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Double space with double line

I. A. Chel’tsov

Abstract. For a singular double cover of P3 ramified in a sextic with double line,
its birational maps into Fano 3-folds with canonical singularities, elliptic fibrations,
and fibrations on surfaces of Kodaira dimension zero are described.
Bibliography: 22 titles.

§ 1. Introduction
Varieties1 with ample anticanonical divisor are called Fano varieties (see [1]) or,

in the two-dimensional case, del Pezzo surfaces. The importance of Fano varieties
is largely due to the Minimal Model Program, from which it follows that from the
point of view of birational geometry Fano varieties are building blocks of varieties
with negative Kodaira dimension. In dimensions 2 and 3 all smooth Fano
varieties have been classified and their birational geometry is well studied. In par-
ticular, every del Pezzo surface is rational. The majority of smooth Fano 3-folds are
also rational. However, there exist non-rational Fano 3-folds, for instance, smooth
cubic and quartic 3-folds.
The cube of the anticanonical divisor of a Fano 3-fold, the so-called degree of the

Fano threefold, is the main biregular invariant of the 3-fold, which determines to a
large extent its birational geometry. For instance, it follows from the classification
that every smooth Fano 3-fold is rational, provided that its degree is at least 26.
The other way around, the smaller the degree of a Fano 3-fold, the more rigid its
birational geometry. It is known that the degree of a smooth Fano 3-fold is an even
integer and, in particular, cannot be less than 2. Moreover, there exists a unique
smooth Fano 3-fold of degree 2, a double cover of P3 branched over a smooth sextic
surface. The birational geometry of this 3-fold is well studied. In particular, every
double cover of P3 branched over a smooth sextic is known to be non-rational, and
it cannot be birationally transformed into a fibration of surfaces having negative
Kodaira dimension.
By contrast to algebraic surfaces, it is well known that in the 3-dimensional case

one must consider singular varieties, because smooth varieties do not suffice for
a good birational theory of higher-dimensional varieties. Hence the study of the
birational geometry of singular Fano 3-folds comes up in a natural way. However,
this problem can be very difficult even in the simplest cases, as many examples
show. Thus, it is natural to try to understand in detail the birational geometry of

1All varieties are assumed to be projective, normal, and defined over C.
AMS 2000 Mathematics Subject Classification. Primary 14J30, 14J45, 14Exx.
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a double cover of P3 branched over a singular sextic surface, since it may clarify
the problem in general.
Let γ : V → P3 be a double cover ramified in a sextic S ⊂ P3 such that S is

smooth outside some lineL ⊂ S and S has a singularity of the type x2+y2 = 0 ⊂ C3
at the generic point of L. Then V is smooth outside the proper transform L̃ ⊂ V
of L and has singularities of type A1 × C at the generic point of L̃. The variety V
is easily seen to be defined by an equation

u2 = x2p4(x, y, z, t) + y
2q4(x, y, z, t)

in the weighted projective space P(1, 1, 1, 3), where p4 and q4 are homogeneous
polynomials of degree 4, while x, y, z, and t are homogeneous coordinate variables
of weight 1, and u is a coordinate variable of weight 3. The pencil of planes in P3

passing through L defines a pencil P on V such that the normalization of a general
surface in P is a smooth del Pezzo surface of degree 2. Consider now the restriction

f : X → V to V of the blowup of the smooth curve L̃ ⊂ P(1, 1, 1, 3).

Remark 1.1. We shall assume in what follows that X is smooth and the equations
p4(0, 0, z, t) = q4(0, 0, z, t) = 0 have precisely 8 distinct homogeneous solutions

defining 8 distinct points Oi ∈ L̃ for i = 1, . . . , 8.
The 3-fold X is easily seen to be a double cover of Proj

(
OP1 ⊕ OP1 ⊕ OP1(1)

)
branched over a surface RX ∼ 4M+2H, where M and H are the tautological sheaf
and the fibre of the projection onto P1 of Proj

(
OP1 ⊕ OP1 ⊕ OP1(1)

)
, respectively.

In particular, the smoothness of X ensures the smoothness of the surface RX . On
the other hand RX is an ample divisor on the 3-fold Proj

(
OP1 ⊕ OP1 ⊕ OP1(1)

)
.

In combination with Lefschetz’s theorem this yields the equality Pic(X) = Z⊕ Z.
Hence V is a Fano 3-fold with Q -factorial canonical singularities and Picard
group Z, the divisor KV is Cartier, −K3V = 2, the linear system |−KV | is free,
ϕ|−KV | = γ, KX = f

∗(KV ), the pencil |−KX − E| defines a fibration τ : X → P1
onto a del Pezzo surface of degree 2, f has eight reducible fibres Zi = Z

0
i ∪ Z1i

over the points Oi, where E is an f-exceptional divisor, the curves Z
0
i and Z

1
i are

smooth and intersect transversally at a single point.

Remark 1.2. Blowing up the curve Zki and making the Francia antiflip in the proper

transform of the curve Z1−ki , we obtain a birational map from V into a 3-fold with
nef and big anticanonical divisor, which defines a birational map ρi,j : V ��� Vi,k,
where Vi,k is a Fano 3-fold with canonical singularities and −K3Vi,k =

1
2 (see § 4).

The main aim of this paper is the proof of the following results.

Theorem 1.3. Let ρ : V ��� P2 be a dominant rational map whose general fibre
is an elliptic curve. Then there exists a rational map α : P2 ��� P1 such that
α ◦ ρ = τ ◦ f−1.

Theorem 1.4. The Fano 3-fold V is not birationally isomorphic to any Fano
3-fold with canonical singularities, except V itself and the sixteen 3-folds Vi,k with
i = 1, . . . , 8 and k = 0, 1.

We point out that Theorem 1.3 cannot be improved. Indeed, let C be a section
of the fibration τ and let HC ⊂ |−KX + τ∗(OP1(n))| for n� 0 be a linear system
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of surfaces passing through the curve C. Then it is not difficult to show that the
general fibre of the rational map ϕHC : X ��� ZC is an elliptic curve, the surface ZC
is rational, the resolution of indeterminacy of the map ϕHC produces an elliptic
fibration with section, and there exists a natural projection αC : ZC ��� P1 such
that αC ◦ ϕHC = τ . On the other hand the following result was proved in [1].

Theorem 1.5. Let Y be a projective variety, g : Y → R a morphism with section
onto a smooth curve R, let r1, . . . , rk ∈ R be closed points such that the fibres
Yi = g

−1(ri) are smooth and separably rationally connected, and let yi ∈ Yi be
arbitrary closed points. Then there exists a section C ⊂ Y of g such that yi ∈ C
for i = 1, . . . , k.

The fibration τ always has a section, in view of the following result (see [2]).

Theorem 1.6. Let Y be a smooth proper and geometrically irreducible surface over
a C1-field F such that Y is rational over the algebraic closure of F. Then Y has a
point in F.

Thus, the fibration τ : X → P1 has a huge set of sections. Moreover, using the
techniques of this paper one can show that for two sufficiently general sections C1
and C2 of τ the rational maps ϕHC1 and ϕHC2 define non-equivalent

2 elliptic fibra-
tions. Hence Theorem 1.3 cannot be improved, but it can be supplemented by the
following result from [3], because the structure of the group of birational automor-
phisms of a del Pezzo surface was described in [4] and [5].

Theorem 1.7. Let Y be a smooth del Pezzo surface of degree two with Pic(Y ) ∼= Z
and defined over the field F, let ρ : Y ��� U be a birational map and ω : U → R
a fibration by elliptic curves. Then there exists a birational automorphism σ of
the surface Y and a birational morphism α : W → Y such that K2W = 0, −KW
is nef, |−nKW | is free and ϕ|−nKW | is an elliptic fibration for some n ∈ N, and
ϕ|−nKW | ◦ ρ−1 ◦ σ ◦ ρ is equivalent to ω.

Birational transformations into elliptic fibrations were used in [6] and [7] in the
proof of the potential density3 of the rational points on smooth Fano 3-folds, where
the following result was established.

Theorem 1.8. The rational points are potentially dense on all smooth Fano 3-folds
with the possible exception of the family of double covers of P3 ramified in a smooth
sextic surface.

The possible exception appears in Theorem 1.8 in view of the following result
from [3].

Theorem 1.9. Let Y be a double cover of P3 ramified in a smooth sextic. Then the
variety Y is not birational to elliptic fibrations or canonical Fano 3-folds other than

2Fibrations τ : U → Z and τ : U → Z are equivalent if there exist two birational maps

α : U ��� U and β : Z ��� Z such that τ ◦ α = β ◦ τ and α induces an isomorphism of the
generic fibres of τ and τ .
3Rational points of a variety X defined over a number field F are potentially dense if for some

finite extension K/F the set of K-rational points of X(K) is Zariski dense.
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itself, and all birational maps of Y into fibrations by surfaces of Kodaira dimension
zero are induced by pencils in the linear system |−KY |.

In fact it follows easily from the explicit classification of smooth Fano 3-folds
and Theorem 1.9 that the double cover of P3 ramified in a smooth sextic is the
unique smooth Fano 3-fold that cannot be birationally transformed into an elliptic
fibration. Many examples of rationally connected higher-dimensional varieties that
cannot be birationally transformed into an elliptic fibration have been described
in [3] and [8]–[10]. The following result was proved in [11].

Theorem 1.10. Let θ : Y → P3 be a double cover ramified in a sextic SY ⊂ P3
such that the surface SY is smooth outside a point O ∈ SY and SY has a sin-
gularity of type A1 at O. Then Y is not birationally isomorphic to any Fano
3-fold with canonical singularities other than itself, every biholomorphic map of Y
into a fibration on surfaces of Kodaira dimension zero is defined by a pencil in |−KY |,
the 3-fold Y is birationally isomorphic to a unique elliptic fibration, which is induced
by the projection from O.

The variety V was studied in [12], where the following result was proved.

Theorem 1.11. The variety V is not birationally isomorphic to a fibration by
rational surfaces distinct from τ : X → P1, the sequence 1→ Γ→ Bir(V )→ G→ 1
of groups is exact, where Γ is a free product of Bertini involutions of a generic
fibre of τ regarded as a smooth del Pezzo surface of degree two with Picard group Z
over the field C(x), and G is the group of fibrewise birational automorphisms of τ
acting biregularly on the generic fibre of τ .

In particular, the 3-fold V is not rational. The following result was proved in [13].

Theorem 1.12. Suppose that every fibre F of τ is smooth along each curve C ⊂ F
such that γ◦f(C) is a line and γ◦f

∣∣
C
is an isomorphism. Then V is not birationally

isomorphic to any Fano 3-fold with terminal Q -factorial singularities and Picard
group Z, and there exists an exact sequence 1 → Γ → Bir(V ) → Aut(V ) → 1
of groups, where Γ is a free product of Bertini involutions of a generic fibre of τ
regarded as a smooth del Pezzo surface of degree two with Picard group Z over the
field C(x).

The following result was proved in [14].

Theorem 1.13. Let τ1 : X1 → P1 and τ2 : X2 → P1 be fibrations on del Pezzo
surfaces of degree two, let α : X1 ��� X2 and β : P1 → P1 be birational maps such
that β ◦ τ1 = τ2 ◦ α, assume that the birational map α induces an isomorphism of
the generic fibres of the fibrations τ1 and τ2 and that both varieties X1 and X2 are
smooth. Then α is biregular.

Corollary 1.14. There exists an exact sequence 1→ Γ→ Bir(V )→ Aut(V )→ 1
of groups in which Γ is a free product of Bertini involutions of the generic fibre of
τ regarded as a smooth del Pezzo surface of degree two with Picard group Z over
the field C(x).

We given an independent proof of Corollary 1.14 in § 6, where we also prove the
following result.
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Theorem 1.15. Let E ⊂ X be a smooth surface and let L be the unique line on
the sextic S passing through one of the points γ(Oi) ∈ P3. Let ρ : V ��� P1 be
a rational map whose general fibre is an irreducible surface of Kodaira dimension
zero. Then there exist a birational automorphism σ of the 3-fold V and a pencil
P ⊂ |−KV | such that ρ ◦ σ = ϕP.
In the proofs of Theorems 1.3, 1.4, and 1.15 we use the so-called method of

super-maximal singularity from [15].

Remark 1.16. The linear system |−(k + 1)KX − kE| is free for k � 0 and defines
a double cover of Proj

(
OP1 ⊕OP1 ⊕OP1(1)

)
ramified in a surface RX ∼ 4M + 2H,

where M and H are the tautological sheaf and the fibre of the projection onto P1

of the variety Proj
(
OP1 ⊕ OP1 ⊕ OP1(1)

)
, respectively.

Remark 1.17. The hypersurface u2 = x2(x4 + z4 + t4) + y2(y4 + z4 + 2t4)
in P(1, 1, 1, 3) satisfies all conditions of Theorems 1.3, 1.4, and 1.15, where x, y,
z, t are homogeneous coordinates of weight 1 and u is a homogeneous coordinate
of weight 3.

The author is obliged to A.A. Borisov, L. Wotzlaw, M.M. Grinenko, V. A.
Iskovskikh, A.Corti, M.Mella, J. Park, Yu.G.Prokhorov, A.V. Pukhlikov, and
V.V. Shokurov for helpful conversations. He would like to thank the referee for
useful comments.

§ 2. Movable log pairs
In this section we consider properties of the movable log pairs introduced in [16].

Defnition 2.1. Amovable log pair (X,MX) is a varietyX together with a movable
boundary MX , where MX =

∑n
i=1 aiMi is a formal finite linear combination of

linear systems Mi on X without fixed components, where ai ∈ Q�0.
Every movable log pair can be regarded as an ordinary log pair via the replace-

ment of each linear system by either its general element or an appropriate weighted
sum of its general elements. In particular, for a fixed movable log pair (X,MX)
we may treat the movable boundary MX as an effective divisor and we shall call
KX +MX the log canonical divisor of the movable log pair (X,MX). In the rest
of this section we shall assume that the log canonical divisors of all the log pairs
under consideration are Q -Cartier divisors.

Remark 2.2. For a movable log pair (X,MX) we can regard M
2
X as a well-defined

effective cycle of codimension 2, provided that X is a Q -factorial variety.
By contrast to the ordinary log pairs, the strict transform of a movable boundary

is naturally well defined for every birational map.

Definition 2.3. Movable log pairs (X,MX) and (Y,MY ) are birationally equivalent
if there exists a birational map ρ : X ��� Y such that MY = ρ(MX).
Discrepancies, terminality, canonicity, log terminality, and log canonicity can be

defined for movable log pairs in the same way as for the ordinary case (see [17]).

Remark 2.4. The application of the Log Minimal Model Program to canonical or
terminal movable log pairs preserves their canonicity or terminality, respectively.
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Every movable log pair is birationally equivalent to a log pair with canonical
singularities, and the singularities of a movable log pair coincide with the singular-
ities of the variety outside the base loci of the components of the boundary.

