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Abstract
Bayesian analysis plays an important role in statistical inference of complex models, including Gaussian

process regression and space-time models. Due to the difficulty in theoretical analysis of the combination
of models and approximate estimation mothods, there is a need for practical assessment methods
based on numerical stochastic simulation, as well as visualisation techniques for prediction uncertainties.
This project reviews some of the theory for stochastic partial differential equation seen as Gaussian
processes, and explore the Bayesian posterior distributions calculated by the Integrated Nested Laplace
Approximation method.
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1 Introduction
In the past times, Bayesian analysis has relied upon Markov chain Monte Carlo methods to compute the joint
posterior distribution of the model parameters. The traditional methods are typically developed without any
considerations of efficiency and are usually computationally expensive in high dimension spatial statistics.
In recent decades, several techniques for computing more efficiently has been introduced. Among all of them,
one of main ideas is that a latent Gaussian process can be expressed or approximated through some finite
basis functions. Moreover, they concentrated on models that can be expressed as latent Gaussian Markov
random fields which obtains benefits of reducing the computing time of model fitting. Hierarchical models
were widely used across disciplines to represent dependency or uncertainty in model parameters. The roots of
this actually predate the use of MCMC for these problems; Laplace approximations were used for approximate
Bayesian calculations around in the 80s, while MCMC didn’t really “take off” until the mid-1990s. Eventually
in last decade, a new approximation to the posterior of the model parameters based on Laplace approximation
named “Integrated Nested Laplace approxiamtion” was developed.

2 Bayesian analysis
In Bayesian analysis, we obtain a posterior distribution for the parameter which we treat as a random variable,
for which we can provide summary statistics to decribe main properties and the purpose is to compute or
estimate the joint posterior distribution. Hence the distribution of the parameters θ conditional on the
observed data y is obtained by Baye’s theorem:

P (θ|y) = P (y|θ)P (θ)
P (y) .

Note that in most cases P (y), the marginal likelihood, acts as a normalizing constant and is often difficult to
estimate as it is computed as

∫
P (y|θ)P (θ)dθ. But in practice, Baye’s theorem is often expressed as

P (θ|y) ∝ P (y|θ)P (θ)

to estimate the posterior distribution without computing the marginal likelihood. And the posterior can be
estimated by re-scaling the product of the likelihood so that the prior integrates up to one. In a short word,
we conclude that Bayesian inference boils down to the computation of posterior and predictive distributions:

P (θ|y) = P (y|θ)P (θ)∫
P (y|θ)P (θ)dθ

and
P (y?|y) =

∫
P (y?|θ)P (θ|y)dθ.

Bayesian methods allow for the incorporation of prior beliefs into the model and provide a formal way to learn
from data to update prior information. Contrary to frequentist methods, Bayesian methods provide credible
intervals on the parameters and probability values, which are consistent with the hypothetical common sense
interpretation. In addition, Bayesian approach may deal with other complex situations more efficiently such
as repeated measures, missing data, and multivariate data.
One principal problem for Bayesian analysis is to compute the posterior P (θ|y) when confronting high-
dimensional integration. MCMC methods have been traditionally used for solving this problem, and now
INLA is introduced to be another useful tool with higher accuracy.

3 Gaussian models
In the simplest case we assume a Gaussian model for the data[

x
y

]
∼N

([
µx
µy

]
,

[
Σyy Σyx
ΣT

yx Σxx

])
,
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with some parametric form for the covariance matrix and mean

y ∼N(µ(θ),Σ(θ)).

The log-likelihood becomes

l(θ|y) = −1
2 log |Σ(θ)| − 1

2(y− µ(θ))TΣ(θ)−1(y− µ(θ)).

Given estimated parameters, predictions at the unobserved locations are given by

E(x|y, θ̂) = µx + ΣxyΣ−1
yy (y− µy).

