STATISTICAL MECHANICS OF THE FOCUSING NONLINEAR
SCHRODINGER EQUATION - EXERCISES

LEONARDO TOLOMEO

1. EXERCISE SESSION 1

Exercise 1. Let A: D C L*(T¢) — L?(T%) be a densely defined, nonnegative, self-adjoint
operator which is translation invariant. Recall that this implies that for every n € Z?, there
exists A\, € R such that for every f € D,

Af(n) =X f(n).

Moreover,
D={f:> Mlf(n) < oo}.
nezd
Suppose moreover that for some sg > 0, ¢ > 0, we have

(Au, ) > cluleo.

We want to build a measure p, formally given by

1
L ~ €Xp ( — §<Au, u))dudﬂ,
which has the following properties

i. There exists s € R such that the measure u is a Gaussian measure on H*(T%).
ii. For every f,g € C*™(T9), we have that

/ (f, udp(u) =0,
/ (f, u){g, wydpu() = (A1, g).

Show the following.
(1) Let {gn},ere be a family of i.i.d. complex valued standard random VariableSEI Define
1 gleznx

X =
(2m)% 2 M

Firstly, show that
E|| X3 < 0o
for every s < so — 4. Then, show that y = Law(X) satisfies ii.
IWe say that g is a complex valued standard random variable if Re g ~ N (0, 1), Img ~ N(0, 3), and they

are independent.
1
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(2) Now suppose that u is a measure that satisfies both i. and ii. Show that if Law(u)

then the random variables
A )
Gy = —"(u,e™?)
(2m)2
are i.i.d. complex valued standard random variables
(3) Let s < so — < be such that y is concentrated on H*. For G, as in (2), show that

2
° /Hqusduu < 00,

n mx
[l — 3 Sz
n
Deduce that i. and ii. uniquely determine the measure p, and that every such measure

e lim
N—o00 27r I[N
glezn-x> .

An

admits a random series representation
1

u = Law (
(2m)

d
2 nez

9n ein-x'

1
d Z <n>a
is optimal, or in other words, that

Exercise 2. Let
X =
(27T)§ nezd
We want to show that the property X € H®
X|? = y2a—d X P=o0o as.
X1} g = 3 1)

zna:

> X(n)

For N € 2N, define

X d

(2”)5 N < ln|<N

(1) Show that
E|Xn|72 ~ N2
(2) Show that
E[| Xnll72 — E|Xn|7a[* S N4

a.s.

(3) Deduce that
Y NI X N7z — B Xnl72] < oo

N
(4) From | X|2 4 2 Yy N2~ X y[|7,, deduce that
HXH2 4 =00 as.
H 2

Exercise 3 (Wick renormalisation). Let X ~ N(0,0¢). Define recursively the Wick powers

of z in the following way
20 = 1,
=,
" — 0?0, (™).

=g
n—1.

x
") =nwx

i. Show that for every n > 1, 0, (
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ii. Proceeding inductively, show that
E[:2":2™:] = n!,mo".
It might be useful to recall that
(x + 028r)e_§ =0.

iii. For z € R, seeing :2*: as a polynomial in z, show that

R A

h=0
iv. Let (z,y) be jointly Gaussian with zero average, and let :x™:,:y™: be their Wick
powers. Show that
E[:2":y™:] = nldpmElzy]".
It might be useful to write y = Ax + w, with A € R and w independent from zx.

Exercise 4 (Wick renormalisation of the Gaussian free field). Consider the random series on
T?,

1 9n  ina
X = Re% Z ﬁe .
nez?

Our goal is to show that for any k € N, the Wick powers :X*: are well-defined distributions,
and moreover

(1—A)"2:X% e L(T?)
for every s > 0.

For a distribution u, define

1
27 Z m T
n|<N
Recall that for any f € C°°(T?), and for every 0 < s < 2, we have that

(1= 85 f(0) = [ Ko = )f )y,

where K satisfies

K@) S s
i. Let N < M. show that
E[Xn(2)Xm(y)] = Kn(z —y),
where 1
() - M
Deduce that for every 1 < p < oo,

s%p KN Lo (r2) < 00

ii. Exploiting point iv. of Exercise 3, show that for every k € N,
supE|((1 — A)_ng]'f,:)(x)F < 0.
N
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ili. Recall the (simplified) variational formula

Blexp(F(X)] < B[ sup F(X +V) = 51V [}

for any measurable functional F' bounded below.
Show that for every k € N, there exists g = eo(k, s) < 1 such that

s%pE[exp (50|((1 - A)_gXJ]i,)(xﬂ%)} < 0.

