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Introduction

PDE-Constrained Optimization
@ Many PDE-constrained optimization problems may be written as

B

. 1 ~112 2
mn3 ly =¥l + 5 luli, @
st. Dy=u +BCs.

@ Applications in far-reaching areas such as flow control, semiconductor design, electromagnetic
inverse problems, weather forecasting, medical imaging, and finance.
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Introduction

PDE-Constrained Optimization
@ Many PDE-constrained optimization problems may be written as

B

min = |y — 912,y + 5 ul?
N5 L@ T 5 W@
st. Dy=u +BCs.
@ Applications in far-reaching areas such as flow control, semiconductor design, electromagnetic

inverse problems, weather forecasting, medical imaging, and finance.

@ For instance, suppose a company wishes to store a foodstuff or chemical as close as possible to
some ‘“ideal” atmospheric conditions, and sets up a controlled atmosphere to do this.

@ This is likely to be expensive, so one may also wish to minimize the cost of doing this.
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Introduction

PDE-Constrained Optimization

@ Many PDE-constrained optimization problems may be written as

B

min =y — 9o + 2 lul?
i 2 L@ T 5 UL
st. Dy=u +BCs.

@ Applications in far-reaching areas such as flow control, semiconductor design, electromagnetic
inverse problems, weather forecasting, medical imaging, and finance.

@ For instance, suppose a company wishes to store a foodstuff or chemical as close as possible to
some ‘“ideal” atmospheric conditions, and sets up a controlled atmosphere to do this.

@ This is likely to be expensive, so one may also wish to minimize the cost of doing this.

@ Then one could solve this using a PDE-constrained optimization problem, with D some system of
PDEs to describe the physics behind the atmospheric conditions, and

= atmospheric conditions,
energy expended, or financial cost,

<) =& <
I

= “ideal” atmospheric conditions for chemical,

£ = parameter determining at what ratio atmospheric conditions and cost is prioritized.
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Introduction

Can model problems in fluid flow control, ...
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Introduction

PDE-Constrained Optimization

@ We must accurately model the processes, and design efficient numerical solvers.

@ Using a finite element method — matrix system of very high dimension.

@ Most effective approach for solving these systems is to construct iterative methods
which are accelerated by powerful preconditioners.

@ When solving matrix system Ax = b, a good preconditioner P will be such that P~!
is cheap to apply & P~1A has desirable properties.

@ Many advantages: can exploit sparsity and structure of matrices, don't have to store
the entire system, can solve large problems rapidly & in parallel.
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Ax=b <= P lAx=P b

Preconditioning
@ For certain iterative methods, convergence is controlled by

Amax (A) Amax(P1A)

)\min(A) o H(P_IA) - Amin(P_lA) .

r(A) =

@ So if K(P7LA) « k(A), convergence is achieved in many fewer iterations.

@ But P! must be cheap to apply, otherwise ‘cost per iteration’ is prohibitive.

[}

0
200 \ 200
400 \ 400

600 e e, 600

800 \ 800
1000| \ 1000
1200 1200

0 500 1000 0 500 1000
Matrix A & Preconditioner P

John Pearson (University of Edinburgh) PDE Optimization: Modelling and Numerics

Edinburgh, 16 May 2018

5/ 25



Saddle Point Systems
@ In the problems we consider, the matrices are of saddle point structure:

A BT
wfre .

@ Two preconditioners for A are [Kuznetsov, 1995], [Murphy, Golub & Wathen, 2000]
A0 A 0
S R

@ Here, S = BA"1B' is the (negative) Schur complement.
@ Excellent spectral properties: if P51 A and P;1.A are nonsingular [Ipsen, 2001]:

A(P51A) € {1,%(1 n \/E)},
MP7rA) e {1}.

~

@ In general A, S are not practical preconditioners, so we devise approximations A, S.
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Introduction

min 2y = 12,0 + 5 ul?
S W T YL@ T 5 L @)
st. =Vl =u inQ

y=Ff ondQ
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Introduction

min >y 910 + 2 Jul?
S W T YL@ T 5 L @)
st. =Vl =u inQ

y=1f ondQ

Distributed Poisson Control

@ Differentiating (with respect to y, u, p) the cost functional:

- .
(y=9)"M(y—9) + Zu"Mu+pT(Ky - Mu—d),

N | =

L(y,u,p) =

where M is a finite element mass matrix, and K a stiffness matrix, gives

0 BM|-M ul=1]0
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Introduction

1 ~
min 21y =P @ + 2 Jul,q
youo 2 2 2 RO

st. —V%y=u inQ
y=1f ondQ

Distributed Poisson Control
@ Differentiating (with respect to y, u, p) the cost functional:

~ ~ B
L(y,u,p)==(y—9"My-9) + EuTMu +p (Ky— Mu—d),

N | =

where M is a finite element mass matrix, and K a stiffness matrix, gives

A~

M 0 K y My
0 SBM | —M u = 0
p d
@ This is a saddle point system with
| M 0 _ 4 1
A—[O ,BM]’ S =KM K+/3M.

@ We may precondition A using Chebyshev semi-iteration to approximate M~1.
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Introduction

Approximating the Schur Complement — Matching Strategy

@ We aim to capture both terms of the Schur complement by writing

1 2 1 1
S=KM K+ =M, S=(K+ —=M|M 1 (K+—=M).
"5 ( MV ) ( MV )

@ This ensures that [Pearson & Wathen, 2012]:
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Introduction

Approximating the Schur Complement — Matching Strategy

@ We aim to capture both terms of the Schur complement by writing

1 = 1 1
S=KMIK+ =M, S=(K+——=M|MK+——=-M|.
"3 ( B ) ( T B )

@ This ensures that [Pearson & Wathen, 2012]:

@ Our preconditioner requires four ingredients:

@ Saddle point approximation,

© Approximation of mass matrix by Chebyshev semi-iteration,
© Matching strategy for Schur complement, R

@ Effective multigrid method for K + LBM to apply S.

7

@ Only ~ 15 iterations required for 6 digits of accuracy using MINRES.

J. W. Pearson and A. J. Wathen, A New Approximation of the Schur Complement in Preconditioners for
PDE-Constrained Optimization, Numerical Linear Algebra with Applications.
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Introduction

Time-Dependent Problems

. 1 U ~ 2 /3 T 2 ay 2. _
min = (y(x,t) = y(x,t))° dQdt + = (u(x,t))” dQdt st. ——V° =u + ICs + BCs
y,u 2 0 Q 2 0 Q at
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Introduction

Time-Dependent Problems

Jdy

f f (x,t) — y(x, t))* dQdt + ’BJ J (x,1))* dQdt s.t. 2 —V?=u + ICs + BCs
The matrix system is of the form Ax = b, where A is given by
[ M 0 M+ TK -M ]
™™ 0 M+71K —M
M 0 M+ 7K
0 M —TM
0 BTM —TM
0 % —TM
M+ 17K —7M 0
—M M+ 1K —TM 0
i M M+1K —TM o
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Chemistry: Chemical Reactions

Reaction—Diffusion Control Problems for Chemical Reactions
@ A problem which we are now keen to consider is the following optimal control
problem involving reaction—diffusion equations. We wish to minimize

ay (T a; [T ac (7
j:—yf J(y—yf det+—ZJ J(z—?)z det+—CJ J ¢ dsdt,
2 Jo Ja 2 Jo Ja 2 Jo Joa

subject to the following PDE constraints:

Vi — Di1V?y + kiy = —myz in Qx (0, T),
zr — Doz + koz = — Yoyz in Q2 x (0, T),

F

Dla_ﬁ =c on 0Q2 x (0, T),

DQ?—FEZ:O on 0Q x (0, T),
n

y(x,0) = yo(x)  inQ,
z(x,0) = zo(x) in €.
@ We may also incorporate the control constraints ¢ < ¢ < ¢; a.e. on 02 x (0, T).
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Optimality Conditions
@ On the continuous level, we consider the Lagrangian

o (T o a, [T
L(y,z,c,p,q) = 7}/ . L(y—y) det+? . L(z—z) det+—f f c? dsdt

;
+ J [29) (Yt — D1V?y + kyy + ’ylyz) dQdt
0 Ja

T
+ J f qQ (Zt — DyV?z + koz + wzyz) dQdt
0 Ja

T T
+f f Paq (Dla—y — c) dsdt +f J qoQ (Dz% + ez) dsdt.
o Joo on o Joo on
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Optimality Conditions

@ On the continuous level, we consider the Lagrangian

L(y,z,¢c,p,q) = 2f f (y—yY) det+—f f (z—2) det+—f LQC dsdt
f f pa(y: — DiV2y + kiy + v1yz) dQdt
J f qQ

