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Abstract We are interested in the strong convergence of Euler-Maruyama type ap-
proximations to the solution of a class of stochastic differential equations models
with highly nonlinear coefficients, arising in mathematical finance. Results in this
area can be used to justify Monte Carlo simulations for calibration and valuation.
The equations that we study include the Ait-Sahalia type model of the spot interest
rate, which has a polynomial drift term that blows up at the origin and a diffusion
term with superlinear growth. After establishing existence and uniqueness for the so-
lution, we show that an appropriate implicit numerical method preserves positivity
and boundedness of moments, and converges strongly to the true solution.
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1 Introduction

Ait-Sahalia [1] investigated several continuous-time interest rate models empirically.
He tested parametric models by comparing their implied densities with the density
estimated nonparametrically. In application to Eurodollar interest rates, he rejected
all existing univariate linear drift models. This led to the proposal of a new class of
highly nonlinear stochastic differential equations (SDEs) to model interest rates.

Subsequent studies supported the observations made by Ait-Sahalia. Stanton [21],
using nonparametric kernel regression, also found significant nonlinearities in spot
rate data. Some authors [3, 7] pointed out that the Ait-Sahalia test has poor finite
sample performance because of persistent dependence in interest rate data and slow
convergence of the nonparametric density estimator. However, Hong and Li [15] de-
veloped the so called omnibus nonparametric specification test for continuous-time
models based on the transition density function, which, unlike the marginal density
used by Ait-Sahalia, captures the full dynamics of continuous process. Their test re-
jected all but the Ait-Sahalia and CKLS [6] model. Along with Ait-Sahalia, Conley
et al. [10] and Gallant et al. [8], have used a variety of empirical techniques to es-
timate model parameters; and all have suggested that the diffusion term in the SDE
grows faster than linearly.

In this work we focus on numerical issues arising from SDE models of Ait-Sahalia
type. In particular, we are concerned with guaranteeing convergence in numerical
simulation; this is clearly a fundamental requirement if the model is to be correctly
calibrated and used for valuing financial products in a Monte Carlo setting.

The SDE that we study, which we refer to as the generalized Ait-Sahalia model,
has the form

dx(t) = (oz_l)c(t)_1 —ag+oa1x(t) —ox(®))dt +ox (@) dw(t), (1.1)

where o_1, g, o, &1, a2, 0 are positive constants and p > 1. In addition, we have
introduced a further parameter r > 1. Here, w(¢) is a scalar Brownian motion defined
on a complete probability space (2, F,P) with a filtration {F;};>¢ satisfying the
usual conditions, that is to say, it is right continuous and increasing while Fo contains
all P-null sets.

The model (1.1) clearly violates the Lipschitz and linear growth conditions
which are traditionally imposed in the study of SDEs and their simulation (see e.g.
[9, 17, 18]). In particular, although recent work, such as [2, 4, 5, 13, 19], has dealt
with numerical simulations of SDEs with diffusion coefficient of the form o x(#)”
with p € [0.5, 1], we are not aware of any results that apply to the case of p > 1, even
when the drift is linear. A further complication in (1.1) is that the drift contains a term
a_1x()~! that does not behave well near the origin.

In Sect. 2 we prove the existence of a unique solution to (1.1). In his original paper
Ait-Sahalia applied the Feller test and derived conditions under which the solution
will not explode with probability 1. We give an alternative proof that extends the
space of admissible parameters. We also show that the pth moment (p € (—o0, 00))
of the solution is bounded uniformly in time. In Sect. 3 we propose the backward
Euler-Maruyama (BEuM) scheme, which is also known as implicit Euler-Maruyama,
to approximate the solution of (1.1). A particularly interesting observation is that,
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unlike explicit Euler-Maruyama, it preserves positivity. This gives us some intuition
that implicit schemes capture more qualitative information about solutions of SDEs
(see also the discussion in [20]). In Sect. 4 we show that the pth moment of the
BEuM, and a continuous-time extension, can be bounded uniformly in time in pth
moment. In Sect. 5 we introduce a new numerical method, which we call forward-
backward Euler-Maruyama (FBEuM). We derive moment bounds for FBEuM and a
continuous-time extension. Section 6 contains the main results of this work: strong
convergence proofs for FBEuM and BEuM applied to (1.1). In Sect. 7 we point out
some immediate applications of our results for pricing path-dependent derivatives.