Deduce that for every 1 < g < oo,

s%pEHu —A)72: XK, < oo

iv. (optional) Show that for N < M,
E[(:X]]&: - :Xﬁ,:)(w)(:XJ’f/[: - X]’i,)(y)] =k(Ky(z—y) — Kn(z,y)).

we have that

]sglj/[IE[eXp (50]\75\((1 —A)"2(: Xk — Xﬁ,))(a;)ﬁ)} < 00,

and hence show that for every 1 < p < oo, the sequence
(1—A)"2:Xk:

is a Cauchy sequence in LP(T?).
v. Denote by :X*: the a.s. limit of :Xﬁ,: as N — oco. Show that for every s > 0, there
exists g9 = eo(k, s) such that

E [ exp (<oll 1 - A)_%:X’“:H%N(TQ)H < .

2. EXERCISE SESSION 2

Exercise 5. Recall the Boué-Dupuis formula: for every real-valued functional F' on distribu-
tions, Borel and bounded, we have

1
log/exp(F(u))d,u(u) = VSEI%E[F(X(D +V(1)) - ;/0 ||V||%11}’

where

X(t) e % Z Wz:l(;) ein.m’
nez?

and
H. .= {V e L*(P,H') : V(0) = 0,||V| € L*([0,1], H') as.,
V is adapted with respect to the filtration induced by X}.
Our goal is to show that the similar formula

1
10g/exp(F(u))d,u(u) = sup E[F(X(l)JFV(l)) - ;/0 HVH?{J

VeH, |
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holds under more general hypotheses on F'. Here H}L ., denotes
H, . =H; N {E[F_(X(1) + V(1))] < oo}
We suppose the following on F.
(1) For every V € H!,
F(X(1)+V)<Gi(X(1)) + Ga(V),
where
E[G1(X(1))] < oo,
and G : H' — R is bounded on every ball of H!.
(2)

1t
sup E[FOX(1)+ V(D) — 5 [ IVIE] <
VeH; | 0

We start by considering the case of F' bounded above by F*, and satisfying (1). Notice that
in this case H , = H}. Define Fpy = F V (=M).

a

Step 1. Notice that

F du(u) = E[Fy(X(1) + V(1)) - - 11’/2
] ey = sup B[P )+ V) 5 171

1t
> sup B[FX() VD)~ [ 1V1n].

Deduce that

/ (F(u))dp(u) > 1[«:,[F(X(1)+V(1))—1/1 Vi) > -
exp(F (u))du(u _nggé 3 J, IV 2 00.

Step 2. Let L > 0. Using a stopping time argument, show that

IR
sup B[FOC) + V) 5 [TV

1/t -
2 o B[ (FOX)+ V) = 5 [ V)25 ]

1 /.
> E|F(X(1 1)1 . _ = 2 ]
= vem [ (X + VL2, as<ry 2/0 HVHHl]

Step 3. Let V}; be an almost optimiser for the following sup, in the sense that

1 1.
E[Fu(X(1) + Vi (1) — /0 Vi) 2 sup E[Fa(x(n) + v - - /0 V3]~ e

Exploiting the fact that F < F* < oo, show that

1
P(/ IViill3ds > L) S L7,
0
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where the implicit constant is independent of M and of ¢ < 1. Using (1), exploit this
to show that for every L > 0,

IR
li E|Fu(X(1 1) — = 2
Jim sup B[Py (X() V) = 3 IV

1/t _
< sup E[F(X(1) + V(1)1 VE||§ﬂdS<L}—2/O V13 ] + oL,
With steps 1,2, deduce that

1
[eE@ydnt) < sw B[FCC)+ VW) -5 [ 17
VeHl 0

We now move to the general case of F satisfying both (1) and (2). For M > 0, define
FM .= ' A M. Note that F'™ satisfies (1) and it is bounded above, so by the previous steps,
the Boué-Dupuis fomula applies to FM.

