ) Splines on
the sphere. Another important class are simple Gaussian random effects.

the model coefficients. Implicit differentiation is used to obtain
derivatives of the coefficients with respect to the smoothing
parameters. This basic strategy works well in the GAM setting,
but is substantially more complex when the simplifications of a
GLM type likelihood no longer apply.

Our aim is to provide a general method that is as numer-
ically efficient and robust as the GAM methods, such that (i)
implementation of a model class requires only the coding of
some standard derivatives of the log-likelihood for that class
and (ii) much of the inferential machinery for working with
such models can reuse GAM methods (e.g., interval estimation
or p-value computations). An important consequence of our
approach is that we are able to compute a simple correction to
the conditional AIC for the models considered, which corrects
for smoothing parameter estimation uncertainty and the con-
sequent deficiencies in a conventionally computed conditional
AIC (see Greven and Kneib 2010). This facilitates the part of
model selection distinct from smoothing parameter estimation.

The article is structured as follows. Section 2 introduces the
general modeling framework. Section 3 then covers smoothness
selection methods for this framework, with Section 3.1 devel-
oping a general method, Section 3.2 illustrating its use for the
special case of distributional regression, and Section 3.3 cover-
ing the simplified methods that can be used in the even more
restricted case of models with a similar structure to generalized
additive models. Section 4 then develops approximate distribu-
tional results accounting for smoothing parameter uncertainty
which are applied in Section 5 to propose a corrected AIC
suitable for the general model class. The remaining sections
present simulation results and examples, while extensive further
background, and details for particular models, are given in the
supplementary appendices (referred to as online “SA A,” “SA
B,” etc., below).

2. The General Framework

Consider a model for an n-vector of data, y, constructed in
terms of unknown parameters, θ, and some unknown functions,
g j, of covariates, x j. Suppose that the log-likelihood for this
model satisfies the Fisher regularity conditions, has four con-
tinuous derivatives, and can be written l(θ, g1, g2, . . . , gM ) =
log f (y|θ, g1, g2, . . . , gM ). In contrast to the usual GAM case,
the likelihood need not be based on a single parameter expo-
nential family distribution, and we do not assume that the log-
likelihood can be written in terms of a single additive linear pre-
dictor. Now let the g j(x j) be represented via basis expansions of
modest rank (k j),

g j(x) =
k j∑
i=1

β jib ji(x),

where the β ji are unknown coefficients and the b ji(x) are known
basis functions such as splines, usually chosen to have good
approximation theoretical properties. With each g j is associated
a smoothing penalty, which is quadratic in the basis coefficients
and measures the complexity of g j. Writing all the basis coeffi-
cients and θ in one p-vector β, then the jth smoothing penalty
can be written as βTS jβ, where S j is a matrix of known coeffi-
cients, but generally has only a small nonzero block. The esti-
mated model coefficients are then

β̂ = argmax
β

⎧⎨⎩l(β)− 1
2

M∑
j

λ jβ
TS jβ

⎫⎬⎭ (1)

given M smoothing parameters, λ j, controlling the extent of
penalization. A slight extension is that the smoothing penalties
may be such that several λiβTSiβ are associated with one g j, for
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example when g j is a nonisotropic function of several variables.
Note also that the framework can incorporate Gaussian random
effects, provided the corresponding precision matrices can be
written as

∑
λiβ

TSiβ (where the Si are known).
From a Bayesian viewpoint β̂ is a posterior mode for

β. The Bayesian approach views the smooth functions as
intrinsic Gaussian random fields with prior fλ given by
N(0, Sλ−) where Sλ− is a Moore–Penrose (or other suit-
able) pseudoinverse of

∑
j λ jS j. Then the posterior modes

are β̂ from (1), and in the large sample limit, assuming fixed
smoothing parameter vector, λ, we have β|y ∼ N(β̂, (I +
Sλ)−1), where I is the expected negative Hessian of the
log-likelihood (or its observed version) at β̂. An empirical
Bayesian approach is appealing here as it gives well calibrated
inference for the g j (Wahba 1983; Silverman 1985; Nychka 1988;
Marra andWood 2012) in a GAM context. Appropriate summa-
tions of the elements of diag{(I + Sλ)−1I} provide estimates of
the “effective degrees of freedom” of the wholemodel, or of indi-
vidual smooths.

Under this Bayesian view, smoothing parameters can be esti-
mated to maximize the log marginal likelihood

V r(λ) = log
∫

f (y|β) fλ(β)dβ, (2)

or a Laplace approximate version of this (e.g., Wood 2011). In
practice optimization is with respect to ρ where ρi = log λi.
Marginal likelihood estimation of smoothing parameters in a
Gaussian context goes back to Anderssen and Bloomfield (1974)
and Wahba (1985), while Shun and McCullagh (1995) showed
that Laplace approximation of more general likelihoods is the-
oretically well founded. That marginal likelihood is equivalent
to REML (in the sense of Laird and Ware 1982) supports its
use when the model contains Gaussian random effects. The-
oretical work by Reiss and Ogden (2009) also suggests prac-
tical advantages at finite sample sizes, in that marginal like-
lihood is less prone to multiple local minima than GCV (or
AIC). Supplementary Appendix B (SA B) also demonstrates
how Laplace approximate marginal likelihood (LAML) estima-
tion of smoothing parameters maintains statistical consistency
of reduced rank spline estimates. The use of Laplace approxi-
mation and demonstration of statistical consistency requires the
assumption that dim(β) = O(nα ) where α < 1/3.

3. Smoothness SelectionMethods

This section describes the general smoothness selection
method, and a simplified method for the special case in which
the likelihood is a simple sum of terms for each observation
of a univariate response, and there is a single GAM like linear
predictor.

The nonlinear dependencies implied by employing a gen-
eral smooth likelihood result in unwieldy expressions unless
some care is taken to establish a compact notation. In the
rest of this article, Greek subscripts denote partial differenti-
ation with respect to the given variable, while Roman super-
scripts are indices associated with the derivatives. Hence,Di j

βθ =
∂2D/∂βi∂θ j. Similarly Di j

βθ = ∂2D/∂βi∂θ j|β̂ . Roman subscripts
denote vector or array element indices. For matrices the first

Roman sub- or superscript denotes rows, the second columns.
Roman superscripts without a corresponding Greek subscript
are labels, for example β1 and β2 denote two separate vectors
β. For Hessian matrices only, Dβi

θ
j is element i, j of the inverse

of the matrix with elements Di
β

j
θ . If any Roman index appears

in two or more multiplied terms, but the index is absent on the
other side of the equation, then a summation over the product
of the corresponding terms is indicated (the usual Einstein sum-
mation convention being somewhat unwieldy in this context).
To aid readability, in this article summation indices will be high-
lighted in bold. For example, the equation ai jbikcil + d jkl = 0 is
equivalent to

∑
i ai jbikc

il + d jkl = 0. An indexed expression not
in an equation is treated like an equation with no indices on the
other side (so ai jb j is interpreted as

∑
j ai jb j).

3.1. General Model Estimation

Consider the general case in which the log-likelihood depends
on several smooth functions of predictor variables, each repre-
sented via a basis expansion and each with one or more associ-
ated penalties. The likelihood may also depend on some strictly
parametric model components. The log-likelihood is assumed
to satisfy the Fisher regularity conditions and in addition we
usually assume that it has 4 bounded continuous derivatives
with respect to the parameters (with respect to g j(x) for any rel-
evant fixed x in the case of a smooth, g j). Let the model coeffi-
cients be β (recalling that this includes the vector θ of paramet-
ric coefficients and nuisance parameters). The penalized log-
likelihood is then

L(β) = l(β)− 1
2
λ jβ

TS jβ,

and we assume that the model is well enough posed that this
has a positive definite maximum (at least after dealing with any
parameter redundancy issues that can be addressed by linear
constraint). Let β̂ be the maximizer of L and let H be the neg-
ative Hessian, with elements −Li

β̂

j
β̂
. The log LAML (see online

SA C) is

V(λ) = L(β̂)+ 1
2
log |Sλ|+ − 1

2
log |H| + Mp

2
log(2π),

where Sλ = λ jS j and |Sλ|+ is the product of the positive eigen-
values of Sλ. Mp is the number of zero eigenvalues of Sλ, when
all λ j are strictly positive. The basic strategy is to optimize V
with respect to ρ = log(λ) via Newton’s method. This requires
β̂ to be obtained for each trial ρ via an inner Newton iteration,
and derivatives of β̂ must be obtained by implicit differentia-
tion. The log determinant computations have the potential to be
computationally unstable, and reparameterization is needed to
deal with this. The full Newton method based on computation-
ally exact derivatives has the substantial practical advantage that
it can readily be detected when V is indefinite with respect to a
particular ρi, since then ∂V/∂ρi = ∂2V/∂ρ2i � 0. Such indef-
initeness occurs when a smoothing parameter, λi,→∞ or a
variance component tends to zero, both of which are perfectly
legitimate. Dropping a ρi fromNewton update when such indef-
initeness is detected ensures that it takes a value which can
be treated as “working infinity” without overflowing. Methods
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which use an approximate Hessian, or none, do not have this
advantage.

The proposed general method consists of outer and inner
iterations, as follows.

Outer algorithm for ρ

1. Obtain initial values for ρ = log(λ), to ensure that the
effective degrees of freedom of each smooth lies away
from its maximum or minimum possible values.

2. Find initial β̂ guesstimates (model specific).
3. Perform the initial reparameterizations required in

Section 3.1.1 to facilitate stable computation of log |Sλ|+.
4. Repeat the following standard Newton iteration until

convergence is detected at Step (c).
(a) Find β̂, V i

ρ and V i j
ρρ by the inner algorithm.

(b) Drop any V i
ρ , V i j

ρρ and V ji
ρρ for which V i

ρ � V ii
ρρ � 0.

Let I denote the indices of the retained terms.
(c) Test for convergence, that is, all V i

ρ � 0 and the Hes-
sian (elements−V ji

ρρ) is positive semidefinite.
(d) If necessary perturb the Hessian (elements−V ji

ρρ) to
make it positive definite (guaranteeing that theNew-
ton step will be a descent direction).

(e) Define �I as the subvector of � indexed by I, with
elements−Vρρi j V j

ρ , and set	 j = 0 ∀ j /∈ I.
(f) While V(ρ +�) < V(ρ) set �← �/2.
(g) Set ρ← ρ +�.

5. Reverse the Step 3 reparameterization.
The method for evaluating V and its gradient and Hessian

with respect to ρ is as follows, where Lβ̂k β̂j denotes the inverse of
Lk
β̂

j
β̂
.
Inner algorithm for β

1. Reparameterize to deal with any “type 3” penalty blocks
as described in Section 3.1.1 so that computation
of log |Sλ|+ is stable, and evaluate the derivatives of
log |Sλ|+.

2. Use Newton’smethod to find β̂, regularizing theHessian,
and applying step length control, to ensure convergence
even when the Hessian is indefinite and/or β̂ is not iden-
tifiable, as described in Section 3.1.2.

3. Test for identifiability of β̂ at convergence by examining
the rank of the H as described in Section 3.1.2. Drop
unidentifiable coefficients.

4. If coefficients were dropped, find the reduced β̂ by fur-
ther steps of Newton’s method (Section 3.1.2).

5. Compute dβ̂i/dρk = Lβ̂i β̂j λkSkjl β̂l and hence li
β̂

j
β̂

l
ρ =

li
β̂

j
β̂

k
β̂
dβ̂k/dρl (Section 3.1.3).

6. Compute d2β̂i/dρkdρl = Lβ̂i β̂j {(−l j plβ̂β̂ρ
+ λlSljp)dβ̂p/

dρk + λkSkjpdβ̂p/dρl} + δlkdβ̂i/dρk, (Section 3.1.3).

7. Compute Lβ̂β̂k j l
j k pv
β̂β̂ρρ

(model specific). (3.1.3)
8. The derivatives of V can now be computed according to

Section 3.1.4.
9. For each parameter dropped from β̂ during fitting,

zeroes must be inserted in β̂, ∂β̂/∂ρ j and the corre-
sponding rows and columns ofLβ̂k β̂j . The Step 1 reparam-
eterization is then reversed.

The following subsections fill in the method details, but note
that to implement a particular model in this class it is necessary
to be able to compute, l, liβ and liβ

j
β , given β, along with li j k

β̂β̂ρ

given dβ̂/dρk, andLβ̂β̂k j l
j k pv
β̂β̂ρρ

given d2β̂/dρkdρl . The last of these

is usually computable much more efficiently than if l j k pv
β̂β̂ρρ

was
computed explicitly.

... Derivatives and Stable Evaluation of log |Sλ|+
This section covers the details for outer Step 3 and inner Step 1.
Stable evaluation of the log determinant terms is the key to sta-
ble computation with the LAML. The online SA C explains the
issue. Wood (2011) proposed a solution which involves orthog-
onal transformation of the whole parameter vector β, but in the
general case the likelihood may depend on each smooth func-
tion separately and such a transformation is therefore untenable.
It is necessary to develop a reparameterization strategy which
does not combine coefficients from different smooths. This is
possible if we recognize that Sλ is block diagonal, with different
blocks relating to different smooths. For example, if S j denotes
the nonzero sub-block of S j,

Sλ =

⎛⎜⎜⎜⎜⎜⎜⎝

λ1S
1 . . . .

. λ2S
2 . . .

. . λ jS
j . .

. . . . .

. . . . .

⎞⎟⎟⎟⎟⎟⎟⎠ .

That is, there are some blockswith single smoothing parameters,
and otherswith amore complicated additive structure. There are
usually also some zero blocks on the diagonal. The block struc-
turemeans that the generalized determinant, its derivatives with
respect to ρk = log λk and thematrix square root of Sλ can all be
computed blockwise. So for the above example,

log |Sλ|+ = rank(S1) log(λ1)+ log |S1|+ + rank(S2) log(λ2)

+ log |S2|+ + log |λjSj|+ + · · ·
For any ρk relating to a single parameter block we have

∂ log |Sλ|+
∂ρk

= rank(Sk)

and zero second derivatives. For multi-λ blocks there will gen-
erally be first and second derivatives to compute. There are no
second derivatives “between-blocks.”

In general, there are three block types, each requiring differ-
ent preprocessing.

1. Single parameter diagonal blocks. A reparameterization
can be used so that all nonzero elements are one, and the
rank precomputed.

2. Single parameter dense blocks. An orthogonal reparam-
eterization, based on the eigenvectors of the symmetric
eigen-decomposition of the block, can be used to make
these blocks look like the previous type (by similarity
transform). Again the rank is computed.

3. Multi-λ blocks will require the reparameterization
method of Wood (2011) appendix B to be applied for
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each new ρ proposal, since the numerical problem that
the reparameterization avoids is ρ dependent (see online
SA C). Initially, before the smoothing parameter selec-
tion iteration, it is necessary to reparameterize to sep-
arate the parameters corresponding to the block into
penalized and unpenalized subvectors. This initial repa-
rameterization can be based on the eigenvectors of the
symmetric eigen decomposition of the “balanced” ver-
sion of the block penalty matrix,

∑
j S

j/‖S j‖F , where ‖ ·
‖F is the Frobenious norm. The balanced penalty is used
for maximal numerical stability, and is usable because
formally the spaces for the penalized and unpenalized
components do not change with the smoothing parame-
ters.

The reparameterizations from each block type are applied
to the model, usually to the model matrices X j of the individ-
ual smooth terms. The reparameterization information must be
stored so that we can return to the original parameterization at
the end.

After the one off initial reparameterization just described,
then step one of the inner algorithm requires only that the repa-
rameterization method of Wood (2011) Appendix B be applied
to the parameters corresponding to type 3 blocks, for each new
set of smoothing parameters.

... Newton Iteration for β̂
This section provides details for inner Steps 2–4. Newton itera-
tion for β̂ requires the gradient vector, G, with elements Li

β =
liβ − λkSki jβ j and negative Hessian matrix H with elements
−Li

β

j
β = −liβ j

β + λkSki j (we will also useH to denote theHessian
of the negative unpenalized log-likelihood with elements−liβ j

β).
In principleNewton iteration proceeds by repeatedly settingβ to
β +�, where� =H−1G. In practice, Newton’s method is only
guaranteed to converge to amaximumofL, provided (i) that the
Hessian is perturbed to be positive definite if it is not, guarantee-
ing that theNewton direction is an ascent direction, (ii) that step
reduction is used to ensure that the step taken actually increases
L and (iii) that the computation of the step is numerically stable
(see Nocedal and Wright 2006).

L may be indefinite away from a maximum, but even near
the maximum there are two basic impediments to stability and
positive definiteness. First, some elements of β may be uniden-
tifiable. This issue will be dealt with by dropping parameters at
convergence, as described shortly. The second issue is that some
smoothing parameters may legitimately become very large dur-
ing fitting, resulting in very largeλ jS j components, poor scaling,
poor conditioning and, hence, computational singularity. How-
ever, given the initial and Step 1 reparameterizations, such large
elements can be dealt with by diagonal preconditioning of H.
That is define diagonal matrix D such that Dii = |Hii|−1/2, and
preconditioned Hessian H′ = DHD. Then H−1 = DH′−1D,
with the right-hand side resulting inmuch better scaled compu-
tation. In the work reported here the pivoted Cholesky decom-
position of the perturbed Hessian RTR =H′ + εI is repeated
with increasing ε, starting from zero, until positive definite-
ness is obtained. The Newton step is then computed as � =
DR−1R−TDG. If the step toβ +� fails to increase the likelihood

then � is repeatedly halved until it does. Note that the pertur-
bation of the Hessian does not change the converged state of a
Newton algorithm (although varying the perturbation strength
can change the algorithm convergence rate).

At convergenceH can at worst be positive semi- definite, but
it is necessary to test for the possibility that some parameters
are unidentifiable. The test should not depend on the particu-
lar values of the smoothing parameters. This can be achieved
by constructing the balanced penalty S =∑

j S
j/‖S j‖F (‖ · ‖F

is the Frobenius norm, but another norm could equally well
be used), and then forming the pivoted Cholesky decomposi-
tion PTP = H/‖H‖F + S/‖S‖F . The rank of P can then be esti-
mated by making use of Cline et al. (1979). If this reveals rank
deficiency of order q then the coefficients corresponding to the
matrix rows and columns pivoted to the last q positions should
be dropped from the analysis. The balanced penalty is used
to avoid dropping parameters simply because some smoothing
parameters are very large. Given the nonlinear setting it is nec-
essary to repeat the Newton iteration to convergence with the
reduced parameter set, in order that the remaining parameters
adjust to the omission of those dropped.

... Implicit Differentiation
This section provides the details for inner Steps 5–7. We obtain
the derivatives of the identifiable elements of β̂ with respect to
ρ. All computations here are in the reduced parameter space,
if parameters were dropped. At the maximum penalized likeli-
hood estimate we have Li

β̂
= li

β̂
− λkSki jβ̂ j = 0 and differentiat-

ing with respect to ρk = log λk yields

Li
β̂

k
ρ = li

β̂

j
β̂

dβ̂ j

dρk
− λkSki jβ̂ j − λlSli j

dβ̂ j

dρk
= 0 and rearranging,

dβ̂i
dρk
= Lβ̂i β̂j λkSkjl β̂l,

given which we can compute li j l
β̂β̂ρ
= li j k

β̂β̂β̂
dβ̂k/dρl from the

model specification. −li j l
β̂β̂ρ
+ δlkλkSki j are the elements of

∂H/∂ρl , required in the next section (δlk is 1 for l = k and 0
otherwise). Then

d2β̂i
dρkdρl

= Lβ̂i β̂j
{(
−l j

β̂

p
β̂

l
ρ + λlSljp

) dβ̂p

dρk
+ λkSkjp

dβ̂p

dρl

}
+ δlk

dβ̂i
dρk

,

which enables computations involving ∂2H/∂ρk∂ρl , with ele-
ments−li j k l

β̂β̂ρρ
+ δlkλkSki j, and

li j k l
β̂β̂ρρ
= li j r t

β̂β̂β̂β̂

dβ̂r
dρk

dβ̂t
dρl
+ Li j r

β̂β̂β̂

d2β̂r
dρkdρl

.

As mentioned in Section 3.1, it will generally be inefficient to
form this last quantity explicitly, as it occurs only in the summa-
tions involved in computing the final trace in (3).
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... The Remaining Derivatives
Recalling that H is the matrix with elements −Li

β

j
β = −liβ j

β +
λkSki j, we require (inner Step 8)

∂V
∂ρk
= −λk

2
β̂
T
Skβ̂ + 1

2
∂ log |Sλ|+
∂ρk

− 1
2
∂ log |H|
∂ρk

and

∂2V
∂ρk∂ρl

= −δlk
λk

2
β̂
T
Skβ̂ − dβ̂

T

dρl
H dβ̂

dρk
+ 1

2
∂2 log |Sλ|+
∂ρk∂ρl

−1
2
∂2 log |H|
∂ρk∂ρl

,

where components involvingL j
β̂
are zero by definition of β̂. The

components not covered so far are

∂ log |H|
∂ρk

= tr
(
H−1 ∂H

∂ρk

)
and

∂2 log |H|
∂ρk∂ρl

= −tr
(
H−1 ∂H

∂ρk
H−1 ∂H

∂ρl

)
+ tr

(
H−1 ∂

2H
∂ρk∂ρl

)
.

(3)

The final term above is expensive if computed naively by explic-
itly computing each term ∂2H/∂ρk∂ρl , but this is unnecessary
and the computation of tr

(H−1∂2H/∂ρk∂ρl) can usually be
performed efficiently as the final part of the model specification,
keeping the total cost to O(Mnp2): see online SA G and Section
3.2 for illustrative examples.

The Cox (1972) proportional hazards model provides a
straightforward application of the general method, and the req-
uisite computations are set out in online SA G in a manner
that maintains O(Mnp2) computational cost. Another exam-
ple is the multivariate additive model, in which the means
of a multivariate Gaussian response are given by separate lin-
ear predictors, which may optionally share terms. This model
is covered in the online SA H and Section 8. Section 3.2
considers how another class of models falls into the general
framework.

3.2. A Special Case: GAMLSSModels

The GAMLSS (or “distributional regression”) models discussed
by Rigby and Stasinopoulos (2005) (and also Yee and Wild
1996; Klein et al. 2014, 2015) fall within the scope of the gen-
eral method. The idea is that we have independent univariate
response observations, yi, whose distributions depend on sev-
eral unknown parameters, each of which is determined by its
own linear predictor. The log-likelihood is a straightforward
sum of contributions from each yi (unlike the Coxmodels, e.g.),
and the special structure can be exploited so that implementa-
tion of newmodels in this class requires only the supply of some
derivatives of the log-likelihood terms with respect to the dis-
tribution parameters. Given the notational conventions estab-
lished previously, the expressions facilitating this are rather com-
pact (without such a notation they can easily become intractably
complex).

