MMP FOR MODULI OF SHEAVES ON K3S VIA WALL-CROSSING:
NEF AND MOVABLE CONES, LAGRANGIAN FIBRATIONS
AREND BAYER AND EMANUELE MACRÌ
A BSTRACT. We use wall-crossing with respect to Bridgeland stability conditions to systematically
study the birational geometry of a moduli space M of stable sheaves on a K3 surface X:
(a) We describe the nef cone, the movable cone, and the effective cone of M in terms of the
Mukai lattice of X.
(b) We establish a long-standing conjecture that predicts the existence of a birational Lagrangian
fibration on M whenever M admits an integral divisor class D of square zero (with respect
to the Beauville-Bogomolov form).
These results are proved using a natural map from the space of Bridgeland stability conditions
Stab(X) to the cone Mov(X) of movable divisors on M ; this map relates wall-crossing in Stab(X)
to birational transformations of M . In particular, every minimal model of M appears as a moduli
space of Bridgeland-stable objects on X.
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A moduli space of Bridgeland stable objects automatically comes equipped with a numerically
positive determinant line bundle, depending only on the stability condition [BM12]. This provides
a direct link between wall-crossing for stability conditions and birational transformations of the
moduli space. In this paper, we exploit this link to systematically study the birational geometry of
moduli spaces of Gieseker stable sheaves on K3 surfaces.
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1. I NTRODUCTION
Overview. Let X be a projective K3 surface X, and v a primitive algebraic class in the Mukai
lattice with self-intersection with respect to the Mukai pairing v2 > 0. For a generic polarization
H, the moduli space MH (v) of H-Gieseker stable sheaves is a projective holomorphic symplectic manifold (hyperkähler variety) deformation equivalent to Hilbert schemes of points on K3
surfaces. The cone theorem and the minimal model program (MMP) induce a locally polyhedral
chamber decomposition of the movable cone of MH (v) (see [HT09]):
f 99K MH (v)
• chambers correspond one-to-one to smooth K-trivial birational models M
of the moduli space, as the minimal model of the pair (MH (v), D) for any D in the
corresponding chamber, and
• walls correspond to extremal Mori contractions, as the canonical model of (MH (v), D).
It is a very interesting question to understand this chamber decomposition for general hyperkähler
varieties [HT01, HT10, HT09]. It has arguably become even more important in light of Verbitsky’s
recent proof [Ver09] of a global Torelli statement: two hyperkähler varieties X1 , X2 are isomorphic if and only if there exists an isomorphism of integral Hodge structures H 2 (X1 ) → H 2 (X2 )
that is induced by parallel transport in a family, and that maps the nef cone of X1 to the nef cone
of X2 (see also [Huy11, Mar11]).
In addition, following the recent success [BCHM10] of MMP for the log-general case, there
has been enormous interest to relate MMPs for moduli spaces to the underlying moduli problem;
we refer [FS13] for a survey of the case of the moduli space M g,n of stable curves, known as the
Hassett-Keel program. Ideally, one would like a moduli interpretation for every chamber of the
base locus decomposition of the movable or effective cone.
On the other hand, in [Bri08] Bridgeland described a connected component Stab† (X) of the
space of stability conditions on the derived category of X. He showed that MH (v) can be recovered as the moduli space Mσ (v) of σ-stable objects for σ ∈ Stab† (X) near the “large-volume
limit”. The manifold Stab† (X) admits a chamber decomposition, depending on v, such that
• for a chamber C, the moduli space Mσ (v) =: MC (v) is independent of the choice of
σ ∈ C, and
• walls consist of stability conditions with strictly semistable objects of class v.
The main result of our article, Theorem 1.2, relates these two pictures directly. It shows that any
MMP for the Gieseker moduli space (with movable boundary) can be induced by wall-crossing for
Bridgeland stability conditions, and so any minimal model has an interpretation as a moduli space
of Bridgeland-stable objects for some chamber. In Theorem 12.1, we deduce the chamber decomposition of the movable cone of MH (v) in terms of the Mukai lattice of X from a description of
the chamber decomposition of Stab† (X), given by Theorem 5.7.
We also obtain the proof of a long-standing conjecture: the existence of a birational Lagrangian
fibration MH (v) 99K Pn is equivalent to the existence of an integral divisor class D of square
zero with respect to the Beauville-Bogomolov form, see Theorem 1.5. We use birationality of
wall-crossing and a Fourier-Mukai transform to reduce the conjecture to the well-known case of a
moduli space of torsion sheaves, studied in [Bea91]. Further applications are mentioned below.
Birationality of wall-crossing and the map to the movable cone. Let σ, τ ∈ Stab† (X) be two
stability conditions, and assume that they are generic with respect to v. By [BM12, Theorem 1.3],
the moduli spaces Mσ (v) and Mτ (v) of stable objects E ∈ Db (X) with Mukai vector v(E) = v
exist as smooth projective varieties. Choosing a path from σ to τ in Stab† (X) relates them by a
series of wall-crossings. Based on a detailed analysis of all possible wall-crossings, we prove:
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Theorem 1.1. Let σ, τ be generic stability conditions with respect to v.
(a) The two moduli spaces Mσ (v) and Mτ (v) of Bridgeland-stable objects are birational to
each other.
(b) More precisely, there is a birational map induced by a derived (anti-)autoequivalence
Φ of Db (X) in the following sense: there exists a common open subset U ⊂ Mσ (v),
U ⊂ Mτ (v), with complements of codimension at least two, such that for any u ∈ U , the
corresponding objects Eu ∈ Mσ (v) and Fu ∈ Mτ (v) are related via Fu = Φ(Eu ).
An anti-autoequivalence is an equivalence from the opposite category Db (X)op to Db (X), for
example given by the local dualizing functor RHom( , OX ).
As a consequence, we can canonically identify the Néron-Severi groups of Mσ (v) and Mτ (v).
Now consider the chamber decomposition of Stab† (X) with respect to v as above, and let C be a
chamber. The main result of [BM12] gives a natural map
(1)

`C : C → NS (MC (v))

to the Néron-Severi group of the moduli space, whose image is contained in the ample cone of
MC (v). More technically stated, our main result describes the global behavior of this map:
Theorem 1.2. Fix a base point σ ∈ Stab† (X).
(a) Under the identification of the Néron-Severi groups induced by the birational maps of
Theorem 1.1, the maps `C of (1) glue to a piece-wise analytic continuous map
(2)

` : Stab† (X) → NS (Mσ (v)) .
(b) The image of ` is the intersection of the movable cone with the big cone of Mσ (v).
(c) The map ` is compatible, in the sense that for any generic σ 0 ∈ Stab† (X), the moduli
space Mσ0 (v) is the birational model corresponding to `(σ 0 ). In particular, every smooth
K-trivial birational model of Mσ (v) appears as a moduli space MC (v) of Bridgeland
stable objects for some chamber C ⊂ Stab† (X).
(d) For a chamber C ⊂ Stab† (X), we have `(C) = Amp(MC (v)).

The image `(τ ) of a stability condition τ is determined by its central charge; see Theorem 10.2
for a precise statement.
Claims (b) and (c) are the precise version of our claim above that MMP can be run via wallcrossing: any minimal model can be reached after wall-crossing as a moduli space of stable objects. Extremal contractions arising as canonical models are given as coarse moduli spaces for
stability conditions on a wall.
Wall-crossing transformation. Our second main result is Theorem 5.7. It determines the location of walls in Stab† (X), and for each wall W it describes the associated birational modification
of the moduli space precisely. These descriptions are given purely in terms of the algebraic Mukai
∗ (X, Z) of X:
lattice Halg
∗ (X, Z), consisting of Mukai vectors
To each wall W we associate a rank two lattice HW ⊂ Halg
whose central charges align for stability conditions on W. Theorem 5.7 determines the birational
wall-crossing behavior of W completely in terms of the pair (v, HW ). Rather than setting up the
necessary notation here, we invite the reader to jump directly to Section 5 for the full statement.
The proof of Theorem 5.7 takes up Sections 5 to 9, and can be considered the heart of this paper.
The ingredients in the proof include Harder-Narasimhan filtrations in families, a priori constraints
on the geometry of birational contractions of hyperkähler varieties, and the essential fact that every
moduli space of stable objects on a K3 surface has expected dimension.
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Fourier-Mukai transforms and birational moduli spaces. The following result is a consequence of Mukai-Orlov’s Derived Torelli Theorem for K3 surfaces, a crucial Hodge-theoretic result by Markman, and Theorem 1.1. It completes Mukai’s program, started in [Muk81, Muk87b],
to understand birational maps between moduli spaces of sheaves via Fourier-Mukai transforms.
Following Mukai, consider H ∗ (X, Z) equipped with its weight two Hodge structure, polarized by
the Mukai pairing. We write v⊥,tr ⊂ H ∗ (X, Z) for the orthogonal complement of v. By a result
of Yoshioka [Yos01], v⊥,tr and H 2 (MH (v), Z) are isomorphic as Hodge structures; the Mukai
pairing on H ∗ (X, Z) gets identified with the Beauville-Bogomolov pairing on H 2 (MH (v), Z).
∗ (X, Z) and
Corollary 1.3. 1 Let X and X 0 be smooth projective K3 surfaces. Let v ∈ Halg
∗ (X 0 , Z) be primitive Mukai vectors. Let H (resp., H 0 ) be a generic polarization with
v0 ∈ Halg
respect to v (resp., v0 ). Then the following statements are equivalent:
(a) MH (v) is birational to MH 0 (v0 ).
(b) The embedding v⊥,tr ⊂ H ∗ (X, Z) of integral weight-two Hodge structures is isomorphic
to the embedding v0⊥,tr ⊂ H ∗ (X 0 , Z).
(c) There is an (anti-)equivalence Φ from Db (X) to Db (X 0 ) with Φ∗ (v) = v0 .
(d) There is an (anti-)equivalence Ψ from Db (X) to Db (X 0 ) with Ψ∗ (v) = v0 that maps a
generic object E ∈ MH (v) to an object Ψ(E) ∈ MH 0 (v0 ).

The equivalence (a) ⇔ (b) is a special case of [Mar11, Corollary 9.9], which is based on
Markman’s description of the monodromy group and Verbitsky’s global Torelli theorem. We will
only need the implication (a) ⇒ (b), which is part of earlier work by Markman: [Mar10, Theorem
1.10 and Theorem 1.14] (when combined with the fundamental result [Huy03, Corollary 2.7] that
birational hyperkähler varieties have isomorphic cohomology).
By [Tod08], stability is an open property in families; thus Ψ as in (d) directly induces a birational map MH (v) 99K MH 0 (v0 ); in particular, (d) ⇒ (a). We will prove at the end of Section 10
that derived Torelli for K3 surfaces [Orl97] gives (b) ⇒ (c), and that Theorem 1.1 provides the
missing implication (c) ⇒ (d). Thus, in the case of moduli spaces of sheaves, we obtain a proof
of Markman’s version [Mar11, Corollary 9.9] of global Torelli independent of [Ver09].
Cones of curves and divisors. As an application, we can use Theorems 1.2 and 5.7 to determine
the cones of effective, movable, and nef divisors (and thus dually the Mori cone of curves) of the
moduli space MH (v) of H-Gieseker stable sheaves completely in terms of the algebraic Mukai
lattice of X; as an example we will state here our description of the nef cone.
Recall that we assume v primitive and H generic; in particular, MH (v) is smooth. Restricting
the Hodge isomorphism of [Yos01] mentioned previously to the algebraic part, we get an isometry
θ : v⊥ → NS(MH (v)) of lattices, where v⊥ denotes the orthogonal complement of v inside the
∗ (X, Z). (Equivalently, v⊥ ⊂ v⊥,tr is the sublattice of (1, 1)-classes
algebraic Mukai lattice Halg
with respect to the induced Hodge structure on v⊥,tr .) Let Pos(MH (v)) denote the cone of strictly
positive classes D with respect to the Beauville-Bogomolov pairing, satisfying (D, D) > 0 and
(A, D) > 0 for a fixed ample class A ∈ NS(MH (v)). We let Pos(MH (v)) denote its closure,
and by abuse of language we call it the positive cone.
Theorem 12.1. Consider the chamber decomposition of the closed positive cone Pos(MH (v))
whose walls are given by linear subspaces of the form
θ(v⊥ ∩ a⊥ ),
1We will prove this and the following results more generally for moduli spaces of Bridgeland-stable complexes.
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∗ (X, Z) satisfying a2 ≥ −2 and 0 ≤ (v, a) ≤ v . Then the nef cone of M (v) is
for all a ∈ Halg
H
2
one of the chambers of this chamber decomposition.
In other words, given an ample class A ∈ NS(MH (v)), a class D ∈ Pos(MH (v)) is nef if and
only if (D, θ(±a)) ≥ 0 for all classes a as above and a choice of sign such that (A, θ(±a)) > 0.

We obtain similar descriptions of the movable and effective cone, see Section 12. The intersection of the movable cone with the strictly positive cone has been described by Markman for any
hyperkähler variety [Mar11, Lemma 6.22]; the pseudo-effective cone can also easily be deduced
from his results. Our method gives an alternative wall-crossing proof, and in addition a description
of the boundary, based the proof of the Lagrangian fibration conjecture discussed below.
However, there was no known description of the nef cone except for specific examples, even in
the case of the Hilbert scheme of points. A general conjecture by Hassett and Tschinkel, [HT10,
Thesis 1.1], suggested that the nef cone (or dually, its Mori cone) of a hyperkähler variety M
depends only on the lattice of algebraic cycles in H2 (M, Z). In small dimension, their conjecture
has been verified in [HT01, HT09, HT10, HHT12, BJ11]. The original conjecture turned out to
be incorrect, already for Hilbert schemes (see [BM12, Remark 10.4] and [CK12, Remark 8.10]).
However, Theorem 12.1 is in fact very closely related to the Hassett-Tschinkel Conjecture: we will
explain this precisely in Section 12, in particular Proposition 12.6 and Remark 12.7. In Section
13, we give many explicit examples of nef and movable cones.
Using deformation techniques, Theorem 12.1 and Proposition 12.6 have now been extended to
all hyperkähler varieties of the same deformation type, see [BHT13, Mon13].
Existence of Lagrangian fibrations. The geometry of a hyperkähler variety M is particularly
rigid. For example, Matsushita proved in [Mat01] that any map f : M → Y with connected fibers
and dim(Y ) < dim(M ) is a Lagrangian fibration; further, Hwang proved in [Hwa08] that if Y is
smooth, it must be isomorphic to a projective space.
It becomes a natural question to ask when such a fibration exists, or when it exists birationally.
According to a long-standing conjecture, this can be detected purely in terms of the quadratic
Beauville-Bogomolov form on the Néron-Severi group of M :
Conjecture 1.4 (Tyurin-Bogomolov-Hassett-Tschinkel-Huybrechts-Sawon). Let M be a compact
hyperkähler manifold of dimension 2m, and let q denote its Beauville-Bogomolov form.
(a) There exists an integral divisor class D with q(D) = 0 if and only if there exists a
birational hyperkähler manifold M 0 admitting a Lagrangian fibration.
(b) If in addition, M admits a nef integral primitive divisor class D with q(D) = 0, then
there exists a Lagrangian fibration f : M → Pm induced by the complete linear system
of D.
In the literature, it was first suggested by Hassett-Tschinkel in [HT01] for symplectic fourfolds,
and, independently, by Huybrechts [GHJ03] and Sawon [Saw03] in general; see [Ver10] for more
remarks on the history of the Conjecture.
∗ (X, Z) be a primitive Mukai
Theorem 1.5. Let X be a smooth projective K3 surface. Let v ∈ Halg
2
vector with v > 0 and let H be a generic polarization with respect to v. Then Conjecture 1.4
holds for the moduli space MH (v) of H-Gieseker stable sheaves.

The basic idea of our proof is the following: as we recalled above, the Néron-Severi group of
MH (v), along with its Beauville-Bogomolov form, is isomorphic to the orthogonal complement
∗ (X, Z) of v in the algebraic Mukai lattice of X, along with the restriction of the Mukai
v⊥ ⊂ Halg
pairing. The existence of an integral divisor D = c1 (L) with q(D) = 0 is thus equivalent to
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the existence of an isotropic class w ∈ v⊥ : a class with (w, w) = 0 and (v, w) = 0. The
moduli space Y = MH (w) is a smooth K3 surface, and the associated Fourier-Mukai transform
Φ sends sheaves of class v on X to complexes of rank 0 on Y . While these complexes on Y
are typically not sheaves—not even for a generic object in MH (v)—, we can arrange them to
be Bridgeland-stable complexes with respect to a Bridgeland-stability condition τ on Db (Y ). We
then deform τ along a path with endpoint τ 0 , such that τ 0 -stable complexes of class Φ∗ (v) are
Gieseker stable sheaves, necessarily of rank zero. In other words, the Bridgeland-moduli space
Mτ 0 (Φ∗ (v)) is a moduli space of sheaves F with support |F| on a curve of fixed degree. The map
F 7→ |F | defines a map from Mτ 0 (Φ∗ (v)) to the linear system of the associated curve; this map
is a Lagrangian fibration, known as the Beauville integral system. On the other hand, birationality
of wall-crossing shows that Mτ (Φ∗ (v)) = MH (v) is birational to Mτ 0 (Φ∗ (v)).
The idea to use a Fourier-Mukai transform to prove Conjecture 1.4 was used previously by
Markushevich [Mar06] and Sawon [Saw07] for a specific family of Hilbert schemes on K3 surfaces of Picard rank one. Under their assumptions, the Fourier-Mukai transform of an ideal sheaf
is a stable torsion sheaf; birationality of wall-crossing makes such a claim unnecessary.
Remark 1.6. By [MM12], Hilbert schemes of n points on projective K3 surfaces are dense in the
moduli space of hyperkähler varieties of K3[n] -type.
Conjecture 1.4 has been proved independently by Markman [Mar13a] for a very general hyperkähler variety M of K3[n] -type; more specifically, under the assumption that H 2,0 (M ) ⊕
H 0,2 (M ) does not contain any integral class. His proof is completely different from ours, based
on Verbitsky’s Torelli Theorem, and a way to associate a K3 surface (purely lattice theoretically)
to such hyperkähler manifolds with a square-zero divisor class.
These results have been extended by Matsushita to any variety of K3[n] -type [Mat13].
Geometry of flopping contractions. As mentioned previously, every extremal contraction of
MH (v) is induced by a wall in the space of Bridgeland stability conditions. In Section 14, we
explain how basic geometric properties of flopping contractions are also determined via the associated lattice-theoretic wall-crossing data; this adds geometric content to Theorem 5.7. We obtain
examples where the exceptional locus has either arbitrarily many connected components, or arbitrarily many irreducible components all intersecting in one point.
Strange Duality. In Section 15 we apply Theorem 1.5 to study Le Potier’s Strange Duality, in the
case where one of the two classes involved has square zero. We give sufficient criteria for strange
duality to hold, which are determined by wall-crossing, and which are necessary in examples.
Generality. In the introduction, we have stated most results for Gieseker moduli spaces MH (v).
In fact, we will work throughout more generally with moduli spaces Mσ (v) of Bridgeland stable objects on a K3 surface (X, α) with a Brauer twist α, and all results will be proved in that
generality.
Relation to previous work on wall-crossing. Various authors have previously studied examples
of the relation between wall-crossing and the birational geometry of the moduli space induced
by the chamber decomposition of its cone of movable divisors: the first examples (for moduli of
torsion sheaves on K-trivial surfaces) were studied in [AB13], and moduli on abelian surfaces
were considered (in varying generality) in [MM13, Mac12, MYY11a, MYY11b, YY12, Yos12].
Several of our results have analogues for abelian surfaces that have been obtained previously by
Yoshioka, or by Minamide, Yanagida, and Yoshioka: the birationality of wall-crossing has been
established in [MYY11a, Theorem 4.3.1]; the ample cone of the moduli spaces is described in
[MYY11b, Section 4.3]; statements related to Theorem 1.2 can be found in [Yos12]; an analogue
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of Corollary 1.3 is contained in [Yos09, Theorem 0.1]; and Conjecture 1.4 is proved in [Yos09,
Proposition 3.4 and Corollary 3.5] with the same basic approach.
The crucial difference between abelian surfaces and K3 surfaces is the existence of spherical
objects on the latter. They are responsible for the existence of totally semistable walls (walls
for which there are no strictly stable objects) that are harder to control; in particular, these can
correspond to any possible type of birational transformation (isomorphism, divisorial contraction,
flop). The spherical classes are the main reason our wall-crossing analysis in Sections 5—9 is
fairly involved.
A somewhat different behavior was established in [ABCH13] in many cases for the Hilbert
scheme of points on P2 (extended to torsion-free sheaves in [Hui12, BMW13], and to Hirzebruch
surfaces in [BC13]): the authors show that the chamber decomposition in the space of stability
conditions corresponds to the base locus decomposition of the effective cone. In particular, while
the map `C of equation (1) exists similarly in their situation, it will behave differently across walls
corresponding to a divisorial contraction: in our case, the map “bounces back” into the ample
cone, while in their case, it will extend across the wall.
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Huybrechts. Tom Bridgeland pointed us towards Corollary 1.3, and Dragos Oprea towards the
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Notation and Convention. For an abelian group G and a field k(= Q, R, C), we denote by Gk
the k-vector space G ⊗ k.
Throughout the paper, X will be a smooth projective K3 surface over the complex numbers.
We refer to Section 2 for all notations specific to K3 surfaces.
We will abuse notation and usually denote all derived functors as if they were underived. We
write the dualizing functor as ( )∨ = RHom( , OX ).
The skyscraper sheaf at a point x ∈ X is denoted by k(x). For a complex number z ∈ C, we
denote its real and imaginary part by <z and =z, respectively.
By simple object in an abelian category we will denote an object that has no non-trivial subobjects.
Recall that an object S in a K3 category is spherical if Hom• (S, S) = C ⊕ C[−2]. We denote
the associated spherical twist at S by STS ( ); it is defined [Muk87a, ST01] by the exact triangle
Hom• (S, E) ⊗ S → E → STS (E).
We will write stable (in italics) whenever we are considering strictly stable objects in a context
allowing strictly semistable objects: for a non-generic stability condition, or for objects with nonprimitive Mukai vector.
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2. R EVIEW: DERIVED CATEGORIES OF K3 SURFACES , STABILITY CONDITIONS , MODULI
SPACES

In this section, we give a review of stability conditions K3 surfaces, and their moduli spaces of
stable complexes. The main references are [Bri07, Bri08, Tod08, Yos01, BM12].
Bridgeland stability conditions. Let D be a triangulated category.
Definition 2.1. A slicing P of the category D is a collection of full extension-closed subcategories
P(φ) for φ ∈ R with the following properties:
(a) P(φ + 1) = P(φ)[1].
(b) If φ1 > φ2 , then Hom(P(φ1 ), P(φ2 )) = 0.
(c) For any E ∈ D, there exists a collection of real numbers φ1 > φ2 > · · · > φn and a
sequence of triangles
(3)

/ E2

/ E1
a

0 = Ec 0


A1

A2

/ ···

}

/ En = E

/ En−1
c

An

y

with Ai ∈ P(φi ).
The collection of exact triangles in (3) is called the Harder-Narasimhan (HN) filtration of E.
Each subcategory P(φ) is extension-closed and abelian. Its nonzero objects are called semistable
of phase φ, and its simple objects are called stable.
We will write φmin (E) := φn and φmax (E) := φ1 . By P(φ − 1, φ] we denote the full subcategory of objects with φmin (E) > φ − 1 and φmax (E) ≤ φ. This is the heart of a bounded
t-structure (D≤0 , D≥0 ) given by
D≤0 = P(> φ−1) = {E ∈ D : φmin > φ−1}

and D≥0 = P(≤ φ) = {E ∈ D : φmax ≤ φ}.