4 Gaussian Markov random field (GMRF)
Let the neighbours Ni to a point si be the points that are close to si. A Gaussian random field x ∼N(µ,Σ)
that satisfies

P (xi|{xj : j 6= i}) = P (xi|{xj : j ∈ Ni}).

Using the precision matrix Q = Σ−1 the model becomes x ∼ N(µ,Q−1). For any partition of the model
into two disjoint x and y, the conditional expectation is E(x|y) = µx −Q

−1
xxQxy(y− µy).

The conditional expectation for a single location is

E(xi|xj : j 6= i) = µi −
∑
j 6=iQij(xj − µj)

Qii

.

If Qij = 0 for all j /∈ Ni then E(Xi|Xj : j 6= i) = E(Xi|Xj : j /∈ Ni). And we remind an important property
for sparse precision matrix, that is, elements in the precision matrix of a Gaussian Markov random field are
non-zero only for the neighbors and diagomal elements:

j /∈ {i,Ni} ⇐⇒ Qij = 0.

As for the computational details: if Q is a sparse matrix then the Cholesky factorisation Q = RTR will also
be sparse. First, we do the simulation of x ∈N(µ,Q−1) where x = µ+R−1e and e ∈N(0, I). Second, we
apply the previous deduction we have the conditional expectations E(x|y) = µx −R

−1
xx (R−Txx (Qxy(y−µy))).

Finally, we need to compute the determinant 1
2 logQ = 1

2 log |RTR| = log |R| =
∑
i logRii.

One of the major problems here is on how to create Q? Commonly the appropriate smoothness for a model
depends on the smoothness of the real phenomenon being modelled, so it will be different from case to case.
Many natural phenomena do not vary very smoothly, but rather show short-term or short-distance variability.
In this project, we use Matern covariance to interpret the precision matrix. The covariance between two
points at distance ‖h‖ is

r(‖h‖) = σ2

2ν−1Γ(ν) (κ‖h‖)2Kν(κ‖h‖) , h ∈ Rd.

Fields with Matern covariances are solutions to a Stochastic Partial Differential Equation :

(κ2 −∆)α/2x(s) =W(s).

Here W(s) is white noise, ∆ =
∑
i
∂2

∂s2
i
, and α = ν + d/2.
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5 GMRF basis function
According from the existing results in past decades, the Matern covariance has wave number spectrum.
Further, a stationary filed is Markov if and only if the spectral density is a reciprocal of a polynomial. The
breakthrough of this marvelous method is considered with a stochastic partial differential equation whose
solution is exactly a GF with Matern correlation.
Notice that the domain could be divided completely into a set of irregular non-intersecting triangles. Then
the basic idea for simulating the Markov fileds is to construct a discrete approximation of the continous
field using basis functions {ψk} and weights {wk} in order to preserve the sparse structure of the resulting
precision matrix. Hence the approxiamtion is stated as:

x(s) =
∑
k

ψk(s)wk.

GMRF has nice properties and can perform nice calculations. So here it could explicitly provide a sparse
precision matrix as the representation of the spatial effect.
A weak solution to the SPDE is given by the formula above for a specific choice of distribution for the weights
wk. This distribution is obtained by via the matrix equation (κ2C +G)w ∼N(0,C), the precision of the
weights, w, is V (w)−1 = Q2 = (κ2C +G)TC−1(κ2C +G).

Using a piecewise linear basis only adjacent basis functions overlap, so both Gij =< ψi,−∆ψj > and
C =< ψi, ψj > are sparse. To obtain sparse precision matrices we need to replace the C matrix with a
diagonal matrix C̃ with elements

C̃i,i =
∫
ψi(s)ds,

which makes sure the resulting approximation error is small.

The locations of the basis functions do not need to match observation locations Y (s) = X(s) + ε. So we
introduce a sparse matrix Ai. = [ψ1(si) . . . ψN (si)] linking the field to the observation.

We can rewrite the observation equation on matrix form as:

y|w ∈N(Aw,Q−1
ε ),

and
w ∈N(µ,Q−1).