Let the log-likelihood for the ith observation be
l(yi, η1i , η2i , . . .) where the ηk = Xkβk are K linear predic-
tors. The Newton iteration for estimating β = (β1T,β2T, . . .)T

requires l j
β l = li

ηl
X l
i j and l j

β l
k
βm = li

ηl
i
ηmXl

i jX
m
ik , which are also

sufficient for first-order implicit differentiation.
LAML optimization also requires

l j
β̂ l
k
β̂m

p
ρ = l j

β̂ l
k
β̂m

r
β̂q

dβ̂q
r

dρp
= li

η̂l
i
η̂m

i
η̂qX

l
i jX

m
ik X

q
ir
dβ̂q

r

dρp

= li
η̂l
i
η̂m

i
η̂qX

l
i jX

m
ik
dη̂qi
dρp

.

Notice how this is just an inner product XTVX, where the diag-
onal matrix V is the sum over q of some diagonal matrices. At
this stage the second derivatives of β̂ with respect to ρ can be
computed, after which we require only

l j
β̂ l
k
β̂m

p
ρ

v
ρ = l j

β̂ l
k
β̂m

r
β̂q

t
β̂s

dβ̂q
r

dρp
dβ̂s

t

dρv

+ l j
β̂ l
k
β̂m

r
β̂q

d2β̂q
r

dρpdρv

= li
η̂l
i
η̂m

i
η̂q

i
η̂sX

l
i jX

m
ik
dη̂qi
dρp

dη̂si
dρv

+ li
η̂l
i
η̂m

i
η̂qX

l
i jX

m
ik

d2η̂qi
dρpdρv

.

So to implement a new family for GAMLSS estimation requires
mixed derivatives up to fourth order with respect to the param-
eters of the likelihood. In most cases what would be conve-
niently available is, for example, li

μ̂l
i
μ̂m

i
μ̂q

i
μ̂s rather than li

η̂l
i
η̂m

i
η̂q

i
η̂s
,

where μk is the kth parameter of the likelihood and is given by
hk(μk) = ηk, hk being a link function.

To get from the μ derivatives to the η derivatives, the rules
(A.1)–(A.4) from Appendix A are used. This is straightforward
for any derivative that is not mixed. For mixed derivatives con-
taining at least one first-order derivative the transformation rule
applying to the highest order derivative is applied first, followed
by the transformations for the first-order derivatives. This leaves
only the transformation of li

μ̂ j
i
μ̂ j

i
μ̂k

i
μ̂k as at all awkward, but we

have

li i i i
η̂ j η̂ j η̂kη̂k

= (li i i i
μ̂ jμ̂ jμ̂kμ̂k /h

j′2
i − li i i

μ̂ jμ̂kμ̂k h
j′′
i /h

j′3
i )/

hk′2i − (li i i
μ̂ jμ̂ jμ̂k /h

j′2
i − li i

μ̂ jμ̂k h
j′′
i /h

j′3
i )h

k′′
i /h

k′3
i .

The general method requires Lβ̂β̂k jl
j k p v

β̂β̂ ρ ρ
to be computed,

which would have O{M(M + 1)nP2/2} cost if the terms l j k p v

β̂ β̂ ρ ρ

were computed explicitly for this purpose (where P is the
dimension of combined β). However, this can be reduced to
O(nP2) using a trick most easily explained by switching to
a matrix representation. For simplicity of presentation assume
K = 2, and define matrix B to be the inverse of the penalized
Hessian, so that Bi j = Lβ̂i β̂j . Defining

v lm
i = li

η̂l
i
η̂m

i
η̂q

i
η̂s

dη̂qi
dρp

dη̂si
dρv

+ li
η̂l
i
η̂m

i
η̂q

d2η̂qi
dρpdρv

and

Vlm = diag(v lm
i ) we have
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Figure . A smooth Gaussian location scalemodel fit to themotorcycle data from Silverman (), using themethods developed in Section .. The left plot shows the raw
data as open circles and an adaptive p-spline smoother for themean overlaid. The right plot shows the simultaneous estimate of the standard deviation in the acceleration
measurements,with the absolute values of the residuals as circles. Dotted curves are approximate%confidence intervals. Theeffectivedegreesof freedomof the smooths
are . and . respectively.

Lβ̂β̂k j l j k p v

β̂β̂ ρ ρ
= tr

{
B

(
X1TV11X1 X1TV12X2

X2TV12X1 X2TV22X2

)}

= tr

⎧⎨⎩B

(
X1 0

0 X2

)T (
V11X1 V12X2

V12X1 V22X2

)⎫⎬⎭ . (4)
Hence, following the one off formation of B

(
X1 0
0 X2

)T
(which

need only have O(nP2) cost), each trace computation has
O(MnP ) cost (since tr(CTD) = Di jCi j).

See online SA I where a zero inflated Poissonmodel provides
an example of the details. Figure 2 shows estimates for themodel
acceli ∼ N( f1(ti), σ 2

i ) where log σi = f2(ti), f1 is an adap-
tive P-spline and f2 a cubic regression spline, while SA F.2 pro-
vides another application. Package mgcv also includes multino-
mial logistic regression implemented this way and further exam-
ples are under development. An interesting possibility with any
model which has multiple linear predictors is that one or more
of those predictors should depend on some of the same terms,
and online SA H shows how this can be handled.

3.3. AMore Special Case: Extended Generalized Additive
Models

For models with a single linear predictor, in which the
log-likelihood is a sum of contributions per yi, it is possible
to perform fitting by iterative weighted least squares, enabling
profitable reuse of some components of standard GAM fitting
methods, including the exploitation of very stable orthogonal
methods for solving least squares problems. Specifically, con-
sider observations yi, and let the corresponding log-likelihood
be of the form

l =
∑
i

li(yi, μi, θ, φ),

where the terms in the summation may also be written as li
for short, and μi is often E(yi), but may also be a latent vari-
able (as in the ordered categorical model of SA K). Given h,
a known link function, h(μi) = ηi where η = Xβ + o, X is a
model matrix, β is a parameter vector and o is an offset (often
simply 0). θ is a parameter vector, containing the extra param-
eters of the likelihood, such as the p parameter of a Tweedie
density (see online SA J), or the cut points of an ordered cat-
egorical model (see online SA K). Notice that in this case θ is

not treated as part of β, since θ can not always be estimated
by straightforward iterative regression. Instead θ will be esti-
mated alongside the smoothing parameters. φ is a scale param-
eter, often fixed at one. Let l̃i = maxμi li(yi, μi, θ, φ) denote the
saturated log-likelihood. Define the deviance corresponding to
yi as Di = 2(l̃i − li)φ, where φ is the scale parameter on which
Di does not depend. Working in terms of the deviance is conve-
nient in a regression setting, where deviance residuals are a pre-
ferred method for model checking and the proportion deviance
explained is a natural substitute for the r2 statistic as a measure
of goodness of fit (but see the final comment in online SA I).

In general the estimates of β will depend on some log
smoothing parameter ρ j = log λ j, and it is notationally expedi-
ent to consider these to be part of the vector θ, although it is to
be understood that l does not actually depend on these elements
of θ. Given θ, estimation ofβ is byminimization of the penalized
deviance D(β, θ) =∑

i Di(β, θ)+
∑

j λ jβ
TS jβ, with respect

to β. This can be achieved by penalized iteratively reweighted
least squares (PIRLS), which consists of iterative minimization
of

∑
i wi(zi − Xiβ)

2 +∑
j λ jβ

TS jβ, where the pseudodata and
weights are given by

zi = ηi − oi − 1
2wi

∂Di

∂ηi
, wi = 1

2
d2Di

dη2i
.

Note that if wi = 0 (or wi is too close to 0), the penalized least
squares estimate can be computed using onlywizi, which is then
well defined and finite when zi is not.

Estimation of θ, and possibly φ, is by LAML. Writing W as
the diagonal matrix of wi values, the log LAML is given by

V(θ, φ) = −D(β̂, θ)
2φ

+ l̃(θ, φ)− log |XTWX+ Sλ| − log |Sλ|+
2

+Mp

2
log(2πφ),

where W is evaluated at the β̂ implied by θ. To compute the
derivatives of V with respect to θ the derivatives of β̂ with
respect to θ are required. Note that V is a full Laplace approx-
imation, rather than the “approximate” Laplace approximation
used to justify PQL (Breslow and Clayton 1993), so that PQL’s
well known problems with binary and low count data are much
reduced. In particular: (i) most PQL implementations estimate
φ when fitting the working linear mixed model, even in the
binomial and Poisson cases, where it is fixed at 1. For binary
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and low count data this can give very poor results. (ii) PQL
uses the expected Hessian rather than the Hessian, and these
only coincide for the canonical link case. (iii) PQL is justified
by an assumption that the iterative fitting weights only vary
slowlywith the smoothing parameters, an assumption that is not
needed here.

The parameters θ and φ can be estimated by maximizing V
using Newton’s method, or a quasi-Newtonmethod. Notice that
V depends directly on the elements of θ viaD, l̃ and Sλ, but also
indirectly via the dependence of μ̂ and W on β̂ and hence on
θ. Hence, each trial θ, φ requires a PIRLS iteration to find the
corresponding β̂, followed by implicit differentiation to find the
derivatives of β̂ with respect to θ. Once these are obtained, the
chain rule can be applied to find the derivatives ofV with respect
to θ and φ.

As illustrated in SA C, there is scope for serious numerical
instability in the evaluation of the determinant terms in V , but
for this case we can reuse the stabilization strategy from Wood
(2011), namely for each trial θ and φ:

1. Use the orthogonal reparameterization fromAppendix B
ofWood (2011) to ensure that log |Sλ|+ can be computed
in a stable manner.

2. Estimate β̂ by PIRLS using the stable least squares
method for negatively weighted problems from Section
3.3 of Wood (2011), setting structurally unidentifiable
coefficients to zero.

3. Using implicit differentiation, obtain the derivatives of V
required for a Newton update.

Step 3 is substantially more complicated than in Wood
(2011), and is covered in Appendix A.

... Extended GAMNewModel Implementation
The general formulation above assumes that various standard
information is available for each distribution and link. What is
needed depends on whether quasi-Newton or full Newton is
used to find θ̂. Here is a summary of what is needed for each
distribution

1. For finding β̂. Di
μ, Di

μ
i
μ, h′, and h′′.

2. For ρ̂ via quasi-Newton. h′′′, Di
μ

j
θ , D

i
θ , D

i
μ
i
μ
i
μ, and Di

μ
i
μ

j
θ .

3. For ρ̂ via full Newton. h′′′′, Di
θ

j
θ , D

i
μ

j
θ
k
θ , D

i
μ
i
μ
i
μ
i
μ, Di

μ
i
μ
i
μ

j
θ ,

and Di
μ
i
μ

j
θ
k
θ .

In addition, first and second derivatives of l̃ with respect to
its arguments are needed. All of these quantities can be obtained
automatically using a computer algebra package. EDi

μ
i
μ is also

useful for further inference. If it is not readily computed then we
can substituteDi

μ
i
μ, but a complication of penalized modeling is

thatDi
μ
i
μ can fail to be positive definite at β̂. When this happens

EDi
μ
i
μ can be estimated as the nearest positive definite matrix to

Di
μ
i
μ.
We have implemented beta, negative binomial, scaled t mod-

els for heavy tailed data, simple zero inflated Poisson, ordered
categorical and Tweedie additive models in this way. The first
three were essentially automatic: the derivatives were computed
by a symbolic algebra package and coded from the results. Some
care is required in doing this, to avoid excessive cancellation
error, underflow or overflow in the computations. Overly naive

coding of derivatives can often lead to numerical problems: The
online SA I on the zero inflated Poisson provides an example
of the sort of issues that can be encountered. The ordered cate-
gorical and Tweedie models are slightly more complicated and
details are therefore provided in the online SA J andK (including
further examples of the need to avoid cancellation error).

4. Smoothing Parameter Uncertainty

Conventionally in a GAM context smoothing parameters have
been treated as fixed when computing interval estimates for
functions, or for other inferential tasks. In reality smooth-
ing parameters must be estimated, and the uncertainty asso-
ciated with this has generally been ignored except in fully
Bayesian simulation approaches. Kass and Steffey (1989) pro-
posed a simple first-order correction for this sort of uncertainty
in the context of iid Gaussian random effects in a one way
ANOVA type design. Some extra work is required to under-
stand how their method works when applied to smooths. It
turns out that the estimation methods described above pro-
vide the quantities required to correct for smoothing parameter
uncertainty.

Assume we have several smooth model components, let ρi =
log λi and Sλ =∑

j λ jS j. Writing β̂ρ for β̂, to emphasize the
dependence of β̂ on the smoothing parameters, we use the
Bayesian large sample approximation (see SB.4)

β|y, ρ ∼ N(β̂ρ,Vβ ) where Vβ = (Î + Sλ)−1 (5)

which is exact in the Gaussian case, along with the large sample
approximation

ρ|y ∼ N(ρ̂,Vρ ), (6)

where Vρ is the inverse of the Hessian of the negative log
marginal likelihood with respect to ρ. Since the approximation
(6) applies in the interior of the parameter space, it is necessary
to substitute a Moore-Penrose pseudoinverse of the Hessian if a
smoothing parameter is effectively infinite, or otherwise to reg-
ularize the inversion (which is equivalent to placing a Gaussian
prior on ρ). Conventionally (5) is usedwith ρ̂ plugged in and the
uncertainty in ρ neglected. To improve on this note that if (5)
and (6) are correct, while z ∼ N(0, I) and independently ρ∗ ∼
N(ρ̂,Vρ ), then β|y d= β̂ρ∗ + RT

ρ∗z where RT
ρ∗Rρ∗ = Vβ (andVβ

depends on ρ∗). This provides a way of simulating from β|y, but
it is computationally expensive as β̂ρ∗ andRρ∗ must be computed
afresh for each sample. (The conventional approximation would
simply set ρ∗ = ρ̂.) Alternatively consider a first-order Taylor
expansion

β|y d= β̂ρ̂ + J(ρ − ρ̂)+ RT
ρ̂z +

∑
k

∂RT
ρz

∂ρk

∣∣∣∣∣
ρ̂

(ρk − ρ̂k)+ r,

where r is a lower order remainder term and J = dβ̂/dρ|ρ̂.
Dropping r, the expectation of the right-hand side is β̂ρ̂ . Denot-
ing the elements of Rρ by Ri j, tedious but routine calculation
shows that the three remaining random terms are uncorrelated
with covariance matrix
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V′β = Vβ + V′ + V′′, where V′ = JVρJT and

V ′′jm =
p∑
i

M∑
l

M∑
k

∂Ri j

∂ρk
Vρ,kl

∂Rim

∂ρl
, (7)

which is computable at O(Mp3) cost (see online SA D). Drop-
ping V′′ we have the Kass and Steffey (1989) approximation
β|y ∼ N(β̂ρ̂ ,V∗β ) where V

∗
β = Vβ + JVρJT. (A first-order Tay-

lor expansion of β̂ about ρ yields a similar correction for the
frequentist covariance matrix of β̂: V∗

β̂
= (Î + Sλ)−1Î(Î +

Sλ)−1 + JVρJT, where Î is the negative Hessian of the log-
likelihood).

The online SA D shows that in a Demmler-Reinsch like
parameterization, for any penalized parameter βi with posterior
standard deviation σβi ,

dβ̂i/dρ j

d(RTz)i/dρ j
� β̂i

ziσβi
.

So the J(ρ − ρ̂) correction is dominant for components that are
strongly nonzero. This offers some justification for using the
Kass and Steffey (1989) approximation, but not in amodel selec-
tion context, where near zero model components are those of
most interest: hence, in what follows we will use (7) without
dropping V′′.

5. An Information Criterion for SmoothModel
Selection

When viewing smoothing from a Bayesian perspective, the
smooths have improper priors (or alternatively vague priors of
convenience) corresponding to the null space of the smoothing
penalties. This invalidates model selection via marginal likeli-
hood comparison. An alternative is a frequentist AIC (Akaike
1973), based on the conditional likelihood of the model coeffi-
cients, rather than the marginal likelihood. In the exponential
family GAM context, Hastie and Tibshirani (1990, §6.8.3) pro-
posed a widely used version of this conditional AIC in which
the effective degrees of freedom of the model, τ0, is used in
place of the number of model parameters (in the general set-
ting τ0 = tr{Vβ Î} is equivalent to the Hastie and Tibshirani
(1990) proposal). But Greven and Kneib (2010) showed that this
is overly likely to select complex models, especially when the
model contains random effects: the difficulty arises because τ0
neglects the fact that the smoothing parameters have been esti-
mated and are, therefore, uncertain (a marginal AIC based on
the frequentistmarginal likelihood, inwhich unpenalized effects
are not integrated out, is equally problematic, partly because of
underestimation of variance components and consequent bias
toward simple models). A heuristic alternative is to use τ1 =
tr(2ÎVβ − ÎVβ ÎVβ ) as the effective degrees of freedom,moti-
vated by considering the number of unpenalized parameters
required to optimally approximate a bias corrected version of
themodel, but the resultingAIC is too conservative (see, Section
6, e.g.). Greven and Kneib (2010) show how to exactly compute
an effective modified AIC for the Gaussian additive model case
based on defining the effective degrees of freedom as

∑
i ∂ ŷi/∂yi

(as proposed by Liang et al. 2008). Yu and Yau (2012) and Säfken

et al. (2014) considered extensions to generalized linear mixed
models. The novel contribution of this section is to use the
results of the previous section to avoid the problematic neglect of
smoothing parameter uncertainty in the conditional AIC com-
putation in a manner that is easily computed and applicable to
the general model class considered in this article.

The derivation of AIC (see, e.g., Davison 2003, sec. 4.7) with
the MLE replaced by the penalized MLE is identical up to the
point at which the AIC score is represented as

AIC = −2l(β̂)+ 2E
{
(β̂ − βd )

TId(β̂ − βd )
}

(8)

= −2l(β̂)+ 2tr
[
E{(β̂ − βd )(β̂ − βd )

T}Id

]
, (9)

where βd is the coefficient vector minimizing the KL diver-
gence and Id is the corresponding expected negative Hes-
sian of the log-likelihood. In an unpenalized setting E{(β̂ −
βd )(β̂ − βd )

T} is estimated as the observed inverse information
matrix Î−1 and τ ′ = tr{E(β̂ − βd )(β̂ − βd )

TId} is estimated
as tr(Î−1Î ) = k. Penalization means that the expected inverse
covariance matrix of β̂ is no longer well approximated by Î , and
there are then two ways of proceeding.

The first is to view β as a frequentist random effect, with
predicted values β̂. In that case the covariance matrix for the
predictions, β̂, corresponds to the posterior covariance matrix
obtained when taking the Bayesian view of the smoothing
process, so we have the conventional estimate τ = tr{Vβ Î} if
we neglect smoothing parameter uncertainty, or τ = tr(V′β Î )
accounting for it using (7).

The frequentist random effects formulation is not a com-
pletely natural way to view smooths, since we do not usually
expect the smooth components of a model to be resampled
from the prior with each replication of the data. However in the
smoothing context Vβ has the interpretation of being the fre-
quentist covariance matrix for β̂ plus an estimate of the prior
expectation of the squared smoothing bias (matrix), which offers
some justification for using the same τ estimate as in the strict
random effects case. To see this consider the decomposition

E{(β̂ − βd )(β̂ − βd )
T} = E{(β̂ − Eβ̂)(β̂ − Eβ̂)T} +�β�

T
β,

where �β is the smoothing bias in β̂. The first term on the
right-hand side, above, can be replaced by the standard frequen-
tist estimate V

β̂
= (Î + Sλ)−1Î(Î + Sλ)−1. Now expand the

penalized log-likelihood around βd :

lp(β′) � l(βd )+
∂ l
∂βT (β

′ − βd )−
1
2
(β′ − βd )

TId(β
′ − βd )

−1
2
β′TSλβ′.

Differentiating with respect to β′ and equating to zero we obtain
the approximation

β̂ � (Id + Sλ)−1
(
Idβd +

∂ l
∂β

∣∣∣∣
βd

)
.
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Edl/dβ|βd = 0 by definition of βd , so taking expectations of
both sides we have E(β̂) � (Id + Sλ)−1Idβd . Hence estimat-
ing Id by Î we have �̃β � {(Î + Sλ)−1Î − I}βd . Considering
the expected value of �̃β�̃

T
β according to the prior mean and

variance assumptions of the model, we have the following.

Lemma 1. Let the setup be as above and let Eπ denote expecta-
tion assuming the prior mean and covariance for β. Treating Î
as fixed, then V

β̂
+ Eπ (�̃β�̃

T
β ) = Vβ.

For proof see online SA D. This offers some justification
for again using τ = tr{Vβ Î}, or τ = tr(V′β Î ) accounting for ρ

uncertainty. So both the frequentist random effects perspective
and the prior expected smoothing bias approach result in

AIC = −2l(β̂)+ 2tr(ÎV′β ). (10)

This is the conventional Hastie and Tibshirani (1990) con-
ditional AIC with an additive correction 2tr{Î(V′ + V′′)},
accounting for smoothing parameter uncertainty. The correc-
tion is readily computed for any model considered here, pro-
vided only that the derivatives of β̂ and Vβ can be computed:
the methods of Section 3 provide these. Section 6 provides an
illustration of the efficacy of (10).

6. Simulation Results

The improvement resulting from using the corrected AIC of
Section 5 can be illustrated by simulation. Simulationswere con-
ducted for additive models with true expected values given by
η = f0(x0)+ f1(x1)+ f2(x2)+ f3(x3), where the f j are shown
in the online SA E, and the x covariates are all independent
U (0, 1) deviates. Two model comparisons were considered. In
the first a 40 level Gaussian random effect was added to η,
with the random effect standard deviation being varied from

0 (no effect) to 1. AIC was then used to select between mod-
els with or without the random effect included, but where all
smooth terms were modeled using penalized regression splines.
In the second case models with and without f0 were com-
pared, with the true model being based on c f0 in place of f0,
where the effect strength c was varied from 0 (no effect) to
1. Model selection was based on (i) conventional conditional
generalized AIC using τ0 from Section 5, (ii) the corrected
AIC of Section 5, (iii) a version of AIC in which the degrees
of freedom penalty is based on τ1 from Section 5, (iv) AIC
based on the marginal likelihood with the number of param-
eters given by the number of smoothing parameters and vari-
ance components plus the number of unpenalized coefficients
in the model, and (v) The Greven and Kneib (2010) corrected
AIC for the Gaussian response case. The marginal likelihood
in case (iv) is a version in which unpenalized coefficients are
not integrated out (to avoid the usual problems with fixed
effect differences and REML, or improper priors and marginal
likelihood).

