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G.61)
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’ Local well- poseo(ne;s

Reaall @ Uy = f - Yoyt 38, + v,
Nen = X:L + X‘:L t \{s/\l
Xow sotchieg  (344) - (.49) X [ Yeu) = [[G) ++ 0]
X% satiebies (60 0 (4] = [ 650]

\(éN S&*\'s"‘u‘es (3.57) - (3.6

PJ‘OPos\“Hor\ 3. [ (Quo.\\l {ut\lve, loco~l w&u-Pogc,DlheS$)

For oy 0<T4], there itk Q€ Qo

@) (High prabobility) — P(Q) 2 1= ' el ™)

@) (Comergerce)  For ol weQe , the soluioms Uey Comenge i
W (L) )

s N — w0

’Pmpos;k:on 325 (Quan’(‘\‘\lo-ﬂVL lowl WQ,“-PosQOlHQQSB
Foo ol A 21, thee exists EA€Q vith JP(EA)N-C-\QXP(.GA‘) ot

() (Pocp-controlled solv&:ov&)
Foo all 0cc<A® wd N2t e pora-contrlled solwtions
(Vsu, o )(L?N'st) exist, on [‘1)1]X"1T'%. Fmtlnemom, ’cke_g Sa’t»‘s{lla
luenllysbge,) € CA
l Vewllxé-&,ba.mj) < CA
Mo

Q
a-__| R u XSN "(L‘: C:;-cl 0 X‘;-S.,L)(L_i'ﬂ) < CA

I¥al i) < CA



Gi) (Differeace estimoes )
For oll 0c7 < A-@ ek N N, 2 1, the differences sa‘\isfté

u MSN|_ uéN;IIx“%.‘l/l’((:tlt]) < MI"‘(NI,N).)_G

-0
“V<N V<N,_"x2 -5 s((_1, 1] S min (N\ ‘1)

= || x3, I win (N, ) ?
£ 0= Xl s sy € (0

-9
UY'N\ YSN; Xz*sl L(['l )) S M"\ (N‘ N‘l)

P[‘o()osl\{lnor\ 2.1 {ollows A:N.Cﬂg 'Fl‘ovv\ PMI’)OQ:{:on 328 bg [th‘\;’\a A:.C-G

" Maia egtimetes

Pmpos{{:ow 320 For all Azl , there exists EA.C_Q vith ’P(EA)?I—E‘Q)(PC-(,AC)

ot Fedeua, Mo, Tad o, 06T¢T,T] deed el

X e, Yeudll sty + 1 X e, Yl 5
< AT ,th-b(u "Vﬁ"‘"X"""(j) + | ‘(‘Nllx-g+s,,bm)

'Pmposiﬁor\ 3.2 (Teﬁv\s ;V\VOIV;AS kwo linec T‘Ano(ow\ oLalu’tS)
|, there exists Exc Q) with ’P(EA)?I‘ C"Exp(“&) st.

Fov 0\“ A 2

Fa" N?/\) T”' p) OQJQ[-—T,T] ‘l“@o[ I\’\tE}'Vﬁl .

a) (ExPl;dt rondom oL'aed.S)

P<N [q V£N *qv - END\V lg C/ o) T<
-G(aTEER L TR (L T )]

<ATS
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() (Paco-cortralled coleulus)

[vwx‘:‘N QI s T8 ) (e, o, X | KA

+ ” P 3V°<NXL:L ((,]T"""'°+ t':"")(fsN,fsN,X(:L) + [ Q¥ « V<~ﬂ ”
<ATS (1+ Hszlemb(J-) [ Ysmllxwubm)

X“'j*&z, ‘z‘-l (T)

Gi) ( The \{s(v ’(er»«)

RN[V‘EN Yen (ZT[I“ " nl‘sil::lk * n::)us“lf‘”' Y‘N)]
< AT " YSN"x%*Su,b(—n

P

Proposition 323 (Toms imalving one linese tondom obgest )
For ol Az , thee exists Eac Q) vith P (EA)?lvc_'txP(‘GA()
Foe N21, T30, 06Te[-T,7] doed interval € P
[ (- ), 52,20 [

2
AT (1 + Menlfniggy + 1 Yanllyassien )

Pmposi%?or\ 324 (Te,rw\s ;nvolv;ng eero |ecr fandom oLa.u‘t)
For ol Az , There exists EacQ with ]P(EA);l_C“ExP(.cAC)

Fo" N>\ , T=z1, OGJQ['T)T] Cl"‘i’ﬂ( fn(e,rw.l :

0 gtf), gu)) QG) gl: ,
[ s, g, 6 [,

6 3
AT (1 Il + Yalbasso )
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G) es |

[ s
" (TSN - YZN) sén
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oty €AT(0 Il gssg)

—&X
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PNO-[: 0{' PMPO;‘\J(:OV\ 325

Define  the ball
BA = { (Ve X(:N, XZ)N)YM) o el b < CA )
(Xeligzcgsiaxtsmenny < CA , IXalizetsiagtsayn.s) < CA
[ Yen")("l‘*si'L([-z,l]) < CA 'X

Y

Def ine ’d/\e, mo\?

w w

TenlVen, Xaw, Xen, Yeu) = (V% , T T 10 ) Wen, Xau, Ko, Yeu)

where
SORESIE bV Y A
s T ricn ] = Xen [Ven, Yo
’Y‘f:), = I[(s.SlfJ = Xew[ven]
T:N iz 1[(5‘51) 4y B.bq\]

WTS ' TfN V“\D\PS BA Baa\é 1 H:Sd‘f
P"OlL EA C Q with ’P(EA) 2 [-C-IQXPC‘GAC) d Pi‘oPOSHT:ov\ 3\20,3-11,7")’7’,33‘4 }\~l°!
P‘l(_L an arb;‘h‘c\r‘g ('VsN ) XSL , Xl:,u, YSN) € BA

ZPMP%;‘H o~ 320 =

xq"n
I e I D ()

€ A‘Lb".b(l + “VeN“;-';b(L.,,,]) ¥ UYenﬂx'{*guB([q,tﬂ )
¢ ;’JCAg*c""'b < %ﬂ

PFOPOG}HOV\ 320,33 304 =
[DACED RS CAT) | V.

