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EQUIVARIANT PLIABILITY OF THE PROJECTIVE SPACE

IVAN CHELTSOV AND ARMAN SARIKYAN

Abstract. We classify finite subgroups G ⊂ PGL4(C) such that P3 is not G-birational
to conic bundles and del Pezzo fibrations, and explicitly describe all G-Mori fibre spaces
that are G-birational to P3 for these subgroups.
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Throughout this paper, all varieties are assumed to be projective and defined over C.

1. Introduction

Finite subgroups in PGL4(C) have been classified by Blichfeldt [4], who has split them
into the following four classes: intransitive groups, transitive groups, imprimitive groups,
primitive groups. In geometric language, these classes can be described as follows:

(I) intransitive groups are group that fix a point or leave a line invariant,
(II) transitive groups are groups that are not intransitive,
(III) imprimitive groups are transitive groups that

– either leave a union of two skew lines invariant,
– or have an orbit of length 4 (monomial subgroups),

(IV) primitive groups are transitive groups that are not imprimitive.

Note that PGL4(C) contains finitely many primitive finite subgroups up to conjugation.
Now, let us fix a finite subgroup G ⊂ PGL4(C). The main aim of this paper is to study

G-birational transformations of P3 into other G-Mori fibre spaces. If P3 is not G-birational
to any other G-Mori fibre space, then P3 is said to be G-birationally rigid. It has been
proven in [12, 13, 15] that

P3 is G-birationally rigid ⇐⇒ G is primitive, G 6∼= A5 and G 6∼= S5.

For instance, if G is an imprimitive subgroup such that P3 contains a G-orbit of length 4,
then P3 is not G-birationally rigid. In fact, this follows from
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2 IVAN CHELTSOV AND ARMAN SARIKYAN

Example 1.1 ([15, 44]). Suppose that G is imprimitive, P3 does not contain G-invariant
unions of two skew lines, and P3 contains a G-orbit Σ4 of length 4. Let M be the linear
system that consists of sextic surfaces in P3 singular along each line passing through two
points in Σ4. Then M defines a G-rational map ψ : P3 99K P13. Let X24 = im(ψ). Then

(i) the induced map P3 99K X24 is G-birational,
(ii) X24

∼= P1 × P1 × P1/〈τ〉 for an involution τ that fixes 8 points [3, § 6.3.2],
(iii) the Fano threefold X24 is a G-Mori fiber space over a point.

Following [2], we define P3 to be G-solid if P3 is not G-birational to conic bundles and
del Pezzo fibrations. In this case, all G-Mori fibre spaces that are G-birational to P3 are
terminal Fano threefolds — they form a set PG(P3), which we call the G-pliability [19].
For example, if P3 is G-solid, then PG(P3) = {P3} ⇐⇒ P3 is G-birationally rigid.

It natural to ask when is P3 G-solid? If P3 is G-solid, it follows from [14, 15] that

(1) the subgroup G is transitive,
(2) P3 does not contain G-invariant unions of two skew lines,
(3) neither G ∼= A5 nor G ∼= S5.

In fact, these conditions guarantee that P3 is G-solid provided that |G| is sufficiently large.
Namely, if G is transitive, P3 has no G-invariant unions of two skew lines, and |G| > 21734,
then it follows from [15, 9] that P3 is G-solid, P3 contains a unique G-orbit of length 4,
and PG(P3) = {P3, X24}, where X24 is the Fano threefold from Example 1.1.

The goal of this paper is to prove the following result:

Main Theorem. Let G be an imprimitive finite subgroup in PGL4(C) such that P3 does
not have G-invariant unions of two skew lines, and G is not conjugated to

• the subgroup G48,3
∼= µ

2
2.A4

∼= µ
2
4 ⋊ µ3 of order 48 generated by




−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1


 ,




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1


 ,




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 ,




0 i 0 0
1 0 0 0
0 0 0 −i
0 0 1 0


 ;

• the subgroup G96,72
∼= µ

3
2.A4

∼= µ
2
4 ⋊ µ6 of order 96 generated by




−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 ,




1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1


 ,




1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1


 ,




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 ,




0 i 0 0
1 0 0 0
0 0 0 i
0 0 1 0


 ;

• the subgroup G′
324,160

∼= µ
3
3 ⋊ A4 of order 324 generated by




e
2πi
3 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 ,




1 0 0 0

0 e
2πi
3 0 0

0 0 1 0
0 0 0 1


 ,




1 0 0 0
0 1 0 0

0 0 e
2πi
3 0

0 0 0 1


 ,




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 ,




0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0


 .

Then P3 is G-solid, and PG(P3) = {P3, X24}, where X24 is the threefold from Example 1.1.

In this paper, the notation Ga,b or G
′
a,b means that the GAP ID of these groups is [a,b].

If G is conjugate to one of the subgroups G48,3, G96,72, G
′
324,160, then P3 is not G-solid:
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Example 1.2. Suppose that G is one of the groups G48,3, G96,72, G
′
324,160. Let

C =
{(

1 + e
2πi
3

)
xd1 + e

2πi
3 xd2 + xd3 = xd0 + e

2πi
3 xd1 −

(
1 + e

2πi
3

)
xd2 = 0

}
⊂ P3,

where

d =

{
2 if G = G48,3 or G = G96,72,

3 if G = G′
324,160.

Then C is a smooth irreducible G-invariant curve, and there exists G-equivariant diagram

X
ϑ

~~⑥⑥
⑥⑥
⑥⑥
⑥⑥ κ

  ❆
❆❆

❆❆
❆❆

❆

P3 P1

where ϑ is the blow up of the curve C, and κ is a G-Mori fibre space, which is a fibration
into surfaces of degree d.

Corollary 1.3 (cf. [15, Theorem 1.1]). Let G be an arbitrary finite subgroup in PGL4(C).
Then P3 is G-solid if and only if the following conditions are satisfied:

(a) G does not fix a point,
(b) G does not leave a pair of two skew lines invariant,
(c) G is not isomorphic to A5 or S5,
(d) G is not conjugate to G48,3, G96,72 or G′

324,160.

This corollary describes all finite subgroups G ⊂ PGL4(C) such that the projective
space P3 is not G-birational to conic bundles and del Pezzo fibrations. For the projective
plane P2, a similar problem has been solved in [48].

For the group G′
324,160, we prove the following result.

Theorem 1.4. Suppose that G = G′
324,160. Then P3, the threefold X24 from Example 1.1,

and the G-Mori fibre space κ : X → P1 from Example 1.2 are the only G-Mori fiber spaces
that are G-birational to the projective space P3.

We expect that a similar result holds also in the case when G = G48,3 or G = G96,72.
We plan to prove this in a sequel to this paper together with Igor Krylov by combining
our technique with the methods developed in [47, 17, 37].

Remark 1.5. Our technique is not applicable in the case when the group G is intransitive.
In this case, the G-equivariant birational geometry of P3 has been studied in [36] using
the very powerful new technique recently developed in [34, 29, 35].

Using Main Theorem and Theorem 1.4, one can construct examples of non-conjugate
isomorphic finite subgroups in Bir(P3). Let us present three such examples.

Example 1.6. Let G324,160 be the subgroup in PGL4(C) generated by



e
2πi
3 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 ,




1 0 0 0

0 e
2πi
3 0 0

0 0 1 0
0 0 0 1


 ,




1 0 0 0
0 1 0 0

0 0 e
2πi
3 0

0 0 0 1


 ,




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 ,




0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0


 .

Then G324,160
∼= G′

324,160, P
3 is G324,160-solid by Main Theorem, but P3 is not G′

324,160-solid.

Hence, the subgroups G324,160 and G′
324,160 are not conjugate in Bir(P3).
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Example 1.7. Let G96,227 be the subgroup in PGL4(C) generated by



−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1


 ,




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1


 ,




0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


 ,




0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1


 ,

and let G′
96,227 be the subgroup in PGL4(C) generated by




−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1


 ,




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1


 ,




0 0 0 −1
1 0 0 0
0 1 0 0
0 0 1 0


 ,




0 1 0 0
1 0 0 0
0 0 −1 0
0 0 0 1


 .

Then G96,227
∼= G′

96,227
∼= µ

2
2⋊S4, and these two subgroups are not conjugate in PGL4(C),

because P3 contains three G96,227-orbits of length 4 and only one G′
96,227-orbit of length 4.

Thus, applying Main Theorem, we see thatG96,227 andG
′
96,227 are not conjugate in Bir(P3).

Example 1.8. Let G48,50
∼= µ

2
2⋊A4

∼= µ
4
2⋊µ3 be the subgroup in PGL4(C) generated by




−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1


 ,




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1


 ,




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 ,




0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0


 .

Let Q1 = {x20+x21+x22+x23 = 0} ⊂ P3. Then Q1 is G48,50-invariant, which gives a faithful
action of the group G48,50 on Q1 × P1, that induces an embedding η : G48,50 →֒ Bir(P3).
Since P3 is G48,50-solid, the subgroups G48,50 and η(G48,50) are not conjugate in Bir(P3).

In this paper, we also find the generators of the group BirG(P3) for every imprimitive
finite subgroup G ⊂ PGL4(C) such that P3 is G-solid. In particular, we show that this
group is finite provided that G is not conjugate to G48,50 or G96,227 (see Corollary 7.14).
On the other hand, if G = G48,50 orG = G96,227, then BirG(P3) is infinite by Corollary 7.15.
In these two cases, the group BirG(P3) is generated by the standard Cremona involution

[x0 : x1 : x2 : x3] 7→ [x1x2x3 : x0x2x3 : x0x1x3 : x0x1x2]

and the finite subgroup G576,8654
∼= (A4 × A4)⋊ µ

2
2 generated by




−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 ,




0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


 ,




0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1


 ,




1 1 1 1
1 1 −1 −1
1 −1 1 −1
−1 1 1 −1


 .

Let us describe the structure of this paper. We will prove Main Theorem in Section 7.
In Section 2, we will describe basic properties of finite monomial subgroups in PGL4(C).
In Sections 3, 4 and 5, we will study G-equivariant geometry of the projective space P3,
where G is a finite subgroup in PGL4(C) that satisfies all conditions of Main Theorem.
In Section 6, we will study G-equivariant geometry of the threefold X24 from Example 1.1.

Acknowledgments. We want to thank Hamid Abban, Michela Artebani, Igor Krylov,
Jennifer Paulhus, Yuri Prokhorov, Xavier Roulleau, Alessandra Sarti, Costya Shramov,
Andrey Trepalin, Yuri Tschinkel for helpful comments. We want to thank Tim Dokchitser
for his help with Magma computations and his online database [20].
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2. Irreducible monomial subgroups of degree four

Let G be a finite transitive subgroup in PGL4(C) such that P3 has a G-orbit of length 4,
and let P1, P2, P3, P4 be the four points of this G-orbit. Choosing appropriate coordinates,
we may assume that

P1 = [1 : 0 : 0 : 0], P2 = [0 : 1 : 0 : 0], P3 = [0 : 0 : 1 : 0], P4 = [0 : 0 : 0 : 1].

Then the G-action on the set {P1, P2, P3, P4} induces a group homomorphism υ : G→ S4.
Denote by T the kernel of the homomorphism υ. Suppose, in addition, that the following
two conditions are satisfied:

• G does not have fixed points in P3,
• G does not leave a union of two skew lines in P3 invariant.

Then T is not trivial, and either the homomorphism υ is surjective, or its image is A4.
Let T be the torus in PGL4(C) that consists of the elements given by the diagonal

matrices whose last entry is 1. In the following, we will always shortcut

(a1, a2, a3) =




a1 0 0 0
0 a2 0 0
0 0 a3 0
0 0 0 1


 .

Note that we have T ⊂ T. Let G be the normalizer of the torus T in the group PGL4(C).
Then the subset {P1, P2, P3, P4} is G-invariant, which gives an epimorphism Υ: G → S4.
Since we have G ⊂ G, we obtain the following exact sequences of groups:

1 // T
_�

��

// G
υ //

_�

��

im(υ)
_�

��

// 1

1 // T // G
Υ // S4

// 1.

Note that G ∼= T ⋊S4, where we identify S4 with the subgroup in G generated by

τ =




0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


 and σ =




0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1


 .

The induced G-action on T gives the injective homomorphism

S4
∼= G/T → Aut(T),

and the corresponding action of the group S4 = 〈τ, σ〉 on T can be described as follows:

τ : (a1, a2, a3) 7−→
(
a2
a1
,
a3
a1
,
1

a1

)
,

σ : (a1, a2, a3) 7−→ (a2, a1, a3).

Clearly, if im(υ) = S4, then T is τ -invariant and σ-invariant.
Let h be an element in T of maximal order n > 1. Then the order of every element in

the group T divides n, hence T ⊆ µ
3
n. Here, we identify µ

3
n with the subgroup

〈
(ζn, 1, 1), (1, ζn, 1), (1, 1, ζn)

〉
⊂ T,

where ζn = e
2πi
n .
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Lemma 2.1 (cf. [24], [22, Theorem 4.7], [9, Corollary 7.3]). Suppose that im(υ) = S4.
Then one of the following assertions holds:

(1) T = µ
3
n;

(2) n is even and T ∼= µ
2
n × µn

2
;

(3) n is divisible by 4 and T ∼= µ
2
n × µn

4
.

Proof. We have h = (ζan, ζ
b
n, ζ

c
n) for coprime non-negative integers a, b, c. Applying cyclic

permutation of order 3 to h, we see that (ζbn, ζ
c
n, ζ

a
n) and (ζcn, ζ

a
n, ζ

b
n) are contained in T .

Hence, the group T contains (ζn, ζ
β
n , ζ

γ
n) for some non-negative integers β and γ. Then

(
τ(ζn, ζ

β
n , ζ

γ
n) · (ζ−βn , ζ−γn , ζ−1

n )
)−1

= (ζn, ζn, ζ
2
n) ∈ T.

Thus, we get τ(ζn, ζn, ζ
2
n) = (1, ζn, ζ

−1
n ) ∈ T and so (1, ζ−1

n , ζn) ∈ T . Then

(ζn, ζn, ζ
2
n) · (1, ζ−1

n , ζn) · (ζ−1
n , 1, ζn) = (1, 1, ζ4n) ∈ T,

Now, we let T ′ = 〈(ζn, 1, ζ−1
n ), (1, ζn, ζ

−1
n ), (1, 1, ζ4n)〉. Then the subgroup T ′ isS4-invariant.

Moreover, we have T ′ ⊆ T ⊆ µ
3
n. Furthermore, we have the following possibilities:

(1) If n is odd, then T ′ = µ
3
n, hence T = T ′ = µ

3
n.

(2) If n is divisible by 2 but not by 4, then T ′ ∼= µ
2
n × µn

2
.

(3) If n is divisible by 4, then T ′ ∼= µ
2
n × µn

4
.

In the case (2), if there exists t ∈ T \ T ′, then we have 〈t, T ′〉 = µ
3
n, hence we are done.

Therefore, we may assume that we are in the case (3). As above, if there exists t ∈ T \T ′,
then either 〈t, T ′〉 ∼= µ

2
n × µn

2
or 〈t, T ′〉 = µ

3
n. �

Corollary 2.2. Suppose that im(υ) = S4, T = µ
3
n and n is odd. Then G is conjugated to

the subgroup generated by

(ζn, 1, 1), (1, ζn, 1), (1, 1, ζn),




0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


 ,




0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1


 ,

or G is conjugated to the subgroup generated by

(ζn, 1, 1), (1, ζn, 1), (1, 1, ζn),




0 0 0 −1
1 0 0 0
0 1 0 0
0 0 1 0


 ,




0 1 0 0
1 0 0 0
0 0 −1 0
0 0 0 1


 .

In both cases, we have G ∼= T ⋊S4.

Proof. Let A and B be some elements in the group G such that υ(A) = τ and υ(B) = σ.
If A4 = B2 = (AB)3 = 1, then 〈A,B〉 ∼= S4, hence G ∼= T ⋊S4. We have

A =




0 0 0 1
a1 0 0 0
0 a2 0 0
0 0 a3 0


 and B =




0 b2 0 0
b1 0 0 0
0 0 b3 0
0 0 0 1




where each ai and bj are non-zero complex numbers. Conjugating G by an appropriate
element of the torus T, we can assume that a1 = a2 = a3 = 1.
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Since τ 4 = σ2 = (τσ)3 = 1, we see that B2 ∈ T and (AB)3 ∈ T , which gives




b1b2 = ζαn ,

b23 = ζβn ,
b3
2

b1b3
= ζγn

for some some numbers α, β, γ in {0, . . . n− 1}. Hence, replacing B with

(
ζ

−6α+β+2γ
8

n , ζ
−2α−β−2γ

8
n , ζ

−β
2

n

)
B ∈ G,

we may assume that B2 = 1. Here, we consider division by 8 and 2 as division modulo n.
In particular, we see that G ∼= T ⋊S4 as claimed.

Now, we observe that b1b2 = 1, b23 = 1, b32 = b1b3. Then solving this system of equation,
we obtain the following eight cases:

b1 b2 b3

(i) 1 1 1

(ii) −1 −1 1

(iii) i −i 1

(iv) −i i 1

(v) −
√
2
2
+

√
2i
2

−
√
2
2
−

√
2i
2

−1

(vi)
√
2
2
−

√
2i
2

√
2
2
+

√
2i
2

−1

(vii)
√
2
2
+

√
2i
2

√
2
2
−

√
2i
2

−1

(viii) −
√
2
2
−

√
2i
2

−
√
2
2
+

√
2i
2

−1

In case (i), we are done. In cases (ii), (iii) and (iv), we can conjugate G to get the first
group in the assertion of the lemma using (−1, 1,−1), (−i,−1, i), (i,−1,−i), respectively.
Similarly, in cases (v), (vi), (vii), (viii), we can conjugate G to get the second group using

(√2

2
+

√
2i

2
,−i,−

√
2

2
+

√
2i

2

)
,
(
−

√
2

2
−

√
2i

2
,−i,

√
2

2
−

√
2i

2

)
,

(
−

√
2

2
+

√
2i

2
, i,

√
2

2
+

√
2i

2

)
,
(√2

2
−

√
2i

2
, i,−

√
2

2
−

√
2i

2

)
,

respectively. This completes the proof. �

Now, we describe the possibilities for the subgroup T in the case when im(υ) = A4.
Keeping in mind our identification S4 = 〈τ, σ〉, we see that A4 = 〈ρ, ς〉 for

ρ =




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 and ς =




0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0


 .
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Then ρ and ς acts on T as follows:

ρ : (a1, a2, a3) 7−→ (a2, a3, a1),

ς : (a1, a2, a3) 7−→
(
a2
a3
,
a1
a3
,
1

a3

)
.

Clearly, our subgroup T is ρ-invariant and ς-invariant. Using this, we get

Lemma 2.3 (cf. [9, Corollary 7.3]). Suppose im(υ) = A4. One of the following holds:

(1) T = µ
3
n;

(2) n is even and T ∼= µ
2
n × µn

2
;

(3) n is divisible by 4 and T ∼= µ
2
n × µn

4
.

Proof. Arguing as in the proof of Lemma 2.1, we may assume that (ζn, ζ
β
n , ζ

γ
n) ∈ T for

some non-negative integers β and γ, where n > 1 is the largest order of all elements in T ,
and ζn is a primitive n-th root of unity. Then

(ζn, ζ
β
n , ζ

γ
n) · ς(ζn, ζβn , ζγn) · ς(ζβn , ζγn , ζn) · ς(ζγn , ζn, ζβn) = (ζn, ζ

β
n , ζ

−β−1
n ) ∈ T.

So, we have (
ρ(ζn, ζ

β
n , ζ

−β−1
n ) · ςρ(ζn, ζβn , ζ−β−1

n )
)−1

= (ζ2n, ζ
2
n, 1) ∈ T

and (
(ζ2n, ζ

2
n, 1) ·

(
ρ(ζ2n, ζ

2
n, 1)

)−1
)−1

= (1, ζ−2
n , ζ2n) ∈ T.

If β = 2k for k ∈ Z≥0, then

(ζn, ζ
β
n , ζ

−β−1
n ) · (1, ζ−2

n , ζ2n)
k = (ζn, 1, ζ

−1
n ) ∈ T.

Thereby, we see that (1, ζn, ζ
−1
n ) and (1, 1, ζ4n) are both contained in T . Now, arguing as

in the end of the proof of Lemma 2.1, we obtain the required result.
Likewise, if β = 2k + 1, then

(ζn, ζ
β
n , ζ

−β−1
n ) · (1, ζ−2

n , ζ2n)
k = (ζn, ζn, ζ

−2
n ) ∈ T.

Hence, we have

(ρ((ζn, ζn, ζ
−2
n ) · (1, ζ−2

n , ζ2n)))
−1 = (ζn, 1, ζ

−1
n ) ∈ T

and we are done similarly to the previous case. �

Arguing as in the proofs of Lemmas 2.1 and 2.3, we obtain the following result:

Lemma 2.4. The group G is conjugated in PGL4(C) to a subgroup 〈T,A,B〉 ⊂ PGL4(C),
where A and B are elements in PGL4(C) described as follows:

• if im(υ) = S4, then

A =




0 0 0 a2

b

1 0 0 0
0 1 0 0
0 0 1 0


 and B =




0 a 0 0
a 0 0 0
0 0 b 0
0 0 0 1




for some complex numbers a and b such that (a2, a2, b2) ∈ T ;
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• if im(υ) = A4, then

A =




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 and B =




0 a 0 0
b 0 0 0
0 0 0 a
0 0 1 0




for some complex numbers a and b such that (a2, b, 1) ∈ T and (b, b, 1) ∈ T .

Proof. First, we suppose that im(υ) = S4. Let A and B be elements in the group G such
that υ(A) = τ and υ(B) = σ. Conjugating G by elements of T, we may assume that

A =




0 0 0 c
1 0 0 0
0 1 0 0
0 0 1 0


 and B =




0 a 0 0
a 0 0 0
0 0 b 0
0 0 0 1




for some non-zero complex numbers a, b and c. Then B2 = (a2, a2, b2) ∈ T and

(AB)3 =
(
1,
a2

bc
, 1
)
∈ T.

Now, using theS4-action on T , we see that (1, 1, a
2

bc
) ∈ T . Then, replacing A 7→ (1, 1, a

2

bc
)A,

we obtain the required assertion in the case when im(υ) = S4.
Now, we suppose that im(υ) = A4. As above, let A and B be some elements in G such

that υ(A) = ρ and υ(B) = ς. Conjugating G by elements in T, we may assume that

A =




0 0 1 0
1 0 0 0
0 c 0 0
0 0 0 1


 and B =




0 a 0 0
b 0 0 0
0 0 0 a
0 0 1 0




for some non-zero numbers a, b and c. Then A3 = (c, c, c) ∈ T , B2 = (b, b, 1) ∈ T and

(AB)3 =
(
1,
a2

bc
, 1
)
∈ T.

Now, using the A4-action on T , we get (1, 1, 1
c
) ∈ T . Then, after replacing A 7→ (1, 1, 1

c
)A,

we obtain the required assertion. �

Corollary 2.5. In the assumption and notations of Lemma 2.4, let G′ = 〈T,A,B〉, and
let ι be the standard Cremona involution given by

[x0 : x1 : x2 : x3] 7→ [x1x2x3 : x0x2x3 : x0x1x3 : x0x1x2].

Then ιG′ι = G′, so ιGι is conjugated to G in PGL4(C).

Proof. Observe that ιT ι = T . Thus, to complete the proof, it is enough to show that ιAι
and ιBι are both contained in G′. If im(υ) = A4, then ιAι = A ∈ G′ and

ιBι =
( 1

a2
,
1

b2
,
1

a2

)
B,

so that it is enough to show that (a2, b2, a2) ∈ T . In this case, it follows from Lemma 2.4
that (a2, b, 1) ∈ T and (b, b, 1) ∈ T , so that, using the A4-action on T described earlier,
we see that (b, 1, a2), (1, b, b) and (b, 1, b) are contained in T as well, which gives

(a2, b2, a2) = (b, 1, a2)(a2, b, 1)(1, b, b)(b, 1, b)−1 ∈ T,



10 IVAN CHELTSOV AND ARMAN SARIKYAN

which is exactly what we want. So, we may assume that im(υ) = S4. Then ιBι = B ∈ G′.
Hence, to complete the proof, it is enough to show that ιAι ∈ G′. But

ιAι =
( b2
a4
, 1, 1

)
A,

so it is enough to show that (a
4

b2
, 1, 1) ∈ T . But we have (a2, a2, b2) ∈ T by Lemma 2.4.

Thus, using the S4-action on T , we see that (1, b
2

a2
, 1
a2
) ∈ T and (b2, a2, a2) ∈ T , so that

(b2, b2, 1) =
(
1,
b2

a2
,
1

a2

)
(b2, a2, a2) ∈ T,

and, using the S4-action on T , we get (b2, 1, b2) ∈ T . On the other hand, it follows from
the proof of Lemma 2.1 that T contains (ζn, 1, ζ

−1
n ), which implies that (b2, 1, b−2) ∈ T .

Likewise, we get (a−2, 1, a2) ∈ T , so (1, a−2, a2) ∈ T . Then

(1, 1, a4b2) = (a2, a2, b2)(a−2, 1, a2)(1, a−2, a2) ∈ T,

which implies that

(
1, 1,

a4

b2

)
= (1, 1, a4b2)(b2, 1, b−2)(b2, 1, b2)−1 ∈ T.

Now, using the S4-action on T one more time, we see that (a
4

b2
, 1, 1) ∈ T as required. �

Corollary 2.6. There exist non-zero complex numbers λ1, λ2 and λ3 such that ιGι = G,
where ι is the Cremona involution given by

[x0 : x1 : x2 : x3] 7→ [λ1x1x2x3 : λ2x0x2x3 : λ3x0x1x3 : x0x1x2].

In the remaining part of the section, we classify all such groups G when n ∈ {2, 3}.
In this case, there exist precisely twelve possibilities for the group G up to conjugation,
which can be described as follows.

(1) Let G48,50
∼= µ

2
2 ⋊ A4

∼= µ
4
2 ⋊ µ3 be the group generated by

(
− 1, 1,−1

)
,
(
1,−1,−1

)
,




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 ,




0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0


 .

(2) Let G48,3
∼= µ

2
2.A4

∼= µ
2
4 ⋊ µ3 be the group generated by

(
− 1, 1,−1

)
,
(
1,−1,−1

)
,




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 ,




0 i 0 0
1 0 0 0
0 0 0 −i
0 0 1 0


 .

(3) Let G96,70
∼= µ

3
2 ⋊ A4

∼= µ
4
2 ⋊ µ6 be the group generated by

(
− 1, 1, 1

)
,
(
1,−1, 1

)
,
(
1, 1,−1

)
,




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 ,




0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0


 .
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(4) Let G96,72
∼= µ

3
2.A4

∼= µ
2
4 ⋊ µ6 be the group generated by

(
− 1, 1, 1

)
,
(
1,−1, 1

)
,
(
1, 1,−1

)
,




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 ,




0 i 0 0
1 0 0 0
0 0 0 i
0 0 1 0


 .

(5) Let G96,227
∼= µ

2
2 ⋊S4

∼= µ
4
2 ⋊S3 be the group generated by

(
− 1, 1,−1

)
,
(
1,−1,−1

)
,




0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


 ,




0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1


 .

(6) Let G′
96,227

∼= µ
2
2 ⋊S4 be the group generated by

(
− 1, 1,−1

)
,
(
1,−1,−1

)
,




0 0 0 −1
1 0 0 0
0 1 0 0
0 0 1 0


 ,




0 1 0 0
1 0 0 0
0 0 −1 0
0 0 0 1


 .

(7) Let G192,955
∼= µ

3
2 ⋊S4

∼= µ
4
2 ⋊ D12 be the group generated by

(
− 1, 1, 1

)
,
(
1,−1, 1

)
,
(
1, 1,−1

)
,




0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


 ,




0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1


 .

(8) Let G192,185
∼= µ

3
2.S4

∼= µ
2
4 ⋊ (µ3 ⋊ µ4) be the subgroup generated by

(
− 1, 1, 1

)
,
(
1,−1, 1

)
,
(
1, 1,−1

)
,




0 0 0 i
1 0 0 0
0 1 0 0
0 0 1 0


 ,




0 1 0 0
1 0 0 0
0 0 i 0
0 0 0 1


 .

