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Abstract In this paper, we introduce geometry optimiza-
tion into existing topology optimization of truss structures
with global stability constraints. The design variables are
the cross-sectional areas of the bars, and the coordinates
of the joints. This makes the optimization problem formu-
lations highly nonlinear and yields nonconvex semidefinite
programing problems, for which, there are only limited avail-
able solvers when compared to that of other classes of op-
timization problems. In this study, we present problem in-
stances of truss geometry and topology optimization with
global stability constraints that have been solved using a
standard primal-dual interior point implementation. During
the solution process, both the the cross-sectional areas of the
bars and the coordinates of the joints are concurrently opti-
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mized. Additionally, we apply adaptive optimization tech-
niques to allow the joints to navigate larger move limits and
improve the quality of the optimal designs.

Keywords Geometry and topology optimization · Global
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1 Introduction

Truss design problems are often formulated based on the
so-called ground structure approach [12], in which a set of
joints are distributed in the design space and are connected
by some potential bars. We are concerned with a truss design
problem where the goal is to optimize both the topology and
geometry of the structures, i.e, when the design variables are
the cross-sectional areas of the bars and the coordinates of
the joints. These problems have been studied in many ar-
ticles, for example [11,25,7,9,36,40,1,46,32], to mention
just a few. The problems are highly nonlinear, mainly due
to the variation of the coordinates of the joints. However,
the models are known to obtain optimal designs that are
more efficient and practically relevant designs, requiring less
post-processing tools, using a small number of joints and
connecting bars in the design space. On the contrary, one
can also obtain efficient (least weight) structures by consid-
ering many more joints, but fixed, and solving large-scale
linear/ nonlinear topology optimization problems [8,22,16,
41]. However, the resulting designs usually have many ac-
tive joints and bars, and could be far from practical.
Due to the high nonlinearity of the geometry and topology
optimization problem formulations, several solution tech-
niques have been proposed, mainly to improve the compu-
tation tractability of the problems [21,37,45,28,3,20]. One
of the most common techniques is to use the so-called al-
ternating method, for example in [37,28], where the prob-
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lems are solved for a fixed geometry but with variation in
topology and vice-versa. These techniques usually obtain
good designs, but in some cases they may not fulfil opti-
mality conditions. In other studies, the topology and geom-
etry of the structure are optimized simultaneously, see [3],
and it has been proved that the solution is (local) optimal.
In both approaches, some studies also use first-order infor-
mation [45], while others attempt to use the second-order
primal-dual method [21,20] to improve convergence proper-
ties. For an overview of these approaches and other solution
strategies, we refer the reader to [3].
Many studies on the optimization of truss structures incor-
porate far more constraints than the classical formulations,
where the weight is minimized with constraints on the com-
pliance or the other way round, to improve the practicality
of the optimal designs. These include constraints on stresses
and/or on local buckling based on Euler’s formula [24,18,
43,44,56,2,38,19,17,31], constraints with nodal stabilities
based on nominal forces [49,10], and constraints with global
stabilities [6,29,42,13,48]. Thee are also variants of these
formulations incorporating buckling constraints using frame
structures [47,33], beam modeling [30], and continuum struc-
tures [14].
In this paper, we address truss design problems with global
stability constraints formulated as nonlinear semidefinite pro-
gramming. Such problems have been extensively studied in
[6,29,26,42,13] and solved, for example by [15,27], but
all for fixed joints. In [51], an invariant large-scale prob-
lem formulation to those in [26], obtained by relaxing non-
linear kinematic compatibility constraints, but still for fixed
joints, has been solved using a customized primal-dual inte-
rior point method by exploiting sparsity and low-rank prop-
erties of the associated element stiffness matrices [9,5,4,8],
the use of column generation procedure (member adding)
[16,41,50], and a warm-start strategy [50].
The goal of this problem is to introduce geometry optimiza-
tion to existing truss topology optimization with global sta-
bility constraints via nonlinear semidefinite programming,
in particular to models proposed in [26,50], and to show that
there are problems of this type which can be solved using a
standard primal-dual interior point method. This is a sur-
prise, considering the severity of the nonlinearity and non-
convexity of the problem formulations. We refer the reader
to [53] for a recent survey of numerical methods for nonlin-
ear semidefinite programming, and further discussions on
how the field is still generally challenging.
One drawback of the solutions obtained by applying geom-
etry optimization is that the resulting optimal designs de-
pend hugely on the initial positions and number of the joints.
As an attempt to overcome this, and another challenge asso-
ciated with numerical instability, namely when some joints
come too close to each other leading to singularity, we per-
form adaptive geometry and topology optimization, inspired

