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KATZARKOV-KONTSEVICH-PANTEV CONJECTURE
FOR FANO THREEFOLDS

IVAN CHELTSOV AND VICTOR PRZYJALKOWSKI

ABSTRACT. We verify Katzarkov—Kontsevich—Pantev conjecture for Landau—Ginzburg
models of smooth Fano threefolds.

INTRODUCTION

For a smooth Fano variety X, its Landau—Ginzburg model is a smooth quasiprojective
variety Y equipped with a regular function w: ¥ — C. Homological Mirror Symmetry
Conjecture predicts the equivalences between the derived category of coherent sheaves
on X (the derived category of singularities of (Y, w), respectively) and the Fukaya—Seidel
category of the pair (Y,w) (the Fukaya category of X, respectively).

In [KKP17], Katzarkov, Kontsevich, and Pantev considered tame compactification of
the Landau-Ginzburg model (see [KKP17, Definition 2.4]), that is a commutative diagram

Y 7

vl |

Ce——— P!

such that Z is a smooth compact variety that satisfies certain natural geometric conditions,
and f is a morphism such that f~1(co) = — K. If exists, the compactification Z is unique
up to flops in the fibers of the morphism f. The pair (Z, f) is usually called the compactified
Landau-Ginzburg model of the Fano variety X.

Katzarkov, Kontsevich and Pantev also defined the Hodge-type numbers fP7(Y, w)
of the Landau—Ginzburg model (Y,w) that come from the sheaf cohomology of certain
logarithmic forms. They posed the following conjecture.

Conjecture (Katzarkov—Kontsevich-Pantev). Let (Y,w) be a Landau-Ginzburg model
of the smooth Fano variety X with dim(X) = dim(Y) = d. Suppose that it admits a
tame compactification. Then

hP(X) =[PP (Y, w).

In [LP16], this conjecture was proved for del Pezzo surfaces and their Landau-Ginzburg
models constructed by Auroux, Katzarkov, and Orlov in [AKOQ06]. In this paper, we
verify Katzarkov—Kontsevich-Pantev Conjecture for smooth Fano threefolds and their
toric Landau—Ginzburg models constructed in [Prz07, [Prz13, [ACGKI12, [CCGK16], which

satisfy all hypotheses of Katzarkov—Kontsevich-Pantev Conjecture by [Prz17, Theorem 1].
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From now on and until the end of this paper, we assume that X is a smooth Fano
threefold. Its compactified Landau—Ginzburg model is given by the following commutative
diagram

(39 (€ v z
C———C—-——P!

where p is a surjective morphism that is given by one of the Laurent polynomials explicitly
described in [ACGK12, [Prz17, [CCGKI6], the variety Y is a smooth threefold with Ky ~ 0,
and Z is a smooth compact threefold such that

_KZ ~ f_l (OO) .
Moreover, in every case, one also has h'?(Z) = 0.
In [Hal7], Harder showed how to compute the numbers fP?(Y,w) using the global

geometry of the compactification Z. He showed that under some natural conditions one
has f39(Y,w) = f%3(Y,w) =1 and

() U Yw) = P w) = ) (e — 1),

where pp is the number of irreducible components of the fiber w='(P). Moreover, he
proved that

(&) fA(Y,w) = A(Y,w) =dim <coker<H2(Z,R) — H2(F,]R))> — 24 h(2),

where F'is a general fiber of the morphism w. Finally, he proved that the remaining f?¢
numbers of the Landau-Ginzburg model (Y, w) vanish.

Thus, to prove the Katzarkov—Kontsevich—Pantev Conjecture for smooth Fano three-
folds, one needs to compute the right-hand sides in (&l and (#]) and compare them with
the well-known Hodge numbers of smooth Fano threefolds. For smooth Fano threefolds
of Picard rank one, this has been done in [Prz13| ILP13]. The goal of this paper is to do
the same for smooth Fano threefolds whose Picard rank is larger than one.

To be precise, we prove the following result.

Main Theorem. Let X be a smooth Fano threefold, and let f: Z — P! be its compacti-
fied Landau-Ginzburg model given by (), where p is a surjective morphism that is given
by one of the Laurent polynomials described in [ACGK12, [CCGKI6]. Then

(©) WAX) = (pp— 1),

peC!?

where pp is the number of irreducible components of the fiber w1 (P). Moreover, one has

(<) rk Pic(X) = dim (coker(HQ(Z, R) — HQ(R R))) -2,
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where F' is a general fiber of the morphism f.
Using (b)) and (), we obtain the following corollary.

Corollary. Let X be a smooth Fano threefold. Then Katzarkov-Kontsevich—Pantev
Conjecture holds for its compactified Landau—Ginzburg model (), where p a morphism
that is given by one of the Laurent polynomials described in [ACGK12, [Prz17, [CCGK16].

The proof of Main Theorem gives an explicit description of the fiber f~!(c0) in (),
which show that the conditions of Harder’s result are satisfied. This has been already
verified in [Prz17, Corollary 35] for smooth Fano threefolds with very ample anticanonical
divisor. The proof of Main Theorem also gives an explicit description of (isolated and non-
isolated) singularities of the fibers of the morphism w in (X)) in the case when p is given
by one of the Laurent polynomials from [ACGKI2l [Prz17, [CCGKI16]. It seems possible
to use this description to check that the Jacobian rings of these Landau—Ginzburg models
are isomorphic to the quantum cohomology rings of the corresponding smooth Fano three-
folds, which reflects Homological Mirror Symmetry on the Hochschild cohomology level.
Perhaps, one can also use the proof of Main Theorem to compute the derived categories
of singularities of our compactified Landau—Ginzburg models.

This paper is organized as follows. In Section [I] we give a detailed scheme of the proof
of our Main Theorem. We illustrate each step of the scheme by an appropriate example,
see Examples [L7.1], 8.6, [.I0.1T] 123 and [L13.2. In Sections 2, Bl @ [, [, [7, B, @, 10,
we prove Main Theorem for smooth Fano threefolds of Picard rank 2, 3, 4, 5, 6, 7, 8, 9, 10,
respectively. These sections are split by subsections whose numbers matche the numbers
of families of smooth Fano threefolds given in [IP99]. For instance, in Subsection .20, we
prove Main Theorem in the case when X is a blow up of a smooth quadric threefold in a
disjoint union of two lines. This is family Ne3.20. Likewise, in Subsection .24 we prove
Main Theorem for family Ne2.24, which consists of divisors of bidegree (1,2) in P? x P2
Finally, in Appendix[A] we review basic intersection theory for smooth curves on surfaces
with du Val singularities, which is probably well known to experts.

Notation and conventions. We assume that all varieties are defined over the field
of complex numbers C unless it is specially mentioned. For a (non necessary reduced)
variety V', we denote the number of its irreducible components by [V]. To denote Laurent
polynomials from the database [CCG™], we use the notation P.N, where P is the number
of the Newton polytope of the polynomial, and N is the number of polynomial for the
polytope. If the polynomial for given polytope is unique, we just say that it is the
polynomial number P.
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Academic Excellence Project 5-100. Victor Przyjalkowski was partially supported by Lab-
oratory of Mirror Symmetry NRU HSE, RF government grant, ag. No. 14.641.31.0001.
He is a Young Russian Mathematics award winner and would like to thank its sponsors
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1. THE PROOF

To prove Main Theorem, we fix a smooth Fano threefold X. Then X is contained in one
of 105 deformation families described in Iskovskikh and Prokhorov’s book [IP99]. We add
the variety found in [MMO04] to the end of the list of Picard rank 4 threefolds. We always
assume that X is a general threefold in its deformation family.

For each family, we have the commutative diagram (), where p is given by a Laurent
polynomial, which we identify with p. Then we proceed as follows.

1.1. Mirror partners. The polynomial p is not uniquely determined by X. However,
Akhtar, Coates, Galkin, and Kasprzyk proved in [ACGKI12] that all of them are related
by birational transformations, called mutations. Mutations preserve the right hand sides
of (@) and in Main Theorem. Thus, to prove Main Theorem, we may choose any
Laurent polynomial p from [CCG™] among mirror partners for X.

1.2. Rank of Picard group. If X is a smooth Fano threefold such that rk Pic(X) =1,
then (¥) in Main Theorem is already established in [Przl3, Prz18|, and in Main
Theorem follows from the proof of [ILP13, Theorem 4.1]. Thus, we will always assume
that rk Pic(X) > 2. This leaves us with 88 deformation families described in [IP99].

1.3. Minkowski polynomials. If —K is very ample, then X admits a Gorenstein toric
degeneration. In this case, the Newton polytope of the Laurent polynomial p is a reflexive
lattice polytope which is a fan polytope of the toric degeneration, and the coefficients of p
correspond to expansions of its facets to Minkowski sums of elementary polygons. Because
of this, the Laurent polynomial p is usually called Minkowski polynomial (see [ACGK12]).

The divisor — Ky is very ample except for 5 special families. These are the deformation
families Ne2.1, 2.2, 2.3, 9.1, 10.1 in [IP99]. To prove Main Theorem, we deal with these
cases separately. Thus, in the remaining part of this section, we assume that —Kx is very
ample, and p is one of the corresponding Minkowski polynomials.

1.4. Pencil of quartic surfaces. For every smooth Fano threefold X such that its
anticanonical —Kx is very ample, we can always choose the corresponding Minkowski
polynomial p in [ACGKI2] such that there is a pencil S of quartic surfaces on P? given by

(1.4.1) falz,y, 2, t) = Azyzt

that expands (B4) to the following commutative diagram:

(1.4.2) (C*)3¢ Yy Z<_ X __vy ™ /IP’3
pl lw lf lg e
i// )
C—C— — Pl —ou—""!

where ¢ is a rational map given by the pencil S, the map 7 is a birational morphism to be
explicitly constructed later in this section, the threefold V' is smooth, and x is a compo-
sition of flops. Here fy(x,y, z,t) is a quartic homogeneous polynomial and A € C U {o0},
where A = oo corresponds to the fiber f~1(o00).
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1.5. Fibers of the Landau—Ginzburg model. By [Prz17, Corollary 35], we have

[f(c0)] = ! _2KX.

To verify () in Main Theorem, we must find [f~!()\)] for every A # oo. This can be done
by checking basic properties of the pencil S. Let us show how to do this in easy cases.

Let S\ be the quartic surface given by (L4.1]), let S\ be its proper transform on the
threefold V', and let Ey, ..., F, be the m-exceptional divisors. Then

Kv+§)\—|—zai\Ei Nﬂ'*(K]pS —|—S)\) ~0

i=1

for some non-negative integers ay, . ..,a}. Hence, since —Ky ~ g~1(00), we conclude that
(1.5.1) g (N =5+ a'E.
i=1

Since y in ([L.42) is a composition of flops, it follows from (L5.]) that

(15.2)  [f7'(A)] = [S] +|the number of indices i € {1,...,n} such that a} > 0.

The number [S,] is easy to compute. How to determine the correction term in (L5.2)?
One way to do this is to explicitly describe the birational morphism 7 in (I.4.2]) and then
compute the numbers a7, ..., a}. However, this method is usually very time consuming.

Our main goal is to show how to do the same with less efforts. We start with the following.

