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1 Introduction
Lie algebras may arise in the following ways in the wild:
* Derivations of an associative algebra.
* Vector fields on a smooth manifold.
» Tangent spaces at the identity of Lie groups.
We should often think of a Lie algebra of being one of those (intimately related) concepts.

Example (Witt algebra over C). Let A=C[z,z '] be the algebra of Laurent polynomials in one
variable and consider

PN 1l 2 e _gn @
Der(A)—{f(z)E.fEC[z,z ]}—span{LJ.——z E.]EZ}.

We compute the structure of Der(A):

[—Z”HJ%,—Z’H—I%]]C

((n + l)zm+n+1fl + Zm+n+2f//) _ ((m + l)zm+n+1f/ + Zm+n+2f//)

(L, Ln] f

d
(n—- m)zm+”+1d—]zc =m-nLyinf

This is called the Witt algebra over C, denoted Witt; its basis is {L jiJE€ Z} and its structure is

[LimyLn] = (M=) Lipsn .
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Example (Vector fields on S'). Consider the complex vector fields on S' = {e? : 0 e R/~}:
d X o . .
Vectgy 1= { f 0 : f: 8" — C smooth with finite Fourier expansmn} ,

i.e. we impose that each element is in the finite span of cos(n6) % and sin(n0) %, or equivalently
in the finite span of {eine % : n € Z}. Without the finiteness assumption, we would have to deal

with the Fourier analysis and convergence issues. Thus we have a basis
ing @
Ly:=iet—.: neZ} .
{ " dao

Set z:=e'? then L, = —z"*! %, and we recover the Witt algebra.

Example (Diffeomorphisms of SY. Let G := Diff, (Sl) be the group of (orientation-preserving)
diffeomorphisms of S' under composition. It acts on C*(S!,C) via (g.f)(2) := f(g~'(2)) for
g € G. An element of the tangent space at 1 € G has the form

g)=z(l+e(z)=z+ ). Anez™th .

n=—oo
Then N
gl @=z(1-€e@)=2- Y Anez"!.
Thus
(gf)(Z) = f(z(l—e(z))) = f(Z— Z /1n€ZH+1)

o0 d o0
(1_ Z /1n€Zn+1E)f(Z) = (1+ Z AneLn)f(z).

n=-o0o n=-o0o
The L, for a topological basis for Lie(G).

The three preceding examples all give the same Lie algebra structure. The Witt algebra has
two further properties:

1. There is an anti-linear Lie algebra involution w(L;,) := L_,.

2. Thence we can build a real form of the Witt algebra as {x e Witt: w(x) = —x}.

2 Central extensions
Definition 2.1. A central extension of a Lie algebra g is a short exact sequence of Lie algebras
0—3;—g—g—0 2.1)
such that3 < Z(§) = {xeg: [x,§] =0}.
As vector spaces the sequence (2.1) splits as § = g’ @ 3, say via a section o: g — g'. Let
B:gxg—3, (x,3)—[ox),c(n]-0o(lx ).
We check that § satisfies

* B(x,y)=-B,x), and
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* B(x.1y,21) + B(y, [z, x1) + B(z, [x, y1) = 0.
Conversely, given f € C?(g;3) := {f: g x g — 3 : satisfying the above}, we can construct
Gp:=g®j as vector spaces, [(g,2),(g’,2)]:=(lg &'1.6(g.8)).

Then gg is a central extension. However, there exist isomorphisms of such gg:

3 gp=0®3

| d |

§ — Oy =993 g
We find quickly that 8: §g — @y is of the form 6((g, 2)) = (g,62(g) + z), where 6, : g — 3; and for 0
to be a Lie algebra homomorphism, we require that 6,([g, g'1) =y(g, &) — B(g, &).
So we find that central extensions are classified by

C*(g;3
H*(g;3) = 1(—)

dB'(g;3)
where B! = {0: g — 3}, and d0(g, g") = 0(Ig, &)

g

n

Exercise 2.2. Show that if g is a finite-dimensional simple Lie algebra, then H? (g;C)=0.

Proposition 2.3. H?(Witt) := H?(Witt;C) = C. In other words, there is a one-dimensional space
of central extensions of the Witt algebra.

Proof. Let B: Witt x Witt — C, (L, Ly,) — B(m, n) satisfy the two conditions from above, namely
e B(m,n) =—pB(n, m), and
e m-np(l,m+n)+n-Dpm,l+n)+{(-m)Bn,l+m)=0.
Freedom of choice is provided by d0 for some
0: Witt—-C, L,,—0(m).

Writing Gﬁ(m) = B(0, m)/m for m # 0, replace 8 by f+ dQﬁ: We see that w.l.o.g. f(0,m) =0
for all m € Z. Now with [ = 0, we get nf(m,n) — mp(n,m) =0, i.e. (m+ n)B(m,n) = 0. Thus
B(m,n) = 5m,_nﬁ(m), where E(m) = —E(—m).

With [ + m + n =0, we produce a relation which for n = 1 gives

A-mpBm+1)+m+2)B(m)—2m+1)B1)=0.
This recurrence relation has a two-dimensional solution space:
E(m) =aym+a,m®,withaj,a€C.

Now replace f with § + d0g, where 05(m) = 6m,0%, to get B(m, n) = 5m,_na2m3. O

3 The Virasoro algebra

Definition 3.1. The Virasoro algebra (denoted by Vir) is the central extension of the Witt algebra
with the choice f(m) = £;(m® — m) in the notation of Proposition 2.3.

The Virasoro Algebra is spanned by {Lm ‘mEe Z} U {c} such that cis central, i.e. [¢,L;;] =0
forall me 7Z, and

1
[Lim,Ln] = (m=n)Lpin +5m,_nﬁ(m3 —-m)c.

The number 1/12 is chosen so that ¢ acts as the scalar 1 on a natural irreducible representation
that we are about to see.
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4 The Heisenberg algebra

The Witt algebra was a simple point of departure for infinite dimensional Lie algebras. Another
simple case is given by constructing loops on a (1-dimensional) abelian Lie algebra, and again
making a central extension. This leads to

Definition 4.1. The Heisenberg algebra #¢ is spanned by { a,:ne Z} U {h}, where h is central
and [am, an] = mbm,—nh. (We could even rescale to get rid of m.)

This algebra has a representation as an algebra of operators on B(y, h) := C[x1, X2,...], on
which the #-module structure is given by p: # — gl(B(u, h)) as follows:

0

ox, n>0,
p:ap—play) =4 —hnx_, n<o, and p:h—ph)=(-xh). 4.1)
u n=0,

Exercise 4.2. If h # 0, then B(u, h) is irreducible, while if & = 0 it is not (e.g. the subspace of
constants C < B(y, h) is invariant).

There exists an involution w(a,) = a_,, w(h) = h.

Link to Virasoro algebras. Define

1

Ly :=
k=35

Z ra-jajiy: forkeZ.
Jjez

The notation “: a_jaj :” means “normal ordering”, i.e.

a—jQjik if—j5j+k,

ta-iAj gt = T
7 {aj+ka_j if—j=j+k.

Explicitly, we have
%afl+ Z ap-j apyj ifk=2n,
j>0

Zan+1_j (Zn+j ifk=2n+1.
j>0

L=
The operator Ly is an infinite sum, but it is well-defined when acting on any element of B(y, h)
because of Property (2) below: On B(u, h) we have that
1. ag and h act diagonally,
2. on a given element of B(y, h) a, acts as zero for n > 0, and

3. ay acts locally nilpotently for n > 0.

Theorem 4.3. With Ly defined as above,
Lo 3
[Lm,Ln] =(m-n)Lpin +5m,—nﬁ(m _m)

as operators on B(u, 1), i.e. as a representation of the Virasoro algebra. (But not of the Witt algebra!)



6 Iain Gordon

Sketch of proof. Define a function

R R - 1 if|x|=1,

R-R, x—yx):=

v v 0 iflx|>1,

and for € > 0, define Li(e) := %Zj(—:z sa-jajyk :y(ej). This has only finitely many non-zero
terms, and Ly (¢) — L; as € — 0. Now calculate: [an, Lk] = nay+, (using L(€)), and hence

1 . .
[Lm(€), L] = 5 Y (+m)ajajimen:we)+
JeZ
1 —-m
> Han-j@jim Y€)= Omn Y iG+muye),
jez j=-1

1
2

andlete — 0. O

Exercise 4.4. Is B(y, 1) irreducible as a Virasoro module?

5 Representations of the Virasoro algebra
Recall that we have an anti-linear involution w(L,) = L_,, w(c) =c.

Definition 5.1 (Unitarity). A representation p: Vir — gl(V) of the Virasoro algebra is unitary if
there exists a non-degenerate hermitian form (-, —) on V such that

1. (v,v) =0 for all v € V, with equality if and only if v =0, and

2. (p(x).v1, v2) =(v1, p(W(x)).vy) for all x € Vir, vy, v €V, ie. = 0.

5.1 Family 1: Chargeless representations
Let
V =Vap=P(2)2%(dz)P =Clz,z7"| = span{v, : ne z}, (5.1)

where a, f € C and P € C[z, z']. Define a representation of the Virasoro algebra by the following
action:

c—0 and Ly(vp)=-(k+a+pBn+1)vy. (5.2)

This is the representation one would discover by using the definition L, := —z”“di on the

Z
elements vy := 2% (dz)P.
Now we start to use the structure of Vir. Set
h:=CceCLy (abelian); Viry :=span{Ly:keZ.}.
We have the so-called triangular decomposition

Vir =Vir_ e h & Vir,. . (5.3)

Exercise 5.2. Check that ) = Cc® CL is a Cartan subalgebra of Vir, i.e. that it is nilpotent and
self-normalising.
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Remark 5.3. In the representation Vg g, b acts by scalars on each vy: Lovg = —(k+ a + ) vg.
For a general representation p: Vir — gl(V), the decomposition

V= W

Aeb*

is called a weight space decomposition, where V) := {v € V: p(2).v = A(2)v for all z € h}. Obvi-
ously, the existence of a weight space decomposition is a restriction on the representation.

Lemma 5.4. Let V be a representation of an abelian Lie algebra A, such that V = @jca- V)
and such that each V), is finite-dimensional. Then any subrepresentation U <V decomposes as
U=@,(UnV).

Proof. Any v € V can be written as v =Z;?1:1 vijwithv;e V,lj forj=1,...,m,ie avj=Aj(a)v;
forall a € A. Suppose v € U. We need to show that v; € U for each j. Since A; # A for j # k, we
can find a € Asuch that A (a) # Ax(a) if j # k. Then

Vo= Ui+t Up

M@vi+--+An(@) vy

8
<
I

M@ v+ A @™ oy,

Q
<
I

Since each a’.v € U, we see that [)Li(a)j](vl,..., v,)T eU™ wherel<i<mand0< jsm-1.
But the matrix [1;(a)/] is a Vandermonde matrix and thus, since the A;(a) are pairwise distinct,
it has non-zero determinant, and hence (vy, ..., ;)" € U™, as required. O

Theorem 5.5.

1. Vqy g is reducible if and only if either a € Z and = 0, or a« € Z and § = 1. In those cases,
Va,p has a composition series whose irreducible sections are a trivial representation and
an irreducible representation V, 8 of codimension one in V, g. (As vector spaces we may

consider these to be span{v_(q+p)} and span{vi : k # —a — B}, respectively.)

(If Vo p is irreducible, then set V(; 5= Va,p-)

2. V(;,ﬁ is unitary ifand only if f+ f=1 and a + = a + .

Proof. Part (1): By Lemma 5.4, any subrepresentation U decomposes as a direct sum of its
weight spaces, so if U is a non-zero subrepresentation, then there exists k with vy € U. Now
given v € U, we have L, (vg) € U for all n, and so we get scalar conditions from Equation (5.2),
i.e.

Uk €U=>k+a+pn+1)=0.

If vjyri Vm+k € U, then B = 0 and a = —k, and hence Cvy is a subrepresentation, and
Va,ﬁ/C v is irreducible (because L, (vy) = (t — k) vy, fOr £ £ k).

Now assume that only one vector, say v,,;, does not belong to U. Then for [ # k, m we must
have L,,_(vx) =0= Ly,_;(v;), whence =1, a=—(m+1) and U = span{v; : t # m}.

Part (2): Unitarity implies (v, vg) > 0 for all relevant k. Hence

o (Lo(vg), v) = (vk, Lo(vg)), whence a + f € R, and



8 Iain Gordon

* (L-1(vk), vk—1) = Vg, L1(vg—1)) and (L2 (vg), Vk—2) = (Vk, L2(vi_2)). Using this to produce
two different looking relations between (v, vg) and (vg_2, Vx—2) for infinitely many differ-
ent integers k, we find an equality of polynomials

(X-B)(X-1+P)(X-20+p)=(X~-1-p)(X~2-p)(X~2p),
Whenceﬁ+E= 1.

Conversely, (v, Vm) = O km is a well-defined positive-definite hermitian form on V(; s because of
the conditions on «, S. O

Exercise 5.6. Is V, 53 completely reducible? That is, if it is not irreducible, is V,, s =C® V‘; pa
decomposition of Lie algebra representations?

5.2 Family 2: Highest-weight representations

The Virasoro algebra has a representation on B(u, 1) = C[x3, X2, ...] as in Equation (4.1) above.
Recall that
1 I
Lo:=—-ay+ Z a-ja; = ?4— Z a-jaj.

j>0 j>0

On a monomial Hix;”, the term a_ja; acts by multiplication by jn;, and so we see that
Y j>0a-ja;j picks out the “degree” of a homogeneous polynomial, where deg(x;) = j, i.e.

B(,U,l) = Z B(ﬂr 1))1 y
Aeb*

where

Bl 1) {homogeneous polynomials of degree N A(c) =1, A(Lg) = u?/2+ N,
H A=
0

otherwise.

Observe that B(y, 1) for p € Ris unitary, and in fact it is induced from a unitary representation
of the Heisenberg algebra . The monomials form an orthonormal basis:

e
ky ke ki kn _HFlkf'
xl ...xn,xl ...xn _n—zk
Hj:1] !

(This just says that (B, Q) is the constant coefficient of w(P)Q.1, where P and Q are polynomials
in the (commuting) variables ay, for k <0.)

Proposition 5.7. Let V be a unitary representation of the Virasoro algebra (with c acting as a
scalar) such that
V=@ V) withdimV) <oo.
Aebh*

Then V is completely reducible.

Proof. Let U <V be an invariant subspace. Observe that w(Lo) = Lo. Unitarity forces A € b by
considering the effect of Ly on (v, v) > 0. It then follows that (V}, V,) = 0if A # . Set Uy := UNV},
and define U/lL c V) as the orthogonal complement to U} in the form restricted to V). Then
V) =Upe Uy, and @, U =: U' is invariant under the Virasoro algebra. So V= Ue U~. O
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By our previous observation we conclude that B(y, 1) is a completely reducible Virasoro
module. Write B'(u, 1) < B(u, 1) for the submodule generated by 1. It is unitary, hence completely
reducible, and if B'(u, 1) = U ® U+, then look at

Uyzip ® U;z/z =B'(1,1),2/2=C.1

to see that
1€ Uy = B'(4,1)=U, ie. B'(y,1)isirreducible.