Then kriging with GMRF, we have:

E(w|y) = µ+Q−1
w|yA

TQε(y−Aµ),

and
V (w|y) = Q−1

w|y = (Q+ATQεA)−1.

6 Bayesian hierarchical modelling using GMRF
Data model, P (y|x,θ): Describing how observations arise assuming a known latent field x.

Latent model, P (y|θ): Describing how the latent field behaves.

Parameters, P (θ): Describing the prior knpwledge of the parameters (sometines might be vauge).

Furthermore, observations are assumed to be independent given the vector of latent effects and the hyperpa-
rameters.

P (y|x,θ) =
∏
i

P (yi|xi,θ)

Given a Bayesian hierachical model we are interested in Posteriors for the parameters P (θ|y) ∝ P (y|θ)P (θ).
Posteriors for the latent field P (x|y) ∝

∫
P (x|y,θ)P (θ|y)dθ.
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When computing the posterior we may use a technique by providing the conditional distribution equality

P (y|x,θ)P (x|θ) = P (y,x|θ) = P (x|y,θ)P (y|θ).

This gives
P (θ|y) ∝ P (y|x,θ)P (x|θ)

P (x|y,θ) P (θ)

for any x. Generally, with regard to the non-Gaussian observations we would seek for a good approximation
of P (x|y,θ). Here to approximate the posterior, we have logP (x|y,θ) = logP (y|x,θ) + logP (x|θ) + const
for non-Gaussian observations.

7 Integrated Nested Laplace Approximation
The INLA method is developed as an alternative to traditional Markov chain Monte Carlo methods. INLA is
introduced on models that can be expressed as latent Gaussian Markov random fields and can be described
through a bridge named “linear predictor”. If the observed variables in Bayesian inference whose distribution
is in the exponential family, then the mean for observation is conveniently linked to the linear predictor ηi via
a proper link function. The linear predictor could include terms on covariates and different types of random
effects.
A typical example of this can be expressed as ηi = fixediβ + f(timei) + randomi. Followed by the Bayesian
analysis, the aim of the INLA methodology is to approximate the posterior marginals of the model effects and
hyperparameters. This could be done by the help of GMRF and Laplace approximation for multidimensional
integration.
Specifically, models here are stated as:

yi|x,θ ∼ P (yi|xi,θ),
x|θ ∼ N(µ(θ),Q(θ)−1),

θ ∼ P (θ),
where y are the observed data, x represents a Gaussian field and θ are hyperparameters. µ(θ) is the mean
and Q(θ) is the precision matrix.
Without showing complex calculations in this part, we deduced the formulas for the marginal distributions of
each element for the latent field and hyperparameters:

P (xi|y) =
∫
P (xi|θ,y)P (θ|y)dθ,

and
P (θj |y) =

∫
P (θ|y)dθ−j .

The posterior density of the hyperparameters is approximated via a Gaussian approximation of the latent
field P̃G(x|θ,y), evaluated at the posterior mode x∗(θ) = arg max xPG(x|θ,y), hence

P̃ (θ|y) ∝ P (x,θ,y)
P̃G(x|θ,y)

∣∣∣∣
x=x∗(θ)

.

Then, INLA has the following nested approximations:

P̃ (xi|y) =
∫
P̃ (xi|θ,y)P̃ (θ|y)dθ, P̃ (θj |y) =

∫
P̃ (θ|y)dθ−j .

