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1 Introduction

Topological Quatum Field Theories (TQFT’s) has been a subject of interest for
mathematicians for the past thirty years. As the name suggests, the subject
saw birth in the mind of a physicist. It was Edward Witten who first recognized
the importancy of TQFT’s. In 1988, Atiyah published a paper formalizing the
ideas of Witten. The categorical point of view for dealing with TQFT’s first
appears with Quinn. Roughly speaking, an n dimensional TQFT is a structure
preserving (in a sense which will be made precise) correspondence between a
certain subset of oriented n-manifolds and linear transformations between vec-
tor spaces.
Here, we will give a detailed account of the classification of 2 dimensional
TQFT’s by Frobenius algebras. We will put stress on the category theory point
of view.
We start by giving an overview of cobordisms which is the geometrical side of
TQFT’s. Than, we give develop the categorical point of view on cobordisms.
This will allow us to show the classification of 2-dimensional TQFT’s with ease.

2 Corbordisms

2.1 Manifolds with boundaries

An n-manifold is topological space for which every point has a neighborhood
homeomorphic to Rn. Some examples of 2-manifolds are the sphere or the
cylinder excluding the boundary circles. To see that these fit our definition of
2-manifolds, visualize these sets embedded in R3 and notice that each point has
the plane as its tangent space.
The cylinder with its boundary circles does not fit our definition of a 2-manifold.
Again, appeal to visualization by embedding this set in R3. Clearly, a point on
the boundary circle of the cylinder does not have R2 as tangent space. This
motivates the following definitions which will relax the one of an n-manifold.
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Definition 2.1. A half-space Hn of Rn is a subset of the form
{
x ∈ Rn|λx ≥ 0

}
where λ is a non-zero linear functional on Rn.

We then make Hn into a topological space by inducing the topology from
Rn. Notice the abuse made in this definition. Indeed, we defined the half-space
of Rn as a set depending on a non-zero linear functional on Rn. If we had
been more precise, we should have defined a half-space for every non-zero linear
functional. But each of these half-spaces is homeomorphic to every other. Our
interest in half-spaces lies in their topological structure. Accordingly, we will
continue to speak of the half-space Hn of Rn.

Definition 2.2. An n-manifold with boundary is a topological space for which
every point has a neighborhood homeomorphic to some neighborhood of Hn.

Remark. Open sets in Hn include the ball which is homeomorphic to Rn. From
this follows that the class of n-manifolds with boundary contains the class of
n-manifolds.

Let us check that the cylinder with its boundary circles included fits the def-
inition of a 2-manifold with boundary. Embedding in R3 we see that the points
on the boundary of the cylinder each have a neighbordhood homeomorphic to
H2.

2.2 Oriented Manifolds

Definition 2.3. An orientation of a manifold is a smooth choice of orientation
of its tangent space. If a manifold admits an orientation, we say that it is
orientable.

Remark. Not all manifolds are orientable. For example, the Möbius strip and
the real projective plane are not.

Definition 2.4. Let Σ be a submanifold of M of codimension 1. Assume both
M and Σ are oriented. At a point x ∈ Σ let [v1, ..., vn−1] be a positive basis
for TxΣ. A vector w ∈ TxΣ is called a positive normal if [v1, ..., vn−1, w] is a
positive basis for TxM

If Σ is a connected component of the boundary, we can ask whether a positive
normal points inwards or outwards relative to M . From [4] 1.1.11, we have this
does not depend on the choice of the positive normal (or on the choice of point
x ∈ Σ) Therefore, we can speak of the in-boundary and of the out-boundary of
M .

2.3 Cobordisms

Definition 2.5. Let Σ0 and Σ1 be two oriented closed (n-1)-manifolds. An
oriented cobordism from Σ0 to Σ1 is a compact oriented n-manifold with smooth
maps

Σ0 −→M ←− Σ1
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such that Σ0 maps diffeomorphically (preserving orientation) onto the in-boundary
of M and Σ1 maps diffeomorphically (preserving orientation) onto the out-
boundary of M . We will write M : Σ0 ⇒ Σ1 and we will usual omit the
adjective oriented.