Definition 2.5. A proper irreducible subvariety Y ofX is called a centre of canon-
ical singularities of a movable log pair (X,MX) if there exists a birational morphism
f : W → X and an f-exceptional divisor E1 ⊂W such that

KW + f
−1(MX) ∼Q f∗(KX +MX) +

k∑
i=1

a(X,MX , Ei)Ei,

(X,MX , E1) � 0, and f(E1) = Y , where a(X,MX , Ei) ∈ Q and Ei is an f-
exceptional divisor.

Definition 2.6. We shall denote by CS(X,MX) the set of centres of canonical
singularities of the movable log pair (X,MX) and by CS(X,MX) the locus of all
centres of canonical singularities of the movable log pair (X,MX), which we regard
as a proper subset of X.

In particular, a movable log pair (X,MX) is terminal ⇐⇒ CS(X,MX) = ∅.

Definition 2.7. A proper irreducible subvariety Y ofX is called a proper centre of
canonical singularities of the movable log pair (X,MX) if there exists a birational
morphism f : W → X and an f-exceptional divisor E1 ⊂W such that

KW + f
−1(MX) ∼Q f∗(KX +MX) +

k∑
i=1

a(X,MX , Ei)Ei,

a(X,MX , E1) � 0, f(E1) = Y and the subvariety Y ⊂ X lies in the base locus of
some component of the movable boundaryMX , where a(X,MX , Ei) ∈ Q and Ei is
an f-exceptional divisor.

Definition 2.8. By CS(X,MX) we shall denote the set of all proper centres of
canonical singularities of the movable log pair (X,MX), and by CS(X,MX) the
locus of all proper centres of canonical singularities of (X,MX) regarded as a subset
of X.

Remark 2.9.
CS(X,MX) = CS(X,MX) ∪ CS(X,∅),

in particular, if X has only terminal singularities, then CS(X,MX) = CS(X,MX).

Definition 2.10. The singularities of (X,MX) are semi-terminal if

CS(X,MX) = ∅.

Remark 2.11. If the singularities of a movable log pair (X,MX) are semi-terminal,
then for sufficiently small ε ∈ Q>1 the singularities of the log pair (X, εMX) are
also semi-terminal.
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Definition 2.12. The quantity

κ(X,MX) =



dim
(
ϕ|nm(KW+MW )|(W )

)
for n� 0
such that |n(KW +MW )| �= ∅;

−∞ if |nm(KW +MW )| = ∅
for all positive integers n,

is called the Kodaira dimension of the movable log pair (X,MX), where (W,MW ) is
a movable log pair with canonical singularities birationally equivalent to (X,MX)
and m ∈ N is an integer such that the divisor m(KW +MW ) is Cartier.

Lemma 2.13. The Kodaira dimension of a movable log pair is well defined and
does not depend on the choice of the birationally equivalent canonical movable log
pair.

Proof. Assume that movable log pairs (X,MX) and (Y,MY ) have canonical singu-
larities and thatMX = ρ(MY ) for some birational map ρ : Y ��� X. Consider posi-
tive integersmX andmY such that the divisorsm(KX+MX) andm(KY +MY ) are
Cartier. For the proof of the claim we must show that either both |nmX(KX+MX)|
and |nmY (KY +MY )| are empty for all positive integers n, or that

ϕ|nmX(KX+MX)|(X) = ϕ|nmY (KY +MY )|(Y )

for sufficiently large integers n. Let g : W → X and f : W → Y be birational
morphisms of a smooth variety W and set ρ = g ◦ f−1. Then

KW +MW ∼Q g∗(KX +MX) + ΣX ∼Q f∗(KY +MY ) + ΣY ,

where MW = g
−1(MX), and ΣX and ΣY are exceptional divisors of g and f respec-

tively, and the canonicity of (X,MX) and (Y,MY ) means the effectiveness of ΣX
and ΣY . Let k be a sufficiently large and sufficiently divisible positive integer. Then
it follows by the effectiveness of ΣX and ΣY that the linear systems |k(KW+MW )|,
|g∗(k(KX +MX))|, and |f∗(k(KY +MY ))| have the same dimension, and if they
are non-empty then

ϕ|k(KW+MW )| = ϕ|g∗(k(KX+MX))| = ϕ|f∗(k(KY+MY ))|,

which produces the required result.

By definition, the Kodaira dimension of a movable log pair is a birational invari-
ant and a non-decreasing function of the coefficients of the movable boundary.

Definition 2.14. A movable log pair (V,MV ) is called a canonical model of a
movable log pair (X,MX) if there exists a birational map ψ : X ��� V such that
MV = ψ(MX), the log canonical divisor KV + MV is ample, and (V,MV ) has
canonical singularities.
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Theorem 2.15. A canonical model is unique if it exists.

Proof. Assume that movable log pairs (X,MX) and (V,MV ) are canonical models
and let MX = ρ(MV ) for some birational map ρ : V ��� X. Let g : W → X and
f : W → V be birational maps such that ρ = g ◦ f−1. Then

KW +MW ∼Q g∗(KX +MX) + ΣX ∼Q f∗(KV +MV ) + ΣV ,

where MW = g
−1(MX) = f

−1(MV ) and ΣX and ΣV are exceptional divisors of the
birational morphisms g and f , respectively. It follows by the canonicity of the log
pairs (X,MX) and (V,MV ) that the divisors ΣX and ΣV are effective. Let n be a
sufficiently large and sufficiently divisible positive integer such that n(KW +MW ),
n(KX + MX), and n(KV +MV ) are Cartier divisors. Then it follows from the
effectiveness of ΣX and ΣV that

ϕ|n(KW+MW )| = ϕ|g∗(n(KX+MX))| = ϕ|f∗(n(KV+MV ))|

and that ρ is an isomorphism because KX +MX and KV +MV are ample.

Note that if a movable log pair has a canonical model, then the Kodaira dimen-
sion of the model is equal to the dimension of the variety.

§ 3. Preliminary results
As already mentioned in the previous section, one can regard movable boundaries

as effective divisors and treat movable log pairs as ordinary. Hence we can use
log pairs containing movable and fixed components alike. In this section we do
not impose any restrictions on the coefficients of the boundaries; in particular,
boundaries are not necessarily effective unless their effectiveness is explicitly stated.
However, we shall assume that log canonical divisors of all log pairs are Q -Cartier.

Definition 3.1. For a log pair (X,BX) and a birational map f : V → X, a log
pair (V,BV ) is called a log pullback of a log pair (X,BX) if

BV = f−1(BX) −
n∑
i=1

a(X,BX , Ei)Ei

and

KV +B
V ∼Q f∗(KX +BX ),

where a(X,BX , Ei) ∈ Q and Ei is an exceptional divisor of f .

Definition 3.2. A proper irreducible subvariety Y of X is called a centre of log
canonical singularities of (X,BX) if there exist a birational morphism f : W → X
and a divisor E ⊂ W such that E lies in the support of the effective part of the
divisor BY �.
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Definition 3.3. We shall denote by LCS(X,BX) the set of centres of log
canonical singularities of the log pair (X,BX), and by LCS(X,BX) the locus of all
centres of log canonical singularities of the log pair (X,BX) regarded as a proper
subset of X.

Consider a log pair (X,BX), where BX =
∑k
i=1 aiBi, the Bi are effective and

prime divisors, and ai ∈ Q. We choose a birational morphism f : Y → X such
that Y is smooth and the union of all divisors f−1(Bi) and all f-exceptional divisors
is a divisor with simple normal crossings. The morphism f is called a log resolution
of the log pair (X,BX), and we have

KY +B
Y ∼Q f∗(KX +BX)

for the log pullback (Y,BY ) of (X,BX).

Definition 3.4. The subscheme associated with the sheaf I(X,BX)=f∗(�−BY �)
of ideals is called the log canonical singularities subscheme of the log pair (X,BX);
we shall denote it by L(X,BX).

The support of the subscheme L(X,BX) is precisely the locus LCS(X,BX) ⊂ X.
The following result is the famous Shokurov vanishing theorem.

Theorem 3.5. Let (X,BX) be a log pair, BX an effective boundary, H a nef and
big divisor on X such that D =KX + BX +H is Cartier. Then

Hi(X, I(X,BX)⊗D) = 0 for i > 0.

Proof. By the relative Kawamata–Viehweg vanishing theorem,

Rif∗(f
∗(KX +BX +H) + �−BW �) = 0

for i > 0 (see [17]). The degeneration of the local-to-global spectral sequence and
the equality

R0f∗
(
f∗(KX +BX +H) + �−BW �

)
= I(X,BX)⊗D

yield that for all i � 0,

Hi(X, I(X,BX) ⊗D) = Hi(W, f∗(KX +BX +H) + �−BW �),

whereas
Hi(W, f∗(KX + BX +H) + �−BW �) = 0

for i > 0 by the Kawamata–Viehweg vanishing theorem.

For a Cartier divisor D on X we have the exact sequence

0→ I(X,BX)⊗D→ OX(D)→ OL(X,BX )(D) → 0,

and Theorem 3.5 yields the following two connectedness results of Shokurov.

Theorem 3.6. Let (X,BX) be a log pair, BX an effective boundary, and
−(KX +BX) a nef and big divisor. Then LCS(X,BX) is connected.
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Theorem 3.7. Let (X,BX) be a log pair, BX an effective boundary, and
−(KX + BX) a g-nef and g-big divisor for some morphism g : X → Z with con-
nected fibres. Then LCS(X,BX) is connected in the neighbourhood of every fibre
of g.

The following result is Theorem 17.4 of [18].

Theorem 3.8. Let g : X → Z be a morphism, DX =
∑
i∈I diDi a divisor on

the variety X, and h : V → X a resolution of the singularities of X such that
g∗(OX) = OZ , the divisor −(KX +DX ) is g-nef and g-big, the codimension of each
subvariety g(Di) of Z is at least 2 if di < 0, and the union of all divisors h

−1(Di)
and all h-exceptional divisors is a divisor with simple normal crossings. Then the
locus

⋃
aE�−1 E is connected in a neighbourhood of every fibre of the morphism g◦h,

where the rational numbers aE are defined by means of the Q -rational equivalence
KV ∼Q f∗(KX +DX) +

∑
E⊂V aEE.

Proof. Set f = g ◦ h, A =
∑
aE>−1 E, and B =

∑
aE�−1 E. Then

�A� − B� ∼Q KV − h∗(KX +DX) + {−A}+ {B}

and R1f∗OV (�A� − B�)= 0 by the relative Kawamata–Viehweg vanishing theo-
rem (see [17]). Hence the map f∗OV (�A�) → f∗O�B�(�A�) is surjective. On the
other hand, each irreducible component of the divisor �A� is either h-exceptional or
is a proper transform of some divisor Dj with dj < 0. Consequently, h∗(�A�) is
g-exceptional and

f∗OV (�A�) = OZ .

Thus, the map OZ → f∗O�B�(�A�) is a surjection, and therefore B� is connected
in a neighbourhood of each fibre of f because the divisor �A� is effective and has
no components in common with B�.
In the previous section we defined in Definitions 2.5 and 2.6 centres of canonical

singularities of a movable log pair and several related objects, but in none of these
concepts did we actually use the movability of the boundary. Still, this redundant
assumption of the movability was justified because these concepts are mostly used
for movable log pairs and arise naturally in certain constructions related primarily
to movable log pairs. However, in certain cases these concepts can be conveniently
used also in the case of ordinary log pairs: mostly, for inductive relations to their
log analogues. We have already mentioned that such a use is perfectly consistent.

Theorem 3.9. Suppose that (X,BX) is a log pair, BX an effective boundary,
Z∈CS(X,BX), and let H be an effective irreducible Cartier divisor on X such that
Z ⊂ H, H is not a component of BX , and H is smooth at the generic point in Z.
Then

Z ∈ LCS
(
H,BX

∣∣
H

)
.

Proof. Let f : W → X be the log resolution of (X,BX +H), and set Ĥ = f−1(H).
Then

KW + Ĥ ∼Q f∗(KX + BX +H) +
∑
E �=Ĥ

a(X,BX +H,E)E
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and by assumption {Z,H} ⊂ LCS(X,BX + H). It follows by the application of
Theorem 3.8 to the log pullback of (X,BX +H) on W that Ĥ ∩ E �= ∅ for some
f-exceptional divisor E on W such that f(E) = Z and a(X,BX , E) � −1. The
equivalence

KĤ ∼ (KW + Ĥ)
∣∣
Ĥ
∼Q f

∣∣∗
Ĥ

(
KH + BX

∣∣
H

)
+
∑
E �=Ĥ

a(X,BX +H,E)E
∣∣
Ĥ

now yields the required result.

The next result is Theorem 3.1 of [19]; we expound the proof as given in [19]
without serious modifications since, as of now, it is the simplest way to prove one
very important 3-dimensional result, which we present below.

Theorem 3.10. Let H be a surface, O a smooth point on H, MH an effective
movable boundary on the surface H, a1 and a2 non-negative rational numbers, and
∆1 and ∆2 irreducible and reduced curves on H intersecting normally at the
point O. Then the inclusion O ∈ LCS(H, (1− a1)∆1 + (1− a2)∆2 +MH) yields

multO(M
2
H) �

{
4a1a2 if a1 � 1 or a2 � 1;
4(a1 + a2 − 1) if a1 > 1 and a2 > 1,

and this inequality is strict if the log pair (H, (1−a1)∆1+(1−a2)∆2+MH) is not
log canonical at O.

Proof. Set D = (1− a1)∆1 + (1 − a2)∆2 +MH and let f : S → H be a birational
morphism from a smooth surface S such that

KS + f
−1(D) ∼Q f∗(KH +D) +

k∑
i=1

a(H,D,Ei)Ei,

where Ei is an f-exceptional curve, a(H,D,Ei) ∈ Q, and a(H,D,E1) � −1. Then f
is a composite of k blowups of smooth points.
Assume that we have proved the result in the case when a1 � 1 or a2 � 1.

That is, we can assume that a1 > 1 and a2 > 1. Define rational numbers a(H,Ei),

m(H,MH , Ei) andm(H,∆j, Ei) by the relations
∑k
i=1 a(H,Ei)Ei∼QKS−f∗(KH),∑k

i=1m(H,MH , Ei)Ei ∼Q f−1(MH) − f∗(MH), and
∑k
i=1m(H,∆j, Ei)Ei ∼Q

f−1(∆j)− f∗(∆j). Then

a(H,D,Ei) = a(H,Ei)−m(H,MH , Ei) +m(H,∆1, Ei)(a1 − 1)
+m(H,∆2, Ei)(a2 − 1),

and we can assume that m(H,∆1, E1) � m(H,∆2, E1). Hence

−1 � a(H,D,E1) � a(H,Ei)−m(H,MH , Ei) +m(H,∆2, Ei)(a1 + a2 − 2)

and O ∈ LCS(H, (2 − a1 − a2)∆2 + MH). This shows that multO(M2H) �
4(a1 + a2 − 1) because we have assumed that the theorem holds for the log pair
(H, (2− a1 − a2)∆2 +MH).
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We can now assume that a1 � 1. Let h : T → H be a blowup of the point
O and E an h-exceptional curve. Then f = g ◦ h for some birational morphism
g : S → T that is a composite of k − 1 blowups of smooth points. Then
KT + (1− a1)∆1 + (1− a2)∆2 + (1− a1 − a2 +m)E +MT ∼Q h∗(KH +D),

where ∆j = h
−1(∆j), m = multO(MH) and MT = h

−1(MH).
For k = 1 we have S = T , E1 = E, and a(H,D,E1) = a1 + a2 −m − 1 � −1.

