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Standard Quadratic Program

Definition

A standard quadratic program involves minimizing a
(nonconvex) quadratic form (i.e., a homogeneous quadratic
function) over the unit simplex.
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Standard Quadratic Program

Definition

A standard quadratic program involves minimizing a
(nonconvex) quadratic form (i.e., a homogeneous quadratic
function) over the unit simplex.

(StQP) v(Q) = min{x"Qx : x € A,},
where
@ Ap={xeR":eTx=1, x&R"} (the unit simplex),
@ Q € 8", where S" denotes the space of n x n real symmetric matrices,
@ xeR",
@ e € R" denotes the vector of all ones, and
o

R denotes the nonnegative orthant in R".
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Applications

@ Portfolio optimization [Markowitz, 1952]

@ Quadratic resource allocation problem [lbaraki and Katoh, 1988]
@ Population genetics [Kingman, 1961]

@ Evolutionary game theory [Bomze, 2002]

@ Social network analysis [Bomze et al., 2018]

@ Copositivity detection (a matrix M € S" is copositive iff
v(M) = min{x"Mx : x € A,} >0)

@ Maximum (weighted) stable set problem [Motzkin and Straus,
1965], [Gibbons et al., 1997]

@ NP-hard in general
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@ Portfolio optimization [Markowitz, 1952]

@ Quadratic resource allocation problem [lbaraki and Katoh, 1988]
@ Population genetics [Kingman, 1961]

@ Evolutionary game theory [Bomze, 2002]

@ Social network analysis [Bomze et al., 2018]

@ Copositivity detection (a matrix M € S" is copositive iff
v(M) = min{x"Mx : x € A,} >0)

@ Maximum (weighted) stable set problem [Motzkin and Straus,
1965], [Gibbons et al., 1997]

@ NP-hard in general

@ Can have at least (1.4933)" strict local minimizers! [Bomze et al.,
2018]
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Motivation and Focus

@ In this talk, we are interested in convex relaxations of (StQP).
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Motivation and Focus

@ In this talk, we are interested in convex relaxations of (StQP).

e Main Goal: To shed light on instances of (StQP) that admit
exact convex relaxations.
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Convex Cones and Their Properties

Doubly Nonnegative Relaxation
Convex Relaxations Exact Relaxations

Summary and Numerical Examples

@ We denote by S” the space of n x n real symmetric matrices.
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@ We denote by S” the space of n x n real symmetric matrices.
@ We define the following cones in S":
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Convex Cones

@ We denote by S” the space of n x n real symmetric matrices.
@ We define the following cones in S":

N {MeS":M;>0, i=1,...,n j=1,...,n},
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Convex Cones and Their Properties
Doubly Nonnegative Relaxation
Convex Relaxations Exact Relaxations

Summary and Numerical Examples

@ We denote by S” the space of n x n real symmetric matrices.
@ We define the following cones in S":

AP
PSD"

{MeS8":M;>0, i=1,....,n; j=1,...,n},
{MES":UTMUZO, vUeR"},
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Convex Cones and Their Properties
Doubly Nonnegative Relaxation
Convex Relaxations Exact Relaxations

Summary and Numerical Examples

@ We denote by S” the space of n x n real symmetric matrices.
@ We define the following cones in S":

N {MeS8":M;>0, i=1,....,n; j=1,...,n},
PSD" = {MES":UTMUZO, vUeR"},
copr = {MES":UTMUZO, VUGRl},
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Convex Cones

@ We denote by S” the space of n x n real symmetric matrices.
@ We define the following cones in S":

N {MeS8":M;>0, i=1,....,n; j=1,...,n},

PSD" = {MES":UTMUZO, vUeR"},

coP” = {Mes:u"Muz0, vueR:},
r

CP" = {l\/leS":I\/I_X:bk(bk)T7 forsomebkeR”,k_l,...,r}7
k=1
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Convex Cones

@ We denote by S” the space of n x n real symmetric matrices.

@ We define the following cones in S":

N = {MeS8":M;>0, i=1,...,n j=1,...,n},

PSD" = {MES":UTMUZO, vUeR"},

copr = {MES":UTMUZO, VUGRl},
r

CP" = {l\/leS":I\/I_X:bk(bk)T7 forsomebkER”,k_l,...,r}7
k=1

DN" = PSD"NN",

SPN" = {MeS8":M= M+ M,, forsomeM; € PSD", M, € N"}.
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Convex Cones

@ We denote by S” the space of n x n real symmetric matrices.

@ We define the following cones in S":

N = {MeS8":M;>0, i=1,...,n j=1,...,n},

PSD" = {MES":UTMUZO, vUeR"},

copr = {MES":UTMUZO, VUGRl},
r

CP" = {l\/leS":I\/I_X:bk(bk)T7 forsomebkER”,k_l,...,r}7
k=1

DN" = PSD"NN",

SPN" = {MeS8":M= M+ M,, forsomeM; € PSD", M, € N"}.

@ Each of these cones is closed, convex, full-dimensional, and pointed.
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Convex Cones

@ We denote by S” the space of n x n real symmetric matrices.

@ We define the following cones in S":

N = {MeS8":M;>0, i=1,...,n j=1,...,n},

PSD" = {MES":UTMUZO, vUeR"},

copr = {MES":UTMUZO, VUGRl},
r

CP" = {l\/leS":I\/I_X:bk(bk)T7 forsomebkER”,k_l,...,r}7
k=1

DN" = PSD"NN",

SPN" = {MeS8":M= M+ M,, forsomeM; € PSD", M, € N"}.