At this point we do not know whether B'(u, 1) = B(u, 1).

Definition 5.8 (Highest-weight representations). A highest-weight representation of the Virasoro
algebra is a representation V such that there exists a v € V satisfying

1. cvir.v = cv (here c is a complex number on the right hand side),
2. Lo(v)=hvforheC,
3. V=span{(L_j,---L_;))(1):0<ij <--- < ig}.

Remark 5.9.

* cyjr acts as the complex number c on all of V.

o Lo(L_j - Ljy(»)=(h+ix+-+i1)(L-i,--+L-;)(v) thanks to [ Lo, L_;] = iL_;. So we get
a weight space decomposition
V= W,

Aeh*
where V) # 0 only if A(cyir) = c and A(Lg) = h+ Zxy.
e Li(v) =0for k>0 (because V) =0 for A(Ly) = h— k).
The (c, h) are called the highest weights of V.
Remark 5.10. B'(u, 1) is a highest-weight representation with weight (1, u?/2).

Definition 5.11. If V =&, V), then the formal character of V is

chy(g,0):= ) dim(Vy) gM) 1O
Aeb*

Keyidea: There exists a universal highest-weight representation for any (c, h) € C2. To define
this we introduce first the universal enveloping algebra of a Lie algebra.

6 Enveloping algebras

Note that any associative algebra A is a Lie algebra under the commutator bracket [x, y] :=
xy — yx. We write Aq for this Lie algebra structure.

Definition 6.1. Let g be an arbitrary Lie algebra over some field k. The universal enveloping
algebra of g is an associative algebra U(g) over k with unit and a Lie algebra homomorphism
1: g — U(g)aq satisfying the following universal property:

For every arbitrary associative algebra with unit A over k and a Lie algebra homomorphism
Jj: g — Aaq, there exists a unique homomorphism of associative algebras ¢: U(g) — A such that

j=dou
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Exercise 6.2. Show that if U(g) exists, then it is unique.

Exercise 6.3. Show that any Lie algebra representation of g is a (left) U(g)-module and vice-versa.
There is an equivalence of categories between representations of g and left U(g)-modules.

The universal enveloping algebra U/(g) exists since we can construct it explicitly as

U:=T@/xey—-yex—[x,yl:x,ycg), (6.1)

where T'(g) denotes the tensor algebra of (the vector space) g, i.e. T(g) := @;09%". If {xp:be B}
is a basis for g, the T'(g) is just the free algebra on the variables xj,.

Exercise 6.4. Show that U(g) as defined in Equation (6.1) satisfies the universal property from
Definition 6.1.

Theorem 6.5 (Poincaré, Birkhoff, Witt). Let{x;: b € B} be a basis for g, where B is ordered. Then
the set of ordered monomials

il i2 i:}.... “e e '-
{xblxbsz3 iby <by<b3z<---,ij EZEO}

is a basis for U(g).

7 The universal highest-weight representations of Vir

Recall from Remark 5.9 that a highest-weight representation V of the Virasoro algebra has a
weight space decomposition V = @ ¢+ V3. The Virasoro algebra has a sub-Lie-algebra Virs :=
Viry @ (cf. Equation (5.3); but be careful, this is only a vector space direct sum, not a Lie algebra
direct sum). We will now construct a universal highest-weight representation of the Virasoro
algebra. To this end, define

M(c, h) :== U(Vir) ®yir.) Clc, h) , (7.1)

where the action of U(Virz) on U (Vir) is by right multiplication, and on the one-dimensional
space C(c, h) on the right-hand side it is as follows:

L. A=0for k>0, Lo.A=hA, cvirA=cA, forall A € C.

We call this M(c, h) the Verma module.

Exercise 7.1. Check that the Verma module M(c, h) is a well-defined representation of the
Virasoro algebra, and moreover that it is a highest-weight representation with highest weight
(c, h). (See also Proposition 7.2 (1).)

Proposition 7.2.

1. M(c,h) = @sez., M(c, M) p+s, where M(c, h)+s has a basis of vectors {(L_j,-++L-;;,) ® 1},
where0<iy<ip<---<i andzlle ij=s.

(This has dimension P(s) = the number of partitions of s; thus

h

t .
hpsc )= —— , wh = 1-g/).
chprie,m (g, 1) ) where ¢(q) jl;[l( a’)

Note that Ly.(1®1):=Ly®1=1®(Ly.1) = h(1®1), and c.(1®1) = c(1® 1), which proves
that this is a highest-weight representation.)

10
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2. (Universality.) M(c, h) is indecomposable, and any highest-weight representation of highest
weight (c, h) is a quotient of M(c, h).

3. M(c, h) has a unique irreducible quotient V(c, h).

Proof. Part (1) is clear, since by Theorem 6.5 U (Vir) is free over U (Virx) with basis {L_;, ---L_; :
0<ip<---<ii}.

Part (2). If M(c,h) = V @ W, this respects the weight space decomposition by Lemma 5.4.
Hence M(c, h);, = C, so without loss of generality, V), =Cand W;, =0. Then1®1€ V. But1®1
generates M(c, h) as an algebra, so M(c,h) = V.

If N is a highest-weight representation with highest weight (c, ), then there exists v € N
such that c.v = cv, Ly.v = hv and L¢.v =0 for all k> 0. Hence Cv = C(c, h). The evaluation map
ev: M(c, h) ;= U(Vir) ® C(c,h) - N, p® 1 — p.v thus factors through the tensor product over
U (Virz) and so is the desired quotient.

Part (3). This is equivalent to a unique maximal proper submodule. Any submodule inherits
a weight space decomposition, so any proper submodule P has Py, = 0. (Note that all proper sub-
modules lie in the complement of the top weight space.) Thus the sum of all proper submodules
is again proper, and clearly maximal. O

Theorem 7.3 (Mathieu; Chari, Pressley (unitary case)). An irreducible representation V of the
Virasoro algebra with V = @ ey V) is precisely one of the following three:

-V B from Equation (5.1) and Theorem 5.5,
* V(c, h), the irreducible quotient of M(c, h) from Proposition 7.2 (3), or

e V(c,h)*, therestricted dual representation of V (c, h), which is defined as

Vie,h* =PV h.".
t

It is acted on in the usual way by (X.0)(v) := 0(-X.v) for X € Vir, 8 € V(c,h)* and v €
V(c, h); it is alowest-weight representation. O

The proof of Theorem 7.3 is tricky; it proceeds by an analysis in positive characteristic.

8 Irreducibilty and unitarity of Virasoro representations

First note that the involution w on Vir extends to U (Vir). Define a form on M(c, h) as follows:
ForanyP=L_j ---L;; andQ=L_j,---L_j,andforv=1®1, let

(P(),Q)) := (@(P)Q)-V) ot »

be the coefficient of v in the weight space decomposition, i.e. the coefficient of v in the weight
decompositionof L_; ++-L_; L_j+--L_jv.

Exercise 8.1. Check that this form is contravariant and sesquilinear (though not necessarily
non-degenerate). Check that M(c, h)) and M(c, h), are pairwise orthogonal if A # .

Now let M'(c, h) < M(c, h) be the maximal proper submodule, which we know to exist.

Lemma8.2. M'(c, h) =ker((—,-)):={k: (k,—) =0}.

11
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Proof. Thekernelis asubmodule since (x.k, —) = (k,w(x).—) = 0 forall k € ker((—, —)) and x € Vir.

Note that v is not in the kernel since (v, v) # 0, so the kernel is indeed a proper submodule.
Now suppose P.v € M'(c, h), and thus w(Q)P.v € M'(c, h) for any Q. Hence (Q(v), P(v)) =0,

and thus Pv is in the kernel. O

To understand irreducibility or unitarity properties of M(c, h) we need to understand the
form (—,—). Define (—,—)y to be the restriction of (—,—) to M(c, h);, . This is a form on a
finite-dimensional vector space; let dety (c, h) be its determinant.

We compute the first two values: det; (¢, h) = (L_1.v,L_1.v), which is the (L; L_;.v)-coeffi-
cient of v, so det; (¢, h) = 2h. Next,

det (C h)_ (L_Z.U,L_Z.U> <L_2.U,L_1L_1.l}>
2 T L L., L. 1) (L1L_y.v,L_L_1.0)| "
But
(Lep.v,Lo.v) = (L2L_2.V) e, » WOTking in the Verma module,

(Lo, L o]+ L—2L2)~U)Coeffv

4L0+é(8—2)c).v+0)

(
(

coeff v

(
(

With similar calculations we get that det,(c, h) = 2h(16h% +2hc—10h + ).

C
h‘f‘z.

Theorem 8.3 (Kac determinant formula).

det,(c,h) =K 1_[ (h_ hr’s(c))P(n—rs) ,

r,SeN
1<r,s<n

where P(m) is the number of partitions of m,

K= H ((2r)ss!)P(n—rs)—P(n—r(s+1))’

r,seN
1<r,s<n
and
hrs(€) = 35 (13 =) (r? + 1) + V(e = D(c—25)(r* — s*) —24rs -2+ 2c) .
Examples.

* V(1,h) = M(1,h) ifand onlyif h # ™, me Z.

* V(0,h) = M(0,h) ifand only if h # =1 me 7.

Exercise 8.4 (Unitarity). Show that det,(c,h)>0forall nif c>1and h > 0.

Note that (L_,,.v,L_,,.v) =2nh+c ”315", so considering large enough n we see that unitarity
implies that ¢ = 0.

We saw that unitarity implies ¢ = 0 and & = 0. If we restrict to the region ¢ = 1 and & = 0, then,
since det,(c, h) > 0, the form is positive semi-definite in this region (i.e. it is positive-definite
for V(c, h)) if it is so at least once in this region. But we already found one unitary irreducible
highest-weight representation of Vir with s = %2, ¢ =1, namely B’ (i, 1).

12



Infinite-dimensional Lie algebras 13

For ¢ = 0, it can be shown that the only unitary representation is V(0,0) = C. We want to
understand what happens in the range 0 < ¢ < 1. Reparametrise as follows:

cicm):==1-—  form=0.
(m+2)(m+3)
Then
((m+3)r—(m+2)s)* -1

hr,s(c(m)) =h,s(m) = 4m+2)(m+3)

Theorem 8.5 (Friedan, Qiu, Shenker; Goddard, Kent, Olive). In the region 0 < c < 1, unitary
representations occur precisely at

((c(m), hys(m)) for m,r,s€Z>p suchthat 1<s<r<m+1.

9 Alittle infinite-dimensional surprise

9.1 Fermionic Fock

Let V =,czCvy,. Then gl(V) =: gl is the Lie algebra of matrices with a finite number of
non-zero entries. It is spanned by the E; ;: v; — v;. Let

FO .= A‘(’(‘)’)V:span{vi:: Vig AViy Ao AUj,  AVU—y AUyt Avee @ dg > 11> o+ iy >—m}.

Then gl acts on F© via
AVi= AV ANV, N+ U NAV Aot eee
(note that this action preserves tails). In detail,

0 if j does not appear iniorif i appearsini,
if i # j, then E; ;.v; = o Jcoesnotapp pp
replace v; with v; in v;  otherwise,
v; if j appearsini,
and Ej,j- Vi = ! ] pp.
0 otherwise.

The space F has a basis labelled by partitions A - n, where A = (4; = A, = ...) € Z&) with
Y ; Ai = n. To see this, map

i= (io,...,im,...)H/liZ= (io,i1+1,i2+2,...,im+m,...),

and this map is clearly reversible. It follows that F© = span{v,}.

Define deg(v,) := |A| = nif A I n, so that |A] is the number of which A is a partition; i.e.
deg(vy) = X0 (is + ).

More generally, we have F, which is defined as for F¥, but with the basic vector being
Un A Up—1 A--- instead of vg A v_1 A---. The Lie algebra gl acts naturally on it.

Remark 9.1 (Etymology). The notation F (M comes from the term “Fermionic Fock”. The earlier
notation B(y, h) for Heisenberg representations stands for “Bosonic”.

13



14 Iain Gordon

9.2 Central extensions of gl

Let as 2 gly, be the algebra of matrices with a finite number of non-zero “diagonals”. This
contains a big abelian subalgebra spanned by Ay for k € Z, where Ay := Y ;cz Ej i+, so that
Ag.vj=vj_kforall j.

Exercise 9.2. Show that the elements A; commute with each other.

Exercise 9.3. Consider the representation Vy g of the Witt algebra. Show that the Witt algebra
embeds in a,, using this.

A typical element of a is a finite linear combination of terms Y ;cz A; E; j+. If kK # 0, then
Yiez AiEj j+k acts on F© because for i > 0 or i < 0 we have an action by O for E; ;. on vj;.

However, if k = 0, then we would have }_;c7 A; E; ;. vj = Y50 A j, vj, which is not well defined!
To remedy the situation, we adjust the “action” as follows:

. E-,j acts as E; j fori # j.
. Ei,i actsas E; ;fori=0,andas E; ; — 1 fori <0.

For example,
~ v; ifi =0and j; =i for some s.
_ )
Eji.vj=

0 otherwise.

Exercise 9.4. Show that the E;, j differ from E; ; only by a multiple of I, so commutators are
unchanged. Show further that

[E\i,j’gk,l] =0forj#£k,i#l, [Ei,jrgj,l] = Ei,l fori#l,
[Ei,j»gk,i] = _Ek,j fOI‘ k#], [E\i,j’gj,i] :Ei,i_E\j,j"‘a(Ei,i»Ej,j)Iy
where
-1 ifi=0,j<0,

a(Eii Ejj) =4 +1 ifi<0,j=0,
0  otherwise.

We can say this in two ways: We either get a projective representation of gl and a, or a
genuine representation for a central extension of gl and a:

(oo := Oco ®Cc,

a central extension with «a as the defining 2-cocycle. As before, we define the diagonal elements
Ak:=Y ez E; i+, and we get an action on F via

MNo.vij=nv; and  [Ag, Ay =0k kI,
i.e. we get a representation of the Heisenberg algebra with g, acting as n and h acting as 1.

Lemma 9.5. The representation B(n,1) of the Heisenberg algebra is isomorphic to F™ as graded
S -modules (but obviously not as algebras).

Proof. Let p(P(x1,x2,...)) = P(/A\_l,f\_g,...).vn A Up_1 A---, and check that
e this is an #-map (using that B(n, 1) is irreducible to see injectivity), and that

. P(T\_l, A, .. ) Uy AUp_1 A--- spans FU”. (Count dimensions of the homogeneous com-
ponents on both sides.) O

14



Infinite-dimensional Lie algebras 15

Exercise 9.6. Recall that Witt — a,. Show that this embedding extends to an embedding
Vir — do. This depends on a and B; what is the central charge?