2 Ecxistence and uniqueness of solution

In order to show that the model (1.1) is meaningful, the next theorem guarantees that
a unique solution exists, and remains in R4 := (0, 00).

Theorem 2.1 Given any initial value x(0) = xo > 0, there exists a unique, positive
global solution x(t) to (1.1) on t > 0.

Proof Define the coefficients of (1.1):
fx)= o ix ' —ap+a1x —ax”  and g(x)=ox? forx>0. 2.1

Clearly, they are locally Lipschitz continuous in (0, 00). Following the standard trun-
cation method (see e.g. [9, 18]), we can show that for any given initial value x¢ > 0
there exists a unique maximal local solution x (), ¢ € [0, t.), where 7, is the stopping
time of the explosion or first zero time. To prove our theorem, we need to show that
T, =00 a.S.

For every sufficiently large integer k > 0, such that 1/k < x(0) < k, define the
stopping time

7, =inf{t € [0, 7.) : x(t) & (1/k, k)},

where throughout this paper we set inf()) = co. Obviously 7 is increasing as
k — 00. Set Too = limg_, o0 Tk, Whence 7o < 7, a.s. If we can prove tp — 00 a.s.
as k — oo, then 7, = 00 a.s. and x(¢) > 0 a.s. for all #+ > 0. In other words, to com-
plete the proof what we need to show is that 7o, = 0o a.s. To prove this, it is enough
to show that P{ty < T} — 0 as k — oo for any given constant 7 > 0, for this imme-
diately implies that P{to = oo} =1 as required.

Fix two constants y; € (0,1) and y, > 1. Let us define a function V €
C*(Ry,Ry) by

V(x)=x"4+x77. 2.2)
It is easy to see that V(x) — oco as x — oo or x — 0. Compute the diffusion operator
1
LV () = Ve () f () + 5 Ver (1)g (1)

= (a7 = px”2FD) £ ()
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1
+5wum—1n”4+wﬂm+4n*n“ham2

-2 -1 —1+
= y1o0—1x"7" —aox" T Foayix” — gy

_ a_1y2x—()/2+2) + a0y2x—()/2+1) —aipx "+ yzx_(”2+1)+’

2
+ T = DX (4 x40,

Recalling that y; € (0, 1) and y» > 1, we can find a constant K such that
LV(x)<K. (2.3)

By the It6 formula,
EVx(T A1) <V(xo)+KT. 2.4)
Therefore
P <TIVUA/R)AVE)]<EV&T At) <V(x(0)+KT.

This implies that limg_, oo P(tx < T') = 0 as desired. The proof is complete. 0

In order to proceed with our analysis, we make an assumption about the parameter
values. As will become clear from the proofs, this type of assumption allows us to
control the potential growth coming from the diffusion term using the dissipative
nature of the drift.
Assumption 2.2 The parameters in (1.1) obey

r+1>2p.

The following lemma gives moment bounds for the solution of the SDE.

Lemma 2.1 Under Assumption 2.2, for any p > 2,

sup Elx(@)|? < oo (2.5)
0<t<oo
and
E(l ) 2.6)
sup — | <o0. )
O<t<oco \|x(®)I?

Proof For every sufficiently large integer n, define the stopping time

Ty =inf{t >0:x(t) ¢ (%,n)}
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Applying the 1td formula to function V (x, 1) = ¢’ x”, we compute the diffusion oper-
ator

2
LV(x,t)=¢ <x1’ + pxP Mo ix ™' — g+ o1x —ax" 1+ C%p(p — l)xp2+2p>.

By Assumption 2.2, there exists a constant K > 0 such that
LV(x,t) <Ke'.
Therefore
E[e’”"x(t A t,,)p] <xl+Ke.
Letting n — oo and applying the Fatou lemma, we have

xP
Elx(t)? <=2 +K,
e

which gives assertion (2.5). In the same way, we can apply the It6 formula to the
function V (x, t) = e’x P to show (2.6). a

Lemma 2.2 Under Assumption 2.2, for any p > 2,

E( sup |x(#)|”) <oco, VT >0.
0<t<T

Proof By the 1t6 formula, we can show that

T
E[ sup |x()|"]<x} +E/ plx@P N aix(®) ™' — g + arx (1) — anx (1))
0

0<t<T

+0.5(p — Dox (1)~ D4P|dy

t
+E[ sup fapx(u)p+p—1dw(u)]
0

0<t<T

t
5x(0)”+KT+E[ sup / apx(u)p+p]dw(u):|,
0<t<T JO

where K is a constant. By the Holder and Burkholder-Davis-Gundy (BDG) inequal-
ities, we can show that

