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Abstract

This thesis has to do with magnitude: a numerical invariant of enriched categories which, when

specialized to examples such as posets, groupoids or metric spaces, turns out to encompass

a variety of size-related quantities including Euler characteristic, groupoid cardinality, and

geometric data such as length, surface area and volume.

The thesis comprises two parts. The first, based on a paper co-authored with Tom Lein-

ster, introduces and investigates the maximum diversity of a compact metric space, a quantity

closely related to magnitude, whose origins (in work by Leinster and Cobbold) lie in the effort

to quantify the diversity of an ecological community. The second part concerns magnitude ho-

mology, introduced in 2017 by Leinster and Shulman to categorify the magnitude of enriched

categories, adding depth to the picture of magnitude as a ‘size-like’ invariant.

Among the important size-like features of magnitude is its behaviour under combination

of objects: multiplicativity with respect to the tensor product of enriched categories; that

magnitude of metric spaces satisfies an inclusion-exclusion formula; and that magnitude of

graphs is invariant under certain Whitney twists. We study magnitude homology’s behaviour

under such combinations, and leverage that behaviour to extend the theory to new classes of

examples.

First, we adapt a strategy used in the proof of Hepworth and Willerton’s Excision Theorem

for graphs to give a homological proof of magnitude’s invariance under Whitney twists. The

homological approach lets us generalize that result to encompass a substantially wider class of

gluings. Next, we prove a general Künneth Theorem for enriched categories. This allows us to

iterate the theory and study the magnitude homology of categories with a second- or higher-

order enrichment: for instance, metrically enriched categories or strict n-categories for n > 1,

including groups with extra structure such as a conjugation-invariant norm or an ordering.

Finally, we explore the question of how to extend magnitude homology from finite to compact

metric spaces in a way that recovers their magnitude: a question of particular interest, since

it is in this setting that magnitude’s richest geometric properties emerge. This problem is not

solved in this thesis; rather, we map its contours with a view to future work.
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Chapter 1

Introduction

1.1 Size, magnitude and diversity

That Euler characteristic deserves to be thought of not just as a topological invariant, but

as a fundamental measure of size, is by now a well-established idea. There are at least two

arguments to be made in support of this point of view—interrelated, but distinct. First, that

Euler characteristic is a natural generalization of the cardinality of finite sets; second, that it is

analogous, in a precise sense, to more obviously geometric measures including length, area and

volume.

The first case is put forward in Schanuel [68]. Schanuel asks: what are the negative sets?

More concretely: is there a category E which enlarges the category of finite sets and whose

isomorphism classes encode not just the natural numbers, but all integers? Can we complete

this diagram—

Set E

N Z

#

—with a finitely bicomplete, distributive category E and a homomorphism from the Burnside

rig of objects in E onto Z? Schanuel answers this question in the affirmative, taking for E a

certain category of polyhedra, and for the homomorphism, Euler characteristic.

In order for this to work, it is crucial that Euler characteristic, like cardinality, is

multiplicative—χ(P × Q) = χ(P )χ(Q)—and that, under good conditions, it satisfies an

inclusion-exclusion formula:

χ(P ∪Q) = χ(P ) + χ(Q)− χ(P ∩Q).

Schanuel identifies Euler characteristic as universal, in a certain sense, with respect to these

properties. For him, Euler characteristic is a canonical extension of the cardinality of finite sets.

The second argument points to the role played by Euler characteristic in integral geometry

(otherwise known as geometric probability). Integral geometry is concerned with isometry-

invariant measures on classes of subsets of, for instance, Euclidean space. One of its central

concepts is that of a valuation. A valuation on n-dimensional Euclidean space is a real-valued

function V on the set K of compact, convex subsets of Rn which satisfies two criteria: V (∅) = 0,
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and whenever A,B ∈ K are such that A ∪B ∈ K we have the inclusion-exclusion formula

V (A ∪B) = V (A) + V (B)− V (A ∩B).

A valuation V is said to be continuous if it is continuous with respect to the Hausdorff metric,

and m-dimensional (or homogeneous of degree m) if V (tA) = tmV (A) for every A ∈ K.

A fundamental theorem of integral geometry—Hadwiger’s theorem—says that every con-

tinuous valuation on Rn which is invariant under isometries must be a linear combination of

a certain canonical set of n + 1 valuations V0, . . . , Vn, with each Vi being i-dimensional. The

elements of this canonical basis are known as the intrinsic volumes of Rn. The intrinsic vol-

umes can be characterized in various ways; details of their definitions and a proof of Hadwiger’s

theorem can be found in Klain and Rota’s classical book [42].

For example, let A be a compact, convex subset of the plane; then V2(A) is the area of

A, V1(A) is half its perimeter, and V0(A) is its Euler characteristic—that is, V0(A) = 1 if A

is nonempty and V0(A) = 0 otherwise. In general, for A ⊂ Rn, the intrinsic volume Vn(A)

is the n-dimensional volume of A; if n is greater than 1 then Vn−1(A) is proportional to the

(n− 1)-dimensional volume of the boundary ∂A; and V0(A) is always the Euler characteristic.

From the perspective of integral geometry, then, Euler characteristic is the fundamental

dimensionless volume associated to a subset of Euclidean space.

Magnitude The story of magnitude is a story about size, and it begins with Euler character-

istic. Specifically, it begins with the Euler characteristic of a category. To any small category X

one can associate a topological space, the classifying space of X, denoted BX. When X is small

enough—it must be finite, and none of its objects may have non-trivial endomorphisms—the

classifying space will have a well-defined Euler characteristic, which is referred to as the Euler

characteristic of X.

In [46], Leinster describes a procedure to compute the Euler characteristic of a finite category

directly, without passing through the classifying space. The only information this procedure

requires is the size of the hom-sets in X. In its simplest form, it runs as follows. Write down

a matrix ZX whose rows and columns are indexed by the objects x, y, . . . of X, and whose

(x, y)-entry is the number of elements in the set X(x, y) of morphisms from x to y. If ZX is

invertible over Q, invert it; now, sum up all the entries in the inverse matrix and denote the

result by |X|. That is,

|X| =
∑
x,y∈X

Z−1
X (x, y)

whenever the expression on the right is defined. A line or two of linear algebra establishes that

if |X| is defined and X is equivalent to Y, then |Y| is defined and |Y| = |X|. This is the

invariant we refer to as the magnitude of a category.1

If the classifying space of X has Euler characteristic, then the matrix ZX is guaranteed to

be invertible and Proposition 2.11 of [46] says that

|X| = χ(BX).

However, the magnitude of a category is frequently defined even when the topological Euler

characteristic of its classifying space is not. For instance, let G be a group with n elements,

1A more general definition, relaxing the requirement that ZX be invertible, will be given in Chapter 2.
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where n is at least 2. Its classifying space is infinite-dimensional and so does not have Euler

characteristic, yet ZG is certainly invertible—its inverse contains the single entry 1
n . Thus,

|G| = 1
n . More generally, the magnitude of any finite groupoid is its groupoid cardinality in

the sense of Baez and Dolan [4] ([46], Example 2.7). Interpreting the magnitude of a category

for other classes of examples recovers, under appropriate conditions, Euler characteristics of

certain manifolds and orbifolds as well as those of finite categories ([46], Proposition 2.12);

specializing to discrete categories, of course, it also recovers the cardinality of finite sets. Thus,

in Leinster’s first paper on the topic, connections are already evident between magnitude and

‘size-like’ quantities of relevance in quite distant corners of mathematics.

There are more formal indications, too, that magnitude deserves to be thought of as a

size-like invariant. In particular, the magnitude of a category shares cardinality’s fundamental

properties of finite additivity and finite multiplicativity ([46], Proposition 2.6). Concretely,

given finite categories X and Y each of which has magnitude, so too will their coproduct XtY

and their product X×Y, with

|X tY| = |X|+ |Y| and |X×Y| = |X| · |Y|.

From categories to metric spaces Since the data involved in defining the magnitude of a

category is so simple—all one requires, besides basic linear algebra, is a measure of size for sets

of morphisms—it lends itself readily to generalization beyond ordinary categories to categories

with more exotic enrichments. Let (V,⊗, I) be a symmetric monoidal category, and suppose

we have a means of measuring the ‘size’ of objects in V: a function # from the set of objects

of V to some ring (R, ·, 1) satisfying #(I) = 1 and #(u ⊗ v) = #(u) · #(v) for each pair of

objects u, v in V. (We will call such # a size function on V.) Given a V-category X with

finitely many objects, we can repeat the procedure described above, beginning by writing down

an ob(X)×ob(X) matrix whose (x, y)-entry is the element #X(x, y) of R. Invert this matrix if

possible, and sum the entries in its inverse. The resulting value is defined to be the magnitude

|X| of the V-category X.

An argument formally identical to that for ordinary categories shows that the magnitude

of V-categories is invariant under V-equivalences (Leinster [48], Proposition 1.4.1). The cat-

egory of V-categories carries a canonical monoidal product induced by that of V; magnitude

is multiplicative with respect to that product ([48], Proposition 1.4.3). Moreover, under mild

conditions on V, the category of V-categories will have binary coproducts, and magnitude is ad-

ditive with respect to these ([48], Proposition 1.4.4). Thus, the formal cardinality-like features

of magnitude persist in this much more general setting.

The magnitude of enriched categories was introduced by Leinster in [48] with the specific

intention of interpreting it for metric spaces. As Lawvere was first to observe, every metric

space X can be regarded as a category X enriched in the poset [0,∞] with addition as its

monoidal product [44]. The objects of X are the points of X; for each x, y ∈ ob(X) the object

X(x, y) ∈ [0,∞] is the distance from x to y in X. The composition rule for the enrichment is

given by the triangle inequality in X.

In order to define the magnitude of a finite metric space, then, all one requires is a size

function # on the poset [0,∞]. If the magnitude of a metric space is to be real-valued, the choice

of # is heavily constricted: every measurable function [0,∞]→ R satisfying the properties of a

size takes the form d 7→ cd for some nonnegative real number c ([48] p.865). The first definition

of magnitude for metric spaces used the base c = e−1. Thus, the magnitude |X| of a finite metric
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space X could be calculated by writing down the matrix ZX whose (x, y)-entry is e−d(x,y), then

summing the entries of Z−1
X . As in the case of ordinary categories, not every finite metric space

has magnitude in this sense, but many interesting spaces do; in particular, every finite subspace

of Euclidean space has magnitude (Meckes [60], Theorem 3.6).

In the context of metric spaces, a new size-like feature becomes apparent: the magnitude

of finite metric spaces satisfies an inclusion-exclusion principle. Unlike the inclusion-exclusion

principle for cardinalities of finite sets—but rather like that for Euler characteristic—inclusion-

exclusion for magnitude does not hold in full generality. Given a finite metric space X and

subspaces A,B ⊂ X, one says that A projects to B if for every a ∈ A there exists π(a) ∈ B
such that d(a, b) = d(a, π(a)) + d(π(a), b) for every b ∈ B. Leinster proves

Proposition 1.1.1 ([48], Proposition 2.3.2) Let X be a finite metric space and A,B ⊂ X.

Suppose A projects to B and B projects to A. If A and B have magnitude, so does A∪B, with

|A ∪B| = |A|+ |B| − |A ∪B|.

The magnitude of graphs The magnitude of finite metric spaces has proved to be of par-

ticular interest when interpreted for graphs equipped with the geodesic metric. Here, a graph

means a finite, undirected graph with no loops or multiple edges; the distance from a vertex

u to a vertex v is the number of edges in the shortest path between them, or ∞ if no such

path exists. The magnitude of a graph is most naturally understood not as a number but as a

certain formal power series (a specialization, in fact, of the formal magnitude of a finite metric

space which will be discussed in detail in Chapter 2).

Among the plethora of graph invariants, the Tutte polynomial plays an especially important

role; indeed, many other invariants can be derived from it. It is therefore of particular interest

to understand magnitude’s relationship to the Tutte polynomial. In [47], Leinster shows that

magnitude shares several of its important properties but is not determined by it. To establish

this, it was necessary to understand magnitude’s behaviour under certain types of gluing.

By a classical theorem due to Whitney [82], the cycle matroid of a graph (and thus the

Tutte polynomial) is invariant under three operations: vertex identification; an operation that

‘reverses’ vertex identification; and an operation known today as a Whitney twist. Vertex

identification takes a graph X which can be decomposed as a disjoint union G tH, and glues

the graphs G and H together at a single vertex; Whitney’s theorem implies that the Tutte

polynomial of this new graph depends only on those of G and H, and not on the choice of

gluing point. The Whitney twist can be described as follows. Given two graphs G and H, each

with two (distinct) distinguished vertices, there are two ways to form a new graph: we can glue

the distinguished vertices together one way round, or the other. If X and Y are the graphs

thus formed, one says that X and Y differ by a Whitney twist; Whitney’s theorem implies that

the Tutte polynomials of X and Y are equal.

To understand magnitude’s relationship to the Tutte polynomial, then, it is important

to understand its behaviour under these operations. Specializing Proposition 1.1.1 gives an

inclusion-exclusion formula for magnitude of graphs ([47], Theorem 4.9). As a consequence,

the magnitude of G ∨ H (like its Tutte polynomial) does not depend on the choice of gluing

vertex—but the inclusion-exclusion principle also implies that, unlike the Tutte polynomial,

magnitude is not invariant under the operation of vertex identification. Leinster also shows

that magnitude is invariant under some Whitney twists—but not all. He proves:
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Theorem 1.1.2 ([47], Theorem 5.2) Let X and Y be graphs differing by a Whitney twist, and

suppose the two gluing vertices are adjacent in X (or equivalently Y ). Then |X| = |Y |.

Example 4.16 in the same paper shows that magnitude need not be preserved under Whitney

twists in which the gluing vertices are not adjacent. Thus, magnitude is not a specialization of

the Tutte polynomial. We will return to these ideas in Section 1.2 and again, in much greater

depth, in Chapter 5.

Ecological connections Rather surprisingly, despite its very abstract derivation the mag-

nitude of a finite metric space was not an altogether new invariant when it appeared in [48]—

indeed, its size-like character had already been recognized. It appears first in a 1994 paper in

statistical ecology by Solow and Polasky, as a measure of the size or diversity of an ecological

community [71]. In that context, the points of a metric space represent species and the dis-

tances stand for some measure of difference between them. What Leinster calls the magnitude

of a space, Solow and Polasky call the effective number of species in a community.

This unexpected echo between the theory of magnitude and the quantification of ecological

diversity has proved remarkably resonant, giving rise to work that has been influential within

mathematical ecology as well as advancing the understanding of magnitude. In [49], motivated

by the connection with magnitude, Leinster and Cobbold situate the effective number of species

within a much larger family of ways to measure diversity. Their set-up involves a finite set X,

representing a collection of biological species, along with with a way to measure the similarity

of species (this could be derived from a metric on X, but any X × X matrix whose diagonal

entries are strictly positive will do). A particular ecological community can be represented

as a probability distribution over X which records the relative abundance of each species in

the community. Leinster and Cobbold define a family (Dq)q∈[0,∞] of indices quantifying the

diversity of any distribution on X. This family subsumes an array of different indices that

appear in the ecological literature, providing a framework in which to understand and resolve

longstanding methodological debates.

Those debates arise in large part due to the fact that, given different choices q and q′ for the

parameter, the indices Dq and Dq′ will typically make quite different assessments concerning

the same distribution or collection of distributions over a given set. For instance, an ecological

community that appears from the perspective of D1, say, to be becoming more diverse over time

may appear from the perspective of D∞ to be losing diversity. Remarkably, though, it turns

out that every measure in this uncountable family can agree on one thing: on every finite set

X equipped with a notion of similarity, there exists a probability distribution p that maximizes

the value of Dq for every q ∈ [0,∞] at once. What’s more, there is consensus on the diversity of

this maximizing distribution: Dq(p) = Dq′(p) for every q, q′ ∈ [0,∞]. These results are proved

by Leinster and Meckes in [50], where they also show that when X is a finite metric space,

the diversity of the maximizing distribution—termed the maximum diversity of X—is a value

intimately related to magnitude.

The echoes between magnitude and diversity continue to resonate, as we discover in Chap-

ter 3 of this thesis. In that chapter, co-authored with Leinster and published as [52], we extend

the diversity indices defined in [49] from finite to compact spaces with similarities. The loga-

rithm of diversity can be understood as a generalization of entropy: in the finite setting, the

Rènyi entropies, including Shannon entropy, can be recovered from the Leinster–Cobbold in-

dices by a special choice of similarity matrix. Thus, we also obtain an uncountable family of

15



distinct ways to quantify the entropy of a probability measure on a compact metric space—each

one sensitive to the geometry of the space. We are able to prove a direct analogue of the main

theorem in [50]; while the global structure of the proof is the same as that used in the finite

case, in the compact setting the analysis becomes considerably more delicate.

Theorem 3.7.1 Let X be a nonempty compact metric space.

(i) There exists a probability measure µ on X that maximizes Dq(µ) for all q ∈ [0,∞] simul-

taneously.

(ii) The maximum diversity supµDq(µ) is independent of q ∈ [0,∞].

We also take things further. The maximum diversity theorem implies that every compact

metric space X admits a probability measure maximising the entropies of all orders q simul-

taneously. Statisticians have long recognised that maximum entropy distributions are special:

in many contexts, they deserve to be regarded as ‘uniform’. This suggests that our entropy-

maximizing measure may in its own right be a valuable attribute of a space. However, the

maximum entropy measure on X is not scale-invariant: if we multiply all distances in X by a

constant factor t, the maximizing measure changes. (We denote the scaled space by tX.)

In Section 3.9 we propose a canonical, scale-invariant choice of probability measure on a

given metric space (subject to conditions), and call it the uniform measure. It is the limit as

t → ∞ of the maximum entropy measure on tX. We show that in several familiar settings,

this definition captures the intuitive notion of the ‘obvious’ probability distribution on a space:

for instance, on compact subsets of Rn the uniform measure is normalized Lebesgue measure

(Theorem 3.9.9), while on a homogeneous compact space it is Haar measure (Proposition 3.9.5).

But it is defined in much greater generality; it is a general construction of a uniform measure

on an abstract metric space.

The magnitude function and its geometric content The question of scale permeates the

theory of magnitude for metric spaces. Fundamentally, it relates to the choice of size function

on [0,∞]. In choosing a size, we had the freedom to replace e−1 in the base by e−t, where t

could be any real number. Altering the size function in this manner will produce a new value

of magnitude for almost every space X, so it appears there is an important choice to be made

regarding the value of t.

On the other hand, replacing e−1 by e−t amounts to considering, instead of ZX , the matrix

with (x, y)-entry e−td(x,y); in other words, it amounts to calculating the magnitude of the space

tX. From a physical perspective, rescaling a space by a nonnegative factor is no more profound

a change than adjusting one’s unit of measurement; thus, it seems reasonable to consider, along

with |X|, the values |tX| for every t ∈ [0,∞). This leads to the definition of the magnitude

function of a finite metric space X ([48], Section 2.2):

[0,∞)→ R

t 7→ |tX|.

In general, |tX| will not be defined for all t. However, for any space X and any value of t,

every diagonal entry of ZtX is equal to 1; meanwhile, the off-diagonal entries all converge to 0

as t goes to ∞. As a consequence, for all large enough t the matrix ZtX is strictly diagonally

dominant and hence, by the Levy–Desplanques theorem, non-singular. In other words, |tX| is
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defined for all sufficiently large t, and in the limit as t→∞ the magnitude function converges

to the cardinality of X—or, if you prefer, to its topological Euler characteristic.

Naturally it is of interest to extend the magnitude function from finite to compact spaces;

details of how this can be done are given in Section 2.5. One of the first computations of

magnitude for a non-finite space was for a nonempty compact interval I ⊂ R1. Approximating

the interval by finite subspaces, Leinster and Willerton showed in [55] that

|tI| = 1

2
Length(I)t+ 1.

It is relevant here that the constant term 1 happens to be the Euler characteristic of the interval;

we can choose to write

|tI| = 1

2
Length(I)t+ χ(I).

Around the same time, Willerton studied the asymptotics of the magnitude function of a ho-

mogeneous Riemannian manifold, proving in particular that the magnitude of a homogeneous

surface—that is, a sphere, a torus, a Klein bottle or a projective plane—is asymptotically given

by a degree-2 polynomial whose coefficients are proportional to the area and, again, the Euler

characteristic of the surface.

Proposition 1.1.3 (Willerton [83], Section 4) Let X be a homogeneous Riemannian surface.

Then

|tX| = 1

2π
Area(X)t2 + χ(X) +O(t−2) as t→∞.

These examples and others led Leinster and Willerton to make two conjectures regarding

the magnitude function of a compact, convex set in Euclidean space. First, they conjectured

that for a such a set X, the magnitude function of X might be a polynomial whose degree

records the dimension and whose coefficients record the intrinsic volumes of X.

Conjecture 1.1.4 (Leinster–Willerton conjecture, [55]) Let X ⊂ Rn be compact and convex.

Then

|tX| =
n∑
i=0

1

i!ωi
Vi(X)ti

where ωi is the volume of the unit ball in dimension i and Vi denotes the ith intrinsic volume.

They also offered a weaker conjecture: that the magnitude function might not be a polyno-

mial, but might nevertheless record the instrinsic volumes in its large-scale asymptotics.

Conjecture 1.1.5 (Asymptotic Leinster–Willerton conjecture, [55]) Let X ⊂ Rn be compact

and convex. Then

|tX| =
n∑
i=0

1

i!ωi
Vi(X)ti + o(1) as t→∞,

where ωi is the volume of the unit ball in dimension i and Vi denotes the ith intrinsic volume.

The appeal of these conjectures is not just that they would establish a deep connection

between magnitude and the intrinsic volumes. If Conjecture 1.1.4 proved to be true, it would

imply an inclusion-exclusion principle for the magnitude function of compact, convex subsets of

Euclidean space; if Conjecture 1.1.5 proved to be true, it would imply that an inclusion-exclusion

principle holds at least asymptotically.

Conjectures 1.1.4 and 1.1.5 have stimulated a considerable degree of interest in the magni-

tude function on the part of analysts. Conjecture 1.1.4 was quite swiftly disproved by Barceló
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and Carbery [6], who showed that for the unit ball B5 in dimension 5, the magnitude function

|tB5| is not a polynomial but a rational function in t, with a single pole at t = −3. Their

explicit expression for |tB5| also demonstrates disagreement with the coefficients predicted in

Conjecture 1.1.5, disproving that conjecture too—yet Gimperlein, Goffeng and Louca have been

able to prove a weaker variant, with modified coefficients.

Theorem 1.1.6 (Gimperlein, Goffeng and Louca [28], Theorem 6.6) Let X ⊂ Rn be a compact

domain with smooth boundary. Let m = n+1
2 . There exist coefficients (cj(X))j∈N such that

|tX| =
∞∑
j=0

cj
n!ωn

tn−j +O(t−∞) as t→∞, (1.1)

where

c0(X) = Voln(X), c1(X) = mVoln−1(∂X) and c2(X) =
m2

2
(n− 1)

∫
∂X

H dS.

Here, H denotes the mean curvature of ∂X. If X is convex, cj is proportional to Vn−j(X) for

j = 0, 1, 2.

(This statement was first proved for odd dimensions as Theorem 2 in Gimperlein and Gof-

feng [26].) Theorem 1.1.6 suggests a modified version of the asymptotic Leinster–Willerton

conjecture:

Conjecture 1.1.7 For each integer n > 0 there exist universal constants γ0,n, γ1,n, . . . , γn,n

such that for every compact convex subset X ⊂ Rn we have

|tX| =
n∑
k=0

γk,nVk(X)tk + o(1) as t→∞.

This modified conjecture was ultimately disproved in 2021, again by Gimperlein and Goffeng,

who showed that for compact convex bodies in odd dimensions, the fourth coefficient in the

asymptotic expansion (1.1) is not proportional to an intrinsic volume [27]. However, this

coefficient does bear meaningful geometric data: it is proportional to the Willmore energy of

the boundary, which in dimension n = 3 quantifies how much the boundary deviates from a

sphere. Meanwhile, in their paper with Louca, Gimperlein and Goffeng prove for magnitude

several results analogous to classical results in spectral geometry. For instance, in reference to

Kac’s question—“Can one hear the shape of a drum?” [39]—they prove that one can indeed

“magnitude the shape of a drum”: if X is a smooth, compact domain, B is a ball and |tX| =
|tB|+ o(tn−1), then X must be isometric to B ([28], Section 3.3).

They also prove that despite not having quite the anticipated relationship to the intrin-

sic volumes, under appropriate conditions the magnitude function does satisfy an asymptotic

inclusion-exclusion principle. Although we state their result here for subsets of Rn, it is proved

in considerably greater generality.

Theorem 1.1.8 ([28], Section 3.2) Let X,Y ⊂ Rn be smooth, compact domains such that X∪Y
and X ∩ Y are smooth. Then

|t(X ∪ Y )| = |tX|+ |tY | − |t(X ∩ Y )|+O(t−∞).
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1.2 Categorifying magnitude

Famously, under good conditions the Euler characteristic of a topological space X can be

recovered from its singular homology H•(X) as an alternating sum of ranks:

χ(X) =

∞∑
i=0

(−1)irk(Hi(X)). (1.2)

One sometimes hears that singular homology ‘categorifies’ Euler characteristic: it replaces a

numerical invariant of topological spaces by an algebraic invariant which is functorial with

respect to continuous maps. Whereas the Euler characteristic is a relatively coarse invariant

which carries limited information about a space, singular homology is both finer and more

sensitive. It diffracts the cardinality-like information expressed in the Euler characteristic into

a spectrum of data, both qualitative (detecting orientability, connectedness) and quantitative

(recording dimension, the number of connected components).

Euler
characteristic

singular homology

dimension
orientability

...
connectedness

It is natural, then, to ask: does there exist an algebraic invariant which ‘categorifies’ magnitude?

For instance, can one define a homology theory for metric spaces whose Euler characteristic

recovers the magnitude function?

In 2015 Hepworth and Willerton answered this question positively in the special case of

(finite) graphs equipped with the shortest path metric, constructing a homology theory whose

Euler characteristic recovers their magnitude [34]. In 2017 Leinster and Shulman, generalizing

Hepworth and Willerton’s construction, achieved the same for a broad class of finite enriched

categories [53]. In particular, their homology theory succeeds in categorifying the magnitude

function of any finite metric space.

Schematically, the construction works as follows. For technical reasons, we are obliged to

begin by imposing a new condition on our enriching category: V must be not just symmetric

monoidal but semicartesian, meaning that its unit object is terminal. Let A be a closed

symmetric monoidal abelian category equipped with a rank2 function rk : ob(A) → R, and

suppose we are given a symmetric monoidal functor Σ : V → A such that # factors through Σ

via the rank. (Under these conditions Σ is called a size functor.) Then magnitude homology

defines a functor MHΣ
• : VCat→ AN with the property that, subject to finiteness conditions,

the magnitude of a V-category X can be recovered as

|X| = χ(MHΣ
• (X)) =

∑
i∈N

(−1)irk(MHΣ
i (X)).

The construction can be thought of as lifting a categorification of size to a categorification of

magnitude.

2A rank is a partial function rk : ob(A) → R which satisfies rk(0) = 0 and is additive over short exact
sequences.
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For example, when V is the category of sets we take the size functor to be the free abelian

group functor Σ : Set → Ab; the cardinality of a finite set is recovered by taking torsion-

free rank. It should come as no great surprise, given the relationship between magnitude and

categorical Euler characteristic, that the magnitude homology of a locally small category turns

out to be the ordinary homology of its classifying space. In the case of a metric space, though,

magnitude homology is something altogether new: an N× R-graded abelian group whose first

few R-graded pieces carry subtle information about convexity. The details of its construction

will be given in Chapter 4.

Analysing magnitude homology adds depth to the picture of magnitude as a ‘size-like’ invari-

ant. In particular, it has allowed for some of the characteristic formal features of magnitude—its

multiplicativity, and the inclusion-exclusion principle for finite metric spaces and graphs—to

be recovered as the numerical shadows of algebraic statements about the homology groups.

In Hepworth and Willerton’s paper introducing the magnitude homology of graphs, they

prove an analogue of the classical Künneth Theorem for singular homology.

Theorem 1.2.1 ([34], Theorem 21) Let � denote the operation that graph theorists call the

cartesian product. For every pair of graphs X and Y there is a natural short exact sequence

0→MHΣ
• (X)⊗MHΣ

• (Y )
K−→MHΣ

• (X�Y )

→ Tor(MHΣ
•−1(X),MHΣ

• (Y ))→ 0

that is non-naturally split. In particular, K becomes an isomorphism after tensoring with the

rationals, and is an isomorphism if either MHΣ
• (X) or MHΣ

• (Y ) is torsion-free.

From Theorem 1.2.1, taking Euler characteristics recovers the multiplicativity of magnitude

for graphs. Hepworth and Willerton also prove an Excision Theorem, thereby establishing

the existence of a Mayer–Vietoris sequence for the magnitude homology of graphs. Taking

Euler characteristics in this sequence recovers the inclusion-exclusion principle. As we might

anticipate from Proposition 1.1.1, the theorem depends on a condition involving projection.

Definition 1.2.2 Let X be a graph. A subgraph U ⊂ X is called convex if for all u, v ∈ U
we have dU (u, v) = dX(u, v).

Definition 1.2.3 A projecting decomposition is a triple (X;G,H) consisting of a graph X

and two subgraphs G and H such that (i) X = G ∪ H; (ii) G ∩ H is convex in X; and (iii)

for every h ∈ H that can be connected by an edge path to some vertex in G ∩H, there exists

π(h) ∈ G ∩H such that d(h, v) = d(h, π(h)) + d(π(h), v) for all v ∈ G ∩H.

Theorem 1.2.4 ([34], Theorem 29) Let (X;G,H) be a projecting decomposition. Then there

is a split short exact sequence

0→MHΣ
• (G ∩H)→MHΣ

• (G)⊕MHΣ
• (H)→MHΣ

• (G ∪H)→ 0

Both Theorem 1.2.1 and Theorem 1.2.4 have since been extended to general statements for

metric spaces (Bottinelli and Kaiser [9], Proposition 4.3 and Theorem 4.14); the proofs in both

cases are direct generalizations of those given by Hepworth and Willerton.

However, there remain at least two mysteries regarding the behaviour of magnitude homol-

ogy under ‘combinations’ of objects. First, we know that the multiplicativity of magnitude
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holds not just for graphs and metric spaces but in full generality. Does the Künneth Theorem

extend to the magnitude homology of all categories with a semicartesian enrichment?

Second, we have seen that inclusion-exclusion principle is not the only valuable property of

magnitude with respect to graph gluings: its invariance under certain Whitney twists has also

been important. Does this property admit a homological explanation?

Both these questions are answered in this thesis.

Excision and the Whitney twist In Chapter 5 we give a homological proof of magnitude’s

invariance under Whitney twists, extending Theorem 1.1.2 to a statement about a wider class

of graph gluings we term sycamore twists. We prove:

Theorem 5.6.1 Let X and Y be graphs which differ by a sycamore twist. Then |X| = |Y |.

The methods used in the proof of Theorem 5.6.1 are inspired by Hepworth and Willerton’s

proof of the Excision Theorem for graphs ([34], Theorem 28), but the implementation in this

case is quite different. As a result, we cannot conclude that magnitude homology is invariant

under sycamore twists; whether that is the case remains an open question.

Even so, as well as providing a new tool for computing magnitudes of gluings, Theorem 5.6.1

clarifies the picture of graph magnitude in two senses. First, the definition of a sycamore twist

distills the important features of a Whitney twist with adjacent gluing vertices, elucidating the

role played by adjacency. Second, the proof of the theorem makes it clear that the behaviour

of magnitude under twists is intimately related to the Excision Theorem and Mayer–Vietoris

sequence for magnitude homology and thereby to the inclusion-exclusion formula for magnitude.

g0 h0

k0

g1 g2 k1

k2 h2 h1

k3

g0

k3

g1 g2 k2

k1 h2 h1

k0

h0

Figure 1.1: A sycamore twist.
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The Künneth theorem and iterated enrichment We open Chapter 6 by proving a general

Künneth theorem for magnitude homology.

Theorem 6.4.2 Let V be a semicartesian category and R a principal ideal domain, and let

Σ : V →ModR be a strong symmetric monoidal functor. Suppose X is a V-category with the

property that, for every n ∈ N, the R-module MCΣ
n (X) is flat. Then given any V-category Y,

for each n ∈ N there is a short exact sequence

0→
⊕
k

MHΣ
k (X)⊗RMHΣ

n−k(Y)→MHΣ
n (X⊗V Y)

→
⊕
k

Tor
(
MHΣ

k (X),MHΣ
n−k−1(Y)

)
→ 0

natural in X and Y. The sequence splits, but the splitting is not natural.

The proof relies heavily on very general facts of homological algebra: the Eilenberg–Zilber

Theorem for simplicial objects and the ‘algebraic’ Künneth Theorem for chain complexes. In

this sense, it has quite a different flavour from Hepworth and Willerton’s proof of the Künneth

Theorem for graphs and Bottinelli and Kaiser’s proof for metric spaces—though those proofs,

which have the virtue of being more explicit about the maps in the sequence, can in principle

be extracted from it.

Having proved the theorem, we put it to use. As Leinster observed in [46], the fact that mag-

nitude is a good notion of size for ordinary categories—that it is multiplicative and equivalence-

invariant—means that the size of a strict 2-category can readily be defined as its magnitude

with respect to the (partial) size function | − | : Cat→ Q. With that in mind, Tanaka [76] has

extended the definition of magnitude to bicategories, showing that, under finiteness conditions,

the magnitude of a bicategory coincides with the topological Euler characteristic of its classi-

fying space (the geometric realization of the Duskin nerve) ([76], Theorem 3.19). In the same

manner, one can define the iterated magnitude of any category with a second- or higher-order

enrichment in a base category V which is equipped with a size.

Just as multiplicativity lets us treat magnitude as a size function, the Künneth Theorem

lets us treat magnitude homology as a size functor.3 In the latter sections of Chapter 6 we

take this idea seriously, introducing and investigating a variant of magnitude homology for

VCat-enriched categories which categorifies their iterated magnitude. As one would hope,

in the case of a strict 2-category our theory recovers the homology of the classifying space

(Theorem 6.5.3). We describe how magnitude homology behaves under an operation analogous

to topological suspension, deriving the magnitude homology of certain strict n-categories for n >

1 (Theorem 6.6.3), before analysing the magnitude homology of metrically enriched categories—

a class of examples which includes any group equipped with a conjugation-invariant norm. In

this context we find that the iterated theory displays features of both the ordinary homology

of categories and the magnitude homology of metric spaces (Theorem 6.7.1, Theorem 6.8.8).

Towards magnitude homology for compact metric spaces In the final chapter of the

thesis, we turn to what is arguably the most substantial open problem concerning magnitude

homology: can the magnitude of a compact (non-finite) metric space be categorified?

3This is not strictly accurate; the functor we take as our size is the magnitude nerve: the simplicial object
underlying the construction of magnitude homology.
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As the work discussed in Section 1.1 makes clear, the magnitude function of non-finite met-

ric spaces is of particular interest from a geometric and analytic point of view, and despite the

substantial progress that has been made in recent years there are still mysteries to be inves-

tigated concerning magnitude’s relationship to the intrinsic volumes and other geometrically

significant quantities. It is to be hoped that a homological perspective might illuminate these

features; in particular, the asymptotic inclusion-exclusion principle established by Gimperlein

and Goffeng (Theorem 1.1.8) cries out to be understood as the shadow of some ‘asymptotic

excision theorem’.

As it stands, though, Leinster and Shulman’s construction succeeds in categorifying mag-

nitude only for finite spaces. The magnitude homology of an infinite metric space has many

interesting properties, recording information about convexity, curvature and the existence and

uniqueness of geodesics; such features have been explored by Kaneta and Yoshinaga [40], Asao

[2] and Gomi [29, 30], among others. Its Euler characteristic, however, does not recover mag-

nitude. So: can the magnitude of infinite metric spaces be categorified? That question, unfor-

tunately, is not answered here. Instead, we advance on the problem from two directions.

First, we ask: can the magnitude homology of metric spaces be axiomatized? A positive

answer to this question would consist of a list of criteria specifying what it means to be an

axiomatic magnitude homology theory for metric spaces, and a theorem stating that there

exists a unique such theory up to some choice of coefficients. Assuming the Leinster–Shulman

construction qualifies as an axiomatic magnitude homology theory, this would dramatically

restrict our freedom to extend it in a different manner from finite to compact spaces.

In Section 7.2 we describe one strategy to specify axioms for magnitude homology. The

strategy does not succeed—indeed, we argue that magnitude homology cannot be axiomatized—

but it does lead to a characterization of the Leinster–Shulman construction as a left Kan

extension (Theorem 7.2.2). We believe this characterization may prove to be of independent

interest, perhaps shedding light on why the inclusion-exclusion principle for the magnitude of

finite metric spaces takes the particular form it does (see Conjecture 7.2.4 and the discussion

around it).

In the remainder of the chapter we approach the opening question from quite a different

angle. In practical terms, a major impediment to extending the theory is that the magnitude

homology of a finite space does not actually categorify its magnitude function directly, but

rather a (generalized) power series representation of it, known as formal or universal magnitude.

Meanwhile, there is no obvious notion of formal or universal magnitude for an infinite metric

space: the various characterizations of real magnitude for compact spaces proceed from the real

magnitude of a finite space, not its formal magnitude.

In Sections 7.3, 7.4 and 7.5, then, we consider the question of whether formal magnitude

can be extended from finite to compact spaces. As things stand, that question too remains

undecided; we hope that the ideas recorded here may eventually prove useful.
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Part I

Numerical invariants
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Chapter 2

Magnitude

2.1 Introduction

This chapter summarizes the basic theory of magnitude, introducing key definitions and ideas

that will be relied upon in later chapters. Section 2.3 outlines the most general definition of

magnitude for enriched categories, before we specialize in Section 2.4 to the case of finite metric

spaces, where magnitude has both a formal and a real expression: as a generalized power series,

or as a real-valued function. Section 2.5 describes how real-valued magnitude can be extended

in a canonical manner from finite metric spaces to a large class of compact metric spaces,

and Section 2.6 explains how the theory can be iterated to give a definition of magnitude for

categories with a second- or higher-order enrichment, such as strict n-categories for n > 1.

The formal magnitude of a metric space is valued in a field equipped with a non-Archimedean

ordering and valuation. To fix terminology and notation, we begin in Section 2.2 by reviewing

very briefly a few basic facts about non-Archimedean fields.

2.2 Non-Archimedean fields

In what follows, we will be using the term ‘non-Archimedean’ in two senses. The two uses are

related, but the details of their relationship will not be important in this thesis. For clarity, we

give both definitions here and record some facts that will prove relevant.

The first definition belongs to commutative algebra.

Definition 2.2.1 Let K be a field. A non-Archimedean valuation on K is a map v : K →
R ∪ {∞} such that

• v(α) =∞ if and only if α = 0;

• v(αβ) = v(α) + v(β) for all α, β ∈ K;

• v(α+ β) ≥ min{v(α), v(β)} for all α, β ∈ K.

A field equipped with a non-Archimedean valuation is a non-Archimedean valued field.

Let K be a non-Archimedean valued field. The set R = {α ∈ K
∣∣ v(α) ≥ 0} forms a subring

of K, known as its valuation ring. The set M = {α ∈ K
∣∣ v(α) > 0} is a maximal ideal in R,

and the field R/M is the residue class field of K.
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The absolute value associated to a valuation v on K is the function

K→ [0,∞)

α 7→ |α| = e−v(α).

The absolute value induces a metric—in fact, an ultrametric:

d(α, β) = |α− β| for each α, β ∈ K.

A complete non-Archimedean valued field is one which is complete with respect to this metric.

The second sense of the term is order-theoretic.

Definition 2.2.2 Let K be an ordered field. We say K is Archimedean if the following holds:

“For all α ∈ K there exists n ∈ N such that n > α.”

(Here, n denotes the element 1 + 1 + · · ·+ 1︸ ︷︷ ︸
n

∈ K.) Otherwise, K is non-Archimedean.

In a non-Archimedean ordered field, an element α > 0 is said to be infinitesimal with

respect to an element β (and β is infinite with respect to α) if, for every n ∈ N,

α+ α+ · · ·+ α︸ ︷︷ ︸
n

< β.

An element is said to be infinitesimal (resp. infinite) if it is infinitesimal (resp. infinite) with

respect to 1.

An ordered field is said to be Dedekind complete if every nonempty subset that is bounded

above admits a supremum. No non-Archimedean ordered field is Dedekind complete. For, let

K be a non-Archimedean ordered field and suppose α is an element bounding the set N ⊂ K
from above. Then we must also have α − 1 > n for every n ∈ N, else n + 1 > α. Hence, no

element in K can be a least upper bound for N.

For us, a non-Archimedean field will be a non-Archimedean ordered field possessing a

non-Archimedean valuation, such that order topology coincides with the topology induced by

the valuation metric. We will call a non-Archimedean field complete if it is complete with

respect to the metric.

The absence of the least-upper-bound property makes analysis over a non-Archimedean

field rather different from real analysis; in certain respects it is much simpler, particularly if

the field is complete. For instance, unlike a real series, a series
∑∞
k=0 αk in a complete non-

Archimedean field K is guaranteed to converge if the sequence (|αk|)∞k=0 converges to 0 in R.

(Because the metric on K satisfies the strong triangle inequality, the fact that |αk| → 0 implies

that the sequence of partial sums is Cauchy; as K is complete, the series must converge.) As

a consequence, a series in a complete non-Archimedean field is convergent if and only if it is

absolutely convergent, meaning that the corresponding series of absolute values
∑∞
n=0 |αn|

converges in R.

We record here for later reference two facts in particular about convergence of series.

Theorem 2.2.3 Let K be a complete non-Archimedean field. Suppose
∑∞
m=0 αm converges in

K to α and
∑∞
n=0 βn converges in K to β. Then:
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(i) The series
∑∞
m=0 αm + βm converges in K to α+ β.

(ii) The series
∑∞
p=0

∑
m+n=p αmβn converges in K to αβ.

Proof. Part (i) is Theorem 2.2 in Conrad [16]; part (ii) is Corollary 2.11 in the same text.

2.3 The magnitude of an enriched category

Throughout this chapter, let (V,⊗, I) be a symmetric monoidal category.

Definition 2.3.1 A size on V consists of a ring (R, ·, 1) and a function

# : ob(V)→ R,

constant on isomorphism classes of objects, such that #(v ⊗ w) = #(v) ·#(w) and #(I) = 1.

If V is essentially small, there is a universal choice of size. Take R to be the ring Z[V]

whose elements are formal Z-linear combinations of isomorphism classes [v] in ob(V), with

multiplication defined by putting [v] · [w] = [v ⊗ w] and extending Z-linearly. The universal

size on V is the function

# : ob(V)→ Z[V]

v 7→ [v].

Any other size on V must factor uniquely through this one.

Given a size # on V, to any V-category X one can associate a function

ZX : ob(X)× ob(X)→ R

(x, y) 7→ #(X(x, y)).

When X has finitely many objects, ZX can be represented by a square matrix. The ‘magnitude’

of X is defined in terms of data associated to this matrix.

Definition 2.3.2 A weighting for an n × n matrix M with entries in R is a vector w ∈ Rn

such that the product Mw is the vector in which every entry is 1. A coweighting for M is a

weighting for MT .

Not every matrix possesses a weighting, and if weightings do exist they need not be unique.

Yet, if a matrix happens to possess both a weighting w and a coweighting v, then the sum of

entries in v is equal to the sum of entries in w—

n∑
i=1

vi =

n∑
i=1

vi

 n∑
j=1

Mi,jwj

 =

(
n∑
i=1

viMi,j

)
n∑
j=1

wj =

n∑
j=1

wj

—and consequently, the sum of entries of any weighting or coweighting is a value independent

of the vector chosen to compute it.

Definition 2.3.3 (Leinster [48], Definition 1.3.2) A finite V-category X has magnitude in R

if the matrix ZX possesses both a weighting w and a coweighting v. The magnitude of X is
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then

Mag#(X) =
∑
x∈X

vx =
∑
x∈X

wx ∈ R.

One situation in which a weighting and a coweighting for a matrix are guaranteed to exist,

and to be unique, is when the matrix is invertible.

Definition 2.3.4 ([48], Definition 1.3.2) A finite V-category X has Möbius inversion over

R if the matrix ZX is invertible over R. In that case, Z−1
X is called the Möbius matrix of X.

Lemma 2.3.5 ([48], Lemma 1.1.4) Any V-category X that has Möbius inversion has magnitude,

with

Mag#(X) = sum(Z−1
X )

where sum(Z−1
X ) is the sum of all the entries in the Möbius matrix.

Proof. The column vector defined by the row sums of Z−1
X is the unique weighting for ZX;

the row vector defined by the column sums is the unique coweighting. Summing the entries of

either the weighting or coweighting yields the formula for Mag#(X).

If R = R or C, and if the matrix ZX happens to be positive definite (hence invertible), the

Cauchy–Schwarz inequality offers an alternative description of Mag#(X).

Proposition 2.3.6 ([48], Proposition 2.4.3) Suppose V has a real- or complex-valued size #,

and let X be a V-category such that the matrix ZX is positive definite. Then

Mag#(X) = sup
v∈Rob(X)

v 6=0

(∑
x∈X v(x)

)2
vTZXv

. (2.1)

A vector v attains the supremum if and only if it is a nonzero scalar multiple of the unique

weighting on ZX.

When V is the category FinSet of finite sets, a finite V-category X is just a finite ordinary

category, and in that case the magnitude of X—with respect to the Q-valued size on FinSet

given by cardinality—is also known as its Euler characteristic (Leinster [46]). The terminology

reflects that in this context magnitude generalizes topological Euler characteristic, in the sense

explained in Chapter 1. We now state the relationship a little more formally.

Definition 2.3.7 Let Cat denote the 1-category of small categories and functors, and let ∆

denote the simplex category. We can identify ∆ with the full subcategory of Cat on nonempty

finite linear orders, writing [n] for the category 0 → 1 → · · · → n. The nerve of a small

category X is the simplicial set defined by

S(X)n = Cat([n],X).

The classifying space of X, denoted BX, is the geometric realization of S(X).

Definition 2.3.8 ([46], Sections 1–2) Let n be a natural number, let X be a category, and let

x and y be objects in X. An n-path from x to y in X is a diagram

x = x0
f1−→ x1

f2−→ . . .
fn−1−−−→ xn−1

fn−→ xn = y
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in X. It is a circuit if x = y and non-degenerate if no fi is an identity. We say the category

X is circuit-free if every circuit in X consists entirely of identities.

Theorem 2.3.9 ([46], Proposition 2.11) Every finite, circuit-free category X has magnitude.