Step 4. Show that

[ explE@)dute) =t [ e w)duu)

M—oo

1/t
< s E[FOCQ+V) -5 [ VI

Step 5. Let V¢ € H}l, 4 be an almost optimiser for the sup, in the sense that

s[ro vy - g [ IVE] 2 s B[+ va) -3 [ 7] -

Show that
1 1
E[F(X(1)+V€(1))1/ 1V<[3] < tim E[FM(X(1)+VE(1))1/ V1]
2 0 H T M—oo 2 0 H
Deduce that

1
log/exp(F(u))du(u) = VZEIE+E[F(X(1) +V(1)) - ;/0 ||VH§11]

Exercise 6. Let d =2,3. Given M > 1, define X, by its Fourier coefficients as follows. For
In| < M, Xpr(n,t) is a solution of the following differential equation:

dXn(n,t) = 25(X (n,t) — Xar(n, t))dt
Znli—o = 0,

and we set Xp/(n,t) = 0 for |n| > M. Show that Xp/(t) is a centered Gaussian process
in L?(T%), which is frequency localized on {|n| < M}, satisfying for every fixed function
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fe H YT,

logM ifd=2
2 )
E[Xh@)] ~ {M ifd=3

E|2 XXde—/

X%wda:] = @) E[X2@)] (1 + o(1)),
Td Td

I 2
E \/dXMfdm\ } S

M™2logM ifd=2
E ‘ (X — Xan)?: dx‘ s ’
Td M~ lfd:?),

2
o[ | xuto ] <0
_/0 ds (s) |

where X = X (1), Xay = Xp(1), and

(X = Xp)?i= (X — Xm)? —E[(X — Xum)?].
Hint: Write and solve the SDE satisfied by Y;,(s,n) := X (s,n) — )/(]\\/[(s, n).

Exercise 7. Let d = 2, p > 4. Show that there exists v > 0 such that for every o > 0,

g — Nl
/exp(4 /11‘2 utidr — ||| _jp(w))d,u(u) < 0.

[ullwer = [I(1 = A)2ul|r.

Here

The simplified variational formula is enough to show the above. It might be convenient to use
the following interpolation inequalities.
(Gagliardo Nirenberg-Sobolev). For every 0 < 6 < 1,55 € R, 1 < p; < 00, & =
— + 10 e have that
P2
[wllyyosi+a-0)s0r S HU||W51 Pl HUHW82 p2-

e (Sobolev embeddings). Suppose that 1 < ¢ <4, s > 0, and

>

Ul ®»
»Q\»—A
»Mr—‘

Then

HUHL‘l(Td) S HUHWM(’H‘d)'

3. EXERCISE SESSION 3

Let F be a real-valued functional on distributions that satisfies (1) and (2) in Exercise 5.
Define the probability measure

_ exp(—F(u))dp(w)
r = T T Flwdn(w)
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Let V™ € H}l 4 be a sequence of almost optimisers for the variational formula associated to
exp(F'(u)), or more precisely,

1 [t . . . I
2 E[FXW V) - L 11] = tim B[FCr@) £ v -5 1)

Let now g be a real-valued, bounded, Borel functional on distributions. We want to show that

[ stwdprtn) = tim [g(x(1)+ Vo).
Step 1. Show that

[ stwidpetu) = tim 310 ([ exprg(w)dpr(w).

Step 2. Show that for every A € R, the functional \g + F satisfies (1) and (2) in Exercise 5,
and deduce that

tog ([ exp(g(w)dpr(w)

Lot
— suwp Eg(X(1) + V(1) + FOXW) + V) - 5 [ 1VIE]
VeH, | 0

1t
- s E[FX@+v) - [TV

Step 3. Deduce that, for every A\ € R,

log ([ exp(g(w)dpr () < limint E[g(X(1) + V" (D)

Step 4. By considering separately the cases A 10 and A | 0, show that

limsup E[g(X (1) + V"(1)] < log </eXp(>\g(U))dpF(U)) < liminf Elg(X (1) + V" (1)].

n—oo
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