Lemma 1.5.3. Let P be a point in the base locus of the pencil §. Suppose that the
quartic surface Sy has at most du Val singularity at P. If P € w(FE;), then a} = 0.

Proof. By [Ko97, Theorem 7.9], the log pair (P3,S)) has canonical singularities at P, so
that a} = 0 for every E; such that P € m(E;). O

Corollary 1.5.4. Suppose that S, has du Val singularities in every point of the base
locus of the pencil S. Then f~1()) is irreducible.

Proof. The surface S is irreducible, because Sy has du Val singularities in every point of
the base locus of the pencil §. This follows from the fact that irreducible components of
the surface S, are hypersurfaces in P3. By Lemma [[L5.3] we have

W m =) =0,
so that the fiber f=1(\) is irreducible by (L5.2). O

Let us show how to apply this result to prove (¥)) in Main Theorem in one simple case.
Before doing this, let us fix handy notation that will be used throughout the whole paper.
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1.6. Handy notation. We will use [x : y : z : t] as homogeneous coordinates on P?. For
distinct non-empty subsets I, J, and K in {x,y, z,t}, we will write H; for the plane in P?
that is defined by setting the sum of coordinates in I equal to zero. For instance, we
denote by Hy,, the plane in P? that is given by z = 0. Similarly, we denote by Hy, sy the
plane in P? that is given by
y+t=0.

We also write Ly ; = HyN H ;. Likewise, we write P ;x = H;yNH ;N Hyg. For instance,

the symbol L,y ¢, + denotes the line in P3 that is given by

=0,
y+z+t=0.

Similarly, we have P{x}{y},{z} = [0 :0:0: 1] and P{l‘},{y}v{zi} = [0 :0:1: —1].

If the quartic surface Sy has du Val singularities, we always denote by H) its general hy-
perplane section or its class in Pic(.Sy). We will use this often to compute the intersection
form of some curves on Sy in the proof of (] in Main Theorem.

1.7. Apéry—Fermi pencil. Let us use Corollary[[.5.4in the case when X = P! x P! x P!,
In this case, the pencil § has been studied by Peters and Stienstra in [PS89].

Example 1.7.1. Suppose that X = P! x P! x P!, This is family Ne3.27. One its mirror
partner is given by the Laurent polynomial

1 1 1
rT+y+z+—-—+-—+—-.
r Yy =z
This is the Minkowski polynomial Ne30. The corresponding pencil S is given by
2*yz + yPaz + 2oy + oy + o + tPyz = Aoy,

Its base locus consists of the lines L{m},{y}, L{x}{z}, L{x},{t}> L{y}’{z}, L{y}{t}, L{z},{t}> and
Ly t2,y,23- If A # oo, then the singular points of the surface S\ contained in one of these
lines are the points Py} 21,411, Pla){z3.41)> and Py 41 413, which are du Val singular points
of type Aj, and the points P{m},{yk{z}, P{x},{t},{y,z}, P{y},{t},{x,z}, and P{z},{t},{m,y}a which are
isolated ordinary double points. Then [f~}(\)] = 1 for every A # oo by Corollary [L5.4]
Since h*(X) = 0, this proves (7)) in Main Theorem in this case.

This approach works for 55 deformation families of smooth Fano threefolds.

1.8. Base points and base curves. In many cases, we cannot apply Corollary [L5.4] to
prove in Main Theorem, simply because the pencil S contains surfaces that have non-
du Val singularities in its base locus. In fact, quite often, the pencil S contains reducible
surfaces, so that they have non-isolated singularities. To deal with these cases, we have
to refine the formula (L5.2). Let us do first step in this direction.

Let Cy,...,C, be irreducible curves contained in the base locus of the pencil S. With
very few exceptions (see Subsections B.8] .22 324 3.:29] [7.1] and B.T]), these curves are
either lines or conics. For every base curve C;, we let

(1.8.1) C} =|the number of indices i € {1,...,n} such that a} > 0 and 7(E;) = C;|.
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Let ¥ be the (finite) subset of the base locus of the pencil § such that for every P € X
there is an index i € {1,...,n} such that n(E;) = P. For every P € 3, we let

(1.8.2) D% =|the number of indices i € {1,...,n} such that a} > 0 and 7(E;) = P|.

We say that D} is the defect of the fired singular point P.
Using (L5.2), we see that

(1.8.3) )] =[S +> ¢+ > D

i=1 Pex.
If P is a point in ¥ such that the quartic surface S\ has du Val singularity at P, then
its defect vanishes by Lemma [[.5.3] However, the defect may also vanish if Sy has worse
than du Val singularity at the point P.

Remark 1.8.4. For a general A\ € C, the singular points of the surface S are all du Val.
Moreover, they are of two kinds: those whose coordinates depend on A, and those whose
coordinates do not depend on A. We call the latter ones fized singular points, and we call
the former ones floating singular points. The set ¥ consists of fixed singular points.

For every point P € 3, the number D} can be computed locally near P. We will show
how to do this later, see formula ([L.TI0.9) below. Now let us show how to compute the
number C? defined in (L8]). For every A € CU {oo} and every i € {1,...,7}, we let

M} = mult, (55)-

For any two distinct quartic surfaces Sy, and S, in the pencil §, we have
T
Si - Sx = > myC;
i=1

for some positive numbers my, ..., m,. Then m; > M? for every A € C U {c0}.
Lemma 1.8.5. Fix A € CU{oo} and a € {1,...,r}. Then

o 0if M) =1,
m, — 1 if M) > 2.

a

Proof. The required assertion can be checked in a general point of the curve C,. Because
of this, we may assume that C, is smooth. To resolve the base locus of the pencil S at
general point of the curve C,, we observe that general surfaces in this pencil are smooth
at general point of the curve C,. This implies that there exists a composition of m, > 1
blow ups of smooth curves

Ymg Ymg—1 Y2

Vin, v, —= - p3

such that 7, is the blow up of the curve C, for ¢ > 1 the morphism ~; is a blow up of a
smooth curve C'~! C V;_; such that

Yi—1 (Cé_l) = 02_2 CVieo

Vma—l
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and the curve C~! is contained in the proper transform of general surface in S on the
threefold V;_;. Here, we have Vj = P3 and C? = C,.

For every index ¢ € {1,...,m,}, let F; be the exceptional surface of the morphism ~;.
Then C! C F;, and the curve C! is a section of the P!-bundle G; — C:~! induced by ~;.
Note that C? is not contained in the proper transform of the surface F;_;.

For every i € {0,1,...,m,}, denote by S% the proper transform of the surface S\ on
the threefold V;. Then

mg—1

Z multc: (S3) = my,.
=0

Moreover, for every b € {1,...,n} such that 5(E,) = C, thereis j € {1,...,m, — 1} such
that E is the proper transform of the divisor F; on the threefold V' in diagram (L.4.2]).
Vice versa, for every j € {1,...,m, — 1}, there is b € {1,...,n} such that B(E,) = C,,
and £ is the proper transform of the divisor F; on the threefold V', which implies that

ay = ' (multcé (S3) - 1).

On the other hand, we also have
Mi = multe, (S,\) > multcn (S/{) = mult ez (5/2\) > > multcgq (Sﬁ;_l) > 0.

Using this, we obtain a dichotomy:

e cither M) = 1 and a; = 0 for every b € {1,...,n} such that S(E,) = C,,
e or M) > 2 and a} > 0 for every b € {1,...,n} such that 5(E,) = C, with a single
exception: when Ej is a proper transform of the divisor Fy,, on the threefold V.

This immediately implies the required assertion. 0
Let us show how to apply Lemma [[.8.35] to prove (7)) in Main Theorem in one case.

Example 1.8.6. Suppose that X is a smooth Fano threefold in the family Ne3.2. Then
one its mirror partner is given by the Laurent polynomial

This is the Minkowski polynomial Ne2569. The pencil S is given by
2Bt + ay2® + 32%xt + 322yt + 2?yz + yPaz + 222 + 3%ty + 3yPta+
+ tPrz + tPyz + 23t + 32%yt + 3yiat + >t = Ayt

Suppose that A # co. Let C; and Cy be conics that are given by x = y? +2yz+ 22 +t2 = 0
and y = 22 + 222 + 22 +tz = 0, respectively. Then

SeoSx = 2Ly iy 2Ly 11y F2L 0y (13 + Liad {y, 3 H Ly {2 3L} (o, 23 H Lty {23 HC1HCo
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Thus, we have r =9, and may assume that C; = Cy, Co = Cy, C3 = Ly 11y, Cs = Liyy 113

Cs = 2Ly, Co = Ligyyeys Cr = Lighgas), Cs = Lizyfezy, and Cy = Ligy (o2}
Then m; =my =mg=m; =mg =1, m3 = my = ms = 2, and mg = 3. We have

X = {P{m},{y},{zb Playirdueh Db itrosy P{z},{t},{m,y}}-

If A # —6, then S, is irreducible and has isolated singularities. In this case, the surface Sy
has du Val singularities at P{m},{y}{z}, P{m},{t}{%z}, P{y},{t},{m,z}, P{z},{t},{m,y}a and it does
not have other singular points in the base locus of the pencil S. Then [f~*(\)] = 1 for
every X\ # —6 by Corollary [L5.4l On the other hand, we have

5—6 = H{x,y,z} + Sa

where S is a cubic surface that is given by zt? +x2t+xyt+2xzt+y2t+2yzt+z2t+xyz = 0.
We have M % = M;°® = M;% = 1\/I6 M_ =M% =M;%=M;®=1and M;° = 2.
Thus, it follows from Lemma that C;%=2and

Ci°=C'=C=C°=C;°=C;°=C*=C,° =0.

Note that S_g has du Val singularities of type A or non-isolated ordinary double singu-
larities at the points of the set . We will see in Lemma [[12.1] that this gives D% = 0
for each P € ¥. Then [f~!(—6)] = 4 by (I.83)), which gives (©)) in Main Theorem.

Unlike what we just saw in Example [[L8.6] the numbers D3 in (L8.3) do not always
vanish for every P € . Thus, we have to provide an algorithm how to compute them.
To do this, we should choose a suitable birational morphism 7 in ([.4.2)).

1.9. Blowing up fixed singular points. We can (partially) resolve all fixed singular
points of the surfaces in the pencil S by consecutive blow ups of P? in finitely many points.
This gives a birational map a: U — P3 such that the proper transform of the pencil S
on the threefold U does not have fixed singular points. Let S be the proper transform of
the pencil S on the threefold U. Then we can (uniquely) choose a such that S~ —Ky.

Remark 1.9.1. By construction, for every point P in the base locus of tAhe pencil S , there
exists a surface in S that is smooth at P. Note that a general surface in S is not necessarily
smooth. However in most of the cases it is smooth. In the remaining cases, it has du Val
singular points of type A by [Ko97, Theorem 4.4].

Denote by 6’1, ey @ proper transforms of the curves (i, ..., C, on the threefold U,
respectively. Then these curves are contained in the base locus of the pencil S. However,
the pencil S always has other base curves. Denote them by ér“, .. 6'5, where s > 7.
A posteriori, all base curves of the pencil . S are smooth rational curves.