' T
IE|: sup / apx(u)p“’ldw(u)] < CE(/ )c(t)z(”ﬂ’l)dt>2
0 0

0<t<T
T 3
sc( f E[x(t)”f’“’—“]dz) ,
0

where C stands for a constant which may vary from line to line. By Lemma 2.1, the
conclusion follows. O
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3 Backward Euler-Maruyama scheme

In the previous section we showed the existence of a unique global solution to the
SDE (1.1), but we are not aware of an explicit expression for the solution or its tran-
sition density. We therefore consider computable discrete time approximations that
could be used in Monte Carlo simulations. In this initial investigation we focus on
the basic property of strong convergence without attempting to establish convergence
rates. Two good reasons for considering strong convergence are that

— weak convergence [17] and pathwise convergence [16] follow automatically, and
— efficient multi-level Monte Carlo simulations rely on both weak and strong con-
vergence properties [11, 12].

It was shown in [14] that the classical global Lipschitz assumption, which guar-
antees strong uniform convergence of Euler-Maruyama, can be significantly relaxed.
That work used a local Lipschitz condition plus uniform boundedness of moments
of the true solution and its approximation to obtain strong convergence. In this work,
we apply and extend those ideas to the problem (1.1), taking care to (a) exploit the
controlling influence of the drift and (b) deal with the repulsive nature of the drift at
the origin.

Given any step size Ar, we define the partition Pp; :={tx =kAr:k=0,1,2,...}
of the time interval [0, o), and introduce the backward Euler-Maruyama (BEuM)
method [14, 17]

Tk+1 Tk+1

Xoo = Xy + (a_lel —ao+ai Xy, — X! )At+aX§AW,k, 3.1

where AW, = W, ., — W, and X;, = x(0). The following lemma shows that this
implicit method is well defined and preserves positivity of the solution.

Lemma 3.1 Define, for any given At <1/ay,
Fx)=x— a_lelAt +agAt —ajxAr +axx” At, x eRy.
Then for any b € R there exists a unique x € Ry such that F(x) =b.

Proof The lemma follows if we can show that the function F is continuous, co-
ercive and strictly monotone (see [22]). Clearly, F(x) is continuous on Ry with

limy_, 5 F(x) =00 and lim,_, g+ F(x) = —o0, so the function F is coercive; onR,.
Since F/(x) =1+ (@_1x 2 — oy + raax” DAt > 1 — a1 At, we see that F(x) > 0
whenever At < 1 /a1, showing strict monotonicity. O

From now on we always let Ar < 1/a; so that the BEuM is well defined and
preserves positivity.

In contrast, let us point out that the (standard) Euler-Maruyama scheme does not
preserve the positivity of the solution to (1.1). In fact, recall that the Euler-Maruyama
scheme applied to (1.1) has the form

Xy, = Xy + (a,lthl — g+ o1 Xy, — ocht’k) At + 0 XD AW,
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Without loss of generality, we assume that Xy, > 0 is given. Note that X;,_, <0 is
equivalentto AW, < —(X; + (@1 X, —ao+a1 X, —a2 X! )AN /o X] = K(X,).
but clearly P(AW;, < K(X,)) > 0.

4 Moment properties of BEuM

4.1 Boundedness of moments

We will work on the discrete filtration {Fy }x>0. By Lemma 3.1, X, is Fy-
measurable.

Lemmad4.1 Letr > 1, then for any p > 2 and sufficiently large integer n, there exists
a constant K (p, n), such that

sup  E|X;|" 1o,,1(k) < K(p,n) foranyk =0,

At<1/2a;
. 1
)\.n=1nf{k2th¢ (—,n)}. “.1)
n

Proof We observe that when k € [0, A,], X;,_, € (%,n), but X; may not stay in

where

(%, n), so the lemma is not obvious. Because

2 2
(XIIH—I _f(th-H)At) :(th+g(th)AWtk) .
we have
2 2
| Xoeo | = X0 |” < 2X1, F(Xp o DAL H2X0, 8 (X ) AWy, +2(Xe )2 (AW,)?. (4.2)

