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Abstract We are interested in the strong convergence of Euler-Maruyama type ap-
proximations to the solution of a class of stochastic differential equations models
with highly nonlinear coefficients, arising in mathematical finance. Results in this
area can be used to justify Monte Carlo simulations for calibration and valuation.
The equations that we study include the Ait-Sahalia type model of the spot interest
rate, which has a polynomial drift term that blows up at the origin and a diffusion
term with superlinear growth. After establishing existence and uniqueness for the so-
lution, we show that an appropriate implicit numerical method preserves positivity
and boundedness of moments, and converges strongly to the true solution.
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1 Introduction

Ait-Sahalia [1] investigated several continuous-time interest rate models empirically.
He tested parametric models by comparing their implied densities with the density
estimated nonparametrically. In application to Eurodollar interest rates, he rejected
all existing univariate linear drift models. This led to the proposal of a new class of
highly nonlinear stochastic differential equations (SDEs) to model interest rates.

Subsequent studies supported the observations made by Ait-Sahalia. Stanton [21],
using nonparametric kernel regression, also found significant nonlinearities in spot
rate data. Some authors [3, 7] pointed out that the Ait-Sahalia test has poor finite
sample performance because of persistent dependence in interest rate data and slow
convergence of the nonparametric density estimator. However, Hong and Li [15] de-
veloped the so called omnibus nonparametric specification test for continuous-time
models based on the transition density function, which, unlike the marginal density
used by Ait-Sahalia, captures the full dynamics of continuous process. Their test re-
jected all but the Ait-Sahalia and CKLS [6] model. Along with Ait-Sahalia, Conley
et al. [10] and Gallant et al. [8], have used a variety of empirical techniques to es-
timate model parameters; and all have suggested that the diffusion term in the SDE
grows faster than linearly.

In this work we focus on numerical issues arising from SDE models of Ait-Sahalia
type. In particular, we are concerned with guaranteeing convergence in numerical
simulation; this is clearly a fundamental requirement if the model is to be correctly
calibrated and used for valuing financial products in a Monte Carlo setting.

The SDE that we study, which we refer to as the generalized Ait-Sahalia model,
has the form

dx(t) = (α−1x(t)−1 − α0 + α1x(t) − α2x(t)r )dt + σx(t)ρdw(t), (1.1)

where α−1, α0, α,α1, α2, σ are positive constants and ρ > 1. In addition, we have
introduced a further parameter r > 1. Here, w(t) is a scalar Brownian motion defined
on a complete probability space (�, F ,P) with a filtration {Ft }t≥0 satisfying the
usual conditions, that is to say, it is right continuous and increasing while F0 contains
all P-null sets.

The model (1.1) clearly violates the Lipschitz and linear growth conditions
which are traditionally imposed in the study of SDEs and their simulation (see e.g.
[9, 17, 18]). In particular, although recent work, such as [2, 4, 5, 13, 19], has dealt
with numerical simulations of SDEs with diffusion coefficient of the form σx(t)ρ

with ρ ∈ [0.5,1], we are not aware of any results that apply to the case of ρ > 1, even
when the drift is linear. A further complication in (1.1) is that the drift contains a term
α−1x(t)−1 that does not behave well near the origin.

In Sect. 2 we prove the existence of a unique solution to (1.1). In his original paper
Ait-Sahalia applied the Feller test and derived conditions under which the solution
will not explode with probability 1. We give an alternative proof that extends the
space of admissible parameters. We also show that the pth moment (p ∈ (−∞,∞))
of the solution is bounded uniformly in time. In Sect. 3 we propose the backward
Euler-Maruyama (BEuM) scheme, which is also known as implicit Euler-Maruyama,
to approximate the solution of (1.1). A particularly interesting observation is that,
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unlike explicit Euler-Maruyama, it preserves positivity. This gives us some intuition
that implicit schemes capture more qualitative information about solutions of SDEs
(see also the discussion in [20]). In Sect. 4 we show that the pth moment of the
BEuM, and a continuous-time extension, can be bounded uniformly in time in pth
moment. In Sect. 5 we introduce a new numerical method, which we call forward-
backward Euler-Maruyama (FBEuM). We derive moment bounds for FBEuM and a
continuous-time extension. Section 6 contains the main results of this work: strong
convergence proofs for FBEuM and BEuM applied to (1.1). In Sect. 7 we point out
some immediate applications of our results for pricing path-dependent derivatives.

2 Existence and uniqueness of solution

In order to show that the model (1.1) is meaningful, the next theorem guarantees that
a unique solution exists, and remains in R+ := (0,∞).

Theorem 2.1 Given any initial value x(0) = x0 > 0, there exists a unique, positive
global solution x(t) to (1.1) on t ≥ 0.

Proof Define the coefficients of (1.1):

f (x) = α−1x
−1 − α0 + α1x − α2x

r and g(x) = σxρ for x > 0. (2.1)

Clearly, they are locally Lipschitz continuous in (0,∞). Following the standard trun-
cation method (see e.g. [9, 18]), we can show that for any given initial value x0 > 0
there exists a unique maximal local solution x(t), t ∈ [0, τe), where τe is the stopping
time of the explosion or first zero time. To prove our theorem, we need to show that
τe = ∞ a.s.

For every sufficiently large integer k > 0, such that 1/k < x(0) < k, define the
stopping time

τk = inf{t ∈ [0, τe) : x(t) /∈ (1/k, k)},
where throughout this paper we set inf(∅) = ∞. Obviously τk is increasing as
k → ∞. Set τ∞ = limk→∞ τk, whence τ∞ ≤ τe a.s. If we can prove τk → ∞ a.s.
as k → ∞, then τe = ∞ a.s. and x(t) ≥ 0 a.s. for all t ≥ 0. In other words, to com-
plete the proof what we need to show is that τ∞ = ∞ a.s. To prove this, it is enough
to show that P {τk ≤ T } → 0 as k → ∞ for any given constant T > 0, for this imme-
diately implies that P {τ∞ = ∞} = 1 as required.