— DyV?z + koz + Yoyz) dQdt

+ Z
0 Q
T T

+J f Paq (Dla—y — c) dsdt +J J go (DQQ + ez) dsdt.
o Joo on o Joa on

@ Differentiating with respect to p, g gives the state equations:

- DiV2y + kiy = —m1yz, 2z — DoV2z + kpz = —pyz.
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Optimality Conditions

@ On the continuous level, we consider the Lagrangian

L(y,z,¢c,p,q) = 2f f (y—yY) det+—f f (z—2) det+—f LQC dsdt

f f pQ D1V Y+ ky + wlyz) dQdt
f f ga(ze — D2V?z + kpz + 72y7) dQdt

+
o Ja
T ) T 0

+J f [2%9) (D ;y ) dsdt+J J qoQ <D22—2+62) dsdt.
0 Joo on 0 Joq on

@ Differentiating with respect to p, g gives the state equations:
— DiV2y + kiy = —1yz, zt — DyV?z + oz = —ayz.
@ Differentiating with respect to y, z gives the adjoint equations:

— D1V2p + kip + 71pz + 712Gz + ayy = ayy,
— DoV?q + koq + 72qy + M1py + 02z = Q2.
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Optimality Conditions

@ On the continuous level, we consider the Lagrangian

(€ T ~\2 az T A2 Q¢ T
E(y,z,c,p,q):%fo L(y—y) det+7L L(z—z) det+7L ﬁch dsdt

-
+f f pa(y: — D1V2y + kiy + y1yz) dQdt
o Ja

T
+ J f ga(z: — DyV2%z + koz + Yoyz) dQdt
0 Ja

T T
+f J Paq (Dla—y — c) dsdt +f J qoQ (Dz% + ez) dsdt.
o Joq on 0o Joo on

@ Differentiating with respect to p, g gives the state equations:
ye — Di1Vy + kiy = —myz, 7z — DoVPz + koz = —yz.
@ Differentiating with respect to y, z gives the adjoint equations:

—pe — D1V?p + kip + M1pz + 129z + ayy = a7,
—q: — DoV2q + koq + 2qy + 11py + 0z = @, 2.

@ Differentiating with respect to c gives the gradient equation acc — p =0 on 02 x (0, T).
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Chemistry: Chemical Reactions

Newton Iteration — Matrix System
@ In matrix form, the Newton system is written as

ayld  711p+ 729 0 Dy 7z Sy
NP+ 72  ald 0 ny Dy s,
0 0 acDytld —Dytid 0 Sc b,
D, "y ~D;tid 0 0 Sp
’722 Dz 0 0 0 Sq
where
0 2 = / 0 2 >
Dyz E—Dlv -|-k1|d + 72z, Dyz —E—Dlv -|-k1|d-|-’YlZ,
0 G,
D, = E—D2V2+kgld+’yg)7, Déz—E—D2V2+k2Id+72)7.

@ The vector b represents the terms from the previous Newton iteration.
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Chemistry: Chemical Reactions

Newton lteration — Matrix System

@ Applying a finite element method at the Newton step, we obtain the matrix:

Ty M T(1Mp + 12My) 0 L;,C 772M;
T(71Mp + 12My) Ta,M 0 711 M, LZC
0 0 Ta.Dy'Mr —7DINT 0 :
L, c ™M, —7D; !N 0 0
7—72Mz Lz,C 0 0 0

where

Lyc = Mg +7DIK+7kkM + 71M,, L, c = Mg+ 7DK + 7koM + 79, M,

@ Here M and K are block diagonal matrices with mass and stiffness matrices for each
time-step, Mr is associated boundary mass matrix, N the trace operator mapping
onto the boundary, and Mg mass matrices from time-stepping.

@ All other M, = blkdiag(My, ..., My) are obtained from evaluating integrals of the
form [My]; = (¥ ¢i¢; for each matrix entry.
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Chemistry: Chemical Reactions

TayM 7(11Mp +72My) 0 Lic  m2M;
T(mMp +12My) Ta,M 0 711 M, LZC
0 0 T(JéCDl_er —TDl_lNT 0
L,.c Tv1iM, —TDl_lN 0 0
TvM, L.c 0 0 0

Preconditioning the Matrix System — (1, 1)-block
@ Let us apply saddle point theory when approximating the (1, 1)-block, and take

. ayM — a1 (1M, + 72Mg)M ™ (1M, +12Mg) - 0 0
A=rT MM, + Mg a;M 0
0 0 | a.D; My

@ We apply Chebyshev semi-iteration to approximate MFI.
@ Preconditioner will be non-symmetric — apply BicG or GMRES.

