Efficient global optimization: refinements and extensions

Julian Hall, Ken McKinnon and Theresia Mayer School of Mathematics University of Edinburgh 26^{th} February 2003

Overview

• Statistical background • Methods for black-box global optimization • Efficient global optimization (EGO): method of expected improvement – Refinements – Extensions • Conclusions

Expensive black-box objective

• Scalar function of d parameters. y(x), x ∈ [0, 1]^d • Search space dimension d is small. • y(x) is deterministic. • ∇y(x) may be available. • Examples

– Automotive/aeronautical design – Molecular modelling – and many, many more...

Stochastic model of y(x)

• Model y(x) as Y (x) = f_x^T β + ϵ(x) where ∘ f_x = f(x) are m known regression functions; ∘ E(ϵ(x)) = 0;

∘ Cov(ϵ(x), ϵ(x̄)) = σ^2_ϵ R(x, x̄), using

R(x, x̄) = exp

−^{d∑}_{k=1} θ_k|x_k − x̄_k|^{pk}

• True values of parameters β, σ_ϵ and θ are not known.

Estimation procedure derived later • For y(x) smooth take p_k = 2, k = 1, . . ., d.

Conditional model of y(x)

• Approximate Y (x), conditional on values {y_i}^n_{i=1} of y(x) at sample points {x^i}^n_{i=1}. • Define y = [ y_1 . . . y_n ]^T .

• Approximate Y (x) by best linear unbiased predictor (BLUP) ŷ(x) = c_x^T y.

• BLUP is the linear predictor which minimizes mean squared error (MSE) MSE[ŷ(x)] = E([c_x^T y − Y (x)]^2) = (c_x^T F β − f_x^T β)^2+σ^2(1−2c_x^T r_x+c_x^T Rc_x), where F = f(x^1) . f(x^n)

∈ IR^{n×m}, r_x =

R(x, x^1) . R(x, x^n)

∈ IR^n and R ∈ IR^{n×n}

with R_{ij} = R(x^i, x^j) = exp

−^{d∑}_{k=1} θ_k(x^{(i)}_k − x^{(j)}_k )^2 .

Best linear unbiased predictor (BLUP)

• Squared term in MSE[ŷ(x)] is zeroed for all β by imposing the unbiasedness constraint F^T cx = f_x

• cx now found by solving min MSE = σ^2(1−2c_x^T r_x+c_x^T Rc_x) subject to F^T cx = f_x

• Stationary point of the Lagrangian is given by solution of 0 F^T F R −λ cx = f_x rx , for which cx gives

ŷ(x) = c_x^T y = −λ cx T 0 y = f_x rx T 0 F^T F R −1 0 y , whence

ŷ(x) = f_x^Tβ̂ + r_x^T R^{−1}(y − F β̂) where β̂ = (F^T R^{−1}F )^{−1}F^T R^{−1}y.

Mean squared error (MSE) for BLUP

• For the BLUP, s^2(x) = σ^2(1−2c_x^T r_x+c_x^T Rc_x)

= σ^2 1 − −λ cx T f_x rx = σ^2 1 − f_x rx T 0 F^T F R −1

f_x rx

8 Special case f = 1

• Common to use 1-dimensional basis of regression function f(x) = 1 so ∘ F = e = [ 1 . . . 1 ]^T . ∘ β̂ = μ̂.

• BLUP is then

ŷ(x) = μ̂ + r^T w where w = R^{−1}(y − μ̂e) and μ̂ = e^T R^{−1}y e^T R^{−1}e , • MSE is

s^2(x) = σ^2

1 − r^T R^{−1}r +

(1 − e^T R^{−1}r)^2 e^T R^{−1}e

= σ^2 1 + 1 e^T R^{−1}e

+g^T r+ 1 2 r^T Gr

where

g = −2

R^{−1}e e^T R^{−1}e and G = −2R^{−1} + 2

(R^{−1}e)(R^{−1}e)^T e^T R^{−1}e with

r = [ r_1 . . . r_n ]^T for r_i = exp

−^{d∑}_{k=1} θ_k(x_k − x^{(i)}_k )^2 .

9 Parameter estimation

• The parameters σ and θ are estimated by maximizing the likelihood function

L(y) = |2πσ^2R|^{−1/2} exp − (y − μe)^T R^{−1}(y − μe) 2σ^2 or equivalently, and more conveniently, the log-likelihood function

ln L(y) = − 1 2 n ln(2πσ^2) + ln(|R|) +

(y − μe)^T R^{−1}(y − μe) σ^2 from whose derivatives come the following maximum likelihood estimates (MLE) of μ and σ^2:

μ̂ = e^T R^{−1}y e^T R^{−1}e and σ̂^2 = 1 n (y − μe)^T R^{−1}(y − μe).