Moreover, Mag(X) = χ(BX).

The Theorem implies that the magnitude of any finite, circuit-free category must be an

integer. In general, though, the magnitude of a finite ordinary category may take any rational

value—see, e.g., Example 2.7 in [46] (the magnitude of a finite groupoid).

2.4 The magnitude of a finite metric space

Let R+ denote the poset whose objects s, t, . . . are non-negative real numbers, with an arrow

s→ t if and only if s ≥ t. Throughout this thesis we will endow R+ with the monoidal structure

in which s⊗ t = s+ t; the unit object for this structure is 0.

Lawvere [44] showed that a category enriched in (R+,+) is the same thing as a quasi-

pseudo-metric space: a set X equipped with a function d : X × X → [0,∞) which satisfies

the triangle inequality and the equation d(x, x) = 0 for every x ∈ X. We will call such spaces

generalized metric spaces. A generalized metric space need not be separated (d(x, y) = 0

does not necessarily imply x = y) and its distance function need not be symmetric. An enriched

functor between generalized metric spaces X and Y is a function f : X → Y satisfying

dY (f(x), f(x′)) ≤ dX(x, x′) for all x, x′ ∈ X.

We will refer to such functions as short maps.

Definition 2.4.1 Let GMet denote the category of (R+,+)-categories. That is, GMet is the

category whose objects are generalized metric spaces and whose morphisms are short maps.

We will also consider several full subcategories of GMet. The category of quasi -metric

spaces—generalized metric spaces whose metric is separated, but not necessarily symmetric—

will be denoted by QMet. The category of pseudo-metric spaces—whose metric is symmetric,

but not necessarily separated—will be denoted by PMet. And the category of traditional

metric spaces—whose metric is separated and symmetric—will be denoted by Met.

The universal size ring for (R+,+) consists of formal Z-linear combinations of numbers in

R+. Since multiplication in Z[R+] is defined by

[a] · [b] = [a+ b]

for a, b ∈ R+, we choose to write [a] as qa for some formal variable q, and think of Z[R+] = Z[qR+ ]

as a ring of generalized polynomials

m1q
a1 +m2q

a2 + . . .+mjq
aj

with coefficients m1, . . . ,mj in Z. The ring Z[qR+ ] is an integral domain, so we can take its

field of fractions

Q(qR) = Frac(Z[qR+ ]),

whose elements are quotients f/g of generalized polynomials, where g 6= 0. The elements of

Q(qR) are generalized rational functions.
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Remark 2.4.2 In fact, Lawvere in [44] considered categories enriched in the monoidal poset

([0,∞],+) of the extended positive reals; these are the same thing as extended quasi-pseudo-

metric spaces. In this thesis, however, metrics will always be real-valued. The fact that Z[qR+ ]

is an integral domain is the primary reason for this choice; the same is not true of the universal

size ring for ([0,∞],+) (see Example 2.12 of Leinster and Shulman [54]).

The ring of generalized polynomials comes equipped with a valuation

v : Z[qR+ ]→ R

f 7→ codeg(f)

where codeg(f) is the minimal exponent appearing in f with nonzero coefficient. The valuation

extends to Q(qR) by defining v
(
f
g

)
= v(f) − v(g), and now Cauchy completing Q(qR) with

respect to the metric induced by this valuation yields a complete non-Archimedean valued field

containing Q(qR) as a dense subfield.

Definition 2.4.3 The Cauchy completion of Q(qR) is the Novikov field (of R over Q). We

denote it by Q((qR)).

We can describe the Novikov field more explicitly. Say that a function f : R → Q has

left-finite support if, for every L ∈ R, the set {` ∈ R
∣∣ f(`) 6= 0} ∩ (−∞, L] is finite. The

Novikov field consists of ‘generalized formal Laurent series’

A =
∑
`∈R

a`q`

with coefficients in Q, such that the function ` 7→ a` has left-finite support. Novikov series are

added and subtracted coefficient-wise, and multiplied by the Cauchy product. In the valuation

topology on Q((qR)) a sequence (Ak)k∈N converges if and only if, for every T ∈ R, there exists

some N ∈ N such that, beyond the N th term in the sequence, all coefficients below T stabilize:

aj,t = ak,t for all t < T , for all j, k > N . The coefficients in the limiting series are then given

by those stable coefficients.

The set of Novikov series with integer coefficients and non-negative valuation forms a subring

Z[[qR+ ]] of Q((qR)). This ring is the Cauchy completion of Z[qR+ ] with respect to the valuation

metric: we have a square

Z[qR+ ] Z[[qR+ ]]

Q(qR) Q((qR))

c1

l1 l2

c2

(2.2)

in which the vertical arrows are localizations and the horizontal arrows are completions. The

units in the ring Z[[qR+ ]] are the elements with constant term 1.

The following theorem is Theorem 2.13 in Leinster and Shulman [54], though we use a

marginally simpler proof.

Theorem 2.4.4 Every finite metric space has magnitude in Q((qR)).

Proof. Let X be a finite metric space. The matrix ZX has diagonal entries all equal to q0 = 1,

and off-diagonal entries qt for some strictly positive real t, so its determinant is a generalized

polynomial with constant term equal to 1. In particular det(ZX) 6= 0, so det(ZX) is a unit in
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Q(qR) and ZX is invertible there. Thus, X has magnitude in the ring of generalized rational

functions, which embeds into the Novikov field.

Definition 2.4.5 The formal magnitude Mag(X) of a finite metric space X is its magnitude

over Q((qR)). The formal weighting on X is the unique Q((qR))-valued weighting on X.

Remark 2.4.6 As well as a valuation, Q((qR)) possesses an ordering: a Novikov series A is

greater than 0 if its leading coefficient is positive in Q, and for A,B ∈ Q((qR)) we say A > B

if A−B > 0. This ordering is non-Archimedean in the order-theoretic sense: the infinitesimal

elements are those series with valuation strictly greater than zero, and the infinite elements are

those with valuation strictly less than zero.

For instance, for any finite metric space X, every off-diagonal entry in the matrix ZX is

infinitesimal, while the diagonal entries are all equal to 1, so ZX is strictly diagonally dominant.

As Leinster and Shulman observe in [53], Remark 2.11, a general form of the Levi–Desplanques

theorem says that any symmetric matrix over an arbitrary ordered field which is strictly diago-

nally dominant and has non-negative diagonal entries is positive definite. Hence, ZX is positive

definite over Q((qR)) for any finite space X.

A version of the Cauchy–Schwarz inequality (see Section 7.4) then implies that

Mag(X) ≥
(∑

x∈X v(x)
)2

vTZXv
for all nonzero v ∈ Q((qR))X ,

but because Q((qR)) is not Dedekind complete this does not offer (as in Proposition 2.3.6) an

alternative description of Mag(X) as a supremum.

In Chapter 7, as we attempt to extend the definition of formal magnitude from finite to

infinite metric spaces, we will make use of the fact that vTZXv 6= 0 for all nonzero v ∈
Q((qR)). However, we have not found any use for the apparently more powerful fact that ZX is

actually positive definite over the Novikov field. This is a bit surprising, since—as we will see

in Section 2.5—positive definiteness plays a crucial role in the theory of real-valued magnitude.

It is possible to give a very explicit description of the formal magnitude of a finite metric

space.

Definition 2.4.7 Let n be a natural number, let X be a metric space, and let x and y be

points in X. A n-path from x to y in X is a tuple x = (x0, . . . , xn) of points in X with x0 = x

and xn = y. It is non-degenerate if xi 6= xi+1 for every i. The length of the n-path x is

L(x) =

n−1∑
i=0

d(xi, xi+1).

Theorem 2.4.8 Let X be a finite metric space. The formal magnitude of X is

Mag(X) =
∑
`∈R

(∑
n∈N

(−1)n#{n-paths of length ` in X}

)
q`. (2.3)

Proof. This can be read off from Theorem 4.5.1 (Corollary 7.15 in [54]).

Remark 2.4.9 From the expression in (2.3) it can readily be seen that if X is empty then

Mag(X) = 0, and otherwise the leading term in Mag(X) is always #Xq0. In particular, if
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X 6= ∅ the leading coefficient is guaranteed to be positive, so for any finite metric space we have

Mag(X) ≥ 0 in the Novikov field, and if X is nonempty then Mag(X) > 0.

Theorem 2.4.8 tells us that computing the magnitude of a finite space is really about the

combinatorics of paths in the space. This perspective will become important in Chapter 5.

Example 2.4.10 Let L be a positive real number, k a positive integer, and let Xk be the space

consisting of k + 1 points equally spaced within the interval [0, L] ⊂ R.

0 = x0 x1 x2 x3 x4 xk−2 xk−1 xk = L

The formal weighting on Xk is given by the formula

w(x) =

1 +
∑∞
n=1(−1)nqnL/k if x = x0 or x = xk

1 + 2
∑∞
n=1(−1)nqnL/k otherwise

(2.4)

and the formal magnitude of Xk is

Mag(Xk) = (k + 1) + 2k

∞∑
n=1

(−1)nqnL/k. (2.5)

We have so far considered the magnitude of finite metric spaces with respect to the universal

size on R+. Naturally one is also interested in numerical magnitudes.

As noted in Section 1.1, every measurable function R+ → R satisfying the properties of a

size takes the form ` 7→ c` for some non-negative real number c ([48] p.865). Conventionally,

attention has been restricted to bases c ∈ (0, 1), which are usually expressed as c = e−t for

some t ∈ (0,∞). For each t > 0, the size #(`) = e−t` factors through the universal size via

evaluation at q = e−t.

Meanwhile, the proof of Theorem 2.4.4 tells us that the formal magnitude of a finite met-

ric space X is always a Novikov series with integer coefficients and non-negative valuation,

representing a generalized rational function. (Since det(ZX) is a generalized polynomial with

constant term 1, it is a unit in Z[[qR+ ]] as well as in Q(qR).) As a consequence, for any finite

metric space X, the formal magnitude of X can be evaluated at non-negative real values of q

to obtain a relatively well-behaved partial function

[0,∞)→ R

r 7→ Mag(X)(r) = Mag(X)|q=r.

In particular, Mag(X)(r) is defined for all r sufficiently close to zero: since the series Mag(X)

represents a generalized rational function, Mag(X)(−) has finitely many singularities, all oc-

curring at zeros of the denominator, and because Mag(X) involves no negative powers of q, it

is absolutely convergent when evaluated at q = 0. Hence, there must exist some s > 0 such

that Mag(X)(r) is defined (indeed, analytic) for all r ∈ [0, s).

Thus, evaluating a Novikov series at q = e−t for every real t > 0 yields a partial function

(0,∞)→ R which is defined for all sufficiently large t.
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Definition 2.4.11 (Leinster [48], Definition 2.2.2) Let X be a finite metric space. The mag-

nitude function of X is the partial function

(0,∞)→ R

t 7→ |tX| = Mag(X)(e−t).

The study of the magnitude function predates the definition of formal magnitude by almost

a decade, and work by Leinster and Willerton has demonstrated that the magnitude function

of a finite metric space captures scale-dependent information about the size and geometry of

the space. For instance, the growth of the magnitude function can be interpreted as measuring

the ‘effective dimension’ of a finite space at varying scales (Willerton [84], Section 4), while the

magnitude function itself has been interpreted as recording the ‘effective number of points’ in

the space (Leinster and Willerton [55], Introduction).

In particular, in the limit as t approaches ∞, the magnitude of tX is the cardinality of X

([55], Section 1.4), and when t is very small, the magnitude of tX is close to 1—capturing the

sense that, from very far away, any finite space looks like a one-point space. It is not the case,

however, that limt→0 |tX| = 1 in general: see Leinster [48], Example 2.2.8, for an example of a

6-point space X such that limt→0 |tX| = 6/5.

Example 2.4.12 Returning to the space Xk ⊂ [0, L] considered in Example 2.4.10, we find

that its magnitude function is given for t > 0 by

|tXk| = (k + 1) + 2k

∞∑
n=1

(−1)ne−tnL/k

= −(k − 1) + 2k

∞∑
n=0

(−1)n(e−tL/k)n (2.6)

= −(k − 1) +
2k

1 + e−tL/k
(2.7)

= 1 + k

(
2

1 + e−tL/k
− 1

)
(2.8)

= 1 + k

(
1− e−tL/k

1 + e−tL/k

)
(2.9)

= 1 + k tanh

(
tL

2k

)
.

Here, (2.6), (2.8) and (2.9) are straightforward algebraic rearrangements, while (2.7) takes the

sum of a geometric series in R, making use of the fact that e−tL/k is strictly smaller than 1. As

t approaches ∞, the magnitude function of Xk converges to k + 1, as expected.

2.5 The magnitude of a compact metric space

Given the attractive features of the magnitude function of a finite metric space, there has

naturally been a good deal of interest in extending the definition of real magnitude and the

magnitude function from finite to infinite spaces. This necessarily involves leaving behind the

realm of linear algebra and entering that of analysis.

There have been several different approaches to defining the magnitude of a compact metric

space, each of which we describe briefly below. It transpires that if one restricts attention to a
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certain broad class of spaces, termed positive definite spaces, there is a canonical way to extend

the definition of real magnitude [58, 51].

Definition 2.5.1 (Meckes [60]) A metric space Y is positive definite if, for all finite subsets

X ⊆ Y , the matrix ZX (with ZX(x, x′) = e−d(x,x′) for each x, x′ ∈ X) is positive definite.

Many interesting metric spaces are positive definite, including spheres with their geodesic

metric, all subsets of hyperbolic space, and all subsets of Rn with the Euclidean or taxicab

metric. Theorem 3.6 in [60] records these along with many other examples.

A finite metric space X is positive definite if and only if the matrix ZX (over R) is posi-

tive definite. As we saw in Proposition 2.3.6, this affords an alternative formula for the real

magnitude of X:

|X| = sup
v∈RX

v 6=0

(∑
x∈X v(x)

)2
vTZXv

.

As an immediate consequence, we have the following lemma:

Lemma 2.5.2 Let X be a finite positive definite metric space. If ∅ 6= Y ⊆ X, then

1 ≤ |Y | ≤ |X|.

Hence,

|X| = sup{|X ′|
∣∣X ′ ⊆ X}. (2.10)

Lemma 2.5.2 provides the key to defining magnitude for compact positive definite metric

spaces. The idea is to think of magnitude, characterized by (2.10), as a function on the class

of finite positive definite spaces with the Gromov–Hausdorff topology, and to show that this

function is lower semicontinuous. Since the space of finite positive definite spaces is everywhere

dense in the space of compact positive definite spaces, a lower semicontinuous function on the

subspace must admit a canonical extension to the whole space: its maximal lower semicontin-

uous extension.

Proposition 2.5.3 (Leinster and Meckes [51], Proposition 3.1) The quantity

S(X) = sup{|X ′|
∣∣X ′ ⊆ X,X ′ finite}

is lower semicontinuous as a function of X (taking values in [0,∞]) on the class of positive

definite metric spaces with the Gromov–Hausdorff topology.

This proposition, in combination with Lemma 2.5.2, tells us both that magnitude is lower

semicontinuous on the class of finite positive definite spaces, and that its maximal lower semi-

continuous extension is exactly given by the function X 7→ S(X). That justifies the following

as the canonical definition of real magnitude for a compact positive definite space.

Definition 2.5.4 ([51], Section 2) Let X be a compact positive definite metric space. The

magnitude of X is

|X| = sup{|X ′|
∣∣X ′ ⊆ X,X ′ finite} ∈ [0,∞].

The magnitude function of X is the function

(0,∞)→ [0,∞]

t 7→ |tX|.
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Proposition 2.5.3 also offers an alternative characterization of the magnitude of a compact

positive definite space, as a limit over any approximating sequence of subspaces.

Proposition 2.5.5 (Meckes [60], Corollary 2.7) Let X be a compact positive definite metric

space, and (Xk)k∈N a sequence of compact subsets such that Xk → X in the Hausdorff topology

as k →∞. Then

|X| = lim
k→∞

|Xk|.

In particular, if X admits an approximating sequence of finite subspaces with known mag-

nitudes, Proposition 2.5.5 can provide a method of computing the magnitude of X.

Example 2.5.6 Fix L > 0. Let X be the line segment [0, L] and for each k ∈ N, let Xk ⊂ X be

defined as in Example 2.4.10. The sequence (Xk)k∈N converges to X in the Hausdorff metric:

dH(Xk, X) = max

{
sup
x∈Xk

d(x,X), sup
y∈X

d(Xk, y)

}
=

L

2k
→ 0 as k →∞.

This lets us find the magnitude function of X as the pointwise limit of the functions t 7→ |tXk|.
In Example 2.4.12 we saw that the magnitude function of Xk is given for t ∈ (0,∞) by

|tXk| = 1 + k tanh

(
tL

2k

)
.

For ε very close to zero, tanh(ε) is approximately equal to ε, and so as k gets very large we

have tanh
(
tL
2k

)
∼ tL

2k . Hence, for each t ∈ (0,∞),

|tX| = lim
k→∞

|tXk| = 1 +
1

2
Lt.

This argument is made rigorous in the proof of Proposition 6 in Leinster and Willerton [55].

In practice, approximation by finite subspaces rarely offers a feasible method either to com-

pute real magnitudes or to study the abstract properties of the magnitude function. In general,

computing the magnitude of a compact space is difficult—few magnitudes are known explicitly—

but two further characterizations each provide a way to study the magnitude function more

directly. Both involve generalizing the notion of weighting.

One approach, originally due to Willerton, is to directly extend the definition of a weighting

from finite to compact spaces by replacing weighting vectors by ‘weight measures’ and summa-

tion by integration. This approach was used by Willerton in [83] to compute the magnitude of

the ternary Cantor set and to analyse the magnitude function of a homogeneous Riemannian

manifold, leading to results such as Proposition 1.1.3. We will refer to it again in Section 3.5

when we come to redefine magnitude in the more general setting of compact spaces with simi-

larities.

An alternative strategy, due to Meckes [58, 60]), places magnitude in the setting of functional

analysis, ultimately allowing Meckes and others to make use of Fourier techniques and ideas

from potential theory to study the magnitude functions of specific sets in Euclidean space (as in,

e.g., [6, 26, 59]). Meckes’s approach will provide the blueprint for a first attempt, in Chapter 7,

to extend the definition of formal magnitude from finite to compact spaces.

To motivate what follows, we first consider a superficial reformulation of the definition of

weightings and of magnitude for finite spaces.
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Given a finite metric space X, let M(X) denote the vector space of finite signed measures

on X. (As a vector space, M(X) is isomorphic to RX .) The function ZX : X ×X → R defines

a symmetric bilinear form 〈−,−〉W on M(X) by

〈µ, ν〉W =

∫
X

∫
X

ZX(x, y) dµ(y) dν(x) (2.11)

This bilinear form is positive definite if and only if the matrix representing ZX is positive

definite.

Now, suppose X has real magnitude (i.e. |X| is defined), and that w is any real weighting

for X. By the definition of magnitude and the defining property of weightings,

|X| =
∑
x∈X

w(x) · 1 =
∑
x∈X

w(x)

∑
y∈X

ZX(x, y)w(y)

 =
∑
x∈X

∑
y∈X

ZX(x, y)w(y)w(x) = 〈w,w〉W ,

where, in the final equality, we treat w as an element of M(X) via the identification

w 7→
∑
x∈X

w(x)δx.

This expression for |X| suggests reformulating the basic definitions as follows. Define a map

Z : M(X)→ Set(X,R)

by µ 7→ Zµ, where Zµ(x) =
∫
X
ZX(x, y) dµ(y). A weighting for X is an element µ ∈ M(X)

such that Zµ(x) = 1 for all x ∈ X. If X possesses at least one weighting, then the magnitude

of X is |X| = 〈µ, µ〉W for any weighting µ.

Meckes’ first insight in [58] is that the expression in (2.11) can be adapted to define a bilinear

form on the space FM(X) of finitely supported, finite signed measures on any metric space X:

for µ, ν ∈ FM(X), put

〈µ, ν〉W =

∫
X

∫
X

e−d(x,y) dµ(x) dν(y). (2.12)

If (and only if) X is a positive definite metric space, this bilinear form is positive definite and

so makes FM(X) into an inner product space, with norm

‖ − ‖W =
√
〈−,−〉W .

Meckes goes on to show that for each µ ∈ FM(X), the function Zµ : X → R given by

Zµ(x) =

∫
e−d(x.y) dµ(y)

belongs to a Banach space C̃(X) of functions satisfying a certain continuity condition (the

precise definition of C̃(X) will not be important here). Moreover, Z : FM(X) → C̃(X) is an

injective, bounded, linear operator and so extends uniquely to an injective, bounded, linear

operator on the completion of FM(X). Using that extended operator, one can extend the

reformulated definition of weightings, and of magnitude.

Definition 2.5.7 ([58], Definition 3.3) Let X be a positive definite metric space. The weight-

ing space of X is the completion W of FM(X) with respect to the inner product 〈−,−〉W . A
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weighting for X is an element w ∈ W such that for each x ∈ X we have Zw(x) = 1.

Since the operator Z is injective, if a weighting exists it is necessarily unique.

Theorem 2.5.8 ([58], Theorem 3.4) Let X be a positive definite metric space. If X possesses

a weighting w, then the magnitude of X is

|X| = ‖w‖2W .

2.6 Magnitude and higher-order enrichment

We step away now from metric spaces, and back into the more general setting of enrichment.

For any symmetric monoidal category V, the category of V-categories and V-enriched functors

has a monoidal structure inherited from that of V. Given X,Y ∈ VCat, the V-category X⊗VY

has object set ob(X)× ob(Y) and hom objects constructed using the monoidal product in V:

(X⊗V Y)((x, y), (x′, y′)) = X(x, x′)⊗Y(y, y′) ∈ ob(V).

Composition is defined using the symmetry of the braiding in V. The unit V-category I has a

single object •, with I(•, •) the monoidal unit in V.

This monoidal structure is evidently also symmetric, and so one can talk about categories

enriched in VCat.

Perhaps the most commonly encountered example of such second-order enrichment is the

definition of a (strict) 2-category as a category enriched in ordinary small categories. Special

cases of this example which arise frequently in nature include strict 2-groups (e.g. [23]) and

locally posetal 2-categories (e.g. [25]), including partially ordered groups. Repeated iteration

produces the notion of a strict n-category as a category enriched in the category of (n − 1)-

categories (for n ≥ 1, where a 0-category is a set). We will think of a strict n-category as having

an n-fold enrichment in Set.

In later chapters we will also pay particular attention to the example of a metrically

enriched category: a category enriched in (GMet,⊗1, {∗}), where ⊗1 denotes the `1 product

of metric spaces, which is the monoidal product induced by the enrichment in R+ (the unit for

this structure is a one-point space). Equivalently, a metrically enriched category is a locally

small category whose hom-sets happen to be generalized metric spaces and whose composition

is distance-decreasing in the sense that

d(g ◦ f, g′ ◦ f ′) ≤ d(f, f ′) + d(g, g′).

These, too, can be found in nature: for instance, as we will see in Chapter 6, a metrically

enriched group is precisely a group equipped with a bi-invariant metric, or equivalently a

conjugation-invariant group norm.

Given a size function # on the base category V, the theory of magnitude provides a canonical

way to think about the size of categories enriched in VCat. Among the fundamental properties

of magnitude established by Leinster in [48] are the following, which together allow us to regard

the partial function

Mag# : ob(VCat)→ R

as a (partial) size.
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Proposition 2.6.1 ([48], Propositions 1.4.1 and 1.4.3) Let X and Y be finite V-categories, and

let # : ob(V)→ R be a size.

• If X ' Y and X and Y have magnitude, then Mag#(X) = Mag#(Y).

• If X and Y have magnitude then so does X⊗V Y, with

Mag#(X⊗V Y) = Mag#(X) ·Mag#(Y).

• The unit V-category I has magnitude 1 ∈ R.

If a finite VCat-category X is such that Mag#(X(x, y)) is defined for every x, y ∈ ob(X),

we can define the matrix ZX using magnitude as our size:

ZX(x, y) = Mag#(X(x, y)).

Definition 2.6.2 We will say that a finite VCat-category X has magnitude in R if ZX is

defined and possesses both a weighting w and a coweighting v. The magnitude of X is then

MagMag(X) =
∑
x∈X

vx =
∑
x∈X

wx ∈ R. (2.13)

This notion was first described by Leinster [46] in the context of strict n-categories, and has

been taken further by Tanaka [76], who used the same idea to define the Euler characteristic of

a measurable bicategory: one with finitely many objects, in which each category of morphisms

is equivalent to a finite category. In the case of a strict 2-category with finitely many 2-cells,

Tanaka’s Euler characteristic is exactly magnitude in the sense of Definition 2.6.2. The same

definition is also discussed in Gonzalez, Necoechea and Stratmann [31].

In Theorem 2.3.9 we saw that the magnitude of a finite, circuit-free ordinary category is

equal to the topological Euler characteristic of its classifying space. For bicategories, too, there

is an established notion of ‘classifying space’.

Definition 2.6.3 Let Bicat denote the 1-category of bicategories, in which the morphisms are

lax 2-functors which preserve identities strictly. We can regard the simplex category ∆ as a

subcategory of Bicat via the canonical embeddings ∆ ↪→ Cat ↪→ Bicat. The Duskin nerve

(or geometric nerve) of a bicategory X is the simplicial set defined by

S(X)n = Bicat([n],X).

The classifying space of X, denoted BX, is the geometric realization of S(X).

Tanaka proves that the Euler characteristic χ(X) of a bicategory X concides with the topo-

logical Euler characteristic of its classifying space, provided X is ‘finite enough’ in the following

sense.

Definition 2.6.4 ([76], Definition 3.12) A measurable bicategory X is called acyclic if each

category of morphisms in X is circuit-free, and X(x, y) = ∅ if X(y, x) 6= ∅ when x 6= y, while

X(x, x) is the terminal category for every x.

Theorem 2.6.5 ([76], Theorem 3.19) Every measurable, acyclic bicategory X has Euler char-

acteristic. Moreover, χ(X) = χ(BX).
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One can ask under what conditions a similar statement might hold for metrically enriched

categories. There is, to my knowledge, no textbook notion of a ‘classifying space’ for such

categories that takes into account their local metric structure, but the final statement of this

chapter—its only novelty—echoes the first statement of Theorem 2.6.5 by providing sufficient

conditions for a metrically enriched category to have magnitude. Chapter 6 will establish the

sense in which this magnitude can be realized as an Euler characteristic.

Definition 2.6.6 We will say a metrically enriched category X is finite (resp. skeletal) if

its underlying ordinary category—obtained in this context by forgetting the metric on each

hom-space—is finite (resp. skeletal).

The following theorem holds for finite, skeletal GMet-enriched categories in which every

endomorphism is an automorphism; equivalently (by Lemma 1.3 in Leinster, [46]) we could have

required that every idempotent is an identity, or that every circuit of arrows consists entirely

of isomorphisms. The conditions are thus slightly more relaxed than the obvious analogue of

Tanaka’s acyclicity, which would impose that every endomorphism must be an identity.

Theorem 2.6.7 Let X be a finite, skeletal, locally metric category in which every endomorphism

is an automorphism. Then X has magnitude in Q((qR)).

Proof. Since X is finite—so every hom-space is finite, and thus has magnitude—the matrix ZX

is defined over Q((qR)).

The assumptions also imply that if x and y are distinct objects in X such that X(x, y) 6= ∅,
then X(y, x) = ∅. For if there were arrows f : x → y and g : y → x, the composites g ◦ f and

f ◦g would be have to be automorphisms—but then f and g themselves must be isomorphisms,

contradicting that X is skeletal.

Within each connected component of X, then, we can give the objects the total order defined

by x ≤ y if X(x, y) 6= ∅, and thereby arrange for the matrix ZX to be upper-triangular. Since

X(x, x) 6= ∅ for each object x, the diagonal entries in ZX are all strictly positive in the Novikov

field (Remark 2.4.9). Hence det(ZX) =
∏
x∈ob(X) ZX(x, x) > 0 in Q((qR)), so X has Möbius

inversion and thus has magnitude.
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Chapter 3

The maximum entropy of a

compact metric space

3.1 Introduction

In this chapter we introduce and explore a largely new invariant of compact metric spaces: the

maximum entropy. Intuitively, this invariant measures how much room a probability distribu-

tion on the space has available to spread out.

Maximum entropy has several claims to importance. First, it is the maximal value of not

just one measure of entropy, but an uncountable infinity of them. It is a theorem, proved here,

that these entropy measures all have the same maximum.

Second, the entropies concerned are already established in ecology, where their exponentials

are used as measures of biological diversity [49]. Indeed, they have been applied to ecological

systems at all scales, from microbes [5] and plankton [37] to fungi [80], plants [15], and large

mammals [11]. Relative to other diversity measures, they have been found to improve inferences

about the diversity of natural systems [80].

Third, the exponential of maximum entropy—called maximum diversity—has, as we will see,

a very close relationship with magnitude, playing a similar conceptual role for metric spaces as

cardinality does for sets. In the special case of a finite space where all distances are ∞, it is

literally the cardinality, and in general, it increases when the space is enlarged (either by adding

new points or increasing distances). Indeed, like magnitude, maximum entropy is ‘informative

under rescaling’: the maximum entropy of a metric space X does not determine the maximum

entropy of tX for scale factors t 6= 1. Maximum entropy therefore assigns to X not just a

single number, but a function, the maximum entropy of tX as a function of t. The asymptotics

of this function turn out to determine the volume and dimension of X—themselves geometric

analogues of cardinality.

Finally, maximum diversity is in principle a known quantity in potential theory, where it

belongs to the family of Bessel capacities, although it lies just outside the part of the fam-

ily usually studied by potential theorists (Remark 3.9.8(i) below and [51], Proposition 4.22).

This connection has been exploited by Meckes to prove results concerning magnitude ([58],

Corollary 7.2).

These infinitely many entropies do not only attain the same maximum value on a given space

X; better still, there is a single probability distribution that maximizes them all simultaneously.
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(a) (b) (c)

Figure 3.1: Three probability measures on a subset of the plane. Dark regions indicate high
concentration of measure.

Passing to the large-scale limit gives a canonical, scale-independent probability measure on X.

For example, if X is isometric to a subset of Euclidean space then this measure is normalized

Lebesgue. But the canonical probability measure is defined in far greater generality: it is a

broadly applicable construction of a ‘uniform measure’ on an abstract metric space.

Measuring diversity The backdrop for the theory is a compact Hausdorff topological space

X, equipped with a way to measure the similarity between each pair of points. This data is

encoded as a similarity kernel : a continuous function K : X × X → [0,∞) taking strictly

positive values on the diagonal. We call the pair (X,K) a space with similarities.

In a metric space, we view points as similar if they are close together, defining a similarity

kernel by K(x, y) = e−d(x,y). Of course, other choices of kernel are possible, but this particular

choice—thanks to its importance in the theory of magnitude—proves to be a wise one. For

simplicity, in this introduction we focus on the case of metric spaces rather than fully general

spaces with similarity.

We would like to quantify the extent to which a probability distribution on a metric space is

spread out across the space, in a way that is sensitive to distance. A thinly spread distribution

will be said to have ‘high diversity’, or equivalently ‘high entropy’.

Figure 3.1 depicts three distributions on the same space. Distribution (a) is the least diverse,

with most of its mass concentrated in a small region. Distribution (b) is uniform, and might

therefore seem to be the most diverse or thinly spread distribution possible. However, there is

an argument that (c) is more diverse. In moving from (b) to (c), some of the mass has been

pushed out to the ends, so a pair of points chosen at random according to distribution (c) may

be more likely to be far apart than when chosen according to (b).

One can indeed define diversity in terms of the expected proximity between a random pair

of points. But that is just one of an infinite family of ways to quantify diversity, each of which

captures something different about how a distribution is spread across the space.

To define that family of diversity measures, we first introduce the notion of the typicality of

a point with respect to a distribution. Given a compact metric space X, a probability measure

µ on X, and a point x ∈ X, we regard x as ‘typical’ of µ if a point chosen at random according

to µ is usually near to x. Formally, define a function Kµ on X by

(Kµ)(x) =

∫
e−d(x,·) dµ.

We call (Kµ)(x) the typicality of x, and 1/(Kµ)(x) its atypicality.

A distribution is widely spread across X if most points are distant from most of the mass—

that is, if the atypicality function 1/Kµ takes large values on most of X. A reasonable way to

quantify the diversity of a probability measure µ, then, is as the average atypicality of points in
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X. Here the ‘average’ need not be the arithmetic mean, but could be a power mean of any order.

Thus, we obtain an infinite family (DK
q )q∈[−∞,∞] of diversities. Explicitly, for q 6= 1,±∞, we

define the diversity of order q of µ to be

DK
q (µ) =

(∫
(1/Kµ)

1−q
dµ

)1/(1−q)

,

while at q = 1 and q = ±∞ this expression takes its limiting values. The entropy HK
q (µ) of

order q is logDK
q (µ): entropy is the logarithm of diversity.

Diversity and entropy Any finite set can be given the structure of a compact metric space

by taking all distances between distinct points to be ∞. The similarity kernel K = e−d(·,·) is

then the Kronecker delta δ. In this trivial case, the entropy Hδ
q is precisely the Rényi entropy

of order q, well-known in information theory. In particular, Hδ
1 is Shannon entropy.

Entropy is an important quantitative and conceptual tool in many fields, including in math-

ematical ecology, where the exponentials Dδ
q of the Rényi entropies are known as the Hill

numbers and used as measures of biological diversity [35]. In this application, X is the finite

set of species in some ecological community, and µ encodes their relative abundances.

However, the Hill numbers fail to reflect a fundamental intuition about diversity: all else

being equal, a biological community is regarded as more diverse when the species are very

different than when they are very similar. To repair this deficiency, one can equip the set of

species in an ecological community with a kernel (matrix)K recording their pairwise similarities.

The choice K = δ represents the crude assumption that each species is completely dissimilar

to each other species. Thus, for arbitrary K, the diversities DK
q are generalized Hill numbers,

sensitive to species similarity [49]. Here we generalize further, from a finite set X to any compact

Hausdorff space.

The maximization theorem Crucially, when comparing the diversity of distributions, dif-

ferent values of the parameter q lead to different judgements. That is, given a collection M of

probability measures on a metric space and given distinct q, q′ ∈ [0,∞], the diversities DK
q and

DK
q′ generally give different orderings to the elements of M . Examples in the ecological setting

can be found in Section 5 of [49].

The surprise of our main theorem (Theorem 3.7.1) is that when it comes to maximizing

diversity, there is consensus: there is guaranteed to exist some probability measure µ on our

space that maximizes DK
q (µ) for every nonnegative q at once. Moreover, the diversity of order q

of a maximizing distribution is the same for all q ∈ [0,∞]. Thus, one can speak unambiguously

of the maximum diversity of a compact metric space X—defined to be

Dmax(X) = sup
µ
DK
q (µ)

for any q ∈ [0,∞]—knowing that there exists a probability distribution attaining this supremum

for all orders q.

In the case of a metric space, Theorem 3.7.1 states the following.

Theorem Let X be a nonempty compact metric space.

(i) There exists a probability measure µ on X that maximizes DK
q (µ) for all q ∈ [0,∞]

simultaneously.
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(ii) The maximum diversity supµD
K
q (µ) is independent of q ∈ [0,∞].

This theorem extends to compact spaces a result that was established for finite spaces in [50].

(The maximizing measure on a finite metric space is not usually uniform, unless, for instance,

the space is homogeneous.) While the proof of the result for compact spaces follows broadly

the same strategy as in the finite case, substantial analytic issues arise.

Geometric connections The maximum diversity theorem has geometric significance, link-

ing diversity measures to fundamental invariants in classical convex geometry and geometric

measure theory. More specifically, Corollary 3.7.4 of our main theorem connects maximum di-

versity to magnitude. We show that the maximum diversity of a compact space is equal to the

magnitude of a certain subset: the support of any maximizing measure (Sections 3.6 and 3.7).

We then use this fact, and known facts about magnitude, to establish examples of maximum

diversity for metric spaces (Section 3.8).

As we saw in Chapter 1, many results on magnitude are asymptotic, in the following sense.

Given a space X with metric d, and a positive real number t, define the scaled metric space

tX to be the set X equipped with the metric t · d. It has proved fruitful to consider, for a

fixed metric space X, the entire family of spaces (tX)t>0 and the (partially-defined) magnitude

function t 7→ |tX|. For instance Barceló and Carbery showed in [6] that the volume of a compact

subset of Rn can be recovered as the leading term in an asymptotic expansion of its magnitude

function, while in [26], Gimperlein and Goffeng showed (subject to technical conditions) that

lower order terms capture surface area and the integral of mean curvature.

Given this, and given the relationship between magnitude and maximum diversity, it is

natural to consider the function t 7→ Dmax(tX). Indeed, the asymptotic properties of maximum

diversity have already been shown to be of geometric interest. In [58], Meckes defined the

‘maximum diversity’ of a compact metric space to be the maximum value of its diversity of

order 2, and used this definition—now vindicated by our main theorem—to prove the following

relationship between maximum diversity and Minkowski dimension:

Theorem 3.1.1 (Meckes [58], Theorem 7.1) For a compact metric space X,

lim
t→∞

logDmax(tX)

log t
= dimMink(X),

with the left-hand side defined if and only if the right-hand side is defined.

That is, the Minkowski dimension of X is the growth rate of Dmax(tX) for large t. Propo-

sition 3.9.7 below is a companion result for the volume of sets X ⊆ Rn:

lim
t→∞

Dmax(tX)

tn
∝ Vol(X).

Thus, maximum diversity determines dimension and volume.

Entropy and uniform measure The maximum diversity theorem implies that every com-

pact metric space X admits a probability measure maximizing the entropies of all orders q

simultaneously. In general this measure need not be unique, but in many familiar settings it

will be; in particular, every positive definite space carries a unique entropy-maximizing measure

(Lemma 3.8.5).
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Statisticians have long recognized that maximum entropy distributions are special. However,

the maximum entropy measure on X is not scale-invariant: if we multiply all distances in X by

a constant factor t, the maximizing measure changes. In Section 3.9 we propose a canonical,

scale-invariant, choice of probability measure on a given metric space (subject to conditions),

and call it the uniform measure. It is the limit as t→∞ of the maximum entropy measure on

tX. We show that in several familiar cases, this definition captures the intuitive notion of the

‘obvious’ probability distribution on a space.

Other notions of entropy There is a vast literature on entropy in geometric contexts. Here

we just make some brief comments to distinguish entropy in our sense from entropy in other

senses.

Our entropy is a real invariant of a metric space equipped with a probability measure. In

contrast, the classical Kolmogorov–Sinai metric entropy and the related topological entropy of

Adler, Bowen, et al. are real invariants of a transformation or flow on a space. Closer in spirit

is the Kolmogorov ε-entropy, which is essentially a simple special case of our maximum entropy

([50], Section 9). Closer still is differential entropy, which is a real invariant of a probability

density function on a measure space; but unlike our entropy, it is not defined for an arbitrary

probability measure on a metric space.

Structure of the chapter In Section 3.2 we collect various topological and analytic facts

that will be used later. Most of the lemmas in this section are standard, and the reader may

prefer to begin at Section 3.3.

Sections 3.3 and 3.4 introduce our main objects of study—typicality functions, diversity and

entropy—and establish their key properties. In 3.5 we give a slightly more general redefinition

of magnitude, applicable to spaces with similarities. In Section 3.6 we prove several lemmas and

a proposition which form the scaffolding for the main theorem, proved in Section 3.7. The final

two sections of the chapter specialize from general spaces with similarities to metric spaces:

Section 3.8 investigates the relationship between maximum diversity and magnitude, and in

Section 3.9 we discuss our definition of the uniform measure on a compact metric space.

Publication details This chapter is based on a paper co-authored with Tom Leinster and

published in 2021 as [52]. Minimal alterations have been made to contextualize the material

within this thesis.

Conventions Throughout, a measure on a topological space means a Radon measure. All

measures are positive by default. A function f : R → R is increasing if f(y) ≤ f(x) for all

y ≤ x, and decreasing similarly.

3.2 Topological and analytic preliminaries

Spaces of functions For topological spaces X and Y , let Top(X,Y ) denote the set of

continuous maps from X to Y .

When X is compact and Y is a metric space, the compact-open topology and the topology of

uniform convergence on Top(X,Y ) coincide. (This follows, for example, from Theorems 46.7

and 46.8 in [61].) We will be exclusively concerned with cases where X is compact and Y
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is metric, and we will always understand Top(X,Y ) to be equipped with this topology. In

particular, C(X) = Top(X,R) has the topology induced by the uniform norm ‖ · ‖∞.

Lemma 3.2.1 Let X be any topological space, Y a compact Hausdorff space, and Z a metric

space. A map f : X ×Y → Z is continuous if and only if the map f : X → Top(Y,Z) given by

f(x)(y) = f(x, y) is continuous.

Proof. This follows from the standard properties of the compact-open topology ([8], Proposi-

tion 7.1.5).

We will make repeated use of the following elementary fact.

Lemma 3.2.2 Let X be a compact topological space, Y and Y ′ metric spaces, and ϕ : Y → Y ′

a continuous function. Then the induced map

ϕ ◦ − : Top(X,Y )→ Top(X,Y ′)

is continuous.

Spaces of measures From now until Definition 3.2.7, let X denote a compact Haus-

dorff space. Equip the vector space C(X) with the norm ‖ · ‖∞. The Riesz representation

theorem identifies its topological dual C(X)∗ with the space M(X) of finite signed measures on

X. The dual norm on M(X) is the total variation norm, ‖µ‖ = |µ|(X), and the dual pairing is

〈−,−〉 : C(X)×M(X) → R,
(f, µ) 7→

∫
X
f dµ.

(3.1)

We will always understand M(X) and its subsets to be equipped with the weak* topology.

Denote by P (X) the set of probability measures on X, and by P≤(X) the set of measures µ such

that µ(X) ≤ 1. By the Banach–Alaoglu theorem, P (X) and P≤(X) are compact Hausdorff.

The pairing map (3.1) is not in general continuous. However:

Lemma 3.2.3 Let Q be a closed bounded subset of M(X). Then:

(i) the assignment f 7→ 〈f,−〉 defines a continuous map C(X)→ C(Q);

(ii) the restricted pairing map 〈−,−〉 : C(X)×Q→ R is continuous.

Proof. For (i), first note that for each f ∈ C(X), the map 〈f,−〉 : Q → R is continuous, by

definition of the weak* topology. To show that the resulting map C(X)→ C(Q) is continuous,

let f, g ∈ C(X). Then

‖〈f,−〉 − 〈g,−〉‖∞ = sup
µ∈Q
|〈f − g, µ〉| ≤ ‖f − g‖∞ sup

µ∈Q
‖µ‖,

and supµ∈Q ‖µ‖ is finite as Q is bounded.

Part (ii) follows from Lemma 3.2.1, since Q is compact (by the Banach–Alaoglu theorem)

and Hausdorff.
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Supports The support of a function f : X → [0,∞) is supp f = f−1(0,∞). Note that we

use this set rather than its closure.

Every measure µ on X has a support suppµ, which is the smallest closed set satisfying

µ(X \ suppµ) = 0. (Recall our convention that ‘measure’ means ‘positive Radon measure’, and

see, for instance, Chapter III, §2, No. 2 of [10].) It is characterized by

suppµ = {x ∈ X
∣∣µ(U) > 0 for all open neighbourhoods U of x},

and has the property that
∫
X
f dµ =

∫
suppµ

f dµ for all f ∈ L1(X,µ).

Lemma 3.2.4 Let µ be a measure on X,and let f : X → [0,∞) be a continuous function. Then

supp f ∩ suppµ 6= ∅ ⇐⇒
∫
X
f dµ > 0.

Proof. The forwards implication is Proposition 9 in Chapter III, §2, No. 3 of [10], and the

backwards implication is trivial.

Approximations to the identity Later, we will want to approximate Dirac measures δx by

probability measures that are absolutely continuous with respect to some fixed measure µ. We

will use:

Lemma 3.2.5 Let µ be a measure on X and x ∈ suppµ. For each equicontinuous set of

functions E ⊆ C(suppµ) and each ε > 0, there exists a nonnegative function u ∈ C(X) such

that uµ is a probability measure and for all f ∈ E,∣∣∣∣∫
X

f d(uµ)− f(x)

∣∣∣∣ ≤ ε.
Proof. By equicontinuity, we can choose a subset U ⊆ suppµ, containing x and open in suppµ,

such that |f(y)− f(x)| ≤ ε for all y ∈ U and f ∈ E.

By Urysohn’s lemma, we can choose a nonnegative function u ∈ C(suppµ) such that

suppu ⊆ U and u(x) > 0. Then
∫

suppµ
udµ > 0, so by rescaling we can arrange that∫

suppµ
udµ = 1.

By Tietze’s theorem, u can be extended to a nonnegative continuous function on X, and

then uµ is a probability measure on X. Moreover, for all f ∈ E,∣∣∣∣∫
X

f d(uµ)− f(x)

∣∣∣∣ =

∣∣∣∣∫
U

(
f(y)− f(x)

)
u(y) dµ(y)

∣∣∣∣ ≤ ε∫
U

u(y) dµ(y) = ε,

as required.

We will also want to approximate any probability measure on Rn by measures that are

absolutely continuous with respect to Lebesgue measure λ. We do this in the following standard

way. Let G ∈ L1(Rn) with
∫
G = 1. Define functions (Gt)t>0 on Rn by Gt(x) = tnG(tx). Then

Gt ∈ L1(Rn) and
∫
Gt = 1 for every t. The convolution Gt ∗ µ with any finite signed measure

µ on Rn also belongs to L1(Rn) (Proposition 8.49 of [24]).

Lemma 3.2.6 Let G ∈ L1(Rn) with
∫
Rn Gdλ = 1, and let f ∈ C(Rn) be a function of bounded

support. Then for all probability measures µ on Rn,∫
Rn

f · (Gt ∗ µ) dλ→
∫
Rn

f dµ as t→∞,
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uniformly in µ.

Proof. Define G̃ ∈ L1(Rn) by G̃(x) = G(−x). It is elementary that∫
Rn

f · (Gt ∗ µ) dλ−
∫
Rn

f dµ =

∫
Rn

(
f ∗ G̃t − f

)
dµ

for all finite signed measures µ on Rn. Hence when µ is a probability measure,∣∣∣∣∫
Rn

f · (Gt ∗ µ) dλ−
∫
Rn

f dµ

∣∣∣∣ ≤ ∥∥f ∗ G̃t − f∥∥∞ → 0

as t→∞, by Theorem 8.14(b) of [24].

Integral power means Here we review the theory of power means of a real-valued function

on an arbitrary probability space (X,µ) (suspending the convention that X denotes a compact

Hausdorff topological space).

A function f : X → [0,∞) is essentially bounded if ess supµ(f) is finite.