The isomorphism from Lemma 9.5 allows us to consider the module structure of one side
acting on the other side. For instance, we see that the Virasoro algebra acts on F™ as in Theorem
4.3. In particular, we have a distinguished isomorphism between B(0,1) = C[x1, Xp,...] and F©,

Exercise 9.7. Let k€ Zsgand fi = Vg AVk_1 A=~ AVI AVU_ AU_g_1 A---. Show that L. fi = k? fx
and L;.fr = 0forall j >0. Deduce that B(0,1) is not irreducible as a Virasoro module, and that it
is in fact a direct sum of infinitely many unitary irreducible representations.

10 Hands-on loop and affine algebras

Let g be any complex Lie algebra and and R any commutative algebra over C. Then the vector
space g ®c R is a Lie algebra via

[XerYes|:=[X,Y]ers.

Thus we have a rich source of infinite-dimensional Lie algebras. (We could also try to consider a
sheafified version by replacing R with some Gx-algebra.)

In the case R = C[r,t™!], the Laurent polynomials in one variable, we get g := g® R, the
loop algebra of g. This has a description as Cyg(C*,g) or as C(S', g), where “Cy” stands for
the space of smooth maps with finite Fourier expansion, and the correspondence is between
y: S' — g and its Fourier coefficients in ¥ = ¥,z €¥"" X,,. Either way, a basis {X,} for g
determines a basis

{Xa(n) =X, t"}

for Zg, and the Lie algebra structure is

[Xa(n), Xp(m)| = [Xa, Xp|(n+m) .

Review. A finite-dimensional Lie algebra g is simple if g is not abelian and g has no proper
non-zero ideals (i.e. 0 # I C g such that g, I| = I). Recall that g acts on itself via the adjoint
action ad(x).y := [x, y] for all x, y € g. Then g is simple if and only if g is itself irreducible under
the adjoint representation.

Lemma 10.1. Ifg is simple, then there exists an invariant bilinear form on g, unique up to scaling.
Here invariance means

B:ge®g—C,suchthat B([x,yl®z) =B(x®[y,zl), (10.1)
which is just the infinitesimal (i.e. Lie algebra) version of group invariance.

Proof. Let M, N be representations of g; then M ® N is a representation via
x.(men):=x.me®n+mex.n,
and M* = Hom¢ (M, C) is a representation via
(x.f)(m):= f(-x.m) for fe M* ,me M.

Define
M9:={meM:x.m=0forall xeg}.

15



16 Iain Gordon

The adjoint representation induces via tensor product a representation on g ® g, and then by
taking duals on (g ® g)*, the space of bilinear maps on g. Then Equation (10.1) states B([ Y, X]®
z)+B(x®[y,z]) =0 forall x, y,z € g, which is equivalent to y.B = 0 for all y. Hence

1

Be((g®9)")" = Homg(g® g, Curiv.) = Homg(g,6”)

C ifg=g* by Schur’s Lemma,
0 otherwise.

Now here is an explicit form:

K(x,y) =tr(adxoady), the Killing form.

The Killing form in invariant by the Jacobi identity, symmetric by definition, and non-zero (by
some theory which boils down to the fact that simple Lie algebras are not nilpotent).

Theorem 10.2 (Garland - I think).
H*(%g;C)=C.

Exercise 10.3. Prove the theorem.

Let d € Der(R),i.e. d(rs) =d(r)s+rd(s). This extendsto g® Rvia d(X ® r) := X ® d(r), and thus
d([XerYeS|)=[dXer),Yeos|+[Xerd(Y®s)|=[XedrYes|+[Xer,Yeds|.
Hence we get a new Lie algebra
(g®R) xCd ,where [X®r+pud, Y®s+Ad]=[X,Y]|®ors+uYeds—AX®dr.
By applying this to the loop algebra, we get the new algebra
Pg:=LgxCd,
where d := t%. (The derivation tells us about degrees.)

Lemma 10.4. H? (%;C) = C, so there exists a unique (up to scalar) central extension of%. Itis
given by vanishing on d and

B(X®f,Y®g)=Res;—o(fdg) K(X,Y).

Remark 10.5. This produces a central extension which restricts to the central extension arising
from Theorem 10.2.

Proof. Weneed 8: £g®%g — C which satisfies anti-symmetry and the Jacobi relations, modulo
linear functionals. o

__ We know that Zg acts on (£g® £g)", and a check shows that this descends to an action of
Zgon H? ($ 1§ C). We get decompositions into d-eigenspaces

ZL9=@P ZLg;, where g, ={X € Lg:[d,X] =iX},and hence
ieZ
H*(Zg;,C) =P H:.
ieZ

Claim. le =0if i #0. (In fact, generalising what we're about to do, it is simply better to see that
?g acts trivially on H?)) To see this, note that

B(d, [x(D), y(N1) = =B(y(), [d, x(D)]) = B(x (@), y(j), d]) = (i + P B(x(@), y(})) -

16



Infinite-dimensional Lie algebras 17

So for i #0, setting F(a(i)) = 1 (d, a(i)) ensures that H? = 0. //

Now (Zg)o = g® 1@ Cd, hence H? ((?g)o ;C) = 0 by (a generalisation of) Exercise 2.2. So we can
ensure that B((£g)o, (£g)o) = 0.

Define 8;: gog — Cby B;(x,y) = ﬁ(x(i),y(—i)). Then g® 1" is a (g ® 1)-representation (via
the adjoint representation). The Jacobi identity for § implies that §; is invariant. Therefore
Bi = A;K, and by anti-symmetry A; = —A_;. The Jacobi identity again implies that 1;,; = 1; + ;.
Therefore

B(x(@), y(=i)) = —AiK(x,y)

for some scalar A, which gives the desired unique central extension. O

Definition 10.6. We call Zg & Cc the affine Lie algebra, and £g @ Cd & Cc the affine Kac-Moody
Lie algebra.

Remark 10.7 (Relation to the Virasoro algebra). In the central extension £g we have the con-
stituent algebra C[ #*!]. However, natural constructions should be independent of the parameter
t, so we expect an action of the Virasoro algebra on Zg.

11 Simple Lie algebras
Consider the algebra

slpay =sl(n+1;0) = {X € Mat,. (C): tr X = 0} .

In the classification of simple Lie algebras, this is of type A;,. This Lie algebra has Lie subalge-
bras b, n; and n_ of diagonal, strictly upper-triangular and strictly lower-triangular matrices,
respectively, and there is a decomposition sl,,4+1 = n_ & h @ n, as a direct sum of vector spaces,
where each summand is actually a subalgebra.

Note thatfori =1,..., n there are elements

ei = Ejj,
hi = Eii—Eiq,is,
fi = Ei+i,
which generate the Lie algebra (e.g. E; j = [---[[e;, ei+1], ei12] -+, ej1] for i < j). Observe that

the following relations are obviously satisfied:

For all i,j, [I’li,hj] =0, [l’l]',ei] = ai(hj)ei , and [hj,f,'] = —Oéi(l’lj)fi ,
and [e;, fjl=0fori#j, le; fil=h;foralli, (11.1)
where
2 i=]j,
aj(hj)=4-1 |i-j|=1,
0  otherwise.

Less obviously, we have

[ei, e]] =0 lf il_ ]| ;é 1 y [el’, [ei,e,-+1]] =0= [ei+1, [ei+l»ei]] fOI' all i
We write this concisely as (ad(el.))l‘“i(hj)
tions for the f;.

(ej)=0 (for i # j). There are completely similar rela-

17



18 Iain Gordon

Exercise 11.1. Find similar generators and relations for the Lie algebras

g(M):= {X € Mat(©): XTM + MX = 0} , where

2 0 0
1. M=|0 0 I,|fork=2n+1,
0 I, O

2. M_(—In O)fork—Zn,and
(0 1, _
3. M_(In O)fork—Zn.

Definition 11.2. The matrix A := (a,- (h j)) ij is called the Cartan matrix, and it determines finite-
dimensional simple Lie algebras completely.

It is known from the theory of finite-dimensional simple complex Lie algebras that the
Cartan matrix satisfies the following properties:

e AeMat,(Z) and A is indecomposable (i.e. not block-diagonal with more than one block);

e A;;=2forall i;

Aij€{0,-1,-2,-3} forall i # j;

Aij =0ifand onlyifAji =0;
e if Ajj=—-2o0r-3,then Aj; = 1.

These conditions imply that A is “non-degenerate” in appropriate sense which we will meet
soon; in particular this includes det A # 0.

12 Kac-Moody Lie algebras

Definition 12.1. We relax the conditions on A slightly and say that A € Mat, (Z) is a generalised
Cartan matrix (GCM) if

* Ajj=2,
4 AijSOifi;éj,and
* Ajj=0ifand onlyif Aj; =0.

From the data of a GCM we now construct a complex Lie algebra in three steps. If the GCM is
actually a Cartan matrix, this will produce the associated finite-dimensional simple Lie algebra.

12.1 Step I: Realisations

Definition 12.2. Let A € Mat,(C). A realisation of Ais a triple (b, I1,IT1"), where
* ) is a finite-dimensional vector space over C,
e IV ={hy,..., hy} chis alinearly independent subset, and

e I={ay,...,an} ch* is alinearly independent subset,

18



Infinite-dimensional Lie algebras 19

such that aj(h;) = A;j.
Lemma 12.3. If(h,11,11Y) is a realisation of A, thendimb =2n —rk A.

Proof. Let r = kA and dimh = m. Extend IT and I1" to bases {ay,...,an} and {hy,..., hn}
respectively, producing an invertible matrix

(@(h) = (é ﬁ) :

The submatrix of the first n rows, (A | B), has rank n since the whole matrix is invertible, and
A already has r linearly independent columns. So rtkB = n—r. But B has m — n columns, so
m—-n=n-r. O

Definition 12.4. A minimal realisation of A is a realisation of A such that dimbh =2n —rk A.

Example. Let A=(_% 2). Thenrk A =1, so a minimal realisation must have dimh = 3. So let
h=C3 and h* = C3, with respective bases {h, h1,d} and {ao, a1,7}:

ho =(0,2,0) ao=(-1,1,1)
hi1=(1,-1,0) a1 =(1,-1,0)
d=(0,0,1) y=(4,4,0)

(This is associated to the Lie algebra .%\[2, to which we will return later.)

Proposition 12.5. Any square matrix has a minimal realisation, and any two minimal realisa-
tions are isomorphic.

Remark 12.6. An isomorphism of realisations is ®: (h,IT,11V) — (', IT',I1"V), where ®@: h — b’ is
an isomorphism such that ®(h;) = h: and ®* (a;) =q; forall i.

Proofof 12.5. Let r =1k A, so that possibly after re-ordering

(Au AIZ)
Axr Ap

with Aj; non-singular. Extend this to a (2n —r) x (2n — r)-matrix

An A 0
C=1|A4An Ax I,
0 I,, 0

This is non-singular, e.g. detC = +det A;;. Let a;,..., a, be the first n coordinate functions, and
let hy,..., h; be the first n rows of C. This is a minimal realisation. The proof of uniqueness is
left as an exercise. O

Exercise 12.7. Complete the proof of Proposition 12.5, i.e. show that any two minimal realisa-
tions of a square matrix A are isomorphic.
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20 Iain Gordon

12.2 Step II: A big Lie algebra

Let A € Mat,(Z) be a generalised Cartan matrix and (h, IT,[TV) a minimal realisation of A, where
Y =(ay,...,an). Let

X:= {el,...,en,fl,...,fn,%:xe h} ,
The free Lie algebra L(X) generated by X is defined as follows: Let
C<X> = C<el;-~-;en»fly~-~,fn;f>

be the free associative algebra generated by X. Then C(X),q is a Lie algebra (under commuta-
tors), and L(X) is the Lie subalgebra of C(X),4 generated by the elements of X. Its elements are
called Lie words. (More generally, any Lie algebra is spanned by Lie words in a set of generators.)

Definition 12.8. Let L(A) := L(X) / (R), where R is the set of relations modelled on those in (11.1).
Specifically, R consists of

* X—Ay—uz whenever x=Ay+uzinh, for x,y,z€bh,
e [X, 7] whenever x,y € b,

o [e fi] fori#j, [ei fi] —h;foralli=1,...,n,

o [X,ei]—ai(x)e; and [X, fi| + a;(x) fi foralli=1,...,n.

Remark 12.9. The Lie algebra L(A) is independent of the choice of minimal realisation of A
thanks to Proposition 12.5.

Theorem 12.10 (Structure of L(A)).

1. L(A) =f_ehen,, whereh = b is abelian and Ti_, i, are freely generated by fi,..., fx,
el1,...,en, respectively.

2. L(A) = Daco L, where

Ly := {x e L(A): [h,x] = a(h)x forall h eE}
andQ=Za;+---+Za, ch*.

3. Ly=h.

4. Ly =0unlessa€ Q. oracQ_, where Qs = ZsoQ1 + -+ Z=oQy, and analogously for Q_.

5. [LaLp] € Lasp.

Proof. Define @: e; — — f; and X — —%. Then @ induces a Lie algebra involution on L(A) (just
check it preserves the relations). Let 1. be the space generated by respectively e; and f; for
i=1,...,n, and h the space spanned by elements X for all x € h. The involution swaps i, and n_.
For A e h*, let
0): X —End(T(V)), where V =span{vy,..., vn},

be given by

X = (vivip—A-ag — =@ )Xvi, - vi,)

fi — multiplication by v},

1 —0
ej — Vi H(S,’j/l(hj).l
Vi vy =0 j A=y, == i ) (R vy, - v+ 07, (02(e) (0, - v1,)
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Infinite-dimensional Lie algebras 21

It is an exercise to check that this induces a Lie algebra representation of L(A) (again, it induces
arepresentation of the free Lie algebra generated by X; now check the relations). So in fact we
get an (abusively denoted) map 0, : L(A) — End(T(V)).

We can now prove part (1) of the theorem.

e h= H: There is a natural surjective Lie algebra homomorphism x — X. If ¥ = 0 in L(A), we
would have 0 (%) = 0 € End(T(V)) for all A € h*; but 6, (X)(1) = A(x). This can be 0 for all A
onlyif x =0.

e n_isfree: Let ¢p(w) = 6, (w).1 (by construction this is independent of 1), i.e.
()b(w(fl»rfn)) = W(Ul Un) .

So we get a surjective Lie algebra homomorphism ¢: n_ — L(V) onto the free Lie algebra
generated by V; it has an inverse which sends v; to f;.