by [20]. This is an iterative procedure where the problems
are initially solved by restricting the movement limits of the
joints to smaller regions, and then progressively updating
them. With this approach, the joints can ultimately navigate
larger regions, which could be far beyond the design space
defined by the initial joint configuration. During the pro-
cedure, inactive joints, i.e., the joints connected entirely to
thin bars that have cross-sectional areas below a prescribed
threshold, are removed. Moreover, we perform some of the
common techniques in geometry optimization such as node
merging when the joints are too close, and node melting
when a joint just connects at the cross points two active
collinear bars. The overall procedure can amount to a cer-
tain extent to a post-processing or rationalization of optimal
truss designs [20].
The paper is organized as follows. In Section 2, we present
the essential mathematical background for geometry opti-
mization of trusses. In Section 3, the truss geometry and
topology optimization with global stability constraints prob-
lem formulation, modelled as nonlinear semidefintie pro-
gramming, is presented. We describe the general framework
of the primal-dual interior point method in Section 4. The
numerical experiments and adaptive geometry and topology
optimization are described in Section 5. Finally, the conclu-
sions and future research directions are listed in Section 6.

2 Background

In this section, we describe the essential mathematical con-
cepts which are useful for modelling truss geometry and
topology optimization with global stability constraints. Part
of this section closely follows [52] and [26]. We adopt the
ground structure approach [12], i.e., a finite set of joints are
distributed in a given N-dimensional design space, where
N ∈ {2,3}, and the joints are connected by some potential
bars. Let d be the number of the joints with v̄ j, j = 1, ...,d
the corresponding coordinates of the positions of the joints.
Hence, v̄ j = (x j,y j) if N = 2, and v̄ j = (x j,y j,z j) if N = 3.
Note that these coordinates will be considered as initial po-
sitions of the joints in this paper. Let m be the number of
bars with the cross-sectional areas ai, i = 1, ...,m. In geom-
etry optimization, the joints are allowed to move within cer-
tain limits, we refer the reader to [3,20] for a brief discus-
sion on various types of admissible move limits. Through-
out the course of the paper, we assume that the supported
and loaded joints are always fixed, and the other joints, say
d0, are allowed to move within a move limit defined by the
neighbourhood

V = V1∩V2 (1)
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where V1 is a region defined by balls of radii r around the
joints and is given by

V1 = {v ∈ Rd0N | ||v j− v̄ j||2 ≤ r2
j , j = 1, ...,d0}, (2)

where || · || is the Euclidean norm, and V2 is a region de-
scribed by a set of linear constraints when the joints are re-
quired to remain, for example, within the given design do-
main. Hence, it can be defined by

V2 = {v∈Rd0N |vmin
j,k ≤ v j,k≤ vmax

j,k , j = 1, ...,d0. k= 1, ...,N}.
(3)

Note that, we have d0 < d. In order to avoid singularity (or
non-differentiability, example when v(2)i = v(1)i in (5)), the
radius r j of each of the balls in (2) is chosen to satisfy

0 < r j =
1
2

min{||v̄ j− vp||, p ∈ I}− ε, (4)

where I is the set of indices of the joints connected to joint
j, and ε > 0.
Let v(1)i and v(2)i denote the coordinates of the start and end
joints of the bar i, i = 1, ...,m. Then, its length li(v) is given
by

li(v) = ||v(2)i − v(1)i ||, (5)

and let (−γe
i (v),γ

e
i (v))

T be the non-zero entries of the asso-
ciated vector of direction cosines γi(v) ∈ Rn, where

γ
e
i (v) =

1
li(v)

(v(2)i − v(1)i )T . (6)

Now, given an external load f ∈ Rn, n ≈ Nd, the resulting
displacement u ∈Rn satisfies the (linear) elastic equilibrium
equation