< CA 'Ck’b ( | + " VsNII;"i'Sq,L ([‘t,f]) + "YSN “;'{*Sul’([-l,ﬂ))
<3C'A b ¢ %

_ % CA

=7 “’T‘SN nxll*sub([-'t,tl) < —2|,—



Triw\g\e_ lr\in:\llJ(g =

~N U) !
”TsN”xlr&,"(c_Lﬂ) <€ " ’rixN “x{“"l’([;t,t]) ! “ T‘)S "X*\c"l’([-‘bﬂ) N l
< CA

Y
T;N " X{' "8”;((*1, IJ)

=> Self - mapping property of Ten o BA
=7 Controction property ot Ty s similer
(need minar  geresilations o Propasition 320,322,333 324 )
Difference estimate
Cimilor  with additiona) %o.}f\ in the moximal ‘Freqlwwoa-scale,
ey, e, st + Ve, = Ve, iyt o)

@ @
* g I Xe - X “(L‘;cf{"n o mea * en = Yeulitsi by

< C’ A7 -Lbrb( min (A, Nl)’e o | Ven, = Ve, “x'&"""([-t,'t]) + " YSN. - YSMHX{’&"L(EI,I]))
Since 0 ¢ ‘A-Q for @1 , the Obﬁu‘e:\ce, estimoles 'Follow



Qewlm:\ sessioN S Grrucwes  of  tochestic objects

A[ge,hm‘-c, ond QP“F“I'CA ASFed/s A stochastic A:ﬁﬂﬂms

¢ —”\(’, liner T‘c\r\}an o'a'u,’(, T

Intd hali
w * sin (X (0)) S o)

. - - $m
e wite &= [ Tdwte ks [ Ldwte
o W, Wl idedert C-uelued  stodacd  Brownion mtions
o Foral neZ W = Wn)

T(_’c n o= cos(tw)

0 Wsm(o), Wi"(o) are. R-Valu\u( g(cm!m\at &‘owv\:av\ mo’(;or\g

Lemma b.lo (Covc\r:av\ce, o f)

For ol t,1eR od nnNeZ |, we hae

A ws (t-t) {ny
E[/T\&/“) T(t',ﬂ’)] = gnm’:oM

Yy

Proct :

E[ 1t f(t',n')]
(\e(tm) D) E[ (f Ldwfe) l(f 1Aw"m)]

‘M ws,s
= Snen'=0 ZT)I ‘(;zus',;,\‘f(t(O) ‘((T'(A))

= Spen c0 j}l (wS(tm) es(X() + sia(t) s'..\(*an»\)

was (-t (wy)
O

= S\'\\-v\'t 0

' Mv.\ﬁp(e, skachestc ivxie.gm[s

Given fe [P((RxZ") we defne

LIf1=, nke B wr “)k]c(""s""' M) AN AWs (n



° Cortraction

L Ae N, ocremlt), fel(@x2)Y)  ge (@)

(f ®r 2) (21 R zlt-(-l-')_r) - MrGZ‘J‘ f(z‘ Zk-r,gll . :ér)
X g(z‘“""l"‘/zkd-}m, 21 ), g‘) AS. oo OlS.-
WkUC g?\ = (W\'a, Sa) GM{ Z; = (- Mé' SJ)

° Proo!utd, Jltorvv\ulq (meogiﬂom .3 A NtAo\lo\rt)
ten, el(@ep)) | ge (@) symeinc

Mn (Ll { )

LH L = Z o () (D) Leeadi®rg]

o _n\e (,uL'u, ranalom o\olae,cb B‘T/ .
{ (31 -8)¥y = P (T‘N\
(«KN @ , <V>‘l akq/;; (0\) = (0, 0)
tosn(@-0)@
= YéNG' ,'x) = f M Pﬁ‘l : (Tssl);-' %) A“,

&
We con ooumte, that,

5(?9;\3: (g, = “’ei}“‘z"ﬁd Ray= (IL Q‘A;h)) ]T'e(t(ﬁ) Q‘flo{W‘(na))

32 1 s fiw)
))Hw <v(> (GETANR flJW()

B\& 'the, Pt‘odu(/t -(»;.-mvja
[ e [dwn - f Ay dwlory + 1
. Ws‘('\\) o n) = .0 S 5yt t'\l:"",?lz?l‘

f Aw“"c-«n fa( ('\Jf A 5 09) = f 3JW (n.)alw (n,\afw ) 2 1(,\ Tomy @ (”,r 10{W ()

<+ 1fr\l:-n,,l{»\= ‘()1\ \[o 10[\”‘: (ns)



Thus,
:(Yi:\’: (t,n) = w%w; Z (ﬁ_ﬂww) (ﬂ"(’(t(na))f lédw ‘(na)

€os 5 ] Ny ="\ <"a)
z L G
+3 MI.-‘N ('*) ¢ ‘fe(ms \?(KM 3 f 1AW(“)
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€005 5in} Nag=" ¥ (>
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‘(I/\;N(t,r\) = %"g) eifs ,5 (;‘ ﬂz::“)) U sia( (1-t)¢) T‘e () Jt') f )