For any two distinct surfaces S \, and S \, 10 the pencil S we have

(1.9.2) Sy, - O = Z m,C;
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for some positive numbers my,... . Since general surfaces in § are smooth at general
points of the curves Cl, .. Cs, we can resolve the base locus of the pencil S by
m; +mo+ms—+---+ Img
consecutive blow ups of smooth rational curves (cf. Remarks2Z.T.5 and [0.1.4)). This gives

a birational morphism 3: V' — U such that there exists a commutative diagram

V/

| P

P3- - - - ~ P!
¢

where g’ is a morphism whose general fibers are smooth K3 surfaces.

By construction, the threefold V' is smooth, and the anticanonical divisor — Ky is
rationally equivalent to a scheme fiber of the fibration g’. This immediately implies
that there exists a composition of flops n: V' --» V'’ that makes the following diagram
commutative:

Hence, in the following, we will always assume that V =V’ . 1 =aof, n=1d and g’ = g.
This gives us the commutative diagram

(1.9.3) O VR
[ - g f
Pd P

¢

Let k = rkPic(U) — 1. For simplicity, we assume that B(FE;),...,5(FE) are exceptional
surfaces of the morphism «, while the surfaces Ej.1,..., E, are contracted by (.

1.10. Counting multiplicities. Let us show how to exphcltly compute D} in (L83

for every point P € . To do this, we denote by El, .. Ek the proper transforms of the
surfaces E1, ..., E} on the threefold U, respectively. For every A € CU {0}, we let

k
(1.10.1) Dy=58\+)Y a'E;.

1=1
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Then Dy ~ —Ky, and the numbers a}, ..., a} are uniquely determined by this rational
equivalence. Furthermore, we have D), € S by construction.

Lemma 1.10.2. Let P be a point in the set . If multp(S)) = 2, then
af‘ =0
for every i € {1,...,k} such that a(E;) = P.
Proof. Straightforward. O

For every fixed singular point P € ¥, we let

(1.10.3) A} =|the number of indices i € {1,...,k} such that a} > 0 and o(E;) = P|.

Then the assertion of Lemma [I.10.2] can be restates as follows.
Corollary 1.10.4. If multp(Sy) = 2 for P € 3, then A} = 0.
For every A € CU{oo} and every a € {r +1,...,s}, we let

(1.10.5) C} = [the number of indices i € {1,...,n} such that a} > 0 and B(E;) = Cul.

For every A\ and every a € {1,...,s}, we let
(1.10.6) M = multg (D).
Lemma 1.10.7. Fix A € CU{oo} and a € {1,...,s}. Then

\ 0if M) =1,
m, — 1 if M} > 2.

a

Proof. See the proof of Lemma [[.8.5 O
On the other hand, it follows from (L5.2) that

s

(1.108) = D] +> O =[]+ YAy Yo

pPex i=1

Comparing the formulas (L83) and (LI0.8), we obtain the formula for the defect

(1.10.9) Dy=Ar+ > C}

i=r+1

a(Ci)=P
for every point P € ¥. Similarly, using (LI0.8) and Lemma [[.T07, we get
Corollary 1.10.10. If M} = 1 for every i € {1,...,s}, then [f~}(\)] = [D,].

Let us show how to apply this handy result.
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Example 1.10.11. Suppose that X = P! x S3, where S3 is a smooth cubic surface in P3.
This is the family Ne8.1 in [[P99]. One of its mirror partner is given by the Minkowski
polynomial Ne768, which is the Laurent polynomial

1 3 3z 22 3 1 3y y?

—++ 4 +—+ +32+ +—+3 +
y= oy oy y

Then the corresponding quartic pencil S is given by
3w + 3twz + 3270t + 2?2y + 2o+ 3tPay + 3222y + P2y + 3yPat + 3ytxz + yir = Iy,

and it has 6 base curves: Ci = Ly 1y, Co = Lz 2y, C3 = Ligy s Co = Ly 23
Cs = Ly g1y, and Cg is the singular cubic curve t = zyz + Y3+ 3y%z + 3yt + 23 = 0.
Suppose that A # co. Then

Sy S0 = 201 4 205 + 3C5 + 3C, 4 3C5 + C,

and the surface S is irreducible. Moreover, if A # —4 and A # —8, then the singularities
of the surface Sy are du Val, so that [f~!()\)] = 1 by Corollary[L5.4l However, the singular
locus of the surface S_4 consists of the point P,y 1,1,4-1 and the line x —t =y + 2+t = 0.
Similarly, the singular locus of the surface S_g consists of the point P,y 43,1z} and the
line x+t =y+2z-+t = 0. Thus, we cannot apply Corollary [[.5.4 when A = —4 or A = —8.
Nevertheless, we have [f~*(—4)] = 1 and [f~'(—8)] = 1. To show this, observe that

X = {P{y}v{z}v{t}’ P{x}v{t},{y,z}}-

Moreover, if A # —4 and X\ # —8, then Py, (.1 1+ is a singular point of the surface Sy
of type Ay, and the point Py (11,442} 1S a singular point of the surface Sy of type As.
The birational morphism a: U — P3 can be decomposed as follows:

a3

Us

/ | \
U
\\Pg /

Here oy is the blow up of the point Py (.} (1}, the morphism a; is the blow up of the
preimage of the point P,y (4},4y,2), the morphism a3 is the blow up of a point in ay-
exceptional sgrface, and ay is the blow up of a point in as-exceptional surAfaceA. We may
assume that Ej is ay-exceptional surface. Likewise, we may assume that E, Fy, and Fj
are proper transforms on U of the exceptional surfaces of the morphisms oy, as, and as,
respectively. Then

U.

/\

:§ —|—E\1N§)\N—KU
One can _show that Eg, E3, and E4 do not contain base curves of the pencil 8 and the
surface E1 contains two base curves of the pencil S. They are cut out on E1 by the
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proper transforms on U of the planes Hy,y and Hy,y. Let us denote them by C'7 and Cg,
respectively. Then S » and S + E1 generate the pencil S and

S, - (Soo + El) =20, + 20, +3C5 +3C, +3Cs + Cs + 20, + 2Cs.

Note that M} = My = M3 = M} = M2 = My = M2 = M} = 1 for every A € C.
Therefore, using Corollary [LT0.I0, we conclude that [f~1(\)] = 1 for every A € C. Thus,
we see that in Main Theorem holds in this case, since h?(X) = 0.

1.11. Extra notation. In Example[[.TO.T1] we explicitly decomposed the birational mor-
phism « in (93] as a composition of blow ups. To verify in Main Theorem, we have
to do the same many times. To save space, let us introduce common notations that will
be used in all these decompositions.

Recall that « is a composition of £ > 1 blow ups of points. Suppose that we have the
following commutative diagram:

as ay

Us Us;

a2

Ua
Ul\\ /
P3 U

«

where a < k, each «; is a blow up of a point, and «y is a (possibly biregular) birational
morphism. Then we denote the exceptional divisor of o; by E;. Moreover, for every j > 1,
we denote by E! the proper transform of the divisor E; on U;. Furthermore, we will

always assume that the proper transform of the surface E; on U is the divisor EZ

For every A € CU{oo} and i < a, we denote by S% the proper transform of the quartic
surface Sy on the threefold U;. Similarly, we denote by S* the proper transform on U; of
the pencil S, and we denote by D} the divisor in the pencil S? that contains the surface S .
Then D5 is just the image of the divisor lA)A on the threefold U;.

We denote by C4, ..., C the proper transforms on U; of the curves C1, ..., C,, respec-
tively. Similarly, if the surface E; contains a base curve of the pencil S?, then we denote
this curve by C]’: for an appropriate 7 > r. We will always assume that its proper transform

on the threefold U is the base curve @-, which we introduced earlier.

1.12. Good double points. As we already saw in Example [[8.0], in some cases all
defects D7 in (L8.3) vanish, so that we do not need to blow up P? to compute [f=}(\)].
A handy observation is that

D} =0
for P € ¥ if the rank of the quadratic form of the (local) defining equation of the quartic
surface Sy at the point P is at least 2. We will call such points good double points. This
unifies du Val singular points of type A and non-isolated ordinary double points.
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Lemma 1.12.1. Let P be a fixed singular point in ¥. Suppose that P is a good double
point of the surface Sy. Then D} = 0.

Proof. By Corollary [L10.4, we have Ap = 0. Therefore, it follows from (LI0.9) that we
have to show that C} = 0 for every j > r such that a(C ) = P. Let E; be a-exceptional

surface such that a(EZ) = P, and let C'] be a base curve of the pencil S that is contained
in F;. By Lemma [LT0.7 it is enough to show that

M} = multg (Dy) = 1.

To do this, we may assume that a: U — P3 is the blow up of the point P, and EZ is the
exceptional divisor of this blow up. Then the restriction D, B, 1S a union of two distinct

lines in EZ =~ P2, In particular, the surface lA))\ =3 \ is smooth at general points of any of
these lines and the assertion follows. O

Corollary 1.12.2. Suppose that every fixed singular point of the pencil § is a good
double point of the surface Sy. Then

('] =[S\ + icj.

Let us show how to apply this corollary in one simple example.

Example 1.12.3. Suppose that X is contained in the family Ne3.11 in [IP99]. Then
its mirror partner is given by the Minkowski polynomial Ne1518, which is the Laurent
polynomial
Y y 1 1 Y 1
a:+y+z+ +2444. 2070 ot —
y T xy oz y Tz oy
Thus, the pencil S is given by the equation

xy22 + :Ezyz + :)sy2,z +x2t+ yth + yzzt + 222 + zyzt +xzt? + yzt2 + y2t2 + 283 = Aryzt,

and its base locus consists of the lines L{x},{t}7 L{y}7{z}, L{y}7{t}, L{Z},{t}7 L{x},{zi}, L{y}v{%t},
L{y}{Z’t}, L{Z}{x’t}, L{t},{%y,z}, and the conic {SL’ = y2+yz+zt = 0}. If A\ # —2 and \ # oo,
then the surface Sy has at most du Val singularities, so that [f~*(\)] = 1 by Corollary [.5.4]
On the other hand, we have S_, = Hy, 44 +S, where S is an irreducible cubic surface that
is given by xyz + y2? + 2%t + 2t* + y*2 + y*t + yzt = 0. Note also that S_, is smooth at
general point of every base curve of the pencil S. Thus, it follows from (L8.3)) that

[f(-2)] =2+ D%

Furthermore the set 3 consists of the pOlIltS P{y} {z},{t}> P{x} {z}, {t}, P{x} {y}{t}> P{x} {t}{y,2}>
and Py (2} {21}, and the quadratic terms of the Taylor expansions of the surface S_, at
these points can be described as follows:

Py 121,400 quadratic term yz;
Piay 23,10 quadratic term (x +t)(z + 1);
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Py (w100 quadratic term (z +t)(y +t);
Py qiy.4w,-y: quadratic term z(z 4+ ¢);
P{y}{z},{x,t}I quadratic term z(g; + t)_

By Corollary [LTZ.2, we have D? = 0 for every P € %, so that [f~}(—2)] = 2. Thus, we
see that () in Main Theorem holds in this case, since h%?(X) = 1.

1.13. Curves on singular quartic surfaces. We will prove in Main Theorem by
computing the intersections form of the curves C', ..., C, on a general surface in the pen-
cil 8. To do this, let k = C()), let Sy be the quartic surface in P that is given by (L4,

and let v: Sy — Sk be the minimal resolution of singularities of the surface S.