Thus,
multO(M

2
H) �m2 � (a1 + a2)2 � 4a1a2,

and we are done. We shall assume therefore that k > 1 and P = g(E1) is a point
in E.
By construction, P ∈ LCS

(
T, (1−a1)∆1+(1−a2)∆2+(1−a1−a2+m)E+MT

)
,

and three cases are possible: P ∈ E ∩∆1, P ∈ E ∩∆2, and P /∈ ∆1 ∪∆2. We can
assume that the claim holds for the log pair

(
T, (1−a1)∆1+(1−a1−a2+m)E+MT

)
in the case whenP ∈E∩∆1; for the logpair

(
T, (1−a2)∆2+(1−a1−a2+m)E+MT

)
in

the case when P ∈ E ∩ ∆2; and for the log pair
(
T, (1 − a1 − a2 + m)E +MT

)
in the case when P /∈ ∆1∪∆2, because all assumptions of the theorem hold in each
of these cases and the birational morphism g consists of k − 1 blowups of smooth
points. Moreover, multO(M

2
H) � m2 +multP (M2T ).

Consider the case P ∈ E ∩∆1. Then by induction
multO(M

2
H) � m2 + 4a1(a1 + a2 −m) = (2a1 −m)2 + 4a1a2 � 4a14a2.

Consider the case P ∈ E∩∆2. If a2 � 1 or a1+a2−m � 1, then we can proceed
as in the previous case. Thus, we can assume that a2 < 1 and a1 + a2 −m < 1.
Then

multO(M
2
H) � m2 + 4(a1 + 2a2 −m− 1) > 4a2 � 4a14a2.

Consider now the case P /∈ ∆1 ∪∆2. Then by induction
multO(M

2
H) � m2 + 4(a1 + a2 −m) > m2 + 4a1(a1 + a2 −m) � 4a14a2,

which completes the proof.

Most applications use the following special case of Theorem 3.10.

Lemma 3.11. Let H be a smooth surface, O a point on H, MH an effective
movable boundary on H, and suppose that O ∈ LCS(H,MH). Then multO(M2H)� 4
and equality here yields the equality multO(MH) = 2.

The following result is Corollary 7.3 in [20].

Theorem 3.12. Let X be a 3-fold, MX an effective movable boundary on X,
and O a smooth point on X such that O ∈ CS(X,MX). Then multO(M2X) � 4 and
equality here yields the equality multO(MH) = 2.

Proof. Let H be a general hyperplane section on X passing through O. Then O is
a centre of log canonical singularities of the log pair

(
H,MX

∣∣
H

)
, by Theorem 3.9.

On the other hand,

multO(MX) = multO
(
MX
∣∣
H

)
, multO(M

2
X) = multO

((
MX
∣∣
H

)2)
and the required result follows from Lemma 3.11.
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Actually, the statement of Theorem 3.12 can be explained in a much more
geometric way.

Lemma 3.13. Let O be a point on a smooth 3-fold X such that O ∈ CS(X,MX),
whereMX is an effective movable boundary on X and the singularities of the canon-
ical log pair (X,MX) are canonical. Then there exists a birational map f : V → X
such that V has only terminal Q -factorial singularities, the morphism f contracts
a unique exceptional divisor E to the point O, and KV +MV ∼Q f∗(KX +MX),
where MV = f

−1(MX).

Proof. The number of distinct divisorial valuations ν of the field of rational func-
tions on X of which the centre on X is at O and the discrepancy a(X,MX , ν) is
non-positive is finite, in view of the canonicity of the log pair (X,MX). Hence we
can consider a birational morphism g : W → X such that the 3-foldW is smooth, g
contracts k exceptional divisors

KW +MW ∼Q g∗(KX +MX) +
k∑
i=1

aiEi,

the log pair (W,MW ) has canonical singularities, and CS(W,MW ) does not contain

subvarieties of
⋃k
i=1 Ei, where MW = g

−1(MX), g(Ei) = O, and ai ∈ Q. Applying
the relative version of the Log Minimal Model Program to the movable log pair
(W,MW ) over X, we can assume that W has terminal Q -factorial singularities
and KW +MW ∼Q g∗(KX +MX) by the canonicity of (X,MX). Application of
the relative version of the Log Minimal Model Program to W over X proves the
required result.

The following well-known result was initially conjectured in [21] and proved
in [22].

Theorem 3.14. Let X be a smooth 3-fold, O a point on X, and f : V → X
a birational morphism such that V has terminal Q -factorial singularities and the
morphism f contracts a unique exceptional divisor E to the point O. Then f is a
weighted blowup of O with weights (1, K,N) in a suitable local coordinate system
on the 3-fold X, where K and N are coprime positive integers.

Moreover, Theorem 3.12 was proved in the following way in [21], assuming the
result of Theorem 3.14; it explains the geometric nature of the inequality in Theo-
rem 3.12.

Proposition 3.15. Let X be a smooth 3-fold, O a point on X, andMX an effective
movable boundary on X such that O ∈ CS(X,MX), and let f : V → X be a weighted
blowup of O with weights (1, K,N) in suitable local coordinates on X such that
KV +MV ∼Q f∗(KX +MX), where K and N are coprime positive integers and
MV = f

−1(MX). Then the following result holds:

multO(M
2
X) �

(K +N)2

KN
= 4 +

(K −N)2
KN

� 4,

and if K = N , then f is an ordinary blowup of O and multO(MX) = 2.

Proof. We have KV ∼Q f∗(KX) + (N +K)E and MV ∼Q f∗(MX) +mE for an
f-exceptional divisor E and some m ∈ Q>0. Thus, m =K +N and multO(M2X) �
m2E3 = (K +N)2/(KN).
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§ 4. Construction of the birational map ρi,kρi,kρi,k
In the notation of § 1, let g : W → X be a blowup of the smooth curve Z01 , let

G be a g-exceptional divisor, and Z11 the proper transform of the smooth rational
curve Z11 on W . Then KW · Z11 = 1.
Lemma 4.1. NZ11/W

∼= OZ 11 (−1) ⊕OZ 11(−2).

Proof. Suppose that NZ 11/W
∼= OZ 11 (m) ⊕ OZ 11 (n) for m � n, and let H be a

sufficiently general surface in the anticanonical linear system |−KW |. Then H
passes through the curve Z11 because −KW · Z11 = −1. However, Z 11 is the unique
base curve of the linear system |−KW |. In particular, H is smooth outside Z11,
by Bertini’s theorem. On the other hand the generality of our choice of H and
the equation of V demonstrate that the surface f ◦ g(H) is smooth outside O1.
Moreover, at O1 this surface has a Du Val singularity of type A2. Now, from the
explicit equation of X in the neighbourhood of the curves Z01 and Z

1
1 one sees

that the surface g(H) is smooth along the curves Z01 and Z
1
1 . In particular, the

restriction of the birational morphism f to g(H) contracts the two (−2)-curves Z01
and Z11 to the point O1. The smoothness of g(H) means the smoothness ofH along
Z11. Thus, H is a smooth K3 surface, m+ n = −KW ·Z11 − 2 = −3, and the exact
sequence

0→ NZ 11/H → NZ11/W → NH/W
∣∣
Z 11
→ 0

yields n � −2. Hence n = −2 and m = −1.
Let h : U →W be a blowup of the curve Z11 , let F be an h-exceptional divisor,

and GU a proper transform of the divisor G on the 3-fold U . Then F ∼= F1,
KU ∼ (g ◦ h)∗(KX) + F +GU , the anticanonical linear system |−KU | is free, and
the morphism ϕ|−KU | : U → P2 is an elliptic fibration with quasi-sections F andGU .
Remark 4.2. The morphism γ ◦ f ◦ g ◦ h : W → P3 takes the fibres of the elliptic
fibration ϕ|−KU | to lines in P

3 passing through O1, and ϕ|−KU | is induced by the
projection from O1.
Let C ⊂ U be an exceptional section of the surface F ∼= F1. Then the morphism

ϕ|−KU | : U → P2 contracts C to a point.
Lemma 4.3. NC/U ∼= OC(−1) ⊕OC (−1).
Proof. Suppose that NC/U ∼= OC (m)⊕OC (n) form � n. Thenm+n = −KU ·C−2,
while the exact sequence

0→ NC/F → NC/U → NF/U
∣∣
C
→ 0

yields n � −1. Hence m = n = −1.
Let p̂ : Û → U be a blowup of the smooth curve C, R a p̂-exceptional divisor,

and p̌ : Û → Ǔ a blowdown of R ∼= P1 × P1 to a curve Č such that the birational
map p̌◦ p̂−1 is not biregular. Then p̌◦ p̂−1 is a flop in the curve C, the anticanonical
linear system |−KǓ | is free, and ϕ|−KǓ | ◦ p̌ = ϕ|−KU | ◦ p̂.

Remark 4.4. The proper transform F̌ ⊂ Ǔ of the surface F is isomorphic to P2
with normal bundle OP2(−2).
We can contract (ȟ : Ǔ → W̌ ) the surface F̌ to the singular point P ∼= 1

2
(1, 1, 1).
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Lemma 4.5. The variety W̌ is projective.

Proof. The antiflip ȟ ◦ p̌ ◦ p̂−1 ◦ h−1 is the log flip for the log terminal log pair
(W, ε|−KW |) for a sufficiently small rational ε > 1, and this yields the required
result.

Lemma 4.6. The base locus of |−KW̌ | consists of just the point P , and −K3W̌ =
1
2 .

Proof. The anticanonical linear system |−KW̌ | is the proper transform of the linear
system |−KǓ |, which shows that the base locus of |−KW̌ | consists of P alone. The
relations K3

Ǔ
= 0, F̌ 3 = 4, and KǓ ∼Q ȟ∗(KW̌ ) + 1

2
F̌ now yield that −K3

W̌
= 1
2
.

Hence the divisor −KW̌ is nef and big, the linear system |−nKW̌ | is free for
n � 0, the morphism ϕ|−nKW̌ | : W̌ → V1,0 is birational, and the variety V1,0 is
normal. The resulting map

ρ1,0 = ϕ|−nKW̌ | ◦ ȟ ◦ p̌ ◦ p̂
−1 ◦ h−1 ◦ g−1 ◦ f−1 : V ��� V1,0

takes V birationally to a Fano 3-fold with canonical singularities V1,0 such that
−K3V1,0 =

1
2 .

Remark 4.7. The singularities of V1,0 are terminal and not Q -factorial.
The constructions of the maps ρi,k : V ��� Vi,k are identical to the above con-

struction.

§ 5. Proof of Theorem 1.3
In the notation and assumptions of § 1, assume now the existence of a birational

transformation β : V ��� Y and a fibration π : Y → P2 whose general fibre is a
connected smooth elliptic curve. Assume also that there exists no rational map
α : P2 ��� P1 such that α ◦ ρ = τ ◦ f−1. In the rest of this section we shall derive
a contradiction to these assumptions. Set ρ = π ◦ β and consider the linear system
|π∗(D)|, where D is a very ample divisor on P2. Set DV = β−1(|π∗(D)|). Then
DV ⊂ |−nKV | for some positive integer n. Consider the movable boundary 1nDV .

Lemma 5.1. CS
(
V, 1nDV

)
�= ∅.

Proof. Assume that
(
V, 1nDV

)
is semi-terminal. Then for some ε ∈ Q>1/n the log

pair (V, εDV ) is a canonical model and κ(V, εDV ) = 3; however, κ(V, εDV ) � 2
for every rational ε, by the construction of DV .

Therefore, CS
(
V, 1nDV

)
contains either a point or a curve on V .

Remark 5.2. By construction, DV does not lie in fibres of any dominant map
χ : V ��� P1.

Lemma 5.3. The set CS
(
V, 1nDV

)
does not contain smooth points of V .

Proof. Assume that CS
(
V, 1nDV

)
contains a point O /∈ L̃. Consider a general sur-

face HO ∈ |−KV | passing through O. Then 2n2 = HO ·D2V � n2multO(D2V ) � 4n2
by Theorem 3.12.
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Lemma 5.4. Suppose that CS
(
V, 1nDV

)
contains a curve C �= L̃. Then −KV ·C=1.

Proof. The inequality multC(DV ) � n is equivalent to the fact that C lies in
CS
(
V, 1nDV

)
. Hence for a sufficiently general divisor H in the free linear system

|−KV |, the inequalities

2n2 = H ·D2V � multC(D2V )H ·C � mult2C(DV )H · C � n2H ·C

yield that −KV · C � 2. Suppose that −KV · C = 2. Then multC(D2V ) =
mult2C(DV ) = n

2 and the support of the one-dimensional cycle D2V consists of the
single point C. By construction, ϕDV (V ) = P

2 and there exists a point P in V such
that P /∈ C and the linear subsystem DP of DV consisting of surfaces in the linear
system DV passing through P has no fixed components. Hence P ∈ D2P ⊂ D2V = C
in the set-theoretic sense, which contradicts our assumption that P /∈ C.
Lemma 5.5. Suppose that CS

(
V, 1nDV

)
contains a curve C. Then C ∩ L̃ �= ∅.

Proof. Assume that C∩L̃= ∅. Then γ(C) ⊂ P3 is a line and γ
∣∣
C
is an isomorphism

by Lemma 5.4.
Assume that γ(C) �⊂ S. Let HC ⊂ |−KV | be the linear system consisting of

surfaces passing through the curve C. Let HC be a sufficiently general surface in

the linear system HC and C̃ a smooth rational curve on V such that C̃ �= C and
γ(C̃) = γ(C). By construction, HC is a smooth K3 surface containing C and C̃,

and we have C2 = C̃2 = −2 and C · C̃ = 3 on HC . The base locus of the linear
system HC is C ∪ C̃, so that

DV
∣∣
HC
= multC(DV )C +multC̃(DV )C̃ +RHC ,

where RHC is a movable boundary on HC . Hence the equalities

n = DV
∣∣
HC
· C̃ = 3multC(DV ) − 2multC̃(DV ) +RHC · C̃

yield that multC̃(DV )=multC(DV )=n and RHC =∅. In particular, CS
(
V, 1nDV

)
contains also the curve C̃. On the other hand, since RHC = ∅, it follows that
DV lies in fibres of ϕHC , which is impossible.
Assume now that γ(C) ⊂ S. Let g : W → V be a blowup of C, let G be a g-

exceptional divisor, and set DW = g
−1(DV ). It is easy to see that the anticanonical

linear system |−KW | is a pencil and its base locus is a smooth rational curve C,
which is a section of the ruled surface g

∣∣
G
: G→ C. Consider a sufficiently general

divisor HC in |−KW |. Then HC is a smooth K3 surface and

DW
∣∣
H
C

= multC (DW )C + RHC ,

where RH
C
is a movable boundary on HC . On the surface HC we have C

2 = −2
and

DW
∣∣
H
C

∼Q nC + (n−multC(DV ))G
∣∣
H
C

,

which yields that multC (DW ) = multC(DV ) = n and RHC = ∅. Now, as in the
previous case, since RH

C
is empty, it follows that the linear system DW lies in fibres

of the map ϕ|−KW | : W ��� P1, which is impossible by the construction of DV .
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Lemma 5.6. Suppose that L̃ /∈ CS
(
V, 1nDV

)
. Then CS

(
V, 1nDV

)
does not contain

curves.