Recalling that Ar < 2371, we see from (4.2) that

2
0< |Xt1<+1 | - 2th+| f(Xl‘k_H)At +20l_]At
2
= |Xlk| +2X,8(Xy) AW, + gz(X,k)(AWtk)2 + 201 At. 4.3)

Without any loss of generality, we may let p > 2 be an even number. Raising both
sides of (4.3) to the power p gives

p pP—J s '
Y3 (1A (|x,k+1 |2) (2X ;) Xy ) A) Qa1 A
=0 5=0
3 P p=j J A P—is ) ) N
=YY s(xP) T xpeoam,) (s aw?)
j=0s5=0i=0
x (a1 Ar)', (4.4)
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412 L. Szpruch et al.

where A = A(p, j,s) and B = B(p, j, s, i) are all positive constants. Rearranging
this inequality we get

14 _
|th+1 |2P = |th izl’ + Z(_l)s+1A <|ka+1 |2>p S (Zka-H f(Xl‘k+1)At)S
s=1
P—J

A (X ) X £ (KA1 Qur A

[vjn

j=1s=0

+
Mm

B(1%[*)" Xy e(x)aW,)’
1

©
I

~.

p—j J s .
ZB<|th ) (2X,,8(X, ) AW, )

i=0

+
M*:

1s

~.
I
Il
o

x (g(x,k)Q(AWtk>2)]_l (a1 A1) .

By Assumption 2.2, there exists a constant K = K (p) > 0, independent of k, and At,
such that

P —s
Z(_I)S—HA <|th+1 |2>p (2ka+| f(Xl‘k+1)At)S

s=1

p p—J .
2\ P—is A :
+3 5 - 1)“+1A(|X,k+1| ) (2X ., F(Xip, )AL Qo At) < K (p).
j=1s=0

For sufficiently large integer n , such that 1/n < X;, < n, by Holder’s inequality and
properties of AW, , there exists a constant K (p, n) > 0, such that

2
E X | 1,1k +1)

2
<K(p)+E|Xy| ™" 1,1k + 1)

P —
+EY B (1% [)" 0Xug (iAW, 10,1k + 1)
s=1
p p=j J p—js i
+EY S Y B (X)) eXexiaw,) (s aw,)?)
j=15=0i=0

x Qa1 At i3,k + 1) < K(p,n),
which is the required assertion. O
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Theorem 4.1 Let Assumption 2.2 hold. Let At* € (0, 1/2a1) be sufficiently small so
that whenever At < At*,

At
—1
0< [eT] <2 and €M <2. (4.5)

Then
2
sup supE|X,|
At<At* k>0

< Q.

Proof Let n be a sufficiently large integer. Clearly A, in (4.1) is a stopping time with
respect to {Fy }x=0. By (4.2), writing AW, = +/At§,_,, where the &, , are i.i.d.
with &, , ~ N(0, 1) and independent of F; , we have

2 2
Xy | = X0 | <2001 — 20Xy, + i X, | —aa Xt DAL
+1 2
+2X, VAL, + ot XA
Note that
2 2 2 2 2
Xy — et Xy =elt [thﬂ - X,k] + [eHt — e ] X
[e® —1]
=t [X2, - X2 |+ A
Recalling (4.5), we hence have
2 2
el |ka+1| — e |ka|

Tkt1 k1

< et [2(01_1 —aoXo,, + (1 + X2 —apX A
S IR GN |

Let N be any nonnegative integer. Summing both sides of the above inequality from
k=0to N A A,, we get

eIN A+ \2

|XtN/\An+l

2
<o (X, [* + 02 X0 Aug? +2x0 Vg, )

NA M +1
+ ) 2" (oo — oo Xy + (@1 + )X, — X, A
k=1
N Ay N Akp

1 TS CINCINE SR
k=1 k=1

2
= e (|Xo | + 02X0 e + 22X VAt )
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414 L. Szpruch et al.