Lemma 1.13.1. Suppose that ) is a general element of C. Then the surface S is singular,
and it has du Val singularities. Let M be the r x r matrix with entries M;; € Q that are
given by M;; = C; - C;, where C; - Cj is the intersection of the curves C; and C; on the
surface Sy. Then the right hand side of ([{)) is equal to

22 — 1k Pic(Sk) + rk Pic(S) — rk(M).

Proof. Let F be a general fiber of the morphism f. Then H?(F,R) = Z* since F is a
smooth K3 surface. This easily implies the required assertion. O

Thus, to verify (] in Main Theorem, it is enough to show that
(%) rk Pic(X) + rk(M) + rk Pic(Si) — rk Pic(Sy) = 20,

where M is the intersection matrix defined in Lemma [[L.I3.1l For basic properties of the
intersection of curves on surfaces with du Val singularities, see Appendix [Al
Let us show how to check (k] in one case.

Example 1.13.2. Suppose that X = P! x P2, This is the family Ne2.34 in [IP99]. One
of its mirror partners is given by the Minkowski polynomial Ne4, which is the Laurent
polynomial x +y + 2z + % + y—lz Then the pencil § is given by

xzyz + y2xz + zzaty + tzyz + Pz = Axyzt,

and its base locus consists of the curves Ly, 1y, Liay 12y, Lt gty Ligtgey, Lizyqey, and
Lty fa,y,2y- Suppose that A # oco. Then the singular points of the surface S\ contained
in one of these lines are P,y 1,1 ¢y and Py 42} (13, Which are singular points of type Ay,
the points Pyy (21,1615 Plyy. it} {a+2}> and Ppz) (13, {z+y}, Which are singular points of type A,,
and the point Py 11} {y+-}, Which is an isolated ordinary double point of the surface Sj.
In particular, we see that (7)) in Main Theorem holds by Corollary [L5.4l Resolving the
singularities of the quartic surface Sy, we also see that

rk Pic(gk) =1k Pic(Sk) + 15.

Thus, to verify (Fk]), we have to compute the rank of the intersection matrix of the lines
L{:c},{y}a L{x}7{z}, L{:c},{t}> L{y}7{t}, L{z},{t}> and L{t},{x,y,z} on the surface S)\. This matrix
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has the same rank as the intersection matrix of the curves L (1, Lz 421, and Hy, since

Liay qyy + Liay 42y + 2Ly 1y ~ Liay fyy + 3Lqyyer ~
~ Ligy {23 + 3Ly 00 ~ Loy + Lo + Lisvin + L gow,zy ~ Ha
These rational equivalences follow from
Hiay - Sx = Liay {yy + Liwy(2) + 201400
Hiyy - Sx = Liay 1y + 3L4gyy.40
Hzy - Sx = Liay =3 + 3Ly 10y,
Hyy - 53 = Liay i + Lyt + Lisyin + Lin ez

On the other hand, using Propositions [A.1.2] and [A. 1.3l we see that the intersection form
of the curves Ly} 1y, Lia},1-y and H) on the surface S) is given by

. Loy qyy | Liay =y | H
Ly | —% 1 1
Ly | 1 - |1

, 1 1 4

This matrix has rank 3, so that (3]) holds in this case.

1.14. Scheme of the proof. In the remaining part of the paper, we prove and (O]
in Main Theorem for every deformation family of smooth Fano threefolds similar to what
we did in Examples [L71] [L8.6] [LI0.1T], [I12.3 and L1321 We will do this case by case
reserving one subsection per deformation family. For convenience, we align the number of
the family in [IP99] with the corresponding subsection’s number, and we group families
with the same Picard rank in one section. For example, Subsection [4.1] contains the proof
of Main Theorem for the family Ne4.1 in [IP99], which consists of smooth divisors of
multidegree (1,1,1,1) on P! x P! x P! x PL.

In every case when — Ky is very ample, we proceed as follows. First, we choose an
appropriate toric Landau—Ginzburg model for the threefold X such that (4.2 exists for
some pencil S, which is given by the equation (LZ1]). Second, we describe the base locus
of this pencil. Third, we describe the singularities of every surface Sy in the pencil S that
are contained in the base locus of this pencil. This also gives us explicit construction of
the birational map « in (L.9.3]), which can be used to describe the minimal resolution of
singularities v: Sy — Sk. Using it, we compute rk Pic(Sk) — rk Pic(Sk), and verify (k]
using intersection theory on Sy for general A € C. To do this more efficiently, we use basic
results about intersection of curves on singular surfaces, which we present in Appendix [Al

If singular points of the surface S contained in the base locus of the pencil S are all
du Val for every A # oo, then we apply Corollary [L5.4] to deduce in Main Theorem.
Similarly, if every fixed singular point is a good double point of every non-du Val surface S)
in the pencil S, then we can apply Corollary [LT2.2 together with Lemma[[.85 to compute
the right hand side of () in Main Theorem.
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If the pencil S contains a non-du Val quartic surface S that has bad singularity at some
fixed singular point P € X, then we can compute the number of irreducible components
of the fiber f~1(\) using (I.8.3). This gives us

'] =[S +>_C+> Dy
i=1 Pes
Here, the term [S)] is easy to compute. Likewise, the second term in this formula can
be computed using Lemma Therefore, for every fixed singular point P € X that is
neither du Val nor a good double point of the surface Sy, we must compute its defect D}.
To compute the defect D, we describe the birational morphism a: U — P? in (LO.3).
This can be done locally in a neighborhood of the point P. Then we describe the divisor

k
By=5+ Y aF
i=1
in (LIOJ). In many cases, we can use Lemma to show that some (or all) of the
numbers a3, ..., a;} vanish. But it is not hard to compute them in general.

Then we describe the base curves of the pencil S , and compute the intersection mul-
tiplicities my, ..., m, in (L9.2), and the multiplicities My, ..., M? in (LI0.6). For the
proper transforms of the base curves of the pencil &, these computations should have
been already done at the previous steps. For the remaining base curves of the pencil S,
we can compute these numbers locally near every point in . For each such point P € ¥,
we can compute its defect D} arguing as in Subsection [[LT0. If the surface Sy has du Val
singularity or non-isolated ordinary double singularity at P, we can use Lemma [[.12.1] to
deduce that its defect D vanishes. This allows us to skip many local computations.

Finally, we use (L83) to compute [f~!(\)] for every A # oo. This gives in Main
Theorem and completes the proof of Main Theorem in the case when — K x is very ample.

Example 1.14.1. Suppose that the threefold X is contained in the family Ne3.6 in [IP99].
Then X can be obtained by blowing up P? at a disjoint union of a line and a smooth
elliptic curve of degree 4, so that h?(X) = 1. A toric Landau-Ginzburg model of the
threefold X is given by the Minkowski polynomial Ne1899, which is

r 1 z 1 1 2 3 yz y 3y vy
Thz+ =+ —F oIy
z vy T Yy z Yy x T zZ T X
Then the corresponding pencil S is given by
Pryztaat? fry 4 atyt+ 2t 4y Pt oyt 42yt e+ 3y ot Fyt Pyt 3y ety = Awy et
Suppose that A # oo. Let C be the conic z = yz + (y +t)? = 0. Then
Hizy - S\ = Ligy oy + Loy gy + 6
Hyyy S = Ligy ey + 2L a0 + Ly (e
(1.14.2)
Hizy S0 = Liay oy + Ligh 2 + Liep i + Lish oy
Hyy - Sy = Ligy o + Lzt + Loy + Ly ooy
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Let S be an irreducible cubic surface that given by zt? 4 2yzt + xyt +yz> + xyz +y?z = 0.
Then S_3 = Hyyyyny +S. If A # —3, then S}, is irreducible, and its singularities contained
in the base locus of the pencil S can be described as follows:
Py 21,10 type Ay with quadratic term y(z + t);
Py hqe: type Az with quadratic term y(z + y + t);
Py 234wty type Ay with quadratic term z(z 4+ y +t — 32 — Az2);
Pyp o34 type Ay with quadratic term 4zy — (x4 ¢)(y + 2) — y* + \yz;
Py iy 4o,23: type Ay with quadratic term 2yt — % — (x + 2)y — y* + Aty;
Py iy qe gyt type Ap with quadratic term

tx+y+t—32z—Az2)
for A # —4, and type A3 for A = —4.
These are the fixed singular points of the pencil §. All of them are good double points of

the surface S_3. Now using Corollaries [L5.4land [LT2.2, we obtain (7) in Main Theorem.

To verify (k]), we observe that rk Pic(Sk) = rk Pic(Sk) + 11. Now we must compute the
rank of the intersection matrix M in Lemma [[T3.1l We may assume that \ ¢ {—4, —3}.
Using (I.I4.2), we see that M has the same rank as the intersection matrix of the curves

Ly oy Liadtwtr> Ligr ey Ly gotys Lt fowtds L} {a,y,2 and Hy, which is given by

° Ligy oy | Liatwty | Liwd ey | Lttty | Lz dawty | Lty fay,2y | Ha

Lisptsy | —3 2 1 0 1 0 )
Liviwny || 3 -z 0 L 1 0 h
Lig). () 1 0 _& 1 ! 0 :
L} taty 0 3 1 1 1 0 |
L an |3 5 L ! 1 1 )
Linyfoyer || O 0 0 0 L s )
H) 1 1 1 1 A

It has rank 6, so that holds, which gives in Main Theorem by Lemma [.13.1]

In the remaining part of this paper, we will always use notations of this section except
for 5 families of smooth Fano threefolds whose anticanonical divisors are not very ample.
These are the families Ne2.1, 2.2, 2.3, 9.1, and 10.1 in [IP99]. We will deal with them
in Subsections 2.1, 2.2 2.3, O.1], and IOl respectively. The proof of Main Theorem in
these cases is similar to the case when —Kx is very ample. For instance, if X = P! x Sy,
where S is a smooth del Pezzo surface of degree 1, the commutative diagram ([.4.1]) also
exists. But now by [Przl7, Proposition 29] the pencil S is given by

2y = (\yz —y? — 22)(at — x2 — t7),

where A € C U {oc}. In this case, which is the family Ne9.1, we still can apply all steps
described above to prove Main Theorem.
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2. FANO THREEFOLDS OF PICARD RANK 2

2.1. Family Ne2.1. In this case, the threefold X can be obtained as a blow up of a smooth

sextic hypersurface in P(1,1,1,2,3) along a smooth elliptic curve. This implies that

h12?(X) = 22. Note that —Kx is not very ample. Because of this, there exists no Laurent

polynomial with reflexive Newton polytope that gives the toric Landau-Ginzburg model

of this deformation family. However, there are Laurent polynomials with non-reflexive

Newton polytopes that give the commutative diagram (4). One of them is
(r+s+15t+1)5 1

+ -,
rs? t

which we also denote by p.
Let v: C? -—» C* x C* x C* be a birational transformation that is given by the change
of coordinates

( 1 1 1
r=——— —
b b
1
S _—
b2c’
1
t=—>—1
\ Yy
Arguing as in Subsection [[L9, we can expand () to the commutative diagram
(2.1.1) P2xPl<—C3----1-C'xC"xC*—>Y s Z
|
7 |
/ ‘
VvV I ¢ q p w f
\
\ ¢
IP;I <—)C1 Cl Cl(_>_ ]P>1

where q is a surjective morphism, 7 is a birational morphism, the threefold V' is smooth,
the map g is a surjective morphism such that —Ky ~ g=!(c0), and ¢ is a rational map
that is given by the pencil

(2.1.2) z(z +y)c* = y((m+y))\+y> (abc— b — a3>,

where ([z:y],[a:b:c]) is a point in P! x P? and A € CU {oo}.