JWP and M. Stoll, Fast lterative Solution of Reaction—Diffusion Control Problems Arising from Chemical Reactions,

SIAM Journal on Scientific Computing.
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Chemistry: Chemical Reactions

Ta,M T(11Mp + 12My) 0 L;:C T72M,
(1M, + 72My) Ta,M 0 ™M, LZC
0 0 Ta.D*ME | —TDINT 0
Ly.c 1M, —7D;'N ‘ 0 0
772M, L,c 0 0 0

Preconditioning the Matrix System — Schur Complement

@ We now approximate

5_1[ Ly.c T%My] S [ Ly c szz]+ T [NMFINT 0]7

T 7-’}/2“/'2 Lz,C 1,2) 7—’YlMy LZ(_‘ oDy 0 0
where
— [ a,M 1Mp +72Mq ]
1.2) 1M, + 1M, @M '

@ We make use of our matching strategy derived earlier to write:

s_llLc+M M, |41 | L+ M M, |
T 7_’}/2Mz Lz,C (1.2) T’YlMy LZ—,C
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Chemistry: Chemical Reactions

I—y,C“‘KA\ T’}/lMy AL L;:C—i-ﬂ/l\ Tv.M,

~ 1
S==
T| 7ML |THP| oM, L

Some Observations
@ To apply SLlin practice, use fixed number of iterations of an Uzawa scheme,
coupled with algebraic multigrid routine to approximate the diagonal blocks.
@ Good lower bound of A\(S71S).

@ Greater variation in upper bound due to range of parameters: mesh size h, 7, o, @,
aC! Dlv D21 kly k2v ,)/11 72v €; C—y C+-
@ Best case scenario: when one term in S strongly dominates.

@ Worst case scenario: when first term of S is (close to) indefinite.
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Chemistry: Chen

y = t|sin(2x1x2x3)| + 0.3,

z=0,

W LNy
i R
DoF ae. =1073 aec =107
Time | Newton | lterations | Time | Newton | lterations
538,240 1,995 step 1 17 1,726 step 1 16
step 2 20 step 2 16
step 3 20 step 3 16
3,331,520 | 14,757 | step 1 28 14,904 | step 1 28
step 2 31 step 2 27
step 3 29 step 3 34
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Biology: Pattern Formation & Chemotaxis

Parameter Identification in Pattern Formation Processes

@ A useful reaction—diffusion control problem arises in pattern formation processes.

Here we wish to minimize

L 2 3 1226 DI, @

-2 H a(x, t)1,(0) T H (%, )70

B N
j(yvzvav b) = ?1 H.y —_y<X, t)Hig

subject to PDE constraints given by the Schnakenberg equations
~D,V?y +y(y —y*z) —va=0 in Q,
— D,V?z+yy’z—~vb=0 in Q,
y(X 0) = yo(X), Z(X,O) = ZO(X)7

6y 0z
o =0 on 09.

@ The state variables here are y and z, with the control variables a and b.

@ We may again include control constraints.
PDE Optimization: Modelling and Numerics Edinburgh, 16 May 2018
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Biology: Pattern Formation & Chemotaxis

Parameter ldentification in Pattern Formation

s.t.

P -
> ly = y(x, f)”i(n) +

Ye — D,VPy +v(y —y’z) —va=0 in Q,

= 2 V1 2 V2 2
> lz = Z(x, t)1, (@) + 5 la(x, )L, + 5 Ib(x, t)[1,0)

2. — D,V?z +vy*z—~vb=0 inQ,

y(x, 0) = yo(X), Z(X, 0) = Zo(x),

dy 0z
%—%—0 on 09).

S

g\\d
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Biology: Pattern Formation & Chemotaxis

Optimal Control Problems in Chemotaxis

@ Chemotaxis is the movement of cells/organisms in a directed fashion as a response to external

chemical signals.

@ Keller and Segel presented a mathematical model for bacterial chemotaxis in 1971.

@ In essence, for large numbers of bacteria, the bacteria will on average move up gradients of the

chemoattractant concentration.

@ Inverse problem: Given an observed cell concentration profile, what can be said about

chemoattractant at boundaries of the domain?