• For these values of μ and σ^2, ln L(y) simplifies to

ln L(y) = − 1 2 [ n ln(σ̂^2) + ln(|R|)^] + constant terms

• The optimal value of θ is estimated by maximizing this function.

A general algorithmic structure

The BLUP ŷ(x) and MSE s^2(x) have been used in various ways to derive optimization methods with the following general structure 1. Sample according to an initial design {x^i}^n_{i=1} 2. Estimate parameters σ and θ then form ŷ(x) and s^2(x).

3. Optimize a merit function V (ŷ(x), s^2(x)) to get ‘best’ new sample point x^{n+1}. 4. Set n := n + 1. Go to 2.

A stopping criterion can be based on the value of V (x^{n+1}).

Merit functions

Metit functions which have been maximized are • V (x) = −ŷ(x).

• V (x) = −ŷ(x) + ws(x), some w. Cox and John [1997] Torczon and Trosset [1999] • V (x) = Φ y^∗ − ŷ(x) s(x)

, some y^∗. Žilinskas [1985] Probability of exceeding a target value y^∗.

• V (x) = (y_{min} − ŷ(x))Φ y_{min} − ŷ(x) s(x)

+ s(x)ϕ y_{min} − ŷ(x) s(x) . Jones et al. [1998] Expected improvement (EI) on the current best function value y_{min}.

Φ(.) and ϕ(.) are the standard normal probability density and cumulative distribution functions.

12 Example

For the example problem y(x) = x sin(12x) with initial design

x^{(1)} = 1 8 , x^{(2)} = 3 8 , x^{(3)} = 5 8 , x^{(4)} = 7 8 the objective and BLUP are

• Note the large MLE θ = 611; • Observe ŷ(x^{(i)}) = y_i, i = 1, . . ., 4.

The corresponding (log) MSE and EI are

• Observe that s^2(x^{(i)}) = EI(x^{(i)}) = 0, i = 1, . . ., 4.

Global optimization of the expected improvement

• Use branch-and-bound, subdividing [0, 1]^d into boxes. • For box X ⊆ [0, 1]^d

lower bound on EI(X) is EI(x), some x ∈ X; upper bound on EI(X) is available since ∘ EI(ŷ, s^2) decreases monotonically with ŷ; ∘ EI(ŷ, s^2) increases monotonically with s^2. so, if ∘ ŷ_L is lower bound on ŷ(X); ∘ s^2_U is upper bound on s^2(X); EI(ŷ_L, s^2_U ) is upper bound on EI(X).

Bounding ŷ(X) and s2(X)

• ŷ is a linear function of r.

• s^2 is a concave quadratic function of r. • However r_i = exp

−^{d∑}_{k=1} θ_k(x_k − x^{(i)}_k )^2 • Local methods cannot guarantee to find min ŷ(X) or max s^2(X). • Lower bound on ŷ(X) and upper bound on s^2(X) can be found by linearising the nonlinear equations and solving separate LP and QP problems.

Linearisation of nonlinear equations

For r = exp^(−θ(x − x^∗)^{2)}, Jones et al. use a tangent to ln(r_i) and a chord across θ(x − x^∗)^2 to construct a linear underestimator

17 Linearisation of nonlinear equations (cont.)

For r = exp^(−θ(x − x^∗)^{2)}, Jones et al. use a chord across ln(r_i) and a tangent to across θ(x − x^∗)^2 to construct a linear overestimator

Drawbacks

Lower bound on ŷ(X) and upper bound on s^2(X), and hence upper bound on EI(X), are typically poor.

• Bounds on ŷ(X) and s^2(X) typically cannot be achieved at the same point in X, even with the relaxation of the nonlinear equations.

• Much branching may be required before upper bounds are valuable. • Need to address following issues

– Slackness of Jones’ linearisations.

– Independence of bounding procedures for ŷ(X) and s^2(X).

19 Improving the linearisations of nonlinear equations

We construct use explicit tangents/chords for r = exp^(−θ(x − x^∗)^{2)} to construct (up to) two linear overestimators and two linear underestimators.

• Close to capturing the convex hull of r(x). • All linearisations extend to x ∈ [0, 1]^d.

