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Abstract

In this paper we present a dynamic non-diagonal regularization for interior point methods.
The non-diagonal aspect of this regularization is implicit since all the off-diagonal elements
of the regularization matrices are cancelled out by those elements present in the Newton
system which do not contribute important information in the computation of the Newton
direction. Such a regularization has multiple goals. The obvious one is to improve the spectral
properties of the Newton system solved at each iteration of the interior point method. On the
other hand, the regularization matrices introduce sparsity to the aforementioned linear system,
allowing for more efficient factorizations. We also propose a rule for tuning the regularization
dynamically based on the properties of the problem, such that sufficiently large eigenvalues of
the non-regularized system are perturbed insignificantly. This alleviates the need of finding
specific regularization values through experimentation, which is the most common approach
in literature. We provide perturbation bounds for the eigenvalues of the non-regularized
system matrix and then discuss the spectral properties of the regularized matrix. Finally, we
demonstrate the efficiency of the method applied to solve standard small and medium-scale
linear and convex quadratic programming test problems.

1 Introduction

In this paper we consider the following primal-dual pair of convex quadratic programming problems in
the standard form:

minx c
Tx+

1

2
xTQx, s.t. Ax = b, x ≥ 0, (1.1)

maxy,z b
Ty − 1

2
xTQx, s.t. −Qx+ ATy + z = c, z ≥ 0, (1.2)

where c, x, z ∈ Rn, b, y ∈ Rm, A ∈ Rm×n, Q ∈ Rn×n and is positive semi-definite while without loss
of generality m ≤ n. If the problems under consideration are feasible, it can easily be verified that
there exists an optimal primal-dual triple (x, y, z) satisfying the Karush-Kuhn-Tucker (KKT) optimal-
ity conditions for this primal-dual pair.
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We are concerned with finding the solution of large scale problems using an infeasible primal-dual
interior point method. Such methods are called infeasible due to the fact that they allow intermediate
iterates produced by the algorithm to be infeasible solutions of the problems under consideration.
Interior Point Methods (IPMs) deal with the non-negativity constraints by introducing logarithmic
barriers in the objective which penalize when x or z approach zero. At each iteration, the optimality
conditions of the barrier problems are formed and one (or a few) steps of Newton method are applied to
them. Most implementations transform the Newton system into a symmetric indefinite system of linear
equations which determines the Newton direction. The latter constitutes the main computational effort
and challenge for IPMs. Hence at each iteration we have to solve a saddle point system of the form:[

−(Q+ Θ−1) AT

A 0

] [
∆x
∆y

]
=

[
ξ1

ξ2

]
,

where Θ and the right hand side ξ1, ξ2 change at every step. There are three main reasons indicating
why solving such a system can be challenging. The most obvious one, is that the dimension of such sys-
tems can be very large making them expensive in terms of processing time and memory requirements.
A second important challenge is that due to the nature of interior point methods, as the algorithm
approaches optimality, the systems that we have to solve become increasingly ill-conditioned (due to
the ill-conditioning of (Q+ Θ−1)). Finally, rank deficiency of A can make the system matrix singular.
It is well known that the latter two difficulties can be addressed by the use of some regularization
technique, at the expense of solving a perturbed problem.

Such regularization techniques have been previously proposed in the literature. For example, in [1], a
dynamic primal-dual regularization for interior point methods was derived. The authors solve a slightly
altered saddle point system to which a diagonal perturbation has been introduced, that is:[

−(Q+ Θ−1 +Rp) AT

A Rd

] [
∆x
∆y

]
=

[
ξ1

ξ2

]
.

As one can observe, this transforms the symmetric indefinite matrix into a quasi-definite one. It is
known, [16], that such matrices are strongly factorizable, that is for all symmetric permutations there
exists a symmetric LDLT decomposition, where D is a diagonal matrix. Hence the regularized system
can be factorized efficiently. The authors interpreted these regularization matrices as adding proximal
terms to the primal and dual objective functions. The values of these matrices are chosen dynamically
during the factorization of the system matrix, where potentially unstable pivots are regularized stronger
(using some pre-specified ”large” regularization value), while safer ones are almost not regularized at
all. In [4], based on this proximal point interpretation given in [1], the authors proposed a primal-dual
pair of regularized models where the duality correspondence arises by setting the regularization vari-
ables as proximal terms. They observed that for specific parameter values, this primal-dual regularized
model is exact, that is it yields an optimal solution which is the same as the optimal solution of the
respective non-regularized primal-dual pair. There, the authors introduced two uniform regularization
matrices Rd = δI, Rp = ρI, where the values δ and ρ were tuned experimentally over a variety of
problems. A similar regularization was also used in [13].

In this paper, we are taking a different approach. We observe that when an IPM progresses and ap-
proaches optimality, significant part of its primal-dual iterate (x, y, z) approaches zero fast and hence
becomes negligible. Yet it is not straightforward how the algorithm might exploit this feature. The
proposed method attempts to do so. The method dynamically chooses a suitable regularization of the
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saddle point system and effectively ”annihilates” the effects of those parts of it which do not contribute
important information to the computation of the Newton direction. The proposed technique involves
non-diagonal regularization matrices. However, their non-diagonal terms are only implicit: they do
not need to be computed because they are immediately cancelled by other terms present in the linear
system. Hence the effect of adding such non-diagonal regularization is making the Newton system more
sparse and therefore easier. In contrast to other previously developed approaches, this regularization
is dynamically tuned based on the problem properties. We develop an approach which attempts to
capture the needs of specific problems and regularize its system matrix accordingly. This alleviates the
problem of finding specific regularization values that work well over a variety of problems. In general
the proposed approach is very conservative and regularizes the system as little as possible, while en-
suring numerical stability.

The paper is organized as follows. In Section 2, we define our regularization matrices firstly for linear
programming and then we extend the idea to convex quadratic programming. For both cases we provide
arguments indicating why the proposed dynamic tuning of the regularization matrix is expected to
perturb the problem insignificantly. In Section 3, we provide a spectral analysis which shows the effect
of the proposed regularization and gives specific bounds for the eigenvalues of the regularized saddle
point system. In Section 4, we provide the algorithmic scheme along with some implementation details
and numerical results and finally in Section 5 we derive our conclusions.

2 Exact Primal-Dual Regularization

2.1 Problem formulation

Our model is based on the developments in [4], [1] and [13]. We consider the following pair of primal-
dual regularized problems:

minx,r c
Tx+

1

2
xTQx+

1

2
(r + yk)

TRd(r + yk) +
1

2
(x− xk)TRp(x− xk)

s.t. Ax+Rdr = b,

x ≥ 0,

(P)

maxy,z,s b
Ty − 1

2
xTQx− 1

2
(y − yk)TRd(y − yk)−

1

2
(s+ xk)

TRp(s+ xk)

s.t. −Qx−Rps+ ATy + z = c,

z ≥ 0,

(D)

where c, x, z, s ∈ Rn, b, y, r ∈ Rm, A ∈ Rm×n, Q, Rp ∈ Rn×n and Rd ∈ Rm×m, with Q positive
semi-definite and Rd � 0, Rp � 0 the dual and primal regularization matrices respectively, that will be
specified later. We assume without loss of generality that m ≤ n. The duality correspondence follows
after taking r = y − yk and s = x − xk, where yk and xk are the current estimates of the dual and
primal solutions y∗, x∗ respectively. Of course Rd = 0, Rp = 0 recovers a typical convex quadratic
primal-dual pair in the standard form. It is observed in [4] that this pair of regularized problems is
exact under some conditions. This means that an optimal solution of (P) and (D) is also an optimal
solution for the respective non-regularized primal-dual pair.
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2.2 The Newton system

In order to solve the problems presented in the previous subsection using interior point methods we
proceed by replacing the non-negativity constraints with a logarithmic barrier in the objective. After
introducing logarithmic barriers, we form the optimality conditions of the derived problems. Applying
the logarithmic barrier method we obtain the following primal and dual regularized barrier problems:

minx,r c
Tx+

1

2
xTQx+

1

2
(r + yk)

TRd(r + yk) +
1

2
(x− xk)TRp(x− xk)− µ

n∑
j=1

ln(xj)

s.t. Ax+Rdr = b,

(2.1)

maxy,z,s b
Ty − 1

2
xTQx− 1

2
(y − yk)TRd(y − yk)−

1

2
(s+ xk)

TRp(s+ xk)− µ
n∑
j=1

ln(zj)

s.t. −Qx−Rps+ ATy + z = c,

(2.2)

in which non-negativity constraints x > 0 and z > 0 are implicit.

Forming the Lagrangian of the primal barrier problem, we get:

L(x, y, z, r, s, µ) = cTx+
1

2
xTQx+

1

2
(r + yk)

TRd(r + yk)+

+
1

2
(x− xk)TRp(x− xk)− yT (Ax+Rdr − b)− µ

n∑
j=1

ln(xj).
(2.3)

Now, we can form the first order optimality conditions of the problems by taking the gradient of (2.3)
and equating it to zero, giving us the following block equations:

∇xL(x, y, z, r, s, µ) = c+Qx+Rps− ATy − µX−1e = 0,

∇yL(x, y, z, r, s, µ) = Ax+Rdr − b = 0,

∇rL(x, y, z, r, s, µ) = Rd(r + yk)−Rdy = 0.

By looking at the dual barrier problem we see that z = µX−1e and Rpx = Rp(s + xk), giving us the
final two conditions:

Rpx−Rp(s+ xk) = 0,

XZe = µe,

where X, Z denote the diagonal matrices having the vectors x, z as their diagonals respectively, while
e denotes the vector of ones of appropriate dimension. Now we can write the optimality conditions in
the form of a function, Fk(w) : R3n+2m → R3n+2m and we want to solve:

Fk(w) =


c+Qx+Rps− ATy − µX−1e

Rd(r + yk)−Rdy
Rpx−Rp(s+ xk)
Ax+Rdr − b

XZe

 =


0
0
0
0

σµke

 ,
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at each IPM iteration, where w = (x, r, s, y, z), µk > 0 is the barrier parameter and σ is a centring
parameter. Of course as µk → 0, the solution of this system leads to the solution of (P), (D). Next,
Newton method is applied to this mildly non-linear system. After evaluating the Jacobian of Fk(w)
the Newton direction is determined at each IPM iteration by solving a system of the following form:

Q 0 Rp −AT −I
0 Rd 0 −Rd 0
Rp 0 −Rp 0 0
A Rd 0 0 0
Z 0 0 0 X




∆x
∆r
∆s
∆y
∆z

 = −


c+Qx+Rps− ATy − z

Rd(r + yk)−Rdy
Rpx−Rp(s+ xk)
Ax+Rdr − b
XZe− σµke

 . (2.4)

Once the Newton direction ∆w = (∆x,∆r,∆r,∆s,∆y,∆z) is computed, the algorithm chooses a step-
length ak ∈ (0, 1] and sets the new iterate to: wk+1 = wk + ak∆w. In order to compute the Newton
direction efficiently, we want to eliminate some variables of (2.4). In [4], in order to eliminate ∆r and
∆s from (2.4) a guess of the primal-dual iterate is made, that is y = yk and x = xk. However we
expect advantages from approximating y and x by the anticipated new primal-dual iterate obtained by
solving the Newton system, that is, y = yk+1 and x = xk+1. This choice resembles generalized proximal
point methods. Upon setting y = yk+1, the second block equation of (2.4) gives:

Rd∆r −Rd∆y = −Rd(r + yk) +Rdyk+1,

and if Rd � 0, since yk+1 = yk + ak∆y, we get the following relation:

(1 + ak)∆y = r + ∆r, (2.5)

where ak is the step-length chosen by the algorithm at each iteration. Similarly, by looking at the third
block equation of (2.4) and substituting x = xk+1, we get:

Rp∆x−Rd∆s = Rp(s+ xk)−Rpxk+1,

and if Rp � 0 we have that:
(1 + ak)∆x = s+ ∆s. (2.6)

Note that we always use either Rd � 0 or Rd = 0 and similarly, either Rp � 0 or Rp = 0. Hence the
previous two relations are either well-defined or absent. Using (2.5) and (2.6) to eliminate ∆r and ∆s,
we can reduce (2.4) to the following system:−(Q+ (1 + ak)Rp) AT I

A (1 + ak)Rd 0
Z 0 X

∆x
∆y
∆z

 =

c+Qx− ATy − z
b− Ax

σµke−XZe

 . (2.7)

Note that the step-length ak is present in the system (2.7), however this step-length is only known
after solving this system. To overcome this difficulty, we will (without loss of generality) define our
regularization matrices to be of the form: R′ = 1

1+ak
R. This choice implicitly alleviates the need of

knowing ak before solving the Newton system. Hence, the step-length is presented in the definitions
for completeness of the argument but in practice it is implicit and it is not needed for the calculation
of the Newton direction.

