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CENTRES OF ACUTE TRIANGLE3 : AN UNEXPLAINED COINCIDENCE?

A. P. Guinand

In reference [1], and in more detail in reference [2]
it was shown that, given the Euler line of a triangle (includ-
ing circumcentre 0, centroid G, and orthocentre H) then the
incentre I may lie anywhere inside the ''critical circle" on
diameter GH. From this fact extrema of various angles formed
by the centres are easily deduced; for example, the lower
bound of angles GIH is 90° and the upper bound of angles IOH
is 300, but the actual bounds are only attained for degenerate

triangles with a zero angle (Figure 1).

I

Figure 1

If we take cartesian coordinates with O as origin,
H as (1,0) then the locus of incentres I for right triangles
in [1] or [2] reduces to

(x2 4+ y2 - 2% = 5 - ax. (1)

This is a limacon with node at H, and only its inner loop
lies inside the critical circle (Figure 2). Positions of 1
inside this loop then correspond to acute triangles. From
this we can investigate the extrema of angles formed by

centres of acute triangles, the actual extrema only being
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attained for right triangles.

Figure 2

In order to carry this out, introduce polar co-

t
ordinates (Figure 3) with H as origin and HO as axis.

S

Figure 3

Then the polar equation of the inner loop of (1) reduces to

r=2cos8 -2 (-kn <8 ¢ gm). (2)

(For the outer loop, r = 2 cos 8 + 72)

Consider, first, the angle GIH (=, say, Figure 4).
By the sine rule

sin  _ sin(mn -a- 08)
GH N TH *

That is (3/2) sin « = —sin(« + 8)
2 cos8 - 72

2
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whence tan o« = -2 8108

4 cos® - 372

Figure 4

Differentiating with respect to 0, a critical value of «
occurs where

2

cos 8(4 cos® - 3/2) + 4 sin“® = 0,

whence cos ® = 2/2/3, 8in6 = 1/3,
and tan o = -/2,
& = T - arctan 72 = 125.26°,

From Figure 4, this is the minimum value of «.

Now consider the angle IOH (= f8, say). Again,
by the sine rule
sing _ sin(m-B8-9)
IH - OH ’
or sin 3 = sin(f + 0),
2 cos® - 2
whence tanp = sin 26 - V2 sin®

J2 cos ® - cos 20

and differentiation with respect to 8 indicates a critical
value where

(V2 cos 26 - cos 8)(/2 cos ® - cos 28)
= (/2 sin 20 - sin®)(sin28 - J/2 sin9)
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After some calculation this, surprisingly, also re-
duces to cos® = 2 v2/3, sin® = 1/3,
whence tan B = /2/5,

and so ﬂ = arctan (s2/5) = 15.79°.

In this case, from Figure 4, this is the maximum off?.

Thus the same right triangles give minimum angle GIH
and maximum angle IOH. If there is any reason for this other
than blind chance coincidence, I have not discovered it.

Setting cos © = 2/2/3 in (2) gives r = v/2/3, leading
to cartesian coordinates for 1 of

¢ Xx=1-1rcos® =5/9, y=rsin = v2/9.

Putting these values in the cubic (14) of [1] it is found that
the cosines ¢ of the angles of the triangle satisfy

c(18c? - 24c + 7) = 0

whence c =0, (4 +v2)/6, (4 - r2)/6.

That is, for non-obtuse triangles the right triangle with
sides in the ratio 4 - v2 : 4 + v2 : 6 corresponds both to the
lower bound of angles GIH and the upper bound of angles IOH.

Other angles OIH, IGH, IHO, IGO can be investigated
in the same way, but do not seem to yield any further surprises.

REFERENCES.

[1] A. P. Guinand, Triangles from centres out, JCMN 30,
pp. 3127-32.

(2] 2 emm———— Euler lines, tritangent centers, and their
triangles, American Math. Monthly, 91
(1984) (to appear).
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BINOMIAL IDENTITY 17

This question was raised in Crux Mathematicorum,
volume 10, no. 1, January 1984, by the Editor (Léo Sauvé), who
traced it back to Ian Bruce, "Binomial Identities' in The
Mathematical Gazette, 65, 1981, pages 282-285.

n

T () - ()

r=0

for all integers m > n > O.