Proof. The curve L̃ does not lie in the base locus of DV because CS
(
V, 1
n
DV
)
does

not contain L̃. In particular, the proper transform DX of the linear system DV
on X is a linear subsystem of |−nKX |. For the proof of the required result it is
sufficient to show that CS

(
X, 1nDX

)
does not contain curves on the 3-fold X that

do not lie in the exceptional divisor E. In fact, assume that CS
(
X, 1nDX

)
does

contain a curve C ⊂ X not contained in E. Then by Lemmas 5.4 and 5.5 the curve
γ ◦ f(C) ⊂ P3 is a line, γ ◦ f

∣∣
C
is an isomorphism, and C ∩E �= ∅.

Assume that γ ◦ f(C) �⊂ S. Let HC ⊂ |−KX | be a linear subsystem consisting
of surfaces passing through C. Let HC be a sufficiently general surface in HC , Z

the fibre of f over the point f(C) ∩ L̃, and let C̃ be a smooth curve on X such
that C̃ �= C and γ ◦ f(C̃) = γ ◦ f(C). Then HC is a smooth K3 surface containing
the curves C ∪ C̃ ∪ Z, where Z = Z0i ∪ Z1i if f(C) ∩ L̃ = Oi and Z is irreducible
otherwise. On the surface HC we have Z

2 = C2 = C̃2 = −2, Z · C = Z · C̃ = 1,
and C · C̃ = 2;

DX
∣∣
HC
= multC(DX)C +multC̃(DX )C̃ +∆Z +RHC

because the base locus of the pencil HC consists of Z ∪ C ∪ C̃, where ∆Z is an
effective divisor with support Z, and RHC is a movable boundary on HC . In
addition, on the surface HC we have

RHC ∼Q (n −multC(DX))C + (n−multC̃(DX))C̃ + nZ −∆Z,

and the intersection form of curves inZ∪C̃ is negative definite. Hence RHC =∅ and
multC̃(DX) = multZ̃(DX) = n. On the other hand, since RHC is empty, it follows
that the linear system DX lies in fibres of ϕHC , which is impossible by the con-
struction of DV .
Now suppose that γ ◦ f(C) ⊂ S. Let g : W → X be a blowup of the smooth

curve C, G a g-exceptional divisor, and set DW = g
−1(DX ). Then the linear

system |−KW | is a pencil and its base locus consists of Z and C, where C is a
section of the ruled surface g

∣∣
G
: G → C, and Z is the proper transform on W of

the fibre of f over the point f(C)∩ L̃, which consists of two smooth rational curves
intersecting transversally at a single point in the case when f(C) ∩ L̃ = Oi, and of
a smooth rational curve otherwise. Consider a general surface HC ∈ |−KW |. It is
smooth and

DW
∣∣
H
C

= multC (DW )C +∆Z + RHC ,

where ∆Z is an effective divisor with support Z and RHC is a movable boundary
on the surface HC . Moreover, on HC we have

DW
∣∣
H
C

∼Q nZ + nC + (n−multC(DX))G
∣∣
H
C

,

and in all possible cases the intersection form of curves in C∪Z is negative definite,
which immediately shows that RH

C
is empty and multZ(DW ) = multC(DW ) =

multC(DX) = n. In particular, since RH
C
is empty, it follows that the linear
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system DW lies in fibres of the map ϕ|−KW | : W ��� P1, which is impossible by the
construction of DV .

Lemma 5.7. Suppose that CS
(
V, 1
n
DV
)
does not contain L̃. Then CS

(
V, 1
n
DV
)

contains no point in the 3-fold V other than the Oi.

Proof. Let O be a point on V distinct from the Oi and lying in CS
(
V, 1nDV

)
. Then

O ∈ L̃ by Lemma 5.3; on the other hand L̃ does not belong to the base locus of the
linear system DV since L̃ /∈ CS

(
V, 1nDV

)
. In particular, the proper transform DX

of the linear system DV on X is a linear subsystem of |−nKX |, and
(
X, 1
n
DX
)
is

a log pullback of the movable log pair
(
V, 1
n
DV
)
. Hence there exists an irreducible

fibre Z of the morphism f
∣∣
E
: E → L̃ such that CS

(
X, 1nDX

)
contains either Z or

a point in it.
Assume that CS

(
X, 1nDX

)
contains the curve Z. Let g : W → X be a blowup

of Z, DW the proper transform of DX on W , and G a g-exceptional divisor. Then

DW ∼ g∗(−nKX)−multZ(DX)G

and multZ(DX ) � n. On the other hand, the anticanonical linear system |−KW |
is free and defines an elliptic fibration ϕ|−KW | : W → P2. Let C be a sufficiently
general fibre of ϕ|−KW |. Then it is easy to see that DW ·C = 2n−2multZ(DX). In
particular, multZ(DX ) = n and the linear system DW lies in the fibres of the elliptic
fibration ϕ|−KW |, which is not yet a contradiction in itself, but which demonstrates
that the fibrations ϕ|−KW | and π are equivalent. By construction, there exists a

projection α : P2 ��� P1 from a point such that α ◦ ϕ|−KW | ◦ (f ◦ g)−1 = τ ◦ f−1,
which contradicts our initial assumption.
Assume now that CS

(
X, 1nDX

)
contains a point P ∈ Z. In that case we set

D2X = multZ(D
2
X)Z +CX , where the support of the effective 1-cycle CX does not

contain the irreducible curve Z. Then

multP (D
2
X) = multZ(D

2
X) + multP (CX) � 4n2,

by Theorem 3.12. On the other hand, Z · F = 2 and D2X · F = 2n2, where
F is a fibre of the fibration τ by del Pezzo surfaces of degree 2. In particular,
multZ(D

2
X) � n2 and multP (CX) � 3n2. Let H ∈ |−KX | be a sufficiently general

divisor not containing Z. Then H contains no irreducible components of CX and

2n2 = H · CX � multP (CX) � 3n2,

which proves the required result.

Let DX be the proper transform of the linear system DV on the smooth 3-foldX,
and let F be a fibre of the del Pezzo fibration τ : X → P1. Then

KX ∼ f∗(KV ), F ∼ −KX − E, DX ∼ f∗(−nKV )−mE,

where m = multL̃(DV ).
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Lemma 5.8. m < n.

Proof. It follows from the inequality m � n that ϕDX = τ , which is impossible.
Set µ = 1/(n−m) and r = m/(n−m). Then KX + µDX ∼Q rF .

Remark 5.9. The following equivalences hold:

r > 0 ⇐⇒ m > 0 ⇐⇒ L̃ ∈ CS
(
V,
1

n
DV

)
.

Lemma 5.10. CS(X, µDX) �= ∅.
Proof. Assume that the log pair (X, µDX) is terminal. If r > 0, then (X, εDX) is
a canonical model for some ε ∈ Q>µ and, in particular, κ(X, εDX) = 3; however,
κ(X, εDX) � 2 by the construction of DV . If r = 0, then it follows from our
assumptions that the movable log pair

(
V, 1nDV

)
is semi-terminal, which contradicts

Lemma 5.1.

The following result is well known (see [15]).

Lemma 5.11. Let C be a curve in CS(X, µDX) lying in fibres of the del Pezzo
fibration τ . Then the log pair (X, µDX) is canonical at the generic point of C.

Proof. Let F be a fibre of τ containing C, and LF a sufficiently general curve in F
such that γ ◦ f(LF ) is a line in P3 lying in the plane γ ◦ f(F ) ⊃ L. Then

2(n−m) = DX · LF � multC(DX)(LF ·C)F � (n−m)(LF · C)F ,
which immediately shows that either γ ◦ f(C) is also a line in P3 and γ ◦ f

∣∣
C
: C →

γ ◦ f(C) is an isomorphism, or else multC(DX) � n−m and, in particular, the log
pair (X, µDX) is canonical at the generic point of C. Hence we can assume that
γ ◦ f(C) is a line in P3 and γ ◦ f

∣∣
C
is an isomorphism.

Assume that F has a singular point O ∈ C. Let LO be a sufficiently general
curve in F such that γ ◦ f(LO) is a line in P3 passing through the point γ ◦ f(O)
and lying in the plane γ ◦ f(F ) passing through the line L. Then LO is singular
at O and

2(n−m) = DX · LO � multC(DX )multO(LO) � 2(n−m),
which means that multC(DX) = n −m and (X, µDX) is canonical at the generic
point of C.

Assume that the surface F is non-singular along C. Let C̃ be a smooth rational
curve in the fibre F such that C̃ �= C and γ ◦ f(C̃) = γ ◦ f(C). Then

DX
∣∣
F
= mCC +mC̃ C̃ + RF

for integers mC � multC(DX) and mC̃ � multC̃(DX) such that RF is an effective
divisor on F with support not containing C or C̃. On F we have the equivalence

DX
∣∣
F
∼ (n−m)C + (n −m)C̃,

the equality C2 = C̃2 = −1, and the inequalities RF · C � 0 and RF · C̃ � 0,
which show that mC � n −m, mC̃ � n −m, and therefore the log pair (X, µDX)
is canonical at the generic point of C.

The following result is classical and follows by [4] and [5].
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Lemma 5.12. There exists a composite σ of Bertini involutions of the generic fibre
of τ such that the log pair (X, µσσ(DX)) has canonical singularities at the generic
points of curves on X, where µσ ∈ Q>0 is defined by the relation
KX + µσσ(DX ) ∼Q rσF for some non-negative rational number rσ.
Proof. Assume that multC(DX ) > n−m for some curve C on X. This curve does
not lie in fibres of τ , by Lemma 5.11. Let F be a sufficiently general fibre of τ .
Then

2(n−m)2 = D2X · F � multC(D2X)C · F � mult2C(DX )C · F > (n −m)2C · F,
which shows that C ·F = 1. Therefore, we can assume for now that X is a smooth
del Pezzo surface of degree 2 with Picard group Z defined over a field F = C(x),
and we can regard C as an F-point of X and DX as a linear system without fixed
curves on X such that DX ⊂ |(m− n)KX | and multC(DX ) > n−m.
The linear system |−KX | contains no curve Z singular at C because

2(n−m) = Z ·DX > multC(Z)(n −m);
in particular, the F-point C cannot lie in the ramification divisor of the double cover
ϕ|−KX | : X → P2. Let g : W → X be a blowup of C, and E an exceptional divisor
of g. Then ϕ|−2KW | is well known to be a morphism and a double cover. Consider
the involution χ of W interchanging the fibres of the double cover ϕ|−2KW |. Easy
calculations show that

χ∗(g∗(−KX )) ∼ 3g∗(−KX )− 4E, χ∗(E) ∼ 2g∗(−KX)− 3E,
and it is incidentally well known that the biregular involution χ induces a bi-
rational and non-biregular involution ψC of X, known as a Bertini involution.
Let µψC ∈ Q>0 be a quantity such that KX + µψCψC(DX ) ∼Q 0. Then

µψC =
µ

3− 2multC(DX )µ
,

which shows that µψC > µ = 1/(n−m). We can now repeat the above-described
construction of the Bertini involution in the case of the log pair (X, µψCψC(DX)),
provided that its singularities are not canonical. Thus, considering a composite σ
of finitely many Bertini involutions of the del Pezzo surface X of degree 2 we obtain
a movable log pair (X, µσσ(DX )) such that KX + µσσ(DX) ∼Q 0 and 1/µσ ∈ N.
Hence we can assume that µσ is the smallest rational number possible and that
(X, µσσ(DX)) is canonical.
We again regard X as a smooth 3-fold. The above construction produces a

composite σ of finitely many Bertini involutions of the generic fibre of τ such that
the log pair (X, µσσ(DX)) has only canonical singularities at generic points of
curves not lying in fibres of τ , where µσ ∈ Q>0 and KX + µσσ(DX) ∼Q rσF for
some rational rσ . We can now apply Lemmas 5.1–5.6 and Lemmas 5.10, 5.11 to
the linear system f ◦ σ(DX) in place of DV to obtain the inequality rσ � 0 and
to prove that the singularities of (X, µσσ(DX)) are canonical at generic points of
all curves on X.

The birational automorphism σ commutes with τ , therefore we can replace the
birational map β by β ◦ σ−1 and assume that the singularities of the log pair
(X, µDX) are canonical at the generic points of curves on X.
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Lemma 5.13. r > 0.

