
1

ON MICHEL KERVAIRE’S WORK

IN SURGERY AND KNOT THEORY

Andrew Ranicki (Edinburgh)

http://www.maths.ed.ac.uk/̃ aar/slides/kervaire.pdf

Geneva, 11th and 12th February, 2009



2

1927 – 2007



3

Highlights

I Major contributions to the topology of manifolds of dimension > 5.

I Main theme: connection between stable trivializations of vector bundles
and quadratic refinements of symmetric forms. ‘Division by 2’.

I 1956 Curvatura integra of an m-dimensional framed manifold
= Kervaire semicharacteristic + Hopf invariant.

I 1960 The Kervaire invariant of a (4k + 2)-dimensional framed manifold.

I 1960 The 10-dimensional Kervaire manifold without differentiable
structure.

I 1963 The Kervaire-Milnor classification of exotic spheres in dimensions
> 4 : the birth of surgery theory.

I 1965 The foundation of high dimensional knot theory, for Sn ⊂ Sn+2

with n > 2.
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MATHEMATICAL REVIEWS + 1

Kervaire was the author of 66 papers listed (1954 – 2007)

+1 unlisted : Non-parallelizability of the n-sphere for n > 7,
Proc. Nat. Acad. Sci. 44, 280–283 (1958)

619 matches for ”Kervaire” anywhere, of which 84 in title.

18,600 Google hits for ”Kervaire”.

MR0102809 (21 #1595) Kervaire, Michel A. An interpretation of G. Whitehead's
generalization of H. Hopf's invariant. Ann. of Math. (2) 69 1959 345--365.
(Reviewer: E. H. Brown) 55.00

MR0102806 (21 #1592) Kervaire, Michel A. On the Pontryagin classes of certain
${\rm SO}(n)$-bundles over manifolds. Amer. J. Math. 80 1958 632--638.
(Reviewer: W. S. Massey) 55.00

MR0094828 (20 #1337) Kervaire, Michel A. Sur les formules d'intégration de
l'analyse vectorielle. (French) Enseignement Math. (2) 3 1957 126--140.
(Reviewer: O. Varga) 53.00

MR0090051 (19,760c) Kervaire, Michel A. Relative characteristic classes. Amer.
J. Math. 79 (1957), 517--558. (Reviewer: G. Hirsch) 55.0X

MR0086302 (19,160b) Kervaire, Michel Courbure intégrale généralisée et
homotopie. (French) Math. Ann. 131 (1956), 219--252. (Reviewer: H. Hopf)
55.0X

MR0058972 (15,458c) Kervaire, Michel Extension d'un théorème de G. de Rham
et expression de l'invariant de Hopf par une intégrale. (French) C. R. Acad. Sci.
Paris 237, (1953). 1486--1488. (Reviewer: S. Chern) 56.0X

MR0090051 (19,760c)( , ) Kervaire, Michel A.,  Relative characteristic classes. Amer.
J. Math. 79 (1957), 517--558. (Reviewer: G. Hirsch) 55.0X

MR0102809 (21 #1595)( ) Kervaire, Michel A.,  An interpretation of G. Whitehead's
generalization of H. Hopf's invariant. Ann. of Math. (2)( ) 69 1959 345--365.g
(Reviewer: E. H. Brown) 55.00

MR0086302 (19,160b)( , ) Kervaire, Michel,  Courbure intégrale généralisée et
homotopie. (French) Math. Ann. 131 (1956), 219--252. (Reviewer: H. Hopf)
55.0X

MR0102806 (21 #1592)( ) Kervaire, Michel A.,  On the Pontryagin classes of certain
${\rm SO}(n)$-bundles over manifolds. Amer. J. Math. 80 1958 632--638.
(Reviewer: W. S. Massey) 55.00
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MR0189048 (32 #6475) Kervaire, Michel A. Le théorème de Barden-Mazur-
Stallings. (French) Comment. Math. Helv. 40 1965 31--42. (Reviewer: N. H.
Kuiper) 57.10

MR0179802 (31 #4044) Kervaire, Michel A. Geometric and algebraic
intersection numbers. Comment. Math. Helv. 39 1965 271--280. (Reviewer: E. H.
Brown) 57.20 (57.32)

MR0178475 (31 #2732) Kervaire, Michel A. On higher dimensional knots. 1965
Differential and Combinatorial Topology (A Symposium in Honor of Marston
Morse) pp. 105--119 Princeton Univ. Press, Princeton, N.J. (Reviewer: J. F.
Adams) 57.20 (55.20)

MR0148075 (26 #5584) Kervaire, Michel A.; Milnor, John W. Groups of
homotopy spheres. I. Ann. of Math. (2) 77 1963 504--537. (Reviewer: J. F.
Adams) 57.10

MR0164353 (29 #1650) Kervaire, Michel La méthode de Pontryagin pour la
classification des applications sur une sphère. (French) 1962 Topologia
Differenziale (Centro Internaz. Mat. Estivo, deg. 1 Ciclo, Urbino, 1962), Lezione 3
13 pp. Edizioni Cremonese, Rome (Reviewer: J. F. Adams) 57.20

MR0133134 (24 #A2968) Kervaire, Michel A.; Milnor, John W. On $2$-spheres
in $4$-manifolds. Proc. Nat. Acad. Sci. U.S.A. 47 1961 1651--1657. (Reviewer: A.
Haefliger) 57.20

MR0139172 (25 #2608) Kervaire, Michel A. A manifold which does not admit
any differentiable structure. Comment. Math. Helv. 34 1960 257--270. (Reviewer:
R. Bott) 57.10

MR0121801 (22 #12531) Milnor, John W.; Kervaire, Michel A. Bernoulli
numbers, homotopy groups, and a theorem of Rohlin. 1960 Proc. Internat.
Congress Math. 1958 pp. 454--458 Cambridge Univ. Press, New York (Reviewer:
F. Hirzebruch) 57.00 (55.00)

MR0113237 (22 #4075) Kervaire, Michel A. Some nonstable homotopy groups
of Lie groups. Illinois J. Math. 4 1960 161--169. (Reviewer: J. Dugundji) 57.00

MR0113230 (22 #4068) Kervaire, Michel A. Sur l'invariant de Smale d'un
plongement. (French) Comment. Math. Helv. 34 1960 127--139. (Reviewer: S.
Smale) 57.00

MR0114230 (22 #5054) Kervaire, Michel A. Sur le fibré normal à une variété
plongée dans l'espace euclidien. (French) Bull. Soc. Math. France 87 1959
397--401. (Reviewer: W. S. Massey) 57.00

MR0107863 (21 #6585) Kervaire, Michel A. A note on obstructions and
characteristic classes. Amer. J. Math. 81 1959 773--784. (Reviewer: W. S.
Massey) 55.00

MR0105118 (21 #3863) Kervaire, Michel A. Sur le fibré normal à une sphère
immergée dans un espace euclidien. (French) Comment. Math. Helv. 33 1959
121--131. (Reviewer: S. Smale) 55.00

MR0178475 (31 #2732)( ) Kervaire, Michel A.,  On higher dimensional knots. 1965
Differential and Combinatorial Topology (A Symposium in Honor of Marstong
Morse) pp. 105--119 Princeton Univ. Press, Princeton, N.J. (Reviewer: J. F.
Adams) 57.20 (55.20)( )

MR0148075 (26 #5584)( ) Kervaire, Michel A., ; Milnor, John W.,  Groups of
homotopy spheres. I. Ann. of Math. (2)( ) 77 1963 504--537. (Reviewer: J. F.
Adams) 57.10

MR0139172 (25 #2608)( ) Kervaire, Michel A.,  A manifold which does not admit
any differentiable structure. Comment. Math. Helv. 34 1960 257--270. (Reviewer:
R. Bott) 57.10

MR0121801 (22 #12531)( ) Milnor, John W., ; Kervaire, Michel A.,  Bernoulli
numbers, homotopy groups, and a theorem of Rohlin. 1960 Proc. Internat.
Congress Math. 1958 pp. 454--458 Cambridge Univ. Press, New York (Reviewer:kg
F. Hirzebruch) 57.00 (55.00)( )

MR0133134 (24 #A2968)( ) Kervaire, Michel A., ; Milnor, John W.,  On $2$-spheres
in $4$-manifolds. Proc. Nat. Acad. Sci. U.S.A. 47 1961 1651--1657. (Reviewer: A.
Haefliger) 57.20

MR0179802 (31 #4044)( ) Kervaire, Michel A.,  Geometric and algebraic
intersection numbers. 
Brown) 57.20 (57.32)( )

t. Math. Helv. 39 1965 271--280. (Reviewer: E. H.Comment

MR0189048 (32 #6475)( ) Kervaire, Michel A.,  Le théorème de Barden-Mazur-
Stallings. (French) Comment. Math. Helv. 40 1965 31--42. (Reviewer: N. H.g
Kuiper) 57.10
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des groupes de noeuds. (French) Enseign. Math. (2) 24 (1978), no. 1-2,
111--123. (Reviewer: J. P. Levine) 57C45