Let us fix a lattice of finite rank Λ and a surjective map v : K(D)  Λ.
Definition 2.2 ([Bri07, KS08]). A Bridgeland stability condition on D is a pair (Z, P), where
• Z : Λ → C is a group homomorphism, and
• P is a slicing of Z,
satisfying the following compatibilities:
(a) π1 argZ(v(E)) = φ, for all non-zero E ∈ P(φ);
(b) given a norm k k on ΛR , there exists a constant C > 0 such that
|Z(v(E))| ≥ Ckv(E)k,
for all E that are semistable with respect to P.
We will write Z(E) instead of Z(v(E)) from now on.
√
A stability condition is called algebraic if Im(Z) ⊂ Q ⊕ Q −1.
The main theorem in [Bri07] shows that the set Stab(D) of stability conditions on D is a
complex manifold; its dimension equals the rank of Λ.
Remark 2.3 ([Bri07, Lemma 8.2]). There are two group actions on Stab(D). The group Aut(D)
of autoequivalences acts on the left by Φ∗ (Z, P) = (Z ◦ Φ−1
∗ , Φ(P)), where Φ ∈ Aut(D)
f+
and Φ∗ also denotes the push-forward on the K-group. The universal cover GL
2 (R) of matrices in GL2 (R) with positive determinant acts on the right, lifting the action of GL2 (R) on
Hom(K(D), C) = Hom(K(D), R2 ).
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Twisted K3 surfaces. Let X be a smooth K3 surface. The (cohomological) Brauer group Br(X)
∗ ) in the analytic topology.
is the torsion part of the cohomology group H 2 (X, OX
Definition 2.4. Let α ∈ Br(X). The pair (X, α) is called a twisted K3 surface.
Since H 3 (X, Z) = 0, there exists a B-field lift β0 ∈ H 2 (X, Q) such that α = eβ0 . We will
∗ ) on
always tacitly fix both such B-field lift and a Čech representative αijk ∈ Γ(Ui ∩ Uj ∩ Uk , OX
an open analytic cover {Ui } in X; see [HS05, Section 1] for a discussion about these issues.
Definition 2.5. An α-twisted coherent sheaf F consists of a collection ({Fi }, {ϕij }), where Fi is
a coherent sheaf on Ui and ϕij : Fj |Ui ∩Uj → Fi |Ui ∩Uj is an isomorphism, such that:
ϕii = id;

ϕji = ϕ−1
ij ;

ϕij ◦ ϕjk ◦ ϕki = αijk · id.

We denote by Coh(X, α) the category of α-twisted coherent sheaves on X, and by Db (X, α) its
bounded derived category. We refer to [Căl00, HS05, Yos06, Lie07] for basic facts about twisted
sheaves on K3 surfaces.
In [HS05, Section 1], the authors define a twisted Chern character by
ch : K(Db (X, α)) → H ∗ (X, Q),

ch( ) = eβ0 · chtop ( ),

where chtop is the topological Chern character. By [HS05, Proposition 1.2], we have
h
i
ch( ) ∈ eβ0 · H 0 (X, Q) ⊕ NS(X)Q ⊕ H 4 (X, Q) ∩ H ∗ (X, Z).
Remark 2.6. Let H ∗ (X, α, Z) := H ∗ (X, Z). In [HS05], the authors define a weight-2 Hodge
structure on the whole cohomology H ∗ (X, α, Z) with
H 2,0 (X, α, C) := eβ0 · H 2,0 (X, C).
We denote by
∗
(X, α, Z) := H 1,1 (X, α, C) ∩ H ∗ (X, Z)
Halg

its (1, 1)-integral part. It coincides with the image of the twisted Chern character. When α = 1,
∗ (X, Z) = H 0 (X, Z) ⊕ NS(X) ⊕ H 4 (X, Z).
this reduces to the familiar definition Halg
The algebraic Mukai lattice. Let (X, α) be twisted K3 surface.
Definition 2.7.

∗ (X, α, Z) the Mukai vector
(a) We denote by v : K(Db (X, α)) → Halg
p
v(E) := ch(E) td(X).

∗ (X, α, Z) by
(b) The Mukai pairing ( , ) is defined on Halg

((r, c, s), (r0 , c0 , s0 )) := cc0 − rs0 − sr0 ∈ Z.
It
pairing of signature (2, ρ(X)), satisfying −(v(E), v(F )) = χ(E, F ) =
Pis an even
i
i
b
i (−1) ext (E, F ) for all E, F ∈ D (X, α).


∗ (X, α, Z), ( , ) .
(c) The algebraic Mukai lattice is defined to be the pair Halg
Recall that an embedding i : V → L of a lattice V into a lattice L is primitive if L/i(V ) is a
∗ (X, α, Z) primitive if it is
free abelian group. In particular, we call a non-zero vector v ∈ Halg
∗
not divisible in Halg (X, α, Z). Throughout the paper v will often denote a primitive class with
v2 > 0.
∗ (X, α, Z), we denote its orthogonal complement by v⊥ .
Given a Mukai vector v ∈ Halg
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Stability conditions on K3 surfaces. Let (X, α) be a twisted K3 surface. We remind the reader
that this includes fixing a B-field lift β0 of the Brauer class α.
Definition 2.8. A (full, numerical) stability condition on (X, α) is a Bridgeland stability condition
∗ (X, α, Z).
on Db (X, α), whose lattice Λ is given by the Mukai lattice Halg
In [Bri08], Bridgeland describes a connected component of the space of numerical stability
conditions on X. These results have been extended to twisted K3 surfaces in [HMS08]. In the
following, we briefly summarize the main results.
Let β, ω ∈ NS(X)R be two real divisor classes, with ω being ample. For E ∈ Db (X, α), define


Zω,β (E) := eiω+β+β0 , v(E) .
In [Bri08, Lemma 6.1] Bridgeland constructs a heart Aω,β by tilting at a torsion pair (see [HMS08,
d

Section 3.1] for the case α 6= 1). Its objects are two-term complexes E −1 −
→ E 0 with the property:
• Ker d is a torsion-free α-twisted sheaf such that, for every non-zero subsheaf E 0 ⊂ Ker d,
we have =Zω,β (E 0 ) ≤ 0;
• the torsion-free part of Cok d is such that, for every non-zero torsion free quotient Cok d 
E 00 , we have =Zω,β (E 00 ) > 0.
Theorem 2.9 ([Bri08, Sections 10, 11], [HMS08, Proposition 3.8]). Let σ = (Z, P) be a stability
condition such that all skyscraper sheaves k(x) of points are σ-stable. Then there are real divisor
f + (R)-action, σ is equal to the
classes ω, β ∈ NS(X)R with ω ample, such that, up to the GL
2
stability condition σω,β determined by P((0, 1]) = Aω,β and Z = Zω,β .
We will call such stability conditions geometric, and write U (X, α) ⊂ Stab(X, α) for the the
open subset of geometric stability conditions.
∗ (X, α, Z), C) with a
Using the Mukai pairing, we identify any central charge Z ∈ Hom(Halg
∗ (X, α, Z) ⊗ C such that
vector ΩZ in Halg
Z( ) = (ΩZ , ) .
The vector ΩZ belongs to the domain P0+ (X, α), which we now describe. Let
∗
P(X, α) ⊂ Halg
(X, α, Z) ⊗ C
∗ (X, α, Z) ⊗ R.
be the set of vectors Ω such that =Ω, <Ω span a positive definite 2-plane in Halg
The subset P0 (X, α) is the set of vectors not orthogonal to any spherical class:

∗
P0 (X, α) = Ω ∈ P(X, α) : (Ω, s) 6= 0, for all s ∈ Halg
(X, α, Z) with s2 = −2 .

Finally, P0 (X, α) has two connected components, corresponding to the orientation induced on
the plane spanned by =Ω, <Ω; we let P0+ (X, α) be the component containing vectors of the form
eiω+β+β0 for ω ample.
Theorem 2.10 ([Bri08, Section 8], [HMS08, Proposition 3.10]). Let Stab† (X, α) be the connected component of the space of stability conditions containing geometric stability conditions
∗ (X, α, Z) ⊗ C be the map sending a stability condition
U (X, α). Let Z : Stab† (X, α) → Halg
(Z, P) to ΩZ , where Z( ) = (ΩZ , ).
Then Z is a covering map of P0+ (X, α).
We will need the following observation:
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Proposition 2.11. The stability conditions σω,β on U (X, α) and σω,−β on U (X, α−1 ) are dual to
each other in the following sense: An object E ∈ Db (X, α) is σω,β -(semi)stable of phase φ if and
only if its shifted derived dual E ∨ [2] ∈ Db (X, α−1 ) is σω,−β -(semi)stable of phase −φ.
Proof. By [Bay09, Propositions 3.3.1 & 4.2], this follows as in [BMT11, Proposition 4.3.6].



Derived Torelli. Any positive definite 4-plane in H ∗ (X, α, R) comes equipped with a canonical
orientation, induced by the Kähler cone. A Hodge-isometry φ : H ∗ (X, α, Z) → H ∗ (X 0 , α0 , Z) is
called orientation-preserving if it is compatible with this orientation data.
Theorem 2.12 (Mukai-Orlov). Given an orientation-preserving Hodge isometry φ between the
Mukai lattice of twisted K3 surfaces (X, α) and (X 0 , α0 ), there exists a derived equivalence
Φ : Db (X, α) → Db (X 0 , α0 ) with Φ∗ = φ. Moreover, Φ may be chosen such that it sends the
distinguished component Stab† (X, α) to Stab† (X 0 , α0 ).
Proof. The case α = 1 follows from Orlov’s representability result [Orl97] (based on [Muk87a]),
see [HLOY04, Plo05, HMS09]. The twisted case was treated in [HS06]. The second statement
follows identically to the case X = X 0 treated in [Har12, Proposition 7.9]; see also [Huy08]. 
Walls. One of the main properties of the space of Bridgeland stability conditions is that it admits
a well-behaved wall and chamber structure. This is due to Bridgeland and Toda (the precise
statement is [BM12, Proposition 2.3]).
∗ (X, α, Z) be a Mukai vector. Then
Let (X, α) be a twisted K3 surface and let v ∈ Halg
there exists a locally finite set of walls (real codimension one submanifolds with boundary) in
Stab† (X, α), depending only on v, with the following properties:
(a) When σ varies within a chamber, the sets of σ-semistable and σ-stable objects of class v
does not change.
(b) When σ lies on a single wall W ⊂ Stab† (X, α), then there is a σ-semistable object that
is unstable in one of the adjacent chambers, and semistable in the other adjacent chamber.
(c) When we restrict to an intersection of finitely many walls W1 , . . . , Wk , we obtain a walland-chamber decomposition on W1 ∩ · · · ∩ Wk with the same properties, where the walls
are given by the intersections W ∩ W1 ∩ · · · ∩ Wk for any of the walls W ⊂ Stab† (X, α)
with respect to v.
Moreover, if v is primitive, then σ lies on a wall if and only if there exists a strictly σ-semistable
object of class v. The Jordan-Hölder filtration of σ-semistable objects does not change when σ
varies within a chamber.
∗ (X, α, Z). A stability condition is called generic with respect to v
Definition 2.13. Let v ∈ Halg
if it does not lie on a wall.

Remark 2.14. Given a polarization H that is generic with respect to v, there is always a Gieseker
chamber C: for σ ∈ C, the moduli space Mσ (v) of Bridgeland stable objects is exactly the moduli
space of H-Gieseker stable sheaves; see [Bri08, Proposition 14.2].
∗ (X, α, Z).
Moduli spaces and projectivity. Let (X, α) be a twisted K3 surface and let v ∈ Halg
√

Given σ = (Z, P) ∈ Stab† (X, α) and φ ∈ R such that Z(v) ∈ R>0 · eπφ −1 , let Mσ (v, φ)
and Mst
σ (v, φ) be the moduli stack of σ-semistable and σ-stable objects with phase φ and Mukai
vector v, respectively. We will omit φ from the notation from now on.
If σ ∈ Stab† (X, α) is generic with respect to v, then Mσ (v) has a coarse moduli space
Mσ (v) of σ-semistable objects with Mukai vector v ([BM12, Theorem 1.3(a)], which generalizes

12

AREND BAYER AND EMANUELE MACRÌ

[MYY11b, Theorem 0.0.2]). It is a normal projective irreducible variety with Q-factorial singularities. If v is primitive, then Mσ (v) = Mσst (v) is a smooth projective hyperkähler manifold (see
Section 3).
By results of Yoshioka and Toda, there is a very precise criterion for non-emptiness of a moduli
space, and it always has expected dimension:
∗ (X, α, Z) be a vector with v primitive and m > 0, and let
Theorem 2.15. Let v = mv0 ∈ Halg
0
†
σ ∈ Stab (X, α) be a generic stability condition with respect to v.
(a) The coarse moduli space Mσ (v) is non-empty if and only if v02 ≥ −2.
(b) Either dim Mσ (v) = v2 + 2 and Mσst (v) 6= ∅, or m > 1 and v02 ≤ 0.

In other words, when v2 6= 0 and the dimension of the moduli space is positive, then it is given
by dim Mσ (v) = v2 + 2.
Proof. This is well-known: we provide a proof for completeness. First of all, claim (a) follows
from results of Yoshioka and Toda (see [BM12, Theorem 6.8]). Since σ is generic with respect
to v, we know that Mσ (v) exists as a projective variety, parameterizing S-equivalence classes of
semistable objects. Moreover, if E ∈ Mσ (v), and we let F ,→ E be such that φσ (F ) = φσ (E),
then v(F ) = m0 v0 , for some m0 > 0. Hence, the locus of strictly semistable objects in Mσ (v)
coincides with the image of the natural map
a

SSL :
Mσ (m1 v0 ) × Mσ (m2 v0 ) −→ Mσ (v), SSL (E1 , E2 ) = E1 ⊕ E2 .
m1 +m2 =m

If we assume v02 > 0 (and so ≥ 2), then we can proceed by induction on m. For m = 1,
Mσst (v0 ) = Mσ (v0 ) and the conclusion follows from the Riemann-Roch Theorem and [Muk87a].
If m > 1, then we deduce from the inductive assumption that the image of the map SSL has
dimension equal to the maximum of (m21 + m22 )v02 + 4, for m1 + m2 = m.
We claim that we can construct a semistable object E with vector v which is also a Schur
object, i.e. Hom(E, E) = C. Indeed, again by the inductive assumption, we can consider a σstable object Fm−1 with vector (m − 1)v0 . Let F ∈ Mσ (v0 ). Then, again by the Riemann-Roch
Theorem, Ext1 (F, Fm−1 ) 6= 0. We can take any non-trivial extension
0 → Fm−1 → Fm → F → 0.
Since both Fm−1 and F are Schur objects, and they have no morphism between each other, Fm is
also a Schur object.
Again by the Riemann-Roch Theorem and [Muk84], we deduce that the dimension of Mσ (v)
is equal to ext1 (Fm , Fm ) = m2 v02 + 2. Since, for all m1 , m2 > 0 with m1 + m2 = m, we have
(m21 + m22 )v02 + 4 < m2 v02 + 2,
this shows that Mσst (v) 6= ∅ as claimed.
For the case v02 ≤ 0, see [BM12, Lemma 7.1 and Lemma 7.2].



Let us also point out that the proof shows a stronger statement:
Lemma 2.16. Let v = mv0 with v02 > 0, and σ ∈ Stab† (X, α), not necessarily generic with
respect to v. If there exist σ-stable objects of class v0 , then the same holds for v.
Proof. Let F 0 be a generic deformation of Fm , and assume that it is strictly semistable; let E ,→ F 0
be a semistable subobject of the same phase. The above proof shows the Mukai vector v(E)
cannot be a multiple of v0 . Using the universal closedness of moduli spaces of semistable objects,
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it follows as in [Tod08, Theorem 3.20] that Fm also has a semistable subobject with Mukai vector
equal to v(E). This is not possible by construction.

Line bundles on moduli spaces. In this section we recall the main result of [BM12]. It shows
that every moduli space of Bridgeland-stable objects comes equipped with a numerically positive
line bundle, naturally associated to the stability condition.
Let (X, α) be a twisted K3 surface. Let S be a proper algebraic space of finite type over C,
let σ = (Z, P) ∈ Stab† (X, α), and let E ∈ Db (S × (X, α)) be a family of σ-semistable objects
of class v and phase φ: for all closed points s ∈ S, Es ∈ P(φ) with v(Es ) = v. We write
ΦE : Db (S) → Db (X, α) for the Fourier-Mukai transform associated to E.
We construct a class `σ ∈ NS(S)R on S as follows: To every curve C ⊂ S, we associate


Z(v(ΦE (OC )))
.
C 7→ `σ .C := = −
Z(v)
This defines a numerical Cartier divisor class on S, see [BM12, Section 4].
Remark 2.17. The classical construction of determinant line bundles (see [HL10, Section 8.1])
induces, up to duality, the so-called Mukai morphism θE : v⊥ → NS(S). It can also be defined by

(4)
θE (w).C := w, v(ΦE (OC )) .
If we assume Z(v) = −1, and write Z( ) = (ΩZ , ) as above, we can also write
(5)

`σ = θE (=ΩZ ).

Theorem 2.18 ([BM12, Theorem 4.1 & Remark 4.6]). The main properties of `σ are:
(a) `σ is a nef divisor class on S. Additionally, for a curve C ⊂ S, we have `σ .C = 0 if
and only if, for two general closed points c, c0 ∈ C, the corresponding objects Ec , Ec0 ∈
Db (X, α) are S-equivalent.
∗ (X, α, Z) and a stability condition σ ∈ Stab† (X, α) that
(b) For any Mukai vector v ∈ Halg
is generic, `σ induces an ample divisor class on the coarse moduli space Mσ (v).
For any chamber C ⊂ Stab† (X, α), we thus get a map
(6)

`C : C → Amp(MC (v)),

where we used the notation MC (v) to denote the coarse moduli space Mσ (v), independent of the
choice σ ∈ C. The main goal of this paper is to understand the global behavior of this map.
We recall one more result from [BM12], which will be crucial for our wall-crossing analysis.
∗ (X, α, Z) be a primitive vector with v2 ≥ −2. Let W be a wall for v and let σ ∈ W
Let v ∈ Halg
0
be a generic stability condition on the wall, namely it does not belong to any other wall. We
denote by σ+ and σ− two generic stability conditions nearby W in opposite chambers. Then all
σ± -semistable objects are also σ0 -semistable. Hence, `σ0 induces two nef divisors `σ0 ,+ and `σ0 ,−
on Mσ+ (v) and Mσ− (v) respectively.
Theorem 2.19 ([BM12, Theorem 1.4(a)]). The divisors `σ0 ,± are big and nef on Mσ± (v). In
particular, they are semi-ample, and induce birational contractions
π ± : Mσ± (v) → M ± ,
where M ± are normal irreducible projective varieties. The curves contracted by π ± are precisely
the curves of objects that are S-equivalent with respect to σ0 .
Definition 2.20. We call a wall W:
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(a) a fake wall, if there are no curves in Mσ± (v) of objects that are S-equivalent to each other
with respect to σ0 ;
(b) a totally semistable wall, if Mσst0 (v) = ∅;
(c) a flopping wall, if we can identify M + = M − and the induced map Mσ+ (v) 99K
Mσ− (v) induces a flopping contraction;
(d) a divisorial wall, if the morphisms π ± : Mσ± (v) → M ± are both divisorial contractions.
By [BM12, Theorem 1.4(b)], if W is not a fake wall and Mσst0 (v) ⊂ Mσ± (v) has complement
of codimension at least two, then W is a flopping wall. We will classify walls in Theorem 5.7.
3. R EVIEW: BASIC FACTS ABOUT HYPERK ÄHLER VARIETIES
In this section we give a short review on hyperkähler manifolds. The main references are
[Bea83, GHJ03, Mar11].
Definition 3.1. A projective hyperkähler manifold is a simply connected smooth projective variety M such that H 0 (M, Ω2M ) is one-dimensional, spanned by an everywhere non-degenerate
holomorphic 2-form.
The Néron-Severi group of a hyperkähler manifold carries a natural bilinear form, called the
Fujiki-Beauville-Bogomolov form. It is induced by a quadratic form on the whole second cohomology group q : H 2 (M, Z) → Z, which is primitive of signature (3, b2 (M ) − 3). It satisfies the
Fujiki relation
Z
(7)
α2n = FM · q(α)n ,
α ∈ H 2 (M, Z),
M

where 2n = dim M and FM is the Fujiki constant, which depends only on the deformation type of
M . We will mostly use the notation (  , ) := q( , ) for the induced bilinear form on NS(M ).
The Hodge structure H 2 (M, Z), q behaves similarly to the case of a K3 surface. For example,
by [Ver09], there is a weak global Hodge theoretic Torelli theorem for (deformation equivalent)
hyperkähler manifolds.
Moreover, some positivity properties of divisors on M can be rephrased in terms of q. We first
recall a few basic definitions on cones of divisors.
Definition 3.2. An integral divisor D ∈ NS(M ) is called
• big, if its Iitaka dimension is maximal;
• movable, if its stable base-locus has codimension ≥ 2;
• strictly positive, if (D, D) > 0 and (D, A) > 0 for a fixed ample class A on M .
The real (not necessarily closed) cone generated by big (resp., movable, strictly positive, effective) integral divisors will be denoted by Big(M ) (resp., Mov(M ), Pos(M ), Eff(M )). We have
the following inclusions:
Pos(M ) ⊂ Big(M ) ⊂ Eff(M )
Nef(M ) ⊂ Mov(M ) ⊂ Pos(M ) ⊂ Big(M ) = Eff(M ).
The only non-trivial inclusion is Pos(M ) ⊂ Big(M ), which follows from [Huy99, Corollary
3.10]. Divisors in Pos(M ) are called positive.
We say that an irreducible divisor D ⊂ M is exceptional if there is a birational map π : M 99K
M 0 contracting D. Using the Fujiki relations, one proves D2 < 0 and (D, E) ≥ 0 for every
movable divisor E [Huy99, Section 1]. We let ρD be the reflection at D, i.e., the linear involution
of NS(M )Q fixing D⊥ and sending D to −D.
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Proposition 3.3 ([Mar13b]). The reflection ρD at an irreducible exceptional divisor is an integral
involution of NS(M ). Let WExc be the Weyl group generated by such reflections ρD . The cone
Mov(M ) ∩ Pos(M ) of big movable divisors is the fundamental chamber, for the action of WExc
on Pos(M ), given by (D, ) ≥ 0 for every exceptional divisor D.
The difficult claim is the integrality of ρD ; in our case, we could also deduce it from our
classification of divisorial contractions in Theorem 5.7. As explained in [Mar11, Section 6], the
remaining statements follow from Zariski decomposition for divisors [Bou04] and standard results
about Weyl group actions on hyperbolic lattices.
Definition 3.4. Let M be a projective hyperkähler manifold of dimension 2n. A Lagrangian
fibration is a surjective morphism with connected fibers h : M → B, where B is a smooth
projective variety, such that the generic fiber is Lagrangian with respect to the symplectic form
ω ∈ H 0 (M, Ω2M ).
By the Arnold-Liouville Theorem, any smooth fiber of a Lagrangian fibration is an abelian
variety of dimension n. Moreover:
Theorem 3.5 ([Mat99, Mat01] and [Hwa08]). Let M be a projective hyperkähler manifold of
dimension 2n. Let B be a smooth projective variety of dimension 0 < dim B < 2n and let
h : M → B be a surjective morphism with connected fibers. Then h is a Lagrangian fibration,
and B ∼
= Pn .
This result explains the importance of Conjecture 1.4. In addition, the existence of a Lagrangian
fibration is equivalent to the existence of a single Lagrangian torus in M (see [GLR11b, HW13,
Mat12], based on previous results in [Ame12, GLR11a]).
The examples of hyperkähler manifolds we will consider are moduli spaces of stable complexes,
as explained by the theorem below. It has been proven for moduli of sheaves in [Yos01, Sections
7 & 8], and generalized to Bridgeland stability conditions in [BM12, Theorem 6.10 & Section 7]:
Theorem 3.6 (Huybrechts-O’Grady-Yoshioka). Let (X, α) be a twisted K3 surface and let v ∈
∗ (X, α, Z) be a primitive vector with v2 ≥ −2. Let σ ∈ Stab† (X, α) be a generic stability
Halg
condition with respect to v. Then:
(a) Mσ (v) is a projective hyperkähler manifold, deformation-equivalent to the Hilbert scheme
of points on any K3 surface.
(b) The Mukai morphism induces an isomorphism
∼
• θσ,v : v⊥ −
→ NS(Mσ (v)), if v2 > 0;
∼
• θσ,v : v⊥ /v −
→ NS(Mσ (v)), if v2 = 0.
Under this isomorphism, the quadratic Beauville-Bogomolov form for NS(Mσ (v)) coincides with the quadratic form of the Mukai pairing on (X, α).
Here θσ,v is the Mukai morphism as in Remark 2.17, induced by a (quasi-)universal family.
We will often drop σ or v from the notation. It extends to an isomorphism of Hodge structures,
identifying the orthogonal complement v⊥,tr inside the whole cohomology H ∗ (X, α, Z) (rather
than its algebraic part) with H 2 (Mσ (v), Z). The following result is Corollary 9.9 in [Mar11] for
the untwisted case α = 1; by deformation techniques, the result also holds in the twisted case:
Theorem 3.7 ([Ver09], [Mar11]). For v primitive and v2 > 0, the embedding H 2 (Mσ (v), Z) ∼
=
v⊥,tr ,→ H ∗ (X, α, Z) of integral Hodge structures determines the birational class of Mσ (v).
However, as indicated in the introduction, we only need the implication that birational moduli
spaces have isomorphic extended Hodge structures.
We will also the need the following special case of a result by Namikawa and Wierzba:
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Theorem 3.8 ([Wie03, Theorem 1.2 (ii)] and [Nam01, Proposition 1.4]). Let M be a projective
hyperkähler manifold of dimension 2n, and let M be a projective normal variety. Let π : M →
M be a birational projective morphism. We denote by Si the set of points p ∈ M such that
dim π −1 (p) = i. Then dim Si ≤ 2n − 2i.
In particular, if π contracts a divisor D ⊂ M , we must have dim π(D) = 2n − 2.
Consider a non-primitive vector v. As shown by O’Grady and Kaledin-Lehn-Sorger, the moduli
space Mσ (v) can still be thought of as a singular hyperkähler manifold, in the following sense:
Definition 3.9. A normal projective variety M is said to have symplectic singularities if
• the smooth part Mreg ⊂ M admits a symplectic 2-form ω, such that
f → M , the pull-back of ω to f −1 (Mreg ) extends to a holomor• for any resolution f : M
f.
phic form on M
Given a hyperkähler manifold M and a dominant rational map M 99K M , where M is a
normal projective variety with symplectic singularities, then it follows from the definitions that
dim(M ) = dim(M ). This explains the relevance of the following theorem; our results in [BM12]
reduce it to the case of moduli of sheaves:
Theorem 3.10 ([O’G99] and [KLS06]). Let (X, α) be a twisted K3 surface and let v = mv0 ∈
∗ (X, α, Z) be a Mukai vector with v primitive and v2 ≥ 2. Let σ ∈ Stab† (X, α) be a generic
Halg
0
0
stability condition with respect to v. Then Mσ (v) has symplectic singularities.
4. H ARDER -NARASIMHAN FILTRATIONS IN FAMILIES
In this section, we will show that results by Abramovich-Polishchuk and Toda imply the existence of HN filtrations in families, see Theorem 4.3.
The results we present will work as well in the twisted context; to simplify notation, we only
state the untwisted case. Let Y be a smooth projective variety over C. We will write Dqc (Y ) for
the unbounded derived of quasi-coherent sheaves. Pick a lattice Λ and v for the bounded derived
category Db (Y ) as in Definition 2.2, and let σ be a Bridgeland stability on Db (Y ).
Definition 4.1. We say σ satisfies openness of stability if the following condition holds: for any
scheme S of finite type over C, and for any E ∈ Db (S × Y ) such that its derived restriction Es is
a σ-semistable object of Db (Y ) for some s ∈ S, there exists an open neighborhood s ∈ U ⊂ S of
s, such that Es0 is σ-semistable for all s0 ∈ U .
Theorem 4.2 ([Tod08, Section 3]). Openness of stability holds when Y is a K3 surface and σ is a
stability condition in the connected component Stab† (Y ).2
Theorem 4.3. Let σ = (Z, A) ∈ Stab(Y ) be an algebraic stability condition satisfying openness
of stability. Assume we are given an irreducible variety S over C, and an object E ∈ Db (S × Y ).
Then there exists a system of maps
(8)