Proof. Suppose that r = 0. Then L̃ /∈ CS
(
V, 1
n
DV
)
and CS

(
V, 1
n
DV
)
contains some

point Oi, by Lemma 5.7. We can assume that i = 1. Hence CS
(
X, 1
n
DX
)
contains

either a point P ∈ Z1 or a component of Z1 = Z01 ∪ Z11 , where Z1 is the reducible
fibre of the birational morphism f over the point O1. Let D1 and D2 be sufficiently
general surfaces in the linear system DX . Then

n2(Z1 + 2C) ≡ n2K2X ≡ D1 ·D2 = multZ01 (D
2
X)Z

0
1 +multZ11 (D

2
X)Z

1
1 + CX + RX ,

where C is a curve in the fibres of τ with −KX · C = 1, CX is an effective 1-cycle
on X lying in fibres of τ , and RX is an effective 1-cycle on X with components not
lying in fibres of τ .
Assume that CS

(
X, 1nDX

)
contains some point P ∈ Z1. By Theorem 3.12, we

have multP (D1 ·D2) � 4n2, while Z01 · F = Z11 · F = 1 and

2n2 = D1 ·D2 · F = multZ01 (D
2
X) + multZ11 (D

2
X) +RX · F,

where F is a fibre of τ . In particular, multZ01 (D
2
X) + multZ11 (D

2
X) � 2n2, and

equality holds for RX = ∅. Let HZ1 be a sufficiently general surface in |−KX |
passing through Z1. By our choice we can assume that HZ1 contains no irreducible
components of the cycles CX and RX . Thus,

HZ1 · (CX + RX) � multP (CX) +multP (RX)
� 4n2 −multZ01 (D

2
X )δ

0
P +multZ11 (D

2
X)δ

1
P ,

where δiP = multP (Z
i
1). However, HZ1 · (CX +RX) = 2n2. Hence the cycle RX is

empty, multP (CX) = HZ1 · CX = 2n2, and either P is an intersection point of the
curves Z01 and Z

1
1 and

multZ01 (D
2
X) +multZ11 (D

2
X) = 2n

2,

or else P ∈Zk1 ,multZk1 (D
2
X)=2n

2, multZ1−k1
(D2X)=0.ThemultiplicitiesmultZ01 (D

2
X )

and multZ11 (D
2
X) are positive because D1 · Z01 = D1 · Z11 = 0, so that

P = Z01 ∩ Z11 and
multZ01 (D

2
X) +multZ11 (D

2
X) = 2n

2,

and it follows by the equalities multP (CX) = HZ1 · CX = 2n2 that the support
of CX lies in the fibre FP of τ passing through P . On the other hand we have
ϕDX (X) = P

2 by construction, and there exists a point O ∈ X not belonging to
FP ∪ E such that the linear subsystem DO ⊂ DX consisting of surfaces in DX
passing through O has no fixed components. Hence

O ∈ D2O ⊂ D2V ⊂ FP ∪E

in the set-theoretic sense, which contradicts our choice of O.
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Assume first that we have the simple case and that CS
(
X, 1nDX

)
contains both

curves Z01 and Z
1
1 . Let g : W → X be a blowup of Z01 , h : U → W a blowup of

the proper transform of Z11 , and DU the proper transform of the movable linear
system DX on U . Then |−KU | is free and the induced morphism ϕ|−KU | : U → P2
is an elliptic fibration. Let C be a sufficiently general fibre of ϕ|−KU |. Then

DU · C = 2n−multZ01 (DX) −multZ11(DX ),

so that the linear system DU lies in the fibres of the elliptic fibration ϕ|−KU |, which
is equivalent to the initial elliptic fibration π. Moreover, by our construction there
exists a rational map α : P2 ��� P1 such that α ◦ ϕ|−KU | ◦ (f ◦ h ◦ g)−1 = τ ◦ f−1,
which contradicts our initial assumptions.
Assume now that CS

(
X, 1

n
DX
)
contains either Z01 or Z

1
1 . We shall also assume

without loss of generality that CS
(
X, 1

n
DX
)
contains Z01 and does not contain Z

1
1 .

Let g : W → X be a blowup of Z01 , G an exceptional divisor of g, and DW the
proper transform of the linear system DX on W . Then the log pair

(
W, 1nDW

)
is

the log pullback of the log pair
(
X, 1nDX

)
. In particular, the singularities of the

log pair
(
W, 1nDW

)
are also canonical. Moreover, in the case when the singularities

of the log pair
(
W, 1nDW

)
are not terminal there exists a curve CW ⊂ W such

that CW ∈ CS
(
W, 1

n
DW
)
and CW is not contracted to a point by g, because

CS
(
V, 1nDV

)
contains no smooth points of V by Lemma 5.3, CS

(
X, 1nDX

)
contains

points in irreducible fibres of the birational morphism f by Lemma 5.7, and we have
already proved that CS

(
X, 1nDX

)
contains no points in the reducible fibres Zi of f .

Moreover, CS
(
X, 1nDX

)
does not contain curves other than the Zki , by Lemmas 5.6

and 5.7, and by our assumption CW cannot be the proper transform of Z
1
1 . Thus,

either CW dominates the curve Z
0
1 , or CW = Z

k
j �=1. On the other hand D1

∣∣
HZ1
·

Z11 = 0, where HZ1 is a general surface in |−KX | passing through Z1, so that
multZ11 (D

2
X ) > 0. Hence

2n2 = D1 ·D2 · F � mult2CW (DW ) + mult
2
Z01
(DX) + mult

2
Z11
(DX) > 2n

2,

which is impossible, and therefore the log pair
(
W, 1nDW

)
is terminal. Now let

ȟ ◦ p̌ ◦ p̂−1 ◦ h−1 : W ��� W̌ be an antiflip in the smooth curve Z11 in the notation
of § 4, and DW̌ the proper transform of DW on W̌ . Then the singularities of the log
pair

(
W̌ , 1

n
DW̌
)
are terminal because

(
KW +

1
n
DW
)
·Z11 = 0 and the antiflip in Z11

is a log flop for
(
W, 1

n
DW
)
. Thus, for sufficiently small ε ∈ Q>1/n the singularities

of the log pair (W̌ , εDW̌ ) are terminal and

KW̌ + εDW̌ ∼Q
(
1

n
− ε
)
KW̌ ,

where the divisor −KW̌ is nef and big, by Lemma 4.6. Moreover, the linear sys-
tem |−nKW̌ | defines a birational morphism ϕ|−nKW̌ | : W̌ → V1,0 for some n � 0,
where V1,0 is a Fano 3-fold with canonical singularities and −K3V1,0 =

1
2 . The mor-

phism ϕ|−nKW̌ | contracts only curves on W̌ having trivial intersection with −KW̌ .



Double space with double line 1525

In particular, every curve contracted by ϕ|−nKW̌ | has trivial intersection with the

divisor KW̌ +εDW̌ , and the log pair (W̌ , εDW̌ ) is the log pullback of (V1,0, εDV1,0),
where DV1,0 is the proper transform of the linear system DW̌ on V1,0. Hence
the log pair (V1,0, εDV1,0) is canonical and κ(V1,0, εDV1,0) = 3; however, we have
κ(V1,0, εDV1,0) � 2 by the construction of DV .
Let h : U → X be a birational morphism with smooth U and regular β ◦ f ◦ h.

Consider the relation

KU + µDU ∼Q h∗(rF ) +
k∑
i=1

aiEi,

where DU is the proper transform of the linear system DX on U , the divisor Ei is
h-exceptional, and ai ∈ Q. Consider a finite or empty point subset J of P1 such
that for at least one divisor Ei with ai < 0, its image on X is a point in the fibre
of τ over a point in J. For all λ ∈ J we have

h∗(Fλ) ∼ h−1(Fλ) +
kλ∑
j=1

bjEj,

where Fλ is a fibre of τ over λ and bi ∈ N. Finally, we set I =
⋃
λ∈J Iλ, where for

each λ ∈ J we define Iλ ⊂ {1, . . . , k} as follows: i ∈ Iλ if and only if h(Ei) is a
point in the fibre Fλ and ai < 0.
The following result asserts the existence of a super-maximal singularity as

in [15].

Proposition 5.14.

r +
∑
λ∈J
min

{
ai

bi

∣∣∣ h(Ei) ∈ Fλ and ai < 0} � 0.
Proof. Assume that the result fails. Then there exist positive rational numbers ε
and cλ such that r = ε+

∑
λ∈J cλ and cλ+min{ai/bi | h(Ei) ∈ Fλ and ai < 0} > 0.

In particular,

KU + µDU ∼Q h∗(εF ) +
∑
λ∈J

(
h∗(cλFλ) +

∑
i∈Iλ

aiEi

)
+
∑
i/∈I
aiEi,

while for each λ ∈ J the divisor h∗(cλFλ) +
∑
i∈Iλ aiEi is effective by our choice of

the positive rational number cλ, and the divisor
∑
i/∈I aiEi is effective because by

assumption (X, µDX) is canonical at the generic points of curves on X. Let C be
a sufficiently general curve lying in fibres of ρ ◦ f ◦ h. Then KU · C = 0 because C
is an elliptic curve and DU · C = 0 by the construction of the linear system DV .
Thus,

(KU + µDU ) · C = h∗(εF ) · C +
∑
λ∈J

(
h∗(cλFλ) +

∑
i∈Iλ

aiEi

)
· C +

∑
i/∈I
aiEi ·C = 0

and, in particular, h∗(εF ) · C = 0 due to the generality of C. Hence there exists a
rational map α : P2 ��� P1 such that α ◦ ρ = τ ◦ f−1, which is impossible by our
assumption.
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Corollary 5.15. The singularities of the log pair (X, µDX) are not canonical.

Remark 5.16. The geometric meaning of Proposition 5.14 is simple: for arbi-
trary positive rational numbers {cλ}λ∈J such that r =

∑
λ∈J cλ, the set

CS
(
X, µDX −

∑
λ∈J cλFλ

)
of centres of canonical singularities is non-empty.

Let Z be a smooth irreducible curve that is a general fibre of the morphism

f
∣∣
E
: E → L̃, and C a smooth curve in a general fibre of the del Pezzo fibration τ

such that −KX · C = 1.

Remark 5.17. NE(X) = R�0Z ⊕ R�0C, F · Z = E · C = 2, K2X ≡ Z + 2C.

Note that the Q -rational equivalence µDX ∼Q −KX + rF yields the numerical
equivalence µ2D2X ≡ Z + (2 + 4r)C of 1-dimensional cycles. For two sufficiently
general divisors D1 and D2 in the linear system DX , consider the effective cycle

T0 = µ
2D1 ·D2 = ZX +

∑
λ∈P1
Cλ,

where no component of the effective 1-cycle ZX lies in the fibres of τ , and every
component of the effective 1-dimensional cycle Cλ lies in the fibre Fλ of τ over the
point λ ∈ P1.

Remark 5.18.

−KX ·
∑
λ∈P1
Cλ = 2 + 4r � 2 + 4

∑
λ∈J
max

{
−ai
bi

∣∣∣ h(Ei) ∈ Fλ and ai < 0}.
Corollary 5.19. There exist a point ω ∈ P1 and an h-exceptional divisor Et such
that h(Et) is a point O in the fibre Fω of τ over ω, −KX · Cω � 2 − 4at/bt, and
at < 0, where at/bt = min{ai/bi | h(Ei) ∈ Fω and ai < 0}.

Remark 5.20. We have −KX ·Cω � 2/p− 4at/bt, where p is the cardinality of J.

Remark 5.21. The log pair (X, µDX + (at/bt)Fλ) is canonical at O, and in the
relation

KU + µDU +
at

bt
h−1(Fω) ∼Q h∗

((
r +
at

bt

)
F

)
+

k∑
i=1

a

(
X, µDX +

at

bt
Fλ, Ei

)
Ei

the log discrepancy a(X, µDX + (at/bt)Fλ, Et) vanishes, so that O belongs to
CS(X, µDX + (at/bt)Fλ) and there exist only finitely many divisorial discrete val-
uations with centre at O on X such that the corresponding discrepancies vanish;
they are all associated with h-exceptional divisors Ej such that aj/bj = at/bt, and
we can always take any one of them in place of Et in Corollary 5.19.
We thus have a point ω on P1, a fibre Fω over ω of the fibration τ : X → P1

by del Pezzo surfaces of degree 2, a smooth manifold U and a birational morphism
h : U → X, an h-exceptional divisor Et whose image h(Et) on X is a point O on the
fibre Fω, and we have the inequalities −KX · Cω � 2 − 4at/bt and at < 0, where
the 1-dimensional effective cycle Cω is a component of the cycle T0 = µ

2D1 ·D2 lying
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in Fω, D1 and D2 are sufficiently general divisors in DX , the rational number at is
defined by the Q -rational equivalence

KU + µDU ∼Q h∗(rF ) +
k∑
i=1

aiEi,

and the positive integer bt is defined by the rational equivalence

h∗(Fω) ∼ h−1(Fω) +
k∑
i=1

biEi,

where DU = h
−1(DX ), the divisor Ei is h-exceptional, ai ∈ Q, and bi ∈ N.

Lemma 5.22. The fibre Fω is non-singular at the point O.

Proof. Assume that Fω is singular at O. Let LO be a sufficiently general curve
on the surface Fω such that γ ◦ f(LO) is a line in P3 passing through γ ◦ f(O).
Then LO is singular at O and

2(n−m) = DX · LO � multO(DX)multO(LO) � 2multO(DX),

whereas the inequality at < 0 yields multO(DX) >
1
µ
= n−m.

Lemma 5.23. multO(DX) � 2
µ = 2(n−m).

Proof. Let LO be a sufficiently general curve on the surface Fω containing O such
that γ ◦ f(LO) is a line in P3. Then

2(n−m) = DX · LO � multO(DX)multO(LO) � multO(DX),

which proves the required result.

The quantities at and bt depend only on the divisorial discrete valuation asso-
ciated with the divisor Et: they are the log discrepancy of the log pair (X, µDX)
and the multiplicity of Fω, respectively. In particular, at and bt do not depend
on h, therefore we can choose h to be a composite ψ1,0 ◦ · · · ◦ ψN,N−1 of birational
morphisms ψi,i−1 : Xi → Xi−1, i = 1, . . . , N , X = X0, having the following natu-
ral properties: ψ1,0 is a blowup of the point P0 = O; ψi,i−1 is a blowup of a point

Pi−1 ∈ Gi−1, i = 2, . . . , K, where Gi = ψ−1i,i−1(Pi−1); ψK+1,K is the blowup of a
curve PK ⊂ GK ; ψi,i−1 is a blowup of a curve Pi−1 ⊂ Gi−1, i =K + 2, . . . , N , not
lying in the fibres of ψi−1,i−2

∣∣
Gi−1
; the divisorial discrete valuation associated with

the divisor GN coincides with the divisorial discrete valuation associated with Et.
We set ψj,i = ψi+1,i ◦ · · · ◦ ψj,j−1 : Xj → Xi, j > i, ψj,j = idXj , and set

Gji = ψ
−1
j,i (Gi) ⊂ Xj , j � i; DXi = ψ−1i,0 (DX ); F iω = ψ−1i,0 (Fω) ⊂ Xi, i = 0, . . . , N .

In this notation we have the equivalences

KXN + µDXN ∼Q ψ∗N,0(rFω) +
N∑
i=1

a(X, µDX , Gi)G
N
i ,

ψ∗N,0(Fω) ∼ FNω +
N∑
i=1

b(X,Fω, Gi)G
N
i ;
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here a(X, µDX , Gi)∈Q, b(X,Fω, Gi)∈N, and by construction a(X, µDX , GN)= at,
b(X,Fω, GN) = bt,

−KX · Cω � 2−
4a(X, µDX , GN)

b(X,Fω, GN)
,

and a(X, µDX , GN) < 0. Moreover, we can assume in accordance with Remark
5.21 that a(X, µDX , GN)/b(X,Fω, GN) < a(X, µDX , Gi)/b(X,Fω, Gi) for i < N .

Remark 5.24. A priori we must assume that the 3-fold Xi is either quasi-projective
or singular for i > K, which has no influence on the subsequent arguments; however,
it must be pointed out that it follows easily by the inequality a(X, µDX , GN) < 0,
Remark 5.21, and Lemma 5.23 that PK is a line in GK ∼= P2 and Pi is a section of
the ruled surface ψi−1,i−2

∣∣
Gi−1
: Gi−1→ Pi−1 ∼= P1 for i > K.