Next, we proceed by eliminating ∆z. For that purpose we have from the third row of (2.7) that:

∆z = −X−1Z∆x− Ze+ σX−1µke. (2.8)
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Substituting (2.8) into the first row of (2.7), we get the following reduced symmetric system (so called
Augmented System):[

−(Q+ Θ−1 + (1 + ak)Rp) AT

A (1 + ak)Rd

] [
∆x
∆y

]
=

[
c+Qx− ATy − σµkX−1e

b− Ax

]
, (2.9)

where Θ = XZ−1. In the case of linear programming (Q = 0) or when solving quadratic separable
problems (in which case Q is diagonal), it may be beneficial to further eliminate ∆x from (2.9), which
will end up at the so called normal equations. However, one should note that this is not a good idea
when it comes to general convex quadratic programming problems, since pivoting on the (1,1) block of
(2.9) could result in a dense system even in cases where both A and Q are sparse. Having said that,
we can eliminate ∆x by looking at the first block equation of (2.9) which gives:

∆x = (Q+ Θ−1 + (1 + ak)Rp)
−1AT∆y− (Q+ Θ−1 + (1 + ak)Rp)

−1(c+Qx−ATy− σµkX−1e), (2.10)

and by substituting (2.10) into the second row of (2.9), we get the normal equations:[
A(Q+ Θ−1 + (1 + ak)Rp)

−1AT + (1 + ak)Rd

]
∆y = ξ, (2.11)

where
ξ = b− Ax+ A(Q+ Θ−1 + (1 + ak)Rp)

−1(c+Qx− ATy − σµkX−1e),

in which the system matrix is symmetric and positive definite. Again here, ak denotes the step-length
chosen by the algorithm at each iteration. As observed in [1], [4], we can interpret this model as a
primal-dual proximal-point regularization. More information about proximal-point methods can be
found in [5], [11] and [6] among others. The proposed model differs from the one derived in [4] in
that it chooses at each iteration yk+1, xk+1 (instead of yk, xk which is chosen in [4]) to be the current
estimates of the dual and primal optimal variables y∗, x∗ respectively. This choice resembles proximal
point methods and allows for a more natural derivation of the optimality conditions. Another difference
is that we allow the use of general regularization matrices. For example, if Rp, Rd are non-diagonal
matrices, then this would amount to the primal and dual application of a generalized proximal-point
method that adds an elliptic norm in the objective, instead of the typical 2-norm that is employed in
standard proximal-point methods. Finally, the proposed model implicitly penalizes in the objective
when xk+1 − xk and yk+1 − yk do not converge to zero.

2.3 The regularization matrices

As IPM approaches optimality the diagonal matrix Θ contains elements that either approach zero or
infinity. This is because µk → 0 and we force the complementarity conditions (XZe = σµke) to be
met. As a consequence the matrices in (2.9) and (2.11) become extremely ill-conditioned. On top of
that, it is often the case due to some modelling choices, that the constraint matrix A is not of full row
rank, which makes the system matrices singular. It is well known, as shown by Armand and Benoist et
al. [2], that both these problems can be addressed with the use of regularization. The most common
approach in the literature is the addition of two diagonal regularization matrices, say Rp, Rd, whose
values are tuned experimentally over a variety of problems ([13], [1], [4]).

Roughly speaking, the goals of a regularization method for IPMs are:

1. to improve the spectral properties of the matrices in (2.9) and (2.11),
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2. without significantly perturbing the previous systems,

3. while preserving the sparsity of the problem and the computational efficiency of the method.

To the best of our knowledge, most of the regularization methods in literature manage to achieve the
first and the third regularization goals, failing however to achieve the second goal with certainty. This
is the case since these regularization methods are tuned experimentally. Hence they do not rely on the
properties of the problem itself, and as a consequence, such regularization values can only be good for
some problems and poor for others. The proposed method takes a different approach, by introducing
two non-diagonal regularization matrices Rp and Rd, which are tuned based on the properties of the
problem. Of course one could argue that this may disturb the sparsity and as a consequence the
computational efficiency of the method, however these non-diagonal matrices are created implicitly. As
we will show later, not only the sparsity is preserved but in fact it is improved. Firstly, we will present
the construction of the regularization for the case of linear programming and then we will suggest an
extension for quadratic programming. For the rest of the section, we denote the step-length chosen by
the algorithm at iteration k by ak.

2.3.1 Linear Programming

As we already mentioned, as IPM approaches optimality the matrix Θ contains some very large and
some very small elements. The proposed regularization exploits this inherent feature of the method
and splits the columns of the problem matrix in two sets, say N and B such that:

∀ j ∈ N : xj → 0, zj → ẑ > 0⇒ Θj =
xj
zj
≈ xjzj

z2
j

= O(µ)

∀ j ∈ B : xj → x̂ > 0, zj → 0⇒ Θj =
xj
zj
≈

x2
j

xjzj
= O(µ−1),

where |N | = n1 and |B| = n2, with n1 + n2 = n. For the case of linear programming we employ a dual
regularization, that is, in (2.4) we set Rp = 0 and only use Rd � 0 to improve the spectral properties of
the problem. Given this set-up, and by permuting the columns so that the first n1 of them correspond
to indices in N while the remaining correspond to indices in B, the augmented system in (2.9) takes
the form: −Θ−1

N 0 ATN
0 −Θ−1

B ATB
AN ATB (1 + ak)Rd

∆xN
∆xB
∆y

 =

cN − ATNy − σµkX−1
N eN

cB − ATBy − σµkX−1
B eB

b− Ax

 . (2.12)

Pivoting on the first n1 columns in it gives the partially reduced augmented system:[
−Θ−1

B ATB
ATB ANΘNA

T
N + (1 + ak)Rd

] [
∆xB
∆y

]
=

[
cB − ATBy − σµkX−1

B eB
b− Ax+ ANΘN (cN − ATNy − σµkX−1

N eN )

]
. (2.13)

Since we know that ΘN → 0, we expect that the magnitude of ‖ANΘNA
T
N‖ will be small when

the method approaches optimality. Intuitively, our goal is to create a regularization matrix that will
implicitly absorb the off-diagonal elements of ANΘNA

T
N (promoting sparsity) and regularize the system

with values having a slightly larger magnitude to that of the elements which were absorbed. For this
class of problems, we will focus on solving the normal equations. Given (2.13), we can form the normal
equations by eliminating ∆xB, resulting in the following system:[

ABΘBA
T
B + ANΘNA

T
N + (1 + ak)Rd

]
∆y = b− Ax+ AΘ(c− ATy − σµkX−1e),
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where AN ∈ Rm×n1 and AB ∈ Rm×n2 . We choose the following dual regularization matrix:

Rd =
1

1 + ak

(
∆d − off(ANΘNA

T
N )
)
, (2.14)

where off(ANΘNA
T
N ) denotes the off-diagonal elements of the matrix ANΘNA

T
N and ∆d is a diagonal

matrix chosen such that Rd � 0 and diagonally dominant, that is:

(∆d)ii >
m∑

j=1,j 6=i

|(ANΘNA
T
N )ij|, ∀ i = 1, · · · ,m.

For computational efficiency and numerical stability we choose ∆d = δdI, with:

δd = (max
j

(ΘN )jj)‖ANATN‖∞. (2.15)

Observe that the regularization matrix given in (2.14) strongly depends on the properties of the problem
as well as on the iteration of the IPM. We expect that this choice of regularization perturbs the problem
almost insignificantly. In order to control which elements enter the set N we enforce the following
condition:

max
j

(ΘN )jj‖AAT‖∞ ≤ regthr, (2.16)

were regthr depends on the accuracy to which we want to solve the problem, and is usually set to
regthr = 10−1 ∗ tol. Note that (2.16) ensures that δd < regthr. In order to show that sparsity is
improved we form again the normal equations using the proposed regularization matrix to get:[
AΘAT +(1+ak)Rd

]
∆y =

[
ABΘBA

T
B+diag

(
ANΘNA

T
N
)

+∆d

]
∆y = b−Ax+AΘ(c−ATy−σµkX−1e).

From the previous one can easily observe that the sparsity of the normal equations is improved since
some off-diagonal elements of the matrix have been absorbed by the regularization.

Motivation
Now that we have defined the regularization matrix for the case of linear programming problems, let
us provide a motivation for this choice. Firstly, note that the proposed regularization has multiple
objectives. On the one hand, we want to find a good criterion for tuning a uniform dual regularization
matrix δI based on the properties of the problem, such that the non-regularized problem matrix is
not perturbed significantly while its spectral properties are improved. On the other hand, we use this
uniform dual regularization value as a cut-off point, for dropping the smallest off-diagonal elements in
the normal equations matrix, improving the computational efficiency of the method. In what follows we
will provide an analysis indicating why the uniform dual regularization that we introduce is expected
not to perturb the problem significantly. Then, we will show that further dropping the off-diagonal
elements introduces most of the times an almost insignificant perturbation.

Based on the previous, let us assume for now that Rd = 1
1+ak

δdI, where δd is defined as in (2.15). For
simplicity of notation let:

M =

[
−Θ−1 AT

A 0

]
, E =

[
0 0
0 δdI

]
.

We want to analyse the difference in the eigenvalues of the matrices M and M + E. Let λi denote
the i-th smallest eigenvalue of M , λ̃i the i-th smallest eigenvalue of M +E, and λi(t) the i-th smallest
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eigenvalue of M + tE, with t ∈ [0, 1]. The smallest eigenvalues of M (in the absolute value sense) will
be significantly increased after the addition of E and this is of course desirable, since this was the main
motivation for introducing the regularization. For that reason, the analysis focuses on eigenvalues of
M such that: |λi| > 2‖E‖. We will assume also that the eigenvalues of the matrix M that we analyse
are simple (i.e. their algebraic multiplicity is 1). The analysis can be extended to multiple eigenvalues,
however it gets unnecessarily complicated. Such an analysis is derived in the appendix of [9]. Let us
now state a lemma derived in [15].

Lemma 2.1. Let M , E be square Hermitian matrices. Denote by λi(t) the i-th smallest eigenvalue of
M + tE and define the eigenvector function x(t) such that: (M + tE)x(t) = λi(t)x(t), with ‖x(t)‖ = 1,
for some t ∈ [0, 1]. If λi(t) is simple, then:

∂λi(t)

∂t
= x(t)HEx(t).

As observed in [9], if the eigenvector x(t) has small components in the positions corresponding to the

dominant elements of E, then ∂λi(t)
∂t

is expected to be small. Let us now provide the following lemma,
based on the developments in [3].