0 = E0 → E1 → E2 → · · · → Em = E

in Db (S × Y ), and an open subset U ⊂ S with the following property: for any s ∈ U , the derived
restriction of the system of maps (8)
0 = Es0 → Es1 → Es2 → · · · → Esm = Es
is the HN filtration of Es .
2In [Tod08, Section 3], this Theorem is only stated for families E satisfying Ext<0 (E , E ) = 0 for all s ∈ S.
s
s

However, Toda’s proof in Lemma 3.13 and Proposition 3.18 never uses that assumption.
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The proof is based on the notion of constant family of t-structures due to Abramovich and
Polishchuk, constructed in [AP06] (in case S is smooth) and [Pol07] (in general).
Throughout the remainder of this section, we will assume that σ and S satisfy the assumptions
of Theorem 4.3. A t-structure is called close to Noetherian if it can be obtained via tilting from
a t-structure whose heart is Noetherian. For φ ∈ R, the category P((φ − 1, φ]) ⊂ Db (Y ) is the
heart of a close to Noetherian bounded t-structure on Y given by D≤0 = P((φ − 1, +∞)) and
D≥0 = P((−∞, φ]) (see the example discussed at the end of [Pol07, Section 1]). In this situation,
Abramovich and Polishchuk’s work induces a bounded t-structure (DS≤0 , DS≥0 ) on Db (S × Y ); we
paraphrase their main results as follows:
Theorem 4.4 ([AP06, Pol07]). Let A be the heart of a close to Noetherian bounded t-structure
(D≤0 , D≥0 ) on Db (Y ). Denote by Aqc ⊂ Dqc (Y ) the closure of A under infinite coproducts in
the derived category of quasi-coherent sheaves.
(a) For any scheme S of finite type of C there is a close to Noetherian bounded t-structure
(DS≤0 , DS≥0 ) on Db (S × Y ), whose heart AS is characterized by
E ∈ AS ⇔ (pY )∗ (E|Y ×U ) ∈ Aqc

for every open affine U ⊂ S

S
(b) The above construction defines a sheaf of t-structures over S: when S = i Ui is an
open covering of S, then E ∈ AS if and only if E|Y ×Ui ∈ AUi for every i. In particular,
for i : U ⊂ S open, the restriction functor i∗ is t-exact.
(c) When i : S 0 ⊂ S is a closed subscheme, then i∗ is t-exact, and i∗ is t-right exact.
We briefly comment on the statements that are not explicitly mentioned in [Pol07, Theorem
3.3.6]: From part (i) of [Pol07, Theorem 3.3.6], it follows that the t-structure constructed there on
D(S × Y ) descends to a bounded t-structure on Db (S × Y ). To prove that the push-forward in
claim (c) is t-exact, we first use the sheaf property to reduce to the case where S is affine; in this
case, the claim follows by construction. By adjointness, it follows that i∗ is t-right exact.
For an algebraic stability condition σ = (Z, P) on Db (Y ) and a phase φ ∈ R, we will from
now on denote its associated t-structure by P(> φ) = D≤−1 , P(≤ φ) = D≥0 , and the associated
truncation functors by τ >φ , τ ≤φ . By [Pol07, Lemma 2.1.1], it induces a t-structure on Dqc (Y ),
which we denote by Pqc (> φ), Pqc (≤ φ). For the t-structure on Db (S × Y ) induced via Theorem
4.4, we will similarly write PS (> φ), PS (≤ φ), and τS>φ , τS≤φ .
We start with a technical observation:
Lemma 4.5. The t-structures on Db (S × Y ) constructed via Theorem 4.4 satisfy the following
compatibility relation:
\
(9)
PS (≤ φ + ) = PS (≤ φ).
>0

Proof. Assume E is in the intersection of the left-hand side of (9). By the sheaf property, we may
assume that S is affine. The assumption implies (pY )∗ E ∈ Pqc (≤ φ + ) for all  > 0.
By [Pol07, Lemma 2.1.1], we can describe Pqc (≤ φ + ) ⊂ Dqc (Y ) as the right orthogonal
complement of P(> φ + ) ⊂ Db (Y ) inside Dqc (Y ); thus we obtain
⊥ 
⊥
\
\
⊥  [
Pqc (≤ φ + ) =
P(> φ + ) =
P(> φ + )
= P(> φ)
= Pqc (≤ φ).
>0

>0

>0

Hence (pY )∗ E ∈ Pqc (≤ φ), proving the lemma.
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We next observe that the truncation functors τS>φ , τS≤φ induce a slicing on Db (S × Y ). (See
Definition 2.1 for the notion of slicing on a triangulated category.)
Lemma 4.6. Assume that σ = (Z, P) is an algebraic stability condition, and PS (> φ), PS (≤ φ)
are as defined above. There is a slicing PS on Db (S × Y ) defined by
\
PS (φ) = PS (≤ φ) ∩
PS (> φ − ).
>0

Note that PS (φ) cannot be characterized by the analogue of Theorem 4.4, part (a). For example,
consider the case where Y is a curve and (Z, P) the standard stability condition corresponding to
classical slope-stability in Coh Y . Then P(1) ⊂ Coh Y is the category of torsion sheaves, and
PS (1) ⊂ Coh S × Y is the category of sheaves F that are torsion relative over S. However, for
U ⊂ S affine and a non-trivial family F, the push-forward (pY )∗ F|U is never a torsion sheaf.
Proof. By standard arguments, it is sufficient to construct a HN filtration for any object E ∈ AS :=
PS (0, 1]. In particular, since σ is algebraic, we can assume that both A := P(0, 1] and AS are
Noetherian. For any φ ∈ (0, 1], we have PS (φ, φ + 1] ⊂ hAS , AS [1]i. By [Pol07, Lemma 1.1.2],
this induces a torsion pair (Tφ , Fφ ) on AS with
Tφ = AS ∩ PS (φ, φ + 1]

and

Fφ = AS ∩ PS (φ − 1, φ].

Let Tφ ,→ E  Fφ be the induced short exact sequence in AS . Assume φ < φ0 ; since Fφ ⊂ Fφ0 ,
the surjection E  Fφ factors via E  Fφ0  Fφ . Since AS is Noetherian, the set of induced
quotients {Fφ : φ ∈ (0, 1]} of E must be finite. In addition, if Fφ ∼
= Fφ0 , we must also have
00
0
∼
00
Fφ = Fφ for any φ ∈ (φ, φ ).
Thus, there exist real numbers φ0 = 1 > φ1 > φ2 > · · · > φl > φl+1 = 0 such that Fφ
is constant for φ ∈ (φi+1 , φi ), but such that Fφi − 6= Fφi + . Let us assume for simplicity that
Fφ1 + ∼
= E; the other case is treated similarly by setting F 1 = Fφ1 + , and shifting all other indices
by one. For i = 1, . . . , l we set
• F i := Fφi − ,
• E i := Ker(E  F i ), and
• Ai = E i /E i−1 .
We have E i ∈ PS (> φi − ) and E i−1 = τS>φi + E i for all  > 0. Hence the quotient Ai satisfies,
for all  > 0,
• Ai ∈ PS (> φi − ),
• Ai ∈ PS (≤ φi + ).
The latter implies Ai ∈ PS (≤ φi ) by Lemma 4.5. By definition, we obtain Ai ∈ PS (φi ). Finally,
we have F l ∈ PS (0, 1] ∩ PS (≤ ) for all  > 0. Using Lemma 4.5 again, we obtain F l = 0, and
thus E l = E. Thus the E i induce a HN filtration as claimed.

The following lemma is an immediate extension of [AP06, Proposition 3.5.3]:
Lemma 4.7. Assume that E ∈ PS (φ) for some φ ∈ R. and that Es 6= 0 for s ∈ S generic. Then
there exists a dense subset Z ⊂ S, such that Es is semistable of phase φ for all s ∈ Z.
Proof. By [AP06, Proposition 3.5.3], applied to the smooth locus of S, there exists a dense subset
Z ⊂ S such that Es ∈ P((φ − 1, φ]). Since E ∈ PS (> φ − ) for all  > 0, and since i∗s is t-right
exact, we also have Es ∈ P(> φ − ) for all  > 0. Considering the HN filtration of Es , this shows
that Es ∈ P(φ) for all s ∈ Z.
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Proof of Theorem 4.3. The statement now follows easily from the above two lemmas. First of all,
under the assumption of openness of stability, the dense subset Z of Lemma 4.7 may of course be
taken to be open.
Given any E ∈ Db (S × Y ), let
0 = E0 → E1 → · · · → Em = E

(10)

be the HN filtration with respect to the slicing of Lemma 4.6, and let Aj be the HN filtration
quotients fitting in the exact triangle E j−1 → E j → Aj . Let j1 , . . . , jl be the indices for which
the generic fiber i∗s Aj does not vanish, and let φi be the phase of Aji . Then we claim that
(11)

0 = E 0 → E j1 → E j2 → · · · → E m = E

has the desired property. Indeed, there is an open subset U such that for all s ∈ U , the fibers Asji
are semistable for all i = 1, . . . , l, and such that Ajs = 0 for all j ∈
/ {i1 , . . . , il }. Then, for each
such s, the restriction of the sequence of maps (11) via i∗s induces a sequence of maps that satisfies
all properties of a HN filtration.

5. T HE HYPERBOLIC LATTICE ASSOCIATED TO A WALL
Our second main tool will be a rank two hyperbolic lattice associated to any wall. Let (X, α)
∗ (X, α, Z) with v2 > 0, and a wall W of
be a twisted K3 surface. Fix a primitive vector v ∈ Halg
the chamber decomposition with respect to v.
∗ (X, α, Z) be the set of classes
Proposition 5.1. To each such wall, let HW ⊂ Halg

w ∈ HW

⇔

=

Z(w)
= 0 for all σ = (Z, P) ∈ W.
Z(v)

Then HW has the following properties:
(a) It is a primitive sublattice of rank two and of signature (1, −1) (with respect to the restriction of the Mukai form).
(b) Let σ+ , σ− be two sufficiently close and generic stability conditions on opposite sides of
the wall W, and consider any σ+ -stable object E ∈ Mσ+ (v). Then any HN filtration
factor Ai of E with respect to σ− has Mukai vector v(Ai ) contained in HW .
(c) If σ0 is a generic stability condition on the wall W, the conclusion of the previous claim
also holds for any σ0 -semistable object E of class v.
(d) Similarly, let E be any object with v(E) ∈ HW , and assume that it is σ0 -stable for a
generic stability condition σ0 ∈ W. Then every Jordan-Hölder factors of E with respect
to σ0 will have Mukai vector contained in HW .
The precise meaning of “sufficiently close” will become apparent in the proof.
Proof. The first two claims of (a) are evident. To verify the claim on the signature, first note that by
the assumption v2 > 0, the lattice HW is either hyperbolic or positive (semi-)definite. On the other
hand, consider a stability condition σ = (Z, A) with Z(v) = −1. Since (=Z)2 > 0 by Theorem
2.10, since HW is contained in the orthogonal complement of =Z, and since the algebraic Mukai
lattice has signature (2, ρ(X)), this leaves the hyperbolic case as the only possibility.
In order to prove the remaining claims, consider an -neighborhood B (τ ) of a generic stability
condition τ ∈ W, with 0 <   1. Let Sv be the set of objects E with v(E) = v, and that are
∗ (X, α, Z)
semistable for some stability condition in B (τ ). Let Uv be the set of classes u ∈ Halg
that can appear as Mukai vectors of Jordan-Hölder factors of E ∈ Sv , for any stability condition
(Z 0 , A0 ) ∈ B (τ ). As shown in the proof of local finiteness of walls (see [Bri08, Proposition
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9.3] or [BM11, Proposition 3.3]), the set Uv is finite; indeed, such a class would have to satisfy
|Z 0 (u)| < |Z 0 (v)|. Hence, the union of all walls for all classes in Uv is still locally finite.
To prove claim (b), we may assume that W is the only wall separating σ+ and σ− , among
all walls for classes in Uv . Let σ0 = (Z0 , P0 ) ∈ W be a generic stability condition in the wall
separating the chambers of σ+ , σ− . It follows that E and all Ai are σ0 -semistable of the same
i ))
phase, i.e. = Z0Z(v(A
= 0. Since this argument works for generic σ0 , we must have v(Ai ) ∈ HW
0 (v)
by the definition of HW .
Claim (c) follows from the same discussion, and (d) similarly by considering the set of all walls
for the classes Uv(E) instead of Uv .

∗ (X, α, Z) correspond
Our main approach is to characterize which hyperbolic lattices H ⊂ Halg
to a wall, and to determine the type of wall purely in terms of H. We start by making the following
definition:
∗ (X, α, Z) be a primitive rank two hyperbolic sublattice containing
Definition 5.2. Let H ⊂ Halg
v. A potential wall W associated to H is a connected component of the real codimension one
submanifold of stability conditions σ = (Z, P) which satisfy the condition that Z(H) is contained
in a line.

Remark 5.3. The statements of Proposition 5.1 are still valid when W is a potential wall as in the
previous definition.
∗ (X, α, Z) of rank two containing v, we
Definition 5.4. Given any hyperbolic lattice H ⊂ Halg
denote by PH ⊂ H ⊗R the cone generated by integral classes u ∈ H with u2 ≥ 0 and (v, u) > 0.
We call PH the positive cone of H, and a class in PH ∩ H is called a positive class.

The condition (v, u) > 0 just picks out one of the two components of the set of real classes
with u2 > 0. Observe that PH can be an open or closed cone, depending on whether the lattice
contains integral classes w that are isotropic: w2 = 0.
Proposition 5.5. Let W be a potential wall associated to a hyperbolic rank two sublattice H ⊂
∗ (X, α, Z). For any σ = (Z, P) ∈ W, let C ⊂ H ⊗ R be the cone generated by classes
Halg
σ
u ∈ H satisfying the two conditions
u2 ≥ −2

and <

Z(u)
> 0.
Z(v)

This cone does not depend on the choice of σ ∈ W, and it contains PH .
If u ∈ Cσ , then there exists a semistable object of class u for every σ 0 ∈ W. If u ∈
/ Cσ , then
there does not exist a semistable object of class u for generic σ 0 ∈ W.
From here on, we will write CW instead of Cσ , and call it the cone of effective classes in H.
Given two different walls W1 , W2 , the corresponding effective cones CW1 , CW2 will only differ
by spherical classes.
Proof. If u2 ≥ −2, then by Theorem 2.15 there exists a σ-semistable object of class u for every
σ = (Z, P) ∈ W. Hence Z(u) 6= 0, i.e, we cannot simultaneously have u ∈ H (which implies
Z(u)
Z(u)
= Z(u)
Z(v) = 0) and < Z(v) = 0. Therefore, the condition < Z(v) > 0 is invariant under deforming a
stability condition inside W, and Cσ does not depend on the choice of σ ∈ W.
Now assume for contradiction that PH is not contained in CW . Since v ∈ CW , this is only
possible if there is a real class u ∈ PH with < Z(u)
Z(v) = 0; after deforming σ ∈ W slightly, we may
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assume u to be integral. As above, this implies Z(u) = 0, in contradiction to the existence of a
σ-semistable object of class u.
The statements about existence of semistable objects follow directly from Theorem 2.15.

Remark 5.6. Note that by construction, CW ⊂ H ⊗ R is strictly
 contained in a half-plane. In
particular, there are only finitely many classes in CW ∩ v − CW ∩ H (in other words, effective
classes u such that v − u is also effective).
We will use this observation throughout in order to freely make genericity assumptions: a
generic stability condition σ0 ∈ W will be a stability condition that does not lie on any additional
wall (other than W) for any of the above-mentioned classes. Similarly, by stability conditions
σ+ , σ− nearby σ0 we will mean stability conditions that lie in the two chambers adjacent toσ0 for
the wall-and-chamber decompositions with respect to any of the classes in CW ∩ v − CW ∩ H.
The behavior of the potential wall W is completely determined by H and its effective cone CW :
∗ (X, α, Z) be a primitive hyperbolic rank two sublattice containing
Theorem 5.7. Let H ⊂ Halg
v. Let W ⊂ Stab† (X, α) be a potential wall associated to H (see Definition 5.2).
The set W is a totally semistable wall if and only if there exists either an isotropic class w ∈ H
with (v, w) = 1, or an effective spherical class s ∈ CW ∩ H with (s, v) < 0. In addition:
(a) The set W is a wall inducing a divisorial contraction if one of the following three conditions hold:
(Brill-Noether): there exists a spherical class s ∈ H with (s, v) = 0, or
(Hilbert-Chow): there exists an isotropic class w ∈ H with (w, v) = 1, or
(Li-Gieseker-Uhlenbeck): there exists an isotropic class w ∈ H with (w, v) = 2.
(b) Otherwise, if v can be written as the sum v = a + b of two positive3 classes, or if there
2
exists a spherical class s ∈ H with 0 < (s, v) ≤ v2 , then W is a wall corresponding to
a flopping contraction.
(c) In all other cases, W is either a fake wall (if it is a totally semistable wall), or it is not a
wall.

The Gieseker-Uhlenbeck morphism from the moduli space of Gieseker semistable sheaves to
slope-semistable vector bundle was constructed in [Li93]. Many papers deal with birational transformations between moduli spaces of twisted Gieseker semistable sheaves, induced by variations
of the polarization. In particular, we refer to [Tha96, DH98] for the general theory of variation of
GIT quotients and [EG95, FQ95, MW97] for the case of sheaves on surfaces. Theorem 5.7 can be
thought as a generalization and completion of these results in the case of K3 surfaces.
Proof outline. The proof of the above theorem will be broken into four sections. We will distinguish two cases, depending on whether H contains isotropic classes:
Definition 5.8. We say that W is an isotropic wall if HW contains an isotropic class.
In Section 6, we analyze totally semistable non-isotropic walls, and Section 7 describes nonisotropic walls corresponding to divisorial contractions. In Section 8, we use a Fourier-Mukai
transform to reduce the treatment of isotropic walls to the well-known behavior of the Li-GiesekerUhlenbeck morphism from the Gieseker moduli space to the Uhlenbeck space. For the remaining
cases, Section 9 describes whether it is a flopping wall, a fake walls, or no wall at all.
To give an example of the strategy of our proof, consider a wall with a divisor D ⊂ Mσ+ (v)
of objects that become strictly semistable on the wall. We use the contraction morphism π + of
3In the sense of Definition 5.4.
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Theorem 2.19; Theorem 3.8 implies dim π + (D) ≥ dim D − 1 = v2 . Recall that π + contracts a
curve if the associated objects have the same Jordan-Hölder factors. Intuitively, this means that the
sum of the dimensions of the moduli spaces parameterizing the Jordan-Hölder factors is at least
v2 ; a purely lattice-theoretic argument (using that moduli spaces always have expected dimension)
leads to a contradiction except in the cases listed in the Theorem. To make this argument rigorous,
we use the relative Harder-Narasimhan filtration with respect to σ− in the family parameterized
by D; it induces a rational map from D to a product of moduli spaces of σ− -stable objects. The
most technical part of our arguments deals with totally semistable walls induced by a spherical
class. We use a sequence of spherical twists to reduce to the previous cases, see Proposition 6.8.
6. T OTALLY SEMISTABLE NON - ISOTROPIC WALLS
In this section, we will analyze totally semistable walls; while some of our intermediate results
hold in general, we will focus on the case where H does not contain an isotropic class. The
relevance of this follows from Theorem 2.15: in this case, if the dimension of a moduli space
Mσ (u) is positive, then it is given by u2 + 2.
We will first describe the possible configurations of effective spherical classes in CW , and of
corresponding spherical objects with v(S) ∈ HW .
We start with the following classical argument of Mukai (cfr. [Bri08, Lemma 5.2]):
Lemma 6.1 (Mukai). Consider an exact sequence 0 → A → E → B → 0 in the heart of a
bounded t-structure A ⊂ Db (X, α) with Hom(A, B) = 0. Then
ext1 (E, E) ≥ ext1 (A, A) + ext1 (B, B).
The following is a well-known consequence of Mukai’s lemma (cfr. [HMS08, Section 2]):
Lemma 6.2. Assume that S is a σ-semistable object with Ext1 (S, S) = 0. Then any JordanHölder filtration factor of S is spherical.
Proof. Pick any stable subobject T ⊂ S of the same phase. Then there exists a short exact
sequence Te ,→ S  R with the following two properties:
(a) The object Te is an iterated extension of T .
(b) Hom(T, R) = 0.
Indeed, this can easily be constructed inductively: we let R1 = S/T . If Hom(T, S/T ) = 0, the
subobject Te = T already has the desired properties. Otherwise, any non-zero morphism T → R1
is necessarily injective; if we let R2 be its quotient, then the kernel of S  R2 is a self-extension
of T , and we can proceed inductively.
It follows that Hom(Te, R) = 0, and we can apply Lemma 6.1 to conclude that Ext1 (Te, Te) = 0.
Hence (v(Te), v(Te)) < 0, which also implies (v(T ), v(T )) < 0. Thus v(T ) is spherical, too.
The lemma follows by induction on the length of S.

