The future of Homotopy Theory
Clark Barwick
I would not want this letter to be perceived as a ‘manifesto’ borne out of some
arrogant belief in my primacy in the field. Rather, I write out of worry about the
health of Homotopy Theory as a mathematical discipline that I love, and I believe
the future leaders of the subject can redress the structural flaws of the subject.1
It is easy to spot problems with Homotopy Theory:
1. Our best papers are not going into top general journals in mathematics. This
leads mathematicians in other areas to regard homotopy theory as of secondary
or tertiary import. If I look at the papers in the most recent edition of any of
the top five general pure mathematics journals2 , there is incredibly sparse
representation in homotopy theory. On the other hand, there are scads in
symplectic topology and number theory – well beyond what could be explained
by the relative sizes of our respective disciplines. I don’t believe for a moment
that this is because homotopy theory is less productive, important, useful, or
relevant. Instead, I see two reasons for this.
(a) Homotopy theorists have virtually no representation as editors of the top
general math journals. The (older) top people in our field simply do not
serve on the editorial boards of the top five journals. So those of us who have
aimed for those journals often get bounced with referee reports that reflect
enormous misunderstandings, because the editors send them to pretty
clueless referees.3
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I circulated this note privately earlier this
year, and I have since altered it slightly to
incorporate some of the very helpful comments
I received.
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by my account: Journal of the AMS, Inventiones,
Annals, Acta, and Publications of the IHÉS
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I think we all have stories like this.
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not me

(b) Young people are getting poor advice. Dan Kan told me, ‘send your paper
to an editor you know; don’t worry about nonsense like journal reputation.’
Dan was a lovely, kind human being, and his advice was always given with
the very best of intentions, but this was wrong. One of our best young researchers – who recently disproved a longstanding conjecture in chromatic
homotopy theory – told me that they had never considered sending their paper to a general mathematics journal. They were told by senior colleagues to
send it to Geometry & Topology, and they followed that advice. That’s absurd.
In any other subject, a paper of that importance would go into the Annals or
Inventiones, where it belongs. In effect, that senior colleague had contributed
the marginalization of homotopy theory by not pushing for the best papers
in our subject to appear in the best journals in mathematics, alongside the
best papers in number theory, analysis, and symplectic geometry.
2. Neither our subject nor its interaction with other areas of inquiry is widely
understood. Some of us4 call ourselves algebraic topologists, but this has the
unhelpful effect of making the subject appear to be an area of topology, which I
think is profoundly inaccurate. It so happens that one way (and historically the
first way) to model homotopical thinking is to employ a very particular class
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of topological spaces.5 Today, the praxis of homotopy theory interacts with
topology no more often than it does with arithmetic geometry and category
theory, and the interactions with areas like representation theory are growing
rapidly. Homotopy theory is not a branch of topology. This is important, because as
long as homotopy theory is classified under the umbrella of topology, there will
be errors of judgement in who is considered competent to judge our work; the
results of this at journals, on the job market, and in funding is real and lasting.
3. We do not have a good culture of problems and conjectures. The people at the
top of our field do not, as a rule, issue problems or programs of conjectures
that shape our subject for years to come. In fact, in many cases, they simply
announce results with only an outline of proof – and never generate a complete
proof. Then, when others work to develop proofs, they are not said to have
solved a problem of So-and-So; rather, they have completed the write-up of So-andSo’s proof or given a new proof of So-and-So’s theorem. The ossification of a caste
system – in which one group has the general ideas and vision while another
toils to realize that vision6 – is no way for the subject to flourish. Other subjects
have high-status visionaries7 who are no sketchier in details than those in
homotopy theory, but whose unproved insights are nevertheless known as
conjectures, problems, and programs.
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I think of homotopy theory as an enrichment
of the notion of equality, dedicated to the
primacy of ﬆructure over properties. Simplistic
and abstract though this idea is, it leads rapidly
to a whole universe of nontrivial structures.
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only to have their paper rejected with lines
like the following, from a colleague: “After
So-and-So’s [sketchy] work, it was essentially
obvious that such a result would be possible,
given the right framework.”
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4. On a related point, our evaluation of the work in our area does not cleave to
good general standards. The letters of reference, referee reports, and other
forms of feedback all damn the work of our researchers with faint praise.
I suspect that this isn’t deliberate – it’s a result of the misguided desire to
appear honest, to uphold very high standards in homotopy theory, and to
avoid overstating one’s case. It also seems to arise from a peculiar kind of
obsequiousness among homotopy theorists – a sense that results in pure
homotopy theory are somehow intrinsically less interesting than, say, results in
pure number theory.
5. Among some of us,8 there is an almost reflexive desire to bicker over points
of foundations, splintering our already tiny community into microscopic
coteries.9 This results in some parties being almost completely unaware of
– or perhaps aware and dismissive of – any work that employs the ‘other’
foundational tools. Multiple points of view can only help homotopy theory, but
factionalism can only do it harm.

Examples. Kontsevich, Deligne, Langlands
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at various points – I’m ashamed to admit –
myself included
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It’s reminiscent of the stories from the hippie
communes in the 1960s, which would be torn
asunder by arguments over minutiae like
whether honey counts as a vegan food.

It is unacceptable to list problems without also listing proposed solutions.
Here are some concrete actions we can take now:
1. We need to encourage each other10 to send our best papers to the best journals.
In the short term, we will collect a lovely compendium of rejection letters, but
I’m convinced that unless we do this, we won’t manage to bring our work out
from the shadows.
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and our students, when appropriate
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2. We need to stop identifying ourselves as topologists. Some of us come to
homotopy theory from areas of topology, but others come from algebra,
or number theory, or even representation theory. We need to argue that
homotopy theory occupies a more central place in mathematics than some
isolated wing of topology, and we need to prove theorems that demonstrate its
close connections with other areas of inquiry. In particular, I think we need to
seek out other areas where homotopical tools can have a big impact.
3. We need to offer one another feedback on the quality of the letters we write,
and I believe we need to offer our students and postdocs specific training on
how best to advocate for applicants at every level.
4. I believe that we should write better textbooks that train young people in the
real enterprise of homotopy theory – the development of strategies to manipulate mathematical objects that carry an intrinsic concept of homotopy.11 These
textbooks have the power to be useful not only for people at the beginning of
their careers, but for a large swath of non-experts as well.
5. We need to read more and read better. We should spend much more time
acquiring a clear understanding of the work in our field and the large number
of adjacent fields. At early career stages, there are very good reasons for
mathematical self-absorption,12 but later-career mathematicians should
read voraciously, and we should contact the authors of the papers we read
with questions, comments, ideas, computations, and applications – not only
corrections and complaints. We should each strive to develop a very broad
base of mathematical understanding, and we should explicitly seek to have
our perspectives and strategies have a larger impact on other mathematical
communities.
6. We need to write more and write better. We should write to communicate our
own ideas13 and we should write to communicate our colleagues’ ideas. We
should celebrate, openly and in writing, advances from writing teams that are
perhaps quite different from our own.
August 2017, Edinburgh
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In particular, it is time to rid ourselves of
these texts that treat homotopy theory as a soft
branch of geometric topology.
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It’s unreasonable for young people to be
expected to be catholic in their reading when
tenure’s Sword of Damocles hangs just over
their heads.
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not once but repeatedly