K(a,v)u = f , (7)

where the stiffness matrix K(a,v) is computed as

K(a,v) =
m

∑
i=1

ai
E

li(v)
γi(v)γT

i (v), (8)

with E being the Young’s modulus of the material.
Next, we define the so-called geometrical stiffness matrix
G(a,v,u) as given by

G(a,v,u) =
m

∑
i=1

aiEγi(v)T u
l2
i (v)

(δi(v)δi(v)
T +ηi(v)ηi(v)

T ). (9)

The vectors δi(v), and ηi(v) are determined so that γi(v),
δi(v), and ηi(v) are mutually orthogonal [26], and hence
there are many possible ways of choosing these vectors. When
all of the joints are fixed, i.e., when solving topology opti-
mization, these have been computed as the orthogonal basis
of the null space of γT

i in [26]. We follow similar approach
but additionally derive the vectors δi(v) and ηi(v) explicitly
as described in Subsection 2.1 since we need to compute the
derivatives of these vectors with respect to the coordinates
of the joints during the optimization process.

2.1 Computing the vectors δi(v), and ηi(v)

When N = 2, (in this case, there is no ηi(v)), then we have

δ
e
i (v) = A2×2γ

e
i (v), (10)

where the rotation matrix A2×2 is given by

A2×2 =

(
0 −1
1 0

)
. (11)

In this case, the set {γe
i (v),δ

e
i (v)} is an orthonormal basis

for R2.
When N = 3, first let us define the following three rotation
matrices,

A(1)
3×3 =

0 0 0
0 0 −1
0 1 0

 , A(2)
3×3 =

0 0 −1
0 0 0
1 0 0

 ,

A(3)
3×3 =

0 −1 0
1 0 0
0 0 0

 .

(12)

Then, we determine the non-zero entries of δi(v) and ηi(v)
using the following steps.

Step 1 Compute δ e
i (v) as

δ
e
i (v) =

A( j)
3×3γe

i (v)

||A( j)
3×3γe

i (v)||
, (13)

where j is the index of |(γe
i (v)) j| with smallest mag-

nitude.
Step 2 Compute ηe

i (v) using the vector product

η
e
i (v) = γ

e
i (v)×δ

e
i (v). (14)

Remark 1 In the implementation, we use j = 1 in Step 1 if
|(γe

i (v))1|= |(γe
i (v))2|= |(γe

i (v))3|.

Next, we present Proposition 1 just for completeness even
though the result follows from basic linear algebra.

Proposition 1 Let N = 3. Let the vectors δ e
i (v) and ηe

i (v) be
given as in (13) and (14), respectively. Then, the following
statements hold.

(a) δ e
i (v) 6= 0, i.e., the vector δ e

i (v) has at least one non-zero
component.

(b) There does not exist a scalar α ∈ R such that δ e
i (v) =

αγe
i (v).

(c) The set {γe
i (v),δ

e
i (v),η

e
i (v)} form an orthonormal basis

for R3.

Proof

(a) This follows from the fact that γe
i (v) 6= 0, see (6), and

by construction, we drop the element with the smallest
absolute value in γe

i (v) to form δ e
i (v).
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(b) This can be easily versified by showing that 〈γe
i (v),δ

e
i (v)〉

= 0, i.e., the non-zero unit vectors γe
i (v) and δ e

i (v) are
orthogonal.

(c) This follows from (b) and the use of the vector product
to form (14).

Remark 2 We compute δ e
i (v) as given in (13), i.e., keep the

two largest absolute value entries, to ensure robustness.

3 The problem formulation

In this section, we present the problem formulation for the
minimum weight truss geometry and topology optimization
with global stability constraints which is

minimize
a,v,u

l(v)T a

subject to f T u≤ ζ

K(a,v)u = f , ∀i
K(a,v)+ τG(a,v,u)� 0

v ∈ V

a≥ 0,

(15)

where ς is a given bound on the compliance, the set V is as
in (1), and the design load factor τ should be at least 1. In
that case, the obtained optimal design is stable for the load
τ f .

Remark 3 Problem (15) can be considered as a natural ex-
tension of the model in [26], where it is formulated only for
topology optimization with global stability constraints, i.e.,
all nodal coordinates (or joints) are fixed.