MR0476693 (57 #16252) Kervaire, Michel A.; Murthy, M. Pavaman On the
projective class group of cyclic groups of prime power order. Comment. Math.
Helv. 52 (1977), no. 3, 415--452. (Reviewer: Jacques Martinet) 12A35 (20C10)

MR0417268 (54 #5325) Kervaire, Michel Opérations d'Adams en théorie des
représentations linéaires des groupes finis. Enseignement Math. (2) 22 (1976), no.
1-2, 1--28. (Reviewer: A. A. Ranicki) 20C05 (55G25)

MR0435045 (55 #8007) Kervaire, Michel Fractions rationnelles invariantes
(d'après H. W. Lenstra). Séminaire Bourbaki, Vol. 1973/1974, 26ème année, Exp.
No. 445, pp. 170--189. Lecture Notes in Math., Vol. 431, Springer, Berlin, 1975.
12A90

MR0494276 (58 #13182) Kervaire, Michel A. La méthode de Smale pour le
dénombrement des équilibres relatifs dans le problème des $n$ corps. (French)
Proceedings of the C. Carathéodory International Symposium (Athens, 1973), pp.
296--305. Greek Math. Soc., Athens, 1974. (Reviewer: Donald G. Saari) 58F10
(70.58)

MR0283786 (44 #1016) Kervaire, Michel A. Knot cobordism in codimension
two. 1971 Manifolds--Amsterdam 1970 (Proc. Nuffic Summer School) pp. 83--105
Lecture Notes in Mathematics, Vol. 197 Springer, Berlin (Reviewer: J. P. Levine)
55.20 (57.00)

MR0274558 (43 #321) Kervaire, Michel A. Multiplicateurs de Schur et
$K$-théorie. (French) 1970 Essays on Topology and Related Topics (Mémoires
dédiés à Georges de Rham) pp 212--225 Springer, New York (Reviewer: C. S.
Hoo) 18.20

MR0339227 (49 #3989) Kervaire, M. A. Lectures on the theorem of Browder
and Novikov and Siebenmann's thesis. Notes by K. Varadarajan. Tata Institute of
Fundamental Research Lectures in Mathematics, No. 46. Tata Institute of
Fundamental Research, Bombay, 1969. ii+126 pp. (Reviewer: P. J. Kahn) 57D65
(57C10)

MR0253347 (40 #6562) Kervaire, Michel A. Smooth homology spheres and
their fundamental groups. Trans. Amer. Math. Soc. 144 1969 67--72. (Reviewer:
A. Liulevicius) 57.10

MR0222893 (36 #5943) de Rham, G.; Maumary, S.; Kervaire, M. A. Torsion et
type simple d'homotopie. (French) Exposés faits au séminaire de Topologie de
l'Université de Lausanne. Lecture Notes in Mathematics, No. 48 Springer-Verlag,
Berlin-New York 1967 iii+101 pp. (Reviewer: J. F. Adams) 55.40

MR0208602 (34 #8411) Kervaire, M.; Vasquez, A. Simple-connectivity and the
Browder-Novikov theorem. Trans. Amer. Math. Soc. 126 1967 508--513.
(Reviewer: E. H. Brown) 57.10 (57.20)

MR0189052 (32 #6479) Kervaire, Michel A. Les nœuds de dimensions
supérieures. (French) Bull. Soc. Math. France 93 1965 225--271. (Reviewer: E. H.
Brown) 57.20

MR0253347 (40 #6562)( ) Kervaire, Michel A.,  Smooth homology spheres and
their fundamental groups. Trans. Amer. Math. Soc. 144 1969 67--72. (Reviewer:g
A. Liulevicius) 57.10

MR0283786 (44 #1016)( ) Kervaire, Michel A.,  Knot cobordism in codimension
two. 1971 Manifolds--Amsterdam 1970 (Proc. Nuffic Summer School) pp. 83--105
Lecture Notes in Mathematics, Vol. 197, Springer, Berlin (Reviewer: J. P. Levine)
55.20 (57.00)( )

MR0189052 (32 #6479)( ) Kervaire, Michel A.,  Les nœuds de dimensions
supérieures. (French) Bull. Soc. Math. France 93 1965 225--271. (Reviewer: E. H.
Brown) 57.20

MR0222893 (36 #5943)( ) de Rham, G., ; Maumary, S.y, ; Kervaire, M. A.,  Torsion et
type simple d'homotopie. (French) Exposés faits au séminaire de Topologie dep p gg
l'Université de Lausanne. Lecture Notes in Mathematics, No. 48, Springer-Verlag,
Berlin-New York 1967 k iii+101 pp. (Reviewer: J. F. Adams) 55.40

MR0339227 (49 #3989)( ) Kervaire, M. A.,  Lectures on the theorem of Browder
and Novikov and Siebenmann's thesis. Notes by K. Varadarajan. Tata Institute of
Fundamental Research Lectures in Mathematics, No. 46. Tata Institute of
Fundamental Research, Bombay, 1969. ii+126 pp. (Reviewer: P. J. Kahn) 57D65
(57C10)( )

MR0208602 (34 #8411)( ) Kervaire, M., ; Vasquez, A.q ,  Simple-connectivity and the
Browder-Novikov theorem. Trans. Amer. Math. Soc. 126 1967 508--513.
(Reviewer: E. H. Brown) 57.10 (57.20)( )
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and difference sets. Enseign. Math. (2) 38 (1992), no. 3-4, 345--382. (Reviewer:
Alexander Pott) 11B50 (05B10 68R05)

MR1567902 Kervaire, Michel; Book Review: 2-Knots and their groups. Bull.
Amer. Math. Soc. (N.S.) 24 (1991), no. 1, 211--213. DML Item

MR1117993 (93b:68066) Eliahou, Shalom; Kervaire, Michel; Saffari, Bahman
On Golay polynomial pairs. Adv. in Appl. Math. 12 (1991), no. 3, 235--292.
(Reviewer: Michio Ozeki) 68R05 (05A19 11B83)

MR1070014 (91i:11020) Eliahou, Shalom; Kervaire, Michel; Saffari, Bahman A
new restriction on the lengths of Golay complementary sequences. J. Combin.
Theory Ser. A 55 (1990), no. 1, 49--59. (Reviewer: Michio Ozeki) 11B50 (05A19
68R05 94B15)

MR1037391 (91b:13019) Eliahou, Shalom; Kervaire, Michel Minimal resolutions
of some monomial ideals. J. Algebra 129 (1990), no. 1, 1--25. (Reviewer:
Gennady Lyubeznik) 13D40 (13C05 13P10)

MR1044591 Kervaire, Michel; Vust, Thierry Fractions rationnelles invariantes par
un groupe fini: quelques exemples. (French) [Rational functions invariant under a
finite group: some examples] Algebraische Transformationsgruppen und
Invariantentheorie, 157--179, DMV Sem., 13, Birkhäuser, Basel, 1989. 12G05
(14L30)

MR0874691 (88f:57004) de la Harpe, Pierre; Kervaire, Michel; Weber, Claude
On the Jones polynomial. Enseign. Math. (2) 32 (1986), no. 3-4, 271--335.
(Reviewer: J. S. Birman) 57M25 (20F38 46L99)

MR0830276 (87c:11014) Kervaire, Michel; Saffari, Bahman; Vaillancourt, Rémi
Une méthode de détection de nouveaux polynômes vérifiant l'identité de
Rudin\mhy Shapiro. (French) [A method for detecting new polynomials that satisfy
the Rudin\mhy Shapiro identity] C. R. Acad. Sci. Paris Sér. I Math. 302 (1986), no.
3, 95--98. 11B37 (11L40 42C05)

MR0819349 (88a:57038) Kervaire, Michel Formes de Seifert et formes
quadratiques entières. (French) [Seifert forms and integral quadratic forms]
Enseign. Math. (2) 31 (1985), no. 3-4, 173--186. (Reviewer: J. H. Rubinstein)
57Q45 (11E39 11E81)

MR0554365 (81f:01035c) Kervaire, M. On the mathematical work of Daniel
Quillen. Jahrbuch Überblicke Mathematik, 1979, pp. 165--168, Bibliographisches
Inst., Mannheim, 1979. 01A70 (55-03)

MR0521731 (80f:57009) Kervaire, M.; Weber, C. A survey of multidimensional
knots. Knot theory (Proc. Sem., Plans-sur-Bex, 1977), pp. 61--134, Lecture Notes
in Math., 685, Springer, Berlin, 1978. (Reviewer: Louis H. Kauffman) 57Q45
(32C40)

MR0515669 (80c:57011) Hausmann, Jean-Claude; Kervaire, Michel Sur le
centre des groupes de noeuds multidimensionnels. (French) C. R. Acad. Sci. Paris
Sér. A-B 287 (1978), no. 9, A699--A702. 57Q45 (20K05)