Finally, the approximations can be integrated numerically:

P̃ (xi|y) =
∑
k

P̃ (xi|θk,y)P̃ (θk|y)×∆k,

P̃ (θj |y) =
∑
l

P̃ (θ∗
l |y)×∆∗l ,

where ∆k and ∆∗l denotes the area weight corresponding to θk and θ∗
l .
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8 Model assessment
8.1 Gaussian process regression model
Gaussian process regression is a Bayesian approach to regression which works well on cartain small dimension
cases and also is able to provide uncertainty measurement on predctions viasually. Like any other Bayesian
prolems, when we specify a prior, we follow the Bayesian theorem to calculate the posterior using the training
data, and as well as the predictive posterior distribution that we want. Note that this model is a special one
which is nonparametric. So the correlation between variables is entirely determined by the Kernel function
that makes up the covariance matrix for the process.
A little difference from the contruction of basis functions, we can denote this process with a latent regression
function as:

x(s) ∼ GP (m(s),K(s, s′)),
where m(s) = E(x(s)) and K(s, s′) = E(x(s)−m(s))(x(s′)−m(s′)).
Specifically, if we have observed a training set D = {(si,xi)} where xi = x(si). Then given the test set
s?, we would like to get a corresponding prediction vector x(s?). And the Gaussian process based on the
assumptions can be written as [

x(s)
x(s?)

]
∼N

([
µ
µ?

]
,

[
K K?

K?T K??

])
.

Followed by the Bayesian appraoch, we have the posterior probability for x(s?):

P (x(s?)|s?, s,x) = N(µ?,Σ?),

where µ? = µ(s?) +K?TK−1(f − µ(s)) and Σ? = K?? −K?TK−1K?.
In the code below, we would prefer to set µ = 0 to simplfy the calculation.
##prior
set.seed(12345)
x_predict <- seq(0, 10, length = 100)
l <- 1 #scale parameter for the cov function

#squared exponential Kernel funtion
SE <- function(Xi, Xj, l)
exp(-0.5*(Xi - Xj)ˆ2 / lˆ2)

#use SE Kernel to compute the covariance matrix
cov <- function(X, Y)
outer(X, Y, SE, l)

COV <- cov(x_predict, x_predict)
#set 3 groups and mean = 0
values <- mvrnorm(n = 3, mu = rep(0, length = length(x_predict)), Sigma = COV)

data <- data.frame(x = x_predict, t(values))
data <- melt(data, id = "x") #melt the data together

#plot the random functions under a Gaussian process prior
pl <- ggplot(data, aes(x = x, y = value)) +
# 2*standard deviation region
geom_rect(xmin = -Inf, xmax = Inf, ymin = -2, ymax = 2, fill = "grey") +
geom_line(aes(group = variable, color = variable)) +
scale_y_continuous(lim = c(-3,3)) +
ggtitle("Random functions under the Gaussian process prior")

pl
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##posterior
X <- seq(0, 2*pi, length = 8) #observe data
Y <- sin(X) #Y(x) = sin(x)

XX <- seq(-0.5, 2*pi + 0.5, length = 100) #predict data
SXX <- cov(XX, XX)
SX <- cov(XX, X)
Si <- solve(cov(X, X))

mu <- SX %*% Si %*% Y
mu <- mu[,]
sigma <- SXX - SX %*% Si %*% t(SX) #posterior distribution

YY <- mvrnorm(n = 3, mu = mu, Sigma = sigma)

data_post <- data.frame(x = XX, t(YY))
data_post <- melt(data_post, id = "x") #melt the data together
data_pre <- data.frame(x = XX, y = mu, ymin = mu - 2 * sqrt(diag(sigma)),

ymax = mu + 2 * sqrt(diag(sigma)))

pl2 <- ggplot(data_post, aes(x = x, y = value)) +
#predictions interval
geom_ribbon(aes(x = x, y = y, ymin = ymin, ymax = ymax), data_pre, fill = "grey") +
geom_line(aes(color = variable), size = 1) +
#mean
geom_line(aes(x = x, y = y), data_pre) +
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#observed data
geom_point(data = data.frame(X, Y), aes(x = X, y = Y)) +
scale_y_continuous(lim = c(-3,3)) +
ggtitle("Three samples from the GP posterior")

pl2
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Three samples from the GP posterior