Definition 3.2.7 Let (X,µ) be a probability space and let f : X → [0,∞) be a measurable

function such that both f and 1/f are essentially bounded. We define for each t ∈ [−∞,∞] a

real number Mt(µ, f) ∈ (0,∞), the power mean of f of order t, weighted by µ, by

Mt(µ, f) =

(∫
X

f t dµ

)1/t

(3.2)

when t ∈ (−∞, 0) ∪ (0,∞), and in the remaining cases by

M0(µ, f) = exp

(∫
X

log f dµ

)
,

M∞(µ, f) = ess supµf,

M−∞(µ, f) = ess infµf.

In the case of a finite set X = {1, . . . , n}, the mean of order 0 is the classical weighted

geometric mean
∏n
i=1 f(i)µ{i}.

Remark 3.2.8 We have made the assumption that f and 1/f are essentially bounded, or

equivalently that ess infµ(f) > 0 and ess supµ(f) <∞. This guarantees that f t ∈ L1(X,µ) for

all t ∈ (−∞,∞) and that Mt(µ, f) ∈ (0,∞) for all t ∈ [−∞,∞]. If f satisfies our assumption

then so does 1/f , and we have a duality formula:

M−t(µ, f) =
1

Mt(µ, 1/f)
.

Proposition 3.2.9 Let (X,µ) be a probability space and let f : X → [0,∞) be a measurable

function such that both f and 1/f are essentially bounded.

(i) If there is some constant c such that f(x) = c for almost all x ∈ X, then Mt(µ, f) = c

for all t ∈ [−∞,∞].

(ii) Otherwise, Mt(µ, f) is strictly increasing in t ∈ [−∞,∞].
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Proof. Part (i) is trivial. Part (ii) is proved in Section 6.11 of [33] in the case where X is a real

interval and µ is determined by a density function, and the proof extends without substantial

change to an arbitrary probability space.

Proposition 3.2.10 Let (X,µ) be a probability space and let f : X → [0,∞) be a measurable

function such that both f and 1/f are essentially bounded. Then Mt(µ, f) is continuous in

t ∈ [−∞,∞].

Proof. Again, this is proved in the case of a real interval in Section 6.11 of [33]. The gener-

alization to an arbitrary probability space is sketched as Exercise 1.8.1 of [62], although the

hypotheses on f there are weaker than ours, and at t = 0 only continuity from the right is

proved. Under our hypotheses on f , continuity from the left then follows from the duality of

Remark 3.2.8.

Differentiation under the integral sign We will need the following standard result (The-

orem 6.28 of [43]).

Lemma 3.2.11 Let (X,µ) be a measure space and J ⊆ R an open interval. Let f : X×J → R
be a map with the following properties:

(i) for all t ∈ J , the map f(−, t) : X → R is integrable;

(ii) for almost all x ∈ X, the map f(x,−) : J → R is differentiable;

(iii) there is an integrable function h : X → R such that for all t ∈ J , for almost all x ∈ X,

we have
∣∣∂f
∂t (x, t)

∣∣ ≤ h(x).

Then ∂f
∂t (−, t) : X → R is integrable for each t ∈ J , and the function t 7→

∫
X
f(−, t) dµ on J is

differentiable with derivative t 7→
∫
X
∂f
∂t (−, t) dµ.

3.3 Typicality

The setting for the rest of this chapter is a space X equipped with a notion of similarity or

proximity between points in X (which may or may not be derived from a metric). In this

section, we show how any probability measure on X gives rise to a ‘typicality function’ on X,

whose value at a point x indicates how concentrated the measure is near x.

Definition 3.3.1 Let X be a compact Hausdorff space. A similarity kernel on X is a

continuous function K : X ×X → [0,∞) satisfying K(x, x) > 0 for all x ∈ X. The pair (X,K)

is a (compact Hausdorff) space with similarities.

Since we will only be interested in compact Hausdorff spaces, we omit the words ‘compact

Hausdorff’ and simply refer to spaces with similarities.

Example 3.3.2 In ecology, there has been vigorous discussion of how best to quantify the

diversity of a biological community. This is a conceptual and mathematical challenge, quite

separate from the practical and statistical difficulties, and many dozens of diversity measures

have been proposed over 70 years of debate in the ecological literature [56].

Any realistic diversity measure should reflect the degree of variation between the species

present. All else being equal, a lake containing four species of carp should be counted as less
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diverse than a lake containing four very different species of fish. The similarity between species

may be measured genetically, phylogenetically, functionally, or in some other way (as discussed

in [49]); how it is done will not concern us here.

Mathematically, we take a finite set X = {1, . . . , n} (whose elements represent the species)

and a real number Zij ≥ 0 for each pair (i, j) (representing the degree of similarity between

species i and j). A similarity coefficient Zij = 0 means that species i and j are completely

dissimilar, and we therefore assume that Zii > 0 for all i. Thus, Z = (Zij) is an n × n

nonnegative real matrix with strictly positive entries on the diagonal. In the language of

Definition 3.3.1, this is the case of finite spaces with similarities: X has the discrete topology,

and the similarity kernel K is given by K(i, j) = Zij . When Z is the identity matrix, K is the

Kronecker delta.

Many ways of assigning inter-species similarities are calibrated on a scale of 0 to 1, with

Zii = 1 for all i (each species is identical to itself). For example, percentage genetic similarity

gives similarity coefficients in [0, 1], as does the similarity measure e−d(i,j) derived from a metric

d and discussed below. The simplest possible choice of Z is the identity matrix, embodying the

crude assumption that different species have nothing in common whatsoever.

Example 3.3.3 Any compact metric space (X, d) can be regarded as a space with similarities

(X,K) by putting

K(x, y) = e−d(x,y)

(x, y ∈ X). The extreme case where d(x, y) =∞ for all x 6= y produces the Kronecker delta.

In the examples above, the similarity kernel is symmetric: K(x, y) = K(y, x) for all

x, y ∈ X. In such cases we say (X,K) is a symmetric space with similarities. We do not

include symmetry in the definition of similarity kernel, partly because asymmetric similarity

matrices occasionally arise in ecology, and also because of the argument of Gromov ([32], p. xv)

and Lawvere ([44], p. 138–9) that the symmetry condition in the definition of metric can be too

restrictive. To obtain our main result, however, it will be necessary to assume symmetry.

Most measures of biological diversity depend (at least in part) on the relative abundance

distribution p = (p1, . . . , pn) of the species, where ‘relative’ means that the pi are normalized

to sum to 1. Multiplying the similarity matrix Z by the column vector p gives another vector

Zp, with ith entry

(Zp)i =
∑
j

Zijpj .

This is the expected similarity between an individual of species i and an individual chosen at

random. Thus, (Zp)i measures how typical individuals of species i are within the community.

The generalization to an arbitrary space with similarities is as follows.

Definition 3.3.4 Let (X,K) be a space with similarities. For each µ ∈ M(X) and x ∈ X,

define

(Kµ)(x) =

∫
X

K(x,−) dµ ∈ R.

This defines a function Kµ : X → R, the typicality function of (X,K, µ).

When µ is a probability measure (the case of principal interest), (Kµ)(x) is the expected

similarity between x and a random point. It therefore detects the extent to which x is similar,

or near, to sets of large measure.
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In the next section, we will define entropy and diversity in terms of the typicality function

Kµ. For that, we will need to know that Kµ satisfies some analytic conditions, which we now

establish. For the rest of this section, let (X,K) be a space with similarities.

Lemma 3.3.5 The function K : X → C(X) defined by x 7→ K(x,−) is continuous.

Proof. This follows from Lemma 3.2.1.

Lemma 3.3.6 For each µ ∈M(X), the function Kµ : X → R is continuous.

Proof. Note that Kµ is the composite

X
K−→ C(X)

〈−,µ〉−−−→ R.

By Lemma 3.3.5, K is continuous, and 〈−, µ〉 =
∫
X
−dµ is a continuous linear functional.

Hence Kµ is continuous.

Lemma 3.3.7 The map

K∗ : P (X) → C(X)

µ 7→ Kµ

is continuous.

Proof. Both X and P (X) are compact Hausdorff so, applying Lemma 3.2.1 twice, an equivalent

statement is that the map

X → C(P (X))

x 7→ (K−)(x) = (µ 7→ (Kµ)(x))

is continuous. This map is the composite

X
K−→ C(X)→ C(P (X)),

where the second map is f 7→ 〈f,−〉 and is continuous by Lemma 3.2.3(i). Hence, K∗ : P (X)→
C(X) is continuous.

Proposition 3.3.8 For every measure µ on X,

(i) suppKµ ⊇ suppµ;

(ii) both Kµ and 1/Kµ are essentially bounded with respect to µ.

Proof. For (i), let x ∈ suppµ. Since K is positive on the diagonal, x ∈ suppK(x,−), so

suppµ ∩ suppK(x,−) 6= ∅. Hence by Lemma 3.2.4,

(Kµ)(x) =

∫
X

K(x,−) dµ > 0.

For (ii), suppµ is compact and Kµ is continuous with Kµ
∣∣
suppµ

> 0. So both Kµ and 1/Kµ

are bounded on suppµ, hence essentially bounded on X.
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3.4 Diversity and entropy

Here we introduce the main subject of the chapter: a one-parameter family of functions that

quantify the degree of spread of a probability measure on a compact Hausdorff space X, with

respect to a chosen notion of similarity between points of X.

Take a probability measure µ on a space with similarities (X,K). Intuitively, µ is widely

spread across X if most points are dissimilar to most of the rest of X, interpreting ‘most’ in

terms of µ. Equivalent ways to say this are that the typicality function Kµ : X → R takes small

values on most of X, or that the ‘atypicality’ function 1/Kµ takes large values on most of X.

Ecologically, a community is diverse if it is predominantly made up of species that are unusual

or atypical within that community (for example, many rare and highly dissimilar species).

Diversity of µ is, therefore, defined as mean atypicality. It is useful to consider not just the

arithmetic mean, but the power means of all orders:

Definition 3.4.1 Let (X,K) be a space with similarities and let q ∈ [−∞,∞]. The diversity

of order q of a probability measure µ on X is

DK
q (µ) = M1−q(µ, 1/Kµ) ∈ (0,∞).

The entropy of order q of µ is HK
q (µ) = logDK

q (µ).

By the duality of Remark 3.2.8, an equivalent definition is

DK
q (µ) = 1/Mq−1(µ,Kµ).

On the right-hand side, the denominator is the mean typicality of a point in X, which is a

measure of lack of diversity; its reciprocal is then a measure of diversity. The power means in

this formula and Definition 3.4.1 are well-defined because Kµ and 1/Kµ are essentially bounded

with respect to µ (Proposition 3.3.8).

Explicitly,

DK
q (µ) =



(∫
X

(Kµ)
q−1

dµ
)1/(1−q)

if q ∈ (−∞, 1) ∪ (1,∞),

exp
(
−
∫
X

log(Kµ) dµ
)

if q = 1,

1/ess supµKµ if q =∞,

1/ess infµKµ if q = −∞.

We usually work with the diversities DK
q rather than the entropies HK

q , but evidently it is

trivial to translate results on diversity into results on entropy.

Example 3.4.2 Let X be the set {1, . . . , n} with the discrete topology, let K be the Kronecker

delta on X, and let µ be the uniform measure on X. Then Kµ ≡ 1/n, so DK
q (µ) = n and

HK
q (µ) = log n for all q. This conforms to the intuition that the larger we take n to be, the

more thinly spread the uniform measure on {1, . . . , n} becomes.

The next two examples also concern the finite case. They are described in terms of the

ecological scenario of Example 3.3.2. Thus, X = {1, . . . , n} is a set of species, Zij = K(i, j) is

the similarity between species i and j, and µ = p = (p1, . . . , pn) gives the proportions in which

the species are present.
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Example 3.4.3 Put Z = I (distinct species have nothing in common). Then

DI
0(p) =

∑
i∈suppp

pi ·
1

pi
= |supp p|.

This is just the number of species present. It is the simplest diversity measure of all. But it

takes no account of species abundances beyond presence and absence, whereas, for instance, a

community of two species is ordinarily considered more diverse if they are equally abundant

than if their proportions are (0.99, 0.01).

The diversity of order 1 is

DI
1(p) = exp

(
−

∑
i∈suppp

pi log pi

)
=

∏
i∈suppp

p−pii

and the entropy HI
1 (p) = logDI

1(p) of order 1 is the Shannon entropy −
∑
pi log pi. The

diversity of order 2 is

DI
2(p) = 1

/ n∑
i=1

p2
i .

The denominator is the probability that two individuals chosen at random are of the same

species, and DI
2(p) itself is the expected number of such trials needed in order to obtain a

matching pair. The diversity of order ∞ is

DI
∞(p) = 1

/
max
i
pi,

which measures the extent to which the community is dominated by a single species. All four

of these diversity measures (or simple transformations of them) are used by ecologists [56].

For a general parameter value q 6= 1,±∞, the diversity of order q is

DI
q (p) =

( ∑
i∈suppp

pqi

)1/(1−q)

.

In ecology, DI
q is known as the Hill number of order q [35], and in information theory, HI

q =

logDI
q is called the Rényi entropy of order q [64]. For reasons explained in Remark 3.6.1, we

usually restrict to q ≥ 0.

The parameter q controls the emphasis placed on rare or common species. Low values of q

emphasize rare species; high values emphasize common species. At one extreme, DI
0 depends

only on presence/absence, thus attaching as much importance to rare species as common ones.

At the other, DI
∞ depends only on the abundance of the most common species, completely

ignoring rarer ones.

If a community loses one or more rare species, while at the same time the remaining species

become more evenly balanced, its low-order diversity falls but its high-order diversity rises.

For example, DI
q measures the relative abundance distribution (0.5, 0.5, 0) as less diverse than

(0.8, 0.1, 0.1) when q < 0.853, but more diverse for all higher values of q.

The moral is that when judging which of two communities is the more diverse, the answer

depends critically on the parameter q. Different values of q may produce opposite judgements.

Example 3.4.4 Still in the ecological setting, consider now a general similarity matrix Z

encoding the similarities between species (as in Example 3.3.2). The diversity measures DZ
q
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and the role of the parameter q can be understood much as in the case Z = I, but now

incorporating inter-species similarity. For instance,

DZ
2 (p) = 1

/∑
i,j

piZijpj

is the reciprocal expected similarity between a random pair of individuals (rather than the

reciprocal probability that they are of the same species), and

DZ
∞(p) = 1

/
max

i∈suppp
(Zp)i

reflects the dominance of the largest cluster of species (rather than the largest single species).

Example 3.4.5 Let (X,K) be an arbitrary space with similarities. Among all the diversity

measures (DK
q )q∈[0,∞], one with especially convenient mathematical properties is the diversity

of order 2:

DK
2 (µ) =

1∫
X

∫
X
K(x, y) dµ(x) dµ(y)

.

For instance, Meckes used DK
2 , and more particularly the maximum diversity supµ∈P (X)D

K
2 (µ)

of order 2, to prove results on the Minkowski dimension of metric spaces ([58], Section 7).

We now establish the basic analytic properties of diversity. First, we show that when µ is

fixed, DK
q (µ) is a continuous and decreasing function of its order q. Second, we prove the more

difficult result that when q ∈ (0,∞) is fixed, DK
q (µ) is continuous in the measure µ.

Proposition 3.4.6 Let (X,K) be a space with similarities and let µ ∈ P (X).

(i) DK
q (µ) is continuous in its order q ∈ [−∞,∞].

(ii) If Kµ is constant on the support of µ, then the function q 7→ DK
q (µ) is constant on

[−∞,∞]; otherwise, it is strictly decreasing in q ∈ [−∞,∞].

Proof. The two parts follow from Propositions 3.2.10 and 3.2.9, respectively.

Remark 3.4.7 A central role will be played by measures µ satisfying the first case of Proposi-

tion 3.4.6(ii). We call µ balanced if the function Kµ is constant on suppµ. (In [50], for finite

X, such measures were called ‘invariant’.) Equivalently, µ is balanced if DK
q (µ) is constant over

q ∈ [−∞,∞]. If (Kµ)|suppµ has constant value c then DK
q (µ) has constant value 1/c.

Proposition 3.4.8 Let (X,K) be a space with similarities. For every q ∈ (0,∞), the diversity

function DK
q : P (X)→ R is continuous.

(Recall that we always use the weak∗ topology on P (X).)

The proof of Proposition 3.4.8 takes the form of three lemmas, addressing the three cases

q ∈ (1,∞), q ∈ (0, 1) and q = 1.

Lemma 3.4.9 For every q ∈ (1,∞), the diversity function DK
q : P (X)→ R is continuous.

Proof. The map µ 7→ 1/DK
q (µ) is the composite

P (X)
4−→ P (X)×P (X)

K∗×Id−−−−→ C(X)×P (X)
(−)q−1×Id−−−−−−−→ C(X)×P (X)

〈−,−〉−−−−→ R (−)1/(q−1)

−−−−−−−→ R.
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Here 4 is the diagonal, which is certainly continuous. The map K∗ was defined and proved to

be continuous in Lemma 3.3.7, and (−)q−1 : C(X)→ C(X) is continuous by Lemma 3.2.2. The

restricted pairing 〈−,−〉 on C(X) × P (X) is continuous by Lemma 3.2.3. Finally, (−)1/(q−1)

is evidently continuous. Hence 1/DK
q is continuous. But DK

q takes values in (0,∞), so is itself

continuous.

The case q ∈ (0, 1) is harder. In the following proof, most of the work is caused by the

possibility that (Kµ)(x) = 0 for some x, in which case the function (Kµ)q−1 is not defined

everywhere.

Lemma 3.4.10 For every q ∈ (0, 1), the diversity function DK
q : P (X)→ R is continuous.

Proof. First we break the space X into convenient smaller pieces. Put

b =
1

2
inf
x∈X

K(x, x) > 0.

By the topological hypotheses on (X,K), we can find a finite open cover U1, . . . , Un of X such

that K(x, y) ≥ b whenever x, y ∈ Ui for some i, and we can find a continuous partition of unity

p1, . . . , pn such that supp pi ⊆ Ui for each i.

For all µ ∈ P (X),

DK
q (µ)1−q =

∫
X

(Kµ)q−1 dµ =

n∑
i=1

∫
X

(Kµ)q−1pi dµ.

Hence to see thatDK
q is continuous it will suffice to show that, for each i, the map di : P (X)→ R

defined by

di(µ) =

∫
X

(Kµ)q−1pi dµ

is continuous. For the rest of the proof, fix i ∈ {1, . . . , n}.
For each µ ∈ P (X), we can bound Kµ below on Ui. Indeed, for all x ∈ Ui,

(Kµ)(x) ≥
∫
Ui

K(x, y)pi(y) dµ(y) ≥ b
∫
X

pi dµ. (3.3)

Thus, (Kµ)|Ui
is bounded below by b

∫
pi dµ, which by Lemma 3.2.4 is strictly positive if

supp pi ∩ suppµ 6= ∅.
Now we show that di is continuous at each point in the set

Pi(X) = {µ ∈ P (X)
∣∣ supp pi ∩ suppµ 6= ∅}.

By Lemma 3.2.4, Pi(X) is open in P (X). Thus, it is equivalent to prove that the restriction of

di to Pi(X) is continuous.

To do this, we begin by showing that there is a well-defined, continuous map Gi : Pi(X)→
C(Ui) given by

Gi(µ) = (Kµ)q−1|Ui
.

It is well-defined because, for each µ ∈ Pi(X), the map Kµ is continuous and strictly positive

on Ui (as noted after (3.3)). To show that Gi is continuous, consider the following spaces and
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maps, defined below:

Pi(X)
K∗−−→ C+

i (X)
res−−→ C+(Ui)

(−)q−1

−−−−→ C+(Ui) ↪→ C(Ui).

Here

C+
i (X) = {f ∈ C(X)

∣∣ f(x) > 0 for all x ∈ Ui},

C+(Ui) = {g ∈ C(Ui)
∣∣ g(x) > 0 for all x ∈ Ui} = Top(Ui, (0,∞)).

The first map K∗ is the restriction of K∗ : P (X)→ C(X); the restricted K∗ is well-defined

by (3.3) and continuous by Lemma 3.3.7. The second map is restriction, which is certainly

continuous, the third map (−)q−1 is continuous by Lemma 3.2.2, and the last map is inclusion,

also continuous. The composite of these maps is Gi, which is therefore also continuous, as

claimed.

To show that di is continuous on Pi(X), consider the chain of maps

Pi(X)
4−→ Pi(X)× P (X)

Gi×(pi·−)−−−−−−−→ C(Ui)× P≤(Ui)
〈−,−〉−−−−→ R

(recalling the definition of P≤ from before Lemma 3.2.3). The first map is the diagonal followed

by an inclusion; it is continuous. In the second, pi ·− is a restriction of the map M(X)→M(Ui)

defined by µ 7→ piµ, which is also continuous. Since Gi is continuous, so is Gi × (pi · −). The

third map is continuous by Lemma 3.2.3(ii). And the composite of the chain is di|Pi(X), which

is, therefore, also continuous.

Finally, we show that the function di is continuous at all points µ ∈ P (X) such that

supp pi ∩ suppµ = ∅. Fix such a µ.

Given ν ∈ P (X), if supp pi ∩ supp ν = ∅ then di(ν) = 0, and otherwise

di(ν) =

∫
Ui

(Kν)q−1pi dν ≤
∫
Ui

(
b

∫
X

pi dν

)q−1

pi dν = bq−1

(∫
X

pi dν

)q
(using the bound (3.3) and that q < 1). So in either case,

0 ≤ di(ν) ≤ bq−1

(∫
X

pi dν

)q
. (3.4)

Now as ν → µ in P (X), we have
∫
X
pi dν →

∫
X
pi dµ = 0, so

bq−1

(∫
X

pi dν

)q
→ 0

(since q > 0). Hence the bounds (3.4) give di(ν)→ 0 = di(µ), as required.

The remaining case of Proposition 3.4.8, q = 1, will be deduced from the cases q ∈ (0, 1)

and q ∈ (1,∞).

Lemma 3.4.11 The diversity function DK
1 : P (X)→ R is continuous.

Proof. Let µ ∈ P (X) and ε > 0. Since DK
q (µ) is continuous in q (Proposition 3.4.6(i)), we can

choose q+ ∈ (1,∞) such that

|DK
1 (µ)−DK

q+(µ)| < ε/2.
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Since DK
q+ : P (X) → R is continuous, we can find a neighbourhood U+ of µ such that for all

ν ∈ U+, ∣∣DK
q+(µ)−DK

q+(ν)
∣∣ < ε/2.

Then for all ν ∈ U+, since DK
q (ν) is decreasing in q (Proposition 3.4.6(ii)),

DK
1 (ν) ≥ DK

q+(ν) > DK
1 (µ)− ε.

Similarly, we can find a neighbourhood U− of µ such that for all ν ∈ U−,

DK
1 (ν) < DK

1 (µ) + ε

Hence |DK
1 (ν)−DK

1 (µ)| < ε for all ν ∈ U+ ∩ U−.

This completes the proof of Proposition 3.4.8: the diversity function of each finite positive

order is continuous.

Remark 3.4.12 Proposition 3.4.8 excludes the cases q = 0 and q =∞. Diversity of order 0 is

not continuous even in the simplest case of a finite set and the identity similarity matrix; for

as we saw in Example 3.4.3, DI
0(p) is the cardinality of supp p, which is not continuous in p.

Diversity of order ∞ need not be continuous either. For example, take X = {1, 2, 3} and the

similarity matrix

Z =

1 1 0

1 1 1

0 1 1

 ,

and put p = (1/2− t, 2t, 1/2− t). Then DZ
∞(p) is 1 if t ∈ (0, 1/2), but 2 if t = 0.

3.5 Magnitude

To show that maximum diversity and maximum entropy are well-defined, we must define the

magnitude of a space with similarities. First we consider signed measures for which every point

has typicality 1; these are the similarity-space analogues of weightings.

Definition 3.5.1 Let X = (X,K) be a space with similarities. A weight measure on X is a

signed measure µ ∈M(X) such that Kµ ≡ 1 on X.

This generalizes the definition of a weight measure on a compact metric space given by

Willerton in Section 1.1 of [83]. Note that despite our convention in this chapter that ‘measure’

means positive measure, a weight measure is a signed measure.

A space with similarities (X,K) is symmetric if K is symmetric.

Lemma 3.5.2 Let (X,K) be a symmetric space with similarities. Then µ(X) = ν(X) for any

weight measures µ and ν on X.

Proof. Since ν is a weight measure,

µ(X) =

∫
X

dµ(x) =

∫
X

(∫
X

K(x, y) dν(y)

)
dµ(x).
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Since µ is a weight measure,

ν(X) =

∫
X

dν(y) =

∫
X

(∫
X

K(y, x) dµ(x)

)
dν(y).

So by symmetry of K and Tonelli’s theorem, µ(X) = ν(X).

This lemma makes the following definition valid. (C.f. Definition 2.3.3.)

Definition 3.5.3 Let (X,K) be a symmetric space with similarities admitting at least one

weight measure. The magnitude of (X,K) is

|(X,K)| = µ(X),

for any weight measure µ on (X,K). We often write |(X,K)| as just |X|.

We will mostly use positive weight measures, that is, weight measures that are positive

measures. (In an unfortunate clash of terminology, a weight measure on a finite set is positive

if and only if the corresponding vector is nonnegative.)

Lemma 3.5.4 Let (X,K) be a symmetric space with similarities admitting a positive weight

measure. Then |X| ≥ 0, with equality if and only if X = ∅.

Proof. The inequality is immediate from the definition of magnitude, as is the fact that |∅| = 0.

Now suppose that X is nonempty. Choose x ∈ X and a positive weight measure µ on (X,K).

Since
∫
X
K(x,−) dµ = 1, the measure µ is nonzero. Hence, |X| = µ(X) > 0.

Let (X,K) be a space with similarities. Given a closed subset Y of X, we regard Y as a

space with similarities by restriction of the similarity kernel K. Any measure ν 6= 0 on Y can

be normalized and extended by zero to give a probability measure ν̂ on X, defined by

ν̂(U) =
ν(U ∩ Y )

ν(Y )

for Borel sets U ⊆ X. In particular, if K is symmetric, then whenever ν is a positive weight

measure on Y 6= ∅, we have ν 6= 0 (by Lemma 3.5.4) and

ν̂(U) =
ν(U ∩ Y )

|Y |

for Borel sets U ⊆ X. The construction ν 7→ ν̂ relates the notion of weight measure to that of

balanced measure (defined in Remark 3.4.7) as follows.

Lemma 3.5.5 Let (X,K) be a symmetric space with similarities. The following are equivalent

for a probability measure µ on X:

(i) µ is balanced (that is, Kµ is constant on suppµ);

(ii) the function q 7→ DK
q (µ) is constant on [−∞,∞];

(iii) µ = ν̂ for some positive weight measure ν on suppµ;

(iv) µ = ν̂ for some positive weight measure ν on some nonempty closed subset Y of X.
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When these conditions hold, DK
q (µ) = |Y | for all nonempty closed Y ⊆ X admitting a

positive weight measure ν such that ν̂ = µ, and all q ∈ [−∞,∞].

Proof. The equivalence of (i) and (ii) follows from Proposition 3.4.6(ii).

Now assuming (i), we prove (iii). Write c for the constant value of Kµ on suppµ. Then

c > 0 by Proposition 3.3.8(i), so we can define a measure ν on suppµ by ν(W ) = µ(W )/c for

all Borel sets W ⊆ suppµ. This ν is a weight measure on suppµ, since for all y ∈ suppµ,

(Kν)(y) =

∫
suppµ

K(y,−) dν =
1

c

∫
X

K(y,−) dµ =
1

c
(Kµ)(y) = 1.

Moreover, ν̂ = µ: for given a Borel set U ⊆ X,

ν̂(U) =
ν(U ∩ suppµ)

ν(suppµ)
=
µ(U ∩ suppµ)

µ(suppµ)
= µ(U),

proving (iii).

Trivially, (iii) implies (iv). Finally, we assume (iv) and prove (i). Take Y and ν as in (iv).

For all x ∈ suppµ,

(Kµ)(x) =

∫
X

K(x,−) dν̂ =
1

ν(Y )

∫
Y

K(x,−) dν =
1

ν(Y )

This proves (i). It also proves the final statement: for by Remark 3.4.7, DK
q (µ) = ν(Y ) = |Y |

for all q ∈ [−∞,∞].

3.6 Balanced and maximizing measures

In the case of the Kronecker delta on a finite discrete space, it is trivial to maximize diversity.

Indeed, an elementary classical result states that for each q ∈ [0,∞], the Rényi entropy HI
q of

order q (Example 3.4.3) is maximized by the uniform distribution, and that unless q = 0, the

uniform distribution is unique with this property. The same is therefore true of the diversity

measures DI
q .

For a finite space with an arbitrary similarity kernel, maximizing measures are no longer

uniform [50]. We cannot, therefore, expect that on a general space with similarities, diversity

is maximized by the ‘uniform’ measure (whatever that might mean). Nevertheless, maximizing

measures have a different uniformity property: they are balanced. That is the main result of

this section.

Remark 3.6.1 We usually restrict the parameter q to lie in the range [0,∞]. Even in the

simplest case of the Kronecker delta on a finite set, DK
q and HK

q behave quite differently for

negative q than for positive q. When q < 0, the uniform measure no longer maximizes DI
q or

HI
q , and in fact minimizes them among all measures of full support (as can be shown using

Proposition 3.4.6(ii)).

For the rest of this section, let (X,K) be a symmetric space with similarities.

Definition 3.6.2 For q ∈ [0,∞], a probability measure on X is q-maximizing if it maximizes

DK
q . It is maximizing if it is q-maximizing for all q ∈ [0,∞].
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We will show in Section 3.7 that any measure that is q-maximizing for some q > 0 is, in

fact, maximizing. The proof will depend on the next result: any measure that is q-maximizing

for some q ∈ (0, 1) is balanced.

This result can be understood as follows. In ecological terminology, if a species distribu-

tion is not balanced then not all species are equally typical, and it is intuitively plausible that

transferring a little abundance from the most typical species to the least typical increases di-

versity. Thus, the diversity of a non-balanced distribution should not be maximal; equivalently,

a distribution that maximizes diversity should be balanced.

We prove this using a variational argument. The shape of the proof is similar to that of

the finite case ([50], Section 5), but the generalization to compact spaces makes the argument

much more delicate.

Proposition 3.6.3 For q ∈ (0, 1), every q-maximizing measure on (X,K) is balanced.

Proof. Let q ∈ (0, 1) and let µ be a q-maximizing measure on (X,K). Since Kµ is continuous

and suppµ is compact, we can choose x−, x+ ∈ suppµ such that

(Kµ)(x−) = inf
suppµ

Kµ, (Kµ)(x+) = sup
suppµ

Kµ.

To prove that µ is balanced, it will suffice to show that (Kµ)(x−) = (Kµ)(x+).

Let ε > 0. We first construct functions u± such that the measures u±µ approximate the

Dirac measures at x±, using Lemma 3.2.5. Write

E = {(Kµ)q−1|suppµ} ∪ {K(x,−)|suppµ

∣∣x ∈ X} ⊆ C(suppµ)

(which is well-defined by Lemma 3.3.6 and Proposition 3.3.8(i)). Then E is compact, since

it is the union of a singleton with the image of the compact space X under the composite of

continuous maps

X
K−→ C(X)

restriction−−−−−−→ C(suppµ)

(using Lemma 3.3.5). Hence E is equicontinuous. So by Lemma 3.2.5, we can choose a non-

negative function u− ∈ C(X) such that
∫
X
u− dµ = 1 and∣∣∣∣∫

X

(Kµ)q−1 d(u−µ)− (Kµ)(x−)q−1

∣∣∣∣ ≤ ε,∣∣∣∣∫
X

K(x,−) d(u−µ)−K(x, x−)

∣∣∣∣ ≤ ε,
the latter for all x ∈ X. Choose u+ similarly for x+.

Since u− − u+ is bounded, we can choose an open interval I ⊆ R, containing 0, such that

the function 1 + t (u− − u+) ∈ C(X) is strictly positive for each t ∈ I. Then for each t ∈ I, we

have a probability measure

µt = (1 + t(u− − u+))µ

on X, with suppµt = suppµ. Note that µ0 = µ.

We will exploit the fact that DK
q (µt) has a local maximum at t = 0, showing that the

function t 7→ DK
q (µt)

1−q is differentiable at 0 and, therefore, has derivative 0 there. For each
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t ∈ I, we have

DK
q (µt)

1−q =

∫
(Kµt)

q−1 dµ+ t

∫
(Kµt)

q−1d
(
(u− − u+)µ

)
= a(t) + b(t), (3.5)

say. (Since supp (Kµt) ⊇ supp (µt) = suppµ, the integrand (Kµt)
q−1 is well-defined and

continuous on suppµ, and both integrals are finite.) We now show that a(t) and b(t) are

differentiable at t = 0, compute their derivatives there, and bound the derivatives below.

To differentiate the integral a(t), we use Lemma 3.2.11. Choose a bounded open subinterval

J of I, also containing 0, with J ⊆ I. We now verify that the function f : X × J → R defined

by

f(x, t) = (Kµt)(x)q−1 =
[
(Kµ)(x) + tK

(
(u− − u+)µ

)
(x)
]q−1

satisfies the conditions of Lemma 3.2.11.

We have already checked condition 3.2.11(i). For condition 3.2.11(ii): for all x ∈ suppµ,

the function f(x,−) is differentiable on I (hence J), with derivative

t 7→ ∂f

∂t
(x, t) = (q − 1)

[
(Kµ)(x) + tK

(
(u− − u+)µ

)
(x)
]q−2

·K
(
(u− − u+)µ

)
(x).

For condition 3.2.11(iii), this formula shows that ∂f/∂t is continuous on (suppµ) × I. Hence

|∂f/∂t| is continuous on the compact space (suppµ)×J , and therefore bounded on (suppµ)×J ,

with supremum H, say. The constant function H on X is µ-integrable, and
∣∣∂f
∂t (x, t)

∣∣ ≤ H for

all x ∈ suppµ and t ∈ J , as required.

Now applying Lemma 3.2.11, a(t) is differentiable at t = 0 with

a′(0) = (q − 1)

∫
(Kµ)(x)q−2K

(
(u− − u+)µ

)
(x) dµ(x)

= (q − 1)

∫
(Kµ)(x)q−2

(∫
K(x, y) d((u− − u+)µ)(y)

)
dµ(x)

≥ (q − 1)

∫
(Kµ)q−2

(
K(−, x−)−K(−, x+) + 2ε

)
dµ, (3.6)

where the inequality follows from the defining properties of u− and u+ and the fact that q < 1.

Next, consider b(t). By the definition of derivative, b is differentiable at 0 if and only if the

limit

lim
t→0

∫
(Kµt)

q−1 d((u− − u+)µ)

exists, and in that case b′(0) is that limit. As t → 0, we have Kµt → Kµ in C(suppµ), so

(Kµt)
q−1 → (Kµ)q−1 in C(suppµ) (by Lemma 3.2.2). Hence b′(0) exists and is given by

b′(0) =

∫
X

(Kµ)q−1 d
(
(u− − u+)µ

)
.

By the defining properties of u− and u+, it follows that

b′(0) ≥ (Kµ)(x−)q−1 − (Kµ)(x+)q−1 − 2ε. (3.7)
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Returning to equation (3.5), we have now shown that both a(t) and b(t) are differentiable

at t = 0. So too, therefore, is DK
q (µt)

1−q. But by the maximality of µ, its derivative there is 0.

Hence the bounds (3.6) and (3.7) give

0 ≥ (q − 1)

∫
(Kµ)q−2

(
K(−, x−)−K(−, x+) + 2ε

)
dµ+ (Kµ)(x−)q−1 − (Kµ)(x+)q−1 − 2ε

= (q − 1)

(∫
(Kµ)q−2K(x−,−) dµ−

∫
(Kµ)q−2K(x+,−) dµ+ 2ε

∫
(Kµ)q−2 dµ

)
+ (Kµ)(x−)q−1 − (Kµ)(x+)q−1 − 2ε, (3.8)

using the symmetry of K. Consider the first integral in (3.8). By definition of x−, and since

q − 2 < 0, we have∫
(Kµ)q−2K(x−,−) dµ ≤ (Kµ)(x−)q−2

∫
K(x−,−) dµ = (Kµ)(x−)q−1.

A similar statement holds for x+. Since q − 1 < 0, it follows from (3.8) that

0 ≥ q
(
(Kµ)(x−)q−1 − (Kµ)(x+)q−1

)
− 2ε

(
(1− q)

∫
(Kµ)q−2 dµ+ 1

)
. (3.9)

Put c = (1− q)
∫

(Kµ)q−2 dµ+ 1. Then by (3.9), the defining properties of x− and x+, and

the fact that 0 < q < 1,

2εc ≥ q
(
(Kµ)(x−)q−1 − (Kµ)(x+)q−1

)
≥ 0.

Taking ε→ 0, we see that (Kµ)(x−) = (Kµ)(x+), which proves the result.

Corollary 3.6.4 Assume that X is nonempty. For each q ∈ (0, 1), there exists a balanced

q-maximizing probability measure on X.

Proof. Fix q ∈ (0, 1). The function DK
q is continuous on the nonempty compact space P (X)

(Proposition 3.4.8), so it attains a maximum at some µ ∈ P (X). By Corollary 3.6.4, µ is

balanced.

Thus, balanced q-maximizing measures exist for arbitrarily small q > 0. Later, we will use

a limiting argument to find a balanced 0-maximizing measure. Any such measure maximizes

diversity of all orders simultaneously:

Lemma 3.6.5 For 0 ≤ q′ ≤ q ≤ ∞, any balanced probability measure that is q′-maximizing is

also q-maximizing. In particular, any balanced 0-maximizing measure is maximizing.

Proof. Let 0 ≤ q′ ≤ q ≤ ∞ and let µ be a balanced q′-maximizing measure. Then for all

ν ∈ P (X),

DK
q (ν) ≤ DK

q′ (ν) ≤ DK
q′ (µ) = DK

q (µ),

where the inequalities follows from Proposition 3.4.6(ii) and the maximality of DK
q′ (µ), and the

equality from Lemma 3.5.5 and µ being balanced.

For the limiting argument, we will use:

Lemma 3.6.6 (i) The set of balanced probability measures is closed in P (X).
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(ii) For each q ∈ (0,∞), the set of q-maximizing probability measures is closed in P (X).

Proof. For (i), by Lemma 3.5.5 and Proposition 3.4.6(ii), the set of balanced measures is

{µ ∈ P (X)
∣∣DK

1 (µ) = DK
2 (µ)}.

But DK
1 , D

K
2 : P (X) → R are continuous (by Proposition 3.4.8), so by a standard topological

argument, this set is closed.

Part (ii) is immediate from the continuity of DK
q .

3.7 The maximization theorem

We now come to our main theorem:

Theorem 3.7.1 Let (X,K) be a nonempty symmetric space with similarities.

(i) There exists a probability measure µ on X that maximizes DK
q (µ) for all q ∈ [0,∞]

simultaneously.

(ii) The maximum diversity supµ∈P (X)D
K
q (µ) is independent of q ∈ [0,∞].

Proof. For each q ∈ (0, 1), there exists a balanced q-maximizing probability measure on X

(Corollary 3.6.4). Since P (X) is compact, we can choose some µ ∈ P (X) such that for every

q > 0 and neighbourhood U of µ, there exist q′ ∈ (0, q) and a balanced q′-maximizing measure

in U . Then by Lemma 3.6.5, for every q > 0, every neighbourhood of µ contains a balanced q-

maximizing measure. To prove both parts of the theorem, it suffices to show that µ is balanced

and maximizing.

By Lemma 3.6.6(i), µ is balanced. By Lemma 3.6.6(ii), µ is q-maximizing for each q > 0.

Now given any ν ∈ P (X), we have DK
q (µ) ≥ DK

q (ν) for all q > 0; then passing to the

limit as q → 0+ and using the continuity of diversity in its order (Proposition 3.4.6(i)) gives

DK
0 (µ) ≥ DK

0 (ν). Hence µ is 0-maximizing. But µ is also balanced, so by Lemma 3.6.5, µ is

maximizing.

The symmetry hypothesis in the theorem cannot be dropped, even in the finite case ([50],

Section 8).

Part (ii) of the theorem shows that maximum diversity is an unambiguous real invariant of

a space, not depending on a choice of parameter q:

Definition 3.7.2 Let (X,K) be a nonempty symmetric space with similarities. The maximum

diversity of (X,K) is

Dmax(X,K) = sup
µ∈P (X)

DK
q (µ) ∈ (0,∞),

for any q ∈ [0,∞]. Similarly, the maximum entropy of (X,K) is

Hmax(X,K) = logDmax(X,K) = sup
µ∈P (X)

HK
q (µ).

We often abbreviate Dmax(X,K) as Dmax(X).

The well-definedness of maximum diversity can be understood as follows. As established

in Section 3.6, for a maximizing measure µ, all points in suppµ are equally typical. Diversity
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is mean atypicality, and although the notion of mean varies with the order q, all means have

the property that the mean of an essentially constant function is that constant. Thus, our

maximizing measure µ has the same diversity of all orders. That diversity is Dmax(X).

To find a measure that maximizes diversity of all positive orders, it suffices to find one that

maximizes diversity of just one positive order:

Corollary 3.7.3 Let (X,K) be a symmetric space with similarities. Suppose that µ ∈ P (X) is

q-maximizing for some q ∈ (0,∞]. Then µ is maximizing.

Proof. Fix q ∈ (0,∞] and let µ be a q-maximizing measure. Then

DK
q (µ) ≤ DK

0 (µ) ≤ Dmax(X) = DK
q (µ),

so equality holds throughout. As DK
q (µ) = DK

0 (µ) with q 6= 0, Proposition 3.4.6(ii) implies

that µ is balanced. But also DK
0 (µ) = Dmax(X), so µ is 0-maximizing. Lemma 3.6.5 then

implies that µ is maximizing.

The exclusion of the case q = 0 here is necessary: not every 0-maximizing measure is

maximizing, even in the finite case ([50], end of Section 6)

Theorem 3.7.1 asserts the mere existence of a maximizing measure and the well-definedness

of maximum diversity. But there is a somewhat explicit description of the maximum diversity

and maximizing measures, in terms of magnitude and weight measures:

Corollary 3.7.4 Let (X,K) be a nonempty symmetric space with similarities.

(i) We have

Dmax(X) = sup
Y
|Y |, (3.10)

where the supremum is over the nonempty closed subsets Y of X admitting a positive

weight measure.

(ii) A probability measure µ on X is maximizing if and only if it is equal to ν̂ for some

positive weight measure ν on some subset Y attaining the supremum in (3.10). In that

case, Dmax(X) = |suppµ|.

Proof. For any q ∈ [0,∞],

Dmax(X) = sup{DK
q (µ)

∣∣µ ∈ P (X), µ is balanced} (3.11)

= sup{|Y |
∣∣nonempty closed Y ⊆ X admitting a positive weight measure}, (3.12)

where (3.11) follows from the existence of a balanced maximizing measure and (3.12) from

Lemma 3.5.5. This proves (i). Every maximizing measure is balanced, so (ii) also follows, again

using Lemma 3.5.5.

It follows that maximum diversity is monotone with respect to inclusion:

Corollary 3.7.5 Let X be a symmetric space with similarities, and let Y ⊆ X be a nonempty

closed subset. Then Dmax(Y ) ≤ Dmax(X).

Maximum diversity is also monotone in another sense: reducing the similarity between points

increases the maximum diversity. For metric spaces, this means that as distances increase, so

does maximum diversity.
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Proposition 3.7.6 Let X be a nonempty compact Hausdorff space. Let K,K ′ be symmetric

similarity kernels on X such that K(x, y) ≥ K ′(x, y) for all x, y ∈ X. Then Dmax(X,K) ≤
Dmax(X,K ′).

Proof. Fix q ∈ [0,∞]. We have Kµ ≥ K ′µ pointwise, so by definition of diversity, DK
q (µ) ≤

DK′

q (µ) for all µ ∈ P (X). Maximizing over µ gives the result.

Maximizing measures need not have full support. Ecologically, that may seem counterin-

tuitive: can maximizing diversity really entail eliminating some species? This phenonemon is

discussed fully in Section 11 of [50], but in short: if a species is so ordinary that all of its fea-

tures are displayed more vividly by some other species, then maximizing diversity may indeed

mean omitting it in favour of species that are more distinctive. With this in mind, it is to be

expected that any species absent from a maximizing distribution is (i) at least as ordinary or

typical as those present, and (ii) reasonably similar to at least one species present. Since the

typicality function of a maximizing measure µ takes constant value 1/Dmax(X) on suppµ (by

Proposition 3.6.3), this is the content of the following lemma.

Lemma 3.7.7 Let µ be a maximizing measure on a nonempty symmetric space with similarities

(X,K), and let x ∈ X. Then:

(i) (Kµ)(x) ≥ 1/Dmax(X);

(ii) there exists y ∈ suppµ such that K(x, y) ≥ 1/Dmax(X).

The proof will use the symmetric bilinear form 〈−,−〉X on M(X) given by

〈ν, π〉X =

∫
X

∫
X

K(x, y) dν(x) dπ(y), (3.13)

and the observation that DK
2 (ν) = 1/〈ν, ν〉X .

Proof. To prove (i), for s ∈ [0, 1], put

νs = (1− s)µ+ sδx ∈ P (X).

Then for all s ∈ [0, 1],

1/DK
2 (νs) =

〈
(1− s)µ+ sδx, (1− s)µ+ sδx

〉
X

= (1− s)2/Dmax(X) + 2s(1− s) · (Kµ)(x) + s2K(x, x).

Rearranging gives

1

DK
2 (νs)

− 1

Dmax(X)
=

{(
1

Dmax(X)
− 2(Kµ)(x) +K(x, x)

)
s+ 2

(
(Kµ)(x)− 1

Dmax(X)

)}
s.

But the left-hand side is nonnegative for all s ∈ (0, 1], so the affine function {· · · } of s is

nonnegative on (0, 1], hence (Kµ)(x)− 1/Dmax(X) ≥ 0.

To prove (ii), it follows from (i) that

1

Dmax(X)
≤ (Kµ)(x) =

∫
suppµ

K(x, y) dµ(y) ≤ sup
y∈suppµ

K(x, y),

and since suppµ is compact, the supremum is attained.
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3.8 Metric spaces

For the rest of this chapter, we specialize to compact metric spaces X = (X, d), using the

similarity kernel K(x, y) = e−d(x,y) and writing DK
q as DX

q .

We have seen that maximum diversity is closely related to magnitude (Corollary 3.7.4). Here,

we review some properties of magnitude and state their consequences for maximum diversity.

We then compute maximum diversity for several classes of metric space.

