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e One-sided ideals (noetherianity)
O Growth

© Two-sided ideals

@ Representation theory

ﬂ Poisson ideals
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0 (Universal) enveloping algebras
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Work over C unless stated otherwise.

Notation:
@ [ = arbitrary Lie algebra
@ L = infinite-dimensional Lie algebra
@ g = finite-dimensional simple Lie algebra
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_ ()

-~ (y—yx=[xylforx,yet)

U(1), the universal enveloping algebra of [, is an associative algebra
with the same representation theory as .

[~ U(T)

Susan J. Sierra (University of Edinburgh) Enveloping algebras of infinite-dimensional Lie Madrid, 22 June 2023 6/34



_ ()

-~ (y—yx=[xylforx,yet)

U(1), the universal enveloping algebra of [, is an associative algebra
with the same representation theory as .

[~ U(T)

U(1) with dim I < co: some of the most well-studied examples in ring
theory.

U(L): much more mysterious!
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-~ (y—yx=[xylforx,yet)

U(1), the universal enveloping algebra of [, is an associative algebra
with the same representation theory as .

[~ U(T)

U(1) with dim I < co: some of the most well-studied examples in ring
theory.

U(L): much more mysterious!

What is the ring theory of U(L) for dim L = o0 ?
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e Examples of L to keep in mind
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(i) Algebras of derivations

@ W = Witt algebra = Der C[t, t~'] = C[t,t~"]0. (Here 9 = &.)
@ Vir = Virasoro algebra =ysp W & Cz

z central, [f9,gd] = (fg’ — F9)d + Reso(f'g" — 'g’)z

@ Der C for any commutative (associative, unital) algebra C
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(i) Kac-Moody algebras

A € Mpxn(Z) ~ L(A), presented by (generalised) Serre relations.

Three types, depending on A:
@ finite-dimensional simple
@ affine
@ indefinite type
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(i) Kac-Moody algebras

A € Mpxn(Z) ~ L(A), presented by (generalised) Serre relations.

Three types, depending on A:
@ finite-dimensional simple
@ affine
@ indefinite type

Affine algebras look like (as vector space!)

alt,t~ '] ® Cz =: g for some (finite dimensional simple) g

glt,t7'] = g® C[t, t~ "] is the loop algebra of g:
xofyogl=[xylofg

Susan J. Sierra (University of Edinburgh) Enveloping algebras of infinite-dimensional Lie Madrid, 22 June 2023



shutterstock.com + 649711870

Susan J. Sierra (University of Edinburgh) Enveloping algebras of infinite-dimensional Lie Madrid, 22 June 2023 10/34



Theorem (O. Mathieu '92)

Let L be Z-graded simple, infinite-dimensional, and have polynomial
growth. Then L is one of:

@ g[t, t~'] (or a twisted form)
@ DerClty, ..., ty] (or one of three subalgebras)
e W, the Witt algebra
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e One-sided ideals (noetherianity)
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In this talk "noetherian" = "left and right noetherian" (the two are
equivalent for enveloping algebras)
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In this talk "noetherian" = "left and right noetherian" (the two are
equivalent for enveloping algebras)

Theorem (PBW)
U(1) =vsp S(I) = gr U(I)

Here S(I) = C[x;] where {x;} is a basis for I.
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In this talk "noetherian" = "left and right noetherian" (the two are
equivalent for enveloping algebras)

Theorem (PBW)
U(1) =vsp S(I) = gr U(I)

Here S(I) = C[x;] where {x;} is a basis for I.

dim [ < oo = U(l) is noetherian

Proof: noncommutative rings are nicer than commutative rings!
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In this talk "noetherian" = "left and right noetherian" (the two are
equivalent for enveloping algebras)

Theorem (PBW)
U(1) =vsp S(I) = gr U(I)

Here S(I) = C[x;] where {x;} is a basis for I.

dim [ < oo = U(l) is noetherian

Proof: noncommutative rings are nicer than commutative rings!

Question (Dixmier (?), Amayo-Stewart '74)
Does there exist an infinite-dimensional L with U(L) noetherian?
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In this talk "noetherian" = "left and right noetherian" (the two are
equivalent for enveloping algebras)

Theorem (PBW)
U(1) =vsp S(I) = gr U(I)

Here S(I) = C[x;] where {x;} is a basis for I.

dim [ < oo = U(l) is noetherian

Proof: noncommutative rings are nicer than commutative rings!