N+1
+ Z 2e" (ot — oo Xy, + (1 +2)X2 — 02 X[ 10,411 () At
k=1

N N
2 1
+ Z etkdzxtkpl[oﬁ)hn](k)At%‘é_H + X:Zethgc+ 1o,a,1(K)V Atg, .
k=1 k=1

Applying Lemma 4.1 and noting that X;, and 1o, (k) are F; -measurable while
&1, is independent of F,, we can take the expectation on both sides of (4.6) to get

EeNatt | X, ’2
N+1
=Ki+E [Z 2e" (a1 — a0 Xy, + (a1 +2)X;, — aZX,’k“)l[o,AnH](k)At}
k=1

N
+E [Z e”‘othzkpl[o)kn](k)Ati| ,

k=1
N+1
< K] —HE|:Z 2% (1 — o Xy + (o +2)X12k — 052X,’kJrl + GZX,Zk'O)
k=1

X 1[0,,\"+1](k)At},
where K| = €| X, |> + e‘OGZXfOpAt*. By Assumption 2.2, there exists a constant
K > 0, such that
2 r+l 2. 2p
o_1 —apx + (@] +2)x° —axx +o“xP <K, x>0.

‘We hence obtain that

N+1
Ee/Natn+1 Xiyon o1 2 <K, +2K|: Z etk_lAti|' (4.6)
k=1
But
N+1

IN+1

Z e*TAr < / eldt < e+,
k=1 0

Thus, letting n — oo in (4.6) and applying the Fatou lemma, we get
eNHE X,y |2 < K| +2Ke'N+1,

which implies
E|Xiy,,|* < Ki+2K, VN >0,

as required. The proof is complete. O
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In the next section we will need a stronger version of Theorem 4.1, namely the
boundedness of pth moment for p > 2. The following theorem is of course a gen-
eralization of Theorem 4.1. The reason why we present Theorem 4.1 and give a de-
tailed proof above rather than present the following more general theorem directly is
to make our proofs more understandable.

Theorem 4.2 Under Assumption 2.2, for any p > 2, there is a At* € (0, 1/2a1) such
that

sup supE|th|p<oo.
At<At* k>0

Proof The proof is analogous to that of Theorem 4.1 so we only highlight the main
steps. Without loss of generality we assume that p is an even number. Rearranging

inequality (4.4) we get

|th+| |2p - |th|2p

P —S
= Z(_I)XH (f> (’ka+1 ’2)1’ (ZthH f(thH))X Ar?
s=1

X
—_~~ =~
\S}
>
=
L
~
PRy
2
=
=
N
—
~
[\oJ
Q
|
-
~.
B>
~
.
B

+ Z (P) <|th}2) § (2X,kg(th)AWtk)x
Si?z%d
p ] . = '_i . . .
" ZZ (]J)> (f) (|Xlk|2>p : [g(Xlk)z]J [(AWtk)2]Jﬂ Qua_1At)
Jj=1i=0

p (p—p/2 j N(p—i\[(j o\ P25
22 2006 )
x (X, 8(X))” (X2 AW?) T (AW,)* oAy

p (=2 N(p—i\[(j o\ P—i—2s
; ; J A l
j=1 s=1 i=0
j=even
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x (2X4 8 (X AW,) (X2 aW)?) " Camyary

S R0 0y

\..
I
_
o
Sl
I
<)

j= even5= odd
s 2 2\ i
x (2Xy 8 (Xi)AW,)” (8(Xi)2(AW,)?) " ayan

The rest of the proof is similar to the proof of Theorem 4.1. For every sufficiently
large integer n, we use the stopping time A, in (4.1). Noting that

tkr1 Y P _ Ly P 17 14
et Xy, —etX, <e [th+1

X ]+ 2e* Arxy

e+
we then have, for any nonnegative integer N,

Ee!N+1 ’XINAA,,+1 |2P

N+1

2\P~1
<Ki+ Y Eet <1[0’)\n+1]p (|th| ) 2X,kf(th)At+2Xti)
k=1

N+1

ZEE" ](1[0 hnt1] Z(—l)vﬂ (f) (\Xtm’z)p_s
s=2

(2X1k+1 f(ka-H) )

N+1 p—ij p—j o\ Pt
+ZE€”‘ ]<1[OA +1] Z (= )H_l( )( s )(’thﬂ‘ )

k=1 j=1s=0

x (2Xlk+1f(th+l))S Qa_p)’ Alj+s>
S 2 p—2s )
+Z Ee'* | 1)1, ]Z( )(\sz ) (22X, g(X)AW,,)™
k=1

N J ; —j j—i -
e (l[“"] 23 (5)(7) (euf) ™ o] rawry
k=1

j=1i=0
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x (2a1Az)")