MR0488072 (58 #7643) Hausmann, J. C.; Kervaire, M. Sous-groupes derivés

MR0521731 (80f:57009)( ) Kervaire, M., ; Weber, C.,  A survey of multidimensional
knots. Knot theory (Proc. Sem., Plans-sur-Bex, 1977), pp. 61--134, Lecture Notes
in Math., 685,, , Springer, Berlin, 1978. (Reviewer: Louis H. Kauffman) 57Q45Q
(32C40)( )
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(Reviewer: Dane L. Flannery) 05B20

MR1829849 (2002e:11023) Eliahou, Shalom; Kervaire, Michel Restricted sums
of sets of cardinality $1+p$ in a vector space over $\bold F\sb p$. Combinatorics
(Prague, 1998). Discrete Math. 235 (2001), no. 1-3, 199--213. (Reviewer: Alain
Plagne) 11B75 (05D05)

MR1825840 (2002g:11022) Eliahou, Shalom; Kervaire, Michel Restricted
sumsets in finite vector spaces: the case $p=3$. Integers 1 (2001), A2, 19 pp.
(electronic). (Reviewer: Georges Grekos) 11B75 (05D05)

MR1823269 (2002f:05042) Eliahou, Shalom; Kervaire, Michel Modular
sequences and modular Hadamard matrices. J. Combin. Des. 9 (2001), no. 3,
187--214. (Reviewer: H. Kharaghani) 05B20

MR1631038 (99d:11020) Eliahou, Shalom; Kervaire, Michel Sumsets in vector
spaces over finite fields. J. Number Theory 71 (1998), no. 1, 12--39. (Reviewer:
Georges Grekos) 11B75 (05D05 11T99)

MR1463372 (98g:05022) Eckmann, Alain; Eliahou, Shalom; Kervaire, Michel
Compressible difference lists. An appendix to: ``A note on the equation $\theta
\overline{\theta}=n+\lambda\Sigma$'' [J. Statist. Plann. Inference 62 (1997), no.
1, 21--34] by Eliahou and Kervaire. J. Statist. Plann. Inference 62 (1997), no. 1,
35--38. 05B10 (62K05)

MR1463371 (98k:05027) Eliahou, Shalom; Kervaire, Michel A note on the
equation $\theta\overline{\theta}=n+\lambda\Sigma$. J. Statist. Plann. Inference
62 (1997), no. 1, 21--34. (Reviewer: Surinder K. Sehgal) 05B10

MR1415953 (97h:11124) Kervaire, Michel Corps quadratiques, ${\rm GL}\sb
2(\bold Z)$ et polynômes de Dickson. (French) [Quadratic fields, ${\rm GL}\sb
2(\bold Z)$ and Dickson polynomials] Ann. Inst. Fourier (Grenoble) 46 (1996), no.
4, 951--969. (Reviewer: G. Turnwald) 11R11 (11C20)

MR1611770 Kervaire, Michel A. Le problème de Poincaré en dimensions élevées
(d'après J. Stallings). (French) [The Poincaré problem in higher dimensions (after
J. Stallings)] Séminaire Bourbaki, Vol. 6, Exp. No. 208, 41--51, Soc. Math. France,
Paris, 1995. 57Q25 (57R60)

MR1603457 Kervaire, Michel A. L'homotopie stable des groupes classiques
d'après R. Bott. Applications. (French) [Stable homotopy of the classical groups,
after R. Bott. Applications] Séminaire Bourbaki, Vol. 5, Exp. No. 172, 51--60, Soc.
Math. France, Paris, 1995. 55R45 (57R20 57T20 58E05)

MR1279063 (95f:11011) Eliahou, Shalom; Kervaire, Michel Corrigendum to:
``Barker sequences and difference sets'' [Enseign. Math. (2) 38 (1992), no. 3-4,
345--382; MR1189012 (93i:11018)]. Enseign. Math. (2) 40 (1994), no. 1-2,
109--111. (Reviewer: Alexander Pott) 11B50 (05B10 68R05)

MR1279061 (95g:11063) Kervaire, Michel Unimodular lattices with a complete
root system. Enseign. Math. (2) 40 (1994), no. 1-2, 59--104. (Reviewer: Thomas
Bier) 11H06

MR1189012 (93i:11018) Eliahou, Shalom; Kervaire, Michel Barker sequences

MR: Publications results for "Author=(Kervaire, M*)" http://www.ams.org/mathscinet/search/publications.html?arg3=&co4...

2 of 6 01/01/2009 08:52
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Publications results for "Author=(Kervaire, M*)"

MR2371772 (2008m:11022) Eliahou, Shalom; Kervaire, Michel Bounds on the
minimal sumset size function in groups. Int. J. Number Theory 3 (2007), no. 4,
503--511. (Reviewer: Temba Shonhiwa) 11B13 (11B75 20D60)

MR2324064 Eliahou, Shalom; Kervaire, Michel Some extensions of the Cauchy-
Davenport theorem. 6th Czech-Slovak International Symposium on
Combinatorics, Graph Theory, Algorithms and Applications, 557--564, Electron.
Notes Discrete Math., 28, Elsevier, Amsterdam, 2007. 11B13 (05D05)

MR2321003 (2008d:11022) Eliahou, Shalom; Kervaire, Michel Some results on
minimal sumset sizes in finite non-abelian groups. J. Number Theory 124 (2007),
no. 1, 234--247. (Reviewer: Temba Shonhiwa) 11B75 (11P70)

MR2259941 (2008f:11116) Eliahou, Shalom; Kervaire, Michel The small
sumsets property for solvable finite groups. European J. Combin. 27 (2006), no. 7,
1102--1110. (Reviewer: David J. Grynkiewicz) 11P70 (05D05 11B75)

MR2215221 (2007a:11027) Eliahou, Shalom; Kervaire, Michel Sumsets in
dihedral groups. European J. Combin. 27 (2006), no. 4, 617--628. (Reviewer:
Temba Shonhiwa) 11B75 (11P70)

MR2179638 (2006k:05041) Eliahou, Shalom; Kervaire, Michel A survey on
modular Hadamard matrices. Discrete Math. 302 (2005), no. 1-3, 85--106.
(Reviewer: Arne Winterhof) 05B20 (15A36)

MR2155005 (2006i:11026) Eliahou, Shalom; Kervaire, Michel Old and new
formulas for the Hopf-Stiefel and related functions. Expo. Math. 23 (2005), no. 2,
127--145. (Reviewer: Georges Grekos) 11B75

MR2134154 (2006c:11018) Eliahou, Shalom; Kervaire, Michel Minimal sumsets
in infinite abelian groups. J. Algebra 287 (2005), no. 2, 449--457. (Reviewer: Imre
Z. Ruzsa) 11B75 (20K99)

MR1998888 (2004i:11015b) Eliahou, Shalom; Kervaire, Michel A note on the
Hopf-Stiefel function. Enseign. Math. (2) 49 (2003), no. 1-2, 117--122. (Reviewer:
Georges Grekos) 11B75 (11P70 20K01)

MR1989891 (2004i:11015c) Eliahou, Shalom; Kervaire, Michel; Plagne, Alain
Optimally small sumsets in finite abelian groups. J. Number Theory 101 (2003), no.
2, 338--348. (Reviewer: Georges Grekos) 11B75 (11P70 20K01)

MR1932072 (2003k:11132) Eliahou, Shalom; Kervaire, Michel Circulant
16-modular Hadamard matrices and Jacobi sums. J. Combin. Theory Ser. A 100
(2002), no. 1, 116--135. (Reviewer: Ronald J. Evans) 11L03 (05B20)

MR1844896 (2002e:05031) Eliahou, Shalom; Kervaire, Michel Circulant
modular Hadamard matrices. Enseign. Math. (2) 47 (2001), no. 1-2, 103--114.

MR: Publications results for "Author=(Kervaire, M*)" http://www.ams.org/mathscinet/search/publications.html?arg3=&co4...

1 of 6 01/01/2009 08:52
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The curvatura integra

I Convention Unless specified otherwise

manifold = compact connected oriented closed differentiable manifold.

I Definition The curvatura integra of a codimension 1 immersion of an
m-dimensional manifold Mm # Rm+1 is the degree of the Gauss map

c : M → Vm+1,1 = Sm ; x 7→ unit normal to x in Sm ⊂ Rm+1 .

I Theorem (Gauss-Bonnet, 19th century) For m = 2

degree(c) =
1

4π

∫
M
κ = χ(M)/2 ∈ Z

with κ the Gaussian curvature and χ(M) ∈ Z the Euler characteristic.
The original division by 2.

I Theorem (Hopf, 1925) For any even m > 2

degree(c) = χ(M)/2 ∈ Z .

I Is there an analogue of the curvatura integra theorem for more general
m-dimensional manifolds?
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The Stiefel spaces Vm+k,k I.