Results are shown in the top row of Figure 3 for a sample
size of 500 with Gaussian sampling error and standard devi-
ation of 2. For the random effect comparison, conventional
conditional AIC is heavily biased toward the more complex
model, selecting it on over 70% of occasions. The ML based
AIC is too conservative for an AIC criterion with 3.5% selec-
tion of the larger model when it is not correct, as against the
roughly 16% one might expect from AIC comparison of models
differing in 1 parameter. The known underestimation of vari-
ance components estimated by this sort of marginal likelihood
is partly to blame. The AIC based on τ1 from Section 5 also
lacks power, performing even less well than the ML based ver-
sion. By contrast, the new corrected AIC performs well, and
in this example is a slight improvement on Greven and Kneib
(2010). For the smooth comparison the different calculations
differ much less, although the alternatives are slightly less biased

Figure . Simulation based illustration of the problems with previous AIC type model selection criteria and the relatively good performance of the Section  version. In all
panels: (i) the solid curves are for conventional conditional AIC, (ii) the dotted curves are for the Section  version, (iii) the middle length dashed curves are for AIC based
on the heuristic upper bound degrees of freedom, (iv) the dashed dot curves are for the marginal likelihood based AIC and (v) the long dashed curves are for the Greven
and Kneib () corrected AIC (top row only). (a) Observed probability of selecting the larger model as the effect strength of the differing term is increased from zero, for
a  level random effect and Gaussian likelihood. (b) whole model effective degrees of freedom used in the alternative conditional AIC scores for the left hand panel as
effect size increases. (c) Same as (a), but where the term differing between the twomodels was a smooth curve. (d) As (a) but for a Bernoulli likelihood. (e) As (a) for a beta
likelihood. (f ) As (a) for a Cox proportional hazards partial likelihood.
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Figure . Results of simulation comparison with gamlss (beta, nb, scat, zip) and BayesX (ocat) packages for one dimensional P-spline models. The two plots at lower
right show comparisons of log10 computing times for the case with the smallest time advantage for the new method — Beta regression. The remaining panels show
boxplots of replicate by replicate difference in MSE/Brier’s score each standardized by the averageMSE or Brier’s score for the particular simulation comparison. Each panel
shows three box plots, one for each noise to signal level. Positive values indicate that the newmethod is doing better than the alternative. Boxplots are shaded grey when
the difference is significant at the % level (all three for nb correlated should be gray). In all cases where the difference is significant at % the new method is better than
the alternative, except for the zero inflated Poisson with uncorrelated data, where the alternative method is better at all noise levels.

toward the more complex model than the conventional con-
ditional generalized AIC, with the corrected Section 5 version
showing the smallest bias. The lower row of Figure 3 shows
equivalent power plots for the same Gaussian random effect
and linear predictor η, but with Bernoulli, beta and Cox pro-
portional hazard (partial) likelihoods (the first two using logit
links).

The purpose of this article is to develop methods to allow the
rich variety of smoothers illustrated in Figure 1 to be used in
models beyond the exponential family, a task for which general
methods were not previously available. However, for the special
case of univariate P-splines (Eilers andMarx 1996;Marx andEil-
ers 1998) some comparison with existing methods is possible,
in particular using R package gamlss (Rigby and Stasinopou-
los 2005, 2014) and the BayesX package (Fahrmeir and Lang
2001; Fahrmeir, Kneib, and Lang 2004; Brezger and Lang 2006;
Umlauf et al. 2015; Belitz et al. 2015, www.bayesx.org). For
this special case both packages implement models using essen-
tially the same penalized likelihoods used by the new method,
but they optimize localized marginal likelihood scores within
the penalized likelihood optimization algorithm to estimate the
smoothing parameters.

The comparison was performed using data simulated from
models with the linear predictor given above (but without any
random effect terms). Comparison of the new method with
GAMLSS was only possible for negative binomial, beta, scaled
t and simple zero inflated Poisson families, and with BayesX was
only possible for the ordered categorical model (BayesX has a
negative binomial family, but it is currently insufficiently stable
for a sensible comparison to be made). Simulations with both

uncorrelated and correlated covariates were considered. Three
hundred replicates of the sample size 400were produced for each
considered family at three levels of noise (see SA E for further
details). Models were estimated using the correct link and addi-
tive structure, and using P-splines with basis dimensions of 10,
10, 15, and 8whichwere chosen to avoid any possibility of forced
oversmoothing, while keeping down computational time.

Model performance for the negative binomial (nb), beta,
scaled t (scat), and zero inflated Poisson (zip) families was com-
pared via MSE, n−1

∑n
i=1

{
η̂(xi)− ηt (xi)

}2
, on the additive

predictor scale. The Brier score, 1
n
∑n

i=1
∑R

j=1(pi j − p̂i j)2, was
used to measure the performance for the ordered categorical
(ocat) family, whereR is a number of categories, pi j are true cate-
gory probabilities and p̂i j their estimated values. In addition, the
computational performance (CPU time) of the alternativemeth-
ods was recorded. Figure 4 summarizes the results. In general,
the newmethod provides a small improvement in statistical per-
formance, which is slightly larger when covariates are correlated.
The correlated covariate setting is the one inwhich local approx-
imate smoothness selection methods would be expected to per-
form less well, relative to “whole model” criteria. In terms of
speed and reliability the new method is an improvement, espe-
cially for correlated covariates, which tend to lead to reduced
numerical stability, leading the alternative methods to fail in up
to 4% of cases.

7. Example: Predicting Prostate Cancer

This section and the next provide example applications of the
new methods, while the online SA F provides further examples

http://www.bayesx.org


JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION 1559

Figure . Three representative protein mass spectra (centered and normalized) from serum taken from patients with apparently healthy prostate, enlarged prostate, and
prostate cancer. It would be useful to be able to predict disease status from the spectra. The red and blue spectra have been shifted upward by  and  units, respectively.

in survival analysis and animal distribution modeling. Figure 5
shows representative protein mass spectra from serum taken
from patients with a healthy prostate, relatively benign prostate
enlargement and prostate cancer (see Adam et al. 2002). To
avoid the need for intrusive biopsy there is substantial interest
in developing noninvasive screening tests to distinguish can-
cer, healthy and more benign conditions. One possible model
is an ordered categorical signal regression in which the mean of
a logistically distributed latent variable z is given by

μi = α +
∫

f (D)νi(D)dD,

where f (D) is an unknown smooth function of mass D (in
Daltons) and νi(D) is the ith spectrum. The probability of the
patient lying in category 1, 2, or 3 corresponding to “healthy,”
“benign enlargement” and “cancer” is then given by the prob-
ability of zi lying in the range (−∞,−1], (−1, θ] or (θ,∞),
respectively (see online SA K).

Given the methods developed in this article, estimation of
this model is routine, as is the exploration of whether an adap-
tive smooth should be used for f , given the irregularity of the
spectra. Figure 6 shows some results of model fitting. The esti-
mated f (D) is based on a rank 100 thin plate regression spline.
Its effective degrees of freedom is 29. An adaptive smooth gives
almost identical results. The right panel shows a QQ-plot of
ordered deviance residuals against simulated theoretical quan-
tiles (Augustin, Sauleau, andWood 2012). There is modest devi-
ation in the lower tail. The middle panel shows boxplots of
the probability of cancer according to the model for the three
observed categories. Cancer and healthy are quite well sepa-
rated, but cancer and benign enlargement less so. For cases
with cancer, the model gave cancer a higher probability than
normal prostate in 92% of cases, and a higher probability that
either other category in 83% of cases. For healthy patients the

model gave the normal category higher probability than can-
cer in 85% of cases and the highest probability in 77% of cases.
These results are somewhat worse than those reported by Adam
et al. (2002) for a relatively complex machine learning method
which involved first preprocessing the spectra to identify peaks
believed to be discriminating. On the other hand the signal
regression model here would allow the straightforward inclu-
sion of further covariates, and does automatically supply uncer-
tainty estimates.

8. Multivariate Additive Modeling of Fuel Efficiency

Figure 7 shows part of a dataset on the fuel efficiency of 207 U.S.
car models, along with their characteristics (Bache and Lich-
man 2013). Two efficiency measures were taken: miles per gal-
lon (MPG) in city driving, and the same for highway driving.
One possible model might be a bivariate additive model, as
detailed in the online SA H, where the two mpg measurements
are modeled as bivariate Gaussian, with means given by sepa-
rate linear predictors for the two components. A priori, it might
be expected that city efficiency would be highly influenced by
weight and highway efficiency by air resistance and, hence, by
frontal area or some other combination of height and width of
the car.

The linear predictors for the two components were based on
the additive fixed effects of factors “fuel type” (petrol or diesel),
“style” of car (hatchback, sedan, etc.) and “drive” (all-, front-
or rear-wheel). In addition i.i.d. Gaussian random effects of the
22 car manufacturers were included, as well as smooth additive
effects of car weight and horsepower. Additive and tensor prod-
uct smooths of height and width were tried as well as a smooth
of the product of height and width, but there was no evidence
to justify their inclusion-term selection penalties (Marra and

Figure . Results from the ordered categorical prostate model fit. (a) The estimated coefficient function f (D) with % confidence interval. (b) Boxplots of the model
probability of cancer, for the  observed states (, healthy, , enlarged and , cancer). (c) QQ-plot of ordered deviance residuals against simulated theoretical quantiles,
indicating some mismatch in the lower tail.
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Figure . Part of a dataset from the USA on fuel efficiency of cars.

Wood 2011) remove them, p-values indicate they are not sig-
nificant and AIC suggests that they are better dropped.

The possibility of smooth interactions between weight and
horsepower were also considered, using smooth main effects
plus smooth interaction formulations of the form f1(h)+
f2(w)+ f3(h,w). The smooth interaction term f3 can read-
ily be constructed in a way that excludes the main effects of w
and h, by constructing its basis using the usual tensor product
construction (e.g., Wood 2006), but based on marginal bases
into which the constraints

∑
i f1(hi) = 0 and

∑
i f2(wi) =

0 have already been absorbed by linear reparameterization.
The marginal smoothing penalties and, hence, the induced
tensor product smoothing penalties are unaffected by the
marginal constraint absorption. This construction is the obvious

generalization of the construction of parametric interactions in
linearmodels, and is simpler than the various schemes proposed
in the literature.

The interactions again appear to add nothing useful to the
model fit, and we end up with a model in which the impor-
tant smooth effects are horse power (hp) and weight, while the
important fixed effects are fuel type and drive, with diesel giv-
ing lower fuel consumption than petrol and all wheel drive giv-
ing higher consumption than the two-wheel drives. These effects
were important for both city and highway, whereas the random
effect of manufacturer was only important for the city. Figure 8
shows the smooth and random effects for the city and highway
linear predictors. Notice the surprising similarity between the
effects although the city smooth effects are generally slightly less

Figure . Fitted smooth and random effects for final car fuel efficiency model. Panels (a)–(c) relate to the city fuel consumption, while (d)–(f ) are for the highway. (c) and
(f ) are normal QQ-plots of the predicted random effects for manufacturer, which in the case of highway MPG are effectively zero.
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pronounced than those for the highway. The overall r2 for the
model is 85% but with the city and highway error MPG stan-
dard deviation estimated as 1.9 and 2.3 MPG respectively. The
estimated correlation coefficient is 0.88.

9. Discussion

This article has outlined a practical framework for smooth
regression modeling with reduced rank smoothers, for like-
lihoods beyond the exponential family. The methods build
seamlessly on the existing framework for generalized additive
modeling, so that practical application of any of the models
implemented as part of this work is immediately accessible to
anyone familiar with GAMs via penalized regression splines.
The key novel components contributed here are (i) general,
reliable and efficient smoothing parameter estimation meth-
ods based on maximized Laplace approximate marginal likeli-
hood, (ii) a corrected AIC and distributional results incorporat-
ing smoothing parameter uncertainty to aidmodel selection and
further inference, and (iii) demonstration of the framework’s
practical utility by provision of the details for some practically
important models. The proposed methods should be widely
applicable in situations in which effects are really smooth, and
themethods scale well with the number of smoothmodel terms.
In situations in which some component functions are high rank
random fields, then the INLA approach of Rue, Martino, and
Chopin (2009) will be much more efficient; however, there are
trade-offs between efficiency and stability in this case, since piv-
oting, used by our method to preserve stability, has instead to be
employed to preserve sparsity in the INLA method (see online
SA K).

The methods are implemented in R package mgcv from ver-
sion 1.8 (see online SA M).

Appendix A: Implicit Differentiation in the Extended
Gam Case

Let Dβ̂
i
β̂
j denote elements of the inverse of the Hessian matrix

(XTWX+ Sλ) with elementsDi
β̂

j
β̂
, and note that β̂ is the solution of

Di
β̂
= 0. Finding the total derivative with respect to θ of both sides

of this we have

Di
β̂

k
β̂

dβ̂k
dθ j
+Di j

β̂θ
= 0, implying that

dβ̂k
dθ j
= −Dβ̂

k
β̂

i Di j
β̂θ

Differentiating once more yields

d2β̂i
dθ jdθk

= −Dβ̂
i
β̂

l

(
Dl
β̂

p
β̂

q
β̂

dβ̂q
dθ j

dβ̂p

dθk
+Dl

β̂

p
β̂ θ

j dβ̂p

dθk

+Dl
β̂

p k
β̂ θ

dβ̂p

dθ j
+Dl j k

β̂ θ θ

)
.

The required partials are obtained from those generically avail-
able for the distribution and link used and by differentiation of the
penalty. Generically we can obtain derivatives of Di w.r.t μi and θ.

The preceding expressions hold whether θ j is a parameter of the
likelihood or a log smoothing parameter. Suppose� denotes the set

of log smoothing parameters, then

Di
β

j
θ =

{
2 exp(θ j)S

j
ikβk θ j ∈ �

Di
β

j
θ otherwise,

where S j here denotes the penalty matrix associated with θ j .
Similarly

Dl
β

p
β

j
θ =

{
2 exp(θ j)S

j
lp θ j ∈ �

Dl
β

p
β

j
θ otherwise

while

Dl
β

j
θ
k
θ =

⎧⎪⎪⎨⎪⎪⎩
2 exp(θ j)S

j
lmβm j = k; θ j, θk ∈ �

Dl
β

j
θ
k
θ θ j, θk �∈ �

0 otherwise.

Derivatives with respect to η are obtained by standard
transformations

Di
η = Di

μ/h
′
i, (A.1)

where h′i = h′(μi) and more primes indicate higher derivatives.
Furthermore,

Di
η
i
η = Di

μ
i
μ/h
′2
i − Di

μh
′′
i /h
′3
i , (A.2)

where the expectation of the second term on the right-hand side is
zero at the true parameter values.

Also Di
η
i
η
i
η = Di

μ
i
μ
i
μ/h

′3
i − 3Di

μ
i
μh
′′
i /h
′4
i

+Di
μ

(
3h′′2i /h

′5
i − h′′′i /h

′4
i

)
, and (A.3)

Di
η
i
η
i
η
i
η = Di

μ
i
μ
i
μ
i
μ/h

′4
i − 6Di

μ
i
μ
i
μh
′′
i /h
′5
i + Di

μ
i
μ(15h

′′2
i /h

′6
i

− 4h′′′/h′5i )− Di
μ(15h

′′3
i /h

′7
i − 10h′′i h

′′′
i /h

′6
i + h′′′′i /h

′5
i ).

(A.4)

Mixed partial derivatives with respect to η/μ and θ transform in the
same way, the formula to use depending on the number of η sub-
scripts. The rules relating the derivativesw.r.t η to thosewith respect
to β are much easier: Di

β = Dk
ηXki, Di

β

j
β = Dkk

ηηXkiXk j, Di
β

j
β
k
β =

Dl
η
l
η
l
ηXliXl jXlk. Again mixed partials follow the rule appropriate

for the number of β subscripts present. It is usually more efficient
to compute using the definitions, rather than forming the arrays
explicitly.

The ingredients so far are sufficient to compute β̂ and its deriva-
tives with respect to θ. We now need to consider the derivatives of
V with respect to θ. Considering D first, the components relating
to the penalties are straightforward. The deviance components are
then

dD
dθi
= D j

η̂

dη̂ j

dθi
+ Di

θ̂
and

d2D
dθidθ j

= Dkk
η̂η̂

dη̂k
dθi

dη̂k
dθ j
+ Dk

η̂

d2η̂k
dθidθ j

+Dk j
η̂ θ

dη̂k
dθi
+ Dk i

η̂ θ

dη̂k
dθ j
+ Di j

θ θ ,

where the derivatives of η̂ are simply X multiplied by the deriva-
tives of β̂. The partials of l̃ are distribution specific. The derivatives
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of the determinant terms are obtainable using Wood (2011) once
derivatives of wi with respect to θ have been obtained. These are

dwi

dθ j
= 1

2
Di
η̂
i
η̂
i
η̂

dη̂i
dθ j
+ 1

2
Di i j
η η̂ θ

,

d2wi

dθ jdθk
= 1

2
Di
η̂
i
η̂
i
η̂
i
η̂

dη̂i
dθ j

dη̂i
dθk
+ 1

2
Di
η̂
i
η̂
i
η̂

d2η̂i
dθ jdθk

+ 1
2
Di
η̂
i
η̂
i
η̂
k
θ

dη̂i
dθ j

+1
2
Di i i j
η̂ η̂ η̂ θ

dη̂i
dθk
+ 1

2
Di i j k
η̂ η̂ θ θ

.

SupplementaryMaterials

The online supplementary materials contain additional appendices for the
article.
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1. Introduction

It probably does not come as a surprise that I enjoyed read-
ing the article under discussion with its developments for flex-
ible regression modeling beyond the standard class of general-
ized additivemodels with responses originating from the simple
exponential family. My research interests always had a strong
overlap with the ones of Simon and his group, albeit with a
stronger focus on Bayesian formulations. In the current article,
SimonWood, Natalya Pya, and Benjamin Säfken develop stable
and versatile statistical methodology for what they call “general
smooth models” and what we call “structured additive distri-
butional regression models” (Klein et al. 2015b, 2015a). While
there are certain subtle differences in the model structures sup-
ported by the one or the other approach, both share the same
idea that relies on the following model structure:

� As a distributional assumption for the response, general
types of distributions not necessarily from the simple expo-
nential family are permitted. The only requirement is that
the densities are smooth enough in the parameters to allow
for the evaluation of a certain number of derivatives.

� In contrast to mean regression where a regression predic-
tor is assumed for the (transformed) expectation of the
response, a regression predictor is supplemented to poten-
tially all parameters of the response distribution.

� The predictor is additively decomposed into a number of
nonlinear components.

� These components are expanded in suitable basis func-
tions and are associated with quadratic penalties/Gaussian

CONTACT Thomas Kneib tkneib@uni-goettingen.de Department of Statistics and Econometrics, Georg-August-Universität Göttingen, Göttingen , Germany.

priors to enforce specific properties such as smoothness or
shrinkage.

The main contributions of the current article are (from my
perspective)

� The detailed development of a stable and general inferen-
tial scheme that allows us to estimate a variety of distribu-
tional regression specifications with predictors of consid-
erable complexity.

� The proposition of a novel Akaike information criterion
(AIC) for general smooth models that takes uncertainty in
the selection of smoothing parameters into account.

� The development of several results on the asymptotic
behavior of penalized cubic splines.

2. Multivariate RegressionModels

Although multivariate regression models are included in the
article by Wood, Pya and Säfken, I would like to further
emphasize the value of combining distributional regression
ideas with multivariate response structures. Wood, Pya and
Säfken followed the idea of seemingly unrelated regression
(SUR, Smith and Kohn 2000; Lang et al. 2003) by assuming
a multivariate normal specification for the responses with a
fixed correlation structure. While this has the advantage of
allowing for a basically arbitrary number of response compo-
nents, it has the disadvantage that both the variances and (more
importantly) the dependence parameters are not allowed to be
modified by covariate values. The main difficulty in doing the
latter is to obtain an interpretable and simple parameterization
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of the covariance matrix that allows us to provide link func-
tions between the parameters of the covariance matrix and the
regression predictors.

For bivariate responses, making the correlation covariate-
dependent is straightforward since the only restrictions to take
into account are the nonnegativity of the variances and the
restriction of the correlation coefficient to the interval [−1, 1],
which can for example be dealt with using the exponential
and Fisher’s z-transformation (Klein et al. 2015a). For the truly
multivariate case, things are getting more difficult since pos-
itive definiteness of the covariance matrix has to be ensured.
The most promising avenue for achieving this seems to be
the log-Cholesky parameterization of the precision matrix that
also links to interpretation via the conditional independence
encoded by zero elements in the precision matrix (Pourahmadi
2011). Still it is a special challenge to provide simple interpreta-
tional parameterizations of dependence in themultivariate case.

More flexibility in the dependence structure can be gained
by considering copula specifications (Joe 1997; Nelson 2006).
For bivariate responses, there is a multitude of copulas to pick
from,which, for example, enable lower or upper tail dependence
or other deviations from linear correlation (Smith and Khaled
2012; Radice, Marra, and Wojtys 2016; Klein and Kneib 2016)
but again it seems challenging to go beyond the bivariate case
(see Joe 2014, for some suggestions in this direction using vine
copulas).

3. Akaike Information Criterion

Constructing an appropriate AIC for additive models has been a
challenge due to the necessity of incorporating uncertainty con-
cerning the selection of smoothing parameters. This has been
notoriously difficult in particular for cases, where the smoothing
parameter is large, that is, the complexmodel is close to reducing
to a simple alternative defined by the null space of the penalty
matrix. This situation contradicts standard asymptotic consid-
erations where parameters have to be bounded away from the
boundaries of their parameter space. Unfortunately, this situa-
tion is also the most interesting case for model selection since
one would then be interested in whether the model can safely be
simplified or not.

It is therefore extremely valuable that the article byWood, Pya
and Säfken provides a solution to this issue. I would guess that
the AIC developed in the article is actually also applicable in var-
ious types of mixed models with complex hierarchical structure
but would be interested in hearing the opinion of the authors on
this issue and whether there may be any difficulties due to the
more complex structure of the resulting covariance matrix. In
addition, I was wondering whether the AIC is indeed invariant
under reparameterization of the smoothing parameters, that is,
would we obtain the same results when considering, for exam-
ple, the inverses of the smoothing parameters?