The commutative diagram (ZI1.1]) is similar to the commutative diagram ([.4.2]) pre-
sented in Subsection [[4l Like in (L42), there exists a composition of flops x: V --» Z
that makes the following diagram commuting:
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So, to prove Main Theorem in this case, we will follow the scheme described in Section [Il
Moreover, we will use the same assumptions and notation as in the case when —Ky is
very ample. The only difference is that P? is now replaced by P x P2. For instance, we
denote by S the pencil (Z1.2), and we denote by Sy the surface in S given by (212,
where A € CU {oo}. Likewise, we extend handy notation in Subsection to bilinear
sections of P! x P2. Note that the curve H, is not defined in this case.

Let S be the surface in P! x P? given by abc — b*>c — a® = 0. Then S is irreducible and

Soo = H{y} + H{x7y} +S.

Let S be the surface in P! xP? that is given by the equation zc3+yc3 —yabe+yb*c+ya® = 0.
Then S is irreducible and S_; = Hy,y +S. These are all reducible surfaces in S.
To describe the base locus of the pencil S, we observe that
H{:c,y} : S—l = C17
(2.1.3) Hpyy - S0 = 3Ly o)
S- S_l = Cl + CQ + 9L{a}7{c},

where C; is the curve in P! x P? that is given by x +y = abc — b*c — a® = 0, and C is the
curve in P! x P? that is given by x = abc — b?c — a® = 0. Thus, we have

S_1 S =2C1 + Co + 3Ly (v +IL1ay 1e}

so that the base locus of the pencil S consists of the curves Ci, Ca, Lyyy e}, and Lyay fc}-

To match the notation used in Subsection [L.8, we let C; = Cy, Cy = Ca, C5 = Ly (e}
and Cq = L4y 4¢3- Then my =2, my = 2, m3 = 3, and my = 9.

Observe that Sy is singular along the curve Ly (3. Moreover, if A & {0, —1, 00}, then
the surface S\ has isolated singularities. In this case the singular points of the surface S
contained in the base locus of the pencil S are du Val and can be described as follows:

Py} fad eyt type As;
A+1:=A x[0:1:0]: type Ag.
Applying Corollary [I.5.4] we obtain the following.

Corollary 2.1.4. The fiber f=*()\) is irreducible for every A & {0, —1, 00}.
Observe that the point Py} 1a},1cp is the only fixed singular point of the pencil S.

Remark 2.1.5. The base curve C is singular at the point P,y ()41 Similarly, the base
curve (s is singular at the point Py (a},(53- Thus, in the notation of Subsection [I.9, both

curves C} and C; are singular. This implies that the threefold V' in ([Z1.1]) is singular:
it has isolated ordinary double points. But this is not important for the proof of Main
Theorem in this case, because these singular points are contained in the fiber g=!(c0).
Note that we can resolve them by composing the birational morphism 7 in ([Z.1.1]) with
small resolution of these double points. However, the resulting smooth threefold would
not be projective (cf. the proof of [Prz17, Proposition 29]).

First, let us prove in Main Theorem. By Lemma [[.T3.1] it follows from
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Lemma 2.1.6. The equality (F]) holds.

Proof. Suppose that A & {0, —1,00}. Let H) be the intersection of the surface S, with a
general surface in P! x P? of bi-degree (0,1). Then it follows from (Z.I.3) that

Ci+Cy +9Cy ~ H)

and C; ~ Cy ~ 3C3 on the surface Sy. Thus, the intersection matrix of the curves Cf,
Cs, C3, C4 on the surface S, has the same rank as the intersection matrix

C Hy-Cy\ (01
¢, H2 )=\12)
One the other hand, we have rk Pic(Sy) = rk Pic(Sy)+16. This shows that (F]) holds. [

In the remaining part of this subsection, we will show that (O)) in Main Theorem also
holds in this case. To do this, we have to compute [f~'(—1)] and [f~1(0)]. We start with

Lemma 2.1.7. One has [f7}(—1)] = 2.

Proof. As we already mentioned, the point P 4),¢c} is the only fixed singular point of
the pencil §. The surface S_; has a du Val singularity of type Ag at it. Since

M;'=M;'=M;'=M;"' =1,
we use Corollary [L12.2 to deduce that [f~1(—1)] = [S_4] = 2. O

To compute [f~1(0)], observe that M? = 1, M9 = 1, M3 = 2, and MY = 1. Thus, it
follows from (L83)) and Lemma that

-1 . 0
(2.1.8) (O] =3+Dr, o

where DY
Pryy {a) {c}

The defect D(I)D{y},{a},{c} can be computed locally near the point Py (a1 (3. The recipe how
to compute it is given in Subsection [LI0l Let us use it.
Suppose that A # oco. Consider a local chart x = b = 1. Then the surface Sy in this

chart is given by
—Aye +o(¢ + Aya = Ay — %) +y(¢® — Aa® + Ayac + yac) — (A + 1)(y*a’) = 0.

Let oy : Uy — P x P? be the blow up of the point P a3,4c3. A chart of the blow up o is
given by the coordinate change a; = a, y, = ¥, and ¢; = £. In this chart, the surface D;
is given by the equation

—Myicr + Ayiai(cr — ar) + ayer (2 — My? —y2) +yiai (A + 1) (e; — ay) + alciy, = 0.

is the defect of the singular point Py} 14},c} defined in Subsection [I.8l

where a; = 0 defines the exceptional surface E;. Then E; contains two base curves of the
pencil S'. One of them given by a; = y; = 0, and another one is given by a; = ¢; = 0.
Denote the former curve by Ci, and denote the latter curve by Cg.

If A # 0, then the point (ay,y1,c1) = (0,0, 0) is the only singular point of the surface D}
that is contained in E;. Let as: Uy — U; be the blow up of this point. A chart of the
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blow up s is given by the coordinate change ay = a1, yo = L, ¢y = Z—i Let 9o = yo,

as = ag, and ¢y = ag + co. Then D3 is given by "
— Mol + Malin (62 — a2)+
+ a3 (e — a3 + 303, — 363 — AjBes — 932 ) +
+ (A +1)g3a5 (2 — az) + aza(és — d2)3 =0,

and E, is given by a; = 0. Then E, contains two base curves of the pencil S2. One of
them given by as = 9o = 0, and another one is given by ay = ¢, = 0. Denote the former
curve by C?, and denote the latter curve by Cz.
If A # 0, then (ag, a2, ) = (0,0,0) is the only singular point of the surface D} that
is contained in E,. Let as: Us — Uz be the blow up of this point. A chart of thls blow
g2

up is given by the coordinate change az = as, 93 = o 3 = 22 Let y3 = 93, ag = as,

¢3 = az+¢3. Denote by Ey the exceptional surface of the blow up . Then D3 is given by

— \Jj3Cs + Aa3¥sCs — @5 — Asaz + 3a3(cs — az) — 3a3(cs — CL3) +
+az <E§ — @3 + 3a5C3 — 30305 — AJ3C3 — ??353) + Ysasz (Aﬂs@ + J3Cs — @3 — Aljads — Y3tz )+
+ 37j3a5(C3 — as) — 3ysas(Cs — as)” + ysas(cs — @3)3 =0,
and Ej is given by a3 = 0. Then Ej contains two base curves of the pencil S3. One of
them given by a3 = y3 = 0, and another one is given by az = ¢3 = 0. Denote the former

curve by Cj, and denote the latter curve by C3,.
There exists a commutative diagram

a3

Uz

v N
xps/

where ay be the blow up of the point (as, s, c3) = (0,0,0). Note that E4 contains two
base _curves of the pencil S Denote them by 011 and C’12 Then C’l, 02, Cg, 04, 05, Oﬁ,
C’7, Cg, C’g, C'lo, CH, and C, are all base curves of the pencil 8 because

Sy, - Sy, = 2C1 + Cy + 3C5 4+ 9C + Cs + 7C + 2C;7 + 5Cs + 3Cy + 3C10 + Chy + Cha

Uy

for two general A\; and Ay in C. This also shows that m5 =1, mg =7, m; = 2, mg = 5,
mg — 3, mig — 3, mi; — 1, and mio — 1.

Let us compute the term Ap . . in (LI09). We have 50 = §0+E1 +2E2+3E3+E4.
This gives A, = 4. Note also that M3 = 1, Mg = 2, M7 = 2, Mg = 3, Mg = 3,
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MY, =3, MY, =1, MY, = 1. Thus, it follows from (L.I0.9) that
12
D) =4+) C,
i=1

where C? is the number defined in (LI0.5). By Lemma [L10.7, we have

- {OifM?:L

o my — 1M > 2.
Therefore, we have D% = 19. Now using (28], we deduce that [f~!(0)] = 22. Keeping
in mind that A?(X) = 22 and [f~'(—1)] = 2, we see that (¥)) in Main Theorem holds.

2.2. Family Ne2.2. In this case, the threefold X is a double cover of P! x P? ramified
in a surface of bidegree (2,4). This implies that h1?(X) = 20. As in the previous case,
the divisor — K x is not very ample, and there are no toric Landau—Ginzburg models with
reflexive Newton polytope in this case. However, we can find a Laurent polynomial p with
non-reflexive Newton polytope that gives the commutative diagram (). For instance,
we can choose p to be the Laurent polynomial

(a+b+c+1)2+ (a+b+c+1)*
a be '

Let v: C? -—» C* x C* x C* be a birational transformation that is given by the change

of coordinates
a=xy,

b=yz,
c=z—xy—yz— 1.

By [Prz17, Proposition 16], we can expand (B4) to the commutative diagram

(2.2.1) PP - - - - 1o X O x Y 7
|
m |
/ |
Vv :qﬁ q P w f
\ !
Pl <_)@1 (Cl Clgpl

where q is a surjective morphism, 7 is a birational morphism, the threefold V' is smooth,
the map g is a surjective morphism such that —Ky ~ g7!(c0), and ¢ is a rational map
that is given by a pencil of quartic surfaces S given by

(2.2.2) 2% = (2t —ay —yz — t*) Ay — 22),

where A € CU{oo}. Note that a general fiber of the morphism g is a smooth K3 surface.
Thus, a general surface in the pencil (Z1.2)) has at most du Val singularities.

The diagram (Z2.7]) is very similar to the diagram ([LZ2]) presented in Subsection [[.41
The only difference is that the pencil S is now given by the equation (2.1.2]). Because of
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this, we will follow the scheme described in Section [I, and we will use the assumptions
and the notation introduced in this section.
As in Section [I, we denote by Sy the surface in S given by (2.2.2)). Then

Soo = Higy + Hyyy +Q,
where Q is the quadric in P? given by 2t — 2y — yz — t> = 0. If X\ # oo, then
Hay - Sx = 2Ly 2y + G,

(2.2.3) Hyyy - Sx = 2Lgyy 42 + Co,
Q-5 =C +3Cs,

where C;, Cs, and Cs are conics in IP? that are given by the equations © = 2zt —yz —t> = 0,
y=u1xz— 2t +t* =0, and z = xy — t* = 0, respectively. It follows from (223) that the
base locus of the pencil S consists of the curves L,y .1, Ly 423, C1, C2, and Cs.

