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Exercise 3.1. For any (t, x) ∈ [0, T ]× R, define the stochastic process (Xt,x
s )s∈[t,T ] as

Xt,x
s = x+Ws −Wt .

Let Et,x[ · ] := E[ · |Xt = x]. Define a function v = v(t, x) as

v(t, x) = Et,x
󰀅
g
󰀃
XT

󰀄 󰀆
∀ (t, x) ∈ [0, T )× R .

Assume that v ∈ C1,2([0, T )×R) and that
󰀃
∂xv(s,Ws)

󰀄
s∈[t,T ]

∈ L2([0, T ]×R). Show that

∂tv +
1

2
∂xxv = 0 on [0, T )× R ,

v(T, ·) = g on R .

Hints:

i) Apply Itô formula to the function v and process Xt,x.

ii) Take expectation. The condition
󰀃
∂xv(s,Ws)

󰀄
s∈[t,T ]

∈ L2([0, T ]×R) ensures stochastic
integral is a martingale and so it will dissapear under expectation.

iii) Convince yourself that the PDE must hold.

Exercise 3.2. For any (t, x) ∈ [0, T ] × R, define the stochastic process (Xt,x
s )s∈[t,T ] as

the solution to the SDE

dXt,x
s = b(Xt,x

s ) ds+ σ(Xt,x
s ) dWs, ∀ s ∈ [t, T ], Xt = x.

Let Et,x[ · ] := E[ · |Xt = x]. Define a function v = v(t, x) as

v(t, x) = e−r(T−t)Et,x
󰀅
g
󰀃
XT

󰀄 󰀆
∀ (t, x) ∈ [0, T )× R .

Assume that v ∈ C1,2([0, T )×R) and that
󰀃
e−rsσ(s,Xs)∂xv(s,Xs)

󰀄
s∈[t,T ]

∈ L2([0, T ]×R).
Show that

∂tv + b∂xv +
1

2
σ2∂xxv − rv = 0 on [0, T )× R ,

v(T, ·) = g on R .
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