Lemma 2.2. Let λi 6= 0 be an eigenvalue of M and Mx = λix, with ‖x‖ = 1. Partitioning x =
[xT1 xT2 ]T , we have:

‖x2‖ ≤
‖A‖√

λ2
i + ‖A‖2

.

Proof. The proof follows exactly the developments in [3] but we provide it here for completeness. From
the second block equation of Mx = λix we have:

Axi = λix2 ⇒ x2 =
1

λi
Ax,

where the latter is well defined since we have assumed that λi 6= 0. Taking norms in the previous we
get:

‖x2‖ ≤
1

|λi|
‖A‖‖x1‖.

But ‖x‖ = 1⇒ ‖x1‖ ≤
√

1− ‖x2‖2. Hence we have:

‖x2‖ ≤
‖A‖

√
1− ‖x2‖2

|λi|
.

By solving the previous inequality, we get the result, that is:

‖x2‖ ≤
‖A‖√

λ2
i + ‖A‖2

.

The following lemma will be a useful tool for the analysis. We omit its trivial proof.

Lemma 2.3. Let f(x) = x√
a+x2

, where a > 0. Then f(x) is a monotone increasing function for x > 0.
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Let us now bound the second block of the eigenvector function x2(t) based on the developments in [3].

Lemma 2.4. Assume that λi 6= 0 is the i-th smallest eigenvalue of M . Let also: (M + tE)x(t) =
λi(t)x(t), with ‖x(t)‖ = 1. Partitioning x(t) = [x1(t)T x2(t)T ]T and assuming that |λi| > 2‖E‖, we
have that ∀ t ∈ [0, 1]:

‖x2(t)‖ ≤ ‖A‖√
(|λi| − 2‖E‖)2 + ‖A‖2

.

Proof. We omit the proof which follows from Lemma 2.3 combined with the previous developments.
The interested reader can view [3], Lemma 2.8, for a detailed derivation which can directly be applied
in our context.

Let us now derive the following theorem which bounds the difference in the i-th eigenvalue of the
matrices M and M + E respectively.

Theorem 2.5. Let λi and λ̃i be the respective i-th eigenvalues of M and M + E and define φi =
‖A‖√

(|λi|−2‖E‖)2+‖A‖2
. For every i such that |λi| > 2‖E‖ we have that:

|λi − λ̃i| ≤ ‖E‖φ2
i .

Proof. From Lemma 2.1 it follows that:

|λi − λ̃i| = |λi(0)− λi(1)|

=

∣∣∣∣ ∫ 1

0

x(t)HEx(t)dt

∣∣∣∣
=

∣∣∣∣ ∫ 1

0

x2(t)HδdIx2(t)dt

∣∣∣∣
≤ δd

∫ 1

0

‖x2(t)‖2dt

≤ ‖E‖φ2
i = δdφ

2
i .

Note that since φi < 1, the latter is a tighter bound than the general bound provided by Weyl’s in-
equality, given that the eigenvalue under consideration is larger than 2‖E‖. From the previous results
we can draw several useful observations. As we already stated, the smaller the components of x2(t)

are, the smaller ∂λi(t)
∂t

is expected to be. But x2(t) is bounded by φi. Hence, the smaller φi is, the more
insensitive the eigenvalue λi is to the perturbation ‖E‖ = δd since in the previous theorem we proved
that the error in the eigenvalue is bounded by ‖E‖φ2

i .

Let us now examine the nature of φi. Firstly, one can see that it depends on the norm of the constraint
matrix A, and from Lemma 2.3 we can observe that it is monotone increasing with respect to the
norm of A. What this tells us, is that the smaller the norm of the constraint matrix A is, the more
insensitive the eigenvalues of matrix M are to the perturbation E. Of course the latter holds only for
eigenvalues that are sufficiently larger than 2‖E‖. On the other hand, from the definition of φi, we
can see that it is beneficial to have a small ‖E‖, since then most of the eigenvalues of M are expected
to satisfy: |λi| > 2‖E‖. Let us now shift our attention to the proposed tuning of the regularization
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parameters. We define the set of indices N such that: maxj(ΘN )jj‖AAT‖∞ ≤ regthr. We also define:
δd = maxj(ΘN )jj‖ANATN‖∞. Combining the previous, we have:

‖E‖ = δd ≤
regthr‖ANATN‖∞
‖AAT‖∞

.

Observe that if ‖AAT‖∞ is large, we allow few columns to enter the partition N . In this case, φi is
expected to be close to 1 for most of the eigenvalues (λi) of M . On the other hand, |N | is increased if
the infinity norm of AAT is small, and in such a case, φi is expected to be small for many eigenvalues
of the system matrix M . A more sophisticated choice for the regularization value based on the derived
bounds is possible, however, the proposed regularization has two goals, that is not to perturb the system
significantly while introducing sparsity to the problem, and hence the definition of δd is computation-
ally advantageous for that. Note that taking advantage of the previously presented bounds indicates
that the sufficiently large (in the absolute value sense) eigenvalues of the system matrix (� 2δd) will
be perturbed almost insignificantly. If some eigenvalues of the matrix are very small, the previous
arguments break down. We will derive lower bounds for these eigenvalues in the next section.

Having introduced the diagonal uniform regularization δdI, let us examine the effect of further dropping
the off-diagonal elements off(ANΘNA

T
N ) from the normal equations (2.11). For that, we define K =

AΘAT + δdI and R = off(ANΘNA
T
N ) and consider the following generalized eigenvalue problem:

uTRu = λuTKu. (2.17)

The previous is well defined since K � 0. We will analyse the eigenvalues of K−
1
2RK−

1
2 which is

similar to K−1R. Now assume that λmax(K−
1
2RK−

1
2 ) ≥ 1. Then from (2.17) we would have:

uTRu ≥ uTKu.

By adding uTdiag(ANΘNA
T
N )u to both sides of the previous inequality, we get:

0 ≥ uT (ABΘBA
T
B)u+ uTdiag(ANΘNA

T
N )u+ uT δdu,

which is a contradiction. Hence λmax(K−
1
2RK−

1
2 ) < 1. On the other hand, if we assume that

λmin(K−
1
2RK−

1
2 ) ≤ −1, from (2.17) we would get:

uTRu ≤ − uTKu = −uT (AΘAT + δdI)u ≤ −δduTu.

However, using (2.15) we get δd + R � 0, hence −δduTu ≤ uTRu which contradicts the previous

inequality. Hence λmin(K−
1
2RK−

1
2 ) > −1. Now, one can easily observe that: K−1(K − R) = I −

K−1R. We showed that ρ(K−1R) < 1, where ρ(·) is the spectral radius, and hence the eigenvalues of
K−1(K − R) are clustered around 1. This supports the claim that further dropping the off-diagonal
elements of the part of the normal equations corresponding to indices in N , after adding a uniform
dual regularization, introduces an insignificant perturbation.

2.3.2 Quadratic Programming

For the case of quadratic programming we employ a primal-dual regularization, that is, we use both
Rp � 0 and Rd � 0, as shown in (2.4), to improve the spectral properties of the problem. For this case,

11



we will modify the condition for allowing a column to enter the set N , and we will require:

max
j

(ΘN )jj‖AAT‖∞ ≤ regthr,

max
j

(ΘN )jj‖QQT‖∞ ≤ regthr,
(2.18)

where again regthr is chosen based on the tolerance to which we solve the problem. As before, by
permuting the columns so that the first n1 correspond to indices in N while the remaining ones
correspond to indices in B, the augmented system in (2.9) takes the form:−(QN + Θ−1

N + (1 + ak)RpN ) −QT
BN ATN

−QBN −(QB + Θ−1
B + (1 + ak)RpB) ATB

AN AB (1 + ak)Rd

∆xN
∆xB
∆y

 =

ξdNξdB
ξp

 , (2.19)

where

ξdN = cN +
(
QN QT

BN
)(xN

xB

)
− ATNy − σµkX−1

N eN ,

ξdB = cB +
(
QBN QB

)(xN
xB

)
− ATBy − σµkX−1

B eB,

ξp = b− Ax,

and the permuted matrix Q is:

Q =

[
QN QT

BN
QBN QB

]
,

with QN ∈ Rn1×n1 , QBN ∈ Rn2×n1 and QB ∈ Rn2×n2 being the respective blocks of the matrix Q,
while RpN ∈ Rn1×n1 and RpB ∈ Rn2×n2 are the only two non-zero blocks of the block-diagonal primal
regularization matrix Rp. As we mentioned earlier, when we solve general convex quadratic program-
ming problems, it is dangerous to eliminate the (1,1) block of (2.9) and solve the problem using (2.11),
since the latter system may become dense. However in the linear programming case, our regularization
matrix was tuned based on the properties of the normal equations. In order to overcome this problem,
we introduce a primal regularization that can absorb the non-diagonal elements of the (1,1) block of
the permuted augmented system (2.19). This allows us to safely (from the sparsity and computational
point of view) pivot on this block and continue in a similar manner as in the linear programming case.
Hence, we define:

RpN =
1

1 + ak

(
∆pN − off(QN )

)
, (2.20)

with
∆pN = ‖QN‖∞I, (2.21)

where ∆pN ∈ Rn1×n1 is a uniform diagonal matrix, which ensures that RpN � 0 and diagonally
dominant. Although ∆pN can have sizeable values, (2.18) ensures that the respective elements in Θ−1

N
have significantly larger values, making this perturbation acceptable. Using (2.20), the (1,1) block of
(2.19) becomes:

−(QN + Θ−1
N + (1 + ak)RpN ) = −(Θ−1

N +DpN ),

where DpN = diag(QN ) + ∆pN is a diagonal matrix. For simplicity of notation, let

Q̄N = Θ−1
N +DpN .

12



Pivoting on the (1,1) block of (2.19) results in the following partially reduced augmented system:[
QBN Q̄

−1
N Q

T
BN − (QB + Θ−1

B + (1 + ak)RpB) ATB −QBN Q̄−1
N A

T
N

AB − AN Q̄−1
N Q

T
BN (1 + ak)Rd + AN Q̄

−1
N A

T
N

] [
∆xB
∆y

]
=

[
ξ1

ξ2

]
, (2.22)

where:

ξ1 = ξdB −QBN Q̄−1
N ξdN ,

ξ2 = ξp + AN Q̄
−1
N ξdN .

Using a similar reasoning as before, we will tune the matrix RpB so that sparsity is promoted. By
looking at the (1,1) block of (2.22), one can see that an obvious choice for this matrix would be:

RpB =
1

1 + ak

(
∆pB + off(QBN Q̄

−1
N Q

T
BN )
)
, (2.23)

with
∆pB = max

j
(Q̄−1
N )jj‖QBNQT

BN‖∞I, (2.24)

where ∆pB ∈ Rn2×n2 is a uniform diagonal matrix, which ensures that RpB � 0 and diagonally dominant.
Finally, by looking at the (2,2) block of (2.22), we can define Rd in a similar manner as in the linear
programming case as:

Rd =
1

1 + ak

(
∆d − off(AN Q̄

−1
N A

T
N )
)
, (2.25)

with
∆d = max

j
(Q̄−1
N )jj‖ANATN‖∞I, (2.26)

where again ∆d ∈ Rm×m is a uniform diagonal matrix, which ensures that Rd � 0 and diagonally
dominant. Note that condition (2.18) which defines columns qualified to enter N ensures that the
elements of the diagonal matrices ∆pB, ∆d will be strictly less than regthr.