Definition 2.6. Two oriented cobordisms M and M ′ from Σ0 to Σ1 are equiv-
alent, if there exists an orientation preserving diffeomorphism ψ : M −→ M ′

which makes the following diagram commute: (diagram 1)

In the following section, we will show why the proper framework for studying
oriented cobordisms is category theory. For notion on category theory the reader
is referred to [5].

Theorem 2.1. Oriented n-cobordisms form a category (denoted nCorb) whose
class of objects is closed and oriented (n-1)-manifolds and whose class of mor-
phisms is isomorphism classes of oriented cobordisms between (n-1)-manifolds.
The composition law for morphisms is induced on isomorphism classes of ori-
ented cobordisms from the following composition law for oriented cobordisms:
Given two oriented cobordisms M : Σ0 ⇒ Σ1 and M ′ : Σ1 ⇒ Σ2 their compo-
sition M ′ ◦M : Σ0 ⇒ Σ2 is defined to be the oriented cobordism obtained by
gluing M and M ′ along Σ1.

Remark. Is composition of oriented cobordisms well-defined? From [2], we know
how to glue topological spaces together. Suppose we have two manifolds with a
common boundary. Is there a canonical manifold structure on the topological
space obtained by gluing both manifold along their common boundary? The
answer is that such a structure exists and it is unique up to diffeomorphism.
For further discussion see 1.3 [4]

Remark. Let us check that the composition law induced on isomorphism classes
is well-defined. Let M : Σ0 ⇒ Σ1 and N : Σ0 ⇒ Σ1 be two isomorphic oriented
cobordism. Also, let M ′ : Σ1 ⇒ Σ2 and N ′ : Σ1 ⇒ Σ2 be two isomorphic
oriented cobordism. M

∐
Σ1
M ′ denotes the oriented manifold obtained by glu-

ing M and M ′ along Σ1. N
∐

Σ1
N ′ denotes the oriented manifold obtained by

gluing N and N ′ along Σ1.
By the universal property for gluing manifolds, there is a unique smooth map
α : M

∐
Σ1
M ′ −→ N

∐
Σ1
N ′ and a unique smooth map β : N

∐
Σ1
N ′ −→

M
∐

Σ1
M ′. The universal property also gives us uniqueness of the smooth

maps M
∐

Σ1
M ′ −→ M

∐
Σ1
M ′ and N

∐
Σ1
N ′ −→ N

∐
Σ1
N ′. So, both must

be identity. Hence, we must have β ◦α = idM
∐

Σ1
M ′ andα◦β = idN

∐
Σ1

N ′ and

thus, M
∐

Σ1
M ′ and N

∐
Σ1
N ′ are diffeomorphic (See diagram 1bis).

Remark. For associativity of composition, see 1.3.15 [4].

Remark. Cobordisms can also be decomposed. Given a cobordism M : Σ0 ⇒
Σ1 and smooth submanifold Σt which divides M into two parts Give Σt the
orientation such that its positive normal points toward the out-part. We can
now induce cobordisms M0 : Σ0 ⇒ Σt and M1 : Σt ⇒ Σ1 from M . (See diagram
2) Furthermore, M1 ◦M0 = M . For further discussion on this construction see
1.2.20 [4].
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Remark. Intuitively, if you glue a cylinder to a boundary of a manifold, it re-
mains unchanged. This leads us to formulate the following hypothesis: given
an (n-1)-manifold Σ the cylinder formed on Σ is (a representant of the isomor-
phism class of) the identity morphism on Σ. This turns out to be true. The
proof involves showing that any cobordism M from Σ or to Σ can be decom-
posed into two cobordisms, one which is diffeomorphic to cylinder on Σ and the
other which is diffeomorphic to M .

In the rest of the report, our interest in cobordisms will be limited to 2Corb.

2.4 A study of 2Corb

Let us record these two theorems.

Theorem 2.2. Two compact connected manifolds are diffeomorphic if and only
if they have the same genus.

See [3] Theorem 9.3.5 for a proof.

Theorem 2.3. A nonempty closed and connected oriented 1-manifold is diffeo-
morphic to the circle (with either orientation).

For a proof, see [1].

Lemma 2.1. Let M : Σ0 ⇒ Σ1 be an invertible cobordism. If M is connected
(as a 2-manifold) then Σ0 and Σ1 are connected as 1-manifolds.