Proposition 6.3. Let W be a potential wall associated to the primitive hyperbolic lattice H, and
let σ0 = (Z0 , P0 ) ∈ W be a generic stability condition with Z0 (H) ⊂ R. Then H and σ0 satisfy
one of the following mutually exclusive conditions:
(a) The lattice H does not admit a spherical class.
(b) The lattice H admits, up to sign, a unique spherical class, and there exists a unique
σ0 -stable object S ∈ P0 (1) with v(S) ∈ H.
(c) The lattice H admits infinitely many spherical classes, and there exist exactly two σ0 stable spherical objects S, T ∈ P0 (1) with v(S), v(T ) ∈ H. In this case, H is not
isotropic.
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Proof. Given any spherical class, s ∈ H, then by Theorem 2.15, there exists a σ0 -semistable
object S with v(S) = s and S ∈ P0 (1). If H admits a unique spherical class, then by Proposition
5.1 and Lemma 6.2, S must be stable.
Hence it remains to consider the case where H admits two linearly independent spherical
classes. If we consider the Jordan-Hölder filtrations of σ0 -semistable objects of the corresponding
classes, and apply Proposition 5.1 and Lemma 6.2, we see that there must be two σ0 -stable objects
S, T whose Mukai vectors are linearly independent.
Now assume that there are three stable spherical objects S1 , S2 , S3 ∈ P0 (1), and let si = v(Si ).
Since they are stable of the same phase, we have Hom(Si , Sj ) = 0 for all i 6= j, as well as
Extk (Si , Sj ) = 0 for k < 0. Combined with Serre duality, this implies (si , sj ) = ext1 (Si , Sj ) ≥
0.
However, a rank two lattice of signature (1, −1) can never contain three spherical classes
s1 , s2 , s3 with (si , sj ) ≥ 0 for i 6= j. Indeed, we may assume that s1 , s2 are linearly independent. Let m := (s1 , s2 ) ≥ 0; since H has signature (1, −1), we have m ≥ 3. If we write
s3 = xs1 + ys2 , we get the following implications:
2
x
m
m
(s2 , s3 ) ≥ 0 ⇒ y ≤ x
2
(s3 , s3 ) = −2 ⇒ −2x2 + 2mxy − 2y 2 < 0
(s1 , s3 ) ≥ 0 ⇒ y ≥

However, by solving the quadratic equation for y, it is immediate that the term in the last inequality
2
is positive in the range m
x≤y≤ m
2 x (see also Figure 1).
Finally, if H admits two linearly independent spherical class s, t, then the group generated
by the associated reflections ρs , ρt is infinite; the orbit of s consists of infinitely many spherical
classes. Additionally, an isotropic class would be a rational solution of −2x2 + 2mxy − 2y 2 = 0,
but the discriminant m2 − 4 can never be a square when m is an integer m ≥ 3.

Whenever we are in case (c), we will will denote
the two σ0 -stable spherical objects by S, T . We may
Q(x, y) > 0
Q(x, y) < 0
assume that S has smaller phase than T with respect
y = r2 x
to σ+ ; conversely, S has bigger phase than T with reT
y = r1 x
spect to σ− . We will also write s := v(S), t := v(T ),
S[1]
and m := (s, t) > 2. We identify R2 with HW ⊗ R
by sending the standard basis to (s, t); under this idenS
tification, the ordering of phases in R2 will be consisQ(x, y) > 0
T [1]
tent with the ordering induced by σ+ . We denote by
2
2
Q(x, y) = −2x + 2mxy − 2y the pull-back of the
Q(x, y) < 0
quadratic form induced by the Mukai pairing on HW .
F IGURE 1. HW , as oriented by σ+
Let r1 < r2 be the two solutions of −2r2 + 2mr − 2 =
2
0; they are both positive and irrational (as m − 4 cannot be a square for m ≥ 3 integral). The positive cone PH is thus the cone between the two lines
y = ri x, and the effective cone CW is the upper right quadrant x, y ≥ 0.
We will first prove that the condition for the existence of totally semistable walls given in
Theorem 5.7 is necessary in the case of non-isotropic walls. We start with an easy numerical
observation:
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Lemma 6.4. Given l > 1 positive classes a1 , . . . , al ∈ PH with a2i > 0, set a = a1 + · · · + al .
Then
l
X

a2i + 2 < a2 .
i=1

Proof. Since the ai are integral classes, and HW is an even lattice, we have a2i ≥ 2. If ai 6= aj ,
then ai , aj span a lattice of signature (1, −1), which gives
(ai , aj ) >

q
a2i a2j ≥ 2,

and thus a2 >

l
X

a2i + 2l(l − 1) ≥

i=1

l
X

a2i + 2l.

i=1


Lemma 6.5. Assume that the potential wall W associated to H satisfies the following conditions:
(a) The wall is non-isotropic.
(b) There does not exist an effective spherical class s ∈ CW with (s, v) < 0.
Then W cannot be a totally semistable wall.
In other words, there exists a σ0 -stable object of class v. Note that by Lemma 2.16, this statement automatically holds in the case of non-primitive v as well.
Proof. We will consider two maps from the moduli space Mσ+ (v). On the one hand, by Theorem
2.19, the line bundle `σ0 on Mσ+ (v) induces a birational morphism
π + : Mσ+ (v) → M .
The curves contracted by π + are exactly curves of S-equivalent objects.
For the second map, first assume for simplicity that Mσ+ (v) is a fine moduli space, and let E be
a universal family. Consider the relative HN filtration for E with respect to σ− given by Theorem
4.3. Let a1 , . . . , am be the Mukai vectors of the semistable HN filtration quotients of a generic
fiber Em for m ∈ Mσ+ (v); by assumption (a), we have a2i 6= 0. On the open subset U of the
Theorem 4.3, the filtration quotients E i /E i−1 are flat families of σ− -semistable objects of class
ai ; thus we get an induced rational map
HN : Mσ+ (v) 99K Mσ− (a1 ) × · · · × Mσ− (am ).
P
Let I ⊂ {1, 2, . . . , m} be the subset of indices i with a2i > 0, and let a = i∈I ai .
Our first claim is a2 ≤ v2P
, with equality if and only if a = v, i.e., if there are no classes with
2
2
2
ai < 0: Let b = v − a = i∈I
/ ai . If b ≥ 0, and so b ≥ 2, the claim follows trivially from
(a, b) > 0:
(12)

v2 = a2 + 2(a, b) + b2 ≥ a2 + 4.

Otherwise, observe that by our assumption (v, ) is non-negative on all effective classes; in particular, (v, b) ≥ 0. Combined with b2 ≤ −2 we obtain
(13)

a2 = v2 − 2(v, b) + b2 ≤ v2 − 2.

Lemma 6.4 then implies
(14)

v2 + 2 ≥ a2 + 2 ≥

X
i∈I


a2i + 2 ,
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with equality if and only if |I| = 1. By Theorem 2.15, part (b), this says that the target of the
rational map HN has at most the dimension of the source:
dim Mσ+ (v) ≥

(15)

m
X

dim Mσ− (ai ).

i=1

However, if HN(E1 ) = HN(E2 ), then E1 , E2 are S-equivalent: indeed, they admit JordanHölder filtrations that are refinements of their HN filtrations with respect to σ− , which have the
same filtration quotients.
It follows that any curve contracted by HN is also contracted by π + ; therefore
m
X

dim Mσ− (ai ) ≥ dim M = dim Mσ+ (v)

i=1

Hence we have equality in each step of the above inequalities, the relative HN filtration is trivial,
and the generic fiber Em is σ− -stable. In other words, the generic object of Mσ+ (v) is also σ− stable, which proves the claim.
In case Mσ+ (v) does not admit a universal family, we can construct HN by first passing to an
étale neighborhood f : U → Mσ+ (v) admitting a universal family; the induced rational map from
U induced by the relative HN filtration will then factor via f .
2
We recall some theory of Pell’s equation in the language of spherical reflections of the hyperbolic lattice H:
Proposition and Definition 6.6. Let GH ⊂ Aut H be the group generated by spherical reflections
ρs for effective spherical classes s ∈ CW . Given a positive class v ∈ PH ∩ H, the GH -orbit GH .v
contains a unique class v0 such that (v0 , s) ≥ 0 for all effective spherical classes s ∈ CW .
We call v0 the minimal class of the orbit GH .v.
Note that the notion of minimal class depends on the potential wall W, not just on the lattice
H.
Proof. Again, we only treat the case (c) of Proposition 6.3, the other cases being trivial. It is
sufficient to prove that (v0 , s) ≥ 0 and (v0 , t) ≥ 0. Assume (v, s) < 0. Then ρs (v) = v −
|(v, s)| · s is still in the upper right quadrant, with smaller x-coordinate than v, and with the same
y-coordinate. Similarly if (v, t) < 0. If we proceed inductively, the procedure has to terminate,
thus reaching v0 .
The uniqueness follows from Proposition 6.7 below.

Assume additionally that H admits infinitely many spherical classes, so we are in case (c) of
Proposition 6.3. The hyperbola v2 = −2 intersects the upper right quadrant x, y ≥ 0 in two
branches, starting at s and t, respectively. Let s0 = s, s−1 , s−2 , . . . be the integral spherical
classes on the lower branch starting at s, and t1 = t, t2 , t3 , . . . be those on the upper branch
starting at t, see also Figure 2. The si can be defined recursively by s−1 = ρs (t), and sk−1 =
ρsk (sk+1 ) for k ≤ −1; similarly for the ti .
Proposition 6.7. Given a minimal class v0 of a GH -orbit, define vi , i ∈ Z via vi = ρti (vi−1 ) for
i > 0, and vi = ρsi+1 (vi+1 ) for i < 0. Then the orbit G.v0 is given by {vi : i ∈ Z}, where the
latter are ordered according to their slopes in R2 .
Note that these classes may coincide pairwise, in case v0 is orthogonal to s or t.
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t2

v−2 = ρs−1 (v−1 )
v1 = ρt (v)
v−1 = ρs (v)

v0
t1 = t

Q(x, y) = −2

s−1

s0 = s

F IGURE 2. The orbit of v0
Proof. The group GH is the free product Z2 ? Z2 , generated by ρs and ρt . It is straightforward to
check that with vi defined as above, we have
v−1 = ρs (v0 ),

v−2 = ρs ρt (v0 ),

v−3 = ρs ρt ρs (v0 ), . . . ,

and similarly v1 = ρt (v0 ) and so on. This list contains g(v0 ) for all g ∈ Z2 ? Z2 . That the vi are
ordered by slopes is best seen by drawing a picture; see also Figure 2.

For i > 0, let Ti+ ∈ P0 (1) be the unique σ+ -stable object with v(Ti+ ) = ti ; similarly for Si+
with v(Si+ ) = si for i ≤ 0. We also write Ti− and Si− for the corresponding σ− -stable objects.
Proposition 6.8. Let W be a potential wall, and assume there is an effective spherical class
s̃ ∈ CW with (v, s̃) < 0. Then W is a totally semistable wall.
Additionally, let v0 be the minimal class in the orbit GH .v, and write v = vl as in Proposition
6.7. If φ+ (v) > φ+ (v0 ), then
STT + ◦ STT + ◦ · · · ◦ STT + (E0 )
l

1

l−1

is σ+ -stable of class v, for every σ0 -stable object E0 of class v0 .
Similarly, if φ+ (v) < φ+ (v0 ), then
ST−1
S+

−l+1

◦ ST−1
S+

−l+2

◦ · · · ◦ ST−1
(E0 )
S+
0

is σ+ -stable of class v for every σ0 -stable object of class v0 .
The analogous statement holds for σ− .
Note that when we are in case (b) of Proposition 6.3, the above sequence of stable spherical
objects will consist of just one object.
Before the proof, we recall the following statement (see [BM11, Lemma 5.9]):
Lemma 6.9. Assume that A, B are simple objects in an abelian category. If E is an extension of
the form
A ,→ E  B ⊕r
0
with Hom(B, E) = 0, then any quotient of E is of the form B ⊕r . Similarly, given an extension
A⊕r ,→ E  B
0

with Hom(E, A) = 0, then any subobject of E is of the form A⊕r .
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Proof. We consider the former case, i.e., an extension A ,→ E  B ⊕r ; the latter case follows by
dual arguments. Let E  N be any quotient of E. Since A is a simple object, the composition
ψ : A ,→ E  N is either injective, or zero.
If ψ = 0, then N is a quotient of B ⊕r , and the claim follows. If ψ is injective, let M be the
kernel of E  N . Then M ∩ A = 0, and so M is a subobject of B ⊕r . Since B is a simple object,
0
M is of the form B ⊕r for some r0 < r; since Hom(B, E) = 0, this is a contradiction.

+

f 2 (R)Proof of Proposition 6.8. Continuing with the convention of Proposition 6.3, we use the GL
action to assume Z0 (H) ⊂ R, and Z0 (v) ∈ R<0 .
Consider the first claim. By assumption, we may find an effective spherical class s̃ such that
(v, s̃) < 0. Pick a σ0 -semistable object S with v(S) = s̃. By considering its Jordan-Hölder
e < 0.
filtration, and using Lemma 6.2, we may find a σ0 -stable spherical object Se with (v, v(S))
Assume, for a contradiction, that W is not a totally semistable wall. Then there exists a σ0 -stable
e E) =
object E of class v. By stability, since E and Se have the same phase, we have Hom(S,
1
e
e
e
Hom(E, S) = 0; hence (v, v(S)) = ext (S, E) ≥ 0, a contradiction.
To prove the construction of σ+ -stable objects, let us assume that we are in the case of infinitely
many spherical classes. Let us also assume that φ+ (v) > φ+ (v0 ), the other case is analogous; in
the notation of Proposition 6.7, this means v = vl for some l > 0. We define Ei inductively by
Ei = STT + (Ei−1 ).
i

By the compatibility of the spherical twist STT , for T a spherical object, with the reflection ρv(T )
and Proposition 6.7, we have v(Ei ) = vi . Lemma 6.9 shows that E1 is σ+ -stable; however, for
the following induction steps, we cannot simply use Lemma 6.9 again, as neither Ei nor Ti+ are
simple objects in P0 (1).
Instead, we will need a slightly stronger induction
T2
statement. Using Proposition 5.1, in particular part (b),
T2
we can define a torsion pair (Ti , Fi ) in A0 := P0 (1)
as follows: we let Ti be the extension closure of all σ+ T1
stable objects F ∈ A0 with φ+ (F ) > φ+ (Ti+1 ); by Theorem 2.15, since the Mukai vectors of stable objects have
self-intersection ≥ −2 and all objects F as before have
self-intersection < 0, we deduce that Ti is the extensionT1
A0
closure Ti = hT1+ , . . . , Ti+ i. Then let Ai = hFi , Ti [−1]i
S0
(see Figure 3). We can also describe Ai+1 inductively as
+
the tilt of Ai at the torsion pair (T , F) with T = hTi+1
i
S1
+ ⊥
and F = hTi+1
i .
A1
A2
T1 [−1]
Induction claim: We have Ei ∈ Fi , and both Ei and
+
Ti+1 are simple objects of Ai .
By construction of the torsion pair (Ti , Fi ), this also
shows that Ei is σ+ -stable. Indeed, the fact that Ei is
in Fi shows that Hom(F, Ei ) = 0, for all σ+ -stable obF IGURE 3. The categories Ai
jects F with φ+ (F ) > φ+ (Ti+1 ). Also, the fact that
it is simple in Ai shows that Hom(F, Ei ) = 0, also for all σ+ -stable objects F 6= Ei with
φ+ (Ei ) ≤ φ+ (F ) ≤ φ+ (Ti+1 ). By definition, this means that Ei is σ+ -stable.
The case i = 0 follows by the assumption that E0 is σ0 -stable. To prove the induction step,
+
+
we first consider Ti+1
. By stability, we have Ti+1
∈ Ti⊥ = Fi . Using stability again, we also
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+
+
see that any non-trivial quotient of Ti+1
is contained in Ti , so Ti+1
is a simple object of Fi . Since
+
Ti+1 is stable of maximal slope in Fi , there also cannot be a short exact sequence as in (16) below.
+
Therefore, Lemma 6.10 shows that Ti+1
is a simple object of Ai .
+
Since Ei (by induction assumption) is also a simple object in Ai , this shows Hom(Ei , Ti+1
)=
+
+
+
1
Hom(Ti+1 , Ei ) = 0. So RHom(Ti+1 , Ei ) = Ext (Ti+1 , Ei )[−1], and Ei+1 = STT + (Ei ) fits
i+1
into a short exact sequence
+
+
0 → Ei ,→ Ei+1  Ti+1
⊗ Ext1 (Ti+1
, Ei ) → 0.

In particular, Ei+1 is also an object of Ai . Note that
+
+
+
RHom(Ti+1
, Ei+1 ) = RHom(ST−1
(Ti+1
), ST−1
(Ei+1 )) = RHom(Ti+1
[1], Ei )
T+
T+
i+1

i+1

+ ⊥
is concentrated in degree -2; this shows both that Ei+1 ∈ (Ti+1
) ⊂ Ai , and that there are no
⊕k
0
extensions Ei+1 ,→ F  Ti+1 . Applying Lemma 6.10 via the inductive description of Ai+1 as a
tilt of Ai , this proves the induction claim.
2

Lemma 6.10. Let (T , F) be a torsion pair in an abelian category A, and let F ∈ F be an
object that is simple in the quasi-abelian category F, and that admits no non-trivial short exact
sequences
(16)

0 → F ,→ F 0  T → 0

with F 0 ∈ F and T ∈ T . Then F is a simple object in the tilted category A] = hF, T [−1]i.
Proof. Consider a short exact sequence A ,→ F  B in A] . The long exact cohomology sequence with respect to A is
0
1
0 → HA
(A) ,→ F → F 0  HA
(A) → 0
0 (A) ∈ F, F 0 ∈ F and H1 (A) ∈ T . Since F is a simple object in F, we must have
with HA
A
0 (A) = 0. Thus we get a short exact sequence as in (16), a contradiction.
HA


7. D IVISORIAL CONTRACTIONS IN THE NON - ISOTROPIC CASE
In this section we examine Theorem 5.7 in the case of divisorial contractions when the lattice
HW does not contain isotropic classes. The goal is to prove the following proposition.
Proposition 7.1. Assume that the potential wall W is non-isotropic. Then W is a divisorial wall
if and only if there exists a spherical class s̃ ∈ HW with (s̃, v) = 0. If we choose s̃ to be effective,
then the class of the contracted divisor D is given by D ≡ θ(s̃).
e = s̃, then D can be described as a Brill-Noether
If Se is a stable spherical object of class v(S)
e 6= 0.
e it is given either by the condition Hom(S,
e ) 6= 0, or by Hom( , S)
divisor of S:
One can use more general results of Markman in [Mar13b] to show that a divisorial contraction
implies the existence of an orthogonal spherical class in the non-isotropic case. We will instead
give a categorical proof in our situation.
We first treat the case in which there exists a σ0 -stable object of class v:
Lemma 7.2. Assume that H is non-isotropic, and that W is a potential wall associated to H. If v
is a minimal class of a GH -orbit, and if there is no spherical class s̃ ∈ HW with (s̃, v) = 0, then
the set of σ0 -stable objects in Mσ+ (v) has complement of codimension at least two.
In particular, W cannot induce a divisorial contraction.
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Proof. The argument is similar to Lemma 6.5; additionally, it uses Namikawa’s and Wierzba’s
characterization of divisorial contractions recalled in Theorem 3.8.
For contradiction, assume that there is an irreducible divisor D ⊂ Mσ+ (v) of objects that are
strictly semistable with respect to σ0 . Let π + : Mσ+ (v) → M be the morphism induced by `σ0 ; it
is either an isomorphism or a divisorial contraction. The divisor D may or may not be contracted
by π + ; by Theorem 3.8, we have dim π + (D) ≥ dim D − 1 = dim Mσ+ (v) − 2 = v2 in either
case.
On the other hand, consider the restriction of the universal family E on Mσ+ (v) to the divisor
D, and its relative HN filtration with respect to σ− . As before, this induces a rational map
HND : D 99K Mσ− (a1 ) × · · · × Mσ− (al ).
P
Again, let I ⊂ {1, . . . , l} be the subset of indices i with a2i > 0, and a = i∈I ai . The arguments
leading to inequalities (12) and (13) still apply, and show a2 ≤ v2 .
If I 6= {1, . . . , l}, there exists a class aj appearing in the HN filtration of the form aj = ms̃,
s̃2 = −2. Under the assumptions, we now have the strict inequality (s̃, v) > 0; thus, in equation
(13), we also have (v, b) > 0, and so a2 ≤ v2 − 4 in all cases.
Otherwise, if I = {1, . . . , l}, we have |I| > 1, and we can apply Lemma 6.4; in either case we
obtain
l
X
X
dim Mσ− (ai ) =
(a2i + 2) < v2 = dim π + (D).
i=1

i∈I

As before, this is a contradiction to the observation that any curve contracted by HND is also
contracted by π + .

The case of totally semistable walls can be reduced to the previous one:
Corollary 7.3. Assume that H is non-isotropic, and that there does not exist a spherical class s̃ ∈
H with (s̃, v) = 0. Then a potential wall associated to H cannot induce a divisorial contraction.
In fact, we will later see that all potential walls associated to H are mapped to the same wall in
the movable cone of the moduli space; thus they have to exhibit identical birational behavior.
Proof. As before, consider the minimal class v0 of the orbit GH .v, in the sense of Definition
6.6. By Lemma 7.2, there is an open subset U ⊂ Mσ+ (v0 ) of objects that are σ0 -stable that has
complement of codimension at least two.
Let Φ be the composition of spherical twists given by Proposition 6.8, such that Φ(E0 ) is σ+ stable of class v for every [E0 ] ∈ U . Observe that Φ(E0 ) has a Jordan-Hölder filtration such
that E0 is one of its filtration factors (the other factors are stable spherical objects). Therefore,
the induced map Φ∗ : U → Mσ+ (v) is injective, and the image does not contain any curve of
S-equivalent objects with respect to σ0 . Also, Φ∗ (U ) has complement of codimension at least two
(see e.g. [GHJ03, Proposition 21.6]). Since `σ0 does not contract any curves in Φ∗ (U ), it cannot
contract any divisors in Mσ+ (v).

The next step is to construct the divisorial contraction when there exists an orthogonal spherical
class. To clarify the logic, we first treat the simpler case of a wall that is not totally semistable:
Lemma 7.4. Assume H is non-isotropic, W a potential wall associated to H, and that v is a
minimal class of a GH -orbit. If there exists a spherical class s̃ ∈ H with (s̃, v) = 0, then W
induces a divisorial contraction.
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If we assume that s̃ is effective, then the contracted divisor D ⊂ Mσ+ (v) has class θ(s̃). The
HN filtration of a generic element [E] ∈ D with respect to σ− is of the form
0 → Se ,→ E  F → 0

or 0 → F ,→ E  Se → 0,

where Se and F are σ0 -stable objects of class s̃ and v − s̃, respectively.
Proof. As before, we only treat the case when H admits infinitely many spherical classes. In that
case, we must have s̃ = s or s̃ = t; we may assume s̃ = s, and the other case will follow by dual
arguments.
We first prove that v − s is a minimal class in its GH -orbit by a straightforward computation.
If v2 = 2, then (v − s)2 = 0 in contradiction to the assumption; therefore v2 ≥ 4. If we write
2
v = xs + yt, then (v, s) = 0 gives y = m
x. Plugging in v2 ≥ 4 gives x2 1 − m42 ≥ 2. Since
m ≥ 3, we obtain




4 2
4
1
2
2
x 1− 2
>x 1− 2
≥ 1,
m
m
2
and therefore


4
2
(t, v − s) = m(x − 1) − 2 x = mx 1 − 2 − m ≥ 0.
m
m
Also, (s, v − s) = 2 > 0, and therefore v − s has positive pairing with every effective spherical
class.
By Lemma 6.5, the generic element F ∈ Mσ+ (v − s) is also σ0 -stable. Since (s, v − s) = 2
and Hom(F, S) = Hom(S, F ) = 0, there is a family of extensions
0 → S ,→ Ep  F → 0
parameterized by p ∈ P1 ∼
= P(Ext1 (F, S)). By Lemma 6.9, they are σ+ -stable. Since all Ep
are S-equivalent to each other, the morphism π + : Mσ+ (v) → M associated to W contracts
the image of this rational curve. Varying F ∈ Mσst0 (v − s), these span a family of dimension
1 + (v − s)2 + 2 = v2 + 1; this is a divisor in Mσ+ (v) contracted by π + .
Since π + has relative Picard-rank equal to one, it cannot contract any other component.