I Definition The Stiefel space is

Vm+k,k = {orthonormal k-frames in Rm+k}
= {isometries u : Rk ↪→ Rm+k} = O(m + k)/O(m) .

I Theorem (Stiefel, 1935) Vm+k,k is (m − 1)-connected, with

Hm(Vm+k,k) =

{
Z if m ≡ 0(mod 2) or if k = 1

Z2 if m ≡ 1(mod 2) and k > 1 .

I Definition The Grassmann space is

Gm+k,k = Vm+k,k/O(k)

= {k-dimensional subspaces U = u(Rk) ⊆ Rm+k} .
The canonical m-plane bundle η over Gm+k,k is

E (η) = {(U ⊆ Rm+k , v) | v ∈ U⊥ ⊆ Rm+k} .
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The Stiefel spaces Vm+k,k II.

I Theorem (Steenrod, 1950) The classifying space for m-plane bundles is

BO(m) = lim−→
k

Gm+k,k .

The map p : Vm+k,k → Gm+k,k ⊂ BO(m) fits into a fibration

Vm+k,k = O(m + k)/O(m)
p // BO(m)

⊕εk // BO(m + k) .

Also stable classifying space BO = lim−→m
BO(m).

I Definition The canonical m-plane bundle θ = p∗η over Vm+k,k

E (θ) = {(u, v) | (u : Rk ↪→ Rm+k) ∈ Vm+k,k , v ∈ u(Rk)⊥}
has the canonical k-stable trivialization δθ : θ ⊕ εk ∼= εm+k given by

u(Rk)⊥ ⊕ u(Rk) = Rm+k .

I For a CW complex X

[X ,BO(m)] = {m-plane bundles ξ over X} ,
[X ,Vm+k,k ] = {ξ with a k-stable trivialization δξ : ξ ⊕ εk ∼= εm+k} .
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Framed manifolds

I Definition A manifold Mm is framed if there is given an embedding
f : Mm ↪→ Rm+k with trivialized normal bundle νf

∼= εk , so that

M × Rk ⊂ Rm+k .

The tangent bundle τM is k-stably trivialized, τM ⊕ εk ∼= εm+k .
I Definition The Pontryagin-Thom map of framed M

F : Sm+k → Sm+k/(Sm+k\(M × Rk)) = ΣkM+ → Sk

is such that F−1(∗) = M ⊂ Sm+k , with M+ = M ∪ {pt.}.
I Theorem (P-T, 1954) The framed cobordism groups Ωfr

∗ are related to
the stable homotopy groups of spheres πS

∗ by the isomorphism

Ωfr
m

∼= // πS
m = lim−→

k

πm+k(Sk) ; Mm 7→ F .

I Theorem (Serre, 1951) The groups πS
∗ are finite.
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Kervaire’s first thesis I.

I (1955) ETH Zürich, under supervision of Hopf.

I The generalized Gauss map of an m-dimensional framed manifold
Mm with f : Mm ↪→ Rm+k , νf

∼= εk

c : M → Vm+k,k ; x 7→ ((νf )x = Rk ↪→ (τRm+k )f (x) = Rm+k)

classifies the tangent m-plane bundle τM : M → BO(m) with the
k-stable trivialization

δτM : τM ⊕ εk ∼= τM ⊕ νf = τRm+k |M = εm+k .

I Problem Compute the generalized curvatura integra

c∗[M] ∈ Hm(Vm+k,k) =

{
Z if m ≡ 0(mod 2)

Z2 if m ≡ 1(mod 2)
(k > 1) .
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The Hopf invariant

I (Hopf, 1931 in formulation of Steenrod, 1949) The Hopf invariant

H : π2k−1(Sk)→ Z ; (F : S2k−1 → Sk) 7→ H(F )

is determined by the cup product structure in the mapping cone

X = Sk ∪F D2k .

If a = 1 ∈ Hk(X ) = Z, b = 1 ∈ H2k(X ) = Z then H(F ) ∈ Z given by

a ∪ a = H(F )b ∈ H2k(X ) .

I H : π3(S2)→ Z is an isomorphism: for a map F : S3 → S2

H(F ) = L(M,N) ∈ Z

with L(M,N) the linking number of generic disjoint inverse images

M1 = F−1(x) , N1 = F−1(y) ⊂ S3 (x 6= y ∈ S2) .

I If k is odd then H(F ) = 0.
I (Adams, 1960) H : π2k−1(Sk)→ Z is onto if and only if k = 2, 4, 8.
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The mod 2 Hopf invariant

I (Steenrod, 1949) The mod 2 Hopf invariant is the morphism

H : πm+k(Sk)→ Z2 ; (F : Sm+k → Sk) 7→ H2(F ) (m > 1)

determined by the Steenrod square in the mapping cone

X = Sk ∪F Dm+k+1 .

I If a = 1 ∈ Hk(X ; Z2) = Z2, b = 1 ∈ Hm+k+1(X ; Z2) = Z2 then

Sqm+1(a) = H2(F )b ∈ Hm+k+1(X ; Z2) .

I H2 : πS
m → Z2 is an isomorphism for m = 1, onto for m = 3, 7.

I (Adams, 1960) H2 = 0 for m 6= 1, 3, 7.
I Definition For an m-dimensional framed manifold Mm let

Hopf(M) =

{
0 ∈ Z if m ≡ 0(mod 2)

H2(F ) ∈ Z2 if m ≡ 1(mod 2)

with F : Sm+k → Sk the Pontryagin-Thom map.
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Kervaire’s first thesis II.

I 1. Courbure integrale généralisée et homotopie, Math. Annalen
131, 219–252 (1956)

I 2. Relative characteristic classes, Amer.J.Math. 79, 517–558 (1957)
I Theorem The curvatura integra of an m-dimensional framed manifold

Mm is

c∗[M] = Hopf(M) +

{
χ(M)/2

χ1/2(M)
∈

{
Z if m ≡ 0(mod 2)

Z2 if m ≡ 1(mod 2)

involving the Kervaire semicharacteristic

χ1/2(M) =

(m−1)/2∑
j=0

dimZ2Hj(M; Z2) ∈ Z2

dividing the Euler characteristic by 2.
I χ1/2(M) and its R-coefficient version have taken on a life of their own

(E.Thomas, Atiyah-Dupont on the index of a vector field, with analytic
interpretation, Davis-Ranicki in surgery theory, Gibbons-Hawking on the
topology of the universe).
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En route to the US and exotic spheres, 1956
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Non-parallelizability of spheres

I Definition An m-dimensional manifold M is parallelizable if the
tangent m-plane bundle τM : M → BO(m) is trivial, τM ∼= εm.

I A parallelizable manifold is framed.
I The n-sphere Sn is framed, with Sn × R ⊂ Rn+1, τSn ⊕ ε ∼= εn+1, but

not necessarily parallelizable.
I 3. Non-parallelizability of the n-sphere for n > 7,

Proc. Nat. Acad. Sci. 44, 280–283 (1958)
I Theorem (Bott-Milnor, Kervaire) The n-sphere Sn is parallelizable if

and only if n = 1, 3, 7.
I Corollary The morphisms

lim−→
k

Hn(Vn+k,k) = πn+1(BO,BO(n)) =

{
Z if n ≡ 0(mod 2)

Z2 if n ≡ 1(mod 2)

→ ker(πn(BO(n))→ πn(BO)) ; 1 7→ τSn

are 0 for n = 1, 3, 7 and isomorphisms for n 6= 1, 3, 7.
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The generalized Hopf invariant I.

I 4. An interpretation of G. Whitehead’s generalization of H.
Hopf’s invariant, Ann. of Maths. 69, 345–365 (1959)

I Framed cobordism interpretation.
I The generic inverse images of a map F : Sd+n+1 → Sn+1 are disjoint

d-dimensional framed submanifolds

Md = F−1(x) , Nd = F−1(y) ⊂ Sd+n+1 (x 6= y ∈ Sn+1) .

Regard M,N as subsets of Rd+n+1 ⊂ Sd+n+1 and let

G : M × N → Sd+n ; (a, b) 7→ a− b

‖a− b‖ .

I Definition The linking manifold of f is the (d − n)-dimensional
framed submanifold

L(M,N)d−n = G−1(z) ⊂ M × N ⊂ R2d+2n+2

for a generic z ∈ Sd+n, with a Pontryagin-Thom map

h(F ) : S2d+2n+2 → Σd+3n+2L(M,N)+ → Sd+3n+2 .
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The generalized Hopf invariant II.

I By the Freudenthal suspension theorem h(F ) = Σd+n+1H(F ) is the
(d + n + 1)-fold suspension of a map

H(F ) : Sd+n+1 → S2n+1 .

I Theorem (K) The linking manifold construction induces the
generalized Hopf invariant map

H : πd+n+1(Sn+1)→ πd+n+1(S2n+1) ; F 7→ H(F ) .