* 1, is free: Apply @ to ni_ to see that 1, is free.

e n_ +E+ﬁ+ is a direct sum: Let w_ + X+ w, = 0. Then 0y (w_) + 0, (X) + 0, (w,) = 0 for
all A € h*. Evaluating this at 1 € T(V) gives ¢p(w-) + A(x) = 0, where ¢p(w-) € T(V)>o and
A(x) € T(V)g. Thus A(x) = 0 and ¢(w-) = 0, which by the arguments above implies that
X =0and w_ = 0. It then follows that w, =0, too.

e Son_® H @7, < L(A). To see that it is all of L(A), it is enough to check that it is closed
under taking brackets since it contains the generating set X. In other words, we need

ad(ey)(A-@hen,) chi_eohedn,,

and similarly for f; and X. We deal only with the e; claim, the rest are similar. It is easy to
see for the direct summands ) and 1. For n_ we have

ad(e))(fj) =0;jhjehon_.
By induction,
ad(e)[wi(fi,..., fu), w2 fi, ..., fu)] = [ad(e) (w1), wo]| + [wr,ad(e)) ws] ,
which completes part (1).

The further parts (2)-(5) are straight-forward: 1, consists of Lie words in the e;’s, and so X acts
on [e;,, [ej,,...]] by multiplication by (a;, + @, +---)(x). Thus

iy, fihc Y Iy,andso Y Ly=L(A).
aeQ acQ

Parts (3)-(5) follow immediately. O

12.3 Step III: A smaller Lie algebra

We want to get close to a simple without losing the information carried in A. This means that we
would like to factor out ideals, but preserve ) = Ly.

Lemma 12.11. L(A) contains a unique ideal I that is maximal with respect to the condition
Inh=0.
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22 Iain Gordon

Proof. Let ¢ =4{I<IL(A): Inh=0}. Then for I',I" € ¢, I' and I" inherit the weight space
decomposition by Lemma 5.4, so
T0m — @ U
PR

0£aeQ

Therefore (I' + I')¢ = 0. So Y re ¢ I is the desired ideal. O

Definition 12.12. Let L(A) := L(A) / I, where I is the ideal from Lemma 12.11. We call L(A) the
Kac-Moody Lie algebra associated to A.

It is immediate that we have a decomposition (the so-called triangular decomposition
L(A) =n+€Bb€Bl‘l_ .

We call ) the Cartan subalgebra. It is also clear that @ induces an involution w on L(A) which
exchanges n, and n_. Finally, L(A) inherits the weight space decomposition

L(A) =P La,
acQ

where Q =Za; +--- + Za,, is the weight lattice. We collect a few obvious results:
Proposition 12.13.

1. ay,...,a, are positive roots.

2. dimLg, =1.

3. ka;isarootifandonlyifk = +1. O

13 Classification of generalised Cartan matrices

For the duration of this section, let A denote a generalised Cartan matrix of size n x n. To simplify
matters, we shall only consider matrices up to permutation by S,, where A ~ A" if and only if
Ajj= A;T D) for m € S;. Furthermore we assume that A is indecomposable, i.e.if A= A; & Ay,
then at least one of A; and A, is zero.

Definition 13.1. Let v = (vy,...,v,) eR". Wesay v = 0if v; = 0 for all i, and we say v > 0if v =0
and v # 0. We define v < 0 and v < 0 similarly.
13.1 Types of generalised Cartan matrices
Definition 13.2. Let A be a generalised Cartan matrix.
1. Ahas finite type if

e detA#0,
¢ there exists v = 0 such that Av >0, and

e if Av=0, then v =0.
2. Ahas affine type if

e corank(A) =1,
¢ there exists v > 0 such that Av =0, and

e if Aw =0, then w= Av forsome A€ C.
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(Note that this says that there does not exist any w such that Aw > 0.)
3. Ahas indefinite type if

¢ there exists v > 0 such that Av <0, and

e if Av=0and v =0, then v =0.

Theorem 13.3 (see Kac or Carter). An indecomposable generalised Cartan matrix A is either
finite, affine or indefinite. Moreover,

* A s finite if and only if there exists v > 0 such that Av >0,
* Aisaffineif and only if there exists v > 0 such that Av =0, and
* Aisindefinite if and only if there exists v > 0 such that Av < 0. O

The conclusions of Theorem 13.3 hold under weaker assumptions. Let A € Mat, (R) such
that A;; =2 forall i. For J < {1,...,n} let A; be the submatrix of A whose entries are labelled by
Ix]J.

Lemma 13.4. Assume that A is indecomposable. Then
* if Ais finite, then Aj is finite, and
* if Ais affine, then A;j is finite (for proper J).

Proof. Let J<{1,...,n},s0 J=(1,...,m) after reordering. Let P,Q € Mat(Z<() such that we can
write in block form
A= (A 7 P)

Q R

If A is finite, then by definition there exists a v > 0 such that Av >0, so

U1
(AIP)| : [=0.
Un
But
V1 V1
Pl :]=<0,s0 Aj| : [>0,
Un Un
and so Ay is finite. The proof for the affine case uses the same strategy. O

13.2 Symmetric generalised Cartan matrices

We continue to assume that all generalised Cartan matrices are indecomposable. In this subsec-
tion we consider the special case in which A is a symmetric matrix, i.e. AT = A.

Proposition 13.5. Let A be a symmetric generalised Cartan matrix.
* A is finite if and only if A is positive definite.
e Aisaffine if and only if A is positive semi-definite and of corank 1.

* A is indefinite precisely if it is neither finite nor affine.
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Proof. If Ais finite, then by definition there exists v > 0 such that Av >0, and so for all 1 <0,
we have (A— AI)v > 0. By the remark in Definition 13.2 (2), (A — A1) has finite type. shouldn’t it
be affine type? So det(A— AI) #0, and so A is not an eigenvalue of A. So A is a real, symmetric
matrix all of whose eigenvalues are strictly positive, and hence A is positive definite.

Conversely, if A is positive definite, then det A # 0, and so A is not affine. If A were indef-
inite, then there would exist v > 0 such that Av < 0, so that v Av < 0, contradicting positive
definiteness. Hence A is finite.

For affinity, we can use a similar argument (exercise) to deduce positive semi-definiteness.
The converse proof that a positive semi-definite matrix is affine is essentially the same as
above. O

Definition 13.6. An (n x n)-matrix A is symmetrisable if there exists a non-singular matrix
D =diag(d}, ...,dy) and a symmetric matrix B such that A= DB.

Exercise 13.7. Find the smallest possible non-symmetric generalised Cartan matrix.

Lemma 13.8. A generalised Cartan matrix A is symmetrisable if and only if

Aiiy Ay Aigyig Aty = Aty Ay~ Aty A

foralliy,...,ire{l,...,n}.

Proof. The “only if” direction is trivial. For the “if” direction, recall that A is assumed indecom-
posable. For each j, choose 1 = ji, jo,..., j; = jsuch that A;;,,, #0forall k=1,...,—1. Let
0 # d; € R and define
d;= Ajudir = Ao -
Ajijo Ajji
(Exercise: Check that this is well-defined, i.e. independent of the route from 1 to j.) Let D :=
diag(dy,...,dy) and B;j := d; ' A;;. We need B;; = B, i.e.

A _ At
d; d;j ’
which is obvious if A;; = 0. Assume thus that A;; # 0, choose a sequence from 1 to i, i.e.

1=ji,...,j: =i, and augment it by j;+; = j. Then

di= Ajjt(Ajl‘jt—l "'Ajzjl)dl _ ﬂdl and dy = jJ d. 0
i = = i
(Ajjo - Ajaj) Ay Aij Ajyj

the indexes seem wrong...

Remark 13.9. The proof of Lemma 13.8 shows that without loss of generality, d; > 0 for all i,
and that B € Mat,(Q).

Proposition 13.10. If A is indecomposable and v > 0 is such that Av > 0, then v; > 0 for all i.
This proposition should move up, but where?

Proof. After reordering, v = (vy,...,Vn,0,...,0) and v; >0 for i = 1,...,m. So if Av > 0, then
Z?ZlAijVj >0 for all i (recall that A;; <0if i # j). O

Proposition 13.11. If A is a finite or affine generalised Cartan matrix, then A is symmetrisable.
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Proof. Suppose there exist A;;, # 0, Aj,i; #0, ..., Aj_,i, #0, Aj.i, # 0 (where k = 3 for non-
triviality). Minimality means that

Aji, =0forall (s, 1) ¢{(1,2),(2,3),...,(k,1),(2,1),3,2),...,(1, k)} .

For J = {iy,...,ix}, Ay has the form

2 - —Sk
-$ 0
Ap=| :
0 2 —Tk-1
=TI ... —Sk-1 2

where r;, s; > 0, and this matrix is either finite or affine, i.e. there exists v = (vy,..., V%) > 0 such
that A;v = 0. Let

! !/
2 -n =S
_s/ 0
M :=diag(v) ' A;diag(v)=| !
. -
’ 0 ? Tk-1
T e TS 2
where
! -1
r, = v, riviy1>0
si = vilsivi>0
rl{s;. = r;$€”
and

n
ZMij = Z U;I(A])ijl/j = l/i_lA]l/EO.

j j=1
SOziijijZO,but
Y Mjj=2k—(r{+s) = —(rp.+s}) .
i
So
ri+s
Tz\/rlfs;.:\/risizl.
So
ri+s;z2 = ri+si=2
= risi=1,
and so
2 -1 0 0 0 -1
-1 2 -1 0o 0 O
o -1 2 -1 0 0 O
Ar=1: : (13.1)
o o o0 -1 2 -1 0
0O 0 O -1 2 -1
-1 0 0 .. 0 -1 2
This is symmetric; v =(1,...,1) >0,and A;jv =0, so A is affine, and so A; = A. O
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Corollary 13.12. If A is an indecomposable, symmetrisable generalised Cartan matrix, then
1. Ais finite ifand only ifdet A; > 0 for all ],
2. Aisaffineifand onlyifdet A=0 and det Ay > 0 for all proper ], and
3. A s indefinite precisely if it is neither finite nor affine.

Proof. For (1) and (2), note that if A is finite or affine, then by Proposition 13.11 it is symmetris-
able. So A= DB with d; > 0 and B symmetric, and B is of the same type as A. The conclusions
of (1) and (2) follow by applying Proposition 13.5 to B.

Conversely, we first show that A is symmetrisable. We have a precise condition on A;;
to ensure symmetrisability, namely A; ;, Aj, i, - - Ai_ i Aiiy, = Aipiy Aigiy * Aipi Aiyi- This is
obviously satisfied unless there is a cycle in the matrix. Pick a minimal cycle

2 b, 0 ... 0 0  —b
Y, 2w 0 0 0
0 22 2 0 0 0
Ar=| : : , an (s x s)-matrix with b;, b; € N.
0 0 0 2 22? 0
0 0 0 w2 —b,
b, 0 0 .. 0 -b_, 2

Kac claims that det A; < 0 unless b; = b = 1 for all i.

We want to show that if either of the conditions in the lemma on principal determinants
(Which lemma?) holds, then b; = b = 1 for all i:

Suppose there exists a unique b; or b, > 1. Then change the basis to

1

)ely--')%---)es’
1

from which det A; < 0 follows by an easy calculation (det A; = s.(—x), where —x is the unique
entry in column ¢). So there exist at least two non-zero by, b, > 1. Taking the shortest route from
t to ¢’ produces a submatrix, which is proper unless s < 4.

If s > 4, we get a tridiagonal matrix

2 b
-1 2 -1
-1 2 -1
-1 2 -1
-1 2 b
b, 2

This is a determinant that can be calculated (by expanding along row 1 and then along row 1),
and it is always < 0. So A is symmetrisable, A= DB, and the principal determinants of B have
the same property as A. So we can use the results about quadratic forms again. (REFERENCE -
is this Proposition 13.5?) O

Exercise 13.13. Our proof of Kac’s claim was very inelegant. Find a nicer proof.
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14 Dynkin diagrams

Attach a diagram A(A) to an (n x n)-matrix A as follows: A(A) has vertices 1,...,n, and if i, j are
distinct vertices, then

* there is no edge between i and j if A;; =0,
* there is one edge between i and jif A;j =-1=Aj;,
* there is a directed double edge between i and j if A;jAj; = 2, pointing towards j if j <,

* there are three edges between i and j if A;jAj; =3, two of which form a directed double
edge pointing towards j if j < i,

* there are four (undirected) between i and j if A;jAj; =4 and A;j = -1,
* there is a crossed double edge between i and j if A;jAj; =4 andif A;; =-2=Aj;, and

e for A;jAj; =5, there is one edge between i and j labelled “| A;j| |Aj;|”.

Tautological observation. Generalised Cartan matrices correspond precisely to Dynkin dia-
grams, and A is indecomposable if and only if A(A) is connected.

List of finite Dynkin diagrams
Ap: 0—1o—-- —[]
* B,(n=z2):]—[]—--- 7[]#[]
* C(nz3): g—0—- —O==0

*Dp(nz4): g—gO—0oO—>—0—---—0

° Gz:
These diagrams are called finite Dynkin diagrams, and they correspond precisely to finite
generalised Cartan matrices. Note that the list is closed under transposition (which corresponds

to reversing the arrows in the diagrams) and taking sub-diagrams.

Exercise 14.1. Show that the determinant of any of the associated matrices is positive.
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28 Iain Gordon

List of affine Dynkin diagrams
o Ap:
o Al
e Ay (n=2):
e B, (n=3)and B!
o én (n=3):
e Cl'(n=3):

e D, (n=2:

OGZT:

These diagrams are called affine Dynkin diagrams, and they correspond precisely to affine
generalised Cartan matrices. Note that the matrix determined by A, is the one in (13.1).

Exercise 14.2. Show that the determinant of any of the associated matrices vanishes.

Theorem 14.3. Finite (affine) Dynkin diagrams are in one-to-one correspondence with finite
(affine) generalised Cartan matrices.

Proof. One direction follows from Exercises 14.1 and 14.2. To go the other way, in the finite case
use the fact that if a Dynkin diagram produces a finite generalised Cartan matrix, then so does
any sub-diagram (where you are allowed to remove edges, e.g. is a sub-diagram of).

Now suppose we had the following parts in a given diagram:

Then we get back to the finite case.
In the affine case, check what happens in rank 2: ( _26 ‘zb). For rank = 3, we need to check that
all sub-diagrams (by removing vertices only) are finite. O

15 Forms, Weyl groups and roots

Let A be a generalised Cartan matrix and £ (A) its associated Kac-Moody Lie algebra. Recall that
we have a weight space decomposition

LA =P LA, for acZ{a,...,an}.
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Theorem 15.1. Let A be a symmetrisable generalised Cartan matrix. Then £(A) has a non-
degenerate invariant symmetric bilinear form.