Proof. M ◦M−1 is the cylinder CΣ0 . Trivially, every point of CΣ0 is connected
to some point on the in-boundary. But the in-boundary is also the out-boundary
and since M is assumed to be connected, so is CΣ0

. Since the CΣ0
has the same

number of connected component as Σ0, we have that Σ0 is connected. By the
same argument on M−1 ◦M , Σ1 is connected.

Proposition 2.1. Two oriented 1-manifolds are diffeomorphic if and only if
there exists an invertible cobordism between them.

Proof. A diffeomorphism between two objects of 2Corb induces an invertible
cobordism between these two objects. Just use the cylinder construction de-
scribed in [4] 1.2.16.
Conversely, suppose M : Σ0 ⇒ Σ1 is an invertible cobordism. Suppose that M
is connected as a 2-manifold. Then, by lemma 2.1, Σ0 and Σ1 are both con-
nected and by theorem 2.3, Σ0 and Σ1 are both diffeomorphic to the circle. If
M is made of n distinct connected component, then the argument above applies
to each connected component. So the conclusion becomes that Σ0 and Σ1 are
both diffeomorphic to the disjoint union of n circles.

These theorems will help us give a description in terms of generators of the
skeleton of 2Corb. By theorem 2.3, each object of 2Corb is diffeomorphic to
a disjoint unions of circles. Thus, the full subcategory of 2Corb whose class
of objects is disjoint union of finitely many circles (including zero circles ie the
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empty set) is a skeleton for 2Corb.
From now on, 2Corb will denote this skeleton category. We will denote by
n the object of 2Corb corresponding to the disjoint union of n circles. The
following result will be useful. It is a direct consequence of theorem 2.2.

Corollary 2.1. A morphism M : m ⇒ n in 2Corb is characterized by its
genus.

2.5 Generators and Relations for 2Corb

Theorem 2.4. 2Corb is a monoidal category under disjoint union
∐

. The
empty manifold ø is the neutral element for objects and the cylinder between
two empty manifold is the neutral element for morphisms. We write (2Corb,∐

, ø) to denote the monoidal category structure.

Proof. The proof involves showing that the correspondence∐
: 2Corb× 2Corb −→ 2Corb

which makes (n, m) correspond to n
∐

m (canonically identified to n+m) and
makes (M : m ⇒ r,M ′ : n ⇒ s) correspond to M

∐
M ′ : m+n ⇒ r+s is

functorial.
Than, just show that the usual diagrams for associativity and neutrality com-
mute (see diagram 3)

Theorem 2.5. The monoidal category 2Corb is generated under composition
and disjoint union by the following 6 cobordisms (see diagram 4)

Proof. Introduce the following normal form for connected cobordisms in 2Corb
(see diagram 5). By the characterization of connected cobordisms given in corol-
lary 2.1, it is seen that any connected cobordism can be obtained by composition
of these 6 generators.
If a cobordism is a disconnected manifold, then it is the disjoint union of con-
nected manifold. This observation is not sufficient to prove theorem 2.5 because
it refers to the specific disjoint union in 2Corb which is functorial. This implies
a compatibility with disjoint union of the boundary.
For example, take the twist cobordism. As a manifold, it is the disjoint union
two cylinder. But, as a cobordism, it is not the disjoint union of two identity
cobodisms.
As we will describe, this issue can be fixed by including the twist as one of the
generators.
LetM : n⇒m be a cobordism. It is a manifold with in-boundary Σ1

∐
...
∐

Σm

and out-boundary Σ′1
∐
...
∐

Σ′n. (All sigmas are just copies of the circle. We
give them different names to record their position in the disjoint union.) As-
sume that M has two connected components M0 and M1. The in-boundary of
M0 is a subset p of Σ1

∐
...
∐

Σm. The in-boundary of M1 is the complement
q. Now, consider the diffeomorphism m −→ m which places subset p before
q. This diffeomorphism induces a permutation cobordism S. We now look at
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cobordism S ◦M : m⇒ n. (S ◦M)0 and (S ◦M)1. Denote the two connected
components of this manifold. The in-boundary of S ◦M is the disjoint union
of the in-boundary of (S ◦M)0 and (S ◦M)1. Apply the same argument to the
out-boundary to construct the (permutation) cobordism T : n⇒ n.
Consider the cobordism S ◦M ◦ T : m⇒ n. It is the disjoint union of its con-
nected components. Futhermore, this disjoint union of manifolds is compatible
with the boundaries. Hence, S ◦M ◦ T is the disjoint union of its connected
components as cobordisms.
Now, it remains to show that for any object n of 2Corb a cobordism n ⇒ n
induced from a diffeomorphism which permutes circles in the disjoint union,
is constructible from the set of generators. This construction is realizable by
composing twist cobordism. The situation is completely analogous to that of
the symmetric group Sn being generated by the set of all adjacent transpositons
(i i+ 1) with i ≤ n− 1.