Cuts in X ⊂ [0, 1]2

Cuts on ri − rj

• When θ(x^{(i)} − x^{(j)})^2 is small, r_i − r_j is also small. • We construct additional tangents/chords for r_i − r_j.

A feasible bound on EI(X)

Consider maximizing EI(ŷ, s^2) = (y_{min} − ŷ)Φ y_{min} − ŷ s + sϕ y_{min} − ŷ s as a function of ŷ and s^2.

• Points [ ŷ(x) s^2(x) ]^T , for x ∈ X form a feasible region S:

max EI(ŷ, s^2), [ ŷ(x) s^2(x) ]^T ∈ S ≡ max EI(x), x ∈ X. • S is bounded by ŷ_L ≤ ŷ and s^2 ≤ s^2_U .

• Solving a further LP problem gives a bound ŷ ≤ ŷ_U and, clearly, s^2 ≥ 0. • For any constants b and m ≥ 0, solving the concave QP problem max bŷ(x) + ms^2(x) subject to the linearisations of the nonlinear equations yields a bound on S.

23 EI(ŷ, s2)

A feasible bound on EI(X) cont.

For the example function and initial design above, when X = [0, 1], S and (approximate) envelope of bounds on S are

• Maximizing EI(ŷ, s^2) over (approximate) envelope of bounds on S typically yields a much better bound on EI(X) than Jones’ approach.

Results

k x^{(k)} f(x^{(k)}) 1 0.8750 −0.7697 2 0.6250 0.5862 3 0.1250 0.1247 4 0.3750 −0.3666 Number of boxes in B&B with EI upper bound from [ŷ_L, s^2_U ] Approx. envelope Exact envelope max EI(X) 5 0.8521 −0.6117 127 47 51 31 6 0.9281 −0.9188 100 50 46 29 7 0.0000 0.0000 142 115 108 25 8 1.0000 −0.5366 173 125 115 21 9 0.9222 −0.9199 86 61 59 20 10 0.9238 −0.9201 164 133 125 20 11 0.9237 −0.9201 179 151 145

Deterioration of bounds

After two iterations, for X = [0, 1], S and (approximate) envelope of bounds are

• Bounds over (approximate) envelope of bounds on S still much better but now well short of max EI(X).

• So much slack in (Jones’) linearisations that bounds on ŷ(x) and s^2(x) are very poor.

• Need to combine tighter linearisations and techniques for tighter bounding of EI(X).

Sample point 10

With 9 sample points, (log) MSE and EI are

• Grid search for max EI(X) fails: yields x^{(9)} = 0.2751 not 0.9238.

Extension to EGO: exploiting gradient availability

• For some expensive objective functions, ∇y(x) may be available. • Morris et al. [1993] show how BLUP and MSE can be extended to incorporate gradient information.

• Model y(x) as Y_0(x) = μ + ϵ_0(x) and define Y_j(x) ≡

∂Y_0(x) ∂x_j . • For correlation function R(x, x̄), covariance functions are

Cov(ϵ_0(x), ϵ_j(x̄)) = σ^2_ϵ R(x, x̄) Cov(ϵ_0(x), ϵ_j(x̄)) = σ^2_ϵ^{∂R(}x^{,¯}x^)_{∂x̄j} Cov(ϵ_i(x), ϵ_0(x̄)) = −σ^2_ϵ^{∂R(}x^{,¯}x^)_{∂xi} Cov(ϵ_i(x), ϵ_j(x̄)) = −σ^2_ϵ^{∂2R(}x^{,¯}x^)_{∂xi∂x̄j}

EGO with gradients

For y(x) = x sin(12x) with initial design

x^{(1)} = 1 6 , x^{(2)} = 1 2 , x^{(3)} = 5 6

• Global minimizer found after three iterations of EGO.

30 EGO without gradients

For y(x) = x sin(12x) with initial design

x^{(1)} = 1 6 , x^{(2)} = 1 2 , x^{(3)} = 5 6

• x^{(i)} = 1, i = 4, 5, . . . • MLE θ = 0.3295

Reliability of MLE

(Log) likelihood of log_{10} θ is almost flat for θ ≥ 0.1

• Likelihood of θ = ∞ is more than half the likelihood of θ = 0.3295! • Suggests that analysis or heuristic to give larger initial values of θ would be worthwhile.

Conclusions

• EGO is a most appealing method of global optimization. • Bounding of EI(X) is much improved

Techniques can be applied to other merit functions and other optimization problems when objective is function of r.

• Problems with MLE of parameters deserves attention • Other issues to consider

– General basis of regression functions – Test problem generation