Remark 4 In [50], a variant formulation of (15) written based
on member forces has been addressed for fixed joints. After
relaxing nonlinear constraints, it is shown that the problem
can be solved for a very large number of bars by applying
adaptive method, i.e., a technique in which a sequence of
much smaller problems are solved to obtain the solution of
the original large-scale problem. The computational gain is
remarkable and the qualities of the solution of the relaxed
problem are good. However, since the joints are fixed, a large
number of nodes is still required to obtain least weight struc-
tures. This can produce many active joints and bars in the
optimal design.

Problem (15) is a highly nonlinear and noncovex semidefi-
nite program and is very difficult to solve [53]. To the best
of the authors knowledge, there is no documented literature
reporting any solution to the problem.
As mentioned in Section 1, it is in generally a challenge
to solve truss geometry and topology optimization with or
without stability constraints. In many studies, the so-called

alternating optimization approach is used where the opti-
mization problem is split into two problem instances, i.e, fix-
ing joints and optimizing with respect to the cross-sectional
areas of the bars, and vice versa [37,28]. The approach is
rather heuristic and just aims to reduce the mathematical
complexity of the problems, and often obtains good designs.
However, these designs do not necessarily satisfy any op-
timality conditions [3]. The other approach is to solve the
problem simultaneously and obtain some local solutions [3].
In this paper, we solve problem (15) simultaneously for both
geometry and topology optimization, using a second-order
primal-dual interior-point method for nonlinear semidefinite
programming described below, i.e. in Section 4.

4 The primal-dual interior point framework

In this section, we present an overview of the interior point
method and an algorithm we applied to solve problem (15),
which is in some sense similar to Section 3 of [52], except
some slight reformulation of the general nonlinear semidef-
inite programming and associated notations, now adopted
from [54]. This is to make the flow of the presentation con-
sistent with the notion of this paper. See also [42].
Consider the nonlinear semidefinite programming of the form

minimize
x∈Rm

f (x)

subject to g(x) = 0

A (x)� 0.

(16)

The functions f : Rm→R, g : Rm→Rk, and A : Rm→ Sn
+

are assumed to be sufficiently smooth, and Sn
+ is the cone of

positive semidefinite matrices in the space Sn of symmetric
n×n matrices.
After introducing a barrier parameter µ > 0, the associated
barrier problem is

minimize
x∈Rm

f (x)−µ ln(det(A (x))

subject to g(x) = 0.
(17)

The Lagrangian to problem (17) is

Lµ(x,λ ) = f (x)−µ ln(det(A (x))+λ
T g(x),

where λ ∈ Rk is a Lagrangian multiplier. Introducing the
additional matrix variable Z := µ(A (x))−1, we have

∇xLµ(x,λ ) = ∇x f (x)−G (x)Z +∇xg(x)T
λ (18)

where

G (x)Z =


〈 ∂A (x)

∂x1
,Z〉

...
〈 ∂A (x)

∂xm
,Z〉

 . (19)
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Then, first-order optimality conditions of the barrier prob-
lem (17) are

∇xLµ(x,λ ) = 0 (20a)

g(x) = 0 (20b)

A (x)Z−µI = 0. (20c)

To apply the Newton method to solve the system of non-
linear equations (20), first we need to maintain symmetry,
which is done by replacing equation (20c) with

HP(A (x)Z) = µI, (21)

where the linear operator HP :Rn×n→ Sn, introduced in [55]
is defined as follows:

HP(Q) :=
1
2
(
PQP−1 +(PQP−1)T )

with P ∈ Rn×n being some non-singular matrix. There are
various ways to choose the matrix P. In this paper, we use
NT direction [34,35].
Now, to get the search directions (∆x,∆λ ,∆Z), we can ap-
ply the Newton method to (20) with the last equation re-
placed by (21), and solve the system

∇
2
xxLµ(x,λ )∆x−G (x)∆Z +∇xg(x)T

∆λ =−∇xLµ(x,λ )

∇xg(x)∆x =−g(x)

E ∆X +F∆Z = µI−HP(A (x)Z),
(22)

where E = E (x,Z) and F = F (x,Z) are the derivatives of
HP(A (x)Z) with respect to x and Z, and ∆X =∑

m
i=1 ∆xi

∂A (x)
∂xi

.
The overview of the interior point method is summarized in
Algorithm 1. It has two loops. The norm of the optimality
conditions in (22) is the stopping criteria, with µ = 0 for
the outer loop and µ = µk for the inner loop. The parame-
ters α and σ control step-length of search directions and the
centrality of the points, respectively.