Question (Dixmier (?), Amayo-Stewart '74)
Does there exist an infinite-dimensional L with U(L) noetherian?

Non-example: L abelian = U(L) = S(L) is a polynomial ring in
infinitely many variables, not noetherian.
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U(W) is more interesting.
@ Very noncommutative: surjects onto every Weyl algebra
@ so it’s easier for 1-sided ideals to be big.

Question (Dean-Small '90)

Is U(W) noetherian?

Problem: U(W) is very hard to compute in!
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U(W) is more interesting.
@ Very noncommutative: surjects onto every Weyl algebra
@ so it’s easier for 1-sided ideals to be big.

Question (Dean-Small '90)
Is U(W) noetherian?

Problem: U(W) is very hard to compute in!

Theorem (S.-Walton ’13)

@ U(W) is not noetherian

© IfL is Z-graded simple, infinite-dimensional, polynomial growth
then U(L) is not noetherian.
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To prove the theorem, suffices to prove that U(W..) is not noetherian,
where W, = t2C[t]0 is the positive Witt algebra.
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To prove the theorem, suffices to prove that U(W..) is not noetherian,
where W, = t2C[t]0 is the positive Witt algebra.

The first proof was via representation theory: representations of W,
behave like representations of non-noetherian rings appearing in
noncommutative algebraic geometry.
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To prove the theorem, suffices to prove that U(W..) is not noetherian,
where W, = t2C[t]0 is the positive Witt algebra.

The first proof was via representation theory: representations of W,
behave like representations of non-noetherian rings appearing in
noncommutative algebraic geometry.

The second proof considers the obvious map

uw,)

fo X
\1: C[t, 9]

fo
(In A4, the first Weyl algebra, we have ot = to + 1.)
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To prove the theorem, suffices to prove that U(W..) is not noetherian,
where W, = t2C[t]0 is the positive Witt algebra.

The first proof was via representation theory: representations of W,
behave like representations of non-noetherian rings appearing in
noncommutative algebraic geometry.

The second proof considers the obvious map

uw,)

fo X
\1: C[t, 9]

fo
(In A4, the first Weyl algebra, we have ot = to + 1.)

Claim: ker ¢ is not finitely generated as a left or right ideal.
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Lift ¢ to:
U(W,) —2>Cls, 9]

N

C[t, 9]
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Lift ¢ to:
U(W,) —2>Cls, 9]

N

C[t, 9]

Im & is easier to understand, and can show ®(ker ¢) is not finitely
generated as a left or right ideal of Im .

Thus Im ¢ is not left or right noetherian, so neither is U(W..).
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Conjecture (S.-Walton '13)

U(1) is noetherian if and only if dim [ < co.
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Conjecture (S.-Walton '13)

U(1) is noetherian if and only if dim [ < co.

U(L) is not noetherian if L is:
@ (S.-Walton) W, or an algebra on Mathieu's list

@ (Buzaglo) Der C for C a finitely generated commutative domain
@ an infinite-dimensional Kac-Moody algebra
@ any other specific example
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Theorem (Topley ’'18)

Letchark > 0, and let L be a Z-graded Lie algebra of linear growth
defined over k. Then U(L) is not noetherian.

Show that U(L) has a very large and non-noetherian centre.

(In contrast, for algebras on Mathieu’s list Z(U(L)) = C.)

Susan J. Sierra (University of Edinburgh) Enveloping algebras of infinite-dimensional Lie Madrid, 22 June 2023 18/34



Outline

O Growth
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U(W,) —2~CJs, t, 0]

N

C[t, 9]

Observe that Im @, Im ¢ are much smaller than U(W,.).
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U(W,) —2~CJs, t, 0]

N

C[t, 9]

Observe that Im @, Im ¢ are much smaller than U(W,.).

Definition
An (associative) C-algebra R has polynomial or finite growth if 3d € N

so that for all finite dimensional V C R

dmV"<n® forn>0
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U(W,) —2~CJs, t, 0]

N

C[t, 9]

Observe that Im @, Im ¢ are much smaller than U(W,.).

Definition

An (associative) C-algebra R has polynomial or finite growth if 3d € N
so that for all finite dimensional V C R

dmV"<n® forn>0

U(1) has finite growth <= dim[ < co.

So U(W.,) has infinite growth, and Im ¢, Im ® have finite growth.
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Definition
R has just-infinite growth if R has infinite growth but R/ I has finite

growth for all 0 # 1< R.
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Definition

R has just-infinite growth if R has infinite growth but R/ I has finite
growth for all 0 # 1< R.

