oJ_IIJ_._c ‘J_La_ll agaly

-
King Abdullah University of
Science and Technology

<D

Accelerated Stochastic Matrix Inversion:

General Theory and Speeding up BFGS Rules for Faster Second-Order Optimization TEL ECOM .(l)fl-
Robert M. Gower!  Filip Hanzely?  Peter Richtarik® > %  Sebastian U. Stich’

Parislech

ECOLE POLYTECHNIQUE

MIPT

FEDERALE DE LAUSANNE
1Télécom ParisTech  °KAUST S3University of Edinburgh *MIPT °EPFL -ﬁim'
Linear Systems in Euclidean Space Algorithm Accelerated BFGS Updates
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Consider the linear system Algorithm 1 Accelerated Sketch-and-Project Optimization Problem: Algorithm 2 BFGS method with accelerated BFGS update
Axr =b. (1) 1: Parameters: 1, v > 0; D = distribution over random min f(w), 1. Parameters: u, v > 0, stepsize n.
where A : X — Y a linear operator, and X and Y are linear operators §; choose ;= v01€ X ) weRn | 2: Choose Xy € X, wyand set V) = X, B =1 — \/%,
finite dimensional Euclidean spaces. 2 Set f=1-— \f T = \/; ) I+ for f- R" = R convex and sufficiently smooth. v = ﬁ, a = ; +1W.
e . 3: for k=0,1,... do . —
Optimization Problem: For xy € X, find | - o Quasi-Newton Methods: 3 for k=0,1,... do
def 2 ubiect to Az — b, 4 yr = avy + (1 —a)zy 4 W = wi — NXEV f(wy)
Ty = aIg mm jllz = ol subject to Az = 5 Sample an independent copy Sy ~ D Wit = wi — XV f(wg), ‘. Sp= Wea1 — Wi G = V(W) — VI (wp)
6 gy = A'Si(SRAAS]) SE(Ayx — D) where X, ~ (V2 f(wy)) . 6: Yi=aVi+(1—a)X;
e : : T Tkl =Yk — Gk Vkt1 = PBur + (1 — B)yr — vk Xy = 9L ([ 5;@) y, <[ gkcs;j)
Motivation: Matrix Inversion s end for : , - | IR Oy G 01 G
Quasi-Newton update: (Secant equation) : Vier = BVi 4+ (1 — B)Ys — (Vi — Xi1)
det E|Z] (0 L)
Given a symmetric pos. definite matrix A € R"*", = lnfxERange(A*) | {x;;;@ (“strong convexity”) Xi(V[flwg) = Vf(wr1)) = wp — w1, Xp= X/;r : 9. end for
def def E|ZE[Z])'Zz, - : , ,
A = arg Xgﬁ%n | X H%( A) = |AY2X AY?|| & V= SUD,cRange(A" (E| <E[[Z]]x’x]>x . (new parameter) This can also be written as 2 Remark: Here the Sketch-and-Project update is
subject to AX = I, X = X1 7 def A*SHSLAA S!S A Xpp1 = argminy [|X — Xg|| 54 deterministic, the theory does not apply.
| | , s.t. X(wpy —wg) = Vi(w — Vf(w
Adaptive sketch-and-project methods [1] are competi- X(_k;T 2 flwi) flw)
tive with the state of the art. B '
Z]"|| and if Range (A*) = X, then Experiments
Sketch-and-Project Methods
Accelerated Matrix Inversion BFGS with accelerated update
Now consider (1) in X = R" and ) = R™. The sketch b
and project iteration solves the problem: Example (Linear systems in R") 100 - . 100-L . . . w; — ——
Tjt] = argmianRn ka L xHQB It A >‘ O, C}llOOS.e B = A &Hd S = €; (Zth standard basis 10_5_E; iﬁ:)(/;snBFGs . 'k ilﬁzﬁgpes o = = BFGS-a-1228.33-0.1 10 — = BFGS-a-8124.0-0.01
. T T vector in R") with probability proportional to A;. Then _ BFGSa _ b oBRGSa el _
