Stochastic Control and Dynamic Asset Allocation
MATH11150 Solutions and comments May 2018

Throughout the examination paper we will assume the existence of a suitable probability
space (2, F,P). Results proved in the lectures may be used without further justification unless
the question is asking specifically for the proof of a particular result.

1.
a) We consider the standard Black—Scholes model: a risk-free asset B given by
dBy =rBydt, By=1
and a risky asset S given by
dSy = uSydt + oSy dW,, Sy > 0 fixed.

Here W is a Wiener process and r, u and o are real constants with ¢ > 0. Fix T" > 0. An
investor, with initial wealth Xy = = > 0 selects among strategies v that are constants and
represent fraction of the wealth invested in the risky asset. The investor seeks to maximise his
expected utility at time T for U given by

U(r) =Inz, x> 0.

The optimization problem can be written as

u(zr) = IsjggE[U(X%) ’Xo = m] .

(i) Derive the SDE satisfied by the portfolio value process X = X". [2 marks]

(ii) Show that there is a risk neutral measure for this model and identify the expression for
the “market price of risk”, denoting it A. [4 marks]

(iii) The deflator is
Y, =exp(—rt— INt—AW,).

Let v be an admissible strategy and X the corresponding wealth process. Show that

t
X,Y; =z + / X,Yi(vo — \)dW, .
0

[4 marks]
(iv) Use duality theory to identify the optimal wealth random variable X7, the optimal wealth
process (X¢)seo,7) and U [8 marks]

b) Let W be an R?-valued Wiener process, let (Ft)tefo,r) be generated by W. Let v = 7 be an
adapted, bounded process. Let £ be Fp-measurable s.t. E¢? < co. Find an explicit solution to

dY, =y dt + Z,dW, te[0,T), Yr=¢. (1)

[7 marks]

Comment: This is the easiest question as everything asked has been covered in class. a) Is
optimization using duality theory with a little bit of the background thrown in. It is broken down
into steps so that students can hopefully collect many marks (all covered in class). b) is standard
example of how to obtain solutions to linear BSDEs using martingale representation (covered in
class).



Stochastic Control and Dynamic Asset Allocation
MATH11150 Solutions and comments May 2018

Solution:

a) 1) The equation of the wealth is given by

VXt (]. - V)Xt
dXy = —dSy + —————dB
t S, t T+ B, t
=Xt [(p—r)v+r] dt+veX,dW, Xo =z,
[2 marks]
ii) We need the process £ to be a martingale. We can calculate that d(1/B;) = —r(1/B) dt

and so
d(5) = Spd( ) + £:dSe = 2+ [(u—r) dt + o dW,] .

Taking W := W, + At we have
d(2t) = ‘g—tt (,u—r—o)\)dt—FUdWé@} .

Take A = (1 — r)o~! and Q given by

d
d% := Ap, where Ay :=exp(—A\W; — %)\Qt).

Then from e.g. direct calculation we have E [%] = 1 and so by Girsanov’s theorem W@

is a Wiener process under Q and so % is a Q-martingale. We have the market price of risk

A= (u—r)o L [4 marks]
iii) Let Ay :=E [%U—}]. The deflator is

A
Y = gt =exp(—rt— A\t — AW,).
t

We can calculate
Lo Lo
Ay =Y | —r — §>\ dt—)\Ytth—F§)\ Y, dt
SO
dY; = —rYidt — XY, dW, .
Then from product rule we have
d( X Y1) = = AX Y dWy + X Yi(p — r)vdt +vo XY, dWi — (p— r)o tvo X, Y,dt
= X;Y; [vo — A dW;.

Integrating, we get the desired expression. [4 marks]

iv) For a wealth process X” and a control v the optimization problem can be written as

u(zr) = supIE[U(X;) ’XO = m}, U(z) =Inz.
veR

We have: 1
U(z) =Inz, Ul(x) = 2’ I(y) == (U/)_l(y) =

Using the theory from class, the optimal wealth random variable is X7 = I (yY7) with
I(-) as defined above for U and the number y is determined by the Lagrangian condition
E[YTXT] = E[YTI(yYT)} =Ty <= X(y) = Xg.
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Hence,

S 1 1 1
Xr=I1(yYr) = — d X = S EYr—]| =20 & — = 0.
T (y T) ne an (Z/) Zo [ TyYT] Zo y To

The optimal wealth at time t = T is given by

= 1 i)
Xp=I(yYy) = — = 20
r=I(yYr) N Yy

and the optimal wealth process ()?t)te[O,T] is given by

~ 1 > o
X = —E[Yr X | F] = — te(0,T].
t =y Y7 X, | F] v € [0,T]

t t

By construction, the wealth dynamics is characterized by the SDE
~ t ~
XYy =20 + / X Ys(vio — \)dW,
0

with the budget constraint E[Y7X7] = zo (since the market is complete). The optimal
strategy is given by v = /o as to cancel out the stochastic integral.

f—/OT’Yt]:t]-

We see that X is a martingale and so there is unique Z such that dXt = Zt AWy, X = é due
to the martingale representation theorem. [2 marks]

Let X; = X, + fot vsds and Z = Z. Then dX; = dX, + ydt = Z, dW, + v dt and moreover
X7 = £ so this solves the desired BDSE. We can write the solution as

£ — /tT% ds‘}}] .