Fix two constants γ1 ∈ (0,1) and γ2 > 1. Let us define a function V ∈
C2(R+,R+) by

V (x) = xγ1 + x−γ2 . (2.2)

It is easy to see that V (x) → ∞ as x → ∞ or x → 0. Compute the diffusion operator

LV (x) = Vx(x)f (x) + 1

2
Vxx(x)g(x)2

= (γ1x
γ1−1 − γ2x

−(γ2+1))f (x)
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+1

2
(γ1(γ1 − 1)xγ1−2 + γ2(γ2 + 1)x−(γ2+2))g(x)2

= γ1α−1x
γ1−2 − α0γ1x

γ1−1 + α1γ1x
γ1 − α2γ1x

γ1−1+r

− α−1γ2x
−(γ2+2) + α0γ2x

−(γ2+1) − α1γ2x
−γ2 + γ2x

−(γ2+1)+r

+ σ 2

2
(γ1(γ1 − 1)xγ1−2+2ρ + γ2(γ2 + 1)x−(γ2+2)+2ρ).

Recalling that γ1 ∈ (0,1) and γ2 > 1, we can find a constant K such that

LV (x) ≤ K. (2.3)

By the Itô formula,

EV (x(T ∧ τk)) ≤ V (x0) + KT. (2.4)

Therefore

P(τk ≤ T )[V (1/k) ∧ V (k)] ≤ EV (x(T ∧ τk)) ≤ V (x(0)) + KT.

This implies that limk→∞ P(τk ≤ T ) = 0 as desired. The proof is complete. �

In order to proceed with our analysis, we make an assumption about the parameter
values. As will become clear from the proofs, this type of assumption allows us to
control the potential growth coming from the diffusion term using the dissipative
nature of the drift.

Assumption 2.2 The parameters in (1.1) obey

r + 1 > 2ρ.

The following lemma gives moment bounds for the solution of the SDE.

Lemma 2.1 Under Assumption 2.2, for any p ≥ 2,

sup
0≤t<∞

E |x(t)|p < ∞ (2.5)

and

sup
0≤t<∞

E

(
1

|x(t)|p
)

< ∞. (2.6)

Proof For every sufficiently large integer n, define the stopping time

τn = inf

{
t > 0 : x(t) /∈

(
1

n
,n

)}
.
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Applying the Itô formula to function V (x, t) = etxp , we compute the diffusion oper-
ator

LV (x, t) = et

(
xp + pxp−1[α−1x

−1 − α0 + α1x − α2x
r ] + σ 2

2
p(p − 1)xp−2+2ρ

)
.

By Assumption 2.2, there exists a constant K > 0 such that

LV (x, t) ≤ Ket .

Therefore

E

[
et∧τnx(t ∧ τn)

p
]

≤ x
p

0 + Ket .

Letting n → ∞ and applying the Fatou lemma, we have

E|x(t)|p ≤ x
p

0

et
+ K,

which gives assertion (2.5). In the same way, we can apply the Itô formula to the
function V (x, t) = etx−p to show (2.6). �

Lemma 2.2 Under Assumption 2.2, for any p ≥ 2,

E( sup
0≤t≤T

|x(t)|p) < ∞, ∀T > 0.

Proof By the Itô formula, we can show that

E[ sup
0≤t≤T

|x(t)|p] ≤ x
p

0 + E

∫ T

0
p
∣∣x(t)p−1(α−1x(t)−1 − α0 + α1x(t) − α2x(t)r )

+ 0.5(p − 1)σ 2x(t)2(ρ−1)+p
∣∣dt

+ E

[
sup

0≤t≤T

∫ t

0
σpx(u)ρ+p−1dw(u)

]

≤ x(0)p + KT + E

[
sup

0≤t≤T

∫ t

0
σpx(u)ρ+p−1dw(u)

]
,

where K is a constant. By the Hölder and Burkholder-Davis-Gundy (BDG) inequal-
ities, we can show that

E

[
sup

0≤t≤T

∫ t

0
σpx(u)ρ+p−1dw(u)

]
≤ CE

(∫ T

0
x(t)2(ρ+p−1)dt

) 1
2

≤ C

(∫ T

0
E[x(t)2(ρ+p−1)]dt

) 1
2

,

where C stands for a constant which may vary from line to line. By Lemma 2.1, the
conclusion follows. �
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3 Backward Euler-Maruyama scheme

In the previous section we showed the existence of a unique global solution to the
SDE (1.1), but we are not aware of an explicit expression for the solution or its tran-
sition density. We therefore consider computable discrete time approximations that
could be used in Monte Carlo simulations. In this initial investigation we focus on
the basic property of strong convergence without attempting to establish convergence
rates. Two good reasons for considering strong convergence are that

– weak convergence [17] and pathwise convergence [16] follow automatically, and
– efficient multi-level Monte Carlo simulations rely on both weak and strong con-

vergence properties [11, 12].

It was shown in [14] that the classical global Lipschitz assumption, which guar-
antees strong uniform convergence of Euler-Maruyama, can be significantly relaxed.
That work used a local Lipschitz condition plus uniform boundedness of moments
of the true solution and its approximation to obtain strong convergence. In this work,
we apply and extend those ideas to the problem (1.1), taking care to (a) exploit the
controlling influence of the drift and (b) deal with the repulsive nature of the drift at
the origin.