@ Each of these cones is closed, convex, full-dimensional, and pointed.

CP"QDN"Q{ N

PSD"} C SPN™ C COP".
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Relations and Common Properties

N
n n n n
CP" C DN Q{,PS,D,,}QSPN C COP".

@ We have CP" = DN and SPN" = COP”" iff n < 4 [Diananda, 1962].
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n n n n
CP" C DN Q{,PS,D,,}QSPN C COP".

@ We have CP" = DN and SPN" = COP”" iff n < 4 [Diananda, 1962].

@ For n > 5, checking membership is NP-hard for both CP" [Dickinson and
Gijben, 2014] and COP" [Murty and Kabadi, 1987].
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n n n n
CP"CDN" C {’PS’D"} C SPN" CCOP".

@ We have CP" = DN and SPN" = COP”" iff n < 4 [Diananda, 1962].

@ For n > 5, checking membership is NP-hard for both CP" [Dickinson and
Gijben, 2014] and COP" [Murty and Kabadi, 1987].

@ Each of the remaining four cones is "tractable.”

@ Let K" € {CP",DN",N", PSD",SPN",COP"}
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Doubly Nonnegative Relaxation
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Relations and Common Properties

N

n n n n
CP"CDN" C {’PS’D"} C SPN" CCOP".

@ We have CP" = DN and SPN" = COP”" iff n < 4 [Diananda, 1962].

@ For n > 5, checking membership is NP-hard for both CP" [Dickinson and
Gijben, 2014] and COP" [Murty and Kabadi, 1987].

@ Each of the remaining four cones is "tractable.”
@ Let K" € {CP",DN",N", PSD",SPN",COP"}
@ IfACK" then Ay >0, k=1,...,n.
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N

n n n n
CP"CDN" C {’PS’D"} C SPN" CCOP".

@ We have CP" = DN and SPN" = COP”" iff n < 4 [Diananda, 1962].

@ For n > 5, checking membership is NP-hard for both CP" [Dickinson and
Gijben, 2014] and COP" [Murty and Kabadi, 1987].

@ Each of the remaining four cones is "tractable.”

@ Let K" € {CP",DN" N", PSD", SPN",COP"}
@ IfAC K" then Ay >0, k=1,...,n.

e Aec K"iff PTAP € K", where P € R" " is a permutation matrix.
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Nn

n n n n

CP"CDN" C {PS’D"} C SPN" CCOP".

@ We have CP" = DN and SPN" = COP”" iff n < 4 [Diananda, 1962].

@ For n > 5, checking membership is NP-hard for both CP" [Dickinson and
Gijben, 2014] and COP" [Murty and Kabadi, 1987].

@ Each of the remaining four cones is "tractable.”

@ Let K" € {CP",DN" N", PSD", SPN",COP"}
@ IfAC K" then Ay >0, k=1,...,n.

e Aec K"iff PTAP € K", where P € R" " is a permutation matrix.
If A€ K", then every principal r X r submatrix of Aisin K", r =1,...,n.
y
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Relations and Common Properties

CP"QDN"Q{ N

n
n n
73313"} C SPN™ C COP".

@ We have CP" = DN and SPN" = COP”" iff n < 4 [Diananda, 1962].

@ For n > 5, checking membership is NP-hard for both CP" [Dickinson and
Gijben, 2014] and COP" [Murty and Kabadi, 1987].

@ Each of the remaining four cones is "tractable.”

@ Let K" € {CP",DN" N", PSD", SPN",COP"}
@ IfAC K" then Ay >0, k=1,...,n.
e Aec K"iff PTAP € K", where P € R" " is a permutation matrix.
© If Ac K", then every principal r x r submatrix of Aisin K", r =1,...,
Q IfAc K" and B € K™, then

A 0

AEBB:[O B

:| € ICn+m.
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CP"QDN"Q{ N

n
n n
73313"} C SPN™ C COP".

@ We have CP" = DN and SPN" = COP”" iff n < 4 [Diananda, 1962].

@ For n > 5, checking membership is NP-hard for both CP" [Dickinson and
Gijben, 2014] and COP" [Murty and Kabadi, 1987].

@ Each of the remaining four cones is "tractable.”

@ Let K" € {CP",DN" N", PSD", SPN",COP"}
@ IfAC K" then Ay >0, k=1,...,n.
e Aec K"iff PTAP € K", where P € R" " is a permutation matrix.
© If Ac K", then every principal r x r submatrix of Aisin K", r =1,...,
Q IfAc K" and B € K™, then

A 0

AEBB:[O B

:| € ICn+m.

In particular, B = 0 can be chosen.
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(StQP) v(Q) = min{x" Qx : x € A,}.
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(StQP) v(Q) = min{x" Qx : x € A,}.
@ Forany Ue€ S" and V € 8",

(U, V) :=>"> " Uy V.

i=1 j=1

@ (StQP) can be formulated as a copositive program [Bomze et al., 2000]:
(CP) v(Q)=min{{Q,X):(E,X)=1, X eCP"},

where X € 8" and E = ee’ € S" is the matrix of all ones.
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(U, V) :=>"> " Uy V.
i=1 j=1

@ (StQP) can be formulated as a copositive program [Bomze et al., 2000]:
(CP) v(Q)=min{{Q,X):(E,X)=1, X eCP"},

where X € 8" and E = ee’ € S" is the matrix of all ones.
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Copositive Formulation and A Convex Relaxation

(StQP) v(Q) = min{x" Qx : x € A,}.

