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Abstract

Slow-fast systems with two timescales typically feature a critical manifold M1, which is
the set of equilibria of the fast formulation of the system at the singular limit. Depending
on the properties of M1, the dynamics of the full system can typically be decomposed to
fast components (the “fast fibres”) that are directed towards or away from M1, and to slow
components (the “reduced flow”) on M1 [5, 2].

In this session, we are going to look at three-dimensional, three-timescale systems in the
standard form, i.e. at systems where x is taken to be the “fast variable”, y is the “intermediate
variable” and z is the “slow variable” [6, 7]. We are again going to define the critical manifold
M1 as the set of equilibria of the fast(est) formulation of the system at the singular limit. We
are going to demonstrate that the reduced problem on M1 is itself a slow-fast system with two
timescales, admitting its own critical manifold M2 which is called the supercritical manifold of
the full system. Finally, we are going to discuss how complex oscillatory trajectories that consist
of small- and large-amplitude oscillations, known as mixed-mode oscillations [1, 4], can occur in
such systems depending on the properties of M1 and M2 [3].
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[3] Panagiotis Kaklamanos, Nikola Popović, and Kristian Uldall Kristiansen. Bifurcations of mixed-
mode oscillations in three-timescale systems: an extended prototypical example. (in prepara-
tion).
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Introduction to stochastic gene expression

Tatiana Filatova, 16 July 2020

Abstract

Gene expression is a fundamentally stochastic process, with randomness in transcription,
translation and degradation, leading to significant cell-to-cell variations (noise) in mRNA and
protein levels [1,2]. There are a large number of mathematical models studying the fluctua-
tions in the number of molecules of gene products during their life-cycle [3]. The stochastic
dynamics of biological systems can be described by the Chemical Master Equation (CME) [4].
CME describes how the joint probability distribution of the copy number of different chemical
species evolve in time in spatially homogeneous conditions. Mathematically speaking, the CME
is a (finite or infinite dimensional) system of linear ordinary differential equations (ODEs) that
describes the time evolution of the probabilities of observing a specific state in the system, given
some initial state. Solution of the CME requires the application of a combination of various
techniques from the theory of differential equations and dynamical systems. However, CME
can be solved exactly only in few cases, but since, it is well known that some of the processes
involved in the gene expression occur on a fast time scale compared to other processes, GSPT
has been widely used to study multi-scale models of gene expression [5]. GSPT uses invariant
manifolds in phase space in order to explain the global structure of the phase space. It allows
us to study the fast and the slow dynamics of the biological systems separately.

My presentation includes an introduction to mRNA life-cycle and experimental methods
that count the gene products. Additionally, I introduce some of the widely used mathematical
models of stochastic gene expression and the general steps of mathematical analysis for solving
the CME. An example of application of SPT to a gene expression model is also part of the
presentation.

Keywords— mRNA life-cycle, Stochastic models of gene expression, CME, GSPT.
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[5] Nikola Popović, Carsten Marr, and Peter S Swain. A geometric analysis of fast-slow models for stochastic
gene expression. Journal of mathematical biology, 72(1-2):87-122, 2016.



3

Invariant manifold theorems and GSPT
Thomas Zacharis, 23 July 2020

Abstract

Geometric singular perturbation theory can be viewed as an application of more general
invariant manifold theorems. This area of dynamical systems has a long history, dating back
to Poincare and Hadamard. We mention some invariant manifold theorems and present some
ideas behind their proof in the case of the stable/unstable manifold theorems. We explain how
these ideas can be generalized to obtain Fenichel’s theory and discuss possible extensions to
infinite-dimensional systems, along with the difficulties that arise in this new setting.

Dynamical systems modelling of stem cell interaction networks
Philip Liu, 6 August 2020

Abstract

Cell lineages are a network showing the developmental history of a differentiated cell. I
explored simple cell lineages with 2 or three compartments and studied its dynamics analytically,
applying gspt, phase plane analyses which haven’t been done much in previous papers.

Mixed-mode oscillations in models for El Niño-Southern
Oscillation

Yichen Su, 13 August 2020

Abstract

El Niño?Southern Oscillation (ENSO) is an irregularly periodic variation in winds and sea
surface temperatures over the tropical eastern Pacific Ocean. As it has an impact on weather
and climate around the world, it is vital to refine existing theories that these events occur over
decades. In this presentation, I will introduce the mixed model oscillations in ENSO model,
which includes the GSPT in two-timescale and three-timescale model, the generation mechanism
of MMOs and the return map of the system.

Geometric analysis of Leslie-Gower-type predator-prey models
Oscar Solano-Guzman, 28 August 2020

Abstract

This dissertation addresses the geometric analysis of a predator prey model type known
as Leslie Gower model with Holling type II functional response. The study of predator prey
models has received a significant amount of attention is the past few decades due to economical
and ecological reasons. Meanwhile, the geometric approach for normally hyperbolic problems
is understood due to Fenichel’s first theorem that assures that for small perturbations of the
critical manifold, normal hyperbolicity holds. In the degenerate case, when normal hyperbolicity
is lost, we require new techniques to study the dynamics near non hyperbolic parts. Similarly,
the canard phenomena has been studied by many scholars since it was discovered by the first
time by a group of French mathematicians, this phenomena is interesting because it occurs at
exponential small range of bifurcation parameter.

We start with a one-perturbation parameter model. We first discuss the basic properties of
the model and present some results derived from the analysis of the layer and reduced problem
that will help us to understand the dynamics of the biggest limit cycle of the system. We
discuss the points where normal hyperbolicity is lost in the model and, for biological reasons,
we study the fold point in the positive quadrant using the blow up technique which can resolve
the degeneracy at the origin and regularize the dynamics in its neighborhood, where we can
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use standard dynamical system theory. After splitting the analysis using three charts, we
recover the dynamics near the zone of non hyperbolicity by gluing together all the individual
geometries obtained in the charts.

Secondly, we study the canard phenomena presented in the model providing some numerical
simulations that supports the results obtained theoretically. Then, we provide a biological
interpretation of the biggest limit cycle, which is a result of the increment in amplitude of the
canard trajectories. We conclude that the existence of this limit cycle indicates that predator
and prey can coexist in the ecosystem, of course, this always depends on the values of the model.