4. Frequentist vs. Bayes

Wood, Pya, and Säfken provided a comparison with Bayesian
estimates derived from the implementation in BayesX (www.
bayesx.org, Belitz et al. 2015) and found their implementation

to be much more stable and competitive in terms of estima-
tion results. Numerical (in)stability is indeed still a drawback
of the current BayesX implementation that sometimes strongly
depends on the scaling of the responses and the size of effects.
Still, I would like to add some additional,more theoretical points
to the comparison between the methods developed by Wood,
Pya, and Säfken and their Bayesian counterparts:

� While the Bayesian estimates require only the existence of
second derivatives of the log-likelihood with respect to the
predictors, the proposed methodology uses up to fourth
derivatives and also cross-derivatives. This certainly con-
tributes to the numerical stability but also is computation-
ally more demanding both in terms of implementation
when setting up a new model and when actually perform-
ing estimation for a given dataset.

� While certain asymptotic results can probably be safely
assumed for the regression coefficients of a general smooth
model, transferring these results to quantities derived from
the model seems much more challenging. For example, in
Klein et al. (2015b), we derive the Gini inequality index
from an estimated Dagum distribution for incomes in
Germany. In this case, it is straightforward to perform
a Bayesian assessment of uncertainty for the Gini index
based on the samples provided by Markov chain Monte
Carlo simulations, while it seems rather challenging to
derive corresponding frequentist results. Since it is often
the case that the function estimates themselves are not easy
to interpret in general smooth models, such uncertainty
assessments are of huge applied relevance.

� In general, I would be interested in getting to know the
opinion of Wood, Pya and Säfken about how to best inter-
pret the results achieved with a general smooth model
where a covariate enters the regression specification for
multiple parameters of the response distribution.
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The authors are congratulated for this significant and detailed
contribution, which extends the exceedingly popular GAM
technique to higher realms of generality and functionality. It
is interesting to see how GAMs have developed over the last
two decades or so. Not surprisingly, as authors have become
more ambitious, the level of sophistication has escalated and this
article is no exception. For a given model, the article conveys
the substantial amount of work needed to implement automatic
smoothing parameter selection based on LAML—these involve
fourth-order derivatives, unremitting attention to the numeri-
cal analysis of computations, and careful programming—so that
the code runs robustly and efficiently on real data. Inference
and asymptotic properties are also considered here, as well as a
framework that allows a rich variety of smoothing based on low-
rank penalized splines. It is unfortunate that the vast majority of
researchers in the statistical sciences are still content with pen
and paper (or word processor), and do not offer the “full service”
of developing new methodology from beginning to end, which
includes a user-friendly software implementation that people
can use straightaway.

Early work starting in the mid-1980s led by Hastie and Tib-
shirani developed GAMs based on backfitting, and were largely
confined to the exponential family. Smoothing parameter selec-
tion was difficult for this. Over the last 1 1

2 decades, the first
author has led the charge of automating smoothing parame-
ter selection (and dispensing of backfitting), resulting in sev-
eral methods such as UBRE/GCV optimization in conjunction
with PIRLS, ML- and REML-based methods, and now refined
LAML-based methods. However, these works were also largely
confined to the exponential family, bar the present article. In my
own work, I have, in the large part, had the strong conviction
of breaking out of the shackles of the exponential family from
the outset, and the handling of multiple linear predictors. Doing
so really does open one up to a lot more of the statistical uni-
verse. Current work with C. Somchit and C.Wild on developing
automatic smoothing parameter selection for the vector general-
ized additivemodel (VGAM) class, which is very general, is very

CONTACT Thomas W. Yee t.yee@auckland.ac.nz Department of Statistics, University of Auckland, Auckland , New Zealand.

briefly described in Section 1.1 and a working implementation
should hopefully appear within the next 12 months. This means
that we have attempted to reach one of the goals of the present
article (hereafter referred to as “WPS”), albeit, approaching from
a different direction.

The comments below are shared between the article and
some selected supplementary appendices.

1. General Comments

The authors have done a valiant job developing LAML estima-
tion for general settings and implementing several important
regression models. Some computational tricks and inferential
by-products have been found along the way. With the possibil-
ity to handle multiple additive predictors η j now, is it possible
to constrain some of these linearly? For example, in the case of
two of them, can one fit η1 = a+ bη2, where a and b are esti-
mated too? There are several reasons for pursuing this idea. This
is a special case of a reduced-rank regression, where the overall
regression coefficients are subject to a rank restriction. There are
several benefits, such as a lower computational cost, increased
parsimony of parameters, interpretation in terms of latent vari-
ables, and low-dimensional views in the case of a rank-2 model.
Some particularly useful regressionmodels arise as special cases,
such as a negative binomial regression with variance function
μ+ δ1μδ2 (known as the NB-P model in the count literature).
In the case of the multinomial logit model, when the number
of classes and number of explanatory variables is even moder-
ate then the number of regression coefficients becomes sizeable,
hence some form of dimension reduction becomes warranted.
Such a model was called the stereotype model by Anderson
(1984). Additionally, it would be very useful if η j = f j(ν) were
developed for regular models, where ν = cTx is an optimal lin-
ear combination of the explanatory variables. For this, the expo-
nential family case is referred to as a single-index model and it
is a special case of a generalized additive index model (GAIM;
Chen and Samworth 2016). Some of these ideas are described in
Yee (2015).
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Section 6 raises the issue of cost–benefit when some sim-
ulation results show that occasionally the new method gives
only a small improvement in statistical performance relative to
some less complicated methods. I have found that some pru-
dence is required when deciding whether a certain complex
procedure is worth implementing, especially when it involves a
large expenditure of effort. There is a parallel to be seen from
the 1980s and 1990s when smoothing was a very active field
and yet it is probably safe to say that only a very small frac-
tion of this work is seen to be used nowadays. My opinion is
that mgcv would have a greater impact per unit effort if more
families were added rather than developing further techniques
for automatic smoothing parameter selection. An exception to
this would be techniques that are surprisingly simple, such as the
Fellner–Schallmethod (Wood and Fasiolo 2016) [personal com-
munication] which only requires the first two derivatives. This
promising method needs full development.

The example of Section 7 is known as the proportional odds
model, or cumulative logit model, where there are parallelism
constraints applied to the η j ’s for each explanatory variable bar
the intercept. It is a special case of a nonparallel cumulative logit
model whereby η j = α j + βT

j x. Would an unwarranted paral-
lelism assumption explain the less than perfect behavior in the
lower tail of Figure 6? Alternatively, it might be remedied by
choosing a link function with a heavier tail or allowing asym-
metry, such as a cauchit or complementary log–log link.

In the fuel efficiency example of Section 8, one might wish
the smooths to be monotonic unless it is strongly believed that
some interaction exists—this applies specifically for Figure 8(e).
Would monotonic P-splines be more suitable? And how easy
would it be to constrain the smooths of Figures 8(a) and (d) to
be equal so that their difference is some constant? In Section 1.1,
we analyze these data using some new methodology.

For a general additive model, is it possible to have smoothing
parameters from, for example, f4(x4) and f6(x6) constrained to
be equal? An application of this might be to smooth two vari-
ables whose support are equal.

1.1. VGAMSwith P-splines

Although WPS convey automatic additive smoothing to poten-
tially a very large class of models, a simpler alternative for most
models described in theAppendix is to consider themwithin the
VGAM framework and use Wood (2004). Here are some sketch
details, which makes use of the notation of Yee (2015). For the
VGAM class with constraint matricesHk,

ηi = H1 β∗(1) +
d∑

k=2
Hk f ∗k(xik), (1)

where f ∗k(xk) = ( f ∗(1)k(xk), . . . , f ∗(Rk )k(xk))
T is a Rk-vector of

smooth functions of xk to be estimated. Each vector of com-
ponent functions in (1) generates several columns of the model
matrix since they are linear combinations of B-spline basis func-
tions, therefore,

ηi = H1 β∗(1) +
d∑

k=2
Hk X∗[ik] β

∗
[k] (2)

for some submatrix X∗[ik]. Equation (2) can be further bolstered
by allowing terms of the formHk(. . . , f ∗( j)k(xik j) . . .) in ηi, that
is, η j-specific values of a covariate (known as the xi j orxij facil-
ity), but details are not given here.We aremaximizing the penal-
ized log-likelihood

�(β∗) =
n∑

i=1
�i{η1(xi), . . . , ηM(xi)} − J(λ)

for a suitably regular model, where the penalty term is

J(λ)=
d∑

k=2
β∗T[k]

{
P∗k ⊗ diag(λ(1)k, . . . , λ(Rk )k)

}
β∗[k]=β∗T P∗ β∗

with P∗k = D∗Tk D∗k , and Dk is the matrix representation of the
δth-order differencing operator	δ applied to the B-spline coef-
ficients since the knots for xk are equidistant.

For a response y, the computations are performed by aug-
menting y, the large model matrix XVAM comprising blocks of
X∗[ik] and the weight matricesW = diag(W1, . . . ,Wn):

y′ =
(
y
0ϕ

)
, XPVAM =

(
XVAM
X̃

)
, W′ = diag(W, Iϕ ),

(3)

for some dimension ϕ and where P∗ = X̃T X̃ with X̃ =(
O, diag

(
D∗2 ⊗ diag(λ1/2

(1)2, . . . , λ
1/2
(R2)2), . . . ,D

∗
d

⊗ diag(λ1/2
(1)d, . . . , λ

1/2
(Rd )d

)
))
. (4)

For general responses, the above can be embedded within
a PIRLS algorithm that uses working responses and working
weight matrices, and then the GCV/UBRE is minimized. This
could be performed by performance-oriented iteration or by
outer iteration, as described by Wood (2006). The advantage of
the above approach overWPS is its relative simplicity and fewer
requirements such as only needing second-order derivatives.

Applying an implementation of this in the VGAMR package
to the fuel efficiency data gives Figure 1. The family function
binormal(zero = NULL) was used, which specifies η1 =
μ1, η2 = μ2, η3 = log σ11, η4 = log σ22, η5 = log{(1+ ρ)/(1−
ρ)}, so that the covariances can be modelled with covariates
(weight andhp here). There is substantial agreement between
the fitted means and Figures 8(a), (b), (d), and (e), but with the
functions decreasing monotonically here as expected. However,
the plots (c)–(e), (h)–(j) suggest that the intercept-only assump-
tion of the covariances made byWPS is in doubt; the fitted com-
ponent functions appear nonlinear and, for example, the vari-
ability decreases with increasing hp.

In Figure 1, it would be straightforward using VGAM to con-
strain plots (a), (b) to differ by a constant (known or unknown),
and similarly for plots (f), (g), for example,

H1 = I5, H2 = H3 =
⎛⎝ 1 0
1 0
0 I3

⎞⎠
in the unknown case.
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Figure . Fitted bivariate normal regression applied to the fuel efficiency data.

2. On Some Appendices

2.1. On TweedieModels (Appendix J)

Some series expansions could be exploited, for example,
for large y the digamma function ψ(y) = log y− 1/(2y)−∑∞

k=1 B2k/(2ky2k) ∼ log y− (2y)−1 − (12y2)−1, where Bk is
the kth Bernoulli number. Then ∂ logWj/∂ p involves the differ-
ence between two terms which canmake use of this series. Like-
wise for the j2 ψ ′(− jα) term involving the trigamma function.

2.2. OnOrdered Categorical Models (Appendix K)

While only the logit link is currently implemented for an under-
lying logistic distribution, there is an argument link tak-
ing on the value ”identity,” which is potentially con-
fusing for the user. Ideally the chain rule could be applied
more generally so that a variety of link functions could
be catered for. Being based on the multinomial distribu-
tion, the ordered categorical model should share some of the
computational particulars that the multinomial distribution
has.

A nonparallel cumulative link model would be worthwhile
but quite challenging to implement, and exacerbated by possi-
ble intersecting η j(xi) that results in out-of-range probabilities.
Although the J contraction over xk technique would be used
much to handle the parallel case, it probably would be rather
inefficient when the number of levels of the response becomes
even moderate.

2.3. On Software Implementation (AppendixM)

The first author’s mgcv R package is the most advanced state-
of-the-art software for GAMs and the author must be com-
mended for writing and enhancing this over many years. WPS
have made a very good start by identifying a few of the most
strategic models and implementing those first, such as the Cox
model and zero-altered Poisson distribution. As an author of
another large GAM-like R package, I can identify with the mgcv

developers on the never-ending task of extending andmaintain-
ing the software. This explains why there are currently some
limitations in a few family functions (which should hopefully
be addressed in due course), for example, the negative binomial
has an index parameter (called theta in the software) that is
restricted to intercept-only and/or required to have a known
value. Another example is the multivariate normal whose ele-
ments of the variance–covariance matrix are also intercept-only
(Section 1.1). Section 3.3 mentions offsets for η j, however mgcv
currently seems unable to handle these when there are multiple
linear predictors.

At the risk of being branded as an irritant, here are some sug-
gestions that may be useful.

1. Prediction involving nested data-dependent terms fails,
for example, s(scale(x)). Here, a limitation of safe
prediction is exposed and one solution is smart predic-
tion (Yee, 2015, Sections 8.2.5, 18.6).

2. The ability for family functions to handle multiple
responses can be useful, for example,gam(cbind(y1,
y2) ∼ s(x2), family = poisson, pdata).
However, this would entail a considerable amount of
work to convert other functions to handle this feature.

3. For multinom() and ocat() objects, the fitted()
methods function returns the same result as pre-
dict(). The fitted probabilities for each class are a
more natural type of fitted value.

4. Much attention is given to preserving numerical stability.
There are instances where the use of expm1() is prefer-
able, as is for log1p() too.

5. A specific distribution worth investigating in terms of
robustness for handling singularities is the skew nor-
mal (Azzalini 1985) where for Y = λ1 + λ2 Z, with
0 < λ2 and Z ∼ SN(λ) (whose density is f (z; λ) =
2φ(z)�(λz) for real z and λ), the expected information
matrix as a function of (λ1, λ2, λ) is singular as λ→ 0
even though all three parameters remain identifiable.

6. A final question or two: using the syntax of
gam(list(y1 ∼ s(x), y2 ∼ s(v), y3 ∼
1, 1+3 ∼ s(z)-1), family=mvn(d=3))



1568 S. GREVEN AND F. SCHEIPL

how might one constraint the intercepts of η1 and η2 to
be equal? Likewise, how might one constraint the inter-
cepts of η1 to be twice the value of the intercept of η2?
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1. Introduction

In their article “Smoothing Parameter and Model Selection for
General Smooth Models,” Wood, Pya, and Säfken make a sig-
nificant and impressive contribution to the development of gen-
eral smoothmodels and specifically to estimation, inference and
model selection for these models. Given the popularity of the R
package mgcv (Wood 2011) to date, the newly developedmeth-
ods and their implementation in mgcv are likely to shape the
routine use of smooth models—for more general model classes
than were previously available—in the future.

The developed framework is very flexible and can be used
even beyond the models covered in the article. For example, by
shifting the functional structure to an appropriate smooth addi-
tive predictor (Scheipl, Staicu, and Greven 2015), we have used
methods for smooth models (Wood 2011) to develop flexible
functional additive mixed models for functional data. The new
extensions in the discussed article then allowed us to extend this
approach to “generalized” functional data (Greven and Scheipl
2016; Scheipl, Gertheiss, and Greven 2016), where the obser-
vations can be thought of as coming from some non-Gaussian
process with underlying smoothness assumption and for exam-
ple negative binomial, t- or Beta marginal distributions. It is
a large advantage for researchers and users of flexible regres-
sion models that the mgcv package provides such a highly per-
formant, innovative and well-documented implementation of
state-of-the-art methodology.

While many aspects in the article are worthy of attention,
we focus on smoothing parameter uncertainty and applaud the

CONTACT Sonja Greven sonja.greven@stat.uni-muenchen.de Department of Statistics, Ludwig-Maximilians-Universität München,  Munich, Germany.
Color versions of one or more of the figures in the article can be found online atwww.tandfonline.com/r/JASA.

authors’ effort to develop methods taking it into account for sta-
tistical inference. As covariances and confidence intervals for
the regression coefficients are motivated from a Bayesian view-
point, we initially focus on the implicit prior assumptions and
their effects on the posteriors (Section 2) before coming back
to the effects of smoothing parameter uncertainty on coefficient
uncertainty in Section 3.

To facilitate discussion and intuition, we use a running exam-
ple of a nonparametric regression model

yi = m(xi)+ εi, εi i.i.d.N (0, σ 2), i = 1, . . . , n. (1)

In simulations, we take xi to be equidistant in [0, 1] and the
truem(xi) = d exp(2xi) for some d. Letm(·) be parameterized
using a penalized spline basis expansion such that the coefficient
vector β projected into the penalty null-space corresponds to a
straight line for m(·), while the projection into the span of the
penalty matrix captures deviations from linearity. This exam-
ple has only one log-smoothing parameter ρ1 ≡ ρ controlling
smoothness of m(·), with ρ →∞ leading to a linear estimate
form(·) and ρ →−∞ yielding an unpenalized least squares fit.

2. Prior Assumptions and Posteriors

The authors motivate their approach for smoothing parame-
ter uncertainty and model selection using a Bayesian viewpoint.
We thus think it informative to take a look at the implicit prior
assumptions of the approach and their effects on the posteriors.

Results in the article are with respect to ρ, where each entry
is a log-smoothing parameter ρ j = log(λ j). We can view the
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Figure . The LAML criterion exp(V(ρ)) (in black), as a function of ρ for four settings with increasing ρ̂ (vertical lines, as returned by mgcv). In the right panel, the LAML
is maximized for ρ →∞. Red dashed lines indicate the normal posterior density for ρ as given by () in the article, scaled to have the same maximum value and using ρ̂
andV

ρ
as returned by mgcv as mean and variance, respectively.

penalized log-likelihood in equation (1) of the article as the
joint or the PQL-approximate log-likelihood (Ruppert, Wand,
and Carroll 2003, pp. 204–216) of a mixed model with (usu-
ally improper) normal prior density f (β|ρ) ∝ exp(− 1

2β
�Sλβ)

and β̂ (as maximizer of (1)) as posterior mode maximizing
f (β|y, ρ) ∝ f (y|β) f (β|ρ) for a given ρ. If there is only one
penalty associated with each subvector β j of β, that is, different
blocks are nonzero for different S j, λ j in Sλ =∑

j λ jS j corre-
sponds to the inverse of a variance parameter τ 2j associated with
the random effectβ j and controlling deviations of g j(·) from the
null space of the penalty. Estimated model coefficients β̂ con-
verge to estimates in the null space of the penalty matrix S j if
ρ j →∞ and thus λ j →∞ or τ 2j → 0.

Note that in a parameterization with respect to τ 2j , a func-
tion g j(·) can be estimated to lie exactly in the null space of the
penalty (e.g., an exactly linear function in our running exam-
ple) when τ̂ 2j = 0 is on the boundary of the parameter space
[0,∞) for τ 2j . This case corresponds to ρ̂ j →∞ in the ρ j ∈
(0,∞) parameterization, which can never be exactly estimated,
although the differences in β̂ to a very large ρ̂ j (very small τ̂ 2j )
are negligible. Considering the alternative τ 2j parameterization
also makes explicit that there is a boundary issue for τ 2j = 0
or ρ j →∞ that is well-known to cause nonstandard asymp-
totic behavior, for example, when testing whether g j(·) lies in
the null-space of the penalty (Crainiceanu and Ruppert 2004;
Greven and Crainiceanu 2013).

For estimation, the Laplace approximation (LAML) of the log
marginal likelihood criterion (2)

log
∫

f (y|β) f (β|ρ)dβ = log f (y|ρ)

is maximized with respect to ρ. This can be seen as approxi-
mately maximizing the posterior density

f (ρ|y) ∝ f (y|ρ) f (ρ) ∝ f (y|ρ)
under independent improper uniform priors U (−∞,∞) for
each ρ j, f (ρ) ∝ 1. This prior corresponds to an improper prior
on (0,∞) for either λ j or τ 2j with density proportional to 1/λ j ,
respectively, 1/τ 2j and can lead to an improper posterior f (ρ|y)
(Gelman 2006). Note that the posterior under proper U[a j, b j]
priors has the same mode ρ̂ as for improper U (−∞,∞) priors
as long as ρ̂ j ∈ [a j, b j] for all j. However, if the marginal likeli-
hood is monotonically increasing in ρ j, U[a j, b j] priors yield b j
as the posterior mode for ρ j and not infinity.

Since the posterior distribution of ρ with U[a j, b j] priors,
a j, b j ∈ [−∞,∞], has density

f (ρ|y) ∝ f (y|ρ)I(a j ≤ ρ j ≤ b j ∀ j)
= exp(Vr(ρ))I(a j ≤ ρ j ≤ b j ∀ j), (2)

where the marginal likelihood exp(Vr(ρ)) is defined as a func-
tion of ρ analogous to equation (2) of the article, it is informative
to look at the shape of the Laplace approximation exp(V(ρ)).
Figure 1 shows exp(V(ρ)) as a function of ρ for four simula-
tions from model (1) with n = 200, d = 0.1, and σ = 0.5, esti-
mating a smooth function for m(·) using the gam defaults in
mgcv with method = ”REML”. From left to right, estimates
ρ̂ are increasing. In the rightmost panel, the LAML ismaximized
for ρ →∞. For comparison, the normal posterior densities for
ρ as given by (6) in the article, using ρ̂ and V ρ as returned by
mgcv as mean and variance, are scaled to have the same maxi-
mum values and are overlaid in red. We can see that in all cases
1) the nondiminishing mass for ρ →∞ leads to an improper
posterior that cannot be normalized, even though this is hardly
visible in the leftmost panel with smallest ρ̂. In particular, the
LAML stays practically constant for increasing ρ after a certain
point that roughly results in a linear fit form(·). 2) The normal
approximation of equation (6) is reasonable locally near ρ̂ in the
three leftmost panels, but does not hold for ρ →∞ or for the
strongly regularized function estimate in the rightmost panel.

For the conditional posterior of β|y, ρ, we know that it
is asymptotically Gaussian N (̂βρ,V β (ρ)) for each given ρ,
cf. equation (5) of the discussed article, where we have made the
dependence ofV β on ρ explicit in our notation. The asymptotic
marginal posterior of β|y thus is generated similarly to a scale
mixture of multivariate normal distributions with density

f (β|y) =
∫

f (β|y, ρ) f (ρ|y)dρ, (3)

where f (β|y, ρ) is theN (̂βρ,V β (ρ)) density and the approxi-
mate shape of f (ρ|y) is shown in Figure 1.