We list some of the relations on the generators of 2Corb omiting most of
those involving the twist. (see diagram 6)
These relations can be seen to hold by the characterization of morphisms given
in corollary 2.1.
Do we have enough relations on the generators to describe 2Corb? More pre-
cisely, do we have enough relations to relate all possible decomposition of a given
cobordism? The answer is that we have enough relations.
First, we start by proving the result for connected cobordisms. The strategy is
to show that any connected cobordism can be relate to its normal form as given
in the proof of theorem 2.5 by using the relations given above. A detailed study
can be found in 1.4.36 [4]. The case of non-connected surfaces involves intro-
ducing a normal form with permutation cobordisms as in the proof of theorem
2.5 and keeping the normal form for connected components.

Proposition 2.2. The twist 2Corb endows symmetric monoidal structure (2Corb,
∐
, ø, T ).

Proof. All the relations involving the twist (see 1.4.35 [4]) precisely express
that the twist has the properties of being its own inverse, of composing like
permutations and of being natural. Thus, the twist gives 2Corb a symmetric
monoidal structure.

Thus, 2Corb can be described as the symmetric monoidal category on the
five generators (see diagram 7) with all the relations listed above imposed, except
for those which involve the twist. Relations involving the twist still hold, but
they are now taken care of by the symmetric structure.

3 Category Theory and Frobenius Objects

3.1 Frobenius Objects

Definition 3.1. A Frobenius object A in a monoidal category (C ,�, I) is an
object A equipped with four morphisms: (see diagram 8) and satisfying the
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following relations (see diagram 9). (We denote A by a dot and A �A by two
vertical dots)

Lemma 3.1. The multiplication µ : A�A −→ A of a Frobenius object is asso-
ciative and the comultiplication δ : A −→ A�A is coassociative. In other words,
a Frobenius object is both a monoid and a comonoid.

Proof. We proceed graphically. For each equality, we invoke one of the rela-
tions of definition 3.1. We will only prove associativity (coassociativity is done
similarly) (see diagram 10)

If C is a symmetric category, then we can define a commutative Frobenius
object to be a Frobenius object with the additional relation. (see diagram 11)
Likewise, we can define a cocommutative Frobenius object to be a Frobenius
object with the additional relation (see diagram 12).

Lemma 3.2. A Frobenius object in a symmetric monoidal category is commu-
tative if and only if it is cocommutative.

Proof. This can be proved graphically as was lemma 3.1 by invoking the relations
of definition 3.1. For a sketch see 2.3.29 [4] (see diagram 13).

We are now in position to give a key result in the study of 2-dimensional
TQFT’s.

Definition 3.2. The free monoidal category on a Frobenius object 1 is the
monoidal category (C ,�,0) whose class of object is powers n := 1�...�1
(graphically represented as n vertical dots) and whose class of morphisms is
generated (monoidally and through composition) by the four morphisms of a
Frobenius object (diagram 8), subject to the relations of diagram 9.

Now, add the twist map to the set of generating morphisms, impose the
commutativity relation and all the relations on involving the twist map which
make C into a symmetric monoidal category (cf proposition 2.2). Then, C is
called the free symmetric monoidal category on a commutative Frobenius object.
We will denote this category by D .
It is easily seen that 2Corb equivalent to D . We have the following one-to-one
correspondence on objects and generating morphisms (see diagram 14). This
correspondence is functorial and monoidal in the sense that it is compatible
with binary operation and composition on both sides. Furthermore, we have a
one-to-one correspondance between the defining relations of C and D . Thus
2Corb and D are equivalent as symmetric monoidal categories.

Definition 3.3. A Frobenius homomorphism between two commutative Frobe-
nius objects A and B in some category V is a morphism φ which preserves all
structure.