In the picture above, the black point is just the observations; the black line is the mean of Gaussian process
regression predictions; and the grey ribbon is the 2*standard deviation prection region.
Since the Gaussian process regression model is a probabilistic model, that is, a Beyesian method, so when
having trained data it can not only predict the value of y?, but also obtain the distribution of the entire x?
and calculate its prediction interval. Between the observations in the model, the uncertainty of the prediction
is at a low level thus leading to a good fitting effect.
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8.2 Non-Gaussian (Binomial) 1D model
In the coding, apart from the SPDE model construction, Mesh construction is the basic role for building
basis functions. As we can consult some code refernce for INLA, the inla.mesh.1d() function is used
to construct a finite dimensional basis function representation for 1D functions. In the 2D triangle case,
we use piecewise linear basis functions on the triangles. While in 1D, the equivalent of that is piecewise
linear functions between a fixed set of locations, called “knots”. The inla.mesh.1d() function also supports
piecewise quadratic basis functions (“B-splines” of degree 2). So here 1D case is just suitable for our model.
Another important features is the inla.spde.make.A() functions, which computes the sparse weight matrices
needed to map between the internal representation of weights for basis functions and the values of the resulting
functions and fileds.
#select knots and generate mesh
knots <- seq(0, 80, length = 10)
mesh <- inla.mesh.1d(knots, degree = 2, boundary = "free")

#prior parameters
sigma0 <- 1
range0 <- 1
kappa0 <- sqrt(12) / range0 #nu=1.5
tau0 <- 1 / (sqrt(4 * pi) * kappa0 * sigma0)
theta.prior.prec <- 1

#build the spatial spde
spde <- inla.spde2.matern(mesh,

B.tau = cbind(log(tau0), 1, 0),
B.kappa = cbind(log(kappa0), 0, 1),
theta.prior.prec = theta.prior.prec )

#sample from the process with the required precision matrix
set.seed(123456)
theta <- rnorm(2, sd = 1/sqrt(theta.prior.prec))
Q <- inla.spde.precision(spde, theta = theta)
x <- inla.qsample(n = 1, Q = Q)

#sample from observed binomial data
n <- 12
Ntrials <- sample(c(80:100), size = n, replace = TRUE)
eta <- rnorm(n, 0, 0.5)
prob <- exp(eta)/(1 + exp(eta))
y <- rbinom(n, size = Ntrials, prob = prob)
sampledata <- data.frame(y = y, z = 1:n, Ntrials)
summary(sampledata)

## y z Ntrials
## Min. :32.00 Min. : 1.00 Min. :81.00
## 1st Qu.:43.00 1st Qu.: 3.75 1st Qu.:82.00
## Median :48.00 Median : 6.50 Median :85.00
## Mean :49.25 Mean : 6.50 Mean :86.08
## 3rd Qu.:58.25 3rd Qu.: 9.25 3rd Qu.:89.75
## Max. :63.00 Max. :12.00 Max. :94.00

First we sample from the prior distribution for the parameters of A 1D Matern covariance model, and then
sample from the process itself by calling inla.qsample() with the required precision matrix. Furthermore,
code for sampling Binomial data as we want. Finally, estimate the model with inla(), and compute the
marginal posterior distribution function via the model result. We can also apply inla.smarginal() to obtain
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a spline smoothing of the marginal density.
#link the data and process
A <- inla.spde.make.A(mesh, loc = sampledata$z)
z.index <- inla.spde.make.index("z", n.spde = spde$n.spde)
stack <- inla.stack(data = list(y = sampledata$y, link = 1, Ntrials = sampledata$Ntrials),

A = list(A),
effects = list(z.index),
tag = "est")

#the model
formula <- y ~ - 1 + f(z, model = spde, hyper = list(list(prior = "flat")))
data <- inla.stack.data(stack)
result <- inla(formula, family = "binomial", data = data,

Ntrials = data$Ntrials,
control.predictor = list(A = inla.stack.A(stack),

link = data$link,
compute = TRUE))