We already know that the surface S, is reducible. The surface Sy is also reducible. In
fact, it is not reduced. Indeed, we have Sy = 2H .} + Q, where Q is a quadric surface that
is given by 2 — yz + 2t —t2 — 2y = 0. On the other hand, if A # oo and X # 0, then the
surface S has isolated singularities, which implies that it is irreducible.

If A # oo and A # 0, then the singular points of the surface S\ contained in the base
locus of the pencil & can be described as follows:

Ppy 1423 type Ay with quadratic term Azy — 2%;
Ppay 1,411 type Ag (see the proof of Lemma 2.2.7);
Py 140+ type Eg (see the proof of Lemma 2.2.8).

If A # 0 and A\ # oo, then the intersection matrix of the curves Ly} 121, Ly} 215 Ci,
Cy, and C3 on the surface Sy has the same rank as the intersection matrix of the curves
Lizy 2y, Liyy (=}, and H), because

1 3
H, ~ 2L{x}7{z} +Cy ~ 2L{y}7{z} + Gy ~Q §C1 + 563

on the surface Sy. This follows from (2.2.3). On the other hand, we have

Lemma 2.2.4. Suppose that A # 0 and A # oo. Then the intersection matrix of the
curves Lyay 12y, Liyy,2}, and Hy on the surface S) is given by

. Liay ey | Ligytey | Ha
Ly | 1 3 1
Ly || 3 -5 |1

H, 1 1 4

Proof. The equalities Hf =4 and Hy - Ly, 1.y = Hy - Ly -y = 1 are obvious. Note that
Hzy - Sy = Liay (2 + Ly 2 + G
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Thus, on the surface Sy, we have
1
Hy ~ Ligy e + Ly a1 + G ~a Liay e + Lyt + 3 (QHA - Cl) ~Q

1 5 1
~o Liah (s + Ly iy + 3 (HA + 2L{m},{z}) ~o 5 liay e + Ly + 5

so that Ly ) ~o %H,\ — gL{yL{Z}. Therefore, to complete the proof of the lemma, it is
enough to compute the numbers L%y},{z} and Ly 1 Liay {2}
Observe that Py 121,41 and Py} (43,2} are the only singular points of the surface Sy con-
tained in the line L,y 1.3. So, using Proposition[A13] we get L%y},{z} =—24+3+1=—-1
Since L{y}{z} N L{:c},{z} = P{m}’{y}{z}, PI‘OpOSitiOH m gives L{y}{z} : L{:c},{z} = % L]

The matrix in Lemma 2.2.4] has rank 2. Moreover, it follows from the proofs of Lem-
mas 2.2.7 and [Z2.8 below that rk Pic(Sk) = rk Pic(Sk) 4 16. Thus, we see that (Fk]) holds.
Therefore, by Lemma [[LT31] we see that () in Main Theorem also holds.

To prove () in Main Theorem, we observe that [f~*(\)] = 1 for every A & {0,000}
This follows from Lemma [[.5.4l Therefore, to verify () in Main Theorem, we have to
show that [f~1(0)] = 21. We will do this in the remaining part of this subsection.

To match the notation introduced in Subsection [L.8], we let C; = C;, Cy = Cs, C3 = Cs,
C4 = L{w},{z}a and C5 = L{y},{z}. Then m gives

S0+ Seo = 201 + Cy + 3C5 + 204 + 2C5,

so that m; = 2, my, = 1, m3 = 3, and my = m; = 2. Moreover, one has M? = M3 = 1
and M3 = M} = MY = 2. Then C? = CY =0, C§ = 2, and CY = C? = 1 by Lemmal[[.85l
Thus, using [Sy] = 2 and (L8.3)), we see that

—1 _ 0 0 0
(2.2.5) [ (0)] =6+ DP{z},{y},{z} + DP{z},{z},{t} + DP{y},{z},{t}’

where DY DY and DY
Py (w3423 7 Play 23,08 Pryy (21,46}

Piay 21.41> and Py 2y 41y, respectively. For precise definition of defects, see (L8.2).

0 _
Lemma 2.2.6. One has Dby iy =0

are defects of the singular points Ppay (43,2}

Proof. The required assertion follows from (LI0.9), because Py, (43,2} is a double point

of the surface Sy, and the quadratic term of the surface Sy at this point is \zy — 22. [

0 —
Lemma 2.2.7. One has Dpy iy = 10

Proof. In the chart y = 1, the surface S is given by the equation
Aoz + 2) — (22° + 2% + Aaat — at?) + 22 (w2 + 2t — 1) = 0,
where Py (23,1 = (0,0,0). We can rewrite this equation as
Ni2 4 (NG — AB2E 4+ 2% + 2052 — 3% — ) + (0 - 2)" (824 2 - @ — 3 — ) =0,

where =z, Z=x+ 2, and t = 1.
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Let o : U; — P23 be the blow up of the pomt P{m} {21} A chart of the blow up oy is

given by the coordinate change z; = %, =4t =t Let T = &1, Z = % + t1, and
t; = t;. Then S} is given by the equation

>\i’121+)\i’1£1(i’1—21+t_1) thl( 1—21—|—t1) _tl( 1—21+t1) —i’lﬁ(i’l—zl—Ft_l):S:O.

for every A # 0. If A = 0, this equation defines D} = S} + E;. By (LI03) and (LI09),
this contributes (I) to the defect DY Here and below we circle each contribution
for reader’s convenience.

Note that E; is given by ¢; = 0. This shows that E; contains two base curves of the
pencil S'. One of them is given by Z; = t; = 0, and another one is given by z; = t; = 0.
We denote the former curve by Cg, and we denote the latter curve by C2. Then S} + E;

is smooth at general point of the curve (g, so that this base curve does not give an extra
addition to the defect by Lemma [[10.7 and (LI0.9). On the other hand, we have

Prey (3.4}

multcy (S + Br) = MY = my = multy (S + B1) - 83) =2

where A # 0. By Lemma [LT0.7 and (LI09), the curve C} contributes (D) to the defect.
Let ay: Uy — U be the blow up of the point C} N C}. Then D = S2 + E? + 2Eo.

By (LI0.3) and (LI09), this contributes @) to DP{I}{ .

A chart of the blow up as is given by the coordinate change To = T = =t

Let &g = Ty, %3 = 25 + 3, and £y = f5. Then E, is given by #, = 0, and D3 is given by

Ao Zy + o( Aoty — Zofy + N5 — AdoZo) — a(fy + 22 (Zg — 2 + 1o)—
— 15(75%) — 3%ats + 205 — 27975 + 75 — 2doZoty + 2¥5ty + Bints)—
— 13(Zg — 2o + 1) (35 — 292y — 239ty + 5 + Bibgty + 73)—
— 3Foly (g — %y + 10)? — oty (Fo — 2 + 12)° = 0.
The pencil S? has two base curves contained in the surface E5. One of them is given

by the equation Ty = t3 = 0, and another one is given by the equation ¢, + Zo = ¢ = 0.
Denote the former curve by C%, and denote the latter curve by C3. Then

mult (5§ + Ef 4+ 2E;) = M = mg = mult ez ((502 + E} +2E,) - S/%) = 2,

where A # 0. Thus, this curve contributes (I) to the defect by Lemma [[.T0.7 and (LI0.9).
On the other hand, we have MJ = 3 and mg = 4, because S§ + E? + 2E, is given by

. . 3 s . . . 2
t;{@(@ Ny — 2+ 1) +t§<t§ 4 s — faZs + 22> (:@ Ny — 5+ 1) —0,

and S2 is given by @y(f3 + fody — £33 + %) = 0. Thus, by Lemma [LT0.7 and (LI0.9),
the curve C? contributes (3) to the defect DP{ e

Let az: Us — Uy be the blow up of the point C3 ﬂCg Then D = S§ + Ef 4+ 2E5 + E3.
By (LI0.3) and (LI0J), this contributes @) to DP{I}{ .
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A chart of the blow up a3 is given by the coordinate change &3 = %, Z3 = ;—2 t3 = t.

In this chart, the surface Es is given by #3 = 0, and the surface S3 is given by

()\1'3 - 753) (53 + 53) + )\fgi?,, — Afggzgzg - 253 — fggfg — Fzg + 3£§23 5t3:173
+ 2630523 — 355 + 6573 %3 —fggzg 61575 —fais + 315055 — 350355 +1355 + 315032, —31&3:53—

— U5 a5+ 6573 23— 3lad 5 25 + 6573 23— 3tods — 3503 55+ 3158 2y —tady — 3575 55 +157375 = 0.
for A # 0. If A = 0, then this equation defines D} = S§ + E? + 2E3 + E;.

The pencil 83 has two base curves contained in the surface Es. One of them is given by
the equation f3 = %3 = 0, and another one is given by the equation f3 = @5 = 0. Denote
the former curve by C%,, and denote the latter curve by C%. Then MY, = 2. Similarly, we
have myy = 3, because (in general point of the curve C3) the surface S§ +E?$ + 2E3 + E;
is given by

5:353 (53.’1’3 - 53273 + {3 + 1) + 53 (fgif‘g - 53273 + {3 + 23) = 0,
and S2_ is given by g3 — t3%3 + t3 + %3 = 0. Thus, the curve C3, contributes (2) to the
defect by Lemma [[.T0.7 and (LI0.9). On the other hand, we have MY, = 1. Thus, by
Lemma [L10.7 and (L10.9), the curve C3; does not contrlbute to the defect.

Let ay: Uy — Us be the blow up of the intersection point C3,NC5,. Then the birational
map «: U — P? in (L3.3) can be decomposed via the following commutative diagram:

a3

Uy Us
U 1 U4
p3 U

«

where v is a birational morphism that is an isomorphism along the exceptional locus of
the composition oy o ap 0 ag 0 ay.

The surface E, contains one base curve of the pencil §*. Denote this curve by C1,.
Simple computations imply that neither E4 nor the curve Cf, contribute to the defect.
Thus, summarizing, we see that DY Proy ioy0) = 10. O

Lemma 2.2.8. One has DY = 5.

Pryy 3.4y

Proof. Let us use the notation of the proof of Lemma [2.2.7. In a neighborhood of the
preimage of the point Py (.11 on the threefold Uy, we can identify the threefold Uy with
the chart of P3 that is given by x = 1. In this chart, the surface S} is given by

MNP+ 28+ 2Pt — g2 = Ayat + Myt + gt — g2t — 27 =0,
and (0,0,0) is the preimage of the point Py} 121 (4
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Let a5: Us — Uy be the blow up of the point (0,0,0). Then Dj = S§ + E5. By (LI0.3)

and (LI0.9), this contributes () to the defect D(}D{y} ot
A chart of the blow up as is given by the coordinate change y5 = ¥, z5 = %, t5 = .

In this chart, the surface DS is given by the equation
Ays(ts + ys) — Mtsyszs + ()\t5y§z5 — 222 —tsyszi + t5zg’) + 223 — t2yszd = 0.