The following lemma treats the general case, for which we will first set up notation. As before,
we let v0 be the minimal class in the GH -orbit of v. By s̃0 we denote the effective spherical class
with (v0 , s̃0 ) = 0; we have s̃0 = t or s̃0 = s. Accordingly, in the list of the GH -orbit of v given
by Proposition 6.7, we have either v2i = v2i+1 , or v2i = v2i−1 for all i, since v0 is fixed under
the reflection ρs̃0 at s̃0 . We choose l such that v = vl , and such that the corresponding sequence
of reflections sends s̃0 to s̃:
(
ρtl ◦ ρtl−1 ◦ · · · ◦ ρt0 (s̃0 )
if l > 0
s̃ =
ρsl ◦ ρsl−1 ◦ · · · ◦ ρs−1 (s̃0 ) if l < 0
Depending on the ordering of the slopes φ+ (v), φ+ (v0 ), we let Φ be the composition of spherical
twists appearing in Proposition 6.8.
Lemma 7.5. Assume that H is non-isotropic, and let W be a corresponding potential wall. If
there is an effective spherical s̃ ∈ CW with (v, s̃) = 0, then W induces a divisorial contraction.
The contracted divisor D has class θ(s̃). For E ∈ D generic, there are σ+ -stable objects F
and Se of class v − s̃ and s̃, respectively, and a short exact sequence
(17)

0 → Se ,→ E  F → 0

or 0 → F ,→ E  Se → 0.
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The inclusion Se ,→ E or F ,→ E appears as one of the filtration steps in a Jordan-Hölder
filtration of E.
In addition, there exists an open subset U + ⊂ Mσ+ (v0 ), with complement of codimension two,
such that Φ(E0 ) is σ+ -stable for every σ+ -stable object E0 ∈ U + .
Proof. We rely on the construction in the proof of Proposition 6.8. Let Se0 be the stable spherical
object of class s̃0 ; we have Se0 = S or Se0 = T . As in the proof of Lemma 7.4, one shows that
v0 − s̃0 is the minimal class in its GH -orbit.
Let F0 be a generic σ0 -stable object of class v0 − s̃0 . Applying Proposition 6.8 to the class
v − s̃, we see that F := Φ(F0 ) is σ+ -stable of that class.
We may again assume that Φ is of the form STT + ◦ · · · ◦ STT + ; the other case follows by dual
l

1

+
arguments. Inductively, one shows that Φ(S) = Tl+1
and Φ(T ) = Tl+ [−1]. These are both simple
objects of the category Al defined by tilting in the proof of Proposition 6.8; therefore, Se := Φ(Se0 )
is simple in Al . By the induction claim in the proof of Proposition 6.8, F = Φ(F0 ) is also a
e F ) = Hom(F, S)
e = 0 and ext1 (S,
e F ) = 2.
simple object in this category. In particular, Hom(S,
Applying Lemma 6.9 again, and using the compatibility of Al with stability, we obtain a stable
extension of the form (17).
This gives a divisor contracted by π + , and we can proceed as in the previous lemma.
Let D0 ⊂ Mσ+ (v0 ) be the contracted divisor for the class v0 . The above proof also shows
that for a generic object E0 ∈ D0 (whose form is given by Lemma 7.4), the object Φ(E0 ) is a
σ+ -stable (contained in the contracted divisor D). Thus we can take U + to be the union of the
set of σ0 -stable objects in Mσ+ (v0 ) with the open subset of D0 of objects of the form given in
Lemma 7.4.


Proof of Proposition 7.1. The statements follow from Corollary 7.3 and Lemma 7.5.



8. I SOTROPIC WALLS ARE U HLENBECK WALLS
In this section, we study potential walls W in the case where H admits an isotropic class
w ∈ H, w2 = 0. Following an idea of Minamide, Yanagida, and Yoshioka [MYY11b], we study
the wall W via a Fourier-Mukai transform after which w becomes the class of a point. Then σ+
corresponds to Gieseker stability and, as proven in [Lo12], the wall corresponds to the contraction
to the Uhlenbeck compactification, as constructed by Jun Li in [Li93].
Parts of this section are well-known. In particular, [Yos99, Proposition 0.5] deals with the
existence of stable locally-free sheaves. For other general results, see [Yos01].
The Uhlenbeck compactification. We let (X, α) be a twisted K3 surface. For divisor classes
∗ (X, α, Z), we denote by M β (v)
β, ω ∈ NS(X)Q , with ω ample, and for a vector v ∈ Halg
ω
the moduli space of (β, ω)-Gieseker semistable α-twisted sheaves on X with Mukai vector v.
Here, (β, ω)-Gieseker stability is defined via the Hilbert polynomial formally twisted by e−β (see
[MW97, Yos06, Lie07]). When β = 0, we obtain the usual notion of ω-Gieseker stability. In such
a case, we will omit β from the notation.
We start with the following observation:
Lemma 8.1. Assume that there exists an isotropic class in H. Then there are two effective, primitive, isotropic classes w0 and w1 in H, such that, for a generic stability condition σ0 ∈ W, we
have
(a) Mσ0 (w0 ) = Mσst0 (w0 ), and
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(b) either Mσ0 (w1 ) = Mσst0 (w1 ), or there exists a σ0 -stable spherical object S, with Mukai
vector s, such that (s, w1 ) < 0 and W is a totally semistable wall for w1 .
Any positive class v0 ∈ PH satisfies (v0 , wi ) ≥ 0 for i = 1, 2.
Proof. Let w̃ ∈ H be primitive isotropic class; up to replacing w̃ by −w̃, we may assume it to be
effective. We complete w̃ to a basis {ṽ, w̃} of HQ . Then, for all (a, b) ∈ Q, we have

(aṽ + bw̃)2 = a · aṽ2 + 2b(ṽ, w̃) .
This shows the existence of a second integral isotropic class. If we choose it to be effective, then
the positive cone PH is given by R≥0 · w0 + R≥0 · w1 . The claim (v0 , wi ) ≥ 0 follows easily.
By Theorem 2.15, we have Mσ0 (w̃) 6= ∅. If W does not coincide with a wall for w̃, then we
can take w0 = w̃, and claim (a) will be satisfied.
Otherwise, let σ ∈ Stab† (X, α) be a generic stability condition nearby W; by [BM12, Lemma
7.2], we have Mσ (w̃) = Mσst (w̃) 6= ∅.
Up to applying a Fourier-Mukai equivalence, we may assume that w̃ = (0, 0, 1) is the Mukai
vector of a point on a twisted K3 surface; then we can apply the classification of walls for
isotropic classes in [Bri08, Theorem 12.1], extended to twisted surfaces in [HMS08]. If W is
a totally semistable wall for w̃, then we are in case (A+ ) or (A− ) of [Bri08, Theorem 12.1]:
there exists a spherical σ0 -stable twisted vector bundle S such that S or S[2] is a JH factor of the
skyscraper sheaf k(x), for every x ∈ Mσ (w̃); moreover, the other non-isomorphic JH factor is
either STS (k(x)), or ST−1
S (k(x)). In both cases, the Mukai vector w0 of the latter JH factor is
primitive and isotropic, and W is not a wall for w0 .
Finally, if W is a wall for w̃, but not a totally semistable wall, it must be a wall of type (Ck ),
still in the notation of [Bri08, Theorem 12.1]: there is a rational curve C ⊂ Mσ (w̃) such that k(x)
is strictly semistable iff x ∈ C. But then the rank two lattice associated to the wall is negative
semi-definite by [BM12, Remark 6.3]; on the other hand, by Proposition 5.1, claim (d), it must
coincide with H, which has signature (1, −1). This is a contradiction.

Let w0 , w1 ∈ CW be the effective, primitive, isotropic classes given by the above lemma, and
let Y := Mσ0 (w0 ). Then Y is a K3 surface and, by [Muk87a, Căl02, Yos06, HS06], there exist a
class α0 ∈ Br(Y ) and a Fourier-Mukai transform
∼

Φ : Db (X, α) −
→ Db (Y, α0 )
such that Φ(w0 ) = (0, 0, 1). By construction, skyscraper sheaves of points on Y are Φ∗ (σ0 )stable. By Bridgeland’s Theorem 2.9, there exist divisor classes ω, β ∈ NS(Y )Q , with ω ample,
f+
such that up to the GL
2 (R)-action, Φ∗ (σ0 ) is given by σω,β . In particular, the category Pω,β (1) is
the extension-closure of skyscraper sheaves of points, and the shifts F [1] of µω -stable torsion-free
sheaves F with slope µω (F ) = ω · β. Since σ0 by assumption does not lie on any other wall with
respect to v, the divisor ω is generic with respect to Φ∗ (v).
By abuse of notation, we will from now on write (X, α) instead of (Y, α0 ), v instead of Φ∗ (v),
and σ0 instead of σω,β . Let σ+ = σω,β− and σ− = σω,β+ ; here  is a sufficiently small positive
multiple of ω.
Proposition 8.2 ([Lo12, LQ11]). An object of class v is σ+ -stable if and only if it is the shift F [1]
of a (β, ω)-Gieseker stable sheaf F on (X, α); the shift [1] induces the following identification of
moduli spaces:
Mσ+ (v) = Mωβ (−v).
Moreover, the contraction morphism π + induced via Theorem 2.19 for generic σ0 ∈ W is the
Li-Gieseker-Uhlenbeck morphism to the Uhlenbeck compactification.
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Finally, an object F of class v is σ− -stable if and only if it is the shift F ∨ [2] of the derived dual
of a (−β, ω)-Gieseker stable sheaf on (X, α−1 ).
Proof. The identification of Mσ+ (v) with the Gieseker moduli space is well-known, and follows
with the same arguments as in [Bri08, Proposition 14.2]. For σ0 , two torsion-free sheaves E, F
become S-equivalent if and only if they have the same image in the Uhlenbeck space ([Lo12,
Theorem 3.1], [LQ11, Section 5]): indeed, if Ei are the Jordan-Hölder factors of E with respect
to slope-stability, then E is S-equivalent to
M
Ei∗∗ ⊕ (Ei∗∗ /Ei ) ,
precisely as in [HL10, Theorem 8.2.11]. Thus, Theorem 2.19 identifies π + with the morphism to
the Uhlenbeck space.
The claim of σ− -stability follows by Proposition 2.11 from the case of σ+ -stability; see also
see [MYY11a, Proposition 2.2.7] in the case α = 1.

In other words, the coarse moduli space Mσ0 (v) is isomorphic to the Uhlenbeck compactification ([Li93, Yos06]) of the moduli space of slope-stable vector bundles on (X, α). Given a
(β, ω)-Gieseker stable sheaf F ∈ Mωβ (−v), the σ+ -stable object F [1] becomes strictly semistable
with respect to σ0 if and only if F is not locally free, or if F is not slope-stable.
In particular, when the rank of −v equals one, then the contraction morphism π + is the HilbertChow morphism Hilbn (X) → Symn (X); see also [BM12, Example 10.1].
Totally semistable isotropic walls. We start with the existence of a unique spherical stable object
in the case the wall is totally semistable:
Lemma 8.3. Assume that W is a totally semistable wall for v.
(a) There exists a unique spherical σ0 -stable object S ∈ Pσ0 (1).
(b) Let E ∈ Mσ+ (v) be a generic object. Then its HN filtration with respect to σ− has length
2 and takes the form
(18)

S ⊕a → E → F,

or

F → E → S ⊕a ,

with a ∈ Z>0 . The σ− -semistable object F is generic in Mσ− (v0 ), for v0 := v(F ), and
dim Mσ− (v0 ) = dim Mσ+ (v) = v2 + 2.
The idea of the proof is very similar to the one in Lemma 6.5. The only difference is that we
cannot use a completely numerical criterion like Lemma 6.4 and we will replace it by Mukai’s
Lemma 6.1.
Proof of Lemma 8.3. We first prove (a). We consider again the two maps
π + : Mσ+ (v) → M ,
HN : Mσ+ (v) 99K Mσ− (a1 ) × · · · × Mσ− (am ).
The first one is induced by `σ0 and the second by the existence of relative HN filtrations. By
[HL10, Section 4.5], we have, for all i = 1, . . . , m and for all Ai ∈ Mσ− (ai ),
dim Mσ− (ai ) ≤ ext1 (Ai , Ai ).
Hence, by Mukai’s Lemma 6.1, we deduce
(19)

dim Mσ+ (v) ≥

m
X
i=1

dim Mσ− (ai ).
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Equation (19) is the analogue of (15) in the non-isotropic case. Since any curve contracted by HN
is also contracted by π + , it follows that
m
X

dim Mσ− (ai ) ≥ dim M = dim Mσ+ (v).

i=1

Therefore equality holds, and HN is a dominant map.
This shows that the projections
Mσ+ (v) 99K Mσ− (ai )
are dominant. By Theorem 3.10, Mσ− (ai ) has symplectic singularities. Hence, we deduce that
either Mσ− (ai ) is a point, or dim Mσ− (ai ) = dim Mσ+ (v) = v2 + 2. Since m ≥ 2, by Lemma
6.2 this shows the existence of a spherical σ0 -stable object in Pσ0 (1). By Proposition 6.3, there
can only be one such spherical object.
To prove (b), we first observe that by uniqueness (and by Lemma 6.2 again), all σ− -spherical
objects appearing in a HN filtration of a generic element E ∈ Mσ+ (v) must be σ0 -stable as well.
As a consequence, the length of a HN filtration of E with respect to σ− must be 2 and have the
form (18). Since the maps Mσ+ (v) 99K Mσ− (ai ) are dominant, the σ− -semistable object F is
generic.

We can now prove the first implication for the characterization of totally semistable walls in the
isotropic case. We let s := v(S), where S is the unique σ0 -stable object in Pσ0 (1).
Proposition 8.4. Let W be a totally semistable wall for v. Then either there exist an isotropic
vector w with (w, v) = 1, or the effective spherical class s satisfies (s, v) < 0.
Proof. We continue to use the notation of Lemma 8.3; in particular, let a > 0 be as in the short
exact sequence (18), and v0 = v − as.
If (v0 )2 > 0, then by Lemma 8.3 and Theorem 2.15(b), we have (v0 )2 = v2 . Since v0 =
v − as, a > 0, this implies (s, v) < 0.
So we may assume v02 = 0. Then v2 = 0 + 2a(v0 , s) − 2a2 , and it follows that (v0 , s) > 0. In
the notation of Lemma 8.1, this means that v0 is a positive multiple of w0 , which we can take to
be the class of a point: v0 = cw0 = c(0, 0, 1).
Then the coarse moduli space Mσ0 (v0 ) is the symmetric product Symc X; if we define n by
2
v = 2n − 2, then the equality of dimensions in Lemma 8.3 becomes c = n. Therefore
2n − 2 = v2 = (as + nw0 )2 = −2a2 + 2an(s, w0 )
or, equivalently,
(20)

n − 1 = a n(s, w0 ) − a



Recall that (s, w0 ) > 0. If the right-hand side is positive, then it is at least n(s, w0 ) − 1. Thus,
(20) only has solutions if (s, w0 ) = 1, in which case they are a = 1 and a = n − 1. In the
former case, (v, w0 ) = 1. In the latter case, observe that w1 = w0 + s, and (v, w1 ) = 1 follows
directly.

The converse statement follows from Proposition 6.8 above, and Lemma 8.5 below.
Lemma 8.5. Let W be a potential wall. If there exists an isotropic class w ∈ HW with (w, v) =
1, then W is a totally semistable wall.
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Proof. Note that by Lemma 8.1, the primitive class w is automatically effective. Let σ0 ∈ W be
a generic stability condition. If Mσst0 (w) 6= ∅, then we can assume w = (0, 0, 1). In this case
−v has rank one, Mσ+ (v) is the Hilbert scheme, and W is the Hilbert-Chow wall discussed in
[BM12, Example 10.1]; in particular, it is totally semistable.
Otherwise, Mσst0 (w) = ∅; hence, in the notation of Lemma 8.1, we are in the case w = w1 , and
there exists a σ0 -stable spherical object S, with Mukai vector s, such that (s, w1 ) < 0.
Write w1 = w0 + rs, where r = (s, w0 ) ∈ Z>0 . Then
1 = (v, w1 ) = (v, w0 ) + r(v, s).
By Lemma 8.1, (v, w0 ) is strictly positive, and so (v, s) ≤ 0. If the inequality is strict, Proposition
6.8 applies. Otherwise, (v, s) = 0 and (v, w1 ) = (v, w0 ) = 1; thus we are again in the case of
the Hilbert-Chow wall, and W is a totally semistable wall for v.

Divisorial contractions. We now deal with divisorial contractions for isotropic walls. The case
of a flopping wall, a fake wall, and no wall will be examined in Section 9.
Proposition 8.6. Let W be a wall inducing a divisorial contraction. Assume that (v, w) 6= 1, 2,
for all isotropic vectors w ∈ H. Then there exists an effective spherical class s ∈ H with
(s, v) = 0.
Proof. The proof is similar to the one of Lemma 7.2: in particular, we are going to use Theorem
3.8. Let D ⊂ Mσ+ (v) be an irreducible divisor contracted by π + : Mσ+ (v) → M . We know that
dim π + (D) = v2 . Consider the rational map
HND : D 99K Mσ− (a1 ) × · · · × Mσ− (al )
induced by the relative HN filtration
P with respect to σ− . We let I ⊂ {1, . . . , l} be the subset of
indices i with a2i > 0, and a = i∈I ai . We can assume |I| < l, otherwise the proof is identical
to Lemma 7.2.
Step 1. We show that there is an i such that ai is a multiple of a spherical class s.
Assume otherwise. Then we can write v = n0 w0 + n1 w1 + a. By symmetry, we may assume
n1 ≥ n0 ; in particular n1 6= 0. Also note that for i = 0, 1 we have (w0 , w1 ) ≥ 1, (v, wi ) ≥ 3
and (wi , a) ≥ 1 as long as a 6= 0.
In case |I| ≥ 1, i.e., a 6= 0, we obtain a contradiction by
2
v2 = (a + n0 w0 ) + n1 w1 = a2 + 2n0 (a, w0 ) + 2n1 (v, w1 )
(21)

≥ a2 + 2n0 + 6n1 > a2 + 2 + 2n0 + 2n1

(22)

≥

X

(a2i + 2) + 2n0 + 2n1 =

l
X

dim Mσ− (ai ) ≥ dim π + (D) = v2 ,

i=1

i∈I

where we used the numerical observations in (21), and Lemma 6.4 for the case |I| > 1 in (22).
Otherwise, if |I| = 0, then v = n0 w0 + n1 w1 with n0 , n1 > 0 and ni (w0 , w1 ) ≥ 3 by the
assumption (v, wi ) ≥ 3. We get a contradiction from

v2 = 2n0 n1 (w0 , w1 ) = 2n0 + 2n1 + 2(n0 − 1)(n1 − 1) − 2 + 2n0 n1 (w0 , w1 ) − 1
> 2n0 + 2n1 =

l
X
i=1

Step 2. We show (s, v) ≤ 0.

dim Mσ− (ai ) ≥ v2 .

36

AREND BAYER AND EMANUELE MACRÌ

Assume for a contradiction that (s, v) > 0. Using w1 = ρs (w0 ) we can write v = as+bw0 +a.
By Step 1, we have a > 0. In case a 6= 0, we use (a, w0 ) > 0 to get
2
a2 = (v − as) − bw0
= v2 − 2a(v, s) − 2a2 − 2b(a + bw0 , w0 )
≤ v2 − 2a(v, s) − 2a2 − 2b.
This leads to a contradiction:
2

2

2

2

v > v − 2a(v, s) − 2a + 2 ≥ a + 2 + 2b ≥

l
X

dim Mσ− (ai ) ≥ v2 .

i=1

If a = 0, our assumptions give a(s, w0 ) = (v, w0 ) > 2 and −2a + b(s, w0 ) = (s, v) > 0. This
leads to
v2 = −2a2 + 2ab(s, w0 ) > ab(s, w0 ) > 2b =

l
X

dim Mσ− (ai ) ≥ v2 .

i=1

Step 3. We show (s, v) = 0.
Assume for a contradiction that (s, v) < 0. By Proposition 6.8, W is a totally semistable wall
for v. We consider v0 = ρs (v) as in Lemma 8.3. The wall W induces a divisorial contraction
for v if and only if it induces one for v0 . But, since (v, w) 6= 1, 2, for all w isotropic, then
(v0 , w) 6= 1, 2 as well. Moreover, (s, v0 ) > 0. This is a contradiction, by Step 2.

The converse of Proposition 8.6 is a consequence of the following three lemmas:
Lemma 8.7. Assume that (v, w0 ) = 2. Then W induces a divisorial contraction.
Proof. It suffices to show that Mωβ (−v) contains a divisor of non-locally free sheaves. Since
(v, w0 ) = 2, we can write v = −(2, D, s), where D an integral divisor which is either primitive
or D = 0. Consider the vector v0 = −(2, D, s + 1) with (v0 )2 = v2 − 4 ≥ −2. By Theorem
2.15, we get Mωβ (−v0 ) 6= ∅ . Given a sheaf F ∈ Mωβ (−v0 ) and a point x ∈ X, the surjections
F  k(x) induce a P1 of extensions
k(x) → E[1] → F [1] → k(x)[1]
of objects in Mσ+ (v) that are S-equivalent with respect to σ0 . Dimension counting shows that
they sweep out a divisor.

Lemma 8.8. Assume that there exists an effective spherical class s ∈ H such that (v, s) = 0.
Then W induces a divisorial contraction.
Proof. Let S be the unique σ0 -stable spherical object with Mukai vector s. Let a = v − s; then
a2 = (v − s)2 = v2 − 2 and

(a, s) = −s2 = 2.

If v2 > 2, then a2 > 0. By Lemma 8.1, w1 = bs + w0 with b > 0; hence (w1 , a) > (w0 , a).
If (w0 , a) ≥ 2, then Proposition 8.4 implies that W is not a totally semistable wall for a, since
(a, s) = 2. Hence, given A ∈ Mσ0 (a), all the extensions
S→E→A
give a divisor D ⊂ Mσ+ (v), which is a P1 -fibration over Mσst0 (a) and which gets contracted by
crossing the wall W.
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If (w0 , a) = 1, then there is a spherical class of the form a + kw0 . By the uniqueness up to
sign, s must be of this form; hence also (w0 , s) = 1. From this we get (w0 , v) = 2, and so W
induces a divisorial contraction by Lemma 8.7.
Finally, assume that v2 = 2. Then a is an isotropic vector with (a, v) = (a, s) = 2. But
this implies that (w0 , v) = 1, 2. Indeed, by Lemma 8.1, the fact that a is an effective class with
(a, s) > 0 implies that a has to be a positive multiple of w0 . The case (w0 , v) = 2 is again
Lemma 8.7; and if (w0 , v) = 1, then −v has rank 1, and we are in the case of the Hilbert-Chow
wall.

Lemma 8.9. Let W be a potential wall. If there exists an isotropic class w such that (v, w) ∈
{1, 2}, then W induces a divisorial contraction.
Proof. By Lemma 8.1, the class w is automatically effective. By Lemma 8.7, the only remaining
case is w = w1 , with w1 = bs + w0 , b > 0, where s is the class of the unique σ0 -stable spherical
object. By Lemma 8.8, we can assume that (s, v) 6= 0.
If (s, v) > 0, then
(w1 , v) = b(s, v) + (w0 , v) ∈ {1, 2}.
Since (w0 , v) > 0 and b > 0, this is possible only if (w0 , v) = 1, which corresponds to the
Hilbert-Chow contraction.
Hence, we can assume (s, v) < 0. By Proposition 6.8, W is a totally semistable wall for v, and
W induces a divisorial contraction with respect to v if and only if it induces one with respect to
v0 = ρs (v). But then (v0 , w0 ) = (v, w1 ) ∈ {1, 2}. Again, we can use Lemma 8.7 to finish the
proof.

9. F LOPPING WALLS
This section deals with the remaining case of a potential wall W: assuming that W does not
correspond to a divisorial contraction, we describe in which cases it is a flopping wall, a fake wall,
or not a wall. This is the content of Propositions 9.1 and 9.4.
Proposition 9.1. Assume that W does not induce a divisorial contraction. If either
(a) v can be written as the sum v = a1 + a2 of two positive classes a1 , a2 ∈ PH ∩ H, or
2
(b) there exists a spherical class s̃ ∈ W with 0 < (s̃, v) ≤ v2 ,
then W induces a small contraction.
Lemma 9.2. Let M be a lattice of rank two, and C ⊂ M ⊗ R2 be a convex cone not containing a
line. If a primitive lattice element v ∈ M ∩ C can be written as the sum v = a + b of two classes
in a, b ∈ M ∩ C, then it can be written as a sum v = a0 + b0 of two classes a0 , b0 ∈ M ∩ C
in such a way that the parallelogram with vertices 0, a0 , v, b0 does not contain any other lattice
point besides its vertices.
Proof. If the parallelogram 0, a, v, b contains an additional lattice point a0 , we may replace a by
a0 and b by v − a0 . This procedure terminates.

Lemma 9.3. Let a, b, v ∈ H ∩CW be effective classes with v = a+b. Assume that the following
conditions are satisfied:
• The phases of a, b satisfy φ+ (a) < φ+ (b).
• The objects A, B are σ+ -stable with v(A) = a, v(B) = b.
• The parallelogram in H ⊗ R with vertices 0, a, v, b does not contain any other lattice
point.
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• The extension A ,→ E  B satisfies Hom(B, E) = 0.
Then E is σ+ -stable.
Proof. Since A and B are σ+ -stable, they are σ0 -semistable. Therefore, the extension E is also
σ0 -semistable. Let ai be the Mukai vector of the i-th HN factor of E with respect to σ+ . By
Proposition 5.1 part (c) and Remark 5.3, we have ai ∈ H. We have E ∈ P+ ([φ+ (a), φ+ (b)]),
P and
hence ai is contained in the cone generated by a, b. Since the same holds for v − ai = j6=i aj ,
ai is in fact contained in the parallelogram with vertices 0, a, v, b. Since it is also a lattice point,
the assumption on the parallelogram implies ai ∈ {a, b, v}.
Assume that E is not σ+ -stable, and let A1 ⊂ E be the first HN filtration factor. Since
+
φ (a1 ) > φ+ (v), we must have a1 = b. By the stability of A, B we have Hom(A1 , A) = 0, and
Hom(A1 , B) = 0 unless A1 ∼
= B. Either of these is a contradiction, since Hom(A1 , E) 6= 0 and
Hom(B, E) = 0.