(9) Let G324,160
∼= µ

3
3 ⋊ A4 be the group generated by

(
ζ3, 1, 1

)
,
(
1, ζ3, 1

)
,
(
1, 1, ζ3

)
,




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 ,




0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0


 .

(10) Let G′
324,160

∼= µ
3
3 ⋊ A4 be the group generated by

(
ζ3, 1, 1

)
,
(
1, ζ3, 1

)
,
(
1, 1, ζ3

)
,




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 ,




0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0


 .

(11) Let G648,704
∼= µ

3
3 ⋊S4 be the group generated by

(
ζ3, 1, 1

)
,
(
1, ζ3, 1

)
,
(
1, 1, ζ3

)
,




0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


 ,




0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1


 .
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(12) Let G′
648,704

∼= µ
3
3 ⋊S4 be the group generated by

(
ζ3, 1, 1

)
,
(
1, ζ3, 1

)
,
(
1, 1, ζ3

)
,




0 0 0 1
−1 0 0 0
0 1 0 0
0 0 1 0


 ,




0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 −1


 .

We used Magma [5] to identify the GAP ID’s of these groups. For instance, to identify
the group G648,704, we used the following Magma code provided to us by Tim Dokchitser:

K:=CyclotomicField(3);

R<x>:=PolynomialRing(K);

w:=Roots(x^2+x+1,K)[1,1];

S:=[[[0,1,0,0],[1,0,0,0],[0,0,1,0],[0,0,0,1]],

[[0,0,0,1],[1,0,0,0],[0,1,0,0],[0,0,1,0]],

[[w,0,0,0],[0,1,0,0],[0,0,1,0],[0,0,0,1]],

[[1,0,0,0],[0,w,0,0],[0,0,1,0],[0,0,0,1]],

[[1,0,0,0],[0,1,0,0],[0,0,w,0],[0,0,0,1]]];

G:=sub<GL(4,K)|[GL(4,K)|M: M in S]>;

D:=[M: M in Center(G) | IsScalar(M)];

GP:=quo<G|D>;

IdentifyGroup(GP);

We want to show that if n ∈ {2, 3}, then G is conjugated to a subgroup among G48,50,
G48,3, G96,70, G96,72, G96,227, G

′
96,227, G192,955, G192,185, G324,160, G

′
324,160, G648,704, G

′
648,704.

Lemma 2.7. Suppose n = 2, T ∼= µ
2
2 and im(υ) = A4. Then the subgroup G is conjugated

to one of the subgroups G48,50 or G48,3.

Proof. Arguing as in the proof of Lemma 2.3, we see that T = 〈(−1, 1,−1), (1,−1,−1)〉.
Let A and B be some elements in the group G such that υ(A) = ρ and υ(B) = ς. Then

A =




0 0 a3 0
a1 0 0 0
0 a2 0 0
0 0 0 1


 and B =




0 b2 0 0
b1 0 0 0
0 0 0 1
0 0 b3 0


 ,

where all ai and bj are some non-zero complex numbers. Conjugating G by an appropriate
element of the torus T, we may assume that a1 = a2 = 1 and b3 = b1. Then a2 = ±1,
because A3 ∈ T . Replacing A by (1,−1,−1)A if necessary, we may assume that a2 = 1.

Since B2 ∈ T and (AB)3 ∈ T , we get b2 = ±1 and b21 = b32. If b2 = 1, then b1 = b3 = ±1,
which gives G = G48,50. Likewise, if b2 = −1, then b1 = b3 = ±i, hence G = G48,3. �

Lemma 2.8. Suppose n = 2, T = µ
3
2 and im(υ) = A4. Then the subgroup G is conjugated

to one of the subgroups G96,70 or G96,72.

Proof. The proof is essentially the same as the proof of Lemma 2.7. �

Lemma 2.9. Suppose n = 2, T ∼= µ
2
2 and im(υ) = S4. Then the group G is conjugated

to one of the subgroups G96,227 or G′
96,227.

Proof. Arguing as in the proof of Lemma 2.3, we see that T = 〈(−1, 1,−1), (1,−1,−1)〉.
Let A and B be some elements in G such that υ(A) = τ and υ(B) = σ. Then, arguing as
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in the proof of Corollary 2.2, we can assume that

A =




0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


 and B =




0 b2 0 0
b1 0 0 0
0 0 b3 0
0 0 0 1




for some non-zero complex numbers b1, b2 and b3. Since B
2 ∈ T and (AB)3 ∈ T , we get





b32 = b1b3,

b23 = 1,

b1b2 = ±1.

This gives b82 = 1. If b2 is a primitive eighth root of unity, we get b1 = ∓b32 and b3 = ∓1,
which gives (b32, b

2
2, b2)

−1G(b32, b
2
2, b2) = G′

96,227. If b
4
2 = 1, then G is conjugate toG96,227. �

The subgroups G96,227 and G
′
96,227 are not conjugated in PGL4(C), because P

3 contains
three G96,227-orbits of length 4 and only one G′

96,227-orbit of length 4.

Lemma 2.10. Suppose n = 2, T = µ
3
2 and im(υ) = S4. Then the group G is conjugated

to one of the subgroups G192,955 or G192,185.

Proof. Arguing as in the proof of Lemma 2.9, we may assume that

G = 〈(−1, 1, 1), (1,−1, 1), (1, 1,−1), A, B〉,
where

A =




0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


 and B =




0 b2 0 0
b1 0 0 0
0 0 b3 0
0 0 0 1




for some non-zero complex numbers b1, b2, b3 such that b1b2 = ±1, b23 = ±1, b32 = ±b1b3.
This equations give us b82 = 1. Now, arguing as in the end of the proof of Lemma 2.9,
we see that the subgroup G is conjugated either to G192,955 or to G192,185. �

Lemma 2.11. Suppose n = 3, T = µ
3
2 and im(υ) = A4. Then the group G is conjugated

to one of the subgroups G324,160 or G′
324,160.

Proof. Arguing as in the proof of Lemma 2.7, we may assume that

G = 〈(ζ3, 1, 1), (1, ζ3, 1), (1, 1, ζ3), A, B〉
for

A =




0 0 1 0
1 0 0 0
0 r 0 0
0 0 0 1


 and B =




0 a 0 0
b 0 0 0
0 0 0 a
0 0 1 0


 ,

where r, a and b are some non-zero complex numbers. Then

A3 =




r 0 0 0
0 r 0 0
0 0 r 0
0 0 0 1


 , B2 =




b 0 0 0
0 b 0 0
0 0 1 0
0 0 0 1


 , (AB)3 =




1 0 0 0

0 a2

rb
0 0

0 0 1 0
0 0 0 1


 .
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Since A3 ∈ T , B2 ∈ T , (AB)3 ∈ T , we get r = ζα3 and b = ζβ3 for some α and β in {0, 1, 2}.
Replacing A 7→ (1, 1, ζ−α3 )A and B 7→ (1, ζ−β3 , 1)B, we may assume that r = 1 and b = 1.
Then a = ζγ6 for γ ∈ {0, 1, 2, 3, 4, 5}. Replacing B 7→ (ζδ3 , 1, ζ

δ
3)B for some δ ∈ {0, 1, 2},

we may assume a ∈ {±1, ζ6}. If a = 1, then G = G324,160. If a 6= 1, then G = G′
324,160. �

It follows from Example 1.2 that the subgroups G324,160 and G′
324,160 are not conjugate,

because P3 does not contain G324,160-invariant pencils of cubic surfaces.
If n = 3, T = µ

3
3 and im(υ) = S4, it follows from Corollary 2.2 that G is conjugated to

one of the subgroups G648,704 or G′
648,704. Note that these subgroups are not conjugated,

because the group G648,704 leaves invariant the Fermat cubic surface, but one can check
that there exists no G′

648,704-invariant cubic surface in P3.

3. Equivariant geometry of projective space: group of order 48

Let G be the subgroup in PGL4(C) generated by

M =




−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1


 , N =




−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1


 , A =




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 , B =




0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0


 ,

and let H ∼= µ
4
2 be the normal subgroup of the group G generated by M , N , B, ABA2.

Then G is the subgroup G48,50
∼= µ

4
2 ⋊ µ3 that has been introduced in Section 2.

Remark 3.1. The subgroup lattice of G is described in [20]. Let us present this description.
The subgroup H is the unique subgroup in G that is isomorphic to µ

4
2. It is normal.

Similarly, the group G contains 16 subgroups that are isomorphic to µ3, which are all
conjugated by the Sylow theorem. Up to conjugation, the group G contains 5 subgroups
isomorphic to µ2, which are all contained in the subgroup H, hence 15 subgroups in total.
Finally, up to conjugation, the group G contains exactly 5, 5, 15 subgroups that are
isomorphic to A4, µ

3
2, µ

2
2, respectively. Their generators can be described as follows:

A4 〈A,B,ABA2〉, 〈A,M,N〉, 〈A,ABA2N,BMN〉, 〈A,ABA2M,BN〉, 〈A,ABA2MN,BM〉
µ

3
2 〈ABA2, B,N〉, 〈ABA2, BN,M〉, 〈ABA2, BM,MN〉, 〈ABA2, BM,N〉, 〈B,M,N〉

〈M,N〉, 〈B,N〉, 〈B,M〉, 〈B,MN〉, 〈BN,M〉, 〈BN,MN〉,
µ

2
2 〈BM,N〉, 〈B,ABA2〉, 〈ABA2, BMN〉, 〈ABA2, BM〉, 〈ABA2, BN〉,

〈ABA2N,BM〉, 〈ABA2N,BMN〉, 〈ABA2M,BN〉, 〈ABA2MN,BM〉

Now, let us the action of G on smooth curves of small genus.

Lemma 3.2 ([7, 42]). Let C be a smooth curve of genus g 6 19.

(1) If H acts faithfully on C, then g > 5 and C is not hyperelliptic.
(2) Suppose that G acts faithfully on C. Then the G-orbits in C are of lengths 16, 24, 48.

Let a16 and a24 be the number of G-orbits in C of length 16 and 24, respectively.
Then g ∈ {9, 13, 17}, and the possible values of a16 and a24 are given in the table
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g 9 13 13 13 17 17 17

a16 2 0 0 3 1 1 4

a24 2 1 5 1 0 4 0

Proof. By [15, Lemma 2.3], the group H cannot act faithfully on rational or elliptic curve.
Moreover, if H acts faithfully on C and the curve C is hyperelliptic, then the canonical
morphism C → P1 is H-equivariant, which is impossible, since neither µ4 nor µ2

2 can act
faithfully on a rational curve. Thus, assertion (1) follows from [38].

Suppose G acts faithfully on C. Then g > 5 by (1), and g 6= 5 by [39, Proposition 3],
since G does not contain elements of order 4. Thus, we conclude that g > 5.

By Remark 3.1, the G-orbits in C are of lengths 16, 24, 48, because the stabilizer in

the group G of a point in C is cyclic. Let Ĉ = C/G, and let ĝ be the genus of the curve Ĉ.
Then 2g− 2 = 48(2ĝ− 2)+ 32a16+24a24 by the Hurwitz’s formula. This implies (2). �

Let Q1 = {x20+x21+x22+x23 = 0}. Then Q1 is the unique G-invariant quadric in P3. Let

Q2 =
{
x20 + x21 = x22 + x23

}
, Q3 =

{
x20 − x21 = x22 − x23

}
, Q4 =

{
x20 − x21 = x23 − x22

}
,

Q5 =
{
x0x2 + x1x3 = 0

}
, Q6 =

{
x0x3 + x1x2 = 0

}
, Q7 =

{
x0x1 + x2x3 = 0

}
,

Q8 =
{
x0x2 = x1x3

}
, Q9 =

{
x0x3 = x1x2

}
, Q9 =

{
x0x1 = x2x3

}
.

Then Q1, Q2, Q3, Q4, Q5, Q6, Q7, Q8, Q9, Q10 are all H-invariant quadric surfaces in P3.
Observe that these quadric surfaces are smooth, and H acts faithfully on each of them.
These are the ten fundamental quadrics in [30].

Lemma 3.3. Let S be an H-invariant quadric surface in P3. Then αH(S) = 1.

Proof. Fix an isomorphism S ∼= P1 × P1. Observe that S does not have H-fixed points,
and the surface S does not contain H-invariant curves of degree (1, 0), (0, 1) or (1, 1).
Indeed, this follows from the fact that P3 does not contain H-fixed points, and it contains
neither H-invariant lines nor H-invariant planes.

Note that |−KS | has H-invariant curves, these are the restrictions of other H-invariant
quadric surfaces in P3 on S. This shows that αH(S) 6 1.

Suppose that αH(S) < 1. Then S contains an H-invariant effective Q-divisor D such
that D ∼Q −KS, and (S, λD) is not log canonical for some rational number λ < 1.
Since the surface S does not contains H-invariant curves of degree (1, 0), (0, 1) or (1, 1),
the locus Nklt(S, λD) is zero-dimensional. Applying the Kollár–Shokurov connectedness
theorem [33, Corollary 5.49], we see that Nklt(S, λD) is a point, which must be H-fixed.
But S does not contain H-fixed points. Contradiction. �

Observe also that G acts naturally on the set
{
Q1,Q2,Q3,Q4,Q5,Q6,Q7,Q8,Q9,Q10

}
,

and it splits this set into four G-orbits: {Q1}, {Q2,Q3,Q4}, {Q5,Q6,Q7}, {Q8,Q9,Q10}.
Remark 3.4. Any two distinct H-invariant quadrics in P3 intersect by a quadruple of lines.
By [15, Lemma 2.17], this gives 30 lines, which can be characterized as follows: for every
line among these 30 lines, there is an element g ∈ H such that g pointwise fixes this line.
These lines contains all G-orbits of length 24. See Remark 3.11 for more details.
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Let us describe G-orbits in P3. All G-orbits of length 24 are described in Remark 3.4.
To describe the remaining G-orbits in P3, we let

Σ4 = OrbG
(
[1 : 0 : 0 : 0]

)
,

Σ′
4 = OrbG

(
[1 : 1 : 1 : −1]

)
,

Σ′′
4 = OrbG

(
[1 : 1 : 1 : 1]

)
,

Σ12 = OrbG
(
[0 : 0 : 1 : 1]

)
,

Σ′
12 = OrbG

(
[0 : 0 : i : 1]

)
,

Σ′′
12 = OrbG

(
[i : i : 1 : 1]

)
,

Σ′′′
12 = OrbG

(
[−i : i : 1 : 1]

)
,

Σ16 = OrbG
(
[−1 +

√
3i : −1 −

√
3i : 2 : 0]

)
,

Σ′
16 = OrbG

(
[−1 −

√
3i : −1 +

√
3i : 2 : 0]

)
,

Σt16 = OrbG
(
[1 : 1 : 1 : t]

)
for t ∈ C \ {±1}.

Then Σ4, Σ
′
4, Σ

′′
4, Σ12, Σ

′
12, Σ

′′
12, Σ

′′′
12, Σ16, Σ

′
16 are G-orbits of length 4, 4, 4, 12, 12, 12,

12, 16, 16, respectively. Similarly, Σt16 is a G-orbit of length 16 for every t ∈ C \ {±1}.

Lemma 3.5. Let Σ be a G-orbit in P3 such that |Σ| < 24. Then

• either Σ is one of the G-orbits Σ4, Σ
′
4, Σ

′′
4, Σ12, Σ

′
12, Σ

′′
12, Σ

′′′
12, Σ16, Σ

′
16,

• or Σ = Σt16 for some t ∈ C \ {±1}.

Proof. Let Γ be the stabilizer of a point in Σ. Then |Γ| > 2. But P3 has no H-fixed points,
so that Γ is isomorphic to A4, µ

3
2, µ

2
2 or µ3 by Remark 3.1. Then |Σ| ∈ {4, 6, 12, 16}.

If Γ ∼= µ
3
2, then Γ ⊂ H, hence P3 contains an H-orbit of length 2, which is impossible,

since P3 does not contains H-invariant lines. Hence, Γ is isomorphic to one of the following
three groups: A4, µ

2
2, µ3. Then |Σ| ∈ {4, 12, 16}.

Suppose that Γ ∼= µ3. By Remark 3.1, we may assume that Γ = 〈A〉. Then the Γ-fixed
points in P3 are the following

[
1−

√
3i : 1 +

√
3i : 2 : 0

]
,
[
1 +

√
3i : 1−

√
3i : 2 : 0

]
, [0 : 0 : 0 : 1], [1 : 1 : 1 : t]

for any t ∈ C. Since the stabilizers of the points [0 : 0 : 0 : 1], [1 : 1 : 1 : 1], [1 : 1 : 1 : −1]
are larger than Γ, either Σ is one of the orbits Σ16, Σ

′
16, or Σ = Σt16 for some t ∈ C\{±1}.

Now, suppose that Γ ∼= A4. By Remark 3.1, the group G contains exactly five subgroups
isomorphic to A4 up to conjugation. Three of these groups are 〈A,B〉, 〈A,NB〉, 〈MA,B〉.
If Γ is one of these subgroups, then Σ is one of the G-orbits Σ4, Σ

′
4, Σ

′′
4, respectively.

The remaining subgroups conjugated to A4 are the groups 〈A,MB〉 and 〈ABA,BNM〉.
One can check that both of them do not have fixed points in P3.

Finally, we suppose that Γ ∼= µ
2
2. By Remark 3.1, the group G contains 15 subgroups

isomorphic to µ
2
2 up to conjugation. Five subgroups among them are normal — they are

contained in the subgroups of G isomorphic to A4. The fixed points of three of them are
contained in the subset Σ4 ∪Σ′

4 ∪Σ′′
4 , and the remaining two normal subgroups do not fix

any point in P3 — they leave invariant rulings of the quadric Q1
∼= P1 × P1.

To complete the proof, we may assume that Γ is not a normal subgroup of the group G.
Up to conjugation, there are ten such subgroups in G by Remark 3.1. Four of them fix
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a point in the subset Σ12 ∪ Σ′
12 ∪ Σ′′

12 ∪ Σ′′′
12. Up to conjugation, these are the subgroups

〈
B,N

〉
,
〈
BM,N

〉
,
〈
ABA2, BMN

〉
,
〈
ABA2M,BN

〉

respectively. If Γ is one of them, then Σ is one of the G-orbits Σ12, Σ
′
12, Σ

′′
12, Σ

′′′
12.

The remaining 6 subgroups in G that are isomorphic to µ2
2 are described in Remark 3.1.

For instance, take the subgroup 〈B,MN〉 ∼= µ
2
2. This group does not fix any point in P3,

but this subgroup leaves invariant rulings of the quadric Q8
∼= P1 ×P1. To be precise, for

every [a : b] ∈ P1, the group 〈B,MN〉 leaves invariant the line
{
ax0 + bx3 = ax1 + bx2 = 0

}
⊂ Q8.

Moreover, these are all 〈B,MN〉-invariant lines in P3. Similarly, one can also check that
each of the remaining non-normal subgroups in G isomorphic to µ

2
2 fixes no point in P3,

but it leaves invariant infinitely many lines that are contained in one of the H-invariant
quadricsQ2, Q3, Q4,Q5, Q6,Q7, Q8,Q9, Q10. This completes the proof of the lemma. �

Let us describe the normalizer of the subgroup G in the group PGL4(C). To start with,
recall from Section 2 that G ⊳ G96,227

∼= µ
4
2 ⋊S3, where G96,227 is generated by

M,N,A′ =




0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


 , B′ =




0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1


 .

Similarly, we have G ⊳ G96,70 and G ⊳ G192,955, where G96,70
∼= µ

4
2 ⋊ µ6 is generated by

M,N,A,B, L =




−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 ,

and G192,955 = 〈M,N,A′, B′, L〉 ∼= µ
2
4 ⋊ D12. Let G144,184 be the subgroup generated by

M,N,A,B,R =
1

2




1 1 1 1
1 1 −1 −1
1 −1 1 −1
−1 1 1 −1


 ,

and let G288,1025 = 〈M,N,A′, B′, R〉. ThenG⊳G144,184
∼= A4×A4 andG⊳G288,1025

∼= A4≀µ2.
Let G576,8654 = 〈M,N,L,A′, B′, R〉. Then G576,8654

∼= µ
4
2⋊ (µ2

3⋊µ
2
2)

∼= (A4×A4)⋊µ
2
2.

Lemma 3.6. The group G576,8654 is the normalizer of the group G in PGL4(C).

Proof. Let Γ be the normalizer of the subgroup G in PGL4(C). Observe that G⊳G576,8654.
Thus, we have G576,8654 ⊂ Γ. Let us show that Γ ⊂ G576,8654.

Take any element g ∈ Γ. Since Σ4, Σ
′
4, Σ

′′
4 are the only G-orbits of length four in P3,

we see that g must permutes these G-orbits. Therefore, swapping g with g ◦R or g ◦R2,
we may assume that Σ4 is g-invariant. So, composing g with a suitable element in G192,955,
we may assume that g fixes every point in Σ4. Then

g =




t1 0 0 0
0 t2 0 0
0 0 t3 0
0 0 0 1
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for some non-zero complex numbers t1, t2, t3. Recall that Q1 is the unique G-invariant
quadric surface in P3, so that Q1 is g-invariant. This gives us t1 = ±1, t2 = ±1, t3 = ±1,
so that g ∈ G192,955 ⊂ G576,8654. This shows that Γ ⊂ G576,8654.

We can also argue as follows. Let N ⊂ PGL4(C) be the normalizer of the group H ∼= µ
4.

Then it follows from [4, §123] or [45] that there exists an exact sequence of groups

1 −→ H −→ N −→ S6 −→ 1.

But H is a normal subgroup in G, G96,70, G96,227, G192,955, G144,184, G288,1025, G576,8654, and
the images of these groups inS6 are isomorphic to µ3, µ6,S3, D12, µ3×µ3, µ3≀µ2, µ

2
3⋊µ

2
2.

Using this, it is not difficult to see that G576,8654 is the normalizer of the group G. �

Let Ĥ, Ĝ, Ĝ96,227 and Ĝ144,184 be the subgroups in GL4(C) defined as follows:

Ĥ =
〈
M,N,B,ABA2

〉
,

Ĝ =
〈
M,N,A,B

〉
,

Ĝ96,227 =
〈
M,N,A′, B′〉,

Ĝ144,184 =
〈
M,N,A,B,R

〉
,

where we considerM , N , A, B, A′, B′, R as elements of GL4(C). These groups are mapped
to the groups H, G, G96,227 and G144,184 via the natural projection GL4(C) → PGL4(C),
and their GAP ID’s are [32,49], [96,204], [192,1493] and [288,860], respectively.

Note that the groups Ĥ, Ĝ, Ĝ96,227, and Ĝ144,184 act naturally linearly onH0(P3,OP3(1)).
The corresponding linear representations are irreducible and can be identified by GAP.

Lemma 3.7. Let V be the vector subspace in H0(P3,OP3(4)) consisting of all Ĥ-invariants.
Then the vector space V is five-dimensional. Furthermore, it contains all one-dimensional
subrepresentations in the vector space H0(P3,OP3(4)) of the groups Ĝ, Ĝ96,227 and Ĝ144,184.
Moreover, the following assertions hold:

(i) as a Ĝ-representation, the vector space V splits as a sum of 3 trivial representations
and 2 non-isomorphic one-dimensional non-trivial representations;

(ii) as a Ĝ96,227-representation the space V splits as a sum of 3 trivial representations
and 1 two-dimensional irreducible representations;

(iii) as a Ĝ144,184-representation the space V splits as a sum of 5 distinct non-isomorphic
one-dimensional representations.

Proof. We used GAP to verify all assertions. �

By Lemma 3.7, P3 contains exactly five G144,184-invariant quartic surfaces [15, (2.20)].
To describe their defining equations, let

f1 = x20 + x21 + x22 + x23,

f2 = 2
(
x20x

2
1 + x20x

2
2 + x20x

2
3 + x21x

2
2 + x21x

2
3 + x22x

2
3

)
−

(
x40 + x41 + x42 + x43

)
+ 8

√
3ix0x1x2x3,

f3 = 2
(
x20x

2
1 + x20x

2
2 + x20x

2
3 + x21x

2
2 + x21x

2
3 + x22x

2
3

)
−

(
x40 + x41 + x42 + x43

)
− 8

√
3ix0x1x2x3,

f4 = (−1 +
√
3i)

(
x20x

2
2 − x20x

2
3 − x21x

2
2 + x21x

2
3

)
− 2

(
x20x

2
1 − x20x

2
2 − x21x

2
3 + x22x

2
3

)
,

f5 = (−1−
√
3i)

(
x20x

2
2 − x20x

2
3 − x21x

2
2 + x21x

2
3

)
− 2

(
x20x

2
1 − x20x

2
2 − x21x

2
3 + x22x

2
3

)
,

and let S2 = {f2 = 0}, S3 = {f3 = 0}, S4 = {f4 = 0}, S5 = {f5 = 0}. Then
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• 2Q1, S2, S3, S4, S5 are G144,184-invariant quartic surfaces;
• the surfaces S2, S3, S4, S5 are irreducible;
• one has Sing(S2) = Sing(S3) = Σ12 and Sing(S4) = Sing(S5) = Σ4 ∪ Σ′

4 ∪ Σ′′
4.

By [15, Lemma 3.12], singularities of the surfaces S2, S3, S4, S5 are ordinary double points.
The polynomials f 2

1 , f2 and f3 generate a three-dimensional vector space that contains

all Ĝ-invariant elements in H0(P3,OP3(4)). Consider the following basis of this space:

x0x1x2x3, x
2
0x

2
1 + x20x

2
2 + x20x

2
3 + x21x

2
2 + x21x

2
3 + x22x

2
3, x

4
0 + x41 + x42 + x43.

Using this basis, let us define the net M4 consisting of quartic surfaces in P3 given by

(3.8) ax0x1x2x3+ b
(
x20x

2
1+x

2
0x

2
2+x

2
0x

2
3+x

2
1x

2
2+x

2
1x

2
3+x

2
2x

2
3

)
+ c

(
x40+x

4
1+x

4
2+x

4
3) = 0,

for [a : b : c] ∈ P2. Then every surface in the net M4 is G-invariant and G96,227-invariant.
For [a : b : c] = [1 : 0 : 0], we get the surface

T = {x0x1x2x3 = 0} ∈ M4.

Similarly, for [a : b : c] = [−8 : −2 : 1], we get another reducible surface

T ′ = {(x0 + x1 + x2 − x3)(x0 + x1 − x2 + x3)(x0 − x1 + x2 + x3)(x0 − x1 − x2 − x3) = 0}.
Likewise, for [a : b : c] = [8 : −2 : 1], we get the reducible surface

T ′′ = {(x0 + x1 + x2 + x3)(x0 − x1 − x2 + x3)(x0 + x1 − x2 − x3)(x0 − x1 + x2 − x3) = 0}.
Finally, for [a : b : c] = [0 : 2 : 1], we get the non-reduced surface 2Q1 ∈ M4.

Lemma 3.9. The following assertion holds:

(i) the base locus of the net M4 is the set Σ16 ∪ Σ′
16,

(ii) the only reducible surfaces in M4 are T , T ′, T ′′, 2Q1,
(iii) every irreducible surface in M4 has at most isolated ordinary double points,
(iv) if S is a surface given by (3.8), then S is singular if and only if

c(b+2c)(b−2c)(a+2b−4c)(a−2b+4c)(a−6b−4c)(a+6b+4c)(a2c+4b3−12b2c+16c3) = 0,

(v) if S is an irreducible singular surface given by (3.8), then
• either a2c+ 4b3 − 12b2c+ 16c3 6= 0, and Sing(S) is described in Table 1,
• or a2c + 4b3 − 12b2c + 16c3 = 0, and Sing(S) = Σt16 for t ∈ C \ {±1,±

√
3i}

which is uniquely determined by [a : b : c] = [2t3 + 6t : −t2 − 1 : 1].

Proof. Assertion (i) is easy to check. Assertion (ii) follows from Remark 3.5 and the fact
that Q1 is the only G-invariant quadric surface in P3.

Assertion (iv) has been proved in [45], see [6, Proposition 3.1], [21, Theorem 10.3.18],
[23, Proposition 2.1], [26, Lemma 2.21].

Both assertions (iii) and (v) are easy to verify. �

Corollary 3.10. Let S be an irreducible surface in M4, and let π : S̃ → S be its minimal
resolution of singularities. Then S̃ is a K3 surface, the action of the group G lifts to S̃,

all G-orbits in S̃ are of length 16, 24 or 48, and S̃ contains exactly 6 orbits of length 16.
In particular, if S contains a G-orbit of length < 16, then S is singular at this G-orbit.