Algorithm 1 The outline of the interior-point method

Choose (x0,λ 0,Z0) and µ0 =
1
n 〈A (x0),Z0〉.

Set the outer iteration counter k← 0.
while stopping criteria is not satisfied do

Set the inner iteration counter i← 0.
while stopping criteria is not satisfied when µ = µk do

Compute (∆xk,i,∆λ k,i,∆Zk,i) by solving system (22).
Compute a step length α satisfying positiveness (definite) of
variables.
Update (xk,i+1,λ k,i+1,Zk,i+1) ← (xk,i,λ k,i,Zk,i) +
α(∆xk,i,∆λ k,i,∆Zk,i).
i← i+1.

end while
Update µk+1 := σ

1
n 〈A (xk,i),Zk,i〉.

k← k+1.
end while

5 Numerical results

The interior point method has been implemented in MAT-
LAB (R2018a). All numerical experiments have been per-
formed on PC equipped with an Intel(R) Core(TM) i5-8350U
CPU running at 1.90 GHz with 8 GB RAM. In all exam-
ples, we use input data without units. We use the values
of Young’s modulus E = 1 and the design loading factor
τ = 1. In the plots showing optimal designs, only the bars
with cross-sectional area ≥ 0.001amax are shown. The dark
dots are the active joints connecting these bars.
In Algorithm 1, mostly we useσ = 0.5 and α = 0.8αmax,
where αmax is the maximum step length such that the cur-
rent point is positive (definite).

5.1 Fixed versus moving joints

In this section, we preset two examples to demonstrate the
use of geometry optimization (allowing the joints to move)
in reducing the weight of the optimal design. This is done by
making comparisons between solutions obtained with fixed
and moving joints. Moreover, even though it is not the main
purpose the paper, we also demonstrate the usefulness of
global stability constraints in these examples, for the sake
of completeness. We do this by comparing designs obtained
with and without stability constraints.

Example 1 We start with the L-shaped truss problem shown
in Figure 1a that has 132 members which has been solved
in [29] for fixed joints. It has dimensions 1×3×4 (exclud-
ing the region of dimensions 1× 2× 3) and the loads are
(0,0,−0.001) each, applied simultaneously. The bound on
the compliance is ς = 0.0005. When solving the topology
optimization problem for fixed geometry and without sta-
bility constraints, we get the design in Figure 1b, consist-
ing of two disjoint parallel planar trusses of weight 7.6880.
Now, including the stability constrains and solving the prob-
lem, again for fixed joints, we obtain the design in Figure 1c,
where connectivity between the parallel planar trusses is es-
tablished. In this case, the design’s weight is 7.8340. Next,
we allow the joints to move. In this case, we consider the
two scenarios below.

(i) The joints are allowed to move in a ball of radius r = 0.4,
but still remain within the design space of Figure 1a. We
obtain the design in Figure 1d that has weight 7.1557
which is reduced by approximately 9% in comparison
with of the solution obtained with fixed joints in Figure
1c. Moreover, there is an arch like structure in Figure 1d
around the lower surface which spans further around the
outer corner.

(ii) The joints are allowed to move in a ball of radius r = 0.4,
but only the joints in the inner most surfaces are forced to
remain within the design space of Figure 1a. In this case,
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(a)

(b) vol = 7.6880, fixed joint,
without stability constraints

(c) vol = 7.8340, fixed joints,
with stability constraints

(d) vol = 7.1577, joints
allowed to move within the
prescribed neighbourhoods
but with a restriction not to
leave the design space

(e) vol = 6.1192, joints
allowed to move within the
prescribed neighbourhoods
but with a restriction not to
leave the design space along
the innermost surfaces

Fig. 1: (a) Design domain, boundary condition, and load. (b)
Side (left) and 3D (right) views the optimal design without
stability constraints (c)-(e) Same views of the optimal de-
signs with stability constraints for the problem instance in
Example 1

we get the design in Figure 1e that has weight 6.1192,
reduced by approximately 21% from that of the solution
obtained with fixed joints in Figure 1c. As it can be seen
in Figure 1e, some of the joints on the outermost edges
have left the design space of Figure 1a, making the curve
smoother spanning the entire outermost surfaces.