We can rewrite this equation as

Aijsts + Afis 25 (5 — ts) — 25(05 — t5) (A2 + 23 — Zsts) + 25 (95 — 15)° — 9525 (5 — 15)” = 0,
where 95 = y5, 25 = 25, and ts = ys + t5. Then Ej is given by g5 = ts.

The surface E; contains one base curve of the pencil 8°. Denote it by C?;. Then C7,
is given by 95 = t5 = 0. One has M{; = 1. By Lemma [[LT0.7 and (LI0.9), the curve C7,
does not contribute to the defect of the singular point Py .1 11}

Let ag: Us — Us be the blow up of the point (s, 25, 75) = (0,0,0). Then

Dg = Sy + E2 + 2Eg.
Thus, by (LI03) and (LI0.9), this contributes (D) to the defect D%{y} i

One (local) chart of the blow up g is given by gs = g—g, 36 = 35, 1 = i—; Thus, if A #£ 0,
then S is given by the equation

Mjste+Z (Js—to) (Ms—26) +2ats (s —ts) — 25 (6 —t6) (AT — T 26+ Zste) —Js 26 (J6—1t6)” = 0.
The surface Eg is given by 25 = 0. It contains two base curves of the pencil S®. One of

them is given by s = %6 = 0, and another is given by #5 = 25 = 0. Denote the former one
by C%,, and denote the latter one by C%. If X # 0, then

multes (S5 + ES + 2Eg) = MY, = my; = multes, ((sg + E5 + 2Eq) - Sﬁ) =2.

Thus, the curve C?, contributes (I) to the defect by Lemma [[LT0.7land (LI0.9). Similarly,
we see that the curve Cf; contributes (D) to the defect of the singular point Ppyy .y ¢11-

Let a7: Uy — Ug be the blow up of the point C%, NCY%. Then D} = S§+El +2El + E;.
By (LI03) and (II0.9), this contributes () to the defect D(}g{y} .

One (local) chart of the blow up a5 is given by g7 = g—z, t; = Z:_z’ Zr = Zg If A # 0, then
the surface S is given by the equation

Zrtr — G2y + Mirtr + Aijrze (7 — t7) + 2267 (97 — £7)+

+ 2§ — t0)* — M2 (Gr — tr) — G223 (G — 11)* = 0.

The surface E; is given by 2; = 0. It contains two base curves of the pencil S7. One of
them is given by g7 = 2; = 0, and another is given by t; = Z; = 0. Denote the former one

by Cf, and denote the latter one by CJ;. Then MY = MY, = 1, so that C,; and Cf, do

not contribute anything to DOP{y} iy Dy Lemma 107 and (LIO9).
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Let ag: Ug — Ug be the blow up of the intersection point C7sNC}.. Then the birational
map a: U — P3 in (93] can be decomposed via the following commutative diagram:

(o2} as [e73]

U. 3 U 4 U 5 UG
U- 2 U?
U — P — U ———— U

where 0 is a birational morphism that is an isomorphism along the exceptional locus of
the composition as o ag o a7 o ag.

Arguing as above, we see that Eg does not contribute anything to the computation of
defect. Moreover, the surface Eg does not contain base curves of the pencil S%. Thus,

summarizing, we see that D%{z} iy =0 0

Using (2.2.5) and Lemmas 2.2.6, 2.2.7, and 2.2.8, we conclude that [f~1(0)] = 21, so
that (C) in Main Theorem holds in this case.

2.3. Family Ne2.3. In this case, the threefold X can be obtained from a smooth quartic
hypersurface in P(1,1,1,1,2) by blowing up a smooth elliptic curve. In particular, we
have h1?(X) = 11. Let p be the Laurent polynomial
(a+b+1D)*c+1)
abc

+c+ 1.

Then p gives the commutative diagram (X)) by [Prz17, Proposition 16].
Let v: C? --» C* x C* x C* be a birational transformation that is given by the change
of coordinates

a=—xz,
b=x+xz—1,
c:—y—l.

z

Like in Subsection 2.2 we can use v to expand () to the commutative diagram (Z.2.1]).
The only difference is that now the pencil S is given by the equation

(2.3.1) 2y + (A2 +y)(y + 2) (w2 + at — 7)) =0,

where A € CU{oo}. Asin Subsection 2.2 we will follow the scheme described in Section[I]
and we will use assumptions and notation introduced in this section. But now S) denotes
the quartic surface in P that is given by ([2.3.1]).

Let Q be the quadric given by xz+xt—t* = 0. Then So = Hp.y+ Hy, .3 +Q. Similarly,
let S be the cubic surface in P? that is given by the equation

3 + zyz + 2yt — yt2 + 222 + a2t — 2t = 0.
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Then Sy = Hy, +S. Thus, we see that both S, and Sy are reducible. In fact, these
are the only reducible surfaces in S. Indeed, if A # oo, A # 0, and A # 1, then S\ has
isolated singularities, which implies that it is irreducible. Moreover, the surface S is also

irreducible, but it is singular along the line Ly 1y 1.
If A # oo, then

H{Z} . S)\ = L{y},{z} + Cl>
(2.3.2) Hiyzy - Sx = Ligy 2y + 3L4a)qv.2)
Q- Sy = 6Ly, + Co,

where C; and C, are the curves in P? that are given by the equations z = 23 +ayt —yt?> = 0
and y = xz + ot — 2 = 0, respectively. Thus, if \ # oo, then

Seo - Sy = 6L{x},{t} + 2L{y},{z} + 3L{x},{y,z} + Cy + Cs.

Hence, the base curves of the pencil S are Ly 1y, Ly (=}, Lia} gy} C1, and Cy.
If A # 0 and X # 1, then the singular points of the surface S, contained in the base
locus of the pencil § can be described as follows:
Py (1.0 type Ay with quadratic term zz + xt — ¢%;
Py 14230 type As with quadratic term (y + Az)(y + 2);
Pioy iiy4y.23: type As with quadratic term (A — 1)z(y + 2);
[0:X:—1:0]: type Ay with quadratic term (A — 1)z(y + Az).
If A & {0,0,1}, then it follows from (2:3.2)) that

1
Hy ~ Ly gzp + G~ Ligy a3 + 3L (pe} ~0 3L4a i + 50

on the (singular) quartic surface Sy. Therefore, if A ¢ {c0,0,1}, then the intersection
matrix of the curves L 1y, Ly 42}, Lia},fy,2)> C1, and Cy on the surface Sy has the same
rank as the intersection matrix of the curves Ly 121, Lz} 1y, and Hy. In this case, we
also have

Hyyy - Sy = 2Ly 02 + Co,
so that 2Ly 12y + Co ~ Hy, which gives 2Ly ) + Hy ~ 6Ly} (13-

If X & {00,0,1}, then the intersection matrix of the curves Ly (-}, Lz}, 113, and Hy on
the surface S is given by

. Lip 2y | Liay ey | Ha
Ly | —3 0 1
Liay i1y 0 5 1

H, 1 1 4

Its rank is 2. On the other hand, the description of singular points of the surface Sy easily
implies that rk Pic(Sk) = rk Pic(Sk) + 16, so that (k] holds. Thus, by Lemma [[.I3.1], we
see that in Main Theorem holds.
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Let us prove in Main Theorem. Observe that [f~1()\)] = 1 for every A & {o0,0, 1}.
This follows from Lemma [[.L5.4l Thus, to verify (7)) in Main Theorem, we have to show
that [f~1(0)] + [f~'(1)] = 13. We start with

Lemma 2.3.3. One has [f71(0)] = 2.

Proof. Note that [Sp] = 2, and S is smooth at general points of the curves Ly 1y, Ly} (2}
L{m},{y,z}, C1, and Cy. Furthermore, the points P{x},{z},{t}, P{m},{y}7{z}, and P{m},{t},{y,z} are
good double points of the surface Sy. Then [f~1(0)] = 2 by Corollary [L12.2, O

Let us show that [f_l(l)] =11. Let C7 = C, Cy = Cy, (5 = L{x},{t}, Cy = L{y}7{z},
Cs = Liz} {y,}- Then m; = my =1, m3 = 6, my = 2, and ms = 3. Moreover, one has
M} =Ml=M,=M] =1and M? =2. Then C} = C] =C,=C}=0and C} =2 by
Lemma Thus, using (I.83]), we see that

-1 _ 1 1 1
(2.3.4) [f (1)} =3+ DP{x},{z},{t} + DP{x},{y},{z} + DP{z},{t},{y,z}‘

Lemma 2.3.5. One has D! =0.

Prey (23,40}

Proof. Observe that P, (.} is an isolated ordinary double point of the surface S;.

Thus, we have Dp =0 by Lemma [[121 O

Lemma 2.3.6. One has D}, =
(o} {u} 4=}

Proof. In the chart t = 1, one has P 11.:3 = (0,0,0), and the surface Sy is given by
(Y +A2)(y + 2) — 2(y + A2)(y + 2) — a(2®y + Ay2® + A% +y°2 +y2%) = 0.
Let a1 : Up — P? be the blow up of the point Ppy (1,¢-3- Then S} ~ —Ky;, for every A € C.

A chart of the blow up «; is given by the coordinate change z; = x, y; = £, 2z = 2.

x’ x

In this chart, the surface E; is given by z; = 0, and the surface S} is given by

(y1 + A21)(y1 + 21) — 21 (zays + (y1 + A21)(y1 + 21)) — 2320 (ys + 21) (y1 + Az1) = 0.

This shows that E; contains one base curve of the pencil St. It is given by z; = y;+2; = 0.
Denote this curve by Ci. Then M§ = mg = 2. But surfaces in the pencil S* do not have
fixed singular points in E;. Thus, keeping in mind the construction of the birational

morphism «a, we see that D}D{m} oy = 1By [.10.9), (II03), and Lemma [L.I0.7 O

1 _
Lemma 2.3.7. One has Dbyt =

Proof. Let us use the notation of the proof of Lemma 2.3.60 In a neighborhood of the
preimage of the point P (114,21, we can identify U; with the chart of P? that is given
by z = 1. In this chart, the surface S} is given by the equation

(A= 1D)ag+ (A= 1) (&9t — 9°) + 29° — 2°) + §(2° + 29t — 91*) = 0.

where & =z, t = t, § = y + 2. In these coordinates, the point (0,0,0) is the preimage of
the pOiIlt P{x},{t},{y,z}-

Let ap: Uy — U, be the blow up of the point (0,0,0). Then D} = S? + E,. Thus,
by (LI0.3) and (LI09), the surface E; contributes (D to Dy, .
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One chart of the blow up «y is given by the coordinate change o =
In this chart, the surface S% is given by

[
t

7y Y2 =

H~|°d
@ﬁ-)
@ﬁ-)

(A= 1)ija(d2 — t2) + (Afzizﬂz - fﬁ“zﬂz) + <52i2?3§ — t505 — tzf’fz) + B3935 + 5857, = 0
for N # 1. Let Ty = 29 — ty, o = 25 and T, = t5. We can rewrite the latter equation as
()\—1) <9?2gj2+§252(:f2+52)> = I2t2+3l’ +3$2£3+t2 l’2y2t2 ﬂgf% (i’z—l-fg) —gjgf%(:f2+fg)3.

For \ = 1, this equation defines D? = S? + E,.