Motivation
As in the linear programming case, let us provide the motivation for the previously presented regular-
ization scheme. We will derive some useful bounds that extend those provided in the motivation for
the linear programming regularization. All the bounds stated here are direct applications of the results
obtained in [3] and for simplicity are given without proofs. Let:

M =

[
−Q−Θ−1 AT

A 0

]
, E =

[
∆p 0
0 δdIm

]
,

and denote by λi and λ̃i the eigenvalues of M and M + E respectively. Note that ∆p is a permuted
n × n diagonal matrix, comprised of the two uniform primal regularization matrices δpN In1 , δpBIn2 ,
with n1 + n2 = n. Let ζi = min |λi− λ(−Q−Θ−1)|, where λi ∈ λ(M) and λi 6∈ λ(−Q−Θ−1). Let also
Mx = λix, with ‖x‖ = 1. Partitioning x = [xT1 xT2 ]T , it can be proven as before that:

‖x1‖ ≤
‖A‖√

ζ2
i + ‖A‖2

, ‖x2‖ ≤
‖A‖√

λ2
i + ‖A‖2

.

13



A counterpart of Lemma 2.4 for this case follows from [3] and states that if |λi| > δd + ‖E‖, then,
∀ t ∈ [0, 1]:

‖x2(t)‖ ≤ ‖A‖√
(|λi| − δd − ‖E‖)2 + ‖A‖2

= φi.

Similarly, if ζi > ‖∆p‖+ ‖E‖, then ∀ t ∈ [0, 1] we have:

‖x1(t)‖ ≤ ‖A‖√
(ζi − ‖∆p‖ − ‖E‖)2 + ‖A‖2

= ϕi,

where x(t) = [x1(t)T x2(t)T ]T solves the problem (M + tE)x(t) = λi(t)x(t), for some t ∈ [0, 1]. For
a detailed derivation of the previous results, the interested reader can look at [3], Lemmas 2.8, 2.9.
Finally, the counterpart of Theorem 2.5 for this case states that for each i such that: |λi| > δd + ‖E‖
and ζi > ‖∆p‖+ ‖E‖, we have:

|λi − λ̃i| ≤ ‖∆p‖ϕ2
i + δdφ

2
i .

These bounds are slightly less intuitive than the ones provided for the linear programming case, how-
ever similar arguments to those used in the linear programming case can be employed here, supporting
the claim that the uniform regularization that we introduce does not perturb the sufficiently large
(in the absolute value sense) eigenvalues of the non-regularized system significantly. The main reason
why we provide these bounds is for completeness. We could proceed by showing, as in the linear
programming case, that further dropping off(QN ), off(QBN Q̄

−1
N Q

T
BN ) and off(AN Q̄

−1
N A

T
N ) (as the pro-

posed non-diagonal regularization suggests) alters the eigenvalues of the diagonally regularized system
insignificantly, but for ease of presentation we omit this for a future study.

Rank deficient matrices
Notice that both in the linear and quadratic programming case, we know that during the first itera-
tions of the IPM no columns will satisfy the respective conditions for entering N . In order to ensure
that rank deficiency will not get in the way of the proposed method, we compute the smallest singular
value of A and if it is zero we add a small uniform diagonal dual regularization Rd = 1

1+ak
δI, with

δ = max
{

tol∗10−1

‖A‖22
, 10−13

}
which ensures that our system matrices are of full row rank. Notice that δ is

chosen such that the sufficiently large (in the absolute value sense) eigenvalues (� 2δ) of the system are
perturbed insignificantly. This choice was based on the bounds derived in the motivation paragraphs
presented both for the linear and the quadratic programming case, so that δφ2

i is small. Once at least
one column enters N , we drop this uniform regularization, and start using the regularization matrices
presented in this paper.

Notice that the definitions of the regularization matrices contain the step-length ak chosen by the
method at each iteration. We can observe that when these regularization matrices are being con-
structed, we have no information about this step-length, however, its presence in the definitions is
implicit, since it is cancelled out from the respective factors (1 + ak) present in the Newton system.

3 Spectral Analysis

This chapter focuses on analysing the spectral properties of the regularized systems provided in the
previous section. As before, the analysis is split into linear and quadratic programming respectively.
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For each of these cases, we will provide the spectral properties of the respective augmented and partially
reduced augmented system, showing the effectiveness of the proposed regularization method. In what
follows, we denote the smallest and the largest eigenvalue of an arbitrary matrix, say B, by λmin(B)
and λmax(B) respectively. Similarly, we denote the smallest and the largest singular values of a matrix
by σmin(B) and σmax(B) respectively. As in the previous section, ak denotes the step-length chosen by
the algorithm at iteration k and its use is only implicit.

3.1 Linear Programming

For linear programming problems we employ only dual regularization, that is we set Rp = 0 and use
only Rd � 0. In subsection 2.3.1, it was noted that ∆d is chosen such that Rd � 0 and diagonally
dominant. This is very easy to see, by looking at the definition of (2.15) combined with (2.14). Since
Rd is diagonally dominant, we are able to invoke the Gershgorin Circle Theorem, which states that if:

ri =
m∑

j=1,j 6=i

|(ANΘNA
T
N )ij|,

then any eigenvalue of (1 + ak)Rd is positive and lies in one of the following discs:

{λ : |λ− δd| ≤ ri},

where δd is defined in (2.15), i = 1, · · · ,m. This yields: 0 < λi ≤ δd + ri, ∀ i = 1, · · · ,m, where
λi is represents the i-th eigenvalue of (1 + ak)Rd. On the other hand, by construction we know that
δd ≥ ri + minj:(ANΘNA

T
N )jj>0((ANΘNA

T
N )jj), ∀ i = 1, · · · ,m and hence:

min
j:(ANΘNA

T
N )jj>0

((ANΘNA
T
N )jj) ≤ λi ≤ δd + ri < 2δd, ∀ i = 1, · · · ,m. (3.1)

Let us now analyse the spectral properties of (2.12). For that we provide the following theorem, which
gives bounds for the eigenvalues of the system. The proof is based on the developments in [14] and
[12].

Theorem 3.1. For all (x, z) > 0 and Rd as defined in subsection 2.3.1, the coefficient matrix of (2.12)
has exactly n negative and m positive eigenvalues. Order and denote them as:

µ−n ≤ µ−n+1 ≤ · · ·µ−1 < 0 < µ1 ≤ · · ·µm.

These eigenvalues satisfy the following bounds:

µ−1 < −min
j

(Θ−1)jj,

µ−n ≥
1

2

((
λmin((1 + ak)Rd)−max

j
(Θ−1)jj

)
−
[
(max

j
(Θ−1)jj + λmin((1 + ak)Rd))

2 + 4(σmax(A))2
] 1

2

)
,

µm ≤
1

2

(
2δd +

(
4δ2
d + 4(σmax(A))2

) 1
2

)
,

µ1 ≥
1

2

(
(λmin((1 + ak)Rd)−max

j
(Θ−1)jj) +

[
(max

j
(Θ−1)jj + λmin((1 + ak)Rd))

2 + 4(σmin(A))2
] 1

2

)
.
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Proof. Firstly, from Sylvester’s law of inertia we know that since Θ and AΘAT + (1 + ak)Rd are
positive definite, the regularized augmented system matrix of (2.12) possesses precisely n negative and
m positive eigenvalues. If µ is an eigenvalue of the linear system matrix of (2.12) then there are vectors
u ∈ Rn and p ∈ Rm that cannot both be zero using which the eigenvalue problem can be written in
the following form:

−Θ−1u+ ATp = µu,

Au+ (1 + ak)Rdp = µp.
(3.2)

If µ < 0 then u 6= 0 since otherwise p = 0 because Rd � 0. On the other hand, if µ > 0 then p 6= 0
since otherwise u = 0 because Θ−1 � 0. Taking the inner product of the first equation of (3.2) with u,
and the second equation with p and subtracting the former from the latter gives:

uTΘ−1u+ (1 + ak)p
TRdp = −µuTu+ µpTp.

Using the fact that Θ−1 � 0 along with Rd � 0 and assuming that µ < 0 (i.e. u 6= 0):

(min
j

(Θ−1)jj + µ)uTu ≤ µpTp,

where the inequality follows because the left hand side is as small as possible and we dropped the
positive term (1 + ak)p

TRdp. But since µ < 0 in this case, we know that −minj(Θ
−1)jj > µ = µ−1.

Furthermore, if µ < 0 then we know that (1 + ak)Rd − µI � 0. Hence it is invertible and we can solve
the second equation of (3.2) with respect to p, substitute the result in the first equation and take the
inner product with u to get:

p = −((1 + ak)Rd − µI)−1Au,

−uTΘ−1u− uTAT ((1 + ak)Rd − µI)−1Au = µuTu.

Hence:

−max
j

(Θ−1)jj − (σmax(A))2(λmin((1 + ak)Rd)− µ)−1 ≤ µ,

where we observed that the left hand side has negative terms, took the most negative possible values
for these terms and divided by uTu. Note that for the second term of the left hand side, we used the
fact that for two positive definite matrices A, B, we have that λmin(A + B) ≥ λmin(A) + λmin(B).
Solving the previous inequality with respect to µ (and using the roots of the second order equation)
we get that:

µ−n ≥
1

2

((
λmin((1 + ak)Rd)−max

j
(Θ−1)jj

)
−
[
(max

j
(Θ−1)jj + λmin((1 + ak)Rd))

2 + 4(σmax(A))2
] 1

2

)
.

Now, for the case where µ > 0 (where we know that p 6= 0), we solve the first equation of (3.2) with
respect to u, substitute the result in the second one and take the inner product with p, to get:

u =
1

µ
(
1

µ
Θ−1 + I)−1ATp,

1

µ
pTA(

1

µ
Θ−1 + I)−1ATp+ (1 + ak)p

TRdp = µpTp.
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Observe that λmax(( 1
µ
Θ−1 + I)−1) ≤ 1. Given that all the terms on the left hand side are positive, we

can take upper bounds for every term, multiply everything by µ (since µ > 0) and divide both sides
by pTp. This gives us the following second order inequality with respect to µ:

µ2 − λmax((1 + ak)Rd)µ− (σmax(A))2 ≤ 0.

Solving the previous quadratic inequality, gives:

µm ≤
1

2

(
2δd +

(
4δ2
d + 4(σmax(A))2

) 1
2

)
,

where we used the right-most upper bound given in (3.1). Working similarly using the same equation
but slightly altered, that is:

u = (Θ−1 + µI)−1ATp,

pTA(Θ−1 + µI)−1ATp+ (1 + ak)p
TRdp = µpTp,

and by taking lower bounds on each term of the left hand side and re-arranging them, we get the
following inequality:

µ2 + (max
j

(Θ−1)jj − λmin((1 + ak)Rd))µ− (σmin(A)2 + max
j

(Θ−1)jjλmin((1 + ak)Rd)) ≥ 0.

Solving the previous gives us the last bound:

µ1 ≥
1

2

(
(λmin((1 + ak)Rd)−max

j
(Θ−1)jj) +

[
(max

j
(Θ−1)jj + λmin((1 + ak)Rd))

2 + 4(σmin(A))2
] 1

2

)
,

which completes the proof.

Below we provide an analogous theorem applied to the matrix of (2.13). Again, we will use the definition
of Rd that was presented in subsection 2.3.1. With this in mind, we know that the (2,2) block of (2.13)
contains two diagonal matrices, i.e.

D∗ = diag(ANΘNA
T
N ) + ∆d,

where ∆d is defined in (2.15). The proof is similar to that of the previous theorem, and hence it is not
provided here.

Theorem 3.2. For all (x, z) > 0 and Rd as defined in subsection 2.3.1, the coefficient matrix of (2.13)
has exactly n2 negative and m positive eigenvalues. Order and denote them as:

µ̄−n2 ≤ µ̄−n2+1 ≤ · · · µ̄−1 < 0 < µ̄1 ≤ · · · µ̄m.