Conjecture (Petukhov-S. ’17)

U(W,.) has just-infinite growth.

(Suggested by computer experiments of |. Stanciu.)
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Theorem (lyudu-S. ’19)

U(W.) has just-infinite growth. So does U(Vir)/(z — \) for any A € C.

(including U(W) = U(Vir)/(z).)

Method: combinatorics to prove that two-sided ideals of U(W,.) are
very big and “have almost all leading terms”.
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Theorem (lyudu-S. ’19)

U(W.) has just-infinite growth. So does U(Vir)/(z — \) for any A € C.

(including U(W) = U(Vir)/(z).)

Method: combinatorics to prove that two-sided ideals of U(W,.) are
very big and “have almost all leading terms”.

Theorem (Biswal-S. '21)

U(9)/(z — \) has just-infinite growth for any X\ € C.

Harder because U(g) is more commutative than U( Vir).
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Theorem (lyudu-S. ’19)

U(W.) has just-infinite growth. So does U(Vir)/(z — \) for any A € C.

(including U(W) = U(Vir)/(z).)

Method: combinatorics to prove that two-sided ideals of U(W,.) are
very big and “have almost all leading terms”.

Theorem (Biswal-S. '21)

U(9)/(z — \) has just-infinite growth for any X\ € C.

Harder because U(g) is more commutative than U( Vir).

For which L does U(L) have just-infinite growth?
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Outline

© Two-sided ideals

Susan J. Sierra (University of Edinbur Enveloping algebras of infinite-dimensional Li¢ Madrid, 22 June 2023 23/34



Conjecture (Petukhov-S. ’17)

U(w), U(W,.), and U(Vir) satisfy ACC on two-sided ideals.
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Conjecture (Petukhov-S. ’17)
U(w), U(W,.), and U(Vir) satisfy ACC on two-sided ideals.

Evidence: Two-sided ideals in these algebras are big, so maybe they
are sparse?

(S.-Walton *15) ker ¢, ker ® are principal, and Im ¢, Im ¢ satisfy ACC on
two-sided ideals.

However (Petukhov-S. '22) U(g[t, t~']) does not have ACC on
two-sided ideals.
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Theorem (Biswal-S. '22)

If X # 0 then Uy := U(g)/(z — \) is simple.

Susan J. Sierra (University of Edinburgh) Enveloping algebras of infinite-dimensional Lie Madrid, 22 June 2023 25/34



Theorem (Biswal-S. '22)

If X # 0 then Uy := U(g)/(z — \) is simple.

Proof (g = sl5).

{z} U {ht'} generate an infinite-dimensional Heisenberg algebra

boo C slo. So
_ U(h)
RERNFEDY

A is the infinite Weyl algebra. It has infinite growth and is simple.

C U,.

Let0 # I U, so
Ao (_)&
INAsx I

By the previous theorem, both these algebras have finite growth.

So INAx #0. As A, is simple we have 1 € I.
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Recall the philosophy that U(Vir) is more noncommutative, so nicer,
than U(g).
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Recall the philosophy that U(Vir) is more noncommutative, so nicer,
than U(g).

Is U(Vir)/(z — X\) simple for X\ # 0?
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@ Representation theory
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Let M € Repg have central character A # 0. Then

AnnU@(M) = (Z = )\)
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Let M € Repg have central character A # 0. Then

AnnU@(M) = (Z = )\)

Annyg) (M) 2 (z — A), which is a maximal ideal.

Annihilators previously known only for Verma modules (Chari ’85).
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Does Vir have any polynomial growth irreps with nontrivial central
character?
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Does Vir have any polynomial growth irreps with nontrivial central
character?

Moral proof that the answer is "no": let M be such a representation,
with central character A # 0. Now conjecturally U(Vir)/(z — ) is
simple, so Annyyin (M) = (z2 — ).

In other words, U(Vir)/(z — \), which has infinite growth, acts faithfully
on M. This cannot be possible, as U(Vir)/(z — \) is so much larger
than M.
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Does Vir have any polynomial growth irreps with nontrivial central
character?

Moral proof that the answer is "no": let M be such a representation,
with central character A # 0. Now conjecturally U(Vir)/(z — ) is
simple, so Annyyin (M) = (z2 — ).