To look at the marginal posterior of β, we use the jagam
function (Wood 2016) in mgcv, which allows to extract model
specifications of a generalized additive model (GAM) and to fit
the model using full Bayesian inference via MCMC in JAGS
(Plummer 2016). We simulate again from running example
(1) with n = 100 and σ = 1. The prior for the log-smoothing
parameter ρ is set to ρ ∼ U[−12, 12], since only proper priors
are possible here, but estimates ρ̂ are always smaller than 12.
Figure 2 shows a strongly nonlinear fit for d = 2 (top), and an
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Figure . The marginal posterior densities of β|y from jagam, separately for each component of β (nine small panels, in black), with normal distributions fitted to the
posterior sample overlaid in dashedblack, and theGaussian approximationbasedon the smoothingparameter uncertainty corrected covarianceV ′

β
frommgcv in dashed-

dotted red for the estimate shown in the large panel (Bayesian estimate and credible intervals in dashed black, estimate and confidence interval from mgcv in dashed-
dotted red, true function in grey, data as dots). Shown are two simulations from running example () with strong nonlinearity d = 2 (top) and small nonlinearity d = 0.1
(bottom). Vertical axis cropped in some panels for clarity.

almost linear fit for d = 0.1 (bottom). Note that the two esti-
mates (left panels) from mgcv and jagam are not identical,
as mgcv uses the posterior mode of f (β|y, ρ) at the poste-
rior mode ρ̂ of f (ρ|y), while jagam uses the posterior mean
of f (β|y). Confidence/credible bands and the posterior densi-
ties (right panels) are however based on the marginal posterior
f (β|y) for both, with differences due to the normal approxima-
tion of the marginal posterior in mgcv. We can see that the pos-
terior f (β|y) is close to normal in the strongly nonlinear setting,
where ρ̂ is relatively small. For the almost linear estimate, how-
ever, where ρ̂ is large, most coefficients show a spiky posterior
with most mass close to zero and heavier tails than a Gaussian,
while one coefficient exhibits a bimodal distribution. Here, the
normal approximation is not very close and the resulting confi-
dence band (bottom left) of mgcv is noticeably narrower than
the credible band from jagam.

3. Smoothing Parameter Uncertainty

Consider now the posterior covariance of β, which is used for
confidence band construction and in the conditional AIC. The
usual uncorrected covarianceV β = V β (ρ) is based on the con-
ditional posterior f (β|y, ρ) with ρ̂ plugged in. The authors
propose a corrected covariance V ′β to account for smoothing

parameter uncertainty, based on approximating the marginal
posterior f (β|y) using a linear Taylor expansion.

Equation (6) of the article postulates an asymptotic poste-
rior distribution ρ|y ∼ N (̂ρ,V ρ ) in the interior of the param-
eter space, whereV ρ is the inverse of the Hessian of the negative
log marginal likelihood −Vr with respect to ρ. The boundary
case corresponds to ρ̂ j →∞, with ρ̂ j values treated as “work-
ing infinity” during estimation when ∂V/∂ρ j ≈ ∂2V/∂ρ2j ≈ 0.
In this case, the authors propose to substitute a Moore–Penrose
pseudoinverse of theHessian. Consequences aremost easily dis-
cussed for the case of a scalar ρ. When ρ̂ →∞, the Hessian
of the negative log marginal likelihood is −∂2Vr/∂ρ

2|ρ=ρ̂ ≈
−∂2V/∂ρ2|ρ=ρ̂ → 0. The Moore-Penrose pseudoinverse of 0 is
again 0, that is,V ρ → 0. Thus, the posterior for ρ collapses to a
point mass at ρ̂ ≈ ∞ (corresponding to a point mass at τ 2 ≈ 0).
In this case, J and ∂

∂ρ
Rρ also converge to 0, formula (7) gives

V ′β → V β and the corrected and uncorrected covariances coin-
cide. This is also practically confirmed in simulations for our
running example: When the estimated effective degrees of free-
dom approach 2, the differences in the two estimated covariance
matrices approach zero.

Thus, smoothing parameter uncertainty is not accounted for
near the boundary of the parameter space, where coverage is
most of an issue (Marra andWood 2012). For very large smooth-
ing parameters, confidence bands are effectively based on the
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Figure . Average coverage across [0, 1] for nominal level (1− α) = 0.95 in running example () with (n, σ ) = (50, 0.2) (left) and (200, 0.5) (right). Coverages based
onV

β
andV ′

β
(circles) are denoted by uncorrected and corrected, respectively. The prior supports for the total covariance (triangles) andmixture approximation (crosses)

methods are given in the legend.

submodel defined by the penalty nullspace. For example, in our
running example, if m(·) is estimated to be linear, confidence
bands are computed based on the linear submodel, ignoring
the possibility of truly nonlinear functions. Confidence bands
are too narrow and linear in this case. This leads to undercov-
erage for functions m(·) that are not linear, but close enough
that there is a relevant probability of estimating a linear m̂(·),
see Figure 3. For strongly nonlinear functions, linear estimates
rarely occur and do not noticeably change coverage. For truly
linear functions, computing confidence bands based on a linear
submodel also does not lead to undercoverage. Thus, while cov-
erage is not affected in most cases, for functions that are only
slightly nonlinear relative to the noise level, there is a noticeable
dip in coverage (“phase transition” between nonlinear and linear
models).

Since the linear Taylor approximation does not work well on
the boundary of the parameter space for ρ̂ j →∞, we sketch two
possible alternatives. To work with a normal approximation for
the marginal posterior of β that incorporates uncertainty in ρ,
we can use the law of total covariance

cov(β|y) = Eρ|y[cov(β|y, ρ)]+ covρ|y[E(β|y, ρ)]
= Eρ|y[V β (ρ)]+ Eρ|y [̂βρ β̂

�
ρ ]− Eρ|y [̂βρ] Eρ|y [̂βρ]

�,

where expectations are with respect to the posterior distribution
f (ρ|y) given in (2).

Alternatively, abandoning the normality assumption which
might be questionable near the boundary, see Figure 2, we can
directly use (3) to write f (β|y) as a continuous mixture of
N (̂βρ,V β (ρ)) densities. As β is multi-dimensional and we are
usually interested in linear combinations of β, it is easier to
work with f (x�β|y) = ∫

f (x�β|y, ρ) f (ρ|y)dρ for some rel-
evant vector x, which is a one-dimensional scale mixture of
N (x�β̂ρ, x�V β (ρ)x) densities with mixing distribution given
in (2).

To compute pointwise level (1− α) confidence bands for
either approach, we first define a grid ρr, r = 1, . . . ,R, of
values covering the prior domain, for example, for a one-
dimensional ρ a grid covering the interval [a, b]. We then com-
pute weights w(ρr) = exp(V(ρr))/

∑R
r=1 exp(V(ρr)) to use in

numerical integration with respect to the posterior f (ρ|y). This

requires R refits of the model with ρ fixed at ρr, r = 1, . . . ,R, to
obtain exp(V(ρr)) as the LAML for this model fit. For the first
approach, we can then approximate the total covariance as

cov(β|y) ≈
R∑

r=1
w(ρr)

[
V β (ρr)+ β̂ρr β̂

�
ρr

]

−
[ R∑

r=1
w(ρr )̂βρr

][ R∑
r=1

w(ρr )̂βρr

]�
,

where β̂ρr andV β (ρr) are obtained from themodel output as the
estimate and uncorrected covariance when refitting the model
with ρ fixed at ρr. For the second approach, we can approximate
f (x�β|y) by a discrete mixture of N (x�β̂ρr , x�V β (ρr)x) den-
sities, with mixture weights again given by the w(ρr). The α/2
and (1− α/2) quantiles for this mixture can then be obtained,
for example, using the R package nor1mix (Mächler 2016).

Note that both approaches use the posterior density f (ρ|y),
which is only proper if finite prior limits [a j, b j] are used. We
have seen in Section 2 that these prior limits, if chosen suffi-
ciently large, do not have a strong influence on the model fit:
if there is a maximum of the LAML within these bounds, it is
not affected by them, and if the LAML is monotonically increas-
ing for ρ j , the estimate β̂ is hardly affected by further increas-
ing ρ j once it approximately lies in the null space of the penalty.
When using the posterior, however, these chosen boundaries do
make a difference. Increasing b j putsmore prior weight on func-
tions g j(·) close to the penalty null space, while decreasing b j
putsmore weight on functions deviating from the null space, for
example, on linear and nonlinearm(·) in our running example,
respectively. Thus, the two proposed alternatives also depend on
the chosen prior limits.

We compared the different methods in a small simula-
tion study for our running example with n ∈ {50, 200}, σ ∈
{0.2, 0.5}, and d ∈ {0, 0.1, 0.5, 1, 2} and worked with the prior
limits a = −10 and b ∈ {4, 6, 8, 10}. (Results were not found
to be sensitive to the lower limit here, as exp(V(ρ)) quickly
decreases toward zero for small ρ values.) For the grid ρr we
used ρ̂ + ln(10)kwith k = (−10,−9.9, . . . , 9.9, 10), that is, an
equidistant grid centered on ρ̂, truncated to [a, b].
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Figure . Left: data (gray dots) simulated from the running example with n = 200,
d = 0.1, and σ = 0.2, true functionm(·) (solid red), estimate and pointwise confi-
dence bandbased on the corrected covariance (green) and confidence bands based
on the mixture approximation for a = −10 and b = 10 (dark blue) or b = 4 (light
blue). Right: for the xmarked by a vertical line on the left, posterior density as given
by the normal approximation with corrected covariance (green) and the approxi-
mation by a normal mixture distribution with b = 4 (light blue). Dashed gray lines
show aggregated mixture components with average means and standard devia-
tions as well as total weights within each fifth of the grid for ρ.

Figure 3 shows results for average coverage across [0, 1] for
12,000 replications for (n, σ ) = (50, 0.2) and (200, 0.5). There
is a clear pattern of undercoverage for the uncorrected covari-
ance V β for d = 0.1, which is only partly corrected by using
the corrected covariance V ′β . For these two settings, d = 0.1 is
only slightly nonlinear compared to the noise level, resulting
in a high percentage (29% respectively 41%) of (near-)linear
estimates with estimated degrees of freedom below 2.1. For
d = 0, computing confidence bands in the linear subspace leads
to nominal or overcoverage, as does the normal approximation
for large d values. Using either the total covariance or the
mixture approximation to f (β|y) gives very similar coverage to
the corrected covariance independent of b in the case of large d
values, where estimates are almost never linear and the normal
approximation works well. For small d = 0.1, undercoverage is
improved compared to the corrected covariance, at the cost of
some overcoverage for d = 0 (on the order of the overcoverage
all methods show for larger d values). Coverage is dependent on
upper limit b of the uniform prior for ρ, with smaller b placing
more weight on nonlinear functions and thus leading to higher
coverage values. We interpret the undercoverage we observe
for some large b, that is, poorly calibrated credible/confidence
intervals for m(·), as a result of prior-data-conflict in these
settings: large values of b put an inordinate amount of prior
weight on (approximately) linear functions, while the obser-
vations come from a nonlinear data-generating process. For
(n, σ ) = (200, 0.2), near-linear estimates occur in only 2% of
simulations for d = 0.1 due to the higher information content
of the data, leading to no undercoverage using V ′β and no
advantages of the alternative methods. The dip in coverage for
d = 0.1 is also smaller for (n, σ ) = (50, 0.5), possibly due to
the wide confidence bands in this setting with low signal-to-
noise ratio. Based on our limited four simulations, the mixture
approximation with a low b value seems to give coverage closest
to constant across different values of d. Computing times for the
confidence intervals based on the mixture approximation were
2.5–3.5 seconds on a laptop computer for n = 200 depending
on b and without grid optimization or parallelization.

Figure 4 illustrates the corrected covariance and mixture
approximation confidence intervals for our running example.
The left panel shows the linear estimate form(·) and the point-
wise confidence band based on the corrected covariance in

green. Confidence bands based on the mixture approximation
with a = −10 and b = 10 or b = 4 are shown in dark and light
blue, respectively. It is clear that these acknowledge the possibil-
ity of the true function being nonlinear and are wider in particu-
lar in the middle and toward the ends of the [0, 1] interval. This
leads to increased coverage of the truly nonlinear function. The
right panel shows the mixture approximation to the posterior of
m(xi) for an example xi in themiddle of the interval.Uncertainty
in ρ here leads to mixture components (for smaller ρ values)
with smaller mean and larger variance. This results in a skewed
posterior with long lower tail and thus in a smaller lower bound
of the confidence/credible interval. It is also clear from the differ-
ent locations of themaxima that there is a difference between the
maximum of the marginal posterior density f (β|y) (light blue)
and themaximumof the conditional posterior density f (β|y, ρ̂)
(green). Thus, in addition to not being symmetrical, the interval
based on the mixture approximation is also not centered on the
same value as that based on the corrected covariance.

4. Summary

The proposal by Wood, Pya, and Säfken is an important step
in the direction of accounting for smoothing parameter uncer-
tainty in inference for β.While it works well inmost settings, for
the “phase transition” between functions in the null space of the
penalty and those far from the null space it does not lead to well
calibrated inference. Although the problem does not seem to be
extremely large, we did see some undercoverage in confidence
bands due to the neglect of smoothing parameter uncertainty
when the function is effectively estimated to lie in the null space
of the penalty (ρ̂ j →∞ case).

We have discussed two alternative approaches to the prob-
lem, which seem to improve undercoverage occurring in some
of the cases we looked at. To more fully develop either approach
would require a more efficient way to choose a suitable grid
with the smallest possible number of grid points and a much
wider simulation study including models with more than one
smoothing parameter and other response distributions. Prelim-
inary results for a simple logistic GAM indicate that the two
discussed alternatives seem to be transferable in principle. We
also saw that results remain sensitive to the chosen prior limits
of the uniform priors for the log-smoothing parameters ρ. The
best combination of the discussed alternatives and the Wood,
Pya, and Säfken approach might be to only compute the mix-
ture approximation when the estimate is close to the penalty
null-space, as the corrected covariance seems to work well in all
other cases.We think it remains worthwhile to think about alter-
native approaches for smoothing parameter uncertainty near
the boundary as well as the relationship to model selection via
the newly proposed conditional AIC, for which the corrected
covariance is also used.
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The Boundary of the Smoothing Parameter Space

Thomas Kneib, Sonja Greven, and Fabian Scheipl make insight-
ful comments on the problems associated with smoothing
parameters on the parameter space boundary, where our
smoothing parameter uncertainty correction does not hold,
with the approximate posterior for the log smoothing param-
eters then being improper. For the AIC correction proposed in
the article, we are effectively correcting the AIC for the larger
model only when it does not coincide with the smallermodel, so
that its smoothing parameters are not estimated on the bound-
ary.When bothmodel estimates coincide then being able to cor-
rect for smoothing parameter uncertainty in the parameters on
the boundary is anyway irrelevant.

However, as Sonja Greven and Fabian Scheipl point out in
their impressive discussion contribution, interval estimates can
be very suboptimal when smoothing parameters are estimated
to be on the boundary, if no correction for smoothing parame-
ter uncertainty is then made. Their proposed fixes offer a sub-
stantial improvement at the “phase transition” from completely
smooth estimates to estimates with nonzero smoothing penalty,
but are also relatively complex to implement in general. Picking
up their basic approach, a very simple alternative is to base the
smoothing parameter uncertainty correction on a model that is
statistically indistinguishable from the estimated model, but for
which the approximate posterior for the log smoothing param-
eters is proper.

This is very easy to implement with Newton-based opti-
mization. We can identify smoothing parameters on the edge

CONTACT SimonWood simon.wood@bristol.ac.uk School of Mathematics, University of Bristol, Bristol BS TW, United Kingdom.

of the feasible parameter space as those for which |∂V/∂ρi| ≈
|∂2V/∂ρ2i | (and ρi is large) at Newton method convergence.
Those so identified can then be reduced until the log RE/ML
has changed by some small target amount that can be treated as
statistically insignificant: for example, 0.1 or 0.01. Clearly, statis-
tically we cannot distinguish the resulting model from the best
fit, but the Hessian of V will now have full rank (otherwise we
would not have actually changed the RE/ML). The corrected
covariance matrix for the model coefficients can now be com-
puted from this statistically indistinguishable model. Obviously,
it is a bad idea to decide between models when one of them has
been shifted in a way that increases the difference between the
models, so we do not recommend this approach for computing
a corrected AIC.

Figure 1 shows the results of replicating the small study
that leads to Figure 3 of Greven and Scheipl, using our simple
proposal (which adds less than 5% to the computing time). The
over coverage of the corrected intervals seen in both figures is to
be expected, given the Nychka (1988) result suggesting close to
nominal coverage without accounting for smoothing parameter
uncertainty: clearly increasing the width of the intervals can
only lead to higher coverage. Like Greven and Scheipl’s propos-
als, our simple proposal looks promising, and we agree that the
whole topic merits further study.

Parameterization, Propriety, and Invariance

Thomas Kneib’s query about whether our uncertainty correc-
tions are parameterization invariant and Sonja Greven and
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Figure . Replication of Greven and Scheipl Figure , with the simple alternative boundary correction proposed in the text (dashed and solid symbols). The uncorrected
alternative is shown as open symbols and continuous lines.

Fabian Scheipl’s comments about improper posteriors are also
somewhat related. An appealing parameterization would be in
terms of α j = tr{(I + Sλ)−1λ jS j}, which have an interpreta-
tion as the “suppressed degrees of freedom” per penalty, and
for which a uniform prior is proper since the α j are bounded
between 0 and the rank of S j (for smooths with multiple penal-
ties there are also restrictions on the sum of the α j). For a singly
penalized smooth with basis dimension k j the effective degrees
of freedom is just k j − α j. So, this parameterization does away
with the possibility of a formally improper posterior, while also
operating on the degrees of freedomscale onwhich there is some
hope of specifying meaningful priors, should something other
than uniform be desired (and it is easy to incorporate such pri-
ors into estimation and posterior inference). Of course a Taylor
approximation at the parameter space boundary is still not help-
ful.

None the less, the derivatives ∂α j/∂ρk are readily computed
given our article’s methods, so that a matrix inversion yields
the Jacobian terms ∂ρk/∂α j. Transforming the Hessian of the
LAML, we obtain

V i j
αα =

∂ρl

∂α j
Vkl
ρρ

∂ρk

∂αi
+ Vk

ρ

∂2ρk

∂αi∂α j
.

So, our correction (7) will only match in the α and ρ param-
eterizations if we neglect the Vk

ρ∂
2ρk/∂αi∂α j term in the Hes-

sian transform: the correction is not generally invariant. Inter-
estingly if we do useα parameterizationwith a (proper) uniform
prior, then to ensure that the Jacobian can be inverted numer-
ically requires moving the α j an “insignificant distance” back
from the boundary if it lies on it, as in the simple boundary cor-
rection above. If we also neglect the Vk

ρ∂
2ρk/∂αi∂α j term in the

Hessian transformation then we end up with the same correc-
tion as in the simple method discussed earlier.

Bayes, Calibration, Better Models, and
Implementational Cost

Thomas Kneib’s comments on frequentist versus Bayesian infer-
ence also deserve comment. Our view is that the distinction
is somewhat blurred in smoothing, given the well-established
equivalence of quadratically penalized smoothers and (intrin-
sic) Gaussian random fields, especially when using marginal

likelihood for smoothing parameter estimation. We view our
approach as “empirical Bayes” and think that the real distinction
is rather between approximate-direct and “exact”-simulation
based computational strategies. Where we are firmly frequen-
tist in outlook is in wanting well calibrated inference in the
frequentist sense. It is then often the case that the conditions
required for the fully Bayesian approach to be well calibrated
are the same as those required for our approximate posterior
to be a good approximation. If it is, then it is straightforward
to use the approximation for direct and rapid posterior simu-
lation, and then to generate samples from the posterior of any
quantity predicted by the model. That said there are many cases
in which the Bayesian simulation approach is superior, both in
speed of implementation and in the flexibility of the random
effects structures that it readily handles. (Thomas Kneib’s final
question under this heading is much too difficult and we do not
have a general answer.)

Rather neatly, Thomas Yee’s Figure 1 and the associated dis-
cussion nicely shows that Thomas Kneib’s comments on the lim-
itations of our simple example multivariate Gaussian model are
spot on, and amore flexible structurewould offer some improve-
ments.We agree however, that beyond two dimensions the chal-
lenges of coming up with an interpretable model structure are
considerable.

Thomas Yee makes a worthwhile and interesting point about
the costs and benefits of the method. In part, the complexity of
the method is what gives access to the quantities that allow us to
correct for smoothing parameter uncertainty and substantially
improveAICperformance: this we think isworthwhile in practi-
cal data analysis. Second, themethod structure is not driven by a
desire for complexity, but from the numerous practical examples
of convergence failures that the first author accumulated from
users of the mgcv software when it was based exclusively on the
type of workingmodel approach described inWood (2004). The
problem with estimating smoothing parameters for iteratively
recomputed working linear models is that there is generally no
guarantee of convergence (a problem that seemed to get worse
as one moves from the exponential family to the more complex
models, such as the GAMLSS class, see Wood 2005). That said,
the Reiss andOgden (2009) demonstration of REML’s decreased
tendency to multiple minima relative to GCV does suggest that
REML based estimation in such schemes should be less
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Figure . Classification results for the ordered categorical (upper) andmultinomial logit (lower) models for the prostate screening example. Boxplots are of probabilities of
each disease category according to themodel, for each actual disease category. Clearly, themultinomial model (with two signal regression linear predictors) gives superior
results.

problematic. It will be interesting to see how the VGAM imple-
mentation works out in this respect. It is also worth noting that
substantial parts of the work of implementing new distributions
for GAMLSS type models can be automated. For example,
the 3rd and 4th order derivatives of the generalized extreme
value distribution were so horrifying that a morning was spent
producing an automatic method for generating them in R.
This consisted of exporting the derivatives from Maxima as
Maxima expressions, reading these into R and auto-translating
into R code, and then auto-simplifying the code. The gevlss
family in mgcv is the result. The auto-generated derivative
code required only limited hand modification for stability and
efficiency.

On the other points that Thomas Yee raises: mgcv offers
rather limited single index model support at present, and it is
true that the general framework could offer something rather
more efficient. The point about the prostate screening model is
also right. Figure 2 shows the classification rates for the ordered
categorical model presented in the article (top row) and for a

logistic multinomial model with separate signal regression lin-
ear predictors for the enlarged and cancerous classes. The latter
is clearly superior.

The other points raised perhaps require no rejoinder,
but are much appreciated and we thank the discussants for
them.
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A Consistency of regression splines
There is already a detailed literature on the asymptotic properties of penalized regression splines (e.g. Gu and
Kim, 2002; Hall and Opsomer, 2005; Kauermann et al., 2009; Claeskens et al., 2009; ?; Yoshida and Naito, 2014).
Rather than reproduce that literature, the purpose of this section and the next is to demonstrate the simple way in
which the properties of penalized regression splines are related to the properties of regression splines, which in turn
follow from the properties of interpolating splines. We will mostly focus on cubic splines and ‘infill asymptotics’
in which the domain of the function of interest remains fixed as the sample size increases. We use the expression
‘at most O(na)’ as shorthand for ‘O(nb) where b ≤ a’, and use O(·) to denote stochastic boundedness when
referring to random quantities.