Forany U € 8" and V € §",

(U, V) :=>"> " Uy V.

i=1 j=1

@ (StQP) can be formulated as a copositive program [Bomze et al., 2000]:
(CP) v(Q)=min{{Q,X):(E,X)=1, X eCP"},

where X € 8" and E = ee’ € S" is the matrix of all ones.

@ Recall that I
n n " n n
CP" C DN C {PSD” C SPN" C COP".
@ By replacing X € CP" by X € DN, we obtain a relaxation of (CP):

(DN)  £(Q) = min {(Q,X) : (E,X) =1, X € DN"},

On Doubly Nonnegative Relaxations of Standard Quadratic Programs E. Alper Yildinm 8/30



Convex Cones and Their Properties

Doubly Nonnegative Relaxation
Convex Relaxations Exact Relaxations

Summary and Numerical Examples

Copositive Formulation and A Convex Relaxation

(StQP) v(Q) = min{x" Qx : x € A,}.

Forany U € 8" and V € §",

(U, V) :=>"> " Uy V.

i=1 j=1

@ (StQP) can be formulated as a copositive program [Bomze et al., 2000]:
(CP) v(Q)=min{{Q,X):(E,X)=1, X eCP"},

where X € 8" and E = ee’ € S" is the matrix of all ones.

@ Recall that I
n n " n n
CP" C DN C {PSD” C SPN" C COP".
@ By replacing X € CP" by X € DN, we obtain a relaxation of (CP):

(DN) Q) =min{(Q,X): (E,X)=1, X & DN"},
@ (DN) is referred to as the doubly nonnegative relaxation.
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Basic Relations and Our Focus

(@) =

min{x” Qx: x € Ay} = min{(Q, X) : (E, X) =1,
“(Q)

X eCP"}
min{(Q,X): (E,X)=1, X cDN"}

e Forall Q € 8", we have /(Q) < v(Q) since CP" C DN".
e For n < 4, we have /(Q) = v(Q) by Diananda’s result.

@ Question: For n > 5, can we give a characterization of
instances of (StQP) for which /(Q) = v(Q)?
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Global Optimality Conditions

(StQP) (Q) = min{x" Qx: x € A,}.

Theorem (Bomze, 1997)

Let Q@ € 8" and let x* € A,. Then,

y(Q) = (x)TQx* <= Q@ — ((x*)TQx*) E e COP".
v(Q)
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A General Characterization

Q) = min{xTQx:x€ Ay} =min{(Q,X):(E,X)=1, X e€CP"}
Q) = min{{Q,X):(E,X)=1, X e&DN"}

@ Recall that Q — v(Q)E € COP" for any Q € S".
o Recall that SPN" C COP".

Let Q € S". We have

U(Q)=v(Q) <= Q—v(Q)E € SPN".
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An Implication

V(@) =

min{x” Qx: x € Ay} = min{(Q,X) : (E,X) =1, X €CP"}
min {{Q,X) : (E,X) =1, X & DN"}

~

=

2

=
|
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N

~
Q

=
I

min{x” Qx: x € Ay} = min{(Q,X) : (E,X) =1, X €CP"}
min {{Q,X) : (E,X) =1, X & DN"}

~

=

2

=
|

Let Q € 8" be such that Q + \E € PSD" for some \ € R. Then,
0Q)=v(Q).
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N

~
Q

=
I

min{x” Qx: x € Ay} = min{(Q,X) : (E,X) =1, X €CP"}
min {{Q,X) : (E,X) =1, X & DN"}

~

=

2

=
|

Let Q € 8" be such that Q + \E € PSD" for some \ € R. Then,
0Q)=v(Q).

@ The proof is based on constructing an explicit decomposition
Q—v(Q)E =51 + Sy, where S; € PSD" and S, € N
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min{x” Qx: x € Ay} = min{(Q,X) : (E,X) =1, X €CP"}
min {{Q,X) : (E,X) =1, X & DN"}

~

=
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|

Let Q € 8" be such that Q + \E € PSD" for some \ € R. Then,
0Q)=v(Q).

@ The proof is based on constructing an explicit decomposition
Q—v(Q)E =51 + Sy, where S; € PSD" and S, € N

e If Q € PSD", then ((Q) = v(Q).
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Q

=
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min{x” Qx: x € Ay} = min{(Q,X) : (E,X) =1, X €CP"}
min {{Q,X) : (E,X) =1, X & DN"}

~

=

2

=
|

Let Q € 8" be such that Q + \E € PSD" for some \ € R. Then,
0Q)=v(Q).

@ The proof is based on constructing an explicit decomposition
Q—v(Q)E =51 + Sy, where S; € PSD" and S, € N

o If Q € PSD", then £(Q) = 1(Q).
@ We may have Q + A\E € PSD" for some A € R even if Q & PSD":

[0 2], e
o= |5, Ti|ersr,
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Q

=
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min{x” Qx: x € Ay} = min{(Q,X) : (E,X) =1, X €CP"}
min {{Q,X) : (E,X) =1, X & DN"}

~

=

2

=
|

Let Q € 8" be such that Q + \E € PSD" for some \ € R. Then,
0Q)=v(Q).

@ The proof is based on constructing an explicit decomposition
Q—v(Q)E =51 + Sy, where S; € PSD" and S, € N

o If Q € PSD", then £(Q) = 1(Q).
@ We may have Q + A\E € PSD" for some A € R even if Q & PSD":

0 -2 > 12 0 2
Q—[_2 _Jgpsp, Q+2E_{O JGPSD.
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A Simpler Characterization

Given Q € 8", how can we decide if Q + \E € PSD" for some A\ € R?
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A Simpler Characterization

Given Q € 8", how can we decide if Q + \E € PSD" for some A\ € R?