®,

]
la JW ("6) (b.40)

v The quivx’(:c rondom oLéu.‘(, $ :

{ 3(3,‘7'1- | - A) ${N = PGN (3 aq);’v r;N )
($§N(ﬂ' (V)qa;’:VéN(ﬂ) = (o, 9)

Note thet
A~ e l"" 3 >
Viu@m) = wzw, g,\ (11-. (v\g) P a(t('? @f Law ("3)) -(n’lau‘N<'\'>

€{ess sinl

s & 2 (g“ﬂ@‘) )(L['(’a(w\a))f l®4w‘fa ()

ffeoss«'\ Pn=n OO

Thug, by the podct ornula,

3FéN(‘\’nmq‘KN) = 5$ t l%@ * l8$ (6.43)
£N <N <N

where
I\

D] > IsAL"xy;) T
${N ('\,“) - ﬂsg) ‘\/...,‘fs g™ N [ <").\q) (P‘ ("9 )(ahls ‘{a(‘t( 3>))

- G(O( S'v\\ (6 l+,+)

X (J sin(-4) (nye) TT *(a(w\a)) de' j l@‘{w‘("&)J



n Z . 1.
Focorn gy I, 2 %[t s (50

E(@( s Y QY]
X (L gin (1) {n) aTgTh ' (Ktn) (%MM‘((T(“Q) ‘{’(‘c’(n;)\) dt’)

1 ® ity ]

ton‘a‘a

= 1 e 2, 2 [—l“ﬁ""*’ k) (1 Jaby =) 8 (5¢n)

S -
€fos i) N T gy oy \§3

(6.45)
(Ll o) esle-0r00) Tee)) | 314’?;“’%‘"8J

AN

sl X [M@\Mlﬂ)(tm&-ﬂ(
% (.t .) 1N e;@%ﬁﬁﬂl nen g\" <'\).\q> (“177- (’\;) Q\*)" £ s ( nE"))

XY, (1) ( e SY(WQ) ﬂt’(n,)\) (%MM‘{,&(@) ﬂt’(n,ﬂ) ah’)

X Jw 1AW () ]

= 1,00 2 > 5 [ IJ\L"IB‘I) flen®) 14\;0‘;\ 1< (’\ﬂ i (et
1~ f;‘&ﬂﬁn‘ N=n '\,Z’y\* O\l\q) ('\17 ("> [:; (t ']<n8}))

X @) oo (-1 es(-t1¢ng) dt') J[o 01 Awg> (n,\:l

6.4b)

Dez?p_r lool< ﬁt (64(’)
0 '\',-oleFer\olev\J(, Version O'F er (Defimtion 611)

PR

Note + 2y (n,0)

b L™

T;N (n)

[}

fen®y)
> [ T g ? (o) | (b.47)

Npyen

I

0 Tl\e, renormaalt‘zeal fesoncny, Pa.r*, «nt the ﬁw\“{\\c oLjed,

Lemma hl2 For ol N21, we hove
N\

l%@ (o - Gt Ten = - Q00 68" [ Ldws e
<N A 1
n n { n
Mm(f 204 O o) M Jw“]

(b.4%)



’P(‘oof : Bn (6,%) ) |e,ﬂ:v\g Np:=-Nyzg = Ny-Nn , M) Swﬁclf\l"\g VO\f‘uaLlﬂs

(na, ng ) = -y -0y -1y) ,  we obtain
A

n nn Z Z ﬂiN—(la‘ _ﬂ‘_"’(_r?) t < N(n
B3 %{N @,n 1§ - jl N( ) < )\’5{“'5"] Nygy=h [(gq <"é>1 ) o (J; e (('(-t)( D)
x os(@X1¢n) si(A-11ap) Plten) At’)«L]le!(n)]
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n

I§ - ]LN(n) (ny'! > 2 [( T sN(";\> (\J;tms((x-(’)(n,_))

tefomsn) T | Npa4p <

x os((-41n) at,(m((t-t)(np))(e(t(n)) At')Lnldw:(n)]

L s Z[ ﬂwf"a‘( ) ] ) )
= 1835 Pefos v} Ny (&HG o t@ @s((’ct)@p)) Qo) de

f ﬂl Awfen ]

= '}e{%q[f (P.N(" -t )) PWey) &’ f 1dw (n)]

SORING ‘W"”f 14“’?‘") 5 vz a0 Lf@)f wfe
T Yelos, sn]U Tt 1Y) @ ) ot J\ 10{WZ (n\]

=[G Tt - (o0 @' fml dw

t
- Ye?‘c.:s,sq “ , T 1) @ ) ot fml dwfm] 0

° The vesistor  (Defintion 63)

8%,y= (g%GN = ] IQY% - ENT (6.51)
N

Exoct rePre,se;\tM'-W\ § the resictor (:Corol(omg b.15)

3 ch (t,n) = ~ 03 (J‘t;:n((t—t')(v\)) [o,0 %) dt')_f 14WM(~\)

-y wm,\[f f sin(A-1) ) oy (0, 11" Q) () At dv _[ 14w“m}



* The lingar % quinic « oBect Ty My
0,5
C’\oal \ &U‘we 0 ormula ‘)Pof CSN = E[?‘EN%/V]

Note : (b.43) and  (6.51) a‘NQ
D—“&hn = T-[ P€N<;‘VZN"\KN - ENT)]