A.1 Cubic interpolating splines
Let g(x) denote a 4 times differentiable function, observed at k points xj , g(xj), where the xj are strictly increasing
with j. The cubic spline interpolant, ĝ(x), is constructed from piecewise cubic polynomials on each interval
[xj , xj+1] constructed so that ĝ(xj) = g(xj), the first and second derivatives of ĝ(x) are continuous, and two
additional end conditions are met. Example end conditions are the ‘natural’ end conditions ĝ′′(x1) = ĝ′′(xk) = 0
or the ‘complete’ end conditions ĝ′(x1) = g′(x1), ĝ′(xk) = g′(xk). ĝ(x) is unique given the end conditions. See
figure 1a. A cubic spline interpolant with natural boundary conditions has the interesting property of being the
interpolant minimizing

∫
g′′(x)2dx (see e.g. Green and Silverman, 1994, theorem 2.3).

Let h = maxj(xj+1 − xj), the ‘knot spacing’. By Taylor’s theorem, a piecewise cubic interpolant must have
an upper bound on interpolation error O(hα) where α ≥ 4. In fact if g(i)(x) denotes the ith derivative of g with
respect to x

|ĝ(i)(x)− g(i)(x)| = O(h4−i), i = 0, . . . , 3 (1)

where x is anywhere in [x1, xk] for complete (or deBoor’s ‘not-a-knot’) end conditions, or is sufficiently interior to
[x1, xk] for natural end conditions. de Boor (2001, chapter 5) provides especially clear derivation of these results,
while Hall and Meyer (1976) provides sharp versions.

A.2 Regression splines
The space of interpolating splines with k knots can be spanned by a set of k basis functions. Various convenient
bases can readily be computed: for example the B-spline basis functions have compact support, while the jth

cardinal basis function takes the value 1 at xj and 0 at any other knot xi (see e.g. Lancaster and Šalkauskas, 1986;
de Boor, 2001). For the cardinal basis, the spline coefficients are g(xj), the values of the spline at the knots. Given
a set of basis functions and n > k noisy observations of g(x), it is possible to perform spline regression. Agarwal
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ĝ

Figure 1: a. A cubic interpolating spline (continuous curve), interpolating 6 ‘knot’ points (black dots) with evenly
spaced x co-ordinates, from a true function (dashed curve). The spline is made up of piecewise cubic sections
between each consecutive pair of knots. The approximation error is O(h4), where h is the knot spacing on the
x axis. b. A simple regression spline (grey curve) fitted to n noisy observations (grey dots) of the true function
(dashed curve), with n/k data at each of the k knot locations xj . As n/k → ∞ the regression spline tends to the
limiting interpolating spline (black curve), which has O(h4) = O(k−4) approximation error.

and Studden (1980) and Zhou and Wolfe (2000) study this in detail, but a very simple example serves to explain
the main results.

Consider the case in which we have n/k noisy observations for each g(xj), and a model that provides a regular
likelihood for g(xj) such that |ĝ(xj) − g(xj)| = O(

√
k/n), where ĝ(xj) is the MLE for g(xj) (which depends

only on the n/k observations of g(xj), as is clear from considering the cardinal basis representation). Suppose also
that the xj are equally spaced. In this setting the cubic regression spline estimate of g(x) is just the cubic spline
interpolant of xj , ĝ(xj), and the large sample limiting ĝ(x) is simply the cubic spline interpolant of xj , g(xj). By
(1) the limiting approximation error is O(h4) = O(k−4). Since the interpolant is linear in the ĝ(xj) the standard
deviation of ĝ(x) is O(

√
k/n). So if the limiting approximating error is not to eventually dominate the sampling

error, we requireO(k−4) ≤ O(
√
k/n), and for minimum sampling error we would therefore choose k = O(n1/9),

corresponding to a mean square error rate of O(n−8/9) for g(x) and O(n−4/9) for g′′. See figure 1b.
Agarwal and Studden (1980) shows that the result for g(x) holds when the observations are spread out instead

of being concentrated at the knots, while Zhou and Wolfe (2000) confirms the equivalent for derivatives. In sum-
mary, cubic regression splines are consistent for g(x) and its first 3 derivatives, provided that the maximum knot
spacing decreases with sample size, to control the approximation error. Optimal convergence rates are obtained by
allowing h to depend on n so that the order of the approximation error and the sampling variability are equal.

B Penalized regression spline consistency under LAML
Here we show how penalized regression spline estimates retain consistency under LAML estimation of smoothing
parameters. To this end it helps to have available a spline basis for which individual coefficients form a meaningful
sequence as the basis dimension increases, so we introduce this basis first, before demonstrating consistency and
then considering convergence rates.

B.1 An alternative regression basis
An alternative spline basis is helpful in understanding how penalization affects consistency of spline estimation.
Without loss of generality, restrict the domain of g(x) to [0, 1] and consider the spline penalty

∫
g(m)(x)2dx =∫

(∇mg)2dx where ∇m is the mth order differential operator. Let ∇m∗ be the adjoint of ∇m with respect to
the inner product ⟨g, h⟩ =

∫
g(x)h(x)dx. Then from the definition of an adjoint operator,

∫
g(m)(x)2dx =∫

gKmgdx, where Km = ∇m∗∇m. Now consider the eigenfunctions of Km, such that Kmϕj(x) = Λjϕj(x),

2
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Figure 2: Eigenfunctions of K2 shown in grey, with Demmler-Reinch spline basis functions overlaid in black. The
first two linear functions are not shown. The dashed curves are for a rank 8 cubic spline basis, while the dotted
curve, exactly overlaying the grey curves, are for a rank 16 cubic spline basis.

Λj+1 > Λj ≥ 0. Since Km is clearly self adjoint, ⟨ϕj , ϕi⟩ = 1 if i = j and 0 otherwise. Notice that if
β∗
i = ⟨g, ϕi⟩, then we can write g(x) =

∑
i β

∗
i ϕi(x). Finite

∫
g(m)(x)2dx implies that β∗

i → 0 as i → ∞. In
fact generally we are interested in functions with low

∫
g(m)(x)2dx, so it is the low order eigenvalues and their

eigenfunctions that are of interest.
To compute discrete approximations to the ϕj , first define ∆ = (n − 1)−1 for some discrete grid size n, and

let ϕji = ϕj(i∆ −∆) and gi = g(i∆ −∆). A discrete representation of K2 is then K = DTD where Dij = 0
except for Di,i = Di,i+2 = 1/∆2 and Di,i+1 = −2/∆2 for i = 1, . . . , n− 2 (the approximation for other values
of m substitutes mth order differences in the obvious way). The (suitably normalized) eigenvectors of K then
approximate ϕ1,ϕ2, . . .. Alternatively we can represent ϕ1 . . .ϕk and any other g using a rank k cubic spline
basis. Hence we can write g = Xβ, where X has QR decomposition, X = QR and

∫
g(m)(x)2dx = βTSβ =

βTRTQTQR−TSR−1QTQRβ. So the approximation of K2 is QR−TSR−1QT, which has eigenvectors QU
where U is from the eigen-decomposition UΛ̃UT = R−TSR−1.

Now if we reparameterize the regression spline basis so that β∗ = ∆1/2UTRβ, we obtain a normalized version
of the Demmler-Reinsch basis (Demmler and Reinsch, 1975; Nychka and Cummins, 1996; Wood, 2006, §4.10.4),
where S becomes Λ = Λ̃∆−1 (the numerical approximation to the first k, Λi) and X becomes QU∆−1/2: but
the latter is simply the numerical approximation to ϕ1 . . .ϕk.

Figure 2 shows the first 6 non-linear eigenfunctions of K2 computed by ‘brute-force’ discretization in grey, with
the normalized cubic Demmler-Reinsch spline basis approximations shown in black for a rank 8 basis (dashed)
and a rank 16 basis (dotted). Notice that the rank 8 basis approximation gives visible approximation errors for
ϕ6 . . . ϕ8, which have vanished for the rank 16 approximation. (Actually if we use the rank 8 thin plate regression
spline basis of Wood (2003) then the approximation is accurate to graphical accuracy.)

In summary each increase in regression spline basis dimension can be viewed as refining the existing normal-
ized Demmler-Reinsch basis functions, while adding a new one. Hence in this parameterization the notion of a
sequence of estimates of a coefficient βj is meaningful even when the basis dimension is increasing.

B.2 Consistency of penalized regression splines
This section explains why the consistency of unpenalized regression splines carries over to penalized regression
splines with smoothing parameters estimated by Laplace approximate marginal likelihood. Use of Laplace approx-
imation introduces the extra restriction k = O(nα), α ≤ 1/3.

Since consistency and convergence rates of regression splines tell us nothing about what basis size to use at any
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finite sample size, it is usual to use a basis dimension expected to be too large, and to impose smoothing penalties
to avoid overfit. In the cubic spline basis case the coefficient estimates become

β̂ = argmax
β

l(β)− λ

2

∫
g′′(x)2dx

where λ is a smoothing parameter and the penalty can be written as λ
∫
g′′(x)2dx = λβTSβ, for known coefficient

matrix S. From a Bayesian viewpoint the penalty arises from an improper Gaussian prior β ∼ N{0, (λS)−}.
Consistency of the unpenalized regression spline estimate for g and g′′ implies consistency of penalized esti-

mates when the smoothing parameter is estimated by Laplace approximate marginal likelihood (again assuming a
regular likelihood and that the true g is 4 time differentiable). To see this, first set the smoothing parameter to

λ∗ =
k − 2∫
g′′(x)2dx

,

where the basis size k = O(nα) for α ∈ (0, 1/3). Routine calculation shows that this is the value of λ that
maximizes the prior density at the true P (g) =

∫
g′′(x)2dx, although we do not need this fact. Because the

regression spline is consistent for g′′ it is also consistent for P (g). So in the unpenalized case the evaluated P (ĝ)
would be O(

∫
g′′(x)2dx), while in the penalized case it must be at most O(

∫
g′′(x)2dx). Hence with the given λ∗

the penalty is at most O(k), while the log likelihood is O(n). Intuitively this suggests that the penalty is unlikely
to alter the consistency of the unpenalized maximum likelihood estimates.

To see that this intuition is correct, we first reparameterize using the normalized Demmler-Reinsch basis of the
previous section. Then the penalized estimate of β must satisfy

∂l

∂β
− λ∗Λβ = 0. (2)

It turns out that if we linearize this equation about the unpenalized β̂, then in the large sample limit the solution
of the linearized version is at the unpenalized β̂, implying that (2) must have a root at β̂ in the large sample limit.
Specifically, defining ∆β = β − β̂, and then solving the linearized version of (2) for ∆β yields

∆β = − (H+ λ∗Λ)
−1
λ∗Λβ̂. where H = − ∂2l

∂β∂βT
.

Given the reparameterization the elements of (H + λ∗Λ)−1 are at most O(nδ−1) where 0 ≤ δ ≤ α, while
λ∗β̂TΛβ̂ = O(nα). Hence if all the |β̂i| are bounded below then the λ∗Λiiβ̂i are at most O(nα) and the elements
of ∆β are at most O(n2α+δ−1) (since each ∆βi is the sum of O(nα) terms each of which is the product of an
O(nδ−1) and an O(nα) term). Alternatively, β̂i = O(n(δ−1)/2), in which case λ∗Λii = O(nγ) where α < γ ≤
α + 1 − δ. If γ ≤ 1 − δ then the elements of ∆β will be at most O(nα+(δ−1)/2). Otherwise the ith row and
column of (H + λ∗Λ)−1 are O(n−γ), but then the elements of ∆β are also O(nα+(δ−1)/2). So ∆β → 0 given
the assumption that α < 1/3 (of course this is only sufficient here).

Since the true g is unknown we can not use λ∗ in practice. Instead λ is chosen to maximize the Laplace
approximate marginal likelihood (LAML),

V = log f(y|β̂λ) + log fλ(β̂λ)−
1

2
log |Hλ|+

k

2
log(2π) ≃ log

∫
f(y|β)fλ(β)dβ

where β̂λ denotes the posterior mode/ penalized MLE of β for a given λ, and Hλ is the Hessian of the negative
log of f(y|β̂)fλ(β̂). Shun and McCullagh (1995) show that in general we require k = O(nα) for α ≤ 1/3 for the
Laplace approximation to be well founded. If g = α0+α1x for finite real constants α0 and α1, then the smoothing
penalty is 0 for the true g and consistency follows from the consistency in the un-penalized case, irrespective of λ.

Now suppose that g is not linear. A maximum of V must satisfy

dV
dλ

=

(
∂ log f(y|β)

∂β

∣∣∣∣
β̂λ

+
∂ log fλ(β)

∂β

∣∣∣∣
β̂λ

)
dβ̂λ

dλ
+
∂ log fλ(β̂λ)

∂λ
− 1

2
tr
(
H−1

λ S
)
− 1

2
tr
(
H−1

λ

dH

dλ

)
= 0 (3)

4



The first term in brackets is zero by definition, so the maximizer of V must satisfy 2∂ log fλ(β̂λ)/∂λ −
tr
(
H−1

λ S
)
− tr

(
H−1

λ dH/dλ
)
= 0 implying (after some routine manipulation) that the maximiser, λ̂, must satisfy

λ′(λ̂) = λ̂, where

λ′(λ) =
k − 2

β̂T
λSβ̂λ + tr

(
H−1

λ S
)
+ tr

(
H−1

λ dH/dλ
) . (4)

∂V/∂λ|ϵ ≤ 0 for arbitrarily small ϵ > 0 would imply a LAML optimal smoothing parameter λ = 0, otherwise
∂V/∂λ|ϵ > 0 implying that the right hand side of (4) is positive at λ = ϵ. Hence if λ′ ≤ λ∗ when λ = λ∗,
then LAML must have a turning point in (0, λ∗)1. In fact tr

(
H−1

λ∗ dH/dλ∗
)
→ 0 as n → ∞ (see B.2.1), while

consistency of β̂λ∗ implies that the limiting value of β̂T
λ∗Sβ̂λ∗ is

∫
g′′(x)2dx. Hence in the large sample limit,

since tr
(
H−1

λ S
)
> 0, we have that λ′ < λ∗ as required (the latter is equivalent to ∂V/∂λ|λ∗ < 0 confirming

that there is a maximum in (0, λ∗)). Notice how straightforward this is relative to what is needed for full spline
smoothing where k = O(n) and much more work is required.

The result is unsurprising of course. Restricted marginal likelihood is known to smooth less that Generalized
Cross Validation (Wahba, 1985), but the latter is a prediction error criterion and smoothing parameters resulting in
consistent estimates are likely to have lower prediction error than smoothing parameters that result in inconsistent
estimation, at least asymptotically.

B.2.1 tr
(
H−1

λ dH/dλ
)

In section B.2 we require that tr
(
H−1

λ∗ dH/dλ∗
)
→ 0 in the large sample limit. Unfortunately there are too

many summations over k elements involved in this computation for the simple order bounding calculations used
in section B.2 to yield satisfactory bounds for all α ∈ (0, 1/3). This can be rectified by another change of basis,
to a slightly modified normalized Demmler-Reinsch type basis in which H + λS is diagonal. Specifically let
H = RTR, UΛUT = R−TSR−1, and let the reparameterization be β∗ = n−1/2UTRβ. In the remainder of
this section we work with this basis.

We have
dHij

dλ
=
∑
k

∂3l

∂βi∂βj∂βk

dβ̂k
dλ

where the third derivative terms are O(n) (at most). By implicit differentiation we also have

dβ̂

dλ
= −(In+ λ∗Λ)−1Λβ̂

in the new parameterization. As in section B.2, for β̂i bounded away from zero, the fact that β̂TΛβ̂ = O(1) leads
easily to the required result, but again the β̂i = O(n−1/2) case makes the bounds slightly less easy to find. In that
case Λii = O(nγ), 0 < γ ≤ 1, while λ∗Λii = O(nγ+α). Then if γ + α ≥ 1 the ith leading diagonal element
of (In + λ∗Λ)−1 is O(n−γ−α), and ∂β̂i/∂λ = O(n−α−1/2). Otherwise ∂β̂i/∂λ = O(nγ−3/2), which is less
than or equal to O(n−α−1/2) if γ + α < 1. In consequence ∂Hij/∂λ = O(n1/2), at most. It then follows that
tr
(
H−1

λ dH/dλ
)
= −tr

(
(In+ λ∗Λ)−1dH/dλ

)
= O(nα−1/2).

B.3 Convergence rates
The preceding consistency results reveal nothing about convergence rates. For a cubic spline with evenly spaced
knots parameterised using a cardinal spline basis, S = O(k3) (see e.g. Wood, 2006, §4.1.2), so λS has elements
of at most O(k4), while the Hessian of the log likelihood has elements O(n/k). In consequence if k = O(nα),
α < 1/5, λS is completely dominated by the Hessian of the log likelihood in the large sample limit (the elements of
the score vector also dominate the elements of the penalty gradient vector), so that the penalty has no effect on any
model component. Hence in the limit we have an un-penalized regression spline, and the asymptotic mean square
error convergence rate is O(n−8α) (bias/approximation error dominated) for α ≤ 1/9 and O(nα−1) (variance
dominated) otherwise. Notice that at the α → 1/5 edge of this ‘asymptotic regression’ regime the convergence
rate tends to O(n−4/5).

1Consider plotting λ′(λ) against λ for 0 < λ < λ∗. The λ′(λ) curve will start above the line λ′ = λ and finish below it.
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Figure 3: a. Example of MSE convergence for simple Gaussian smoothing. The true function is shown at lower
left, with 100 noisy samples also shown. The coloured lines show log MSE averaged over 100 replicates against
log sample size when the basis size k ∝ nα for various α values (all starting from k = 12 at n = 50). Dashed
lines are for unpenalized regression and solid for penalized. For α = 1/18 we eventually see an approximation
error dominated rate. For α < 1/5 the penalized and unpenalized curves converge, while for α ≥ 1/5 the penalty
always improves the convergence rate. b. The same data, but de-trended by subtraction of the log MSE that would
have occurred under the theoretical asymptotic convergence rate, if the observed MSE at n = 106 is correct. The
theoretical rate used for α ≥ 1/5 was n−4/5. For reference, the grey curves show curves obtained for α = 1/7 if
we incorrectly use the theoretical rates for α = 1/18, 1/9.

For α ≥ 1/5 the total dominance of λS by the Hessian ceases: i.e. as n→ ∞ the penalty can suppress overfit,
in principle suppressing spurious components of the fit more rapidly than the likelihood alone would do. We do not
know how to obtain actual convergence rates in this regime under LAML, although we expect them to lie between
O(n−4/5) and O(nα−1), with simulation evidence suggesting rates close to O(n−4/5). Figure 3 shows observed
convergence rates for a simple Gaussian smoothing example (a binary example gives a similar plot, but with slower
convergence of the penalized case to the unpenalized case for α < 1/5).

The best mean square error rate possible for a non-parametric estimator of a C4 function is O(n−8/9) (Cox,
1983), which a cubic smoothing spline can achieve under certain assumptions on the the rate of change of λ with
n (Stone, 1982; Speckman, 1985). Hall and Opsomer (2005) obtain the same rate for penalized cubic regression
splines as considered here. However obtaining rates under smoothing parameter selection (by REML,GCV or
whatever) is more difficult. Kauermann et al. (2009) consider inference under LAML selection of smoothing
parameters, but assume k = O(n1/9) (in the cubic case). As we have seen, under LAML smoothness selection,
this leads to penalized regression simply tending to unpenalized regression in the limit. Claeskens et al. (2009)
recognise the existence of 2 asymptotic regimes, corresponding to penalizing in the limit and not, but do not treat
the estimation of smoothing parameters.

It could be argued that in practice a statistician would tend to view a model fit with very low penalization
as an indication of possible underfit, and to increase the basis dimension in response, which implies that under
LAML the α ≥ 1/5 regime (penalizing in the large sample limit) is more informative in practice. The counter
argument is that it is odd to choose the regime that gives the lower asymptotic convergence rates. A third point of
view simply makes the modelling assumption that the truth is in the space spanned by a finite set of spline basis
functions, in which case unpenalized consistency follows from standard maximum likelihood theory, and the effect
of penalization with LAML smoothing parameter selection is readily demonstrated to vanish in the large sample
limit. In any case the use of penalized regression splines seems to be reasonably well justified.
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B.4 Large sample posterior under penalization
Consider a regular log likelihood with second and third derivatives O(n/k), so that we are interested in values of
the model parameters such that |βi− β̂i| = O(

√
k/n). By Taylor’s theorem (e.g. Gill et al., 1981, §2.3.4) we have

log f(β|y) ∝ log f(y|β)− 1

2
βTSλβ

= log f(y|β̂)− 1

2
β̂TSλβ̂ − 1

2
(β − β̂)T(Î + Sλ)(β − β̂) +R (5)

where

R =
1

6

∑
ijk

∂3 log f(y|β)
∂βi∂βj∂βk

∣∣∣∣
β∗

(βi − β̂i)(βj − β̂j)(βk − β̂k)

and β∗ = tβ + (1− t)β̂ for some t ∈ (0, 1). (5) can be re-written as

log f(β|y) ∝ log f(y|β̂)− 1

2
β̂TSλβ̂ − 1

2
(β − β̂)T(Î + Sλ +R)(β − β̂)

where

Rij =
1

3

∑
k

∂3 log f(y|β)
∂βi∂βj∂βk

∣∣∣∣
β∗

(β̂k − βk).

In the region of interest for β, Rij are at most O(
√
kn), whereas the elements of Î + Sλ are at least O(n/k).

Hence if k = O(nα), α < 1/3 then Î+Sλ dominates R in the n→ ∞ limit, and log f(β|y) tends to the p.d.f. of
N(β̂, (Î+Sλ)−1). Again this is much simpler than would be required for full spline smoothing where k = O(n).

C LAML derivation and log determinants

Consider a model with log likelihood l = log f(y|β) and improper prior f(β) = |Sλ|1/2+ exp{−βTSλβ/2}/
√
2π

p−Mp

where p = dim(β). By Taylor expansion of log{f(y|β)f(β)} about β̂,∫
f(y|β)f(β)dβ ≃

∫
exp

{
l(β̂)− (β − β̂)TH(β − β̂)/2− β̂TSλβ̂/2 + log |Sλ|1/2+ − log(2π)(p−Mp)/2

}
dβ

= exp{L(β̂)}|Sλ|1/2+

√
2π

Mp−p
∫

exp{−(β − β̂)TH(β − β̂)/2}dβ

= exp{L(β̂)}
√
2π

Mp |Sλ|1/2+ /|H|1/2

where H is the negative Hessian of the penalized log likelihood, L.