These eigenvalues satisfy the following bounds:

µ̄−1 < −min
j

(Θ−1
B )jj,

µ̄−n2 ≥
1

2

((
min
i
D∗ii −max

j
(Θ−1
B )jj

)
−
[
(max

j
(Θ−1
B )jj + (min

i
D∗ii))

2 + 4(σmax(AB))2
] 1

2

)
,

µ̄m ≤
1

2

(
max
i
D∗ii +

(
(max

i
D∗ii)

2 + 4(σmax(AB))2
) 1

2

)
,

µ̄1 ≥
1

2

(
(min

i
D∗ii −max

j
(Θ−1
B )jj) +

[
(max

j
(Θ−1
B )jj + min

i
D∗ii)

2 + 4(σmin(AB))2
] 1

2

)
.
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Now we can compare the bounds given in Theorems 3.1 and 3.2 and observe clear advantages of using
the partially reduced augmented system (2.13) over the full augmented system (2.12). Firstly, one can
easily note that −minj(Θ

−1
B )jj = −minj(Θ

−1)jj, hence the bound for the largest negative eigenvalue
is identical for both systems. However, there are two main differences:

1. maxj(Θ
−1
B )jj � maxj(Θ

−1)jj. As a consequence the bound on the most negative eigenvalue of
(2.12) will be significantly larger (in the absolute value sense), than the bound on the respective
eigenvalue of (2.13).

2. Our guaranteed lower bound for the minimum eigenvalue of (1 + ak)Rd is significantly smaller
than the respective lower bound for the minimum eigenvalue of D∗. In fact,

min
i
D∗ii ≥ δd,

λmin((1 + ak)Rd) ≥ min
j:(ANΘNA

T
N )jj>0

((ANΘNA
T
N )jj),

where δd is defined in (2.15) and the second lower bound is given in (3.1). By construction the
first bound is significantly better. As a consequence, the smallest positive eigenvalue of (2.13) is
guaranteed to be at least as large as δd. In case rank(A) < m, the eigenspace of the eigenvalues
coming only from D∗ is {0} × Null(AT ) and there are m− rank(A) such eigenvalues.

3.2 Quadratic Programming

For quadratic programming problems we employ a primal-dual regularization. In subsection 2.3.2, it
was noted that ∆d is chosen such that Rd � 0 and diagonally dominant, while ∆pB is chosen such that
RpB � 0 and diagonally dominant. This can be seen by looking at the definition of (2.26) combined
with (2.25) and (2.24) combined with (2.23), respectively. Similarly, positive definiteness and diagonal
dominance of RpN follows immediately by construction, i.e. by looking at equations (2.20) and (2.21).
For notational convenience, we define:

Q̄N = Θ−1
N + diag(QN ) + ∆pN .

• For Rd, we are able to invoke the Gershgorin circle theorem as in the linear programming case
stating that if:

ri =
m∑

j=1,j 6=i

|(AN Q̄−1
N A

T
N )ij|,

then any eigenvalue of (1 + ak)Rd is positive and lies in one of the following discs:

{λ : |λ− δd| ≤ ri},

where δd = maxj(Q̄
−1
N )jj‖ANATN‖∞, i = 1, · · · ,m. This yields: 0 < λi ≤ δd + ri, ∀ i = 1, · · · ,m,

where λi is the i-th eigenvalue of (1 + ak)Rd. On the other hand, by construction we know that
δd ≥ ri + minj:(AN Q̄−1

N AT
N )jj>0((AN Q̄

−1
N A

T
N )jj), ∀ i = 1, · · · ,m and hence:

min
j:(AN Q̄

−1
N AT

N )jj>0
((AN Q̄

−1
N A

T
N )jj) ≤ λi ≤ δd + ri < 2δd. (3.3)
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• For RpB, we apply the same theorem however in this case we have:

ri =

n2∑
j=1,j 6=i

|(QBN Q̄−1
N Q

T
BN )ij|,

and any eigenvalue of (1 + ak)RpB is positive and lies in one of the following discs:

{λ : |λ− δpB| ≤ ri},

where δpB = maxj(Q̄
−1
N )jj‖QBNQT

BN‖∞, i = 1, · · · , n2. As before, we know that:

min
j:(QBN Q̄

−1
N QT

BN )jj>0
((QBN Q̄

−1
N Q

T
BN )jj) ≤ λi ≤ δpB + ri < 2δpB, ∀ i = 1, · · · , n2 = |B|, (3.4)

where λi is the i-th eigenvalue of (1 + ak)RpB.

• Finally, we can work similarly to examine the spectral properties of RpN . Again by letting:

ri =

n1∑
j=1,j 6=i

(QN )ij,

any eigenvalue of (1 + ak)RpN is positive and lies in one of the following discs:

{λ : |λ− δpN | ≤ ri},

where δpN = ‖QN‖∞, i = 1, · · · , n1. This yields: 0 < λi ≤ δpN + ri, ∀ i = 1, · · · , n1, where λi is
the i-th eigenvalue of (1 + ak)RpN . But since QN � 0 as a principal minor of Q � 0, we know
that if a diagonal element of QN is zero, then its respective column and row are also zero. Hence
this implies tighter final bounds, that is:

min
j:(QN )jj>0

((QN )jj) < λi ≤ δpN + ri < 2δpN , ∀ i = 1, · · · , n1 = |N |. (3.5)

Let us now analyse the spectral properties of (2.19). For that we provide the following theorem, which
is the extension of Theorem 3.1 for the QP case. The proof is almost identical and hence it is not
provided here. For notational convenience, let:

H = Q+ Θ−1 + (1 + ak)Rp.

Theorem 3.3. For all (x, z) > 0 and Rd, RpB, RpN as defined in subsection 2.3.2, the coefficient
matrix of (2.19) has exactly n negative and m positive eigenvalues. Order and denote them as:

µ−n ≤ µ−n+1 ≤ · · ·µ−1 < 0 < µ1 ≤ · · ·µm.

These eigenvalues satisfy the following bounds:

µ−1 < −λmin(H),

µ−n ≥
1

2

((
λmin((1 + ak)Rd)− λmax(H)

)
−
[
(λmax(H) + λmin((1 + ak)Rd))

2 + 4(σmax(A))2
] 1

2

)
,

µm ≤
1

2

(
2δd +

(
4δ2
d + 4(σmax(A))2

) 1
2

)
,

µ1 ≥
1

2

(
(λmin((1 + ak)Rd)− λmax(H)) +

[
(λmax(H) + λmin((1 + ak)Rd))

2 + 4(σmin(A))2
] 1

2

)
.
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Below we provide a similar theorem, applied to (2.22). For that, we will use Rd, RpB, RpN as defined
in subsection 2.3.2 as well as the respective eigenvalue bounds given in (3.3), (3.4) and (3.5). Using the
definitions of the regularization matrices, we know that the matrix in the (1,1) block of (2.22) takes
the form:

H̄ = (QB + Θ−1
B + ∆pB − diag(QBN Q̄

−1
N Q

T
BN )),

while the (2,2) block of (2.22) becomes:

D∗ = diag(AN Q̄
−1
N A

T
N ) + ∆d.

Theorem 3.4. For all (x, z) > 0 and Rd, RpB, RpN as defined in subsection 2.3.2, the coefficient
matrix of (2.22) has exactly n2 negative and m positive eigenvalues. Order and denote them as:

µ̄−n2 ≤ µ̄−n+1 ≤ · · · µ̄−1 < 0 < µ̄1 ≤ · · · µ̄m.

These eigenvalues satisfy the following bounds:

µ̄−1 < −λmin(H̄),

µ̄−n2 ≥
1

2

((
min
j

(D∗)jj − λmax(H̄)
)
−
[
(λmax(H̄) + min

j
(D∗)jj)

2 + 4(σmax(ATB − AN Q̄−1
N A

T
N ))2

] 1
2

)
,

µ̄m ≤
1

2

(
max
j

(D∗)jj +
(

max
j

(D∗)2
jj + 4(σmax(ATB − AN Q̄−1

N A
T
N ))2

) 1
2

)
,

µ̄1 ≥
1

2

(
(min

j
(D∗)jj − λmax(H̄)) +

[
(λmax(H̄) + min

j
(D∗)jj)

2 + 4(σmin(ATB − AN Q̄−1
N A

T
N ))2

] 1
2

)
.

Let us compare the bounds given in Theorems 3.3 and 3.4 to observe once again the advantages of
using the partially reduced augmented system (2.22) over the full augmented system (2.19). There are
three significant differences in the eigenvalue bounds of these two systems:

1. For the bound on the smallest negative (in the absolute value sense) eigenvalue of the two systems
we know that:

λmin(H) ≥ min
j

(Θ−1)jj + λmin((1 + ak)Rp),

where

λmin((1 + ak)Rp) ≥ min

{
min

j:(QBN Q̄
−1
N QT

BN )jj>0
((QBN Q̄

−1
N Q

T
BN )jj), min

j:(QN )jj>0
((QN )jj)

}
,

from (3.4) and (3.5) respectively. However, since minj(Θ
−1
B )jj � minj(Θ

−1
N )jj we can conclude

that:
λmin(H) ≥ min

j
(Θ−1
B )jj + λmin((1 + ak)Rp),

while
λmin(H̄) ≥ min

j
(Θ−1
B )jj + max

j
(Q̄−1
N )jj‖QBNQT

BN‖∞ −max
j

(QBN Q̄
−1
N Q

T
BN )jj,
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where we used (2.24) as the definition of ∆pB. We observe that the difference:

max
j

(Q̄−1
N )jj‖QBNQT

BN‖∞ −max
j

(QBN Q̄
−1
N Q

T
BN )jj,

increases as more elements enter the set N . On the other hand, λmin((1 + ak)Rd) is expected to
decrease at every iteration of the interior-point method. Hence the bound on µ̄−1 is expected to
be better than that on µ−1, as more elements enter the partition N .

2. For the bound on the most negative eigenvalue of the two systems, we know that:

λmax(H) ≤ λmax(Q) + max
j

(Θ−1)jj + λmax((1 + ak)Rp),

where λmax((1 + ak)Rp) ≤ 2 max{δpN , δpB}. However, since maxj(Θ
−1
N )jj � maxj(Θ

−1
B )jj, we can

say that:
λmax(H) ≤ λmax(Q) + max

j
(Θ−1
N )jj + λmax((1 + ak)Rp),

where we used the definition of ∆pN given in (2.21). On the other hand,

λmax(H̄) ≤ λmax(QB) + max
j

(Θ−1
B )jj + ∆pB,

where from (2.24) we know that ∆pB = maxj(Q̄
−1
N )jj‖QBNQT

BN‖∞. Clearly the bound on λmax(H̄)
is significantly smaller than that on λmax(H), since maxj(Θ

−1
N )jj � maxj(Θ

−1
B )jj, while λmax((1+

ak)Rp) > maxj(Q̄
−1
N )jj‖QBNQT

BN‖∞. Hence the most negative eigenvalue of (2.22) is expected to
have a significantly smaller magnitude than that of (2.19).

3. As in the LP case, our guaranteed lower bound for the minimum eigenvalue of (1 + ak)Rd is
significantly smaller than the respective lower bound for the minimum eigenvalue of D∗. In fact,

min
i
D∗ii ≥ δd

λmin((1 + ak)Rd) ≥ min
j:(AN Q̄

−1
N AT

N )jj>0
((AN Q̄

−1
N A

T
N )jj),

where we use δd as defined in (2.26) while the last inequality follows from (3.3). By construction
the first bound is significantly better. As a consequence, the smallest positive eigenvalue of (2.22)
is guaranteed to be at least as large as δd. As before, if rank(A) < m, the eigenspace of the
eigenvalues coming only from D∗ is {0} ×Null(AT ) and there are m− rank(A) such eigenvalues.