I Example For n = d , F : S2n+1 → Sn+1, L(Mn,Nn)0 = G−1(z) is
0-dimensional, and H is the original Hopf invariant

H(F ) = degree(G : M × N → S2n)

= number of points in L(M,N)0 ∈ π2n+1(S2n+1) = Z .

I The linking manifold is a foundation of a geometric understanding of
the generalized Hopf invariant and the Wall surgery obstruction
(Boardman-Steer 1967, Koschorke-Sanderson 1977, Crabb-Ranicki
1998–).



22

The J-homomorphism

I (G. Whitehead, 1942) The J-homomorphism

J : πm(O(k))→ πm+k(Sk)

sends ω : Sm → O(k) to the Pontryagin-Thom map J(ω) : Sm+k → Sk

of Sm ⊂ Sm+k with the framing

bω : Sm × Dk ⊂ Sm+k = Sm × Dk ∪ Dm+1 × Sk−1 ;

(x , y) 7→ (x , ω(x)(y)) .

I There is also a stable version

J : lim−→
k

πm(O(k)) = πm(O)→ lim−→
k

πm+k(Sk) = πS
m = Ωfr

m ;

ω 7→ (Sm, bω) .
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Symmetric and quadratic forms

I Let A be a commutative ring, ε = +1 or −1.
I Definition An ε-symmetric form over A (H, λ) is a f.g. free A-module

H with a bilinear pairing λ : H × H → A such that

λ(x , y) = ελ(y , x) ∈ A (x , y ∈ H) .

I The form (H, λ) is nonsingular if the A-module morphism

H → HomA(H,A) ; x 7→ (y 7→ λ(x , y))

an isomorphism.
I Definition An ε-quadratic form over A (H, λ, µ) is an ε-symmetric

form (H, λ) together with a function

µ : H → Qε(A) = coker(1− ε : A→ A)

such that for all x , y ∈ H, a ∈ A

λ(x , y) = µ(x + y)− µ(x)− µ(y) , µ(ax) = a2µ(x) ∈ Qε(A) ,

λ(x , x) = (1 + ε)µ(x) ∈ im(1 + ε : A→ A) ⊆ ker(1− ε : A→ A) .
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The signature of forms over Z

I Definition The signature of a 1-symmetric form (H, λ) over Z is

signature(H, λ) = p − q ∈ Z

if R⊗ (H, λ) has p positive eigenvalues and q negative eigenvalues.

I signature(Z, 1) = 1.

I A 1-symmetric form (H, λ) over Z has a 1-quadratic function

µ : H → Q+(Z) = Z

if and only if it has even diagonal entries

λ(x , x) ≡ 0(mod 2) (x ∈ H)

with µ(x) = λ(x , x)/2 (division by 2).

I For a nonsingular 1-quadratic form (H, λ, µ) over Z

signature(H, λ) ≡ 0(mod 8)
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The E8-form

I The nonsingular 1-quadratic form (Z8, λ, µ) over Z with

λ =



2 1 0 0 0 0 0 0
1 2 1 0 0 0 0 0
0 1 2 1 0 0 0 0
0 0 1 2 1 0 0 0
0 0 0 1 2 1 0 1
0 0 0 0 1 2 1 0
0 0 0 0 0 1 2 1
0 0 0 0 1 0 1 2


has

signature(Z8, λ) = 8 .

I The Dynkin diagram of E8

• • • • • •

•

•

1
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The signature of manifolds

I The intersection form of a 2n-dimensional topological manifold with
boundary (M2n, ∂M) is the (−)n-symmetric form (H, λ) over Z

H = Hn(M, ∂M)/torsion , λ(x , y) = 〈x ∪ y , [M]〉 ∈ Z .

If ∂M = ∅ or H∗(∂M) = H∗(S
2n−1) then (H, λ) is nonsingular.

I Definition The signature of a 4k-dimensional (M4k , ∂M) is

signature(M) = signature(H2k(M)/torsion, λ) ∈ Z .

I Theorem (Hirzebruch, 1952) If ∂M = ∅ then

signature(M4k) = 〈L(p(M)), [M]〉 ∈ Z .

I Theorem (Milnor, 1956 for k = 1) The intersection form of a
4k-dimensional manifold M4k has a 1-quadratic function if and only if
it has 2kth Wu class v2k(M) = 0 ∈ H2k(M; Z2), in which case
signature(M) ≡ 0(mod 8).

I Theorem (Rohlin, 1952) The signature of a 4-dimensional manifold
M4 with v2(M) = 0 ∈ H2(M; Z2) has signature(M) ≡ 0(mod 16).
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Almost framed manifolds I.

I 5. On the Pontryagin classes of certain O(n)-bundles over
manifolds, Amer. J. Math. 80, 632–638 (1958)

I 6. (with Milnor) Bernoulli numbers, homotopy groups, and a
theorem of Rohlin, Proc. 1958 Edinburgh ICM

I Definition An m-dimensional manifold with boundary (Mm, ∂M) is
almost framed if the open manifold M\{pt.} is framed

(M\{pt.})× Rk ⊂ Rm+k (k large) .

I If ∂M 6= ∅ almost framed = framed = parallelizable.
I An almost framed closed Mm has a framing obstruction

o(M) ∈ ker(J : πm−1(O)→ πS
m−1)

such that M is framed if and only if o(M) = 0.
I Theorem (K+M) The cobordism group Am of m-dimensional almost

framed manifolds fits into the exact sequence

Am
o // πm−1(O)

J // πS
m−1 .
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Almost framed manifolds II.

I Theorem (K+M) The framing obstruction of a 4k-dimensional almost
framed manifold M4k is

o(M) = pk(M)/(ak(2k − 1)!)

∈ ker(J : π4k−1(O)→ πS
4k−1) = jkZ ⊂ π4k−1(O) = Z

with pk(M) ∈ H4k(M) = Z the Pontryagin class, and

ak =

{
1 for k ≡ 0(mod 2)

2 for k ≡ 1(mod 2)
, jk = den(Bk/4k)

(using Adams, Bott).
I Important special case. For k = 1 have j1 = 24. The identity

o(M4) = p1(M)/2

∈ ker(J : π3(O)→ πS
3 ) = ker(Z→ Z24) = 24Z ⊂ π3(O) = Z

is required for the proof of Rohlin’s theorem, with

signature(M4) = 〈p1(M)/3, [M]〉 ≡ 0(mod 16) .
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On 2-spheres in 4-manifolds

I (Whitney, 1944) For a simply-connected 2n-dimensional manifold M
with n > 3 every element x ∈ πn(M) is represented by an embedding
Sn ↪→ M2n. Proved by the Whitney trick for removing double points.

I 7. (with Milnor) On 2-spheres in 4-manifolds, Proc. Nat. Acad.
U.S.A. 47, 1651–1657 (1961)

I Theorem (K+M) Let M4 be a 4-dimensional manifold with intersection
form (H2(M)/torsion, λ). If v2(M) ∈ H2(M; Z2) = H2(M; Z2) is
represented by an embedding x : S2 ↪→ M then

signature(M) ≡ λ(x , x) (mod 16) .

(For v2(M) = 0 this is Rohlin’s theorem, with x = 0 ∈ H2(M)).
I Corollary (Failure of Whitney trick in dimension 4.) For M4 = S2 × S2

x = (2, 2) ∈ H2(M) = Z⊕ Z

is not represented by x : S2 ↪→ M4, since

signature(M) = 0 , λ(x , x) = 8 ∈ Z , v2(M) = 0 ∈ H2(M; Z2) .
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Exotic spheres

I Definition A homotopy sphere Σm is an m-dimensional manifold
which is homotopy equivalent to Sm.

I Theorem (Milnor, 1956) There exist exotic spheres, homotopy
spheres Σm which are homeomorphic but not diffeomorphic to Sm.

I Initial construction for m = 7 as the (D4, S3)-bundles of certain 4-plane
bundles η : S4 → BO(4) over S4

(D4,S3)→ (D(η)8, S(η))→ S4

with signature(D(η)) = 1. The 7-manifold Σ7 = S(η) is homeomorphic
to S7 by Morse theory. If Σ7 were diffeomorphic to S7 then
M8 = D(η) ∪Σ7 D8 would be an 8-dimensional manifold with
signature(M) = 1 and Pontryagin classes p1(M), p2(M) contradicting
the Hirzebruch signature theorem. Failure of signature theorem for
manifolds with boundary.

I 8. Kervaire and Milnor, Groups of homotopy spheres I.,
Annals of Maths. 77, 504–537 (1963)
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The Arf invariant

I Every nonsingular (−1)-symmetric form (H, λ) over Z has a basis
{b1, b2, . . . , bp, c1, c2, . . . , cp} for H with

λ(bi , bi ′) = 0 , λ(cj , cj ′) = 0 , λ(bi , cj) = 0 for i 6= j , λ(bi , ci ) = 1 .

I (H, λ) has (−1)-quadratic functions µ : H → Q−(Z) = Z2, but these
are not determined by λ.