Let Q € S". Then, Q + \E € PSD" for some \ € R iff

e’'d=0=d"Qd >0, VdecR",
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A Simpler Characterization

Given Q € 8", how can we decide if Q + \E € PSD" for some A\ € R?

Let Q € S". Then, Q + \E € PSD" for some \ € R iff

e’'d=0=d"Qd >0, VdecR",

or, equivalently, UT QU € PSD" L, where U € R™(1=1) s apn
orthonormal basis for e
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Shifting

V(@) =

min{x” Qx: x € A,} = min{(Q,X) : (E,X) =1, X € CP"}
min {{Q,X): (E,X) =1, X & DN"}

~

S

Q0

=
I
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Shifting

V(@) =

min{x” Qx: x € A,} = min{(Q,X) : (E,X) =1, X € CP"}
min {{Q,X): (E,X) =1, X & DN"}

~

S

Q0

=
I

@ Let Qe 8" and \ € R.
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Shifting

V(@) =

min{x” Qx: x € A,} = min{(Q,X) : (E,X) =1, X € CP"}
min {{Q,X): (E,X) =1, X & DN"}

~

S

Q0

=
I

@ Let Qe 8" and \ € R.

V(Q+AE) = v(Q)+A,
WQ+AE) = £(Q)+ A
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Shifting

V(@) =

min{x” Qx: x € A,} = min{(Q,X) : (E,X) =1, X € CP"}
min {{Q,X): (E,X) =1, X & DN"}

~

S

Q0

=
I

@ Let Qe 8" and \ € R.

V(Q+AE) = v(Q)+A,
WQ+AE) = £(Q)+ A

@ Let
Q*=Q— ( min Q,‘j) E.
1<i<j<n
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Shifting

V(@) =

min{x” Qx: x € A,} = min{(Q,X) : (E,X) =1, X € CP"}
min {{Q,X): (E,X) =1, X & DN"}

~

S

Q0

=
I

@ Let Qe 8" and \ € R.

V(Q+AE) = v(Q)+A

Q+AE) = £Q)+ X\
@ Let

QS:Q—< min Q,-j) E.

1<i<j<n

@ Then Q° € N" and ij:0forsome1§i§j§n.
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Shifting

V(@) =

min{x” Qx: x € A,} = min{(Q,X) : (E,X) =1, X € CP"}
min {{Q,X): (E,X) =1, X & DN"}

~

S

Q0

=
I

@ Let Qe 8" and \ € R.

v(Q+AE) = v(Q)+A,
HQ+AE) = Q)+
@ Let
Q°=Q — ( min Q,-J) E.

o 1<i<j<n

@ Then Q° € N and Q7 =0 forsome 1 <i<j<n.
@ We have 0 < /(Q°) < v(Q°).
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Shifting

V(@) =

min{x” Qx: x € A,} = min{(Q,X) : (E,X) =1, X € CP"}
min {{Q,X): (E,X) =1, X & DN"}

~

S

Q0

=
I

@ Let Qe 8" and \ € R.

HQ+AE) = Q)+
HQ+AE) = Q)+
@ Let
QS—Q—( min Q,-J) E.
1<i<j<n
@ Then Q° € N'" and Q7 =0 forsome 1 <i<;j<n
@ We have 0 < /(Q°) < v(Q°).
o

In particular, this implies that 1<min Qj <UQ) < v(Q).

<isj<n
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Other Cases

@ Suppose that Q + A\E & PSD" for any A\ € R.
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Other Cases

@ Suppose that Q + A\E & PSD" for any A\ € R.
@ Recall that

QR°=Q — min Q| E.

1<i<j<n
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Other Cases

@ Suppose that Q + A\E & PSD" for any A\ € R.
@ Recall that

QS—Q—< min Q,-J->E.

1<i<j<n

@ We have Q° € N/ and QZ:Oforsomelgigjgn.
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Other Cases

@ Suppose that Q + A\E & PSD" for any A\ € R.
@ Recall that

QS—Q—< min Q,-J->E.

1<i<j<n

@ We have Q° € N/ and QZ:Oforsomelgigjgn.
@ Case 1: There exists k = 1,...,n such that Q7, = 0.
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Other Cases

@ Suppose that Q@ + A\E & PSD" for any A € R.
@ Recall that
QS_Q—< min Q,-J-> E.
1<i<j<n
o We have Q° ¢ N'" and Q,-j-:Oforsomelgigjgn.
@ Case 1: There exists k = 1,...,n such that Q7, = 0.
e Case 2: Q;, >0forall k=1,...,nand Qij-: Qj-:Ofor

some 1 </ <j<n.
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RQ*=Q— min QU EcN™.

1<i<j<n

@ Case 1: There exists k = 1,..., n such that Q;, = 0.
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1<i<j<n

QszQ—( min Q,-,-)Ee/\/’”.

@ Case 1: There exists k = 1,..., n such that Q;, = 0.
@ Then, /(Q°) = v(Q°) = 0 since

0</Q) <v(Q)<el Qe =Qj =0.
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QszQ—( min Q,-,-)Ee/\/’”.

1<i<j<n

@ Then, /(Q°) = v(Q°) = 0 since

@ Case 1: There exists k = 1,..., n such that Q;, = 0.

0</Q) <v(Q)<el Qe =Qj =0.

If Q € 8" satisfies min
<i<j<n

Q) = Quk.