4 Implementation and Numerical Results

4.1 The algorithmic framework

At this point, we are providing a generic algorithm (Algorithm 1), summarizing the long-step infeasible
primal-dual regularized IPM, which solves the Newton system arising from the optimality conditions
of (2.1)-(2.2) at each iteration using a direct method. Note that this is just a general outline and does
not contain the actual details of the implemented method. Implementation details will be presented
in the next sub-section. Note that we use the same notation for the smallest (largest) value of the
centring parameter and for the smallest (largest) singular value of an arbitrary matrix, say B, that is
σmin (σmax) and σmin(B) (σmax(B)) respectively. To avoid confusion, the latter is always written in the
form of a function, that is σmin(·) (σmax(·)).
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Algorithm 1 : Long-step infeasible primal-dual regularized regularized IPM

Input: A,Q, b, c, tol, maxit
Parameters: 0 < σmin ≤ σmax (bounds for the centring parameter)

Initial point: Choose a well-centred w0 = (x0, y0, r0, s0, z0) with x0, z0 ≥ 0, µ0 =
xT0 z0
n

, k = 0.

if (N = ∅) then
if (σmin(A) = 0) then

Rd = max
{

tol∗10−1

‖A‖22
, 10−13

}
.

end if
else

if (LP) then
Rd from (2.14) and (2.15), Rp = 0.

else if (QP) then
Rd from (2.25), (2.26) and Rp from (2.23), (2.20).

end if
end if
res0

p = b− Ax0, res0
d = c− ATy0 − z0 +Qx0.

while (k < maxit) do
if ((reskp < tol) ∧ (reskd < tol) ∧ (µk < tol)) then

Declare convergence and return the optimal solution.
return (xk, yk, zk).

else
if (New elements in N ) then

update Rp, Rd.
end if
Choose σk ∈ [σmin, σmax].
if (LP) then

Compute ∆wk = (xk, yk, rk, sk, zk) by solving (2.11).
else if (QP) then

Compute ∆wk = (xk, yk, rk, sk, zk) by solving (2.22).
end if

amax
x = min∆xi<0

{
1,− xi

∆xi

}
, amax

z = min∆zi<0

{
1,− zi

∆zi

}
.

xk(a) = xk + τamax
x ∆x, zk(a) = zk + τamax

z ∆z, yk(a) = yk + τamax
z ∆y, τ ∈ (0, 1).

µk(a) = xk(a)T zk(a)
n

.
k = k + 1.

end if
end while
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4.2 Implementation details

We implemented Algorithm 1 in Matlab. Our implementation solves linear and convex quadratic
problems in the standard form. However, all the free variables are treated as variables bounded by
some box constraints. We set some initial bounds, lf = −102 ≤ xf ≤ 102 = uf , for all the free variables.
If the method pushes some of these variables to take values outside of this box, then the respective
bounds are increased to give space for variables to increase their values. Note that this heuristic causes
that extra iterations are needed to converge for a few problems, since every time the box constraints
are changed, the method loses primal feasibility.

Newton-step computation
For general convex quadratic problems, the Newton direction is calculated from the system (2.22), after
computing its symmetric LDLT decomposition, where L is a lower triangular matrix and D is diagonal.
For that, we use the build-in Matlab decomposition (i.e. ldl). We know that such a decomposition
always exists with D diagonal for the aforementioned system, since after introducing the regularization,
the augmented system matrix becomes quasi-definite which is a class of matrices known to be strongly
factorizable [16]. For linear programming problems, we solve the system (2.11) (with Q = 0), using
the build-in Cholesky decomposition of Matlab (i.e. chol). ∆x is then recovered from (2.10). In both
cases ∆z is recovered from (2.8), ∆r from (2.5) and ∆s from (2.6).

Regularization
We set regthr = tol ∗ 10−1, where tol is the tolerance specified by the user, and enable columns to enter
the set N only if: maxj∈N (Θ)jj max

{
‖AAT‖∞, ‖QQT‖∞

}
≤ regthr. This ensures that δd as defined in

(2.15) and (2.26) for linear and convex quadratic problems respectively is always smaller than regthr.
The latter also holds for δpB (2.24) which is only defined for quadratic programming problems. Of
course for linear programming problems we have Rp = 0. Note that during the first iterations of the
method N is usually empty. In order to avoid instability, we calculate the smallest singular value of
the constraint matrix A (using the build-in Matlab function svds). If it is zero, which means that the
matrix is singular, we include an initial small uniform dual regularization δ = max

{
tol∗10−1

‖A‖22
, 10−13

}
which is dropped once at least one column enters N . If σmin(A) > 0 then we do not regularize the
system until N 6= ∅. As an extra safeguard, when the factorization of the system fails, we increase
regthr by a factor of 10 and repeat the factorization until it is completed. Then we give regthr its initial
value. All other implementation details concerning the regularization follow from Section 2.

As one can see the tuning of the regularization is intuitive. It is set such that the error produced from
this technique does not prevent convergence to the specified tolerance. The proposed regularization
improves the spectral properties of the system matrix, ensuring that it is of full row rank and sufficiently
positive definite. On the other hand, it improves the sparsity of the matrix, allowing for more efficient
factorizations.

Starting point
We have already mentioned that the method is infeasible and hence the starting point does not need
to be primal and dual feasible. The only requirement is that the initial values of the variables x, z
are strictly positive. We use a starting point that was proposed in [8]. Here we will only state it for
completeness. To construct this point, we try to solve the pair of problems (P), (D), but we ignore the
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non-negativity constraints. Such relaxed problems have closed form solutions:

x̃ = AT (AAT )−1b, ỹ = (AAT )−1A(c+Qx̃), z̃ = c− AT ỹ +Qx̃. (4.1)

Then, in order to guarantee positivity and sufficient magnitude of x, z, we compute the expressions
δx = max(−1.5min{x̃i}, 0) and δz = max(−1.5min{z̃i}, 0) and we obtain:

δ̃x = δx + 0.5
(x̃+ δxe)

T (z̃ + δze)∑n
i=1(z̃i + δz)

, (4.2)

δ̃z = δz + 0.5
(x̃+ δxe)

T (z̃ + δze)∑n
i=1(x̃i + δx)

, (4.3)

where e is the vector of ones of appropriate dimension. Finally, we define the starting point by setting:

y0 = ỹ, z0
i = z̃i + δ̃z, x0

i = x̃i + δ̃x, i = 1, · · · , n. (4.4)

Centring parameter
As minimum and maximum centring parameters, we fix σmin = 0.05 and σmax = 0.95. In the first
iteration we use σ0 = 0.5. Then, at each iteration k, in order to determine the centring parameter σk,
we perform the following operations:

σk = max{(1− ak−1
x )5, (1− ak−1

z )5},

where ak−1
x , ak−1

z are the step lengths in directions ∆x, ∆z of the previous iteration respectively. Then
we assign:

σk = min{σk, σmax},

and finally
σk = max{σk, σmin}.

The latter is a heuristic which is commonly employed in infeasible IPM implementations.

Long-step computation
In order to calculate the step-length, we apply the fraction to the boundary rule, that is we compute
the largest step lengths to the boundary of the non-negative orthant, i.e.:

amaxx = min∆xi<0

{
1,− xi

∆xi

}
, amaxz = min∆zi<0

{
1,− zi

∆zi

}
, (4.5)

and choose the following step lengths:

ax = τamaxx , az = τamaxz , (4.6)

where τ ∈ (0, 1) is set to τ = 0.995. The primal variables x, s are updated using the step length ax
while the dual variables y, z, r are updated using the step length az.
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Termination Criteria
Finally, the algorithm is terminating either if the number of maximum iterations specified by the user
is reached, or when all the following three conditions are satisfied:

‖c− ATy +Qx− z‖
‖c‖+ 1

≤ ε,

‖b− Ax‖
‖b‖+ 1

≤ ε,

and
µ ≤ ε,

where ε is the tolerance specified by the user.

4.3 Numerical Results

We have made a particular effort to keep the implementation as simple as possible so that the regular-
ization effects can easily be seen and analysed. For that reason, we applied scaling only to problems
which required it to converge and this was needed only for 5 out of the 212 problems solved. On the
other hand, no predictor-corrector technique was included. We tested our method on problems coming
from the Netlib collection [10] as well as on a set of quadratic programming problems given in [7]. We
present the numerical results firstly for the linear programming problems and then for the quadratic
programming ones. In order to demonstrate the effects of the proposed regularization method, we will
compare it with an interior point method that uses a uniform regularization. We will tune the uni-
form regularization value so that it performs as well as possible for a specific test set (which is a time
consuming and an unrealistic approach in practice) and we will show that even for such a fine-tuned
uniform regularization, the proposed dynamically tuned regularization produces competitive results.
The experiments were conducted on a PC with a 2.2GHz Inter Core i5 processor (dual-core) and 4GB
RAM, run under Linux operating system. The Matlab version used was R2018a.

Linear programming problems
As we have already stated, for linear programming problems we use only dual regularization, that
is we set Rp = 0 in (P)-(D). For that reason, we will compare our method with an algorithm that
uses a uniform dual regularization. For the latter, as an extra safeguard when the factorization fails,
we increase the uniform regularization value δ by a factor of 10 until the factorization is completed
successfully. If this process is called more than 5 times then the algorithm stops. The tolerance used
in the experiments for the linear programming problems was tol = 10−6. We will not use a smaller
tolerance because our method does not have primal regularization. As a consequence, if some elements
of ΘB become very large, this can create numerical instability if there is no primal regularization to
keep such entries manageable in terms of machine precision. Based on this setup and for this specific
tolerance, after experimenting with the IPM which uses a uniform dual regularization δI, we concluded
that the best parameter value for δ is 10−6. Hence this is the value used in the following experiments.
Finally we set the maximum iterations of the method to be maxit = 150. If this number is reached,
the algorithm stops indicating that the optimal solution was not found. To conclude we use:

tol = 10−6, δ = 10−6, maxit = 150,
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where δ is the value for the uniform dual regularization matrix. The statistics of runs of the proposed
non-diagonal regularized IPM and of the previously mentioned uniform dual regularized IPM over the
Netlib test set have been collected in Table 1.

Table 1: Neltib Colletion

Name Dynamic Reg. Uniform Reg.
Iter. ttotal (sec.) Stat. Iter. ttotal (sec.) Stat.