Proof of Proposition 9.1. We first consider case (a), so v = a1 + a2 with a1 , a2 ∈ PH . Using
Lemma 9.2, we may assume that the parallelogram with vertices 0, a1 , v, a2 does not contain an
interior lattice point. In particular, a1 , a2 are primitive. We may also assume that φ+ (a1 ) <
φ+ (a2 ). By the signature of H (see the proof of Lemma 6.4), we have (a1 , a2 ) > 2. By Theorem
2.15, there exist σ+ -stable objects Ai of class v(Ai ) = ai . The inequality for the Mukai pairing
implies ext1 (A2 , A1 ) > 2. By Lemma 9.3, any extension
0 → A1 ,→ E  A2 → 0
of A2 by A1 is σ+ -stable of class v. As all these extensions are S-equivalent to each other with
respect to σ0 , we obtain a projective space of dimension at least two that gets contracted by π + .
Now consider case (b). First assume that s̃ is an effective class. Note that (v − s̃)2 ≥ −2 and
(s̃, v − s̃) = (s̃, ṽ) − s̃2 > 2. Consider the parallelogram P with vertices 0, s̃, v, v − s̃, and the
function f (a) = a2 for a ∈ P. By homogeneity, its minimum is obtained on one of the boundary
segments; thus
2
s̃ + t(v − s̃) > −2 + 4t − 2t2 > −2
for 0 < t < 1, along with a similar computation for the other line segments, shows f (a) > −2
unless a ∈ {s̃, v −s̃}. In particular, if there is any lattice point a ∈ P other than one of its vertices,
then a2 ≥ 0 and (v − a)2 ≥ 0. Thus v = a + (v − a) can be written as the sum of positive classes,
and the claim follows from the previous paragraph. Otherwise, let Se be the σ+ -stable object of
e F ) = ext1 (F, S)
e > 2. Thus, with
class s̃, and F any σ+ -stable object of class v − s̃; then ext1 (S,
the same arguments we obtain a family of σ+ -stable objects parameterized by a projective space
that gets contracted by π + .
We are left with the case where s̃ is not effective. Set t̃ = −s̃, which is an effective class. With
the same reasoning as above, we may assume that the parallelogram with vertices 0, t̃, v, v − t̃
contains no additional lattice points. Set

v0 = ρt̃ (v) − t̃ = v − (s̃, v) + 1 t̃, ,

and consider the parallelogram P with vertices 0, (s̃, v) + 1 t̃, v, v0 (see Figure (4)). We have
v02 ≥ −2 and (t̃, v0 ) = (s̃, v) + 2 > 2. The lattice points of P are given by k t̃ and v0 + k t̃ for
k ∈ Z, 0 ≤ k ≤ (s̃, v) + 1 (otherwise, already the parallelogram with vertices 0, t̃, v, v − t̃ would
contain additional lattice points).
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Let Te and F be σ+ -stable objects of class t̃ and v0 , respectively. Let
us assume φ+ (t̃) > φ+ (v); the other case follows by dual arguments.
Any subspace V ⊂ Ext1 (Te, F ) of dimension (s̃, v) + 1 defines an
extension
0 → F ,→ E  Te ⊗ V → 0
such that E is of class v(E) = v, and satisfies Hom(Te, E) = 0. If E
were not σ+ -stable, then the class of the maximal destabilizing subobject A would have to be a lattice point in P with φ+ (v(A)) > φ+ (v);
therefore, v(A) = k t̃. The only σ+ -semistable object of this class is
Te⊕k , and we get a contradiction. Thus, we have constructed a family of σ+ -stable objects of class v parameterized by the Grassmannian
Gr((s̃, v) + 1, ext1 (Te, F )) that become S-equivalent with respect to
σ0 .
2
It remains to prove the converse of Proposition 9.1:
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((s̃, v) + 1)t̃

v

ρt̃ (v)
t̃

v0

0
s̃
F IGURE 4. -s̃ effective.

Proposition 9.4. Assume that W does not induce a divisorial contraction. Assume that v cannot
be written as the sum of two positive classes in PH , and that there is no spherical class s ∈ H
2
with 0 < (s, v) ≤ v2 . Then W is either a fake wall, or not a wall.
Proof. First consider the case where v = v0 is the minimal class in its orbit GH .v. We will prove
that every σ+ -stable object E of class v0 is also σ0 -stable. Assume otherwise, so E is strictly
σ0 -semistable, and therefore σ− -unstable. Let a1 , . . . , al be the Mukai vectors of the HN filtration
factors of E with respect to σ− . If all classes ai are positive, ai ∈ PH , then we have an immediate
contradiction to the assumptions.
Otherwise, E must have a spherical destabilizing subobject, or a spherical destabilizing quotient. Let s̃ be the class of this spherical object. If there is only one σ0 -stable spherical object, then
v2
it is easy to see that v0 − s̃ is in the positive cone; therefore, (s̃, v0 ) < 20 in contradiction to our
assumption.
If there are two σ0 -stable spherical objects of classes
s, t, consider the two vectors v0 − s and v0 − t. The as(v − s)2 = −2
sumptions imply (v0 − s)2 < −2 and (v0 − t)2 < −2;
on the other hand, v0 − s̃ is effective; using Lemma 6.2,
this implies that v0 − s or v0 − t must be effective. We
(v − t)2 = −2
claim that this leads to a simple numerical contradiction. S2
Indeed, (v0 − t)2 < −2 constrains v0 to lie below a
v2 = v02
concave down hyperbola, and (v0 − s)2 < −2 to lie
v0
above a concave up hyperbola; the two hyperbolas inS1
tersect at the points 0 and s + t. Therefore, if we write
v0 = xs + yt, we have x, y < 1. Thus, neither v0 − s F IGURE 5. Proof of Proposition 9.4
nor v0 − t can be effective (see Figure 5).
In the case where v is not minimal, v 6= v0 , let Φ be the sequence of spherical twists given by
Proposition 6.8. Since the assumptions of our proposition are invariant under the GH -action, they
are also satisfied by v0 . By the previous case, we know that every σ+ -stable objects E0 of class
v0 is also σ0 -stable. Thus Φ induces a morphism Φ∗ : Mσ+ (v0 ) → Mσ+ (v); since Φ∗ is injective
and the two spaces are smooth projective varieties of the same dimension, it is an isomorphism.
The S-equivalence class of Φ(E0 ) is determined by that of E0 ; since S-equivalence is a trivial
equivalence relation on Mσ+ (v0 ), the same holds for Mσ+ (v), and thus π + is an isomorphism. 2
Proposition 9.4 finishes the proof of Theorem 5.7.
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10. M AIN THEOREMS
We will first complete the proof of Theorem 1.1.
Proof of Theorem 1.1, part (b). We consider a wall W with nearby stability conditions σ± , and
σ0 ∈ W. Since Mσ± (v) are K-trivial varieties, it is sufficient to find an open subset U ⊂ Mσ± (v)
with complement of codimension two, and an (anti-)autoequivalence ΦW of Db (X, α), such that
ΦW (E) is σ− -stable for all E ∈ U .
We will distinguish cases according to Theorem 5.7. First consider the case when W corresponds to a flopping contraction, or when W is a fake wall. If W does not admit an effective
spherical class s ∈ HW with (s, v) < 0 then we can choose U to be the open subset of σ0 -stable
objects; its complement has codimension two, and there is nothing to prove. Otherwise, there
exists a spherical object destabilizing every object in Mσ+ (v). Let v0 ∈ HW be the minimal class
of the GH -orbit of v, in the sense of Definition 6.6. The subset U of σ0 -stable objects in Mσ± (v0 )
has complement of codimension two. Then the sequence of spherical twists of Proposition 6.8,
applied for σ+ and σ− , identifies U with subsets of Mσ+ (v) and Mσ− (v) via derived equivalences
−1
Φ+ , Φ− ; then the composition Φ− ◦ (Φ+ ) has the desired property.
Next assume that W induces a divisorial contraction. We have three cases to consider:
Brill-Noether: Again, we first assume that v is minimal, namely there is no effective spherical
class s with (s, v) < 0. The contracted divisor is described in Proposition 7.1, and the HN
filtration of the destabilized objects in Lemma 7.4. We may assume that we are in the case
e ) 6= 0. Now consider
where the Brill-Noether divisor in Mσ+ (v) is described by Hom(S,
e applied to objects E ∈ Mσ (v). Note that by σ+ -stability, we
the spherical twist STSe at S,
+
2 e
e ∨ = 0 for any such E; since (v(S),
e v(E)) = 0, it follows that
have Ext (S, E) = Hom(E, S)
1
e
e
hom(S, E) = ext (S, E).
e E) = 0, and so ST e(E) = E.
If E does not lie on the Brill-Noether divisor, then RHom(S,
S
Also, for generic such E (away from a codimension two subset), the object E is also σ− -stable.
e E) ∼
e E),
If E is a generic element of the Brill-Noether divisor, then Hom(S,
=C∼
= Ext1 (S,
and hence we have an exact triangle
e
Se ⊕ S[−1]
→ E → STSe(E).
Its long exact cohomology sequence with respect to the t-structure of σ0 induces two short
exact sequences
e
Se ,→ E  F and F ,→ STSe(E)  S.
By Lemma 7.5, the former is the HN filtration of E with respect to σ− ; the latter is the dual
extension, which is a σ− -stable object by Lemma 6.9.
Thus, in both cases, STSe(E) is σ− -stable. This gives a birational map Mσ+ (v) 99K Mσ− (v)
defined in codimension two and induced by the autoequivalence STSe, which is the claim we
wanted to prove.
If instead there is an effective spherical class s with (s, v) < 0, we reduce to the previous
case, similarly to the situation of flopping contractions: Let v0 again denote the minimal class
in the orbit GH .v; note that W also induces a divisorial contraction of Brill-Noether type
for v0 . In this case, Lemma 7.5 states that the sequence Φ of spherical twists identifies an
open subset U + ⊂ Mσ+ (v0 ) (with complement of codimension two) with an open subset of
Mσ+ (v); similarly for U − ⊂ Mσ− (v0 ). Combined with the single spherical twist identifying
a common open subset of Mσ± (v0 ), this implies the claim.
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Hilbert-Chow: Here W is an isotropic wall and there exists an isotropic primitive vector w0
with (w0 , v) = 1. As shown in Section 8, we may assume that shift by one identifies Mσ+ (v)
with the (β, ω)-Gieseker moduli space Mωβ (−v) of stable sheaves of rank one on a twisted K3
surface (Y, α0 ). After tensoring with a line bundle, we may assume that objects in Mσ+ (v) are
exactly the shifts IZ [1] of ideal sheaves of 0-dimensional subschemes Z ⊂ Y .
In the setting of Proposition 8.2, we have β = 0. Since there are line bundles on (Y, α0 ), the
Brauer group element α0 is trivial. By the last statement of the same Proposition, the moduli
space Mσ− (v) parameterizes the shifts of derived duals ideal sheaf. Thus there is a natural
isomorphism Mσ− (v) ∼
= Mσ+ (v) induced by the derived anti-autoequivalence ( )∨ [2].
Li-Gieseker-Uhlenbeck: Here W is again isotropic, but (w0 , v) = 2. We will argue along
similar lines as in the previous case; unfortunately, the details are more involved. The first
difference is that we cannot assume β = 0. Instead, first observe that Mσ+ (v) = Mωβ (−v) is
parameterizing (β, ω)-Gieseker stable sheaves F of rank 2 = (v, w), and of slope µω (F ) =
ω.β. If we assume ω to be generic, then Gieseker stability is independent of the choice of β; we
can consider Mσ+ (v) = Mω (−v) to be the moduli space of shifts F [1] of ω-Gieseker stable
sheaves F .
Since (Y, α0 ) admits rank two vector bundles, the order of α0 in the Brauer group is one or
two; in both cases, we can identify (Y, α0 ) with (Y, (α0 )−1 ), and thus the derived dual E 7→ E ∨
defines an anti-autoequivalence of Db (Y, α0 ).
Write −v = (2, c, d), and let L be the line bundle with c1 (L) = c. From the previous
discussion it follows that Φ( ) = ( )∨ ⊗ L[2] is the desired functor:
Indeed, any object in Mσ+ (v) is of the form F [1] for a ω-Gieseker stable sheaf F of class
−v. Then Φ(F [1]) = F ∨ ⊗ L[1] the derived dual of a Gieseker stable sheaf, and has class v.
By Proposition 8.2, this is an object of Mσ− (v).

Consider two adjacent chamber C + , C − separated by a wall W; as always, we pick stability
conditions σ± ∈ C ± , and a stability condition σ0 ∈ W. By the identification of Néron-Severi
groups induced by Theorem 1.1, we can think of the corresponding maps `± of equation (6) as
maps
`± : C ± → NS(Mσ+ (v)).
They can be written as the following composition of maps
Z

θ

I

±

C
∗
(X, α, Z) ⊗ C →
− v⊥ −−
→ NS(Mσ+ (v))
Stab† (X, α) −
→ Halg

ΩZ
where Z is the map defined in Theorem 2.10, I is given by I(ΩZ ) = = −(Ω
, and where θC ±
Z ,v)
are the Mukai morphisms, as reviewed in Remark 2.17.
Our next goal is to show that these two maps behave as nicely as one could hope; we will
distinguish two cases according to the behavior of the contraction morphism

π + : Mσ+ (v) → M

+

induced by W via Theorem 2.19:
Lemma 10.1. The maps `+ , `− agree on the wall W (when extended by continuity).
(a) (Fake or flopping walls) When π + is an isomorphism, or a small contraction, then the
maps `+ , `− are analytic continuations of each other.
(b) (Bouncing walls) When π + is a divisorial contraction, then the analytic continuations of
`+ , `− differ by the reflection ρD in NS(Mσ+ (v)) at the divisor D contracted by `σ0 .
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As a consequence, in case (a) the wall W is a fake wall when π + is an isomorphism, and induces
a flop when π + is a small contraction; in case (b), corresponding to a divisorial contraction, the
moduli spaces Mσ± (v) for the two adjacent chambers are isomorphic.

Proof. We have to prove θC − = θC + in case (a), and θC − = ρD ◦ θC + in case (b). We assume for
simplicity that the two moduli spaces admit universal families; the arguments apply identically to
quasi-universal families.
Consider case (a). If the wall is not totally semistable, then the two moduli spaces MC ± (v)
share a common open subset, with complement of codimension two, on which the two universal
families agree. By the projectivity of the moduli spaces, the maps θC ± are determined by their
restriction to curves contained in this subset; this proves the claim. If the wall is instead totally
semistable, we additionally have to use Proposition 6.8. Let Φ+ and Φ− be the two sequences
of spherical twists, sending σ0 -stable objects of class v0 to σ+ - and σ− -stable objects of class v,
respectively. The autoequivalence inducing the birational map Mσ+ (v) 99K Mσ− (v) is given by
Φ− ◦ (Φ+ )−1 . As the classes of the spherical objects occurring in Φ+ and Φ− are identical, this
does not change the class of the universal family in the K-group; therefore, the Mukai morphisms
θC + , θC − agree.
Now consider the case of a Brill-Noether divisorial contraction; we first assume that there is no
effective spherical class s0 ∈ HW with (s0 , v) < 0. The contraction induced by a spherical object
S with Mukai vector s := v(S) ∈ v⊥ . By Lemma 7.5, the class of the contracted divisor is given
by θC ± (s) on either side of the wall. The universal families differ (up to a subset of codimension
∗ (X, α, Z); thus the
two) by the spherical twist STS ( ). This induces the reflection at s in Halg
Mukai morphisms differ by reflection at θ(s), as claimed.
If in addition to s ∈ v⊥ , there does exist an effective spherical class s0 ∈ HW with (s0 , v) < 0,
we have to rely on the constructions of Lemma 7.5, as in the proof of Theorem 1.1. We have
a common open subset U ⊂ Mσ± (v0 ), such that the two universal families E ± |U are related
by the spherical twist at a spherical object S0 of class s0 . Let Φ± be the sequences of spherical twists obtained from Lemma 7.5, applied to σ+ or σ− , respectively. Their induced maps
∗
∗
Φ±
∗ : Halg (X, α, Z) → Halg (X, α, Z) on the Mukai lattice are identical, as they are obtained by
twists of spherical objects of the same classes; it sends v0 to v, and thus s0 to ±s. Therefore, the
composition Φ− ◦ STS0 ◦(Φ+ )−1 induces the reflection at s, as claimed.
It remains to consider divisorial contractions of Hilbert-Chow and Li-Gieseker-Uhlenbeck type.
We may assume Mσ+ (v) is the Hilbert scheme, or a moduli space of Gieseker stable sheaves of
rank two. By the proof of Theorem 1.1, there is a line bundle L on X such that

RHomMσ± (v) ×X (E, (pX )∗ L[2])

is a universal family with respect to σ− on Mσ− (v) = Mσ+ (v). We use equation (4) to compare
θC ± by evaluating their degree on a test curve C ⊂ Mσ± (v). Let i denote the inclusion i : C ×
X ,→ Mσ± (v) × X, and by p the projection p : C × X → X. This yields the following chain of
equalities for a ∈ v⊥ :
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∗
θC − (a).C = a, v p∗ i (E ) = a, v p∗ RHomC×X (i E, OC  L[2])


= a, v p∗ RHomC×X (i∗ E, ωC [1]  L[1])


= − a, v RHomX (p∗ i∗ E, L)



= − a∨ · ch(L), v(p∗ i∗ E) = −θC + a∨ · ch(L) .C
∗

−

Here we used compatibility of duality with base change in (23), a ∈ v⊥ in (24), and Grothendieck
duality in (25). In (26), we wrote a∨ for the class corresponding to a under duality ( )∨ .
In the Hilbert-Chow case, with v = −(1, 0, 1 − n), the class of the contracted divisor D is
proportional to θC + (1, 0, n − 1), and we have L ∼
= OX ; in the Li-Gieseker-Uhlenbeck case, we
2
can write v = (2, c, d), the class of the contracted divisor D is a multiple of θC + (2, c, c2 − d), and
c1 (L) = c. In both cases, the reflection ρD is compatible with the above chain of equalities:

(27)
ρD (θC + (a)) = −θC + a∨ · ch(L) .
Indeed, in the HC case,
test (27) for a1 = (1, 0, 1 − n) and classes of the form a2 =
 we can
−1
0
⊥
∨
⊥
(0, c , 0) ∈ θC + D : since a1 = a1 and a∨
2 = −a2 , and since such classes span v , the equality
2
0
follows. Similarly, in the LGU case, we can use a1 = (2, c, c2 − d) and a2 = (0, c0 , c 2.c ).

Proof of Theorem 1.2, (a), (b), (c). Lemma 10.1 proves part (a). Part (c) follows directly from the
positivity `C (C) ⊂ AmpMC (v) once we have established part (b).
Consider a big class in the movable cone, given as θσ (a) for some class a ∈ v⊥ , a2 > 0; we
have to show that it is in the image of `. Recall the definition of P0+ (X, α) given in the discussion
preceding Theorem 2.10. If we set
√
v
∗
Ω0a := −1a − 2 ∈ Halg
(X, Z) ⊗ C,
v
∗ (X, α, Z) with (Ω0 , s) = 0,
then clearly Ω0a ∈ P(X, α). In case there is a spherical class s ∈ Halg
a
0
we modify Ωa by a small real multiple of s to obtain Ωa ∈ P0 (X, α), otherwise we set Ωa = Ω0a ;
in either case, we have Ωa ∈ P0 (X, α) with (Ωa , v) = −1 and =Ωa = a. In addition, the fact
that θ(a) is contained in the positive cone gives Ωa ∈ P0+ (X, α).
Let Ωσ ∈ P0+ (X, α) be the central charge for the chosen basepoint σ ∈ Stab† (X, α). Then
there is a path γ : [0, 1] → P0+ (X, α) starting at Ωσ and ending at Ωa with the following additional
property: for all t ∈ [0, 1], the class
θσ (=γ(t))
−
(γ(t), v)
is contained in the movable cone of Mσ (v).
By Theorem 2.10, there is a lift σ : [0, 1] → Stab† (X, α) of γ starting at σ(0) = σ. By the
above assumption on γ, this will never hit a wall of the movable cone corresponding to a divisorial
contraction; by Lemma 10.1, the map ` extends analytically, with θσ = θσ(0) = θσ(1) . Therefore,
`σ(1) (σ(1)) = θσ(1) (a) = θσ (a)


as claimed.

Now recall the Weyl group action of WExc of Proposition 3.3. The exceptional chamber of a
hyperbolic reflection group intersects every orbit exactly once. Thus there is a map
W : Pos(Mσ (v)) → Mov(Mσ (v))
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sending any class to the intersection of its WExc -orbit with the fundamental domain. Lemma 10.1
and Theorem 1.2 immediately give the following global description of `:
Theorem 10.2. The map ` of Theorem 1.2 can be given as the composition of the following maps:
Z

I

θσ,v

W

∗
Stab† (X, α) −
→ Halg
(X, α, Z) ⊗ C →
− v⊥ −−→ Pos(Mσ (v)) −→ Mov(Mσ (v)).

To complete the proof of Theorem 1.2, it remains to prove part (d):
Proposition 10.3. Let C ⊂ Stab† (X, α) be a chamber of the chamber decomposition with respect
to v. Then the image of `C (C) ⊂ NS(MC (v)) of the chamber C is exactly the ample cone of the
corresponding moduli space MC (v).
Proof. In light of Theorems 2.18 and 1.2, (a), (b), (c), the only potential problem is given by walls
W ⊂ ∂C that do not get mapped to walls of the nef cone of the moduli space. These are totally
semistable fake walls induced by an effective spherical class s ∈ HW with (s, v) < 0. The idea is
that there is always a potential wall W 0 , with the same lattice HW 0 = HW , for which all effective
spherical classes have positive pairing with v. By Theorem 5.7, W 0 is not a wall, and it will have
the same image in the nef cone of MC (v) as the wall W.
Let σ0 = (Z0 , P0 ) ∈ W be a very general stability condition on the given wall: this means we
∗ (X, α, Z) with =Z (a) = 0. If we write
can assume that HW contains all integral classes a ∈ Halg
0
Z0 ( ) = (Ω0 , ) as in Theorem 2.10, we may assume that Ω0 is normalized by (Ω0 , v) = −1
and Ω20 = 0, i.e., (<Ω0 , =Ω0 ) = 0 and (<Ω0 )2 = (=Ω0 )2 (see [Bri08, Section 10]). We will
now replace σ0 by a stability condition whose central charge has real part given by (−v, ), and
identical imaginary part.
To this end, let σ1 ∈ C be a stability condition nearby σ0 , whose central charge is defined by
∗ (X, α, Z) ⊗ R is a sufficiently small vector with (, v) = 0; we may
Ω1 = Ω0 + i, where  ∈ Halg
∗ (X, α, Z) with (=Ω , a) = 0.
also assume that multiples of v are the only integral classes a ∈ Halg
1
Let Ω2 = −v+i=Ω1 ; then a straight-forward computation shows that the straight path connecting
Ω1 with Ω2 lies completely within P0+ (X, α). Finally, let Ω3 = −v +=Ω0 ; by Theorem 5.7, there
are no spherical classes s̃ ∈ HW with (v, s̃) = 0, implying that the straight path from Ω2 to Ω3 is
also contained in P0+ (X, α).
By Theorem 2.10, there is a lift of the path Ω0 7→ Ω1 7→ Ω2 7→ Ω3 to Stab† (X, α); let σ2 and σ3
the stability conditions corresponding to Ω2 and Ω3 , respectively. By choice of , we may assume
that the paths σ0 7→ σ1 and σ2 7→ σ3 do not cross any walls. Since (Ω1 , v) = (Ω2 , v) = −1, and
since the imaginary part on the path Ω1 7→ Ω2 is constant, the same holds for the path σ1 7→ σ2 .
Hence σ3 is in the closure of the chamber C. In particular, σ3 lies on a potential wall of C with
hyperbolic lattice given by HW ; by construction, any spherical class s ∈ HW with (v, s) < 0
satisfies (Ω3 , s) > 0, and thus s is not effective.
By Theorem 5.7, σ3 does not lie on a wall. Since =Ω3 = =Ω0 , the images lC (σ0 ) = lC (σ3 ) in
the Néron-Severi group of MC (v) agree.

