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The Witt algebra

The Witt algebra

Definition

Let 0 = d%. The Witt algebrais W = C[x, x~1]0.

Here C[x,x~!] is the ring of Laurent polynomials in x with
complex coefficients (e.g. x> + 1 or x + 3 + x71).

W is the algebra of derivations of C[x,x~!], where a derivation is
a linear map d : C[x, x~1] — C[x, x 1] that obeys the Leibniz rule:

d(fg) = d(f)g + fd(g).

In what sense is W an algebra? Usually: “algebra” means
“associative algebra”, i.e. a vector space which is also a ring.
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The Witt algebra

How can we combine two elements of W to get a third?
The product rule means that if £, g € C[x,x~!], then
O(gf) = gf' + &'f = (g0 +&')(f),

and so we write
g =gd+g.

If 0g = g0+ g’ then
fogd = fgd> + fg'd ¢ W.
On the other hand,

fogd —gdfd = (fgd*+ fg'd) — (gf 9% + gf'd) = (fg' —gf)d € W.

Lucas Buzaglo The Witt algebra



The Witt algebra

Define the bracket
[fO,g0] = (fg' — gf')0 on W.

Properties of [—, —] :
e Not associative, not commutative, no identity element!
* C-linear in both factors.
* Alternating: [f0,f0] = 0.
* Jacobi identity:

[0, (g0, ho]] + [0, [hD, fO]] + [hD, [fO, gd]] = O.
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Lie algebras

Lie algebras

A Lie algebra over a field k is a k-vector space g together with a
Lie bracket [—,—] : g X g — g satisfying:

e k-linearity in both factors.

e Alternativity: [x,x] = 0.

e Jacobi identity:

[x, [y, 2]l + [y, [z, x]] + [z, [x, y]] = 0.

So the Witt algebra with the bracket we defined is a Lie algebra.

Note that by expanding [x + y, x + y] = 0 we automatically get
[X7y] = —[y,X] for all X,y €89
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Lie algebras

Basic examples

Lie algebras are ubiquitous in maths (and physics). Examples:

e Any associative algebra A with Lie bracket [a, b] = ab — ba
(commutator bracket) is a Lie algebra.

g(,(C) = {n x n matrices} with commutator bracket.

Slightly more abstractly, if V is a vector space, then
gl(V) = End(V) with commutator bracket is a Lie algebra.

Any vector space V/, with [—, —] = 0 (abelian Lie algebra).

R3 with [x,y] = x X y, the cross product of x and y.
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Lie algebras

Examples — “In the wild"

e If Ais an associative algebra, then the vector space of
derivations of A with the commutator bracket, denoted
Der(A), is a Lie algebra.

e If X is a smooth manifold, then the space of vector fields © x
on X with the commutator of vector fields is a Lie algebra.

e If G is a Lie group (manifold which is also a group, like S'),
then T.G is automatically a Lie algebra, possibly over R. The
Lie bracket echoes the structure of the group, and the group
(near e) can be reconstructed from the Lie algebra! This
allows us to study the structure and classification of Lie
groups in terms of Lie algebras.
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Lie algebras

Examples — Classical Lie algebras

e 5[,(C) ={X € gl,(C) | tr(X)=0}.
e 50,(C)={X €gl,(C)| X+ X =0}.

ApO—0—0------ 00 F,0-0300 Gyo=0
Bro—0------ 0—0=0
C,0—0------ o—o<0 Fe

Picture due to Tom Ruen - https://commons.wikimedia.org/w/index.php?curid=12354231
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Lie algebras

We can equivalently define the Witt algebra more abstractly as an
infinite dimensional complex Lie algebra with basis {e, | n € Z}
and Lie bracket

[en, em] = (n— m)epym.

We can see this by setting e, = —x"t19 € W.
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Lie algebras

The Witt algebra is an interesting object to study for several
reasons:

e |ts construction is natural.

e The Virasoro algebra Vir = W & Cz is the unique nontrivial
central extension of W. It is an important object in modern
physics, playing a major role in 2-dimensional conformal field
theory.

e Provides a good candidate to test conjectures about
infinite-dimensional Lie algebras.
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Enveloping algebras

Enveloping algebras

We can turn a Lie algebra into an associative ring.