Qjj = Qukx for some k =1,...,n, then
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Q*=Q—( min Q;)EcN"

1<i<j<n

o Case 2: There exists Q; > Oforall k=1,...,nand Q; = Q; =0
forsome 1 << j<n.
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QS—Q—( min Q;J-)Ee/\/".

1<i<j<n

o Case 2: There exists Q; > Oforall k=1,...,nand Q; = Q; =0
forsome 1 << j<n.

@ We will slightly digress.
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Maximum Weighted Stable Set Problem |

o Let G = (V. E) be a simple, undirected graph with
V ={1,....n} and let w € R be strictly positive, where w;
denotes the weight of vertex k, k=1,...,n.
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Maximum Weighted Stable Set Problem |

o Let G = (V. E) be a simple, undirected graph with
V ={1,....n} and let w € R be strictly positive, where w;
denotes the weight of vertex k, k=1,...,n.

@ Aset S C V is a stable set if no two vertices in S are
connected by an edge.
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Maximum Weighted Stable Set Problem |

o Let G = (V. E) be a simple, undirected graph with
V ={1,....n} and let w € R be strictly positive, where w;
denotes the weight of vertex k, k=1,...,n.

@ Aset S C V is a stable set if no two vertices in S are
connected by an edge.

@ Weight of a stable set S C V' is w(S) = > w;.
j€s
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Maximum Weighted Stable Set Problem |

o Let G = (V. E) be a simple, undirected graph with
V ={1,....n} and let w € R be strictly positive, where w;
denotes the weight of vertex k, k=1,...,n.

@ Aset S C V is a stable set if no two vertices in S are
connected by an edge.

@ Weight of a stable set S C V' is w(S) = > w;.
J€S
@ The maximum weighted stable set problem is concerned with
finding a stable set with the maximum weight, and its weight

is denoted by a(G, w).
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Maximum Weighted Stable Set Problem Il

o Let G = (V. E) be a simple, undirected graph with
V ={1,...,n} and let w € R be strictly positive, where w;
denotes the weight of vertex k, k =1,...,n.
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Maximum Weighted Stable Set Problem Il

o Let G = (V. E) be a simple, undirected graph with
V ={1,...,n} and let w € R be strictly positive, where w;
denotes the weight of vertex k, k =1,...,n.

o Let
Bk = 1/wk, k=1,...,n,
./\/‘(G7 W): BeS": ZBUZB,,-‘rB, (I‘,j)EE7
i =0, otherwise

On Doubly Nonnegative Relaxations of Standard Quadratic Programs E. Alper Yildinm 19/30



Convex Cones and Their Properties

Doubly Nonnegative Relaxation
Convex Relaxations Exact Relaxations

Summary and Numerical Examples

Maximum Weighted Stable Set Problem Il

@ Let G = (V, E) be a simple, undirected graph with

V ={1,...,n} and let w € R be strictly positive, where w;
denotes the weight of vertex k, k =1,...,n.
o Let

Bk = 1/wk, k=1,...,n,
M(G,w)=({BeS": 2B; > Bj+Bj, (i,j)<E,
Bj =0, otherwise

Theorem (Gibbons et al., 1997)

Let G = (V. E) be a simple, undirected graph and let w € R'| be
strictly positive. Then, for any B € M(G,w),

—— =V = min{x Bx : x nt.
Gy = V(B = minlxTBx:x € A,)
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Weighted Lovdsz Theta Number

@ Let G = (V, E) be a simple, undirected graph with V = {1,...,n} and
let w € R be strictly positive.
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Weighted Lovdsz Theta Number

@ Let G = (V, E) be a simple, undirected graph with V = {1,...,n} and
let w € R be strictly positive.

(G, w) =max{(W,X): (I,X)=1, X;=0, (i,j)€ E, X &PSD"},

where W € 8" and Wj; = /wiw;, 1 <i<j<n.
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Weighted Lovdsz Theta Number

@ Let G = (V, E) be a simple, undirected graph with V = {1,...,n} and
let w € R be strictly positive.

(G, w) =max{(W,X): (I,X)=1, X;=0, (i,j)€ E, X &PSD"},

where W € 8" and Wj; = /wiw;, 1 <i<j<n.

@ We have oG, w) < 9(G, w), with equality if G = (V/, E) is a perfect
graph [Lovész, 1979], [Grotschel, Lovész, Schrijver, 1981].
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Weighted Lovdsz Theta Number

@ Let G = (V, E) be a simple, undirected graph with V = {1,...,n} and
let w € R be strictly positive.

(G, w) =max{(W,X): (I,X)=1, X;=0, (i,j)€ E, X &PSD"},

where W € 8" and Wj; = /wiw;, 1 <i<j<n.

@ We have oG, w) < 9(G, w), with equality if G = (V/, E) is a perfect
graph [Lovész, 1979], [Grotschel, Lovész, Schrijver, 1981].

@ A stronger bound [Schrijver, 1979]:
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Weighted Lovdsz Theta Number

@ Let G = (V, E) be a simple, undirected graph with V = {1,...,n} and
let w € R be strictly positive.

(G, w) =max{(W,X): (I,X)=1, X;=0, (i,j)€ E, X &PSD"},

where W € 8" and Wj; = /wiw;, 1 <i<j<n.

@ We have oG, w) < 9(G, w), with equality if G = (V/, E) is a perfect
graph [Lovész, 1979], [Grotschel, Lovész, Schrijver, 1981].

@ A stronger bound [Schrijver, 1979]:
9 (G, w) =max{(W,X): (1,X)=1, X;=0, (i,j)€ E, X €DN"}.
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Weighted Lovdsz Theta Number

@ Let G = (V, E) be a simple, undirected graph with V = {1,...,n} and
let w € R be strictly positive.