Proof. All assertions follow from Lemma 3.9 and explicit computations, and the assertion

aboutG-orbits follows from [49, Theorem 3], since theG-action on S̃ is symplectic [28]. �
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Table 1. Singular locus of an irreducible quartic surface S ⊂ P3 such that
the surface S is given by (3.8) with a2c+ 4b3 − 12b2c+ 16c3 6= 0.

Condition on [a : b : c] Additional conditions on [a : b : c] Sing(S)

c = 0

[a : b : 0] 6= [±6 : 1 : 0], [±2 : 1 : 0] Σ4

[a : b : 0] = [6 : 1 : 0] Σ4 ∪ Σ′
4

[a : b : 0] = [−6 : 1 : 0] Σ4 ∪ Σ′′
4

[a : b : 0] = [2 : 1 : 0] Σ4 ∪ Σ′′′
12

[a : b : 0] = [−2 : 1 : 0] Σ4 ∪ Σ′′
12

c 6= 0 and b+ 2c = 0 [a : b : c] 6= [±8 : −2 : 1] Σ12

c 6= 0 and b− 2c = 0

[a : b : c] 6= [±16 : 2 : 1] Σ′
12

[a : b : c] = [16 : 2 : 1] Σ′
12 ∪ Σ′

4

[a : b : c] = [−16 : 2 : 1] Σ′
12 ∪ Σ′′

4

c 6= 0 and a + 2b− 4c = 0
[a : b : c] 6= [4 : 0 : 1] Σ′′

12

[a : b : c] = [4 : 0 : 1] Σ′′
12 ∪ Σ′

4

c 6= 0 and a− 2b+ 4c = 0
[a : b : c] 6= [−4 : 0 : 1] Σ′′′

12

[a : b : c] = [−4 : 0 : 1] Σ′′′
12 ∪ Σ′′

4

c 6= 0 and a− 6b− 4c = 0
[a : b : c] 6= [0 : −2 : 3], [16 : 2 : 1], [4 : 0 : 1] Σ′

4

[a : b : c] = [0 : −2 : 3] Σ′
4 ∪ Σ′′

4

c 6= 0 and a+ 6b+ 4c = 0 [a : b : c] 6= [−16 : 2 : 1],[-4:0:1], [0 : −2 : 3] Σ′′
4

Now, let us describe all G-irreducible curves in P3 that are unions of at most 15 lines.
Let L6 = Sing(T ), L′

6 = Sing(T ′), L′′
6 = Sing(T ′′). Then L6, L′

6, L′′
6 are G-irreducible

curves, and each of them is a union of six lines. We have

Σ4 = Sing
(
L6

)
,

Σ′
4 = Sing

(
L′

6

)
,

Σ′′
4 = Sing

(
L′′

6

)
.

Observe also that

Σ12 = L6 ∩ L′
6 = L6 ∩ L′′

6 = L′
6 ∩ L′′

6,

so that the surfaces T , T ′, T ′′ form a configuration which is known as a desmic system,
see [41, § IV] and [43, § 3.19]. Note also that

L6 ∩ Q1 = Σ′
12,

L′
6 ∩ Q1 = Σ′′′

12,

L′′
6 ∩ Q1 = Σ′′

12.
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Now, we let L4 be the G-irreducible curve in P3 whose irreducible component is the line
{
2x0 + (1 +

√
3i)x2 − (1−

√
3i)x3 = 2x1 + (1−

√
3i)x2 + (1 +

√
3i)x3 = 0

}
,

let L′
4 be the G-irreducible curve in P3 whose irreducible component is the line
{
2x0 + (1−

√
3i)x2 − (1 +

√
3i)x3 = 2x1 + (1 +

√
3i)x2 + (1−

√
3i)x3 = 0

}
,

let L′′
4 be the G-irreducible curve in P3 whose irreducible component is the line
{
2x0 − (1−

√
3i)x2 + (1 +

√
3i)x3 = 2x1 + (1 +

√
3i)x2 + (1−

√
3i)x3 = 0

}
,

let L′′′
4 be the G-irreducible curve in P3 whose irreducible component is the line
{
2x0 − (1 +

√
3i)x2 + (1−

√
3i)x3 = 2x1 + (1−

√
3i)x2 + (1 +

√
3i)x3 = 0

}
,

let L′′′
6 be the G-irreducible curve in P3 whose irreducible component is the line

{
x0 + ix2 = x1 + ix3 = 0

}
,

and let L′′′′
6 be the G-irreducible curve in in P3 whose irreducible component is the line

{
x0 + ix3 = x1 + ix2 = 0

}
.

Then L4, L′
4, L′′

4, L′′′
4 consist of 4 disjoint lines, L′′′

6 and L′′′′
6 consist of 6 disjoint lines, and

all these six G-irreducible reducible curves are contained in the quadric Q1.

Remark 3.11. Since H contains all elements of order 2 in G, it follows from [15, § 2] that
all G-orbits of length 24 in the space P3 are contained in the union L6∪L′

6∪L′′
6∪L′′′

6 ∪L′′′′
6 .

Vice versa, if P is a point in L6∪L′
6∪L′′

6∪L′′′
6 ∪L′′′′

6 , then either its G-orbit has length 24,
or the point P is contained in the union Σ4 ∪ Σ′

4 ∪ Σ′′
4 ∪ Σ12 ∪ Σ′

12 ∪ Σ′′
12.

Let us present the intersections of the curves L4, L′
4, L′′

4, L′′′
4 , L6, L′

6, L′′
6, L′′′

6 , L′′′′
6 .

∩ L4 L′
4 L′′

4 L′′′
4 L′′′

6 L′′′′
6

L4 L4 ∅ Σ
√
3i

16 Σ′
16 ∅ L4 ∩ L′′′′

6

L′
4 ∅ L′

4 Σ16 Σ−
√
3i

16 ∅ L′
4 ∩ L′′′′

6

L′′
4 Σ

√
3i

16 Σ16 L′′
4 ∅ L′′

4 ∩ L′′′
6 ∅

L′′′
4 Σ′

16 Σ−
√
3i

16 ∅ L′′′
4 L′′′

4 ∩ L′′′
6 ∅

L′′′
6 ∅ ∅ L′′

4 ∩ L′′′
6 L′′′

4 ∩ L′′′
6 L′′′

6 Σ′
12 ∪ Σ′′

12 ∪ Σ′′′
12

L′′′′
6 L4 ∩ L′′′′

6 L′
4 ∩ L′′′′

6 ∅ ∅ Σ′
12 ∪ Σ′′

12 ∪ Σ′′′
12 L′′′′

6

where the intersections L4 ∩ L′′′′
6 , L′

4 ∩ L′′′′
6 , L′′

4 ∩ L′′′
6 , L′′′

4 ∩ L′′′
6 are G-orbits of length 24.

Lemma 3.12. Let C be a G-irreducible curve in P3 such that C is a union of d 6 15 lines.
Then either C is one of the curves L4, L′

4, L′′
4, L′′′

4 , L6, L′
6, L′′

6, L′′′
6 , L′′′′

6 , or C is a disjoint
union of 12 lines, and there exists an H-invariant quadric surface that contains at least
four irreducible components of the curve C.

Proof. Let ℓ be an irreducible component of the curve C, let Γ = StabG(ℓ). Then |Γ| > 4.
Since P3 contains noH-invariant lines, one has Γ ∼= A4 or Γ ∼= µ

3
2 or Γ

∼= µ
3
2 by Remark 3.1.

Therefore, we see that d ∈ {4, 6, 12}.
By Remark 3.1, the groupG contains five subgroups isomorphic to A4 up to conjugation.

We explicitly described the generators of these subgroups in the proof of Lemma 3.5.



22 IVAN CHELTSOV AND ARMAN SARIKYAN

Three of them are stabilizers of a point in the G-orbits Σ4, Σ
′
4, Σ

′′
4, and none of them

leaves a line in P3 invariant, hence Γ is not one of them. If Γ is one of the two remaining
subgroups in G isomorphic to A4, then Γ leaves invariant exactly two lines in P3 — these
are either components of the curves L4 and L′

4, or components of the curves L′′
4 and L′′′

4 .
Thus, if Γ ∼= A4, then C is one of the curves L4, L′

4, L′′
4, L′′′

4 .
Now, we suppose that Γ ∼= µ

3
2. Up to conjugation, the group G contains exactly five

subgroups isomorphic to µ
3
2. Their generators are explicitly described in Remark 3.1.

For instance, consider the subgroup 〈B,M,N〉. This subgroup leaves invariant exactly
two lines in P3 — the lines {x0 = x1 = 0} and {x2 = x3 = 0}, which are irreducible
components of the curve L6. Therefore, if Γ is conjugated to 〈B,M,N〉, one has C = L6.
Similarly, if Γ is conjugated to one of the remaining four subgroups isomorphic to µ

3
2,

then C is one of the curves L′
6, L′′

6, L′′′
6 or L′′′′

6 .
Hence, we may assume that Γ ∼= µ

2
2 and d = 12. Arguing as in the proof of Lemma 3.5,

we see that Γ fixes no points in P3. Up to conjugation, there are eight possibilities for Γ,
which are described in Remark 3.1. In each case, Γ-invariant lines span one of the quadric
surfaces Q1, Q2, Q3, Q4, Q5, Q6, Q7, Q8, Q9, Q10. Thus, we conclude that

ℓ ⊂
10⋃

i=1

Qi.

Moreover, explicit computations show that the curve C is a disjoint union of 12 lines, and
either C ⊂ Q1, or one of the following three possibilities hold:

(i) C ⊂ Q2 ∪Q3 ∪ Q4, and each quadric Q2, Q3, Q4 contains 4 components of C;
(ii) C ⊂ Q5 ∪Q6 ∪ Q7, and each quadric Q5, Q6, Q7 contains 4 components of C;
(iii) C ⊂ Q8 ∪Q9 ∪ Q10, and each quadric Q8, Q9, Q10 contains 4 components of C.

This completes the proof of the lemma. �

Now, let us prove one auxiliary results that will be used later.

Lemma 3.13. Let M6 be the linear system that is generated by the sextic surfaces

3Q1,Q1 + S2,Q1 + S3,
{
x60 + x61 + x62 + x63 = 0

}
.

Then M6 is three-dimensional, its base locus is L′′′
6 ∪ L′′′′

6 , and M6|Q1
= L′′′

6 + L′′′′
6 .

If S is a G-invariant sextic surface in P3, then S ∈ M6 or S = Q1 + S4 or S = Q1 + S5.

Proof. All assertions about M6 are easy and can be checked using explicit computations.
Arguing as in the proof of Lemma 3.7, we obtain the remaining assertion. �

Now, let us describe all G-irreducible curves in P3 that consist of 4 irreducible conics.
Let C1

8 be the G-irreducible curve in P3 whose irreducible component is the conic
{
x0 = x21 + x22 + x23 = 0

}
,

let C2
8 be the G-irreducible curve whose irreducible component is the conic

{
x0 = 2x21 − (1−

√
3i)x22 − (1 +

√
3i)x23 = 0

}
,

and let C3
8 be the G-irreducible curve whose irreducible component is the conic

{
x0 = 2x21 − (1 +

√
3i)x22 − (1−

√
3i)x23 = 0

}
.
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Then C1
8 , C2

8 and C3
8 are union of 4 irreducible conics that are contained in the surface T .

Moreover, one has C1
8 = T ∩ Q1, which implies that C1

8 is connected. On the other hand,
the curves C2

8 and C3
8 are disjoint unions of 4 conics.

Recall that R is a generator of the group G144,184 defined earlier. Let

C1,′
8 = R

(
C1
8

)
, C2,′

8 = R
(
C2
8

)
, C3,′

8 = R
(
C3
8

)
,

and let
C1,′′
8 = R2

(
C1
8

)
, C2,′′

8 = R2
(
C2
8

)
, C3,′′

8 = R2
(
C3
8

)
.

Then C1,′
8 , C2,′

8 , C3,′
8 are contained in T ′, and the curves C1,′′

8 , C2,′′
8 , C3,′′

8 are contained in T ′′.
One has C1,′

8 = T ′∩Q1 and C1,′′
8 = T ′′∩Q1, so that both curves C1,′

8 and C1,′′
8 are connected.

On the other hand, the curves C2,′
8 , C3,′

8 , C2,′′
8 , C3,′′

8 are disjoint unions of 4 conics.

Lemma 3.14. Let C be a G-irreducible curve in P3 that consists of at most 7 irreducible
conics. Then C is one of the curves C1

8 , C2
8 , C3

8 , C1,′
8 , C2,′

8 , C3,′
8 , C1,′′

8 , C2,′′
8 , C3,′′

8 .

Proof. Let Γ be the stabilizer of an irreducible component of the G-irreducible curve C,
and let Π be the hyperplane in P3 that contains this irreducible component. Then |Γ| > 6,
and the plane Π is Γ-invariant. This implies that P3 must contain a Γ-fixed point, so that
it follows from Remark 3.1 and Lemma 3.5 that Γ ∼= A4, and the plane Π is an irreducible
component of one of the surfaces T , T ′, T ′′. Now, we can explicitly find all Γ-invariant
conics in Π to obtain the required result. �

Corollary 3.15. Let C be a G-irreducible curve contained in T ∪T ′∪T ′′ of degree 6 15.
Then C is one of the curves L6, L′

6, L′′
6, C1

8 , C2
8 , C3

8 , C1,′
8 , C2,′

8 , C3,′
8 , C1,′′

8 , C2,′′
8 , C3,′′

8 .

Proof. Arguing as in the proof of Lemma 3.14, we obtain the required assertion. �

Now, we are ready to prove the following result:

Lemma 3.16. Let C be a reducible G-irreducible curve in the quadric Q1 of degree 6 15.
Then either C is one of the G-irreducible curves L4, L′

4, L′′
4, L′′′

4 , L′′′
6 , L′′′′

6 , C1
8 , C1,′

8 , C1,′′
8 ,

or the curve C is a union of 12 disjoint lines.

Proof. Let r be the number of irreducible components of the curve C, let C1, . . . , Cr be
irreducible components of the curve C, let d be the degree of the curve C1, and let Γ be
the stabilizer of the curve C1 in the group G. Then Γ is a subgroup in G of index r 6 15

d
.

By Lemmas 3.12 and 3.14, we may assume that d > 3, which gives r 6 5, so that it
follows from Remark 3.1 that we have the following possibilities:

(1) r = 3, Γ = H and d ∈ {3, 4, 5},
(2) r = 4, Γ ∼= A4 and d = 3.

In each case, the group Γ acts faithfully on the curve C1.
Let us consider the curve C1 as a divisor of degree (a, b) in the quadric Q1

∼= P1 × P1,
where a and b are some positive integers such that a+ b = d. Without loss of generality,
we may assume that a 6 b. If r = 3, then C1 is an irreducible H-invariant curve and

(a, b) ∈
{
(1, 2), (1, 3), (1, 4), (2, 2), (2, 3)

}
,

which implies that the genus of the normalization of the curve C1 is at most 2, which
contradicts Lemma 3.2. Hence, we see that r 6= 3.

Thus, we have r = 4. Then Γ ∼= A4 and (a, b) = (1, 2), hence C1 is a smooth twisted
cubic curve. Using GAP, one can check that Q1 is the unique Γ-invariant quadric in P3,
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and P3 does not contain pencils of Γ-invariant quadrics. Since all quadrics passing through
the curve C1 form a net, we conclude that this net does not containQ1, otherwise we would
have a pencil of quadrics surfaces passing through the curve C1. This is a contradiction,
since C1 ⊂ Q1 by assumption. �

Now, we are ready to prove the following result:

Lemma 3.17. Let C be a reducible G-irreducible curve in P3 of degree d 6 15 that is not
contained in Q1 ∪ T ∪ T ′ ∪ T ′′. Then d = 12, and either C is a union of twelve lines, or
the curve C is a union of four twisted cubic curves.

Proof. Since C is not contained in the quadric Q1, we see that Q1 · C is a G-invariant
one-cycle in Q1 of degree 2d 6 30. One the other hand, we know that all G-orbits in
the quadric Q1 are of lengths 12, 16 and 24. Hence, one has

30 > 2d = 12a+ 16b

for some non-negative integers a and b. Therefore, we conclude that d ∈ {6, 8, 12, 14}.
By Lemmas 3.12 and 3.14, we may assume that components of the curve C are neither

lines nor conics. Since G does not contain subgroups of index 2, we see that d = 12 and

• either C is a union of four twisted cubic curves,
• or C is a union of three irreducible curves of degree 4.

Moreover, in the latter case, the subgroup H is the stabilizer in G of every irreducible
component of the curve C, because H is the only subgroup in G of index 3 by Remark 3.1.
One the other hand, it follows from Lemma 3.2 that H cannot act faithfully on a rational
curve, and H cannot act faithfully on a smooth elliptic curve. Hence, we conclude that
irreducible components of the curve C cannot be curves in P3 of degree 4, which implies
that the curve C is a union of four twisted cubic curves as claimed. �

From the proof of Lemma 3.12, we know that P3 contains infinitely many G-irreducible
curves that are unions of twelve lines. Similarly, one can show that P3 contains infinitely
many G-irreducible curves that are unions of four twisted cubics.

Example 3.18. Let L = {x0+ix2 = x1+ix3 = 0}, let Ps = [i : s : si : 1] for s ∈ C∪{∞},
and let Γ be the subgroup in G generated by ABA and BMN . Then L is an irreducible
component of the curve L′′′

6 , Ps ∈ L, Γ ∼= A4, and OrbΓ(Ps) consists of the six points
[
− is : −i : s : 1

]
,
[
i : s : si : 1

]
,
[
1 : i : is : s

]
,

[
− is : −1 : i : s

]
,
[
− s : si : −i : 1

]
,
[
− i : is : −1 : s

]
,

which are contained in six distinct irreducible components of the G-irreducible curve L′′′
6 .

Suppose, in addition, that s 6= 1+
√
3

2
+ 1+

√
3

2
i and s 6= 1−

√
3

2
+ 1−

√
3

2
i. Then Ps 6∈ L′′′

4 ∪ L′′
4,

and no four points in the Γ-orbit OrbΓ(Ps) are coplanar. Let Cs be the unique twisted
cubic in P3 that contains OrbΓ(Ps), and let Cs12 be the G-irreducible curve in P3 whose
irreducible component is the curve Cs. Then Cs = {h1 = h2 = h3 = 0}, where

h1 = (s2 + (1 + i)s− i)x20 − (2is2 + (2 + 2i)s− 2)x0x1 + (2is2 − (2 + 2i)s− 2)x3x0−
− (s2 + (1 + i)s− i)x21 + (−2is2 + (2 + 2i)s+ 2)x2x1 + (s2 + (1 + i)s− i)x22+

− (2is2 + (2 + 2i)s+ 2)x3x2 − (s2 + (1 + i)s− i)x23,
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h2 = (−s2 − (1 + i)s+ i)x20 + (2is2 − (2 + 2i)s− 2)x0x1 + (−2is2 − (2 + 2i)s+ 2)x2x0+

+ (s2 + (1 + i)s− i)x21 − (2is2 + (2 + 2i)s− 2)x3x1 + (s2 + (1 + i)s− i)x22+

− (2is2 − (2 + 2i)s− 2)x3x2 − (s2 + (1 + i)s− i)x23,

h3 = (s2 + (1 + i)s− i)x20 + (2is2 − (2 + 2i)s− 2)x0x2 + (2is2 + (2 + 2i)s− 2)x3x0+

+ (s2 + (1 + i)s− i)x21 + (2is2 + (2 + 2i)s− 2)x1x2−
− (2is2 − (2 + 2i)s− 2)x3x1 − (s2 + (1 + i)s− i)x22 − (s2 + (1 + i)s− i)x23.

The curve Cs12 is a union of four twisted cubic curves. For general choice of s ∈ C ∪ {∞},
these twisted curves are disjoint, but for some s ∈ C ∪ {∞} the cubics are not disjoint.
To be precise, the curve Cs12 is a disjoint union of four twisted cubic curves if and only if

s ∈
{
∞, 0,±1,±i, −1±

√
3

2
+

−1±
√
3

2
i,
1±

√
3

2
− 1±

√
3

2
i,
−1±

√
3

2
+

1±
√
3

2
i
}
.

For instance, one has Sing(C∞
12) = Σ′

12 and C∞ is given by




x20 − 2ix0x1 + 2ix3x0 − x21 − 2ix1x2 + x22 − 2ix2x3 − x23 = 0,

x20 − 2ix0x1 + 2ix0x2 − x21 + 2ix1x3 − x22 + 2ix2x3 + x23 = 0,

x20 + 2ix0x2 + 2ix3x0 + x21 + 2ix1x2 − 2ix1x3 − x22 − x23 = 0.

In this case, two irreducible component of the curve C∞
12 intersect by two points in Σ′

12,
and every irreducible component of the curve C∞

12 contains four points in the G-orbit Σ′
12.

Likewise, if s = −1±
√
3

2
+ −1±

√
3

2
i, then all components of the curve Cs12 contain Σ4.

Let us present some irreducible G-invariant curves in Q1.

Example 3.19. Recall that Q1 is contained in the net M4, so that M4|Q1
is a pencil,

whose base locus is Σ16∪Σ′
16 by Lemma 3.9. Note that all curves inM4|Q1

areG-invariant.
Moreover, using Remark 3.1 and Lemmas 3.2 and 3.14 one can show that every curve in
the pencil M4|Q1

is reduced, and all reducible curves in M4|Q1
are

T |Q1
= C1

8 , T ′|Q1
= C1,′

8 , T ′′|Q1
= C1,′′

8 , S2|Q1
= L′

4 + L′′′
4 , S3|Q1

= L4 + L′′
4.

Since the arithmetic genus of irreducible curves in M4|Q1
is 9, it follows from Lemma 3.5

that all remaining curves in M4|Q1
are smooth irreducible G-invariant curves of genus 9.

Example 3.20. Observe that

(S3 + S4)|Q1
= L4 + L′

4 + 2L′′
4 ∼ 2L4 + 2L′′′

4 = 2S5|Q1
,

(S2 + S5)|Q1
= L4 + L′

4 + 2L′′′
4 ∼ 2L′

4 + 2L′′
4 = 2S4|Q1

,

(S3 + S5)|Q1
= 2L4 + L′′

4 + L′′′
4 ∼ 2L′

4 + 2L′′
4 = 2S4|Q1

,

(S2 + S4)|Q1
= 2L′

4 + L′′
4 + L′′′

4 ∼ 2L4 + 2L′′′
4 = 2S5|Q1

.

Using this, we can create 4 pencils on the quadric Q1 that consist of G-invariant curves.
These are the pencils generated by L′

4 + 2L′′
4 and L4 + 2L′′′

4 , by L4 + 2L′′′
4 and L′

4 + 2L′′
4,

by 2L4 + L′′′
4 and 2L′

4 + L′′
4, by 2L′

4 + L′′
4 and 2L4 + L′′′

4 , respectively. One can show that
general curves in these four pencils are smooth irreducible G-invariant curves of genus 21.
Moreover, one can also check that each pencil contains three irreducible singular curves
whose singular loci are theG-orbits Σ′

12, Σ
′′
12, Σ

′′′
12, respectively. These curves have ordinary

nodes as singularities, so their normalizations have genus 9.
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Now, we are ready to describe irreducible G-irreducible curves in Q1 of small degree.

Lemma 3.21. Let C be an irreducible G-invariant curve in Q1
∼= P1×P1 of degree (a, b),

where a and b are some non-negative integers. Suppose, in addition, that a + b 6 15.
Then one of the following three possibilities holds:

• (a, b) = (4, 4), and C is a smooth curve of genus 9,
• (a, b) = (4, 8) or (a, b) = (8, 4), and C is a smooth curve of genus 21,
• (a, b) = (4, 8) or (a, b) = (8, 4), and C is a singular curve with 12 ordinary nodes,
and the normalization of the curve C has genus 9.

Proof. Without loss of generality, we may assume that L4 is a divisor inQ1 of degree (0, 4),
so that L′′

4 is a divisor of degree (4, 0). Observe also that the quadricQ1 isG96,227-invariant,
and group G96,227 maps C to a curve of degree (b, a). Thus, we may assume that a 6 b.

By Lemma 3.2, the curve C is irrational, it is not elliptic and it is not hyperelliptic,
so that we have a > 3. Moreover, if a is odd, then C · L4 = 4a is not divisible by 8, which
contradicts Lemma 3.5, because all G-orbits in the curve L4 have lengths 16, 24 or 48.
Hence, we see that a is even. Similarly, we see that b is also even, because C · L′′

4 = 4b.
Therefore, we conclude that (a, b) ∈ {(4, 4), (4, 6), (4, 8), (4, 10), (6, 6), (6, 8)}.

Let pa(C) be the arithmetic genus of the curve C. Then pa(C) = ab− a− b+ 1, hence
(
a, b, pa(C)

)
∈
{
(4, 4, 9), (4, 6, 15), (4, 8, 21), (4, 10, 27), (6, 6, 25), (6, 8, 35)

}
.

Let π : C̃ → C be the normalization of the curve C, let g be the genus of the curve C̃.

Then the G-action lifts to C̃, and it follows from Lemma 3.5 that

0 6 g = pa(C)− 12α− 16α

for some integers α > 0 and α > 0. If (a, b) = (4, 4), then g = pa(C), hence C is smooth.
Similarly, if (a, b) = (4, 6), then we have g ∈ {3, 15}, which is impossible by Lemma 3.2.
Likewise, if (a, b) = (4, 10) or (a, b) = (6, 8), then

g ∈ {3, 7, 11, 15, 19, 23, 27, 35},
so that g ∈ {23, 27, 35} by Lemma 3.2. Moreover, arguing as in the proof of Lemma 3.2,
we see that g 6∈ {23, 27, 35}. Hence, we may assume that (a, b) = (4, 8) or (a, b) = (6, 6).

If (a, b) = (6, 6), then the curve C is cut out on Q1 by a G-invariant sextic surface in P3,
which gives C = L′′′

6 + L′′′′
6 by Lemma 3.13, which is absurd, since C is irreducible.

Therefore, we have (a, b) = (4, 8). If C is smooth, then we are done. If C is singular,
then it follows from g = 21 − 12α − 16α and Lemma 3.2 that g = 9, which implies that
the curve C has 12 ordinary nodes as required. �

Now, we deal with irreducible G-invariant curves in P3 that are not contained in Q1.

Lemma 3.22. Let C be an irreducible G-invariant curve in P3 of degree d 6 15 such that
the curve C is not contained in Q1. Then C is smooth, d = 12, its genus is 9, 13 or 17,
the curve C is contained in a surface in M4 that has at most ordinary double points, and
the curve C does not contain G-orbits Σ4, Σ

′
4, Σ

′′
4, Σ12, Σ

′
12, Σ

′′
12, Σ

′′′
12.

Proof. If C is smooth, then C does not contain Σ4, Σ
′
4, Σ

′′
4, Σ12, Σ

′
12, Σ

′′
12, Σ

′′′
12, because

stabilizers in G of smooth points in C are cyclic groups [50, Lemma 2.7].
Recall from Lemma 3.5 that G-orbits in the quadric Q1 are of length 12, 16, 24, 48,

and the G-orbits of length 12 in Q1 are Σ′
12, Σ

′′
12, Σ

′′′
12. On the other hand, if C contains
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one of these G-orbits of length 12, then C must be singular at it. Thus, we conclude that

2d = Q1 · C = 24a+ 16b

for some non-negative integers a and b. Hence, either d = 8 or d = 12.
Let P and Q be two general points in C, and let S be a surface in the net M4 that

passes through P and Q. Then C ⊂ S, since otherwise we would have

48 > 4d = S · C > |OrbG(P )|+ |OrbG(Q)| = 96,

because G-orbits of the points P and Q are of length 48.
Observe that S is irreducible by Lemma 3.9, since C is not contained in Q1, T , T ′, T ′′.

Thus, it follows from Lemma 3.9 that S has at most isolated ordinary double points.

Let π : S̃ → S be the minimal resolution of singularities of the G-invariant surface S.
Then S̃ is a smooth K3 surface, and the action of the group G lifts to the surface S̃.