Definition

Let g be a Lie algebra. The universal enveloping algebra of g is

U(g) = T(9)/y —yx =[xyl | x,y € g).

Here, T(g) is the tensor algebra of g. It is defined as:
Te)=kogo(a29) @ (10g®g)®...

with multiplication given by tensoring two elements.

For a finite-dimensional Lie algebra g with basis {x1,...,x,}, we
can equivalently view T(g) as the algebra of polynomials in n
non-commuting variables k(Xi, ..., X,).
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Enveloping algebras

Definition

A Lie algebra homomorphism is a linear map ¢ : g1 — g» such that

e([x, ¥]) = [p(x), o(y)]

for all x,y € g1.

Proposition (Universal property of the enveloping algebra)

Let A be an associative algebra, viewed as a Lie algebra with the
commutator bracket. Any Lie algebra homomorphism 7 : g — A

can be uniquely extended to an associative algebra homomorphism
7:U(g) — A.

Lucas Buzaglo The Witt algebra



Enveloping algebras

Example

The Heisenberg algebra b is a 3-dimensional Lie algebra with basis
{x,y,z} and Lie bracket

[x,y]=2z, [x,z2]=0, |[y,z]=0.

These relations are motivated by the canonical commutation
relations in quantum mechanics:

[%,p] = ihl, [, ikl]] =0, [p,ikl] =0,

where X is the position operator, p is the momentum operator, and
h is Planck’s constant.

V.
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Enveloping algebras

Example (continued)

The first Weyl algebra A1(C) is the ring of differential operators
with polynomial coefficients:

A1(C) =C[x,0] = C(X, Y)/(YX — XY —1).
It is a quotient of the enveloping algebra U(bh):
Al(C) = U(h)/(z - 1).

There is also a homomorphism W : U(W) — C[x,x ™1, 9] from
U(W) to the localised Weyl algebra induced by the inclusion
W c Clx,x1,9].
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Enveloping algebras

Example
A basis for sly = sl>(C) is

=5 =@ = 3)

Then U(sly) consists of noncommutative polynomials in e, f, h,
subject to the rules:

ef —fe=h, he—eh=2e, hf—rfh=-2f.
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Enveloping algebras

Theorem (Poincaré-Birkhoff-Witt)

Let B be a totally ordered basis of a Lie algebra g. Then
{XIx2 .. x| x € Byxp < xa < ... < Xp}

is a basis for U(g).

Monomials e’ f/ h* give a basis for U(sl5).

Likewise, in U(W), the monomials el e2 ... e with

n < ny <...< ng form a basis for U(W).
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Enveloping algebras

A Lie algebra representation is a Lie algebra homomorphism
w:g— gl(V), where V is a vector space.

The representation ad : g — gl(g), ad(x)(y) = [x, y] is called the
adjoint representation of g.
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Enveloping algebras

Note that representations of g correspond precisely to
U(g)-modules:

If ¢ : g — gl(V) is a representation, then V is a left U(g)-module
with action x - v = ¢(x)(v) for all x € g,v € V.

Conversely, if V is a U(g)-module, then there is an algebra
homomorphism 1 : U(g) — End(V'). The restriction
o= 1/1‘9 g — gl(V) is a representation of g.

Lucas Buzaglo The Witt algebra



Enveloping algebras

e Enveloping algebras are used to study the representation
theory of Lie algebras and Lie groups.

e Enveloping algebras are a good source of interesting
noncommutative rings.

e Many questions about enveloping algebras (particularly those
of infinite-dimensional Lie algebras) are long-standing.
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Enveloping algebras

Enveloping algebras of finite-dimensional Lie algebras:
* Very well understood.
* Deep links with geometry.

