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Abstract

We consider many-server queueing systems with heterogeneous exponential servers and re-
newal arrivals. The service rate of each server is a random variable drawn from a given dis-
tribution. We develop a framework for analyzing the heavy traffic limit of these queues in
random environment using probability measure-valued stochastic processes. We introduce the
measure-valued fairness process which denotes the proportion of cumulative idleness experienced
by servers whose rates fall in a Borel subset of the support of the service rates. It can be shown
that these fairness processes do not converge in the usual Skorokhod-J; topology, hence we
introduce a new notion of convergence based on shifted versions of these processes. We also
introduce some useful martingales to identify limiting fairness processes under different routing
policies.

1 Introduction

Many server queues have been the subject of much research due to their applicability in large
scale service systems, especially in call centers. Exact analysis of many-server systems is generally
intractable and one resorts to approximation methods relying on functional strong law of large
numbers and functional central limit theorems. In this work, we adopt the scaling introduced in
the seminal paper of Halfin and Whitt [13], where they show that it is possible to achieve high
quality of service along with high utilization of resources. This is achieved by setting the number of
servers to what is required to stabilize the system, generally referred as offered load plus an amount
proportional to the square root of the offered load.

The conventional analysis in the literature following [I3] focuses on either identical servers or
servers classified in finitely many pools where servers are identical within each pool. However, in
many real world applications the servers are humans who have inherently different abilities and
serve with different rates which depends on the individual abilities, mood and health of the person.
Hence, in the modeling process, each server requires individual attention and this generally results
in either loss of Markov property and/or explosion of the state space dimensions.

A series of papers by Atar and his colleagues [2, [3l 4] tackle this individuality problem by
assuming that service rates of servers in the systems are independent and identically distributed
(henceforth referred as i.i.d.) random variables that are realized at the beginning and constant



through time but may not be available to the system controller. Atar [2] investigates two routing
policies, namely longest-idle-server first and fastest server first, in an ad hoc manner. Under
these two policies Atar [2] show that the many-server systems with random service rates can
be approximated by one-dimensional diffusion processes with a random drift coefficient, which
has the same structure for both policies, and a mean reversion coefficient which depends on the
routing policy. Our setting in this paper is similar to the i.i.d. service rate setting of the work of
Atar and his colleagues. The main difference is that we develop a general framework relying on
probability measure-valued processes without assuming a particular routing policy and propose a
generic representation for the parameters of the limiting diffusion. Technically speaking, Atar [2]
adopts a Riemann-type approach in the analysis by dividing the support of the random service rates
into small intervals and shows convergence as these intervals become finer. In contrast, ours is more
of a Lebesgue-type analysis where we consider Borel subsets of the support of service rates and
introduce a measure relying on how the total idleness is distributed among servers with different
service rates. This allows us to treat the general case without assuming a specific routing policy.

Another important feature omitted in the aforementined literature with i.i.d. service rates is
the consideration of customer abandonments. Garnett et al. [9] show that abandonments plays
an important role in the design of many-server systems. We believe that abandonment behavior
is particularly important when service rate uncertainty is present. In the Halfin-Whitt scaling as
introduced in [2], there is always a positive probability that the total service capacity is less than
the offered load and hence, the queueing system is unstable. This is also reflected in the diffusion
limits derived in [2] as the probability of the drift coefficient being positive, which makes a thorough
steady-state analysis of the system impossible.

The key concept in our analysis is the probability measure-valued fairness process which is a
left-continuous process indicating the proportion of total cumulative idleness experienced by servers
belonging to a certain set. To have a well-defined fairness process, this process assumes an arbitrary
probability measure as a constant value until some of the servers in the system experiences idleness
and is equal to the self-normalized cumulative idleness process after the total cumulative idleness
is positive. The point of singularity where the system experiences idleness for the first time raises
difficulties in the analysis. This singularity point is the only possible discontinuity of the measure-
valued processes and it can be shown that the fairness processes do not converge in any of the
four topologies introduced by Skorokhod [25]. To overcome this issue, we define a new notion of
convergence based on the shifted versions of the fairness process around this singularity point. We
then relate this new notion of convergence to the convergence of Radon measure-valued cumulative
idleness processes (before the normalization) in the usual Skorokhod-.J; topology. We demonstrate
the use of this result by deriving limiting fairness measures for priority-based policies such as
fastest-server-first and slowest-server-first. We then show that the policy dependent parameter of
the diffusion limits derived in [2] is the expected value of a random variable following the probability
measure given by the fairness process.

As the next step, we focus on the problem of identifying the fairness process for specific policies.
We introduce a sequence of martingales related to the total cumulative idleness experienced by the
servers belonging to a given set. We show that under some mild conditions these martingales
converge in probability to 0 and this provides us an alternative characterization of the weak limit
of the cumulative idleness process. Then, we use this alternative characterization to show that
the policy dependent parameter identified by Atar [2] for the longest-idle-server-first policy is the
same for a much more general class of policies, which we call totally blind policies. We also provide



explanation for the structure of this parameter relating it to the basic properties of minimum of
independent exponential random variables.

1.1 Notation

We denote the set of real numbers, set of positive real numbers and the set of positive integers as
R,R; and N, respectively. To simplify notation, for any a,b € R, we define

a Ab:=min{a, b} and a V b := max{a, b}.

For any separable metric space X, B(X) denotes the set of all Borel subsets of X. We assume
that all the random elements defined in this paper lies in the generic probability space (2, F,P),
unless stated otherwise. We also define P to denote the space of probability measures defined
on (R4, B(R4)) equiped with Prokhorov metric [6]. We denote P" = P if probability measures
converge with respect to Prokhorov metric, which is equivalent to weak convergence of these proba-
bility measures. With a slight abuse of notation, we denote X™ = X if the probability laws of the
random elements X" weakly converge to the probability law of X. We denote the o-field generated
by any random element X as o(X).

We denote the spaces of continuous, bounded continuous, right-continuous and left-continuous
functions that map interval [a,b] C R to X as Cx|[a, b], C%[a, b], Dx[a, b] and Gx|a, b], respectively.
The space Cx|a, b] is equipped with the topology of uniform convergence, i.e., the supremum norm,
and the spaces Dx|a, b] is equipped with Skorokhod-.J; topology and dg denote the usual Skorokhod-
Jimetric. If b < oo and f(t) € Gx[a,b], then gf(t) := f(b—t) € Dx[a — b,0] and we define the
Skorokhod-J; metric on Gxla,b] as ds(fi, f2) == ds(gs,,95,) for any fi1, fo € Gx[a,b]. Following
Whitt [27], for f,, f € Dx[a,00) fn, — f in Skorokhod-J; topology if and only if for any 7" > a, the
modifications of these functions on Dx[a,T] converge in Skorokhod-.J; topology. The topology on
Gxla, 00) is defined in a similar manner. For any function f : [0,7] — R, we also define

[Flezi= sup [F(2)] fT(t) = max{f(t),0} and f~(t) := max{—f(t),0}.

For functions f : X — R and measure ¢ defined on (X, B(X)), we use the inner-product notation
for the integral

() = /X f(@)d ().

Defining the identity function ¢ : R — R such that «(z) = z for all z € R, the expected value of a
random variable following the distribution ¢ € P can be denoted as (t, ().

2 Related Literature

This work is a part of the literature initiated by the seminal work of Halfin and Whitt [13], where
they develop diffusion approximations by scaling arrival rates along with the number of exponential
servers. This work has important practical impications as it shows both quality of service and
efficiency of the system can be achieved by using the so-called square-root safety-staffing, i.e.,
setting the staffing level to be the number required to stabilize the incoming load plus a multiple
of the square root of this number. The main line of research in this direction assumes that all the
servers are identical, i.e., the service times of customers follow an exponential distribution with



a known rate independent of the chosen server. However, in most cases the servers are humans
with inherently different abilities and serve customers at different rates. Gans et al. [§] provide a
thorough numerical analysis of how the server heterogeneity affects the performance based on real
call center data.