N P D2 TN = N S\ pej2s
syeeanay Y 2 (0)(757) () (%P)
k=1 i i=0

j=1 s=1

j—i

x (X, 8(X))” (X2 AW, ?) " (aW,)” Qaany,

where K| = K (X,,) is a constant. To this end, for any given z , 1 < z < p, we need
to find the highest power g1 of —X g{l At*, from the drift terms (not involving AW,,).
Note that the highest power among the drift terms arises when j = 0. Next we need
to obtain the highest power g, of X Zf At* from the diffusion terms (involving AW;,).
Notice that we get the highest power of the diffusion terms when i = 0. We can then
easily verify that the highest power ¢; of —X,qk1 Attis gy =2(p—z2) +z(1+ j). To
find the highest power g> of X g{z At*, we note z = s + j and consider three possible
cases:

Case 1 s =z, j =0. Because g2 =2(p — z) + 2zp, by Assumption 2.2, g1 > ¢».
Case2 s =0, j =z. Because g» =2(p — z) + 2zp, by Assumption 2.2, g1 > ¢>.
Case 3 1 <s,j <z—1.By Assumption 2.2, we still have g > ¢».

We can therefore bound the right-hand-side terms of the inequality to obtain

N+1
2
Ee™ ' [ Xpy, 1|7 < Ki+K Y eI AL,
k=1
which implies the assertion. g

5 Backward-Forward Euler-Maruyama scheme

For the purpose of analysis we find it convenient to introduce another numerical
method. In terms of the general drift and diffusion coefficients (2.1), once we com-
pute the value X;, from BEuM, that is

Xy =Xy + FX)At + g(Xy_ DAW,_,,
we define the Backward-Forward Euler-Maruyama (BFEuM) scheme as follows
Xy = X 4+ (X)) AL+ (X, ) AW,
where X o = X1y = x(tp). The two methods are, of course, closely related. Our ap-
proach will be to establish strong convergence of BEuM by first showing strong con-

vergence of BFEuM. In this section we derive some basic results for BFEuM.
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418 L. Szpruch et al.

Theorem 5.1 Under Assumption 2.2, for any p > 2, there is a At* € (0, 1/2a1) such
that

A P
Xy | <oo.

sup supE
At<At* k>0

Proof Let N be any nonnegative integer. Summing backward-forward and backward
schemes we have

N N
Xiyp1 =X+ Y FX)A+ Y g(Xi)AWy,

k=0 k=0
N N—-1
Xiy=Xp+ Y fX)A+ Y (X, ) AW,
k=1 k=0
By the Holder inequality
A b4 =1 (| p »
Kot =207 (R = Xa| + X0y 17). (5.1)
where
N p
)X,NH — Xo|” = [ fXi) AL + g (X ) AW,y | (5.2)

By Theorem 4.2, taking the expectation of both sides of inequality (5.1), we get
~ p 4
E‘X,NH‘ < K(1+Ath),
as required. g
5.1 Continuous BFEuM

Let us now define our continuous version of the BFEuM. We introduce the following
notation
n(t) :=ty, fortelt, try1),k=0.
The continuous version of the BFEuM is then given by
t

t
X(t):X,O—i-/O f(X,?(S))der/(; g(Xye))dw(s), 1>0. (5.3)

l\Alote thatAthe continuous and discrete BFEuM coincide at the gridpoints; that is,
X (1) = X;,. Having bounded the moments for the discrete BFEuM, we can bound
the continuous BFEuM in the following sense.

Lemma 5.1 Under Assumption 2.2, there is a At* > 0 such that for any p > 2,

t 1 P
sup E[f ds] <00, Vt>0.
At<At* 0 Xnes)

@ Springer



Numerical simulation of a strongly nonlinear Ait-Sahalia-type interest 419

Proof We only need to prove the lemma for t = 7y for any N > 1. It follows from
(5.3) that

IN 1 ~ IN
a_1/ ds = X1, — Xy, +OlolN—0!1/ Xys)ds
0 Xy 0

t IN
r 14
+a2/0 X'l(S)dS_afo Xn(s)ds.

It is then straightforward to show the assertion by Theorem 4.2. g
Lemma 5.2 Under Assumption 2.2, there is a At* > 0 such that for any p > 2,

NV
sup IE( sup ’X(t)‘ ) <oo, VT >0.
At<At* 0<t<T

Proof Tt follows from (5.3) that

B sup |%0|") =37 'E(X0))

0<t<T

T 14
—1
+E (/0 (a1 X, + a0 + o1 Xy + azX;(S))ds)

' p
/(; GXZ(S)dw(s) .