Let H be a general hyperplane section of the surface S, let H̃ = π∗(H), let C̃ be the proper

transform of the curve C on the surface S̃, let pa(C̃) be the arithmetic genus of the curve C̃,
and let g be the genus of the normalization of the curve C. Then

36 >
d2

4
=

(
H̃ · C̃

)2

H̃2
> C̃2 = 2pa(C̃)− 2 > 2g − 2

by the Hodge index theorem, hence g 6 pa(C̃) 6 19. Then g ∈ {9, 13, 17} by Lemma 3.2.

But it follows from Corollary 3.10 that G-orbits in S̃ are of length 16, 24 or 48. Then

19 > pa(C̃) = g + 16a+ 24b > 9

for some non-negative integers a and b. This implies that pa(C̃) = g, hence C̃ is smooth.
Hence, we have Sing(C) ⊂ Sing(S).

If d = 8, then the Hodge index theorem gives g = 9 and 64 = (H̃ · C̃)2 = H̃2C̃2 = 4C̃2,

so that C̃ ∼Q 2H̃ , which implies that C̃ ∼ 2H̃ , because the group Pic(S̃) is torsion free.
Hence, if d = 8, then C is contained in the smooth locus of the surface S, and C ∼ 2H .
On the other hand, the restriction map

H0
(
P3,OP3(2)

)
→ H0

(
S,OS(2H)

)

is a surjective map of Ĝ-representations. Therefore, if d = 8, then we have C = S ∩ Q1,
which is impossible by our assumption. Hence, we see that d 6= 8.

To complete the proof, we must show that C is smooth. Suppose that it is not smooth.
Then the surface S is also singular, because Sing(C) ⊂ Sing(S). By Lemma 3.9, we have
the following possibilities:

(i) either Sing(S) is a G-orbit of length 16,
(ii) or Sing(S) is a G-orbit of length 12,
(iii) or Sing(S) is a G-orbit of length 4,
(iv) or Sing(S) is a union of a G-orbit of length 12 and a G-orbit of length 4,
(v) or Sing(S) is a union of a G-orbit of length 12 and a G-orbit of length 4,
(vi) or Sing(S) is a union of two G-orbits of length 4.

Moreover, if C contains a G-orbit of length 4 or 12, then C is singular at this orbit,
because stabilizers in G of smooth points in C are cyclic.
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Let E1, . . . , Ek be G-irreducible π-exceptional curves. Then E1, . . . , Ek are disjoint
unions of (−2)-curves, and π(E1), . . . , π(Ek) are G-orbits in Sing(S). One has

C̃ ∼Q π
∗(C)−

k∑

i=1

miEi

for some non-negative rational numbers m1, . . . , mk such that 2m1, . . . , 2mk are integers.
Note that mi > 0 if and only if C contains the G-orbits π(Ei). Moreover, one has

mi =
1
2
if and only if C is smooth at the points of the G-orbits π(Ei).

Therefore, if π(Ei) ⊂ Sing(C), then mi > 1. Furthermore, if all m1, . . . , mk are integers,
then the curve C is a Cartier divisor on the surface S.

Without loss of generality, we may assume that π(E1) ⊂ Sing(C). Then

C̃2 = C2 +

k∑

i=1

m2
iE

2
i = C2 − 2

k∑

i=1

m2
i

∣∣π(Ei)
∣∣ 6 C2 − 2m2

1

∣∣π(E1)
∣∣ 6 C2 − 2

∣∣π(E1)
∣∣.

Applying Hodge index theorem to S, we get C2 6 36, hence 2g−2 = C̃2 6 36−2
∣∣π(E1)

∣∣.
Thus, if π(E1) is a G-orbit of length 12 or 16, then 2g − 2 = C̃2 6 12, so that g 6 7,

which is impossible by Lemma 3.2. Hence, we see that π(E1) is a G-orbits of length 4.
Write E1 = E1

1 + E2
1 + E3

1 + E4
1 , where E

1
1 , E

2
1 , E

3
1 and E4

1 are disjoint (−2)-curves.
Let Γ be the stabilizer in G of the curve E1

1 . Then Γ ∼= A4, and the group Γ acts faithfully
on the curve E1

1 by Corollary 3.10, so that the smallest Γ-orbit in E2
1
∼= P1 is of length 4.

Hence, the intersection C̃ ∩ E1
1 consists of at least 4 points, which implies that

4 6
∣∣C̃ ∩ E1

1

∣∣ 6 C̃ · E1
1 =

(
π∗(C)−

k∑

i=1

miEi

)
E1

1 = 2m1,

so that m1 > 2. Then 2g − 2 = C̃2 6 36 − 2m2
1|π(E1)| = 36 − 8m2

1 6 4, so that g 6 3,
which is impossible by Lemma 3.2. �

Unfortunately, we do not know whether P3 contains irreducible smooth G-invariant
curves of degree 12 and genus 9 or 17. On the other hand, we know that P3 contains
infinitely many irreducible smooth G-invariant curves of degree 12 and genus 13.

Example 3.23. By [15, Theorem 3.22], P3 contains four irreducible G144,184-invariant
smooth curves of degree 12 and genus 13. These four curves can be constructed as follows.
Observe that S2|Q1

= L′
4 + L′′′

4 , S3|Q1
= L4 + L′′

4, S4|Q1
= L′

4 + L′′
4 and S5|Q1

= L4 + L′′′
4 .

Hence, none of the intersections S2 ∩ S4, S2 ∩ S5, S3 ∩ S4, S3 ∩ S5 is an irreducible curve.
Moreover, it follows from [15, Lemma 3.19] that

S2 ∩ S4 = L′
4 + C

′
12,

S2 ∩ S5 = L′′′
4 + C

′′′
12,

S3 ∩ S4 = L′′
4 + C

′′
12,

S3 ∩ S5 = L4 + C12,

where C12, C
′
12, C

′′
12, C

′′′
12 are distinct smooth irreducible curves of degree 12 and genus 13.

Now, we can use the same idea to construct infinitely many irreducible G-invariant smooth
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curves of degree 12 and genus 13. For instance, if λ is a general complex number, then
{
λf 2

1 + f3 = f5 = 0
}

splits as a union of theG-invariant reducible curve L4 and a smoothG-invariant irreducible
curve of degree 12 and genus 13.

Irreducible G-invariant curves of degree 12 from Example 3.23 are cut out by sextics.
We think that this should be true for every G-invariant irreducible curve in P3 of degree 12
which is not contained in Q1. But we are unable to show this /. Instead, we prove

Lemma 3.24. Let C be an irreducible G-invariant curve of degree 12 in P3 that is not
contained in Q1, and let D be a linear subsystem in |OP3(6)| that consists of surfaces
passing through the curve C. Then D is not empty, D does not have fixed components,
the curve C is the only curve that is contained in the base locus of the linear system D.
Moreover, if D and D′ are general surfaces in D, then (D ·D′)C = 1.

Proof. It follows from Lemma 3.22 that the curve C is smooth, and its genus is 9, 13 or 17.
Moreover, it follows from Lemma 3.22 that the curve C is contained in an irreducible
quartic surface in S ∈ M4 that has at most ordinary double points. Then S +Q ∈ D for
every quadric Q ∈ |OP3(2)|. Thus, the base locus of D is contained in S.

Let IC be the ideal sheaf of the curve C. The surfaces in D are cut out by the global
sections in H0(OP3(6)⊗ IC). On the other hand, we have the following exact sequence:

0 −→ H0
(
OP3(6)⊗ IC

)
−→ H0

(
OP3(6)

)
−→ H0

(
OP3(6)

∣∣
C

)

Thus, using the Riemann–Roch theorem and Serre duality, we see that

h0
(
OP3(6)⊗ IC

)
> h0

(
OP3(6)

)
− h0

(
OP3(6)

∣∣
C

)
= 84− h0

(
OP3(6)

∣∣
C

)
= 11 + g,

where g is the genus of the curve C. Therefore, the dimension of D is at least 10 + g.
Then the dimension of the linear system D|S is at least g, because h0(OP3(2)) = 10.

Let M6 be the linear system introduced in Lemma 3.13. By Lemma 3.13, this linear
system is three-dimensional, every surface in M6 is G-invariant, and M6

∣∣
Q1

= L′′′
6 +L′′′′

6 ,

so that the base locus of the linear system M6 is a union of the curves L′′′
6 and L′′′′

6 .
We claim that M6 contains a possibly reducible surface such that it passes through C,
but S is not its irreducible component. Indeed, let P and Q be two sufficiently general
points in the curve C, and let S6 and S ′

6 be two distinct surfaces in M6 that both pass
through P and Q. If C 6⊂ S6, then

72 = S6 · C >
∣∣OrbG(P )

∣∣+
∣∣OrbG(Q)

∣∣ = 96,

which is absurd. Therefore, we conclude that C ⊂ S6. Similarly, we see that C ⊂ S6∩S ′
6.

On the other hand, the quartic surface S is not contained in S6 ∩ S ′
6, because otherwise

we would have S6 = S ′
6 = S +Q1, since Q1 is the only G-invariant quadric surface in P3.

Hence, either S 6⊂ S6 or S 6⊂ S ′
6. Without loss of generality, we may assume that S is not

an irreducible component of the surface S6.
We see that S6|S = C + Z for some G-invariant curve Z. Observe that deg(Z) = 12.

If Z is not G-irreducible, then it follows from Corollary 3.15 and Lemmas 3.17 and 3.22
that at least one irreducible component of the curve Z is contained in the quadric Q1,
because the curves L6, L′

6, L′′
6 are not contained in S. On the other hand, we know that

S6|Q1
= L′′′

6 + L′′′′
6 ,



30 IVAN CHELTSOV AND ARMAN SARIKYAN

and neither L′′′
6 nor L′′′′

6 are contained in S. Hence, we conclude that Z is G-irreducible.
A priori, we may have Z = C.

Since S6 ⊂ D, the base locus of the linear system D is contained in S6 ∩ S = C ∪ Z.
If Z is contained in the base locus of the linear system D, then we have D|S = C + Z,
so that D|S is a zero-dimensional linear system. On the other hand, we already proved
earlier that the dimension of D|S is at least g > 13. This shows that C is the only curve
contained in the base locus of the linear system D.

Likewise, we see thatD|S 6= 2C. Thus, for a general surfaceD ∈ D, one has (D·S)C = 1.
This implies the final assertion of the lemma, since S+Q ∈ D for every Q ∈ |OP3(2)|. �

Let us conclude this section with one rather technical result.

Proposition 3.25. Let C be a G-irreducible curve in P3 that is different from L6, L′
6, L′′

6,
and let D be a linear subsystem in |OP3(n)| that has no fixed components, where n ∈ Z>0.
Then multC(D) 6 n

4
. Moreover, one has multL′

6
(D) + multL′′

6
(D) 6 n

2
.

Proof. First, let us prove the last assertion. To do this, we let

L′
1 = {x0 + x2 = x1 − x3 = 0},

L′
2 = {x0 − x2 = x1 + x3 = 0},

L′′
1 = {x0 + x3 = x1 + x2 = 0},

L′′
2 = {x0 − x3 = x1 − x2 = 0}.

Then the lines L′
1, L

′
2, L

′′
1, L

′′
2 are disjoint. Moreover, the lines L′

1 and L
′
2 are two irreducible

components of the curve L′
6, but L

′′
1 and L

′′
2 are two irreducible components of the curve L′′

6.
On the other hand, the lines L′

1, L
′
2, L

′′
1, L

′′
2 are contained in Q2 = {x20+x21−x22−x23 = 0}.

Thus, if D is a general surface in D, then

D
∣∣
Q2

= m′
1L

′
1 +m′

2L
′
2 +m′′

1L
′′
1 +m′′

2L
′′
2 + Ξ,

where m′
1, m

′
2, m

′′
1, m

′′
2 are such that m′

1 > multL′

6
(D), m′

2 > multL′

6
(D), m′′

1 > multL′′

6
(D)

and m′′
2 > multL′′

6
(D), and Ξ is an effective divisor on Q2 whose support does not contain

the lines L′
1, L

′
2, L

′′
1, L

′′
2. Now, let ℓ be a general line in Q2 that intersects L′

1. Then

n = ℓ ·D
∣∣
Q2

= m′
1 +m′

2 +m′′
1 +m′′

2 + ℓ · Ξ > 2multL′

6
(D) + 2multL′′

6
(D),

so that multL′

6
(D) + multL′′

6
(D) 6 n

2
as claimed.

Now, let D1 and D2 be two general surfaces in the system D. Then D1 ·D2 = δC +Ω,
where δ is a non-negative integer, and Ω is an effective one-cycle such that C 6⊂ Supp(Ω).
One has δ > mult2C(D). But the degree of the cycle D1 · D2 is n2. Then δdeg(C) 6 n2,
which gives the required inequality if deg(C) > 16. So, we may assume that deg(C) 6 15.

Now, we suppose that the curve C is contained in the G-invariant quadric surface Q1.
Let ℓ1 and ℓ2 be general curves in the surface Q1 of degrees (0, 1) and (1, 0), respectively.
Then ℓ1 and ℓ2 are not contained in the base locus of the linear system D, and it follows
from Lemmas 3.16 and 3.21 that ℓ1 · C > 4 or ℓ1 · C > 4. If ℓ1 · C > 4, we get

n = D · ℓ1 > multC
(
D
)
|C ∩ ℓ1| = multC

(
D
)
(C · ℓ1) > 4multC

(
D
)

for sufficiently general surface D ∈ D, hence multC(D) = multC(D) 6 n
4
as required.

Similarly, we obtain the required inequality when ℓ2 · C > 4.
Thus, to complete the proof of the lemma, we may assume that C 6⊂ Q1.



EQUIVARIANT PLIABILITY OF THE PROJECTIVE SPACE 31

Now, we suppose that irreducible components of the curve C are lines. Then it follows
from Lemma 3.12 that C is a union of 12 disjoint lines. Moreover, Lemma 3.12 also
implies that there is an H-invariant quadric that contains at least four components of
the curve C. Thus, arguing as in the case C ⊂ Q1, we obtain the required inequality.

Now, suppose that irreducible components of the curve C are conics. By Lemma 3.14,
the curve C is one of the curves C2

8 , C3
8 , C2,′

8 , C3,′
8 , C2,′′

8 , C3,′′
8 , because C1

8 ∪ C1,′
8 ∪ C1,′′

8 ⊂ Q1.
Observe that G144,184 transitively permutes the curves C2

8 , C2,′
8 , C2,′′

8 , and it transitively

permutes the curves C3
8 , C3,′

8 , C3,′′
8 . Therefore, we may assume that C = C2

8 or C = C3
8 . But

the group G96,227 swaps the curves C2
8 and C3

8 , hence we may assume that C = C3
8 . Recall

that C3
8 is the G-irreducible curve in P3 whose irreducible component is the conic

{
x0 = 2x21 −

(
1 +

√
3i
)
x22 −

(
1−

√
3i
)
x23 = 0

}
⊂ P3.

Its remaining three irreducible components intersect the plane {x0 = 0} in the points

[0 :
√
3− i : 2 : 0], [0 : −

√
3 + i : 2 : 0],

[0 : 0 :
√
3 + i : 2], [0 : 0 : −

√
3− i : 2],

[0 : 0 :
√
3− i : 2], [0 : 0 : −

√
3 + i : 2].

None of these six points is contained in the conic {x0 = 2x21−(1+
√
3i)x22−(1−

√
3i)x23 = 0}.

Let Z be a general conic in the plane {x0 = 0} ⊂ P3 that contains the points

[0 :
√
3− i : 2 : 0], [0 : −

√
3 + i : 2 : 0], [0 : 0 :

√
3 + i : 2], [0 : 0 : −

√
3− i : 2].

Then |Z∩C| = 8, and Z is not contained in the base locus of the linear system D, so that

2n = D · Z > multC
(
D
)
|C ∩ Z| = 8multC

(
D
)
= 8multC

(
D
)
,

where as above D is a general surface in D. This gives us the required inequality.
Therefore, to complete the proof of the proposition, we may assume that irreducible

components of the curve C are neither lines nor conics. Hence, using Corollary 3.15 and
both Lemmas 3.17 and 3.22, we see that either C is a union of four twisted cubic curves,
or C is a smooth irreducible curve of degree 12, and its genus is 9, 13 or 17.

Now, we suppose that C is a smooth irreducible curve of degree 12 and genus g ∈ {9, 13}.
Let ϕ : X → P3 be the blow up of the smooth curve C, let EC be the ϕ-exceptional divisor,

let D̂ be the proper transform on X of the linear system D, let D̂1 and D̂2 be general

surfaces in the system D̂. Using Lemma 3.24, we see that |ϕ∗(OP3(6))−EC | is not empty,
this linear system does not have fixed components, and it also does not have base curves
except possibly for the fibers of the natural projections EC → C. Therefore, we conclude
that the divisor ϕ∗(OP3(6))−EC is nef. Thus, if multC

(
D
)
> n

4
, then

0 6

(
ϕ∗(OP3(6)

)
−EC

)
· D̂1 · D̂2 = (2g − 26)mult2C

(
D
)
− 24nmultC

(
D
)
+ 6n2 < 0,

which is absurd. Thus, if C is an irreducible smooth curve, then g 6= 9 or g 6= 13.
Hence, to complete the proof, we may assume that either C is a smooth irreducible

curve of degree 12 and genus 17, or the curve C is a union of four twisted cubic curves.
In the former case, it follows from Lemma 3.22 that C is contained in an irreducible
surface in the net M4. In fact, arguing as in the proof of Lemma 3.22, we conclude that
the curve C is contained in an irreducible surface S ∈ M4 in both cases, and it follows
from Lemma 3.9 that S has at most ordinary double points.
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By the Hodge index theorem, we have C2 6 36 on the surface S. If C is irreducible, then
it follows from Lemmas 3.9 and 3.22 that either C ∩ Sing(S) = ∅, or S has 16 ordinary
double points, and Sing(S) ⊂ C. Thus, if C is irreducible, the adjunction formula gives

36 > C2 = 32 +
|C ∩ Sing(S)|

2
=

{
32 if C ∩ Sing(S) = ∅,

40 if C ∩ Sing(S) 6= ∅,

so that C ∩ Sing(S) = ∅ and C2 = 32.
Arguing as in the proof of Lemma 3.24, we see that there exists a G-invariant sextic

surface S6 ∈ |OP3(6)| such that C ⊂ S6, but S is not a component of the sextic surface S6.
Then S6|S = C + Z for some G-invariant curve Z of degree 12. Moreover, arguing as in
the proof of Lemma 3.24, we see that Z is G-irreducible. On S, we have C ·Z = 72−C2,
since 72 =

(
C + Z

)
· C = C2 + C · Z. Similarly, we see that C2 = Z2.

Let H be a hyperplane section of the surface S, and let D be a general surface in D.
Then nH ∼Q D

∣∣
S
= mC + ǫZ + ∆ for some effective divisor ∆ on the surface S whose

support does not contain C and Z, wherem and ǫ are some non-negative rational numbers.
Then m > multC(D). So, it is enough to show that m 6 n

4
. Suppose that m > n

4
.

First, let us exclude the case when C is irreducible. In this case, the curve C is contained
in the smooth locus of the surface S, and C2 = 32 on the surface S, so that it follows
from the Riemann–Roch theorem and Serre duality that

h0
(
OS(4H − C)

)
− h1

(
OS(4H − C)

)
= 2 +

(4H − C)2

2
= 2,

which implies that |4H − C| is a pencil. Since all curves in this pencil have degree four,
the pencil |4H − C| has no fixed curves, since otherwise the union of all its fixed curves
would be a G-invariant curve in S of degree less than 4, which contradicts Corollary 3.15
and Lemmas 3.17 and 3.22. In particular, we see that the divisor 4H − C is nef, hence

4n = nH ·(4H−C) = m(4H−C)·C+ǫ(4H−C)·Z+(4H−C)·∆ > m(4H−C)·C = 16m,

so that m 6 n
4
, which is a contradiction.

Hence, we see that C is a union of four twisted cubics. Denote them by C1, C2, C3, C4.
On the surface S, we have C2

1 = C2
2 = C2

3 = C2
4 = −2 + |C1 ∩ Sing(S)|/2, because G acts

transitively on the set {C1, C2, C3, C4}. This action gives a homomorphism υ : G→ S4,
whose image im(υ) is isomorphic to one of the following groups: µ4, µ

2
2, D8, A4, S4.

Now, using Remark 3.1 and Lemma 3.2, we conclude that im(υ) ∼= A4, so that ker(υ) ∼= µ
2
2.

Then G acts two-transitively on {C1, C2, C3, C4}, hence Ci · Cj = C1 · C2 for i 6= j. Then

C2 = 12(C1 · C2) + 4C2
1 .

If C ∩ Sing(S) = ∅, then C1 · C2 is an even integer, because C1 ∩ C2 is ker(υ)-invariant,
but the group ker(υ) acts faithfully on the curve C1, and its orbits have length 2 or 4.
Similarly, we see that C1 · C2 is an integer in the case when C ∩ Sing(S) 6= ∅, because
singular points of the surfaces S are at most ordinary double points.

Observe that m+ ǫ 6 n
3
, because 4n = nH2 = 12(m+ ǫ) +H ·∆ > 12(m+ ǫ). But

12n = H ·Z = mC ·Z + ǫZ2+Z ·∆ > mC ·Z + ǫZ2 = mC ·Z + ǫC2 = 72m+(ǫ−m)C2.

Thus, if C2 6 0, then 12n > 72m > 18n, which is absurd. Hence, we have C2 > 0. Then

12n > m(72− C2) + ǫC2 > m(72− C2) >
(72− C2)n

4
,
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which gives C2 > 24. Thus, if C ∩ Sing(S) = ∅, then 24 < C2 = 12(C1 · C2) − 8 6 36,
which is impossible, because C1 ·C2 is an even integer. Hence, we have C ∩ Sing(S) 6= ∅.

Observe that StabG(C1) ∼= A4, this group acts faithfully on the curve C1, and its orbits
in the curve C1 are of length 4, 6 and 12. Moreover, the twisted cubic curve C1 contains
exactly two StabG(C1)-orbits of length 4, and it has a unique StabG(C1)-orbit of length 6.
But |C1∩Sing(S)| 6 9, because the subset Sing(S) ⊂ P3 is cut out by cubic hypersurfaces.
Thus, we conclude that one of the following three cases are possible:

• C2
1 = 0 and C1 ∩ Sing(S) is a StabG(C1)-orbit of length 4;

• C2
1 = 1 and C1 ∩ Sing(S) is the unique StabG(C1)-orbit of length 6;

• C2
1 = 2 and C1 ∩ Sing(S) is the union of two StabG(C1)-orbits of length 4.

But we know that 24 < C2 = 12(C1 · C2) + 4C2
1 6 36, hence 6 < 3(C1 · C2) + C2

1 6 9,
where C1 ·C2 is an integer. Hence, we see that C1 ·C2 = 2, and either C2

1 = 1 or C2
1 = 2.

Therefore, we conclude that either C2 = 28 and C2
1 = 1, or C2 = 32 and C2

1 = 2.

Let π : S̃ → S be the minimal resolution of singularities, let E be the sum of exceptional

curves of the morphism π, let C̃ be the proper transform of the curve C on the surface S̃,

let C̃1, C̃2, C̃3, C̃4 be the proper transforms on S̃ of the curves C1, C2, C3, C4, respectively.

Then S̃ is a smooth K3 surface, and the action of the group G lifts to the surface S̃.

Arguing as above, we get C̃2 = 12(C̃1·C̃2)−8, where C̃1·C̃2 is an even non-negative integer.
Suppose that the set Sing(S) is formed by one G-orbit. Then E is a G-irreducible curve.

Let P be a singular point of the quartic surface S, and let k be the number of irreducible
components of the curve C that pass through the point P . Then

C̃ ∼Q π
∗(C)− k

2
E,

because irreducible components of the curve C are smooth. Therefore, since all irreducible
components of the curve E are (−2)-curves, we get

C̃2 = C2 − k2

2

∣∣Sing(S)
∣∣,

where C2 = 28 or C2 = 32. For instance, if |Sing(S)| = 16, then C2+8 = 8k2+12(C̃1 ·C̃2),

so that either 9 = 2k2+3(C̃1 · C̃2) or 10 = 2k2+3(C̃1 · C̃2), which leads to a contradiction,

since C̃1 · C̃2 is an even integer. Similarly, if |Sing(S)| = 12, then

C2 + 8 = 6k2 + 12
(
C̃1 · C̃2

)
,

which leads to a contradiction. Thus, it follows from Lemma 3.9 that |Sing(S)| = 4.
Let EP be the π-exceptional curve that is mapped to the singular point P ∈ Sing(S).

Then StabP (G) ∼= A4, and the group StabP (G) acts faithfully on the exceptional curve EP .
Moreover, it is well known that the smallest StabP (G)-orbit in EP ∼= P1 has length 4.

Therefore, since the subset EP ∩ C̃ is StabP (G)-invariant, we conclude that |EP ∩ C̃| > 4,

so that all irreducible components of the curve C̃ pass through P . Then k = 4 and

12
(
C̃1 · C̃2

)
− 8 = C̃2 = C2 − k2

2
|Sing(S)| = C2 − 32,

which implies that 12(C̃1 · C̃2) + 24 = C2, which is impossible, since C2 = 28 or C2 = 32.
Hence, we conclude that Sing(S) is not a single G-orbit.

By Lemma 3.9, Sing(S) is a union of a G-orbit of length 4 and a G-orbit of length 12.
Therefore, we conclude that E = E1 +E2, where E1 and E2 are two G-irreducible curves
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such that the image π(E1) is a G-orbit of length 4, and π(E2) is a G-orbit of length 12.
Take two points P1 ∈ π(E1) and P2 ∈ π(E2). Let k1 and k2 be the number of irreducible
components of the curve C that pass through the points P1 and P2, respectively. Then

C̃ ∼Q π
∗(C)− k1

2
E1 −

k2
2
E2,

where k1 > 0 or k2 > 0. Then

12
(
C̃1 · C̃2

)
− 8 = C̃2 = C2 − 2k21 − 6k22.

If k1 = 0, we obtain a contradiction exactly as in the case |Sing(S)| = 12, hence k1 > 0.
Now, arguing as in the case |Sing(S)| = 4, we see that k1 = 4, hence

12
(
C̃1 · C̃2

)
+ 24 + 6k22 = C2 ∈ {28, 32},

which is impossible, since C2 is not divisible by 6. This completes the proof. �

4. Equivariant geometry of projective space: group of order 192

Let G be the subgroup in PGL4(C) generated by

M =




−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 , N =




1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1


 , L =




1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1


 ,

A =




0 0 0 i
1 0 0 0
0 1 0 0
0 0 1 0


 , B =




0 1 0 0
1 0 0 0
0 0 i 0
0 0 0 1


 ,

Then G is the subgroup G192,185
∼= µ

3
2.S4

∼= µ
2
4 ⋊ (µ3 ⋊ µ4) introduced in Section 2. Let

P1 = [1 : 0 : 0 : 0], P2 = [0 : 1 : 0 : 0], P3 = [0 : 0 : 1 : 0], P4 = [0 : 0 : 0 : 1],

and let Σ4 = P1 ∪ P2 ∪ P3 ∪ P4.

Lemma 4.1. The subset Σ4 the unique G-orbit in P3 of length 6 15.

Proof. Let Σ be a G-orbit in P3 of length 6 15. Take a point P ∈ Σ. Let GP = StabG(P ).
Then |GP | > 16. Thus, using [20], we see that GP contains a subgroup Γ that is isomorphic
to one of the following groups: µ2

4, µ
2
2 ⋊ µ4 or µ4 ⋊ µ

2
2.

Suppose that Γ ∼= µ
2
4. According to [20], the subgroup Γ is normal, and Γ is the unique

subgroup in G that is isomorphic to µ
2
4. Using this, we see that Γ is generated by

A2BA−2BL =




0 −1 0 0
i 0 0 0
0 0 0 i
0 0 1 0


 and A3BA−2BLA−1 =




0 0 0 i
0 0 −1 0
0 i 0 0
1 0 0 0


 .

Using this, one can show that P3 does not contain Γ-fixed points and Γ-invariant lines.
Thus, this case is impossible.

Now, we suppose that Γ ∼= µ
2
2⋊µ4. According to [20], there are exactly two possibilities

for the subgroup Γ up to conjugation, which can be distinguished as follows:

(1) either Γ contains the normal subgroup 〈M,N,L〉 ∼= µ
3
2,
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(2) or Γ contains a non-normal subgroup isomorphic to µ
3
2.