C.1 The problem with log determinants
Unstable determinant computation is the central constraint on the development of practical fitting methods, and
it is necessary to understand the issues in order to understand the structure of the numerical fitting methods. A
very simple example provides adequate illustration of the key problem. Consider the real 5× 5 matrix C with QR
decomposition C = QR so that |C| = |R| =

∏
iRii. Suppose that C = A+B where A is rank 2 with non-zero

elements of size O(a), B is rank 3 with non-zero elements of size O(b) and a ≫ b. Let the schematic non-zero
structure of C = A+B be

• • •
• • •
• • • · ·

· · ·
· · ·

 =


• • •
• • •
• • •

+

 · · ·
· · ·
· · ·


where • shows the O(a) elements and · those of O(b). Now QR decomposition (see Golub and Van Loan, 2013)
operates by applying successive householder reflections to C, each in turn zeroing the subdiagonal elements of
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successive columns of C. Let the product of the first 2 reflections be QT
2 and consider the state of the QR decom-

position after 2 steps. Schematically QT
2C = QT

2A+QT
2B is

• • • · ·
• • · ·

d1 · ·
d2 · ·
d3 · ·

 =


• • •

• •
d′1
d′2
d′3

+


· · ·
· · ·
d′′1 · ·
d′′2 · ·
d′′3 · ·


Because A is rank 2, d′

j should be 0, and dj should be d′′j but computationally d′j = O(ϵa) where ϵ is the machine
precision. Hence if b approaches O(ϵa), we suffer catastrophic loss of precision in d, which will be inherited by
R33 and the computed value of |C|. Matrices such as

∑
j λ

T
j S

j can suffer from exactly this problem, since some λj
can legitimately tend to infinity while others remain finite, and the Sj are usually of lower rank than the dimension
of their non-zero sub-block: hence both log determinant terms in the LAML score are potentially unstable.

One solution is based on similarity transform. In the case of our simple example, consider the similarity
transform UCUT = UAUT +UBUT constructed to produce the following schematic

• • · · ·
• • · · ·
· · · · ·
· · · · ·
· · · · ·

 =


• •
• •

+


· · · · ·
· · · · ·
· · · · ·
· · · · ·
· · · · ·

 .

UCUT can then be computed by adding UBUT to UAUT with the theoretically zero elements set to exact
zeroes. |UCUT| = |C|, but computation based on the similarity transformed version no longer suffers from the
precision loss problem, no-matter how disparate a and b are in magnitude. Wood (2011) discusses the issues in
more detail and provides a practical generalized version of the similarity transform approach, allowing for multiple
rank deficient components where the dominant blocks may be anywhere on the diagonal.

D Smoothing parameter uncertainty
∂R/∂ρk: Computation of the V′′ term requires ∂R′/∂ρwhere R′TR′ = Vβ . Generally we have access to ∂A/∂ρ
where A = V−1

β . Given Cholesky factorization RTR = A then R′ = R−T, and ∂R′T/∂ρ = −R−1∂R/∂ρR−1.
Applying the chain rule to the Cholesky factorization yields

∂Rii

∂ρ
=

1

2
R−1

ii Bii,
∂Rij

∂ρ
= R−1

ii

(
Bij −Rij

∂Rii

∂ρ

)
, Bij =

∂Aij

∂ρ
−

i−1∑
k=1

∂Rki

∂ρ
Rkj +Rki

∂Rkj

∂ρ
,

and
∑0

k=1 xi is taken to be 0. The equations are used starting from the top left of the matrices and working across
the columns of each row before moving on to the next row, at approximately double the floating point cost of the
original Cholesky factorization, but with no square roots.

Ratio of the first order correction terms

In the notation of section 4, we now show that for any smooth gj , ∂β̂/∂ρj tends to dominate ∂RT
ρ̂z/∂ρj for

those components of the smooth that are detectably non zero. First rewrite Sρ = S−j + λjSj , by definition
of S−j , and then form the spectral decomposition I + S−j = VDVT. Form a second spectral decomposition
D−1/2VTSjVD−1/2 = UΛUT, so that I+Sρ = VD1/2U(I+λjΛ)UTD1/2VT. Now linearly re-parameterize
so that Sj becomes Λ and I + Sρ becomes I + λjΛ, while RT = (I + λjΛ)−1/2. By the implicit function
theorem, in the new parameterization dβ̂/dρj = λj(I + λjΛ)−1Λβ̂. Notice that Λ has only rank(Sj) non-zero
entries, corresponding to the parameters in the new parameterization representing the penalized component of gj .
Furthermore dRTz/dρj ≃ λj(I+ λjΛ)−3/2Λz, where we have neglected the indirect dependence on smoothing
parameters via the curvature of I changing as β changes with ρ. Hence for any penalized parameter βi of gj

dβ̂i/dρj
d(RTz)i/dρj

≃ β̂i
(1 + λjΛii)−1/2zi

,
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Figure 4: Shapes of the functions used for the simulation study (from Gu and Wahba, 1991). f3(x3) = 0.

but (1+λjΛii)
−1/2 is the (posterior) standard deviation of βi. So the more clearly non-zero is βi, the more dβ̂i/dρj

dominates d(RTz)i/dρj . The dominance increases with sample size (provided that the data are informative), for
all components except those heavily penalized towards zero.
Proof of lemma 1 Form eigen-decompositions Î = VDVT and D−1/2VTSVD−1/2 = UΛUT, and linearly
re-parameterize β′ = UTD−1/2VTβ, so that in the new parameterization Î becomes an identity matrix, while
the prior becomes β′ ∼ N(0,Λ−), Vβ̂′ = (I+Λ)−2 and Vβ′ = (I+Λ)−1.

Vβ̂′ + Eπ(∆̃β′∆̃T
β′) = (I+Λ)−2 + Eπ[{(I+Λ)−1 − I}β′β′T{(I+Λ)−1 − I}]

= (I+Λ)−2 + {(I+Λ)−1 − I}Λ−{(I+Λ)−1 − I}
= (I+Λ)−1[(I+Λ)−1 +Λ−{(I+Λ)−1 − I} − (I+Λ)Λ−{(I+Λ)−1 − I}]
= (I+Λ)−1[(I+Λ)−1 −ΛΛ−{(I+Λ)−1 − I}] = (I+Λ)−1I = Vβ′ .

E Further simulation details
Figure 4 shows the functions used in the simulation study in the main paper. In the uncorrelated covariate case
x0i, x1i, x2i and x3i were all i.i.d. U(0, 1). Correlated covariates were marginally uniform, but were generated
as xji = Φ−1(zji) where Φ is the standard normal c.d.f. and (z0i, z1i, z2i, z3i) ∼ N(0,Σ) with Σ having unit
diagonal and 0.9 for all other elements. The noise level was set by either using the appropriate values of the
distribution parameters or by multiplying the linear predictor by the appropriate scale factor as indicated in the
second column of table 1 (the scale factor is denoted by d). The simulation settings and failure rates are given in
table 1

F Some examples
This section presents some example applications which are all routine given the framework developed here, but
would not have been without it. See appendix M for a brief description of the software used for this.

F.1 Kidney renal clear cell carcinoma: Cox survival modelling with smooth interactions
The left 2 panels of figure 5 show survival times of patients with kidney renal clear cell carcinoma, plotted against
disease stage at diagnosis and age, with survival time data in red and censoring time data in black (available from
https://tcga-data.nci.nih.gov/tcga/). Other recorded variables include race, previous history of
malignancy and laterality (whether the left or right kidney is affected). A possible model for the survival times
would be a Cox proportional hazards model with linear predictor dependent on parametric effects of the factor
predictors and smooth effects of age and stage. Given the new methods this model can readily be estimated, as
detailed in appendix G. A model with smooth main effects plus an interaction has a marginally lower AIC than the
main effects only and the combined effect of age and stage is shown in the right panel of figure 5. Broadly it appears
that both age and stage increase the hazard, except at relatively high stage where age matters little below ages in
the mid sixties. Disease in the right kidney leads to significantly reduced hazard (p=.005) relative to disease in the
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Simulation setting Alternative MSE/Biers diff.
Family parameters approx. r2 % failure p-value

nb θ = 3, d = .12 0.25 -(.3) 0.0015(0.0013)
θ = 3, d = .2 0.45 -(.7) 0.087(< 10−5)
θ = 3, d = .4 0.79 -(.3) < 10−5(< 10−5)

beta θ = 0.02 0.3 -(1.3) 0.40(< 10−5)
θ = 0.01 0.45 -(1.3) 0.16(< 10−5)
θ = 0.001 0.9 -(.7) < 10−5(0.044)

scat ν = 5, σ = 2.5 0.5 -(2) .021(< 10−5)
ν = 3, σ = 1.3 0.7 .3(-) < 10−5(< 10−5)
ν = 4, σ = 0.9 0.85 -(.3) < 10−5(0.41)

zip θ = (−2, 0), d = 2 0.5 2(3.3) < 10−5(0.004)
θ = (−2, 0), d = 2.5 0.67 4.3(3.7) < 10−5(0.001)
θ = (−2, 0), d = 3 0.8 8.3(4.3) < 10−5(< 10−5)

ocat θ = (−1, 0, 3), d = .3 0.4 - 0.388(< 10−5)
θ = (−1, 0, 3), d = 1 0.7 - 0.0025(0.0023)
θ = (−1, 0, 3), d = 2 0.85 - 0.191(7.3× 10−4)

Table 1: Simulation settings, failure rates and p-values for performance differences when comparing the new meth-
ods to existing software. The approximate r2 column gives the approximate proportion of the variance explained
by the linear predictor, for each scenario. The fit failure rates for the alternative procedure are also given (for
the correlated covariate case in brackets): the new method produced no failures. The p-values for the difference
between MSE or Briers scores between the methods are also reported. The new method had the better average
scores in all cases that were significant at the 5% level, except for the zip model on uncorrelated data, where the
GAMLSS methods achieved slightly lower MSE.

left kidney: the reduction on the linear predictor scale being 0.45. This effect is likely to relate to the asymmetry in
arrangement of other internal organs. There was no evidence of an effect of race or previous history of malignancy.

F.2 Overdispersed Horse Mackerel eggs
Figure 6 shows data from a 2010 survey of Horse Mackerel eggs. The data are from the WGMEGS working
group (http://www.ices.dk/marine-data/data-portals/Pages/Eggs-and-larvae.aspx).
Egg surveys are commonly undertaken to help in fish stock assessment and are attractive because unbiased sam-
pling of eggs is much easier than unbiased sampling of adult fish. The eggs are collected by ship based sampling
and typically show over-dispersion relative to Poisson and a high proportion of zeroes. The high proportion of ze-
roes is often used to justify the use of zero inflated models, although reasoning based on the marginal distribution
of eggs is clearly incorrect, and the zeroes are often highly clustered in space, suggesting a process with a spatial
varying mean, rather than zero inflation.

The new methods make it straightforward to rapidly compare several possible models for the data, in particular
Poisson, zero-inflated Poisson, Tweedie and negative binomial distributions. A common structure for the expected
number of eggs, µi, (or Poisson parameter in the zero inflated case) was :

log(µi) = log(voli) + bs(i) + f1(loi, lai) + f2(T.20i) + f3(T.surfi) + f4(sal.20i)

where voli is the volume of water sampled, bs(i) is an independent Gaussian random effect for the ship that
obtained sample i, loi and lai are longitude and latitude (actually converted onto a square grid for modelling),
T.20i and T.surfi are water temperature at 20m depth and the surface, respectively and sal.20i is salinity at 20m
depth. Univariate smooth effects were modelled using rank 10 thin plate regression splines, while the spatial effect
was modelled using a rank 50 Duchon spline, with a first order derivative penalty and s = 1/2 (Duchon, 1977;
Miller and Wood, 2014).

An initial Poisson fit of this model structure was very poor with clear over-dispersion. We therefore tried
negative binomial, Tweedie and two varieties of zero inflated Poisson models. The details of the zero inflated
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Figure 5: Left: Survival times (red) and censoring times (black) against disease stage for patients with kidney renal
clear cell carcinoma. Middle: times against patient age. Right: the combined smooth effect of age and stage on
the linear predictor scale from a Cox Proportional hazards survival model estimated by maximum penalized partial
likelihood. Higher values indicate higher hazard resulting in shorter survival times.
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Figure 6: Left: 2010 Horse Mackerel egg survey data. Open circles are survey stations with no eggs, while solid
symbols have area proportional to number of eggs sampled. Right: Fitted spatial effect from the best fit negative
binomial based model.
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Figure 7: Residual plots for three Horse Mackerel egg models. Deviance residuals have been scaled by the scale
parameter so that they should have unit variance for a good model. The fourth root of fitted values is used to best
show the structure of the residuals. Left is for a zero inflated Poisson model: the zero inflation has served to reduce
the variability in the fitted values, allowed substantial over prediction of a number of zeroes, and has not dealt with
over-dispersion. Middle and right are for the equivalent negative binomial and Tweedie models. The right two are
broadly acceptable, although there is some over-prediction of very low counts evident at the right of both plots.
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Figure 8: Horse Mackerel model univariate effect estimates.

Poisson models are given in Appendix I. The extended GAM version has the zero inflation rate depending on a
logistic function of the linear predictor controlling the Poisson mean, with the restriction that zero inflation must
be non-increasing with the Poisson mean. The more general GAMLSS formulation (section 3.2 and appendix I)
has a linear predictor for the probability, pi, of potential presence of eggs

logit(pi) = f1(loi, lai) + f2(T.20i)

with the same model as above for the Poisson mean given potential presence.
Figure 7 shows simple plots of scaled deviance residuals against 4th root of fitted values. The plot for the

extended GAM version of the zero inflated model is shown in the left panel and makes it clear that zero inflation is
not the answer to the over-dispersion problem in the Poisson model; the GAMLSS zero inflated plot is no better.
The negative binomial and Tweedie plots are substantially better, so that formal model selection makes sense in
this case. The AIC of section 5 selects the negative binomial model with an AIC of 4482 against 4979 for the
Tweedie (the Poisson based models have much higher AIC, of course).

Further model checking then suggested increasing the basis dimension of the spatial smooth and changing from
a Duchon spline to a thin plate spline, so that the final model spatial effect estimate, plotted on the right hand side
of figure 6, uses a thin plate regression spline with basis dimension 150 (although visually the broad structure of
the effect estimates is very similar to the original fit). The remaining effect estimates are plotted in figure 8. Clearly
there is no evidence for an effect of salinity, while the association of density with water temperature is real, but
given the complexity of the surface affect, possibly acting as a surrogate for the causal variables here. The final
fitted model explains around 70% of the deviance in egg count.
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G Cox proportional hazards model
The Cox proportional Hazards model (Cox, 1972) is an important example of a general smooth model requiring
the methods of section 3.1, at least if the computational cost is to be kept linear in the sample size, rather than
quadratic. With some care in the structuring of the computations, the computational cost can be kept to O(Mnp2).
Let the n data be of the form (t̃i,Xi, δi), i.e. an event time, model matrix row (there is no intercept in the Cox
model) and an indicator of death (1) or censoring (0). Assume w.l.o.g. that the data are ordered so that the ti are
non-increasing with i. The time data can conveniently be replaced by a vector t of nt unique decreasing event
times, and an n vector of indices, r, such that tri = t̃i.

The log likelihood, as in Hastie and Tibshirani (1990), is

l(β) =

nt∑
j=1

 ∑
{i:ri=j}

δiXiβ − dj log

 ∑
{i:ri≤j}

exp(Xiβ)


 .

Now let ηi ≡ Xiβ, γi ≡ exp(ηi) and dj =
∑

{i:ri=j} δi (i.e the count of deaths at this event time). Then

l(β) =

nt∑
j=1

 ∑
{i:ri=j}

δiηi − dj log

 ∑
{i:ri≤j}

γi


 .

Further define γ+j =
∑

{i:ri≤j} γi, so that we have the recursion

γ+j = γ+j−1 +
∑

{i:ri=j}

γi

where γ+0 = 0. Then

l(β) =
n∑

i=1

δiηi −
nt∑
j=1

dj log(γ
+
j ).

Turning to the gradient gk = ∂l/∂βk, we have

g =
n∑

i=1

δiXi −
nt∑
j=1

djb
+
j /γ

+
j

where b+
j = b+

j−1 +
∑

{i:ri=j} bi, bi = γiXi. and b+
0 = 0. Finally the Hessian Hkm = ∂2l/∂βk∂βm is given

by

H =

nt∑
j=1

djb
+
j b

+T
j /γ+2

j − djA
+
j /γ

+
j

where A+
j = A+

j−1 +
∑

{i:ri=j} Ai, Ai = γiXiX
T
i and A+

0 = 0.

Derivatives with respect to smoothing parameters

To obtain derivatives it will be necessary to obtain expressions for the derivatives of l and H with respect to
ρk = log(λk). Firstly we have

∂ηi
∂ρk

= Xi
∂β̂

∂ρk
,
∂γi
∂ρk

= γi
∂ηi
∂ρk

,
∂bi

∂ρk
=
∂γi
∂ρk

Xi and
∂Ai

∂ρk
=
∂γi
∂ρk

XiX
T
i .

Similarly

∂2ηi
∂ρk∂ρm

= Xi
∂2β̂

∂ρk∂ρm
,

∂2γi
∂ρk∂ρm

= γi
∂ηi
∂ρk

∂ηi
∂ρm

+ γi
∂2ηi

∂ρk∂ρm
,

∂2bi

∂ρk∂ρm
=

∂2γi
∂ρk∂ρm

Xi.

13



Derivatives sum in the same way as the terms they relate to.

∂l

∂ρk
=

n∑
i=1

δi
∂ηi
∂ρk

−
nt∑
j=1

dj

γ+j

∂γ+j
∂ρk

,

and
∂2l

∂ρk∂ρm
=

n∑
i=1

δi
∂2ηi

∂ρk∂ρm
+

nt∑
j=1

(
dj

γ+2
j

∂γ+j
∂ρm

∂γ+j
∂ρk

− dj

γ+j

∂2γ+j
∂ρk∂ρm

)
,

while

∂H

∂ρk
=

nt∑
j=1

dj

γ+2
j

{
A+

j

∂γ+j
∂ρk

+
∂b+

∂ρk
b+T + b+ ∂b

+T

∂ρk

}
− dj

γ+j

∂A+
j

∂ρk
− 2dj

γ+3
j

b+b+T
∂γ+j
∂ρk

and

∂2H

∂ρk∂ρm
=

nt∑
j=1

−2dj

γ+3
j

∂γ+j
∂ρm

{
A+

j

∂γ+j
∂ρk

+
∂b+

∂ρk
b+T + b+ ∂b

+T

∂ρk

}
+

dj

γ+2
j

{
∂A+

j

∂ρm

∂γ+j
∂ρk

+A+
j

∂2γ+j
∂ρk∂ρm

+
∂2b+

∂ρk∂ρm
b+T +

∂b+

∂ρk

∂b+T

∂ρm
+
∂b+

∂ρm

∂b+T

∂ρk
+ b+ ∂2b+T

∂ρk∂ρm

}

+
dj

γ+2
j

∂γ+j
∂ρm

∂A+
j

∂ρk
− dj

γ+j

∂2A+
j

∂ρk∂ρm
+

6dj

γ+4
j

∂γ+j
∂ρm

b+b+T
∂γ+j
∂ρk

− 2dj

γ+3
j

{
∂b+

∂ρm
b+T

∂γ+j
∂ρk

+ b+ ∂b
+T

∂ρm

∂γ+j
∂ρk

+ b+b+T
∂2γ+j
∂ρk∂ρm

}
.

In fact with suitable reparameterization it will only be necessary to obtain the second derivatives of the leading
diagonal of H, although the full first derivative of H matrices will be needed. All that is actually needed is
tr
(
H−1∂2H/∂ρk∂ρm

)
. Consider the eigen-decomposition H−1 = VΛVT. We have

tr
(
H−1 ∂H

∂θ

)
= tr

(
Λ
∂VTHV

∂θ

)
, tr

(
H−1 ∂2H

∂θk∂θm

)
= tr

(
Λ
∂2VTHV

∂θk∂θm

)
.

Since Λ is diagonal only the leading diagonal of the derivative of the reparameterized Hessian VTHV is required,
and this can be efficiently computed by simply using the reparameterized model matrix XV. So the total cost of
all derivatives is kept to O(Mnp2).

Prediction and the baseline hazard

Klein and Moeschberger (2003, pages 283, 359, 381) gives the details. Here we simply restate the required
expressions in forms suitable for efficient computation, using the notation and assumptions of the previous sections.

1. The estimated cumulative baseline hazard is

H0(t) =

 hj tj ≤ t < tj−1

0 t < tnt

h1 t ≥ t1

where the following back recursion defines hj

hj = hj+1 +
dj

γ+j
, hnt

=
dnt

γ+nt

.
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2. The variance of the estimated cumulative hazard is given by the back recursion

qj = qj+1 +
dj

γ+2
j

, qnt =
dnt

γ+2
nt

.

3. The estimated survival function for time t, covariate vector x, is

Ŝ(t,x) = exp{−H0(t)}exp(x
Tβ)

and consequently log Ŝ(t,x) = −H0(t) exp(x
Tβ). Let Ŝi denote the estimated version for the ith subject,

at their event time.

4. The estimated variance of Ŝ(t,x) is2

exp(xTβ̂)Ŝ(t,x)(qi + vT
i Vβvi)

1/2, if ti ≤ t < ti−1

where vi = ai − xhi, and the vector ai is defined by the back recursion

ai = ai+1 + b+
i

di

γ+2
i

, ant = b+
nt

dnt

γ+2
nt

.

For efficient prediction with standard errors, there seems to be no choice but to compute the nt, ai vectors
at the end of fitting and store them.

5. Martingale residuals are defined as
M̂j = δj + log Ŝj ,

and deviance residuals as

D̂j = sign(M̂j)[−2{M̂j + δj log(− log Ŝj)}]1/2.

The latter also being useful for computing a deviance.

H Multivariate additive model example
Consider a model in which independent observations y are m dimensional multivariate Gaussian with precision
matrix Σ−1 = RTR, R being a Cholesky factor of the form

R =


eθ1 θ2 · ·
0 eθm+1 θm+2 ·
· · · ·
· · · ·

 .

Let D denote the set of θi’s giving the diagonal elements of R, with corresponding indicator function ID(i) taking
value 1 if θi is in D and 0 otherwise. The mean vector µ has elements µi = xiβi, where xi is a model matrix row
for the ith component with corresponding coefficient vector βi. In what follows it will help to define x̄l

i as an m
vector of zeroes except for element l which is xli .