@ Shown numerically by Lebiedz and Brandt-Pollmann that “it is possible to systematically control

spatiotemporal dynamical behavior”.

(-] e (-]
> s % 5 (a)
o
° o & R oy, .
—o - - == Lt N\
g g% B RGN
Vol S
T wu S A A

oA R 5&’
Sty I L | L - PR
= REEE A e (i
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Biology: Pattern Formation & Chemotaxis

Optimal Control of Bacterial Chemotaxis System

@ We wish to examine a boundary control problem arising from a bacterial chemotaxis system:

-
Ye ~2  VYu 2
e T) — i

z,c,u 2J ) * 2 (C(X7 ) C) - 2J;) LQU
s.t - D,V?z—aV- Lz =0 on Qx (0, T)
- (9t 1+c)2") 7
E—V2c+ c—wz—z—O on Q2 x (0, 7)

ot i 1+22 T
%:0 on 0Q x (0, T),
?—kgc—gu on 092 x (0, T),

z(x,0) = zo(x) on £,
c(x,0) = cp(x) on Q

@ z denotes cell density, c is concentration of chemoattractant.
@ Zzy, ¢p are given initial conditions, and ¢, 4, D;, @, p, w, ¢ given (positive) parameters.
@ Can also consider additional control constraints u_(x, t) < u < uy(x, t).
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Biology: Pattern Formation & Chemotaxis

Optimal Control of Bacterial Chemotaxis System

@ We wish to examine a boundary control problem arising from a bacterial chemotaxis system:

Ye ~2 , Tu 4 2
z,c,u 2 J ) * ? (C(X7 T) B C) * ?J(; J;Q !
s.t. - D,V?z—-aV <Lz) =0 on Qx (0, T)
8t (1+c)? 7
E—V2c+,oc—wz—2:0 on Q2 x (0, 7)
ot 1+ 22 Y
0z

%:0 on 0Q x (0, T),

:—CJrCC:CU on 092 x (0, T),
on

z(x,0) = z(x) on Q,

c(x,0) = cp(x) on Q

@ z denotes cell density, c is concentration of chemoattractant.

@ Zzy, ¢p are given initial conditions, and ¢, 4, D;, @, p, w, ¢ given (positive) parameters.
@ Can also consider additional control constraints u_(x, t) < u < uy(x, t).
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Physics: Fluid Flow Control & Image Metamorphosis

Optimal Control Problems in Fluid Dynamics

.1 (12 B2 — % —vV2Hy-V Vv
min 2y =30 + 5 Ml » b= -v- 0

4
e
L <<y
VU T
o5 * Y Vv D A A
N
VNN N s
[ NN T A
0 N
v v e - oo P
-0.5 D
4
-1 -0.5 0 0.5 1

<

@ Crucial application area is that of flow control problems.

@ Can tackle a range of such problems, with preconditioners explicitly based on physical features of fluid flow.

JWP, On the Development of Parameter-Robust Preconditioners and Commutator Arguments for Solving Stokes Control Problems, Electronic
Transactions on Numerical Analysis.

JWP, Preconditioned Iterative Methods for Navier-Stokes Control Problems, Journal of Computational Physics.
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Physics: Fluid Flow Control & Image Metamorphosis

Optimal Transport for Image Metamorphosis

E(y,m) — % L(y(x, 1) — J1(x))? dQ + gL L(y(x, £) — §(x, £))? dQdt + gL L(Qm(x, £))? dQdt

@ We may also investigate the solution of an optimization problem subject to a transport equation arising from the
modelling of image metamorphosis.

@ Models the apparent ‘motion’ of an image, in a movie for example.

@ Good numerical results, using both finite difference approach, and radial basis functions.

R. Herzog, JWP, and M. Stoll, Fast Iterative Solvers for an Optimal Transport Problem.

John Pearson (University of Edinburgh)
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Conclusions

Concluding Remarks

@ PDE-constrained optimization provides a valuable tool for examining scientific
processes, provided suitable mathematical models are developed.

@ If this can be done, the main challenge is then devising fast and effective numerical
methods for solving the models.

@ We considered preconditioned iterative methods for solving the matrix systems arising
from these problems, using saddle point approximations, coupled with strategies for
approximating the (1, 1)-block and Schur complement.

@ We were only required to store matrices which were much smaller than the matrix
system as a whole.
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Conclusions

Thank you for your attention!
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