< ‘HQ%Z [
%%ﬁ sN+8§€N

m i
| — —
o —O
n N
2 2
mg : E E
z 2
- J -3
I 1"
o o

Nuﬂ( Yo estimate E[ TsN %g/\/]

Product formdn = LHI-LE) = LITOY + fo

I

Lg‘mm@ 6.19 FW ol Nz , we hae
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: (6.59)
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For (6.61) )

Ye%zts-sm\ ¢ (t(")) ERIED)]

"
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sin (-1 )

t Y . _
0 [T e o) B -

—
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o
-
1"

t 1
ST [ [l sale00) a (6 000) Tyl o) b A
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‘ Tl\e, C\AL:(, X cuble - Olaéu‘\, «{"N ' \KN
C‘\oal \ &e,r;ve 0 ormula ’FOf (:: = [(Gq{rv)]
Ba the l)roolhct 'FO rwm\ G,

(\K)l: %MWH&@W@N

0,3
= CSN < é@
N

Re_m“ 'FMW\ (b.40)
({/\;N(t’“) - LN(’\)QZQ > (” LN("J)) (fsf\((t”% —N(t("a) Jt') ffl@dwa(,‘a)

® chapn "N N G h

Tl\\/&’ L\g l&ﬁ:'\g N =Np3 5 we l\o.ve,

ﬂ Q] 1 ()
) < B 5 T e s
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flene Teu®
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The 1535 - comcellotion

Rgml( ) CgN - GC

a,s) O
eyt f/sN

Pl‘ol[)oglrl:on bll For au Nz ) wa I\M(’,

3 1 ' /
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M:

Cen@

W

N Tt . m )
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h
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3 - _ R -~
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-2 ; : "
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£ (a+§d alo‘)aué Lipschitz ~ =>
WheZs o~ N, [@rny vy -m] ¢ l}
2 Leb(&eR K~ N, [@rpr-m| £1})
¢ Ld,({ieuf-. ] ~ N, [1ax$) £ 18] -m| g\ﬂ
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5 = ﬂfn.mus% LIS ]lNN("v"e) ﬂsﬂ,\,é("gl

. () (D
X ﬂfla-n\ﬂs!'{ (%ﬂ.ﬁz('\z) ﬂNm('hw) W ' ﬂ(‘)_d*l...dgl‘()

5 S
72 Dnany Lo T [ i

vy () 1 ~ B ) T ()
Sy Ny 2\" 234 23y .
X ( % (’\;;q)zo\;) ﬂf'ﬂm—r‘hlfﬂ)

wherg,
QL= £t () £ (2 s)

QY = 1yt () Ty () )
Q"5 £l 10y, (g )
By ports 0, @, @), % sdfies to show (599 for Wood
Pig Lemmo 51 (52) | we hove
] £ N7 NG (s Mgy ) - min (N, M) € o (A, Ng) = (559
Recall from Lomma 605 thot 1y ond Mgy in Doy Com) T ~ B T, ()
sotify the [ condition (5:5)
Bg Lomma 63, we howe,
WO 2 N P i (N, Mg ) o () 5 0 (A, M) g ()



C‘”"””‘*ZV\ 5. Su?paso_ lf'é ¢ fs)‘n, wl for 3 Sjﬁ 5 aad No, N, y N5, Ny

ore daad.}L . LQ'\. NV'\G\X = Moy CNn, Nz).w' N;) . COns;JQ,f '{'hg g,‘y\g_ "l.'@/\SOT H:::“‘hs(t)
defined 1‘3

Sta Iu,oa S Taln pt
e ] \ '
H"’“‘"‘“S(t) = j_l f"o en, "% {ngy g:'; (,.9 J; KK X&) s ((t -t )<ﬂ,)) ((s Cwns))

_\I
*(L NW) X" - Sine[Nogy, N3] (14", ngy) P, &ny) G (1" 4) Jt") A

Tl\e.v\, we kﬂw(',

by -~

165 Hganns @ I rgmnan1 % pine (5. (ch
b, -1 -4

" <a>* H'\oﬂ;n“ns (ﬁ) ”L}A[y\vy\Aénan;] fv (No Ns) 1‘ NW\:\;{ (S'oﬂ

vi—

! (5.108)

by Y ¢ - -
" oy Hnov\,nqns ) “L;[n,n, - nyny) £ me' (wo.x (No, Ng) + mex (Ns, Ng) ) ’ N2
‘For ong Pow’(;ia'm\ (A, B) of {3,43

Pﬂno{lﬁ The l)ow\ﬂls 'Po"ow J;pgdq ‘Fl‘(m\ Lemma S.1% with }\;:}\q_=ﬂs=0 a

' Tl\e, Pes:s{or
M For ol T>1 ond P22, we howe,
v P . '/F 1
E—[ SNP " SGN “ (l_': ci‘i ﬂxhﬂ'b)([-‘r,ﬂ)] ,<- P) T°<

P’°°f3 We or\la cor\dv!e,r T=1 (gmﬁw[ e mmor moii{"u‘ca{:m\).

i \ %‘ (RN
WQ o"l‘ﬁ prove tl\e. )(I(i'l>+ - estimete (L‘i C: s lar  Ge in Lepma T4 ( ) ) ‘

RCCall DQ{"'\‘(J(IIO-[\ b3 :

(3 %y = (ggm = ] I%Yipq - [:NT
N



Ba L(’,W\Mc\ b.2 a,\d DQ{\;Y\H:OY\ 1.2 )

- 12 = - 1{n,, o
13 %:N |4N7 = -&Zz,[é\b [:N('\.,’t) e "o, %) fm]_o(WS ('\o)]

1 N
_\’G%"‘,‘;"S n,zel; I:(L E’N(no,‘t-t/) (ay) (t'(n,)) dt ) e (0,2 L.} 1 Jw‘f(n,):l

- E - .'<"o,"(> .
- —No,ul,N;‘NaiN ".ZGZ; [<A0> P[N‘)] ("- /t) e J;o,fj ]- AWS ("o)]

> t N
'vs%«,s;n; No, Ny M N < N ,\,%7_” [(J; [ ) G, 3-4) ) () At ) ¢ <""°‘>_£ .] 1 wa(na]

B\g @lm;{w\ }\apﬂ.ﬂcov\'\imct‘w;‘cg m\o( Lemma 2.4 , it s\aﬁ;ce_s %o show

e[1.2, L5 ot 200 [ L] .