Consider the log likelihood for a single y

l = −1

2
(y − µ)TRTR(y − µ) +

∑
θi∈D

θi,

where
∑

θi∈D θi = log |R|. For Newton estimation of the model coefficients we need gradients

liθ = −(y − µ)TRTRi
θ(y − µ) + ID(i)

2Klein and Moeschberger (2003) miss a term in their expression (8.8.5). The correct form used here can be found in Andersen et al. (1996)
expression (10), for example.
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and
liβl = x̄l

i
TRTR(y − µ).

Then we need Hessian blocks
li j
βlβk = −x̄l

i
TRTRx̄k

j ,

li j
βlθ

= x̄l
i
T(Rj

θ
TR+RTRj

θ)(y − µ),

li jθθ = −(y − µ)TRj
θ
TRi

θ(y − µ)− (y − µ)TRTRi j
θθ(y − µ).

For optimization with respect to log smoothing parameters ρ we need further derivatives, but note that the third
derivatives with respect to βl are zero. The non-zero 3rd derivatives are

li j k
βlβmθ

= −x̄l
i
T(Rk

θ
TR+RTRk

θ)x̄
m
j ,

li jk
βlθθ

= x̄l
i
T(Rjk

θθ
TR+Rj

θ
TRk

θ +Rk
θ
TRj

θ +RTRjk
θθ)(y − µ),

li jkθθθ = −(y − µ)T(Rjk
θθ

TRi
θ +Rj

θ
TRik

θθ +Rk
θ
TRij

θθ +RTRijk
θθθ)(y − µ).

These are useful for computing the following. . .

li j k
βlβmρ

= li j q
βlβmθ

∂θ̂q
∂ρk

,

li jkθθρ = li jqθθθ

∂θ̂q
∂ρk

+ lq i j
βlθθ

∂β̂l
q

∂ρk
,

li jk
βlθρ

= li jq
βlθθ

∂θ̂q
∂ρk

+ li q j
βlβmθ

∂β̂m
q

∂ρk
.

This is sufficient for Quasi-Newton estimation of smoothing parameters.
Sometimes models with multiple linear predictors should share some terms across predictors. In this case the

general fitting and smoothing parameter methods should work with the vector of unique coefficients, β̄, say, to
which corresponds a model matrix X̄. The likelihood derivative computations on the other hand can operate as if
each linear predictor had unique coefficients, with the derivatives then being summed over the copies of each unique
parameter. Specifically, let ikj indicate which column of X̄ gives column j of Xk, and let Ji = {k, j : ikj = i},
i.e. the set of k, j pairs identifying the replicates of column i of X̄ among the Xk, and the replicates of β̄i among
the βk. Define a ‘J contraction over xk’ to be an operation of the form

x̄i =
∑

k,j∈Ji

xkj ∀i.

Then the derivative vectors with respect to β̄ are obtained by a J contraction over the derivative vectors with
respect to βk. Similarly the Hessian with respect to β̄ is obtained by consecutive J contractions over the rows
and columns of the Hessian with respect to the βk. For the computation (4) in section 3.2 we would apply J
contractions to the columns of the two matrices in round brackets on the right hand side of (4) (B would already
be of the correct dimension, of course). The notion of J contraction simplifies derivation and coding in the case
when different predictors reuse terms, but note that computationally it is simpler and more efficient to implement
J contraction based only on the index vector ikj , rather than by explicitly forming the Ji.

I Zero inflated Poisson models
Zero inflated Poisson models are popular in ecological abundance studies when one process determines whether a
species is (or could be) present, and the number observed, given presence (suitability), is a Poisson random variable.
Several alternatives are possible, but the following ‘hurdle model’ tends to minimise identifiability problems.

f(y) =

{
1− p y = 0
pλy/{(eλ − 1)y!} otherwise.
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So observations greater than zero follow a zero truncated Poisson. Now adopt the unconstrained parameterization,
γ = log λ and η = log{− log(1− p)} (i.e. using log and complementary log-log links). If γ = η this recovers an
un-inflated Poisson model. The log likelihood is now

l =

{
−eη y = 0
log(1− e−eη ) + yγ − log(ee

γ − 1)− log y! y > 0.

Some care is required to evaluate this without unnecessary overflow, since it is easy for the 1− e−eη and ee
γ − 1

to evaluate as zero in finite precision arithmetic. Hence the limiting results log(1 − e−eη ) → log(eη − e2η/2 +
e3η)/6) → η as η → −∞ and log(ee

γ − 1) → log(eγ + e2γ/2+ e3γ)/6) → γ as γ → −∞ can be used. The first
pair of limits is useful as the arguments of the logs becomes too close to 1 and the second pair as the exponential
of η or γ approaches underflow to zero. (The log gamma function of y + 1 computes log y!)

The derivatives for this model are straightforward as all the mixed derivatives are zero. For the y > 0 part,

lη =
eη

eeη − 1
, lγ = y − α, where α =

eγ

1− e−eγ
, lηη = (1− eη)lη − l2η, lγγ = α2 − (eγ + 1)α,

lηηη = −eηlη + (1− eη)2lη − 3(1− eη)l2η + 2l3η, lγγγ = −2α3 + 3(eγ + 1)α2 − eγα− (eγ + 1)2α,

lηηηη = (3eη − 4)eηlη + 4eηl2η + (1− eη)3lη − 7(1− eη)2l2η + 12(1− eη)l3η − 6l4η

and lγγγγ = 6α4 − 12(eγ + 1)α3 + 4eγα2 + 7(eγ + 1)2α2 − (4 + 3eγ)eγα− (eγ + 1)3α.

As with l itself, some care is required to ensure that the derivatives evaluate accurately and without overflow over
as wide a range of γ and η as possible. To this end note that as η → ∞ all derivatives with respect to η tend to
zero, while as γ → ∞, lγγγ → lγγγγ → −eγ . As η → −∞ accurate evaluation of the derivatives with respect
to η rests on lη → 1 − eη/2 − e2η/12. Substituting this into the derivative expressions, the terms of O(1) can be
cancelled analytically: the remaining terms then evaluate the derivatives without cancellation error problems. For
γ → −∞ the equivalent approach uses α→ 1 + eγ/2 + eγ/12.

An extended GAM version of this model is also possible, in which η is a function of γ and extra parameters,
θ, for example via η = θ1 + eθ2γ. The idea is that the degree of zero inflation is a non-increasing function of γ,
with θ1 = θ2 = 0 recovering the Poisson model. The likelihood expressions are obtained by transformation. Let
l̄γ denote the total derivative with respect to γ in such a model.

l̄γ = lγ + lηηγ , l̄γγ = lγγ + lηηηγηγ + lηηγγ , l̄θi = lηηθi , l̄γθi = lηηηθiηγ + lηηθγ

l̄γγθi = lηηηηθiη
2
γ + lηη(2ηγθiηγ + ηγγηθi) + lηηγγθi , l̄γγγ = lγγγ + lηηηη

3
γ + 3lηηηγηγγ + lηηγγγ

l̄θiθj = lηηηθiηθj + lηηθiθj , l̄γθiθj = lηηηηθiηθjηγ + lηη(ηθiθjηγ + ηθiγηθj + ηθjγηθi) + lηηθiθjγ

l̄γγθiθj = lηηηηηθiηθjη
2
γ + lηηη(ηθiθjη

2
γ + 2ηθiηγηθjγ + 2ηθjηγηθiγ + ηθiηθjηγγ)

+ lηη(2ηγθiηγθj + 2ηγηγθiθj + ηθiηγγθj + ηθjηγγθi + ηθiθjηγγ) + lηηγγθiθj

l̄γγγθi = lηηηηηθiη
3
γ + 3lηηη(η

2
γηθiγ + ηθiηγηγγ) + lηη(3ηθiγηγγ + 3ηγηγγθi + ηθiηγγγ) + lηηγγγθi

l̄γγγγ = lγγγγ + lηηηηη
4
γ + 6lηηηη

2
γηγγ + lηη(3η

2
γγ + 4ηγηγγγ) + lηηγγγγ

If η = θ1 + eθ2γ then ηθ1 = 1, ηγθ2θ2 = ηγθ2 = ηγ = eθ2 , ηγ = ηθ2θ2 = eγeθ2 : other required derivatives are 0.
Computationally it makes sense to define the deviance as −2l and the saturated log likelihood as l̃ = 0 during

model estimation, and only to compute the true l̃ and deviance at the end of fitting, since there is no closed form
for l̃ in this case (the same is true for beta regression).
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J Tweedie model details
This example illustrates an extended GAM case where the likelihood is not available in closed form. The Tweedie
distribution (Tweedie, 1984) has a single θ parameter, p, and a scale parameter, ϕ. We have V (µ) = µp, and a
density.

f(y) = a(y, ϕ, p) exp{µ1−p(y/(1− p)− µ/(2− p))/ϕ}.

We only consider p in (1,2). The difficulty is that

a(y, ϕ, p) =
1

y

∞∑
j=1

Wj

where, defining α = (2− p)/(1− p),

logWj = j {α log(p− 1)− log(ϕ)/(p− 1)− log(2− p)} − log Γ(j + 1)− log Γ(−jα)− jα log y.

The sum is interesting in that the early terms are near zero, as are the later terms, so that it has to be summed-from-
the-middle, which can be a bit involved: Dunn and Smyth (2005), give the details, but basically they show that the
series maximum is around jmax = y2−p/{ϕ(2− p)}.

Let ω =
∑∞

j=1Wj . We need derivatives of logω with respect to ρ = log ϕ and p, or possibly θ where

p = {a+ b exp(θ)}/{1 + exp(θ)}

and 1 < a < b < 2. For optimization this transformation is necessary since the density becomes discontinuous at
p = 1 and the series length becomes infinite at p = 2. It is very easy to produce derivative schemes that overflow,
underflow or have cancellation error problems, but the following avoids the worst of these issues. We use the
identities

∂ logω

∂x
= sign

(
∂ω

∂x

)
exp

(
log

∣∣∣∣∂ω∂x
∣∣∣∣− logω

)
and

∂2 logω

∂x∂z
= sign

(
∂2ω

∂x∂z

)
exp

(
log

∣∣∣∣ ∂2ω∂x∂z

∣∣∣∣− logω

)
−sign

(
∂ω

∂x

)
sign

(
∂ω

∂z

)
exp

(
log

∣∣∣∣∂ω∂x
∣∣∣∣+ log

∣∣∣∣∂ω∂x
∣∣∣∣− 2 logω

)
.

Now
∂ω

∂x
=
∑
i

Wi
∂ logWi

∂x

while
∂2ω

∂x∂z
=
∑
i

Wi
∂ logWi

∂x

∂ logWi

∂z
+Wi

∂2 logWi

∂z∂x
,

but note that to avoid over or underflow we can use W ′
i = Wi − max(Wi) in place of Wi in these computations,

without changing ∂ logω/∂x or ∂2 logω/∂x∂z. Note also that

logω = log(
∑
i

W ′
i ) + max(Wi).

All that remains is to find the actual derivatives of the logWj terms.

∂ logWj

∂ρ
=

−j
p− 1

and
∂2 logWj

∂ρ2
= 0.

It is simplest to find the derivatives with respect to p and then transform to those with respect to θ:

∂2 logWj

∂ρ∂θ
=
∂p

∂θ

j

(p− 1)2
.
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The remaining derivatives are a little more complicated

∂ logWj

∂p
= j

{
log(p− 1) + log ϕ

(1− p)2
+

α

p− 1
+

1

2− p

}
+
jψ0(−jα)
(1− p)2

− j log y

(1− p)2

and

∂2 logWi

∂p2
= j

{
2 log(p− 1) + 2 log ϕ

(1− p)3
− (3α− 2)

(1− p)2
+

1

(2− p)2

}
+

2jψ0(−jα)
(1− p)3

− j2ψ1(−jα)
(1− p)4

− 2j log y

(1− p)3

where ψ0 and ψ1 are digamma and trigamma functions respectively. These then transform according to

∂ logWj

∂θ
=
∂p

∂θ

∂ logWj

∂p
and

∂2 logWj

∂θ2
=
∂2p

∂θ2
∂ logWj

∂p
+

(
∂p

∂θ

)2
∂2 logWj

∂p2
.

The required transform derivatives are

∂p

∂θ
=
eθ(b− a)

(eθ + 1)2
and

∂2p

∂θ2
=
e2θ(a− b) + eθ(b− a)

(eθ + 1)3
.

K Ordered categorical model details
This example provides a useful illustration of an extended GAM model where the number of θ parameters varies
from model to model. The basic model is that y takes a value from r = 1, . . . , R, these being ordered category
labels. Given −∞ = α0 < α1, . . . < αR = ∞ we have that y = r if a latent variable u = µ + ϵ is such that
αr−1 < u ≤ αr, which occurs with probability

Pr(Y = r) = F (αr − µ)− F (αr−1 − µ)

whereF is the c.d.f. of ϵ. See Kneib and Fahrmeir (2006) and (Fahrmeir et al., 2013, section 6.3.1) for a particularly
clear exposition.

F (x) = exp(x)/(1 + exp(x))

is usual. For identifiability reasons α1 = −1, or any other constant, so there are R − 2 free parameters to choose
to control the thresholds. Generically we let

αr = α1 +
r−1∑
i=1

exp(θi), 1 < r < R.

Note that the cut points in this model can be treated as linear parameters in a GLM PIRLS iteration, but this is not
a good approach if smoothing parameter estimates are required. The problem is that the cut points are then not
forced to be correctly ordered, which means that the PIRLS iteration has to check for this as part of step length
control. Worse still, if a category is missing from the data then the derivative of the likelihood with respect to the
cut points can be non zero at the best fit, causing implicit differentiation to fail.

Direct differentiation of the log Pr(Y = r) = F (αr − µ)−F (αr−1 − µ) in terms of θi is ugly, and it is better
to work with derivatives with respect to the αr and use the chain rule. The saturated log likelihood can then be
expressed as

l̃ = log[F{(αr − αr−1)/2} − F{(αr−1 − αr)/2}]

while the deviance is
D = 2[ls − log{F (αr − µ)− F (αr−1 − µ)}].

Define f1 = F (αr − µ) and f0 = F (αr−1 − µ), f = f1 − f0. Similarly

a1 = f21 − f1, a0 = f20 − f0, a = a1 − a0,

bj = fj − 3f2j + 2f3j , b = b1 − b0

19



cj = −fj + 7f2j − 12f3j + 6f4j , c = c1 − c0

and
dj = fj − 15f2j + 50f3j − 60f4j + 24f5j , d = d1 − d0.

The sharp eyed reader will have noticed that all these expressions are prone to severe cancellation error prob-
lems as fj → 1. Stable expressions are required. For f , note that if b > a

eb

1 + eb
− ea

1 + ea
=

e−a − e−b

(e−b + 1)(e−a + 1)
=

1− ea−b

(e−b + 1)(1 + ea)

The first is used if 0 > b > a, the second if b > a > 0 and the last if b > 0 > a. Now writing x as a generic
argument of F , we have

aj =
−ex

(1 + ex)2
=

−e−x

(e−x + 1)2
, bj =

ex − e2x

(1 + ex)3
=
e−2x − e−x

(e−x + 1)3
, cj =

−e3x + 4e2x − ex

(1 + ex)4

=
−e−x + 4e−2x − e−3x

(e−x + 1)4
, dj =

−e4x + 11e3x − 11e2x + ex

(1 + ex)5
=

−e−x + 11e−2x − 11e−3x + e−4x

(e−x + 1)5

These are useful by virtue of involving terms of order 0, rather than 1.
Then

Dµ = −2a/f, Dµµ = 2a2/f2 − 2b/f, Dµµµ = −2c/f − 4a3/f3 + 6ab/f2.

Note that Dµµ ≥ 0.
Dµµµµ = 6b2/f2 + 8ac/f2 + 12a4/f4 − 24a2b/f3 − 2d/f,

Dµαr−1
= 2a0a/f

2 − 2b0/f, Dµαr
= −2a1a/f

2 + 2b1/f,

Dµµαr−1 = −2c0/f + 4b0a/f
2 − 4a0a

2/f3 + 2a0b/f
2, Dµµαr = 2c1/f − 4b1a/f

2 + 4a1a
2/f3 − 2a1b/f

2,

Dµµµαr−1
= −2d0/f + 2a0c/f

2 + 6c0a/f
2 − 12b0a

2/f3 + 12a0a
3/f4 + 6b0b/f

2 − 12a0ab/f
3,

Dµµµαr = 2d1/f − 2a1c/f
2 − 6c1a/f

2 + 12b1a
2/f3 − 12a1a

3/f4 − 6b1b/f
2 + 12a1ab/f

3.

Furthermore,

Dµαr−1αr−1 = 2c0/f−2b0a/f
2+4a0b0/f

2−4a20a/f
3, Dµαrαr = −2c1/f+2b1a/f

2+4a1b1/f
2−4a21a/f

3,

Dµαr−1αr = −2a0b1/f
2 − 2b0a1/f

2 + 4a0a1a/f
3,

while

Dµµαr−1αr−1 = 2d0/f−4c0a/f
2+4b20/f

2+4a0c0/f
2+4b0a

2/f3−16a0b0a/f
3+12a20a

2/f4−2b0b/f
2−4a20b/f

3,

Dµµαrαr = −2d1/f+4c1a/f
2+4b21/f

2+4a1c1/f
2−4b1a

2/f3−16a1b1a/f
3+12a21a

2/f4+2b1b/f
2−4a21b/f

3,

Dµµαr−1αr = 0.

Finally there are some derivatives not involving µ and hence involving the terms in l̃. First define

ᾱ = (αr − αr−1)/2, γ1 = F (ᾱ), γ0 = F (−ᾱ),

A = γ1 − γ0, B = γ21 − γ1 + γ20 − γ0, C = 2γ31 − 3γ21 + γ1 − 2γ30 + 3γ20 − γ0.

Then
Dαr−1 = B/A− 2a0/f, Dαr = −B/A+ 2a1/f

and

Dαr−1αr−1 = 2b0/f +2a20/f
2+C/(2A)−B2/(2A2), Dαrαr = −2b1/f +2a21/f

2+C/(2A)−B2/(2A2),

Dαrαr−1 = −2a0a1/f
2 − C/(2A) +B2/(2A2).

The derivatives of l̃ can be read from these expressions.
Having expressed things this way, it is necessary to transform to derivatives with respect to θ.

∂D

∂θk
=


0 r ≤ k
exp(θk)∂D/∂αr r = k + 1
exp(θk)(∂D/∂αr + ∂D/∂αr−1) r > k + 1
exp(θk)∂D/∂αr−1 r = R.
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Figure 9: mgcv (top row) and INLA (lower row) fits (with 95% credible intervals) to the simple 3 term additive
model simulated in Appendix L. Each row is supposed to be reconstructing the same true function, which in reality
looks like the estimate in the upper row. On this occasion INLA encounters numerical stability problems and the
estimates are poor.

L Example comparison with INLA and JAGS
As mentioned in the main text, for models that require high rank random fields INLA offers a clearly superior ap-
proach to the methods proposed here, but at the cost of requiring sparse matrix methods, which preclude stabilizing
reparameterization or pivoting for stability. On occasion this has noticeable effects on inference. For example the
following code is adapted from the first example in the gam helpfile in R package mgcv.

library(mgcv);library(INLA)
n <- 500; set.seed(0) ## simulate some data...
dat <- gamSim(1,n=n,dist="normal",scale=1)
k=20;m=2
b <- gam(y˜s(x0,k=k,m=m)+s(x1,k=k,m=m)+s(x2,k=k,m=m),

data=dat,method="REML")
md <- "rw2"
b2 <- inla(y˜f(x0,model=md)+ f(x1,model=md)+

f(x2,model=md),data=dat,verbose=TRUE)})

On the same dual core laptop computer the gam fit took 0.2 seconds and the INLA fit 40.9 seconds. Figure 9
compares the function estimates: INLA has encountered numerical stability problems and the reconstructions,
which should look like those on the top row of the figure, are poor. Replicate simulations often give INLA results
close to the truth, indistinguishable from the mgcv results and computed in less than 1 second, but the shown
example is not unusual. For this example we can fix the problem by binning the covariates, in which case the
estimates and intervals are almost indistinguishable from the gam estimates. However the necessity of doing this
does emphasise that the use of sparse matrix methods precludes the use of pivoting to alleviate the effects of poor
model conditioning.

The same example can be coded in JAGS, for example using the function jagam from mgcv to auto-generate
the JAGS model specification and starting values. To obtain samples giving comparable results to the top row of
figure 9 took about 16 seconds, emphasising that simulation is relatively expensive for these models.

M Software implementation
We have implemented the proposed framework in R (R Core Team, 2014), by extending package mgcv (from
version 1.8-0), so that the gam function can estimate all the models mentioned in this paper, in a manner that is
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intuitively straightforward for anyone familiar with GAMs for exponential family distributions. Implementation
was greatly facilitated by use of Bravington (2013). For the beta, Tweedie, negative binomial, scaled t, ordered
categorical, simple zero inflated Poisson and Cox proportional hazards models, the user simply supplies one of the
families betar, tw, nb, scat, ocat, ziP or cox.ph to gam as the family argument, in place of the usual
exponential family family. For example the call to fit a Cox proportional hazards model is something like.

gam(time ˜ s(x) + s(z),family=cox.ph,weights=censor)

where censor would contain a 0 for a censored observation, and a 1 otherwise. Model summary and plot
functions work exactly as for any GAM, while predict allows for prediction on the survival scale.

Linear functionals of smooths are incorporated as model components using a simple summation convention.
Suppose that X and L are matrices. Then a model term S(X,by=L) indicates a contribution to the ith row of the
linear predictor of the form

∑
j f(Xij)Lij . This is the way that the section 8 model is estimated.

For models with multiple linear predictors gam accepts a list of model formulae. For example a GAMLSS
style zero inflated Poisson model would be estimated with something like

gam(list(y ˜ s(x) + s(z),˜ s(v)+s(w)),family=ziplss)

where the first formula specifies the response and the linear predictor the Poisson parameter given presence, while
the second, one sided, formula specifies the linear predictor for presence. gaulss and multinom families
provide further examples.

Similarly a multivariate normal model is fit with something like

gam(list(y1 ˜ s(x) + s(z),y2 ˜ s(v)+s(w)),family=mvn(d=2))

where each formula now specifies one component of the multivariate response and the linear predictor for its mean.
There are also facilities to allow terms to be shared by different linear predictors, for example

gam(list(y1 ˜ s(x),y2 ˜ s(v),y3 ˜ 1 ,1 + 3 ˜ s(z) - 1),family=mvn(d=3))

specifies a multivariate normal model in which the linear predictors for the first (y1) and third (y3) components
of the response share the same dependence on a smooth of z.

The software is general and can accept an arbitrary number of formulae as well as dealing with the identifiability
issues that can arise between parametric components when linear predictors share terms. Summary and plotting
functions label model terms by component, and prediction produces matrix predictions when appropriate.
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