BINOMIAL IDENTITY 18

Marta Sved

RIS GIC R ©

(b Z[k/Z] (2) (ﬁ:éi) pk=21 (21:1)

i=0
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FUNCTION FROM BLASIUS

In the boundary layer theory for a flat plate in a
uniform stream at high Reynolds number there arises a certain
function f(x) which is well-behaved, smooth, positive and in-
creasing for all real positive x; it may be defined as the
solution of the differential equation ff'" + f'"' = 0 for which
£(0) = £'(0) = 0 and £"(0) = 1. For small x the function may

be expanded in a power series

£(x) = x2/21 = x2/5! + 11x5/81 - 375x /111 + 27987xY4/141 - .~

The coefficients are given by the recursion
n

(3n + 3)(3n + 4)(3n + 5)cn+1 = E o(3r + 1)(3r + 2)cr c
r=

n-—

where <, denotes the coefficient of (-x)3n+2.

Numerical studies of the coefficients (see "Analysis and
Improvement of Perturbation Series" by Milton Van Dyke,
Q.J.M.A.M., volume 27, 1974, page 443) suggest that the radius
of convergence of the series is about 3.127 and that the
function has a singularity where the circle of convergence
meets the negative real axis. If this is so, then what kind
of singularity is it? Pole? Essential singularity?

Branch point?

r
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COMPLETE DIFFERENCE TRIANGLES

George Berzsenyi

For each n = 1, 2, 3,..., consider a finite sequence of
positive integers kl < k2 < eee < kn’ and construct a complete
difference table thereof. If all of the entries of rhis dif-
ference table are positive integers distinct from one another
and from the members of the original sequence, we term the dif-
ference triangles complete. It is not difficult to show that
complete difference triangles exist for each n = 1, 2, 3, ey
and hence Kn’ the smallest possible value of kn’ is well-defined.
The author found that the first few values of the sequence

<Kn> are 1, 3, 8, 20, 43 and 98, as exemplified by the com-
plete difference triangles given below.

1 1 4 4
2 1 2
3 5 2 6 1
3 3 7
8 9 8
11
20
7 10
2 2
9 1 12 3
3 4 5 1
12 5 6 17 4 6
8 10 9 7 8
20 15 26 11 14
23 20 21
43 46 32

98

-4055-

He communicated the problem to Stanley Rabinowitz

of Digital Equipment Corporation (Nashua, NH), who found the next
three values of the sequence are 212, 465 and 1000 (resulting,
for example, from < 13, 19, 29, 44, 67, 110, 212 > R

<16, 24, 38, 59, 91, 143, 241, 465 > and <21, 34, 53,
82, 126, 193, 303, 515, 1000 >, respectively). One of his
colleagues (at D.E.C) claims that the next member of the
sequence is 2144, Can you verify this find? What are the
next few members of the sequence? What about nice, non-trivial
upper and/or lower bounds? (The problem arose while the author
was preparing an examination question in numerical analysis.)

ADDING NUMBERS
C. J. Smyth

Suppose that the set {1,2,3,...,3n} is divided
into three dis joint sets A, B and C, each containing n of the
numbers. Is it necessarily possible to choose x in A,

y in B and z in C, such that one of these three numbers is the
sum 'of the other two (or in other words, that one of the
four sums x + y + z is zero)?
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MODEL FOR TAXATION

This model is a game played by the beloved leader,
(BL for short) and any number (n)of plebeians, PI’PZ’ "'Pn'
The game is that BL chooses a "tax policy", that is, a
functional relation, giving v as a monotonic increasing function
of u for 0 < u <o; it is subject to the constraint v > 1.
We interpret u as the income earned by aplebeian, and v as the
amount left after deduction of tax. The constraint v > 1 may
be regarded as a provision of ''dole" or 'pension" or "negative
tax" for those not earning enough. It is convenient to put
w = uv and to define the tax policy by the function w = G(v).
Each plebeian, given the tax policy, chooses u and v (satisfying
the relation) to maximise v(b-u) = bv - w (where b is a posi-
tive parameter, b1 for P1, b2 for PZ’ etc.). We may inter-
pret this function as a measure of quality of life, equal to
take-home pay multiplied by leisure time. The payoff to BL is
the total tax collected I:ur - v, and the objective of BL is
to maximise it.

The case n = 1 is reasonably simple. Let P = P1 have
parameter b = b1 > 1. The optimum strategy for BL can be
approached but not attained, as follows. Take ¢ just a little
smaller than B, then for the function G take

G(v) cz(v -1) forl<vee

G(v) cz(c - 1) + B(v - c) for v> ¢

where B is any number > b.
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The choice to be made by P is to maximise bv-w, which
roughly is the finding of a tangent of slope b to the curve
shown, the result is that u = c(c -~ 1) and v = ¢. The payoff
toBLisu-v=cZ -2 = (c-1)2 - 1, which may be negative
but is greater than -1. The payoff therefore can be arbitrarily
near to b - 2v/b.