* Fundamental examples of well-behaved noncommutative rings.
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Enveloping algebras

Fact: If dimg = d < oo, then U(g) has all the nice properties of
the polynomial ring k[x, ..., x4], but is more interesting:
e U(g) is (left and right) noetherian: left and right ideals are
finitely generated.
e U(g) has polynomial growth: if V C U(g) is finite
dimensional with 1 € V, then dim V" ~ n9.
* 2-sided ideals of U(g) are much harder to understand than

those of k[x, ..., xq4].
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Enveloping algebras

Prime ideals of C[xy, x, x3] correspond to subvarieties of C3:
o C3
e surfaces in C3
e curves

e points

"’

Picture due to Brent Pym
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Enveloping algebras

Prime ideals of U(sly) are:
* (0)
* Iy for\eC
* J, forne N

I\
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Big enveloping algebras

Big enveloping algebras

Definition

A big enveloping algebra is the enveloping algebra of an
infinite-dimensional Lie algebra.

Fundamental question: Are big enveloping algebras ever nice?

Theorem (M. Smith, 1976)
dimg < oo <= U(g) has polynomial growth.

If 1 € V C U(W), then dim V" ~ eV"™ (“subexponential growth”).
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Big enveloping algebras

Question (Amayo—Stewart, 1974)

Can big enveloping algebras ever be noetherian?

Note: if g is abelian then U(g) = S(g), which is noetherian if and
only if dimg < oo0.

Question (Dean—-Small, 1990)

Is U(W) noetherian?

Theorem (Sierra—Walton, 2013)
No. U(W) is neither left nor right noetherian.
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Big enveloping algebras

Let o € Aut(CJa, b]) such that o(f(a, b)) = f(a+ 1,b). Define
T = CJ[a, b][t*!; 0], i.e. as a vector space

T =P Cla, b]t",

neZ

with t - f(a, b) = o(f(a, b))t = f(a+ 1, b)t.
Define a homomorphism & : U(W) — T as follows:

®(e,) = (a+ bn)t".

Let B = d(U(W)).
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Big enveloping algebras

Proof outline (continued).

Define
Pn = enesn — €3, — nesp, € U(W).
Fix n € Z\ {0} and let / be the two-sided ideal of B generated by

®(pn). We can show that / is independent of the choice of n, and
is not finitely generated as a left or right ideal of B.

Hence, B = ®(U(W)) is not left or right noetherian and therefore
U(W) is not left or right noetherian. O

Recall the homomorphism W : U(W) — C[x,x™,d]. For some n,
the element p, generates ker(V) as a two-sided ideal of U(W), so
I is actually the image of ker(W) under the homomorphism ®.
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Big enveloping algebras

Corollary (Sierra—Walton, 2013)

e U(Vir) is not left or right noetherian.

e Ifg is a simple, Z-graded Lie algebra with polynomial growth
then U(g) is not left or right noetherian.

In fact there is no known example of an infinite-dimensional Lie
algebra with a left or right noetherian enveloping algebra.
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Big enveloping algebras

Conjectures

Conjecture (Dixmier? Sierra-Walton, 2013)

Let g be a Lie algebra. Then U(g) is left and right noetherian if
and only if g is finite-dimensional.

This is hard! Let's look at W and make some conjectures about
uw).
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Big enveloping algebras

Conjecture (Growth conjecture, Petukhov—Sierra, 2017)

Any proper factor of U(W) has polynomial growth ( “ideals are
big”).

Suggested by computer experiments of I. Stanciu in 2016-17.

If ideals are big, then there probably aren’t very many of them.

Conjecture (Noetherianity conjecture, Petukhov—Sierra, 2017)

Two-sided ideals of U(W) are finitely-generated ( “ideals are
sparse” ).
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Big enveloping algebras

Theorem (Growth comjeeture theorem, lyudu—Sierra, 2018)

The growth conjecture holds: any proper factor of U(W') has
polynomial growth.

Suggested by computer experiments of |. Stanciu in 2016-17.

If ideals are big, then there probably aren’t very many of them.

Conjecture (Noetherianity conjecture, Petukhov—Sierra, 2017)

Two-sided ideals of U(W) are finitely-generated ( “ideals are
sparse” ).
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Thank you for listening!

The Witt algebra
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