25FV47 48 1.037370e+00 opt 48 9.785490e-01 opt
80BAU3B 62 1.670738e+00 opt 62 1.659082e+00 opt
ADLITTLE 22 7.681200e-02 opt 22 7.614700e-02 opt
AFIRO 9 1.854600e-02 opt 9 2.031100e-02 opt
AGG 38 1.690070e-01 opt 37 1.432390e-01 opt
AGG2 34 1.762090e-01 opt 34 2.025860e-01 opt
AGG3 33 1.629860e-01 opt 33 1.949160e-01 opt
BANDM 25 9.561700e-02 opt 25 9.306200e-02 opt
BEACONFD 13 2.482000e-02 opt 13 2.662300e-02 opt
BLEND 13 2.909900e-02 opt 13 2.752600e-02 opt
BNL1 47 3.687950e-01 opt 48 3.927050e-01 opt
BNL2 50 1.004301e+00 opt 50 1.133504e+00 opt
BOEING1 33 1.633860e-01 opt 33 1.558370e-01 opt
BOEING2 22 7.661600e-02 opt 22 7.576100e-02 opt
BORE3D 23 3.735100e-02 opt 22 3.360600e-02 opt
BRANDY 27 1.148970e-01 opt 27 1.053010e-01 opt
CAPRI 26 1.015990e-01 opt 26 1.389310e-01 opt
CYCLE 32 4.848930e-01 opt 32 4.654970e-01 opt
CZPROB 52 5.487330e-01 opt 50 5.150840e-01 opt
D2Q06C 54 2.191520e+00 opt 54 2.175937e+00 opt
D6CUBE 36 1.845795e+00 opt 36 1.702993e+00 opt
DEGEN2 20 2.076940e-01 opt 20 1.897570e-01 opt
DEGEN3 28 1.567818e+00 opt 28 1.493841e+00 opt
DFL001 85 1.238927e+01 opt 150 2.103700e+01 non-opt
E226 33 1.188770e-01 opt 33 1.185780e-01 opt
ETAMACRO 39 1.995650e-01 opt 39 1.893500e-01 opt
FFFFF800 49 3.024360e-01 opt 58 3.490540e-01 opt
FINNIS 32 1.045790e-01 opt 31 1.153690e-01 opt
FIT1D 25 2.537340e-01 opt 25 2.322110e-01 opt
FIT1P 24 1.927681e+00 opt 24 1.872721e+00 opt
FIT2D 44 2.294826e+00 opt 43 2.173984e+00 opt
FIT2P 31 5.000318e+01 opt 31 5.024948e+01 opt
FORPLAN 31 1.589690e-01 opt 31 1.583720e-01 opt
GANGES 28 1.431550e-01 opt 28 1.358150e-01 opt
GFRD-PNC 29 7.692000e-02 opt 29 7.235200e-02 opt
GREENBEA 93 2.464696e+00 opt 91 2.099723e+00 opt
GREENBEB 68 1.629557e+00 opt 68 1.528030e+00 opt
GROW15 21 1.415950e-01 opt 21 1.394240e-01 opt
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Table 1: Continued
Name Dynamic Uniform

Iter. ttotal (sec.) Stat. Iter. ttotal (sec.) Stat.
GROW22 22 2.191060e-01 opt 22 2.077180e-01 opt
GROW7 20 8.744100e-02 opt 20 9.327900e-02 opt
ISRAEL 40 2.197120e-01 opt 40 1.996180e-01 opt
KB2 23 2.988200e-02 opt 23 2.646000e-02 opt
LOTFI 23 6.237500e-02 opt 23 7.574300e-02 opt
MAROS-R7 20 1.937880e+00 opt 20 1.637126e+00 opt
MAROS 34 2.481810e-01 opt 34 2.164670e-01 opt
MODSZK1 30 1.547190e-01 opt 29 1.303810e-01 opt
NESM 56 9.465350e-01 opt 56 8.352230e-01 opt
PEROLD 80 2.405883e+00 opt 150 1.241651e+00 non-opt
PILOT.JA 144 8.142633e+00 opt 150 2.312918e+00 non-opt
PILOT 82 5.390104e+00 opt 84 4.790658e+00 opt
PILOT.WE 86 8.072330e-01 opt 82 6.589260e-01 opt
PILOT4 66 5.727700e-01 opt 66 4.660160e-01 opt
PILOT87 73 8.637302e+00 opt 73 7.827038e+00 opt
PILOTNOV 48 1.067997e+00 opt 48 9.228780e-01 opt
QAP12 25 7.835011e+00 opt 25 6.431933e+00 opt
QAP15 35 4.081144e+01 opt 36 3.899979e+01 opt
QAP8 13 3.887370e-01 opt 13 2.954030e-01 opt
RECIPE 11 2.033600e-02 opt 11 1.616900e-02 opt
SC105 15 3.356300e-02 opt 15 2.260600e-02 opt
SC205 28 5.330900e-02 opt 28 4.204600e-02 opt
SC50A 11 1.760100e-02 opt 11 1.689100e-02 opt
SC50B 10 1.947200e-02 opt 10 2.321100e-02 opt
SCAGR25 31 1.709260e-01 opt 31 1.004280e-01 opt
SCAGR7 21 3.972100e-02 opt 21 3.699400e-02 opt
SCFXM1 32 1.315410e-01 opt 32 1.293240e-01 opt
SCFXM2 37 2.129980e-01 opt 37 2.040980e-01 opt
SCFXM3 38 3.073710e-01 opt 38 2.512980e-01 opt
SCORPION 16 3.881900e-02 opt 17 3.194300e-02 opt
SCRS8 34 1.651070e-01 opt 34 1.500490e-01 opt
SCSD1 10 4.959800e-02 opt 10 3.529300e-02 opt
SCSD6 14 7.880900e-02 opt 14 5.220800e-02 opt
SCSD8 14 1.460460e-01 opt 14 9.201400e-02 opt
SCTAP1 25 1.964780e-01 opt 25 1.889390e-01 opt
SCTAP2 21 3.790220e-01 opt 21 3.254560e-01 opt
SCTAP3 22 4.798500e-01 opt 22 4.127820e-01 opt
SEBA 11 2.278700e-02 opt 11 1.367300e-02 opt
SHARE1B 34 9.150000e-02 opt 34 5.456400e-02 opt
SHARE2B 18 5.340300e-02 opt 18 2.489800e-02 opt
SHELL 39 2.393900e-01 opt 39 2.052550e-01 opt
SHIP04L 23 1.733690e-01 opt 23 1.586290e-01 opt
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Table 1: Continued
Name Dynamic Uniform

Iter. ttotal (sec.) Stat. Iter. ttotal (sec.) Stat.
SHIP04S 22 1.279490e-01 opt 23 1.257310e-01 opt
SHIP08L 26 3.268920e-01 opt 26 2.664970e-01 opt
SHIP08S 24 1.320580e-01 opt 24 1.117650e-01 opt
SHIP12L 35 4.664290e-01 opt 34 3.741370e-01 opt
SHIP12S 35 2.293150e-01 opt 35 1.820410e-01 opt
SIERRA 43 4.736780e-01 opt 47 4.223100e-01 opt
STAIR 30 1.783450e-01 opt 30 1.557080e-01 opt
STANDATA 20 8.009900e-02 opt 20 4.839200e-02 opt
STANDGUB 20 7.573800e-02 opt 20 5.710100e-02 opt
STANDMPS 30 1.494570e-01 opt 30 1.268180e-01 opt
STOCFOR1 21 3.887200e-02 opt 21 5.658000e-02 opt
STOCFOR2 34 3.481700e-01 opt 34 3.206290e-01 opt
TUFF 38 2.034500e-01 opt 38 1.972270e-01 opt
VTP.BASE 22 3.191700e-02 opt 22 2.467500e-02 opt
WOOD1P 22 7.392360e-01 opt 22 6.065040e-01 opt
WOODW 38 8.132070e-01 opt 38 6.909360e-01 opt

An attempt to solve the same set of problems for the same tolerance (i.e. tol = 10−6) but without
using any regularization, would cause the algorithm to fail on 17 out of 96 problems. Hence one can
see that the effect of regularization is crucial. On the other hand, a different value for δ (value of
the uniform regularization matrix) might result in significantly worse performances for the respective
method. Hence, the choice of the regularization value in a uniform regularization setup has a significant
impact on the performance of the interior-point method.

Notice that the results presented in Table 1 fail to show the effect of the sparsity that is introduced
by the non-diagonal regularization matrix. The reason for that is explained towards the end of this
section. However, we also include Table 2, in which the factorization times are compared when using
dynamic and uniform regularization respectively, over the last four iterations of problems DFL001 and
GREENBEA. The size of the respective constraint matrices also includes columns which were added
to transform the problems to the standard form. Extra information concerning the cardinality of the
partition N , the iteration count as well as the time needed to compute the Cholesky factorization of
the system matrix at the respective iteration has been collected in Table 2.

Table 2: Sparsity introduced from the non-diagonal regularization (LP)

Name m n
Dynamic Reg. Uniform Reg.

Iter. |N | tfact (sec.) Iter. tfact (sec.)

DFL001 9785 15477

82 4079 0.0518 146 0.0942
83 5729 0.0294 146 0.0942
84 6147 0.0250 147 0.0974
85 7266 0.0166 148 0.0947
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Table 2: Continued

Name m n
Dynamic Reg. Uniform Reg.

Iter. |N | tfact (sec.) Iter. tfact (sec.)

GREENBEA 3770 5973

90 2532 0.0033 88 0.0104
91 2576 0.0029 89 0.0104
92 1110 0.0081 90 0.0110
93 2737 0.0026 91 0.0113

Analysing the results reported in Tables 1 and 2, one can observe that while the proposed non-diagonal
regularization matrix does not affect the convergence of the method, it can accelerate the factorization
significantly through the sparsity that it introduces in the system matrix. Notice that for both DFL001
and GREENBEA, almost half of their columns lie in the partition N and this does not prevent the
algorithm from converging.

Convex quadratic programming problems
For this class of problems, we employ a primal-dual dynamic regularization. Hence, we will compare
our method with an algorithm that uses a uniform primal-dual regularization. Such a method adds
two uniform diagonal matrices ρI and δI to the (1,1) and (2,2) blocks of the augmented system
respectively. We set ρ = δ. Again, as an extra safeguard when the factorization fails, we increase
the uniform regularization value δ by a factor of 10 until the factorization is completed successfully.
The tolerance used in the experiments for this class of problems was tol = 10−8. With this setting
and for this specific tolerance, after experimenting with the IPM that uses the aforementioned uniform
regularization, we concluded that the best parameter value for δ is 10−13. Hence this is the value used
in the following experiments. As in the linear programming case, we set the maximum iterations of the
method to be maxit = 150. To conclude we use:

tol = 10−8, δ = 10−13, maxit = 150,

where δ = ρ is the value for the two uniform regularization matrices. Note how small the regularization
value is. Any larger value delivered noticeably worse results, and this is the case even if we try to solve
the problems for a smaller tolerance, e.g. 10−6. On the other hand, for our dynamic regularization we
simply extended the automatic tuning that we applied for the linear programming problems, without the
need of finding special values dedicated to a specific problem set. For this problem set, the algorithm did
not employ any scaling in the problem matrices. The computational results obtained with the proposed
non-diagonal regularized IPM and with the previously mentioned uniform primal-dual regularized IPM
over the Maros and Mészáros repository of convex quadratic programming problems are presented in
Table 3.

Table 3: Maros-Mészáros repository of convex quadratic problems

Name Dynamic Reg. Uniform Reg.
Iter. ttotal (sec.) Stat. Iter. ttotal (sec.) Stat.