Proof. Let A= DB, where D = diag(dj,...,d,) with d; € N and BT = B. Let (h,IL,I1V) be a
minimal realisation of A, where I1V = (hy,..., h,) and I1 = (@y,...,an). Let b’ =span(I1¥) < b,
and let h” be some complement such that b’ @ h” = . Define a bilinear form (—,—) on b as
follows:

(hi,h):=d;a;(h) forall heh, (K}, hy):=0forall b}, hy€h”. (15.1)

We claim that this is symmetric:
(hi,hj):=d;a;(hj)=d;Aj; =d;d;jBj; = djA;j =: (hj, h;)
It is also non-degenerate, which we leave as an Exercise. In particular,
ker(—,-)ly ={xebh’:aq;(x)=0foralli=1,...,r}

is the null space of A, which (Exercise:) equals the centre of £ (A).
Now consider the principal grading on £ (A),

LA =P LAy,
kez

where deg(e;) =1 =—deg(f;) fori=1,...,nand deg(x) =0 for x € h. Let

N
LIN)= P LAk,s0Z£0)=ZL(Ap=h.
k=—N

Define a form (-, —) on £ (N) by induction: The case N = 0 is given by Equation (15.1). For
N =1, define
(ei, fj):=06;jd;i,and (Li1, %) =0= (L1, ZLs1).

Invariance holds since

(lei, fil,h) = 8;(hi, h) = 6;jd;aj(h) = (e;, f)aj(h) = (e;, [ fj, hl) .
Now for N > 1, (%;, %) =0if i + j # 0, and we need to define (£, y, £Lxn). Take y € Z5y and
express itas y =) ;[u;, v;] for some u;, v; € L+ n-1). For x € £, y, define

x, ) =) (Ixuil,vi),

1

and note that [x, ;] € L+ (v-1) and v; € L+ (n-1), so this is indeed an inductive definition.
This is well-defined: Suppose x=}; [u}, v}], where u}, U} € ZLin-1)- Then

(xy) = Y(xwl vi)
= g([[u},v}],ui],vi)
= 0107 0 (0}
- ;j([u}’u"]'[v}'”i])+(”}r[[v;:ui],vi])
= ;j(u},[ui,[v},vi]]+[[y},ui],yi])
= S o)
= i(u},[V},y]),
j
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where we used induction to conclude the second and the penultimate line. This calculation
shows that the form (-, —) is well-defined, and moreover that it is symmetric. The proof that it is
invariant is similar and we omit it.

The form is non-degenerate: Let I := ker(—,—). By invariance, I is an ideal. But we know that
(=, )|y is non-degenerate. Therefore I nh = 0, and by construction of £(A), I =0. O

Corollary 15.2. (£(A)a, £(A)pg) =0 unlessa+p=0. So
(=-): LWax L(A)-a—C

is a non-degenerate pairing, and [x,y] = (x,y)h,,, where x € £(A)q, y € L(A)_q, and h}, is
defined by

(h )], = 2.
Proof. Let a+ B #0. Then there exists h € b such that (a + 8)(h) #0. So
—a(h)(x,y) = (x, hl, y) = (x, [k, y1) = B(W)(x,¥),

and hence (x, y) = 0. Now we have [x,y] — (x, ) h, € hif x € L(A)q and y € L (A)_q. It follows
that ([x, y] — (x, ¥) hjy, h) = 0 from the definition for all h € b. O

Reminder: representation theory for sl,.

sl2;0) = {(i _ba)} ,

so sl, is of type A;. It has a basis E, H, F, where
[H,E1=2E, [H/Fl=-2F, [EF]l=H.
By induction (inside the universal enveloping algebra U (sl,)),
[H,F*] = —2kF* | [H,E*|=2kE* , [E,F¥=—k(k-1DF*'+kF*1H.
Theorem 15.3.

1. If V is a representation of slp, then there exists v € V such that Hv = Av. Settingvj = Flv,
we have Hvj = (A=2j)v;.

2. There exists a unique (n + 1)-dimensional irreducible representation of sl, (wheren=0). It
has a basis (vy, ..., v,) and satisfies

HU]' = (n—2j)1}j,FUj = Uj+1»EVj :j(l’l—j+1)Uj—1 ’

F F F
e e e —, . e e,
E E E
Proof. (1) follows from the relations above (REFERENCE!), (2) is a fun Exercise. O

In £(A), we have e;, h;, f; with
[hi,eil=2e; , [hi,fil==-2fi, lei fil=h;.
Lemma 15.4. In £ (A),

(adei)l_AifejZO and (adﬁ)l_AffijO foralli,j=1,...,n,i#].
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Proof. Let us show this for the f;’s, the proof for the e;’s is analogous. Let x = (ad f;)! =4 fi-We
prove that [eg, x] = 0 for all k. First, set

c):={ye LA :[y,x1=0}c L),

this is a Lie subalgebra. Therefore, [n., x] = 0. (Please check, I think I'm missing a statement.)
If A is symmetrisable, then (n, x) = 0 implies x = 0. Otherwise, if (n;,x) =0, then U(n;)x =
Cx, and
Un)x=Um)UB)Um)x=Umn)UBG)x=Um-)cUn-).

So x € n_ generates an ideal in £(A) wholly contained in n_, so x = 0 by construction of
ZL(A). O

Another proof. Let x be as in the first proof. Then x € n_ c £(A). We show that [e, x] = 0 for all
k, which implies that x = 0. We distinguish three cases:

» If k# 1, j, then this is clear (check!), since [eg, f;] =0 = [ey, f;].
e If k=j, then
lej, (@d(f;)) ™ (f)] = (ad(fi)' " Milej, fj] = ad f} " h;,
and if A;; < -1, we get zero. If A;; =0, then [f;, hj] = a;(h;) fi = Aji fi = 0.

 If k = i, then we use sl(2;C)-representation theory: Let v = f;. Then [e;, f;] = 0 and
(hi, fi]1 = —aj(hy) fj = —A;j fj. Now (e;, hy, fi) act on £ (A) via the adjoint action, and we
consider the orbit through v. Then we use a result from representation theory:

ei.(vi—a,) = le;, @A) ™4 fj1 = (1= Ai)(=Aij— 1+ Aij+ Dvi—a, = (@d(f;) 'v=0 O
Definition 15.5. Let V be a representation of a Lie algebra g. An element x € g is called locally
nilpotent if for all v € V there exists N(v) such that xKNW =0,

Lemma 15.6. The elements ad(e;) and ad(f;) act locally nilpotently on £ (A).

Proof. We have (ade;)!"%iie; = 0, (ade;)*h =0, (ade;)e; = 0, (ade;) fj = 0, (ade;)*f; = 0. So
ETS that since these are a generating set, we can act locally nilpotently on £ (A) (i.e. what is
generated). This is due to Leibniz:

k . .
@dx)*[yz] =Y. (H[@dxy), @d2* ()],
i=0
which implies the statement. O

If V is again a representation of a Lie algebra g, then a locally nilpotent action x € g produces
an automorphism

e
exp(x) := —
n=0 n!

on V whose inverse is exp(—x), and x — exp(x) is a Lie algebra homomorphism by the Leibniz
rule.

Definition 15.7. We define the elements

n; :=exp(ad(e;)) exp(ad(- fi)) exp(ad(e;)) € Aut(£(A)) .
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Example (s[(2;C)). The Lie algebra s((2;C) has a basis {e, f, h}, and so we have:

B (0 1) (0) = (1 1)
*lo o P10
0 0 1 0
f_(l 0) eXp(_f)_(—l 1)
Proposition 15.8. The element s; = n;|y: b — b satisfies s;(x) = x — a;(x) h;.

Proof. This is a fascinating calculation, left as an Exercise. O

Definition 15.9. The map s;: ) — 0, x — x — a;(x) h; is called a fundamental simple reflection.
The subgroup of Aut(h) generated by the elemets s; is called the Weyl group of £ (A), denoted
by W.

We have s;(h;) = —h;, sf, si(x) = x if (h;, x) = 0. An easy calculation shows:
Lemma 15.10. The bilinear form (-, -)ly is invariant under W. O

So we have an action of W on h* via

siA)=A—A(h))a; forall L eh*.

Proposition 15.11. The map n;: Ly — ZLs; ) IS an identification.
Proof. We compute directly:

[h,ni(x)] = [ni(s7 R), ni(0)] = ng[s7 Ry x] = ng(a(s; T )x) = als; T hyng (x) = si(@) (W) n;(x)

O

Theorem 15.12 (Properties of the Weyl group). Ifi # j, then the element s;s; € W has the
following order:

2 Al'jAjl'ZO,
3 AjAji=1,
order(s;s;))=14 AjjAji=2,
6 AijAji:3'
oo AjjAji=4.

Proof. Let
K:={leh* :Alhy) = A(h)) =0},

so dimK = dimb* — 2. Writing V = Ca; ® Ca j, we get a decomposition h* = V & K, and s;s; acts
trivially on K. On the other hand, we have

_1+AijAji Aij

(sisj)ly — .
" —Aji -1

The result follows from a calculation of the eigenvalues and the Jordan Normal Form of this
matrix. O
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16 Root spaces

Let L:= £(A). We have a decomposition (of vector spaces)

L=Lye P La,

a€eR

where Rc Q =Q,uQ-. Wehave Ly #0. Here Q4 = Z>pa; +---+ Zxpa, is the positive weight
lattice. The elements of R are called roots, and the decomposition of Q induces a decomposition
R =R, LU R_ into positive and negative roots.

We are lead to ask the following questions: What is R, and what is dim L, ? Writing m, for
the multiplicity of &, we know:

e dimLy=dimL_,.
e N={ay,...,an:my, =1} cR,.
e Ris W-stable,i.e. mq = mgy forall we W.

Definition 16.1. An element a € R is called real if there exists a; € I and w € W such that
w(a;) = a. Otherwise we call a imaginary.

Note. a € R if and only if —a € Ry, since w(s;a;) = —w(a;). Furthermore, R* = R, LR .
Lemma 16.2. w(R;I'n) =R .

Proof. Positivity is the key here. We have a = Z;lzl kjaj€ R} , where k; = 0, and at least two
k;’s are non-zero. So s;(a) = a — a(h;)a; has at least one positive k;, so all k; must be non-
negative. O

LetC:={Adehy:Alh;) >0foralli=1,...,n}cC:={...=0}.
Proposition 16.3. R} <Uyew w(-C).

Proof. For a € R}, we have a set {ht(f) : = w(a), w € W}. Pick an element f achieving
minimal height. Then s;(8) = 8 — B(h;)a;. Since § has minimal height, §(k;) <0 for all i, and
thus B e —C. O

Theorem 16.4 (Kac). Let
K:={a€Q::a#0, supp(a) connected, € —C} .

Then R} =Uyew w(K).

Remark 16.5. Here supp(a) := {j tkj # 0}, where a = Zj kjaj; supp(a) corresponds to the
vertices in the Dynkin diagram.

Exercise 16.6. Show that for [DIAGRAMME], —C = {k(a; + a2 + @3) : k € N} in any minimal
realisation, and w(a; + a» + az) = aj; + a2 + as.

Corollary 16.7. a € R} = ka € R forallkeN. O
Corollary 16.8. If A is an indecomposable generalised Cartan matrix, then

1. if Ais of finite type, then R} = O, i.e. there are only real roots,
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2. if A is affine, then there exists an integral u > 0 such that Au = 0, and u has no common
factors. Letu=(ay,...,ap) and5 =Y  a;a;. Then R = {ké:kez\{0}}.

3. if Ais indefinite, then there exists « € R such thata =Y."" | k;a;, k; >0 and a(h;) <0 for
alli.

Proof. Exercise. O

Corollary 16.9. Since A is symmetrisable by (REFERENCE), if a € Ry, then (a,a) > 0, and if
@ € Ripy, then (a,a) <0.

Proof. (h;,x):=d;a;(x) where h; — d;a;, so

=

hiY_ g-14..
dj)_dj Aji-

(airaj) = (4

So (aj,aj) = % > 0, which proves the first statement.

Ifa= Z?zl k;a; is imaginary with k; = 0 and a(h;) < 0 for all i, then

(a,a)zZki(ai,a)zzga(hi)so. O
i=1 i

i=1 %i

We prove Theorem 16.4 in several steps.

Step 1: a € R = supp(a) is connected.

Proof. Without loss of generality, let « € R*. Let supp(a) = J = {1,2,..., n} with J = J; U J, discon-
nected (i.e. Aj,j, =0forall j; € J; and j, € /). Leti € J1, j € J>. Then [e;, e;] = (ade,-)l_A"f ej=0.
So L, < n,, and we claim that L, = 0.
But L, is spanned by Lie monomials in the e;’s. We show by induction on degree that any
Lie monomial involving e; and e; (with i, j chosen as above) is zero.
O

Step2: aeR a#+a;withata;¢R=>a(h;))=0.aeR, a#—a;witha+a; ¢R= a(h;)=0.
Proof. Pick x € L. Then n;(x) € Ly, o. Now calculate n;(x):
ade;(x) =0=exp(ade;)x=x

ad fi(x) =0=exp(ad(—fi))x=x

Since ade;(x) € La+q,; and ad f;(x) € Lq—_q,, we conclude that n;(x) = x. So s;a = a, and so
a(h;) = 0. The second claim is a variation on this theme. O

Step3: a=Y;ka;eK,V:={BeR":f=Y;=1"ma;, m; < k;forall i }. Let B have the
largest height amongst the f € W. Then supp(B) = supp(a).

Proof. First note that supp(ﬁ) c supp(a). If equality did not hold, then there would exist j €
supp(a) \ supp(p) and j’ € supp(p) such that A;; #0. Soin f, mj =0, and so f—a; ¢ R*
and f+a; ZR*. So B(h;) =0, and for a contradiction note that (h;) = Ziesupp(ﬁ) mia;(hj) =

Ziesupp(ﬁ) m;Aj; <0. O
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Step4: J:={iesupp(a): k; = m;} = supp(a). (This implies K < R*.)

Proof. Letiesupp(a)\ /. Then 34— a; ¢ R*. So by E(h,-) = 0 by APREVIOUS Lemma.

Let M < supp(a) \ J be the connected component of i. So ,E(hj) =0 forall je M. Let
i =Y jemm;aj, SO

Bhy=Bphy)- Y  mja;h).
jesupp(a)\M

Recall that a(j)(h;) = A;;. If j € M, then E(hj) >0, and since A;; <0, B’(hi) =0. By choosing i
carefully (there exist i’ € M and j' € supp(a) \ M such that A; j» < 0), we have f'(h;) > 0 for some
ieM.