The computational statistics for all cases are presented in
Table 1. The algorithm obtained the solution within a rea-
sonable number of iterations and CPU time.

Finally, we should note that there can be seen some degree of
resemblance of the optimal designs for the L-shaped prob-
lem in Figure 1e to results in [39] and [10], where there are
solutions reported for geometry and topology optimization
but with other types of stability constraints.

Example 2 We solve the bridge problem of dimension 8×
1× 1 shown in Figure 2a. The nodal loads have magnitude
(0,0,−0.001), applied simultaneously, and the bound on the

compliance is ς = 0.003. When we solve the problem with
and without stability constraints for fixed joints, we get the
designs in Figures 2b and 2c with weights 10.3253 and 10.8904,
respectively. The disjoint planar trusses in Figure 2b are now
connected in Figure 2c, which is obtained by solving the
problem with stability constraints. Next, we solve the prob-
lem for moving joints. First, the joints are allowed to move
in a neighbourhood of radius r = 0.4 but restricted to re-
main within the design space. In this case, we get the designs
in Figure 2d of weight 8.5030, that is reduced by approxi-
mately 21% compared to that of the solution of the fixed
joints in Figure 2c. Moreover, we see arch structures around
the top four corners. Finally, when we remove the require-
ment for the joints to remain in the design space, we get the
solution in Figure 2e that has weight 5.7345 which is re-
duced by 47%, a huge saving, compared to that of the fixed
joint Figure 2c. Moreover, the arch has been extended fur-
ther to the upper region of the design space compared to that
of the Figure 2d. The computational statistics are presented
in Table 2, and once again, the method found the solution
within a reasonable number of iterations and CPU time.

5.2 Adaptive geometry and topology optimization

Below, we describe the adaptive geometry and topology op-
timization technique that we have applied and some support-
ing numerical examples. The technique is a recursive pro-
cess.
As mentioned in the introduction Section 1, and can be seen
in Examples 1- 2, the designs obtained by solving the geom-
etry and topology optimization problem (15) strongly de-
pend on the initial configuration of the joints. The natural
observation is that the designs can be improved if we allow
the joints to navigate much wider regions. However, due to
imposing the requirement that the joints should not come too
close to each other to avoid numerical instabilities, we had to
restrict the movement to smaller neighbourhoods. The aim
is now to solve the problem over and over again, and obtain
much better (lighter) designs. This is achieved by an itera-
tive procedure that involves many strategies, and the overall
process is motivated by [20].
First, any joints that are entirely connected to bars with cross-
sectional areas below 0.001amax, where amax is the max-
imum attained cross-sectional area, are removed. We call
these joints inactive nodes. Moreover, any joints connecting
only two collinear bars of cross-sectional areas≥ 0.001amax
are melted, i.e., set to vanish resulting the collinear bars to
merge and form a single bar. The third strategy is to merge
joints that are too close to each other. In our implementa-
tion, we perform node merging if the distance between them
is less than or equal to 0.25. If the nodes constitute supported
or loaded joints, then the nodes are merged to these nodes.
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Fixed joints Moving joints
Joints allowed to move
within the design space

Joint allowed to move and can leave the design space
except along the innermost surfaces

Volume 7.8340 7.1577 6.1192
IPM iter. 76 76 88
CPU(s) 192 200 211

Table 1: Numerical results for the L-shaped problem in Example 1.

Fixed joints Moving joints
Joints allowed to move
within the design space Joint allowed to move and can leave the design space

Volume 10.8904 8.5030 5.7345
IPM iter. 74 68 62
CPU(s) 412 401 370

Table 2: Numerical results for the bridge problem in Example 2

Otherwise, the nodes are merged to the average of the co-
ordinates of the merging nodes. By choosing small positive
values for ε in (4), we determine joint dependant move lim-
its, that is, balls of radius r j given by

r j = min{k min{||v̄ j− v̄p||, p ∈ I},0.3}, (23)

where v̄ j and v̄p are the coordinates of the joints, and I is the
set of indices of the joints connected to joint j. Moreover, we
use k = 1

3 except in Example 6, where we have used k = 1
4 .