SU.bJGCt 1o Sk Ar = Sk b7 Auin(A) Tr(A) S R nsynBFGS- a E > nsynBFGS- a s 5
2 : H= mHEA) and v = min; Aj;° 070 e g 107" Mol T g g,
where ||| = (Bx, x) for some B > 0 and S}, is a random e - o - N
sketching matrix sampled from some distribution D. o T 1o = T
Main Theorem 10 % 0 5IO 100 10 * 0 5| 1IO 1I5 20 itera‘i?ons - 100iterationls5
Theorem [2’ 3] the (s) Hhe () 10'22 —- 222 -30.0-0.5 1°'2: — SEEE -1000.0-0.9
. . [f Null (A) = Null (E [Z]), then (exactness) Left: Eigenvalues of A € R are 1.10%,10°, ..., 10° L I N
The random 1te%"ates of the sketch-and-project method 1D [H”Uk _ x*H% 4+ Lz, — x*HZI and coordinate sketches with probabilities proportional to N 5.
converge to x, linearly with the rate . : 1 : diag(A) are used. Right: Eigenvalues of A € R0 are ) :
E [ka — :E*HQB} < (1= p)¥|zg — 24|, < (1 — \/%) E [HUO — x*HE[Z]T + [l — 2| 1,2,...,n and Gaussian sketches are used. Label “nsym” .| L N |
def AT (E [ BiAT Sy S,;r AB-LAT Sk)T S,;r A B_%D indicates non-enforcing symmetry and “-a” indicates accel- < o
Imin :
Rof eration. Algorithm 2 vs standard BFGS. From left to right:
CLEFENCEs 10° | e 10° | e phishing, mushrooms, australian and splice dataset.
Main Contributions o2k ~ hercsioooo] - |  hercs10000 Acceleration parameters chosen via grid search.
1] Robert M Gower and Peter Richtarik. E ol ,\}\ N g107% _
Randomized quasi-Newton updates are linearly convergent matrix inversion 210'4 g oo ; l F t Ch 11
: : algorithms. Z R S al uture Allerges
® EXteljldlIlg [4]7 wE é’nalyze accelerated S.ketch—and—prOJ.ect SIAM Journal on Matrix Analysis and Applications, 38(4):1380-1409, 2017. 10°° e w0 %‘«0\*0\ ....... o o g
algomthms in Kuclidean SPACES for SOlVlIlg (1) App1y1ﬂg 2] Robert Mansel Gower and Peter Richtérik. Py N o
these reSUltS to matrix iﬂV@fSiOﬂ, \WUE Obt&in faSter Randomized iterative methods for linear systems. 0 0 5(|)o 1o|oo 15|o() 2000 o 0 5(I)o 1o|o() 15|oo 2000 ® lelted mMemory Updates
: : L : SIAM Journal on Matrix Analysis and Applications, 36(4):1660-1690, 2015. time (s) time (s) ,
stochastic algorithms for matrix inversion. B | e Convergence guarantees for Algorithm 2
, 3] Peter Richtérik and Martin Takac. Left: Epsilon dataset (n = 2000), uniform coordinate
o After 48 years of research on qua81—Newton update Stochastic reformulations of linear systems: algorithms and convergence theory:. : 7 : O Optlmal sketches
formulas, we obtain the first accelerated quasi-Newton artv:1706.01105, 2017 skotches. Right: SVHN (n = 3072), coordinate sketches
W -New o . o . . '
R ' . 4] Peter Richtarik and Martin Takaé with probabilities proportiaonal to diag(A). We choose * Adaptive sketches
matrix mversion update rules! We apply these rules to Stochastic reformulations of linear systems: Accelerated method. U= 1 or [ = 100100 .
1%

optimization — faster quasi-Newton methods. Manuscript, October 2017, 2017. 100v