As discussed in Section 2.5, there are several equivalent definitions of the magnitude of a

positive definite compact metric space X. The simplest is this:

|X| = sup{|Y |
∣∣ finite Y ⊆ X}.

When X admits a weight measure (and in particular, when X is finite), this is equivalent to

Definition 3.5.3. Indeed, Meckes proved ([60], Theorems 2.3 and 2.4):

Theorem 3.8.1 (Meckes) Let X be a positive definite compact metric space. Then

|X| = sup
µ

µ(X)2∫
X

∫
X
e−d(x,y) dµ(x) dµ(y)

,

where the supremum is over all µ ∈M(X) such that the denominator is nonzero. The supremum

is attained by µ if and only if µ is a scalar multiple of a weight measure, and if µ is a weight

measure then |X| = µ(X).

Note that the supremum is over signed measures, unlike the similar expression for maximum

diversity in Example 3.4.5. Work such as [6] has established that even for some of the most

straightforward spaces (including Euclidean balls), no weight measure exists. In that case, the

supremum is not attained.

An important property of positive definite spaces, immediate from the definition, is that if

Y ⊆ X then |Y | ≤ |X|. Hence by Corollary 3.7.4(i),

Dmax(X) ≤ |X| (3.14)

for all positive definite compact metric spaces X 6= ∅. Any one-point subset of X has a positive

weight measure and magnitude 1, so again by Corollary 3.7.4(i),

Dmax(X) ≥ 1.

If X does not admit a weight measure then it follows from Corollary 3.7.4(ii) that no maximizing

measure onX has full support. Indeed, the apparent rarity of spaces admitting a weight measure

suggests that the supremum in Corollary 3.7.4 runs over a rather small class of subsets Y .

In the rest of this section, we analyse the few classes of metric space for which we are able

to calculate the maximum diversity exactly. In principle this includes all finite spaces, since

Corollary 3.7.4 then provides an algorithm for calculating the maximum diversity (described in

Section 7 of [50]). This class aside, all our examples are instances of the following result.

Lemma 3.8.2 Let X be a nonempty positive definite compact metric space admitting a positive

weight measure µ. Then:

(i) the normalization µ̂ of µ is a maximizing measure on X;
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(ii) Dmax(X) = |X|.

Proof. Since X admits a positive weight measure, Corollary 3.7.4(i) gives Dmax(X) ≥ |X|. But

the opposite inequality (3.14) also holds, so Dmax(X) = |X|. Hence by Corollary 3.7.4(ii), µ̂ is

a maximizing measure.

Example 3.8.3 Let X be a finite metric space with n points, satisfying d(x, y) > log(n −
1) whenever x 6= y. Then X is positive definite and its unique weight measure is positive

(Proposition 2.4.17 of [48]), so Dmax(X) = |X|.

Example 3.8.4 A line segment [0, `] ⊆ R has weight measure

1
2 (δ0 + δ` + λ[0,`]),

where δx denotes the Dirac measure at a point x and λ[0,`] is Lebesgue measure on [0, `] ([83],

Theorem 2). Hence

|[0, `]| = 1 + 1
2`.

By Lemma 3.8.2, the maximum diversity of [0, `] is equal to its magnitude, and the measure is

δ0 + δ` + λ[0,`]

2 + `

is maximizing. In fact, every compact subset of R has a positive weight measure (by Lemma 2.8

and Corollary 2.10 of [60]), so again, Lemma 3.8.2 applies.

We have shown that every symmetric space with similarities has at least one maximizing

measure. Although some spaces have multiple maximizing measures ([50], Section 9), we now

show that for many metric spaces, the maximizing measure is unique.

Lemma 3.8.5 Let X be a nonempty compact metric space such that the bilinear form 〈−,−〉X
on M(X) (defined in (3.13)) is positive definite. Then X admits exactly one maximizing mea-

sure.

Proof. Since 〈−,−〉X is an inner product, the function µ 7→ 〈µ, µ〉X on M(X) is strictly convex.

Its restriction to the convex set P (X) therefore attains a minimum at most once. But DX
2 (µ) =

1/〈µ, µ〉X , so µ minimizes 〈−,−〉X on P (X) if and only if µ is 2-maximizing, or equivalently

maximizing (by Corollary 3.7.3). The result follows.

Example 3.8.6 Let X be a nonempty compact metric space that is homogeneous (its isome-

try group acts transitively on points). There is a unique isometry-invariant probability measure

on X, the Haar probability measure µ (Theorems 4.11 and 5.3 of [74]). As observed in [83]

(Theorem 1), the measure
µ∫

X
e−d(x,y) dµ(x)

is independent of y ∈ X and is a positive weight measure on X. Hence

|X| = 1∫
X
e−d(x,y) dµ(x)

for all y ∈ X. This is the reciprocal of the expected similarity between a random pair of

points. If X is positive definite, Lemma 3.8.2 implies that Dmax(X) = |X| and that the Haar
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probability measure is maximizing. If X satisfies the stronger condition that the bilinear form

〈−,−〉X on M(X) (defined in (3.13)) is positive definite, then Lemma 3.8.5 implies that the

Haar probability measure is the unique maximizing measure.

The next proposition follows immediately from Lemma 3.8.5; the subsequent more substan-

tial result is due to Mark Meckes (personal communication, 2019).

Proposition 3.8.7 Every nonempty positive definite finite metric space has exactly one maxi-

mizing measure.

Proposition 3.8.8 (Meckes) Every nonempty compact subset of Euclidean space has exactly

one maximizing measure.

Proof. Let X be a nonempty compact subset of Rn. Then X is positive definite, so by

Lemma 2.2 of [60], 〈µ, µ〉X ≥ 0 for all µ ∈ M(X). By Lemma 3.8.5, it now suffices to prove

that if 〈µ, µ〉X = 0 then µ = 0.

Define F : Rn → R by F (x) = e−‖x‖. Then

〈µ, ν〉X =

∫
Rn

(F ∗ µ) dν

(µ, ν ∈M(X)), where ∗ denotes convolution. By the standard properties of the Fourier trans-

form ,̂ it follows that

〈µ, µ〉X =

∫
Rn

F̂ |µ̂|2 dλ,

where λ is Lebesgue measure. But F̂ is everywhere strictly positive (Theorem 1.14 of [73]), so if

〈µ, µ〉X = 0 then µ̂ = 0 almost everywhere, which in turn implies that µ = 0 (paragraph 1.7.3(b)

of [67]).

3.9 The uniform measure

For many of the spaces that arise often in mathematics, there is a choice of probability measure

that seems natural to us. For finite sets, it is the uniform measure. For homogeneous spaces,

it is Haar measure. For subsets of Rn with finite nonzero volume, it is normalized Lebesgue

measure. In this section, we propose a method for assigning a canonical probability measure to

any compact metric space (subject to conditions). We call it the uniform measure.

There are two thoughts behind this method. The first is very standard in statistics: take

the probability distribution that maximizes entropy. For example, in the context of differential

entropy of probability distributions on R, the maximum entropy distribution supported on

a prescribed bounded interval is the uniform distribution on it, and the maximum entropy

distribution with a prescribed mean and variance is the normal distribution.

However, on a compact metric space X, the maximizing measure is in one sense not a

suitable choice of ‘uniform’ measure. The problem is scale-invariance. For many uses of metric

spaces, the choice of scale factor is somewhat arbitrary: if we multiplied all the distances by

a constant t > 0, we would regard the space as essentially unchanged. (Formally, scaling by

t defines an automorphism of the category of metric spaces, for any of the standard notions

of map between metric spaces.) But the maximizing measure depends critically on the scale

factor, as almost every example in the previous section shows.
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There now enters the second thought: pass to the large-scale limit. Thus, we define the

uniform measure on a space to be the limit of the maximizing measures as the scale factor

increases to ∞. Let us now make this formal.

Definition 3.9.1 Let X = (X, d) be a metric space and t ∈ (0,∞). We write td for the

metric on X defined by (td)(x, y) = t · d(x, y), and Kt for the similarity kernel on X defined by

Kt(x, y) = e−td(x,y). We denote by tX the set X equipped with the metric td.

By Proposition 3.7.6, Dmax(tX) is increasing in t ∈ (0,∞), for any compact metric space

X. If X is a subspace of Rn then tX = (X, td) is isometric to ({tx
∣∣x ∈ X}, d), where d is

Euclidean distance. But we will regard the set X as fixed and the metric as varying with t.

Definition 3.9.2 Let X be a compact metric space. Suppose that tX has a unique maximizing

measure µt for all t� 0, and that limt→∞ µt exists in P (X). Then the uniform measure on

X is µX = limt→∞ µt.

The uniform measure has the desired property of scale-invariance:

Lemma 3.9.3 Let X be a compact metric space and t > 0. Then µX = µtX , with one side of

the equality defined if and only if the other is.

Proof. This is immediate from the definition.

The next few results show that on several significant classes of space, the uniform measure

is the canonical or ‘obvious’ probability measure.

Proposition 3.9.4 On a nonempty finite metric space, the uniform measure exists and is the

uniform probability measure in the standard sense.

Proof. Let X = {x1, . . . , xn} be a finite metric space. For t > 0, write Zt for the n × n

matrix with entries e−td(xi,xj). For t� 0, the space tX is positive definite with positive weight

measure, by Example 3.8.3. Expressed as a vector, the weight measure on tX (for t� 0) is

(Zt)−1


1
...

1

 .

The normalization of this weight measure is the unique maximizing measure µt on tX, by

Lemma 3.8.2. As t→∞, we have Zt → I in the topological group GLn(R), giving (Zt)−1 → I

and so µt → (1/n, . . . , 1/n).

This result shows that the uniform measure need not be uniformly distributed, in the sense

that balls of the same radius may have different measures.

The concept of uniform measure also behaves well on homogeneous spaces.

Proposition 3.9.5 Let X be a nonempty, homogeneous, compact metric space such that for

every t > 0, the bilinear form 〈−,−〉tX on M(tX) (defined in (3.13)) is positive definite. Then

the uniform measure exists and is the Haar probability measure on X.

Proof. Let X be such a space. The Haar probability measure µ on X is the unique isometry-

invariant probability measure on X, so it is also the Haar probability measure on tX for every

t > 0. Hence by Example 3.8.6, µt = µ for all t, and the result follows trivially.
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Proposition 3.9.6 On the line segment [0, `] of length ` > 0, the uniform measure exists and

is Lebesgue measure restricted to [0, `], normalized to a probability measure.

Proof. Write X = [0, `] and d for the metric on R. For each t > 0, the metric space tX = (X, td)

is isometric to the interval [0, t`] with metric d, which by Example 3.8.4 and Proposition 3.8.8

has unique maximizing measure
δ0 + δt` + λ[0,t`]

2 + t`
.

Transferring this measure across the isometry, tX therefore has unique maximizing measure

µt =
δ0 + δ` + tλ[0,`]

2 + t`
.

Hence µt → λ[0,`]/` as t→∞.

We now embark on the proof that Proposition 3.9.6 extends to higher dimensions. Let X be

a compact subspace of Rn with nonzero volume, write λX for n-dimensional Lebesgue measure

λ restricted to X, and write λ̂X = λX/λ(X) for its normalization to a probability measure. We

will show that λ̂X is the uniform measure on X. Unlike in Propositions 3.9.4–3.9.6, we have no

formula for the maximizing measure on tX, so the argument is less direct.

We begin by showing that at large scales, λ̂X comes close to maximizing diversity, in the

sense of the last part of the following proposition.

Proposition 3.9.7 Let X be a compact subspace of Rn with nonzero volume λ(X). Then

lim
t→∞

Dmax(tX)

|tX|
= 1 and lim

t→∞

Dmax(tX)

tn
=
λ(X)

n!ωn
,

where ωn is the volume of the unit ball in Rn. Moreover, for all q ∈ [0,∞],

lim
t→∞

DtX
q (λ̂X)

Dmax(tX)
= 1.

Proof. We first show that for all t > 0 and q ∈ [0,∞],

|tX| ≥ Dmax(tX) ≥ DtX
q (λ̂X) ≥ λ(X)tn

n!ωn
. (3.15)

The first inequality in (3.15) is an instance of (3.14), since tX is positive definite. The second

is immediate. For the third, diversity is decreasing in its order (Proposition 3.4.6(ii)), so it

suffices to prove the case q =∞. The inequality then states that

1

sup
x∈supp λ̂X

(Ktλ̂X)(x)
≥ λ(X)tn

n!ωn
,

or equivalently, for all x ∈ supp λ̂X ,

(Ktλ̂X)(x) ≤ n!ωn
λ(X)tn

. (3.16)

Now for all x ∈ X,

(Ktλ̂X)(x) =
1

λ(X)

∫
X

e−t‖x−y‖ dy ≤ 1

λ(X)

∫
Rn

e−t‖x−y‖ dy.
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The last integral is n!ωn/t
n, by a standard calculation (as in Lemma 3.5.9 of [48]). So we have

now proved inequality (3.16) and, therefore, all of (3.15).

Dividing (3.15) through by |tX| gives

1 ≥ Dmax(tX)

|tX|
≥
DtX
q (λ̂X)

|tX|
≥ λ(X)tn

n!ωn|tX|

for all t > 0 and q ∈ [0,∞]. Theorem 1 of [6] states, in part, that the final term converges to 1

as t→∞. Hence all terms do, and the result follows.

Remarks 3.9.8 (i) The fact that Dmax(X)/|tX| → 1 as t → ∞ is one of a collection of

results expressing the relationship between maximum diversity and magnitude. Perhaps

the deepest of these is a result of Meckes, who showed that maximum diversity is equal to

a quantity that is already known (if little explored) in potential theory: up to a constant,

Dmax(X) is the Bessel capacity of order (n + 1)/2 of X ([58], Section 6). He used this

fact to prove that for each n ≥ 1, there is a constant κn such that

|X| ≤ κnDmax(X)

for all nonempty compact X ⊆ Rn (Corollary 6.2 of [58]). This is a companion to the

elementary fact that Dmax(X) ≤ |X| (inequality (3.14)).

(ii) The second equation in Proposition 3.9.7 implies that the volume of X ⊆ Rn can be

recovered from the function t 7→ Dmax(tX). This result is in the same spirit as Theo-

rem 3.1.1, which states that one can also recover the Minkowski dimension of X from the

asymptotics of Dmax(tX).

Theorem 3.9.9 On a compact set X ⊆ Rn of nonzero Lebesgue measure, the uniform measure

exists and is equal to Lebesgue measure restricted to X, normalized to a probability measure.

Proof. By Proposition 3.8.8, tX has a unique maximizing measure µt for each t > 0. We must

prove that limt→∞
∫
X
f dµt =

∫
X
f dλ̂X for each f ∈ C(X).

Define F ∈ C(Rn) by F (x) = e−‖x‖; then
∫
Rn F dλ = n!ωn, as noted in the proof of

Proposition 3.9.7. We will apply Lemma 3.2.6 to the function G = F/n!ωn. We have Gt =

tnF t/n!ωn for t > 0, and
∫
Rn Gdλ = 1.

First we prove the weaker statement that for all nonnegative f ∈ C(X),

lim inf
t→∞

∫
X

f dµt ≥
∫
X

f dλ̂X . (3.17)

Fix f , and choose a nonnegative extension f ∈ C(Rn) of bounded support. Let ε > 0. By

Lemma 3.2.6, we can choose T1 > 0 such that for all t ≥ T1,∫
Rn

f ·
(
tnF t

n!ωn
∗ µt

)
dλ−

∫
Rn

f dµt ≤
ε

2
.

By Proposition 3.9.7, we can also choose T2 > 0 such that for all t ≥ T2,

tn/n!ωn
Dmax(tX)

≥ 1

λ(X)
− ε

2
∫
X
f dλ

.

73



Then for all t ≥ max{T1, T2},∫
X

f dµt =

∫
Rn

f dµt (3.18)

≥
∫
Rn

f ·
(
tnF t

n!ωn
∗ µt

)
dλ− ε

2
(3.19)

≥
∫
X

f ·
(
tnF t

n!ωn
∗ µt

)
dλ− ε

2
(3.20)

=

∫
X

f · tn

n!ωn
(Ktµt) dλ− ε

2
(3.21)

≥
∫
X

f · tn/n!ωn
Dmax(tX)

dλ− ε

2
(3.22)

≥
∫
X

f dλ̂X − ε, (3.23)

where (3.18) holds because µt is supported on X, (3.19) because t ≥ T1, (3.20) because f , F t

and µt are nonnegative, (3.21) because F t ∗ µt = Ktµt, (3.22) by Lemma 3.7.7(i), and (3.23)

because t ≥ T2 and f ≥ 0. The claimed inequality (3.17) follows.

Now observe that if f ∈ C(X) satisfies (3.17) then so does f + c for all constants c. But

every function in C(X) can be expressed as the sum of a continuous nonnegative function and

a constant, so (3.17) holds for all f ∈ C(X). Let f ∈ C(X). Applying (3.17) to −f in place of

f gives

lim sup
t→∞

∫
X

f dµt ≤
∫
X

f dλ̂X ,

which together with (3.17) itself gives the desired result.

Remark 3.9.10 Let X ⊆ Rn be a compact set of nonzero volume. Then suppµt → X in the

Hausdorff metric dH as t → ∞. Indeed, Lemma 3.7.7(ii) applied to the similarity kernel Kt

gives tdH(X, suppµt) ≤ Hmax(tX), so

dH(X, suppµt) ≤
Hmax(tX)

t
=
Hmax(tX)

log t
· log t

t
→ n · 0 = 0

as t → ∞, by Theorem 3.1.1. (The same argument applies to any compact metric space of

finite Minkowski dimension.)

However, the support of the uniform measure λ̂X = limt→∞ µt need not be X; that is, some

nonempty open sets may have measure zero. Any nontrivial union of an n-dimensional set with

a lower-dimensional set gives an example.
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Part II

Homological invariants
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Chapter 4

Magnitude homology

4.1 Introduction

In the second part of the thesis, we turn from magnitude to its functorial counterpart, magnitude

homology. Magnitude homology was first defined in 2015 by Hepworth and Willerton for graphs

equipped with the shortest-path metric [34], and extended in 2017 by Leinster and Shulman

to encompass any category enriched in a semicartesian monoidal category ([53, 54]). In this

introductory chapter we aim to give a brisk exposition of Leinster and Shulman’s construction,

adding some details that will be useful to us later.

Just as magnitude lifts a size function on a symmetric monoidal category V to one on

VCat, magnitude homology lifts a categorification of size to a categorification of magnitude.

In Section 4.3 we explain what it means to categorify a size and use that notion to define

the magnitude homology of a V-category, provided V is semicartesian. In Sections 4.4 and

4.5 we specialize to the case of metric spaces, where we see that, for finite spaces, magnitude

homology succeeds in categorifying magnitude. The proof of this result and a more general

result for enriched categories can be found in Section 7 of [54]. In Section 4.6 we specialize

further to describe, via Kaneta and Yoshinaga [40], the magnitude homology of closed subsets

of Euclidean space—in this context the homology groups can be thought of as quantifying

failures of convexity.

In order to make use of simplicial methods in later chapters, we follow the preprint version

of Leinster and Shulman’s paper [53] in defining the magnitude chain complex by way of a

simplicial object. To fix terminology and notation, we will begin by briefly reviewing a few

basic facts about simplicial objects in abelian categories.

4.2 Homological preliminaries

If A is an abelian category, any simplicial or semisimplicial object A in A gives rise to a chain

complex in A: the (unnormalized) chain complex C(A) has Cn(A) = An for each n, and

its boundary map ∂ is given by an alternating sum of face maps:

∂n =

n∑
i=0

(−1)iδin.
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If A is a simplicial object, it can be used to define a second chain complex: the normalized

chain complex N(A) is given in degree n by

Nn(A) =

n⋂
i=1

ker(δin : An → An−1)

and its boundary map in degree n is the 0th dimension-n face map of A: ∂n = δ0
n.

The homotopy groups of a simplicial object A in A are defined by

πn(A) = Hn(N(A)).

By construction, N(A) is a subcomplex of C(A); in fact, it is a direct summand. Let

D(A) denote the subcomplex generated by the images of the degeneracy maps: Dn(A) =∑
i σi(Cn−1(A)). The following lemma is proved as Lemma 8.3.7 in Weibel, [81].

Lemma 4.2.1 C(A) = N(A)⊕D(A), and hence N(A) ∼= C(A)/D(A), naturally in A.

One reason this decomposition is useful is that for any simplicial object A the complex D(A)

can be shown to be acyclic, implying that the normalized and unnormalized chain complexes

of A are naturally quasi-isomorphic (see Theorem 8.3.8 in [81]):

π•(A) = H•(N(A)) ∼= H•(C(A)). (4.1)

4.3 The magnitude homology of an enriched category

To define magnitude homology, we need to impose a new condition on the enriching category

V, not required for the definition of magnitude: we now ask that V is semicartesian, meaning

that it is symmetric monoidal and the unit object for its monoidal structure is terminal. The

role played by this condition is purely technical, and will become clear in Definition 4.3.3.

Definition 4.3.1 A rank function on an abelian category A, valued in a ring R, is a partial

function rk : ob(A)→ R such that rk(0) = 0 and for any short exact sequence

0→ A→ B → C → 0

rk(B) is defined if and only if rk(A) and rk(C) are, in which case

rk(B) = rk(A) + rk(C).

If A also has a symmetric monoidal structure, we say a rank function rk on A is multiplicative

if rk(A⊗B) is defined whenever rk(A) and rk(B) are, and in that case rk(A⊗B) = rk(A)·rk(B).

Throughout this chapter, let (V,⊗, I) be a semicartesian category, and let A be

a closed symmetric monoidal abelian category equipped with a multiplicative rank

function.

Definition 4.3.2 A size functor on V valued in A is a strong symmetric monoidal functor

V → A taking values in the domain of rk. If Σ is a size functor, then # = rk ◦ Σ is a size

function on V valued in R. We say that the triple (A,Σ, rk) categorifies the size #.
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Definition 4.3.3 Let Σ : V → A be a size functor, and X a V-category. The magnitude

nerve of X with respect to Σ is a simplicial object MBΣ
• (X) in A defined for each n ∈ N by

MBΣ
n (X) =

⊕
x0,...,xn∈X

ΣX(x0, x1)⊗ · · · ⊗ ΣX(xn−1, xn).

The face maps δin : MBΣ
n (X)→MBΣ

n−1(X) are given for 1 ≤ i ≤ n−1 by discarding i from

the indices and using the monoidal structure of Σ along with composition in X. The face map

δ0
n is induced by discarding x0 from the indices and using the monoidal structure of Σ along

with the terminal map X(x0, x1)→ I in V—making use of the fact that V is semicartesian—and

δnn arises analogously.

For each i, the degeneracy map σin : MBΣ
n (X) → MBΣ

n+1(X) is induced by ‘inserting the

identity’ on the object xi; that is, by the morphism Idxi
: I → X(xi, xi).

Definition 4.3.4 The unnormalized magnitude complex of a V-category X with respect

to Σ is

M̃C
Σ

• (X) = C(MBΣ
• (X))

and the normalized magnitude complex is

MCΣ
• (X) = N(MBΣ

• (X)).

The magnitude homology of X with respect to Σ is

MHΣ
• (X) = H•(MCΣ(X)) ∼= H•(M̃C

Σ
(X)).

In simple cases the normalized magnitude complex has the following convenient description,

which will be used repeatedly in the chapters to come.

Lemma 4.3.5 Suppose X is a V-category such that X(x, x) ∼= I for every x ∈ X. Then the

normalized magnitude complex of X is given in degree n by

MCΣ
n (X) =

⊕
x0,...,xn∈X
xi 6=xi+1 ∀i

ΣX(x0, x1)⊗ · · · ⊗ ΣX(xn−1, xn).

Proof. The condition on X implies that the map Idx : I → X(x, x) is an isomorphism for every

x ∈ X, so the same is true of the induced map IA → ΣX(x, x). Taking the quotient of M̃C
Σ

n (X)

by the degeneracies thus sends to 0 exactly the summands corresponding to tuples (x0, . . . , xn)

in which xi = xi+1 for some i.

Example 4.3.6 The free abelian group functor Σ : FinSet→ Ab is a size functor categorifying

the cardinality of sets via torsion-free rank. The normalized magnitude complex of a locally

finite category X with respect to Σ is exactly the normalized complex of simplicial chains in

the nerve of X. Hence, MHΣ
• (X) is the homology of the classifying space BX, and we can

conclude via Theorem 2.3.9 that if X is finite and circuit-free then

χ(MHΣ
• (X)) = χ(BX) = Mag(X).

We record the following explicit example for later reference.
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Example 4.3.7 Let S1 denote the category

A B

f

g

The normalized magnitude complex of S1 is generated in degree 0 by {A,B} and in degree 1

by {f, g}, and in all higher degrees it vanishes. The boundary map

Z · {A,B} Z · {f, g}
∂1

is given on generators by ∂1(f) = B−A = ∂1(g); its image is generated by B−A and its kernel

by f − g. Thus, MHΣ
0 (S1) = Z · {A,B}/〈B−A〉 ∼= Z and MHΣ

1 (S1) = 〈f − g〉/0 ∼= Z. That is,

MHΣ
• (S1) =

Z ∗ = 0, 1

0 otherwise.

4.4 Categorifying the universal size on R+

The poset R+ is semicartesian: the unit object for + is 0, which is terminal with respect to the

downward ordering. We can thus hope to define magnitude homology for metric spaces; the

remainder of this chapter describes the construction.

To categorify the universal size # : R+ → Q((qR)), Leinster and Shulman turn to the

category AbR+ of R+-graded abelian groups. As a category of functors valued in abelian

groups, AbR+ inherits many of the valuable properties of Ab. Since Ab is abelian, so is AbR+ ;

indeed, as limits and colimits can be taken pointwise, AbR+ is complete and cocomplete, and

it is an AB5 category, meaning that filtered colimits of exact sequences are exact.

Given A ∈ AbR+ we write A` for the value of A at ` ∈ R+, and refer to ` as the length

grading of A`. (The reason for this choice of terminology will become apparent in Section 4.5.)

There is a symmetric monoidal structure on AbR+ given by the convolution product. The

convolution A~B of R+-graded abelian groups A and B is defined by

(A~B)` =
⊕
r+s=`

Ar ⊗Z B
s

for each ` ∈ R+. The unit for convolution is the graded abelian group which is equal to Z in

grading 0, and 0 in all other gradings.

The category AbR+ comes equipped with a partial function

rk∗ : AbR+ → Q((qR)) (4.2)

A 7→
∑
`∈R+

rk(A`)q`

where rk(A`) is the torsion-free rank of the group A`. We will call a graded abelian group A

left-finite if A is in the domain of rk∗. Explicitly, A is left-finite if and only if (a) rk(A`) is finite

for every `, and (b) for each L > 0, there are only finitely many ` ≤ L such that rk(A`) 6= 0.

The next lemma is a straightforward consequence of the properties of torsion-free rank, and
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the fact that the set of Novikov series is closed under coefficient-wise addition and the Cauchy

product.

Lemma 4.4.1 Suppose A,B ∈ AbR+ are both left-finite. Then

(i) A⊕B is left-finite and rk∗(A⊕B) = rk∗(A) + rk∗(B).

(ii) A~B is left-finite and rk∗(A~B) = rk∗(A) · rk∗(B).

There is a strong monoidal functor Σ : R+ → AbR+ defined by

Σ(t)` =

Z if ` = t

0 otherwise.
(4.3)

Clearly Σ(t) is left-finite for every t, and the composite rk∗ ◦ Σ : R+ → Q((qR)) is exactly the

universal size. In other words, the triple (AbR+ ,Σ, rk∗) categorifies the universal size on R+.

We give Ch(AbR+) the monoidal structure ~ defined as the usual convolution tensor product

of chain complexes with respect to the convolution product on AbR+ : for each n ∈ N,

(C ~D)n =
⊕
j+k=n

Cj ~Dk.

The partial function rk∗ on AbR+ allows us to define in the usual manner an Euler characteristic

for R+-graded chain complexes, valued in Q((qR)). Since the Euler characteristic of a chain

complex typically involves an infinite series of ranks, it is necessary to take some care over its

domain.

Definition 4.4.2 A chain complex C ∈ Ch(AbR+) is piecewise left-finite if Cn ∈ AbR+ is

left-finite for every n ∈ N.

Definition 4.4.3 The Euler characteristic on Ch(AbR+) is the partial function

χ∗ : Ch(AbR+)→ Q((qR))

C 7→
∞∑
n=0

(−1)nrk∗(Cn).

The domain of χ∗ consists of those piecewise left-finite objects in Ch(AbR+) for which the

infinite series on the right converges in Q((qR)). When Q((qR)) has its valuation topology, the

domain of χ∗ can be characterized as follows.

Definition 4.4.4 A chain complex C ∈ Ch(AbR+) is Novikov finite if it is piecewise left-

finite and for every L ∈ R+ there exists an N ∈ N such that C`n = 0 for all n > N and all

` ≤ L.

The series
∞∑
n=0

(−1)nrk∗(Cn) =

∞∑
n=0

(−1)n

(∑
`∈R

rk(C`n)q`

)

converges in Q((qR)) if and only of C is Novikov finite, in which case its limit is

∑
`∈R

( ∞∑
n=0

(−1)nrk(C`n)

)
q`.
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So the domain of χ∗ consists of the Novikov finite chain complexes, and for Novikov finite C

we have

χ∗(C) =
∑
`∈R

χ(C`)q`. (4.4)

Lemma 4.4.5 Suppose C,D ∈ Ch(AbR+) are both Novikov finite. Then

(i) C ⊕D is Novikov finite and χ∗(C ⊕D) = χ∗(C) + χ∗(D).

(ii) C ~D is Novikov finite and χ∗(C ~D) = χ∗(C) · χ∗(D).

Proof. Part (i) follows from Theorem 2.2.3(i); part (ii) follows from Theorem 2.2.3(ii).

Remark 4.4.6 Later in the chapter it will become desirable to work over a field; we record the

following facts and notations for reference.

Let VectR+ denote the category of R+-graded vector spaces over Q. We can define a

Novikov-valued rank on VectR+ exactly as in (4.2), substituting vector space dimension in

place of the torsion-free rank of abelian groups, and thereby define an additive, multiplicative

Euler characteristic

χ∗ : Ch(VectR+)→ Q((qR)).

The description of Novikov finite complexes in this setting is entirely analogous. There is a

functor F : Ch(AbR+) → Ch(VectR+) defined by F (C)`n = C`n ⊗ Q. Since dim(F (C)`n) =

rk(C`n), the complex F (C) is Novikov finite whenever C is, and in that case we have

χ∗(F (C)) = χ∗(C).

4.5 The magnitude homology of a metric space

Unpacking the definitions, one finds that the normalized magnitude complex of a metric space

X, with respect to the size functor Σ defined in 4.3, is the R+-graded chain complex given in

homological degree n ∈ N and length grading ` ∈ R+ by

MC`n(X) = Z · {(x0, . . . , xn)
∣∣xi ∈ X and xi 6= xi+1 for each i

and d(x0, x1) + · · ·+ d(xn−1, xn) = `}.

The boundary operator in degree n is ∂n =
∑n
i=0(−1)iδin, where δ0

n = 0 = δnn and for each

i ∈ {1, . . . , n − 1} the map δin acts on a generator (x0, . . . , xn) by discarding the point xi

provided this doesn’t change the sum of the distances; otherwise it sends the generator to zero.

More concisely:

δin((x0, . . . , xn)) =

(x0, . . . , xi−1, xi+1, . . . xn) if d(xi−1, xi+1) = d(xi−1, xi) + d(xi, xi+1)

0 otherwise.

(This is Definition 3.3 in Leinster and Shulman, [54].)

The magnitude homology of X is the homology of its magnitude complex—

MH∗• (X) = H•(MC∗• (X))
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—and the central result of Leinster and Shulman’s paper says that magnitude homology suc-

ceeds in categorifying magnitude for finite spaces:

Theorem 4.5.1 ([54], Corollary 7.15) Let X be a finite metric space. Then MH∗• (X) is Novikov

finite and

χ∗(MH∗• (X)) = Mag(X).

In Appendix B we will also make use of magnitude homology (of metric spaces) with rational

coefficients; we now spell out briefly what that means.

We can define a size functor ΣQ : R+ → VectR+ just as we defined Σ:

ΣQ(t)` =

Q if ` = t

0 otherwise.

Let MC∗• (X,Q) denote the magnitude chain complex of a metric space X with respect to ΣQ,

and let MH∗• (X,Q) denote its homology. Then

MC`n(X,Q) = MC`n(X)⊗Q

for each n and `, and by the Universal Coefficient Theorem (e.g. Theorem 3.6.2 in Weibel, [81])

we have

MH`
n(X,Q) ∼= MH`

n(X)⊗Q.

In the notation of Remark 4.4.6, this says MH∗• (X,Q) ∼= F (MH∗• (X)); so the Remark gives

us, as a corollary to Theorem 4.5.1, that MH∗• (−,Q) also categorifies magnitude:

Corollary 4.5.2 Let X be a finite metric space. Then MH∗• (X,Q) is Novikov finite and

χ∗(MH∗• (X,Q)) = Mag(X).

4.6 Magnitude homology in Euclidean space

One of the slogans of magnitude homology is that it is “a genuinely metric rather than topo-

logical” homology theory (e.g. [45], Section 6.4). In particular, the magnitude homology groups

of a metric space record quantitative information about failures of convexity; this is especially

apparent in the setting of Euclidean space. In this section we sketch a few relevant results.

For any metric space X, it is straightforward to describe the first two magnitude homology

groups. Since ∂1 = 0, there are no 0-boundaries in the magnitude complex and so MH∗0 (X) =

MC∗0 (X). For the same reason, all 1-chains are cycles. The map ∂2 sends a 2-chain (x0, x1, x2)

to zero unless

d(x0, x2) = d(x0, x1) + d(x1, x2)

in which case ∂2(x0, x1, x2) = −(x0, x2). To describe the 1-boundaries, then, Leinster and

Shulman introduce the following terminology.

Definition 4.6.1 Let X be any metric space and let x, y, z be points in X.

• If d(x, z) = d(x, y) + d(y, z), we say that y is between x and z.

• If in addition x 6= y 6= z, we say y is strictly between x and z.
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A pair of distinct points x, y ∈ X is non-adjacent if there exists a point strictly between x

and y, and adjacent otherwise.

With this, they can characterize the first two magnitude homology groups completely.

Theorem 4.6.2 ([54], Theorems 4.1 and 4.3) Let X be any metric space.

• MH0
0 (X) is the free abelian group on the points of X, and for ` > 0 we have MH`

0(X) = 0.

• MH0
1 (X) = 0, and for ` > 0, MH`

1(X) is the free abelian group on ordered pairs of

adjacent points (x, y) in X such that d(x, y) = `.

A metric space X is said to be Menger convex if no pair of distinct points in X is adjacent.

Thus, MH∗1 (X) vanishes if and only if X is Menger convex. For closed subsets of Euclidean

space, Menger convexity is equivalent to convexity in the conventional sense ([54], Corollary

4.8)—so for a closed set X ⊂ Rn we can say that MH∗1 (X) vanishes if and only if X is convex.

What’s more, when MH∗1 (X) does not vanish, the length gradings in which it is non-trivial

can be thought of as quantifying the failure of convexity: measuring, in a sense we now describe,

the ‘size’ of hollows or cavities in the space.

δ

A

Figure 4.1: The annulus.

A key example is that of a closed annulus in the plane with inner diameter δ. In Example

4.11 of [54] Leinster and Shulman compute the first magnitude homology group of the annulus,

A, finding that

MH`
1(A) =


Z · (S1 t S1) 0 < ` < δ

Z · S1 ` = δ

0 ` > δ.

Here, it is tempting to regard the vanishing of the homology groups in gradings greater than δ

as recording the diameter of the hole in A—rather as the dimension of an n-dimensional CW

complex C is recorded in the vanishing of its singular homology Hk(C,Z/2Z) in degrees k > n.

Kaneta and Yoshinaga [40] have sharpened this result and extended it to higher-dimensional

Euclidean space. For X ⊆ Rn they define hX ∈ [0,∞) to be the supremum over all distances

d(x, y) where x, y ∈ X are adjacent points. For instance, if X = Rn\Int(Dn
r ) where Dn

r is the

closed n-ball of radius r, then hX is 2r, the diameter of the ball.

For each k ≥ 0 the kth vanishing threshold of the magnitude homology of X is defined

to be

vk = sup{`
∣∣MH`

k(X) 6= 0}

when this supremum is over a nonempty set, and 0 otherwise. Kaneta and Yoshinaga prove

that vk = k · hX for each k ≥ 0 ([40], Theorem 5.7). In particular, when X = Rn\Int(Dn
r ), the

kth magnitude homology group vanishes in all gradings above 2kr.
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This result also points towards the sense in which magnitude homology is not a topological

homology theory. For, while the magnitude homology groups recognize non-convexity, they do

not ‘count holes’ in the familiar sense. For instance, in homological degree 1 at least, magnitude

homology does not distinguish a subspace of Rn with one ball-shaped hole from a subspace with

two ball-shaped holes of the same diameter. Indeed, it does not distinguish a hole from a dent:

for all three of the spaces in Figure 4.2 the first magnitude homology group is generated in

gradings ` ≤ δ by a set of the same infinite cardinality, and vanishes in all higher gradings. In

particular, the first magnitude homology of all three spaces is (non-canonically) isomorphic.

δ
δ δ δ

Figure 4.2: These three spaces have isomorphic first magnitude homology.
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Chapter 5

Magnitude homology and the

Whitney twist

5.1 Introduction

In Leinster’s paper initiating the study of magnitude for graphs [47], there are three central

results concerning magnitude’s behaviour under combinations such as products or gluings. The

first of these, Lemma 3.6, says that magnitude is multiplicative with respect to the operation

that graph theorists refer to as the cartesian product, �. That is, for any graphs X and Y ,

Mag(X�Y ) = Mag(X) ·Mag(Y ). (5.1)

(From an enriched categorical point of view � is the tensor product induced by a graph’s

enrichment, via the shortest path metric, in (N,≤,+, 0); thus, (5.1) is really a special case of

Proposition 2.6.1.)

The second such result, Theorem 4.9, gives an inclusion-exclusion formula for the magnitude

of a union of graphs, subject to conditions on the subgraphs involved. In particular, for any

graphs X and Y the inclusion-exclusion formula tells us that

Mag(X t Y ) = Mag(X) + Mag(Y ). (5.2)

It also tells us that

Mag(X ∨ Y ) = Mag(X) + Mag(Y )− 1 (5.3)

where X ∨ Y can denote any one-point join of the two graphs, formed by taking their disjoint

union and identifying some vertex x ∈ X with a vertex y ∈ Y ; the magnitude of the join does

not depend on the vertices chosen. Equations (5.2) and (5.3) together imply that magnitude is

not invariant under vertex identification—an operation that takes a graph X which can be

decomposed as a disjoint union G tH, and forms a one-point join of G and H.

The third combination result in [47] concerns an operation known as the Whitney twist,

which works as follows. Given a graph G with two distinguished vertices g+ and g−, and a

graph H with distinguished vertices h+ and h−, we can form a new graph X by taking the

disjoint union of G and H and identifying g+ with h+ and g− with h−, then identifying any

double edges that result. We can form another graph Y in the same manner, but this time
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identifying g+ with h− and g− with h+. One then says that X and Y differ by a Whitney

twist. Leinster proves that magnitude is preserved under Whitney twists—provided the gluing

vertices happen to be adjacent.

Theorem 5.1.1 ([47], Theorem 5.2) Let X and Y be graphs differing by a Whitney twist, and

suppose that the two gluing vertices are adjacent in X (or equivalently in Y ). Then

Mag(X) = Mag(Y ).

It can be seen from Example 4.16 in the same paper that magnitude need not be preserved

under Whitney twists in which the gluing vertices are not adjacent.

While multiplicativity and the inclusion-exclusion formula both lend weight to the inter-

pretation of magnitude as a ‘size-like’ invariant, its behaviour with respect to Whitney twists

has helped to clarify magnitude’s relationship to other graph invariants. The Whitney twist

is of historical importance thanks to its role in determining the cycle matroid of a graph and

thereby its Tutte polynomial. A theorem of Whitney’s tells us that two graphs X and Y have

isomorphic cycle matroids if and only if X can be transformed into Y via a finite sequence of

moves comprising Whitney twists, vertex identifications, and an operation that ‘reverses’ vertex

identification [82]. Thus, the fact that magnitude is not preserved under all Whitney twists

implies that it is not a specialization of the Tutte polynomial.

On the other hand, the fact that magnitude is preserved under certain Whitney twists is

intriguing, and thus far rather poorly understood. In particular, it is not easy to extract from

the proof of Theorem 5.1.1 a clear understanding of what exactly it is about the adjacency of the

two gluing vertices that guarantees the result, leading one to wonder whether the theorem might

be merely an instance of a much more general statement about gluings. What’s more, whereas

the multiplicativity of magnitude and the inclusion-exclusion formula have been categorified,

respectively, by the Künneth Theorem and the Mayer–Vietoris sequence for the magnitude

homology of graphs (Theorems 21 and 29 in Hepworth and Willerton, [34]), Theorem 5.1.1 has

until now resisted a homological explanation. Indeed, the behaviour of magnitude homology

under Whitney twists is listed as an open question in [34] and again in the set of problems

highlighted at the Magnitude workshop in 2019 [79].

That question is not settled in this chapter; instead we prove, by homological means, a

generalization of Theorem 5.1.1 to a considerably wider class of ‘twisted’ graph gluings which

we term sycamore twists (Definition 5.2.2). The main theorem of the chapter runs as follows.

Theorem 5.6.1 Let X and Y be graphs which differ by a sycamore twist. Then

Mag(X) = Mag(Y ).

As well as providing a new tool for computing magnitudes of gluings, Theorem 5.6.1 can be

regarded as clarifying the picture of graph magnitude in two senses. First, the definition of a

sycamore twist distills the important features of a Whitney twist with adjacent gluing vertices

and elucidates the role played by this adjacency. Second, the proof of the theorem makes it clear

that the behaviour of magnitude under twists is intimately related to the Excision Theorem

and Mayer–Vietoris sequence for magnitude homology and thereby to the inclusion-exclusion

formula for magnitude.

We begin, in the next section, by defining what it means to be a sycamore twist. Sections
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5.3–5.6 are dedicated to the proof of the main theorem; a sketch of their structure will be given

at the end of Section 5.2.

5.2 Sycamore twists

To start with, consider the following straightforward generalization of the Whitney twist.

Definition 5.2.1 (Generalized Whitney twists) Suppose G, H and K are graphs equipped

with injective graph homomorphisms

G
ιG←−↩ K ιH

↪−→ H

and let α : K → K be any isometry. Form a new graph X by taking the disjoint union G tH
and identifying the vertices ιG(v) and ιH(v) for each v ∈ K; wherever a double edge is created,

identify the two edges. Form another graph Y in the same way, but identifying ιG(v) with

ιH(α(v)) for each v ∈ K. We will say that X and Y differ by a generalized Whitney twist,

or just by a twist, and specify the twist by the tuple (G,H,K, α).

There are two scenarios in which we can already be sure that two graphs differing by a

twist will have the same magnitude—indeed, the same magnitude homology. One relates to

Hepworth and Willerton’s Mayer–Vietoris sequence for magnitude homology (Theorem 29 in

[34]; Theorem 1.2.4 in this thesis). If K is convex in X and Y , and H projects to K, then

(X;G,H) is a projecting decomposition in the sense of Definition 1.2.3, and so is (Y ;G,H). In

that case the Mayer–Vietoris sequence tells us that the homology of both X and Y is determined

by that of G, H and K; in particular, we have

MH∗• (X) ∼= MH∗• (Y ). (5.4)

On the other hand, suppose α extends to a self-isometry of H which fixes every vertex in

H\K—that is, suppose

dH(v, k) = dH(v, α(k)) (5.5)

for all v ∈ H\K and all k ∈ K. In this case the graphs X and Y are isometric, so certainly

their magnitude homology agrees—though in general we have no hope of computing it from the

magnitudes of G, H and K.

For graphs differing by a Whitney twist—even one with adjacent gluing vertices—neither of

these scenarios necessarily applies. However, a Whitney twist with adjacent gluing vertices does

satisfy a hybrid of the two conditions. In fact, Leinster’s proof of the invariance of magnitude

under such twists relies upon the observation that the vertex sets of X and Y can be partitioned

into those vertices which lie equidistant from g+ and g−, and those which lie closer to one gluing

vertex than the other. The first subset consists precisely of those v satisfying (5.5); the second—

thanks to the presence of the edge joining g+ and g−—projects to the gluing set.

The main theorem in this chapter—Theorem 5.6.1—concerns twists that possess precisely

this hybrid property: the vertices of the twisted graphs partition into those satisfying (5.5) and

those which project to the gluing set.

Definition 5.2.2 (Sycamore twists) A sycamore twist is a generalized Whitney twist

(G,H,K, α) with the following properties:
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1. K is convex in G and in H.

2. For every v ∈ G, either v projects to K in G or dG(v, k) = dG(v, α(k)) for all k ∈ K.

3. For every v ∈ H, either v projects to K in H or dH(v, k) = dH(v, α(k)) for all k ∈ K.

g0 h0

k0

g1 g2 k1

k2 h2 h1

k3

g0

k3

g1 g2 k2

k1 h2 h1

k0

h0

Figure 5.1: A sycamore twist which is not a Whitney twist with adjacent gluing vertices. The
graph K is highlighted in green, G in blue and H in violet. The vertices g0 and h0 project to
K. The isometry α is a rotation of K.

Remark 5.2.3 The sycamore twist is named after the winged seed pod of the sycamore tree,

which twists in the air as it falls. (British schoolchildren call these ‘helicopters’.) The idea is

that the vertices in G and H which project to K resemble wings projecting from a central core.

Theorem 5.6.1 says that magnitude is invariant under sycamore twists. We will prove it using

a homological argument, but the proof will not imply that magnitude homology is invariant

under sycamore twists. Instead, the homological algebra in the proof serves to simplify the

combinatorics of counting paths in X and Y . After establishing, in Section 5.3, a few basic

facts about the metrics on X and Y , we partition the set of paths in each graph into those which

are ‘twistable’—meaning that there is a particular bijection between the vertices of X and Y

which preserves their length—and those which are not. (This is the subject of Section 5.4.) By

showing that non-twistable paths generate a chain complex which is contractible, we discover

that we can discount them when it comes to calculating magnitude.

This chain complex, however, is not a subcomplex of the magnitude complex itself; rather, it

emerges after taking subquotients in a certain filtration. (This is the subject of Section 5.5.) As

a result, its contractibility does not imply that the non-twistable paths can be discounted when
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it comes to computing magnitude homology. Thus, whether magnitude homology is invariant

under sycamore twists—or indeed Whitney twists with adjacent gluing vertices—remains an

open question.