#compute the posterior margianl distribution
marg <- result$marginals.fitted.values[[1]]
plot(inla.smarginal(marg), t = "l", xlab = "theta", ylab = "N")
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8.3 Space-time model for Gaussian observations
To construct a sapce-time model, it is possible to construct a Kronecker product model by starting at a basis
representation

x(s, t) =
∑
k

ψk(s, t)xk,

where each basis function is the product of a spatial and temporal basis function, i.e. ψk(s, t) = ψsi (s)ψtj(t),
the space time SPDE

∂

∂t
(κ(s)2 −∆)α/2(τ(s)x(s, t)) =W(s, t), (s, t) ∈ Ω× R

generates the precision matrix Q = Qt

⊗
Qs, where Qs is the precision for the previous purely spatial model,

and Qt is the precision corresponding to a one-dimensional random walk.
#sample data from a space-time model
set.seed(12345L)
#Matern correlation
cMatern <- function(h, nu, kappa) {
ifelse(h > 0, besselK(h * kappa, nu) * (h * kappa)ˆnu /

(gamma(nu) * 2ˆ(nu - 1)), 1)
}

#time and locations
time <- 1:6
loc <- as.matrix(expand.grid(seq(0, 10, 1), seq(0, 10, 1)))
dist <- as.matrix(dist(loc))

#Space covariance for nu = alpha - d/2: alpha = 2 & d = 2
Vs <- cMatern(h = dist, nu = 1, kappa = 1)

#Time covariance for r = 0.8
Vt <- diag(6)
Vt <- 1 * 0.8ˆabs(row(Vt) - col(Vt))

#Cross covariance
Vc <- kronecker(Vs, Vt)

#simulate data: with Gaussian noise to the process
#X(1:t)~GP(0, Sigma), Y = X + e, e ~ N(0, 0.5ˆ2)
xx <- crossprod(chol(Vc), rep(rnorm(nrow(loc)*6)))
df <- data.frame(x = rep(loc[,1], each = 6), y = rep(loc[,2], each = 6),

dat = xx, datn = xx + 0.5*rnorm(length(xx)), time = rep(1:6, nrow(loc)))

#plot
lattice::levelplot(datn ~ x + y|time, data = df)
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#inla by spde
#generate time notes and mesh
knots <- seq(1, 6, length = 6)
mesh1 <- inla.mesh.1d(loc = knots, degree = 2, boundary = "free")

#generate space mesh
locs <- unique(df[, c("x", "y")])
mesh2 <- inla.mesh.2d(loc = locs, offset = c(0.5, 2), max.edge = 1.5)
plot(mesh2)
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Constrained refined Delaunay triangulation

#spatial spde
range0 <- 0.5
sigma0 <- 1
kappa0 <- sqrt(8) / range0
tau0 <- 1 / (sqrt(4 * pi) * kappa0 * sigma0)
spde <- inla.spde2.matern(mesh2,

B.tau = matrix(c(log(tau0), -1, 1), 1, 3),
B.kappa = matrix(c(log(kappa0), 0, -1), 1, 3),
theta.prior.mean = c(0, 0),
theta.prior.prec = c(0.1, 1))

index <- inla.spde.make.index("space", n.spde = spde$n.spde, n.group = mesh1$m)
A <- inla.spde.make.A(mesh2, loc = cbind(df$x, df$y),

group = df$time, group.mesh = mesh1)
stack <- inla.stack(data = list(y = df$datn), A = list(A), effects = list(index))

#the model
formula <- y ~ -1 + f(space, model = spde,

group = space.group, control.group = list(model = "ar1"))
result <- inla(formula, data = inla.stack.data(stack),

control.predictor = list(A = inla.stack.A(stack),
compute = TRUE))

#posterior parameters
pars <-inla.spde.result(result, "space", spde, do.transf = TRUE)
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#plot the prediction
pred <- result$summary.linear.predictor
df$pred <- pred$mean[1:nrow(df)]
lattice::levelplot(pred ~ x +y|time, data = df)
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