A common approach in modeling server heterogeneity is to assume that the servers can be
grouped as “server pools” and that service rate can vary between pools, but all servers are identical
within the same pool and serve with the same rate (see, e.g. [I]). We believe that there are several
limitations of this approach. First, this approach does not explicity model the inherent individual
differences between servers due to human nature. Second, in general the rate of service in each pool
are assumed to be known, or at the very least the pool that each server belongs to is known, which
is not always possible in practice. We believe that these limitations can be remedied by modeling
the service rates as random variables following the same distribution.

In the last decade, there has been some research effort to analyze queueing systems with random
parameters. Following the methodology introduced by Harrison and Zeevi [14], fluid limits are
used in conjuction with stochastic programming to characterize how queueing systems should be
designed and controlled under parameter uncertainty. Much of this research concentrates on arrival
rate uncertainty due to forecasting errors [5, 29]. Indeed, Bassamboo et al. [5] show that if the
coefficient of variation of random arrival rate is greater than a certain threshold, fluid limits for the
many-server systems yield more reliable approximations compared with the diffusion limits. The
literature on the uncertainty related to service is relatively few. In a recent paper, Ibrahim [15]
studies the problem of staffing many-server queueing systems when the actual number of servers is
random using fluid limits.

Our current work is most closely related to the excellent paper by Atar [2]. In [2], Atar develops
diffusion limits for many-server systems with random service rates for two routing policies, namely
longest-idle-server-first and fastest-server-first in an ad hoc manner. To achieve this, he partitions
the support of the random service rates into small intervals and approximates the system as an
inverted-V system (as studied in Armony [I]) where each interval corresponds to a pool of servers.
Under the stated routing policies, the inverted-V systems admit a one-dimensional diffusion limit
for any finite number of pools, exhibiting a phenomenon referred as state-space collapse in the
queueing literature and as the intervals become finer the inverted-V system and the system with
random service rates converge together to the same limit. In a related paper, Atar and Shwartz [4]
show that it is possible to efficiently operate a system with random service rates by sampling only a
small portion of the service rates. Atar, Shaki and Shwartz [3] suggest a blind policy, i.e., a policy
which does not require the exact knowledge of service rates, to equalize the cumulative idleness
experienced by servers.

In this paper, we analyze the system with i.i.d. random service rates introduced in [2] without
assuming any particular routing policy. To achieve this generality, we use stochastic processes
assuming values in the space of probability measures. Measure-valued processes have been used to
obtain fluid limits for single server queueing systems (e.g., [7, 10}, 11]) and more recently for many-
server queues by Kaspi and Ramanan [I8], Kang and Ramanan [I7] and Reed and Talreja [24]. In
a more recent paper, Kaspi and Ramanan [19] also use measure-valued processes to come up with
limits involving stochastic partial differential equations to many-server queueing systems. In this
line of work, Ramanan and co-authors use the number of customers who has a certain age in the
service or queue to define the measure-valued processes. Different from the aforementioned work,
we use a measure-valued process to keep track of the proportion of cumulative idleness experience



by different servers in the system. This definition is motivated by the idleness-ratio used to design
routing policies to control finite pool systems [12, [26].

3 Dynamics of the System Processes

In this work, we consider an infinite sequence of queueing systems, where the nth system has n
servers. The arrivals at the nth system occur according to a renewal process with rate A”. More
specificallly, assuming that u}s are ii.d. random variables with mean 1 for each k,n € N, the
number of arrivals at the nth system by time ¢ > 0 is

k n
A"(t):sup{k::zl;\; §t}.
1=1

Each customer can be served by any server in the system. However, the service time of each
customer depends on the agent serving her/him and if the customer is served by agent k (1 < k < n),
the service time is distributed exponentially with rate f;. The service rates fiys are positive i.i.d.
random variables with a general distribution F'(u) and are constant through time for each server.
We assume that i = E[i}] and E[(i)?] < co. We also assume the following Halfin-Whitt type
heavy traffic condition between arrival and the expected service rates:

Assumption 1. Asn — oo, n=Y/2(\* —nji) — X, where X € R.

Each customer has an i.i.d. exponential patience time with rate v and abandons the system if
her /his service has not commenced until the patience time expires. Once the service starts, the
customer stays in the system until the service is finished. The customers are served on a first-
come-first-served basis and if more than one server is idle when a customer arrives, the customer is
routed to a server according to a pre-specified service discipline. At this point, the only restrictions
we impose on the service discipline are (i) it is non-idling, i.e., servers cannot stay idle if there is
work in the system, (ii) it is non-anticipating, i.e., when the routing is done the server is chosen
based on the information available so far and (iii) it is non-preemptive, i.e., once a service starts
for a customer at a server, it continues at the same server until the service finishes.

For the nth system, the number of customers in the system at time ¢, the number of customers
routed to the kth agent and the number of customers who completes service at agent k£ by time ¢ are
denoted X" (), Rj}(t) and D} (t), respectively. The idleness process for each agent, I}'(t), is defined
to be 1 if the kth server in the nth system is idle at time ¢ and 0 otherwise. The idleness processes
play a critical role in our analysis and can be related to the routing and departure processes as

I} (t) = I;)(0) — Ry (t) + D (t), forallt > 0,1 <k <n.

The routing process is a counting process and the customers are routed to server k only when it is
idle, which implies

(1 —=I7(t—))dRE(t) =0, forallt >0and 1 < k <n.

The non-idling property of the policies can be expressed as

(X"(t) —n)” zf:f,’:(t),VtZO,neN. (3.1)
k=1



Due to the exponential nature of service and patience times, the counting processes for service
completions and abandonments can be modelled as time changes and/or thinings of homogeneous
Poisson processes. Pang et al. [22] provide a detailed overview of pathwise construction of such
processes. We take {S™(t),t > 0} to be Poisson processes with rate 1 and event epochs {6'}. We
also take a sequence of independent uniform(0,1) random variables, U*, and define the sequence of
random variables

7

n k
K :=min< k: Zﬂ? U?gZﬂ? , for all i,n € N.
— =

To construct the departure process for each server, we first consider {SpE(t) = S(> 1, fapt),t > 0},
a time change of the standard Poisson process, to act as the potential service completion process
for the nth system, i.e., the event epochs of this process are the potential candidates for the
actual service completion times. Using splitting property of Poisson processes, if &' = k, we treat
the ith event of the potential service completion process S% occuring at time ¢;' as a potential
service completion by server k and define {S},(t) = fo’ l(t) 0k(k]"),t > 0} as the potential service
completion process by server k in the nth syst7em. To convert the potential times to actual service
completion times, we need to apply another splitting by checking whether server k is busy right
before a potential service completion time. Hence, we represent the service completion process for

server k as
S ()

Dp(t) = /0 (1= I2(s—)dSPa(s) = 3 (1= I2(E0—)k(s™), £ > 0.
1

v

i
Similarly, taking { N™(t),t > 0} to be Poisson processes with rate 1, independent of other processes
defined so far, we can represent the abandonment process for the nth system as

{N" (’y /Ot(X”(s) - n)+ds> > o} :

Now, we can write the dynamics of the system length process {X"(¢),¢ > 0} as

t
X"(t) = X"(0)+ A" (¢ ZDk (’y/ (X”(s)—nﬁds) ,Vt>0,n € N.
0
We define the scaled system length process X”(t) = Xn\(/%_n and after some simple algebraic
manipulations, we get
% % An(t) —An )\nt_n/]t Zk 1Dn ~k fo ka In ds
X)) =X"(0
(1) = X"(0) + — =+ == N Z
n gt N (3 U () — ) ds) — 5 JH(X(s) —m)tds ft<xn<s>_n>+ds

pigt —pt _YJo
LT Vi Vi
(3.2)

We have the following assumption on the initial conditions X™(0):



X"(0) —n
Vi
We also define the filtrations F” = {F* : t > 0} as

77 = o (A Hos, XM O 0N A6 S0 A N (7 [ (00 =) ) s0 < 5 <)

for all t > 0. We are now ready to further analyze the idleness process and define the fairness
process.