) t N X
+E i n,zgz*[(.(; [N G, 1) ) (') "[t) e,'(""’»L]l JWf(nn] l\}-‘a—%h-'} (7.35)
£ Nov,

Bg Lemma 1.3 (T(;))

I”

-3 20hs -1 v N 2
G & 2 2 o fk G | [ xo PTuJ 0,0 “O D1k da

S fogltNhhx) N..::i E n'%zm O fk@»z(h- ) Aty * dA
$ NEE Y

By Llewma 13 (15)

(135) £ E{ ,Eﬁ{(ff’ [ o, -4) () (1) 4 & <""*>£"]14Wf('0]“ e }

LH
-1-2¢ | (1 '|*

< ngzz a5 | L I G, 2-4) () () 4 |

£ N oy (New) N2,

< NV



Pwtng session 14 Sextic stochastic objecty

Cextic stochastic Obéectg (Shbsed.‘m TL)
P“OPOS‘)‘HOY\ 1.5 For oy Jgaou(, A’,ﬁNz/ we hove

" PN.%N ' PN}KN - CS;?I)[Nx N.] uL':,(C:_C;?‘,([qm)) b P; Ta(N;mv (1.5)

Proof: Dfine Myy = By P - CollN, M
Cm\s'.o!e,r PSNFMlﬁ Dmo( P?NPM‘J'
BA Lemma 1.5 . we have

“ PN-;, \T/;.N

3
3 €

e e £ O TSNS 351,

So ‘“\c&
” PN,%N ' PN*\KN"LL(C:C(([-T,T])) < PST“NIE = (15) for P?MNM;,;
We consider Pswj“M;,a below .
B«A the em\xau;'\g Wi"h\/\li"?’ e CiCp  for 0< §),8,2¢1 ond 1< P P,
Miakouska’s tueguality, and  Goussian hypercontractiity, 1t sffice 1o chow
ELIMsenl) £ A7 fr Bed .y
(for Wi intepolate betwoen (7 ond W "o toansfor time derivetive o
space  deriyotive )
As in Lerws 15, we  decompose AVen  nte VLM, M0, M5, Moy = 1]
PoVen inte PLMy, Mg, M, Mgy = N, )
BA (o afaadic version of ) (b49)  and Corolleey 510, we L\:\VQ
VM, M, My, Moy = 0] G = ,z,s Hrurgey 0 € },T‘fo'l dwfj‘“é’ ,
P (Mo, Ms, My, Mygy = N, ] @50 = ,,;lf',‘;,.,(l-l",,;.,w,,,. ) ™" ﬁ« fo 1 AN::("a",
where Hagnngny (€ ond (H,)n,;n.,n,ns () Sm’dsfg
P Ml £ Moy, T [HLy g & v (M, M, M) ™
S g & Mg, 5o Iy, £ e (g, s, M)

for omy partition (A, B) o {002,383 or €005l it A,BY D



Tku\s/ La the Pt‘olw.t \(‘ormu|o\ in Lomna 200

PfN,_W ( PN.%N ' PNzKPeN) (t,x%)

.S p 1(not4g) x

| .
4 1 ) | f 'l] \
= 5 ':‘:':5::’.:?;‘:3)6? e jlﬂnom,l_t N{"] Hna-\,nms ot nangnghy (t) ;qo . 1 AW,;i(ﬂa) :

(7. bo)

wku‘e ? ||$ ] oollcc{'rov\ o{ Pq;r;’\ag (J;sém'nt twe ~£IG-MU\’( SmLsds {:,31 o{ f(,.“ ,E})
ot cd\tai'\;t\a eay subset, 0{: (12,3 or o fa,5,63 , ond O is the cet & indices n
(e8] net ar')mr;r\a in P .

The  term G“ [N. , ] e,xm’da urmspon-!g to the case where ¥ contains
theee Pﬁ;r'u\as

= SNf'Ml,% con be wetlen as 1n (109) wth P an{m'm"\a ot most fwe pinags

QR
RNWM) 3@, "d‘ .z

Ng Mg M1y

G Lt 45} Hrars© Flionn© 17 140 fiy
BQ muaiv\a estimates (Lew\m\ B.1) , we hawve.