(G, w) =max{(W,X): (I,X)=1, X;=0, (i,j)€ E, X &PSD"},

where W € 8" and Wj; = /wiw;, 1 <i<j<n.

@ We have oG, w) < 9(G, w), with equality if G = (V/, E) is a perfect
graph [Lovész, 1979], [Grotschel, Lovész, Schrijver, 1981].

@ A stronger bound [Schrijver, 1979]:
9 (G, w) =max{(W,X): (1,X)=1, X;=0, (i,j)€ E, X €DN"}.

@ We have a(G,w) < ¥'(G,w) < 9J(G, w), with equalities if G = (V,E) is
a perfect graph.
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Establishing Connections

@ Let G = (V, E) be a simple, undirected graph with V. = {1,...,n} and
let w € R be strictly positive.
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Establishing Connections

@ Let G = (V, E) be a simple, undirected graph with V. = {1,...,n} and
let w € R be strictly positive.

@ Let Q € M(G,w), where

MG, w)={BeS" : By =1/wy, i=1,....nm 2B > Bjj + Bjj, (i,j) € E, Bj =0, otherwise} .
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Establishing Connections

@ Let G = (V, E) be a simple, undirected graph with V. = {1,...,n} and
let w € R be strictly positive.

@ Let Q € M(G,w), where

MG, w)={BeS" : By =1/wy, i=1,....nm 2B > Bjj + Bjj, (i,j) € E, Bj =0, otherwise} .
@ Then,
1
v(Q) =
(Q) a(G,w)
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Establishing Connections

@ Let G = (V, E) be a simple, undirected graph with V. = {1,...,n} and
let w € R be strictly positive.

@ Let Q € M(G,w), where

MG, w)={BeS" : By =1/wy, i=1,....nm 2B > Bjj + Bjj, (i,j) € E, Bj =0, otherwise} .

@ Then,

Let G = (V,E) be a simple, undirected graph and let w € R'| be strictly
positive. For any Q € M(G,w),
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Implications

@ Recall Case 2: Qik >0forall k=1,...,nand Qij‘ = QJ?;. = 0 for some
1<i<j<n.
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Implications

@ Recall Case 2: Qik >0forall k=1,...,nand Qij‘ = QJ?;. = 0 for some
1<i<j<n.
@ Let us define w € R, where wy = 1/Q5,, k=1,...,n.
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Implications

@ Recall Case 2: Qik>0for all k=1
1<i<j<n.

@ Let us define w € R, where w, = 1/Q;,, k=1
@ We define an undirected graph G(Q°) = (V. E), where V = {1,...,n} and
E={(i)):2Q5> Q@ +Q;

2 1§i<j§n}.
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Summary and Numerical Examples

Implications

@ Recall Case 2: Qik >0forall k=1,..., ,n and QS = QJ?;. = 0 for some
1<i<j<n.

@ Let us define w € R, where wy = 1/Q5,, k=1,...,n.
@ We define an undirected graph G(Q°) = (V. E), where V = {1,...,n} and

E= {,J) 2Q; > QF + Q5 1§i<j§n}.

@ Note that G(Q) = G(Q°).
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E= {,J) 2Q; > QF + Q5 1§i<j§n}.

@ Note that G(Q) = G(Q°).
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@ Recall Case 2: Qik >0forall k=1,..., ,n and QS = QJ?;. = 0 for some
1<i<j<n.

@ Let us define w € R, where wy = 1/Q5,, k=1,...,n.

@ We define an undirected graph G(Q°) = (V. E), where V = {1,...,n} and

E= {,J)zojzos+ 2 1§i<j§n}

@ Note that G(Q) = G(Q°).
@ Suppose that Q; =0 forall (i,j) € E.
@ Then, Q° € M(G(Q*,w)).

Let Q € 8" be such that Q° has strictly diagonal entries, and Q° € M(G(Q*,w)),
where wi, = 1/Q;,, k=1,...,n. If G(Q®) is a perfect graph, then {(Q°) = v(Q°)
and therefore, ((Q) = v(Q).
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Summary

(@) =

min{x"Qx: x € Ay} =min{(Q,X) : (E,X)=1, X eCP"}
min {{Q,X) : (E,X) =1, X & DN"}

~

Py

Q

=
|

QszQ—( min QU)E

1<i<j<n
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min{x"Qx: x € Ay} =min{(Q,X) : (E,X)=1, X eCP"}
min {{Q,X) : (E,X) =1, X & DN"}

~

Py

Q
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QszQ—( min QU)E

1<i<j<n
@ Case 1: If Q + AE € PSD" for some A € R, then {(Q) = v(Q).
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Convex Relaxations

Summary

uQ) =

min{x"Qx: x € Ay} =min{(Q,X) : (E,X)=1, X eCP"}
min {{Q,X) : (E,X) =1, X & DN"}

QSZQ_< min Q,-j) E.
1<i<j<n
@ Case 1: If Q + AE € PSD" for some A € R, then {(Q) = v(Q).

@ Case 2: If Q+ \E ¢ PSD" for any A € R and there exists k = 1,...,n such
that Q;, = 0, then Q) =v(Q).
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v(Q) = min{xTQx:x€ Ay} =min{(Q,X):(E,X)=1, X eCP"}
Q) = min{(Q,X):(E,X)=1, X e€DN"}
Q*=Q— (1{2?9 Q,-j) E.

@ Case 1: If Q + AE € PSD" for some A € R, then {(Q) = v(Q).