Assumption 2. X"(0)

3.1 Analysis of the Total Idleness Process

In this section, we analyze the scaled versions of the total idleness process which we define as

n vn

To be able to manipulate the system equations and define the fairness process properly, we need to
understand how the total idleness behaves. We prove that the total idleness experienced by time
t, scales with y/n as n increases by showing the tightness of the appropriately scaled maximum
number of idle servers.

. pey 1) It A -
I"(t) .= M,I};(t) = i ), forall 1 <k <nandI"(t) = ng(t),t > 0.
k=1

Lemma 1. For any fired T > 0 and nonidling policy, {|f”\*7T} N is tight.
ne

Proof. We need to prove that for any € > 0, there exists a K, > 0, such that
P(|I".7> K.) < €, for all n € N.

Using (3.1,

n n ¢ -

SO IR = (X"(O) AR — 3 DR(E) - N <~y/0 (X(s) — n)+ds>>

k=1 k=1
"0)—n "(t) — " sn - N" t s) —n)tds _
< (X (0) = n + A™(1) ];SP,k(ﬂkt) N (’Y/O(X() ) d)) :

which implies

*n X"(0) —n A™(t) — Ant (D k=1 SPa(t) = D k= fkt) S by gt — At
O e R w*‘ Ve ,jl NI
N N™(y [y (X"(s) —n)Tds) — v [;(X"(s) — n)*tds L2 Jo(X"(s) —n)*ds

\/ﬁ *,T \/ﬁ *,T
(3.3)

Assumptions [l and [2, and the functional central limit theorem for renewal processes guarantees
that the first four terms on the righthand side of (3.3 are tight. The fifth term corresponds to the
supremum of a martingale with predictable quadratic variation

<N”(7 JHX™(s) —n)tds) — 7 [o(X"(s) — n)+ds> 1y (X"(s) —n)tds
Vn n '




Hence, using Lenglart-Rebolledo inequality (c.f. Lemma 5.7 in [22]), the tightness of the last two
terms in (3.3 are spontaneously proved once we show the tightness of

fg(X”(s) —n)tds
\/ﬁ

*,T
To do so, we define L" := {0 < s < T : X"(s) —n > 0}. The paths of X"(-) are in Dg[0, c0) and
hence, we can express L™ as the union of disjoint intervals as L™ = |2, [, B7).

ST ) —m)tds [ (X7 (s) —m)ds Tty Jud (X7(s) — m)ds
7 /n 7 ‘

Note that each o is the start of a busy period. Hence, if s € [, 5)

X"(s) < X™(af") + A"(s) — A(ef) — Sp(s) + Sp(af).

Hence,

max{X"(0) —n,1} { |A™(s) — A" }
<T + 2T _
: Vi poer LV

{ [SB(s) — 22:1 i | } 4 T|\" — 22:1 izl
vn vn '

Using the functional central limit theorem for Poisson and renewal processes and continuous map-
ping theorem along with the fact that supremum is continuous in J; topology, the right-hand side

+ 2T sup
0<s<T

converges weakly and hence is tight. This proves {|f "\*T} is tight. O

J3(X™(s) —n)tds

Corollary 1. ||, 75 0 and 2.

*,T

Proof. For any € > 0, P(|I"|.1> €) = P(|I"|7> v/ne) — 0. The proof of the second claim is
similar. O

The proof of the following lemma is similar in nature to that of Lemma 3.1 in [2].

Lemma 2. For any nonidling policy we have

n t
_ I d
Zk_1 HE fo k(s)ds 2.
n

sup
0<t<T

for any given T.



Proof. We know that Ij(t) = \/I(t). Using Cauchy-Schwarz inequality

D=1 Mk f(f Ii(s)ds _ 21 Mk foT Ii(s)ds
n n

sup
0<t<T

k=1
T n o2 |n
My I, (s)
< [ (X s
0 =1 " k=1 "
(s [y,
P n 0 n
no2
K 7
< = Ty —=
k=1
Hence, our result follows from Lemma O

Our key observation is that how the total idleness is distributed among different servers plays
the key role in the analysis of many server queueing systems with random service rates. In the next
section, we introduce the fairness process which keeps track of the distribution of total cumulative
idleness among servers.

3.2 The Fairness Process

In this section, we concentrate on the analysis of

iazféf;?(s)ds
= v

the fifth term on the righthand side of (3.2)). For any € > 0 and n € N we define the random times

¢
7' = inf {t : / I"(s)ds > e} .
0

Now, we are ready to define the measure-valued fairness process. Intuitively, the fairness process
keeps track of how the total cumulative idleness is distributed among different servers in the system.
Specifically, if the system has been idle for some time by ¢ (i.e., t > 7{'), the fairness process, n;'(A),
represents the proportion of cumulative idleness experienced by servers whose service rates, [i}'s, are
in A € B(R;). When the cumulative experienced idleness is 0, this proportion is not well-defined,
and we choose a probability measure ( € P as a placeholder and set n*(A) = ((A) for any t < 79
and A € B(Ry). We also define the e-shifted version of the fairness process as the process which is
equal to ¢ when t < 7, and is equal to n for ¢t > 7.. Formally, we define the fairness process for
the nth system and its e-shifted version as

t n
Jo 2oh=1 0 (A)Ix(s5)ds 4>

ni'(A) = I3 S0 T(s)ds :
C(A) ift <7




non A ift>Tl
S'nit(A) = { Ct(A) ifr<n (3.4)

The fairness process and its shifted versions assume values in the space of probability measures and
have paths in Gp[0, 00). We are interested in the convergence of the fairness process in some sense.
Unfortunately, the sequence of fairness measures is not tight in the Skorokhod-.J; topology (or in
any of the four topologies introduced in [25]). Hence, we resort to the following idea of convergence
relying on the shifted processes.

Definition 1. Assume that 7' = T, for any € > 0 and define Sen by replacing 7* with T¢ in (3.4)).
We say that {n;}er, is the limiting fairness process if for any e > 0

Si'n" = Sen, on Gp[0,00) endowed with Skorokhod-Ji topology.

Lemma and the continuous mapping theorem guarantee that {7/ },en is tight. Also, if €; < €2

and 820" = S n, we also have S_.n" = S,n. Hence, rather than considering all real € > 0, we

1
can concentrate on any sequence {€y },en with €, — 0. For the sake of simplicity, we take ¢, = 1/n

for the rest of this paper.

Now, our next step is to prove the tightness of the e-shifted processes for any € > 0. Jakubowski [16]
provides useful criteria to prove the tightness of measure-valued processes, by converting the prob-
lem to that of real-valued processes. This result has been used by Kaspi and Ramanan [I8] in the
study of measure-valued processes arising in many server queueing systems and our approach is
similar. For completeness, we state Jakubowski’s criteria below.

Theorem 1 (Jakubowski [16]). A sequence of stochastic processes {n" }nen taking values in Dp[0.T]
1s tight if and only if:

J1. (Compact Containment Condition) For each p,T > 0, there exists a compact set K, C P
such that
liminf P(n;" € K, for allt € [0,T]) > 1 —p.
n—oo

J2. There exists a family of functions F such that

. HeF:P — R and F separates points in P,
1. F is closed under addition,

iti. For any fived H € F, the sequence of functions {h"(t) := H(n}), for allt € R} en is
tight in Gr[0,00)] endowed with usual Skorokhod-Jy topology.

Following the example of Kaspi and Ramanan [I8], we choose the family of functions
= {H : 3f € C%[0,00) such that H(n) = (f,n) for all n € P}.
We impose a slightly stronger uniform integrability condition on our fairness processes.