E[

1 (agtng)ox
" n. ,© jlfl"o”'-l‘ vl H"o" ngny H),, nangngn, ()

l'\ -ng

P, [ |
o) 1
< "H “M\ ey ll E Ilfln,m,’l_t ! (H )n;n,nsnb(t) ”M S ngnen, X

h‘ -.
b B\ o | _

% Wl 1€ * Dt 1, T )

1 (Agtng

A,

-1 4¢ -SoJv
S NF NP e (Mg Mg M) SN i

@ |?l=1, sny 1% Cif‘;‘fﬂ by syrmeiey
P oM, 3¢9 :M,S— €™ im0} Hnonrgey € Bl o) TT flalW‘(na)

s
Mo,M M, sy -2,3 ,b

B'Q mugiv\a estimales (Lw\,w B.1) , we have.
E|

(’\o*"c‘ X /
FSNFM;,;G"‘)I } " ilfln,m,[ < Nm] Hn,n Nyny w H ]n;;nbn,n(,(t) nymnghy

1(agend)- /
I+ lngnman ” -,.2.7 U Il(,,.,, nol < T (H)"C"‘-,.":"b(t) ,"v"-""r"s X A,

s
AI m |
LmB.) i(netng): / - =hy
3 "H",‘,n‘,‘z.\; [Ie,'("' ) jlflﬂam.’ls g ]",.;.,.1_ "H ”nrn,-)n',n.,

Y
o -So v
£ NS T (M Mg M) S Vv



3) I-Pl =2 , %3 ? = {{l'\l‘) (liszi Lg Samme‘tfé
3 (e+ng) % "l ), I .
PSN:V ML;&,‘)‘) :‘\.,‘\;z 2 1'('“0*"-'-‘ er‘ H"o":"z"‘s ® G-I)"t,'"n"‘:,'ll, a;[;l,-l’ j; l AW::(“a‘)

,“\,"),“3,"‘

Bg m.rgfv\a estimales (Lew\,w B‘l) , we hawve,

.(»\,m.l X
E[ PSNPML;&'*)I ] " A ": jl{'”v’"-" ' H"o"-":"s A (Hj'ln M,y Mg l";ns
1 (agtng)x
< "H“n,n.n,v\; " %, e jlflnofﬂ,'lf v G‘”n.,n.;'\z,n, onny — Ny X A,
( Al '
"H“nﬂ\n ng " e'l o) xi,('"d’"n,‘ N; ]"n‘-)n " H "n Yy n ne - :i':;
. -So Y *
< N, [\I:‘D mox (M%MS,M(,) 3 3 str Vv [
PPoFoSS*:oA 1.6 For oy Jgaaﬁc N, ¢ N, , we hove
1,8) \ < 3 ~loov
“ PN| Ten PN2$€N - Cav N, M) UL'L(czc;“([q,m) ~ P T(N: (1.67)

’Pr‘oo‘F’, -DQ-F:’\Q M,,g = PN| TSN ! PNQ&?;&N = (EII\;/) [N) ,Nz]
Cm\s.o(&r <~wM, ¢ and P?MW M.,; :

Ba Lemma 7.4 GM! PT‘OPoé;“t\‘or\ 13 , we have.
IIPNlLNl

3 Tig

A £ e TN,
s 2,
I FNt&raeN "133 (cieser,m) = ep)? T"(/Vza :

Thus

" Pu, Ten PraFoey "Lt,(c;c;([q,ﬂ))'{ P;T“ N3 N;%'i = (k) dor Pw.” M, <
We consder PeMs below (we can ossome N~ N,)
Recall the decomposition o o in (120)
Y= (B (B0, + 5



M We first corsider (%),
A in Lemma 16, we decampose Pu¥o, into
(B (Mo=Rs M, o s My ]
Bé (124) , we can write
(.0, 1M] =, ﬂ, [ 1oy
where H is o fensor m.;{gfﬂj (l;:‘L Corallony 5.12)

m, X
,\,,. 1€

,...

x4
T Py & oM M)

;:,P "Hnn;m»nsn, < (M.Ms)-a*i (Mo-;vi + W"(Mz /Msqu,Ms)ﬂzn)
‘Far ana Pc\ﬂ'd'nor\ (A, B) o fl,l,%, ‘f&
M thee s no Po':m':\g between { ond $' we have

i (et 1g) %
P Mo 1,0 = M,. ” ﬂﬂm wl NP} €

- : | ¢
o' @4 aS) Hyy o @) ;{1 j; lalwcz(na‘)
Thus,

[ 1" s i (gt 1g) -x
Ell ENFM'/S (t"x)l:l ﬁ “>" Il'gl"o* hé'gsz.i e <"¢>-' keo(t@b)'H'\-lﬂr-"‘s (ﬂ I"v"v""'!

I‘v “ ]{l"o* ﬂ;lng_] '( ‘”‘0) x('\o) qo(«'(“b ”ﬂ'_"\' "H”h N ns

& NN (. M) = (0)

o) I‘F there. 1 gne pa'm'mg beteen | andl $’ asgumt Ng+ny =0 (others gimilac or ;.'.-\P\e,r)
P Mis b= =
Tl\v&

r(oﬂ‘o)k

Sl
Q.
i Ml en®} € 05" @3) Ho o OTT [ diig

UPW'“M'S(”‘)” “ I[Tlr\.mlsN" R s (as) H -n-nawéﬂ," g

& ) 25 e ent €T 05 @ s g M

"z-"n;—m’n.