Remark 5.2.4 As each of the extreme cases described above involves only an asymmetric

property—that H projects to K, or that α extends to an self-isometry of H—it seems likely

that only one of conditions (2) and (3) in Definition 5.2.2 is really necessary for the main

theorem. The present proof, however, uses both properties.

By similar logic, the fact that in each of the extreme cases there is an isomorphism of

magnitude homologies (not just an identity of magnitudes) makes me somewhat optimistic

that Theorem 5.6.1 can be strengthened to a statement about magnitude homology.

5.3 Properties of sycamore twists

This section establishes those properties of a sycamore twist which will facilitate our analysis

of its magnitude. We begin by fixing some notation and recording basic information about the

distance functions on the twisted graphs X and Y . We will see that the set of non-gluing vertices

in either graph partitions into two subsets, each with a convenient property derived from the

defining properties of a sycamore twist. Finally, we will relate X and Y by two functions on

their vertex sets which locally restrict to isometries; in Section 5.4 these functions will be used

to establish a relationship between the magnitude complexes of X and Y .

Definition 5.3.1 (Notation for gluing vertices) Let (G,H,K,α) be a sycamore twist. Given a

vertex v ∈ K, we denote its image ιG(v) in G simply by v, and do the same for its image ιH(v)

in H. We also use v to denote the vertex ιG(v) = ιH(v) in X and the vertex ιG(v) = ιH(α(v))

in Y .

Using this notation, for all g ∈ G, v ∈ K and h ∈ H we have

dX(g, v) = dG(g, v) and dX(h, v) = dH(h, v)

while for g ∈ G, v ∈ K and h ∈ H\K we have

dY (g, v) = dG(g, v) and dY (h, v) = dH(h, α(v)).

It will be useful also to record a description of the other distances in X and in Y .

Lemma 5.3.2 Given vertices u and v in X we have

dX(u, v) =


dG(u, v) u, v ∈ G

dH(u, v) u, v ∈ H\K

mink∈K(dG(u, k) + dH(k, v)) u ∈ G and v ∈ H\K.

Given vertices u and v in Y we have

dY (u, v) =


dG(u, v) u, v ∈ G

dH(u, v) u, v ∈ H\K

mink∈K(dG(u, k) + dH(α(k), v)) u ∈ G and v ∈ H\K.
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Proof. Immediate from the construction of X and Y .

Definition 5.3.3 Let (G,H,K,α) be a sycamore twist. The vertices of K are the gluing

vertices. Vertices in G\K and H\K which project to K will be called biased vertices; we will

denote the set of biased vertices in G by G∗ and those in H by H∗. A vertex v in G\K which

does not project to K will be called α-neutral or just neutral; α-neutral (or neutral) vertices

in H\K are defined in the same way. We will denote the set of neutral vertices in G by G0 and

those in H by H0.

The set of vertices in X and in Y partitions as

V (G) ∪ V (H) = G∗ tG0 tK tH0 tH∗.

By the definition of a sycamore twist, the neutral vertices are characterized by the property

that dX(v, u) = dY (v, u) for every other u ∈ V (G) ∪ V (H). This need not hold for the biased

vertices, but they have a complementary property: the next lemma tells us that in both X and

Y the elements of G∗ project to H and the elements of H∗ project to G.

Lemma 5.3.4 Let (G,H,K, α) be a sycamore twist. Then g ∈ G projects to K in G if and

only if g projects to H in X and in Y . Similarly, h ∈ H projects to K in H if and only if h

projects to G in X and in Y .

Proof. The “if” statement is clear. We first prove the “only if” statement for g ∈ G.

Suppose g ∈ G projects to K in G, and let h be a vertex in H. If h is a gluing vertex, then

dX(g, h) = dG(g, h) = dG(g, π(g)) + dG(π(g), h) = dX(g, π(g)) + dX(π(g), h)

and for the same reason π(g) lies between g and h in Y . We need to see, then, that in X

and Y the vertex π(g) lies between g and every non-gluing vertex of H. Take h ∈ H\K. Via

Lemma 5.3.2 we have

dX(g, h) = min
k∈K

(dG(g, k) + dH(k, h))

= min
k∈K

(dG(g, π(g)) + dG(π(g), k) + dH(k, h))

= dG(g, π(g)) + min
k∈K

(dG(π(g), k) + dH(k, h))

= dX(g, π(g)) + dX(π(g), h)

as required. Essentially the same calculation shows that π(g) lies between g and h in Y—so if

g projects to K in G, it projects to H in X and in Y .

We now prove the “only if” statement for h ∈ H. Suppose h projects to K in H. By the

same argument as above, h projects to G in X; there is a little more to check for Y . Let g be

a vertex in G. If g is a gluing vertex, then

dY (g, h) = dH(α(g), h) = dH(α(g), π(h)) + dH(π(h), h) = dY (g, α−1(π(h))) + dY (α−1(π(h)), h)

so we need to see that α−1(π(h)) lies between h and every non-gluing vertex of G. Take
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g ∈ G\K. We have

dY (g, h) = min
k∈K

(dG(g, k) + dH(α(k), h))

= min
k∈K

(dG(g, k) + dH(α(k), π(h)) + dH(π(h), h))

=

(
min
k∈K

(dG(g, k) + dH(α(k), π(h)))

)
+ dY (α−1(π(h)), h)

=

(
min
k∈K

(dY (g, k) + dY (k, α−1(π(h))))

)
+ dY (α−1(π(h)), h)

= dY (g, α−1(π(h))) + dY (α−1(π(h)), h)

where the final line holds by the triangle inequality in Y , since α−1(π(h)) belongs to K. Thus,

if h projects to K in H, it projects to G in X and in Y .

Let V (X) denote the set of vertices of X, and define V (Y ) similarly. Whenever X and Y

differ by a twist (G,H,K, α) we can define bijective functions τG, τH : V (X)⇒ V (Y ) by

τG(v) = v for all v ∈ X

and

τH(v) =

v if v is not a gluing vertex

α−1(v) if v is a gluing vertex.

(Here, as above, we are using the notation for gluing vertices established in Definition 5.3.1.)

Clearly τG and τH respect the partition of the vertex set into neutral, biased and gluing

vertices. On the other hand, except in degenerate cases, neither function defines a graph

homomorphism on the whole of X. Rather, they are constructed so that, provided the twist

is a sycamore twist, each map is a graph homomorphism—in fact, a bijective isometry—when

restricted to one part of the cover {G ∪H0, H ∪G0}.

Lemma 5.3.5 Let (G,H,K, α) be a sycamore twist. Then the function τG restricts to an

isometry on G ∪H0 and τH restricts to an isometry on H ∪G0.

Proof. It is clear that τG restricts to an isometry on G and on H0 separately. We need to see

that for all g ∈ G and h ∈ H0 we have dY (τG(g), τG(h)) = dX(g, h). So, take g ∈ G and h ∈ H0.

Then, via Lemma 5.3.2,

dY (τG(g), τG(h)) = min
k∈K

(dG(τG(g), k) + dH(α(k), τG(h)))

= min
k∈K

(dG(g, k) + dH(α(k), h))

= min
k∈K

(dG(g, k) + dH(k, h))

= dX(g, h)

where the second line uses that τG(v) = v for all g ∈ G and h ∈ H0, and the third line uses the

assumption that h is α-neutral. This proves that τG is an isometry on G ∪H0.

Evidently τH restricts to an isometry on G0, on K and on H\K separately. Take h ∈ H\K
and k ∈ K. Then

dY (τH(h), τH(k)) = dY (h, α−1(k)) = dH(h, α(α−1(k))) = dH(h, k) = dX(x, k)
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as required. Now take h ∈ H and g ∈ G0. If h is a gluing point we have

dY (τH(g), τH(h)) = dY (g, α−1(h)) = dG(g, α−1(h)) = dG(g, h)

since g is α-neutral. Suppose h is not a gluing point. Then

dY (τH(g), τH(h)) = dY (g, h)

= min
k∈K

(dG(g, k) + dH(α(k), h))

= min
k∈K

(dG(g, α(k)) + dH(α(k), h))

= dX(g, h)

where the third line uses that g is α-neutral and the last line uses that α is bijective. This

proves that τH is an isometry on H ∪G0.

Section 5.4 will make use of one more lemma which, although we state it in the notation of

our present setup, is a general (and elementary) fact about projection.

Lemma 5.3.6 Suppose u, v ∈ G and w ∈ H∗. Then v lies between u and w if and only if it

lies between u and π(w). The same holds for u, v ∈ H and w ∈ G∗.

Proof. Since π(w) is between u and w, we have

d(u, π(w)) = d(u,w)− d(π(w), w).

If, and only if, v is between u and w, we can rewrite the right hand side as d(u, v) + d(v, w)−
d(π(w), w). Since π(w) is between v and w, this yields

d(u, π(w)) = d(u, v) + d(u, π(w)) + d(π(w), w)− d(π(w), w) = d(u, v) + d(v, π(w)).

5.4 Twistable paths are preserved under sycamore twists

Consider the graphs X and Y , which differ by a sycamore twist along the subgraph g1—g3.

g0 h0 g0

X g1 g1 Y

g2 h2 g2 h2

g3 g3

h0

There are evident differences in the sorts of paths that exist in each graph: for instance,

Y has two 1-paths of length 3—the paths (g0, h0) and (h0, g0)—while X has none. On the

other hand, the two graphs also have many paths in common. For example, any path which
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never visits the vertex h0 evidently has the same length whether it is regarded as belonging

to X or to Y . And the same is true for any path which never visits h0 without visiting

one of the neutral vertices g2 or h2 immediately beforehand and immediately afterwards—

this follows from the fact, characteristic of neutral vertices, that dX(g2, h0) = dY (g2, h0) and

dX(h2, h0) = dY (h2, h0).

Proposition 5.4.3, below, extrapolates from examples of this type. We use the vertex func-

tions τG and τH defined in Section 5.3 to construct a length-preserving bijection between those

paths in X and Y in which biased vertices are buffered on either side by neutral vertices. Paths

with this property will be called ‘twistable’; the definition is formalized as follows.

Definition 5.4.1 Let x = (x0, . . . , xk) be a path in X. A sticky subpath in x is a subpath

(xi, xi+1, . . . , xj) such that xi is a biased vertex in G and xj is a biased vertex in H, or vice

versa, and xi+1, . . . , xj−1 are all gluing vertices. (In particular, this subpath is sticky if xi ∈ G∗
and xj ∈ H∗, or vice versa, and j = i+ 1.) If a path x possesses at least one such subpath we

will say that x is excisable. Otherwise, we will say x is twistable.

The use of the term ‘excisable’ to name the non-twistable paths will be justified by the

arguments in Section 5.6.

Definition 5.4.2 Given a path x = (x0, . . . , xk) in a graph X, a subset U of V (X) and an

element u ∈ U , we say x visits u if xi = u for some i ∈ {0, . . . , k}. We say x visits m vertices

in U if there are m indices i ∈ {0, . . . , k} such that xi ∈ U .

Proposition 5.4.3 Suppose X and Y differ by a sycamore twist. Then for each k ≥ 0 there is

a length-preserving bijection between twistable k-paths in X and twistable k-paths in Y .

Proof. Suppose X and Y differ by the twist (G,H,K,α). Given a path x = (x0, . . . , xk) in X

which is twistable, we will construct a path T (x) = (T (x0), . . . , T (xk)) in Y as follows.

If x visits no biased vertices, let T (xi) = τG(xi) for all i. Since τG preserves the partition

into biased, neutral and gluing vertices, the path T (x) visits no biased vertices and thus is

twistable. And as τG restricts to an isometry on G ∪ H0, which contains all the non-biased

vertices, the length of T (x) is the same as that of x. (We could equally well use τH in place of

τG here.)

Suppose x does visit at least one biased vertex. We can extract the ordered list of biased

vertices visited by x—say,

[xi0 , xi1 , . . . , xiq ].

If xi0 belongs to G∗, put T (xj) = τG(xj) for j ≤ i0. As xi0 is the first biased vertex and

it’s in G, the vertices x0, . . . , xi0 all belong to G ∪H0; since τG restricts to an isometry there,

the length of the path (T (x0), . . . , T (xi0)) in Y is equal to the length of (x0, . . . , xi0) in X. If

instead xi0 is in H∗, put T (xj) = τH(xj) for j ≤ i0; since x0, . . . , xi0 all belong to H ∪G0 and

τH restricts to an isometry there, this again preserves the length of the subpath.

Now, for each 0 ≤ p < q, construct the path (T (xip), T (xip+1), . . . , T (xip+1
)) as follows:

• If xip , xip+1 both belong to G∗ then for ip ≤ j ≤ ip+1 put T (xj) = τG(xj). If xip , xip+1

both belong to H∗ then for ip ≤ j ≤ ip+1 put T (xj) = τH(xj). As above, this preserves

the length of the subpath (xip , xip+1, . . . , xip+1).

• Suppose xip ∈ G∗ and xip+1 ∈ H∗. Since x is twistable, the subpath (xip , . . . , xip+1) is not

sticky. Thus, ip+1 > ip and not all of the vertices xip+1, . . . , xip+1−1 are gluing vertices:
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there exists at least one index r such that ip < r < ip+1 and xr is neutral. Fix r to be the

largest such index; then the subpath (xip , . . . , xr) is contained in G∪H0 and the subpath

(xr, . . . , xip+1) is contained in H ∪G0. For ip ≤ j ≤ ip+1 put

T (xj) =


τG(xj) if j < r

xj = τG(xj) = τH(xj) if j = r

τH(xj) if j > r.

The subpath (T (xip), . . . , T (xr)) has the same length as (xip , . . . , xr) because τG re-

stricts to an isometry on G ∪ H0, and (T (xr), . . . , T (xip+1
)) has the same length as

(xr, . . . , xip+1) because τH restricts to an isometry on H ∪ G0. Hence, the length of

the path (T (xip), . . . , T (xip+1)) is equal to that of (xip , . . . , xip+1).

If xip ∈ H∗ and xip+1
∈ G∗, choose r as above and put

T (xj) =


τH(xj) if j < r

xj = τG(xj) = τH(xj) if j = r

τG(xj) if j > r.

As above, this preserves the length of (xip , . . . , xip+1
).

Finally, for j > iq, put T (xj) = τG(xj) if xiq belongs to G∗, and if xiq belongs to H∗ put

T (xj) = τH(xj). Again, this preserves the length of the subpath (xiq , . . . , xk).

The paths (T (xip), T (xip+1), . . . , T (xip+1)) thus constructed can now be concatenated to

give a path T (x) of the same length as x. Since τG and τH preserve the partition into neutral,

biased and gluing vertices, the path T (x) is twistable. Thus, we have a length-preserving

function

T : {twistable k-paths in X} → {twistable k-paths in Y }.

We can construct a function T ′ in the other direction in the same manner, replacing τG by τ−1
G

and τH by τ−1
H . The functions T and T ′ are mutually inverse, proving the proposition.

5.5 Excisable paths span an acyclic complex

Throughout this section, let X and Y be graphs differing by a sycamore twist (G,H,K,α).

Having established that the twistable paths of a given length in X correspond bijectively

with those in Y , we’d like to be able to disregard the non-twistable ones: the paths we’ve called

‘excisable’. Ideally, one might hope to show that the excisable paths span an acyclic subcomplex

of the magnitude complex and thus don’t contribute to its homology—or, therefore, to its Euler

characteristic. The trouble is that the excisable paths don’t span a subcomplex of MC(X) or

MC(Y ), acyclic or otherwise. A sticky subpath can easily be destroyed if removing one of its

endpoints brings its gluing vertices into contact with a neutral vertex; consequently, the subset

of generators which possess a sticky subpath is not closed under the boundary operator.

To circumvent this problem we are going to filter the magnitude complex in such a way

that, when we consider any term-by-term subquotient of the filtration, the excisable paths do

span a subcomplex. That subcomplex will turn out to be acyclic. The proof of its acyclicity

is inspired by Hepworth and Willerton’s proof of the Excision Theorem for magnitude chains
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(Theorem 28 in [34])—this is the rationale for choosing the term ‘excisable’ to refer to paths

with sticky subpaths.

The idea behind the filtration is as follows. Since a sticky subpath may be destroyed by

removing one of its endpoints, and since the endpoints of a sticky subpath are always biased

vertices, we would like to engineer things so that removing a biased vertex from a generator

always has the effect of sending that generator to zero. To achieve this, we filter the magnitude

chains by the number of biased vertices they visit.

Formally, for each m ∈ N, let TXm denote the subcomplex of MC(X) spanned in degree

k ∈ N by paths (x0, . . . , xk) that visit at most m biased vertices. We can filter MC(X) by

these subcomplexes—

0 ⊆ TX0 ⊆ TX1 ⊆ · · ·TXm ⊆ · · · ⊆MC(X)

—and we can filter MC(Y ) similarly. We have TXm,k = MCk(X) for all k < m, and the same

for Y . What’s more, in any given length grading ` the magnitude chain complex vanishes above

homological degree k = ` (since any k-path in a graph has length at least k), so in every length

grading ` this filtration stabilizes after the `th term.

For each m, write QXm = TXm /T
X
m−1. The complex QXm is freely generated in degree k by paths

x = (x0, . . . , xk) that visit exactly m biased vertices. The boundary map is d =
∑k−1
i=1 (−1)iδi

where δi removes the vertex xi unless xi is biased or removing it reduces the length of the path;

in either of those cases, δi(x) = 0.

In the remainder of this section, we prove that the excisable paths in X span a subcomplex

of QXm (Lemma 5.5.1), that this subcomplex is acyclic (Proposition 5.5.2), and that the same is

true for Y . The quotient of QXm or QYm by the excisable paths is freely generated by the twistable

paths, which allows us in Section 5.6 to use the bijection of Proposition 5.4.3 to establish that

QXm and QYm have the same Euler characteristic. From there, we will deduce the main theorem.

Lemma 5.5.1 For each m ∈ N, the set of excisable paths in X which visit exactly m biased

vertices spans a subcomplex of QXm. The corresponding statement is also true for Y .

Proof. Let x = (x0, . . . , xk) be a generator of QXm in degree k. (Exactly the same proof goes

through for QYm.) Then x has at least one sticky subpath; let (xi, . . . , xj) be a sticky subpath.

Removing any of the vertices xp for p < i or p > j will return a path still containing the

sticky subpath (xi, . . . , xj), provided it doesn’t send the generator to zero. Meanwhile, removing

any of the vertices xi+1, . . . , xj−1 will return a sticky subpath with one fewer vertex, unless it

sends the generator to zero. And since the endpoints xi and xj are biased vertices, removing

either one of them will certainly send the generator to zero. Thus, for every p ∈ {1, . . . , k− 1},
either δp(x) is excisable or δp(x) = 0.

Next we prove that excisable paths are indeed ‘excisable’, in the sense that they span a

acyclic subcomplex of QXm for each m. The central idea of this proof is adapted from Hepworth

and Willerton’s Lemma 48 in [34], a central component of their Excision Theorem: it exploits the

projection property of biased vertices to construct a contracting chain homotopy. Essentially,

given an excisable generator x with a chosen sticky subpath (xi, . . . , xj) the homotopy s inserts

the vertex π(xj) immediately before xj . By definition of stickiness, if xj belongs to H∗ then

xj−1 belongs to G (and vice versa)—so the vertex π(xj) always lies between xj−1 and xj , and

thus δj(s(x)) = x for every excisable path x. Ultimately the fact that s is a contraction comes

down to this equation.
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Proposition 5.5.2 Let EXm denote the subcomplex of QXm spanned by excisable paths; define

EYm similarly. For every m ∈ N, the complexes EXm and EYm are both acyclic.

We will prove the statement for EXm . The same proof goes through for EYm, since it depends

only on the common properties of X and Y established in Section 5.3—in particular, the fact

that biased vertices in G (respectively H) project, in both X and Y , to H (respectively to G).

Proof. In each path x generating EXm there is at least one sticky subpath (and at most finitely

many sticky subpaths), so we can find the last point of the last sticky subpath. Denote the

index of this point by Lx.

For each i ≥ 0, let N•(i) be the subcomplex of EXm spanned by paths x such that Lx ≥ k− i.
(That is, such that the subpath (xk−i, . . . , xk) overlaps with the last sticky subpath.) For every

i we have Nk(i) = EXm,k for all k ≤ i, and for each i there is an inclusion N•(i) ⊆ N•(i + 1).

Indeed, we can filter EXm as

0 = N•(−1) ⊆ N•(0) ⊆ N•(1) ⊆ · · · ⊆ N•(i) ⊆ · · · ⊆ EXm

and, as before, this filtration stabilizes in every length grading. We will show that for each

i ≥ 0 the quotient N•(i)/N•(i− 1) is contractible. Thus, on passing to homology, each of these

inclusions becomes an isomorphism and we can conclude that EXm is acyclic.

The complex N•(i)/N•(i− 1) is freely generated in degree k by paths x = (x0, . . . , xk) such

that Lx = k − i; that is, paths whose last sticky subpath ends with the (k − i)th vertex. To

understand the boundary operator, notice that removing any one of the vertices xk−i+1, . . . , xk

from x yields a path whose last sticky subpath ends with the (k − i+ 1)th vertex; this goes to

zero in the quotient. Since xk−i is the endpoint of a sticky subpath, it is biased, so removing it

also sends the generator to zero. Thus, d =
∑k−i−1
j=1 (−1)jδj where δj removes xj unless xj is

biased or removing it reduces the length of the path; in either of those cases δj(x) = 0.

Define a map s : Nk(i)/Nk(i − 1) → Nk+1(i)/Nk+1(i − 1) on generators (x0, . . . , xk) as

follows. Without loss, we may assume xk−i ∈ H∗; then xk−i projects to G in X. Let π(xk−i)

denote the gluing vertex it projects through, and put

s(x0, . . . , xk) =

(−1)k−i(x0, . . . , xk−i−1, π(xk−i), xk−i, . . . , xk) if xk−i−1 6= π(xk−i)

0 if xk−i−1 = π(xk−i).

I claim this is a contracting homotopy: that s ◦ d+ d ◦ s is the identity on Nk(i)/Nk(i− 1), or

equivalently that for every generator we have

k−i−1∑
j=1

(−1)jsδkj (x0, . . . , xk) +

k−i∑
j=1

(−1)jδk+1
j s(x0, . . . , xk) = (x0, . . . , xk). (5.6)

For j = 1, . . . , k− i− 2 we have δk+1
j s(x0, . . . , xk) = −sδkj (x0, . . . , xk), so most terms on the

left of (5.6) cancel, leaving

(−1)k−i−1sδkk−i−1(x0, . . . , xk) + (−1)k−i−1δk+1
k−i−1s(x0, . . . , xk) + (−1)k−iδk+1

k−i s(x0, . . . , xk).

(5.7)
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If xk−i−1 = π(xk−i), the second and third terms of (5.7) vanish, leaving

(−1)k−i−1sδkk−i−1(x0, . . . , xk) = (−1)k−i−1s(x0, . . . , xk−i−2, xk−i, . . . xk)

= (−1)2(k−i−1)(x0, . . . , xk−i−2, π(xk−i), xk−i, . . . xk)

= (x0, . . . , xk−i−2, xk−i−1, xk−i, . . . xk).

Here, the first equation holds since xk−i−2 is in G—it’s either a gluing vertex, or it’s the other

end of the sticky subpath—so π(xk−i) lies between it and xk−i.

Suppose xk−i−1 6= π(xk−i); then xk−i−1 may be a gluing vertex, or it may be the other end

of the sticky subpath. In the latter case it is biased, so δkk−i−1(x) = 0 = δk+1
k−i−1s(x) and (5.7)

reduces to

(−1)k−iδk+1
k−i s(x0, . . . , xk) = (−1)2(k−i)δk+1

k−i (x0, . . . , xk−i−1, π(xk−i), xk−i, . . . , xk)

= (x0, . . . , xk−i−1, xk−i, . . . , xk)

where the second equation holds because xk−i−1 ∈ G.

Finally, suppose xk−i−1 is a gluing vertex (but not the vertex π(xk−i)); then xk−i−2 is either

a gluing vertex or an element of G∗. There are two cases to consider: either xk−i−1 ∈ K lies

between xk−i−2 ∈ G and xk−i ∈ H∗, or it doesn’t. In the former case, by Lemma 5.3.6, xk−i−1

must also lie between xk−i−2 and π(xk−i); in the latter case, it must not.

Thus, in the former case we have

k−i−1∑
j=1

(−1)jsδkj (x0, . . . , xk) +

k−i∑
j=1

(−1)jδk+1
j s(x0, . . . , xk)

=(−1)k−i−1s(x0, . . . , xk−i−2, xk−i, . . . , xk)

+ (−1)k−i−1+k−iδk−i−1(x0, . . . , xk−i−1, π(xk−i), xk−i, . . . , xk)

+ (−1)k−i+k−iδk−i(x0, . . . , xk−i−1, π(xk−i), xk−i, . . . , xk)

=(−1)2(k−i−1)(x0, . . . , xk−i−2, π(xk−i), xk−i, . . . , xk)

+ (−1)2(k−i)−1(x0, . . . , xk−i−2, π(xk−i), xk−i, . . . , xk)

+ (−1)2(k−i)(x0, . . . , xk−i−1, xk−i, . . . , xk)

=(x0, . . . , xk)

as required, while in the latter case we have δkk−i−1(x) = 0 = δk+1
k−i−1s(x), and (5.7) reduces

again to

(−1)k−iδk+1
k−i s(x0, . . . , xk) = (−1)2(k−i)δk+1

k−i (x0, . . . , xk−i−1, π(xk−i), xk−i, . . . , xk)

= (x0, . . . , xk).

In every case equation (5.6) holds, which proves the proposition.

5.6 Magnitude is invariant under sycamore twists

It remains only to prove this chapter’s main theorem:
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Theorem 5.6.1 Let X and Y be graphs which differ by a sycamore twist. Then

Mag(X) = Mag(Y ).

Proof. As X and Y are finite graphs, MC(X) and MC(Y ) are Novikov finite and their Euler

characteristics coincide with the magnitude, respectively, of X and of Y (Theorem 4.5.1).

Expression (4.4) for the Euler characteristic of a Novikov finite chain complex lets us write

Mag(X) = χ∗(MC(X)) =
∑
`∈R+

χ(MC`(X))q` (5.8)

and

Mag(Y ) = χ∗(MC(Y )) =
∑
`∈R+

χ(MC`(Y ))q`. (5.9)

We are going to see that for each ` ∈ R+ we have χ(MC`(X)) = χ(MC`(Y )); comparing

coefficients in (5.8) and (5.9), we’ll conclude that the magnitudes are equal.

Recall from Section 5.5 that MC(X) possesses a filtration

0 ⊆ TX0 ⊆ TX1 ⊆ · · ·TXm ⊆ · · · ⊆MC(X)

which stabilizes, in any given length grading `, after the `th term. For each m we defined

QXm to be the quotient TXm /T
X
m−1; the complexes QYm were constructed analogously. Since the

filtrations stabilize, the additivity of Euler characteristic implies that for each ` ∈ R+ we have

χ(MC`(X)) = χ(TX,`` ) =
∑̀
k=0

χ(QX,`k ) and χ(MC`(Y )) = χ(TY,`` ) =
∑̀
k=0

χ(QY,`k ), (5.10)

so we just need to see that for all k ∈ N and ` ∈ R+ there is an equality χ(QX,`k ) = χ(QY,`k ).

The subcomplex EXm of QXm is acyclic by Proposition 5.5.2, so its Euler characteristic van-

ishes. This lets us write, for each ` ∈ R+,

χ(QX,`m ) = χ(QX,`m )− χ(EX,`m )

and similarly χ(QY,`m ) = χ(QY,`m )− χ(EY,`m ). Thus, counting generators, we find that

χ(QX,`m ) =
∑
k∈N

(−1)kQX,`m,k −
∑
k∈N

(−1)kEX,`m,k

=
∑
k∈N

(−1)k#{k-paths of length ` in X which visit exactly m biased vertices}

−
∑
k∈N

(−1)k#{excisable k-paths of length ` in X which visit exactly m biased vertices}

=
∑
k∈N

(−1)k#{twistable k-paths of length ` in X which visit exactly m biased vertices}

=
∑
k∈N

(−1)k#{twistable k-paths of length ` in Y which visit exactly m biased vertices}

=
∑
k∈N

(−1)kQY,`m,k −
∑
k∈N

(−1)kEY,`m,k

=χ(QY,`m ).
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Here the fourth equation comes from the bijection of Proposition 5.4.3, which evidently preserves

the number of biased vertices in a path.

Returning to the equations in line (5.10) we find that for each ` ∈ R+ there are equalities

χ(MC`(X)) =
∑̀
k=0

χ(QX,`k ) =
∑̀
k=0

χ(QY,`k ) = χ(MC`(Y ))

and hence Mag(X) = Mag(Y ) as claimed.
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Chapter 6

Magnitude homology and

higher-order enrichment

6.1 Introduction

To define the magnitude of V-categories for a given enriching category V involves making an

important choice: one must first select a ring R and a size homomorphism # : ob(V) → R.

To construct magnitude homology for V-categories (when V is semicartesian) calls for a further

choice, this time of a categorification for the size on V. Concretely, one must choose a suitable

target category A equipped with a rank function rk : ob(A) → R, and a strong symmetric

monoidal functor Σ : V → A such that rk ◦ Σ = #.

In general there may be many size functions to choose from, and the field of candidates

for Σ is typically even broader, since there may be many different ways to categorify any

given size. Occasionally, though, there is an obvious first choice; this chapter concerns one

such situation. We will consider the homology of categories with a second- or higher-order

enrichment—categories enriched in some category of V-categories—where a size functor on the

base V has already been chosen. Our starting point is the idea that, if magnitude homology

categorifies the ‘size’ of V-categories (that is, their magnitude) then the iterated magnitude

homology of a VCat-category should be constructed using the magnitude nerve as a size functor.

Examples of higher-order enrichment occur in nature more often than one might expect.

For instance, various commonly-studied structures on groups can be described as second-order

enrichments in familiar base categories. Any congruence on a group (equivalently, any nor-

mal subgroup) gives rise to an enrichment in (Cat,×) and thus a second-order enrichment in

(Set,×). A group is called ‘partially ordered’ not simply when its underlying set is partially or-

dered, but rather when it has an enrichment in (Poset,×) and thus a second-order enrichment

in (Truth,∧). And a group with a conjugation invariant norm or length function—equivalently,

a bi-invariant metric—is precisely one with an enrichment in (Met,⊗1) and thus a second-order

enrichment in (R+,+). (For details, see Section 6.8.) Meanwhile, metrically enriched categories

with many objects crop up in theoretical computer science (e.g. [7]) as well as in pure category

theory (e.g. [1, 66, 77])—for instance, the category of Banach spaces with operators of norm at

most 1 is Met-enriched.

To learn more about a partially ordered group or a group with a conjugation invariant

norm, we could choose to analyse its ordinary group homology, or alternatively to analyse

103



its magnitude homology as, respectively, a poset or a metric space. The first option means

neglecting the partial ordering or the metric; the second means neglecting the group operation.

In order to keep both forms of structure in view, we might prefer instead to take the magnitude

homology of the group as a one-object Poset- or Met-enriched category. This is where the

iterated theory comes in.

There are three closely related conditions that iterated magnitude homology ought to satisfy.

First, to be called a magnitude homology theory it ought to categorify a magnitude. As we

saw in Section 2.6, the fact that magnitude is itself a good notion of size for V-categories—

that it is multiplicative and equivalence-invariant—means that the size of a VCat-category can

readily be interpreted as its magnitude with respect to the size homomorphism Mag#. The first

condition iterated magnitude homology ought to satisfy is that, under reasonable conditions, it

should categorify this ‘iterated magnitude’.

Secondly, when it comes to strict 2-categories there is a question of consistency to consider.

Endowing an ordinary small category with an identity 2-cell on each of its morphisms defines

an embedding of Cat into 2Cat. (Since we take an enriched perspective, 2Cat here denotes

the 1-category of strict 2-categories.) One would hope for the iterated magnitude homology

functor on 2Cat to extend the ordinary magnitude homology functor along this embedding.

Thirdly, where relevant, we would like magnitude homology to encompass more classical

invariants. In Chapter 2 we saw that the magnitude homology of an ordinary small category is

the singular homology of its classifying space. For bicategories, too, there is a sensible notion

of classifying space, which does extend that for ordinary categories; we would like our ‘iterated

magnitude homology’ to recover, when applied to a strict 2-category, the singular homology of

its classifying space. This objective is evidently compatible with the second, and fortunately

it is also compatible with the first: the main theorem of Tanaka [76] (Theorem 3.19) states,

under finiteness conditions, that the magnitude of a bicategory is equal to the topological Euler

characteristic of its classifying space.

The aim of this chapter is to construct a homology theory for categories with a second-order

enrichment which satisfies each of these criteria.

The structure of the chapter Before bringing the magnitude nerve into service as a size

functor we must establish that it has a strong symmetric monoidal structure. The proof is

a routine check, relegated to Appendix A, but this result is of independent interest, since

the monoidal structure of the nerve implies an Eilenberg–Zilber theorem for the magnitude

complex and thereby a general Künneth theorem for magnitude homology (Theorem 6.4.2).

That theorem, which answers a question posed by Leinster and Shulman in [54], is the main

topic of Sections 6.3 and 6.4. A corollary recovers, in the case of metric spaces, Proposition 3.4

of Bottinelli and Kaiser [9]; in the still more special case of graphs equipped with the shortest

path metric, it recovers Theorem 21 of Hepworth and Willerton [34]. Whereas the proofs in

those papers have the virtue of being relatively concrete and explicit, we gain greater generality

by employing abstract simplicial methods.

In Section 6.5 we use the monoidal structure of the nerve to lift magnitude homology from

categories enriched in V to categories enriched in VCat. This is not quite so straightforward as

simply applying the ordinary MHΣ
• construction with the magnitude nerve in place of Σ. To do

so would produce an N×N-graded homology theory, and to give iterated magnitude homology

a chance of extending the magnitude homology of ordinary categories we prefer to extract an
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N-graded theory. That decision is vindicated by Theorem 6.5.3, which says that the iterated

magnitude homology of a strict 2-category recovers the homology of its classifying space, and

thus extends the ordinary magnitude homology functor on Cat.

Combining this theorem with the main result of Tanaka’s paper also establishes that the

iterated magnitude homology of a strict 2-category categorifies its magnitude. Our proof that

the same holds true for metrically enriched categories makes use of facts about the spectral

sequence of a double complex; the details are spelled out in Appendix B.

The remainder of the chapter is dedicated to interpreting iterated magnitude homology

for various classes of examples. In Section 6.6 we describe how the homology of strict n-

categories behaves under an operation analogous to topological suspension. In Section 6.7 (and

Appendix C) we analyse the homology of metrically enriched categories; we find that in this

context the iterated theory captures both metric and topological information, incorporating

features of ordinary categorical homology as well as the magnitude homology of metric spaces.

Finally, in Section 6.8 we specialize to groups, describing the magnitude homology in low degrees

of a group equipped with a conjugation invariant norm.

To fix terminology and notation, we begin by reviewing a few facts about bisimplicial objects,

double complexes and spectral sequences. Our main reference for these is Weibel [81].

6.2 Homological preliminaries

A double complex C in an abelian category A is a bigraded family of objects (Cjk)j,k∈Z

equipped with maps

∂h : Cjk → Cj−1,k and ∂v : Cjk → Cj,k−1

satisfying ∂h ◦ ∂h = ∂v ◦ ∂v = ∂v∂h − ∂h∂v = 0. The double complex C is said to be first

quadrant if Cjk = 0 whenever j < 0 or k < 0.

As usual, we let ∆ denote the category of nonempty finite ordinals and order-preserving

maps. A bisimplicial object in A is a functor B : ∆op ×∆op → A; it can be pictured as an

N× N lattice of objects with ‘vertical’ face maps δv and degeneracies σv, and ‘horizontal’ face

maps δh and degeneracies σh. The diagonal of a bisimplicial object is the simplicial object

obtained by precomposing with the diagonal functor:

diag(A) : ∆op diag−−−→ ∆op ×∆op B−→ A.

Every bisimplicial object B in an abelian category gives rise to a first quadrant double complex

C(B): it has C(B)jk = Bjk, and its horizontal and vertical boundary operators are constructed

in the usual way from the face maps of B:

∂h =
∑
i

(−1)iδhi and ∂v =
∑
i

(−1)iδvi .

The total complex of a first quadrant double complex C is the chain complex Tot(C)

defined by

Tot(C)n =
⊕
j+k=n

Cjk

with boundary operator ∂ = ∂v + (−1)vertical degree∂h. The total homology of C is the

homology of Tot(C).
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A (first quadrant) spectral sequence in an abelian category A consists of

• A collection {Erjk} of objects of A, defined for all j, k ∈ Z and r ∈ N, and zero for all

j < 0 and k < 0.

• Maps drjk : Erjk → Erj−r,k+r−1 satisfying dr ◦ dr = 0;

• Isomorphisms between Er+1
jk and the homology of Er•• (with respect to dr) at the (j, k)th

position:

Er+1
jk
∼= ker(drjk)/im(drj+r,k−r+1);

Fix j and k; then Erjk = Er+1
jk for all sufficiently large r, because eventually the map dr

landing in the (j, k)th position arrives from the fourth quadrant (so must be zero), while the dr

leaving Erjk lands in the second quadrant (so must also be zero). We write E∞jk for this stable

value of Erjk.

Let {Erjk} be a first quadrant spectral sequence. Suppose we are given a family of objects

(Hn) of A, each having a filtration

0 = F−1Hn ⊆ F0Hn ⊆ · · · ⊆ Fp+1Hn ⊆ · · · ⊆ FnHn = Hn,

and suppose we are also given isomorphisms

βjk : E∞jk
∼= FjHj+k/Fj−1Hj+k

for all j, k. We then say that the spectral sequence converges to H•, and write

Erjk ⇒ Hj+k.

Any first quadrant double complex A gives rise to two spectral sequences, both of which converge

to the total homology of A. This is explained in full in Section 5.6 of Weibel [81]. We briefly

describe just one of these, the column-filtration spectral sequence associated to A (in a sense,

the other—the row-filtration spectral sequence—is ‘dual’).

The column-filtration spectral sequence has zeroth page E0
jk = Ajk for all j, k, with maps

d0 : Ajk → Aj,k−1 given by the vertical boundary operator in A. The first page is obtained

by taking vertical homology: E1
jk = Hv

k (Aj•), and the maps d1 : Hv
k (Aj•) → Hv

k (Aj−1,•) are

induced on homology by the horizontal boundary operator in A, so that E2
jk is Hh

j H
v
k (A). We

have

E2
jk = Hh

j H
v
k (A)⇒ Hj+k(Tot(A)).

6.3 The Eilenberg–Zilber theorem

Throughout this chapter, let (V,⊗, I) be a semicartesian category.

The classical Künneth theorem relates the singular homology of a product of two topological

spaces X and Y to the tensor product of their homologies. It is proved as the composite of two

results: the Eilenberg–Zilber theorem, which says that the singular chain complex C•(X × Y )

is quasi-isomorphic to the tensor product C•(X)⊗C•(Y ), and an algebraic Künneth theorem,

which relates the homology of a tensor product of chain complexes to the tensor product of

their homologies.
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The proof of the Künneth theorem for the magnitude homology of V-categories has the

same structure. In this section we prove an Eilenberg–Zilber-type theorem for the magnitude

complex and from there, in Section 6.4, we derive the main result via the algebraic Künneth

theorem.

Underlying our Eilenberg–Zilber theorem (Theorem 6.3.4) is the fact that, given any two

V-categories X and Y, there is an isomorphism of simplicial objects

MBΣ(X⊗V Y) ∼= MBΣ(X)⊗pw MBΣ(Y) (6.1)

where ⊗pw denotes the pointwise tensor product in [∆op,A]. In Appendix A we exhibit this

isomorphism and show that it forms part of a strong symmetric monoidal structure on the

magnitude nerve functor, proving

Proposition 6.3.1 Let V be a semicartesian category, A be a closed symmetric monoidal

abelian category, and Σ : V → A a strong symmetric monoidal functor. Then the magnitude

nerve defines a strong symmetric monoidal functor

MBΣ : (VCat,⊗V)→ ([∆op,A],⊗pw).

To derive Theorem 6.3.4 from Proposition 6.3.1 we make use of the following fact—itself

often referred to as a form of Eilenberg–Zilber theorem—which is proved as Theorem 8.5.1 in

Weibel [81]. (Weibel describes the maps S and AW explicitly in Section 8.5.4.)

Theorem 6.3.2 (Eilenberg–Zilber for bisimplicial objects) Let A be a bisimplicial object in any

abelian category A. Then there is a natural isomorphism

π•diag(A) ∼= H•Tot(CA). (6.2)

Moreover, there exist natural chain maps

S : Tot(CA)� C(diag(A)) : AW (6.3)

which realize the isomorphism (6.2) on homology.

Later we will use the full strength of Theorem 6.3.2, but right now we are concerned with

a special case which is perhaps more suggestive of its connection to the topological Eilenberg–

Zilber theorem. This case arises when the abelian category A possesses a symmetric monoidal

structure. Given any two simplicial objects A and B in such a category A, the composite

∆op ×∆op A×B−−−→ A×A
⊗−→ A.

is a bisimplicial object. Denote it by A � B; so (A � B)nm = An ⊗ Bm, and the vertical face

and degeneracy operators are those of A, while the horizontal operators are those of B.

Precomposing with the diagonal functor gives

diag(A�B) : ∆op → ∆op ×∆op A×B−−−→ A×A
⊗−→ A

which is exactly the pointwise tensor product of the functors A and B:

A⊗pw B = diag(A�B).
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Meanwhile, the total complex of the double complex C(A�B) is given in degree n by

TotnC(A�B) =
⊕
j+k=n

Aj ⊗Bk

with the nth piece of the differential given on the (j, k) summand by

(dTot
n )jk =

(
j∑
p=0

(−1)p∂Ap ⊗ IdB

)
+

(
IdA ⊗ (−1)j

(
k∑
q=0

(−1)q∂Bq

))
.

=
(
d
C(A)
j ⊗ IdC(B)

)
+
(

IdC(A) ⊗ (−1)jd
C(B)
k

)
.

More succinctly,

Tot C(A�B) ∼= C(A)⊗Ch(A) C(B)

where ⊗Ch(A) denotes the standard convolution tensor product of chain complexes.

In this special case, then, Theorem 6.3.2 can be interpreted as follows.

Corollary 6.3.3 For all A,B ∈ [∆op,A], there is an isomorphism

π•(A⊗pw B) ∼= H•(C(A)⊗Ch(A) C(B)) (6.4)

natural in A and B. Moreover, there exist chain maps

C(A⊗pw B)� C(A)⊗Ch(A) C(B)

realizing this isomorphism on homology.

From here, we can derive the Eilenberg–Zilber theorem for the magnitude complex.

Theorem 6.3.4 (Eilenberg–Zilber for the magnitude complex) Let A be a closed symmetric

monoidal abelian category and Σ : V → A a strong symmetric monoidal functor. Given any

two V-categories X and Y there exist chain maps

M̃C
Σ

(X⊗V Y)� M̃C
Σ

(X)⊗Ch(A) M̃C
Σ

(Y)

natural in X and Y, inducing an isomorphism on homology:

MHΣ
• (X⊗V Y) ∼= H•

(
M̃C

Σ
(X)⊗Ch(A) M̃C

Σ
(Y)

)
. (6.5)

Proof. The strong monoidal structure of the magnitude nerve (Proposition 6.3.1) supplies an

isomorphism

MBΣ(X⊗V Y) ∼= MBΣ(X)⊗pw MBΣ(Y).

Taking the unnormalized chain complex on both sides and applying Corollary 6.3.3 on the right

yields chain maps

M̃C
Σ

(X⊗V Y)� C(MBΣ(X)⊗pw MBΣ(Y))� M̃C
Σ

(X)⊗Ch(A) M̃C
Σ

(Y)

inducing the claimed isomorphism on homology.

108



6.4 The Künneth theorem

To relate the right hand side of the isomorphism in (6.5) to a tensor product of homologies

requires an ‘algebraic Künneth theorem’. We will employ it in the following form—proved, for

instance, as Theorem 2.4 in May [57].

Theorem 6.4.1 (Algebraic Künneth theorem) Let R be a principal ideal domain and A =

ModR its category of modules. Let C ∈ Ch(A) be a chain complex of flat modules. Then given

any other complex D ∈ Ch(A), for each n ∈ N there is a short exact sequence

0→
⊕
k

Hk(C)⊗R Hn−k(D)→ Hn

(
C ⊗Ch(A) D

)
→
⊕
k

Tor (Hk(C), Hn−k−1(D))→ 0

natural in C and D. The sequence splits, but the splitting is not natural.

Combining Theorem 6.4.1 with Theorem 6.3.4 establishes the Künneth theorem for mag-

nitude homology. As Theorem 6.4.1 is stated for categories of modules over a principal ideal

domain (P.I.D.), that is the context in which our theorem holds. (For modules over an arbitrary

commutative ring, a statement could be made involving the Künneth spectral sequence ([81],

Theorem 5.4.6). At present, though, I know of no example requiring this extra generality.)

Theorem 6.4.2 (Künneth theorem for magnitude homology) Let V be a semicartesian category

and R a P.I.D., and let Σ : V →ModR be a strong symmetric monoidal functor. Suppose X

is a V-category with the property that, for every n ∈ N, the R-module MCΣ
n (X) is flat. Then

given any V-category Y, for each n ∈ N there is a short exact sequence

0→
⊕
k

MHΣ
k (X)⊗RMHΣ

n−k(Y)→MHΣ
n (X⊗V Y)

→
⊕
k

Tor
(
MHΣ

k (X),MHΣ
n−k−1(Y)

)
→ 0

natural in X and Y. The sequence splits, but the splitting is not natural.

Proof. Theorem 6.4.1 says there is a natural short exact sequence

0→
⊕
k

MHΣ
k (X)⊗RMHΣ

n−k(Y)→ Hn

(
M̃C

Σ
(X)⊗Ch(A) M̃C

Σ
(Y)

)
→
⊕
k

Tor
(
MHΣ

k (X),MHΣ
n−k−1(Y)

)
→ 0

which splits. Theorem 6.3.4 tells us the middle term is naturally isomorphic to MHΣ
n (X⊗VY),

and this gives the result.

Because the usual choice of size functor Σ : R+ → AbR+ is not valued in a category

of modules over a ring, but rather in a category of graded modules, Theorem 6.4.2 does not

immediately specialize to give a Künneth theorem for the magnitude homology of metric spaces.