Assumption 3. For any given p,0 >0 and T > 0, there exists an M such that

n—oo

lim inf P (/ pdni () < o, for allt e [0,T]> >1—0p.
M

10



This condition is slightly stronger than J1 and holds for any policy if the service rates have
bounded support. Now, we are ready to prove the tightness of shifted fairness processes.

Theorem 2. For any e > 0, the sequence of e-shifted processes {S'n" }nen is tight.

Proof. Again it is enough to show the tightness restricting our attention to all finite intervals [0, T7].
Assumption [3| guarantees that the condition J1 holds. As 7 takes values in the space of probability
measures, {{f,SI'n™) }nen is also bounded for any f € Cp[0,00). To prove J2, we need to show the
modulus of continuity condition holds, i.e., for any given p,¢ > 0, there exists a C, such that for
any o < C,

lim inf P(w'((f, S{n™), 0) = p) <,

n—oo

where w'({f, Sen"), ¢) := infw((f,Sn™), (ti, tiv1]) and
w({(f, Sen™), (tis tia]) := sup [(F, S8y — (Fn™ )l

t; <s,t<t;i41
The infimum is taken over all partitions {¢;};en of [0,7] with |t;iy1 — ¢;|> o for all i. For more
details on modulus of continuity condition, we refer the reader to Chapter 3 in [0], noting that the
condition we provide is modified for left-continuous functions.
For any given ty > t; > 7*, we have

) / > i / LT
tg M . L N .
/0 ;Ik(s)ds /0 ;Ik(s)ds
/12f<ﬂ2) [7(s)ds + QZf(ﬂ’,g) 1 (s)ds /IZf(ﬂZ) i1(s5)ds
_ |70 k=1 top—y (R
tp 1 ) ty M A P -
/ D Ii(s)ds+ | Y Ii(s)ds / > Ip(s)ds
0 k=1 =1 (U
) ( ) ;f(ﬁ’ﬁ) }Z(s)ds> (/0 ;I;? s)ds> - </O ;f(”,;”) ;;(s)ds> </t ; g(s)ds>
( / klfﬁ(s)ds> ( / > ;?(S)ds)

Hence, for any partition of [0, 7] such that t; = 0,ty = 7. and |t;4+1 — t;|= o for i > 2,

w({(f, S, (b1, tisa]) < 2 broellloce

€
By definition 7. > €/|I]« 0 and

P52 0) > ) < P (111> max { g — ).

11



The tightness of |I|. o guarantees that this probability approaches 0 as ¢ — 0, which proves our
theorem. O

In our analysis of the system length process, we are mainly concerned with the process (¢, n™)
which is equal to the expected value of a random variable following the probability distribution 7}
at any time t and our next result shows that tightness of the shifted versions of these processes is
implied by Theorem

Corollary 2. For any € > 0, the set of real-valued processes {{t, SI'n"™) tnen is tight.

Proof. The compact containment condition is implied by Assumption [3] as for any given p, o > 0
and T > 0
Hminf P ({¢, S'n') < M + o, for allt € [0,7]) >1— p.

n—oo
We now prove the modulus of continuity condition, we first define the truncated identity function
as iy (i) = pgu<any (@) + Mog,<pry(p). Using that for any t1,¢5 > 0,

o0 o0

St + [ st

(00 SPAY = (0o SPLD < Coan, SP) = o ST + [ )

M

we write

P(w' (¢, S¢n™)s 0) = p) < P’ ({ear, SE0™), 0) > p—26)+P (/MOO pdny'(p) > s, for some t € [O,T]> :

For any p > 0 we can find A, o and M such that the righthand side is less than ¢ for all n, and our
result is proved. O

Choosing €, = 1/n and using a diagonal argument, Theorem [2| implies that any sequence of
{n"}nen has a subsequence where shifted fairness processes weakly converges for all € > 0. However,
doing the analysis for each ¢ > 0 can be tedious for specific applications. We define the measure-
valued scaled total cumulative idleness process as

n t
Cr(t, A) =) 5,12(,4)/0 I(s)ds, for all t >0, A € B(R,),n € N.
k=1

We now show that it is possible to identify the limiting fairness process, by examining C’”(t, A)
rather than the e-shifted versions of the fairness process.

Lemma 3. Suppose for all A € B(Ry) and T > 0,

lim sup |C"(t, A) — C(t,A)| 5 0. (3.5)
Then .
C(t,A) ., 4
- if C(t,Ry) >0
n)=1{ e, TCUR
C(A) otherwise

1s the limiting fairness process.

12



Proof. 1t is clear that {n(t,-)} is a probability measure valued process. For any Borel set A € B(R)
processes {C"(t, A),t > 0} are continuous processes and converge in probability to {C(t, A),t >0}
in Cr_[0,00). The stopping times 77" = inf{t > 0 : C"(t,Ry) > €} and can be thought of as a

continuous function of C’"(, R4). Using the continuous mapping theorem,
B =inf{t > 0:C(t,Ry) > 0}.

For any fixed € > 0, define
Te if0<t<rn

n
AM(t) = f_Teth T(1e — 1)
T—T10 T—T

if 7" <t <T.

Clearly, |A"(t) — t|2 0. We now prove for any A € B(R,)
lim [ (t, 4) — n(A"(8), )| 0,in Ge[0.7). (3.6)

For t < 7", we have |n"(t, A) — n(A"™(t), A)| = 0 for all A. A"(t) is defined so that 7. > 7 if and

only if t < A"(¢t) for all ¢. For t > 7
" (¢, A) = (A" (1), A)| = 8(7e > 1) " (t, A) — n(A" (), A)| + 0(1e < 7) [n" (¢, A) — 0" (A(t), A)]
< o(re < 7) (In" (8, A) —n(t, A)l + [n(A"(t), A) — n(t, A)])
+0(7e > 1) (In"(A"(2), A) — (A" (t), A)| + [n" (A" (2), A) — " (¢, A)])
CM(A™M(1),A)  O"(t,A) )
Cr(An(t),Ry)  Cn(t,Ry)
B Cr(A™(t),A)  C™(t, A)
Cr(An(t ) CA™(t),Ry)|  |C(A™(t),Ry)  C(t,Ry)

We think of the righthand side of the last equahty as four summands and if we can show converge
of each summand to 0 in probability, then we can conclude that for all A, 5"(-, A) & (-, A) in
Gr_[0,T]. For the first summand, we have

Cr(t,A)  CtA) | |CtR)(CtA) = C(tA) + CtAC"(ERy) — C(L,Ry))
Cn(t,Ry)  C(t,Ry)| C(t,Ry)Cn(t,Ry)
_ror (’én(t,A) _ o, A)| + ’Cm(t,mg) - é(t,R+)|)

crt, A C(t, A)

Cn(t,Ry) C’(t Ry)
Cm (AR (t C(A™(t), A)

5(7—6 S e)

) |

and for the second summand,
Cr(A™(t),A)  C"(t, A)
Cr(AM(t),Ry)  CM(RY)

_[CrAn(), A)Cm (t Ry — CT(t, A)CT(A" (1), Ry)

N Cr(An(t), Ry )Cn(t,RY)

Cr(A™(), A)C™ (R ) — C7(t, A)C" (A" (£), Ry
Cr(An(), Ry )Cn(t, R )

1O Ry) — CM A R [C7 (1, A) = CM(AM(), A)

2= A

€

Y
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which implies convergence of both terms to 0 in probability. The convergence of third and fourth
terms can be proven similarly, which in turn imply .