Given any step size �t , we define the partition P�t := {tk = k�t : k = 0,1,2, . . .}
of the time interval [0,∞), and introduce the backward Euler-Maruyama (BEuM)
method [14, 17]

Xtk+1 = Xtk +
(
α−1X

−1
tk+1

− α0 + α1Xtk+1 − α2X
r
tk+1

)
�t + σX

ρ
tk
�Wtk , (3.1)

where �Wtk = Wtk+1 − Wtk and Xt0 = x(0). The following lemma shows that this
implicit method is well defined and preserves positivity of the solution.

Lemma 3.1 Define, for any given �t ≤ 1/α1,

F(x) = x − α−1x
−1�t + α0�t − α1x�t + α2x

r�t, x ∈ R+.

Then for any b ∈ R there exists a unique x ∈ R+ such that F(x) = b.

Proof The lemma follows if we can show that the function F is continuous, co-
ercive and strictly monotone (see [22]). Clearly, F(x) is continuous on R+ with
limx→∞ F(x) = ∞ and limx→0+ F(x) = −∞, so the function F is coercive on R+.
Since F ′(x) = 1 + (α−1x

−2 − α1 + rα2x
r−1)�t > 1 − α1�t , we see that Ḟ (x) > 0

whenever �t ≤ 1/α1, showing strict monotonicity. �

From now on we always let �t ≤ 1/α1 so that the BEuM is well defined and
preserves positivity.

In contrast, let us point out that the (standard) Euler-Maruyama scheme does not
preserve the positivity of the solution to (1.1). In fact, recall that the Euler-Maruyama
scheme applied to (1.1) has the form

Xtk+1 = Xtk +
(
α−1X

−1
tk

− α0 + α1Xtk − α2X
r
tk

)
�t + σX

ρ
tk
�Wtk .
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Without loss of generality, we assume that Xtk > 0 is given. Note that Xtk+1 < 0 is
equivalent to �Wtk < −(Xtk +(α−1X

−1
tk

−α0 +α1Xtk −α2X
r
tk
)�t)/σX

ρ
tk

:= K(Xtk ),
but clearly P(�Wtk < K(Xtk )) > 0.

4 Moment properties of BEuM

4.1 Boundedness of moments

We will work on the discrete filtration {Ftk }k≥0. By Lemma 3.1, Xtk is Ftk -
measurable.

Lemma 4.1 Let r > 1, then for any p ≥ 2 and sufficiently large integer n, there exists
a constant K(p,n), such that

sup
�t≤1/2α1

E
∣∣Xtk

∣∣p 1[0,λn](k) < K(p,n) for any k ≥ 0,

where

λn = inf

{
k : Xtk /∈

(
1

n
,n

)}
. (4.1)

Proof We observe that when k ∈ [0, λn], Xtk−1 ∈ ( 1
n
, n), but Xtk may not stay in

( 1
n
, n), so the lemma is not obvious. Because

(
Xtk+1 − f (Xtk+1)�t

)2 = (
Xtk + g(Xtk )�Wtk

)2
,

we have
∣∣Xtk+1

∣∣2 − ∣∣Xtk

∣∣2 ≤ 2Xtk+1f (Xtk+1)�t +2Xtkg(Xtk )�Wtk +g(Xtk )
2(�Wtk )

2. (4.2)

Recalling that �t < 1
2α1

, we see from (4.2) that

0 <
∣∣Xtk+1

∣∣2 − 2Xtk+1f (Xtk+1)�t + 2α−1�t

≤ ∣∣Xtk

∣∣2 + 2Xtkg(Xtk )�Wtk + g2(Xtk )(�Wtk )
2 + 2α−1�t. (4.3)

Without any loss of generality, we may let p ≥ 2 be an even number. Raising both
sides of (4.3) to the power p gives

p∑
j=0

p−j∑
s=0

(−1)sA
(∣∣Xtk+1

∣∣2
)p−j−s (

2Xtk+1f (Xtk+1)�t
)s

(2α−1�t)j

≤
p∑

j=0

p−j∑
s=0

j∑
i=0

B
(∣∣Xtk

∣∣2
)p−j−s (

2Xtkg(Xtk )�Wtk

)s
(
g(Xtk )

2(�Wtk )
2
)j−i

× (2α−1�t)i , (4.4)
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where A = A(p, j, s) and B = B(p, j, s, i) are all positive constants. Rearranging
this inequality we get

∣∣Xtk+1

∣∣2p ≤ ∣∣Xtk

∣∣2p +
p∑

s=1

(−1)s+1A
(∣∣Xtk+1

∣∣2
)p−s (

2Xtk+1f (Xtk+1)�t
)s

+
p∑

j=1

p−j∑
s=0

(−1)s+1A
(∣∣Xtk+1

∣∣2
)p−j−s (

2Xtk+1f (Xtk+1)�t
)s

(2α−1�t)j

+
p∑

s=1

B
(∣∣Xtk

∣∣2
)p−s (

2Xtkg(Xtk )�Wtk

)s

+
p∑

j=1

p−j∑
s=0

j∑
i=0

B
(∣∣Xtk

∣∣2
)p−j−s (

2Xtkg(Xtk )�Wtk

)s

×
(
g(Xtk )

2(�Wtk )
2
)j−i

(2α−1�t)i .

By Assumption 2.2, there exists a constant K = K(p) > 0, independent of k, and �t ,
such that

p∑
s=1

(−1)s+1A
(∣∣Xtk+1

∣∣2
)p−s (

2Xtk+1f (Xtk+1)�t
)s

+
p∑

j=1

p−j∑
s=0

(−1)s+1A
(∣∣Xtk+1

∣∣2
)p−j−s (

2Xtk+1f (Xtk+1)�t
)s

(2α−1�t)j < K(p).