Note that BL cannot do any better than this, because
if so there would be u and v such that u - v > b - 2/b, and
in this case

vib - u) <v(2/b - v) = b - (v-yb)2 < b,

and this option would not be acceptable to P, who can always
attain the value b for the objective function v(b - u) by
choosing u = 0, v = 1.

If b < 1 the analysis above does not apply, and we
proceed as follows. Take any u and v with 0 < u < b < 1, and
observe that (b - u)(1 + u) = b ~ u(l - b + u) < b.

If P were to prefer earning u (and taking home v)
to a life of idleness (with u = 0 and v = 1) then
v(b - u) > b.
By the inequality above it would follow that
v>b/(b~-u)>14+u.

The payaff to BL would then be u - v < -1; to pre-
vent this, BL must choose the tax policy (any positive tax rate
will do) to ensure that P is not tempted to work.

To sum up, in the case n = 1, the payoff to BL is -1
for 0 < b<1and b - 2v/b for b > 1. These calculations also
apply to the case of b1 = b2 = eee = bn = b.

Now, what can be done about the case of n = 27
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2
The cases where 0 < b1'< 1< b2, or 1 < b1 < b2’
present no real difficulty, for P, is treated as a solitary
citizen and BL can obtain (nearly) b,- 2/b2 in tax from P,,

but pays out the dole to Py, with the resulting payoff to BL

being b,- 2v/b,- 1.

2
For 1 < b1 < b2 < b1 there is again the situation

that the optimum for BL may be approached arbitrarily closely
but not attained; the limiting function uv = w = G(v) is
plecewise linear with the gradients b1 and b, in the first.two
linear segments. The arithmetic reduces to solving a cubic,

vy = b1 ~u = b2 -y, is the positive root of

x3 = blx + bl(bz— bl)‘ For example, if b1 = 8 and b2 = 12,
then u = 4, vy = 2, u, = 8, v, = 4, and the total tax

gathered 1is 6.

If instead of a finite number of plebeians we have
a continuous distribution specified by a density function, the
optimising problem for BL becomes an interesting probiem of
mathematical programming.

3
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LINEAR EQUATIONS AND LATIN SQUARES (JCMN 33, p. 4033)
J. B. Parker

Given the positive integers a, b and c, we are
interested in families of solutions (xl, X5 x3) such that i{f
Si (for 1 = 1, 2, 3) is the set of |xi], the three families Si
are permutations of one another.

1. (a) Since S4 has a largest member, there must be one
solution in which |x3| > both Ixﬂ and lle. Then

clxzl = tax; + bx, | < alxgl + bixy| < (a + b)Ix41,

and so ¢ < a + b,

(b) Suppose that the prime p divides .a and b but not c,
and that there is a solution set. We may suppose that
not all of the xij are divisible by p, for otherwise
we could divide them all by p to get a new solution
set. Then one member of S3 is not divisible by p; the
corresponding solution has X3 not divisible by p. This
is a contradiction because €X3 = - axy - bx2 which is
divisible by p.

2. For a = 6, b = 11 and ¢ = 13, the set of six solu-
tions : (1, 3, -3), (3, 9, -9), (5, -11, 7), (7, -5, 1),
(9, 1, -5) and (11, 7, -11) gives S15 S2 and S3 all
permutations of (1, 3, 5, 7, 9, 11),

3. If a2 + b2 = c2 then the two solutions
(b, ¢ - a, -b) and (c - a, -b, ¢ - a) form a solution
set with Sl’ 52 and S3 all permutations of (b, ¢ - a).
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GOAT AND COMPASSES (JCMN 33, p.4034)

A goat is tethered to a point on a circular fence
of unit radius, what length r of the tether will let the
goat graze over an area of 11/2?

Those experienced in pastoral matters will know
that a goat may be inside or outside a field, and that the
latter is more likely.

(a) (b)
In case (a) we may find r = 1.1587 as r = 2 sin B/2 where
B satisfies the transcendental equation

sin B + (M- B) cosB = T/2.
Clearly B//T is irrational, but is r transcendental?