The main object under consideration in the rest of this section is the effective
1-dimensional cycle

T0 = µ
2D1 ·D2 = ZX +Cω +

∑
ω �=λ∈P1

Cλ,

where no component of ZX lies in fibres of τ , every component of Cλ lies in the
fibre Fλ of τ over λ, λ �= ω, and Cω ⊂ Fω.
It follows from the inequality a(X, µDX , GK) < 0 that multO(T0) > 4, by The-

orem 3.12. On the other hand, multO(ZX) � Fω ·ZX = 2, so that multO(Cω) > 2,
which is a rather strong condition by itself yet seems to be not sufficiently strong
for the required contradiction.

Remark 5.25.

2 < multO(Cω) � −KX · Cω � 2−
4a(X, µDX , GN)

b(X,Fω, GN)
.

The following construction is well known (see [15] and [20]). We assign to each
divisor Gi a vertex of an oriented graph Γ and indicate by an arrow Gj → Gi the
fact that the vertex Gj is joined to Gi by an oriented edge going from Gj to Gi.
We set

Gj → Gi ⇐⇒ j > i and Pj−1 ⊂ Gj−1i ⊂ Xj−1,

so that, in particular, we always have Gi → Gi−1 for i = 1, . . . , N .

Remark 5.26. In the case when the discrete valuation of GN coincides with the
discrete valuation associated with an exceptional divisor of a weighted blowup of
the point O with weights (1, K,N) for coprime positive integers K and N in a
suitable local coordinate system on X, it follows by [22] that the graph Γ is
a chain, which means merely that Gj → Gi ⇐⇒ j = i+ 1.
Let P (i) be the number of paths in Γ from GN to Gi, i �= N , and set P (N) = 1.

Then

a(X, µDX , GN) =
K∑
i=1

P (i)(2− νi) +
N∑

i=K+1

P (i)(1− νi),
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where νi = multPi−1(µD
i−1
X ). We set

T j0 = ψ
−1
j,0 (T0), ZjX = ψ

−1
j,0 (ZX), Cjω = ψ

−1
j,0 (Cω)

and

miT0 = multPi−1(T
i−1
0 ), miZX = multPi−1(Z

i−1
X ), miCω = multPi−1(C

i−1
ω ),

where i = 1, . . . , K. Set Di1 = ψ
−1
i,0 (D1), D

i
2 = ψ

−1
i,0 (D2), let Ti ⊂ Gi ∼= P2 be an

effective 1-dimensional cycle on the 3-fold Xi, i = 1, . . . , N , defined by the relation

µ2D2Xi ≡ µ
2Di1 ·Di2 = ψ−1i,i−1(µ2Di−11 ·Di−12 ) + Ti,

and set T ji = ψ
−1
j,i (Ti) for j � i. Then

µ2Di1 ·Di2 = T i0 + T i1 + · · ·+ T ii−1 + Ti
for i = 1, . . . , K.
Set mi,j = multPj−1(T

j−1
i ) for j > i = 1, . . . , K and let di be the degree of Ti

in P2 ∼= Gi.
Lemma 5.27. For i = 1, . . . , K,

∑i−1
j=0mj,i = ν

2
i + di.

Proof. By considering a general hyperplane section ofXi−1 passing through Pi−1 we
reduce the situation to the well-known result on the multiplicity of an intersection
on a smooth surface.

Lemma 5.28. dK �
∑N
i=K+1 ν

2
i deg(ψi−1,L

∣∣
Pi−1
).

Proof. For i > K we regard Ti as a subscheme of Gi. Let di be the intersection
in Gi of Ti with a general fibre of ψi,i−1

∣∣
Gi
. Then di � multPi(D2Xi ) deg

(
ψi,i−1

∣∣
Pi

)
for i > K and multPi (D

2
Xi
) = ν2i+1 + di+1 for i � K, so that

dK � multPK (D2XL ) �
N∑

i=K+1

ν2i

i−1∏
j=K

deg
(
ψj+1,j

∣∣
Pj+1

)

=
N∑

i=K+1

ν2i deg
(
ψi−1,K

∣∣
Pi−1

)
,

which is the required result.

It can be proved that the curve PK is a line inGK ∼= P2 and deg
(
ψi−1,L

∣∣
Pi−1

)
= 1

for i > K.

Corollary 5.29. dK �
∑N
i=K+1 ν

2
i .

Consider the restriction of the function P (i) to [1, K] ⊆ [1, N ]. More precisely,
we define Q : [1, K]→ N to be the function such that Q(i) is the number of oriented
paths in Γ going from GN to Gi, i = 1, . . . , K.

Remark 5.30.

Q(i) =
∑
Gj→Gi

Q(j) +

j>K∑
Gj→Gi

P (j) �
∑
Gj→Gi

Q(j).
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Lemma 5.31.
K∑
i=1

Q(i)m0,i �
K∑
i=1

Q(i)ν2i +Q(K)dK .

Proof. For j = 1, . . . , K we multiply the equality

j−1∑
i=0

mi,j = ν
2
j + dj

by Q(j), take the sum:

K∑
j=1

j−1∑
i=0

Q(j)mi,j =
K∑
j=1

Q(j)ν2j +
K∑
j=1

Q(j)dj ,

and change the order of summation:

K∑
j=1

j−1∑
i=0

Q(j)mi,j =
K−1∑
i=0

K∑
j=i+1

Q(j)mi,j ,

where mi,j � di for 1 � i < j � K. Moreover, mi,j > 0 ⇐⇒ Gj → Gi. Hence

K−1∑
i=0

K∑
j=i+1

Q(j)mi,j �
K∑
j=1

Q(j)m0,j +
K−1∑
i=1

∑
Gj→Gi

Q(j)di

�
K∑
j=1

Q(j)m0,j +
K−1∑
i=1

Q(i)di,

so that
K∑
j=1

Q(j)m0,j +
K−1∑
i=1

Q(i)di �
K∑
j=1

Q(j)ν2j +
K∑
j=1

Q(j)dj ,

and finally,
K∑
j=1

Q(j)m0,j �
K∑
j=1

Q(j)ν2j +Q(K)dK ,

as required.

Corollary 5.32.
∑K
i=1 P (i)m0,i �

∑N
i=1 P (i)ν

2
i .

Set Σ0 =
∑K
i=1 P (i) and Σ1 =

∑N
i=K+1 P (i). Then elementary calculus shows

that
K∑
i=1

P (i)m0,i �
N∑
i=1

P (i)ν2i �
(2Σ0 +Σ1 − a(X, µDX , GN))2

(Σ0 +Σ1)
,

because
∑N
i=1 P (i)νi = 2Σ0 +Σ1 − a(X, µDX , GN).
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Recall that m0,i =m
i
T0
= miZX +m

i
Cω
for i = 1, . . . , K and miCω = 0 for i > M ,

where the positive integerM � K is the largest such that PM−1 ∈ FM−1ω ; moreover,
multO(ZX) � miZX for i = 1, . . . , K, and the similar inequality multO(Cω) � m

i
Cω

holds for i = 1, . . . ,M . Thus, we have

multO(ZX )Σ0 +multO(Cω)Σ
′
0 �
(2Σ0 + Σ1 − a(X, µDX , GN))2

(Σ0 + Σ1)
,

where Σ′0 =
∑M
i=1 P (i). On the other hand, multO(ZX) � Fω · ZX = 2,

multO(Cω) � −KX · Cω � 2−
4a(X, µDX , GN)

b(X,Fω, GN)
,

and we have b(X,Fω, GN) �
∑M
i=1 qiP (i) � Σ′0, where qi = multPi−1(F i−1ω ) for

i = 1, . . . ,M .
Combining all these inequalities we obtain

2(Σ0 − Σ′0)(Σ0 +Σ1) + (Σ1 + a(X, µDX , GN))2 � 0,
which yields a(X, µDX , GN)) = −Σ1 and Σ0 = Σ′0. Moreover,

N∑
i=1

P (i)ν2i =

(
2Σ0 + Σ1 − a(X, µDX , GN)

)2
(Σ0 +Σ1)

,

which is possible only for ν1 = ν2 = · · · = νN = ν. Hence

ν(Σ0 +Σ1) =
N∑
i=1

P (i)νi = 2Σ0 +Σ1 − a(X, µDX , GN) = 2(Σ0 + Σ1),

so that ν = 2.
We see that each of the above inequalities must be an equality. In particular,

the set J has cardinality 1, by Remark 5.20. This means that Fω is the only fibre
of τ such that the singularities of the log pair (X, µDX) are not canonical at points
in Fω. Moreover, it follows by the equality

−KX · Cω = 2 + 4r = −KX ·
∑
λ∈P1
Cλ

that all 1-cycles Cλ are empty for λ �= ω. The equivalence
T0 = ZX +Cω ≡ Z + (2 + 4r)C,

where Z is a fibre of f
∣∣
E
: E → L̃ and C is a curve in Fω with −KX · C = 1,

shows that the support of the cycle ZX lies in the fibres of f
∣∣
E
. In particular, O ∈

Fω ∩Zδ , where Zδ is a fibre of f
∣∣
E
: E → L̃ over some point δ ∈ L̃. However, since

2 = Fω · ZX = multO(ZX), it follows that the support of ZX lies in Zδ, which
must therefore be a reducible fibre of f

∣∣
E
. In particular, δ must be one of the

points Oi defined in § 1, and Zδ = Zi = Z0i ∪ Z1i . On the other hand DX is not
composed of a pencil, therefore there exists a point P ∈ X such that P /∈ Fω ∪ E
and the linear subsystem DP ⊂ DX consisting of surfaces in the linear system DX
passing through P has no fixed components. Hence P ∈ A ∩B for two sufficiently
general divisors A and B in DP . However, we can replace the divisors D1 and D2
in the linear system DX that we used before by A and B, respectively. Hence
P ∈ A ∩B ⊂ Fω ∪E in the set-theoretic sense, which contradicts our choice of the
point P . The proof of Theorem 1.3 is now complete.
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§ 6. Proof of Theorem 1.4
In the notation and assumptions of § 1, assume further the existence of a bira-

tional transformation β : V ��� Y such that Y is a canonical Fano 3-fold. The main
aim of this section is the proof of the following result.

Proposition 6.1. There exists a birational automorphism σ of V such that σ is
a uniquely-defined composite of Bertini involutions of the generic fibre of the del
Pezzo fibration τ , and either β ◦ σ is biregular or β ◦ σ = α ◦ ρi,k for some biregular
automorphism α of the Fano 3-fold Vi,k.

Corollary 6.2. Either Y ∼= V or Y ∼= Vi,k.

Corollary 6.3. The sequence 1 → Γ → Bir(V ) → Aut(V ) → 1 is exact, where Γ
is a free product of Bertini involutions of the generic fibre of the fibration τ by del
Pezzo surfaces of degree 2 regarded as a del Pezzo surface of degree 2 with Picard
group Z over the field C(x).

Set DV = β
−1(DY ), where DY = |−tKY | for t � 0. Then DV ⊂ |−nKV | for

some n ∈ N. Let DX be the proper transform of DV on X, and F a fibre of the
fibration τ : X → P1 by del Pezzo surfaces. Then

DX ∼ f∗(−nKV )−mE ∼ −nKX −mE ∼ f∗(KV ) ∼ n(F + E)−mE,

where n > m = multL̃(DV ) � 0. Set µ = 1/(n−m) and r = m/(n−m). Then
KX + µDX ∼Q rF .

Remark 6.4. The following equivalences hold:

m = 0 ⇐⇒ r = 0 ⇐⇒ µ =
1

n
⇐⇒ L̃ /∈ CS

(
V,
1

n
DV

)
.

Lemma 6.5. If CS(X, µDX) = ∅, then β is biregular.

Proof. Assume that r > 0. Then (X, εDX) – is a canonical model for some ε > µ.
Hence κ(Y, εDY ) = κ(X, εDX) = 3 and (Y, εDY ) is also a canonical model, so that
the birational map β ◦ f is biregular by Theorem 2.15, which is a contradiction
because −KX is not ample.
Hence r = 0, µ = 1

n , the log pair (X,
1
nDX) is the log pullback of the log

pair
(
V, 1nDV

)
, and L̃ /∈ CS

(
V, 1nDV

)
. In particular, the log pair

(
V, 1nDV

)
is semi-

terminal. Then (V, εDV ) is a canonical model for some ε ∈ Q>1/n. In particular,
κ(Y, εDY ) = κ(V, εDV ) = 3 and (Y, εDY ) is a canonical model. Hence the map β
is biregular, by Theorem 2.15.

Lemma 6.6. Let C ⊂ X be a curve lying in the fibres of the fibration τ such that
C ∈ CS(X, µDX). Then the log pair (X, µDX) is canonical at the generic point
of C.

Proof. See the proof of Lemma 5.11.
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Lemma 6.7. There exists a uniquely-defined composite σ of Bertini involutions of
the generic fibre of τ such that the log pair (X, µσσ(DX)) has canonical singular-
ities at generic points of curves on X, where µσ ∈ Q>0 is defined by the relation
KX + µσσ(DX ) ∼Q rσF for some non-negative rational number rσ.
Proof. See the proof of Lemma 5.12.

Remark 6.8. For the proof of Proposition 6.1 we can replace the birational map β
by the composite β◦σ−1 and assume that the singularities of the log pair (X, µDX)
are canonical at generic points of curves on X.

Lemma 6.9. Assume that the log pair (X, µDX) has canonical singularities. Then
r = 0.

Proof. Assume that r > 0. Then κ(X, µDX) = 1, while κ(Y, µDY ) ∈ {−∞, 0, 3}
by the construction of the linear system DY , which contradicts the birational invari-
ance of the Kodaira dimension of a movable log pair.

Let h : U → X be a birational morphism with smooth U and regular β ◦ f ◦ h,
and suppose that

KU + µDU ∼Q h∗(rF ) +
k∑
i=1

aiEi,

where DU = h
−1(DX), Ei is an h-exceptional divisor, and ai ∈ Q. We define the

subset J of P1 as the image of the exceptional divisors Ei with ai < 0. For λ ∈ J
we set

h∗(Fλ) ∼ h−1(Fλ) +
kλ∑
j=1

bjEj,

where Fλ is the fibre of τ over λ and bi ∈ N. Finally, we have I =
⋃
λ∈J Iλ, where

for λ ∈ J we define Iλ ⊂ {1, . . . , k} as follows: i ∈ Iλ if and only if h(Ei) is a point
in the fibre Fλ and ai < 0.

Proposition 6.10.

r +
∑
λ∈J
min

{
ai

bi

∣∣∣ h(Ei) ∈ Fλ and ai < 0} � 0.
Proof. Assume that the claim fails. Then there exist positive rational numbers ε
and cλ such that r = ε+

∑
λ∈J cλ and cλ+min{ai/bi | h(Ei) ∈ Fλ and ai < 0} > 0.