This, together with Theorem 4.2 and Lemma 5.1, implies the assertion. O

+E[ sup
0<t<T

Theorem 5.2 Let Assumption 2.2 hold and T > 0 be fixed. Then, for any given € > 0,
there exists an No such that for every n > Ny, we can find a Aty = Atg(n) so that
whenever At < Aty,

P@, <T) <e,
where ¥, = inf{t > 0: )A((t) ¢ (rll, n) or Xy ¢ (%, n)}.

Proof Lets € [0, T A ¥,). Then for the function V (x) defined by (2.2) we have
VeR) (f Xy = FR6))

+ V(X6 (82X y9) = 82X 6)) = L) | X = X (5)

’

where L(n) are (local Lipschitz) constant. By the Itd6 formula, we can show that
dv(X(s) = [LV(f«s)) + Ve (R0) (f Ko = FR6))

1 - -
+ 5V R6) (820 — (X)) ]ds
+ Ve (X ()8 (Xy)dw(s).
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where LV has been defined in the proof of Theorem 2.1. Recalling (2.3), we then
have

EV(X(T A 9y))

A TAD, .
SVEO)+KTHE [ V) (£ ) = FR60) ds

T A9y R R
B [ Vo) (200 - £ ds

A T A,
<V(XO)+KT + L(n)E/
0

Xyis) — X(S) ‘ ds

T AD,

<VR©O) + KT + L)E / Ryt — R ds
0

T
+L(n)/ E[Xy00 = Xy 11| ds.
0

By (5.2)

v 1
E ‘XU(S) - Xn(s)-H‘ < KAt?. 5.4)

To bound the term EfOTM" |)A(,7(S)+1 — )A((s)lds, given s € [0, T A ¥y,), let k be an
integer for which s € [#, tx+1). Then

Tk+1

~ ~ Tk+1
Koo =X = [ rxds + / g(Xy)dw(s).

By Holder’s inequality

TA?,,
]E/
0

where C(n, T') > 0 is constant. Therefore

Ryys1 — X(s)|ds < Cn, THAL2, (5.5)

EV(X(t A 0w) < V(RO) + KT + (L) (K + C(T, n)At?,
which implies that

B V(X(0) + KT + (L)) (K + C(T, n)At2

P9, <T) V(1/n) AV (n)

Now for any given € > 0 we choose Ny such that for any n > Ny

V(X)) +KT €
V(/n)AV(@n) ~ 2
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Then we can choose Aty = Atg(n), such that for any Ar < Az

(L) (K + C(T,n))Ar?
V(1/n) AV (n)

€
SE)

whence P(¢, < T) < € as required. O

6 Convergence of BFEuM scheme

In this section, we use the previous results to establish the main conclusion of this
work: strong convergence of BEuM in Theorem 6.2, via strong convergence of
BFEuM in Theorem 6.1. First, we define the stopping time 6,

O =10 AUy,
and prove a final lemma.

Lemma 6.1 For any p > 2, T > 0 and sufficiently large n, there exists a constant
C=C(p,T,n), such that

E[mm’XaAag—xaA@)

0<t<T

p] <CA%.

Proof For any T; € [0, T], by the Holder and BDG inequalities

p
E| sup
0<t<T

T1 N6,
szp‘l<Tﬂ—1E fo ’ [F (X)) — fx(s)] ds

Xt ABy) —x(t ABy)

T1 N6,

+C(p)EfO [g(X (1(5))) —g(X(S))]pdS>,

where C(p) is a constant. Let s € [0, T1 A #,,). Then local Lipschitz conditions on f
and g imply that

| f(Xy) — FO|” + |8(X ) — gx()]” < Li(n) [ Xy — x(5)|”
and

p
E| sup
0<t<T)
T1 A6,

<277 'Ly (TP + c<p>>E/ |Xo) = x(9)|" ds
0

Xt A6y —x(t ABy)
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TN,
<67 Ly(m) (TP + C<p))Ef0

A 14 N A p
X6 = x| + |1 - X

A p
+‘Xr;(s)_Xn(S)+1‘ ds.

Now by (5.4) and (5.5)

E [ sup ‘X(l ABy) — x(t ABy)

0<t<T

]

<67 VL) (TP +C(p) [(K +C(T,m) AL
p
:|d{|.