In other words, U(Vir)/(z — \), which has infinite growth, acts faithfully
on M. This cannot be possible, as U(Vir)/(z — \) is so much larger
than M.

Note that U(g) does not have polynomial growth irreps with nontrivial
central character, and this is basically the proof: such an irrep would
be a polynomial growth irrep of A, which are known not to exist by

Bernstein’s inequality.
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Outline

ﬂ Poisson ideals
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Let [ be any Lie algebra, with basis {x;};c;. Recall the symmetric
algebra of lis S(I) = C[xj]ic-

S(1) is a Poisson algebra: it has a Lie bracket {—, —} which is a
derivation in each variable and satisfies {x;, x;} = [x;, x;].

An ideal / of S(I) is a Poisson ideal if it’s also a Lie ideal: {/, S(I)} C I.
We write [ <p S(1).
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Let [ be any Lie algebra, with basis {x;};c;. Recall the symmetric
algebra of lis S(I) = C[xj]ic-

S(1) is a Poisson algebra: it has a Lie bracket {—, —} which is a
derivation in each variable and satisfies {x;, x;} = [x;, x;].

An ideal / of S(I) is a Poisson ideal if it’s also a Lie ideal: {/, S(I)} C I.
We write [ <p S(1).

Recall that S(I) = gr U(I). Thus from J < U(I) obtain a Poisson ideal
grd <p S(I).

Consequence: if S(I) has ACC on Poisson ideals then U(l) has ACC
on two-sided ideals.
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Theorem (Ledn Sanchez-S. ’20)

If L = Vir or L is on Mathieu’s list then S(L) has ACC on radical
Poisson ideals.
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Theorem (Ledén Sanchez-S. '20)

If L = Vir or L is on Mathieu’s list then S(L) has ACC on radical
Poisson ideals.

Does S(Vir) have ACC on Poisson ideals?
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Theorem (Ledén Sanchez-S. '20)

If L = Vir or L is on Mathieu’s list then S(L) has ACC on radical
Poisson ideals.

Does S(Vir) have ACC on Poisson ideals?

Theorem (lyudu-S. ’19)

If I is a nontrivial Poisson ideal of S(W) then S(W)/I has finite growth.
(and similarly for S(Vir)/(z — X)).

Thus if 0 # I <p S(Vir)/(z — X\) we expect algebraic geometry on V(/),
which is finite-dimensional and has finitely many irreducible
components.
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Let S be any (commutative) Poisson algebra. A Poisson ideal Q<p S is
Poisson primitive if there is a maximal ideal m of S so that Q is the
Poisson core of m: the maximal Poisson ideal contained in m.
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Let S be any (commutative) Poisson algebra. A Poisson ideal Q<p S is
Poisson primitive if there is a maximal ideal m of S so that Q is the

Poisson core of m: the maximal Poisson ideal contained in m.

Theorem (Petukhov-S. ’21)

@ Classify the Poisson primitive ideals of S(Vir).

@ I/f )\ #0 then (z — \) is a maximal Poisson ideal, that is
S(Vir)/(z — X) is Poisson simple.

Susan J. Sierra (University of Edinburgh) Enveloping algebras of infinite-dimensional Lie Madrid, 22 June 2023 33/34



Let S be any (commutative) Poisson algebra. A Poisson ideal Q<p S is
Poisson primitive if there is a maximal ideal m of S so that Q is the

Poisson core of m: the maximal Poisson ideal contained in m.

Theorem (Petukhov-S. ’21)

@ Classify the Poisson primitive ideals of S(Vir).

@ I/f )\ #0 then (z — \) is a maximal Poisson ideal, that is
S(Vir)/(z — X) is Poisson simple.

Is U(Vir)/(z — X\) simple for X\ # 0?
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The classification in part (1) of the previous theorem gives:
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The classification in part (1) of the previous theorem gives:

Theorem (Petukhov-S. ’21)

@ Let L be a finite codimension subalgebra of W. Then there is
0+#feCltt "] sothat fW C L.

@ Let L be a finite codimension subalgebra of Vir. Then z € L, and
so some fW @ Cz C L.
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The classification in part (1) of the previous theorem gives:

Theorem (Petukhov-S. ’21)

@ Let L be a finite codimension subalgebra of W. Then there is
0+#feCltt "] sothat fW C L.

@ Let L be a finite codimension subalgebra of Vir. Then z € L, and
so some fW @ Cz C L.

Muchas gracias!
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