Therefore given a symmetric monoidal category V , we can construct the
subcategory coFrob(V ) whose class of objects is the commutative Frobenius
objects in V and whose class of morphisms is the Frobenius homomorphisms
between commutative Frobenius objects.

7



3.2 Representation of Category D

Definition 3.4. Given two categories V and Y , we denote by SymMonCat(V ,Y )
the category whose class of objects in symmetric monoidal functors from V to Y
and whose class of morphisms is natural transformations between such functors.

For the coming section, we will rely on this lemma.

Lemma 3.3. Let (V ,�, I, T ) and (Y ,�′, I ′, T ′) be two symmetric monoidal
categories and let F : V −→ Y be a symmetric monoidal functor. If (M,µ, η)
is a commutative monoid in V then FM is a commutative monoid in Y .

Proof. See 3.5.14 [4] for a proof.

By duality, this result also holds if we replace commutative monoid by co-
comutative comonoids.
A commutative Frobenius object is a commutative monoid which is also a
comonoid. So, lemma 3.3 holds if we replace the word commutative monoid
by commutative Frobenius object.
Let V be a symmetric monoidal category. A functor F : D −→ V is completely
determined by where it maps the generator 1 of D to.
By lemma 3.3, since 1 is a commutative Frobenius object, F must send it to
a commutative Frobenius object in V . Also, given a commutative Frobenius
object A in V , there is a unique symmetric monoidal functor F : D −→ V
which maps 1 to A.
Thus, we have a one-to-one correspondence between symmetric monoidal func-
tors D −→ V and commutative Frobenius objects in V .
This correspondence is also functorial in the sense that it can be extended to a
one-to-one correspondence (which is compatible with compositon) between nat-
ural transformations of symmetric monoidal functors D −→ V and Frobenius
homomorphisms of commutative Frobenius objects in V .
From these considerations, we get the following result:

Theorem 3.1. Given a symmetric monoidal category V , the categories SymMonCat(D ,V )
and coFrob(V ) are canonically equivalent.

3.3 Frobenius Objects in VectK

VectK denotes the category whose class of objects is finite dimensional vector
spaces over the field K and whose class of morphisms are K-linear transforma-
tions. This category is equipped with a tensor product which makes VectK
into a symmetric monoidal category. The neutral object is K regarded as a
1-dimensional vector space. The neutral morphism is idK. The twist is just the
canonical interchange of factors of a tensor product V ⊗W −→W ⊗ V .

By theorem 3.1, we have an equivalence of categories between SymMonCat(D ,VectK)
and coFrob(VectK). This sums up the classification of 2-dimensional TQFT’s
(2-dimensional TQFT’s are just symmetric monoidal functors from 2Corb to
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VectK).
To get a better appreciation of the result, we will show that commutative Frobe-
nius objects in VectK are commutative Frobenius algebras and we will give sev-
eral characterization of Frobenius algebras.
First, note that a commutative Frobenius object A in VectK is a commutative
algebra which is simultaneously a coalgebra (and by lemma 3.2 is cocommu-
tative) and is subject to the Frobenius compatibility between multiplication
µ : A⊗A −→ A and comultiplication δ : A −→ A⊗A: (δ ⊗ idA) ◦ (idA ⊗ µ) =
µ ◦ δ = (idA ⊗ δ) ◦ (µ⊗ idA).
We call this simultaneous commutiative algebra and cocomutative coalgebra
structure subject to the Frobenius compatibility condition a commutative Frobe-
nius algebra.

Theorem 3.2. Let A be finite dimensional K-vector space. Then if A is
equipped with one of the following structures, then it is canonically equipped
with all of the structures.
(i) A is a commutative Frobenius Algebra.
(ii) A is an commutative algebra equipped with a nondegenerate symmmetric
associative bilinear pairing β : A⊗A −→ K.
(iii) A is a commutative algebra equipped with a linear functional λ : A −→ K
whose kernel contains no nontrivial ideals.
(iv) A is a commutative algebra equipped with an A-linear isomorphism γ :
A −→ A∗ to its dual.