3 3 2L
< NV () (53 s vy My, M, MS) ")

Thic imphes  (167) if  mox (M, M3, My, My) 3 N""”



Sv«PFOse, max (Ma, My, My ,/V‘s) < N""' (m\l\a possible i 'pa-‘nr'ma s (ne,n))
L \

Bg los;»va ot most N“ w2 Can le tl'\e w]v\eg d‘f nz,’ﬂ;)n.,'r\s

We con thus weite  (swawotions on olher ‘(7-'5 ore omitied )

ﬂm ) b
F M, s (t,x) = " Mzm ﬂf“-ﬂo H ( 0 Y.(t(m)] l]; n—?:#f sw((t%/,@))
1

X €,000) L’—’“‘ AN f sia( (¢ -1") (mya) ﬂ‘f () 4"

o lineor CoM})mo\{mr\ G‘F

1,1 ("o)
noz.,,\' ﬂ i)‘o‘f 7\, k‘ ('\o)

) e.ae o{f'

= fo Cine [Mo, M4, L) ™A (e Defintion 512 in )
wih A hpwfha on Ny ,ny, g ng Oad [A[£ N‘Ié
By Lomnn ST, we hwe

PR Ml € sz’

for  each [kl ¢ sz = G.h)

@) We now  consider (&ﬁ,\%

As in Lemma 7\9 we ole,wMPose,

sine

($€N I W) = n ﬂ;n g Hﬂo'nxnms " e’ﬂ' X Tr J‘ 1 JW a("é)
where My = (M, = Ny M,,..,Ms, Mys)  cnd Hmz sotishec “’3 Cm,”oma S_l“i)

S IH, 0 % max(My M, M)

ng Mg
g.PuH‘Mell , < M-—';M: -l,-f-i ~1+
x MNy-rnghs ~ 1o max (M, My ) M,
0 No poiring botween ond Fo

tlang)x
P M5 1) = A ,;wﬂf"" @ e @) n.nn.,.\s(ﬂ E[A f 1w, ""a’

Thus |,

‘2 .
EUwaM»S (Wr] < "z'ﬂiln,m;lm{” R s ‘(’-W"”)'H:!dv:ms(“"Wv"s

l('\o*"o) X sw.“

< ll ﬂ-ﬁn‘ﬂr <Ny e PR AT ",‘._,n; ‘[H

Mg

3 4 —
$NT NS e My Mg, M) => (8)



M Ohne pm‘\r;'\é hetueen [ and $
P M5 t,0) =

bSgume. Ng+ g = 0 (oﬂer; 9;“"Pl""‘)
> i(n ntfg) -x -1 ) sine | ¢ ‘
,n.’,ns',.’]lfln.* <Ny e ey (4 ¢n) H”‘Mm(ﬂ yg‘ J; 1 JWQ;(na)

Thus,

[l ENWM us ()] ] < “ ﬂglm wl N} € gl Cen) o' «e,(un»)-H:;f% @) ||,,‘,,“

N

“jlfln,m;lsNﬂ (.Wl'xa» ‘?.(t(nb)lw 'Hg"e"

M= Nong

WIN

- 12 _}_+ L -
/\/l ! (I\J;ﬁ)" Nl" , Mat € W(M),MQ) 2+% M|I 3
This implles (k) mex (M, My, M) = N,,F:T
QupPose_ ™iax (M,,M;,Mq) < N;m (m\lna Poy.»'nkle i pa‘xr'u\a 1 (n.ln\))

= Swmilar ge in () ‘)(1 Ms;r\g the sine cancellation |ernel
3) We {»\mlhé consider S

Note that C;}?[N, ,N‘] emcﬂg cornespomls Yo the cose wheeg | pawng with §

Thus, we con assume no pa.;r;f\:\ between T od %
Bé CO{'O”N‘; Glg 0"\4 Lemy»\p\ 7.'0)

P Mis 0 = Z, T e ent € 05" @ (103) Mumuﬁlmomwml

where ng, satisfies
Rl 1A A o PO N
T L\; $ I'MP“QS

Ut 'fvl ) 2
IEU PsNWM-,s (t,%) ﬂ < Ilfln« nal<ny} € g " 08" @ (40) - Fey G "n,n.,'
3 N—nn sup > (n»”

'\0 ho: l"o*'\o "M

< N-\ns N, Nz = (.



m

The ‘Fouowmg estimates will be wefu] for X ond X(;:, i Coction 10
Lommoa 7T (ka estimodes O‘F 60 ) Mﬂl C(:;j))

let T=21, N, N, N Jgaol?c , am! Cl:)[N, NI m)[N, Ny be as
Defimtion 303 Then , we hove
NI ] [ TN, AT D] S mae (N, NL) T (1.70)

‘f‘or &” te [-T,T] \ Fur’tl\l.rmore, we l\o\ve,
[¥G) v, m ol « I8E) € v, mlwly € rexv, m)* T @)

. Q3
P“OOJI‘: We o“lg Cov\sulu (s) , siae éN) is S;M;lm"'

From the definition , C'”[N. N,) comesponls to the e wheee | pang with j3
= ¢ C)[N N;] =0 W\lLSS N\: N).

%‘a ‘bfc\v\s\o&(mv\ III\\IN:ML& ) Le.w\w\a 1.4 , ONQ Protwsllk(non 11 ,

Nz](ﬂl lE J Ty, @ Py Q},’« . % dx]
[ll T, €, IIL;] E[I P8, wn Ilzlk]l’l

tre e«
SNSONTTT

N

< mos (N, N TS = (19)
Simlorhy , by the olgehra proprty o HE
[%(3) €2d o, m) w]
<[ 126) 1 wn Rk, waly &
E[f [ () T, ||;3 Jx]lh E[fw; ll% (&) PNREN % ||;3 dx]lh (2.72)
S O & (Y (azny by Lemma 1.4 aad Proposition 11,
0 & E[166) tuemlin]” E[ 16 B wnllpn]”
b+ +€ /Vzb -{ﬁ_(_
< rex (N, M) T = (@) I

2N



Qe,o.otr\g session (5 . [laeur rondam operstor involving  the t‘vmo!m‘&:c object

’ L;near [‘AV\JOM OPerc:(’org (gdc“h(on Q)
¢ Quwlfa't\lc olaéut Cguﬂow LI )
hlofe MR, b
Pan [ Yeu = (2 Tt o T00) Gl o, Y | 609