@ Case 2: If Q+ \E ¢ PSD" for any A € R and there exists k = 1,...,n such
that Q;, = 0, then Q) =v(Q).

@ Case 3: If Q+ A\E ¢ PSD" forany A € R, Q;, >0 forall k=1,...,nand
Qi = Q5 =0 for some 1 < i < j < n, then construct G(Q®) and define

w € RY, where w, =1/Q5,, k=1,...,m
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@ Case 1: If Q + AE € PSD" for some A € R, then {(Q) = v(Q).
@ Case 2: If Q+ \E ¢ PSD" for any A € R and there exists k = 1,...,n such
that Q;, = 0, then Q) =v(Q).
@ Case 3: If Q+ A\E ¢ PSD" forany A € R, Q;, >0 forall k=1,...,nand
Qi = Q5 =0 for some 1 < i < j < n, then construct G(Q®) and define
w € RY, where w, =1/Q5,, k=1,...,m
@ Case 3a: If Q° € M(G(Q°,w)) and G(Q°) is a perfect graph, then
«Q) = Q).
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min{x"Qx: x € Ay} =min{(Q,X) : (E,X)=1, X eCP"}
min {{Q,X) : (E,X) =1, X & DN"}

~

Py

Q

=
|

QS_Q—< min Q,-J-)E.

1<i<j<n
@ Case 1: If Q + AE € PSD" for some A € R, then {(Q) = v(Q).
@ Case 2: If Q+ \E ¢ PSD" for any A € R and there exists k = 1,...,n such
that Q;, = 0, then Q) =v(Q).
@ Case 3: If Q+ A\E ¢ PSD" forany A € R, Q;, >0 forall k=1,...,nand
Qi = Q5 =0 for some 1 < i < j < n, then construct G(Q®) and define
w € RY, where w, =1/Q5,, k=1,...,m
@ Case 3a: If Q° € M(G(Q°,w)) and G(Q°) is a perfect graph, then
«Q) = Q).

@ Case 3b: Two further subcases:

@ Case 3b-i: If Q° € M(G(Q°, w)) but G(Q?) is not a perfect graph?
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min{x"Qx: x € Ay} =min{(Q,X) : (E,X)=1, X eCP"}
min {{Q,X) : (E,X) =1, X & DN"}

~

Py

Q

=
|

QS_Q—< min Q,-J-)E.

1<i<j<n
@ Case 1: If Q + AE € PSD" for some A € R, then {(Q) = v(Q).
@ Case 2: If Q+ \E ¢ PSD" for any A € R and there exists k = 1,...,n such
that Q;, = 0, then Q) =v(Q).
@ Case 3: If Q+ A\E ¢ PSD" forany A € R, Q;, >0 forall k=1,...,nand
QE» = sti =0 for some 1 </ < j < n, then construct G(Q°) and define
w € RY, where w, =1/Q5,, k=1,...,m
@ Case 3a: If Q° € M(G(Q°,w)) and G(Q°) is a perfect graph, then
«Q) = 1(Q).
@ Case 3b: Two further subcases:

@ Case 3b-i: If Q° € M(G(Q°, w)) but G(Q?) is not a perfect graph?
e Case 3b-ii: If Q° & M(G(Q°, w))?
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Example 1 (Case 1)

2
0
Q= |0
0
0
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Example 1 (Case 1)
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o Q€ PSD°. Therefore, v(Q) ) = 0.4.
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Example 2 (Case 2)
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1
Q== |0
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Example 2 (Case 2)
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o Q4+ \E ¢ PSD® for any \ €
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Example 2 (Case 2)

QO

Il

D

0

Il
oNv O RO
NN WO
oRrNON
= S S =)

1

2

3

0

2
© Q-+ \E ¢ PSD® for any A € R
e Q7; = 0. Therefore, v(Q) = ((Q) =
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Example 3 (Case 3a)

Recall G(Q°) = (V,E), where V = {1,...,n} and

E:{(f,j):za,jzo,$+o;, 1§i<j§n}.
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Recall G(Q°) = (V,E), where V = {1,...,n} and
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Recall G(Q°) = (V,E), where V = {1,...,n} and

E:{(f,j):zQ;>Q5+QJ§., 1§i<j§n}.

)

Il

)

0

Il
O = = = =
R R O R
= O R O
O = O = =
_H O~ Rk O

@ Q+ \E ¢ PSD" for any \ € R.
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Example 3 (Case 3a)

Recall G(Q°) = (V,E), where V = {1,...,n} and

E:{(f,j):za,jzo,§+o;, 1§i<j§n}.

11110 (1)
11011

RQ=Q@°=1[1 0101 e g
11010
01101

@ Q+ \E ¢ PSD" for any \ € R.
@ Wehavew=1[1 1 1 1 1}T and Q° € M(G(Q%,w)).
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Recall G(Q°) = (V,E), where V = {1,...,n} and

E:{(f,j):za,jzo,§+o;, 1§i<j§n}.

11110 (1)
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RQ=Q@°=1[1 0101 e g
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@ Q+ \E ¢ PSD" for any \ € R.

o Wehavew =[1 1 1 1 1] and Q€ M(G(Q,w)).
@ Note that a(G(Q®), w) = 2. Therefore, v(Q) = 1/2.