Let Aps be the principal matrix (A;}); jem, and u = (m;) So

T
JjEM®
,B\,(hi) = Z Aijmj forallie M,
JjEM
i.e. Apyyu =0 (and # 0). So Ay has finite type BY (REFERENCE). Let y := )" ;e p(ki — m;)a;, where
we have k; — m; > 0for all i € M. Then

So
@-Bh)= Y  (ke—mah) =Y (kj—mpA;,
tesupp(a)\J JEM
since M is the connected component of i in supp(a) \ J. But a(h;) < 0 since a € K, we have
B(hi) = 0 from above. Therefore, y(h;) <0forall i € M.
Set u = (k; — ml-)iTEM, and so Ap;u < 0. Since Ay has finite type, u = 0. (Thatis, Ap;(—u) =0,
and since Ay has finite type, either —u >0 o0r u =0.) O

Step5: K<R; .

Proof. We already know that K € R*. If a € K, then also 2a € K. Hence 2a € R*, and so « is
imaginary. O

This concludes the proof of Theorem 16.4.

17 Affine Lie algebras and Kac-Moody Lie algebras

Simple Lie algebras of finite type are determined by the Dynkin diagram of their Cartan matrix,
which is one of A, By, C,, Dy, Es, E; Eg, Fy or Go. Write g for the corresponding simple
Lie algebra. It acts on itself by the adjoint representation. There exists a unique highest root
0= Zi a;a; € h*

Example. The Lie algebra associated to A, has a; =1 forall i =1,..., n, and the root spaces are
Eij, i #].

We had constructed for all Kac-Moody Lie algebras a “standard form” (—, —). We know that
simple Lie algebras have a unique invariant inner product up to scale, the Killing form, so that
the standard form must be a multiple of the Killing form. For the “long root” 8, we have (8,0) = 2.
(This follows from W -invariance of the form and {«a;, a;) = 2/«a;.)

Let hy be the coroot corresponding under h — h* to the element % =0.
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Observation. Let A be the Cartan matrix for a Dynkin diagram of finite type. Let A be the
matrix given by

Ajj = Ajjfori,jell,... n},

Aw = 2,

R n

Ajp = —ZdeiijI‘iE{l,...,n},
j=1

~ n

Agj = =) ciAjjforjefl,... nh.
i=1

This process produces the so-called untwisted affine Dynkin diagrams.
Exercise 17.1. Show that the matrix A is an affine generalised Cartan matrix.

Example. Starting with G,, we the Weyl group is W(Gy) = (s1,2: 57 = s5 = ¢,(5152)® =€) = Ds
(the dihedral group). The Cartan matrix is ( % 3!), and d = diag(1,3). The positive roots are

RY = R;é = {al,ag,al +as, a1 +2a0, a1 +3a2,2a1 +3a2} .
To find the coroot hg, we write hy = c1 h; + c2 hp and compute:

<6) a1>
<9) a2>

2{ay,a1)+3{az,a1)=4-3=1=a;(hg) =2c; —3c2

0= (Xg(hg) =—c1+2c

This implies that hy = 2h; + hy. So the affine Cartan matrix Ais

2 -1 0
A=[-1 2 -1].
0 -3 2

Recall that we had the affine Kac-Moody Lie algebra
Zg=g[t*']eCdeCc
with structure
af

d
% _yxerZ _(Res;—o fdg)(X, Vyc.

[X®f+/1d+yc,Y®g/1’+y’c]:[X,Y]®fg+7LY®tdt F7i

Theorem 17.2. Ifg is simple with Dynkin diagram of finite type, then @ is isomorphic to the
Kac-Moody Lie algebra of the associated untwisted affine Dynkin diagram.

Proof. We have generators and relations for the Kac-Moody Lie algebra: ey,...,en, fo,--., fn
ho, ..., hy,. Since g is simple, we already have generators Ej, ..., E,, Fi,...,F, and Hy,..., H,. Set

ei:=E;®l, fir=Fiel, h:=Hol eg[t].

We need to define the generators ey, fy, ho. We know that dimgg = dimg_g = 1, and we have an
involution w: g — g such that w(E;) = —F;. There exists a non-degenerate pairing

(==):goxg9—C.

Choose Eg, Fy € g9 with (Eg, Fyp) = 1 and w(Eg) = —Fy. (For example, pick Fy € g_g, set Eg :=
—w(Fp) € gy, then (Eg,?g) =¢#0,s0set Fy:= F”g/\/E etc.) Then let

e =Fg®t, foIZEg®t_1.
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So we have
H:=heol)eCdeCc > hy=:—hg®1l+c.

It follows that
leo, fol = [Fg, Egl ® 1 +(Fy, Eg)c=hyg,

where we used [FQ,EQ] = (Fg,Eg)h’_H = —hg.

We need a realisation of A given by ag, a1,...,a, € H*, where ay, ..., a, are extended from
h* by a;(d) =ai(c)=0foralli =1,...,n. Do the same for 8 € h*, which gives 8 € H*. Let § be
the dualof d. Then ag:=-0+d6 € H*, and

(H;H = {aO)aI;---;an}rnv = {hO,hl,---»hn})

is a minimal realisation of A. (Clearly the a; and h; are all linearly independent.) So we get

aj(h;) = A foralli,j=1,...,n,
n n

ao(hi) = —0h)+6h)=-)_ ajaj(h)=-) ajA;j=Aj fori#0,
j=1 j=1

aj(hg) = similarly for j #O0.

The relations are as follows:

lei, fil = h; forall i, lej, fj]1=0 fori# j,
[x, eil=a;(x)e; forxe H,all i, [x, fil=—a;(x)f; forxe H,all i.

To see the relation [e;, f;] = 0 when j # i = 0, note that [eo, fj] = [Fg, Fjl®t = 0. To see the relation
[x,e;] =0 when i = 0, note that (with xg € )

[xo+Ad + uc,epl = [x0, Fgl ® t+ AFg® t = —0(x0) Fp ® t + AFg® t = (0 — 0)(x)eg = ap(X)eg .

What about the map Z(ﬁ) — % —is it surjective, what is its kernel? It is surjective, i.e. the Lie
algebra M generated by ey, ..., en, fo,..., fn and H is £g. Consider the set S:={xeg: x® r € M}:

¢ §#0because S contains Fy.
* gactson S,i.e. Sisanidealing, [y®1,x®t]=[y,x]®t.
* Bysimplicity, S = g.

Since [g, gl = g, we have [g® t,g® t*"1] = g® t* for k > 2, and this g[¢*'] € M, where c,d € H.
Hence £g= M. For x€ H,

[x,va®t] = [xo+ud+Ac, g ®t']| = a(x)vg ® t' + pivg ® t' = (@ +i0)(N)vg® t,
ie. £9=Lo® Y (1,0£00) (L) gsi5- Next,

J=WonNe Y (Ln(&Daris),
(i,a)#(0,0)

$0 JN Lgis # 0 for some (i,a) if J #0. But x® t’ € J for 0 # x € go. Pick y € g_o such that
(x,y) #0. But . .
o=[xet, yor'|=[xyl®el—i(x,y)ceH,

s0i=0,s0 [x,y] =0=(x, yyh,, #0, contradiction. O

37



38 Iain Gordon

Remark 17.3. Observe that the real roots are {« + i0 : @ # 0}, the imaginary roots are {i6 : i # 0},
and the multiplicity of the set of imaginary roots is the rank of g.

The Kac-Moody Lie algebras associated to affine Dynkin diagrams £ (g) correspond precisely
to affine Lie algebras g[t*] ® Cd & Cc =: Zg.

Dynkin diagrams have automorphisms: [Explain the procedure that gets from the orbit space
to the affine Lie algebra.] [something] produces the so-called twisted affine Dynkin diagrams
from the classical Dynkin diagrams.

Apnoy — Bl =%Apn
Ay (n22) — Ch=2Ay,
Dpy1 — 6;1 = 2ﬁn+1
Ay — 2
Es — F] =%Es
Dy — Gi=3D,

The diagram automorphism o extends to an automorphism, also denoted by o, of g and H via
gl)=c, old=d, ei—ess, [i— foi), hi—hou -

All that remains is to define the action of o on t. If o has order m, let & = ¢2™/™ and let T act on
Aut(Zg) by
Txet)=¢toet, 1()=c, T(d)=d.

Theorem 17.4. IfA is the (classical) Dynkin diagram of the simple Lie algebra g, then the twisted
affine Kac-Moody Lie algebra

(j/f\g)Tz{xef/f\g:T(x)zx}

is isomorphic to the Kac-Moody Lie algebra corresponding to the twisted affine Dynkin diagram
A.

18 The Weyl-Kac formula

Throughout this section, let £ := £ (A) denote a symmetrizable Kac-Moody Lie algebra. We
want to study £ through its representations.

18.1 Category O

The idea is to study representations of £ by their combinatorics.

Definition 18.1. Let V be a representation of £. We say that V belongs to category©,or V € O,
if the following hold:

* V=@pen- Vy, where V) ={ve V:how=Ahvforall he H}.
e dimc V) <ocoforall 1 e H*.

e There exist A1,...,As € H* such that if V) # 0, then A < A; for some i. (This is to say that
Ai—A€Qy,ie. )Li—A:Z;.lzlnj(xj fornjeZs.)
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Definition 18.2. There is a character function

ch: 0 - Fun(H*), V—ch(V):= ) dimVje,,
AeH*

where e is the character function for A € H*, and ej e, = e, ,. Explain what e, is. Is it the
same as e(1) below? We define

R :={f eFun(H"):3A4,..., A s.t. supp(f) € S(A) U---US(Ay)},

where
SA):=A-Qs={ueH :u<Ai}.

Observe that the set £ is a ring and that the character function is in fact ch: ¢ — %.

Remark 18.3. Suppose 0 — A — B — C — 0 is a short exact sequence of Z-representations.
Then if B € 0, it follows that A, C € €, but the converse does not hold. However, if D, E € €, then
D®Ee@. (Here x.(d®e)=x.d®e+=d®x.e.)

The category € has universal objects (cf. the Virasoro algebra, in particular Equation (7.1)):
Recall that £ =n_® Hen,. For A € H*, we define the Verma module

MQ):=U(&)®ym,em CA), (18.1)
where the action of U(n, @ H) is as follows:
1,eC(A), n..CA)=0, and h.1) =A(h)1forall he H.
There is a special element v, :=1® 1, that satisfies
e;j.vy =0 and h.vy=AM)vy .

By the Poincaré-Birkhoff-Witt Theorem (Theorem 6.5), M(1) =g U(n_) ® C,. explain this nota-
tion; is it “isomorphism as H-algbras”? We have further

0 ifugAa,

M), =
W {@(A—u) ifpus<2,

where £ is the Kostant partition function: £ (v) := dimUn_)_,, which is by the Poincaré-
Birkhoff-Witt Theorem the number of ways to write v € Q. as a sum of positive roots.

Lemma 18.4.

ey

[10-ed)™

aed,

chM) =

where @ is the set of positive roots and m,, the multiplicity of the root a.

Proof. We need

Y PWeyi= Y dimU®n ) ve=([] (1-e-a)™).

veQ, veQ, acd,

By Poincaré-Birkhoff-Witt, a basis for U(n_)_, is

[T ()%, where Y aqa=v. O

acd, a,i
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A very similar argument shows that the representation M(A) has a unique maximal submod-
ule J(1), and hence a unique maximal (irreducible) quotient:

Definition 18.5. If M(]) is the Verma module (as in (18.1)) for the Kac-Moody Lie algebra &
and J(A) € M(A) is the unique maximal submodule, let

L) :=MW)/I(A)
be the unique maximal quotient of M (7).

Observe that every irreducible object in O is of the form L(A) for some A. (We did something
similar for the Virasoro algebra.) The goal is to compute ch L(A), which is unkonwn in general.

Proposition 18.6. LetV € @ and A € H*. Then there exists a filtration
V: VoDVIDVZD---DVIZO

such that either V,-/V,-_1 = L(u) for some = A or (‘/i/‘/i—l)y =0forallyu=A.
Ifu = A, then the number of factors L(u) is independent of the choice of the filtration and of
the choice of 1.

Definition 18.7. We define [V : L(i)] to be the multiplicity of L(y) in a filtration V from Proposi-
tion 18.6.

Proof of Proposition 18.6. Existence: V has spectrum bounded above, a(V,A) =} ;>3 dim V), is
finite. We use induction on a(V, 1). If a(V, 1) = 0, then we have a filtration V =V, > V; =0.

If a(V, A) > 0, then there exists a weight p with g = A in V. Choose a maximal weight and let
0 # v € V,,. By maximality, n,.v =0, s0o N:= U(£).v <V, so N is a quotient M (u) - N, v, — v.
Let N’ be the image of J(u) € M () under the quotient map. Then V2 N> N’ 20, and

a(N', ) <a(V,1), a(VIN,A) <a(V,A)

because (N/N’)H # 0. So induction works.
The proof of uniqueness is tricker, but not very illuminating. O

Corollary 18.8. IfV €0, thenchV =Y jcp-[V: L(A)] chL(A). O

18.2 Kac’s Casimir

If & is a finite-dimensional simple Lie algebra, then there is a special element, the Casimir
operator

=) xiyi€UL),
i

where {x;} and {y;} are dual bases with respect to the non-degenerate invariant form on g. It is
easy to see that in fact QO lies in the centre of U(%).

There exists an explicit version (via the Killing form). If {#] ,...,h;l} is a basis for h* and
{hY,..., b} is the dual basis, and if e, € £y, fo € £-q such that [eq, f,] = h, for all a € @, then

n

Q" = YRR+ Y (eafu+t faea)

i=1 acd,

= Y R+ ) (2faeq+hy)
i=1

= acd,

N

1l
rvjm |

h R +2 ) (faed) +2hy,

aed,

~.
1l
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where 2p = Y qeo, a satisfies p(h}) =1, (hy, h) = p(h).
For infinite-dimensional Lie algebras, we define
Q:=Y Kl +2h+2 Y Y fDell,
i acd, i
where the féi) form a basis for £Z_, and the eg) form a basis for £, such that < f(ii), e,(xj )> =0bij;

the h;. and h;.’ are mutually dual bases of H, and (h!, h) = p(h) defined by p(h;) = 1 for all
i=1,...,n. (Note that p is not unique, as the k; do not necessarily form a basis!)
Then Q acts on V for V € @, denoted by Qy.

Lemma 18.9 (Technical manipulation of elements).
QeEndp(idg), u:V—-V,Qu.u=uQy foruecU(¥)
explain this more verbosely

Proposition 18.10. If M () is the Verma module for the Kac-Moody Lie algebra £ as in (18.1),
then

Quay = ((A+p, A+ p) = <(p,p))idpmq) »

where the inner product on H* is induced from inner product on H.

Proof. With vy € M(A), we have

Qua = (Lrk+2n,+2 Y Y D)0,
i

aed, |

(R ATDAR]) +2A(hy)) v
1

(A, ) =24, p)) vy .
Now use Lemma 18.9 an the fact that M(A) = U(ZL).v,. O
Corollary 18.11.
Qroy = ((A+p,A+p) = (p,p))id (1) -
18.3 The Weyl-Kac formula

Definition 18.12. A representation V of £ is integrableif V. =@,y V3 and e;, fi: V — V act
locally nilpotently fori =1,...,n.