For sufficiently large integer n , such that 1/n < Xt0 < n, by Hölder’s inequality and
properties of �Wtk , there exists a constant K(p,n) > 0, such that

E
∣∣Xtk+1

∣∣2p 1[0,λn](k + 1)

≤ K(p) + E
∣∣Xtk

∣∣2p 1[0,λn](k + 1)

+ E

p∑
s=1

B
(∣∣Xtk

∣∣2
)p−s (

2Xtkg(Xtk )�Wtk

)s 1[0,λn](k + 1)

+ E

p∑
j=1

p−j∑
s=0

j∑
i=0

B
(∣∣Xtk

∣∣2
)p−j−s (

2Xtkg(Xtk )�Wtk

)s
(
g(Xtk )

2(�Wtk )
2
)j−i

× (2α−1�t)i 1[0,λn](k + 1) < K(p,n),

which is the required assertion. �
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Theorem 4.1 Let Assumption 2.2 hold. Let �t∗ ∈ (0,1/2α1) be sufficiently small so
that whenever �t ≤ �t∗,

0 <
[e�t − 1]

�t
≤ 2 and e�t ≤ 2. (4.5)

Then

sup
�t≤�t∗

sup
k≥0

E
∣∣Xtk

∣∣2
< ∞.

Proof Let n be a sufficiently large integer. Clearly λn in (4.1) is a stopping time with
respect to {Ftk }k≥0. By (4.2), writing �Wtk = √

�tξtk+1 , where the ξtk+1 are i.i.d.

with ξtk+1 ∼ N(0,1) and independent of Ftk , we have

∣∣Xtk+1

∣∣2 − ∣∣Xtk

∣∣2 ≤ 2(α−1 − α0Xtk+1 + α1X
2
tk+1

− α2X
r+1
tk+1

)�t

+ 2X
ρ+1
tk

√
�tξtk+1 + σ 2X

2ρ
tk

�tξ2
tk+1

.

Note that

etk+1X2
tk+1

− etkX2
tk

= etk
[
X2

tk+1
− X2

tk

]
+ [

etk+1 − etk
]
X2

tk+1

= etk
[
X2

tk+1
− X2

tk

]
+ etk

[e�t − 1]
�t

�tX2
tk+1

.

Recalling (4.5), we hence have

etk+1
∣∣Xtk+1

∣∣2 − etk
∣∣Xtk

∣∣2

≤ etk
[
2(α−1 − α0Xtk+1 + (α1 + 2)X2

tk+1
− α2X

r+1
tk+1

)�t

+ 2X
ρ+1
tk

√
�tξtk+1 + σ 2X

2ρ
tk

�tξ2
tk+1

]
.

Let N be any nonnegative integer. Summing both sides of the above inequality from
k = 0 to N ∧ λn, we get

etN∧λn+1
∣∣XtN∧λn+1

∣∣2

≤ et0
(∣∣Xt0

∣∣2 + σ 2X
2ρ
t0

�tξ2
t1

+ 2X
ρ+1
t0

√
�tξt1

)

+
N∧λn+1∑

k=1

2etk−1(α−1 − α0Xtk + (α1 + 2)X2
tk

− α2X
r+1
tk

)�t

+
N∧λn∑
k=1

etkσ 2X
2ρ
tk

�tξ2
tk+1

+
N∧λn∑
k=1

2etkX
ρ+1
tk

√
�tξtk+1

= et0
(∣∣Xt0

∣∣2 + σ 2X
2ρ
t0

�tξ2
t1

+ 2X
ρ+1
t0

√
�tξt1

)
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+
N+1∑
k=1

2etk−1(α−1 − α0Xtk + (α1 + 2)X2
tk

− α2X
r+1
tk

)1[0,λn+1](k)�t

+
N∑

k=1

etkσ 2X
2ρ
tk

1[0,λn](k)�tξ2
tk+1

+
N∑

k=1

2etkX
ρ+1
tk

1[0,λn](k)
√

�tξtk+1 .

Applying Lemma 4.1 and noting that Xtk and 1[0,λn](k) are Ftk -measurable while
ξtk+1 is independent of Ftk , we can take the expectation on both sides of (4.6) to get

EetN∧λn+1
∣∣XtN∧λn+1

∣∣2

≤ K1 + E

[
N+1∑
k=1

2etk−1(α−1 − α0Xtk + (α1 + 2)X2
tk

− α2X
r+1
tk

)1[0,λn+1](k)�t

]

+ E

[
N∑

k=1

etkσ 2X
2ρ
tk

1[0,λn](k)�t

]
,

≤ K1 + E

[
N+1∑
k=1

2etk−1(α−1 − α0Xtk + (α1 + 2)X2
tk

− α2X
r+1
tk

+ σ 2X
2ρ
tk

)

× 1[0,λn+1](k)�t

]
,

where K1 = et0 |Xt0 |2 + et0σ 2X
2ρ
t0

�t∗. By Assumption 2.2, there exists a constant
K > 0, such that

α−1 − α0x + (α1 + 2)x2 − α2x
r+1 + σ 2x2ρ ≤ K, x > 0.

We hence obtain that

EetN∧λn+1
∣∣XtN∧λn+1

∣∣2 ≤ K1 + 2K

[N+1∑
k=1

etk−1�t

]
. (4.6)

But
N+1∑
k=1

etk−1�t ≤
∫ tN+1

0
etdt ≤ etN+1 .