Proof. (i)⇒ (ii) First, notice that to specify a unit and a counit for an algebra
is equivalent to specifying K-linear transformations η : K −→ A and ε : A −→ K
respectively. Define the bilinear pairing β := ε ◦ µ. As a consequence of the
Frobenius relation and of η and ε being unit and counit, we have the following
relation: (idA ⊗ ε) ◦ (idA ⊗ µ) ◦ (δ ⊗ idA) ◦ (η ⊗ idA) = idA (1)
Define the linear copairing ψ := δ ◦ η. Then, the relation becomes (idA ⊗ β) ◦
(ψ ⊗ idA) = idA
This is precisely the definition of β being nondegenerate in its second variable.
Similarly, we can construct a relation analogous to (1) to prove that β is non-
degenerate in the first variable. Hence, β is nondegenerate.
Clearly, β is symmetric because µ is commutative.
Finally, we need to verify associativity of β. By associativity of µ, we have
µ ◦ (µ⊗ idA) = µ ◦ (idA ⊗ µ). Thus, ε ◦ µ ◦ (µ⊗ idA) = ε ◦ µ ◦ (idA ⊗ µ). which
can be reduced to β ◦ (µ⊗ idA) = β ◦ (idA ⊗ µ). This expresses associativity of
β.
(ii) ⇒ (iii) Define the linear functional λ := βleft(1A). By 2.1.15 [4], another
characterization of nondegeneracy β is that β(A, y) = β(y,A) = 0 implies that
y = 0. This means that β(A, y) = β(Ay, 1) = λ(Ay) = 0 implies that y = 0.
Hence, the kernel of λ contains no nontrivial left ideals. By commutativity of
the algebra this means that the kernel of λ contains no nontrivial ideals.
(ii)⇒ (iv) See 2.1.15 [4] for a proof.
(iv) ⇒ (ii) Define the pairing β(a, b) = (γ(a))(b) for any a, b ∈ A. β is bi-
linear because of linearity of γ and of elements of A∗. Associativity of β
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follows from A-linearity of γ. Nondegeneracy follows from γ being an iso-
morphism (see 2.1.15 [4]). Symmetry of the pairing β follows from its as-
sociativity and from commutativity of multiplication: Let a, b ∈ A. Then,
β(a, b) = β(1a, b) = β(1, ab) = β(1, ba) = β(b, a).
(iii)⇒ (i) See 2.3.3 [4] for a proof.

We have obtained some equivalent characterization of a Frobenius object in
VectK.

3.4 Extending the classification...

Denote by TopVectK the category whose class of objects is topological vector
spaces over K and whose class of morphisms is continuous K- linear transfor-
mations. Up to certain identifications, it can be said that TopVectK is sym-
metric monoidal under the completed tensor product ⊗ and the canonical twist
V ⊗W −→W ⊗ V .

Is there anything interesting about the category coFrob(TopVectK). It is
actually equivalent to coFrob(VectK). The reason is that VectK is a full sub-
category of TopVectK and that there are no Frobenius objects in TopVectK
other than those corresponding to finite-dimensional vector spaces.
To see the former just recall that linear maps between finite dimensional vector
spaces are continuous when the vector is equipped with the standard topology.
To see the latter, suppose A is a Frobenius object in TopVectK. Than, consider
the continuous linear map Ω := ε ◦ µ ◦ δ ◦ η : K −→ K. A little linear algebra
shows that Ω(v) = nv where n denotes the trace of idA ie the dimension of
A. But if A is infinite dimensional, then Ω is not defined as continuous linear
transformation. But it ought to be since TopVectK is a category. Therefore,
A cannot be a Frobenius object if A is an infinte dimensional vector space.

My supervisor suggested that it would be interesting to study quasi-Frobenius
objects, ie Frobenius objects with no counit. The extension of the classification
from VectK to TopVectK could be meaningful if we considered quasi-Frobenius
object instead of Frobenius objects.
One of the tasks for this work would be to find something analogous to theorem
3.2 to give meaningful characterization of quasi-Frobenius object in the category
TopVectK.
We can say that quasi-Frobenius objects always have a coassociative comulti-
plication but, in general, their multiplication is not associative. Indeed, the
argument we gave in diagram 10 carries to coassociativity of comultiplication
of quasi-Frobenius objects but not to associativity of multiplication because of
the lack of a counit.
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4 Conclusion

We hope to have illustrated a hidden connection between geometry and algebra
which reveals itself in category theory.
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