AUG2D 19 5.678962e+00 opt 19 5.668422e+00 opt
AUG2DC 20 6.318775e+00 opt 20 5.876123e+00 opt
AUG2DCQP 21 3.353398e+00 opt 21 3.022852e+00 opt
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Table 3: Continued
Name Dynamic Uniform

Iter. ttotal (sec.) Stat. Iter. ttotal (sec.) Stat.
AUG2DQP 20 3.340212e+00 opt 20 2.826219e+00 opt
AUG3D 16 5.103020e-01 opt 16 5.545300e-01 opt
AUG3DC 14 4.540380e-01 opt 14 4.657920e-01 opt
AUG3DCQP 12 2.071860e-01 opt 12 2.201660e-01 opt
AUG3DQP 14 2.302000e-01 opt 14 2.320920e-01 opt
CVXQP1 27 6.426745e+01 opt 27 6.267368e+01 opt
CVXQP1 23 7.499470e-01 opt 23 8.760560e-01 opt
CVXQP1 20 4.311000e-02 opt 20 4.818600e-02 opt
CVXQP2 27 2.689719e+01 opt 27 2.697865e+01 opt
CVXQP2 24 4.168560e-01 opt 24 4.683660e-01 opt
CVXQP2 22 4.401400e-02 opt 22 4.309300e-02 opt
CVXQP3 26 1.517635e+02 opt 26 1.502783e+02 opt
CVXQP3 24 1.353694e+00 opt 24 1.292885e+00 opt
CVXQP3 19 4.514200e-02 opt 19 5.086100e-02 opt
DTOC3 16 3.181620e+00 opt 16 3.240626e+00 opt
DUAL1 17 5.908200e-02 opt 17 5.537700e-02 opt
DUAL2 13 4.926100e-02 opt 13 4.563700e-02 opt
DUAL3 14 5.661500e-02 opt 14 5.909800e-02 opt
DUAL4 11 2.662300e-02 opt 11 3.454400e-02 opt
DUALC1 34 7.988400e-02 opt 34 7.513300e-02 opt
DUALC2 22 8.806000e-02 opt 22 5.802000e-02 opt
DUALC5 16 5.750000e-02 opt 16 6.845900e-02 opt
DUALC8 21 1.401990e-01 opt 21 1.410240e-01 opt
GENHS28 12 1.571100e-02 opt 12 1.972000e-02 opt
GOULDQP2 13 2.567770e-01 opt 13 2.749350e-01 opt
GOULDQP3 11 2.589720e-01 opt 11 2.536410e-01 opt
HS118 14 1.453900e-02 opt 14 1.643600e-02 opt
HS21 21 2.383900e-02 opt 21 2.899300e-02 opt
HS268 16 2.179000e-02 opt 16 1.419900e-02 opt
HS35 10 5.155100e-02 opt 10 5.354900e-02 opt
HS35MOD 16 1.756000e-02 opt 16 1.772300e-02 opt
HS51 12 2.433700e-02 opt 12 1.418800e-02 opt
HS52 13 8.766000e-03 opt 13 9.747000e-03 opt
HS53 11 1.470700e-02 opt 11 8.367000e-03 opt
HS76 9 5.923000e-03 opt 9 8.295000e-03 opt
HUES-MOD 51 3.133720e+00 opt 51 3.175993e+00 opt
HUESTIS 56 3.412254e+00 opt 56 3.612764e+00 opt
KSIP 21 5.403190e-01 opt 21 5.029830e-01 opt
LISWET1 23 3.722760e+00 opt 22 3.505209e+00 opt
LISWET10 32 4.476667e+00 opt 29 4.179081e+00 opt
LISWET11 32 4.803619e+00 opt 33 4.618140e+00 opt
LISWET12 61 7.198736e+00 opt 52 6.992946e+00 opt
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Table 3: Continued
Name Dynamic Uniform

Iter. ttotal (sec.) Stat. Iter. ttotal (sec.) Stat.
LISWET2 22 3.736293e+00 opt 22 3.463024e+00 opt
LISWET3 39 5.027527e+00 opt 39 4.931153e+00 opt
LISWET4 43 5.656066e+00 opt 42 5.845655e+00 opt
LISWET5 31 4.312859e+00 opt 31 4.488218e+00 opt
LISWET6 38 5.054055e+00 opt 37 4.788307e+00 opt
LISWET7 23 3.747581e+00 opt 21 3.638198e+00 opt
LISWET8 46 5.580713e+00 opt 38 4.948150e+00 opt
LISWET9 54 6.697973e+00 opt 54 6.468887e+00 opt
LOTSCHD 12 9.693000e-03 opt 12 1.135200e-02 opt
MOSARQP1 14 2.122520e-01 opt 14 1.960950e-01 opt
MOSARQP2 15 1.425530e-01 opt 15 1.469970e-01 opt
POWELL20 29 5.500249e+00 opt 29 5.112092e+00 opt
PRIMAL1 26 1.843480e-01 opt 26 1.922910e-01 opt
PRIMAL2 26 2.683580e-01 opt 26 2.702930e-01 opt
PRIMAL3 26 7.303120e-01 opt 26 7.352920e-01 opt
PRIMAL4 22 5.575610e-01 opt 22 5.778640e-01 opt
PRIMALC1 43 8.199100e-02 opt 43 9.230200e-02 opt
PRIMALC2 33 5.487200e-02 opt 33 4.723300e-02 opt
PRIMALC5 20 8.866900e-02 opt 20 3.875000e-02 opt
PRIMALC8 38 1.366700e-01 opt 38 1.343140e-01 opt
25FV47 44 2.026765e+00 opt 44 1.782450e+00 opt
ADLITTLE 45 9.427100e-02 opt 46 7.141600e-02 opt
AFIRO 18 2.555000e-02 opt 18 1.919900e-02 opt
BANDM 31 1.424530e-01 opt 31 1.755290e-01 opt
BEACONFD 23 1.228960e-01 opt 23 1.102940e-01 opt
BORE3D 30 1.148200e-01 opt 32 1.479400e-01 opt
BRANDY 26 1.055670e-01 opt 33 1.699420e-01 opt
CAPRI 77 3.935390e-01 opt 79 4.135860e-01 opt
E226 26 1.105850e-01 opt 27 1.371880e-01 opt
ETAMACRO 41 5.213780e-01 opt 41 5.165920e-01 opt
FFFFF800 75 8.550360e-01 opt 53 5.188850e-01 opt
FORPLAN 46 2.584540e-01 opt 46 3.126380e-01 opt
GFRD-PNC 40 2.378210e-01 opt 41 2.775950e-01 opt
GROW15 55 5.239790e-01 opt 37 3.157530e-01 opt
GROW22 51 5.765540e-01 opt 44 5.009540e-01 opt
GROW7 35 1.744900e-01 opt 35 1.716660e-01 opt
ISRAEL 43 2.062420e-01 opt 43 1.931390e-01 opt
QPCBLEND 23 3.277400e-02 opt 23 4.027800e-02 opt
QPCBOEI1 35 2.095370e-01 opt 34 2.374710e-01 opt
QPCBOEI2 43 2.409610e-01 opt 43 1.834460e-01 opt
QPCSTAIR 45 2.690070e-01 opt 46 2.581860e-01 opt
PILOTS 65 1.800817e+00 opt 56 1.339944e+00 opt
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Table 3: Continued
Name Dynamic Uniform

Iter. ttotal (sec.) Stat. Iter. ttotal (sec.) Stat.
RECIPE 30 7.146600e-02 opt 25 6.548100e-02 opt
SC205 23 7.634100e-02 opt 25 9.906300e-02 opt
SCAGR25 30 1.419760e-01 opt 30 1.537020e-01 opt
SCAGR7 26 6.073500e-02 opt 26 5.268300e-02 opt
SCFXM1 37 1.901240e-01 opt 37 1.968900e-01 opt
SCFXM2 46 3.633410e-01 opt 46 3.655360e-01 opt
SCFXM3 46 4.873210e-01 opt 48 5.257750e-01 opt
SCORPION 19 7.164900e-02 opt 20 8.649700e-02 opt
SCRS8 38 2.106750e-01 opt 37 2.341730e-01 opt
SCSD1 12 5.065500e-02 opt 12 5.841200e-02 opt
SCSD6 18 1.074310e-01 opt 18 1.176960e-01 opt
scsd8 17 1.930020e-01 opt 17 2.179120e-01 opt
SCTAP1 25 1.634060e-01 opt 25 1.643420e-01 opt
SCTAP2 23 3.713750e-01 opt 23 4.168490e-01 opt
SCTAP3 24 4.736510e-01 opt 24 5.324270e-01 opt
SEBA 38 3.804900e-01 opt 38 3.395630e-01 opt
SHARE1B 37 1.156590e-01 opt 37 1.044980e-01 opt
SHARE2B 23 6.358000e-02 opt 23 4.934600e-02 opt
SHELL 54 1.675701e+00 opt 54 1.002790e+00 opt
SHIP04L 22 1.726850e-01 opt 31 2.816680e-01 opt
SHIP04S 22 1.279240e-01 opt 26 1.851420e-01 opt
SHIP08L 24 9.395910e-01 opt 63 2.425874e+00 opt
SHIP08S 24 3.136160e-01 opt 150 1.523691e+00 non-opt
SHIP12L 29 2.362043e+00 opt 150 7.606385e+00 non-opt
SHIP12S 30 4.787650e-01 opt 150 1.947009e+00 non-opt
SIERRA 40 6.039470e-01 opt 37 5.194310e-01 opt
STAIR 33 1.963400e-01 opt 33 2.253340e-01 opt
STANDATA 32 1.659620e-01 opt 32 2.182900e-01 opt
S268 16 1.836000e-02 opt 16 1.314700e-02 opt

Problems SHIP08S, SHIP12L and SHIP12S can be solved by both methods for a tolerance 10−6. If we
do not employ any regularization for this problem set, then the algorithm struggles to converge for 8
out of 116 problems. Also, small changes in the value of the uniform primal-dual regularization would
result in a significantly less efficient and less reliable method.

As in the linear programming case, the results collected in Table 3 do not demonstrate any significant
advantage in terms of sparsity of linear systems achievable by the new regularization technique. This is
a consequence of the fact that the problems under consideration are of small to medium size while the
overhead of setting up the normal equations matrix (2.11) for the case of linear programming and the
partially reduced augmented system (2.22) for the case of quadratic programming is time consuming
in Matlab, where manipulating a permuted matrix is costly, due to Matlab’s default mechanism to
store matrices by columns. However, one can see that the uniform regularization value that behaves
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as well as possible for a specific test set delivers a method which is comparable to the proposed non-
diagonal dynamic regularization, both in terms of number of iterations and CPU time required for the
convergence of the interior point method. This is really important since the proposed method is tuned
automatically based on the properties of the problem matrix. One can think of it as a heuristic of
finding good regularization values suitable for specific problems which also indicate that columns of
the problem matrix can be safely dropped to improve the sparsity and the computational efficiency.

As before, in order to illustrate the effect of the non-diagonal regularization in terms of factorization
performance, we provide Table 4 in which the factorization times obtained when using dynamic and
uniform regularization respectively are compared, over the last four iterations of problems LISWET1,
FORPLAN and SHELL. The size of the constraint matrix in each case also includes columns which
were added to transform the problem to the standard form. Information concerning the cardinality of
the partition N , the iteration count as well as the time needed to compute the LDLT factorization of
the system matrix at the respective iteration is gathered in Table 4.

Table 4: Sparsity introduced from the non-diagonal regularization (QP)

Name m n
Dynamic Reg. Uniform Reg.

Iter. |N | tfact (sec.) Iter. tfact (sec.)

LISWET1 20002 30004

20 9640 0.0588 19 0.0730
21 9825 0.0610 20 0.0681
22 9925 0.0602 21 0.0727
23 9972 0.0597 22 0.0705

FORPLAN 186 517

43 199 0.0016 43 0.0035
44 199 0.0018 44 0.0033
45 199 0.0015 45 0.0033
46 199 0.0016 46 0.0033

SHELL 903 2144

51 563 0.0037 51 0.0112
52 565 0.0037 52 0.0117
53 565 0.0038 53 0.0116
54 721 0.0035 54 0.0119

5 Conclusions

In this paper we derive a dynamic non-diagonal regularization scheme suitable for interior point meth-
ods. The proposed technique is automatically tuned based on the properties of the problem, such
that sufficiently large eigenvalues of the Newton system are perturbed insignificantly. The presence of
non-diagonal terms in the regularization matrices allows us to introduce more sparsity in the linear
system solved to determine the Newton direction at each iteration of the interior point method. The
proposed regularization matrices can be computed expeditiously, enabling more efficient factorizations
of the system matrix. The method has been implemented and the computational results demonstrate
its efficiency. The results also support the claim that the proposed rule for tuning the regularization
matrices based on the properties of the problem, produces a regularization which perturbs the system
almost insignificantly while maintaining numerical stability. An extension of this regularization to in-
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terior point methods that solve the Newton system using an iterative scheme seems very natural and
will be addressed in a future work.
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