I Definition The Arf invariant of a nonsingular (−1)-quadratic form
(H, λ, µ) over Z is

Arf(H, λ, µ) =

p∑
i=1

µ(bi )µ(ci ) ∈ Z2 = {0, 1} .

I The form (Z⊕ Z, λ, µ) with

λ((v ,w), (x , y)) = wx − vy , µ(x , y) = x2 + xy + y2

has
Arf(Z⊕ Z, λ, µ) = 1 ∈ Z2 .
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The (−)n-quadratic form of a 2n-dimensional
framed manifold for n = 1, 2

I Pontryagin (1950) The intersection (−1)-symmetric form (H1(M), λ)
over Z of a framed surface M2 × Rk ⊂ Rk+2 has a geometrically
defined (−1)-quadratic function

µ : H1(M) = H1(M)→ Q−1(Z) = Ωfr
1 = Z2 ; x 7→ (x : S1 ↪→ M) .

Represent each x ∈ H1(M) by an embedding x : S1 ↪→ M with a
corresponding framing S1 × Rk+1 ⊂ Rk+2, δνx : νx ⊕ εk ∼= εk+1.

I Isomorphism

Arf : Ωfr
2 = πS

2

∼= // Z2 ; M2 7→ Arf(H1(M), λ, µ) .

I Milnor (1956) The intersection symmetric form (H2(M), λ) of a
simply-connected 4-dimensional manifold M4 admits a quadratic
function µ : H2(M)→ Q+(Z) = Z if and only if M is almost framed, if
and only if v2(M) = 0 ∈ H2(M; Z2), in which case µ(x) = λ(x , x)/2.
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The (−)n-quadratic form of a 2n-dimensional
almost framed manifold (M2n, ∂M) for n > 1

I Theorem (Kervaire-Milnor 1959/1963) If M is (n − 1)-connected the
(−)n-symmetric intersection form (Hn(M), λ) over Z has a
(−)n-quadratic function µ : Hn(M)→ Q(−)n(Z), using Steenrod
squares.

I The almost framing (M\{pt.})× Rk ⊂ R2n+k (k large) determines a
k-stable trivialization δνx : νx ⊕ εk ∼= εn+k of νx : Sn → BO(n) for any
x : Sn ↪→ M. For n > 3 can define µ geometrically by

µ : Hn(M)→ Hn(Vn+k,k) = πn+1(BO,BO(n)) = Q(−)n(Z) ;

(x : Sn ↪→ M) 7→ (δνx , νx) .

I If n 6= 1, 3, 7 then Q(−)n(Z)→ πn(BO(n)); 1 7→ τSn is injective, so
µ(x) = νx ∈ πn(BO(n)), and µ is independent of almost framing.

I Browder (1969) Use of functional Steenrod squares to construct form{
(Hn(M)/torsion, λ, µ)

(Hn(M; Z2), λ, µ)
over

{
Z
Z2

without (n − 1)-connectivity.
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Bonn Arbeitstagung, 1960
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The Kervaire invariant

I Let (M4k+2, ∂M) be a (4k + 2)-dimensional almost framed manifold
with boundary such that either ∂M = ∅ or H∗(∂M) = H∗(S

4k+1), so
that (H2k+1(M; Z2), λ, µ) is a nonsingular quadratic form over Z2.

I The Kervaire invariant of M is

Kervaire(M) = Arf(H2k+1(M; Z2), λ, µ) ∈ Z2 .

I If ∂M = ∅ and M = ∂N is the boundary of a (4k + 3)-dimensional
almost framed manifold N then Kervaire(M) = 0 ∈ Z2.

I Kervaire invariant 1 problem In which dimensions 4k + 2 does there
exist a framed manifold M4k+2 with Kervaire(M) = 1?

I Theorem (Browder, 1969) The Kervaire invariant map

Kervaire : Ωfr
4k+2 = πS

4k+2 → Z2

is 0 if k 6= 2i − 1. Reduction of problem to homotopy theory.
I There exist (4k + 2)-dimensional framed manifolds M4k+2 with

Kervaire(M) = 1 for k = 0, 1, 3, 7.
I For k = 0, 1, 3 can take M4k+2 = S2k+1 × S2k+1.
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Surgery

I A surgery on an m-dimensional manifold M is the procedure of using
an embedding S r × Dm−r ⊂ M to construct a new m-dimensional
manifold M ′

M ///o/o/o M ′ = (M\S r × Dm−r ) ∪ Dr+1 × Sm−r−1 .

The trace of the surgery is the cobordism (W m+1; M,M ′) with
W = M × I ∪ Dr+1 × Dm−r .

I The surgery kills [S r ] ∈ πr (M), with πr (W ) = πr (M)/〈[S r ]〉.
I Cobordism = Surgeries Theorem (Thom, Milnor, 1950’s)

Two m-dimensional manifolds M,M ′ are cobordant if and only if M ′

can be obtained from M by a finite sequence of surgeries.
I In a framed surgery M is framed and S r × Dm−r ⊂ M is chosen

sufficiently carefully for M ′ to be also framed.
I For m > 5 with m = 2n or 2n + 1 every m-dimensional framed manifold

with boundary (M, ∂M) is framed cobordant rel ∂M to an
(n − 1)-connected m-dimensional framed manifold with boundary
(M ′, ∂M).
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Kervaire’s proof of the curvatura integra theorem

I Neither the curvatura integra c∗[M] of a framed manifold Mm nor the
Euler characteristic χ(M) nor the Kervaire semicharacteristic χ1/2(M)
are framed cobordism invariants.

I Kervaire’s proof used the Pontrjagin-Thom theorem (framed cobordism
= stable homotopy) theorem and a rudimentary form of the
Thom-Milnor cobordism=surgeries theorem to prove that the difference

c∗[M]−
{
χ(M)/2

χ1/2(M)
∈

{
Z if m ≡ 0(mod 2)

Z2 if m ≡ 1(mod 2)

is a framed cobordism invariant, and then identified this difference with
Hopf(M).

I Working outside M.
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A generalization of Kervaire’s curvatura integra theorem

I Let f : Mm # N2m be an immersion with normal bundle
νf : M → BO(m), and 0-dimensional double point set

D2(f ) = {(x , y) ∈ M×M | x 6= y ∈ M, f (x) = f (y) ∈ N}/(x , y) ∼ (y , x)

I For framed M,N with M × Rm+k ⊂ R2m+k , N × Rk ⊂ R2m+k let
c : M → Vm+k,k classify νf with the corresponding k-stable
trivialization δνf : νf ⊕ εk ∼= εm+k .

I Theorem (Crabb, 1980) The curvatura integra of f is

c∗[M] = Hopf(M) + µ([M]∗)− D2(f ) ∈ Hm(Vm+k,k) = Q(−)m(Z)

with [M]∗ ∈ Hm(N) the Poincaré dual of f∗[M] ∈ Hm(N).
I Corollary For any m-dimensional framed manifold M and

f = ∆ : M ↪→ N = M ×M get K’s 1956 theorem: ν∆ = τM , D2(f ) = ∅

µ([M]∗) =

{
χ(M)/2

χ1/2(M)
∈ Q(−)m(Z) =

{
Z if m ≡ 0(mod 2)

Z2 if m ≡ 1(mod 2)
.

‘Division of λ([M]∗, [M]∗) = χ(M) ∈ Z by 2.’ Working inside M.
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Plumbing

I Theorem (Milnor, 1959) For n > 3 every (−)n-quadratic form
(H, λ, µ) over Z is realized by an (n − 1)-connected 2n-dimensional
framed manifold with boundary (W 2n, ∂W ) with Hn(W ) = H. The
form (H, λ, µ) is nonsingular if and only if H∗(∂W ) = H∗(S

2n−1).
I If the f.g. free Z-module H has rank r with basis {e1, e2, . . . , er} let
µ1, µ2, . . . , µr ∈ Z be such that

µ(ei ) = µi ∈ Q(−)n(Z) (1 6 i 6 r) .

The realization is obtained by plumbing together the disk bundles

(Dn,Sn−1)→ (D(µiτSn)2n,S(µiτSn))→ Sn

of the stably trivialized n-plane bundles over Sn

µi (δτSn , τSn) ∈ πn+1(BO,BO(n)) = Q(−)n(Z) (1 6 i 6 r)

and killing π1 by framed surgery. W 2n = D2n ∪S2n−1 V 2n with
(V ; S2n−1, ∂W ) the union of the traces of r framed surgeries on
Sn−1 × Dn ⊂ S2n−1.
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The Kervaire manifold

I 9. A manifold which does not admit any differentiable structure,
Comm. Math. Helv. 34, 257–270 (1960)

I A 4-connected 10-dimensional manifold M has a homotopy invariant
(−1)-quadratic form (H5(M), λ, µ) over Z, allowing the definition

Kervaire(M) = Arf(H5(M), λ, µ) ∈ Z2 .