However, the Eilenberg–Zilber theorem for V-categories still applies in this setting, telling us

that for metric spaces X and Y there is a natural isomorphism of bigraded abelian groups

MH∗• (X ⊗1 Y ) ∼= H∗•

(
M̃C(X)~ M̃C(Y )

)
(6.6)
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where ~ denotes the convolution tensor product defined in Section 4.4. The magnitude complex

of any metric space is free, and hence flat, in every length grading. We can therefore apply the

algebraic Künneth theorem grading-wise on the right of (6.6) to see that in each length grading

` ∈ R+ and each homological degree n ∈ N there is a short exact sequence

0→
⊕
r+s=`
j+k=n

MHr
j (X)⊗Z MHs

k(Y )→MH`
n(X ⊗1 Y )

→
⊕
r+s=`
j+k=n

Tor
(
MHr

j (X),MHs
k−1(Y )

)
→ 0

natural in X and Y . We thereby recover Theorem 2.1 of [34] (the Künneth formula for magni-

tude homology of graphs) and Proposition 4.3 of [9] (for metric spaces in general).

If the Tor term vanishes, the second map in this short exact sequence is an isomorphism.

In particular that will be the case if we use, in place of Σ, the vector space-valued size functor

ΣQ. It follows that the magnitude homology functor with respect to ΣQ is strong symmetric

monoidal. This will be relevant in Appendix B, so we state it here separately.

Proposition 6.4.3 Given any metric spaces X and Y there is an isomorphism

MH∗• (X,Q)~MH∗• (Y,Q) ∼= MH∗• (X ⊗1 Y,Q), (6.7)

natural with respect to distance-decreasing maps X → X ′ and Y → Y ′, and forming part of a

strong symmetric monoidal structure on the functor

MH∗• (−,Q) : (Met,⊗1)→ (VectR+ ,~).

Proof. The existence of the natural isomorphism (6.7) follows from the Künneth theorem. To

verify that it forms part of a symmetric monoidal structure for the functor MH∗• (−,Q), recall

that MH∗• (−,Q) is the composite

Met
MBΣQ
−−−−→ [∆op,VectR+ ]

N−→ Ch(VectR+)
H•−−→ Ch(VectR+)

The magnitude nerve MBΣQ : Met → [∆op,VectR+ ] is symmetric monoidal by Proposi-

tion 6.3.1. The normalized chain complex functor N : [∆op,VectR+ ] → Ch(VectR+) is sym-

metric monoidal, with structure maps provided by Corollary 6.3.3—see, for example, Section

2 of Schwede and Shipley [69]. And H• : Ch(VectR+) → Ch(VectR+) is symmetric monoidal

too, via the algebraic Künneth theorem.

Hence, MH∗• (−,Q) is symmetric monoidal, with structure maps induced by those of the

magnitude nerve. The structure map Ipw → MBΣQ({∗}) is an isomorphism by Lemma A.2.1

(where {∗} denotes the one-point metric space); thus, so is the induced map I →MH∗• ({∗},Q),

where I denotes the unit object in Ch(VectR+). The remaining structure maps are given by

(6.7). As all these maps are isomorphisms, the monoidal structure is strong.

6.5 Iterated magnitude homology

We turn now to the main objective of this chapter, which is to construct a magnitude homology

theory for VCat-categories that satisfies the three conditions laid out in Section 6.1.
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To define the iterated magnitude of a VCat-category, one treats magnitude itself as a size

homomorphism (Section 2.6); hence, a first idea to categorify iterated magnitude might be to

treat MHΣ
• as a size functor. By definition, though, a size functor should be strong symmetric

monoidal—and the presence of the Tor term in Theorem 6.4.2 tells us that, in general, the

monoidal structure of MHΣ
• is not strong. On the other hand, we have seen that the magnitude

nerve MBΣ is strong symmetric monoidal (Proposition 6.3.1). Our approach, then, will be to

construct the iterated magnitude homology of categories enriched in VCat using MBΣ as our

size functor. Comparison with other nerve constructions for 2-categories will vindicate this

decision.

We must first verify that the category of V-categories is semicartesian, provided V is.

Lemma 6.5.1 Let V be a semicartesian category. Then the monoidal structure on VCat in-

duced by that of V is semicartesian.

Proof. The unit for the monoidal structure on VCat is the one-object V-category I whose

unique hom object is the unit I in V. Given any V-category C we can define a V-functor

T : C→ I by sending each object in C to the unique object in I; as I is terminal, there exists

for each a, b ∈ ob(C) a unique map C(a, b)→ I(Ta, Tb) = I. This determines T uniquely, so I

is terminal in VCat.

Now, let X be a category enriched in VCat. According to Definition 4.3.3, the magnitude

nerve of X with respect to the functor MBΣ : VCat → [∆op,A] is a simplicial object in

[∆op,A]; in other words, MBMBΣ

(X) is a bisimplicial object in A. In order to talk about its

homotopy, or the homology of an associated chain complex, we would prefer to work with a

simplicial object in A. We obtain one in the simplest way we can: by taking the diagonal.

Definition 6.5.2 Let V be a semicartesian category, let A be a closed symmetric monoidal

category equipped with a rank, and let Σ : V → A be a size functor. The iterated magnitude

nerve of a VCat-category X with respect to Σ is

MB2(X) = diag MBMBΣ

(X) ∈ [∆op,A].

The iterated magnitude homology of X is the homotopy of its iterated magnitude nerve:

MH2
• (X) = π•(MB2(X)) ∈ AN.

The Eilenberg–Zilber Theorem for bisimplicial objects (Theorem 6.3.2) implies that there

is a natural isomorphism

MH2
• (−) ∼= H•Tot C

(
MBMBΣ

(−)
)

(6.8)

and in practice it will frequently (though not always) be this description we use to analyse

iterated magnitude homology. One advantage of defining the iterated magnitude nerve in terms

of the diagonal, rather than immediately taking the total complex, is that it makes transparent

the relationship to other, more established nerve constructions that are relevant when V = Set.

In Chapter 2 we defined the classifying space BX of a bicategory X to be the geometric

realization of its Duskin nerve: the simplicial set S(X) specified by

S(X)n = Bicat([n],X)
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where Bicat is the 1-category of bicategories in which the morphisms are lax 2-functors that

preserve identities strictly. This definition is relatively modern, found implicitly in Street [75]

in 1987 and given its succinct description by Duskin [22] in 2002.

When it comes to strict 2-categories, though, there is at least one other way one might

think about constructing a classifying space. Segal [70] observed in 1968 that the nerve NC of

any topological category C (i.e. any category internal to Top) naturally carries the structure

of a simplicial space, and he defined the ‘classifying space’ of a topological category to be the

geometric realization of that simplicial space, |NC|. Meanwhile, if X is a strict 2-category,

then applying the ordinary classifying space functor locally—that is, to each hom-category

in X—transforms X into a topological category B∗X with discrete space of objects. Segal’s

construction then gives an alternative ‘classifying space’ functor

|NB∗(−)| : 2Cat→ Top.

Although these two constructions look rather different, they give equivalent results. Bullejos

and Cegarra prove in [13], Theorem 1, that for any strict 2-category X there is a natural

homotopy equivalence

BX ' |NB∗X|.

The iteration of the magnitude nerve construction in Definition 6.5.2 is very similar in spirit to

the Segal approach of taking classifying spaces first locally and then globally. And indeed, it

turns out that iterated magnitude homology does recover the homology of the classifying space

of a 2-category.

The proof of this fact is essentially by inspection of the proof of Bullejos and Cegarra’s

Theorem 1. They proceed by comparing both the Duskin nerve and the Segal construction to

the diagonal of what they call the ‘double nerve’ of a 2-category X: a bisimplicial set NNX,

described on pages 9–10 of [13]. The iterated magnitude nerve of X is nothing but the simplicial

abelian group freely generated in degree n by the set of n-chains in diag(NNX). Thus, via

Bullejos and Cegarra’s Theorem 1, we have:

Theorem 6.5.3 Let X be a strict 2-category. The iterated magnitude homology of X is natu-

rally isomorphic to the homology of its classifying space: MH2
• (X) ∼= H•(BX).

Theorem 6.5.3 says that MH2
• satisfies the third of the three criteria for iterated magni-

tude homology laid out in Section 6.1. Since the classifying space functor on Bicat extends

that on Cat, it follows that the second criterion is satisfied, too: if X is an ordinary small

category, regarded as a 2-category, then its iterated magnitude homology coincides with its

ordinary magnitude homology. And the first of the three conditions—that iterated magnitude

homology should categorify iterated magnitude, in the sense of Definition 2.6.2—also follows

from Theorem 6.5.3 in the case of strict 2-categories.

For, suppose a strict 2-category X is such that its classifying space has well-defined Euler

characteristic; then, by Theorem 6.5.3, so has its magnitude homology, and

χ(MH2
• (X)) = χ(BX).

Meanwhile, Theorem 2.6.5 (Theorem 3.19 in Tanaka [76]) tells us that if X is finite and acyclic
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in the sense of Definition 2.6.4, then BX does have Euler characteristic, and in that case

χ(BX) = MagMag(X).

Putting these facts together, we can immediately conclude that the iterated magnitude homol-

ogy of a 2-category categorifies its iterated magnitude:

Theorem 6.5.4 Let X be a finite, acyclic 2-category. Then MH2
• (X)) has Euler characteristic

and

χ(MH2
• (X)) = MagMag(X).

Proof. Combine Theorem 6.5.3 and Theorem 2.6.5.

In fact the same holds true for our other main class of examples, metrically enriched cat-

egories. Our proof in that case is more involved and the details are relegated to Appendix B,

but we state the result here for later reference. Recall from Definition 2.6.6 that a metrically

enriched category X is called finite if it has finitely many arrows; equivalently, if it has finitely

many objects and is enriched in the category of finite metric spaces and short maps.

Definition 6.5.5 A metrically enriched category X is acyclic if X(x, y) 6= ∅ implies X(y, x) = ∅
whenever x 6= y, and for every x the space X(x, x) is a singleton.

Theorem 6.5.6 Let X be a finite, acyclic, metrically enriched category. Then MH2
• (X) is

Novikov finite and

χ∗(MH2
• (X)) = MagMag(X).

Proof. Given in Appendix B.

The remainder of this chapter is dedicated to interpreting iterated magnitude homology

for three classes of examples. Section 6.6 is concerned with the homology of certain strict n-

categories for n > 1; in Section 6.7 we describe the homology in low degrees of any metrically

enriched category; and in Section 6.8 we use that description to describe the homology in low

degrees of any group equipped with a conjugation-invariant norm.

6.6 Homology of strict n-categories

Let A be a closed symmetric monoidal abelian category. Since the magnitude nerve functor with

respect to a size functor valued in A is always strong symmetric monoidal (Proposition 6.3.1),

this is in particular true when we take the size functor to be MBΣ itself: the functor

MBMBΣ

: VCat→ [∆op ×∆op,A]

is strong symmetric monoidal. As the functor diag : [∆op ×∆op,A] → [∆op,A] is also strong

symmetric monoidal, so is their composite MB2 : VCat→ [∆op,A].

This suggests going a step further, to define a magnitude nerve for categories enriched in

the category of VCat-categories:

MB3(−) = diag MBMB2

(−).
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We will pursue this idea only in the case that V = Set, where further iteration allows us

to define a sequence of homology theories: an Ab-valued magnitude homology theory on the

category of strict n-categories, for every natural number n ≥ 1.

Definition 6.6.1 Let Σ : Set → Ab be the free abelian group functor. The (iterated)

magnitude nerve of a strict n-category is defined iteratively as follows.

• Set MB1 = MBΣ : Cat→ [∆op,Ab].

• For each n > 1, define

MBn = diag
(
MBMBn−1

(−)
)

: nCat→ [∆op,Ab].

The (iterated) magnitude homology of a strict n-category X is the homotopy of its mag-

nitude nerve:

MHn
• (X) = π•(MBn(X)).

As strict n-categories are rather rare in the wild (at least for n > 2), this construction may

be of limited utility. Still, it has a pleasing feature—namely, its behaviour with respect to an

operation analogous to the two-point suspension of topological spaces.

Definition 6.6.2 Given a strict n-category X, the suspension of X is a strict (n+1)-category

ΓX with two objects, A and B; the n-category ΓX(A,B) is equivalent to X, while ΓX(B,A)

is empty and the other two hom objects are given by the terminal n-category.

·

A• •B

·

X

Below, we will see that iterated magnitude homology behaves with respect to this form of

suspension very much as unreduced singular homology behaves with respect to the two-point

suspension of topological spaces.

The topological story goes as follows. Given a nonempty space Y , the suspension of Y ,

denoted SY , is the quotient of Y × [0, 1] obtained by collapsing Y × {0} to one point and

collapsing Y × {1} to another point. After decomposing SY as a union of two cones on Y , a

straightforward application of the Mayer–Vietoris sequence reveals that

Hk(SY ) ∼=

Z k = 0

Hk−1(Y ) k ≥ 2

while H1(SY )⊕ Z ∼= H0(Y ).

The main theorem in this section is formally very similar to the topological one:

Theorem 6.6.3 Let X be a nonempty strict n-category. Then

MHn+1
k (ΓX) ∼=

Z k = 0

MHn
k−1(X) k ≥ 2
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while

MHn+1
1 (ΓX)⊕ Z ∼= MHn

0 (X).

Theorem 6.6.3 is stated here as describing a relationship between the functors MHn
• and

MHn+1
• . However, assuming it is the case that MHn+1

• extends MHn
• along the canonical

inclusion of n-categories into (n + 1)-categories—which we know to be true for n = 1, by the

discussion in Section 6.5—then it could be rephrased as a theorem just involving the functor

MHn+1
• , bringing it even closer to the topological statement.

The proof of Theorem 6.6.3 occupies the remainder of this section, and is very different from

the standard proof of the topological statement. Rather than decomposing the (n+1)-category

ΓX into smaller pieces, we compute its homology directly, as the total homology of the double

complex C(MBMBn

(ΓX)).

We begin by describing the 0th magnitude homology group of any n-category—not neces-

sarily one obtained by suspension. As one might hope, the 0th homology group captures the

same information irrespective of the categorical dimension.

Definition 6.6.4 The set of connected components of a strict n-category X, denoted π0(X),

is the quotient of its object set under the equivalence relation generated by “x ∼ y if X(x, y) is

nonempty.”

Proposition 6.6.5 Let X be an n-category. Then MHn
0 (X) = Z · π0(X).

Proof. The proof comes down to describing the first two groups in the iterated magnitude nerve

and the face maps between them; Proposition 6.6.5 follows on taking homology of the associated

chain complex. For clarity, we state the description as a Claim.

Claim 6.6.6 For any n-category X we have

MBn0 (X) = Z · {0-cells in X} and MBn1 (X) = Z · {n-cells in X}.

The face maps δ0, δ1 : MBn1 (X)⇒MBn0 (X) are given on generators by δ0(α) = y and δ1(α) =

x if α belongs to X(x, y).

We know the Claim to be true for n = 1. Take n > 1 and suppose it holds for n − 1. By

the general definition of the ordinary magnitude nerve we have

MBMBn−1

0• (X) =
⊕

x∈ob(X)

Ipw,

where Ipw is the pointwise tensor product in [∆op,Ab]: it has exactly one copy of Z in every

degre, and all its face and degeneracy maps are identities. Thus, for each k ≥ 0 we have

MBMBn−1

0k (X) = Z · ob(X) = Z · {0-cells in X}.

Meanwhile

MBMBn−1

1• (X) =
⊕

x,y∈ob(X)

MBn−1
• (X(x, y))
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and so

MBMBn−1

10 (X) =
⊕

x,y∈ob(X)

MBn−1
0 (X(x, y))

=
⊕

x,y∈ob(X)

Z · {0-cells in X(x, y)} (6.9)

= Z · {1-cells in X}

where (6.9) uses the inductive assumption. Also

MBMBn−1

11 (X) =
⊕

x,y∈ob(X)

MBn−1
1 (X(x, y))

=
⊕

x,y∈ob(X)

Z · {(n− 1)-cells in X(x, y)} (6.10)

= Z · {n-cells in X}

using the inductive assumption again in (6.10).

So the bottom corner of MBMBn−1

(X) looks like this—

Z · {0-cells in X} Z · {n-cells in X}

Z · {0-cells in X} Z · {1-cells in X}

δv1δv0

δh1

δh0

—where δv0 is induced by mapping each n-cell to its codomain 1-cell, and δh0 by mapping each

1-cell to its codomain 0-cell; δv1 takes an n-cell to its domain 1-cell, and δh1 takes a 1-cell to its

domain 0-cell. The diagonal face map δdiag
0 = δh0 ◦ δv0 , then, is induced by mapping an n-cell α

to its codomain 0-cell, while δdiag
1 maps α to its domain 0-cell. This proves the Claim.

Now, taking homology in the associated chain complex quotients the generators of

MBn0 (X)—the set of 0-cells in X—by the relation generated by x ∼ y if there exists an n-

cell in X whose domain 0-cell is x and whose codomain 0-cell is y; that is, x ∼ y if the

(n− 1)-category X(x, y) contains at least one (n− 1)-cell. But X(x, y) contains an (n− 1)-cell

if and only if it contains at least one 0-cell; that is, if and only if it is nonempty.

We proceed now to proving the main theorem of this section. By the bisimplicial Eilenberg–

Zilber theorem (Theorem 6.3.2) there is a natural isomorphism

MHn+1
• (ΓX) ∼= H•Tot C(MBMBn

(ΓX));

we will prove Theorem 6.6.3 by analysing the right hand side. It will simplify matters to replace

the double complex C(MBMBn

(ΓX)) by one in which the rows have been normalized. The

next lemma explains how this can be done.

Any bisimplicial object B in an abelian category A can be regarded (in either of two ways)

as a simplicial object of [∆op,A], so we can take its normalized chain complex to obtain an

object NB of Ch([∆op,A]). Now applying the unnormalized chain complex functor in every

degree yields an object of Ch(Ch(A)). Equivalently, this is the double complex obtained from

B by taking normalized complexes in every row and unnormalized complexes in every column
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(or vice versa). I will denote this double complex by CvNhB (respectively, ChNvB).

Lemma 6.6.7 H•Tot CB ∼= H•Tot CvNhB.

Proof. Taking quotients by the horizontal degeneracies in B defines a map of double complexes

CB → CvNhB. As the quotient map in each row is a quasi-isomorphism, the induced morphism

of row-filtration spectral sequences is an isomorphism on page E1 = HhCB, and thus induces

an isomorphism on total homology. (See, e.g., Brown [12], VII, Proposition 2.6.)

We can now prove the theorem; for convenience, we repeat the statement.

Theorem 6.6.3 Let X be a nonempty strict n-category. Then

MHn+1
k (ΓX) ∼=

Z k = 0

MHn
k−1(X) k ≥ 2

while MHn+1
1 (ΓX)⊕ Z ∼= MHn

0 (X).

Proof. By the bisimplicial Eilenberg–Zilber theorem there is a natural isomorphism

MHn+1
• (ΓX) ∼= H•Tot C(MBMBn

(ΓX))

and by Lemma 6.6.7 the right hand side is isomorphic to H•Tot C, where

C = CvNh(MBMBn

(ΓX)) = Cv(MCMBn

(ΓX)).

We begin by describing the double complex C. As ΓX has two objects,

MCMBn

0 (ΓX) = Ipw ⊕ Ipw

where Ipw is the pointwise tensor product in [∆op,Ab]: the simplicial abelian group with one

copy of Z in every degree, and all structure maps given by identities. (Note that this is an

equation of simplicial objects.) Meanwhile, applying Lemma 4.3.5, we see that

MCMBn

1 (ΓX) = MBn• (ΓX(A,B))⊕MBn• (ΓX(B,A))

= MBn• (ΓX(A,B))⊕ 0

∼= MBn• (X)

as ΓX(B,A) is empty and ΓX(A,B) ' X.

Since, for each k ≥ 2, every summand in the kth chain group involves a factor of

MBn• (ΓX(B,A)) = 0, we have MCMBn

k (ΓX) = 0 for k ≥ 2. Hence,

MCMBn

k (ΓX) =


Ipw ⊕ Ipw k = 0

MBn• (X) k = 1

0 k > 1

and the only nonzero map in the differential is

d1• : MBn• (X)→ Ipw ⊕ Ipw
∼= MBn• (1)⊕MBn• (1).
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This map is given by d0
1−d1

1, where d0
1 is induced by the terminal map to the second summand,

and d1
1 by the terminal map to the first.

In summary, MCMBn

• (ΓX) ∈ Ch([∆op,Ab]) looks like this—

...
...

...

Z2 MBn2 (X) 0 · · ·

Z2 MBn1 (X) 0 · · ·

Z2 MBn0 (X) 0 · · ·

—and now taking the unnormalized complex in each column yields the double complex C:

...
...

...

Z2 M̃C
n

2 (X) 0 · · ·

Z2 M̃C
n

1 (X) 0 · · ·

Z2 M̃C
n

0 (X) 0 · · ·

0

Id

d12

0

d11

d10

As MHn+1
k (ΓX) ∼= HkTot C and C is concentrated in the first two columns, there is for

each k an exact sequence

0→ Hh
1H

v
k−1C →MHn+1

k (ΓX)→ Hh
0H

v
kC → 0.

(See, for instance, Exercise 5.2.1 of Weibel [81].) But Hv
kC0• = 0 for k > 0, so this gives

isomorphisms

MHn+1
k (ΓX) ∼= Hh

1H
v
k−1C (6.11)

whenever k > 0, while Proposition 6.6.5 tells us that

MHn+1
0 (ΓX) ∼= Z · π0(ΓX) = Z.

Moreover, after taking vertical homology, the induced horizontal differential is zero in all rows

other than row 0, so (6.11) says

MHn+1
k (ΓX) ∼= Hv

k−1C1• =

MHn
k−1(X) k > 1

ker(Hvd10) k = 1.
(6.12)

Finally, the homomorphism Hvd10 : MHn
0 (X) = Z · π0(X)→ Z2 maps all generators to the

element (−1, 1), spanning a single copy of Z. From the second case of (6.12), then, we get

MHn
0 (X) ∼= ker(Hvd10)⊕ im(Hvd10) ∼= MHn+1

1 (ΓX)⊕ Z.
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Example 6.6.8 (Homology of ‘spheres’) Let S0 denote a two-element set and for each n > 0

let Sn denote the strict n-category with two objects and two parallel k-cells in every dimension

0 < k ≤ n; then for each n > 0 the n-category Sn is the suspension of Sn−1. For instance, S2

looks like this:

• •

In Example 4.3.7 we saw that MHΣ
k (S1) = Z for k = 0 or 1, while in all higher degrees

the magnitude homology vanishes. Applying Theorem 6.6.3 we find by induction that for every

n ∈ N we have

MHn
k (Sn) =

Z if k = 0, n

0 otherwise.

6.7 Homology of metrically enriched categories

Throughout this section and Section 6.8, unless stated otherwise, all metrics should

be understood to be real-valued and separated but not necessarily symmetric. In other

words, metric spaces in these sections are quasi-metric spaces. Let QMet denote the category

of quasi-metric spaces and short maps.

Since the magnitude homology of metric spaces is valued in the category AbR+ of R+-

graded abelian groups, the same is true of the iterated magnitude homology of metrically

enriched categories. In this section and the next, we denote the iterated magnitude homology

of a QMet-category X by MH∗• (X)—the • standing for the homological grading (over N) and

∗ for the length grading (over R+). We are able to characterize the homology completely in

length grading zero, while in positive length gradings we can describe the first three homology

groups.

Theorem 6.7.1 Let X be a metrically enriched category. In length grading 0, the magnitude

homology of X is naturally isomorphic to the homology of its underlying ordinary category. In

length gradings ` > 0, the first three magnitude homology groups are given by

MH`
k(X) ∼=

0 k = 0, 1

Z · {gaps of width ` in X} k = 2.

The proof of Theorem 6.7.1 is given in Appendix C. In this section, we explain the meaning

of the term ‘gap’. Intuitively, a gap of width ` in a metrically enriched category is represented

by a pair of distinct parallel arrows at distance ` > 0 that is irreconcilable: the distance between

the arrows cannot be bridged (there is no third parallel arrow strictly between them); f and g

cannot be ‘squeezed together’ by composing with another arrow on the left or right; and the

pair (f, g) cannot be split into smaller gaps.

x y`

f

g
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The first sense in which a gap is irreconcilable is already familiar from the ordinary magni-

tude homology of metric spaces. Recall (from Theorem 4.6.2) that the first magnitude homology

group of a metric space is freely generated by ordered pairs of distinct points (x, y) which are

adjacent in the sense that there exists no point z 6= x, y such that d(x, y) = d(x, z) + d(z, y).

Pairs of parallel arrows representing gaps are adjacent in the same sense.

Definition 6.7.2 Let f and g be arrows from x to y in X. We say f and g are adjacent in X

if they are adjacent, in the sense of Definition 4.6.1, in the metric space X(x, y).

In a metric space, adjacent pairs of points can be thought of as representing unbridgeable

holes in a space; this is illustrated, for instance, by the examples in Section 4.6. In a metrically

enriched category, an adjacent pair of arrows is still unbridgeable, but now the composition of

arrows may offer other ways to reconcile an adjacent pair. For instance, given f, g : x ⇒ y, it

could be that there exists some arrow h : w → x or k : y → z which tightens the pair (f, g) in

the sense that

d(fh, gh) < d(f, g) or d(kf, kg) < d(f, g).

The second property of a pair of arrows representing a gap is that it cannot be tightened in

this manner.

Definition 6.7.3 A pair of parallel arrows f, g : x ⇒ y is tight if for all arrows w
h−→ x in X

we have d(fh, gh) = d(f, g), and for all arrows y
k−→ z in X we have d(kf, kg) = d(f, g).

Thirdly, a pair of arrows in a metrically enriched category may be adjacent and tight but

still reducible in yet another sense, captured by the following definition.

Definition 6.7.4 A pair of parallel arrows f, g : x⇒ y will be called splittable if there exists

an object z in C and arrows

x z y

f0

g0

f1

g1

such that f = f1f0 and g = g1g0; f0 6= g0 and f1 6= g1; and

d(f, g) = d(f0, g0) + d(f1, g1).

We then call (f0, g0, f1, g1) a splitting of (f, g). If (f, g) is not splittable, we call it simple.

Gaps in X are represented by ordered pairs of arrows that are adjacent, tight and simple—

but in counting gaps, we do not count every such pair individually. Instead, we regard two

pairs as representing the same gap if one can be obtained from the other by composing with a

third arrow on the left or right. Formally, we quotient the set of tight and simple pairs by the

equivalence relation R generated by setting

x y R x z

f0

g0

f1

g1

if there exists h : y → z such that f1 = hf0 and g1 = hg0, and

x y R w y

f0

g0

f1

g1
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if there exists k : w → x such that f1 = f0k and g1 = g0k. An equivalence class under R is said

to be a gap if all its representatives are adjacent pairs.

Definition 6.7.5 A gap of width ` is an R-equivalence class of tight, simple ordered pairs

(f, g) of parallel arrows at distance ` > 0, all of whose representatives are adjacent pairs.

6.8 Homology of normed groups

We now specialize further, from metrically enriched categories to metrically enriched groups.

First, in Lemma 6.8.4 we establish that a metric enrichment for a group is equivalent to two

more familiar types of structure, namely a bi-invariant metric or a group norm that is constant

on conjugacy classes. In this setting, the definition of a gap has an especially simple expres-

sion: a gap is a conjugacy class of elements adjacent to the identity. This is the content of

Proposition 6.8.7, and it allows us in Theorem 6.8.8 to give a straightforward description of the

magnitude homology of a metrically enriched group in terms of the group norm.

Definition 6.8.1 A metrically enriched group is a metrically enriched category whose

underlying ordinary category is a group. Equivalently, it is a group G equipped with a metric

d such that for every g0, g1, h0, h1 ∈ G we have

d(g0g1, h0h1) ≤ d(g0, h0) + d(g1, h1).

Definition 6.8.2 Let G be a group, and d a metric on G. We say that d is left-invariant if

for every g ∈ G, multiplication by g from the left is an isometry, and right-invariant if for

every g, multiplication by g from the right is an isometry. We say that d is bi-invariant if it

is both left- and right-invariant.

Definition 6.8.3 Let G be a group with identity element e. A group norm (or length

function) on G is a function | − | : G→ R satisfying

1. |e| = 0 and |g| > 0 for all g ∈ G\{e}.

2. |gh| ≤ |g|+ |h| for all g, h ∈ G.

If in addition |ghg−1| = |h| for all g, h ∈ G—equivalently, |gh| = |hg| for all g and h—we will

say that | − | is conjugation invariant.

Lemma 6.8.4 For any group G, metric enrichments for G correspond bijectively with bi-

invariant metrics on G, and with conjugation invariant norms on G.

Proof. We will show first that conjugation invariant norms on a group correspond bijectively

to bi-invariant metrics. Then we will see that a metric is bi-invariant if and only if it is an

enrichment.

Let | − | be a conjugation invariant norm on a group G with identity element e. The

norm induces a metric by setting d(g, h) = |h−1g|: separatedness follows from condition 1 in

Definition 6.8.3 and the triangle inequality from condition 2, just as in the case of a vector

space norm. (In general, the induced metric will not be symmetric; see Remark 6.8.5.) Given

any k ∈ G we have

d(kg, kh) = |(kh)−1kg| = |h−1k−1kg| = |h−1g| = d(g, h)
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so the metric d is left-invariant. What’s more,

d(gk, hk) = |(hk)−1gk| = |k−1h−1gk| = |h−1g| = d(g, h)

where we have used the assumption that the norm is conjugation-invariant. Thus, the metric

induced by the norm is bi-invariant.

Now let d be any bi-invariant metric on G, and define | − | : G → [0,∞) by |g| = d(g, e).

Since d is left-invariant, for every g and h in G we have

|gh| = d(gh, e) = d(h, g−1) ≤ d(h, e) + d(e, g−1) = d(h, e) + d(g, e) = |h|+ |g|

so | − | is a norm on G. Since d is also right-invariant, for every g and h we have that

|h| = d(h, e) = d(gh, g) = d(ghg−1, e) = |ghg−1|

so the norm is conjugation invariant. It is easily seen that this correspondence between norms

and metrics is bijective.

If d is a bi-invariant metric on G, then given any g0, g1, h0, h1 ∈ G we have

d(g0g1, h0h1) = d(g1h
−1
1 , g−1

0 h0) ≤ d(g1h
−1
1 , e) + d(e, g−1

0 h0) = d(g1, h1) + d(g0, h0)

so d is a metric enrichment. Conversely, if d is a metric enrichment then for g, h, k ∈ G we have

d(g, h) = d(gkk−1, hkk−1) ≤ d(gk, hk) + d(k−1, k−1) = d(gk, hk) ≤ d(g, h) + d(k, k) = d(g, h),

so these inequalities must be equalities, and in particular d(g, h) = d(gk, hk). This says that d

is right-invariant; a symmetric argument shows it is left-invariant too.

Remark 6.8.5 In some contexts a third condition is added to the definition of a group norm,

stipulating that |g| = |g−1| for every element g. With this condition in place, the correspondence

in Lemma 6.8.4 is between conjugation invariant norms and bi-invariant metrics (and metric

enrichments) that are symmetric. On the other hand, one can also weaken the first condition

in Definition 6.8.3, asking only that |e| = 0 and |g| ≥ 0 for every element g. With this weaker

condition, a norm will in general induce a pseudo-metric rather than a separated metric.

Lemma 6.8.4 tells us that it makes sense to talk about the iterated magnitude homology of

a group with a conjugation invariant norm. We define indecomposable elements of such a group

to be elements adjacent to the identity, and prove that gaps are in bijection with conjugacy

classes of indecomposable elements. From there we can conclude that the magnitude homology

of a normed group is generated in degree 2 by its conjugacy classes of indecomposable elements.

Definition 6.8.6 Let (G, d) be a group with a conjugation invariant norm | − |. An element

g ∈ G will be called indecomposable if g 6= e and for all h 6= e, g in G we have

|g| < |h−1g|+ |h|.

In terms of the associated metric on G, an element g is indecomposable if and only if g is

adjacent to the identity.
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Proposition 6.8.7 Let G be a group with a conjugation invariant norm. Gaps in G of width

` are in bijection with conjugacy classes of indecomposable elements of norm `.

Proof. First, observe that every pair (g, h) of elements in G is tight. This comes immediately

from the fact that the metric on G is bi-invariant: for all k ∈ G we have

d(gk, hk) = d(g, h) = d(kg, kh).

Next, observe that a pair (g, h) of distinct elements is non-adjacent if and only if it is

splittable. For suppose (g, h) is non-adjacent: there exists some k 6= g, h such that

d(g, h) = d(g, k) + d(k, h).

We can factor g as (gk−1)k and h as eh; since k 6= g, we know gk−1 6= e. Multiplying gk−1 and

e on the right by k, we see that

d(gk−1, e) + d(k, h) = d(g, k) + d(k, h) = d(g, h)

so (gk−1, e, k, h) is a splitting of (g, h). Conversely, suppose (g, h) splits as g = g1g0 and

h = h1h0; I claim that h1g0 lies strictly between g and h. Indeed,

d(g, h1g0) + d(h1g0, h) = d(g1g0, h1g0) + d(h1g0, h1h0) = d(g1, h1) + d(g0, h0) = d(g, h)

where the second equality uses the bi-invariance of the metric and the third uses the definition

of splitting. So h1g0 lies between g and h. Also by definition of splitting, g0 6= h0 and thus

h1g0 6= h1h0 = h. Similarly, h1g0 6= g, and hence h1g0 lies strictly between g and h.

So gaps of width ` in G are equivalence classes of ordered pairs (g, h) of adjacent elements

separated by distance `, under the equivalence relation R generated by (g, h) R (kg, kh) and

(g, h)R (gk, hk) for every k ∈ G.

Given an indecomposable element g of norm `, the pair (g, e) is adjacent (by definition of

indecomposability) and thus represents a gap of width `. On the other hand, given any pair

(g, h) of adjacent elements such that d(g, h) = `, I claim the element h−1g—which certainly has

norm `—is indecomposable. For suppose another element k were to lie strictly between h−1g

and the identity. Then

d(g, h) = d(h−1g, e) = d(h−1g, k) + d(k, e) = d(g, hk) + d(hk, h)

so hk lies between g and h. Since k 6= h−1g we know that hk 6= g, and since k 6= e we know

that hk 6= h. Thus, hk lies strictly between g and h, contradicting that the pair is adjacent.

We have so far established the existence of functions

α : {adjacent pairs at distance `}� {indecomposable elements of norm `} : β.

It remains to check that α and β descend to give bijections after quotienting the adjacent pairs

by the relation R and the indecomposable elements by conjugation. Indeed, if m = kg and

n = kh then

n−1m = h−1k−1kh = h−1g
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and we have α(g, h) = α(n,m). If, instead, m = gk and n = hk, then

α(n,m) = n−1m = k−1h−1gk

which is conjugate to h−1g = α(g, h). Thus, α descends to the quotient. Travelling in the other

direction, suppose g and h are indecomposable elements such that h = k−1gk for some k ∈ G.

Then β(h) = (h, e) = (k−1gk, e) which is equivalent to (g, e) = β(g) after multiplying on the

left by k and on the right by k−1. Thus, β descends to the quotient.

Finally, we check that passing to the quotient yields a bijection. Indeed, α(β(g)) = α(g, e) =

g, while β(α(g, h)) = β(h−1g) = (h−1g, e)—which, after multiplying on the left by h, is equiv-

alent to (g, h). This completes the proof.

To close the chapter, we specialize Theorem 6.7.1 to describe the iterated magnitude ho-

mology of a group with a conjugation invariant norm.

Theorem 6.8.8 Let G be a group equipped with a conjugation invariant norm. In real grading

0, the iterated magnitude homology of G recovers its ordinary group homology. In real gradings

` > 0, the first three magnitude homology groups are given by

MH`
k(G) ∼=

0 k = 0, 1

Z · {conjugacy classes of indecomposable elements of norm ` in G} k = 2.

Proof. Combine Theorem 6.7.1 with Proposition 6.8.7.
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Chapter 7

Towards magnitude homology for

compact metric spaces

7.1 Introduction

Throughout this chapter, unless stated otherwise, all metrics are real-valued, sepa-

rated and symmetric. In other words, metric spaces in this chapter are traditional

metric spaces. Met denotes the category of metric spaces and short maps. We will

refer to the magnitude homology functor MH : Met → AbR+ as Leinster–Shulman

homology.

Leinster–Shulman homology is defined for metric spaces of arbitrary cardinality, but when

a space is not finite its magnitude homology seems to bear little relation to its magnitude. For

instance there is the following theorem, proved independently in 2018 by Jubin ([38], Corollary

7.3) and Kaneta and Yoshinaga ([40], Corollary 5.3).

Theorem Let X ⊂ Rn be convex. Then

MH`
n(X) =

Z ·X if n = ` = 0

0 otherwise.

This tells us, for example, that the Leinster–Shulman homology of the line segment [0, L] is

uncountably generated in degree 0, grading 0 and vanishes everywhere else. It is not valuation

finite—since the rank of MH0
0 is infinite—and the only information the ranks of its homology

groups seem able to detect is cardinality. The magnitude function of [0, L], by contrast, knows all

there is to know about the intrinsic volumes of the interval: its topological Euler characteristic

and its length (Example 2.4.12). The question remains, then: can the magnitude function of a

compact metric space be categorified?

In this final chapter, we consider a slightly narrower version of that question. Since the

Leinster–Shulman homology of finite metric spaces is already well studied and has been shown

to carry interesting information, we regard it as desirable that the magnitude homology of

compact spaces should restrict to Leinster–Shulman homology for finite spaces. We ask:

Question 7.1.1 Can Leinster–Shulman homology be extended from finite to compact metric

spaces in a way that recovers their magnitude?
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As things stand we cannot answer Question 7.1.1 either positively or negatively. Instead,

this chapter traces the contours of the problem from two quite different perspectives. From one

perspective, Question 7.1.1 is closely related to the following question.

Question 7.1.2 Can the magnitude homology of metric spaces be axiomatized?

A strong positive answer to Question 7.1.2 would consist of (i) a short list of simple criteria

specifying what it means to be a magnitude homology theory on Met and (ii) a theorem stating

that there exists on Met (or on some subcategory of Met large enough to be interesting) a

unique magnitude homology theory up to some choice of ‘coefficients’. Assuming Leinster–

Shulman homology is a magnitude homology theory in the sense of (i), this would dramatically

restrict our freedom to extend it in a different manner from finite to compact spaces, and might

imply a negative answer to Question 7.1.1.

In Section 7.2 we describe one strategy to specify axioms for magnitude homology. The

strategy does not succeed, but it leads—in Theorem 7.2.2, proved in Appendix D—to a uni-

versal characterization of Leinster–Shulman homology which we believe may be of independent

interest.

In the later sections of the chapter we adopt a different perspective, focusing on the fact

that a positive answer to Question 7.1.1 would depend upon also finding a positive answer to

this question:

Question 7.1.3 Can formal magnitude be extended from finite to compact metric spaces?

The formal magnitude of a finite space is crucial to the construction of Leinster–Shulman

homology, but there is no obvious notion of formal or universal magnitude for an infinite metric

space: the various equivalent characterizations of real magnitude for compact positive definite

spaces all proceed from the real magnitude of a finite space, not its formal magnitude. In

Section 7.3 we briefly observe that there seems to be little hope of using continuity properties

of formal magnitude to determine a canonical extension from finite to compact spaces—à la

Proposition 2.5.3 and Definition 2.5.4—at least as long as the Novikov field is equipped with

its valuation topology.

In Section 7.4 we approach Question 7.1.3 from the perspective of Theorem 2.5.8, developing

a formal version of the weighting space (that is, adapting Meckes’s construction to make sense

over the Novikov field). This leads us to a candidate definition of formal magnitude for a

compact metric space, though at present nothing can be said about how this formal magnitude

may relate to the magnitude function when the space is not finite. Finally, in Section 7.5 we

sketch an idea for an alternative topology on a subring of Q((qR)) with respect to which formal

magnitude may enjoy better continuity properties.

7.2 Can magnitude homology be axiomatized?

The archetype for an axiomatic approach to homology is the Eilenberg–Steenrod axiomatization

of homology theories on the category of topological spaces [72]. The Eilenberg–Steenrod axioms

guarantee that any two homology theories which agree on the one-point space must agree on

any space with the homotopy type of a finite CW complex—this is a consequence of the fact

that finite CW complexes are built from spaces homotopic to a point by taking a finite sequence

of well-behaved colimits. The excision axiom ensures that their homology is determined by the
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homologies of the simple components, taking into account the way those components are glued

together. Since singular homology satisfies the axioms, it is essentially the unique Eilenberg–

Steenrod homology theory for spaces homotopy equivalent to finite CW complexes—and since

these comprise a large proportion of the spaces topologists care about, it is often regarded as

being essentially the unique homology theory for topological spaces. Unique, that is, up to the

choice of its value on a point; this abelian group is referred to as the coefficients of the theory.

A more modern point of comparison is factorization homology, a type of homology theory for

topological manifolds which is given an axiomatic description in Ayala and Francis [3]. Ayala

and Francis define a factorization homology theory to be a functor on a certain category of

manifolds, valued in an arbitrary symmetric monoidal category, which is monoidal with respect

to disjoint unions and satisfies an excision-type property with respect to a special class of

colimits referred to as collar gluings. The manifolds of interest—called B-framed n-manifolds

in [3]—can be built from simpler spaces called B-framed n-disks by a finite sequence of disjoint

unions and collar gluings. Thus, a factorization homology theory for B-framed n-manifolds

is determined by its values on B-framed n-disks. The restriction of a factorization homology

theory to the category of disks is referred to as the coefficient functor of the theory.

Ayala and Francis’s construction of factorization homology exemplifies a standard procedure

for extending homology theories from a category C of especially simple spaces to a larger

category D which contains more complicated spaces. The idea is to define the theory for the

simple spaces and then take a left Kan extension along the inclusion I : C ↪→ D. This strategy

is a good one in classical settings—where D is typically a category of based topological spaces—

because under relatively mild conditions on the subcategory C, a functor on C which satisfies

the Eilenberg–Steenrod axioms will still satisfy those axioms after left Kan extension along I

(Deleanu and Hilton [20] [21]). In particular, if a functor F on C satisfies excision then LanIF

will also satisfy excision. Thus, left Kan extension provides a universal means to extend F

in such a way that the excision property is preserved, meaning that its value on objects of

the larger category can be computed mechanically from its values on the smaller category. In

its most general form, the study of homology and homotopy theories obtained through Kan

extension is referred to as shape theory (Deleanu and Hilton [19], Cordier and Porter [17]).

The ideas recorded in this section (and Appendix D) derive from an attempt to axiomatize

magnitude homology following this approach. The category of particularly simple metric spaces

we consider is the category Paths of finite ‘collinear’ spaces, or ‘straight paths’, defined formally

as follows.

Definition 7.2.1 Let Paths denote the full subcategory of Met in which the objects are or-

dered tuples of points (p0, . . . , pn) whose metric satisfies d(pi−1, pi)+d(pi, pi+1) = d(pi−1, pi+1)

for all i ∈ {1, . . . , n− 1}.
p0

d1←→ p1
d2←→ p2 · · · pn−1

dn←→ pn︸ ︷︷ ︸∑n
i=1 di

Let I : Paths→Met denote the inclusion.

Let A be a cocomplete category. (For us, A will always be abelian.) Since Paths is small,

left Kan extension implements an adjunction

LanI : [Paths,AN]� [Met,AN] : (−)|Paths. (7.1)

The idea, following [3], was to axiomatize magnitude homology by characterizing the invariant
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part of this adjunction: the subcategory of [Met,AN] on which the counit restricts to an

isomorphism. A functor belonging to this subcategory is determined essentially uniquely by its

coefficient functor—its restriction to the category Paths.

One could call the invariant part of the adjunction the category of magnitude homology

theories valued in A, denoting it by MH(Met,A). Ideally, a short list of simple criteria would

specify when a functor Met→ AN belongs to MH(Met,A); we’d call these criteria the axioms

for magnitude homology. Left Kan extension would then implement an equivalence

LanI : [Paths,AN]
∼−→MH(Met,A).

In Appendix D we prove the following theorem, which says that, with an appropriate choice

of A, Leinster–Shulman homology does belong to the centre of the adjunction in (7.1):

Theorem 7.2.2 Let I : Paths ↪→Met be the inclusion. For every metric space X,

LanI(MH|Paths)(X) ∼= MH(X).

Unfortunately, so far as we have been able to tell, the invariant part of the adjunction does

not admit a description in terms of a short list of simple criteria. To explain this pessimistic

assessment, let us briefly consider the sorts of criteria one might hope to use. They should,

of course, be satisfied by Leinster–Shulman homology, and it is reasonable to expect that they

will resemble the Eilenberg–Steenrod and Ayala–Francis axioms, both of which boil down to

additivity (preserving finite coproducts) and some form of excision. We know that MH does

satisfy an excision theorem with respect to projecting decompositions of metric spaces (Bot-

tinelli and Kaiser [9], Theorem 4.13); we might hope that this, in combination with additivity,

would be sufficient.

Since the category Met is not closed under coproducts— if X and Y are both nonempty

metric spaces their coproduct X t Y will always involve infinite distances—we temporarily

suspend our convention that metrics are real-valued in order to state the candidate axioms. Let

EMet denote the category of extended metric spaces and short maps.

Definition 7.2.3 (Candidate axioms) A magnitude homology theory on EMet with values

in A is a functor F : EMet→ Ch(A) satisfying the following conditions.

(i) Additivity For every pair of metric spaces X and Y there is a quasi-isomorphism

between F (X t Y ) and F (X)⊕ F (Y ).

(ii) Excision For every projecting decomposition of metric spaces (X;Y, Z) there is a quasi-

isomorphism between F (Y )⊕F (Y ∩Z)F (Z) and F (X). (Here, F (Y )⊕F (Y ∩Z)F (Z) denotes

the pushout in Ch(A) of F (ιY ) and F (ιZ) where ιY : Y ∩ Z ↪→ Y and ιZ : Y ∩ Z ↪→ Z

are the inclusions.)

Two problems become apparent. First, we cannot hope for Leinster–Shulman homology, as

it is presently defined, to be a magnitude homology theory: indeed, MH(X) is defined only

when X has a real-valued metric.

Tweaking the definition of Leinster–Shulman homology might produce a functor on EMet

which is coproduct-preserving. The more profound difficulty is that our candidate axioms are far

too weak to specify a magnitude homology theory completely from its values on straight paths.

In other words, disjoint unions and ‘projecting unions’—spaces X = Y ∪ Z where (X;Y, Z) is
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a projecting decomposition—do not come anywhere close to letting us build every metric space

from straight paths (as, for example, every B-framed n-manifold can be built from B-framed

n-disks through disjoint unions and collar gluings). In fact, the category Paths is closed under

projecting unions, and if we extend it to include straight paths involving infinite distances, it

is closed under coproducts too. Hence, there is no interesting subcategory of EMet on which

the candidate axioms in Definition 7.2.3 are enough to specify magnitude homology.