@ G(Q°) is a perfect graph. Therefore, ((Q) = v(Q) = 1/2.
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Example 4 (Case 3b-i)

Recall G(Q°) = (V,E), where V = {1,...,n} and

E={()):2Q;> Q5+ Q) 1<i<j<n}.
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Example 4 (Case 3b-i)

Recall G(Q°) = (V,E), where V = {1,...,n} and

E={(i)):2Q> @ +Q; 1<i<j<n}.
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Example 4 (Case 3b-i)

Recall G(Q°) = (V,E), where V = {1,...,n} and

E:{(i,j):205.>Qf,.+ 5 1§i<j§n}.
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Example 4 (Case 3b-i)

Recall G(Q°) = (V,E), where V = {1,...,n} and

E={(i)):2Q> @ +Q; 1<i<j<n}.

10110 (1)
01011

Q=Q°=|1 0101 (4) (3)
11010
01101

@ Q+ \E ¢ PSD® for any \ € R.
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@2—®
® Q+ AE ¢ PSD’ forany A € R.
@ Wehavew=1[1 1 1 1 l}T and Q° € M(G(Q°,w)).
@ Note that a(G(Q°), w) = 2. Therefore, v(Q) = 1/2.
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Example 4 (Case 3b-i)

Recall G(Q°) = (V,E), where V = {1,...,n} and

E={(i)):2Q> @ +Q; 1<i<j<n}.

10110 (1)
01011
Q=Q°=1|1 01 0 1 (4) (3)
11010
01101 ge
@ Q+ \E ¢ PSD® for any \ € R.

Wehave w=1[1 1 1 1 l}T and Q° € M(G(Q°,w)).
Note that o(G(Q®), w) = 2. Therefore, v(Q) = 1/2.
G(Q°) is not a perfect graph.

We have /(@) = 1/v/5 ~ 0.4472 < 1(Q) = 1/2.
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Example 5 (Case 3b-ii)

Recall G(Q°) = (V,E), where V = {1,...,n} and

E={()):2Q;> Q5+ Q) 1<i<j<n}.
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Example 5 (Case 3b-ii)

Recall G(Q°) = (V,E), where V = {1,...,n} and

E={(i)):2Q> @ +Q; 1<i<j<n}.

1 0 09 09 O
0 1 0 09 09
R=Q°=1]09 0 1 0 09
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Example 5 (Case 3b-ii)

Recall G(Q°) = (V,E), where V = {1,...,n} and

E={(i)):2Q> @ +Q; 1<i<j<n}.

1 0 09 09 0
0 1 0 09 09 @
R=Q°=109 0 1 0 09

09 09 0 1 O @ @
0 09 09 0 1
@ ©®
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Example 5 (Case 3b-ii)

Recall G(Q°) = (V,E), where V = {1,...,n} and

E={(i)):2Q> @ +Q; 1<i<j<n}.

1 0 09 09 O
0 1 0 09 09 @

Q=Q°=1]09 0 1 0.9
ol @ ®

0
09 09 0 1

0 09 09 0 1
R.

® Q+ \E ¢ PSD® for any \ €
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Example 5 (Case 3b-ii)

Recall G(Q°) = (V,E), where V = {1,...,n} and

E={(i)):2Q> @ +Q; 1<i<j<n}.

1 0 09 09 O
0 1 0 09 09 @

Q=Q°=1]09 0 1 0.9
ol @ ®

09 09 0

0
1
0 09 09 0 1
] ® ®

® Q+ \E ¢ PSD® for any \ €

oWehaveW:[l 1 1 1 l}T.
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Example 5 (Case 3b-ii)

Recall G(Q°) = (V,E), where V = {1,...,n} and

E={(i)):2Q> @ +Q; 1<i<j<n}.

1 0 09 09 O
0 1 0 09 09 @

R=Q°=1]09 0 1 0 09
09 09 0 1 O @ @
0

0 09 09 1 @ @
@ Q+ \E ¢ PSD® for any \ € R.
@ We have w = [1 1 1 1 1} T.

@ Q° & M(G(Q°,w)) since Q3 > 0.
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Recall G(Q°) = (V,E), where V = {1,...,n} and

E={(i)):2Q> @ +Q; 1<i<j<n}.

1 0 09 09 O
0 1 0 09 09 @

R=Q@°=1]09 0 1 0 09
09 09 0 1 O @ @
0 09 09 0 1 @ @

@ Q+ \E ¢ PSD® for any \ € R.

@ We have w = [1 1 11 1} 7

@ Q° & M(G(Q°,w)) since Q3 > 0.

@ G(Q°)is a perfect graph.
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Example 5 (Case 3b-ii)

Recall G(Q°) = (V,E), where V = {1,...,n} and

E={(i)):2Q> @ +Q; 1<i<j<n}.

1 0 09 09 O
0 1 0 09 09 @

R=Q@°=1]09 0 1 0 09
09 09 0 1 O @ @
0 09 09 0 1

Q + \E ¢ PSD” for any \ € R. @ ©

We have w = [1 1 11 l}T.

Q° & M(G(Q°,w)) since Q3 > 0.

G(Q°) is a perfect graph.

@ We have /(Q) = 0.4472 < 0.4872 = v(Q).

On Doubly Nonnegative Relaxations of Standard Quadratic Programs E. Alper Yildinm 28/30



Conclusions

Concluding Remarks

@ We identified several classes of instances of (StQP) for which
the doubly nonnegative relaxation is exact.
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Conclusions

Concluding Remarks
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Concluding Remarks

@ We identified several classes of instances of (StQP) for which
the doubly nonnegative relaxation is exact.

@ Our results establish an interesting connection between
(StQP) and the maximum weighted stable set problem.

@ Our characterization yields a recipe for constructing instances
of (StQP) for which the doubly nonnegative relaxation is not
exact.

@ Can we identify further subcases of Case 3b for which the
doubly nonnegative relaxation is exact?
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