Example. The adjoint representation . is integrable. Any finite-dimensional representation is
integrable.

Lemma 18.13. IfV isintegrable, then dim V) =dim V) forallw e W.

Sketch of proof. It is easy to show that dim V) = dim Vj,(» for each simple reflection s;. An sl;-
calculation for (e;, h;, f;) acting on V shows that integrability implies that V is locally finite.
Finally, sl>-representation theory shows that dim V) = dim Vy,»). O

Proposition 18.14. L(A) is integrable if and only if A(h;) € Z>¢ foralli =1,..., n. In this case we
say that A is dominant and integral.

Remark 18.15. Since integrability says that elements of the Lie algebra act locally nilpotently,
the exponential is well defined and we may pass from the Lie algebra to a Lie group. In some
sense integrability is an analogue of finite-dimensionality (of the representation).

41



42 Iain Gordon

Proof. We know the sl,-representation theory. Let v, be the highest weight of L(1). Then
{ fl.’ valr=0 sSpan a slp-representation (where sl, = (e;, fi, hi)). This representation is finite-dimen-
sional if and only if fl.r vy =0for 7 > 0, and only if A(h;) € Z>

Conversely, if A(h;) € Z>( for all i, then take v € L(A) such that v = u.v) for some u € U(Z)
and apply the Leibniz rule:

N (N
) = kZ (k)((adﬁ)k(u)).(ﬁN‘k.m =0,
=0
where (adfi)k =0 for k> 0and fiN’k =0for N— k> 0. So for N> 0, fl.N(u.v,l) =0. O

Theorem 18.16 (Weyl-Kac character formula). Let A € X*, where

X":={ e H": A(h))€Z, A(h;j)=0foralli=1,...,n}.

Then
Y ew)e(w(A+p)-p)
chL(A) = XY _
[T (—eca)™
aed,

wheree: W — {*1} is defined as a group homomorphism withe(s;) = —1.
Clarify whether e(—a) is the same as e_, before, and maybe recall what it is.

Proof. We have

chM@A)= Y [MQA):L(w]chL(y),
ueEH*

and p < Aif [M(A) : L(w)] # 0. The Casimir operator Q acts on

M) via [ A+p]*~[e]",
andon L(w) via |u+p|*=]pe|*.

Therefore |4 + p||° = |+ p|* [check; condition missing?], and

chM(Q) = > [M(A): L(w)] chL(w) . (18.2)
pusA
IA+pll*=llu+oll®

Now define
Cri={u=A:A+p|*=|u+ol?}.

Then p € Cy = C, < Cy. Also note that [M A): L(A)] = 1. Running through the entire set Cj and
looking at the formula for ch M (u) in Equation (18.2) we find that for all p € Cy

chM(u) = ) ayuchL(r),

7€Cy

where a,,, =1 and a;;, = 0 unless 7 < u (i.e. with a total ordering on C, that refines the ordering
<). The matrix (a;;)r yec, is triangular with 1 on the diagonal. Hence

chL(A)= )  by,chM(p)
HEC)

with b,m € Z. For example,

e(p) [[ 1-e-a)™ chL) = Y base(u+p).
aed, HeCy
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Since L(A) is integrable, ch L(A) is W-invariant. So

sife@) T (1-et-@)™ (1-e(-ap)chLid)

acd, \{a;}
= e(p-a) [] (1-e(-a)™(1-e(-a))chLd)
aed, \{a;}
= —e( [] (1-e(-a))™chL(V),
aed,
A

whence we deduce
= w(e(p)AchL(A)) =e(w)e(p)AchL(A)
= w()_ belp+p))=ew)) bre(p+p)
T T
=> by =ewby ifwu+p)=v+p.

Suppose that b/lu # 0. Then b/lu # 0 for all v such that w(u + p) = v+ p and v < A. Pick v such
that A —v has minimal height. Then v+ p € X* since

siw(p+p)=siv+p)=v+p—-wv+p)(hja;.

We have (v+p,v+p)=(A+p,A+p)sinceve Cy,andso (A+p)—(v+p) =2 ;kia; with k; =0
forall i. So

0=||/1+p||2—||v+p||2 A+v+2p0,1-v)

Zk,-</1+v+2p,a,-)
i

> ki <ai,2ai> (A+v+2p)(h)

But note that each summand is non-negative: k; =0, (a;,a;) =0 and (A + p)(h;), (u+ p)(h;) = 0.
Therefore A =v. So
byu#0 = p+p=wA+p)forsomeweW
= by =e(w)byy =e€e(w)
= e(p)AchLD) = ) e(w)e(wd+p))

weW
e(w)elwA+p)—
= chL(A):Z”’EW (wie(w@ +p) p).
A
O
Corollary 18.17 (Kac denominator formula).
ep) [T (1-e-a))"™ =} ewe(w(p)
aed, weW
Proof. Take A =0, i.e. the trivial representation L(0) = C. O

There exists a formula for dim L(A), for A € X * (the Kostant partition function).

Exercise 18.18. Using this style of representation theory (and more work), one can show the
presentation for a symmetrisable Kac-Moody Lie algebra is what we used plus

@ade)'™ie;=0, (adf)' ifj=0

(see Carter §19.4, Kac Theorem 9.11).
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19 W-K+A=M

Let £ =g be an untwisted Lie algebra (i.e. g = £ (A) for some untwisted, affine generalised
Cartan matrix A), where g = £° is a simple, finite-dimensional Lie algebra with root system ®°
and Weyl group W°. We know the roots of £:

fD={a+n6realza(—:CDO,nEZ}U{néim:n;éO},

where the imaginary roots have multiplicity rk £° =: I. The root § = agag +--- + a;a; is dual to
a, 1d (but ag = 1 in the untwisted case). The positive roots are

@, ={ae®}u{a+nd:n=0,ac®}ui{nd:n>0o}.

19.1 Affine Weyl groups

The Weyl group of £ is W = (sg, s1,..., ), and wo = ($1,...,sp. LetO@:=aqa; +---+aja; € @9,
so (6,0) = 2. We can write

H—Zl:w(ai’ai) 2a;
=72 Aajap)’

and the associated reflection is sg € W°. Writing sg(h) = h — 0(h) hg, we get

l l
a;,o; 2¢;
hgz Zaiuhi: Z—lhiZC—COthC—ho.
i=1 2 i=1 2

The elements {sgsg, s1,. .., 5;} generate W. We have

so(h—0(h)hy)

= h—ag(h)ho—0(h)(he — ao(he) ho)

= h+8(Whg—(0(h)+6(h)c

= h+6(h)hg— (Che, hY + 3<hg, hg)b(h))c .

sosp(h)

For x € H?, there is a map
tx: H—H, h— h+6h)x—((x,h)y+3(x,x)6(h))c.
Lemma19.1. fyt, = txsy, and whw =ty for we WP
Proof. Easy calculation. O

Proposition 19.2. W = (M) x WO, where t(M) = {tm meM } and M < H® is the space generated
as an abelian group by w(hg) for all w € W°.

Remark 19.3. In the untwisted case, an elementary computation shows that M = EBﬁzl Zh;.
Proof. We have H= H°®Cc®Cd, and 6(w(h)) = (w™16)(h) = 5(h). The set
Hy:={he H:6(h) =1} ={h’ + Ac+d}

has an action of W. Since w(c) = ¢ for all w € W, this action descends to an action of W on
H;/Cc = H° (and W acts on H° as usual, and t,,(h°) = h® + m); h® + Ac+d — h® + d — K°.

Since H z H*, we need the action of W on H*. We have W = t(M*) x W°, where M* is the
lattice spanned by long roots and

taqD)=A+A)a—- (A, a)+ %(a, a)A(0))6 .
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19.2 Formulae

Recall that p(h;) = 1 and p(d) = 0. The number p(c) = hY = co+---+¢; is the dual Coxeter number.
With p° € (H%)* such that p°(h;) =1fori =1,...,] we have

wp-p = wip)-p

wo(p +pa—({p,a)+3(a, a)p(c))&) -p

((p°+hVa,p®+hVa)—(p° p%)é
2hY '

We define ) )
e =+~

so that the finite-dimensional Casimir operator on L) is Q 1o = ¢(A)id (cf. Corollary 18.11).
Then we have a character formula

°A):=ch’W)= Y e(w)e(w()l+p0)—p°)/ Y ew)e(w(p®) - p°).

wew? wewo
So
—c(hVa)
_ 0y (1,0 10 _ 0 0,7V —c(h’a)
_ wgvoe(w Ye(w®p® —p )agﬁx (h a)e(W(S)
—c(hY
= [l (Q-e-m) } x“(hva)e(d—va)a).
acd? aeM* 2h
Theorem 19.4 (MacDonald). Set q:=e(—08). Then
[Ta-gm' [T a-q"e-a)= Y x°(n'a) g?" 2", (19.1)

n>0 aed®0 aeM*
where q = e(—06).

Example. Consider A;. Wehavel=1,®° = {+a;}, h¥ =2, M* = Za, and p0 =1a;. Setz:= e_q,;

2
then
e(nay) —e(—(n+Day)  z"—z""!

l1-e(—a;) 1-2z

1’ (nay) =
The Casimir operator is multiplication by
c@nay) ={(2n+3)a,(2n+3)ar) - (3a1,3a1) =4n@n+1).

Hence the right-hand side of Equation (19.1) is

1
Z =t n@2n+l) _
Y —— 4 =

1 Z (_Urnzmqm(m—l)/Z
nez -2 -2z

me”Z

Plugging in the left-hand side, we get

1—[ 1- qn)(l _ qn—lz)(l _ qnz—l) — Z (_szmqm(m—l)/z )

n>0 meZ

which is the Jacobi triple product identity.
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Exercise 19.5. Do this for ﬁi:

nez

n>0
This is the quintuple product identity, known already in antiquity.

Ifwe set e, = 1 for all @ € ®°, this produces other identities. (For instance, dim L°(1) = d°(1).)

Theorem 19.6. Letp(q) := (1—q)(1 - g*)(1 — q°)---. What about convergence? Then

(P(q)dlmfo — Z dO(hVa) qC(hVa)IZhV .
aeM*

Example. For Al OGP =Y ez(dn+ l)qn(2n+1).

Exercise 19.7. Repeat the entire section for the twisted version.

20 KP hierarchy and Lie theory

In 1834 John Scott Russel created the first soliton in history in historic Edinburgh. The basic
governing equation of a soliton (a solitary wave) is the Korteveg-de Vries (KdV) equation:

1 3
u[—Zuxxx—Euux:O (20.1)

It is a non-linear partial differential equation in R'*! that describes the behaviour of a (one-
dimensional) wave in shallow water. There is a two-dimensional version, called the KP equation:

1 3 3
(ut—zuxxx—zuux)x: Zuyy (20.2)

Greek mythology. An integrable system is a Procrustean bed. Integrable systems have
e exact solutions (in this case solitons),
¢ remarkable symmetries,
¢ Lax-pair formalism.

The KP equation fints into an infinite family of PDEs, all of which are governed simulta-
neously. We will see (a) solutions of Equation (20.2), and (b) a family of solutions, which is
an inifinite-dimensional homogeneous manifold. (“If you have one solution, you have every
solution.”)

Recall from Section 9.1 that from a space V = @,,c7 Cv,, we can form the space F(’, on which
we have an action of gl, < End(V), which is spanned by elements E;; of “infinite matrices with
only finitely many non-zero entries”. The Lie group attached to this algebra is

GLy = {A = (a;j)i jez : Ais invertible and almostall a;; —6;; =0 }
We define

Q:=GLx.Vy-1,-2,. = {uo ANUNZANUS N U_y=V_yform>0 } ,

46



Infinite-dimensional Lie algebras 47

where vg _1,—2,.. is the vacuum vector in degree 0. There is a natural scaling action on Q, so if we
define a Grallmannian-like object

Gr:= {U< V: there is k such that U = V=F = g%@vi and dim(U/VSk) = k} ,

then we have a bijection (Exercise: Check!)

PQ—Gr, upAu_jAuA-—PCu;.
i<0

There are two operators, F® — F) and F® — F(-1 respectively via V andV* (the restricted
dual, cf. Theorem 7.3), defined as follows. For v € V and f € V*, we have operations

V.vj, AV;, A=+ = VAUV AV, and
f-Vio/\Vil/\"' = Z(—l)fvio/\vil/\---/\ Vij_lf(Vij)/\Vij+1/\"'
j=0

The element E;; acts on F© via ; 05

Lemma 20.1. If1 €Q, then
2 Ui@mevi(r)=0, (20.3)
JjeZ

and if T # 0 and 7 satisfies Equation (20.3), then T € Q.

Proof. For 1 = vy _1,—2,.. Equation (20.3) is obviously satisfied. We prove that the left-hand side
of Equation (20.3) is GLy,-invariant:

Al Y 70 ® 07 (1)

-1 _ -~ ~k
' AT =) Di@e D).
Jjez

Jjez

Then it follows that Equation (20.3) holds in general, since 7 = Avg —1,—2,..., and so

A

Y 08D (T)) A Avg 1 5. =0.
Jjez

Conversely, assume that 7 satisfies Equation (20.3) and that 7 # 0. Write 7 = 21127:1 Ck Tk, Where
T are semi-infinite monomials and all ¢ # 0. Without loss of generality, 71 has maximal degree
among the 7. If 75 is of the form 7, = E;;.7; with i < j, then El?j.rl =0, and so exp(—cinj).T
removes the 7,-term.

(Note that the degree is deg(vi) = ¥.,;120(im + m) and that exp(—c2E;) € GLoo.)

Now by GL..-invariance, the new expression also satisfies Equation (20.3), and by iterating
we obtain 7 = 71 + ¢, where ¢ has no terms of the form E;;.7,. Then Equation (20.3) implies

Y (pj11@ Ui+ 0. p@T1+ .08 ﬁ]’f.¢>) =0.
JEZ

So for each jwe must have, up tp sign, that
Vj.T1 = Uk.(semi-infinite wedge in ¢) ,

which forces Ey;.71, contradiction. Clarify this sentence. We conclude that ¢ = 0. O
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Recall further that we had shown that F® = C[x1, x,...] = B(0,1), the bosonic representation.
Since gl acts on F © it also acts on C[xy, X2,...]. How does it act, and where do the v 1 (= 1)
go? We introduce the vertex operators

.50 _ 7D . j . *. 10 _ 70 oo —jo*
X: FY—FU, X(u):=) u'0j, and X": F¥ = FW, X*(w):= ) u™/7; .
jez jez
These become operators on B(0, 1), too, by the following fact:

X (u) — uexp Zu]x- exp—Z—,— ,X*(u)-—»exp—Zqu~ exp —_—
(jzl ]) ( j=1 J axﬁ) ( j=1 ]) (jzl ')
This answers the question how gl acts. For the image of v), note that vy — S, (x), the Schur
polynomial, given by Sy (x) = det(Sy,+ j-1 (x)), where the elementary Schur polynomials Sy, are
such that
(e.9)

Y Sk(x) Zk = exp(z Xi zk) .

kez k=1
We translate Q to B(0,1) = C[x3, X2, ...] by identifying

FO e FO with C[x],x},...]®Clx],x),...].