[8 marks]

b) Take £ := £ — fOT v dt. Let

X, =E [ém} =E

[3 marks]

X, =E

[2 marks]
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2. We consider the standard Black—Scholes model: a risk-free asset B and a risky asset S given
by

B; :=exp(rt) and S; := Syexp ((u — %02) t+ UWt) .
Here W is a Wiener process and r, u and o are real constants with o > 0. Fix T" > 0. We will
consider the optimal investment problem with X denoting the portfolio value at time s > ¢ and
X¢ = 2 > 0. There will be no cash injections and no consumption. Let v = (1);e[0,77 be the

fraction of portfolio value invested in the risky asset. We will assume that E ftT v2ds < oo and
that v is adapted to the filtration generated by W. For such v we write v € U.

a) Derive the SDE satisfied by the portfolio value process Xy = X7, [4 marks]
b) Show that X, = X»%* > 0 for all s € [t,T] if X,""* =z > 0. [4 marks]

¢) Consider the control problem

v(t,z) :=supE [ln(X;’t’m)] . (2)
veu
Write down the Bellman PDE that the function v must satisfy. [4 marks]

d) Show that the equation has a solution v(t,x) = A(t)In(Bz) + v(t) with X\, € C*([0,T]) and
A > 0. Write down the A, v and the optimal control explicitly. [6 marks]

e) Use the verification theorem to prove that the v above and the optimal control you identify are
indeed the solution to the optimal control problem (2). [7 marks]

Comment: Parts a) and b) have been seen (a number of times). Parts ¢), d) and e) follow
Merton’s problem solution using Bellman PDFEs students have seen in the course. The logarithmic
utility function is one we haven’t looked at explicitly, but since the “guess” solution the Bellman
PDE is given, this should be straightforward.

The process XV is the same as in Question 1 but the starting point is a bit different. Anyway,
this is a happy coincidence which should let weaker students collect some easy marks.

Solution:

a) We calculate (It6 formula) that dB; = rB; dt and dS; = St dt + oSy dW;. We then have (with
1 being the number of units of risky asset we hold)

Xt — S
B,

1 X, - X
AB, = 1, X, — dS, + =L _ "2t g, .
t

dXt - wt dSt + S B
t

So
dXt = Xt [(/L - T)Vt + 7"] dt + I/tXtO' th .

[4 marks]

b) We can guess the solution (since it’s in the familiar form) and so

t t
X, =zexp / ((u—r)us—Fr— %VEO’Q) ds+/ ve o dW,
0 0

=Y,
But we now must check that this is indeed the solution:
dY; = ((/J -yt r— %VEUQ) dt + viodW, .

Applying It6 formula to y — e¥ and the process Y we see that X is indeed a solution to the
wealth process equation. Since z > 0 and e¥ > 0 for all y we have X; > 0 for all t. Note that
using Ité formula for logarithm (for anything other than an educated guess) is not valid because
such step already assumes that X; > 0. [4 marks]
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O + sgp %02u2x28mv +z[(p—r)u+r]0yv| =0 on [0,T) x (0,00)
v(T,z) =lnx Yz >0.
The domain has to be specified to get full marks. [4 marks]
With the ansatz we have v = N () Inx + v/ (t), dpv = A(t)x ™1, Oppv = —A(t)z~2. So we get

N Inx ++'(¢ )+51‘£ [—10W®A(t) + A(t) (p—r)u+7)] =0.

The function u — —30%u?A(t) + A(t) ((w — r)u + ) is maximized (calculus and concavity)
when
L=

o2

’EL =

Hence

N(t)Inz ++/(t) + A(t) [-20@® + (w—r)a+7] =0.
Collecting terms involving In z and those without we get:

N(#t)=0, M(T)=1 so A\(t) =1 forall ¢t €[0,T]

and

v(t) = 30%0* — (u—r)i—r=:T(o,p,7), ¥(T)=0.
Integrating this we get v(t) = —(T — t)I". So v(t,z) =lnx — (T — t)T. [6 marks]

We have established that v(t,

t,x) = Inz — (T — t)T solves the Bellman PDE. Moreover the
Markovian optimal control 4(t, x

) = 5" is constant and hence certainly measurable.
[2 marks]

The wealth equation with the optima control is
dX; = Xy [(u— )+ 7] dt + aX,0 dW; .