The iterative procure of the adaptive optimization stops when
there is no significant change in the weight of the optimal
designs, and there is no bar with length less than or equal to
0.25.
The overall use of adaptive geometry and topology opti-
mization can also be considered as post-processing/ realiza-
tion technique since designs with small number of joints and
bars are achievable. The procedure is summarized in Algo-
rithm 2.

Algorithm 2 Adaptive geometry and topology optimization
Solve the problem with initial configuration of the joints.
while stopping criteria is not satisfied do

Remove inactive nodes.
Perform node melting.
Perform node merging.
Determine the size of the move limits by setting r j as in (23).
Solve the new problem.

end while

Next, we present some examples to demonstrate the benefits
of the adaptive geometry and topology optimization.

Example 3 We solve the two-dimensional problem shown
in Figure 3a. It has dimension 3× 6, the load is (0,−.001)
and the bound on the compliance is ς = 0.00025. Initially,
the radius of the move limits is set to r = 0.3. When we solve

Stage number Volume IPM iter CPU

1 0.1597 87 40
2 0.1582 56 8
3 0.1574 55 7
4 0.1567 60 7
5 0.1562 70 8
6 0.1558 63 7
7 0.1554 56 7

Table 3: Numerical results for the two-dimensional problem
in Example 3

the problem without stability constraints, we get the optimal
design shown in Figure 3b. Next, when we solve the prob-
lem with stability constraints and with the initial configu-
ration of the joints, we get the design in Figure 3c. Now,
we apply Algorithm 2 and obtain the design in Figure 3d.
Repeating the process again and again, we find the designs
in Figures 3e-3i. In this example, we have removed inactive
nodes and performed node melting, see Figure 3d, merged
too close nodes, see Figure 3h. The numerical statistics are
presented in Table 3. The CPU time of the last six problem
instances are shorter compared to that of the first one. This is
due to the many inactive nodes and bars removed while ap-
plying adaptive optimization to the problem in Figure 3c.
The designs in Figures 3d3i look similar to one of those
reported in [14] obtained by solving topology optimization
with buckling constraints for continuum structures.

Example 4 We apply Algorithm 2 to the optimal design shown
in Figure 1e. The results are reported in Figure 4. We have
nodes merging in 4e. The final design has weight 5.8911
which has been reduced by 3.7% compared with the solu-
tion obtained at the beginning in Figure 4a. The curvature of
the outer edges is smooth and with many of its joints con-
nected to the joints in the re-entrant corner. The computa-
tional statistics are given in Table 4.
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(a)

(b) vol = 10.3253, fixed joints, without stability constraints

(c) vol = 10.8904 , fixed joints, with stability constraints

(d) vol = 8.5030, joints allowed to move within the pre-
scribed neighbourhoods but with a restriction to remain in
the design space

(e) vol =5.7346, joints allowed to move within the pre-
scribed neighbourhoods and without any restriction to re-
main in the design space

Fig. 2: (a) Design domain, boundary condition, and load.
(b) Side (top left), top (lower left) and 3D (right) views of
the optimal design without stability constraints (c)-(e) Same
views of the optimal designs with stability constraints for
the problem instance in Example 2.

Stage number Volume IPM iter CPU

1 6.1192 88 211
2 5.9323 54 186
3 5.9075 71 190
4 5.9024 110 257
5 5.8911 57 117
6 5.8911 56 119

Table 4: Numerical results for the L-shaped problem in Ex-
ample 4

(a)

(b) vol = 0.1440 (c) vol = 0.1597 (d) vol = 0.1582 (e) vol = 0.1574

(f) vol = 0.1567 (g) vol = 0.1562 (h) vol = 0.1558 (i) vol = 0.1552

Fig. 3: (a) Design domain, boundary condition, and load. (b)
Optimal design without stability constraints (c)-(i) Optimal
designs with stability constraints obtained in seven stages of
the adaptive optimization for the problem in Example 3

Example 5 Here, we start with the solution of the bridge
problem in Figure 2e where the top four corner nodes in the
design space Figure 2a are removed. We did not have any
nodes melting or merging in this case. The entire process
is demonstrated in Figure 5 and Table 5. The final design
in Figure 5f has weight 4.2135 which is reduced by 32%
when compared to that of the solution obtained at the begin-
ning, given in Figure 5a. Looking at the final bridge design
in Figure 5f, its side-view which is a semicircular-like struc-
ture has similarity to the results in [28] and [3], which is
reported for topology and geometry optimization for two-
dimensional problems. Moreover, the side- and top-views
show it is wider in the middle region and narrower near the
two end points, is reflected in [23].