In the first case, we may assume that Γ is generated by M , N , L and B, which implies
that the only Γ-fixed points in P3 are the points P3 and P4, and the only Γ-invariant lines
are the lines {x0 = x1 = 0} and {x2 = x3 = 0}. Similarly, in the second case, we may
assume that Γ contains the non-normal subgroup isomorphic to µ

3
2 that is generated by

MN =




−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1


 ,ML =




−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1


 , A2 =




0 0 i 0
0 0 0 i
1 0 0 0
0 1 0 0


 .

Observe that this subgroup does not fix any point in P3, and it leaves invariant exactly
two lines: the lines {x0 = x2 = 0} and {x1 = x3 = 0}. In particular, the group Γ does
not fix points in P3 either. Hence, if Γ ∼= µ

2
2 ⋊ µ4, then P ∈ Σ4, hence Σ = Σ4.

To complete the proof, we may assume that Γ ∼= µ4⋊µ
2
2. Using [20] again, we see that

the group Γ contains a non-normal subgroup that is isomorphic to µ
3. Hence, arguing as

in the previous case, we conclude that P ∈ Σ4, hence Σ = Σ4 as required. �

As in Section 3, let ℓij be the line in P3 that contains Pi and Pj, where 1 6 i < j 6 4.
Similarly, we let L6 = ℓ12 + ℓ13 + ℓ14 + ℓ23 + ℓ24 + ℓ34 and T = F1 + F2 + F3 + F4, where

F1 = {x0 = 0}, F2 = {x1 = 0}, F3 = {x2 = 0}, F4 = {x3 = 0}.

The main result of this section is the following

Proposition 4.2. Let C be a G-irreducible (possibly reducible) curve in P3 of degree 6 15.
Then C is one of the following seven G-irreducible curves:

(1) the reducible curve L6,
(2) the reducible curve C8 ⊂ T that is a disjoint union of 4 conics

{
x0 = x21 − x22 − x23 = 0

}
,

{
x1 = x20 + x22 − x23 = 0

}
,

{
x2 = x20 + x21 + x23 = 0

}
,

{
x3 = x20 − x21 − x22 = 0

}
,

(3) the reducible curve C8 that is a disjoint union of 2 smooth quartic elliptic curves

{
x20 +

(
ζ6 − 1

)
x22 + ζ6x

2
3 = x21 + ζ6x

2
2 +

(
1− ζ6

)
x23 = 0

}
,

{
x20 − ζ6x

2
2 +

(
1− ζ6

)
x23 = x21 +

(
1− ζ6

)
x22 + ζ6x

2
3 = 0

}
,

where ζ6 is a primitive sixth roon of unity,
(4) the reducible curve C12 that is a disjoint union of 3 smooth quartic elliptic curves

{
x20 +

√
2ix21 − x22 = x21 +

√
2ix22 − x23 = 0

}
,

{√
2ix20 − x21 − x23 = x20 +

√
2ix21 − x22 = 0

}
,

{
x20 + x22 +

√
2ix23 =

√
2ix20 − x21 − x23

}
,
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(5) the reducible curve C ′
12 that is a disjoint union of 3 smooth quartic elliptic curves

{
x20 −

√
2ix21 − x22 = x21 −

√
2ix22 − x23 = 0

}
,

{√
2ix20 + x21 + x23 = x20 −

√
2ix21 − x22 = 0

}
,

{
x20 + x22 −

√
2ix23 =

√
2ix20 + x21 + x23

}
,

(6) the irreducible smooth curve C12 of degree 12 and genus 17 that is given by

(2 + 2
√
2i)(x21x

2
2 − x20x

2
1 − x20x

2
3 − x22x

2
3) + 3(x40 − x41 + x42 − x43) = 0,

(2 + 2
√
2i)(x22x

2
3 − x20x

2
1 − x20x

2
2 − x21x

2
3)− 3(x40 − x41 − x42 + x43) = 0,

(2 + 2
√
2i)(x21x

2
3 − x20x

2
2 + x20x

2
3 + x21x

2
2) + 3(x40 + x41 − x42 − x43) = 0,

(7) the irreducible smooth curve C′
12 of degree 12 and genus 17 that is given by

(2− 2
√
2i)(x21x

2
2 − x20x

2
1 − x20x

2
3 − x22x

2
3) + 3(x40 − x41 + x42 − x43) = 0,

(2− 2
√
2i)(x22x

2
3 − x20x

2
1 − x20x

2
2 − x21x

2
3)− 3(x40 − x41 − x42 + x43) = 0,

(2− 2
√
2i)(x21x

2
3 − x20x

2
2 + x20x

2
3 + x21x

2
2) + 3(x40 + x41 − x42 − x43) = 0.

Corollary 4.3. Let C be a G-irreducible curve in P3 such that C is different from L6,
and let D be a linear subsystem in |OP3(n)| that has no fixed components, where n ∈ Z>0.
Then multC(D) 6 n

4
.

Proof. Arguing as in the proof of Proposition 3.25, we may assume that deg(C) 6 15.
Thus, we conclude that C is one of the G-irreducible curves described in Proposition 4.2,
which are different from L6. Moreover, arguing as in the proof of Proposition 3.25 again,
we obtain the required inequality if C = C8. Thus, we may also assume that C 6= C8.
Then it follows from Proposition 4.2 that the curve C is smooth, but it maybe reducible.

Let ϕ : X → P3 be the blow up of the smooth curve C, let EC be the ϕ-exceptional
divisor, let D̂ be the proper transform on X of the linear system D, let D̂1 and D̂2 be two

general surfaces in D̂. Then D̂1 ·D̂2 is an effective one-cycle. On the other hand, it follows
from Proposition 4.2 that the linear system |ϕ∗(OP3(k))− EC | is base point free for

k =

{
4 if C = C8 or C = C12 or C = C

′
12,

6 if C = C12 or C = C
′
12.

In particular, the divisor ϕ∗(OP3(k))−EC is nef. Then

0 6

(
ϕ∗(OP3(k)

)
−EC

)
·D̂1·D̂2 =

(
ϕ∗(OP3(k)

)
−EC

)
·
(
ϕ∗(OP3(n)

)
−multC

(
D
)
EC

)2

=

=
(
−E3 − kdeg(C)

)
mult2C

(
D
)
− 2ndeg(C)multC

(
D
)
+ kn2,

where

E3 =





− 32 if C = C8,

− 48 if C = C12 or C = C
′
12,

− 80 if C = C12 or C = C
′
12.

This implies that multC
(
D
)
6 n

4
. �
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Let us prove Proposition 4.2. Fix a G-irreducible curve C ⊂ P3. Write C = C1+· · ·+Cr,
where each Ci is an irreducible curve in the space P3, and r is the number of irreducible
components of the curve C. Let d be the degree of the curve C1. Then deg(C) = rd.
Suppose that d 6 15. Let us show that C is one of the curves listed in Proposition 4.2.

Lemma 4.4. If d = 1, then C = L6.

Proof. The required assertion follows from the proof of Lemma 4.1. �

Hence, to complete the proof of Proposition 4.2, we may assume d > 2.

Lemma 4.5. If C ⊂ T , then either C = L6 or C = C8.
Proof. Left to the reader. �

Therefore, we may assume that C 6⊂ T . Then, using Lemma 4.1, we conclude that no
irreducible component of the curve C is contained in a plane. In particular, we have d > 3.
Since dr 6 15, we have the following possibilities:

(1) r = 1 and C = C1 is an irreducible curve,
(2) r = 2 and each Ci is an irreducible curve of degree d ∈ {3, 4, 5, 6, 7},
(3) r = 3 and each Ci is an irreducible curve of degree d ∈ {3, 4, 5},
(4) r = 4 and each Ci is a smooth rational cubic curve.

Lemma 4.6. One has r 6= 4.

Proof. If r = 4, the stabilizer of the curve C1 is a group of order 48. According to [20],
any subgroup of the group G of order 48 is isomorphic either to A4 ⋊ µ4 or to µ

2
4 ⋊ µ3.

But none of these groups can act faithfully on a rational curve, since PGL2(C) does not
contain groups isomorphic to A4 ⋊ µ4 or µ2

4 ⋊ µ3. Hence, we conclude that r 6= 4. �

Now, let us fix the subgroup Γ ⊂ G that is generated by

A =




0 0 0 i
1 0 0 0
0 1 0 0
0 0 1 0


 , A2BA2BL =




0 −1 0 0
i 0 0 0
0 0 0 i
0 0 1 0


 , A3BA2BLA3 =




0 0 0 i
0 0 −1 0
0 i 0 0
1 0 0 0


 .

Using [20], we conclude that Γ ∼= µ
2
4 ⋊ µ4, and the GAP ID of the subgroup Γ is [64,34].

Note that P3 contain neither Γ-fixed points nor Γ-invariant lines by Lemmas 4.1 and 4.4.
Moreover, according to [20], the group G contains 3 subgroups that are isomorphic to Γ,
and all of them are conjugated.

Lemma 4.7. Suppose that r = 3. Then either C = C12 or C = C ′
12.

Proof. The subgroup Γ is a stabilizer of C1, C2 or C3. Without loss of generality, we may
assume that C1 is Γ-invariant. The group Γ acts faithfully on C1. This implies that d 6= 3,
because Γ cannot leave invariant smooth rational cubic curve, since PGL2(C) does not
contain groups isomorphic to Γ.

Now, we claim that d 6= 5. Indeed, suppose that d = 5. Then the curve C1 is smooth.
Namely, if C1 is singular, then it contains at least 4 singular points, so that, intersecting
the curve C1 with a plane passing through 3 of them, we conclude that C1 is contained
in this plane, which contradicts our assumption. Thus, we see that C1 is smooth, so that
its genus does not exceed 2 by [27, Theorem 6.4]. But the order of the automorphism
group of a smooth curve of genus 2 does not exceed 48, and, as we already mentioned,
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the group Γ cannot faithfully act on a rational curve. Thus, we see that C1 is a smooth
elliptic curve. Then the Γ-action on C1 gives an embedding

Γ →֒ Aut
(
C1,OP3(1)|C1

)
.

This is impossible, since the order of the group Aut(C1,OP3(1)|C1
) is not divisible by 64,

because Aut(C1,OP3(1)|C1
) is an extension of the group µ

2
5 by one of the following cyclic

groups: µ2, µ6 or µ4. Hence, we see that d 6= 5.
Thus, we see that d = 4. As above, we see that C1, C2, C3 are smooth elliptic curves,

which implies that each of them is a complete intersection of two quadric surfaces in P3.
Hence, there exists a Γ-invariant pencil of quadric surfaces in P3 whose base locus is C1.
On the other hand, it is not hard to find all Γ-invariant pencils of quadric surfaces in P3.

Namely, let Γ̂ be the the subgroup in GL4(C) that is generated by the matrices



0 0 0 i
1 0 0 0
0 1 0 0
0 0 1 0


 ,




0 −1 0 0
i 0 0 0
0 0 0 i
0 0 1 0


 ,




0 0 0 i
0 0 −1 0
0 i 0 0
1 0 0 0


 .

Then Γ is the image of the group Γ̂ via the natural projection GL4(C) → PGL4(C), and

the GAP ID of the group Γ̂ is [256,420]. Now, going through all irreducible 4-dimensional

representations of the group Γ̂ in GAP [25], and checking their symmetric squares, we see
that P3 contains three Γ-invariant pencils of quadrics. These pencils are

(i) λ(x20 +
√
2ix21 − x22) = µ(x21 +

√
2ix22 − x23),

(ii) λ(x20 −
√
2ix21 − x22) = µ(x21 −

√
2ix22 − x23),

(iii) λx0x2 = µx1x3,

where [λ : µ] ∈ P1. In case (iii), the base locus of the pencil is the union ℓ12∪ℓ14∪ℓ23∪ℓ24.
In case (i), the base locus of the pencil is C12. Finally, in case (ii), the base locus is C ′

12.
Hence, we conclude that either C = C12 or C ′

12. �

To complete the proof of Proposition 4.2, we may assume that r 6= 3. Then r ∈ {1, 2}.
Observe that the group G contains unique subgroup of index two — the normal subgroup
isomorphic to µ

3
2.A4

∼= µ
2
4 ⋊ µ6. This subgroup does not contain Γ. Therefore, if r = 2,

then Γ swaps the curves C1 and C2. Thus, we see that C is Γ-irreducible.
Note that Γ leaves invariant T and the Fermat quartic {x40 + x41 + x42 + x43 = 0} ⊂ P3.

These are not all Γ-invariant quartic surfaces. Namely, the group Γ leaves invariant every
surface in the pencil P given by

λ(x21x
2
2 − x20x

2
1 − x20x

2
3 − x22x

2
3) + µ(x40 − x41 + x42 − x43) = 0,

where [λ : µ] ∈ P1. One can show that these are all Γ-invariant surfaces in P3.
Let P be a general point in C, let ΣP be its Γ-orbit, and let S be a surface in P that

passes through P . Then |ΣP | = 64, which implies that C ⊂ S. Indeed, if C 6⊂ S, then

60 > 4rd = S · C > |ΣP | = 64,

which is absurd, hence C ⊂ S. Let a and b be complex numbers such that S is given by

a(x21x
2
2 − x20x

2
1 − x20x

2
3 − x22x

2
3) + b(x40 − x41 + x42 − x43) = 0.

Note that the surface S is not G-invariant, because the only G-invariant quartic surfaces
are the surfaces T and {x40 + x41 + x42 + x43 = 0}. But C is G-invariant by assumption.
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Thus, using the G-action, we see that C is contained in the subset in P3 given by

(4.8)





a(x21x
2
2 − x20x

2
1 − x20x

2
3 − x22x

2
3) + b(x40 − x41 + x42 − x43) = 0,

a(x22x
2
3 − x20x

2
1 − x20x

2
2 − x21x

2
3)− b(x40 − x41 − x42 + x43) = 0,

a(x21x
2
3 − x20x

2
2 + x20x

2
3 + x21x

2
2) + b(x40 + x41 − x42 − x43) = 0.

Lemma 4.9. Either 3a2 − 4ab+ 4b2 = 0 or a + 2b = 0.

Proof. Note that the subset (4.8) in P3 is zero-dimensional for a general choice of a and b.
To find all possible values of a and b such that (4.8) is not zero-dimensional, one can
consider the subscheme in P1×P3 defined over Q that is given by (4.8), where a and b are
considered as coordinates on P1. Using Magma, we see that this subscheme is reduced
and one-dimensional, and we also find all its irreducible (over Q) components.

Going through these irreducible components and checking which one is mapped to
a zero-dimensional subscheme of P1 via the natural projection P1 × P3 → P1, we see that
the subset (4.8) contains a curve if and only if either 3a2−4ab+4b2 = 0 or a+2b = 0. �

If 3a2 − 4ab + 4b2 = 0, we may assume that b = 3 and a2 − 4a + 12. In this case,
the subscheme in P3 given by (4.8) is a smooth irreducible curve of degree 12 and genus 17.
This can be checked using Magma. Now, taking two roots of the quadratic a2 − 4a+ 12,
we get the curves C12 and C

′
12. One can check that these curves are disjoint.

Finally, if a + 2b = 0, the subscheme in P3 given by (4.8) splits as a disjoint union of
the Γ-irreducible curves C8 and C ′

8. This completes the proof of the Proposition 4.2.

5. Equivariant geometry of projective space: large groups

Let us use assumptions and notations of Section 2. Recall from Section 2 that

P1 = [1 : 0 : 0 : 0], P2 = [0 : 1 : 0 : 0], P3 = [0 : 0 : 1 : 0], P4 = [0 : 0 : 0 : 1],

and G is a finite subgroup in PGL4(C) such that the following conditions are satisfied:

(1) the group G does not have fixed points in P3,
(2) the group G does not leave a union of two skew lines in P3 invariant,
(3) the group G leaves invariant the subset {P1, P2, P3, P4}.

Recall from Section 2 that υ : G→ S4 is the homomorphism induced by the G-action on
the set {P1, P2, P3, P4}, and T is the kernel of this homomorphism. Then T is not trivial,
and either the homomorphism υ is surjective, or its image is A4. Suppose, in addition,
that the group G is not conjugate to any of the following eight subgroups:

G48,50, G48,3, G96,70, G96,72, G96,227, G
′
96,227, G192,955, G192,185.

Moreover, if G is conjugate to any subgroup among G324,160, G
′
324,160, G648,704 or G′

648,704,
we will always assume that G is this subgroup.

For every 1 6 i < j 6 4, let ℓij be the line in P3 that passes through Pi and Pj . Let

F1 = {x0 = 0}, F2 = {x1 = 0}, F3 = {x2 = 0}, F4 = {x3 = 0}.
Let Σ4 = {P1, P2, P3, P4}, let L6 = ℓ12+ℓ13+ℓ14+ℓ23+ℓ24+ℓ34, let T = F1+F2+F3+F4.

Lemma 5.1. Let Σ be a G-orbit in P3. Then

|Σ| >





|T | if Σ 6⊂ T ,
4n2 if Σ ⊂ T \ L6,

6n if Σ ⊂ L6 \ Σ4.
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Proof. The required assertion follows from the explicit description of the subgroup T ,
which has been given in the proofs of Lemmas 2.1 and 2.3. �

Let C be a G-irreducible curve in P3 of degree d 6 15. Our goal is to classify all
possibilities for the curve C. Firstly, we show that C ⊂ T .

Lemma 5.2. Suppose that C 6⊂ T . Then Σ4 6⊂ C.

Proof. We suppose that C contains Σ4. Let σ : X → P3 be the blow up of the G-orbit Σ4,
let Gi be the σ-exceptional surface that is mapped to the point Pi, let F̃i be the proper

transform on X of the plane Fi, let C̃ be the proper transform on X of the curve C,

and let ℓ̃ij be the proper transform on X of the line ℓij. Then the G-action lifts to X ,

the curve C̃ is G-invariant, and

F̃4 · C̃ =
(
σ∗(F4

)
−G1 −G2 −G3

)
· C̃ = d− 3C̃ ·G1 6 15− 3C̃ ·G1,

so that 1 6 |C̃ ∩G1| 6 C̃ ·G1 6 5.
The surfaceG1 is StabG(P4)-invariant, and the induces StabG(P4)-action on it is faithful.

Moreover, the surface G1
∼= P2 does not contain StabG(P4)-orbits of length 1, 2, 4, 5, and

the only StabG(P4)-orbit of length 3 is formed by the points G1∩ ℓ̃12, G1∩ ℓ̃13 and G1∩ ℓ̃14.
Thus, we conclude that |C̃∩G1| = C̃ ·G1 = 3, and C̃ intersects the surface G1 transversally

in the points G1 ∩ ℓ̃12, G1 ∩ ℓ̃13 and G1 ∩ ℓ̃14. Similarly, we see that the curve C̃ intersects

the surface G2 transversally in the points G2∩ ℓ̃12, G2∩ ℓ̃23 and G2∩ ℓ̃24, and C̃ intersects

the surface G3 transversally in the points G3 ∩ ℓ̃13, G1 ∩ ℓ̃23 and G1 ∩ ℓ̃34.
Note that F̃4 is a smooth del Pezzo surface of degree 6, and its (−1)-curves are ℓ̃12, ℓ̃13,

ℓ̃23, G1 ∩ F̃4, G2 ∩ F̃4, G3 ∩ F̃4. Note also that the curves ℓ̃12, ℓ̃13, ℓ̃23 are pairwise disjoint,

and each of them contains at least two points of the intersection F̃4 ∩ C̃. This gives

6 6 |F̃4 ∩ C̃| 6 F̃4 · C̃ =
(
σ∗(F4

)
−G1 −G2 −G3

)
· C̃ = d− 3C̃ ·G1 = d− 9 6 6.

Thus, we conclude that d = 15, |F̃4 ∩ C̃| = F̃4 · C̃=6, and C̃ intersects F̃4 transversally at

the points G1 ∩ ℓ̃12, G1 ∩ ℓ̃13, G2 ∩ ℓ̃12, G2 ∩ ℓ̃23, G3 ∩ ℓ̃13, G1 ∩ ℓ̃23. In particular, we see

that the curve C̃ is smooth at these six intersection points. Note also that C ∩ T = Σ4.

Let P = G1 ∩ ℓ̃12. Then T ⊂ StabG(P ), and T is not cyclic by Lemmas 2.1 and 2.3.
In particular, we conclude that StabG(P ) is not cyclic. This implies that C is reducible.
Indeed, if C were irreducible, then StabG(P ) would act faithfully on C, so it would act

faithfully on C̃, which would imply that StabG(P ) is cyclic [50, Lemma 2.7], because the

curve C̃ is smooth at the point P . Contradiction.
Let C = C1+ · · ·+Cr, where r is the number of irreducible components of the curve C,

and each Ci is an irreducible curve. Since d = 15, one of the following cases holds:

• r = 15 and each Ci is a line;
• r = 5 and each Ci is a cubic curve;
• r = 3 and each Ci is a quintic curve.

Let k be the number of irreducible components of the curve C that passes through P1,
and let l be the numbers of points in Σ4 that are contained in C1. Then

4k = rl,
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so that r = k = 3 and l = 4, i.e. C is a union of three irreducible quintic curves C1, C2, C3,
and each of these quintic curves contains Σ4. In particular, these curves are not planar.

Moreover, since C̃ ·G1 = 3, we conclude that C1, C2, C3 are smooth at P1, so that these
curves are smooth at the points of the G-orbit Σ4.

The group StabG(C1) acts faithfully on C1, so T 6⊂ StabG(C1) by [50, Lemma 2.7],
because the group T fixes the point P1, but the group T is not cyclic. Therefore, since
StabG(C1) is a subgroup in G of index 3, we conclude that

υ
(
StabG(C1)

)
= im(υ),

where υ : G → S4 is the group homomorphism induced by the G-action on the set Σ4.
Thus, we see that the group StabG(C1) acts transitively on the points of the G-orbit Σ4,
and the stabilizer in StabG(C1) of the plane F4 acts transitively on the set {P1, P2, P3}.
On the other hand, we know that C ∩ T = Σ4, hence C ∩ F4 = P1 ∪ P2 ∪ P3. Then

5 = F4 · C1 =
(
F4 · C1)P1

+
(
F4 · C1)P2

+
(
F4 · C1)P3

= 3
(
F4 · C1)P1

,

which is absurd. The obtained contradiction completes the proof of the lemma. �

Lemma 5.3. Suppose that C 6⊂ T . Then C ∩ L6 = ∅.

Proof. Suppose C ∩L6 6= ∅. Let k = |C ∩ ℓ12|. By Lemma 5.2, Σ4 6⊂ C, hence k > n > 3.
Then C ∩ F4 ⊂ ℓ12 ∪ ℓ13 ∪ ℓ23. Indeed, if F4 ∩C contains a point P 6∈ ℓ12 ∪ ℓ13 ∪ ℓ23, then

15 > d = F4 · C > |F4 ∩ C| > |C ∩ ℓ12|+ |C ∩ ℓ13|+ |C ∩ ℓ23|+ |OrbΓ(P )| =
= 3k + |OrbΓ(P )| > 3k + n2 > 3n + n2 > 18,

where Γ = StabG(F4). Similarly, we see that 3 6 n 6 k 6 5, and the curve C is smooth
at the points of the intersection C ∩ ℓ12. Therefore, we conclude that C ∩ T = C ∩ L6,
and the curve C is smooth at the points of the intersection C ∩ L6.

Let P be a point in C ∩ ℓ12. Since C is smooth at P , there exists a unique irreducible
component of the curve C that contains P . Denote this curve by Z. Let K = StabG(Z).
Then Z is smooth at P , and StabG(P ) = StabK(P ), hence Z is StabG(P )-invariant.
However, if n ∈ {3, 5}, then it follows from the proofs of Lemmas 2.1 and 2.3 that

T ∩ StabG(P ) ∼= µ
2
n,

and T ∩ StabG(P ) acts faithfully on Z, because Z is not contained in T by assumption.
This is impossible by [50, Lemma 2.7], since Z is smooth at P . Hence, we have n = 4.

Arguing as above and using the proofs of Lemmas 2.1 and 2.3, we see that T ∼= µ
2
4 and

T ∩ StabG(P ) = 〈(i, i,−1)〉 ∼= µ4.

On the other hand, if |StabG(P )| = 4, then |OrbG(P )| > 48, hence 5 > k = |C ∩ ℓ12| > 8.
Therefore, if im(υ) = A4, then υ(StabG(P )) = 〈(12)(34)〉 ⊂ A4. Similarly, if im(υ) ∼= S4,
then |StabG(P )| > 16, which immediately implies that υ(StabG(P )) = 〈(12), (34)〉 ⊂ S4.
Thus, there exists θ ∈ StabG(P ) such that υ(θ) = (12)(34) and θ2 ∈ 〈(i, i,−1)〉. Then

θ =




0 b2 0 0
b1 0 0 0
0 0 0 1
0 0 b3 0
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for some non-zero numbers b1, b2, b3 such that b1b2 = ±b3. Hence, conjugating G by
an appropriate element of the torus T, we may assume that b1 = 1, b2 = 1 and b3 = ±1.
In both cases, the subgroup 〈(i, i,−1), θ〉 ⊂ StabG(P ) is not cyclic. In fact, one has

〈(i, i,−1), θ〉 ∼=
{
D8 if b3 = 1,

Q8 if b3 = −1.

On the other hand, the subgroup 〈(i, i,−1)〉 ∼= µ4 acts faithfully on Z, because Z 6⊂ T .
This implies that the whole group 〈(i, i,−1), θ〉 also acts faithfully on Z, because neither
the dihedral group D8 nor the quaternion group Q8 have quotients isomorphic to µ4.
Therefore, as above, we obtain a contradiction with [50, Lemma 2.7]. �

Lemma 5.4. If G is not conjugate to G′
324,160, then C ⊂ T . If G = G′

324,160 and C 6⊂ T ,
then C is one of the following smooth irreducible curves of degree nine and genus ten:

{
(1 + ζ3)x

3
1 + ζ3x

3
2 + x33 = x30 + ζ3x

3
1 − (1 + ζ3)x

3
2 = 0

}
,(5.5)

{
ζ3x

3
1 + (1 + ζ3)x

3
2 − x33 = x30 − (1 + ζ3)x

3
1 + ζ3x

3
2 = 0

}
.(5.6)

Proof. Suppose that C 6⊂ T . Then C ∩ L6 = ∅ by Lemma 5.3, hence Lemma 5.1 gives

60 > 4d = T · C > |T ∩ C| > 4n2,

which gives n 6 3. Then G is one of the subgroups G324,160, G
′
324,160, G648,704 or G′

648,704.
Recall from Section 2 that G324,160 ⊂ G648,704 and G′

324,160 ⊂ G′
648,704. Hence, to proceed,

we may assume that G = G324,160 or G = G′
324,160, since G

′
648,704 swaps (5.5) and (5.6).

Let Γ = StabG(F4). Then Γ ∼= µ
2
3 ⋊ µ3 and Γ is generated by

(
ζ3, 1, 1

)
,
(
1, ζ3, 1

)
,




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 .

Since 15 > d = F4 ·C > |F4∩C| and F4∩C is a Γ-invariant subset in F4 \ (ℓ12∪ ℓ13∪ ℓ23),
we conclude that F4 ∩ C is the Γ-orbit of one of the following points:

[1 : 1 : 1 : 0], [1 : ζ3 : ζ
2
3 : 0], [1 : ζ23 : ζ3 : 0].

Moreover, in both cases, we have d = F4 · C = |F4 ∩ C| = 9, which implies, in particular,
that the curve C is smooth in every intersection point C ∩ T .

Suppose that G = G324,160. Let S be the Fermat cubic {x30 + x31 + x32 + x33 = 0} ⊂ P3.
Then S is G-invariant, and S does not contain [1 : 1 : 1 : 0], [1 : ζ3 : ζ

2
3 : 0], [1 : ζ23 : ζ3 : 0].

Thus, we conclude that C 6⊂ S, and the intersection S ∩ C is a G-invariant finite subset,
which is disjoint from the surface T . Moreover, since |S ∩ C| 6 S · C 6 27, it follows
from Lemma 5.1 that S ∩C must be a G-orbit of length 27, which is not contained in T .
This implies that S ∩ C = OrbG([1 : 1 : 1 : 1]). But [1 : 1 : 1 : 1] 6∈ S.

Thus, we see that G = G′
324,160. If C is one of the curves (5.5) or (5.6), we are done.