We conclude this section by proving Corollary 1.3 for moduli spaces of Bridgeland stable objects on twisted K3 surfaces:
Proof of Corollary 1.3. (b) ⇒ (c): Let φ : H ∗ (X, α, Z) → H ∗ (X 0 , α0 , Z) be a Hodge isometry
sending v⊥,tr → v0⊥,tr . Up to composing with [1], we may assume φ(v) = v0 . If φ is orientationpreserving, then Theorem 2.12, gives an equivalence Φ with Φ∗ = φ.
Otherwise, the composition ( )∨ ◦ φ defines an orientation-preserving Hodge isometry
φ∨ : H ∗ (X, α, Z) → H ∗ (X 0 , (α0 )−1 , Z)

with φ∨ (v) = (v0 )∨ .
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Again, Theorem 2.12 gives a derived equivalence Ψ : Db (X, α) → Db (X 0 , (α0 )−1 ); the composition with ( )∨ : Db (X 0 , (α0 )−1 ) → Db (X 0 , α0 ) has the desired property.
'
(c) ⇒ (d): Assume that Φ : Db (X, α) −
→ Db (X 0 , α0 ) is an (anti-)equivalence with Φ∗ (v) = v0 .
Consider moduli spaces Mσ (v), Mσ0 (v0 ) of Bridgeland-stable objects. We claim that we can
assume the existence of τ ∈ Stab† (X 0 , α0 ) such that E ∈ Db (X, α) of class v is σ-stable if and
only if Φ(E) is τ -stable:
• if Φ∗ is orientation-preserving, we may replace Φ by an equivalence satisfying the last
claim of Theorem 2.12, and set τ = Φ∗ (σ) ∈ Stab† (X, α0 );
• otherwise, we may assume that
( )∨ ◦ Φ : Db (X, α) → Db (X 0 , (α0 )−1 )
satisfies the same claim, and we let τ ∈ Stab† (X, α0 ) be the stability condition dual (in
the sense of Proposition 2.11) to (( )∨ ◦ Φ)∗ σ ∈ Stab† (X 0 , (α0 )−1 ).
By construction, Φ induces an isomorphism
Mσ (v) ∼
= Mτ (Φ∗ (v)) = Mτ (v0 ).
Due to Theorem 1.1, part (b), there is an (anti-)autoequivalence Φ0 of Db (X 0 , α0 ) inducing a
birational map MΨ∗ (σ) (v0 ) 99K Mσ0 (v0 ). The composition Φ0 ◦ Φ has the desired properties. 
11. A PPLICATION 1: L AGRANGIAN FIBRATIONS
In this section, we will explain how birationality of wall-crossing implies Theorem 1.5, verifying the Lagrangian fibration conjecture.
We will prove the theorem for any moduli space Mσ (v) of Bridgeland-stable objects on a
twisted K3 surface (X, α), under the assumptions that v is primitive, and σ generic with respect
to v.
One implication in Theorem 1.5 is immediate: if f : Mσ (v) 99K Z is a rational abelian fibration, then the pull-back f ∗ D of any ample divisor D on Z has volume zero; by equation (7), the
self-intersection of f ∗ D with respect to the Beauville-Bogomolov form must also equal zero.
To prove the converse, we will first restate carefully the argument establishing part (a) of Conjecture 1.4, which was already sketched in the introduction; then we will explain how to extend
the argument to also obtain part (b).
Assume that there is an integral divisor D on Mσ (v) with q(D) = 0. Applying the inverse of
−1 (D) ∈ v⊥ with
the Mukai morphism θσ,v of Theorem 3.6, we obtain a primitive vector w = θσ,v
2
w = 0.
After a small deformation, we may assume that σ is also generic with respect to w. As in
Section 8, we consider the moduli space Y := Mσ (w) of σ-stable objects, which is a smooth K3
surface. There is a derived equivalence
(28)

∼

Φ : Db (X, α) −
→ Db (Y, α0 )

for the appropriate choice of a Brauer class α0 ∈ Br(Y ); as before, we have Φ∗ (w) = (0, 0, 1).
By the arguments recalled in Theorem 2.12, we have Φ∗ (σ) ∈ Stab† (Y, α0 ). By definition, Φ
induces an isomorphism
(29)
Mσ (v) ∼
= MΦ (σ) (Φ∗ (v)),
∗

where Φ∗ (σ) is generic with respect to Φ∗ (v).
Lemma 11.1. The Mukai vector Φ∗ (v) has rank zero.
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Proof. This follows directly from Φ∗ (w) = (0, 0, 1) and (Φ∗ (w), Φ∗ (v)) = (w, v) = 0.



We write Φ∗ (v) = (0, C, s), with C ∈ Pic(Y ) and s ∈ Z. Since v2 > 0 we have C 2 > 0.
Lemma 11.2. After replacing Φ by the composition Ψ ◦ Φ, where Ψ ∈ Aut(Db (Y, α0 )), we may
assume that C is ample, and that s 6= 0.
Proof. Up to shift [1], we may assume that H 0 .C > 0, for a given ample class H 0 on Y . In
particular, C is an effective class; it is ample unless there is a rational −2-curve D ⊂ Y with
C.D < 0. Applying the spherical twist STOD at the structure sheaf4 of D replaces C by its image
C 0 under the reflection at D, which satisfies C 0 .D > 0. This procedure terminates, as the nef cone
is a fundamental domain of the Weyl group action generated by reflections at −2-curves.
Since tensoring with an (untwisted) line bundle on Y induces an autoequivalence of Db (Y, α0 ),
we may also assume s 6= 0.

Let H 0 ∈ Amp(Y ) be a generic polarization with respect to Φ∗ (v). The following is a small
(and well-known) generalization of Beauville’s integrable system [Bea91]:
Lemma 11.3. The moduli space MH 0 (Φ∗ (v)) admits a structure of Lagrangian fibration induced
by global sections of θH 0 ,Φ∗ (v) ((0, 0, −1)).
Proof. Let M 0 := MH 0 (Φ∗ (v)) and L0 := θH 0 ,Φ∗ (v) ((0, 0, −1)). By an argument of Faltings and
Le Potier (see [LP05, Section 1.3]), we can construct sections of L0 as follows: for all y ∈ Y , we
define a section sy ∈ H 0 (M 0 , L0 ) by its zero-locus

Z(sy ) := E ∈ M 0 : Hom(E, k(y)) 6= 0 .
Whenever y is not in the support of E, the section sy does not vanish at E; hence the sections
{sy }y∈Y generate L0 . Consider the morphism induced by this linear system. The image of E is
determined by its set-theoretic support; hence the image of M 0 is the complete local system of C.
By Matsushita’s theorem [Mat99, Mat01], the map must be a Lagrangian fibration.

By Remark 2.14, there exists a generic stability condition σ 0 ∈ Stab† (Y, α0 ) with the property
that MH 0 (Φ(v)) = Mσ0 (Φ(v)). On the other hand, by the birationality of wall-crossing, Theorem 1.1, the moduli spaces Mσ0 (Φ∗ (v)) and MΦ∗ (σ) (Φ∗ (v)) are birational; combined with the
identification (29), this shows that Mσ (v) is birational to a Lagrangian fibration.
It remains to prove part (b), so let us assume that D is nef and primitive. Using the FourierMukai transform Φ as above, and after replacing σ by Φ∗ (σ), we may also assume that v has
−1 (D) is the class of skyscraper sheaves of points. Now consider
rank zero, and that w = θσ,v
the autoequivalence Ψ ∈ Aut Db (Y, α0 ) of Lemma 11.2. Except for the possible shift [1], each
autoequivalence used in the construction of Ψ leaves the class w invariant. Thus, in the moduli
space MΨ∗ σ (Ψ∗ (v)) = Mσ (v), the divisor class D is still given by D = ±θΨ∗ σ,Ψ∗ (v) (w), up to
sign.
Let f : Mσ (v) 99K MH (v) be the birational map to the Gieseker moduli space MH (v) of
torsion sheaves induced by a sequence of wall-crossings as above. The Lagrangian fibration
MH (v) → Pn is induced by the divisor θH,v (−w). By Theorem 10.2, the classes f∗ D and
θH,v (−w) are (up to sign) in the same WExc -orbit. Since they are both nef on a smooth K-trivial
birational model, they are also in the closure of the movable cone (and in particular, their orbits
agree, not just up to sign).
4Note that the restriction of α to any curve vanishes, hence the structure sheaf O

D

is a coherent sheaf on (Y, α0 ).
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By Proposition 3.3, the closure of the movable cone is the closure of the fundamental chamber
of the action on WExc on Pos(M ), which intersects every orbit exactly once. Therefore, the
classes f∗ D and θH,v (−w) have to be equal.
Since Mσ (v) and MH (v) are isomorphic in codimension two, the section rings of D and f∗ D
2
agree. In particular, D is effective with Iitaka dimension v 2+2 . As explained in [Saw03, Section
2
4.1], it follows from [Ver96] that the numerical Iitaka dimension of D is also equal to v 2+2 . Since
D is nef by assumption, D is semi-ample by Kawamata’s Theorem (see [Kaw85, Theorem 6.1]
and [Fuj11, Theorem 1.1]), and thus induces a morphism to Pn . This completes the proof of
Theorem 1.5.
Remark 11.4. In fact, the above proof shows the following two additional statements:
(a) If D ∈ NS(Mσ (v)) with q(D) = 0 lies in the closure of the movable cone, then there is
a birational Lagrangian fibration induced by D. (In particular, D is movable.)
(b) Any WExc -orbit of divisors on Mσ(v) satisfying q(D) = 0 contains exactly one movable
divisor, which induces a birational Lagrangian fibration.
12. A PPLICATION 2: M ORI CONE , NEF CONE , MOVABLE CONE , EFFECTIVE CONE
Let v be a primitive vector with v2 > 0, let σ be a generic stability condition with respect to
v, and let M := Mσ (v) be the moduli space of σ-semistable objects. In this section, we will
completely describe the cones associated to the birational geometry of M in terms of the Mukai
lattice of X.
Recall that Pos(M ) ⊂ NS(M )R denotes the (closed) cone of positive classes defined by the
Beauville-Bogomolov quadratic form. Let Pos(M )Q ⊂ Pos(M ) be the subcone generated by
all rational classes in Pos(M ); it is the union of the interior Pos(M ) with all rational rays in the
boundary ∂ Pos(M ). We fix an ample divisor class A on M (which can be obtained from Theorem
2.18).
In the following theorems, we will say that a subcone of Pos(M )Q (or of its closure) is “cut
out” by a collection of linear subspaces if it is one of the closed chambers of the wall-and-chamber
decomposition of Pos(M )Q whose walls are the given collection of subspaces. This is easily
translated into a more explicit statement as in the formulation of Theorem 12.1 given in the introduction.
Theorem 12.1. The nef cone of M is cut out in Pos(M ) by all linear subspaces of the form
∗ (X, α, Z) satisfying a2 ≥ −2 and 0 ≤ (v, a) ≤ v2 .
θ(v⊥ ∩ a⊥ ), for all classes a ∈ Halg
2
Via the Beauville-Bogomolov form we can identify the group N1 (M ) of curves
∨ up to1numerical
1
∼
equivalences with a lattice in the Néron-Severi group: N1 (M )Q = N (M )Q ∼
= N (M )Q . In
particular, we get an induced rational pairing on N1 (M ); we then say that the cone of positive
curves is the cone of classes [C] ∈ N1 (M )R with (C, C) > 0 and C.A > 0. Also, we obtain a
dual Mukai isomorphism
(30)

∗
θ∨ : Halg
(X, α, Z)/v ⊗ Q → N1 (M )Q .

As the dual statement to Theorem 12.1, we obtain:
Theorem 12.2. The Mori cone of curves in M is generated by the cone of positive curves, and
∗ (X, α, Z), a2 ≥ −2 satisfying |(v, a)| ≤ v2 and
by all curve classes θ∨ (a), for all a ∈ Halg
2
θ∨ (a).A > 0.
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Some of these classes a may not define a wall bordering the nef cone; in this case, θ∨ (a) is in
the interior of the Mori cone (as it intersects every nef divisor positively).
Theorem 12.3. The movable cone of M is cut out in Pos(M )Q by the following two types of
walls:
(a) θ(s⊥ ∩ v⊥ ) for every spherical class s ∈ v⊥ .
∗ (X, α, Z) with 1 ≤ (w, v) ≤ 2.
(b) θ(w⊥ ∩ v⊥ ) for every isotropic class w ∈ Halg
Theorem 12.4. The effective cone of M is generated by Pos(M )Q along with the following exceptional divisors:
(a) D := θ(s) for every spherical class s ∈ v⊥ with (D, A) > 0, and
∗ (X, α, Z) with 1 ≤
(b) D := θ(v2 · w − (v, w) · v) for every isotropic class w ∈ Halg
(w, v) ≤ 2 and (D, A) > 0.
Note that only those classes D whose orthogonal complement D⊥ is a wall of the movable cone
will correspond to irreducible exceptional divisors.
The movable cone has essentially been described by Markman for any hyperkähler variety;
more precisely, [Mar11, Lemma 6.22] gives the intersection of the movable cone with the strictly
positive cone Pos(M ). While our methods give an alternative proof, the only new statement of
Theorem 12.3 concerns rational classes D with D2 = 0 in the closure of the movable cone; such
a D is movable due to our proof of the Lagrangian fibration conjecture in Theorem 1.5.
Using the divisorial Zariski decomposition of [Bou04], one can show for any hyperkähler variety that the pseudo-effective cone is dual to the closure of the movable cone. In particular,
Theorem 12.4 could also be deduced from Markman’s results and Theorem 1.5.
Proof of Theorem 12.1. Let C be the chamber of Stab† (X, α) containing σ. By Theorem 1.2, the
boundary of the ample cone inside the positive cone is equal to the union of the images `(W), for
all walls W in the boundary of C that induce a non-trivial contraction morphism. (These are walls
that are not “fake walls” in the sense of Definition 2.20.) Theorem 5.7 characterizes hyperbolic
lattices corresponding to such walls.
For any such hyperbolic lattice H, we get a class a as in Theorem 12.1 as follows:
• in the cases (a) of divisorial contractions, we let a be the corresponding spherical or
isotropic class;
• in the subcase of (b) of a flopping contraction induced by a spherical class s, we also set
a = s;
• and in the subcase of (b) of a flopping contraction induced by a sum v = a + b, we may
2
assume (v, a) ≤ (v, b), which is equivalent to (v, a) ≤ v2 .
Z(a)
Stability conditions σ = (Z, A) in the corresponding wall W satisfy = Z(v)
= 0, or, equivalently,

`(σ) ∈ θ(v⊥ ∩ a⊥ ).
Conversely, given a, we obtain a rank two lattice H := hv, ai. If H is hyperbolic, then it
is straightforward to check that it conversely induces one of the walls listed in Theorem 5.7.
Otherwise, H is positive-semidefinite. Then the orthogonal complement H⊥ = v⊥ ∩ a⊥ does not
contain any positive classes, and thus its image under θ in NS(M ) does not intersect the positive
cone and can be ignored.

Proof of Theorem 12.3. As already discussed in Section 10, the intersection Mov(M ) ∩ Pos(M )
follows directly from Theorem 1.2; the statement of Theorem 12.3 is just an explicit description
of the exceptional chamber of the Weyl group action.
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A movable class D in the boundary of the positive cone, with (D, D) = 0, automatically
has to be rational. Conversely, by our proof of Theorem 1.5, if we have a rational divisor with
(D, D) = 0 that is in the closure of the movable cone, then there is a Lagrangian fibration induced
by D on a smooth birational model of M ; in particular, D is movable.

Proof of Theorem 12.4. We first claim that the class of an irreducible exceptional divisor is (up to
a multiple) of the form described in the Theorem. For the Brill-Noether case, this was proved in
7.1. In the Hilbert-Chow and Li-Gieseker-Uhlenbeck case, the class of the divisor of non-locally
free sheaves can be computed explicitly; alternatively, it is enough to observe that θ−1 (D) has to
be a multiple of the orthogonal projection of w to v⊥ .
If D is an arbitrary effective divisor, then D can be written as D = A + E with A movable and
E exceptional, see [Bou04, Section 4], [Mar11, Theorem 5.8]. The class of A is a rational point
of Pos(M ). Thus the effective cone is contained in the cone described in the Theorem.
For the converse, first recall Pos(M ) ⊂ Eff(M ). Now consider a rational divisor with D2 = 0.
If (D, E) < 0 for some exceptional divisor E, then D can be written the sum D = E + (D − E)
with D − E ∈ Pos(M ); thus D is in the effective cone. Otherwise (D, E) ≥ 0 for every
exceptional divisor E. By Proposition 3.3, D is in the closure of the movable cone; by Theorem
1.5 and Remark 11.4, a multiple of D induces a birational Lagrangian fibration, so D is effective.
Finally, when D is one of the classes listed explicitly in the Theorem, consider the orthogonal
complement D⊥ . If it does not intersect the movable cone in a face or in the interior, then the
inequality (D, ) ≥ 0 is implied by the inequality (E, ) ≥ 0 for all irreducible exceptional
divisors; hence D is a positive linear combination of such divisors. Since the wall D⊥ is identical
to one of the walls listed in Theorem 12.3, the only other possibility is that D⊥ defines a wall of
the movable cone. The corresponding exceptional divisor is proportional to D.

Relation to Hassett-Tschinkel’s conjecture on the Mori cone. Hassett and Tschinkel gave a
conjectural description of the nef and Mori cones via intersection numbers of extremal rays in
[HT10]. While their conjecture turned out to be incorrect (see [BM12, Remark 10.4] and [CK12,
Remark 8.10]), we will now explain that it is in fact very closely related to Theorem 12.2.
We first recall their conjecture. Via the identification N1 (M )Q ∼
= N 1 (M )Q explained above,
the Beauville-Bogomolov extends to a Q-valued quadratic form on N1 (M ); we will also denote it
by q( ). The following lemma follows immediately from this definition, and the definition of θ∨ :
⊥ ∼ N (M ) induced by the dual Mukai morphism
Lemma 12.5. Consider the isomorphism vQ
= 1
Q
∨
θ of (30). This isomorphism respects the quadratic form on either side.

Let 2n be the dimension of M , and as above let A be an ample divisor. Let C ⊂ N1 (M )R
be the cone generated by all integral curve classes R ∈ N1 (M )Z that satisfy q(R) ≥ − n+3
2 and
R.A > 0. In [HT10, Conjecture 1.2], the authors conjectured that for any hyperkähler variety
M deformation equivalent to the Hilbert scheme of a K3 surface, the cone C is equal to the Mori
cone.
Our first observation shows that the Mori cone is contained in C:
Proposition 12.6. Let R be the generator of an extremal ray of the Mori cone of M . Then
(R, R) ≥ − n+3
2 .
Proof. It is enough to prove the inequality for some effective curve on the extremal ray. Let
W be a wall inducing the extremal contraction corresponding to the ray generated by R, and
∗ (X, Z) its associated hyperbolic lattice. Let σ be a nearby stability condition in the
HW ⊂ Halg
+
chamber of σ, and σ0 ∈ W. Let a ∈ HW be a corresponding class satisfying the assumptions in
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Theorem 12.2: a2 ≥ −2 and |(v, a)| ≤ v2 . Replacing a by −a if necessary, we can also assume
(v, a) ≥ 0.
We first claim that there exists a contracted curve whose integral class is given by ±θ∨ (a).
We ignore the well-known case of the Hilbert-Chow contraction, and also assume for simplicity
we assume that W is not a totally semistable wall for any class in HW ; the general case can be
reduced to this one with the same methods as in the previous sections. By assumptions, we have
both a2 ≥ −2 and (v − a)2 ≥ −2; therefore, we can choose σ0 -stable objects A and B of class
a and v − a, respectively. We further claim (a, v) ≥ 2 + a2 : this claim is trivial when a2 = −2,
amounts to the exclusion of the Hilbert-Chow case when a2 = 0, and in case a2 > 0 it follows
from the signature of HW and the assumption on (a, v):
(a, v)2 > a2 v2 ≥ 2a2 (a, v) ≥ (a2 + 2)(a, v).
Assume that φ+ (a) < φ+ (v) < φ+ (v − a); in the opposite case we swith the roles of A
and B. By the above claim, ext1 (B, A) = (a, v − a) ≥ 2. Varying the extension class in
Ext1 (B, A) produces curves of objects in Mσ+ (v) that are S-equivalent with respect to σ0 ; in
order to compute their class, we have to make the construction explicit. Let P(Ext1 (B, A)) be
the projective space of one-dimensional subspaces of Ext1 (B, A). Choose a parameterized line
P1 ,→ P(Ext1 (B, A)), corresponding to a section ν of
H 0 (P1 , O(1) ⊗ Ext1 (B, A)) = Ext1P1 ×X (OP1  B, OP1 (1)  A).
Let E ∈ Db (P1 × X) be the extension OP1 (1)  A → E → OP1  B given by ν. By Lemma
6.9, every fiber of E is σ+ -stable. Thus we have produced a rational curve R ⊂ Mσ+ (v) of
S-equivalent objects.
To compute its class, it is sufficient to compute the intersection product θ(D).R with a divisor
θ(D), for any D ∈ v⊥ . We have
θ(D).R = (D, v(Φ(OR )) = (D, v(B) + 2v(A)) = (D, v + a) = (D, a) = θ(D).θ∨ (a),
where Φ : Db (Mσ+ (v)) → Db (X) denotes the Fourier-Mukai transform, and where we used
D ∈ v⊥ in the second-to-last equality.
∗ (X, Z) denote the projection of a to the orthogonal complement of v. By Lemma
Let a0 ∈ Halg
12.5, we have (R, R) = a20 , and for the latter we obtain:


(v, a)
(v, a)
(v, a)2
v2
n+3
2
(a0 , a0 ) = a −
v,
a
−
v
=
a
−
≥
−2
−
=−
.
2
2
2
v
v
v
4
2

Remark 12.7. When M is the Hilbert scheme of points on X, we can make the comparison to
Hassett-Tschinkel’s conjecture even more precise: in this case, it is easy to see that θ∨ induces an
isomorphism
∗
Halg
(X, Z)/v → N1 (M )
of lattices, respecting the integral structures. Given a class R ∈ N1 (M ) satisfying the inequality
⊥
∨
(R, R) ≥ − n+3
2 of [HT10], let a0 ∈ vQ be the (rational) class with θ (a0 ) = R. Let k be any
integer satisfying k ≤ n − 1 and k 2 ≥ (2n − 2)(−2 − a20 ); by the assumptions, k = n − 1 is
k
always an example satisfying both inequalities. Then a := a0 + 2n−2
v is a rational class in the
algebraic Mukai lattice that satisfies the assumptions appearing in Theorem 12.2. In addition, it
has has integral pairing with both v, and with every integral class in v⊥ ; thus, it is potentially an
integral class. The Hassett-Tschinkel conjecture holds if and only if for every extremal ray of C,
there is a choice of k such that a is an integral class.
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If we are given a lattice v⊥ of small rank, then the algebraic Mukai lattice of (X, α) can
⊥ ⊕ Q · v containing both v⊥ and v, as long as v and v⊥ are primitive.
be any lattice in vQ
In general, the Hassett-Tschinkel conjecture holds for some of these lattices, but not for others.
The question is thus closely related to the fact that a strong global Torelli statement needs the
embedding H 2 (M ) ,→ H ∗ (X), rather than just H 2 (M ).
13. E XAMPLES OF NEF CONES AND MOVABLE CONES
In this section we examine examples of cones of divisors.
K3 surfaces with Picard number 1... Let X be a K3 surface such that Pic(X) ∼
= Z · H, with
H 2 = 2d. We let M := Hilbn (X), for n ≥ 2, and v = (1, 0, 1 − n). In this case, everything is
determined by certain Pell’s equations. We recall that a basis of NS(M ) is given by
e = θ(0, −H, 0) and
H

(31)

B = θ(−1, 0, 1 − n).

e is the big and nef divisor induced by the symmetric power of H on Symn (X),
Geometrically, H
and 2B is the class of the exceptional divisor of the Hilbert-Chow morphism.
By Theorem 5.7, divisorial contractions can be divided in three cases:
Brill-Noether: If there exists a spherical class s with (s, v) = 0.
Hilbert-Chow: If there exists an isotropic class w with (w, v) = 1.
Li-Gieseker-Uhlenbeck: If there exists an isotropic class w with (w, v) = 2.
Elementary substitutions show that the case of BN-contraction is governed by solution to Pell’s
equation
(n − 1)X 2 − dY 2 = 1 via s(X, Y ) = (X, −Y H, (n − 1)X).