I If M is differentiable then it is framed and µ is the quadratic function
given by the normal bundles νx of x : S5 ⊂ M10. It is possible to kill
π5(M) by framed surgery, so that M is framed cobordant to a
homotopy 10-sphere and Kervaire(M) = 0 ∈ Z2.

I The plumbing (W 10, ∂W ) of 2 copies of τS5 realizing the Arf invariant
1 form (Z⊕ Z, λ, µ) has ∂W = Σ9 homeomorphic to S9

I The Kervaire manifold M10 = W 10 ∪Σ9 D10 is a 4-connected
10-dimensional PL manifold with Kervaire(M) = 1 ∈ Z2.

I Theorem (K) M10 is a topological manifold without a differentiable
structure. In fact, M is not even homotopy equivalent to a
differentiable manifold.
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The classification of exotic spheres I.

I Definition An h-cobordism of m-dimensional manifolds is a cobordism
(W m+1; Mm,M ′m) such that the inclusions Mm ↪→W , M ′m ↪→W are
homotopy equivalences.

I Theorem (Smale 1962) For m > 5
(i) h-cobordant homotopy spheres Σm, Σ′m are diffeomorphic.
(ii) Every homotopy sphere Σm is PL homeomorphic to Sm.

I Definition (K+M, 1963) Let Θm be the abelian group of h-cobordism
classes of m-dimensional homotopy spheres, with addition by connected
sum.

I Theorem (K+M, 1963) For m > 4 Θm is finite, with a short exact
sequence

0→ coker(a : Am+1 → Pm+1)
b // Θm

c // ker(a : Am → Pm)→ 0 .

Every homotopy sphere is framed. Pm is the cobordism group of
m-dimensional framed manifolds with homotopy sphere boundary, and

ker(a) ⊆ coker(J : πm(O)→ πS
m) = ker(o : Am → πm−1(O)) .
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The classification of exotic spheres II.

I Computation of the simply-connected surgery obstruction groups

Pm =


Z (signature/8) if m ≡ 0(mod 4)

0 if m ≡ 1(mod 4)

Z2 (Kervaire-Arf) if m ≡ 2(mod 4)

0 if m ≡ 3(mod 4)

for m > 5 .

I P2n+1 = 0 proved geometrically by framed surgery and the Kervaire
semicharacteristic χ1/2(M) for a (2n + 1)-dimensional framed manifold
M with ∂M = Σ2n : for n > 2 M is framed cobordant rel ∂M to D2n+1.

I The simply-connected surgery groups Pm are now seen as the special
case π = {1} of the Wall (1970) obstruction groups Lm(Z[π]) for
surgery on m-dimensional manifolds with fundamental group π.



44

The classification of exotic spheres III.

I Definition a : A2n → P2n sends a 2n-dimensional almost framed
manifold M2n to

a(M) =

{
signature(M)/8

Kervaire(M)
∈ P2n =

{
Z if n ≡ 0(mod 2)

Z2 if n ≡ 1(mod 2)

using the nonsingular (−)n-quadratic form

{
(Hn(M)/torsion, λ, µ)

(Hn(M; Z2), λ, µ)

over

{
Z
Z2

constructed using Steenrod squares.

I Definition b : P2n → Θ2n−1 is given by the plumbing construction of
(2n − 1)-dimensional exotic spheres as boundaries of (n − 1)-connected
2n-dimensional framed manifolds.

I Definition c : Θm → Am sends a homotopy sphere Σm to its almost
framed cobordism class in Am.
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The classification of exotic spheres IV.

I Extract from Groups of homotopy spheres I.

I Example Θ7 = bP8 = Z28, generated by the boundary Σ7 = ∂W of
the E8-plumbing W 8 of 8 copies of τS4 used to construct the Milnor PL
manifold M8 = W ∪Σ7 D8.

I Example bP10 = Z2 ⊂ Θ9, generated by the boundary Σ9 = ∂W of
the Arf plumbing W 10 of 2 copies of τS5 used to construct the Kervaire
PL manifold M10 = W ∪Σ9 D10.
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The classification of exotic spheres V.

I J. Levine’s Lectures on groups of homotopy spheres (1969/1983) is
generally regarded as Part II of Groups of homotopy spheres I..

I Commutative braid of 4 interlocking exact sequences for m > 5

πm+1(G/PL)=Pm+1

""DD
DD

DD
DD

b

!!
πm(PL/O)=Θm

c

$$IIIIIIIII

0

$$
πm−1(O)

πm+1(G/O)

a
::uuuuuuuuu

o

$$HHHHHHHHH
πm(PL)

??�������

��?
??

??
??

πm(G/O)=Am

o
;;wwwwwwwww

a

##GG
GG

GG
GG

G

πm(O)

==zzzzzzzz

J
<<

πm(G )=πS
m =Ωfr

m

::vvvvvvvvv

::
πm(G/PL)=Pm

with
o : πm(G/O) = Am → πm−1(O) ; Mm 7→ o(M) .
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Kervaire’s second thesis I. High dimensional knot theory

I (1964) Thése Sc. math., Paris. Examined by Cartan and Serre.

I 10. Les noeuds de dimensions superiéures,
Bull. Soc. Math. France 93, 225–271 (1965)

I 11. On higher dimensional knots,
Proc. Morse Symposium, Princeton, 105–119 (1965)

I Definition An n-knot is an embedding f : Sn ↪→ Sn+2.

I Of course, from the point of view of the rest of mathematics, knots in
higher-dimensional space deserve just as much attention as knots in
3-space. (Frank Adams)

I The complement X = Sn+2\f (Sn) is an open (n + 2)-dimensional
manifold with H∗(X ) = H∗(S

1), π1(X ) // // Z.

I The exterior (n + 2)-dimensional manifold with boundary

(M, ∂M) = (cl.(Sn+2\(f (Sn)× D2)),Sn × S1)

is such that M ⊂ X is a deformation retract.
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Kervaire’s second thesis II. Realizing groups by manifolds

I Lemma (K) For m > 4 every group π with a finite presentation

Φ = {g1, g2, . . . , gp; r1, r2, . . . , rq}
is the fundamental group π1(M) = π of an m-dimensional framed
manifold M.

I Proof Realize the generators g1, g2, . . . , gp by the m-dimensional
framed manifold

M0 = #
p

(S1 × Sm−1)

with free fundamental group π1(M0) = ∗
p

Z.

I Realize the relations r1, r2, . . . , rq by surgeries on S1 × Dm−1 ⊂ M0, to
get an m-dimensional framed manifold

M = (M0\
⋃
q

(S1 × Dm−1)) ∪
⋃
q

(D2 × Sm−2)

with π1(M) = π.
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Kervaire’s second thesis III. Knot groups

I Theorem (K) For n > 3 a group π is the fundamental group π1(M) of
an n-knot exterior M if and only if π has a finite presentation Φ,
H1(π) = Z, H2(π) = 0 and there is an element x ∈ π normally
generating π.

I Proof Lemma gives an (n + 2)-dimensional framed manifold M1 with
π1(M1) = π. Do further surgeries on S2 × Dn ⊂ M1 to get M2 with
Hi (M2) = 0 for 2 6 i 6 n.

I Realize x ∈ π1(M2) = π by Dn+1 × S1 ⊂ M2. The (n + 2)-dimensional
manifold with boundary

(Mn+2, ∂M) = (cl.(M2\(Dn+1 × S1)),Sn × S1)

is such that there is a homotopy sphere Σn+2 = M ∪∂M Sn × D2 with
an embedding e : Sn ↪→ Σn+2 such that π1(Σn+2\e(Sn)) = π.

I Connected sum with −Σ ∈ Θn+2 gives an n-knot

f = e#0 : Sn ↪→ Σ#− Σ = Sn+2

with π1(Sn+2\f (Sn)) = π.
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Kervaire’s second thesis IV. Knot modules

I The complement X = Sn+2\f (Sn) of an n-knot f : Sn ↪→ Sn+2 has a
canonical infinite cyclic cover X with πq(X ) = πq(X ) for q > 2.

I Definition An n-knot f : Sn ↪→ Sn+2 is q-simple if πi (X ) = πi (S
1) for

1 6 i < q, in which case πq(X ) = Hq(X ).
I Theorem (K) Let A be a Z[t, t−1]-module and q, n integers such that

1 < q < n/2. There exists a q-simple n-knot f : Sn ↪→ Sn+2 with
A = πq(X ) if and only if A is finitely presented and 1− t : A→ A is an
isomorphism.

I More complicated characterization of the Z[t, t−1]-modules πq(X ) of
q-simple n-knots f : Sn ↪→ Sn+2 with n = 2q − 1 or 2q for q > 3.

I Theorem (K) For every n-knot f : Sn ↪→ Sn+2 there exists a Seifert
surface F n+1 ⊂ Sn+2 with ∂F = f (Sn) ⊂ Sn+2.