Thus, letting n → ∞ in (4.6) and applying the Fatou lemma, we get

etN+1E
∣∣XtN+1

∣∣2 ≤ K1 + 2KetN+1 ,

which implies

E
∣∣XtN+1

∣∣2 ≤ K1 + 2K, ∀N ≥ 0,

as required. The proof is complete. �
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In the next section we will need a stronger version of Theorem 4.1, namely the
boundedness of pth moment for p > 2. The following theorem is of course a gen-
eralization of Theorem 4.1. The reason why we present Theorem 4.1 and give a de-
tailed proof above rather than present the following more general theorem directly is
to make our proofs more understandable.

Theorem 4.2 Under Assumption 2.2, for any p > 2, there is a �t∗ ∈ (0,1/2α1) such
that

sup
�t≤�t∗

sup
k≥0

E
∣∣Xtk

∣∣p < ∞.

Proof The proof is analogous to that of Theorem 4.1 so we only highlight the main
steps. Without loss of generality we assume that p is an even number. Rearranging
inequality (4.4) we get

∣∣Xtk+1

∣∣2p − ∣∣Xtk

∣∣2p

≤
p∑

s=1

(−1)s+1
(

p

s

)(∣∣Xtk+1

∣∣2
)p−s (

2Xtk+1f (Xtk+1)
)s

�ts

+
p∑

j=1

p−j∑
s=0

(−1)s+1
(

p

j

)(
p − j

s

)(∣∣Xtk+1

∣∣2
)p−j−s

× (
2Xtk+1f (Xtk+1)

)s
(2α−1)

j �tj+s

+
p/2∑
s=1

(
p

2s

)(∣∣Xtk

∣∣2
)p−2s (

2Xtkg(Xtk )�Wtk

)2s

+
p∑

s=1
s=odd

(
p

s

)(∣∣Xtk

∣∣2
)p−s (

2Xtkg(Xtk )�Wtk

)s

+
p∑

j=1

j∑
i=0

(
p

j

)(
j

i

)(∣∣Xtk

∣∣2
)p−j [

g(Xtk )
2
]j−i [(�Wtk )

2]j−i (2α−1�t)i

+
p∑

j=1
j=odd

(p−j)/2∑
s=1

j∑
i=0

(
p

j

)(
p − j

2s

)(
j

i

)(∣∣Xtk

∣∣2
)p−j−2s

× (
2Xtkg(Xtk )

)2s
(
g(Xtk )

2(�Wtk )
2
)j−i (

�Wtk

)2s
(2α−1�t)i

+
p∑

j=1
j=even

(p−j)/2∑
s=1

j∑
i=0

(
p

j

)(
p − j

2s

)(
j

i

)(∣∣Xtk

∣∣2
)p−j−2s



416 L. Szpruch et al.

× (
2Xtkg(Xtk )�Wtk

)2s
(
g(Xtk )

2(�Wtk )
2
)j−i

(2α−1�t)i

+
p∑

j=1
j=odd

p−j∑
s=1

s=odd

j∑
i=0

(
p

j

)(
p − j

s

)(
j

i

)(∣∣Xtk

∣∣2
)p−j−s

× (
2Xtkg(Xtk )�Wtk

)s
(
g(Xtk )

2(�Wtk )
2
)j−i

(2α−1�t)i

+
p∑

j=1
j=even

p−j∑
s=1

s=odd

j∑
i=0

(
p

j

)(
p − j

s

)(
j

i

)(∣∣Xtk

∣∣2
)p−j−s

× (
2Xtkg(Xtk )�Wtk

)s
(
g(Xtk )

2(�Wtk )
2
)j−i

(2α−1�t)i .

The rest of the proof is similar to the proof of Theorem 4.1. For every sufficiently
large integer n, we use the stopping time λn in (4.1). Noting that

etk+1X
p
tk+1

− etkX
p
tk

≤ etk
[
X

p
tk+1

− X
p
tk

] + 2etk�tX
p
tk+1

,

we then have, for any nonnegative integer N ,

EetN+1
∣∣XtN∧λn+1

∣∣2p

≤ K1 +
N+1∑
k=1

Eetk−1

(
1[0,λn+1]p

(∣∣Xtk

∣∣2
)p−1

2Xtkf (Xtk )�t + 2X
p
tk

)

+
N+1∑
k=1

Eetk−1

(
1[0,λn+1]

p∑
s=2

(−1)s+1
(

p

s

)(∣∣Xtk+1

∣∣2
)p−s

× (
2Xtk+1f (Xtk+1)

)s
�ts

)

+
N+1∑
k=1

Eetk−1

(
1[0,λn+1]

p∑
j=1

p−j∑
s=0

(−1)s+1
(

p

j

)(
p − j

s

)(∣∣Xtk+1

∣∣2
)p−j−s

× (
2Xtk+1f (Xtk+1)

)s
(2α−1)

j �tj+s

)

+
N∑

k=1

Eetk

⎛
⎝1[0,λn]

p/2∑
s=1

(
p

2s

)(∣∣Xtk

∣∣2
)p−2s (

2Xtkg(Xtk )�Wtk

)2s

⎞
⎠

+
N∑

k=1

Eetk

(
1[0,λn]

p∑
j=1

j∑
i=0

(
p

j

)(
j

i

)(∣∣Xtk

∣∣2
)p−j [

g(Xtk )
2
]j−i [(�Wtk )

2]j−i
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× (2α−1�t)i

)

+
N∑

k=1

Eetk (1[0,λn]
p∑

j=1

(p−j)/2∑
s=1

j∑
i=0

(
p

j

)(
p − j

2s

)(
j

i

)(∣∣Xtk

∣∣2
)p−j−2s

× (
2Xtkg(Xtk )

)2s
(
g(Xtk )