Even so, Theorem 7.2.2 may offer a useful tool to understand better the properties of

Leinster–Shulman homology, to interpret the information it carries, and to investigate alterna-

tive ways of defining magnitude homology for compact spaces.

For a start, the theorem may shed light on the significance of projecting decompositions

in the theory of magnitude. This special class of unions first appeared in the statement of

the inclusion-exclusion formula in Leinster’s initial paper on the magnitude of metric spaces

([48], Proposition 2.3.2), but the role of projection has remained rather obscure, even with the

categorification of inclusion-exclusion by the Mayer–Vietoris sequence ([9], Theorem 4.1.4). Its

significance might be explained, in a sense, by the following conjecture—which seems plausible

in light of the excision-preserving property of left Kan extensions in the topological setting.

Conjecture 7.2.4 Let A be a cocomplete abelian category. If F : Paths → A preserves

pushouts then LanI(F ) : Met→ A satisfies excision in the sense of Definition 7.2.3(ii).

Secondly, even in the absence of a full axiomatization, Theorem 7.2.2 suggests an alternative

way to understand the ‘input’ and ‘output’ data of Leinster–Shulman homology—foregrounding

the role of the functor MC|Paths, rather than the size functor Σ, as the coefficients of the theory.

Ayala and Francis write in [3] (Section 3) that “Factorization homology evaluates on a general

manifold as the average over ‘factorizations’ of the manifold into disks of the values of [the

coefficients] on such disks.” By analogy, we might understand magnitude homology as taking

an average of the values of its coefficients over paths in the space.

This suggests two particular levers by which the construction might be adjusted; indeed, if

one favours the idea of constructing homology theories by left Kan extension, it suggests there

are exactly two levers available. First, we can experiment with different target categories A and

coefficient functors Paths → AN. Second, we can experiment with alternative factorizations

of metric spaces—that is, alternatives to the category Paths. We might try substituting for

Paths the full subcategory of Met whose objects are intervals [0, r] for r ∈ [0,∞], or else some

category of ‘fattened’ paths, for instance replacing the points in a path by Euclidean balls of

varying diameter and dimension. These ideas are left to future work.

7.3 Does formal magnitude extend to compact spaces?

The remainder of this chapter is devoted to Question 7.1.3: the question of whether formal

magnitude—that is, Novikov-valued magnitude—can be extended from finite to compact spaces.

In Chapter 2 we described several approaches to defining the real-valued magnitude of a compact

metric space X, all of which coincide when X is positive definite. The first approach is to define

the real magnitude of a compact space as a supremum over the real magnitudes of its finite

subspaces:

|X| = sup{|X ′|
∣∣X ′ ⊆ X,X ′ finite}. (7.2)
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This definition is sensible thanks to Lemma 2.5.2, which says that the real magnitude of finite

spaces is monotone with respect to inclusion.

A second approach is to choose a sequence of finite subsets (Xk)k∈N such that Xk → X in

the Hausdorff topology, and define the real magnitude of X as the limit as k → ∞ of the real

magnitudes |Xk|. Proposition 2.5.3 tells us that real-valued magnitude in the sense of (7.2)

is lower semicontinuous with respect to Gromov–Hausdorff distance on the class of compact

positive definite spaces; consequently, this second approach coincides with the first.

A reasonable first attempt at extending formal magnitude from finite to compact spaces

might be to emulate one or other of these approaches. Unfortunately, as we now explain,

neither approach can work over the Novikov field, at least as long as we equip it with its

standard lexicographic ordering and its valuation topology.

In the ordering on the Novikov field, the formal magnitude of finite spaces is still monotone

with respect to inclusion: this is an immediate consequence of the fact that, for any finite metric

space X, the leading term of Mag(X) is the cardinality of X. That gives us a formal analogue

of the first part of Lemma 2.5.2 (if ∅ 6= Y ⊆ X then 1 6= Mag(Y ) ≤ Mag(X)), but as the

Novikov field is not Dedekind complete, it does not lead to a characterization of Mag(X) as a

supremum. This is a first obstruction to defining formal magnitude for compact spaces.

What’s more, we cannot hope for (lower semi)continuity of formal magnitude with respect to

the Gromov–Hausdorff metric and the valuation topology, and in particular we cannot expect

to characterize the formal magnitude of a compact space as a limit over an approximating

sequence of finite subspaces, as our running example shows.

Example 7.3.1 Let Xk be a set of k + 1 points equally spaced within the line segment [0, L].

In Example 2.4.10 we saw that

Mag(Xk) = (k + 1) + 2k

∞∑
n=1

(−1)nqnL/k,

and in Example 2.5.6 we saw that as k → ∞, the sequence Xk approaches the space [0, L] in

the Hausdorff metric.

Meanwhile, a sequence (Ak)k∈N of Novikov series converges in the valuation topology if and

only if, for each T ∈ [0,∞), there exists K ∈ N such that v(Aj −Ak) > T for all j, k > K. But

for every j 6= k, the coefficient of q0 in the Novikov series Mag(Xj)−Mag(Xk) is ±(j−k) 6= 0. So

v(Mag(Xj)−Mag(Xk)) = 0 for every j 6= k, and the sequence (Mag(Xk))k∈N cannot converge.

In Chapter 2 we also described a third approach, due to Meckes, to defining real magnitude

for compact spaces. That strategy was to redefine weight vectors on a finite space X as weight-

ings: special elements of a certain Banach space associated to X (Definition 2.5.7). The notion

of weighting extends readily from finite to compact metric spaces, allowing magnitude to be

extended, too (Theorem 2.5.8). In Section 7.4 we show that this procedure does have an ana-

logue over the Novikov field, allowing us to arrive at a candidate definition of Novikov-valued

magnitude for infinite metric spaces. At present, though, nothing can be said about how this

formal magnitude might relate to the real-valued magnitude function of a compact space.

Finally, in Section 7.5 we sketch an idea to define an alternative topology on the Novikov

field with respect to which formal magnitude may enjoy better continuity properties.
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7.4 Formal weightings for infinite spaces

In this section, the goal is to arrive at a definition of ‘formal weighting’ for metric spaces of

arbitrary cardinality, and thereby at a candidate definition of formal magnitude for infinite

spaces. We are guided by the development in Section 3 of Meckes [58], but in order to adapt

the theory to work over Q((qR)) we must first consider some basic facts of functional analysis

over non-Archimedean fields. In Section 7.4 we record the relevant details, making heavy use

of Chapter 2 of Perez-Garcia and Schikhof [63]; we have also drawn on van Rooij [78].

The central idea is that, although it does not make sense a priori to speak of normed vector

spaces over fields other than R or C, over a valued field K something very like a norm can be

defined; we follow [63] in referring to this as a ‘K-norm’. Any K-norm defines a metric, and

so we can speak of ‘K-Banach spaces’. The very basic theory that we require flows almost

classically from there.

Another subtle difference arises, though, when we meet the definition of ‘K-inner product’. A

K-inner product is not valued in R but in K, and, by contrast to the real case, it is superfluous

to require a K-inner product 〈−,−〉 to be positive definite; that 〈v, v〉 = 0 implies v = 0 is

enough by itself to induce a K-norm, after composition with the absolute value on K. As a

result, when in Section 7.4 we come to consider a bilinear form defined by the formal ZX matrix

of a metric space, we will not use the full strength of Remark 2.4.6 (that every finite metric

space is positive definite over the Novikov field), but only a half-measure.

Indeed, throughout this section the only special structure the field K is assumed to have is a

non-Archimedean valuation, and so when we specialise to the Novikov field we will be making

no substantive use of its ordering.

Banach spaces over a non-Archimedean valued field In what follows, let K be a non-

Archimedean valued field, with valuation v, which is complete with respect to the induced

ultrametric. Recall that the absolute value on K is the function

K→ [0,∞)

α 7→ |α| = e−v(α).

Let V be a vector space over K.

Definition 7.4.1 A K-norm on V is a map ‖ − ‖ : V → [0,∞) satisfying

1. ‖u‖ = 0 if and only if u = 0 in V .

2. ‖αu‖ = |α|‖u‖ for all α ∈ K and u ∈ V , where | − | denotes the absolute value on K.

3. ‖u+ w‖ ≤ max{‖u‖, ‖w‖} for all u,w ∈ V .

A vector space over K equipped with a K-norm is a normed K-vector space.

Two features distinguish a K-norm from a conventional norm. First, because the scalars

in V are drawn not from R but from K, condition (2), which would ordinarily involve the

absolute value on R, instead involves the absolute value on K. One consequence of this is that,

as valuations need not be surjective, we cannot always assume the ability to normalize vectors

in V : for fixed nonzero u ∈ V , there may not exist any α ∈ K such that 1 = e−v(α)‖u‖ = ‖αu‖.
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In practice, we will only be concerned with vector spaces over the field Q((qR)), whose absolute

value does in fact surject onto [0,∞); we make use of this in Lemma 7.4.6.

The second distinguishing feature is the appearance of the strong triangle inequality in

condition (3). This is not essential; a map V → [0,∞) satisfying conditions (1) and (2) and the

standard triangle inequality is known as an ‘A-norm’, and A-normed spaces have been studied

([63], Remark 2.1.2). The example that interests us, however, will be a K-norm.

Any K-norm, just like any conventional norm, gives rise to a metric (d(u,w) = ‖u−w‖ for

each u,w ∈ V ), but condition (3) implies that the induced metric is actually an ultrametric.

Definition 7.4.2 A K-Banach space is a normed K-vector space which is complete with

respect to the induced ultrametric.

As in the classical setting, function spaces provide ready examples of K-Banach spaces.

Definition 7.4.3 Let X be any set. A function f : X → K is bounded if there exists κ ∈ [0,∞)

such that |f(x)| < κ for all x ∈ X.

Proposition 7.4.4 Given any set X, the set B(X,K) of bounded functions X → K is a K-

Banach space with respect to the K-norm

‖f‖ = sup
x∈X
{|f(x)|}.

Proof. Formally identical to the real case.

Definition 7.4.5 Let V,W be normed K-vector spaces, and T : V →W a linear map. We say

T is bounded if there exists κ ∈ [0,∞) such that

‖Tu‖ ≤ κ‖u‖ for all u ∈ V.

In the next lemma, the condition that the valuation on K be surjective can probably be

relaxed (see, for example, Theorem 2.1.9 in [63] and the discussion surrounding it), but for

present purposes this statement, with its classical proof, is enough.

Lemma 7.4.6 Suppose the absolute value on K is surjective, V,W are normed K-vector spaces,

and T : V →W is a linear map. Then T is uniformly continuous if and only if it is bounded.

Proof. First, suppose T is bounded, with ‖Tu‖ ≤ κ‖u‖ for all u ∈ V . Let ε > 0. For any

u,w ∈ V such that ‖u− w‖ < ε/κ, we have

‖Tu− Tw‖ = ‖T (u− w)‖ ≤ κ‖(u− w)‖ < ε.

Hence, T is uniformly continuous.

For the converse, suppose T is uniformly continuous. In particular, then, T is continuous at

0, so there exists δ > 0 such that for all u ∈ V with ‖u‖ ≤ δ we have ‖Tu‖ ≤ 1.

Now take any w ∈ V and write r = ‖w‖. Since | − | : K→ [0,∞) is surjective, there exists

α ∈ K such that |α| = δ/r. Put w′ = αw; then ‖w′‖ = δ, so ‖T (w′)‖ ≤ 1. We have

‖Tw‖ =

∥∥∥∥T ( 1

α
w′
)∥∥∥∥ =

∥∥∥∥ 1

α
T (w′)

∥∥∥∥ =

∣∣∣∣ 1α
∣∣∣∣ ‖T (w′)‖ ≤ r

δ
=

1

δ
‖w‖.

Hence, T is bounded.
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The completion V of a normed K-vector space V is its completion with respect to the

induced metric. V is itself naturally a normed K-vector space, and in light of Lemma 7.4.6, the

universal property of the completion implies the following familiar proposition.

Proposition 7.4.7 Suppose the absolute value on K is surjective. Let V be any normed K-

vector space, and W a K-Banach space. Any bounded linear map T : V →W extends uniquely

to a bounded linear map T : V →W .

Finally, we will want to consider K-norms arising from ‘inner products’. The next definition

is a slight restriction of Definition 2.4.1 in [63], requiring symmetry where that definition permits

a form of conjugate symmetry.

Definition 7.4.8 Let V be a K-vector space. A K-inner product on V is a symmetric bilinear

map 〈−,−〉 : V × V → K such that 〈v, v〉 6= 0 for all v 6= 0.

Given a K-inner product on V , we get a map

‖ − ‖ : V → [0,∞)

v 7→
√
|〈v, v〉|.

(Notice that, within the square root, 〈−,−〉 has been composed with the absolute value on K
to yield a non-negative real number.)

Theorem 7.4.9 ([63], Theorem 2.4.2) Let K be a non-Archimedean valued field whose residue

class field has characteristic 6= 2. Let V be a K-vector space with K-inner product 〈−,−〉. Then:

1. For all v, w ∈ V , we have |〈v, w〉|2 ≤ |〈v, v〉〈w,w〉|, where | − | denotes the absolute value

on K.

2. ‖ − ‖ is a K-norm on V .

The inner product 〈−,−〉 extends in the classical manner from K to its completion with

respect to ‖−‖. We will refer to part (1) of Theorem 7.4.9 as the Cauchy–Schwarz inequality

for 〈−,−〉.

Formal weighting spaces and magnitude The remainder of this section follows closely the

procedure used in Section 3 of Meckes [58], sketched in Section 2.5 of this thesis. In particular,

the proofs of Lemma 7.4.11 and Proposition 7.4.12 have the same structure as the corresponding

proofs in [58] (Lemma 3.1 and Proposition 3.2), adapted to the non-Archimedean setting using

the facts recorded above.

Let X be any metric space. Denote by FM(X) the vector space over Q((qR)) of finitely

supported functions X → Q((qR)) (which we might choose to think of as a space of finitely

supported, Novikov-valued ‘measures’ on X). For each x ∈ X, denote by δx the element of

FM(X) whose value at x is the Novikov series 1, and whose value at every y 6= x is zero. The

set {δx
∣∣x ∈ X} is a basis for FM(X).

We define a symmetric bilinear form 〈−,−〉W on FM(X) by

〈µ, ν〉W =
∑

y∈supp (ν)

∑
x∈supp (µ)

qd(x,y)µ(x)ν(y). (7.3)
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Given any nonzero µ ∈ FM(X), the support of µ is a finite subspace of X, and the inner

product 〈µ, µ〉W is equal to the matrix product

µT · Zsupp (µ) · µ

when µ is treated as a vector in Q((qR))supp (µ). By Remark 2.4.6 the matrix Zsupp (µ) is positive

definite, so this product cannot be equal to zero. Hence, 〈−,−〉W is a K-inner product in the

sense of Definition 7.4.8. By Theorem 7.4.9 it induces a K-norm ‖ − ‖W , and thereby a metric

dW on FM(X).

Definition 7.4.10 Let X be any metric space. The Novikov weighting space of X is the

completion of FM(X) with respect to the metric dW . We denote it by WX .

Now, for each µ ∈ FM(X), define a function Zµ : X → Q((qR)) by

Zµ(y) =
∑

x∈supp (µ)

qd(x,y)µ(x).

Note that for each y ∈ X we have

Zµ(y) =
∑

z∈supp (δy)

∑
x∈supp (µ)

qd(x,z)µ(x)δy(z) = 〈µ, δy〉W .

Lemma 7.4.11 The mapping µ 7→ Zµ defines a bounded linear operator

Z : FM(X)→ B(X,Q((qR))).

Proof. First we show that for each µ ∈ FM(X) the function Zµ : X → Q((qR)) is bounded.

Let µ ∈ FM(X). For every y ∈ X, by the Cauchy-Schwarz inequality (Theorem 7.4.9, (1)),

we have

|Zµ(y)|2 = |〈µ, δy〉W |2 ≤ |〈µ, µ〉W〈δy, δy〉W |.

But 〈δy, δy〉W = qd(y,y)δy(y)2 = 1, so

|Zµ(y)| ≤ ‖µ‖‖δy‖ = ‖µ‖.

This tells us Zµ is bounded; that is, Z does map into B(X,Q((qR))).

Moreover, since

‖Zµ‖ = sup
y∈X
{|Zµ(y)|} ≤ ‖µ‖

for every µ, the operator Z itself is bounded.

Proposition 7.4.12 The operator Z extends uniquely to an injective, bounded linear operator

Z :WX → B(X,Q((qR))).

Proof. As the absolute value on Q((qR)) surjects onto [0,∞), we can employ Proposition 7.4.7

to see that Z extends uniquely to a bounded linear operator on WX .

To see that the extended operator is injective, suppose Zw = 0 for some w ∈ WX . That is,

for all y ∈ X,

0 = Zw(y) = 〈w, δy〉W ,
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where 〈−,−〉W now denotes the extension of the inner product from FM(X) to WX .

Since {δy
∣∣ y ∈ X} is a basis for FM(X), by linearity we must have 〈w, µ〉W = 0 for all

µ ∈ FM(X), and as FM(X) is dense in WX this implies 〈v, w〉W = 0 for all v ∈ WX . But

〈−,−〉W is a K-inner product, so this can only hold if w = 0.

Definition 7.4.13 Let X be any metric space. A formal weighting for X is an element

w ∈ WX such that, for each x ∈ X, we have Zw(x) = 1 in Q((qR)). If a formal weighting

exists it is necessarily unique, by the injectivity of Z. If X possesses a formal weighting w, the

formal magnitude of X is

Mag(X) = 〈w,w〉W .

If X is finite then X has a formal weighting, w, in the sense of Definition 2.4.5. Regarded

as an element of FM(X) ⊂ WX , this vector w certainly satisfies the equation Zw(x) = 1 for

all x ∈ X, so w is a formal weighting in the sense of Definition 7.4.13. What’s more, in the

sense of Definition 2.4.5, Mag(X) = wT · ZX · w = 〈w,w〉W . Hence, we have:

Theorem 7.4.14 Let X be a finite metric space. Then X has a formal weighting, and hence

formal magnitude, in the sense of Definition 7.4.13. Moreover, its formal magnitude in the

sense of Definition 7.4.13 is equal to its formal magnitude in the sense of Definition 2.4.5.

However, we can at present say nothing about when a non-finite space may or may not

possess a formal weighting; nor can we speculate about how the formal magnitude of a non-

finite metric space may relate to its real magnitude.

7.5 A germ topology on the Novikov field

Given the poor continuity properties of formal magnitude with respect to the valuation metric

on the Novikov field, it may eventually prove necessary to consider alternative topologies. In

this final section, we sketch one possible approach to topologizing Q((qR)) in a way that might

be more hospitable to magnitude.

Proposition 2.5.5 told us that if X is a compact positive definite metric space admitting a

sequence of finite subspaces (Xk)k∈N such that Xk → X in the Hausdorff topology, then

|X| = lim
k→∞

|Xk|.

If Xk → X in the Hausdorff topology, then tXk → tX for every t > 0, and so the magnitude

function of X can be described as the pointwise limit in Set((0,∞), [0,∞]) of the magnitude

functions of the spaces Xk.

The formal magnitude of a finite space is an algebraic representation of its magnitude func-

tion, so if we want formal magnitude to share the convergence properties of real magnitude, we

may need to consider more closely the relationship between Novikov series and the partial real-

valued functions they represent. In this section we briefly sketch the possibility of topologizing

a subring of the Novikov field in terms of pointwise convergence of the functions represented

by its elements.

In Section 2.4 we noted that for any finite metric space X, the formal magnitude Mag(X)

is the series representation of a generalized rational function of valuation at least zero, with
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integer coefficients. That is, it lies in the intersection of im(c2) and im(l2) in this square:

Z[qR+ ] Z[[qR+ ]]

Q(qR) Q((qR))

c1

l1 l2

c2

The set im(c2) ∩ im(l2) forms a subring of the Novikov field which we will denote by R.

Given a Novikov series A and any t ∈ [0,∞), write A(t) for the real series obtained by

evaluating A at q = t. Suppose A belongs to R: then it represents a generalized rational

function, so A(t) is defined, and in fact analytic as a function of t, at all but finitely many

t ∈ [0,∞); and since A involves no negative powers of q, it is certainly analytic at q = 0.

Consequently, for each A ∈ R there exists some r > 0 such that the function t 7→ A(t) is

real-valued and analytic on the interval [0, r).

For each r > 0, let F(r) denote the set of analytic functions [0, r) → R. Restriction of

functions gives an inclusion F(r) ↪→ F(s) whenever s < r. Define F0 to be the colimit of this

system, so that

F0 =
∐
r>0

F(r)/ ∼

where f ∼ g if there exists r > 0 such that f(s) = g(s) for all s < r. The notation is intended

to suggest that we are looking at the stalk at zero of a certain sheaf; the elements of F0 are

‘germs at zero’ of functions [0,∞)→ [−∞,+∞] analytic in some neighbourhood of zero.

There is an ‘evaluation’ map ev : R → F0 taking a series A to the germ at zero of the

(partial) function t 7→ A(t). The idea is to give R the weak topology with respect to some

‘topology of pointwise convergence’ on the codomain.

For each r > 0, the set F(r) can be given the product topology (the topology of pointwise

convergence) with respect to the standard topology on the real line; then F0 naturally carries

a colimit topology. In fact, this colimit topology is uniformizable. The category of uniform

spaces and uniform maps is complete and cocomplete, with concrete limits and colimits (Kelley

[41], Chapter 6 or James [36], Sections 7.6 and 7.8), so any metric on R will give rise to a

product uniformity on F(r) and thereby to a colimit uniformity on F0. Moreover, the topology

generated by the colimit uniformity will be the colimit topology with respect to the topology

of R ([36], Propositions 8.8 and 8.9).

Definition 7.5.1 The germ topology on R is the weak topology with respect to the map

ev : R → F0, where F0 has the colimit topology induced from the topology of pointwise

convergence on each space F(r).

Since the colimit topology on F0 is uniformizable, so is the germ topology on R. The hope

is that if X is a compact (positive definite) metric space, and (Xk)k∈N a sequence of subspaces

such that Xk → X in the Hausdorff topology, then the sequence (Mag(Xk))k∈N will be Cauchy

with respect to a suitable uniformity on R. This would allow us to look for the formal magnitude

of a compact metric space in the completion of R with respect to that uniformity.

One drawback of this approach is that, by deferring questions about convergence in the

Novikov field to questions about convergence in R, it is likely to forfeit some of the benefits of

working in a ‘formal’ world. On the other hand, thinking about formal magnitudes in terms

of their germs at zero amounts to thinking about the germs at infinity of the corresponding

real magnitude functions—and given the evident importance of large-scale asymptotics in the
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analysis of magnitude (c.f. Theorem 1.1.6 and Theorem 1.1.8) there may be things to be learned

by adopting this perspective.
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Appendix A

The magnitude nerve is strong

symmetric monoidal

A.1 Introduction

Our aim in this appendix is to prove

Proposition 6.3.1 Let V be a semicartesian category, A be a closed symmetric monoidal

abelian category, and Σ : V → A a strong symmetric monoidal functor. Then the magnitude

nerve defines a strong symmetric monoidal functor

MBΣ : (VCat,⊗V)→ ([∆op,A],⊗pw).

We begin in this section by fixing notation and conventions, and then prove a technical

lemma. The remainder of the appendix is devoted to describing the monoidal structure of the

magnitude nerve. Lemma A.2.1 and Proposition A.2.2 establish the existence of the necessary

structure maps, and in Appendix A.3 we will see that they satisfy the coherence axioms.

Notation and conventions We denote by Ipw the unit object for the pointwise tensor

product of simplicial objects in A; it is the simplicial object constant at IA. We denote by I

the unit for the tensor product of V-categories; it is the one-object V-category whose unique

hom-object is IV .

As the monoidal structure on A is closed, for each A ∈ ob(A) the functor −⊗ A : A→ A

has a right adjoint and therefore preserves colimits. That is, given any diagram F : D → A

and any object A in A, there is an isomorphism

(colim F )⊗A ∼−→ colim(F ⊗A),

natural in F and A. (For naturality in F , see Section 1.3 of [14].) Since A is symmetric, we

also have

A⊗ (colim F )
∼−→ colim(A⊗ F ).

In what follows, to simplify notation, we will write dist to denote any composite of such

isomorphisms (expressing the ‘distributivity’ of the monoidal product over colimits). Similarly,

sym will denote any composite of the associator maps and the braiding in A—for example, we
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may write

sym : A⊗ (B ⊗ C)
αA,B,C−−−−−→ (A⊗B)⊗ C σA,B⊗1−−−−−→ (B ⊗A)⊗ C.

As A is symmetric, every map denoted sym is an isomorphism.

Lemma A.1.1 Let C and D be symmetric monoidal categories, and F : C → D a (lax)

symmetric monoidal functor. Let σC and σD denote the braidings in C and D, and ψ : F (−)⊗
F (−) → F (−⊗−) the structure map for F . Then for every A,B,C,D ∈ ob(C) the following

diagram commutes:

FA⊗ FB ⊗ FC ⊗ FD F (A⊗B)⊗ F (C ⊗D)

FA⊗ FC ⊗ FB ⊗ FD F (A⊗B ⊗ C ⊗D)

F (A⊗ C)⊗ F (B ⊗D) F (A⊗ C ⊗B ⊗D)

ψA,B⊗ψC,D

1⊗σD⊗1 ψA⊗B,C⊗D

ψA,C⊗ψB,D F (1⊗σC⊗1)

ψA⊗C,B⊗D

(A.1)

Proof. The coherence axioms for monoidal functors imply that

ψA⊗B,C⊗D ◦ (ψA,B ⊗ ψC,D) = ψA,B⊗C⊗D ◦ (1⊗ ψB⊗C,D) ◦ (1⊗ ψB,C ⊗ 1).

By naturality of ψ in each of its arguments we can write the upper composite in (A.1) as

F (1⊗ σC ⊗ 1) ◦ ψA,B⊗C⊗D ◦ (1⊗ ψB⊗C,D) ◦ (1⊗ ψB,C ⊗ 1)

= ψA,C⊗B⊗D ◦ (1⊗ F (σC ⊗ 1)) ◦ (1⊗ ψB⊗C,D) ◦ (1⊗ ψB,C ⊗ 1)

= ψA,C⊗B⊗D ◦ (1⊗ ψC⊗B,D) ◦ (1⊗ F (σC)⊗ 1)) ◦ (1⊗ ψB,C ⊗ 1)

and as F is braided monoidal, the final line is equal to

ψA⊗C,B⊗D ◦ (ψA,C ⊗ ψB,D) ◦ (1⊗ σD ⊗ 1),

proving the claim.

A.2 The structure maps

Lemma A.2.1 There is an isomorphism of simplicial objects

Φ : Ipw
∼−→MBΣ(I).

Proof. The monoidal structure of Σ gives us an isomorphism ϕ : IA
∼−→ Σ(IV). Hence, for each

n ∈ N there is an isomorphism

Φn : IA ∼= IA ⊗ · · · ⊗ IA︸ ︷︷ ︸
n

ϕ⊗n

−−−→ Σ(IV)⊗ · · · ⊗ Σ(IV)︸ ︷︷ ︸
n

= MBn(I)

and since the face maps and degeneracies of MBΣ(I) and Ipw are given by identities, these

isomorphisms plainly define a map of simplicial objects.
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Proposition A.2.2 Let X and Y be V-categories. There is an isomorphism of simplicial

objects

ΨX,Y : MBΣ(X)⊗pw MBΣ(Y)
∼−→MBΣ(X⊗V Y)

that is natural in X and Y.

Proof. The strong monoidal structure of Σ gives us a family of isomorphisms ψV,W : Σ(V ) ⊗
Σ(W )

∼−→ Σ(V ⊗W ), natural in V,W ∈ ob(V). There are natural isomorphisms dist and sym

which combine with these to give, in each degree n, an isomorphism

(ΨX,Y)n :
(
MBΣ(X)⊗pw MBΣ(Y)

)
n
→MBΣ

n (X⊗V Y)

as follows: (
MBΣ(X)⊗pw MBΣ(Y)

)
n

MBΣ
n (X)⊗MBΣ

n (Y)

 ⊕
x0,...,xn∈X

ΣX(x0, x1)⊗ · · · ⊗ ΣX(xn−1, xn)

⊗
 ⊕
y0,...,yn∈Y

ΣY(y0, y1)⊗ · · · ⊗ ΣY(yn−1, yn)


⊕

x0,...,xn∈X
y0,...,yn∈Y

(ΣX(x0, x1)⊗ · · · ⊗ ΣX(xn−1, xn)⊗ ΣY(y0, y1)⊗ · · · ⊗ ΣY(yn−1, yn))

⊕
x0,...,xn∈X
y0,...,yn∈Y

(ΣX(x0, x1)⊗ ΣY(y0, y1))⊗ · · · ⊗ (ΣX(xn−1, xn)⊗ ΣY(yn−1, yn))

⊕
x0,...,xn∈X
y0,...,yn∈Y

Σ (X(x0, x1)⊗Y(y0, y1))⊗ · · · ⊗ Σ (X(xn−1, xn)⊗Y(yn−1, yn))

⊕
(x0,y0),...,(xn,yn)

∈X⊗VY

Σ(X⊗V Y)((x0, y0), (x1, y1))⊗ · · · ⊗ Σ(X⊗V Y)((xn−1, yn−1), (xn, yn))

MBΣ
n (X⊗V Y).

=

=

dist

⊕
sym

⊕
ψX(x0,x1),Y(y0,y1)⊗···⊗ψX(xn−1,xn),Y(yn−1,yn)

=

=

To verify that the family ΨX,Y =
(
(ΨX,Y)n

∣∣n ∈ N
)

forms a map of simplicial objects, we

must check its naturality with respect to face maps and degeneracies. Finally, we will verify

that the family Ψ =
(
ΨX,Y

∣∣X,Y ∈ VCat
)

is natural with respect to V-functors X→ X′ and

Y → Y′.

Each of these verifications is straightforward, with the coherence of the closed monoidal

structure on A reducing the check to an application of the monoidal structure of Σ. We give

full details in the case of naturality with respect to face maps, and in the other two cases leave

the reduction step to the reader.
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Face maps To verify that ΨX,Y is natural with respect to face maps, we need to see that for

every n and for each i = 0, 1, . . . , n the square

MBn(X)⊗MBn(Y) MBn(X⊗Y)

MBn−1(X)⊗MBn−1(Y) MBn−1(X⊗Y)

(ΨX,Y)n

∂X
i ⊗∂

Y
i ∂X⊗Y

i

(ΨX,Y)n−1

commutes.

The upper and lower composites here are given explicitly as the upper and lower composites,

respectively, in diagram (A.2) overleaf.

The squares in (A.2) labelled (∗) commute because the tensor product in A distributes

over coproducts, and squares labelled (∗∗) commute due to the naturality of the braiding and

associator in A. Commutativity of the subdiagram labelled (†) comes down to commutativity

of this diagram:

ΣX(xi−1, xi)⊗ ΣX(xi, xi+1)⊗ ΣY(yi−1, yi)⊗ ΣY(yi, yi+1) ΣX(xi−1, xi)⊗ ΣY(yi−1, yi)⊗ ΣX(xi, xi+1)⊗ ΣY(yi, yi+1)

Σ (X(xi−1, xi)⊗X(xi, xi+1))⊗ Σ (Y(yi−1, yi)⊗Y(yi, yi+1)) Σ (X(xi−1, xi)⊗Y(yi−1, yi))⊗ Σ (X(xi, xi+1)⊗Y(yi, yi+1))

ΣX(xi−1, xi+1)⊗ ΣY(yi−1, yi+1) Σ ((X(xi−1, xi)⊗Y(yi−1, yi))⊗ (X(xi, xi+1)⊗Y(yi, yi+1)))

Σ (X(xi−1, xi+1)⊗Y(yi−1, yi+1))

1⊗σA⊗1

ψ⊗ψ ψ⊗ψ

Σ(◦X)⊗Σ(◦Y) ψ

ψ Σ(◦X⊗Y)

(A.3)

Composition in X⊗Y is given by

X(xi−1, xi)⊗Y(yi−1, yi)⊗X(xi, xi+1)⊗Y(yi, yi+1)

X(xi−1, xi)⊗X(xi, xi+1)⊗Y(yi−1, yi)⊗Y(yi, yi+1)

X(xi−1, xi+1)⊗Y(yi−1, yi+1).

1⊗σV⊗1

◦X⊗◦Y

Commutativity of (A.3), then, amounts to equality of the composites

ψ ◦ (Σ(◦X)⊗ Σ(◦Y)) ◦ (ψ ⊗ ψ)

and

Σ(◦X ⊗ ◦Y) ◦ Σ(1⊗ σV ⊗ 1) ◦ ψ ◦ (ψ ⊗ ψ) ◦ (1⊗ σA ⊗ 1),

or equivalently, as the braiding is involutive, to the equation

ψ ◦ (Σ(◦X)⊗ Σ(◦Y)) ◦ (ψ ⊗ ψ) ◦ (1⊗ σA ⊗ 1) = Σ(◦X ⊗ ◦Y) ◦ Σ(1⊗ σV ⊗ 1) ◦ ψ ◦ (ψ ⊗ ψ).

As the left hand side is equal, by naturality of ψ, to

Σ(◦X ⊗ ◦Y) ◦ ψ ◦ (ψ ⊗ ψ) ◦ (1⊗ σA ⊗ 1)
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this equation and thus the commutativity of (A.3) and (A.2) follow from Lemma A.1.1.

Degeneracies To verify that ΨX,Y is natural with respect to degeneracies, we need to see

that for every n and for each i = 0, 1, . . . , n the square

MBn−1(X)⊗MBn−1(Y) MBn−1(X⊗Y)

MBn(X)⊗MBn(Y) MBn(X⊗Y)

(ΨX,Y)n−1

σX
i ⊗σ

Y
i σX⊗Y

i

(ΨX,Y)n

commutes. After making use of coherence in A and its closed structure, this comes down to

showing that the outer diagram here commutes:

ΣX(xi, xi1)⊗ ΣY(yi, yi+1) Σ(X(xi, xi+1)⊗Y(yi, yi+1))

Σ(X(xi, xi)⊗X(xi, xi+1))⊗ Σ(Y(yi, yi)⊗Y(yi, yi+1)) Σ(X(xi, xi)⊗X(xi, xi+1)⊗Y(yi, yi)⊗Y(yi, yi+1))

ΣX(xi, xi)⊗ ΣX(xi, xi+1)⊗ ΣY(yi, yi)⊗ ΣY(yi, yi+1) Σ(X(xi, xi)⊗Y(yi, yi)⊗X(xi, xi+1)⊗Y(yi, yi+1))

ΣX(xi, xi)⊗ ΣY(yi, yi)⊗ ΣX(xi, xi+1)⊗ ΣY(yi, yi+1) Σ(X(xi, xi)⊗Y(yi, yi))⊗ Σ(X(xi, xi+1)⊗Y(yi, yi+1))

ψ

Σ(Idxi
)⊗Σ(Idyi

) Σ(Idxi
⊗Idyi

)

ψ−1⊗ψ−1

ψ

Σ(1⊗σV⊗1)

1⊗σA⊗1 ψ−1

ψ⊗ψ

And it does: the upper section commutes by naturality of ψ, the lower section by an argument

similar to the proof of Lemma A.1.1.

Naturality in X and Y Let F : X→ X′ be a V-functor. To verify the naturality of Ψ with

respect to F , it is enough to check in each degree n; that is, to check that for each n this square

commutes:

MBΣ
n (X)⊗MBΣ

n (Y) MBΣ
n (X⊗Y)

MBΣ
n (X′)⊗MBΣ

n (Y) MBΣ
n (X′ ⊗Y)

(ΨX,Y)n

MBΣ
n (F )⊗1 MBΣ

n (F⊗1)

(ΨX′,Y)n

After making use of coherence in A and its closed structure, this comes down to showing

that for i = 0, . . . , n− 1 the following square commutes—

ΣX(xi, xi+1)⊗ ΣY(yi, yi+1) Σ (X(xi, xi+1)⊗Y(yi, yi+1))

ΣX′(F (xi), F (xi+1))⊗ ΣY(yi, yi+1) Σ (X′(F (xi), F (xi+1))⊗Y(yi, yi+1))

ψ

Σ(Fxi,xi+1
)⊗1 Σ(Fxi,xi+1

⊗1)

ψ

—which is immediate from the naturality of ψ with respect to morphisms in V.

Naturality in Y arises similarly.
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A.3 Coherence

To prove the main result, it remains only to verify that the structure maps we have written

down satisfy the relevant coherence laws. For convenience, we state the theorem one more time.

Proposition 6.3.1 Let V be a semicartesian category, A be a closed symmetric monoidal

abelian category, and Σ : V → A a strong symmetric monoidal functor. Then the magnitude

nerve defines a strong symmetric monoidal functor

MBΣ : (VCat,⊗V)→ ([∆op,A],⊗pw).

Proof. The morphisms

Φ : Ipw →MBΣ(I)

and

ΨX,Y : MBΣ(X)⊗MBΣ(Y)→MBΣ(X⊗Y)

are given by Lemma A.2.1 and Proposition A.2.2 respectively. We must check these maps are

coherent with respect to the associators, the unitors, and the braidings in VCat and [∆op,A].

Each verification is straightforward, with the coherence of the closed monoidal structure on

A reducing the check to an application of the monoidal structure of Σ. We give full details in

the case of coherence with respect to (right) unitors, and in the other cases leave the reduction

step to the reader.

Unitors Let X be any V-category. We need to see that this diagram commutes—

MBΣ(X)⊗ Ipw MBΣ(X)⊗MBΣ(I)

MBΣ(X) MBΣ(X⊗ I)

1⊗Φ

ρ ΨX,I

MBΣ(ρ)

—but as the monoidal structure in [∆op,A] is defined pointwise, it’s enough to check this in

each degree n.

Diagram (A.5) (overleaf) shows that, after making use of coherence in A and its closed struc-

ture, this amounts to showing that for every x, x′ ∈ ob(X), the following diagram commutes—

ΣX(x, x′)⊗ IA ΣX(x, x′)⊗ ΣIV

ΣX(x, x′) Σ (X(x, x′)⊗ IV)

ρ

1⊗ϕ

ψ

Σ(ρ)

(A.4)

—which is given by the coherence of Σ.

The proof for left unitors is entirely symmetric.
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Associators Let X,Y,Z be any V-categories. We need to see that in each degree n, this

diagram commutes:

(
MBΣ

n (X)⊗MBΣ
n (Y)

)
⊗MBΣ

n (Z) MBΣ
n (X)⊗

(
MBΣ

n (Y)⊗MBΣ
n (Z)

)
MBΣ

n (X⊗Y)⊗MBΣ
n (Z) MBΣ

n (X)⊗MBΣ
n (Y ⊗ Z)

MBΣ
n ((X⊗Y)⊗ Z) MBΣ

n (X⊗ (Y ⊗ Z))

αA

ΨX,Y⊗1 1⊗ΨY,Z

ΨX⊗Y,Z ΨX,Y⊗Z

MBΣ
n (αV)

After making use of coherence in A and its closed structure, this amounts to showing that

for every x, x′ ∈ ob(X), y, y′ ∈ ob(Y), and z, z′ ∈ ob(Z), the following diagram commutes:

(ΣX(x, x′)⊗ ΣY(y, y′))⊗ ΣZ(z, z′) ΣX(x, x′)⊗ (ΣY(y, y′)⊗ ΣZ(z, z′))

Σ (X(x, x′)⊗Y(y, y′))⊗ ΣZ(z, z′) ΣX(x, x′)⊗ Σ (Y(y, y′)⊗ Z(z, z′))

Σ ((X(x, x′)⊗Y(y, y′))⊗ Z(z, z′)) Σ (X(x, x′)⊗ (Y(y, y′)⊗ Z(z, z′)))

αA

ψ⊗1 1⊗ψ

ψ ψ

Σ(αV)

Again, this is given by the coherence of Σ.

Braidings Finally, to see that the magnitude nerve is symmetric, we need to see that in each

degree n this diagram commutes:

MBΣ
n (X)⊗MBΣ

n (Y) MBΣ
n (Y)⊗MBΣ

n (X)

MBΣ
n (X⊗Y) MBΣ

n (Y ⊗X)

σA

ΨX,Y ΨY,X

MBΣ
n (σV)

After making use of coherence in A and its closed structure, this amounts to showing that for

every x, x′ ∈ ob(X) and y, y′ ∈ ob(Y), the following diagram commutes—

ΣX(x, x′)⊗ ΣY(y, y′) ΣY(y, y′)⊗ ΣX(x, x′)

Σ (X(x, x′)⊗Y(y, y′)) Σ (Y(y, y′)⊗X(x, x′))

σA

ψ ψ

Σ(σV)

—which, once again, is given by the coherence of Σ.
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Appendix B

Iterated magnitude homology is a

magnitude homology theory

B.1 Introduction

The goal in this appendix is to verify that iterated magnitude homology categorifies iterated

magnitude for metrically enriched categories. As well as the usual size functor Σ : R+ → AbR+ ,

defined by

Σ(`)t =

Z if t = `

0 otherwise,

it will be useful to consider the size functor ΣQ : R+ → VectR+ defined in the same manner but

with Q in place of Z. The iterated magnitude homology of a metrically enriched category X

with respect to Σ is a sequence of R+-graded abelian groups. We will denote it by MH∗• (X)—

the • standing for the homological grading and ∗ for the length grading. The iterated magnitude

homology of X with respect to ΣQ is a sequence of R+-graded vector spaces; we will denote it

by MH∗• (X,Q). In both cases, the Euler characteristic, if it is defined, is valued in Q((qR)).

As in the discussion preceding Corollary 4.5.2, MH∗• (X) is Novikov finite whenever

MH∗• (X,Q) is, and in that case we have

χ∗(MH∗• (X)) = χ∗(MH∗• (X,Q)). (B.1)

We are going to prove the following theorem.

Theorem 6.5.6 Let X be a finite, acyclic, metrically enriched category. Then MH∗• (X) is

Novikov finite and

χ∗(MH∗• (X)) = MagMag(X).

We begin in Appendix B.2 by proving a couple of necessary lemmas concerning Euler char-

acteristics of R+-graded double complexes, before proceeding in Appendix B.3 to the proof of

the theorem.
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B.2 Euler characteristic for double complexes

In a category of vector spaces or abelian groups, there is a straightforward notion of Euler

characteristic for first quadrant double complexes.

Definition B.2.1 Let C be a first quadrant lattice of objects (for instance, a double complex)

in Ab or Vect. The Euler characteristic of C is defined by

χ(C) =
∑
m,n≥0

(−1)m+nrk(Cmn)

if rk(Cmn) is finite for all m and n and zero for all but finitely many; otherwise, it is undefined.

In what follows, we will also want to talk about Euler characteristics of R+-graded double

complexes. The complexes in question may involve infinitely many nonzero objects, so we are

obliged to consider questions of convergence.

Definition B.2.2 Given a first quadrant lattice of objects C•• in VectR+ , let∑
(−1)m+nrk∗(Cmn) denote the series in Q((qR)) obtained by summing along the diagonals:

rk∗(C00)− rk∗(C10)− rk∗(C01) + rk∗(C20) + rk∗(C11) + rk∗(C02)− · · · .

We will say C is Novikov finite if
∑

(−1)m+nrk∗(Cmn) converges in Q((qR)). The Euler

characteristic of a Novikov finite double complex is

χ∗(C) =
∑

(−1)m+nrk∗(Cmn).

By definition of convergence in Q((qR)), if C is Novikov finite we can compute its Euler

characteristic as

χ∗(C) =
∑
`∈R+

χ(C`)q`

where χ(C`) denotes the Euler characteristic, in the sense of Definition B.2.1, of the grading-`

piece of C.

Remark B.2.3 Explicitly, a first quadrant lattice of objects C•• is Novikov finite if it is piece-

wise left-finite—Cmn is in the domain of rk∗ for all m,n—and for every L > 0 there exists

some NL ∈ N such that, whenever m+ n > NL, we have rk(C`mn) = 0 for all ` ≤ L.

Due to the absence of the least-upper-bound property, the manipulation of double series and

iterated series in non-Archimedean fields is subtly different from in the Archimedean setting.

Analogues of the classical Fubini-type theorems are discussed in Corgnier et al, [18].

One difference is that a series in a non-Archimedean field is convergent if and only if it

is absolutely convergent (as explained in Section 2.2), so if C is Novikov finite then the series∑
(−1)m+nrk∗(Cmn) converges absolutely. As a consequence (Proposition 3.2 in [18]) any series

of that form obtained by a different denumeration of the objects in C will converge to the same

limit: for instance, we could compute the Euler characteristic by summing the signed ranks

along any of the “lines of slope −(r − 1)/r” (for r > 0) in C. We use this observation to prove

the following lemma.

Lemma B.2.4 Let C be a first quadrant double complex in VectR+ and let {Ermn} be the

column-filtration spectral sequence converging to H•Tot C. If Er is Novikov finite for some
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value of r, then so is Es for all s ≥ r, and

χ∗(Er) = χ∗(Er+1) = · · · = χ∗(E∞) = χ∗(H•Tot C).

Proof. By definition, Er is a first quadrant lattice of R+-graded vector spaces equipped with

maps drmn : Ermn → Erm−r,n+r−1 making the lines of slope −(r + 1)/r into R+-graded chain

complexes. For each m and n we have an isomorphism between Er+1
mn and the homology of Er

at the point Ermn.

Temporarily, fix m,n ∈ N. Write Er,`mn for the grading-` piece of Ermn. As Er is piecewise

left-finite, we know that Ermn is in the domain of rk∗: that is, for every ` the vector space Er,`mn

is finite-dimensional, and for each L > 0 there are finitely many ` ≤ L such that rk(Er,`mn) 6= 0.

Since, for each `, we have an isomorphism

Er+1,`
mn

∼= ker(dr,`mn)/im(dr,`m+r,n+r−1),

we also have for each ` the inequality 0 ≤ rk(Er+1,`
mn ) ≤ rk(Er,`mn). Thus, Er+1

mn is in the domain

of rk∗; as this holds for all m,n, the page Er+1 is piecewise left-finite.

Now take any L > 0. As Er is Novikov finite, we know there exists some NL ∈ N such that,

whenever m+ n > NL, we have rk(Er,`mn) = 0 for all ` ≤ L. Since, for every such m and n, we

have 0 ≤ rk(Er+1,`
mn ) ≤ rk(Er,`mn), the same holds for Er+1 with the same choice of NL. Thus,

Er+1 is Novikov finite.

We can choose to calculate the Euler characteristic of Er by reordering the terms in the

series
∑

(−1)m+nrk∗(Cmn) to follow the lines of slope −(r − 1)/r.

...
...

...