(32)

The case of HC-contractions and LGU-contractions are governed solutions of
X 2 − d(n − 1)Y 2 = 1 with X + 1 divisible by n − 1;

(33)

here we will also allow solutions with X, Y < 0, in case the positive solution is ≡ −1(n − 1). We
get a HC-contraction via


Y
X −1
X +1
, − H,
w(X, Y ) =
2(n − 1)
2
2
if both Y and

X+1
n−1

are even5, and otherwise an LGU-conctraction via


X +1
w(X, Y ) =
, −Y H, X − 1 .
n−1

The two equations determine the movable cone:
Proposition 13.1. Assume Pic(X) ∼
= Z · H. The movable cone of the Hilbert scheme M =
Hilbn (X) has the following form:
(a) If d =

k2
(n
h2

− 1), with k, h ≥ 1, (k, h) = 1, then
e H
e − k Bi,
Mov(M ) = hH,
h

e − kB) = 0, and it induces a (rational) Lagrangian fibration on M .
where q(hH
5The published version incorrectly assumes only that Y is even.
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(b) If d(n − 1) is not a perfect square, and (32) has a solution, then
y1
e H
e −d
Mov(M ) = hH,
Bi,
x1 (n − 1)
where (x1 , y1 ) is the solution to (32) with x1 , y1 > 0, and with smallest possible x1 .
(c) If d(n − 1) is not a perfect square, and (32) has no solution, then
0

e H
e − d y1 Bi,
Mov(M ) = hH,
x01
where (x01 , y10 ) is the solution to (33) with smallest possible
0 or x01 , y10 < 0 are allowed).

y10
x01

> 0 (where both x01 , y10 >

e induces the divisorial HC contraction, it is an extremal ray of the movable cone;
Proof. Since H
e − ΓB lies on one of the walls
to find the other extremal ray, we need to find Γ > 0 such that H
described by Theorem 12.3, and such that Γ is as small as possible.
Also recall Proposition 3.3: the movable cone is a fundamental domain for Weyl group action
of WExc on Pos(M ). Any solution to (b) or (c) determines a wall in the positive cone via Theorem
12.3; one of its Weyl group translates thus determines a wall bordering the movable cone.
Part (a) follows directly from Theorem 1.5. To prove part (b), it follows immediately from the
previous discussion that if (32) has a solution, then one of the solutions determines the second
extremal ray. The claim thus follows from the observation that


dY
Y
Y
e −d
B=θ
, −H, d
D(X, Y ) := H
X(n − 1)
X(n − 1)
X
Y
is obtained as the image under θ of a class orthogonal to s(X, Y ), and the fact that X
is minimal
if and only if X is minimal.
A similar computation shows that given a solution of (33) (which always exists), the vector


dY
dY
e − dY B = θ
, −H, (n − 1)
D0 (X, Y ) = H
X
X
X

is contained in θ(w(X, Y )⊥ ) in both the HC and the LGU case; this proves part (c).
Example 13.2. If d = n − 2, then (32) has X = 1, Y = 1 as a solution. Therefore
e H
e − n − 2 Bi.
Mov(M ) = hH,
n−1
For the nef cone, we start with the easy case n = 2. Consider the Pell’s equation
(34)

X 2 − 4dY 2 = 5.

The associated spherical class is s(X, Y ) =

X+1
2 , −Y


H, X−1
.
2

Lemma 13.3. Let M = Hilb2 (X). The nef cone of M has the following form:
(a) If (34) has no solutions, then
Nef(M ) = Mov(M ).
(b) Otherwise, let (x1 , y1 ) be the positive solution of (34) with x1 > 0 minimal. Then6
e H
e − 2d y1 Bi.
Nef(M ) = hH,
x1
6In the published version, a factor 2 is missing in the following formula.
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Proof. We apply Theorem 12.1. The movable cone and the nef cone agree unless there is a flopping wall, described in Theorem 5.7, part (b). Since v2 = 2, the case v = a + b with a, b positive
is impossible. This leaves only the case of a spherical class s with (v, s) = 1; this exists if and
only if (34) has a solution.

Example 13.4. Let d = 31. Then the nef cone for M = Hilb2 (X) is
e H
e − 3658 Bi.
Nef(M ) = hH,
657
In particular, this gives a negative answer to [CK12, Question 8.4].
Indeed, (34) has a the smallest solution given by x1 = 657 and y1 = 118. This gives a (−2)class s = (329, −59 · H, 328), which induces a flop, by Lemma 13.3.
For higher n > 2 the situation is more complicated, since the number of Pell’s equations to
consider is higher. But, in any case, everything is completely determined.
Example 13.5. Consider the case in which d = 1 and n = 7, M = Hilb7 (X). This example
exhibits a flop of “higher degree”: it is induced by a decomposition v = a + b, with a2 , b2 > 0,
and not induced by a spherical or isotropic class. Indeed, if v = (1, 0, −6), a = (1, −H, 0) and
b = (0, H, −6), then the rank two hyperbolic lattice associated to this wall contains no spherical
or isotropic classes. The full list of walls in the movable cone is given the table below. We can
e − ΓB, for Γ ∈ Q>0 ; as before, the value of Γ is
write the nef divisor associated to a wall as H
⊥
determined from (31) given an element of v ∩ a⊥ .
a2 (v, a)

Γ

a

0

(0, 0, −1)

0

1

divisorial contraction

1
4

(1, −H, 2)

-2

4

flop

2
7

(1, −H, 1)

0

5

flop

1
3

(1, −H, 0)

2

6

flop

6
17

(2, −3H, 5)

-2

7

fake wall

4
11

(1, −2H, 5)

-2

1

flop

−(1, −3H, 10) -2

4

flop

2

divisorial contraction

3
8
2
5

(1, −2H, 4)

0

Type

...and higher Picard number. Let X be a K3 surface such that Pic(X) ∼
= Z · ξ1 ⊕ Z · ξ2 .
Example 13.6. We let M := Hilb2 (X), and v = (1, 0, −1). We assume that the intersection
form (with respect to the basis ξ1 , ξ2 ) is given by


28 0
q=
.
0 −4
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Such a K3 surface exists, see [Mor84, Kov94]. We have:
NS(M ) = Z · s ⊕ NS(X),
where s = (1, 0, 1). Our first claim is
(35)

Nef(M ) = Mov(M ).

Indeed, by Theorem 5.7, a flopping contraction would have to come from a class a with a2 ≥ −2
and (v, a) = 1; also, the corresponding lattice H = hv, ai has to be hyperbolic, which implies
a2 ≤ 0. In addition, a2 = 0 would correspond to the Hilbert-Chow divisorial contraction, and
thus a2 = −2 is the only possibility. If we write a = (r, D, r − 1) with D = aξ1 + bξ2 , this gives
−2r(r − 1) + 28a2 − 4b2 = −2.
This equation has no solutions modulo 4.
The structure of the nef cone is thus determined by divisorial contractions. These are controlled
by the quadratic equation
(36)

X 2 − 2(7a2 − b2 ) = 1,

via a = (X, D, X). For example, the Hilbert-Chow contraction corresponds to the solution a =
b = 0 and X = 1 to (36). Other contractions arise, for example, at a = 4, b = 0, X = 15, or
a = 2, b = 2, X = 7, etc. The nef cone is locally polyhedral but not finitely generated. Its walls
have an accumulation point at the boundary, coming from a solution to
X 2 − 2(7a2 − b2 ) = 0
corresponding to a Lagrangian fibration.
We continue to consider the case where X has Picard rank two. To increase the flexibility of
our examples, we now also consider a twist by a Brauer class α ∈ Br(X). We choose α = eβ0 for
some B-field class β0 ∈ H 2 (X, Q) with
β0 .NS(X) = 0

and

β02 = 0.

(See [HMS08] for more details; in particular, the existence of our examples follows as in [HMS08,
Lemma 3.22].)
Example 13.7. We assume that 2β0 is integral, and that the intersection form on
∗
(X, α, Z) = NS(X) ⊕ Z · (2, 2β0 , 0) ⊕ Z · (0, 0, −1)
Halg

takes the form



4 0 0 0
0 −4 0 0

q=
0 0 0 2 .
0 0 2 0

Consider the primitive vector v = (0, ξ1 , 0), and let M := MH (v) be the moduli space of αtwisted H-Gieseker semistable sheaves on X, for H a generic polarization on X. Then:
(a) Nef(M ) = Mov(M );
(b) Nef(M ) is a rational circular cone.
∗ (X, α, Z).
To prove the above statements, observe that v2 = 4 and (v, a) ∈ 4Z for all a ∈ Halg
According to Theorem 5.7, the only possible wall in this situation would be given by a BrillNoether divisorial contraction, coming from a spherical class s ∈ v⊥ . But the above lattice
admits no spherical classes, and thus there are no walls.

MMP FOR MODULI OF SHEAVES ON K3S VIA WALL-CROSSING

55

Thus the nef cone and the closure of the movable cone are both equal to the positive cone. Since
M obviously admits Lagrangian fibrations, the cone is rational.
Modifying the previous example slightly, we obtain a moduli space with circular movable cone
and locally polyhedral nef cone:
Example 13.8. Now assume 3β0 is integral, and that
∗
Halg
(X, α, Z) = NS(X) ⊕ Z · (3, 3β0 , 0) ⊕ Z · (0, 0, −1)

has intersection form given by



6 0 0 0
0 −6 0 0

q=
0 0 0 3  .
0 0 3 0
Consider the primitive vector v = (0, ξ1 , 1), and let M := MH (v). Then:
(a) Nef(M ) is a rational locally-polyhedral cone;
(b) Mov(M ) is a rational circular cone.
Indeed, (b) follows exactly as in Example 13.7: there are no spherical classes, and, for all
∗ (X, α, Z), (a, v) ∈ 3Z. However, flopping contractions are induced by solutions to the
a ∈ Halg
quadratic equation
a2 − b2 − 2as + s = 0,
where we set D = aξ1 + bξ2 , and a = (3(2a − 1), aξ1 + bξ2 + 3(2a − 1)β0 , s). This has infinitely
many solutions. It is an easy exercise to deduce (a) from this.
14. T HE GEOMETRY OF FLOPPING CONTRACTIONS
One can also refine the analysis leading to Theorem 5.7 to give a precise description of the
geometry of the flopping contraction associated to a flopping wall W.
As in Section 5, we let σ0 ∈ W be a stability condition on the wall, and σ+ ∈
/ W be sufficiently
close to σ0 . For simplicity, let us assume throughout this section that the hyperbolic lattice HW
associated to W via Definition 5.2 does not admit spherical or isotropic classes; in particular, W
is not a totally semistable wall for any class a ∈ H, and does not induce a divisorial contraction.
Let P be the set of unordered partitions P = [ai ]i of v into a sum v = a1 +· · ·+am of positive
classes ai ∈ H. We say that a partition P is a refinement of another partition Q = [bi ]i if it can be
obtained by choosing partitions of each bi . This defines a natural partial order on P, with P ≺ Q
if P is a refinement of Q. The trivial partition as the maximal element of P.
Given P = [ai ]i ∈ P, we let MP ⊂ Mσ+ (v) be the subset of objects E such that the Mukai
vectors of the Jordan-Hölder factors Ei of E with respect to σ0 are given by ai for all i. Using
openness of stability and closedness of semistability in families, one easily proves:
`
Lemma 14.1. The disjoint union Mσ+ (v) = P ∈P MP defines a stratification of Mσ+ (v) into
locally closed subsets, such that MP is contained in the closure of MQ if and only if P ≺ Q.
In addition, our simplifying assumptions on HW give the following:
Lemma 14.2. Assume that P = [a1 , a2 ] is a two-element partition of v. Then MP ⊂ Mσ+ (v) is
non-empty, and of codimension (a1 , a2 ) − 1.
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Proof. Since v is primitive, we may assume that a1 has smaller phase than a2 with respect to σ+ .
By assumption on HW and by Theorem 2.15, the generic element Ai ∈ Mσ+ (ai ) is σ0 -stable for
i = 1, 2. In particular, Hom(A1 , A2 ) = Hom(A2 , A1 ) = 0, and therefore dim Ext1 (A2 , A1 ) =
(a1 , a2 ). By Lemma 6.9, any non-trivial extension A1 ,→ E  A2 is σ+ -stable. Using Theorem
2.15 again, one computes the dimension of the space of such extensions as
a21 + 2 + a22 + 2 + (a1 , a2 ) − 1 = v2 + 2 − ((a1 , a2 ) − 1) .

For P as above, the flopping contraction π + contracts MP to the product of moduli spaces
× Mσst0 (a2 ) of σ0 -stable objects. The exceptional locus of π + is the union of MP for
all non-trivial partitions P . In particular, when there is more than one two-element partition, the
stratification is only partially ordered, and the exceptional locus has multiple irreducible components. This leads to a generalization of Markman’s notion of stratified Mukai flops introduced in
[Mar01] (where the stratification is indexed by a totally ordered set).
Using the above two Lemmas, it is easy to construct examples of flops where the exceptional
locus of the small contraction π + has m intersecting irreducible components:

Mσst0 (a1 )

Example 14.3. Choose M  m for which x2 + M xy + y 2 = −1 does
 not admit
 an integral
2
M
solution. We define the symmetric pairing on H ∼
, and let v =
= Z2 via the matrix
M 2


1
. The positive cone contains the upper right quadrant and is bordered by lines of slopes
m−1
1
approximately − M
and −M . Since M  m (in fact, M > 2m is enough), any partition of v
into positive classes is in fact a partition in Z2≥0 . Therefore, the two-element partitions are given
  

1
0
by Ak =
,
for 0 ≤ k ≤ m − 1. There is a unique minimal partition
k
m−1−k
   
 
1
0
0
Q =
,
,...,
, with MQ ⊂ MAk for all k; thus, the exceptional locus has m
0
1
1
irreducible components MAk intersecting in MQ .
Similarly, one can construct flopping contractions with arbitrarily many connected components:
Example 14.4.
be an odd positive integer. Choose M  m and define the lattice H by
 Let m 
−4 2M
1
the matrix
. The positive cone lies between the lines of slope approximately + M
2M
4
 
 
m
x
and −M . We let v =
. Any summand in a partition of v must be of the form
with
2
y
x ≥ 0 and y > 0, and therefore y = 1.
Besides
  the trivial
 element, the only partitions occurring
k
m−k
in P are therefore of the form Ak =
,
, for 0 ≤ k < m
2 . Each corresponding
1
1
stratum MAk is a connected component of the exceptional locus of π + , as Ak admits no further
refinement.
Remark 14.5. To show that the lattices H as above occur as the lattice HW associated to a wall, we
∗ (X, Z).
only have to find a K3 surface X such that H embeds primitively into its Mukai lattice Halg
∼
For example, we can choose Pic(X) = H and v = (0, c, 0) for the corresponding curve class
c. In particular, Example 14.3 occurs in a relative Jacobian of curves on special double covers
X → P2 , and Example 14.4 in special quartics X ⊂ P3 . This wall crossing already occurs
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for Gieseker stability with respect to a non-generic polarization H. The morphism π + contracts
sheaves supported on reducible curves C = C1 ∪ C2 in the corresponding linear system; it forgets
the gluing data at the intersection points C1 ∩ C2 . The induced flop preserves the Lagrangian
fibration given by the Beauville integrable system.
15. L E P OTIER ’ S S TRANGE D UALITY FOR ISOTROPIC CLASSES
In this section, we will explain a relation of Theorem 1.5 to Le Potier’s Strange Duality Conjecture for K3 surfaces. We thank Dragos Oprea for pointing us to this application.
We first recall the basic construction from [LP05, MO08]. Let (X, α) be a twisted K3 surface
∗ (X, α, Z) be primitive
and let σ ∈ Stab† (X, α) be a generic stability condition. Let v, w ∈ Halg
Mukai vectors with v2 , w2 ≥ 0. We denote by Lw (resp., Lv ) the line bundle OMσ (v) (−θv (w))
(resp., OMσ (w) (−θw (v))). We assume:
(I) (v, w) = 0, and
(II) for all E ∈ Mσ (v) and all F ∈ Mσ (w), Hom2 (E, F ) = 0.
Then the locus
Θ = {(E, F ) ∈ Mσ (v) × Mσ (w) : Hom(E, F ) 6= 0}
gives rise to a section of the line bundle Lv,w := Lw  Lv on Mσ (v) × Mσ (w) (which may or
may not vanish). We then obtain a morphism, well-defined up to scalars,
SD : H 0 (Mσ (v), Lw )∨ −→ H 0 (Mσ (w), Lv ).
The two basic questions are:
• When is h0 (Mσ (v), Lw ) = h0 (Mσ (w), Lv )?
• If equality holds, is the map SD an isomorphism?
We answer the two previous questions in the case where one of the two vectors is isotropic:
Proposition 15.1. Let (X, α) be a twisted K3 surface and let σ ∈ Stab† (X, α) be a generic
∗ (X, α, Z) be primitive Mukai vectors with (v, w) = 0, v2 ≥ 2
stability condition. Let v, w ∈ Halg
and w2 = 0.
We assume that −θv (w) ∈ Mov(Mσ (v)) and −θw (v) ∈ Nef(Mσ (w)). Then
(a) h0 (Mσ (v), Lw ) = h0 (Mσ (w), Lv ), and
(b) the morphism SD is either zero or an isomorphism.
We will see that the case SD = 0 is caused by totally semistable walls.
Proof. Let Y := Mσ (w). By [Muk87a, Căl02, Yos06], there exist an element α0 ∈ Br(Y )
'
and a derived equivalence Φ : Db (X, α) −
→ Db (Y, α0 ). Replacing (X, α) by (Y, α0 ), we may
assume that w = (0, 0, 1) and v = (0, D, s), for some s ∈ Z and D ∈ NS(X), and that
X = Mσ (w) is the moduli space of skyscraper sheaves. Moreover, D = −θw (v) ∈ Nef(X)
is effective, by assumption. By stability and Serre duality, for all E ∈ Mσ (v) and all x ∈ X,
Hom2 (E, k(x)) = Hom(k(x), E)∨ = 0, verifying the assumption (II); thus the locus Θ gives a
section of Lw  Lv .
By Remark 11.4, there exists a chamber L∞ in the interior of the movable cone Mov(Mσ (v))
whose boundary contains −θv (w). Moreover, there exist a polarization H on X and a chamber
C∞ ⊂ Stab† (X, α) such that `(C∞ ) = L∞ , MH (v) = MC∞ (v), and the Lagrangian fibration
induced by w is the Beauville integrable system on MH (v).
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The argument in [MO08, Example 8] shows that h0 (MH (v), Lw ) = h0 (X, O(D)) and the
morphism SD is an isomorphism. Since MH (v) is connected to Mσ (v) by a sequence of flops,
which do not change the dimension of the spaces of sections of Lw , we obtain immediately (a).
To prove (b), we need to study the behavior of the morphism SD under wall-crossing. We pick
a stability condition σ∞ ∈ C∞ . Both σ and σ∞ belong to the open subset U (X, α) of Theorem
f + (R)2.9. The restriction of the map Z of Theorem 2.10 to U (X, α) is injective up to the GL
2
action (i.e., the map separates points that are in different orbits). Now consider the map ` in the
formulation of Theorem 10.2, restricted to U (X, α). The composition
θσ,v ◦ I ◦ Z|U (X,α) : U (X, α) → Pos(Mσ (v))
generically has connected fibers. Since both σ∞ and σ get mapped to a class in the movable cone,
we can find a path γ in U (X, α) connecting σ and σ∞ whose image stays within the movable
cone. Thus γ crosses no divisorial walls. If γ also crosses no totally semistable walls, then the
morphism SD is compatible with the wall-crossing; since it induces an isomorphism at σ∞ , it
induces an isomorphism at σ.
Assume instead that there is a totally semistable wall. We write σ = σω,β . The straight path
from σ∞ to σtω,β , for t  0, corresponds to a change of polarization for Gieseker stability, and
thus does not cross any totally semistable wall. Therefore, we may replace σ∞ with σtω,β , for
t  0.
We claim that all objects E in Mσ (v) must be actual complexes. Indeed, if there exists a
sheaf E in Mσ (v), then the generic element is a sheaf. Moreover, since D is nef and big, it is
globally generated, and we can assume that the support of E is a smooth integral curve. Stability
in U (X, α) for torsion sheaves implies, in particular, that the sheaf is actually stable on the curve.
But then E would be stable for t → ∞. This shows that we crossed no totally semistable wall.
So E ∈ Aω,β is an actual complex. Since rk(E) = 0 and rk H−1 (E) > 0, we must have
rk H0 (E) > 0; hence Hom(E, k(x)) 6= 0 for all x ∈ X. This shows that Θ is nothing but the
zero-section of Lv,w and the induced map SD is the zero map.

In particular, the previous proposition holds for pairs of Gieseker moduli spaces.
Example 15.2. Let X be a K3 surface such that Pic(X) = Z · H, with H 2 = 2. Let v =
(1, 0, −1) and w = −(1, −H, 1). Consider a stability condition σ∞ = σtH,−2H , for t  0. Then,
as observed in [Bea99, Proposition 1.3], Hilb2 (X) = Mσ∞ (v) admits a flop to a Lagrangian
fibration induced by the vector w. The assumptions of Proposition 15.1 are satisfied. In this case,
for all E[1] ∈ Mσ∞ (w), E ∼
= Ipt (−H), and for all Γ ∈ Hilb2 (X), we have Hom(IΓ , E[1]) 6= 0.
Hence, the map SD is the zero map.
The following example shows that the assumption in Proposition 15.1 is necessary:
Example 15.3. Let X be a K3 surface with NS(X) = Z · C1 ⊕ Z · C2 and intersection form


−2 4
q=
.
4 −2
We assume the two rational curves C1 and C2 generate the cone of effective divisors on X. Let
v = (0, 3C1 + C2 , 1) and w = (0, 0, 1). Then v2 = 4. Pick a generic ample divisor H on X. We
have
H 0 (MH (v), θv (w)) ∼
= C⊕4 .
For example, consider the totally semistable wall where v aligns with the spherical vector (0, C1 , 0),
Then Proposition 6.8 induces a birational map MH (v) 99K MH (v0 ) for v0 = (0, C1 + C2 , 1),
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and a chain of isomorphisms
H 0 (MH (v), θv (w)) ∼
= H 0 (P3 , OP3 (1)) ∼
= C⊕4 ,
= H 0 (MH (v0 ), θv0 (w)) ∼
where the middle isomorphism follows from Proposition 15.1. However,
H 0 (MH (w), θw (v)) ∼
= H 0 (X, OX (3C1 + C2 )) ∼
= C⊕5 .
The last isomorphism follows from the exact sequence
0 → OX (2C1 + C2 ) → OX (3C1 + C2 ) → OP1 (−2) → 0,
since OX (2C1 + C2 ) is big and nef and thus has no higher cohomology.
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[MYY11b] Hiroki Minamide, Shintarou Yanagida, and Kōta Yoshioka. Some moduli spaces of Bridgeland’s stability
conditions, 2011. arXiv:1111.6187.
[Nam01]
Yoshinori Namikawa. Deformation theory of singular symplectic n-folds. Math. Ann., 319(3):597–623,
2001. arXiv:math/0010113.
[O’G99]
Kieran G. O’Grady. Desingularized moduli spaces of sheaves on a K3. J. Reine Angew. Math., 512:49–
117, 1999. arXiv:alg-geom/9708009.
[Orl97]
D. O. Orlov. Equivalences of derived categories and K3 surfaces. J. Math. Sci. (New York), 84(5):1361–
1381, 1997. Algebraic geometry, 7. arXiv:alg-geom/9606006.
[Plo05]
David Ploog. Groups of autoequivalences of derived categories of smooth projective varieties, 2005. PhDthesis, Berlin.
[Pol07]
A. Polishchuk. Constant families of t-structures on derived categories of coherent sheaves. Mosc. Math.
J., 7(1):109–134, 167, 2007. arXiv:math/0606013.
[Saw03]
Justin Sawon. Abelian fibred holomorphic symplectic manifolds. Turkish J. Math., 27(1):197–230, 2003.
arXiv:math/0404362.
[Saw07]
Justin Sawon. Lagrangian fibrations on Hilbert schemes of points on K3 surfaces. J. Algebraic Geom.,
16(3):477–497, 2007. arXiv:math/0509224.
[ST01]
Paul Seidel and Richard Thomas. Braid group actions on derived categories of coherent sheaves. Duke
Math. J., 108(1):37–108, 2001. arXiv:math/0001043.
[Tha96]
Michael Thaddeus. Geometric invariant theory and flips. J. Amer. Math. Soc., 9(3):691–723, 1996.
arXiv:alg-geom/9405004.
[Tod08]
Yukinobu Toda. Moduli stacks and invariants of semistable objects on K3 surfaces. Adv. Math.,
217(6):2736–2781, 2008. arXiv:math.AG/0703590.
[Ver96]
M. Verbitsky. Cohomology of compact hyper-Kähler manifolds and its applications. Geom. Funct. Anal.,
6(4):601–611, 1996. arXiv:alg-geom/9511009.
[Ver09]
Misha Verbitsky. A global Torelli theorem for hyperkähler manifolds, 2009. To appear in Duke Math. J.
arXiv:0908.4121.
[Ver10]
Misha Verbitsky. HyperKähler SYZ conjecture and semipositive line bundles. Geom. Funct. Anal.,
19(5):1481–1493, 2010. arXiv:0811.0639.
[Wie03]
Jan Wierzba. Contractions of symplectic varieties. J. Algebraic Geom., 12(3):507–534, 2003.
arXiv:math/9910130.
[Yos99]
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