In case (b) r = 0.9151 is the positive root of the cubic

2r3/ﬂ + 32 = 3

and r is transcendental because T is.
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COMPLEX INEQUALITY (JCMN 3%, p.4017)

Given three complex numbers uz, v2 and w2, all of
modulus one, each of u, v and w is defined only up to an
ambiguity of sign. There are two of eight possible com-
binations of sign for which

|2u2 + 2v2 + 2w2 + 3uv + 3vw + 3wul _5lu2 + v2 + w2|

This is just translation into algebra of a geo-
metrical result pointed out by A.P. Guinand (JCMN 30,p.3127).
Interpreting u2, v2 and w2 as the vertices of a triangle ABC,
the circumeentre is the origin, the orthocentre H is
U wz, and the centroid G is w? + vZ + W)/,
The points - vw - wu - uv (four of them because of the ambig-
uities of sign) are the centres of the inscribed circle and
the three escribed circles. The inequality is the assertion
that one of these four points (the incentre) is at distance
2, W | /3 from the point
+ wz). There is equality only for the case

less than qu + VvV
(2/3) (W? + V2
of an equilateral triangle, with u” + v2 + w2 = 0, and the
degenerate cases when two of the original numbers (or points)
are the same. If vé - w2 then put w = - v, the two sides
of the inequality are |2u2 + v2! and lu2 + 2v2| which are

clearly equal because of u and v having unit modulus.

CORRECTION

In the previous issue on page 4031 there was given
a formula
2 A (cosA, cosB, cosC)
R{sin 2A + sin2B + sin 2C)

for the circumcentre in trilinear coordinates. The editor
regrets having perpetrated this monstrosity; it is not
wrong, but should be more neatly expressed as

R(cos A, cos B, cosC) .
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POINT IN A TRIANGLE (JCMN 32, p.4008 and 33, p.4030)

Another characterization of the symmedian point of
a triangle is that it is the centre of the conic that touches
the sides at the feet of the altitudes. This fact is given
as Exercise 41 on page 191 of E. H. Askwith's "Pure Geometry"

(C.U.P, second edition, 1917).

To prove this, note (using trilinear coordinates as

before) that the conic with line equation
mn cosA + In cosB + ImcosC =0
touches the line (1, 0, 0) at the point with equation

ncosB +mcosC = 0.

This point, with point coordinates (0, cos C, cos B),
is the foot of the altitude from A, and the other two points of
contact may be verified similarly. The line at infinity has
coordinates (a, b, c¢), and its pole, the centre of the conic,
has equation

(mc + nb)cosA + (lc + na)cosB + (lb + malJcosC =0

or la + mb + nc = 0.

The centre of the conic has point coordinates

(a, b, c) and it is the symmedian point.
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A related fact is that the imaginary conic with
line equation 12 4 m? + 0l = 0 (with respect to which the
triangle is self-polar) is confocal with the conic under
discussion, because the line equation

12 + mz + n2 = 2mn cos A + 21ln cosB + 21lm cos C

of the pair of circular points is linearly dependent on
the line equations of the two conics.

Are the principal axes of this conic (touching the
sides at the feet of the altitudes) the same as the principal
axes of inertia of the system of particles of masses a , b
and c2 at the vertices A, B and C respectively?

POINT IN A TRIANGLE (JCMN 32, p. 4008, and 33, p. 4030)

I. B. Tabov

Consider the triangle ABC with sides a, b, and ¢
in the usual notationm. The plane ax + by + ¢z = 2A (in
three-dimensional Cartesian coordinates) cuts the axes in
points A', B' and C', The foot of the perpendicular from
the origin on to the plane (which is the orthocentre of
A'B'C') has Cartesian coordinates the same as the trilinear
coordinates of the symmedian point of ABC. This construc-
tion, treating Cartesian coordinates in the A'B'C' plane as
trilinear coordinates in the ABC Plane, gives the (unique)
projective mapping between ABC and A'B'C' such that the
symmedian point of ABC maps into the orthocentre of A'B'C’.
This mapping has the property that the centroids of the two
triangles map into one another.
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EDITORIAL

Reprints of issues 1 - 31 (published by the Uni-
versity) are still available from
Mathematics Department,
James Cook University of North
Queensland,

Post Office James Cook,
Townsville, N.Q. 4811, Australia,

bound as paperback volumes;

Volume 1 (Issues 1-17)
Volume 2 (Issues 18-24)
Volume 3 (Issues 25-31).

The price is $10 (Australian) per volume (includ-
ing surface mail postage), and cheques for these volumes
should be made payable to James Cook University.

Since Issue 32 (October 1983} the JCMN has been
published by me (the Editor). Subscriptions and contribu-
tions will be welcomed. My address is either at the Uni-
versity (see above or at home (see page 4046 ).

Basil Rennie