Example 6 We solve a longer bridge problem shown in Fig-
ure 6a supported at its lower middle and end points on both
edges. The dimension of the design space is 12×1×1 and
all of the loads have magnitude (0,0,−0.001), applied si-
multaneously. The bound on the compliance is set to ς =

0.005. The problem has been solved in stages and the ob-
tained designs are displayed in Figures 6b-6f. Once again,
we see a decrease in the weight of the final design Figure
6f by 14% compared with that of the solution obtained in
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(a) vol = 6.1192 (b) vol = 5.9323

(c) vol = 5.9075 (d) vol = 5.9024

(e) vol = 5.8911 (f) vol = 5.8911

Fig. 4: Optimal designs obtained in six stages of of the adap-
tive optimization for the L-shaped problem in Example 4

Stage number Volume IPM iter CPU

1 5.7346 62 372
2 4.8816 47 192
3 4.4699 47 201
4 4.2752 73 264
5 4.2141 52 204
6 4.2135 51 201

Table 5: Numerical results for the bridge problem in Exam-
ple 5

the first stage given in Figure 6b. Looking at the final opti-
mal design Figure 6f, the side-view can be compared to that
of [28], where we have two large asymmetric semicircular-
like geometries at both sides, and with a smaller symmetric
curved structure in the middle. The computational results are
reported in Table 6.

5.3 General comments based on the numerical experiments

As expected, the nonlinear semidefinite programming truss
geometry and topology optimization problem given in (15)
is not easy to solve. However, in most cases, by setting the
value of the radius ri of the move restrictions to a reasonable
value, the problems are solvable. This is because short bars
are avoided. The designs can then be improved by applying

(a) vol =5.7346

(b) vol = 4.8816

(c) vol = 4.4699

(d) vol = 4.2752

(e) vol = 4.2141

(f) vol = 4.2135

Fig. 5: Optimal designs obtained in the first six stages of the
adaptive optimization for the bridge problem in Example 5

Stage number Volume IPM iter CPU

1 3.6980 64 2467
2 3.3650 57 1046
3 3.2151 60 1065
4 3.1796 78 1387
5 3.1796 78 1472

Table 6: Numerical results for the bridge problem in Exam-
ple 6
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(a)

(b) vol = 3.6980

(c) vol = 3.3650

(d) vol = 3.2151

(e) vol = 3.1796

(f) vol = 3.1796

Fig. 6: (a) Design domain, boundary condition, and load.
(b)-(f) Optimal designs obtained in five stages of the adap-
tive optimization for the bridge problem in Example 6.

the adaptive optimization procedure. There were some in-
stances, mainly in the final stages of the adaptive optimiza-
tion, when problems became harder to solve, due to an in-
evitable existence of short bars, see Figure 4d. However, this
can be successfully resolved using a significantly less ag-
gressive update strategy of the barrier parameter and the use
of conservative step-lengths at the cost of more iterations,
see Table 4. As a last comment, it is also very important that
the initial point and the consequent iterations satisfy the con-
ditions that the joints always remain within the prescribed
restricted regions (2) and (3).

6 Conclusions

We have introduced geometry optimization to existing topol-
ogy optimization with global stability constraints for truss
structures, formulated as nonlinear semidefinite program-
ming. We have demonstrated that these problems can actu-
ally be solved by a standard second-order primal-dual inte-
rior point method, despite the associated challenging math-
ematical properties such as nonlinearity and nonconvexity.
We have applied an adaptive geometry and topology opti-
mization to improve the quality of the optimal designs. This
work is supported by several numerical experiment.
There seems to be a high degree of similarity between suc-
cessive problems near the final stage of the adaptive opti-
mization procedure. Hence, this could be a potential oppor-
tunity to use warm-start strategies [50,51] and improve the
performance of the interior point method further.

7 Replication of results

We have provided all input and output data used in all of
the examples reported in Section 5. No scaling has been in-
volved.
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