2(�Wtk )
2
)j−i (

�Wtk

)2s
(2α−1�t)i ,

where K1 = K1(Xt0) is a constant. To this end, for any given z , 1 < z < p, we need
to find the highest power q1 of −X

q1
tk

�tz, from the drift terms (not involving �Wtk ).
Note that the highest power among the drift terms arises when j = 0. Next we need
to obtain the highest power q2 of X

q2
tk

�tz from the diffusion terms (involving �Wtk ).
Notice that we get the highest power of the diffusion terms when i = 0. We can then
easily verify that the highest power q1 of −X

q1
tk

�tz is q1 = 2(p − z) + z(1 + j). To
find the highest power q2 of X

q2
tk

�tz, we note z = s + j and consider three possible
cases:

Case 1 s = z, j = 0. Because q2 = 2(p − z) + 2zρ, by Assumption 2.2, q1 > q2.
Case 2 s = 0, j = z. Because q2 = 2(p − z) + 2zρ, by Assumption 2.2, q1 > q2.
Case 3 1 ≤ s, j ≤ z − 1. By Assumption 2.2, we still have q1 > q2.

We can therefore bound the right-hand-side terms of the inequality to obtain

EetN+1
∣∣XtN∧λn+1

∣∣2p ≤ K1 + K

N+1∑
k=1

etk−1�t,

which implies the assertion. �

5 Backward-Forward Euler-Maruyama scheme

For the purpose of analysis we find it convenient to introduce another numerical
method. In terms of the general drift and diffusion coefficients (2.1), once we com-
pute the value Xtk from BEuM, that is

Xtk = Xtk−1 + f (Xtk )�t + g(Xtk−1)�Wtk−1 ,

we define the Backward-Forward Euler-Maruyama (BFEuM) scheme as follows

X̂tk+1 = X̂tk + f (Xtk )�t + g(Xtk )�Wtk ,

where X̂t0 = Xt0 = x(t0). The two methods are, of course, closely related. Our ap-
proach will be to establish strong convergence of BEuM by first showing strong con-
vergence of BFEuM. In this section we derive some basic results for BFEuM.
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Theorem 5.1 Under Assumption 2.2, for any p > 2, there is a �t∗ ∈ (0,1/2α1) such
that

sup
�t≤�t∗

sup
k≥0

E

∣∣∣X̂tk

∣∣∣p < ∞.

Proof Let N be any nonnegative integer. Summing backward-forward and backward
schemes we have

X̂tN+1 = X̂t0 +
N∑

k=0

f (Xtk )�t +
N∑

k=0

g(Xtk )�Wtk ,

XtN = Xt0 +
N∑

k=1

f (Xtk )�t +
N−1∑
k=0

g(Xtk )�Wtk .

By the Hölder inequality
∣∣∣X̂tN+1

∣∣∣p ≤ 2p−1
(∣∣∣X̂tN+1 − XtN

∣∣∣p + ∣∣XtN

∣∣p)
, (5.1)

where ∣∣∣X̂tN+1 − XtN

∣∣∣p = ∣∣f (Xt0)�t + g(XtN )�WtN

∣∣p . (5.2)

By Theorem 4.2, taking the expectation of both sides of inequality (5.1), we get

E

∣∣∣X̂tN+1

∣∣∣p ≤ K(1 + �t
p
2 ),

as required. �

5.1 Continuous BFEuM

Let us now define our continuous version of the BFEuM. We introduce the following
notation

η(t) := tk, for t ∈ [tk, tk+1), k ≥ 0.

The continuous version of the BFEuM is then given by

X̂(t) = X̂t0 +
∫ t

0
f (Xη(s))ds +

∫ t

0
g(Xη(s))dw(s), t ≥ 0. (5.3)

Note that the continuous and discrete BFEuM coincide at the gridpoints; that is,
X̂(tk) = X̂tk . Having bounded the moments for the discrete BFEuM, we can bound
the continuous BFEuM in the following sense.

Lemma 5.1 Under Assumption 2.2, there is a �t∗ > 0 such that for any p ≥ 2,

sup
�t≤�t∗

E

[∫ t

0

1

Xη(s)

ds

]p

< ∞, ∀t > 0.
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Proof We only need to prove the lemma for t = tN for any N ≥ 1. It follows from
(5.3) that

α−1

∫ tN

0

1

Xη(s)

ds = X̂tN − Xt0 + α0tN − α1

∫ tN

0
Xη(s)ds

+ α2

∫ t

0
Xr

η(s)ds − σ

∫ tN

0
X

ρ

η(s)ds.

It is then straightforward to show the assertion by Theorem 4.2. �

Lemma 5.2 Under Assumption 2.2, there is a �t∗ > 0 such that for any p ≥ 2,

sup
�t≤�t∗

E

(
sup

0≤t≤T

∣∣∣X̂(t)

∣∣∣p )
< ∞, ∀T > 0.

Proof It follows from (5.3) that

E

(
sup

0≤t≤T

∣∣∣X̂(t)

∣∣∣p )
≤ 3p−1

E

(
X̂(0)p

)

+ E

(∫ T

0
(α−1X

−1
η(s) + α0 + α1Xη(s) + α2X

r
η(s))ds

)p

+ E

(
sup

0≤t≤T

∣∣∣∣
∫ t

0
σX

ρ

η(s)dw(s)

∣∣∣∣
p
)

.

This, together with Theorem 4.2 and Lemma 5.1, implies the assertion. �

Theorem 5.2 Let Assumption 2.2 hold and T > 0 be fixed. Then, for any given ε > 0,
there exists an N0 such that for every n ≥ N0, we can find a �t0 = �t0(n) so that
whenever �t ≤ �t0,

P(ϑn < T ) ≤ ε,

where ϑn = inf{t > 0 : X̂(t) /∈ ( 1
n
, n) or Xη(s) /∈ ( 1

n
, n)}.