Using the convergence for individual A € B(R), we now prove the convergence of the measure-
valued processes. To prove our result, we use part 2 of Theorem 5.3 in Mitoma [20], which translated
into our case, states that if

1. For each f € Cy(R4), {(f,SIn"),,t > 0} is tight in Dg[0.77.

2. For each f1, fa,..., fm € Cy(R4) and t1,t9,. ..ty € [0,T7,
(Cfr, Seni ) (2, Sémi )+ K SEE D) = ((f1s Sener ), (fas Sems )y -+ 5 (fms Seme ) € R™

then S7'n"™ = Sn.
We proved the tightness condition in Theorem [2| We prove the second part by proving conver-
gence in probability which is slightly stronger than what is deserved. For any ¢ > 0

nh_glop(}(«flaszng»v T <<fm,S?7]?m>>) - (<<f1a5677t1>>7 B <<fm75677tm>>)‘ > Q)

< lim » P(|(fi,Sn) — (i, Sem.)

n—o0 4
=1

0
>7
)

The functions f;(z) € Cy, i.e., |fi(x)|< b; for some b; and f;(x) can be approximated by a simple
function such that

ki
i i € .
fi(z) — zjlajdw(Aj) < o for1 <i<m.
]:

14



Therefore,

P(|(fi, St ) — (fir Sene)

> ) <P (i SI) — (Fir Seinoe)|
[ (fir Sems) = (fis Semanie)] > )
B(|(fi SIm) = {Fis Semnnu) | > 5-) + B(2bifts = A ()] > =)

n TL 7 mn, . n Q
< —
<P | |{fi,S'n E a5 (A3), S h| > m

0
+P | |{firS eTlAn(t Za Oz ( enA”(t )>> > —

6m

ki
7 7 n n z 0
+P [ [ aldu(AL), Sy E:a514 Senan(tn))| > =—

6m

P(Zbi|ti — An(tz)’> )

3 e

k;
< P [n"(t;, A%) — n(A™(¢;), AL —_—
<> (1t 5) = a7, ) > 2 )
0
P(2b;|t; — A™(¢; —),
(bt — A" (1)]> £)
which converges to 0 as implied by (3.6)). O

Limiting Fairness Measures for Fastest-Server First and Slowest-Server-First Policies

We use Lemma [3] to derive the limiting fairness processes for fastest-server-first and slowest-server-
first policies, where the system controller has the knowledge of individual service rates and routes
the arriving customer to the fastest and slowest idle servers, respectively.

Theorem 3. If ( = 6,,,.. where pmin = essinf(fy), then the limiting fairness measure for
Fastest-Server-First policy is

Nt (A) = 8y (A) for all t > 0.

Proof. We prove that for any € > 0 A = [min + €,00) and 7' > 0

=C™(T, A% B0

‘C‘”(t, A% «T

We define L™ as in Lemma [1| and use the fact that it can be partitioned into disjoint intervals as

cn TAE— / Zkluk Zﬂ”—a "t

Since, we know that |I™|,; is tight, if we can show that Yo (B —alt) 20, our result will follow.
The FSF policy guarantees that if there is an arrival when at least one of the servers with service

15



rate in A€ is idle, then the new arrival is routed to one of the servers in this set. Hence, within the
interval (o', B") with ¢ = 1,2, ..., the number of service completions by the servers with service
rate in A€ should be greater than the number of arrivals. Hence,

S~ on om . o [ SBr(s2) = Sp(s1) A(sg) — A(s)
(St e <2 (S oan (BZIRE) Al 2o o)
— Spi(s1) — f(s2 — s1)
NG
(ko1 Ak —ni)(s2 —s1) > opq (1 — 05, (A9)) k(52 — 1)
vn vn
A(s2) — A(Sl)\/ﬁ— An(s2 — 1) n (np — )\n\/)%SQ —s1) 0) .

n ST (s
:]P’( sup Zéuk(Ag) Pa(s2)
k=1

0<s1<s9<t _

_l’_

The term 2211(1_5%\(/25))%(82—51)

limit theorems for Poisson and renewal processes and continuous mapping theorem for the supre-
mum, we know that the other terms converge in distribution and hence tight. This implies that
the probability approaches 0 as n — oo. O

diverges to infinity as n — oco. Using the functional central

As will be shown in Theorem [5| in the next section, the diffusion approximation provided in
Theorem 2.2 in Atar [2] also implies the same limiting fairness measure for the fastest-server-first
policy. Our result is slightly stronger as we do not require the support of the service rates to be
bounded. However, for Assumption [3] to be satisfied for the slowest-server-first policy, we need to
impose the boundedness condition. The rest of the proof of the following theorem is similar to the
proof of Theorem [3| and we omit it here.

Theorem 4. Suppose that ( = 0,,,,,., where fimax 1= esssup(fi) < co. Then, the limiting fairness
measure for Slowest-Server-First policy is

Nt (A) = dppax (A) for all t > 0.

Remark 1. Unfortunately, the sequences of fairness processes do not converge in any of the four
topologies provided by Skorokhod [25] in general. We try to provide some insight into this claim by
considering fastest-server-first policy as an example. Assume X"(O) and their limit & is bounded
away from 0, hence 78 > 0. We take ¢ = 6y, and as we prove in Theorem [3 the limiting
fairness process is continuous and is also equal to 0 Choosing A = [fmin + €,00) such that

P(ay € A) >0,

min *

r O (A)
P < sup [n"(t) —n(t)|> e) > P (3t > 0 such that n"(t) = 6, where u* € A|Fy) = Zk_zlnﬂk (m)uk
k=1 F

0<t<T
The equality follows using the basic properties of minimum of exponential random variables and
realizing that a time t as stated above exists if the first server to become idle is in set A. Hence, it
is not possible to find any A(-) to show convergence of fairness processes in J; and Ja topologies. The
distance between graphs of sample paths also is greater than € in the case above, making convergence
i My and My topologies impossible.
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3.3 Convergence of the System Length Process

In this section, we analyze the weak limit of the scaled system length processes X (). Theorem
and the completeness of the space of probability measures guarantee that for any sequence of
fairness processes, there exists a subsequence with a limiting fairness process. The uniqueness of
the limiting process can be proven if the finite dimensional distributions of the process converge.
Henceforth, we assume that the sequence of fairness processes has a unique limiting process in the
sense in Definition [l

A general approach in proving limit theorems for queueing systems is to use the structure of
Equation in conjuction with the continuous mapping theorem (c.f. Theorem 2.7 in Billings-
ley [6] and Section 4.1 in [22]). The nonstandard definition of the limiting fairness processes in
Definition [1] makes it harder for us to use this theorem directly. The proof of the continuous map-
ping theorem relies on the Skorokhod Representation Theorem for which we provide an extension
in the following lemma.

Lemma 4. Let Sj, be Polish spaces and =" = (X7, X3,...) be random elements where X}' € Sy,
for all k,n € N and { Xy, }nen is tight for each k. There exist n1 < ny < --- in N and random
variables Y, ; defined on the same probability space (Q, F, I@’), taking values in Sy; such that for each
J the family (Yij)ken has the same joint law with (Xkn, )ken and for each k € N, Yy; converges
almost surely as j — oo.

Proof. Let S =81 x Sy x ---, an infinite Cartesian product, which is a Polish space. Then X,, =
(X1n, Xop, ) are S-valued random elements for each n € N. As {X]'}nen is tight, there exists a
compact set Ey C Sk such that P(Xy, ¢ Ej for some n) < 27 k¢ for each k € N. This implies that
P(Xg, ¢ Ej for some k,n € N) < e. Using Tychonoff’s theorem (see Chapter 5, Munkres [21]),
Ei x Ey x --- is compact in S. Hence, we conclude that {Xn}neN is also tight. Hence, using
Skorokhod’s representation theorem, we can find ny < ng < --- and f/j on a probability space
(Q,]:" , ]f”) which has the same distribution as an and converges almost surely as j — oco. Hence,
the lemma follows. O

Now, we are ready to prove our main result.