In that case

KU + µDU ∼Q h∗(εF ) +
∑
λ∈J

(
h∗(cλFλ) +

∑
i∈Iλ

aiEi

)
+
∑
i/∈I
aiEi,

and for each λ ∈ J the divisor h∗(cλFλ)+
∑
i∈Iλ aiEi is effective by the choice of cλ,

while the divisor
∑
i/∈I aiEi is effective because the log pair (X, µDX) is canonical

in curves. Thus, κ(U, µDU ) = 1, whereas κ(Y, µDY ) ∈ {−∞, 0, 3} by construction,
which contradicts the birational invariance of the Kodaira dimension.
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Lemma 6.11. r = 0.

Proof. Let Z be a fibre of f
∣∣
E
: E→ L̃, letC be a curve in fibres of τ with−KX ·C=1,

and D1, D2 two sufficiently general surfaces in DX . Then NE(X) = R�0Z⊕R�0C
and

µ2D1 ·D2 = ZX +
∑
λ∈P1
Cλ ≡ Z + (2 + 4r)C,

where no component of the effective 1-cycle ZX lies in fibres of τ and each compo-
nent of the effective cycle Cλ lies in the fibre Fλ of τ over λ ∈ P1. Hence

−KX ·
∑
λ∈P1
Cλ = 2 + 4r � 2− 4

∑
λ∈J
min

{
ai

bi

∣∣∣ h(Ei) ∈ Fλ and ai < 0}

by Proposition 6.10. Assume that r > 0. Then there exists ω ∈ P1 such that

−KX · Cω � 2− 4
at

bt
,

where at/bt = min{ai/bi | h(Ei) ∈ Fω and ai < 0}. We can now repeat verbatim
the proof of Theorem 1.3, starting with Lemma 5.22, to obtain a contradiction.

Corollary 6.12. L̃ /∈ CS
(
V, 1nDV

)
.

Lemma 6.13. If CS
(
V, 1nDV

)
= ∅, then β is biregular.

Proof. Suppose that CS
(
V, 1
n
DV
)
= ∅. Then (V, εDV ) is a canonical model for

some ε ∈ Q>1/n, and κ(Y, εDY ) = κ(V, εDV ) = 3; hence (Y, εDY ) is a canonical
model. So β is biregular by Theorem 2.15.

Remark 6.14. The linear system DV does not lie in fibres of a dominant map
χ : V ��� Z such that Z is a curve or a surface.
Lemma 6.15. CS

(
V, 1
n
DV
)
does not contain curves or smooth points of V .

Proof. See the proofs of Lemmas 5.3–5.6.

Lemma 6.16. CS
(
V, 1nDV

)
does not contain points other than the Oi.

Proof. Assume that CS
(
V, 1nDV

)
contains a point O on the 3-fold V such that

O �= Oi. Then O lies in a curve L̃ by Lemma 6.15, but L̃ /∈ CS
(
V, 1
n
DV
)
because

r = 0. Hence CS
(
X, 1

n
DX
)
contains either an irreducible fibre Z of the morphism

f
∣∣
E
: E → L̃ over O or a point P ∈ Z.
Assume that CS

(
X, 1

n
DX
)
contains a curve Z. Let g : W → X be a blowup

of Z, DW the proper transform of the linear system DX on the 3-fold W , and G
an exceptional divisor of g. Then the linear system |−KW | is free, the morphism
ϕ|−KW | is an elliptic fibration, and DW · C = 2n − multZ(DX) for a sufficiently
general fibre C of ϕ|−KW |. Thus,DW lies in the fibres of ϕ|−KW |, which is impossible
by construction.
Assume now that CS

(
X, 1

n
DX
)
contains a point P ∈ Z. Then

D2X = multZ(D
2
X)Z +CX ,
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where the support of the 1-dimensional cycle CX does not contain the curve Z, and

multP (D
2
X) = multZ(D

2
X) + multP (CX) � 4n2

by Theorem 3.12. On the other hand Z ·F = 2 and D2X ·F = 2n2, where F is a fibre
of the fibration τ by del Pezzo surfaces of degree 2. In particular, multZ(D

2
X ) � n2

and multP (CX) � 3n2. Let H be a sufficiently general divisor in |−KX | passing
through the curve Z. Then H contains no irreducible component of CX and

n2 = H · CX � multP (CX) � 3n2,
which proves the required result.

Lemma 6.17. Suppose that Oi ∈ CS
(
V, 1
n
DV
)
. Then β = α ◦ ρi,0 or β = α ◦ ρi,1

for some biregular automorphism α of Vi,0 or Vi,1, respectively.

Proof. We can assume that i = 1. We set by definition Z1 = Z
0
1 ∪ Z11 = f−1(O1).

Then CS
(
X, 1nDX

)
contains either a point P ∈ Z1 or an irreducible component of

the fibre Z1. Moreover, we can repeat verbatim part of the proof of Lemma 5.13
to demonstrate that the first case is impossible and that CS

(
X, 1nDX

)
consists of

a single irreducible component of Z1. We can assume that CS
(
X, 1nDX

)
= {Z01}.

Let g : W → X be a blowup of the smooth curve Z01 and DW the proper transform
of DX on W . We now repeat another part of the proof of Lemma 5.13 to show that
the log pair

(
W, 1nDW

)
is terminal. We claim that β = α ◦ ρ1,0 for some biregular

automorphism α of the singular Fano 3-fold V1,0.

In the notation of § 4, let ȟ◦ p̌◦ p̂−1◦h−1 : W ��� W̌ be an antiflip in Z11 and DW̌
the proper transform of the linear system DW on W̌ . Then the singularities of the
log pair

(
W̌ , 1

n
DW̌
)
are terminal because

(
KW+

1
n
DW
)
·Z11 = 0 and ȟ◦p̌◦p̂−1◦h−1 is

a log flop for
(
W, 1nDW

)
; for some ε ∈ Q>1/n the log par (W̌ , εDW̌ ) is also terminal,

and

KW̌ + εDW̌ ∼Q
(
1

n
− ε
)
KW̌ ,

where −KW̌ is nef and big by Lemma 4.6, and for n� 0 the linear system |−nKW̌ |
defines a birational morphism ϕ|−nKW̌ | : W̌ → V1,0 contracting curves having trivial
intersection with −KW̌ . It follows, in particular, that the log pair (V1,0, εDV1,0) is
a canonical model and κ(V1,0, εDV1,0) = κ(Y, εDY ) = 3. Hence (Y, εDY ) is also a
canonical model. On the other hand DV1,0 = ρ1,0(DV ). Thus, the birational map
ρ1,0 ◦ β−1 is biregular by Theorem 2.15.
The proof of Theorem 1.4 is now complete.

§ 7. Proof of Theorem 1.15
Under the assumptions and notation of § 1, let E ⊂ X be a smooth surface, L

the unique line on the sextic S passing through one of the points γ(Oi) ∈ P3, and
assume that there exist a birational map β : V ��� Y and a fibration π : Y → P1
such that the general fibre of π is a connected smooth surface with numerically
trivial canonical divisor. In this section we shall find a birational automorphism σ
of the 3-fold V and a pencil P ⊂ |−KV | such that ρ ◦ σ = ϕP, where ρ = π ◦ β.
Remark 7.1. Unfortunately, some arguments used efficiently in §§ 5, 6 fail under the
assumptions of this section.
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Set DV = β
−1(|τ∗(OP1(1))|). Then DV ⊂ |−nKV | for some n ∈ N.

Lemma 7.2. CS
(
V, 1nDV

)
�= ∅.

Proof. Assume that CS
(
V, 1nDV

)
= ∅. Then κ(V, εDV ) = 3, ε ∈ Q>1/n, whereas

by the construction of the linear system DV we have κ(V, εDV ) � 1.

Lemma 7.3. CS
(
V, 1
n
DV
)
contains no smooth points of V .

Proof. Let O ∈ CS
(
V, 1nDV

)
be a point such that O /∈ L̃, and let HO ∈ |−KV | be

a general surface passing through O. Then 2n2 = HO ·D2V � 4n2 by Theorem 3.12.

Lemma 7.4. Assume that CS
(
V, 1nDV

)
contains a curve C �= L̃. Then γ(C) is a

line.

Proof. The inequality multC(DV ) � n is equivalent to the fact that C lies in
CS
(
V, 1nDV

)
. Hence for a sufficiently general divisor H in the linear system |−KV |

it follows by the inequalities

2n2 = H ·D2V � multC(D2V )H ·C � mult2C(DV )H · C � n2H ·C

that −KV ·C � 2. If −KV ·C = 1, then the curve γ(C) is a line in P3. We can thus
assume that −KV · C = 2, multC(DV ) = n and multC(D2V ) = n2, the curve γ(C)
is a conic in P3, the map γ

∣∣
C
: C → γ(C) is an isomorphism, and the support of

the effective 1-cycle D2V consists of C.

Assume first that C ∩ L̃ = ∅. In this case let g : W → V be a blowup of C,
let G be an exceptional divisor of g and DW the proper transform of DV on the
3-foldW . We claim that the effective divisor g∗(−3KV )−G is numerically effective.
Assume that γ(C) �⊂ S and consider the curve C̃ ⊂ W such that γ ◦ g(C̃) = γ(C)
and g(C̃) �= C. Then C̃ is the unique curve in the base locus of the linear system
|g∗(−2KV )−G|, and (g∗(−2KV )−G) ·C̃ = −2, which proves that g∗(−3KV )−E is
numerically effective. Now suppose that γ(C) ⊂ S. In this case the base locus of the
linear system |g∗(−2KV )−G| lies inG. Let s∞ be an exceptional section of the ruled
surface g

∣∣
G
: G → C. It is easy to see that in this case the numerical effectiveness

of g∗(−3KV )−G follows from the inequality (g∗(−3KV )−G)
∣∣
G
· s∞ � 0; however,

elementary calculations demonstrate the equalities

(g∗(−3KV )−G)
∣∣
G
· s∞ = 6 +

s2∞
2

and G3 = 0. We must show that s2∞ � −12. Suppose that NC/V ∼= OC(m)⊕OC(n)
for m � n. Then

m+ n = deg(NC/V ) = −KV ·C + 2g(C)− 2 = 0,

and the exact sequence

0→ NC/S̃ → NC/V → NS̃/V
∣∣
C
→ 0
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yields n � deg(NC/S̃) = −6, where S̃ = γ−1(S). Hence s2∞ = n −m = 2n � −12
and the divisor g∗(−3KV ) −G is numerically effective. In particular, we have the
inequality

6n2 −multC(DV )(6multC(DV ) + 4n) = (g∗(−3KV )−G) ·D2W � 0,

which leads to a contradiction. Hence C ∩ L̃ �= ∅.
Set Ĉ = f−1(C) and let h : U → X be a blowup of the curve C; let H be an

exceptional divisor of h, DU the proper transform of DV on U , D1 and D2 two
sufficiently general divisors in DU , and set t = E · Ĉ = 2−F · Ĉ, where F is a fibre
of τ . Then

TU = D1 ·D2 =
∑

Oi �=δ∈L̃∩C

pδZδ +
∑

Oi∈L̃∩C

(pi,0Z
0
i + pi,1Z

1
i ) +CH ,

where Zδ is a proper transform on U of an irreducible fibre of f over δ ∈ L̃, Zki
is the proper transform on U of the component Zki of the fibre Zi = Z

0
i ∪ Z1i of f

over Oi, the integers pδ and pi,k are non-negative, and the support of the cycle CH
lies in H. Moreover,

(2− t)n2 = h∗(F ) ·D2U =
∑
2pδ +

∑
pi,0 +

∑
pi,1,

because the 1-cycle CH is either empty or is contracted by the morphism h in
view of the equality mult2C(DV ) = multC(D

2
V ). It is easy to see that the divisor

h∗(−3KX) −H is not numerically effective. Nevertheless, we always have

(h∗(−3KX)−H) · TU � −H · CH −
∑
pδ −

∑
pi,0 −

∑
pi,1 � (t− 2)n2 � −n2

and therefore

6n2 −multC(DV )(6multC(DV ) + 4n) = (h∗(−3KX) −H) · TU � −n2,

which leads to a contradiction that proves the required result.

Lemma 7.5. Assume that CS
(
V, 1nDV

)
contains a curve C with −KV · C = 2.

Then there exists a pencil P of K3 surfaces in the linear system |−KV | such that
ρ = ϕP.

Proof. The image of C on P3 is a line, by Lemma 7.4. Thus, there exists a pencil
P ⊂ |−KV | of surfaces passing through the C. Let g : W → V be a birational
morphism resolving indeterminacy of the rational map ϕP such that W is smooth
and there exists a unique g-exceptional divisor G on W dominating C. Let DW
be the proper transform of DV on W and DW a sufficiently general fibre of the
morphism ϕP ◦ g : W → P1. Then the equality multC(DV ) = n yields

DW
∣∣
DW
∼

k∑
i=1

aiGi,

where the Gi are g-exceptional divisors whose images are points in V , and the ai
are integers. On the other hand the linear system DW has no fixed components,
and therefore ϕDW = ϕP ◦ g and ρ = ϕP.
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Lemma 7.6. Suppose that CS
(
V, 1nDV

)
contains a curve C such that C ∩ L̃ = ∅.

Then there exists a pencil P of K3 surfaces in the linear system |−KV | such that
ρ = ϕP.

Proof. See the proof of Lemma 5.5.

Lemma 7.7. Suppose that CS
(
V, 1nDV

)
does not contain the curve L̃, but contains

some curve C on V . Then there exists a pencil P ⊂ |−KV | such that ρ = ϕP.

Proof. See the proof of Lemma 5.6.

Lemma 7.8. The set CS
(
V, 1nDV

)
contains either a curve on V or some point Oi.