Proof Let s ∈ [0, T ∧ ϑn). Then for the function V (x) defined by (2.2) we have

Vx(X̂(s))
(
f (Xη(s)) − f (X̂(s))

)

+ Vxx(X̂(s))
(
g2(Xη(s)) − g2(X̂(s))

)
≤ L(n)

∣∣∣Xη(s) − X̂(s)

∣∣∣ ,
where L(n) are (local Lipschitz) constant. By the Itô formula, we can show that

dV (X̂(s)) =
[
LV (X̂(s)) + Vx(X̂(s))

(
f (Xη(s)) − f (X̂(s))

)

+ 1

2
Vxx(X̂(s))

(
g2(Xη(s)) − g2(X̂(s)

)]
ds

+ Vx(X̂(s))g(Xη(s))dw(s),
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where LV has been defined in the proof of Theorem 2.1. Recalling (2.3), we then
have

EV (X̂(T ∧ ϑn))

≤ V (X̂(0)) + KT + E

∫ T ∧ϑn

0
Vx(X̂(s))

(
f (Xη(s)) − f (X̂(s))

)
ds

+ E

∫ T ∧ϑn

0
Vxx(X̂(s))

(
g2(Xη(s)) − g2(X̂(s))

)
ds

≤ V (X̂(0)) + KT + L(n)E

∫ T ∧ϑn

0

∣∣∣Xη(s) − X̂(s)

∣∣∣ds

≤ V (X̂(0)) + KT + L(n)E

∫ T ∧ϑn

0

∣∣∣X̂η(s)+1 − X̂(s)

∣∣∣ds

+ L(n)

∫ T

0
E

∣∣∣Xη(s) − X̂η(s)+1

∣∣∣ds.

By (5.2)

E

∣∣∣Xη(s) − X̂η(s)+1

∣∣∣ < K�t
1
2 . (5.4)

To bound the term E
∫ T ∧ϑn

0 |X̂η(s)+1 − X̂(s)|ds, given s ∈ [0, T ∧ ϑn), let k be an
integer for which s ∈ [tk, tk+1). Then

∣∣∣X̂η(s)+1 − X̂(s)

∣∣∣ =
∫ tk+1

s

f (Xtk )ds +
∫ tk+1

s

g(Xtk )dw(s).

By Hölder’s inequality

E

∫ T ∧ϑn

0

∣∣∣X̂η(s)+1 − X̂(s)

∣∣∣ds ≤ C(n,T )�t
1
2 , (5.5)

where C(n,T ) > 0 is constant. Therefore

EV (X̂(t ∧ ϑn)) ≤ V (X̂(0)) + KT + (L(n))(K + C(T ,n))�t
1
2 ,

which implies that

P(ϑn < T ) ≤ V (X̂(0)) + KT + (L(n))(K + C(T ,n))�t
1
2

V (1/n) ∧ V (n)
.

Now for any given ε > 0 we choose N0 such that for any n ≥ N0

V (X̂(0)) + KT

V (1/n) ∧ V (n)
≤ ε

2
.
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Then we can choose �t0 = �t0(n), such that for any �t ≤ �t0

(L(n))(K + C(T ,n))�t
1
2

V (1/n) ∧ V (n)
≤ ε

2
,

whence P(ϑn < T ) ≤ ε as required. �

6 Convergence of BFEuM scheme

In this section, we use the previous results to establish the main conclusion of this
work: strong convergence of BEuM in Theorem 6.2, via strong convergence of
BFEuM in Theorem 6.1. First, we define the stopping time θn

θn = τn ∧ ϑn,

and prove a final lemma.

Lemma 6.1 For any p ≥ 2, T > 0 and sufficiently large n, there exists a constant
C = C(p,T ,n), such that

E

[
sup

0≤t≤T

∣∣∣X̂(t ∧ θn) − x(t ∧ θn)

∣∣∣p
]

≤ C�t
p
2 .

Proof For any T1 ∈ [0, T ], by the Hölder and BDG inequalities

E

[
sup

0≤t≤T1

∣∣∣X̂(t ∧ θn) − x(t ∧ θn)

∣∣∣p
]

≤ 2p−1

(
T p−1

E

∫ T1∧θn

0

[
f (X(η(s))) − f (x(s))

]p
ds

+ C(p)E

∫ T1∧θn

0

[
g(X(η(s))) − g(x(s))

]p
ds

)
,

where C(p) is a constant. Let s ∈ [0, T1 ∧ ϑn). Then local Lipschitz conditions on f

and g imply that
∣∣f (Xη(s)) − f (x(s))

∣∣p + ∣∣g(Xη(s)) − g(x(s))
∣∣p ≤ L1(n)

∣∣Xη(s) − x(s)
∣∣p

and

E

[
sup

0≤t≤T1

∣∣∣X̂(t ∧ θn) − x(t ∧ θn)

∣∣∣p
]

≤ 2p−1L1(n)(T p−1 + C(p))E

∫ T1∧θn

0

∣∣Xη(s) − x(s)
∣∣p ds
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≤ 6p−1L1(n)(T p−1 + C(p))E

∫ T1∧θn

0

∣∣∣X̂(s) − x(s)

∣∣∣p +
∣∣∣X̂η(s)+1 − X̂(s)

∣∣∣p

+
∣∣∣Xη(s) − X̂η(s)+1

∣∣∣p ds.

Now by (5.4) and (5.5)

E

[
sup

0≤t≤T

∣∣∣X̂(t ∧ θn) − x(t ∧ θn)

∣∣∣p
]

≤ 6(p−1)L1(n)(T p−1 + C(p))

[
(K + C(T ,n))�t

p
2

+
∫ T1

0
E

[
sup

0≤t≤T

∣∣∣X̂(t ∧ θn) − x(t ∧ θn)

∣∣∣p
]
ds

]
.