Theorem 5. Suppose that {n:}icr is the limiting fairness process for the sequence of queueing
systems as defined in Definition . Then, the scaled process X™ converges weakly to £, where £ is
the solution of

§(t) = o+ (Ve + YW (t) + Bt + <<L’77t>>/0 £ (s)ds — 7/0 £ (s)ds, forallt >0,  (3.7)

where ¢ := var(uﬁ)/[ﬁ, i.e., the coefficient of variation of ui's, 8 := 5\—5, 0 s distributed normally

with mean 0 and variance var(fi).
Proof. We focus on Equation (3.2) and use the martingale method outlined in [22]. The processes
o) e Dkt DR = B o (1= 12(s))ds
M (t) =
Vn
N <7 fg(X”(s) — n)+ds) — vfg(X"(s) —n)tds
i |

MR(t) :=
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corresponding to the fourth and sixth terms in (3.2]) are martingales with predictable quadratic
variations

ey, = Zkmt Ay (0= T (5))ds
(MP)y = ’Yf(f(X"(S) —n)tds

n

respectively. Using Corollary

dohe Bt — Dy ik fg It (s)ds p
n

t
X"(s) —n)td
— pit in Dg_ [0, 00) and fo( (s) —n)"ds

n

2.
*,T

Hence, using the martingale central limit theorem
MP(t) = aWa(t) and ME(t) 2 0.

And as a result of central limit theorem for renewal processes and standard central limit theorem,
we have

. A" (t) — Mpt . oy —

A (t) = (\)/ﬁ = coaW(t) and 6" = “k\/ﬁ
Taking ¢, = 1/k for all £k € N and 2" = (X”(O)A",Mf,MZ”,&”,SG"IU”,SET; o), Lemma
implies that we can find =% = (X'”(O)7 Ak, Mf, ]\fo, 5", Sfl ik, Sgﬁk, ...) such that ZF has the same
distribution as =™ and

=

= 0.

[1]¢

F — (507 Ca,aWb /TLW% Oa 5’7 561777 862777 . ')7
where (€0, cafiWi, iWa, 0,5, Se, 17, Se, 7, . . .) has the same joint distribution as
(507 CaﬂWb /jW27 07 6—7 861777 862777 .. )

As the convergence occurs in Skorokhod-.J; topology, Theorem 4.1 in [2§] implies that for any fixed
e > 0 we can find a common sequence of homeomorphisms A™ : [0,7] — [0,7] such that with
probability 1,

A (t) = fiea Wi (A" (1))

VP = A ©)]| VI S — (S o) VAN 1| o

*, T

as n — 0o, where A™ denotes the derivative of A with respect to t. Also, Assumption [3{ and the
tightness proved in Lemma [I} imply that for any p > 0, there exists an K, > 0 such that

K .
*,T} > p) <P

P (sup {03, v [ X700

neN

Let & (t) be the unique strong solution of

t t
E(t) = &0 + caWL(t) + W2 (t) + Bt + (1, 1) /0 £ (s)ds — v /O ¥ (s)ds, for all t > 0.
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Defining X by replacing = with = in (3.2), we need to prove that for any p, o > 0, we can find a
N, such that n > N, , implies

P(ds(X™, &) > o) < p.
Choosing K /5 as defined above

P (4s(.§) > o) <P (dsX"8) > goswp {0 M. o v [170)]  f < Koa) + 5. @9

neN

Hence, we concentrate on the scenarios corresponding to the first term on the righthand side of ([3.8)

and assume
< K

For any € > 0, there is a sufficiently large Ny, such that for any n > Ny

to A™(t) .
/ (X7(s)) ds — / E(s)*ds
0 0
At) |

(6.7 /O (X™(5))"ds — (b, an(o) /0 E(s)~ds

sup {100 7). v [ %700

X" () — EA"() < e+

+

et f () — )Y ds + / (1= ()€ (A"(5))* ds

n '(<<w7?>> — (s [ ) ds),

At) |
— ({iian) — (s Scitann ) /0 £(s)-ds

+ s Seitaner) /0 A()E(A(s))ds

t
< 6—1—7/0 (X7 () — & (A" ()| ds + £ o + 460 + K
t
+Kp/2/0 ‘X”(s)—§(A(s))’d8—|—6(Kp/2)2T

Now, using Gronwall’s inequality (c.f. Lemma 4.1 in [22]), we have

ds(X",€) < sup [X"(t) — EA"))|S (e(1+ Kppo(1+ T + K, joT) + 4eK ) eV 02T
0<t<T

Hence, choosing € and € appropriately and Ny large enough, we prove our result. ]
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4 Totally Blind Routing Policies

4.1 A Related Martingale

In this section, our goal is to identify fairness processes corresponding to some specific policies.
The key term in defining the fairness process is the cumulative idle time by time t experienced by
servers whose service rate fall in set A. To analyze the total idleness process further, we use the
doubly stochastic process {Sp(t)}+>0 that represents the potential service completion times and
define

¢ = inf{t — ;' : Iin(t) = 0, > 6;'} for all i € N and n € N.

The random variable ¢} represents the length of the idle period experienced by the server who
becomes idle at time 67'. If an actual service completion occurs at 6, then I;»(67—) = 1 and
¢ > 0, and if 67 is not an actual service completion time, i.e., I,{;L(Gf—) = 0, then ¢} =
Similarly, we define

¢, =inf{t >0:I;/(t) =0}, forall 1 <k <nandn €N,

which represents the duration of the idle period experienced by servers who are idle at time O.
Hence, defining

L if iy € A

0 otherwise,

1) = {

we can equivalently represent the total cumulative idleness experienced by servers in A by time ¢

as
SB(t)

ZWA)/ ds—zcs )6 AT+ D THAN! A (t - 61).
k=1

1

s

7

To analyze the righthand side further, we introduce the following martingale:

Lemma 5. For any Borel set A C Ry,

SR(t)
MA@ =n2 | D THA)G A (= 07) Z E |7 (A)67| g
SBE(t)
+ 3 (YHAEIY — ¢+ 67 F) (A1)
=1

1s an F"-martingale.

Proof. Being conditional expectations, second and third sums on the right-hand side of are
clearly Fi-measurable. The random variables (¢}' 4 0') are stopping times for any 0 < i < Sp(t),
which implies that the first sum is also measurable with respect to ;. For any n > 1 and t > 0;,
we have

0<X"(t) <nand ¢ —0 <inf{s >t: X"(s) =n}.

Considering the discrete-time Markov chain Y;" = X "(ZZ Lul /") and the positive recurrence of
this chain when restricted to be between 0 and n proves that E[\Mt(A) |] < oo forallt>0. The
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rest of the proof relies on the basic relationship that ¢ A (t — 67") = ¢ — (¢ + 0 — ¢)T. We have

S" (t+s) S" (t+s)
E[M%(t + s) — M%(t)|F] = Z TP (A Z TPA) (PP —t —s+60M)F

SE(t+s) SE(t+s)

= > EXFAFor-]+ D E[XFA)NG] —t— s+ 67) " Frpdl

i=1 =1

Su(t) S7(t)

—ZT” ¢Z+ZT" )(oF —t+ 07"
Sm( t) S7(t)

+ Z B[] (A)¢} | For_] Z E[T}(A)(¢} — t+67) | Fi]| F

S (t+s) ()
=E| Y THA ZT" NPl —t—s+0M)T
i=Sp(t)+1
Sp(t+5) Sp(t+s)
- Z T"( JoF —t—s+0)" = Y E[} (A} For]
i=Sp(t =57 (t)+1
S (t)

+ Z E[YT(A) (O] —t — 54 07) | Fry s

s;_z,(t+s) Sp(t)
+ ) EPANG] —t— s+ 0T Fus + Y THA) (] —t+ 07T
=S (t)+1 =1

N (t)
- Y EH(A)g; —t+ 0 T|F]|F| =0
i=1

This proves the lemma. O

The C™(t, A) is a continuous function of time ¢ for any A € B(R,) and hence a previsible
process. Hence, in Lemma [5| rather than finding a compensator for the cumulative total idleness
process, we find a process who is compensator is the cumulative total idleness process and hence
there is no uniqueness claim.