De‘?;n;*l‘or\ 6)\2 (Tl\e, Quwl—oPe,mfm‘S)
) or a“ N 21 , Wwe défl"\Q_

Qued oy (1) 7= Pon [ Yer - T4 TEM S T8 (s, T, Yo |

O) Fof“ au Na ) N| ) /\J) ) N; , N\;’ sz 2 | ,  we JO'P"I\Q
= 3 A :
Qud [N, (Y) 1= ez [ 14,00 L, 0 (T L) - By 00 g Y & ]

(_Q,vv\mo\ 6}2*’ (Est‘\w\d& ‘5F QW‘A[NX])

Let pz2, Tz ) ondl No, Ni, Ny, Ny, Ny, Ny chqv\e"‘g fmlfﬁ Snf\\e'Pj"f\q

Noz N1 ad Ny oz ) (5.7)
Then, we hae (06T [-T,T] ced interwal )
[wr | Qualiud I et~ xct "*"tJ)]VPﬁ N:W(N.-%+ N;é)T“P (1-14)
T iasteod ve  hove
No & N ad e 4.9)
Then, we  hove
L Jomd Ot i) € N T A5)

Prof  Using the reduction in Sbsacton 67 (9.10) fouow; Jrom
NN [IIYH“,MMM 3o ool )" 49
NS, (N e ™) p |
where
hmn.nm;: ﬂ/z,.,(".\\ | (M) (SFT, ﬂNé('S‘)ﬂ{n,:n,,dﬂfln—m\s(\ )
Q= 2@ ol meg



B PPO 0sition B> , 1t remeing to Sho»\/
4 P

--L o . -4
No N, N;lNgz Moy ("“}ﬂ.".",‘*"g , '”\“,\on,énlm ! I”‘"n.,n,—m.ns /"HI"O')'"-'V"’) (Q.(o]

1 A
< Noﬁ N st 0] ) ® @
Use the base tensor estmste  (Lowma &1 or ) -
@ | N”i /\I|.|I\"| N;i l”\llnon np-sn
(s.) 3

& RN NG e (N, Ny, ) i (N, N ) £
@: N i/\II N’IN;Z l“\un.ﬂ.%m'\;

s 1‘1‘) -3

A 3
N Nl N N; min (N;_; No I)vatlln (N',,N.)l ﬁ'“)
3
X hin (N“' N1/N3) min (N N; ‘
NIB % N,’l => pain (NU)/NOIN’) >~ M;'\ (NO,NI)"
Tl\uﬁ )
4 -1 o nE
(ﬁJ\) f" N N| N N; MW\(N N) M;A(Nlle)z fv No

0. KNy NN "kunm;—»""s

3 1‘1‘) ~3

< NN NS N; min (Nyy o Nl) (" N,)

3
S

X h:f\ (NB ) NI/N;)Z M;/\(N|' N;)

N\"‘

NI; Z N;l => mn (N(3 N, Ny) 2 min (NO,NI)"
TL\\«Q )
T R :-1 )} -
G0 % N ™ Ny N, Ny min(No Ny 7 min (N ) & N,
A1 -5
@i N Nl N Na l“\lln,nnz-\n;

(. 11) '

-

< N,, Ny N N; wed (N, N /\:;) win (N, Na , Ny) £ AT
We now consder (130) | which folbws o (wing Sbsectun .)
SN LE-FPTAE TR T AP TN
By Cemchy~ Schvaaz in r\; , we ‘\hve,
N NN N; [ 1, S b e, |
£ N N, N, N; A0

-

1

LHS of (1)

N

neminans P



With No=Nyy , No, N, My Ny are W\‘lflmc,la kaem}/\co( b\A Ny amﬂ ’\23 an(l Q;fL\CA’
0{ r\°l'\'/“11“5 )

e o G £ NENTNNG IR

Ho"l'\:ﬂ;P

< Nle N),‘N; Nl& Nl; hin (Nol N'/N"Ims) P
IR 5
4 Na N| N)_ N;z run (No, N'/N’-lN;) P

< N;,, p I

ProPos;J('my\ ‘N (Ew\lom linear Ol)em*or ‘lvaolvi'\g '\&N)

For a]\ P>2 T 21, nv\l{ 0€eJc [—T,'T] c\osel ;v\f&vcl/ we ;\ave
E[ sup WP " Y~ PsN VeN P
L] ‘/P
( ““l"" )\‘}"l 'n-gN) (,ng’ 19]) P.‘.NY)] “ L4y ) "u) - x’]i.*gl,bf"'q):\ f/ TD‘F .

Proo‘Fi Defintion ‘1.1 aw{ DL{\‘r\H‘nor\ AL =>
Pon [V B ] =y g Qod (1) (6
0 I,hn,lo z
R ““")(Tw, fen, P Y) = Mm&s% ,,ZN Quad [N,JCY) (4
res

Note : Tley  no W‘-c\c-Orn{w:Ag , SO we wete

>
Tr:,\‘, (_1_{!\1 , ?SN, PQNY\ = N&»&(’:’SS’C‘V N“,Nr‘ (jl(qu NN * jlszl SN:)'!) Q\Aao( [Nk] LY\ (‘?\15)

>
-\»No LY N; <N,

l\l’p;u'(/v\l/u,)l'l N‘LNfi (ﬂ(Nuf NI * :ﬂszl SNN) Quﬁo&o[N,] (_Y) , (q\‘fz)
W‘r\e,re_
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