P L
:| §C2At2ecl,

T, R
+f ]E|: sup ‘X(t/\@n)—x(t/\en)
0

0<t<T

By Gronwall’s inequality

IE|: sup ‘f{(r A6, — x(t AOy)

0<t<T
where C; = 6P~ DL (n)(TP~' 4+ C(p)) and C» = C1(K + C(T, n). O

Theorem 6.1 Under Assumption (2.2), we have

fim E|: sup ‘}A((t)—x(t)‘pi| —0.

At—0 0<t<T

Proof Let
e(t)=X(@1) —x().

Using the notation of Lemma 6.1 and applying Young’s inequality
b< o + ! b>, Va,b,8>0
— J— >0,
=24 Tt T

we have

E| sup |e()|”
0<t<T

=E[ sup |e(?)]” l{rn>r,m>r}} +]E{ sup le()|” Lz, <1 orz?nsr}}
0<t<T 0<t<T

b 1
< E[ sup |e(n)|” 1{9,,>r}] + EE[ sup Ie(t)lz”} + %P(Tn <Tord, <T).

0<t<T 0<t<T
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To finish the proof we need to estimate the expressions on the right hand side of this
inequality.
By Holder’s inequality and Lemmas 5.2 and 2.2, we choose § such that

5 5
SE| sup le@)?” | <227 12K | sup [x(0)*P + sup ’X(t)‘ <<
2 o=t 2 |o<i<r 0<t<T -3

Next, by Theorem 2.1 there exists Ny such that for n > Ny

—P(rn <T)< §

and finally by Theorem 5.2 and Lemma 6.1 we may choose At sufficiently small,
such that

UJ

E|: sup |e(®)|” 1{6,>T1) :| +P®,<T) < << O
0<t<T

Now we are ready to formulate the main theorem of this paper. We will show that
the Backward-Euler scheme (3.1) strongly converges to the solution of (1.1).

Theorem 6.2 Under Assumption (2.2), we have
lim E Xy —x()|” | =
Jim Ls?p | X0 = x(n(1))] }

Proof By Holder’s inequality

E|X @) —x(n@)|”

<377 HE| sup
0<t<T

+E[ sup ‘Xn(t)ﬂ — X0
0<t<T

P P
Xn(n—ffn(zm‘] +E[sup f(na)—x(n(t))ﬂ

0<t<T
p:|i|

p
E|: sup ‘XU(,)—)A(,7(I)+1‘:| < KAtz

Now from (5.2) and Theorem 4.2

(S}

0<t<T

By Theorem 6.1

lim ]ET|: sup ‘)A(n(z) —X(U(f))‘pi| =

At—0 0<t<T
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p] o,

p ~ ~
} =E [ sup ‘Xn(t)+l = Xo(r)
0<t<T

To finish the proof it is enough to show that

Iim E| su ‘}A( -X
Ao |:05th n(®+1 ()

By analogy to the proof of Theorem 6.1, we have

p
1y, >1)
P
Ly, <7}

P
l{ﬂn>T}:|

E[ sup ‘Xn(t)+l — X0
0<t<T

A

+E[ sup ‘ffn(zm — X
T

O<r=<

0<t<T

<E { sup ‘ffn(r)ﬂ — X0

1) ~ ~ 2p
+5E| sup ‘XW(I)H — X
0<t<T
+ P, <T)
28 T
By Lemma 5.2 and Theorem 5.2 it is straightforward to finish the proof. U

7 Corollary on option valuation

Theorem 6.2 is relevant in any context where the SDE (1.1) is to be simulated numer-
ically. For example, sample paths may be needed within a model calibration exercise.
Furthermore, the SDE may represent an asset on which an option is to be valued. It
is shown in [12, 13] that for many path dependent options, strong convergence of the
SDE asset simulation guarantees convergent Monte Carlo simulations for the option
value. For example, an up-and-out call gives a European payoff if the asset never
exceeds the fixed barrier, B, where B > K and K is the exercise price; otherwise it
pays zero. The payoff at the expiry date T thus has the form

P =E[(:(T) = K) Njpy.,_ x0=81 |-

Accordingly, we may define the approximate payoff based on the numerical method
(3.1)

Par=E [(Xn(T) - K)+1{Sup0§t§T Xn(,)<B}] .
It then follows from Theorem 6.2 that

lim |P — Pas| =0.
At—0

We refer to [12, 13] for details and further examples.
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