Lemma 6. If for any T' > 0, there exist random variables U, v such that E[J7] — 0 as n — oo
and

swp  sup B [(g7 — b+ 00 <08, 2
0<t<T —n<i<Sp(t)
then
) SB[ (A)dp | For-] |
sup Cn(t, A) _ 1= U — 0.
0<t<SE(T) v
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Proof. To prove our result we show that the martingale M’} and the third term on the righthand
side of converge to 0 in probability under the stated conditions. Condition imply that
for all T'> 0 and n € N, 97 is positive and converges 0 in probability using Markov inequality. If
the expected maximum jump and the optional quadratic variation of M’ converges 0, the latter
being in probability, the martingale can be shown to converges 0 in probability using the martingale
central limit theorem (c.f. Theorem 8.1 in [22]). We first note that also implies

sup E [(ﬁﬂfg‘n,} 2o,
1<i<S2(T) ¢

which also imply the expected maximum jump of M’} converges 0. Expanding the optional quadratic
variation of M, we get

2[SEO v ae o] 2 [SEVE [Tz

2 [ Orr(AEL(r — ¢+ 071177

]

[M3] <

+ (4.3)

n

The first term on the righthand side of (4.3) is the optional quadratic variation of a continuously
increasing process and hence is 0 for all T > 0 and n € N. The second term is the optional quadratic
variation of an increasing pure jump process and

SE(t) SE(t)

SE[THAHIF ]| ST A F 2 s

= = < sw ErrnFe | 2O 2,
n n 1<i<S3(t) ' n

For analyzing the third term, we define @' (t) = inf{l.,(s) : 0} < s < t}, for i < SE(t),n € N,
which is 1 if the server completing the service at 0;' stays idle until time ¢ and is 0 otherwise. The
function w!'(f) enables us to explicitly address only the servers who are idle at time ¢ as for any
0 < Sp(b),

E[(¢} —t + 0:)T|F] = wi(DE[(¢] —t + 6;) 7| Fi).

We now analyze the optional quadratic variation of the third term on the righthand side of (4.3))
directly using the definition (c.f. Theorem 3.3 in [22]). Consider any finite partition of [0, 7] such
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that 0 =tg <t1 < --- <t =T and

m [ Sp(t) Splti1)
n 1y Z Ti(A)wi(WEI(S] — i+ 0)F[F] — >
=1 1= .

=1
m Sp(t)
=nty ( > T A)wmit)E(6] — i+ 6:) | Fy]
I=1 \i=Sp(ti—1+1)
Sp(ti—1)

2
+ Z Ti(A) (wi(t)E[(¢] — t1 + 0:) | Fy,] — wi(ti1)El(¢F — tio1 + 91)+ft11]))

m Sp(t) ?
<2 'y ( Y. TiAwi(t)E[@] —t + 9i)+]:tz])

2
Ti(A)wi(ti-1)E[(¢; —ti-1 + 9¢)+ftll])

I=1 \i=Sp(t;_1+1)

=

m [Sp(ti—1) 2
2n12< Z Ti(A) (@it) [(¢?tz+9i>+ftl]m(tll)ﬂ«:[(qb?tl1+ei>+ft“]))
=1

To analyze the second term further, we realize that w;(t;) < w;(t;—1) for any i < Sp(t;—1) and
write

NE

—~

Sp(ti—1) 2
Z Ti(A) (wi(t)E[(¢] — ti + 6:) | Fy] — wi(ti-)E[(9] — tie1 + 6:) T | Fe,,])
1 =1

Ms

Sp(ti—1)
Ti(A)(1 — @i(t) s (i) B[] — tie1 + 0:) 7| Fy 4]

=1 =1

Sp(ti-1)
+
=1

2
Ti(A)(wi(t)wi(ti-1) (E[(¢F — t1 + 0:) 7| Fo,] — E[(¢F — ti—1 + 9i)+]:tz1}))
m [Sp(ti—1) 2

< 22 ( Ti(A) (1 = wi(tr))wi(ti-1)E[(¢] — ti-1 + 9i)+]:tzl])

=1

\\Ms

Sp(ti—1) 2
( Ti(A)(wi(t)wi(ti—1) (E[(¢f — ti + 6:) 7| Fy] — E[(¢F — ti1 + 9i)+]:tzl])>
=1
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Again considering the second term on the righthand side, we have

m  [Sp(ti—1) 2
> ( . Ti(A)(wi(tr))wi(tio1) (E[(@F — ti + 0:) T | Fy,] — E[(¢F — ti—1 + 9i)+~7:t11])>
Sp(ti-1) 2

( Z Ti(A)(wi(tr))w@i(tiz1) (E[(@f — t + 0:) | Fy,] — E[(¢F — t1—1 + ei)+ftz]))
m  [Sp(ti—1) 2

+2) ( Yi(A) (@i (t)wi(tio1) (B[(9} — tiz1 + 60;) T | Fe ] — E[(@] — ti—1 + 00*]—}11]))
m SP(tl—l) 2

<2y ( Z Ti(A)(wi(t))witi-1) (b — tm))

m  [Sp(ti—1) 2
+ QZ ( Z T (A)(wi(tr))wi(ti-1) (E[(ﬁ —ti1+0)T|F,] —El(6F — 1 + 0¢)+.7:t11]))

Aggregating all our calculations above, we get

S (rp(A)E[(r — ¢+ 07)*1FF])|

< VM) 4+ AV () + (VM (t) + VI (L)),

n
where
m S}g(tl) 2
m > T (A)wi (t)E[(F — t + 0:)F | Fy,]
suplti—ti1=09 = i=Sp(ti_1+1)
V() = . 7
m [Spti1) 2
e S| Y LA - m) i )BIGF — ey + 0]
=1 i=1
V(e) = . ,
m  [SB(ti—1) 2
lim Z Z Yi(A)ew;(t)wi(ti—1) (t; — ti—1)
sup|t;—t;—1|—0 =1 1
V(D) = . ,
m  [Sp(ti-1) 2
. p‘tlligl \—>OZ Z Ti(A)wi(t)wi(ti—1) (E[(¢] — tie1 + 0:) | F] — E[(¢] — tiz1 + 0:) 7| F, L)
uplt;—t;—1
Vi'(t) =

n
The first term V] is the definition of the quadratic variation of a pure jump process and hence,

i (C(AELS; 1 Far))” (

2
v = ==L sup E[T?(A)ﬁb?fe?]) B 1

1<i<Sp(t) n
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For V3*(t),

2
m  [Sp(ti—1)

suptl—tll—m; ; ( l)) (ti-1)

V3(t) < (97)°

n

The fraction above defines the optional quadratic variation of a counting process, which counts the
number of customers routed to a server by time ¢. This counting process is bounded by the arrival
process A™(t) and hence implies that V3*(t) 2 0 in Dg[0, T).

For Vi (t), write

lim  Sp(t) Z ' (Ti(A)wi(t)wi(ti1) (t — tie1))?

suplt;—t;—1|—0

Sp(t) m

25p(t) Z lim Z (t1 — tl—1)2

ti—t;—1|—0
i1 suplt;—t; 1| =1

IN

=0
n

For the analysis of V*(¢), we use a similar approach but this time making explicit use of the fact
that the non-zero terms in the summation at any ¢;_; is bounded by the number of idle servers at
that time. Also,

m Sp(ti—1)
: A)w;(t)wi(ti-1)E[(¢] —t1 + 9@')+|~7:tl]
Vi) < lim 21" (t;) ¢
i) < SUP|tz—tll|—>OlZ; % ; < n
3 Ti(A)wi(tl)wi(tl_l)E[((b? —t-1 + Hi)+|]:tl1]>2
n

oI, lim > (E[(¢F|F] — El6PIF )’

ti—t;_1|—0
sup|t;—t;_1| =1

n

<

Theorem [2| imply that |1 "|%* /n is tight. The limit and summation is the optional quadratic vari-
ation of the square integrable martingale E[¢]'|F;] and using Burkholder-Davis-Gundy inequality
(Theorem iV.48 in [23]) with p =1

[E[¢7|F']] < eiE[ sup  sup  E[¢}|F{]] < c1E[d7]
0<s<t 1<i<Sp(t)
and hence the optional quadratic variation of E[¢!'|F;] converges 0 in probability. This proves that
[M}] 20 in probability and using the martingale functional central limit theorem we conclude
that M} (t) % 0. Using a similar approach, the term on the righhand side of
t)
(THAE[(} —t+ 7)1 F]) < |I"|7,0% 5 0.