Hence, we assume that C is not one of them. Let us seek for a contradiction.
We claim that C is irreducible. Suppose it is not. Then C is a union of three cubics,

or C is a union of nine lines. In the former case, the cubic curves must be non-planar,
because P3 does not have G-orbits of length 3. Moreover, the group G contains unique
subgroup of index three up to conjugation [20], and this subgroup is isomorphic to µ3

3⋊µ
2
2.

Since µ
3
3 ⋊ µ

2
2 cannot faithfully act on P1, we see that C is not a union of three cubics.

Similarly, if the curve C is a union of nine lines, then it follows from [20] that their
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stabilizers are isomorphic to S3 ×S3. The group G contains nine such subgroups [20],
but all of them are conjugate. One of these nine subgroups is generated by




ζ3 0 0 0
0 1 0 0
0 0 ζ3 0
0 0 0 1


 ,




ζ3 0 0 0
0 ζ3 0 0
0 0 1 0
0 0 0 1


 ,




0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0


 ,




0 0 0 −1
0 0 −1 0
0 1 0 −1
1 0 1 0




Now, one can verify that this particular subgroup does not leave any line in P3 invariant.
The obtained contradiction shows that the curve C is irreducible.

We claim that C is smooth. Suppose C is not smooth. Let P be its singular point,
and let S be a surface in the pencil of cubic surfaces that pass through (5.5) such P ∈ S.
Then the surface S is given by the equation

λ
(
(1 + ζ3)x

3
1 + ζ3x

3
2 + x33

)
= µ

(
x30 + ζ3x

3
1 − (1 + ζ3)x

3
2

)

for some [λ : µ] ∈ P1. This surface is not G-invariant, but StabG(S) contains T ∼= µ
3
3.

One the other hand, we have |OrbP (G)| > 27, because P 6∈ T . Thus, if C 6⊂ S, then

27 = S · C >
∑

O∈OrbP (G)

(
S · C

)
O
>

∑

O∈OrbP (G)

multO(S)multO(C) > 2|OrbP (G)| > 54,

which is absurd. Hence, we see that C ⊂ S. Thus, since the surface S is not G-invariant,
the curve C is contained in another cubic surface in the pencil of cubic surfaces that pass
through the curve (5.5), which implies that C is contained in the base locus of this pencil.
But the base locus of this pencil is the irreducible curve (5.5), hence C is the curve (5.5),
which contradicts our assumption. Therefore, we conclude that C is smooth.

Let g be the genus of the curve C. Now, using Castelnuovo bound, we see that g 6 12.
Moreover, arguing exactly as in the proof of Lemma 3.2, we can easily prove that g = 10.
Namely, recall that the stabilizer in the group G of a point in C is cyclic [50, Lemma 2.7],
which implies that the G-orbits in the curve C can be only of lengths 36, 54, 108, 162,
because cyclic subgroups in G are isomorphic to µ9, µ6, µ3, µ2 (see, for example, [20]).

As in the proof of Lemma 3.2, let Ĉ = C/G, let ĝ be the genus of the quotient curve Ĉ,
and let a36, a54, a108, a162 be the number of G-orbits in C of length 36, 54, 108, 162. Then

22 > 2g − 2 = 48
(
2ĝ − 2

)
+ 288a36 + 270a54 + 216a108 + 162a162

by the Hurwitz’s formula. This gives g = 10 or g = 1. But g 6= 1, since G cannot
act faithfully on a smooth elliptic curve, because our group G ∼= µ

3
3 ⋊ A4 does not have

abelian subgroups of index at most 6 — the largest abelian subgroup in G is the subgroup
T ∼= µ3. Therefore, we conclude that g = 10.

Let M3 be the linear system consisting of all cubic surfaces in P3 that pass through C.
Then M3 is G-invariant. But a priori M3 may be empty. We claim that M3 is not empty,
it is a pencil, and C is its base locus. Indeed, let IC be the ideal sheaf of the curve C ⊂ P3.
Then we have the following exact sequence:

0 −→ H0
(
OP3(3)⊗ IC

)
−→ H0

(
OP3(3)

)
−→ H0

(
OP3(3)

∣∣
C

)
.

On the other hand, it follows from the Riemann–Roch theorem and Serre duality that

h0
(
OP3(3)

∣∣
C

)
= 3d− g + 1 + h0

(
KC −OP3(3)

∣∣
C

)
= 3d− g + 1 = 18.

Thus, since h0(OP3(3)) = 20, we conclude that M3 is not empty, and it is at least a pencil.
Moreover, the linear system M3 does not have fixed components, because P3 does not



44 IVAN CHELTSOV AND ARMAN SARIKYAN

contain G-invariant planes and G-invariant quadrics. Therefore, since C is contained in
the base locus of the linear system M4 and d = 9, we conclude that M3 is a pencil, and
the curve C is its base locus.

On the other hand, the only G-invariant pencils in |OP3(3)| are the pencils of cubic
surfaces that pass through (5.5) or (5.6). This can be shown explicitly or by using GAP.
This shows that C is one of the curves (5.5) or (5.6), which contradicts our assumption. �

Now, we are ready to state the main result of this section:

Proposition 5.7. Suppose that C 6= L6. Then G is conjugate to one of the following four
subgroups: G324,160, G

′
324,160, G648,704, G

′
648,704. Moreover, if G = G648,704 or G = G′

648,704,
then C is the reducible curve of degree 9 whose irreducible component is the cubic

{
x30 + x31 + x32 = x4 = 0

}
.

Similarly, if G = G324,160 or G = G′
324,160, then either C is a curve of degree 9 whose

irreducible component is {
x30 + ζr3x

3
1 + ζ3−r3 x32 = x4 = 0

}

for r ∈ {0, 1, 2}, or G = G′
324,160 and C is one of the curves (5.5) and (5.6).

Proof. Using Lemma 5.4, we may assume that T contains C. Let Z be the union of all
components of the curve C that are contained in the plane F4, and let Γ = StabG(F4).
Then Z is Γ-invariant, but the degree of the curve Z is at most 3, because d 6 15.

Observe that the group Γ acts transitively on the subset {P1, P2, P3}, and this action
induces a homomorphism Γ → S3, whose image is either µ3 or S3. Moreover, it follows
from the description of the subgroup T given in the proofs of Lemmas 2.1 and 2.3 that
the kernel of this homomorphism contains the subgroup 〈(ζn, 1, 1), (1, ζn, 1)〉 ∼= µ

2
n, which

implies that either Z is a smooth conic or Z is a smooth cubic.
Our assumption on the group G implies that n > 3. Thus, the curve Z is not a conic,

since the group µ
2
n cannot act faithfully on P1 for n > 3. Hence, we see that Z is a cubic.

Then n = 3, since Aut(P2, Z) does not contain subgroups isomorphic to µ
2
n for n > 4.

Now, it follows from our assumption on G and the results proved in the end of Section 2
that the group G is conjugate to one of the subgroups G324,160, G

′
324,160, G648,704, G

′
648,704.

The remaining assertions are elementary computations. �

Corollary 5.8. Let C be a G-irreducible curve in P3 such that C is different from L6,
and let D be a linear subsystem in |OP3(n)| that has no fixed components, where n ∈ Z>0.
If the subgroup G is not conjugate to G′

324,160, then

multC
(
D
)
6
n

4
.

If G = G′
324,160 and C is not one of the curves (5.5) or (5.6), then multC(D) 6 n

4
.

Proof. Arguing as in the proof of Proposition 3.25, we obtain the required assertion. �

Let us conclude this section by proving the following technical result:

Lemma 5.9. Let S be a cubic surface in P3 that contains one of the curves (5.5) or (5.6),
let Γ be the stabilizer of the surface S in the group G′

324,160, and let D be a Γ-invariant
effective Q-divisor on the surface S such that D ≡ −KS. Then (S,D) has log canonical
singularities away from from singular points (if any) of the surface S.
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Proof. Suppose that S is smooth. In this case, the required assertion means αΓ(S) > 1,
which is well-known. Indeed, the group Γ contains the subgroup T ∼= µ

3
2, which implies

that S does not have Γ-fixed points. On the other hand, if (S,D) is not log canonical,
then there exists a point P ∈ S such that the log pair (S,D) is log canonical away from P .
This follows from [8, Lemma 3.7] or from [10] and the Kollár–Shokurov connectedness.
Thus, the point P must be fixed by Γ, which is a contradiction.

Thus, we may assume that S is singular. Then there are exactly eight possibilities for
the surface S, and all of them are similar. So, without loss of generality, we may assume
that the surface S is given by the equation

(1 + ζ3)x
3
1 + ζ3x

3
2 + x33 = 0.

This is the cone with vertex at [0 : 0 : 0 : 1] over the curve {(1+ζ3)x31+ζ3x32+x33 = x4 = 0}.
Observe that Γ ∼= µ

3
3 ⋊ µ3, since Γ is the subgroup in G′

324,160 that is generated by



ζ3 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 ,




1 0 0 0
0 ζ3 0 0
0 0 1 0
0 0 0 1


 ,




1 0 0 0
0 1 0 0
0 0 ζ3 0
0 0 0 1


 ,




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 .

Suppose that (S,D) is not log canonical at some point O ∈ S such that S 6= [0 : 0 : 0 : 1].
Let us seek for a contradiction.

Let L be the ruling of the cone S that passes through O, and let L be Γ-irreducible
curve in S whose irreducible components is the line L. Then deg(L) > 9, because Γ-orbits
in the cubic curve {(1 + ζ3)x

3
1 + ζ3x

3
2 + x33 = x4 = 0} have length at least 9. Let

D′ = (1 + µ)D − 3µ

deg(L)L,

where µ is the largest positive rational number µ such that Supp(D′) does not contain L.
It follows from the proof of [10, Lemma 2.2] that such positive rational number µ exists.
Moreover, since deg(L) > 9, the singularities of the log pair

(
S,

3

deg(L)L
)

are log canonical at O. Therefore, the log pair (S,D′) is not log canonical at O, because

D =
µ

1 + µ

( 3

deg(L)L
)
+

1

1 + µ
D′.

Observe that D′ ≡ D ≡ −KS by construction, hence 1 = D′ ·L > (D′ ·L)O > multO(D
′),

so the pair (S,D′) is log canonical at O by [33, Theorem 4.5] or [18, Exercise 6.18]. �

6. Rational Fano–Enriques threefold of degree 24

Let us use assumptions and notations of Section 2. Recall from Section 2 that

P1 = [1 : 0 : 0 : 0], P2 = [0 : 1 : 0 : 0], P3 = [0 : 0 : 1 : 0], P4 = [0 : 0 : 0 : 1],

and G is a finite subgroup in PGL4(C) such that the following conditions are satisfied:

(1) the group G does not have fixed points in P3,
(2) the group G does not leave a union of two skew lines in P3 invariant,
(3) the group G leaves invariant the subset {P1, P2, P3, P4}.
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Suppose that G conjugate neither to G48,3 nor to G96,72. Moreover, if G is conjugate to
one of the subgroups G48,50, G96,70, G96,227, G

′
96,227, G192,955, G192,185, G

′
324,160, G

′
648,704,

then we will always assume that G is this subgroup. Recall that G48,50 ⊳ G96,70 ⊳ G192,955,
G48,50 ⊳ G96,227 ⊳ G192,955, G48,50 ⊳ G

′
96,227 ⊳ G192,955 and G′

324,160 ⊳ G
′
648,704.

For every 1 6 i < j 6 4, let ℓij be the line in P3 that passes through Pi and Pj , let

F1 = {x0 = 0}, F2 = {x1 = 0}, F3 = {x2 = 0}, F4 = {x3 = 0},
let Σ4 = {P1, P2, P3, P4}, let L6 = ℓ12+ℓ13+ℓ14+ℓ23+ℓ24+ℓ34, let T = F1+F2+F3+F4.
By Corollary 2.6, there exists a G-birational involution ι : P3 99K P3 that is given by

[x0 : x1 : x2 : x3] 7→ [λ1x1x2x3 : λ2x0x2x3 : λ3x0x1x3 : x0x1x2]

for some non-zero complex numbers λ1, λ2, λ3. This involution is well-defined away from
the curve L6, and it contracts F1, F2, F3, F4 to the point P1, P2, P3, P4, respectively.
Observe also that the involution ι fits the following G-commutative diagram:

(6.1) Ṽ4
π

��⑧⑧
⑧⑧
⑧⑧
⑧⑧ φ

��❃
❃❃

❃❃
❃❃

❃

ν //❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴ Ṽ4
π

��❄
❄❄

❄❄
❄❄

❄
φ

����
��
��
��

P3

ι

55❚
❱

❲ ❨ ❩ ❭ ❪ ❴ ❛ ❜ ❞ ❡ ❣
❤

❥V4
σ // V4 P3

where V4 is an intersection of two quadrics in P5 that has six ordinary double points,
the map π is the blow up of the orbit Σ4, the map φ is the contraction of the proper
transforms of the lines ℓ12, ℓ13, ℓ14, ℓ23, ℓ24, ℓ34 to the singular points of the threefold V4,
the map σ is a G-biregular involution, and ν is a G-birational non-biregular involution,
which is a composition of six Atiyah flops.

Moreover, it follows from [15, 9] that ι also its the following G-commutative diagram:

(6.2) X̃24

̟

~~⑥⑥
⑥⑥
⑥⑥
⑥⑥ ϕ

!!❈
❈❈

❈❈
❈❈

❈❈
X̃24

̟

  ❆
❆❆

❆❆
❆❆

❆
ϕ

}}④④
④④
④④
④④
④

P3

ι

44❯
❲

❳ ❨ ❬ ❭ ❫ ❴ ❵ ❜ ❝ ❡ ❢
❣

✐X24
ς // X24 P3

where X24 is the toric Fano–Enriques threefold described in Example 1.1, which has eight
quotient singular points of type 1

2
(1, 1, 1), the morphism ̟ is a birational G-extremal

contraction that contracts six irreducible surfaces to the lines ℓ12, ℓ13, ℓ14, ℓ23, ℓ24, ℓ34,
the morphism ϕ is the contraction of the proper transforms of the planes F1, F2, F3, F4 to
four singular points of the threefold X24, and ς is a biregular involution.

As we already mentioned in Example 1.1, the threefold X24 can also be obtained as
the quotient P1 × P1 × P1/τ , where τ is the involution in Aut(P1 × P1 × P1) given by

(
[u1 : v1], [u2 : v2], [u3 : v3]

)
7→

(
[u1 : −v1], [u2 : −v2], [u3 : −v3]

)
.

Then Sing(X24) consists of 8 singular points of type 1
2
(1, 1, 1) — the images of the points

(
[0 : 1], [0 : 1], [0 : 1]

)
,
(
[0 : 1], [0 : 1], [1 : 0]

)
,
(
[0 : 1], [1 : 0], [0 : 1]

)
,
(
[0 : 1], [1 : 0], [1 : 0]

)
,

(
[1 : 0], [0 : 1], [0 : 1]

)
,
(
[1 : 0], [0 : 1], [1 : 0]

)
,
(
[1 : 0], [1 : 0], [0 : 1]

)
,
(
[1 : 0], [1 : 0], [1 : 0]

)
.
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To match this description of the threefold X24 with the description given by (6.2), we set

V2 =
{
w2 = x0x1x2x3

}
⊂ P(1, 1, 1, 1, 2).

Let ξ : V2 → P3 be the projection that is given by [x0 : x1 : x2 : x3 : w] 7→ [x0 : x1 : x2 : x3],
where x0, x1, x2 and x3 are coordinates of weight 1, and w is a coordinate of weight 2.
Then it follows from [9] that there is a birational map ζ : V2 → P1 × P1 × P1 such that
the following diagram commutes:

(6.3) V2

ξ

��

ζ

''

❞ ❜ ❛ ❵ ❫ ❪ ❬ ❩ ❳ ❲
❯

❚
❘

◗

X̃24

̟

xxqqq
qq
qq
qq
qq
qq

ϕ

&&◆◆
◆◆

◆◆
◆◆

◆◆
◆◆

◆
P1 × P1 × P1

ω

vv❧❧❧
❧❧❧

❧❧
❧❧
❧❧❧

❧❧
❧

pri

��

P3

ψ
//❴❴❴❴❴❴❴❴❴❴❴❴❴❴ X24

ηi
))❘❘

❘❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘❘
❘

P1

where ω is the quotient map by τ , ̟ and ϕ are the birational morphisms defined in (6.2),
the map ψ is given by the linear system of all sextic surfaces singular along the curve L6,
the map pri is the projection to the i-th factor, and ηi is the morphism induced by pri.

It follows from [9] that the maps ζ , ω, ψ in the diagram (6.3) can be described in
coordinates as follows: the birational map ζ is given by

[
x0 : x1 : x2 : x3 : w

]
7→

([
x0x1 : w

]
,
[
x0x2 : w

]
,
[
x1x2 : w

])
,

the quotient map ω is induced by the map P1 × P1 × P1 → P13 given by

(
[u1 : v1], [u2 : v2], [u3 : v3]

)
7→

[
u21u

2
2u

2
3 : u

2
1u

2
2v

2
3 : u21u2v2u3v3 : u

2
1v

2
2u

2
3 : u

2
1v

2
2v

2
3 : u1v1u

2
2u3v3 :

: u1v1u2v2u
2
3 : u1v1u2v2v

2
3 : u1v1v

2
2u3v3 : v

2
1u

2
2u

2
3 : v

2
1u

2
2v

2
3 : v21u2v2u3v3 : v

2
1v

2
2u

2
3 : v

2
1v

2
2v

2
3

]
,

and the birational map ψ is induced by the map P3 99K P13 given by

[
x0 : x1 : x2 : x3

]
7→

[
x20x

2
1x

2
2 : x

3
0x1x2x3 : x

2
0x

2
1x2x3 : x0x

3
1x2x3 : x

2
0x

2
1x

2
3 : x

2
0x1x

2
2x3 :

: x0x
2
1x

2
2x3 : x

2
0x1x2x

2
3 : x0x

2
1x2x

2
3 : x0x1x

3
2x3 : x

2
0x

2
2x

2
3 : x0x1x

2
2x

2
3 : x

2
1x

2
2x

2
3 : x0x1x2x

3
3

]
.

Using this, we see that the biregular involution ς in (6.2) is induced by the biregular
involution of P1 × P1 × P1 that is given by

([
u1 : v1

]
,
[
u2 : v2

]
,
[
u3 : v3

])
7→

([
λ1λ2v1 : λ3u1

]
,
[
λ1λ3v2 : λ2u2

]
,
[
λ2λ3v3 : λ1u3

])
.

Similarly, we see that

• the map η1 ◦ ψ : P3 99K P1 is given by [x0 : x1 : x2 : x3] 7→ [x0x1 : x2x3],
• the map η2 ◦ ψ : P3 99K P1 is given by [x0 : x1 : x2 : x3] 7→ [x0x2 : x1x3],
• the map η3 ◦ ψ : P3 99K P1 is given by [x0 : x1 : x2 : x3] 7→ [x1x2 : x0x3].
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Using ψ, we can define the G-action on X24 such that ψ is G-equivariant. Note that

ψ(F1) = [0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 1 : 0] = ω
(
[0 : 1], [0 : 1], [1 : 0]

)
,

ψ(F2) = [0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 1 : 0 : 0 : 0] = ω
(
[0 : 1], [1 : 0], [0 : 1]

)
,

ψ(F3) = [0 : 0 : 0 : 0 : 1 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0] = ω
(
[1 : 0], [0 : 1], [0 : 1]

)
,

ψ(F4) = [1 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0] = ω
(
[1 : 0], [1 : 0], [1 : 0]

)
.

Thus, the locus Sing(X24) splits into two G-orbits: the orbit {ψ(F1), ψ(F2), ψ(F3), ψ(F4)},
and the orbit that consists of the points

ω
(
[0 : 1], [0 : 1], [0 : 1]

)
, ω

(
[0 : 1], [1 : 0], [1 : 0]

)
, ω

(
[1 : 0], [0 : 1], [1 : 0]

)
, ω

(
[1 : 0], [1 : 0], [0 : 1]

)
.

The involution ς swaps these two G-orbits.
Let E11, E12, E21, E22, E31, E32 be the images in X24 of the surfaces in P1×P1×P1 that

are given by the equations u1 = 0, v1 = 0, u2 = 0, v2 = 0, u3 = 0, v3 = 0, respectively.
Then E11, E12, E21, E22, E31 and E32 are singular toric del Pezzo surfaces of degree 4,
and ψ induces an isomorphism

P3 \
(
F1 ∪ F2 ∪ F3 ∪ F3

) ∼= X24 \
(
E11 ∪ E12 ∪ E21 ∪ E22 ∪ E31 ∪ E32

)
.

Let Ẽ11, Ẽ12, Ẽ21, Ẽ22, Ẽ31, Ẽ32 be the proper transforms on X̃24 of the surfaces E11, E12,

E21, E22, E31, E32, respectively. Then Ẽ11, Ẽ12, Ẽ21, Ẽ22, Ẽ31, Ẽ32 are smooth del Pezzo
surfaces of degree 6. Moreover, we have

̟
(
Ẽ11

)
= ℓ34, ̟

(
Ẽ12

)
= ℓ12, ̟

(
Ẽ21

)
= ℓ24, ̟

(
Ẽ22

)
= ℓ13, ̟

(
Ẽ31

)
= ℓ14, ̟

(
Ẽ32

)
= ℓ23.

Let E = E11+E12+E21+E22+E31+E32, and let Z12 = Sing(E). Then E is a G-irreducible
surface, and Z12 is a G-irreducible curve in X24 that consists of 12 distinct lines in P13,
which are all lines contained in Supp(E). Note that Sing(Z12) = Sing(X24).

If the subgroup G is conjugate to none of the groups G48,50 and G96,227, then it follows
from Lemmas 3.5, 4.1, 5.1 that the G-orbit Σ4 is the unique G-orbit in P3 of length four.
On the other hand, if G = G48,50 or G = G96,227, then it follows from Lemma 3.5 that
the space P3 contains exactly three G-orbits of length four: Σ4, Σ

′
4 and Σ′′

4, where

Σ′
4 =

{
[1 : 1 : 1 : −1], [1 : 1 : −1 : 1], [1 : −1 : 1 : 1], [−1 : 1 : 1 : 1]

}
6⊂ T

and also

Σ′′
4 = {[1 : 1 : 1 : 1], [1 : 1 : −1 : −1], [1 : −1 : −1 : 1], [−1 : −1 : 1 : 1]} 6⊂ T .

Therefore, if G = G48,50 or G = G96,227, then ψ(Σ
′
4) and ψ(Σ

′′
4) are G-orbits of length 4.

Similarly, if G is conjugate to none of the groups G48,50 and G96,227, it easily follows
from Lemmas 3.5, 4.1 and 5.1, that P3 \ T does not contain G-orbits of length < 16.
On the other hand, if G = G48,50 or G = G96,227, then it follows from Lemma 3.5 that
the G-orbits of length < 16 contained in P3 \ T can be described as follows:

Σ′
4, Σ

′′
4, Σ

′′
12 = OrbG([i : i : 1 : 1]), Σ′′′

12 = OrbG([−i : i : 1 : 1]).

Keeping in mind that ψ gives an isomorphism P3 \ T ∼= X24 \ E , we get

Corollary 6.4. Let Σ be a G-orbit in X24 such that |Σ| 6 15, and Σ is not contained in E .
Then G = G48,50 or G = G96,227, and Σ is one of the orbits ψ(Σ′

4), ψ(Σ
′′
4), ψ(Σ

′′
12), ψ(Σ

′′′
12).
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Let H be a general hyperplane section of the threefold X24 ⊂ P13. Then

ϕ∗(H) ∼ ̟∗(OP3(6)
)
− 2

(
Ẽ11 + Ẽ12 + Ẽ21 + Ẽ22 + Ẽ31 + Ẽ32

)
.

Let F̃1, F̃2, F̃3, F̃4 be the proper transform on X̃24 of the planes F1, F2, F3, F4, respectively.
Then ̟∗(OP3(2)) ∼ ϕ∗(H)− F̃1 − F̃2 − F̃3 − F̃4, because

F̃1 + F̃2 + F̃3 + F̃4 ∼ ̟∗(OP3(4)
)
− 2

(
Ẽ11 + Ẽ12 + Ẽ21 + Ẽ22 + Ẽ31 + Ẽ32

)
.

Thus, we conclude that there exists G-commutative diagram

X24

!!❈
❈

❈
❈

P3

ψ
==④

④
④

④
� � // P9

,

where P3 →֒ P9 is the second Veronese embedding, and X24 99K P9 is the rational map
which is given by the linear projection P13 99K P9 from the three-dimensional linear
subspace in P13 that contains the points ϕ(F̃1), ϕ(F̃2), ϕ(F̃3), ϕ(F̃4). As above, we can
translate these maps into equations as follows: the projection X24 99K P9 is given by

[z0 : z1 : z2 : z3 : z4 : z5 : z6 : z7 : z8 : z9 : z10 : z11 : z12 : z13] 7→
7→ [z1 : z2 : z3 : z5 : z6 : z7 : z8 : z9 : z11 : z13],

and the second Veronese embedding P3 →֒ P9 is given by

[x0 : x1 : x2 : x3] 7→
[
x20 : x0x1 : x

2
1 : x0x2 : x1x2 : x0x3 : x1x3 : x

2
2 : x2x3 : x

2
3

]
.

As we already mentioned, the six surfaces E11, E12, E21, E22, E31, E32 are singular toric
del Pezzo surfaces of degree 4, and each of them has four isolated ordinary double points.
The singular locus of each of these surfaces consists of 4 points in Sing(X24), and exactly

two of them are contained in {ϕ(F̃1), ϕ(F̃2), ϕ(F̃3), ϕ(F̃4)}. For instance, one has

Sing
(
E11

)
=

{
ϕ
(
F̃1

)
, ϕ

(
F̃2

)
, ω

(
[0 : 1], [0 : 1], [0 : 1]

)
, ω

(
[0 : 1], [1 : 0], [1 : 0]

)}
,

and the map X24 99K P9 induces the rational map E11 99K P9 that whose image is a conic,
which is the Veronese image of the line ℓ34.

Lemma 6.5. Let S be one of the toric del Pezzo surfaces E11, E12, E21, E22, E31, E32, and
let Γ be the image of the natural homomorphism StabG(S) → Aut(S). Then αΓ(S) = 1.

Proof. We may assume that S = E11. Note that StabG(S) does not always act faithfully
on the surface S, hence we may have Γ 6∼= StabG(S). For instance, if G = G48,50, then

StabG(S) = StabG(ℓ34) =
〈
M,N,B

〉 ∼= µ
3
2,

where M , N and B are involutions in G48,50 described in Section 3. However, using (6.3),
one can check that the involution N acts trivially on S, and Γ ∼= µ

2
2.

Let us describe geometry of the surface S. To do this, we let

L1 = ω
(
{u1 = u3 = 0}

)
, L′

1 = ω
(
{u1 = v3 = 0}

)
,

L2 = ω
(
{u1 = u2 = 0}

)
, L′

2 = ω
(
{u1 = v2 = 0}

)
.
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Then L1, L
′
1, L2, L

′
2 are smooth rational curves in S such that 2L1 ∼ 2L′

1 and 2L2 ∼ 2L′
2.

Note that L1 ∩ L′
1 = ∅, L2 ∩ L′

2 = ∅ and

L1 ∩ L′
2 = ϕ

(
F̃2

)
, L1 ∩ L2 = ω

(
[0 : 1], [0 : 1], [0 : 1]

)
,

L′
1 ∩ L2 = ϕ

(
F̃1

)
, L′

1 ∩ L′
2 = ω

(
[0 : 1], [1 : 0], [1 : 0]

)
.

The intersections of these curves on the surface S are contained in following table:

L1 L′
1 L2 L′

2

L1 0 0 1
2

1
2

L′
1 0 0 1

2
1
2

L2
1
2

1
2

0 0

L′
2

1
2

1
2

0 0

Note that H|E11
∼ 2L1 + 2L2 and −KS ∼ L1 + L′

1 + L1 + L′
1. In particular, since

the divisor L1 + L′
1 + L1 + L′

1 is Γ-invariant, we see that αΓ(S) 6 1.
Observe that L1 is the unique curve in |L1|, the curve L′

1 is the unique curve in |L′
1|,

the curve L2 is the unique curve in |L2|, and L′
2 is the unique curve in |L′

2|.
Note that L1 + L2 ∼ L′

1 + L′
2, and the linear system |L1 + L2| is a Γ-invariant pencil,

whose base locus consists of the points ϕ(F̃1) and ϕ(F̃2). This pencil gives a Γ-rational
map S 99K P1, which is the map S 99K ℓ34 induced by the birational map ψ−1 : X24 99K P3.
Then |L1 +L2| does not have Γ-invariant curves, since ℓ34 has no StabG(ℓ34)-fixed points,
because P3 does not have G-orbits of length 6 by Lemmas 3.5, 4.1, 5.1.