I Proof Replace X by the exterior M, and represent
1 ∈ H1(X ) = H1(M) = Z by a map g : M → S1 transverse at ∗ ∈ S1,
with F = g−1(∗).

I Generalization of the original Seifert surfaces for 1-knots f : S1 ↪→ S3.
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Kervaire’s second thesis V. Knot cobordism

I Definition Two n-knots f0, f1 : Sn ↪→ Sn+2 are cobordant if there
exists an embedding g : Sn × I ↪→ Sn+2 × I such that

g(x , i) = fi (x) (x ∈ Sn, i = 0, 1) .

I The knot cobordism group Cn is the group of cobordism classes of
n-knots.

I Generalization of the Fox-Milnor (1957) cobordism group C1 of 1-knots.

I Theorem (K) (i) C2k = 0 by ambient surgery on odd-dimensional
Seifert surface F 2k+1 ⊂ S2k+2 rel ∂F = S2k ⊂ S2k+2 to
D2k+1 ⊂ S2k+2, generalizing P2k+1 = 0.

I (ii) C2k−1 is infinitely generated, detected by Alexander polynomials.

I Kervaire initiated the systematic study of high dimensional knot theory.
Carried forward by J. Levine – computation of C2k−1 for k > 2 using
Seifert forms and signatures. Subsequent non-simply-connected
generalization due to Cappell and Shaneson.
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The Seifert form

I Definition The Seifert form of a Seifert surface F 2k ⊂ S2k+1 for
S2k−1 ↪→ S2k+1 is the bilinear pairing defined by linking numbers

ψ : Hk(F )/torsion× Hk(F )/torsion→ Z ; (x , y) 7→ L(x , i+y)

with i+ : F → S2k+1\F the map pushing F off itself.
I The expression of the (−)k -symmetric intersection form as
λ(x , y) = ψ(x , y) + (−)kψ(y , x) ∈ Z is an extreme ‘division by 2’.

I For odd k the function

µ̂ : Hk(F )/torsion→ Z ; x 7→ ψ(x , x)

sends x : Sk ↪→ F to

ψ(x , x) = (δνx , νx) ∈ πk(Vk+1,1) = πk(Sk) = Z

with δνx : νx ⊕ ε ∼= εk+1 the 1-stable framing determined by

F × R ⊂ S2k+1\{pt.} = R2k+1 .

I µ̂ is an integral refinement of µ : Hk(F )/torsion→ Q−(Z) = Z2.
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Non-simply-connected intersection numbers

I 12. Geometric and algebraic intersection numbers,
Comm. Math. Helv. 39, 271–280 (1965)

I A 2n-dimensional manifold M2n with universal cover M̃ has a
(−)n-symmetric intersection pairing

λ : Hn(M̃)× Hn(M̃)→ Z[π1(M)] ; (x , y) 7→ λ(x , y) = (−)nλ(y , x)

with the involution on Z[π1(M)] given by g = g−1 (g ∈ π1(M)).

I Theorem If n > 3, no 2-torsion in π1(M) then x ∈ πn(M) represented
by embedding Sn ↪→ M if and only if λ(x , x) ∈ Z ⊆ Z[π1(M)].

I Corollary For M2n = S1 × S2n−1#Sn × Sn, Z[π1(M)] = Z[t, t−1],

x = (1, t + (−)nt−1) ∈ πn(M) = Hn(M̃) = Z[t, t−1]⊕ Z[t, t−1]

has
λ(x , x) = 2(t + t−1) /∈ Z ⊂ Z[t, t−1]

so not represented by Sn ↪→ M.
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Surgery obstruction theory I.

I The Kervaire-Milnor classification of exotic spheres is the precursor of
the Browder-Novikov-Sullivan-Wall surgery theory (1965-1970) for
classifying manifolds of dimensions > 5, involving the Wall surgery
obstruction groups L∗(Z[π]) with π the fundamental group.

I Lm(A) defined for any ring A with an involution A→ A; a 7→ a, with
Lm(A) = Lm+4(A).

I L2n(A) is the Witt group of nonsingular (−)n-quadratic forms (H, λ, µ)
over A, with H a f.g. free A-modules and

λ : H × H → A ; (x , y) 7→ λ(x , y) = (−)nλ(y , x) ,

µ : H → Q(−)n(A) = A/{a− (−)na | a ∈ A}
such that

λ(x , x) = µ(x) + (−)nµ(x) , λ(x , y) = µ(x + y)− µ(x)− µ(y) .

I L2n+1(A) is the stable group of automorphisms of (−)n-quadratic forms
over A.
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Surgery obstruction theory II.

I Kervaire’s intersection form λ over Z[π1(M)] was generalized by Wall
(1966-70) to a (−)n-quadratic function counting double points

µ : {immersions Sn # M2n} → Q(−)n(Z[π1(M)]) ; x 7→ D2(x̃ : Sn # M̃)

with M̃ the universal cover, such that

λ(x , x)− (µ(x) + (−)nµ(x)) = χ(νx) ∈ Z ⊆ Z[π1(M)] .

The surgery obstruction of n-connected normal map (f , b) : M → X is

σ∗(f , b) = (ker(f̃∗ : Hn(M̃)→ Hn(X̃ )), λ, µ) ∈ L2n(Z[π1(X )]) .

I Wall’s µ is a regular homotopy invariant such that for n > 3
x : Sn # M2n is regular homotopic to an embedding if and only if

µ(x) = 0 ∈ Q(−)n(Z[π1(M)]) .

Generalization of Kervaire’s embedding condition to π1(M) with
2-torsion: for n > 3 x ∈ πn(M) represented by embedding if and only if

µ(x) ∈ Q(−)n(Z) ⊆ Q(−)n(Z[π1(M)]) .
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Surgery with π1 = Z

I 13. (with A. Vasquez) Simple-connectivity and the
Browder-Novikov theorem Trans. A.M.S. 126, 508–513 (1967)

I Theorem (Browder, Novikov 1962) For n > 2 a simply-connected
(2n + 1)-dimensional Poincaré duality space X is homotopy equivalent
to a manifold if and only if the Spivak normal fibration νX : X → BG
admits a vector bundle reduction ν̃X : X → BO.

I Theorem (K+V) Browder-Novikov result is false if π1(X ) 6= {1}.
I Proof Application of the Kervaire invariant and high dimensional knot

theory to construct (8k + 3)-dimensional PL manifolds X with
π1(X ) = Z and vector bundle reductions, but which are not homotopy
equivalent to differentiable manifolds.

I Now seen as a precursor of the Shaneson-Wall-Novikov-R. splitting

L4∗+3(Z[t, t−1]) = L4∗+2(Z) = P4∗+2 = Z2 .
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High dimensional homology spheres

I 14. Smooth homology spheres and their fundamental groups,
Trans. Amer. Math. Soc. 144, 67–72 (1969)

I Definition An H-cobordism of m-dimensional manifolds is a
cobordism (W m+1; Mm,M ′m) such that H∗(M) ∼= H∗(W ) ∼= H(M

′).

I Definition An m-dimensional manifold Σm is a homology sphere if
H∗(Σ) = H∗(S

m). Let ΘH
m be the abelian group of H-cobordism classes

of m-dimensional homology spheres, with addition by connected sum.

I Theorem (K) For m > 5 a group π is the fundamental group π1(Σ) of
an m-dimensional homology sphere Σm if and only if π is finitely
presented, H1(π) = 0 and H2(π) = 0.

I Theorem (K) For m > 4 every m-dimensional homology sphere Σm is
H-cobordant to a homotopy sphere, and the forgetful map Θm → ΘH

m

is an isomorphism.
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A picture!

I The Rohlin invariant map

r : ΘH
3 → Z2 ; Σ3 = ∂W 7→ signature(W )/8 (W 4 parallelizable)

is onto. The 4-dimensional E8-plumbing (M4, ∂M) of 8 τS2 ’s has ∂M
the 3-dimensional Poincaré homology sphere, signature(M) = 8,
r(∂M) = 1. Picture from Kervaire’s 1969 paper:

I ΘH
3 and r play a vital role in the Kirby-Siebenmann (1970) structure

theory of high dimensional topological manifolds. After Donaldson
(1982) it is known that ΘH

3 is infinitely generated.
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The E8 bread and wine
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I 15. Le théorème de Barden-Mazur-Stallings, Comment. Math.
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I 16. (with G. de Rham and S. Maumary) Torsion et type simple
d’homotopie, Springer Lecture Notes 48 (1964)

I 17. Lectures on the theorem of Browder and Novikov and
Siebenmann’s thesis, Tata, Bombay (1969)

I 18. Knot cobordism in codimension two, Manifolds–Amsterdam
1970, Springer Lecture Notes 197, 83–105 (1971)

I 19. (with C. Weber), A survey of multidimensional knots, Knot
theory (Proc. Sem., Plans-sur-Bex, 1977), Springer Lecture Notes 197,
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