S

3

=1
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This implies

Sp(t)

n—1/2 Z TP(A) (A (t—01)) Z E [ ¢”|]—"9n 2 0in D0, T7.
= i=1

Since the limiting function is constant and hence continuous, we conclude that the same convergence
also holds with the supremum norm, which proves the lemma. O

4.2 The Fairness Measure for Totally Blind Policies

We are now ready to address specific policies when service rates are random. Atar [2] proves that
for the Longest-Idle-Server-First policy, the system length process converges to a diffusion as given

in , where

> pPdF (u
(e,m), = Jo for all ¢t > 0.
fo pdF( )
This implies that the limiting fairness process is constant through time and
dF
n(A) = M,for all t > 0.
Jo ndF(p)

In this section, under some mild conditions which readily holds for the LISF policy, we prove that
the scaled system length process converges to the same limiting diffusion for a more general class
of policies, which we call to be “totally blind policies”. Ward and Armony [26] describe a blind
policy to be a control policy that can depend on the system state but not the system parameters.
According to this definition and its usage in the literature, a blind policy is assumed not to have
perfect information of parameters, however it can make decisions that have implicit dependencies
on parameters through the system state. For our purposes we need to define the notion of blindness
a bit more restrictively , to mean the expected idling time of a server who becomes idle at time 6"
is asymptotically the same with or without the knowledge of the service rate of the server.

Definition 2. A routing policy is a totally blind policy, if and only if

sup f)IE 671 Fg_) — Ely | 73] B 0

1<<SE(T

Theorem 6. Under any totally blind policy, i.e.,

im sup m ’E[qﬁ?\fgn,] —E[eFm]| B0, for all T > 0,

N0 1 << SH(T)

where condition (4.2)) holds, then

fAﬂd )

,for all t > 0.
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Proof. First, we analyze

Sg) E[Yi(A)¢i| For] il E[E[Y;(A) s For]| For-]

i=1 vn - =1 vn
- S?Z@ E[Y;(A)E[¢:| For]| Fon—]
- i=1 \/ﬁ
_S§)E[Ti(A)(E[¢ilf9f]—E[@\fen W) T ElgilFop 11 Fop-]
N i=1 vn =1 va
T B (A) (Elgil Fop] — Elil Fap )| Fop] S§ A) | Fop JE[¢i| Fop -]
- i=1 \/ﬁ =1 \/ﬁ

Hence, we have

SO W@n | E[Yi(A)|Fop JE[g:| Fop ] S%Z% (El@i| For] — Elgi| For )| For ]

i=1 \/ﬁ i=1 \/ﬁ

For any € > 0

it) B[ (A)(El¢s| For] — El¢i| Fon )| For ]

STL
P

> 61)

SE(t) _
il ETZAEl.Fn an Fon_ n —
P( > T A)Blo\ ) Bl )1 ]‘Nhspmn nuT<€2)
Lp (152 =niT| >
n
SpO) _
zf" —E iFﬂ— Fon_ n _
. Z Eioi7a) - BT DI Vr-] | ISHE): nMT<€2>
P \5}3( ) —npd|
n
(AT + e2)v/n  sup  E[|(E[gi| For] — B[] For-])| | For ]
<P 1<i<Sp(T) > 6
- vn
P <\51"9(T) —nall| 62)
n
This implies
()
- A)gi|For-]  E[Yi(A)|For_|E[di| For-1\ p .
2 < Tn - n )—)0111 Dg[0, 7.

27



Again, since the limiting function (zero function) is constant and hence continuous, this convergence
can be taken in the supremum norm. Combining this with Lemma [6] and realizing that

n SR S (AL - RO )i [, pdF ()

E[Y3 (A)|For—] = I — s w.p. 1,
' nt Yy i Jo ndF(p)
we have IF .
sup |C"(t, A) — W/ I(s)ds| % 0.
0<s<T Jo wdF (i) Jo
Our theorem is then implied by Lemma O

Intuitively, as the number of servers approaches infinity, the number of idle servers are negligible
compared to the servers who are busy. It is well known from basic probability that if we have two
independent exponential random variables, say U and V', with rates A1 and Ao, the probability that
U is less than V' is A1 /(A1 + A\2). Hence, using this basic property and the fact that the idle servers
are negligible, the probability that a server becoming idle at any given time belongs to set A is
asymptotically constant in time and equal to

fA pdF (1)
Jo~ ndF (1)

In other words, totally blind policies asymptotically equalize the time to stay idle for all servers once
they become idle. The servers with higher service rates become idle more frequently, proportional
to their service rates and hence, their share of total cumulative idle time is also proportional to
their service rates.

Longest-Idle-Server-First Policy

We show that Longest-Idle-Server-First policy is totally blind and the condition holds. We
know that the server who becomes idle at time ¢7' starts the next service exactly after arrival of
the next >, I}'(67) customers. Hence,

E[¢?|Fi] <n™t ( sup E[uljn(g)41|Fs] + E[ul] sup ZI,?(S)) .
0<s<T 0<s<T £

and
E[¢7'|For] = E[¢}'|For -] (4.4)

for all ¢,n € N, as it only depends on the number of idle servers at ¢;', which is For— measurable
and the future behavior of the arrivals which is a renewal process. Hence, we have

Theorem 7. Longest-Idle-Server-First policy is totally blind and satisfies (4.2) and hence the
limiting fairness process is as given in Theorem [0,

Proof. For any fixed T' > 0, supy<;<r E[uzn(s)ﬂu}] is bounded and {|f”|*T} . is tight, which
- ne

implies the (4.2)) holds. Also, for any i and n, (4.4) implies E[¢]|Fyr] — E[¢}'|Fpr—] = 0 and hence
LISF policy is totally blind. O
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5 Conclusion

In this work, we analyze many-server queueing systems where the service rates of servers in the
system are i.i.d. random variables. These systems have been studied in an earlier paper by Atar [2]
for two routing policies, longest-idle-server-first and fastest-server-first policies, in an ad hoc man-
ner. Our main contribution is to develop a general framework to analyze many-server queueing
systems with service rate uncertainty using measure-valued stochastic processes. We introduce the
fairness process which assumes values in the space of probability measures denoting the proportion
of cumulative idleness shared by servers having different service rates. Unfortunately, it is possi-
ble to show that the fairness processes cannot be analyzed in the standard Skorokhod topologies
and we introduce a modified notion of convergence for these processes. We also include customer
abandonments into our analysis, which we believe to be indispensible for systems with service raet
uncertainty. We also show how the limits obtained in [2] can be obtained using martingale methods.

Even though, the many-server systems with uncertain service rates can be seen as a replacement
for servers belonging to pools where servers are identical, we believe that this work also should be
extended to include networks of queues with pools of servers, where within a server pool the
service rates follow the same distribution, but may follow different distributions among pools. The
introduced diffusion limits can also be used to analyze staffing of many-server systems with service
rate uncertainty, and how the variability of the service rate affect the staffing and routing decisions.
We also believe that the similar fairness processes can be defined to analyze service systems with
heterogeneous and non-exponential service times and data-driven systems where the service rates
are either time dependent or learned through data as time evolves.
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