Similarly, we see that |L1+L
′
2| is a Γ-invariant pencil generated by L1+L

′
2 and L

′
1+L2,

and its base locus consists of the points ω([0 : 1], [0 : 1], [0 : 1]) and ω([0 : 1], [1 : 0], [1 : 0]).
This pencil gives a rational map S 99K ℓ12, which is induced by the birational map ψ−1◦σ,
where σ is the involution from (6.2). As above, we conclude that |L1 + L′

2| also does not
contain Γ-invariant curves.

Since neither |L1+L2| nor |L1+L
′
2| contains G-invariant curves, we also conclude that

none of the curves L1, L
′
1, L2, L

′
2 is Γ-invariant, which can be checked directly.

We claim that S does not have Γ-fixed points. Indeed, the stabilizer StabG(ℓ34) swaps

the planes F1 and F2, so that the group Γ swaps the singular points ϕ(F̃1) and ϕ(F̃2).
Thus, if S contained a Γ-fixed point P , then |L1 +L2| would contain a unique curve that
passes through this point, so that this curve would be Γ-invariant. But we already proved
that the pencil |L1+L2| has no Γ-invariant curves. So, the surface S has no Γ-fixed points.

Now, we ready to prove that αΓ(S) = 1. We suppose that αΓ(S) < 1. Then S contains
a Γ-invariant effective Q-divisor D such that D ∼Q −KS, but the pair (S, λD) is not log
canonical for some rational number λ < 1. Note that the locus Nklt(S, λD) is Γ-invariant.
Therefore, if this locus is zero-dimensional, then using Kollár–Shokurov connectedness
theorem [33, Corollary 5.49], we conclude that Nklt(S, λD) consists of a single point,
which is impossible, because S does not have Γ-fixed points.

Since the locus Nklt(S, λD) is not zero-dimensional, it contains a Γ-irreducible curve C.
Then D = µC + ∆, where µ ∈ Q>0 such that µ > 1

λ
> 1, and ∆ is an effective divisor.

Using [11, Lemma 2.9], we see that C ∼ a1L1+a2L
′
1+a3L2+a4L

′
2 for some non-negative
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integers a1, a2, a3, a4. Then −KS ∼Q µ(a1L1 + a2L
′
1 + a3L2 + a4L

′
2) + ∆, hence

1 = µ
(
a1L1+a2L

′
1+a3L2+a4L

′
2

)
·L1+∆ ·L1 = µ

a3 + a4
2

+∆ ·L1 > µ
a3 + a4

2
>
a3 + a4

2
,

so that a3+a4 < 2. Hence, we have (a3, a4) ∈ {(0, 0), (1, 0), (0, 1)}. Similarly, intersecting
the divisor D with L2, we see that (a1, a2) ∈ {(0, 0), (1, 0), (0, 1)}.

If (a3, a4) = (0, 0), then (a1, a2) 6= (0, 0), hence (a1, a2) = (1, 0) or (a1, a2) = (0, 1),
which is impossible, since L1 is the unique curve in |L1|, and L′

1 is the unique curve in |L′
1|,

but none of these two curves is Γ-invariant. Therefore, we conclude that (a3, a4) 6= (0, 0).
Similarly, we see that (a1, a2) 6= (0, 0). Hence, we see that C ∈ |L1+L2| or C ∈ |L1+L

′
2|,

which is impossible, because neither |L1+L2| nor |L1+L
′
2| containsG-invariant curves. �

Let us conclude this section by proving the following result.

Lemma 6.6. Let C be a G-irreducible curve in X24 such that C 6⊂ E and deg(C) < 24.
Then G is one of the groups G48,50, G96,70, G96,227, and the following assertions hold:

• if G = G48,50, then C is one of the curves ψ(L′
6), ψ(L′′

6), ψ(L′′′
6 ), ψ(L′′′′

6 ),
• if G = G96,70, then C is one of the curves ψ(L′′′

6 ), ψ(L′′′′
6 ),

• if G = G96,227, then C is one of the curves ψ(L′
6), ψ(L′′

6),

where L′
6, L′′

6, L′′′
6 , L′′′′

6 are G48,50-irreducible curves in P3 introduced in Section 3.

Proof. Let C̃ be the proper transform of the curve C on the threefold X̃ . Since C 6⊂ E ,
we conclude that ̟(C̃) is a G-irreducible curve in P3 which is not contained in T . Then

2deg
(
̟(C̃)

)
= ̟∗(OP3(2)) · C̃ = H · C −

(
F̃1 + F̃2 + F̃3 + F̃4

)
· C̃ 6 deg(C) < 24.

So, the degree of the curve̟(C̃) is at most 11. Now, using Lemma 5.7 and our assumption,
we see that G is one of the groups G48,50, G96,70, G96,227, G

′
96,227, G192,955, G192,185, G

′
324,160.

If G = G192,185, then it follows from Proposition 4.2 that the curve ̟(C̃) is a disjoint
union of two smooth quartic elliptic curves that are both disjoint from the curve L6.
If G = G′

324,160, it follows from Lemma 5.7 that ̟(C̃) is one of the curves (5.5) and (5.6),
which are also disjoint from L6. Therefore, if G = G192,185 or G = G′

324,160, then

24 > deg(C) = ϕ∗(H) · C̃ =

=
(
̟∗(OP3(6)

)
− 2

(
Ẽ11 + Ẽ12 + Ẽ21 + Ẽ22 + Ẽ31 + Ẽ32

))
· C̃ =

= ̟∗(OP3(6)
)
· C̃ = OP3(6) ·̟(C̃) = 6deg

(
̟(C̃)

)
> 48.

Thus, we see that G is one of the groups G48,50, G96,70, G96,227, G
′
96,227, G192,955, G192,185.

Note that all groups G96,70, G96,227, G
′
96,227, G192,955, G192,185 contains the group G48,50.

Moreover, each finite group G96,70, G
′
96,227, G192,955, G192,185 swaps the curves L′

6 and L′′
6,

and each finite group among G96,227, G
′
96,227, G192,955, G192,185 swaps the curves L′′′

6 and L′′′′
6 .

Therefore, to complete the proof of the lemma, we may assume that G = G48,50.

Now, using results of Section 3, we conclude that either ̟(C̃) is a smooth irreducible

curve of degree 8 and genus 9 contained in the quadric Q1, or ̟(C̃) is one of the reducible
curves L4, L′

4, L′′
4, L′′′

4 , L6, L′
6, L′′

6, L′′′
6 , L′′′′

6 , which have been introduced in Section 3.

In the former case, the curve ̟(C̃) does not intersect the curve L6, because L6∩Q1 = Σ′
12,

but smooth G-invariant irreducible curves contain no G-orbits of length 12 by Lemma 3.2.
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Similarly, all curves L4, L′
4, L′′

4, L′′′
4 are disjoint from L6. Hence, if the curve ̟(C̃) is not

one of the curves L′
6, L′′

6, L′′′
6 , L′′′′

6 , then ̟(C̃) ∩ L6 = ∅, hence

24 > deg(C) = ϕ∗(H) ·C̃ =
(
̟∗(OP3(6)

)
−2

(
Ẽ11+Ẽ12+Ẽ21+Ẽ22+Ẽ31+Ẽ32

))
·C̃ > 24,

which is absurd. So, we conclude that ̟(C̃) is one of the curves L′
6, L′′

6, L′′′
6 , L′′′′

6 . �

7. The proof of Main Theorem

Let us use assumptions and notations of Sections 5 and 6. In particular, we have

P1 = [1 : 0 : 0 : 0], P2 = [0 : 1 : 0 : 0], P3 = [0 : 0 : 1 : 0], P4 = [0 : 0 : 0 : 1],

and G is a finite subgroup in PGL4(C) such that

(1) G does not have fixed points in P3,
(2) G does not leave a union of two skew lines in P3 invariant,
(3) G leaves invariant the subset {P1, P2, P3, P4},
(4) G is conjugate neither to G48,3 nor to G96,72.

If the subgroup G is conjugate to a subgroup among G48,50, G96,70, G96,227, G
′
96,227, G192,955,

G192,185, G
′
324,160, then we will always assume that G is this subgroup.

If G is not conjugate to G48,50 and G96,227, then Σ4 is the unique G-orbit of length four.
On the other hand, if G = G48,50 or G = G96,227, then the projective space P3 contains
two additional orbits of length four: Σ′

4 and Σ′′
4, which are described in Sections 3 and 6.

Note that Σ4, Σ
′
4, Σ

′′
4 are transitively permuted by the following element of order three:

(7.1) R =
1

2




1 1 1 1
1 1 −1 −1
1 −1 1 −1
−1 1 1 −1


 ∈ G576,8654,

where G576,8654 is the subgroup in PLG4(C) generated by



−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 ,




0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


 ,




0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1


 , R.

By Lemma 3.6, the subgroup G576,8654 is the normalizer of the groups G48,50 and G96,227.

Remark 7.2. In Section 6, we have constructed a non-biregular involution ι ∈ BirG(P3).
Moreover, if G = G48,50 or G = G96,227, we can choose ι such that it is given by

[x0 : x1 : x2 : x3] 7→ [x1x2x3 : x0x2x3 : x0x1x3 : x0x1x2].

In these two cases, the group BirG(P3) also contains two birational involutions ι′ and ι′′,
which can be defined as follows: ι′ = R◦ ι◦R2 and ι′′ = R2 ◦ ι◦R. Note that the biratinal
involution ι′ maps [x0 : x1 : x2 : x3] to the point

[
x30 − (x21 + x2 + x23)x0 − 2x1x2x3 : x

3
1 − (x20 + x22 + x23)x1 − 2x0x3x2 :

: x32 − (x20 + x21 + x23)x2 − 2x0x3x1 : x
3
3 − (x20 + x21 + x22)x3 − 2x1x2x0

]
.
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Similarly, the birational involution ι′ maps [x0 : x1 : x2 : x3] to the point

[
x30 − (x21 + x22 + x23)x0 + 2x1x2x3 : x

3
1 − (x20 + x22 + x23)x1 + 2x0x3x2 :

: x32 − (x20 + x21 + x23)x2 + 2x0x3x1 : x
3
3 − (x20 + x21 + x22)x3 + 2x1x2x0

]
.

If G = G48,50 or G = G96,227, then 〈ι, ι′, ι′′〉 ⊳ 〈ι, G576,8654〉, where 〈ι, G576,8654〉 ⊂ BirG(P3).

Let Γ be the subgroup in BirG(P3) generated by the involution ι described in Section 6
and the normalizer of the group G in PGL4(C). We will see later that Γ = BirG(P3).
Let ϕ ◦ ̟−1 : P3 99K X24 be the G-birational map from the commutative diagram (6.2),
where X24 is the toric Fano–Enriques threefold from Example 1.1.

Theorem 7.3. Suppose that for every non-empty G-invariant linear system M on
the projective space P3 that does not have fixed components, there exists ρ ∈ Γ such that
one of the log pairs (P3, λρρ(M)) or (X24, λ̺̺(M)) has at most canonical singularities,
where ̺ = ϕ ◦̟−1 ◦ ρ, and λρ and λ̺ are positive rational numbers defined by

{
λρρ(M) ∼Q −KP3 ,

λ̺̺(M) ∼Q −KX24
.

Then P3 and X24 are the only G-Mori fibred spaces that are G-birational to the space P3.
Moreover, one also has BirG(P3) = Γ.

Proof. The proof is essentially the same as the proof of [14, Theorem 3.3.1]. �

To apply Theorem 7.3, we need two technical results about P3 and X24. As in Section 3,
let L6, L′

6, L′′
6 be the curves in P3 that consist of six lines in P3 that contain two points

in Σ4, Σ
′
4, Σ

′′
4, respectively. Two technical results we need are Propositions 7.4 and 7.8.

Proposition 7.4. Let M be a non-empty G-invariant linear system M on P3 that does
not have fixed components, let λ be a positive rational number such that λM ∼Q −KP3.
Suppose that (P3, λM) is not canonical. If G is not conjugate to G48,50, G96,227, G

′
324,160,

then multL6
(λM) > 1 or multΣ4

(λM) > 2. Similarly, if G = G48,50 or G = G96,227, then

(7.5) max
(
multL6

(
λM

)
,multL′

6

(
λM

)
,multL′′

6

(
λM

))
> 1

or

(7.6) max
(
multΣ4

(
λM

)
,multΣ′

4

(
λM

)
,multΣ′′

4

(
λM

))
> 2.

Finally, if G = G′
324,160, then multL6

(λM) > 1 or multΣ4
(λM) > 2 or multC(λM) > 1,

where C is one of the G-invariant irreducible curves (5.5) or (5.6).

Proof. Let P be a point in theG-orbit Σ4. Then the group StabG(P ) faithfully and linearly
acts on the Zariski tangent space TP (P

3), and this action is an irreducible representation.
Therefore, if P is a center of non-canonical singularities of the log pair (P3, λM), then

multΣ4

(
λM

)
> 2

by [1, Lemma 2.4]. Thus, we may assume that no point in Σ4 is a center of non-canonical
singularities of the pair (P3, λM). Likewise, if G = G48,50 or G = G96,227, then we may
assume that no point in Σ′

4 ∪Σ′′
4 is a center of non-canonical singularities of our log pair.
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If G is conjugate to none of the groups G48,50, G96,70, G96,227, G
′
96,227, G192,955, G

′
324,160,

it follows from Corollaries 4.3 and 5.8 that

multC
(
λM

)
6 1

for every G-irreducible curve C ⊂ P3 such that C 6= L6. If G = G48,50 or G = G96,227,
then it follows from Proposition 3.25 that we have multC(λM) 6 1 for every G-irreducible
curve C which is different from the G-irreducible curves L6, L′

6, L′′
6. If G = G′

324,160, then
it follows from Corollary 5.8 that multC(λM) 6 1 for every G-irreducible curve C ⊂ P3

such that C is not one of the curves L6, (5.5) or (5.6).
Observe that G96,70, G

′
96,227, G192,955 swap the G48,50-irreducible curves L′

6 and L′′
6.

Therefore, if G is one of these three groups, then it follows from Proposition 3.25 that we
also have multC(λM) 6 1 for every G-irreducible curve C ⊂ P3 that is different from L6.

Thus, to complete the proof, we may assume that multC(λM) 6 1 for every C ⊂ P3.
Then (P3, λM) is canonical outside of finitely many points by [33, Theorem 4.5].

Let P be a point in P3 such that (P3, λM) is not canonical at P . Then every point in
the orbit OrbG(P ) must be a center of non-canonical singularities of the log pair (P3, λM).
Recall that P 6∈ Σ4. Similarly, if G = G48,50 or G = G96,227, then P 6∈ Σ′

4 ∪ Σ′′
4.

Now, we claim that |OrbG(P )| > 12. Indeed, if G = G48,50 or G = G96,227, this follows
from Lemma 3.5. Similarly, if we have G = G192,185, then |OrbG(P )| > 12 by Lemma 4.1.
If G is not conjugate to any group among G48,50, G96,70, G96,227, G

′
96,227, G192,955, G192,185,

then |OrbG(P )| > 12 by Lemma 5.1. If G is one of the subgroups G96,227, G
′
96,227, G192,955,

and |OrbG(P )| 6 12, then it follows from Lemma 3.5 that

OrbG(P ) = Σ′
4 ∪ Σ′′

4.

Let υ : V → P3 be the blow up of the points Σ′
4∪Σ′′

4, let F be the sum of all υ-exceptional

surfaces, and let M̃ be the proper transform on V of a sufficiently general surface in M.
Note that the linear system |υ∗(OP3(2))− F | is two-dimensional and has no base points.
Let S1 and S2 be general surfaces in this linear system. If OrbG(P ) = Σ′

4 ∪ Σ′′
4, then

0 6 λM̃ · S1 · S2 = 16− 8multP
(
λM

)
,

which is impossible, since we already proved that multP (λM) > 2, because the linear
system M is G48,50-invariant. Therefore, we see that |OrbG(P )| > 12.

Now, we claim that P is not contained in a G-invariant curve in P3 of degree at most 8.
To prove this claim, we may assume that G = G48,50 or G = G192,185 or G is conjugate
to none of the finite subgroups G48,50, G96,70, G96,227, G

′
96,227, G192,955, G192,185, because

the subgroups G96,70, G96,227, G
′
96,227, G192,955 contain the subgroup G48,50.

Let C be some G-irreducible curve in P3 of degree d 6 8. If G = G48,50, then it follows
from Corollary 3.15 and Lemmas 3.16, 3.17, 3.21 and 3.22 that either C is a smooth
irreducible G-invariant curve described in Example 3.19, or C is one of the curves

L4,L′
4,L′′

4,L′′′
4 ,L6,L′

6,L′′
6,L′′′

6 ,L′′′′
6 , C1

8 , C2
8 , C3

8 , C1,′
8 , C2,′

8 , C3,′
8 , C1,′′

8 , C2,′′
8 , C3,′′

8

described in Section 3. Similarly, if G = G192,185, then C is one of the curves L6, C8, C8,
which are described in Proposition 4.2. Finally, if the group G is not conjugate to a group
among G48,50, G96,70, G96,227, G

′
96,227, G192,955, G192,185, then C = L6 by Proposition 5.7.

Among all these curves, only the curves C1
8 , C1,′

8 , C1,′′
8 are singular.
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Let D be the linear system on P3 consisting of surfaces of degree k that contain C, where

k =





3 if C is one of the curves L6, L′
6, L′′

6,

4 if C is one of the curves L4, L′
4, L′′

4, L′′′
4 ,

4 if C is one of the curves C1
8 , C2

8 , C3
8 , C1,′

8 , C2,′
8 , C3,′

8 , C1,′′
8 , C2,′′

8 , C3,′′
8 ,

4 if C is a smooth irreducible curve described in Example 3.19,

4 if C is the curve C8 described in Proposition 4.2,

6 if C is one of the curves L′′′
6 or L′′′′

6 described in Section 3,

8 if C is the curve C8 described in Proposition 4.2.

Then the linear system D is not empty. Moreover, it does not have fixed components.
Furthermore, if C is not one of the curves C2

8 , C3
8 , C2,′

8 , C3,′
8 , C2,′′

8 , C3,′′
8 , then D does not have

base points away from the curve C. If C is one of the curves C2
8 , C3

8 , C2,′
8 , C3,′

8 , C2,′′
8 , C3,′′

8 ,
we can describe D explicitly. For instance, if C = C2

8 or C = C3
8 , then D is the pencil

λx0x1x2x3 + µ(x20x
2
1 + x20x

2
2 + x20x

2
3 + x21x

2
2 + x21x

2
3 + x22x

2
3)− µ(x40 + x41 + x42 + x43) = 0,

where [λ : µ] ∈ P1. Note that the base locus of this pencil consists of the curves C2
8 and C3

8 .
Similarly, if C = C2,′

8 or C = C3,′
8 , then the linear system D is a pencil of quartic surfaces,

and its base locus is the union C2,′
8 ∪ C3,′

8 . Finally, if C = C2,′′
8 or C = C3,′′

8 , then the linear
system D is a pencil of quartic surfaces whose base locus is the union C2,′′

8 ∪ C3,′′
8 .

Now, we suppose that P ∈ C, hence OrbG(P ) ⊂ C as well. Let M1 and M2 be two
general surfaces in M. Write

λ2M1 ·M2 = mC +∆,

where m is a non-negative rational number, and ∆ is an effective one-cycle whose support
does not contain C. Then m 6 4, since λ2M1 ·M2 is a one-cycle of degree 16, and d > 4.
On the other hand, it follows from [46] or [17, Corollary 3.4] that λ2(M1 · M2)P > 4.
Therefore, if the curve C is smooth at P , then

multP
(
∆
)
> 4−m.

Let S be a general surface in D. If C is not one of the curves C2
8 , C3

8 , C2,′
8 , C3,′

8 , C2,′′
8 , C3,′′

8 ,
then the base locus of the linear system D does not contain curves different from C, which
implies that S does not contains curves in the support of the one-cycle ∆, hence

(7.7) 16k − kdm = S ·∆ > |OrbG(P )|multP
(
∆
)
> |OrbG(P )|(4−m) > 12(4−m)

provided that the curve C is smooth at P . This immediately gives us a contradiction in
the case when C is one of the curves L6, L′

6, L′′
6. Thus, we conclude that P 6∈ L6∪L′

6∪L′′
6.

In particular, we obtain our local claim in the case when G is not conjugate to any group
among G48,50, G96,70, G96,227, G

′
96,227, G192,955, G192,185. Thus, to proceed, we may assume

that either G = G48,50 or G = G192,185.
If G = G192,185 and C is the curve C8 described in Proposition 4.2, then it follows from

the inequality (7.7) and Lemma 4.1 that

64− 32m > |OrbG(P )|(4−m) > 16(4−m) = 64− 16m,

which is a contradiction. If G = G192,185 and C is the curve C8 described in Proposition 4.2,
then (7.7) implies that 128− 64m > |OrbG(P )|(4−m), so that we have |OrbG(P )| < 32.
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Recall from Proposition 4.2 that the curve C8 is a disjoint union of four irreducible conics,
and C1 = {x3 = x20 − x21 − x22 = 0} is one of them. Then StabG192,185

(C1) is generated by

(−1, 1, 1), (1,−1, 1), (1, 1,−1),




0 0 0 i
i 0 0 0
0 1 0 0
0 0 1 0


 ,




0 1 0 0
1 0 0 0
0 0 i 0
0 0 0 1


 ,

so that StabG192,185
(C1) ∼= A4 ⋊ µ4, and the StabG192,185

(C1)-action on the curve C1 gives
a homomorphism StabG192,185

(C1) → Aut(C1), whose image is isomorphic to S4. Then

• the curve C1 has a unique StabG192,185
(C1)-orbit of length 6,

• the unique StabG192,185
(C1)-orbit in C1 of length 6 is C1 ∩ (ℓ12 ∪ ℓ13 ∪ ℓ23),

• other StabG192,185
(C1)-orbits in C1 have length at least 8.

Therefore, we conclude that C8 ∩ L6 is the unique G192,185-orbit in C8 that has length 24,
and other G192,185-orbits in C8 has length at least 32. Hence, if G = G192,185 and C = C8,
then P ∈ C8 ∩ L6, which is impossible, since we already proved that P 6∈ L6.

Thus, we have G = G48,50. Recall that we already proved that P 6∈ L6 ∪ L′
6 ∪ L′′

6.
Therefore, either C is a smooth irreducible curve of degree 8 described in Example 3.19,
or C is one of the curves L4, L′

4, L′′
4, L′′′

4 , L′′′
6 , L′′′′

6 , C1
8 , C2

8 , C3
8 , C1,′

8 , C2,′
8 , C3,′

8 , C1,′′
8 , C2,′′

8 , C3,′′
8 .

In the former case, it follows from (7.7) and Lemma 3.2 that

64− 32m > |OrbG(P )|(4−m) > 16(4−m),

which is absurd. Similarly, if C is one of the curves L4, L′
4, L′′

4, L′′′
4 , then (7.7) gives

64− 16m > |OrbG(P )|(4−m),

which implies that |OrbG(P )| < 16, hence it follows from Lemma 3.5 that P is contained
in one of the four G48,50-orbits Σ12, Σ

′
12, Σ

′′
12, Σ

′′′
12, which are described earlier in Section 3.

But Σ12∪Σ′
12 ⊂ L6, Σ

′′
12 ⊂ L′′

6, and Σ′′′
12 ⊂ L′′′

6 , which is impossible, since P 6∈ L6∪L′
6∪L′′

6.
Likewise, if either C = L′′′

6 or C = L′′′′
6 , then (7.7) and Lemma 3.5 give |OrbG(P )| = 16,

because P 6∈ Σ12 ∪Σ′
12 ∪Σ′′

12 ∪Σ′′′
12. But L′′′

6 and L′′′′
6 contain no G48,50-orbits of length 16.

Thus, as above, we conclude that C 6= L′′′
6 and C 6= L′′′′

6 .
If C is one of the curves C1

8 , C1,′
8 , C1,′′

8 , then C is smooth at the point P , because the
singular loci of the curves C1

8 , C1,′
8 , C1,′′

8 are contained in the curves L6, L′
6, L′′

6, respectively.
Therefore, in this case, it follows from (7.7) that

64− 32m > |OrbG(P )|(4−m)

which implies that |OrbG(P )| < 16, hence P 6∈ Σ12 ∪ Σ′
12 ∪ Σ′′

12 ∪ Σ′′′
12 by Lemma 3.5.

But P 6∈ Σ12 ∪ Σ′
12 ∪ Σ′′

12 ∪ Σ′′′
12, so that C is not one of the curves C1

8 , C1,′
8 , C1,′′

8 .
We see that C is one of the curves C2

8 , C3
8 , C2,′

8 , C3,′
8 , C2,′′

8 , C3,′′
8 . Without loss of generality,

we may assume that C = C2
8 , because G96,227 and G144,184 transitively permutes these six

curves. Recall that D is a pencil, and its base locus consists of the curves C = C2
8 and C3

8 .
As above, we write

λ2M1 ·M2 = mC +m′C3
8 +∆′,

where m′ is a non-negative rational number, and ∆′ is an effective one-cycle whose support
contains none of the curves C2

8 and C3
8 . Then m+m′ 6 2, since λ2M1 ·M2 has degree 16.

Since λ2
(
M1 ·M2

)
P
> 4, if P 6∈ C2

8 ∩ C3
8 , then multP (∆) > 4−m, hence

64− 32m > 64− 32m− 32m′ = S ·∆ > |OrbG(P )|multP
(
∆
)
> |OrbG(P )|(4−m)
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for a general surface S ∈ D. Therefore, if P 6∈ C2
8 ∩ C3

8 , then we have |OrbG(P )| < 16,
which contradicts Lemma 3.5, because we have P 6∈ Σ4 ∪Σ′

4 ∪Σ′′
4 ∪Σ12 ∪Σ′

12 ∪Σ′′
12 ∪Σ′′′

12.
Hence, we see that P 6∈ C2

8∩C3
8 . Then OrbG(P ) is the G48,50-orbit of the point [1 : 1 : 1 : 0],

which gives |OrbG(P )| = 16. Observe that this G48,50-orbit is cut out by cubic surfaces,
because it is a singular locus of the surface

{
x20x

2
1 + x20x

2
2 + x20x

2
3 + x21x

2
2 + x21x

2
3 + x22x

2
3 = x40 + x41 + x42 + x43

}
⊂ P3.

Thus, if S3 is a general cubic surface in P3 that contains OrbG(P ), then S3 does not
contain curves that are contained in the support of the one-cycle λ2M1 ·M2, hence

48 = λ2M1 ·M2 · S3 >
∑

O∈OrbG(P )

(
λ2M1 ·M2

)
O
> 4|OrbG(P )| = 64,

which is absurd. So, we conclude that our point P is not contained in any G-irreducible
curve in P3 whose degree is at most 8.

Observe that (P3, 3
2
λM) is not log canonical at P . Let µ be the largest rational number

such that (P3, µM) is log canonical at P . Then µ < 3
2
λ and OrbG(P ) ⊆ Nklt(P3, µM).

Observe that the locus Nklt(P3, µM) is at most one-dimensional, because M does not
have fixed components. Moreover, this locus is G-invariant, since M is G-invariant.

We claim that the locus Nklt(P3, µM) does not contain curves that passes through P .
Indeed, suppose this is not true. Then Nklt(P3, µM) contains aG-irreducible curve Z that
passes through P . As above, for two general surfaces M1 and M2 in M, we write

µ2M1 ·M2 = δZ + Ω,

where δ is a non-negative rational number, and Ω is an effective one-cycle whose support
does not contain the curve Z. Then δ > 4 by [17, Theorem 3.1]. Now, taking into account
that the degree of the one-cycle µ2M1 ·M2 is less that 36, we conclude that deg(Z) < 9.
But we already proved that P is not contained in any G-irreducible curve in P3 whose
degree is at most 8. Thus, the locus Nklt(P3, µM) contains no curves passing through P ,
so that this locus does not contain curves that pass through any point in OrbG(P ).