This is a linear SDE with Lipschitz coefficients so it has unique solution which moreover has
all the moments when started from deterministic initial value. [2 marks]

- [3

This is a martingale (Wiener process is) and so the verification is complete, the constant
strategy 4 is optimal and the optimal value for this control is v. [3 marks]

‘We consider

= UO’(Wt/ Wt) .
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3. Let W be a real valued Wiener process generating a filtration (F;). Consider X; = X"
taking values in R given by

dX, = [HH)X, + M(t)oy] dt + o(t)dW, for t € [0,T], Xo ==,

where H, M and o are bounded deterministic functions of ¢t. The aim will be to maximize
T
J(z) :=E / [C(t)(X7)? 4+ D(t)af] dt + R(X$")?
0

over all adapted processes « such that E fOT a?dt < oo (we will call these admissible). We will
assume that C' and D are integrable deterministic functions of ¢ and R a real constant with
C=C(t)<0,R<0and D= D(t) < —6 < 0 with some constant § > 0.

a) Write down the Hamiltonian (¢,z,a,y, z) — Hi(x,a,y, z) for this problem and explain why it
is concave and differentiable as a function of (x,a) for all ¢,y, 2. [3 marks]

b) Write down the adjoint BSDE. [2 marks]

c) Use Pontryagin’s maximum principle to show that the optimal control & and the adjoint BSDE
(Y, Z) associated with this control process must satisfy

M(t)

Y, fi 1.
2D(t) + OI‘tE[O, ]

ap = —

[3 marks]

d) Inspecting the terminal condition for the adjoint BSDE leads us to “guess” that we should
have Y; = 25(t) X, for some S € C1([0,T]) with S(T) = R. Derive the ordinary differential
equation for S. [7 marks]

e) Hence show that
T
J%(z) = S(0)z? —I—/ S(t)o?(t) dt .
0
[10 marks]

Comment:  This is deliberately a more difficult question. Parts a), b) and c) are not hard
but do not bring many marks. Parts d) and e) were not seen before in the context of BSDFEs
and Pontryagin’s mazimum principle. We solved the linear-quadratic control problem using HJB
equation during the course but this isn’t of much immediate help.

Solution:
a) The Hamiltonian is
Hy(z,a,y,2) = H{t)xy+ M(t)ay + o(t) z + C(t) 2* + D(t) a®.

We see that as function of (a,z) it is a sum of linear and quadratic functions and hence
differentiable. Moreover since C' < 0 and D < 0 we see that it is concave. [3 marks]

b) The adjoint BSDE for an admissible control process « is
dY = —[H@)Y,> +2C () X] dt + Z dWy for t € [0,T), Y5 =2RXT.

[2 marks]
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c) Note that  — Rx? is concave (since R < 0) and so the Pontryagin’s maximum principle
applies. If & is the optimal control, X is the associated diffusion and (Y, Z) is the solution to
the adjoint BSDE for & then the maximum principle says that

Ht(Xt,@t, Y;s, Zt) = T;Iélﬁéth(Xta a, Y;s, Zt) .
In this case the maximum is achieved when (Hamiltonian is quadratic in a with negative leading
coefficient so we just differentiate w.r.t. @ and see for which value this is 0):
0= M(t)Y; +2D(t)a

i.e.

M(@t) .
2D(1)

d = — t -
[3 marks]

d) Since our guess is that Y; = 25(t) X, we have, due to Itd’s formula

¥ ! % % U M2 (t)s2 (t) %
[3 marks]
On the other hand the adjoint equation for Y gives
Y, = — [H(t)f/t 20X, dt + Z,dw, .
Since both must hold we get that Z; = 25(¢)o(t) and that
2M2(t
S'(t) = D(t() )SQ(t) —2S(t)H(t) — C(t) for t €10, T), S(T)=R.
[4 marks]
e) The optimal control is &; = —%S(zﬁ)f(t and hence the equation for X is
N M?2(t) N
dXy = |H(t) X, — D{t) S(t)X¢| dt+ o(s)dWy for t €[0,T], Xo==x.

This linear SDE clearly has unique solution and all the moments are bounded. We also have

J@) = E l /0 ' (C(t)f(f _ M) 52(15)5(3) dt + RX2 (3)

D(t)

[3 marks]
‘We observe that
o I P 1o o 1o o 1. 1 (T .
RX: =S(T)X7: = §YTXT = §YTXT - §Y0X0 + §Y0X0 =3 dY; X)) +S0)z. (4)
0

Moreover

d(YtXt) ZQS(t)Xtht + Xtdi/;t + dﬁ:dXt
2
=2S(t)H (t)X? dt + ]\l/[)(g)Sz(t)Xf dt +28(t) X, o (t) dW;

—2S()H(t) X2 dt — 20 () X2 + 25(t)o (t) X, dW; + 2S(t)o?(t) dt .

[3 marks]

We now substitute (5) into (4) and use this in (3) to see that most terms cancel and

/ ' S(t)o?(t) dt + ' 25 (t)o () Xy dWy + S(0) 22| .
0 0

Jz)=E
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Since the solution of the SDE for X has all moments bounded we have
T X T
E/ 452 ()o*(H) X2 dt < N/ EX?dt < Np < 0.
0 0
The stochastic integral is a martingale and so

T
J%(z) = S(0)2? +/O S(t)o?(t)dt.

May 2018

[4 marks]