E2
03 E2

13 E2
23

E2
02 E2

12 E2
22 E2

32 · · ·

E2
01 E2

11 E2
21 E2

31 · · ·

E2
00 E2

10 E2
20 E2

30 · · ·

Figure B.1: The picture when r = 2

Observe that we can arrange the lines of slope −(r − 1)/r into a single long chain complex

A, linking each slope by a zero group or a zero map, so that the Euler characteristic of A is

that of Er, and its homology is the sequence of objects associated in the same manner to Er+1.

E2
00 E2

10 0 E2
01 E2

20 0 E2
11 E2

30 · · ·0 0 0 d20 0 d11 0

By standard facts of homological algebra, then,

χ∗(Er) = χ∗(A) = χ∗(H•A) = χ∗(Er+1).
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Clearly, the same holds for all s > r.

Finally, for each ` the abutment E∞,` is the associated graded complex of (H•Tot C)`,

and thus their Euler characteristics are equal. Comparing coefficients, we see that χ∗(E∞) =

χ∗(H•Tot C); this completes the proof.

The next lemma follows straightforwardly from Theorem 4.5 in [18]. Rather than describing

how to translate into their notation, we will explain how to derive the result having made the

translation.

Lemma B.2.5 Let C be a first quadrant double complex in VectR+ . Suppose C is such that

every column is a Novikov finite chain complex and only finitely many columns are nonzero.

Then C is Novikov finite and

χ∗(C) =
∑
m

(−1)mχ∗(Cm•).

Proof. In the notation of [18], the fact that the columns are Novikov finite says that for every i,

the series
∑
j aij converges; thus, since all convergent series in the Novikov field are absolutely

convergent, so does
∑
j |aij | for every i. The fact that only finitely many columns are nonzero

ensures that the nested series
∑
i

(∑
j |aij |

)
also converges (in R) since the outer sum is finite.

Thus, Theorem 4.5 in [18] tells us
∑
ij aij =

∑
i

(∑
j aij

)
, which gives the result.

B.3 Iterated magnitude homology categorifies iterated

magnitude

We are ready now to prove that iterated magnitude homology categorifies iterated magnitude for

metrically enriched categories. As in the case of 2-categories, we need to impose size conditions.

Recall from Definition 2.6.6 that a metrically enriched category X is called finite if its

underlying ordinary category is finite; equivalently, if it has finitely many objects and is enriched

in the category FMet of finite metric spaces and short maps.

Definition B.3.1 A metrically enriched category X will be called acyclic if X(x, y) 6= ∅ implies

X(y, x) = ∅ whenever x 6= y, and for every object x the space X(x, x) is a singleton.

We will prove that if X is a finite, acyclic metrically enriched category, then MH∗• (X) is

Novikov finite and

χ∗(MH∗• (X)) = MagMag(X).

The idea of the proof is that, since MH(−,Q) : FMet → Ch(VectR+) is strong symmetric

monoidal (by Proposition 6.4.3) and categorifies the size function Mag : FMet→ Q((qR)), the

ordinary magnitude chain complex

MCMH(−,Q)(−) : FMetCat→ Ch(Ch(VectR+))

ought to categorify the magnitude of metrically enriched categories with respect to Mag. In

Proposition B.3.2 we prove this to be the case.

Then, to prove the main result, we show that although the iterated magnitude homology

functor

MH∗• (−) : FMetCat→ Ch(VectR+)
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is not literally ‘magnitude homology with respect to magnitude homology’, it comes near

enough, in the sense that

χ∗(MH∗• (X)) = χ∗(MCMH(−,Q)(X)) = MagMag(X)

for all finite, acyclic metrically enriched categories X.

Proposition B.3.2 Let X be a finite, acyclic, metrically enriched category. Then

MCMH(−,Q)(X) is Novikov finite, with

MagMag(X) = χ∗(MCMH(−,Q)(X)).

Proof. The condition that X is acyclic—in particular, the fact that X(x, x) is a singleton for

every x ∈ ob(X)—means that the conditions of Lemma 4.3.5 are satisfied. The lemma says

that, for each n ∈ N, the nth column in MCMH(X) = MCMH(−,Q)(X) is the R+-graded chain

complex

MCMH
n (X) =

⊕
x0,...,xn
xi 6=xi+1

MH(X(x0, x1),Q)~ · · ·~MH(X(xn−1, xn),Q). (B.2)

Observe that finitely many of these columns are nonzero: the acyclicity of X implies

that MCMH
n (X) = 0 for all n > #ob(X). Indeed, fixing such n, any (n + 1)-tuple ap-

pearing in the direct sum in (B.2) must contain an object, say xj , which occurs twice:

(x0, . . . , xj , . . . , xj , . . . , xn). But if X(xj , xj+1) 6= ∅ then X(xj+1, xj+2)⊗· · ·⊗X(xj+k, xj) must

be empty—else X(xj+1, xj) 6= ∅, contradicting acyclicity. So either MH∗• (X(xj , xj+1),Q) = 0

or

MH∗• (X(xj+1, xj+2),Q)~ · · ·~MH∗• (X(xj+k, xj),Q)

∼=MH∗• (X(xj+1, xj+2)⊗ · · · ⊗X(xj+k, xj),Q)

= 0

where the isomorphism uses Proposition 6.4.3. In either case, the summand correspond-

ing to (x0, . . . , xj , . . . , xj , . . . , xn) will be zero, and as this holds for all summands, we have

MCMH
n (X) = 0 as claimed.

Now consider MCMH
n (X) for n ≤ #ob(X). Since each hom-space in X is finite, Corol-

lary 4.5.2 tells us that χ∗(MH(X(xj , xj+1),Q)) = Mag(X(xj , xj+1) for each j. Since X has

finitely many objects, the direct sum in (B.2) is finite, so Lemma 4.4.5 (the additivity and

multiplicativity of χ∗) tells us that MCMH
n (X) is Novikov finite and allows us to compute its

Euler characteristic as

χ∗(MCMH
n (X)) =

∑
x0,...,xn
xi 6=xi+1

Mag(X(x0, x1)) · · ·Mag(X(xn−1, xn)).

We have established that MCMH(X) has finitely many nonzero columns, each of which is

a Novikov finite chain complex. By Lemma B.2.5, MCMH(X) is Novikov finite and we can
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compute its Euler characteristic as

χ∗(MCMH(X)) =

#ob(X)∑
n=0

(−1)nχ∗(MCMH
n (X))

=

#ob(X)∑
n=0

(−1)n
∑

x0,...,xn
xi 6=xi+1

Mag(X(x0, x1)) · · ·Mag(X(xn−1, xn)). (B.3)

Meanwhile, being acyclic, X satisfies the conditions of Theorem 2.6.7, so has Möbius inver-

sion over Q((qR)). In fact, the stronger condition—that X(x, x) = {Idx} for each x ∈ ob(X)—

implies that the matrix ZX is upper triangular with diagonal entries all equal to 1, so we can

write ZX = I +N for some matrix N such that N#ob(X) = 0.

We can thus calculate the Möbius matrix as

Z−1
X =

#ob(X)∑
n=0

(−1)nNn =

#ob(X)∑
n=0

(−1)n(ZX − I)n

and the magnitude of X as

MagMag(X) =
∑

x,y∈ob(X)

Z−1
X (x, y)

=

#ob(X)∑
n=0

(−1)n
∑

x,y∈ob(X)

(ZX − I)n(x, y)

=

#ob(X)∑
n=0

(−1)n
∑
x0,xn

∈ob(X)

∑
x1,...,xn−1

∈ob(X)

(ZX − I)(x0, x1) · · · (ZX − I)(xn−1, xn) (B.4)

=

#ob(X)∑
n=0

(−1)n
∑

x0,...,xn

∈ob(X)

(ZX − I)(x0, x1) · · · (ZX − I)(xn−1, xn) (B.5)

where in (B.4) we rename x as x0 and y as xn, and expand the matrix product.

Finally, since

(ZX − I)(x, x′) =

Mag(X(x, x′)) x 6= x′

0 x = x′

we can rewrite the sum in (B.5) as

#ob(X)∑
n=0

(−1)n
∑

x0,...,xn
xi 6=xi+1

Mag(X(x0, x1)) · · ·Mag(X(xn−1, xn))

which, according to (B.3), is exactly χ∗(MCMH(X)). This completes the proof.

Theorem 6.5.6 Let X be a finite, acyclic, metrically enriched category. Then MH∗• (X) is

Novikov finite and

χ∗(MH∗• (X)) = MagMag(X).

Proof. We begin by working with coefficients in Q. Write C = C(MBMB(X,Q)). Taking
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vertical homology in the nth column of C yields (suppressing the Qs)

HvCn• = H•C

( ⊕
x0,...,xn

MB•(X(x0, x1))~ · · ·~MB•(X(xn−1, xn))

)
∼=

⊕
x0,...,xn

H•C (MB•(X(x0, x1))~ · · ·~MB•(X(xn−1, xn))) (B.6)

∼=
⊕

x0,...,xn

(MH•(X(x0, x1))~ · · ·~MH•(X(xn−1, xn))) (B.7)

= M̃C
MH

n (X)

where in (B.6) we use the fact that homology commutes with infinite direct sums in Ch(Vect),

and in (B.7) we use the Künneth theorem for chain complexes of vector spaces.

The induced differential

Hv∂h : HvCn• → HvCn−1,•

also coincides with that in M̃C
MH

(X) and so, taking homology horizontally, we obtain an

isomorphism of double complexes

HhHvC(MBMB(X,Q)) = H•M̃C
MH

(X)

∼= H•MCMH(X)) (B.8)

= HhHvMCMH(X).

Here (B.8) is an instance of the quasi-isomorphism between the normalized and unnormalized

chain complexes of a simplicial object, and the final line holds because the vertical differential

in each column of MCMH(X) is trivial.

The graded double complex MCMH(X) is Novikov finite by Proposition B.3.2; hence, by

Lemma B.2.4, so is HhHvMCMH(X) (page E2 of the associated column-filtration spectral

sequence), and their Euler characteristics are equal. The isomorphism in (B.8) then tells us

that HhHvC(MBMB(X,Q)) is Novikov finite, and thus (invoking Lemma B.2.4 again) so is

H•Tot C(MBMB(X,Q)).

Indeed, we have

χ∗(MCMH(X)) = χ∗(HhHvMCMH(X))

= χ∗(HhHvC(MBMB(X,Q))) (B.9)

= χ∗(H•Tot C(MBMB(X,Q))) (B.10)

= χ∗(MH∗• (X,Q)) (B.11)

= χ∗(MH∗• (X)). (B.12)

Here, line (B.9) uses the isomorphism in (B.8); line (B.10) uses Lemma B.2.4; line (B.11) uses

the Eilenberg-Zilber theorem; and line (B.12) uses Equation (B.1).

Since χ∗(MCMH(X)) = MagMag(X) by Proposition B.3.2, this gives the result.
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Appendix C

Magnitude homology of

metrically enriched categories

C.1 Introduction

Throughout this appendix, all metrics will be real-valued and separated but not necessarily

symmetric. In other words, metric spaces in this appendix are quasi-metric spaces. Let QMet

denote the category of quasi-metric spaces and short maps.

Our aim is to characterize the first three iterated magnitude homology groups of a metrically

enriched category, or QMet-category. The iterated magnitude homology of a QMet-category

X is an N × R+-graded abelian group, which we denote by MH∗• (X)—the • standing for the

homological grading and ∗ for the length grading. As it turns out, MH∗• (X) records information

about both the metric structure of X and the topology of its underlying ordinary category, X.

(Since the unit in QMet is a one-point space, the underlying ordinary category of a QMet-

category is the category you obtain by forgetting the metric on each hom-space.)

We will prove:

Theorem 6.7.1 Let X be a metrically enriched category. In real grading 0, the magnitude

homology of X is naturally isomorphic to the homology of its underlying ordinary category:

MH0
• (X) ∼= H•(X).

In real gradings ` > 0, the first three magnitude homology groups are given by

MH`
k(X) ∼=

0 k = 0, 1

Z · {gaps of width ` in X} k = 2.

The appendix begins with a description of the iterated magnitude nerve of a QMet-category

(Section C.2). Section C.3 includes two technical lemmas to facilitate the analysis of magnitude

homology. In Section C.4 we use the first of these to characterize homology in grading 0, and

Section C.5 establishes the terminology which allows us, in Section C.6, to describe homology

in positive gradings.
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C.2 The iterated magnitude nerve

As usual, we take Σ : R+ → AbR+ to be the functor defined by

Σ(`)t =

Z if t = `

0 otherwise.

For a QMet-enriched category X, the iterated magnitude nerve with respect to Σ is defined

to be the diagonal of a certain R+-graded bisimplicial abelian group, MB∗•• = MB∗••(X). In

grading ` ≥ 0, the group MB`•• can be described as follows.

The objects The abelian group MB`jk is freely generated by (j × (k + 1))-tuples of arrows

in X

x0 x1 x2 · · · xj−1 xj

f00

f01

...
f0k

f10

f11

...
f1k

fj−1,0

fj−1,1

...
fj−1,k

such that the sum of all the lengths of the paths (fi0, fi1, . . . , fik) is equal to `:

j−1∑
p=0

k−1∑
q=0

d(fpq, fp,q+1) = `.

Notice that in gradings ` > 0 we have MB`0k = 0 = MB`j0 for all j and k: the left-most column

and the bottom-most row both vanish.

In grading 0, since we are assuming our metric spaces to be separated, a generator of MB0
jk

is just k+ 1 parallel copies of the same j-tuple of composable arrows: fp0 = fp1 = · · · = fpk for

each 0 ≤ p ≤ j − 1. Hence, MB0
jk
∼= MB0

j0 for all k > 0: here, the bottom-most row contains

all the interesting information.

The horizontal simplicial structure For 1 ≤ i ≤ j − 1 the horizontal face map

δh,ijk : MB`jk →MB`j−1,k

is induced by (horizontal) composition of two columns of arrows at the object xi—composing

fi−1,q and fiq for all q ∈ {1, 2, . . . , k}—provided this does not reduce the total sum of the

distances. That is, provided

d(fiq ◦ fi−1,q, fi,q+1 ◦ fi−1,q+1) = d(fiq, fi,q+1) + d(fi−1,q, fi−1,q+1)

for all q ∈ {0, 1, . . . , k − 1}. Otherwise, δhijk = 0.

The horizontal face map δh0
jk is induced by discarding the object x0 and the column of arrows

f00, f01, . . . , f0k, provided this does not reduce the total sum of the distances—that is (as our

metric spaces are assumed to be separated) if and only if f00 = f01 = · · · = f0k. Otherwise

δh0
jk = 0. The face map δhjjk is similar.

For 0 ≤ i ≤ j the horizontal degeneracy

σh,ijk : MB`jk →MB`j+1,k
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is induced by duplicating the object xi and inserting a column of identities:

· · · xi−1 xi xi xi+1 · · ·...

Idxi

Idxi

...
Idxi

...

The vertical simplicial structure For 1 ≤ i ≤ k − 1 the vertical face map

dv,ijk : MB`jk →MB`j,k−1

is induced by discarding the string of arrows

x0 x1 x2 · · · xj−1 xj
f0i f1i f2i fj−2,i fj−1,i

provided this does not reduce the sum of the distances—that is, if and only if fpi is between

fp,i−1 and fp,i+1 for every p, in the sense that

d(fp,i−1, fp,i+1) = d(fp,i−1, fp,i) + d(fp,i, fp,i+1).

The vertical face map dv,0jk is induced by discarding the topmost string of arrows, provided

this does not reduce the sum of the distances—that is (as our metric spaces are assumed to be

separated) if and only if fp0 = fp1 for every p. The map dv,kjk is similar.

For 0 ≤ i ≤ k the vertical degeneracy

σv,ijk : MB`jk →MB`j,k+1

is induced by inserting a copy of the ith string of arrows:

· · · xp−1 xp xp+1 xp+2 · · ·

fp−1,i

fp−1,i

fp−1,i+1

fpi

fpi

fp,i+1

fp+1,i

fp+1,i

fp+1,i+1

C.3 Analysing magnitude homology

The magnitude homology of a QMet-category X is defined to be the homotopy of its iterated

magnitude nerve:

MH∗• (X) = π•diag(MB∗(X)).

This is an N× R+-graded abelian group, which can be obtained by taking homotopy grading-

wise: MH`
•(X) = π•diag(MB`(X)).

Applying the Eilenberg–Zilber theorem in each grading, we get for each ` a natural isomor-

phism

MH`
•(X) ∼= H•Tot C(MB`(X))

where C(MB`(X)) is the unnormalized double complex associated to MB`••(X). That isomor-

phism, combined with the following technical lemmas, will allow us to analyse MH`
k(X) for all

values of k in grading ` = 0, and for k = 0, 1, 2 in gradings ` > 0.
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Lemma C.3.1 Let C be a first quadrant double complex in an abelian category. Suppose every

column of C is exact in vertical degrees greater than 0. Then the total homology of C is the

homology of its 0th row:

HkTot C = Hh
kC•0 for all k ≥ 0.

Proof. As C is first quadrant, there is a column-filtration spectral sequence converging to its

total homology: E2
pq = Hh

pH
v
q (C) ⇒ Hp+qTot(C). By the assumption on the columns of C,

we have E1
pq = Hv

qCp• = 0 for all q > 0, so the sequence collapses at its second page ([81],

Definition 5.2.7), giving the result.

Lemma C.3.2 Let C be a first quadrant double complex in an abelian category. Suppose

C0k = Ck0 = 0 for all k ∈ N. Then

HiTot(C) ∼=

0 i = 0, 1

Hv
1H

h
1C i = 2.

Proof. As C is first quadrant, there is a row-filtration spectral sequence converging to its total

homology:

E2
pq = Hv

pH
h
q (C)⇒ Hp+qTot(C).

Since the 0th row and the 0th column of C both vanish, so do Erp0 and Er0q for every p, q and

r. Hence, E∞p0 = 0 and E∞0q = 0 for every p and q.

The convergence of {Erpq} gives a filtration of Hi = HiTot(C) for i = 0, 1, 2, as follows:

• 0 = F−1H0 ⊆ F0H0 = H0 with E∞00
∼= F0H0/F−1H0; that is, E∞00

∼= H0. We can conclude

that H0 = 0.

• 0 = F−1H1 ⊆ F0H1 ⊆ F1H1 = H1 with

E∞01
∼= F0H1/F−1H1 = F0H1 and E∞10

∼= F1H1/F0H1
∼= H1/E

∞
01

so there is a short exact sequence

0→ E∞01 → H1 → E∞10 → 0.

Since E∞01 = E∞10 = 0, this implies that H1 = 0.

• 0 = F−1H2 ⊆ F0H2 ⊆ F1H2 ⊆ F2H2 = H2 with

E∞02
∼= F0H2/F−1H2 = F0H2 (C.1)

E∞11
∼= F1H2/F0H2

∼= F1H2/E
∞
02 , using (C.1) (C.2)

E∞20
∼= F2H2/F1H2 = H2/F1H2. (C.3)

Since E∞02 = 0, (C.2) says E∞11
∼= F1H2, and then (C.3) tell us there’s a short exact

sequence

0→ E∞11 → H2 → E∞20 → 0. (C.4)

But E∞20 = 0, so we have H2
∼= E∞11 . As {Erpq} is a first quadrant sequence, Erpq = E∞pq for

160



all r > max{p, q + 1}. Hence, as claimed,

H2
∼= E∞11 = E2

11 = Hv
1H

h
1 (C).

C.4 Homology in grading zero

Consider the columns of MB0
••(X). Each column is a simplicial abelian group, and from the

description in Section C.2 of the vertical degeneracies it is evident that the associated normalized

chain complex vanishes except in degree 0: for q > 0 all generators of MB0
pq(X) are degenerate,

and we have

Nq(MB0
p•(X)) = MB0

pq(X)/
⋃
i

im(σv,ip,q−1) = 0

while N0(MB0
p•(X)) = MB0

p0(X). (Notice that this depends on the assumption that the hom-

spaces in X are separated.)

Taking vertical homology in each column, using the fact that the normalized and unnormal-

ized complex are naturally quasi-isomorphic, we see that

Hv
qC(MB0

p•(X)) ∼= HqN(MB0
p•(X)) =

MB0
p0(X) q = 0

0 otherwise.

In particular C(MB0(X)) satisfies the conditions of Lemma C.3.1, which says that its total

homology is the homology of its 0th row.

Write X to denote the underlying ordinary category of X. Inspecting the description in

Section C.2 we see that the 0th row of C(MB0(X)) is exactly the complex of simplicial chains

in the nerve of X. Hence there is a natural isomorphism

MH0
• (X) ∼= H•(X)

where H• is the ordinary homology of a category.

C.5 Gaps in QMet-categories

In Section C.2 we observed that when ` is strictly positive the 0th column and the 0th row

of MB`••(X) both vanish completely. The same is therefore true of C(MB`(X)), and we can

conclude from Lemma C.3.2 that

MH`
i (X) ∼=

0 i = 0, 1

Hv
1H

h
1C(MB`(X)) i = 2.

(C.5)

To analyse MH`
2(X) for ` > 0 using (C.5), we need to introduce some terminology.

Tightening and ribboning In an ordinary category one says that g : w → x equalizes a

pair of parallel arrows f0, f1 : x ⇒ y if f0g = f1g : w → y. In a QMet-category one can say

that g tightens (f0, f1) (from the left) if

d(f0g, f1g) < d(f0, f1).
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We will say that g is a ribbon for (f0, f1) (on the left) and call (f0g, f1g) a (left) ribboning

of (f0, f1) if

d(f0g, f1g) = d(f0, f1).

Similarly, h : y → z tightens (f0, f1) (from the right) if d(hf0, hf1) < d(f0, f1), and is a

ribbon for (f0, f1) (on the right) if d(hf0, hf1) = d(f0, f1).

We will say that a parallel pair f0, f1 : x ⇒ y is loose if there exists an arrow in X that

tightens it (either from left or right), and tight otherwise.

A triple (f0, f1, f2) of parallel arrows x → y will be called a tight triple if both (f0, f1)

and (f1, f2) are tight pairs, and a loose triple if either pair is loose. A map g : w → x is a

ribbon for (f0, f1, f2) (on the left) if it is a ribbon for both (f0, f1) and (f1, f2); we will then

call the triple (f0g, f1g, f2g) a (left) ribboning for (f0, f1, f2). Right ribboning for triples is

defined similarly.

Factorizations of pairs A factorization of a pair f0, f1 : x⇒ y is a diagram

x z y

g0

g1

h0

h1

such that f0 = h0g0 and f1 = h1g1. Any factorization is distance-increasing, in the sense that

d(f0, f1) ≤ d(g0, g1) + d(h0, h1).

We will say a factorization is distance-preserving if

d(f0, f1) = d(g0, g1) + d(h0, h1).

Every pair (f0, f1) has at least two distance-preserving factorizations, induced by the iden-

tities on x and y. More generally, any arrow that is a ribbon for (f0, f1) on the left or right

provides a distance-preserving factorization. Say a distance-preserving factorization is proper

if it is not a ribboning: that is, if g0 6= g1 and h0 6= h1. In that case we must have

d(g0, g1) < d(f0, f1) and d(h0, h1) < d(f0, f1).

(This uses the fact that distance functions are assumed to take finite values.)

A pair f0, f1 : x ⇒ y will be called splittable if it possesses a proper distance-preserving

factorization, and simple otherwise.

Factorizations of triples A factorization of a triple (f0, f1, f2) of arrows x → y is a

diagram

x z y

g0

g1

g2

h0

h1

h2

such that fi = higi for i = 0, 1, 2. A factorization of a triple is distance-preserving if

d(f0, f1) + d(f1, f2) = d(g0, g1) + d(g1, g2) + d(h0, h1) + d(h1, h2).
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Notice that, given the assumption that distance functions are finite-valued, this will be the case

if and only if (g0, g1, h0, h1) gives a distance-preserving factorization for the pair (f0, f1) and

(g1, g2, h1, h2) gives a distance-preserving factorization for the pair (f1, f2).

We will say a factorization of a triple is proper if at least one of the distances on each side

of the object z is nonzero; that is, if we don’t have either g0 = g1 = g2 or h0 = h1 = h2. A triple

is splittable if it possesses a proper distance-preserving factorization, and simple otherwise.

Adjacency Let f0, f1, f2 be arrows from x to y in X.

• If d(f0, f2) = d(f0, f1) + d(f1, f2), we say that f1 is between f0 and f2.

• If in addition f0 6= f1 6= f2, we say f1 is strictly between f0 and f2.

A pair of distinct arrows f0, f1 : x⇒ y is non-adjacent if there exists an arrow strictly between

f0 and f1, and adjacent otherwise.

Gaps Consider the equivalence relation on the set of all simple, tight pairs of parallel arrows

in X generated by these relations:

x y ∼ x z

f0

f1

g0

g1

if (g0, g1) is a right ribboning of (f0, f1), and

x y ∼ w y

f0

f1

g0

g1

if (g0, g1) is a left ribboning of (f0, f1). There is an equivalence relation on the set of simple,

tight triples defined similarly.

Definition C.5.1 A gap of width ` in X is an equivalence class under ribboning of simple,

tight pairs of arrows at distance ` > 0, all of whose representatives are adjacent pairs.

C.6 Homology in positive gradings

We are now equipped to prove the main theorem.

Theorem 6.7.1 Let X be a metrically enriched category. In real grading 0, the magnitude

homology of X is naturally isomorphic to the homology of its underlying ordinary category:

MH0
• (X) ∼= H•(X).

In real gradings ` > 0, the first three magnitude homology groups are given by

MH`
k(X) ∼=

0 k = 0, 1

Z · {gaps of width ` in X} k = 2.
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The characterization in grading ` = 0 was established in Section C.4, and in Section C.5 we

observed that MH`
0(X) = MH`

1(X) = 0 for ` > 0. It remains to characterize MH`
2(X) using

the isomorphism

MH`
2(X) ∼= Hv

1H
h
1C(MB`(X)).

Write C = C(MB`(X)). We must first take horizontal homology at C12, C11 and C10, and

then take homology of the induced vertical complex at Hh
1C•1.

Proposition C.6.1 Let T be the set of equivalence classes of simple, tight triples under left

and right ribboning. Then Hh
1C•2

∼= Z · T .

Proof. Since C02 = 0, we will have

Hh
1C•2

∼= C12/im(∂h22)

where ∂h22 : C22 → C12 is the horizontal differential in row 2. (I will suppress the subscript on

the differential where it is unlikely to cause confusion.)

A generator of C22 is a diagram of the form

G = x y z

f0

f1

f2

g0

g1

g2

for which d(f0, f1) + d(f1, f2) + d(g0, g1) + d(g1, g2) = `. The horizontal differential on C22 is

given by ∂h = δ0 − δ1 + δ2 where

• δ0 discards the object x and the maps f0, f1, f2, mapping G to the triple (g0, g1, g2) if this

preserves the sum of the distances (i.e. d(g0, g1) + d(g1, g2) = `) and mapping it to zero

otherwise.

• δ1 discards the object y, mapping G to the triple of composites (g0f0, g1f1, g2f2) if this

preserves the sum of the distances, and to zero otherwise. Since composition is distance-

decreasing, δ1 6= 0 if and only if

d(g0f0, g1f1) = d(f0, f1) + d(g0, g1) and d(g1f1, g2f2) = d(f1, f2) + d(g1, g2).

• δ2 discards the object z and the maps g0, g1, g2, mapping G to the triple (f0, f1, f2) if this

preserves the sum of the distances, and to zero otherwise.

If at least one of the distances on each side of y is nonzero (i.e. we don’t have either

f0 = f1 = f2 or g0 = g1 = g2) then discarding either the object x or the object z will reduce

the sum of the distances, so the face maps δ0 and δ2 both send the generator G to zero. The

horizontal differential, then, is given in this case by ∂h = −δ1; explicitly, it acts by

∂h(G) =


−(g0f0, g1f1, g2f2) if d(g0f0, g1f1) = d(f0, f1) + d(g0, g1)

and d(g1f1, g2f2) = d(f1, f2) + d(g1, g2)

0 otherwise.

This tells us that if (h0, h1, h2) has a proper distance-preserving factorization
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(f0, f1, f2, g0, g1, g2), then (h0, h1, h2) = −∂h(f0, f1, f2, g0, g1, g2). So every splittable

triple is a horizontal boundary.

On the other hand, suppose f0 = f1 = f2 = f . As the sum of the four distances in G is

assumed to be strictly positive (we are in grading ` > 0), at least one of d(g0, g1) and d(g1, g2)

must be nonzero. In this case removing the object x preserves the sum of the distances, while

removing z reduces it, so the differential is given by ∂h = δ0 − δ1. It acts by

∂h(G) =

(g0, g1, g2)− (g0f, g1f, g2f) if f is a ribbon for (g0, g1) and (g1, g2)

(g0, g1, g2) otherwise.

The first line says that if a triple (g0, g1, g2) of arrows y → z possesses a left ribbon f , then

the difference (g0, g1, g2) − (g0f, g1f, g2f) is a horizontal boundary. The second line says that

if there exists some f : x → y which tightens at least one of the pairs (g0, g1) or (g1, g2), then

(g0, g1, g2) itself is a boundary.

If g0 = g1 = g2 = g, by similar reasoning we have

∂h(G) =

(f0, f1, f2)− (gf0, gf1, gf2) if g is a ribbon for (f0, f1) and (f1, f2)

(f0, f1, f2) otherwise.

Combining this with the previous observation, we see that every loose triple is a horizontal

boundary.

To take the quotient of C12 by the image of ∂h, we can first discard those generators which

are loose or splittable, then quotient by the boundaries

{
(f0, f1, f2)− (g0, g1, g2)

∣∣ (g0, g1, g2) is a left or right ribboning of (f0, f1, f2)
}
.

Hence, as claimed, Hh
1C•2 is isomorphic to the free abelian group on the set of equivalence

classes of simple, tight triples under left and right ribboning.

The computation of horizontal homology at C11 is very similar. We find:

Proposition C.6.2 Let P be the set of equivalence classes of simple, tight pairs under left and

right ribboning. Then Hh
1C•1

∼= Z · P .

To complete the proof of the main theorem, we take vertical homology.

Proof of Theorem 6.7.1. Since Hh
1C•0 = C10 = 0, we will have

Hv
1H

h
1C
∼= Hh

1C•1/im(Hh∂v12)

where Hh∂v12 : Hh
1C•2 → Hh

1C•1 is induced on (horizontal) homology by the vertical differential

∂v12 : C12 → C11. That differential is given on generators by

∂v12(f0, f1, f2) =

(f0, f2) if f1 is strictly between f0, f2

0 otherwise.

The image of Hh∂v12 is thus spanned in Hh
1C•1 by those equivalence classes (elements of the

set P ) which have some representative that is a non-adjacent pair. Taking vertical homology

leaves as generators those classes all of whose representatives are adjacent pairs.
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Appendix D

Magnitude homology is a left

Kan extension

D.1 Introduction

Throughout this appendix, unless stated otherwise, all metrics are real-valued, separated and

symmetric. In other words, metric spaces in this appendix are traditional metric spaces. Met

denotes the category of metric spaces and short maps, and Paths denotes the full subcategory

whose objects are ‘straight paths’, as introduced in Definition 7.2.1. Our goal is to prove the

following theorem.

Theorem 7.2.2 Let I : Paths ↪→Met be the inclusion. For every metric space X,

LanI(MH|Paths)(X) ∼= MH(X).

The proof proceeds as follows. Since Paths is small and AbR+ is cocomplete, we can

compute the left Kan extension of MH|Paths along I pointwise: for a metric space X, it is

given by the formula

LanI(MH|Paths)(X) ∼= colimP→XMH|Paths(P ) (D.1)

where the colimit is taken over the slice category Paths ↓ X. (Chapter 6 of Riehl’s textbook

[65] gives an introduction to the theory of Kan extensions; the colimit formula is given in

Theorem 6.3.7.)

Meanwhile, since Ab is an AB5 category—in particular, filtered colimits of exact sequences

in Ab are exact—the same is true of AbR+ . Exact functors preserve homology, so in an AB5

category filtered colimits preserve homology. Thus, if we can show that Paths ↓ X is filtered

we will be able to compute the colimit on the right of (D.1) as

colimP→XMH|Paths(P ) ∼= H(colimP→XMC|Paths(P )) ∼= H(LanI(MC|Paths)(X)). (D.2)

The strategy, then, is to show first that Paths ↓ X is filtered—this is the main subject of

Section D.2—and then that the left Kan extension of MC|Paths along I is isomorphic to the

magnitude chain complex; this is the subject of Section D.3.

167



D.2 The category of straight paths

We begin by describing the slice category Paths ↓ X. We will make use of the surjective-on-

objects functor

R :
∐
n∈N

[0,∞]n → Paths

defined as follows: for each d = (d1, . . . , dn) the space R(d) has n + 1 points p0, . . . , pn, with

d(pi, pj) =
∑j
k=i+1 dk. (Here, the domain of R is the coproduct of all finite powers of the poset

[0,∞]; there is a morphism (d1, . . . , dn)→ (d′1, . . . , d
′
m) if and only if m = n and d′i ≤ di for each

i. Note that this is not an equivalence of categories: the functor R is not full. In particular,

morphisms in Paths need not be order-preserving.)

Given any metric space X, an object of Paths ↓ X is a short map P
f−→ X where P = R(d)

for some d = (d1, . . . , dn). That is, it’s a path f = (f(p0), . . . , f(pn)) in X, not necessarily

non-degenerate, such that d(f(pi−1), f(pi)) ≤ di for each i. A morphism in Paths ↓ X from

(P, f) to (Q, g) is a commuting diagram of short maps

P Q

X

f

h

g

We refer to the objects of Paths ↓ X as paths over X. It will be crucial to the proof of the

main theorem that to every path in X we can associate a canonical path over X, as follows.

Definition D.2.1 Given a path x = (x0, . . . , xn) in X, define dx ∈ [0,∞]n by (dx)i =

dX(xi−1, xi) and let Sx = R(dx). The space Sx is the straightening of the path x: it

has n + 1 points (x0, . . . , xn) with d(xi, xj) =
∑j−1
k=i dX(xk, xk+1) whenever i ≤ j. There is a

short map Sx
b−→ X given by b(xi) = xi for each i ∈ {0, . . . , n}.

Recall that a category C is said to be filtered if three conditions hold: C is nonempty; for

every pair of objects c, c′ in C there exists in C a third object d and morphisms c → d and

c′ → d; and for every pair of parallel morphisms u, v : c ⇒ c′ in C there exists in C a third

object d and a morphism w : c′ → d such that wu = wv.

Lemma D.2.2 Let X be a nonempty metric space. Then Paths ↓ X is a filtered category.

Proof. First, since X is nonempty, Paths ↓ X is nonempty too.

Suppose we are given two paths over X, say P
f−→ X and Q

g−→ X, where P = (p0, . . . , pn)

and Q = (q0, . . . , qm). Let P f�gQ denote the straight path

(p0, . . . , pn, q0, . . . , qm)

in which for each i ∈ {0, . . . , n − 1} the distance from pi to pi+1 is that in P ; for each j ∈
{0, . . . ,m− 1} the distance from qj to qj+1 is that in Q; and the distance from pn to q0 is the

distance in X from f(pn) to g(q0). There is a path P f�gQ
f∗g−−→ X given by f ∗ g(pi) = f(pi)

for i ∈ {0, . . . , n} and f ∗ g(qj) = g(qj) for j ∈ {0, . . . ,m}, which fits into a commuting diagram

of short maps

P P f�gQ Q

X

ιP

f
f∗g

ιQ

g

168



This says that the inclusions ιP and ιQ give morphisms in Paths ↓ X from (P, f) and (Q, g),

respectively, to (P f�gQ, f ∗ g).

Given parallel morphisms h, k : (P, f)⇒ (Q, g) we can consider the diagram

P Q Sg

X

h

k

f
g

g

b

where the map g is defined, for each q ∈ Q, by g(q) = g(q) (using the notation of Defini-

tion D.2.1). The triangle on the right commutes trivially, so g is a morphism of paths over X,

and we have, for each p ∈ P , that

g(h(p)) = g(h(p)) = f(p) = g(k(p)) = g(k(p)).

Thus g ◦ h = g ◦ k, completing the proof that Paths ↓ X is filtered.

D.3 Extending from straight paths to metric spaces

The goal now is to prove that LanI(MC|Paths)(X) ∼= MC(X) for every metric space X. Since

AbR+ is cocomplete, we can compute the value of the left Kan extension at X as

LanI(MC|Paths)(X) = colimP→XMC|Paths(P ) (D.3)

where the colimit is taken over Paths ↓ X. If X is empty, the slice category is also empty, so

in this case

LanI(MC|Paths)(X) = 0 = MC(X).

It remains to show that we also have LanI(MC|Paths)(X) ∼= MC(X) for nonempty X.

Proposition D.3.3 will describe the chain groups in LanI(MC|Paths)(X); the boundary op-

erator will be described in Proposition D.3.4. In Proposition D.3.4 we construct an isomorphism

between LanI(MC|Paths)(X) and MC(X), and from there we can conclude the proof of the

main theorem.

Definition D.3.1 Given a metric space X and a path x = (x0, . . . xn) in X, write

L(x) =

n−1∑
i=0

d(xi, xi+1).

Given a short map X
f−→ Y , write f(x) for the path (f(x0), . . . , f(xn)) in Y . If L(f(y)) = L(y),

we say f preserves the length of y.

Definition D.3.2 Given a metric space X, let Paths`n(X) denote the set of pairs (P
h−→ X,p)

where P is an object of Paths, p is a non-degenerate n-path of length ` in P , and h is a short

map which preserves the length of p.

Proposition D.3.3 Let X be a nonempty metric space. LanI(MC|Paths)(X) ∈ Ch(AbR+) is

freely generated for ` ∈ R+ and n ∈ N by equivalence classes of elements in Paths`n(X) under

the relation generated by

(P
h−→ X,p) ∼ (Q

g−→ X,q) (D.4)
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if there exists a short map P
f−→ Q such that h = g ◦ f and q = f(p).

(The statement of Proposition D.3.3 is vacuously true for empty X, but we will not use that

fact.)

Proof. When X is not empty, the colimit on the right of (D.3) is given in homological degree n

and length grading ` by the coequalizer of a diagram of this form:

α, β :
⊕

P X

Q

f

MC`n(P )⇒
⊕

P X

MC`n(P ). (D.5)

The domain in (D.5) is the abelian group freely generated by pairs (P
f−→ Q,p) where

f is a morphism in Paths ↓ X and p is a non-degenerate n-path of length ` in P . The

map α is induced by the identities MC`n(P ) → MC`n(P ), while β is induced by the maps

MC`n(f) : MC`n(P ) → MC`n(Q). That is, given a generator (P
f−→ Q,p) in the domain, we

have

α(P
f−→ Q,p) = (P → X,p)

and

β(P
f−→ Q,p) =

0 if L(f(p)) < `

(Q→ X, f(p)) if L(f(p)) = `.

The coequalizer, then, is the quotient⊕
P→X

MC`n(P )/R (D.6)

where R is the subgroup generated by the union of

(i) every generator (P
h−→ X,p) for which there exist short maps Q

g−→ X and P
f−→ Q such

that h = gf and L(f(p)) < `; and

(ii) every difference of generators (P
h−→ X,p) − (Q

g−→ X,q) for which there exists some

short map P
f−→ Q such that h = g ◦ f and q = f(p) (in which case, by necessity,

L(f(p)) = L(p) = `).

The condition in (i) holds for (P
h−→ X,p) if and only if L(h(p)) < L(p). Indeed, if the

condition in (i) holds, then for some j ∈ {0, . . . , n− 1} we have

d(pj , pj+1) > d(f(pj), f(pj+1)) ≥ d(gf(pj), gf(pj+1)) = d(h(pj), h(pj+1))

and so L(h(p)) < L(p). On the other hand, if L(h(p)) < L(p) we can take Q = Sh(p) and

consider the map h : P → Sh(p) as defined in the proof of Lemma D.2.2.

Thus, taking the quotient in (D.6) discards generators (P
h−→ X,p) such that h does not

preserve the length of p. Identifying those remaining generators whose difference appears in

(ii) imposes the equivalence relation.
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Proposition D.3.4 Let X be a nonempty metric space. The boundary operator on

LanI(MC|Paths)(X) is dn =
∑n−1
i=1 (−1)iδi where δi acts on generators by

δi[(h,p)] =

[(h, (p0, . . . , p̂i, . . . , pn))] if h(pi) is between h(pi−1) and h(pi+1) in X

0 otherwise.

Proof. The boundary operator is dn =
∑n−1
i=1 (−1)iδi where each δi is induced by the diagonal

map in a diagram of the form below, via the universal property of the coequalizer.

⊕
P→QMC`n(P )

⊕
P→XMC`n(P ) LanIMC`n(X)

⊕
P→QMC`n−1(P )

⊕
P→XMC`n−1(P ) LanIMC`n−1(X)

α

β⊕
δPi

u

⊕
δPi δi

α

β

u

Here, each map δPi is the ith face map in MC`n(P ). The maps u are the maps effecting the

quotient: they act on generators (P
h−→ X,p) of

⊕
P→XMC`n(P ) by

u(h,p) =

([(h,p)] if L(h(p)) = L(p)

0 otherwise.

For the rest of this proof, fix an index i ∈ {1, . . . , n− 1}. Given p = (p0, . . . , pn) we will write

p̂ = (p0, . . . , p̂i, . . . , pn).

Let [(P
h−→ X,p)] be a generator of LanI(MC|Paths)

`
n(X). Since (h,p) represents a gener-

ator in the coequalizer, we know that L(h(p)) = L(p). Suppose L(p̂) = L(p). Then

δi([h,p]) = u(h, δPi (p))

=

[(h, δPi (p))] if L(h(p̂)) = L(p̂)

0 otherwise

=

[(h, δPi (p))] if L(h(p̂)) = L(p) = L(h(p))

0 otherwise

=

[(h, δPi (p))] if d(h(pi−1), h(pi+1)) = d(h(pi−1), h(pi)) + d(h(pi), h(pi+1))

0 otherwise

as claimed.

Now suppose L(p̂) < L(p). Then

L(ĥ(p)) = L(h(p̂)) ≤ L(p̂) < L(p) = L(h(p))

where ĥ(p) denotes the path (h(p0), . . . , ĥ(pi), . . . , h(pn)) in X, so we must have

d(h(pi−1), h(pi+1)) < d(h(pi−1), h(pi)) + d(h(pi), h(pi+1)). And indeed, in this case

δi([h,p]) = u(h, δPi (p)) = u(h, 0) = 0

since L(p̂) < L(p) implies that δPi (p) = 0.
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Proposition D.3.5 For every metric space X there is an isomorphism

LanI(MC|Paths)(X) ∼= MC(X).

Proof. We have already seen that the claim holds when X is empty—so, suppose X is nonempty.

The straightening construction (Definition D.2.1) lets us define a map

S : MC(X)→ LanI(MC|Paths)(X)

x 7→ [(Sx
b−→ X,x)]

where, on the right, x is regarded as a path in Sx. By definition of straightening, this map

respects the length grading. And it is a chain map, too, by inspection of the boundary operator

described in Proposition D.3.4.

To see that the map S is injective, observe that if (P
h−→ X,p) is equivalent to (Q

g−→ X,q)

under the relation in (D.4), then h(p) = g(q) as paths in X: it’s enough to check this on

the pairs generating the relation, for which it follows from the existence of P
f−→ Q such that

q = f(p) and h = g ◦ f . Thus, if two generators x and x′ in the domain of S are such that

[(Sx
b−→ X,x)] = [(Sx′

b′−→ X,x′)],

the paths x and x′ must coincide in X.

To see that S is surjective, take any nonzero class in the codomain and choose a represen-

tative, say (P
h−→ X,p). I claim that [(P

h−→ X,p)] = S(h(p)). Indeed, defining h : Sp → Sh(p)

in the obvious way, the diagram

P

Sp X

Sh(p)

hb

h b

commutes, witnessing that the pairs (P
h−→ X,p) and (Sh(p) → X,h(p)) are both equivalent to

the composite (Sp → X,p). This proves the claim.

We are ready now to prove the main theorem.

Theorem 7.2.2 Let I : Paths ↪→Met be the inclusion. For every metric space X,

LanI(MH|Paths)(X) ∼= MH(X).

Proof. Since Paths is small and AbR+ is cocomplete, we can compute the left Kan extension

of MH|Paths along I pointwise—for each metric space X it is given by the formula

LanI(MH|Paths)(X) ∼= colimP→XMH|Paths(P ) (D.7)

where the colimit is taken over the category Paths ↓ X. If X is empty then the colimit on the

right is empty, so LanI(MH|Paths)(X) = 0 = MH(X), as claimed.
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Suppose X is nonempty. Then Paths ↓ X is filtered (by Lemma D.2.2), and as homology

commutes with filtered colimits in AbR+ we can compute (D.7) as

H(colimP→XMC|Paths(P )) ∼= HLanI(MC|Paths)(X) ∼= H•(MC(X)) = MH(X)

where the second isomorphism is granted by Proposition D.3.5.
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[21] A. Deleanu and P. Hilton. On the general Čech construction of cohomology theories. Symposia

Mathematica 1st. Naz. di Alt. Mat :193–218, 1970.

[22] J. Duskin. Simplicial matrices and the nerves of weak n-categories I: Nerves of bicategories.

Theory and Applications of Categories, 9:198–308, 10, 2002.

[23] G. J. Ellis. Homology of 2-types. Journal of the London Mathematical Society, 46:1–27, 1992.

[24] G. B. Folland. Real Analysis. John Wiley & Sons, New York, second edition, 1999.

[25] B. Fong and D. Spivak. Regular and relational categories: Revisiting ‘Cartesian bicategories I’.

Preprint arXiv:1909.00069, 2019.

[26] H. Gimperlein and M. Goffeng. On the magnitude function of domains in Euclidean space. Amer-

ican Journal of Mathematics, 143:939–967, 2021.

[27] H. Gimperlein and M. Goffeng. The Willmore energy and the magnitude of Euclidean domains.

Proceedings of the AMS, to appear. Available at arXiv:2109.10097.

[28] H. Gimperlein, M. Goffeng, and N. Louca. The magnitude and spectral geometry. Preprint

arXiv:2201.11363, 2022.

[29] K. Gomi. Magnitude homology of geodesic space. Preprint arXiv:1902.07044, 2019.

[30] K. Gomi. Smoothness filtration of the magnitude complex. Forum Mathematicum, 32:625–639,

2020.

[31] A. Gonzalez, G. Necoechea, and A. Stratmann. Euler characteristic for weak n-categories and

(∞, 1)-categories. Preprint arXiv:1507.06623, 2015.

[32] M. Gromov. Metric Structures for Riemannian and Non-Riemannian Spaces. Birkhäuser, Boston,
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