By Gronwall’s inequality

E

[
sup

0≤t≤T

∣∣∣X̂(t ∧ θn) − x(t ∧ θn)

∣∣∣p
]

≤ C2�t
p
2 eC1,

where C1 = 6(p−1)L1(n)(T p−1 + C(p)) and C2 = C1(K + C(T ,n). �

Theorem 6.1 Under Assumption (2.2), we have

lim
�t→0

E

[
sup

0≤t≤T

∣∣∣X̂(t) − x(t)

∣∣∣p
]

= 0.

Proof Let

e(t) = X̂(t) − x(t).

Using the notation of Lemma 6.1 and applying Young’s inequality

ab ≤ δ

2
a2 + 1

2δ
b2 , ∀a, b, δ > 0,

we have

E

[
sup

0≤t≤T

|e(t)|p
]

= E

[
sup

0≤t≤T

|e(t)|p 1{τn>T,ϑn>T }

]
+ E

[
sup

0≤t≤T

|e(t)|p 1{τn≤T or ϑn≤T }

]

≤ E

[
sup

0≤t≤T

|e(t)|p 1{θn>T }

]
+ δ

2
E

[
sup

0≤t≤T

|e(t)|2p

]
+ 1

2δ
P(τn ≤ T or ϑn ≤ T ).
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To finish the proof we need to estimate the expressions on the right hand side of this
inequality.

By Hölder’s inequality and Lemmas 5.2 and 2.2, we choose δ such that

δ

2
E

[
sup

0≤t≤T

|e(t)|2p

]
≤ 22p−1 δ

2
E

[
sup

0≤t≤T

|x(t)|2p + sup
0≤t≤T

∣∣∣X̂(t)

∣∣∣2p
]

≤ ε

3

Next, by Theorem 2.1 there exists N0 such that for n ≥ N0

1

2δ
P(τn ≤ T ) ≤ ε

3
,

and finally by Theorem 5.2 and Lemma 6.1 we may choose �t sufficiently small,
such that

E

[
sup

0≤t≤T

|e(t)|p 1{θn>T }

]
+ P(ϑn ≤ T ) ≤ ε

3
. �

Now we are ready to formulate the main theorem of this paper. We will show that
the Backward-Euler scheme (3.1) strongly converges to the solution of (1.1).

Theorem 6.2 Under Assumption (2.2), we have

lim
�t→0

E

[
sup

0≤t≤T

∣∣Xη(t) − x(η(t))
∣∣p

]
= 0.

Proof By Hölder’s inequality

E
∣∣Xη(t) − x(η(t))

∣∣p

≤ 3p−1

[
E

[
sup

0≤t≤T

∣∣∣Xη(t) − X̂η(t)+1

∣∣∣
]p

+ E

[
sup

0≤t≤T

∣∣∣X̂η(t) − x(η(t))

∣∣∣
]p

+ E

[
sup

0≤t≤T

∣∣∣X̂η(t)+1 − X̂η(t)

∣∣∣p
]]

.

Now from (5.2) and Theorem 4.2

E

[
sup

0≤t≤T

∣∣∣Xη(t) − X̂η(t)+1

∣∣∣
]p

≤ K�t
p
2 .

By Theorem 6.1

lim
�t→0

E

[
sup

0≤t≤T

∣∣∣X̂η(t) − x(η(t))

∣∣∣p
]

= 0.
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To finish the proof it is enough to show that

lim
�t→0

E

[
sup

0≤t≤T

∣∣∣X̂η(t)+1 − X̂η(t)

∣∣∣p
]

= 0.

By analogy to the proof of Theorem 6.1, we have

E

[
sup

0≤t≤T

∣∣∣X̂η(t)+1 − X̂η(t)

∣∣∣p
]

= E

[
sup

0≤t≤T

∣∣∣X̂η(t)+1 − X̂η(t)

∣∣∣p 1{ϑn>T }

]

+ E

[
sup

0≤t≤T

∣∣∣X̂η(t)+1 − X̂η(t)

∣∣∣p 1{ϑn≤T }

]

≤ E

[
sup

0≤t≤T

∣∣∣X̂η(t)+1 − X̂η(t)

∣∣∣p 1{ϑn>T }

]

+ δ

2
E

[
sup

0≤t≤T

∣∣∣X̂η(t)+1 − X̂η(t)

∣∣∣2p
]

+ 1

2δ
P(ϑn ≤ T ).

By Lemma 5.2 and Theorem 5.2 it is straightforward to finish the proof. �

7 Corollary on option valuation

Theorem 6.2 is relevant in any context where the SDE (1.1) is to be simulated numer-
ically. For example, sample paths may be needed within a model calibration exercise.
Furthermore, the SDE may represent an asset on which an option is to be valued. It
is shown in [12, 13] that for many path dependent options, strong convergence of the
SDE asset simulation guarantees convergent Monte Carlo simulations for the option
value. For example, an up-and-out call gives a European payoff if the asset never
exceeds the fixed barrier, B , where B > K and K is the exercise price; otherwise it
pays zero. The payoff at the expiry date T thus has the form

P = E

[
(x(T ) − K)+1{sup0≤t≤T x(t)<B}

]
.

Accordingly, we may define the approximate payoff based on the numerical method
(3.1)

P�t = E

[
(Xη(T ) − K)+1{sup0≤t≤T Xη(t)<B}

]
.

It then follows from Theorem 6.2 that

lim
�t→0

|P − P�t | = 0.

We refer to [12, 13] for details and further examples.
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