Let I be the multiplier ideal sheaf of the pair (P3, µM), and let L be the corresponding
subscheme in P3. Applying [40, Theorem 9.4.8], we get h1(P3, I ⊗ OP3(2)) = 0. Then

10 = h0
(
P3,OP3(2)

)
> h0

(
OL ⊗OP3(2)

)
> |OrbG(P )| > 12,

because the subscheme L contains at least |OrbG(P )| > 12 disjoint zero-dimensional
components, since OrbG(P ) ⊆ Nklt(P3, µM), and Nklt(P3, µM) does not contain curves
that are not disjoint from OrbG(P ). The obtained contradiction completes the proof. �

Recall from (6.2) that we have the following G-commutative diagram:

X̃24

̟

~~⑥⑥
⑥⑥
⑥⑥
⑥⑥ ϕ

!!❈
❈❈

❈❈
❈❈

❈❈

P3

ψ
//❴❴❴❴❴❴❴❴ X24

where ̟, ϕ and ψ are birational maps described in Section 6.

Proposition 7.8. Let M be a non-empty G-invariant linear system on X24 that has no
fixed components. Choose λ ∈ Q>0 such that λM ∼Q −KX24

. If (X24, λM) is canonical
at every point in Sing(X24), then (X24, λM) is canonical.
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Proof. Suppose that the singularities of the log pair (X24, λM) are not canonical, and the
log pair (X24, λM) is canonical at every point in Sing(X24). Let us seek for a contradiction.
Let Z be a center of non-canonical singularities of the pair (X24, λM) that has the largest
dimension. Since the linear system M does not have fixed components, we conclude that
either Z is an irreducible curve, or Z is a smooth point of the threefold X24.

Let E = E11+E12+E21+E22+E31+E32, where E11, E12, E21, E22, E31, E32 are surfaces
in the threefold X24 defined in Section 6. If Z ⊆ E , then (E11, λM|E11

) is not log canonical
by the inversion of adjunction [33, Theorem 5.50], which is impossible by Lemma 6.5,
because λM|E11

∼Q −KE11
by the adjunction formula. Thus, we conclude that Z 6⊆ E .

If G is one of the groups G48,50, G96,70, G96,227, G
′
96,227, G192,955, we can use Lemma 3.3

to show that Z is not contained in the locus

(7.9) ψ
(
Q5

)
∪ ψ

(
Q6

)
∪ ψ

(
Q7

)
∪ ψ

(
Q8

)
∪ ψ

(
Q9

)
∪ ψ

(
Q10

)
,

where Q5, Q6, Q7, Q8, Q9, Q10 are quadric surfaces in P3, which are defined in Section 3.
Indeed, suppose that G is one of the subgroups G48,50, G96,70, G96,227, G

′
96,227, G192,955, and

there is a surface S among ψ(Q5), ψ(Q6), ψ(Q7), ψ(Q8), ψ(Q9), ψ(Q10) that contains Z.
Recall that G contains the subgroup H ∼= µ

4
2 defined in Section 3, the quadrics Q5, Q6,

Q7, Q8, Q9, Q10 are H-invariant, and the subgroup H acts faithfully on each of them.
Furthermore, the rational map ψ : P3 99K X24 induces H-equivariant isomorphisms

Q5
∼= ψ

(
Q5

)
,Q6

∼= ψ
(
Q6

)
,Q7

∼= ψ
(
Q7

)
,Q8

∼= ψ
(
Q8

)
,Q9

∼= ψ
(
Q9

)
,Q10

∼= ψ
(
Q10

)
.

Moreover, one can also check that

• ψ(Q7) and ψ(Q10) are the fibers of the morphism η1 over [1 : −1] and [1 : 1],
• ψ(Q5) and ψ(Q8) are the fibers of the morphism η2 over [1 : −1] and [1 : 1],
• ψ(Q6) and ψ(Q9) are the fibers of the morphism η3 over [1 : −1] and [1 : 1].

Thus, it follows from the inversion of adjunction that (S, λM|S) is not log canonical,
which is impossible by Lemma 3.3, because λM|S ∼Q −KS.

Now, we are ready to show that Z is a point. Namely, we suppose that Z is a curve.
Let H be a hyperplane section of the threefold X24 ⊂ P13, let M1 and M2 be two general
surfaces in the linear system M. Then deg(Z) < 24, since

24 = λ2H ·M1 ·M2 > λ2deg(Z)
(
M1 ·M2

)
Z
> deg(Z)mult2Z

(
λD

)
> deg(Z).

Therefore, it follows from Lemma 6.6 that G is one of the groups G48,50, G96,70, G96,227,
and Z is one of the curves ψ(L′

6), ψ(L′′
6), ψ(L′′′

6 ), ψ(L′′′′
6 ), where L′

6, L′′
6, L′′′

6 , L′′′′
6 are curves

in the projective space P3 introduced in Section 3. But this is impossible, since all these
curves are contained in (7.9). This shows that Z is a point.

Observe that (X24,
3
2
λM) is not log canonical at Z. Let µ be the largest rational number

such that (X24, µM) is log canonical at Z. Then µ < 3
2
λ and OrbG(Z) ⊆ Nklt(X24, µM).

Note that the locus Nklt(X24, µM) is at most one-dimensional, because M does not have
fixed components. Moreover, this locus is G-invariant, since M is G-invariant.

Now, we claim that the locus Nklt(X24, µM) does not contain curves passing through Z.
Indeed, we suppose that the locus Nklt(X24, µM) contains some G-irreducible curve C.
As above, we let M1 and M2 be two general surfaces in M. Write

µ2M1 ·M2 = δC + Ω,

where δ is a non-negative rational number, and Ω is an effective one-cycle whose support
does not contain the curve C. Then δ > 4 by [17, Theorem 3.1]. Now, taking into account
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that the degree of the one-cycle µ2M1 ·M2 is less that 54, we conclude that deg(C) 6 13.
Therefore, it follows from Lemma 6.6 that G is one of the groups G48,50, G96,70, G96,227,
and C is one of the curves ψ(L′

6), ψ(L′′
6), ψ(L′′′

6 ), ψ(L′′′′
6 ). But all of these four curves are

contained in the subset (7.9), so that none of them contains Z, since Z is not in (7.9).
We conclude that all curves in Nklt(P3, µM) are disjoint from OrbG(Z).
Let I be the multiplier ideal sheaf of the pair (X24, µM), and let L be the corresponding

subscheme in X24. Applying [40, Theorem 9.4.8], we get H1(X24, I⊗OX24
(H)) = 0. Then

14 = h0
(
X24,OX24

(H)
)
> h0

(
OL ⊗OX24

(H)
)
> |OrbG(Z)|,

since the subscheme L contains at least |OrbG(Z)| disjoint zero-dimensional components.
Therefore, since Z 6∈ E , it follows from Corollary 6.4 that either G = G48,50 or G = G96,227,
and OrbG(Z) is one of the orbits ψ(Σ′

4), ψ(Σ
′′
4), ψ(Σ

′′
12), ψ(Σ

′′′
12), which is a contradiction,

because these orbits are contained in (7.9), while Z is not contained in this locus. �

Now, arguing as in the proof of [9, Proposition 6.11], we can prove our Main Theorem
using Theorem 7.3, Propositions 7.4 and 7.8. Similarly, we can prove Theorem 1.4 using
both Propositions 7.4 and 7.8 together with the following lemma:

Lemma 7.10. Let C be one of the two G′
324,160-invariant irreducible curves (5.5) or (5.6),

and let ϑ : X → P3 be the blow up of the curve C. There is a G′
324,160-equivariant diagram

X
ϑ

~~⑥⑥
⑥⑥
⑥⑥
⑥⑥ κ

  ❆
❆❆

❆❆
❆❆

❆

P3 P1

where κ is a fibration into cubic surfaces. Now, let M be a non-empty G-invariant linear
system on X that does not have fixed components such that

KX + λM ∼Q κ
∗(D)

for some λ ∈ Q>0, and some Q-divisor D on P1. Then (X, λM) is canonical.

Proof. Suppose the pair (X, λM) is not canonical. Let Z be its center of non-canonical
singularities. Then

multZ
(
M

)
>

1

λ
by [33, Theorem 4.5] or [18, Exercise 6.18].

First, we suppose that Z is a curve that is not contained in the fibers of the morphism κ.
Let F be a general fiber of κ, let M1 and M2 be general surfaces in M. Then

3

λ2
=M1 ·M2 · F >

(
F · Z

)(
M1 ·M2

)
Z
>

(
F · Z

)
mult2Z

(
M

)
>
F · Z
λ2

=
|F ∩ Z|
λ2

,

so that |F ∩ Z| = 1 or |F ∩ Z| = 2. One the other hand, we have StabG′

324,160
(F ) ∼= µ

3
3,

and the surface F does not have StabG′

324,160
(F )-orbits of length 1 and 2. Contradiction.

Thus, we conclude that there exists a fiber S of the morphism κ such that Z ⊂ S.
Suppose that the surface S is singular and Z is its singular point. Then S is a cubic

cone in P3 with vertex at Z. Let M be a general surface in M, and let ℓ be a general
ruling of the cone S. Then ℓ 6⊂M , hence

1

λ
=

1

λ

(
−KX

)
· ℓ = 1

λ

(
−KX + κ∗(D)

)
· ℓ =M · ℓ > multZ

(
MX

)
>

1

λ
,
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which is absurd. This shows that Z is not a singular point of the surface S.
Using the inversion of adjunction [33, Theorem 5.50], we conclude that (S, λM|S) is not

log canonical at general point of the subvariety Z. But this is impossible by Lemma 5.9,
because we have λM|S ≡ −KS . This completes the proof of the lemma. �

In the remaining part of this section, let us present a combined proof of Main Theorem
and Theorem 1.4 that does not use Theorem 7.3. We decided to include this proof for
convenience of the reader and for one application (see Corollary 7.15 below).

Theorem 7.11. Let f : P3 99K Y be a G-birational map such that Y is a threefold with
terminal singularities, and there is a G-morphism ϕ : Y → Z that is a G-Mori fiber space.
If G is not conjugate to G′

324,160, then Z is a point, and Y is G-isomorphic to P3 or X24.
Similarly, if G = G′

324,160, then one of the following possibilities holds:

• Z is a point, and Y is G-isomorphic to P3;
• Z is a point, and Y is G-isomorphic to X24 from Example 1.1;
• Z = P1, and Y is G-isomorphic to the threefold X from Lemma 7.10.

Moreover, one has BirG(P3) = Γ, where Γ is the subgroup in Bir(P3) that is generated by
the involution ι constructed in Section 6 and the stabilizer of the subgroup G in PGL4(C).

Proof. Recall from Section 6, that there exists the following G-commutative diagram:

X̃24
ϕ //

̟ ..

X24

χ

��✤
✤

✤

ς // X24

χ

��✤
✤

✤

P3 ι //❴❴❴❴❴❴❴ P3

Ṽ4

π

OO

ν //❴❴❴❴❴❴❴ Ṽ4

π

OO

For the detailed description of the G-birational maps π, ϕ, ̟, ς, χ and ν, see Section 6.
Let C be one of the two G′

324,160-invariant curves (5.5) and (5.6). If G = G′
324,160, then

we also have the following G-equivariant diagram:

X
ϑ

~~⑥⑥
⑥⑥
⑥⑥
⑥⑥ κ

  ❆
❆❆

❆❆
❆❆

❆

P3 P1

where ϑ is a blow up of the curve C, and κ is a fibration into cubic surfaces. Using [7, 42],
one can show that

Aut
(
C
)
= G′

324,160,

which implies that the normalizer in PGL4(C) of the group G′
324,160 is the group G′

648,704.
Observe that G′

648,704 swaps the curves (5.5) and (5.6).
If G is not conjugate to G′

324,160, it is enough to prove that there exists γ ∈ Γ such that
one of the maps f ◦ γ, f ◦ γ ◦ χ or f ◦ ι is an isomorphism. If G = G′

324,160, it is enough
to prove that there exists γ ∈ Γ such that f ◦ γ, f ◦ γ ◦ χ, f ◦ γ ◦ ϑ is an isomorphism.
To complete the proof, we suppose that none of these assertions are true.

Let HP3 = OP3(1), let HX24
be the hyperplane section of the Fano threefold X24 ⊂ P13,

let Eπ, Eϕ, E̟, Eϑ be the G-irreducible exceptional divisors of π, ϕ, ̟, ϑ, respectively,
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and let F be a fiber of the cubic fibration κ. Then

2ϕ∗(HP3

)
∼ ̟∗(HX24

)
− E̟,

̟∗(HX24

)
∼ 6ϕ∗(HP3

)
− 2Eϕ,

(π ◦ ν)∗
(
HP3

)
∼ 3π∗(HP3

)
− 2Eπ,

Eϕ ∼Q ̟
∗(HX24

)
− 3

2
E̟,

E̟ ∼Q 4ϕ∗(HP3

)
− 2Eϕ,

Eπ ∼Q 4(π ◦ ν)∗
(
HP3

)
− 3ν∗

(
Eπ

)
,

F ∼ 3ϑ∗
(
HP3

)
− Eϑ.

(7.12)

Note also that HX24
generates the group ClG(X24)⊗Q. In fact, it is not hard to see that

every G-invariant Weil divisor on X24 is Q-rationally equivalent to kHX24
for k ∈ 1

2
Z.

Fix a sufficiently large integer n ≫ 0. Let DZ be a sufficiently general very ample
divisor on Z, and let MY = | − nKY + ϕ∗(DZ)|. For every γ ∈ Γ, we let

Mγ

P3 = (f ◦ γ)−1
∗ (MY ),

Mγ
X24

= (f ◦ γ ◦ χ)−1
∗ (MY ).

Similarly, if G = G′
324,160, then we let

Mγ
X = (f ◦ γ ◦ ϑ)−1

∗ (MY )

for every element γ ∈ Γ. Now, for every element γ ∈ Γ, let nγ be the positive integer such
that Mγ

P3 ∼ nγHP3, and let kγ be the positive half-integer such that Mγ
X24

∼Q kγHX24
.

It follows from the Noether–Fano inequality [31, 16, 14] that the singularities of the pair
(
P3,

4

nγ
Mγ

P3

)

are not canonical for every γ ∈ Γ, because f ◦γ is not an isomorphism by our assumption.
Similarly, we see that the singularities of the log pair

(
X24,

1

kγ
Mγ

X24

)

are also not canonical for every γ ∈ Γ, since we assumed that f◦γ◦χ is not an isomorphism.
Moreover, if G = G′

324,160, then

KX +
1

nγ − 3multC(Mγ

P3)
Mγ

X ∼Q

nγ − 4multC(Mγ

P3)

nγ − 3multC(Mγ

P3)
F,

where multC(Mγ

P3) <
nγ

3
. Thus, if G = G′

324,160 and n
γ−4multC(Mγ

P3) > 0, then it follows
from the Noether–Fano inequality that the singularities of the log pair

(
X,

1

nγ − 3multC(Mγ

P3)
Mγ

X

)

are not canonical for every γ ∈ Γ, because we assumed that f ◦γ◦ϑ is not an isomorphism.
However, we already proved in Lemma 7.10 that this log pair have canonical singularities.
Hence, if G = G′

324,160, then multC(Mγ

P3) <
nγ

4
for every γ ∈ Γ.
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Now, for every γ ∈ Γ, we let mγ
L6

= multL6
(Mγ

P3) and m
γ
Σ4

= multΣ4
(Mγ

P3). Similarly,
let mγ

Eφ
be the non-negative rational number such that

φ−1
∗
(
Mγ

X24

)
∼Q φ

∗(Mγ
X24

)
−m′

Eφ
Eφ.

Then, using (7.12), we see that

nγ = 6kγ − 4mγ
Eφ
;

nγ◦ι = 3nγ − 4mγ
Σ4
;

kγ =
nγ

2
−mγ

L6
.

(7.13)

Then, we let

δ = min
γ∈Γ

{nγ
4
, kγ

}
.

Note that this minimum is attained for some γ ∈ Γ.
Suppose that δ = nγ

4
for some γ ∈ Γ. If G is not conjugate to G48,50, G96,227, G

′
324,160,

then it follows from Proposition 7.4 that

mγ
L6
>
nγ

4
or

mγ
Σ4
>
nγ

4
,

therefore (7.13) gives

δ 6 kγ =
nγ

2
−mγ

L6
<
nγ

4
= δ

or

δ 6 nγ◦ι = 3nγ − 4mγ
Σ4
<
nγ

4
= δ,

which is a contradiction. Similarly, if G = G′
324,160, it follows from Proposition 7.4 that

at least one of the following strict inequalities holds:

mγ
L6
>
nγ

4
,

mγ
Σ4
>
nγ

4
,

multC
(
Mγ

P3

)
>
nγ

4
,

multC
(
Mγ◦K

P3

)
>
nγ

4
for

K =




0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 −1


 ∈ G′

648,704 ⊂ Γ,

since C and K(C) are the G′
324,160-invariant curves (5.5) and (5.6). But we already proved

earlier that multC(Mγ

P3) <
nγ

4
and multC(Mγ◦K

P3 ) < nγ

4
, which implies that

mγ
L6
>
nγ

4
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or

mγ
Σ4
>
nγ

4
,

and (7.13) gives

δ 6 kγ <
nγ

4
= δ

or

δ 6 nγ◦ι <
nγ

4
= δ.

Thus, we see that either G = G48,50 or G = G96,227. Then it follows from Proposition 7.4
that at least one of the following inequalities holds:

mγ
L6
>
nγ

4
,

mγ◦R
L6

>
nγ

4
,

mγ◦R2

L6
>
nγ

4
,

mγ
Σ4
>
nγ

4
,

mγ◦R
Σ4

>
nγ

4
,

mγ◦R
Σ4

>
nγ

4
,

because R(L6) = L′
6, R

2(L6) = L′′
6, R(Σ4) = Σ′

4, R
2(Σ4) = Σ′′

4, and R ∈ G576,8654 ⊂ Γ.
Here, R is one of the generators of the group G576,8654 defined in (7.1), see Remark 7.2.

As above, we obtain a contradiction with δ = nγ

4
, because nγ = nγ◦R = nγ◦R

2

.
Hence, we conclude δ = kγ for some γ ∈ Γ. Then it follows from Proposition 7.8 that

the log pair (X24,
1
kγ
MX

γ
24
) is not canonical at some singular point of the threefold X24.

Recall from Section 6 that Sing(X24) is a union of two G-orbits: ϕ(Eϕ) and ς ◦ ϕ(Eϕ),
where ς = χ−1 ◦ ι ◦ χ. If (X24,

1
kγ
MX24

) is not canonical at ϕ(Eϕ), then

mγ
Eφ
>
kγ

2

by Kawamata’s theorem [32]. Likewise, if (X24,
1
kγ
MX24

) is not canonical at ς◦ϕ(Eϕ), then

mγ◦ι
Eφ

>
kγ

2
.

Therefore, using (7.13), we see that

δ 6
nγ

4
=

6kγ − 4mγ
Eφ

4
< kγ = δ

or

δ 6
nγ◦ι

4
=

6kγ − 4mγ◦ι
Eφ

4
< kγ = δ.

The obtained contradiction completes the proof of Theorem 7.11. �

Corollary 7.14. If G is not conjugate to G48,50 or G96,227, then BirG(P3) is finite.
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Proof. Let N be the normalizer of the group G in PGL4(C). Then

BirG
(
P3

)
=

〈
ι,N

〉

by Theorem 7.11. The centralizer of the group G in PGL4(C) is trivial by Schur’s lemma,
so we have an embedding N →֒ Aut(G), which implies that N is finite.

Observe that Σ4 is a N-orbit, because Σ4 is a unique G-orbit of length 4.
Let ι be the involution in BirG(P3) described in Section 6. Note that ι is N-equivariant,

since Σ4 is a N-orbit. This implies that ι also normalizes N, so 〈ι,N〉 is finite. �

If G = G48,50 or G = G96,227, it follows from Theorem 7.11 that BirG(P3) = 〈ι, G576,8654〉.
In these two cases, the group BirG(P3) is infinite (but discrete) by the following result.

Corollary 7.15. Suppose that G = G48,50 or G = G96,227. Then 〈ι, ι′, ι′′〉 ∼= µ2 ∗ µ2 ∗ µ2,
and there exists the following split exact sequence of groups:

1 −→
〈
ι, ι′, ι′′

〉
−→ BirG

(
P3

)
−→ G576,8654 −→ 1,

where ι, ι′, ι′′ are birational involutions in BirG(P3) described in Remark 7.2.

Proof. It follows from Theorem 7.11 that BirG(P3) is generated by ι, ι′, ι′′ and G576,8654.
Using this, it is not very difficult to check that 〈ι, ι′, ι′′〉 is a normal subgroup in BirG(P3).
Recall from Lemma 3.6 that G576,8654 is the normalizer of the subgroup G in PGL4(C).

Fix a G-birational map g ∈ 〈ι, ι′, ι′′〉. Let us show that g can be uniquely written as
a composition of ι, ι′, ι′′. The proof of this fact is similar to the proof of [31, Theorem 3.10].
More precisely, the proof of Theorem 7.11 provides an algorithm how to decompose g as
a composition of ι, ι′, ι′′. Let us remind this algorithm. To start with, we let

MP3 = g−1
∗
(
|OP3(1)|

)
,

and let n ∈ Z>0 such that MP3 ⊂ |OP3(n)|. The number n is known as the degree of g.
Then, arguing as in the proof of Theorem 7.11, we see that either n = 1 and g ∈ G576,8654,
or n > 1 and the singularities of the log pair

(
P3,

4

n
MP3

)
,

are not canonical. Now, using Proposition 7.4, we see that at least one inequality holds
among the following three inequalities:

max
(
4multL6

(
MP3

)
, 2multΣ4

(
MP3

))
> n,(7.16)

max
(
4multL′

6

(
MP3

)
, 2multΣ′

4

(
MP3

))
> n,(7.17)

max
(
4multL′′

6

(
MP3

)
, 2multΣ′′

4

(
MP3

))
> n.(7.18)

Moreover, if the inequality (7.16) holds, then it follows from the proof of Theorem 7.11
that the degree of the composition g◦ι is strictly smaller than n. Similarly, if (7.17) holds,
then the degree of the composition g ◦ ι′ is strictly smaller than n. Finally, if (7.18) holds,
then the degree of the composition g ◦ ι′′ is smaller than n. Thus, iterating this process,
we decompose g into a composition of involutions ι, ι′, ι′′ and an element in G576,8654.

To prove that 〈ι, ι′, ι′′〉 ∼= µ2 ∗ µ2 ∗ µ2, we must prove that precisely one birational map
among g◦ι, g◦ι′, g◦ι′ has degree (strictly) smaller than the degree of the birational map g,
so the described algorithm decomposes g in a unique way. To prove this, it is enough to
show that precisely one inequality among (7.16), (7.17), (7.18) holds.
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Without loss of generality, it is enough to show that both inequalities (7.17) and (7.18)
cannot hold simultaneously. By Proposition 3.25, we have

multL′

6

(
MP3

)
+multL′′

6

(
MP3

)
6
n

2
.

Similarly, it follows from the proof of Proposition 7.4 that

multΣ′

4

(
MP3

)
+multΣ′′

4

(
MP3

)
6 n.

Moreover, if multL′

6
(MP3) > n

4
, then it follows from the proof of Proposition 7.4 that

the degree of the composition g ◦ ι′ is strictly less than n, so (7.13) gives

multΣ′

4

(
MP3

)
>
n

2
.

Likewise, if multL′′

6
(MP3) > n

4
, then

multΣ′′

4

(
MP3

)
>
n

2
.

Therefore, if (7.17) holds, then the inequality (7.18) does not hold. �
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269, Birkhäuser Boston, Boston, MA, 2009, 443–548.

http://arxiv.org/abs/1910.10533
http://arxiv.org/abs/2007.14197


66 IVAN CHELTSOV AND ARMAN SARIKYAN

[23] D. Eklund, Curves on Heisenberg invariant quartic surfaces in projective 3-space, Eur. J. Math. 4
(2018), 931–952.

[24] D. Flannery, The finite irreducible monomial linear groups of degree 4, J. Algebra 218 (1999), 436–
469.

[25] The GAP Group, GAP – Groups, Algorithms, and Programming, version 4.11.1, 2021.
[26] M. Gonzalez-Dorrego, (16, 6) configurations and geometry of Kummer Surfaces in P3, Memoirs of

the AMS 512, 1994.
[27] R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics 52, Springer–Verlag, 1977.
[28] K. Hashimoto, Finite symplectic actions on the K3 lattice, Nagoya Math. J. 206 (2012), 99–153.
[29] B. Hassett, A. Kresch, Yu. Tschinkel, Symbols and equivariant birational geometry in small dimen-

sions, preprint, arXiv:2010.08902, 2020.
[30] R. Hudson, Kummer’s quartic surface, Cambridge University Press, 1905.
[31] V. Iskovskikh, Birational automorphisms of three-dimensional algebraic varieties, Journal of Soviet

Mathematics 13 (1980), 815–868.
[32] Y. Kawamata, Divisorial contractions to 3-dimensional terminal quotient singularities, Higher-

dimensional complex varieties (Trento, 1994), de Gruyter, Berlin (1996), 241–246.
[33] J. Kollár, S. Mori, Birational geometry of algebraic varieties, Cambridge University Press (1998).
[34] M. Kontsevich, V. Pestun, Yu. Tschinkel, Equivariant birational geometry and modular symbols, to

appear in J. Eur. Math. Soc.
[35] A. Kresch, Yu. Tschinkel, Equivariant birational types and Burnside volume, preprint,

arXiv:2007.12538, 2020.
[36] A. Kresch, Yu. Tschinkel, Equivariant Burnside groups and representation theory, preprint,

arXiv:2108.00518, 2021.
[37] I. Krylov, Families of embeddings of the alternating group of rank 5 into the Cremona group, preprint,

arXiv:2005.07354, 2020.
[38] A. Kuribayashi, I. Kuribayashi, Automorphism groups of compact Riemann surfaces of genera three

and four, J. Pure Appl. Algebra 65 (1990), 277–292.
[39] A. Kuribayashi, H. Kimura, Automorphism groups of compact Riemann surfaces of genus five, Jour-

nal of Algebra 134 (1990), 80–103.
[40] R. Lazarsfeld, Positivity in Algebraic Geometry II, Springer-Verlag, Berlin, 2004.
[41] F. Lewis, On a monomial group of order 768, Tohoku Math. J. 43 (1937), 236–245.
[42] The LMFDB Collaboration, The L-functions and modular forms database, http://www.lmfdb.org,

2021
[43] E. Lord, Symmetry and pattern in projective geometry, Springer, 2012.
[44] V. Martello, On the rational Enriques–Fano threefolds discovered by Fano, arXiv:2107.04107 (2021).
[45] I. Nieto, The singular H2,2-invariant quartic surfaces in P3, Geom. Dedicata 57 (1995), 157–170.
[46] A. Pukhlikov, Birational automorphisms of Fano hypersurfaces, Invent. Math. 134 (1998), 401–426.
[47] A. Pukhlikov, Birational automorphisms of three-dimensional algebraic varieties with a pencil of del

Pezzo surfaces, Izv. Ross. Akad. Nauk 62 (1998), 123–164.
[48] D. Sakovics, G-birational rigidity of the projective plane, European Jour. Math. 5 (2019), 1090–1105.
[49] G. Xiao, Galois covers between K3 surfaces, Annales de l’Institut Fourier 46 (1996) 73–88.
[50] H. Flenner, M. Zaidenberg, Locally nilpotent derivations on affine surfaces with a Gm-action, Osaka

J. Math. 42 (2005), 931–974.

Ivan Cheltsov

The University of Edinburgh, Edinburgh, Scotland
I.Cheltsov@ed.ac.uk

Arman Sarikyan

The University of Edinburgh, Edinburgh, Scotland
ar.sarikyan@gmail.com

http://arxiv.org/abs/2010.08902
http://arxiv.org/abs/2007.12538
http://arxiv.org/abs/2108.00518
http://arxiv.org/abs/2005.07354
http://www.lmfdb.org
http://arxiv.org/abs/2107.04107

	1. Introduction
	2. Irreducible monomial subgroups of degree four
	3. Equivariant geometry of projective space: group of order 48
	4. Equivariant geometry of projective space: group of order 192
	5. Equivariant geometry of projective space: large groups
	6. Rational Fano–Enriques threefold of degree 24
	7. The proof of Main Theorem
	References