Then X (u).7 ® X* (u).7 has vanishing u-term, i.e.

uexp(z uj(x;. —x}’)) exp(z

j=1 j=1

uij !/ I
f(ax}r—ax})).r(x)r(x )

has vanishing u°-term. Rewrite x' = X - Y, x" = X+ Y. So (-).7 € C[x, Xp,...] belongs to Q if
and only if the u°-term vanishes in the expression

2ulY; ul 0 X yyrx+y 20.4
uexp(—j;1 u ])exp(jlea—Yj).r( -V)1(X+Y). (20.4)

The Hirota form. Let P € C[x1, x2,...] with a finite number of x;’s, and let f and g be functions
in those variables. Define an operation

0 0
(Pf.g)(x) ::P(a—m,a—uz,...)(f(xl— Uy, Xo — Up,...) §(X1 + U1, X2 + Uy, ...))

So Equation (20.4) becomes

u=0"

u( Y wlsj-2n)( X uls;@n) X - Vrx+v),
j=z j=z

where Y = (Y1, Y>,...) and 0y = (aiyl' %%, %6%3, ...). It follows that Equation (20.3) is equivalent
to

Y Sj(-2Y)S;41@y) T(X - V) T(X+Y) =0. (20.5)
j=0
We compute:
Sin@NTX-NTX+Y) = $j@ITX-Y-wrX+Y+u)|
- d
- S,-+1(au)exp(s;y5a S)T(X—u)T(X+ ”)’u:o
= Sin®exp( L VX Jro0Too|
s=1 u=

where X = (X1, X0, 3 X3,...).
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Exercise 20.2. Show that Pf.f =0if P(x) = —P(—x).
Theorem 20.3. 7 € Q ifand only if 1 is a solution of
© ~

(Z §j(=2Y) Sj1(X) exp(E =1 YSXS))T(X)T(X) =0, (20.6)

j=0

where Y1,Y,,... are parameters, i.e. we have an infinite family of differential equations.

Now expand Equation (20.6) in the Y;. The variable Y, appears in exp(Y =1 YsX;5) once with
coefficient X;. In the expression S;(-2Y) the variable Y, appears when j = r, with coefficient
—2. So Equation (20.6) has the Y, -term

($1(X) X, 28,1 (X)T1T=0 = (X1X,-2S41(X))77=0.

If r =1 or r =2, this is odd and there are no conditions. If r = 3, the term in parentheses is
x} +3x5 —4x) x3. Setting x := x;, y := X and t := x3, we obtain

a4 0? g
—+3— -4 X+ X - =0.
(('?u‘ll ous 6u16u3)T( Wl u))uzo
A long exercise shows that u(x, y, t) = 20‘)—; (log ‘L') is a solution of the KP equation.

21 The Kazhdan-Lusztig Conjecture

Let A be a symmetrisable generalised Cartan matrix.

21.1 The Shapovalov form and Kac-Kazhdan formulas

The character forlumals for integrable irreducible reprepresentations L(u) involves the Weyl
group. Recall that we had the Verma modules M(A), and for M (A + p) the character formula has
the form L(w(A + p)). The Kac-Kazhdan formula is interesting because it shows that the Weyl
group W does play a role in general.

Definition 21.1. Let g be a Kac-Moody Lie algebra. We have a formula for the universal envelop-
ing algebra of g:

U@=Un)eUH)®UMm,)=UH) & (n_.U(g) + U(g.n,) .
Denote by n: U(g — U(H) the projection onto the first direct summand.

Recall that U(H) is a polynomial ring. There exists an anti-linear involution o: g — g,
o(e;))=fi,ando: h—h. Let

F:U(@eU(g) —UH), F(x,y)=n(cx)y).
This is a family of symmetric, bilinear forms over H*.
Definition 21.2. The Shapovalov form F(A): M(A1) ® M(A) — C is defined by
FA)(xvp, yvp) = F(x, y)A) .
Exercise 21.3. Check that the Shapovalov form is well defined.

Lemma 21.4. The Shapovalov form has the following properties:
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e FA)(xv,w)=FA)(v,o(w) forxe U(g), v,w € M(A).
* FM(MW)p,, M(A)y,) =0 if a1 # o
¢ rad F(A) is the maximal submodule of M(1).

We would like to find out about F(A), or at least about det F(A)y, the restriction of F(A) to
M (A) p—y, to help us understand simplicity or composition factors of the M(A)’s.

Definition 21.5. Let F, be the restriction of F to U(n-) .

Theorem 21.6 (Theorem A).

)

o) It(a)2 (n-na)
detF, = H (ha+<p—%,a>)mu a)P(n-na
acA; n=1

where 22 is the Kostant partition function, and det F, € U (H).
Theorem 21.7 (Theorem B). L(y) is an irreducible subquotient of M(A) if and only if there exists
Bi,...,Pn€As andny, ..., nx € N such that
nj .
(A+p-mpPr—n2fo—---—ni—1Bi-1,Pi) = > (Bi,Bi) forall i=1,....k (21.1)
andA—pu= Zile n;ipP;.

Observation. Pick A € H* such that (1,8) = —h", the dual Coxeter number, and (1 + p,a) N
for each positive real root a. (Such weights exist, e.g. A = —p.) This weight is called a KK weight
(for “Kac-Kazhdan”). Then <)L +p,90, :> g(é,&) =0forall neN, and so L(A — nd) is a factor of
M(A) for all n e N. But for a € AT,
(A+p-nd,a)=(A+p,a)gN

and "

> (a,a) =nd; ,where a=w(a;),
and so there are no subquotients of the form L(A — né — ma). In particular, the Weyl group plays
no role.
Conjecture 21.8 (Kac-Kazhdan, Theorem: Hayashi; Goodman, Wallach). Let A be a KK weight
on an affine Lie algebra. Then

chLy=e* [] (1-e7%)".

aeAf
What are te ingredients of the proof?

* detF;, is a polynomial in U(H), so it can be factored. First calculate the “leading term” and
get

o0
H H hﬁult(a)g@(n—nm . (21.2)

aeA¥ n=1
¢ Use Kac’s Casimir to observe thatif v € M(1),_ pisa highest-weight vector, then
[2+pl* = lol* = 12=B+pl*~1el*,
ie.(A+p,B)=1(6p).

So if this cannot be satisfied, then M(A) is irreducible and so F(A) is non-degenerate; hence
det F;, is a product of linear factors (hﬁ +(p— % B, ﬁ)), and the formula for leading terms shows
that = na for some a € A, which we call a quasi-root. So we get products of (hg + (p — %a, a)).
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The trick. We had already shown that the leading term of det F;, (given by Equation (21.6)) is the
expression (21.2), and F; is a product of finitely many linear terms of the form hgq + (p — =, a).
(Note that the Kostant partition function 2?(n — na) vanishes for large n or large a.) Now extend
everything to C[f]. For example, if we have the universal enveloping algebra U (g) extended over
C[t], then

M) =U(@) 8y, em Clil

where A € H* ® C[¢] is given by
Any)=0 and AW =AW +tzh),

where z € H* is some generic element in the sense that that z(hy) # 0 for all @ € Q4 \ {0}. This
produces a form F,; (1) taking values in C[¢], and when we specialise ¢ — 0, we recover Fy(7),
and M(1) — M(A). Filter

MQA)=M2M'2M*2---,

where . _
M'={ve M(A): F'(\)(v,w) € (t") forall v, w e ML)},

and specialise t — 0:
MA)=M>M'2M?2-.

This is called Jantzen’s filtration; here M 1 js a maximal submodule.
Pick A such that A(hg) +(p — % B, By vanishes for some quasi-root but does not vanish for all
other quasi-roots. Then we see that

1. M(A - p) isirreducible, and
2. M(A) has a submodule U which is a direct sum of modules of the form M (A - f).

Now by construction of A we see that the highest power of ¢ dividing det F,g (1) equals the oerder
of the linear factor hq + (p — 0, a) in det F; (). But M' =@ M(A- ), so if M(A — B) appears in
M’ with multiplicity s; (), we see that the order of ¢ dividing det Fnt A is Y ; si(B)P(n— B).

Example. Suppose M (A — ) contains three highest-weight modules of highest weight 8, with
multiplicities respectively 1, 2 and 5. Then M' = M(A1 - B)®3, M? = M(A— $)®2, and M3 = M* =
M°=MA-B).

The functions ¢g: Q+ — R, n— 2 (n - ) are all linearly independent. But comparing the
leading term of F,(A) (cf. (21.2)) with the multiplicities in Jantzen’s filtration for the quasi-root

B =na, we get
(o]

0o
mult(@)?(n-na) _ Pm-na)y;si(na)
1.1 1111 72 -

aeAf n= Ay n=1

This proves Theorem A.
The proof of Theorem B is an inductive variation on the proof of Theorem A, producing the
Jantzen Sum Formula
Y chM@)i= Y chMA-na), (21.3)

i=1 (a,n)eD;y
where the right-hand-side sum is over the set

Dpz{(a,n)e&rxl\l:(xl+p—%a,a>:0}.

(Here A, is the set of positive roots with multiplicities.)
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21.2 Bringing in the Weyl group

Definition 21.9. We define an equivalence relation ~ on H* by A ~ u if there exists a sequence
A= Ap,A1,...,A, = psuch that for each 0 < i < k, either {A;,A; + 1} or {1;11,A;} satisfy (21.1) for
some f,...,Bn € Ay and ny,...,ng eN.

Definition 21.10. Given equivalence class [A] = €(A) =: A in H* /~, we say thata module M € 0
has type A if all its “composition factors” belong to A. (Cf. Section 18.1 for the category ©.) We
write O for the subcategory of modules of type A.

Example. It follows from Theorem B of Kac-Kazhdan (Theorem 21.7) that M(A) has type A.

Theorem 21.11 (Deodhar, Gabher, Kac). Let M € ©. Then there exists a unique set {Mp}p such
that M = @5 M. Furthermore, Exté, (EE)=0ifE€0O), FEON and A # N'.

Theorem 21.11 says that to understand category &, we only need to understand &. The
moral will be that some choices of A are better than others.
For w € W, we define an action w. on H* by w. A = w(A1 + p) — p. We set

C:={ e H*:(A+p,a;)=0and (7L+p,a>;é0ifa€Aif°tr°piC},

and define Tits’ cone of “good” elements

K&:= |J w.C.
weW
Define
Sa = {AeH*:(A—p,a)z%(a,a)},
S = | S«,and
aeAIm
KY& = H*\S.

Elements of S are “critical hyperplanes”, and W acts on the set K¢ of “weakly good” elements.
Exercise 21.12. Compare H*, K& and KV-¢ in the cases
1. finite generalised Cartan matrices,

2. affine generalised Cartan matrices, and

2 —
3. ( a) for a =3.
-a 2

(It is clear that K& < KW&)

Definition 21.13. Define an equivalence relation = as for ~, using K® instead of H*, and an
equivalence relation =° as for ~, using K& instead of H*.

Proposition 21.14. IfA,u € K*“&, then A =° u if and only if there exists w € W(A), the integral
Weyl group generated by

2{A ,
{sﬁ:ﬁ(—:Aﬂf suchthat<+—pﬁ>€Z} ,

(B, B>

such that w. A = p.
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Proof. We prove a better result. Let A € K"-¢'. Then L(y) is a subquotient of M(A) if and only if
there exist f1,..., f; € A with 1 > (Sp)sA >+ > (sp, "+ Sp )« A = .

We pick A — p € Q4 and do induction on ht(A — p): If ht(A — u) =0, then A = u and there is
nothing to do. Now assume ht(A — ) > 0. Then L(1) = M(A) / M! from Jantzen’s filtration. Since
A # 11, L(w) is a subquitient of M!, and hence by Jantzen’s Sum Formula (21.3) also a subquotient
of M(A — na) for some (a,n) € D,.

Now if we assume that a € AI™, we have (1+p,a) = %(a,a). Set f:= na € A™ and
(A+p,B) = 3{B,B); and so A € S, contradiction. So a € A%, and then (1+p,a) = 2(a,a)
with (a, @) # 0, and so n = n(a) is uniquely determined.

Finally we note that 1 — n(a)a = (s¢) A € K%, and by induction we conclude the “if” direc-
tion. The converse is just Jantzen’s Sum Formula (21.3). O

Remark 21.15. The two equivalence relations from Definiton 21.13 are related by ==~°|g,
since both have the same description in terms of W. In the affine (and finite) case, =°=~|gws,,
but this is false in general.

Definition 21.16. Let 0% be the full subcategory of @ whose objects have composition factors
belonging to K8. We say that M € @ has type A if each composition factor of M belongs to A.

Example. If 1 € K8, then M(A) € 08, and M(A) has type A.

There is a decomposition
g _ g
08 = @@ s

Moreover, the equivalence classes are labelled by Ujecc W /W (1) thanks to Proposition 21.14.

Exercise 21.17. Check thatif A = A/, then W(1) = W(L)).

21.3 The Kazhdan-Lusztig Conjecture
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B Notational reference

Witt the Witt algebra over C
Vir the Virasoro algebra over C, a central extension of Witt
Lie(G) the Lie algebra of the Lie group G, g = T,G
g either a general Lie algebra or a finite-dimensional, simple one
g a central extension of a Lie algebrag; 0 -3 —~g—g—0
£y the loop algebra g® C[t,t7!]
Lg = %LgxCd,whered = t%EDer(C[t, 1)
Note: H(£g;C) = C = H?(ZLg;C)
,/%E; = ¥g @ Cd & Cc, the central extension of Zg, affine Kac-Moody Lie algebra
ZL(A) the Kac-Moody Lie algebra corresponding to the generalised Cartan matrix A
U(g) the universal enveloping algebra of the Lie algebra g;
U =T@/(xey-yex-I[xyl)
(=, =) a positive-definite sesquilinear form on a representation V,
non-degenerate if V is unitary
A the affine, untwisted gen. Cartan matrix derived from the Cartan matrix A
A the affine, twisted generalised Cartan matrix derived from A
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C Generation of Lie algebras

Lie algebra Dynkin diagram Generalised
Name Notation Cartan Matrix
simple g A, classical A, finite type
loop gt n/a n/a

affine g[rt!]eCc n/a n/a

? gl xC(4) n/a n/a

affine Kac-Moody

twisted affine Kac-Moody

g[rt!']eCdeCc
(g[*']eCdecCc)”

3, untwisted affine

A, twisted affine

A, untwisted affine

A, twisted affine
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