Proof. Assume that the claim fails. Then it follows by Lemmas 7.3–7.7 that there
exists a point O �= Oi such that O ∈ L̃ and O ∈ CS

(
V, 1
n
DV
)
. The proper

transform DX of the linear system DV on X is a linear subsystem of the linear
system |−nKX |, and CS

(
X, 1nDX

)
contains either a smooth irreducible fibre Z of

the birational morphism f over O or a point P ∈ Z.
Assume that CS

(
X, 1nDX

)
contains a point P from Z. Then we have D2X =

multZ(D
2
X)Z + CX , where the support of the one-dimensional effective cycle CX

does not contain Z and

multP (D
2
X) = multZ(D

2
X) + multP (CX) � 4n2,

by Theorem 3.12. On the other hand Z ·F = 2 and D2X ·F = 2n2, where F is a fibre
of the del Pezzo fibration τ . In particular, multZ(D

2
X) � n2, multP (CX) � 3n2,

and
2n2 = H · CX � multP (CX) � 3n2,

where H is a general surface in |−KX | passing through Z.
Suppose that Z ∈ CS

(
X, 1

n
DX
)
, let g : W → X be a blowup of Z, DW the

proper transform of DX on W , and G a g-exceptional divisor. Then the linear
system |−KW | is free and ϕ|−KW | is an elliptic fibration. Let C be a general fibre
of ϕ|−KW |. Then DW · C = 2n − multZ(DX), which shows that DW lies in the
fibres of ϕ|−KW |. Moreover, CS

(
W, 1nDW

)
contains no curves not contracted by

τ ◦ g, because otherwise
2n2 = D2X · F � 3n2,

where F is a fibre of τ . We have already proved that CS
(
X, 1nDX

)
cannot contain

points in irreducible fibres of f . Assume that CS
(
X, 1nDX

)
contains a point Pi in

the reducible fibre Zi = Z
0
i ∪ Z1i of f . Let HZi be a general element of |−KX |

passing through Zi and suppose that

n2(Zi + 2C) ≡ D1 ·D2 = multZ0i (D
2
X)Z

0
i +multZ1i (D

2
X)Z

1
i + CX + RX ,

where D1 and D2 are general divisors in DX , CX is an effective 1-cycle on X with
components lying in the fibres of τ , RX is an effective 1-cycle onX with components
not lying in the fibres of τ , and C is a curve in the fibres of τ with −KX · C = 1.
Then

2n2 = HZi · (CX + RX) � multP (CX) +multP (RX) > 2n2
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because multPi(D1 ·D2) � 4n2 by Theorem 3.12, the equality

multZ0i (D
2
X) + multZ1i (D

2
X) + RX · F = 2n2

holds, and RX �= ∅. Thus, CS
(
W, 1nDW

)
= ∅ and κ(W, εDW ) = 2 for some

rational ε greater than 1n , whereas κ(W, εDW ) � 1 by the construction of DV .
Let DX be the proper transform of DV on X and F a fibre of τ . Then

DX ∼ f∗(−nKV )−mE ∼ −nKX −mE ∼ f∗(KV ) ∼ n(F + E)−mE,

where n > m = multL̃(DV ). Set µ = 1/(n−m) and r = m/(n −m). Then
KX + µDX ∼Q rF .
Remark 7.9. The following equivalences hold:

r > 0 ⇐⇒ m > 0 ⇐⇒ L̃ ∈ CS
(
V,
1

n
DV

)
.

Lemma 7.10. CS(X, µDX) �= ∅.
Proof. Assume that CS(X, µDX) = ∅. If r > 0, then the log pair (X, εDX ) is a
canonical model for some ε ∈ Q>µ, whereas κ(X, εDX) � 1 by the construction
of DV . If r = 0, then the log pair

(
V, 1nDV

)
is semi-terminal, which contradicts

Lemma 7.1.

Lemma 7.11. Let C be a curve in CS(X, µDX) lying in fibres of τ . Then the log
pair (X, µDX) is canonical at the generic point of C.

Proof. See the proof of Lemma 5.11.

Lemma 7.12. There exists a composite σ of Bertini involutions of the generic fibre of
τ such that the log pair (X, µσσ(DX)) has canonical singularities at generic points
of curves in X, where µσ ∈ Q>0 is defined by the relation KX + µσσ(DX ) ∼Q rσF
for some non-negative rational number rσ.

Proof. See the proof of Lemma 5.12.

Replacing β by β ◦σ−1, we can assume that the log pair (X, µDX) has canonical
singularities at the generic points of curves on the 3-fold X.

Lemma 7.13. CS
(
V, 1nDV

)
contains some curve on V .

Proof. Assume that CS
(
V, 1nDV

)
contains no curves on V . In particular, it does

not contain L̃. By Lemma 7.8, CS
(
V, 1nDV

)
contains some point Oi, and we can

assume that i = 1. It follows by Lemma 7.10 that CS
(
X, 1nDX

)
contains a point

P ∈ Z1 or a component of Z1 = Z01 ∪ Z11 , where Z1 is the reducible fibre of the
birational morphism f over O1. Let D1 and D2 be general surfaces in DX . Then

n2(Z1 + 2C) ≡ n2K2X ≡ D1 ·D2 = multZ01 (D
2
X)Z

0
1 +multZ11 (D

2
X)Z

1
1 + CX + RX ,

where C is a curve in the fibres of τ with −KX · C = 1, CX an effective 1-cycle
on X with components lying in fibres of τ , and RX an effective 1-cycle on X with
components not lying in the fibres of τ .
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Assume that CS
(
X, 1nDX

)
contains a point P ∈ Z1. Then multP (D1 ·D2) � 4n2,

by Theorem 3.12. On the other hand, Z01 · F = Z11 · F = 2 and

2n2 = D1 ·D2 · F = multZ01 (D
2
X) + multZ11 (D

2
X) +RX · F,

where F is a fibre of τ . In particular, multZ01 (D
2
X) + multZ11 (D

2
X ) � 2n2 and

equality holds for RX = ∅. Let HZ1 be a general surface in the linear system
|−KX | passing through Z1. Then HZ1 contains no irreducible components of the
1-cycles CX and RX . Hence

HZ1 · (CX + RX) � multP (CX) +multP (RX)
� 4n2 −multZ0i (D

2
X )δ

0
P +multZ11 (D

2
X)δ

1
P ,

where δiP = multP (Z
i
1). However, HZ1 · (CX +RX) = 2n2. Hence the cycle RX is

empty, the equality multP (CX) = HZ1 · CX = 2n2 holds, and either P = Z01 ∩ Z11
and

multZ01 (D
2
X) +multZ11 (D

2
X) = 2n

2,

or else P ∈ Zk1 , multZk1 (D
2
X ) = 2n

2, and multZ1−k1
(D2X) = 0. On the other hand,

it follows in this last case that multZ1−k1
(D2X) > 0, since D1 · Z01−k = 0. Thus,

P = Z01 ∩ Z11 and
multZ01 (D

2
X) +multZ11 (D

2
X) = 2n

2,

whereas the equality multP (CX) = HZ1 · CX shows that all irreducible compo-
nents of the 1-cycle CX lie in the fibre FP of τ passing through P . Moreover,
multP (DX) = 2n by Theorem 3.12. We now regard V as a hypersurface

u2 = x2
4∑
i=0

pi(x, y, z)t
4−i + y2

4∑
i=0

qi(x, y, z)t
4−i

in the weighted projective space P(1, 1, 1, 3), where pi and qi are homogeneous
polynomials of degree i, x, y, z, and t are homogeneous coordinates of weight 1,

and u is a homogeneous coordinate of weight 3. We can assume that the curve L̃
is defined by the equations x = y = 0 and the point O1 by x = y = z = 0. In that
case either q0 = 0, or p0 = 0 by the definition of O1 and our assumption that there
exist precisely 8 distinct points Oi. We can assume without loss of generality that
q0 = 0. Then the linear form q1(x, y, z) does not vanish identically, because of the
smoothness of the 3-fold X. Moreover, even q1(0, 0, z) does not vanish, in view of
our initial assumption about the smoothness of the exceptional divisorE. Thus, the
pencil P in the linear system |−KV | defined by the equation Ax+Bq1(x, y, z) = 0,
where A and B are complex coefficients, has no base components. Let PX be the
proper transform of P on the 3-fold X and DX a general element of PX . Then

multP (DX) = 2, DX ∼ −KX , multP (D1 ·DX) = 4n,

and we can apply the above calculations to the cycle D1 · DX in place of the
effective 1-cycle D1 ·D2. In particular, D1 ·DX ⊂ E ∪ FP . Let O, O /∈ E ∪ FP be
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a sufficiently general point on the surface D1, and DO a surface in the pencil PX
passing through O. Then D1 = DO by our previous arguments, because both D1
and DO are irreducible. Hence DV = P, whereas CS(V,P) contains curves on V ,
which contradicts our assumptions.
Hence CS

(
X, 1nDX

)
contains no points in X, but contains one of the curves

Z01 and Z
1
1 , or both. In each case we can repeat a suitable part of the proof of

Lemma 7.8 or 5.13 to derive a contradiction.

Remark 7.14. We can assume that r > 0.

Let h : U → X be a birational morphism with smooth U and regular β ◦ f ◦ h,
and suppose that

KU + µDU ∼Q h∗(rF ) +
k∑
i=1

aiEi,

where DU = h
−1(DX), Ei is an h-exceptional divisor, and ai ∈ Q. We consider

the subset J of P1 that is the image of the exceptional divisors Ei with ai < 0. For
λ ∈ J we set

h∗(Fλ) ∼ h−1(Fλ) +
kλ∑
j=1

bjEj,

where Fλ is the fibre of τ over λ and bi ∈ N. Finally, we have I =
⋃
λ∈J Iλ, where

for λ ∈ J, Iλ is the subset of {1, . . . , k} defined as follows: i ∈ Iλ if and only if
h(Ei) is a point in the fibre Fλ and ai < 0.

Proposition 7.15.

r +
∑
λ∈J
min

{
ai
bi

∣∣∣ h(Ei) ∈ Fλ and ai < 0
}
� 0.

Proof. Assume that the claim fails. Then there exist ε and cλ in Q>0 such that
r = ε+

∑
λ∈J cλ and cλ +min{ai/bi | h(Ei) ∈ Fλ and ai < 0} > 0. In particular,

KU + µDU ∼Q h∗(εF ) +
∑
λ∈J

(
h∗(cλFλ) +

∑
i∈Iλ

aiEi

)
+
∑
i/∈I
aiEi,

where for each λ ∈ J the divisor h∗(cλFλ)+
∑
i∈Iλ aiEi is effective by our choice of

the positive rational number cλ, and the divisor
∑
i/∈I aiEi is effective because the

singularities of the log pair (X, µDX) are by assumption canonical at the generic
points of curves on the 3-foldX. Let O be a sufficiently general point in a sufficiently
general fibre DO of the morphism ρ◦ f ◦h, and let C be the proper transform on U
of a sufficiently general irreducible curve lying in a sufficiently general fibre of π
such that C contains O. Then KU ·C = 0 and DU · C = 0. Thus,

(KU + µDU ) · C = h∗(εF ) · C +
∑
λ∈J

(
h∗(cλFλ) +

∑
i∈Iλ

aiEi

)
· C +

∑
i/∈I
aiEi ·C = 0
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and, in particular, h∗(εF ) ·C = 0 in view of the generality of C. Let FC be the fibre
of τ ◦ h passing through O. Then since h∗(F ) · C = 0, it follows that C ⊂ FC . On
the other hand DO and FC are irreducible because of the generality of our choice
of O. The generality of the choice of C means that FC = DO , which is impossible.

Let Z be a fibre of f
∣∣
E
: E → L̃ and C a curve in the fibres of τ with −KX ·C = 1;

we consider two sufficiently general surfaces D1 and D2 in DX . Then we have
NE(X) = R�0Z ⊕ R�0C and

T0 = µ
2D1 ·D2 = ZX +

∑
λ∈P1
Cλ ≡ Z + (2 + 4r)C,

where no irreducible component of the effective 1-cycle ZX lies in fibres of τ , and
every irreducible component of the effective 1-cycle Cλ lies in the fibre Fλ of τ over
λ ∈ P1. Hence

−KX ·
∑
λ∈P1
Cλ = 2 + 4r � 2− 4

∑
λ∈J
min

{
ai

bi

∣∣∣ h(Ei) ∈ Fλ and ai < 0
}
,

and there exist ω ∈ P1 and an h-exceptional divisor Et such that h(Et) is a point O
in the fibre Fω of τ over ω, and we have

−KX · Cω � 2− 4
at

bt
,

where at/bt = min{ai/bi | h(Ei) ∈ Fω and ai < 0}. In particular, we can repeat
all logical implications in § 5, starting from Lemma 5.22, except the last of them
because DX is now a pencil. Hence, in the notation of § 5,

T0 = ZX + Cω, a(X, µDX , GN) = −Σ1, Σ0 = Σ
′
0,

b(X,Fω, GN) = Σ0, r =
Σ1
4Σ0
, νj = 2,

the support of the cycle ZX lies in some reducible fibre Zi = Z
0
i ∪ Z1i of f , and

multO(ZX) = 2n
2, multO(Cω) = 2 + 4r,

−KX · Cω = multO(Cω), mjT0 = m
0
T0 .

Remark 7.16. The fibre Fω is a double cover of γ◦f(Fω) ∼= P2 ramified in a (possibly
singular) quartic curve. It follows by the smoothness of Fω and O and the equality
−KX ·Cω = multO(Cω) that the support of the cycle γ ◦f(Cω) is a single line in P3
passing through the point γ(Oi) ∈ L.
Lemma 7.17. O = Z0i ∩ Z1i .
Proof. Assume that O �= Z0i ∩Z1i and O ∈ Zki . Then the support of Cω consists of
a smooth curve C ⊂ X such that −KX ·C = 1 and O ∈ C. However, we have

DX
∣∣
Fω
∼ (m− n)KFω ∼ (m− n)KX

∣∣
Fω

and multO
(
DX
∣∣
Fω

)
� 2(n −m). We regard Fω as a double cover γFω : Fω → P2

ramified in a smooth quartic SFω ⊂ P2. Then
DX
∣∣
Fω
= 2(n−m)C,

which shows that γFω (C) ⊂ SFω . Hence γFω (O) ∈ SFω and O = Z0i ∩ Z1i .
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Lemma 7.18. K = 1.

Proof. Assume that K �= 1, so that P1 is a point. Since T00 = m1T0 it follows
that P1 lies in the proper transform of Z

k
i on X1 and the support of ZX consists

of Zki . On the other hand, Z
k
i intersects transversally each curve in the support of

the cycle Cω, because E is smooth at O and

E ·Cω = −KX · Cω = multO(Cω),

which shows that the proper transform of Cω on X1 cannot pass through P1. Thus,
m0T0 > m

1
T0
.

Remark 7.19. It follows from the equalities νj = 2 that the graph Γ is a chain,
Σ0 = 1, and Σ1 = N − 1.
The restriction of DX1 to G1

∼= P2 is rationally equivalent to OP2(2(n − m));
on the other hand, multP1(DX1) = 2(n − m). Hence DX1

∣∣
G1
= 2(n −m)P1 and

P1 is a line on G1 ∼= P2. The equality b(X,Fω, GN) = Σ0 shows that P1 does
not lie on F 1ω. Hence the multiplicity at a point P1 ∩ F 1ω of the general surface
in the restriction of DX1 to F

1
ω is at least 2(n −m), which means that DX

∣∣
Fω
=

2(n − m)C0 for a smooth rational curve C0 ⊂ Fω passing through O such that
−KX ·C0 = 1. In particular, γ ◦ f(C0) is a line on S passing through γ(Oi). Hence
γ ◦ f(C0) = L and C0 = Fω ∩ E by our assumption that L is the unique line on
the sextic S passing through one of the points γ(Oi) ∈ P3. However, the equality
C0 = Fω ∩E contradicts the smoothness of E. We have thus completed the proof
of Theorem 1.15.
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