The surface E, is given by t, = 0. It contains two base curves of the pencil S2. One
of them is given by Zy = f, = 0, and another one is given by zZy = 5 = 0. Denote the
former curve by C?, and denote the latter curve by C2. Then M1 = 2. Note that m; = 4,
because Su, is given by ¥a(13 + tZy + Tz) = 0, and 512 + E; is given by

(f;‘ + 357y + 3273 + ngg) (taf2 — 1) + 9o (13 + tas + o) (L2772 — 1) = 0.

Thus, the curve C? contributes (3) to the defect by Lemma [LI0.7 and (LI0.9). On the
other hand, one has M} = 1, so that C2 does not contribute to the defect.

Let ag: U3 — U, be the blow up of the point C2 N C3. Then D3 = S§ + Ej + 2Es.
By (LI03) and (LI0.9), the surface E3 contributes @ to the defect DP{ e

A chart of the blow up as is given by the coordinate change T3 = t , Yz = y2 , t3 = 1s.
In this chart, the surface E3 is given by t3. Similarly, if A # 1, then 53 is glven by

(A= 1)ij3(z3 + t3) — 15 + f3f3<(>\ —1)ys — 353) — 37313 -
— 12 <E§ — J3la — T37s — ggfg) + Z373t5 (383 + U3) + 3T37sts + Taysts = 0.
Then E;3 contains two base curves of the pencil S?. One of them is given by #3 = Z3 = 0,
and another one is given by f3 = ¢3 = 0. Denote the former curve by C3, and denote the

latter curve by C%. Then Mg = M}O = 2 and mg = myg = 2. Thus, by Lemma [LT0.7]
and (LI09), the curves Cj and C%, contribute (2) to the defect DP{ R

Summarizing, we see that D} Proy. 00 > 7. Lookmg at the defining equation of the

surface S5, one can easily see that D} O

Play (i) w5y
Using (234) and Lemmas 2:3.5] 22320 22377 we see that in Main Theorem holds.

2.4. Family Ne2.4. In this case, the threefold X is a blow up of P? along the smooth
complete intersection of two cubic surfaces, which implies that h'?(X) = 10. A mirror
partner of the threefold X is given by Minkowski polynomial Ne3963.1, which is
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The quartic pencil § is given by

2y + 322ty + 3tPyz + y?2% + Pa 4+ Py + 2Pt + 2270t +
+ 2+ trrr + day2® 4 3tPay + 2%z + 20227 + 2wt
+ 22%tz + 42’y z + 32ty + 2%y + 202 + 2y = Aayet.
This equation is invariant with respect to the swap = < z.
Suppose that A # co. Let C be the conic t = 2y + 2z + yz = 0. Then
® Hypy Soo = Liay gy + 2L} 2y + Liadty,z

® Hyyy - Soo = Liwy gy} + Liyh {23 + 2L1y3 fo2.)
® Hiy - Seo = Liyy (o + 2L (aty + Lizyfopt)s
® Hyy - Seo = Lity {w,2y + Lt} fwy,sy TC

This shows that

Seo O\ = 2Lz gy} + 2L4yy 42 + 2Ly o0y + 2001 (o) + Lty fo2) T
+ 2Lgyy (a,5ty + Loy fyoty + Lt oty + Lty fay,sy +C-

Hence, the base locus of the pencil § consists of the curves Ly 3, Liyyt21> Lia) =,
Ly ey ity Loty Liadtuetrs Lispdowty, Lipgoy,zy, and €

Observe that S_7 = Hy, .4 + Hizy .1y + Q, where Q is an irreducible quadric surface
that is given by xy + xz +yz +yt = 0. If A # —7 and A # oo, then the surface S\ has
isolated singularities, which implies that it is irreducible.

The singular locus of the surface S_; contained in the base locus of the pencil S consists
of the lines L{m}’{zﬂg}, L{Z}{x’t}, and L{y},{x,z,t}-

Lemma 2.4.1. Suppose that A # —7. Then singular points of the surface Sy contained
in the base locus of the pencil S can be describes as follows:

Py gy 1200 type Ay with quadratic term (A + 7)xy;

Py (o140 type Dy with quadratic term (z + 2 + ¢)?;
Py (1.42,23: type Ay with quadratic term (A+6)ty —t* — (v —2) (y+x — 2+ 2t);
Pryy 121 a0y type Ay with quadratic term (A + 7)yz.

Proof. First let us describe the singularity of the surface Sy at the point Py 121 4z In
the chart ¢t = 1, the surface S is given by

AN+7)zy— 7%2 — (N +8)Tyz — 27T — 2y — 2 + By + 7+
+ B2 4 ATPYE 4 2372 + 2P + ARt + BT+ PR 4 g =

Where T=x+1,y =y, and Z = 2. Introducing new coordinates Z, = Z, ¥ g and
Zy = £, we rewrite this equation (after dividing by 73) as

% ((A + 7)o — B2) + T2gs + 727 — (A + 8)TaliaZs — 272T5 + T30 + T2 70+

+ 27525 — ToljaZs — ZoTo + 2X5Y3 20 + AT31aZs + T3Zs + TalsZs + ToijaZs = 0.
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This equation defines (a chart of) the blow up of the surface Sy at the point Ppy 2} (2.
The two exceptional curves of the blow up are given by the equations 7o = z, = 0 and
Ty = 7o = 0, respectively. They intersect by the point (0,0,0), which is singular point
of the obtained surface. Introducing new coordinates Ty = (A + 7)ys — Ta, 2 = U2, and
Zy = Zy, we can rewrite the latter equations as

F9%9 + (A 4 7)*§3 + higher order terms = 0

with respect to the weights wt(Z2) = 3, wt(23) = 2, and wt(22) = 3. This shows that the
blown up surface has singularity of type A, at the point (0,0, 0), so that Ppy (2} {2 is a
singular point of the surface Sy of type A,.

Since the equation of the surface S, is invariant with respect to the swap x <> z, we see
that Py} (2},12,¢) 1s a singular point of the surface Sy of type A4, and the quadratic term
of its defining equation is (A + 7)zy.

To show that Py 1) (2,2} is an ordinary double point of the surface Sy, we simply
observe that the quadratic part of the Taylor expansion of the defining equation of the
surface Sy at the point P ¢} (2,2} in the chart z =1 is

(A4 6)fy — t* — 268 — 7% — &y,

where # = — 1, j =y, and f = ¢. This quadratic form has rank 3, so that Pg, },(z.+} i
an ordinary double point of the surface S).

Finally, let us show that P,y 1.1 4 s a singular point of the surface Sy of type Dy. Let
us consider the chart y = 1 and introduce new coordinates & = x, 2 = z, and t = t+ x4+ 2.
Then S is given by

P+ AN+ 4+ N+ 17320 — (A +6)iiz +1° + %22 = 0,
where Py 121, {t} (0 0,0). Let us blow up Sy at this point. Introducing new coordinates
T6=1, % = =, 2 e = L. we rewrite this equation (after dividing by Z3) as

+ (A +T)T6%6 — (A + 6)t6T6Z + (N + 7)Zad6 + tade + taTeZs = 0.

This equation defines (a chart of) the blow up of the surface Sy at the point P} 21,14 The
exceptional curve of this birational map is given by #g = t5 = 0. The obtained surface has
an ordinary double point at (0,0, 0), since its quadratic form 2 + (A + 7)Z¢Zs is of rank 3.
Note, however, that this surface is also singular at the point (g, %, s) = (0, —1,0), and
is smooth along the curve g = t; = 0 away from these two points. Introducing new
coordinates @ = Z¢, %6 = 5 + 1, and 5 = tg, we rewrite the latter equation as

()\ + 7)1’626 + ()\ + 6)t6$6 — ()\ + 6>t6x6Z6 + t6SL’6 61’6 ()\ + 7) LL’6 + t6x6zﬁ 0.

Smce A\ # —7, the quadratic form 2 — (A + 7)i6% + (A + 6)fsis has rank 3, so that the
second singular point is also an ordinary double point of the obtained surface.
Now let us consider another chart of the blow up of the surface Sy at the point P,y 123,14

After dividing by (7§)?,

IS

To do this, we introduce coordinates Zg = £, Z5 = Z and t5 =
we obtain the equation

(T6)* + (A + T)Z6Z5 — (A + 6)86T636 + (N + 7)(35)° 2 + (16)° %6 + (T6)@6(%6)° = 0.
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This surface is smooth along the curve i~’6 = t; = 0 except for two points: the point
(Z6; 26, ts) = (0,0,0) and the point (g, %, t5) = (—1,0,0). Both these points are ordinary
double points of the obtained surface. Note also that the point (Zg, %, t5) = (—1,0,0)
is the point (&, Zs,t6) = (0,—1,0) in the first chart of the blow up. This shows that
Pray (23,11 1s a singular point of the surface Sy of type Dj. ]

The surface S]k is singular at the pOiIltS P{x}7{y},{z7t}a P{x},{z},{t}a P{y}{t},{%z}, P{y},{z},{x,t}-
Their minimal resolutions are described in the proof of Lemma 241l This gives

Corollary 2.4.2. One has rk Pic(Sy) = rk Pic(Sy) + 13.

The base locus of the pencil S consists of the curves L,y 1yy, Ly 421> Lia) {20 Lz} ot}
L{t},{w,z}u L{y},{x,z,t}a L{m}’{y’z’t}, L{Z}{x,y’t}, L{t},{%y,z}, and C. To describe the rank of their
intersection matrix on the surface S for A # —7 and \ # oo, it is enough to compute
the rank of the intersection matrix of the curves L,y 1y, Liy) iz} Lo fy.ztdr Liz)foy,t)s
L{t},{x,y,z} L{t}7{x7z}, and HA, because

Hy ~ Ligy qyy + 2Ly 120y + Lizy fyety ~ Liayyy + Liyy iy + 20490 {20y ~
~ Ly} sy + 2L 0y oty + Lo fowty ~ Ly oy + Lifoy2y +C
Moreover, if A # —7, then

Hizy oy - Sx = Lt o2y T Liah fyoty T Lizhieaty + Lt fop2)s

so that Hy ~ Ly zz0 + Lisy ety + Ly fowty + Ly {oy,2y- Thus, if X # =7, then
the rank of the intersection matrix of the curves Ly 1, Liyi iz} Liat gzt Liz)iat)s
L{t}{x,Z}, L{y}’{x7z7t}, L{x}7{y7z7t}, L{Z}{x,yi}, L{t}v{%y,Z}, and C on the surface S)\ is the same
as the rank of the intersection matrix of the curves L{x}7{y}, L{y},{2}> L{x},{y,zi}? L{z},{x,y,t}>
Ly 2,2y, and Hy. Moreover, we have the following.

Lemma 2.4.3. Suppose that A # —7. Then the intersection matrix of the curves L,y (1,
L{y}{z}, L{m},{y,z,t}> L{z},{m,y,t}> L{t}{x,z}, and H)\ on the surface S)\ is given by

. Ligywy | L) | Loy vty | Ly oy | Liygey | H
Ly | -3 1 : 0 0 1
Ly () 1 —5 0 3 0 1
Ligp ety | 3 0 —8 1 0 1
Lisyqagny || 0 g 1 -5 0 1
L e, 0 0 0 0 —1 1

H, 1 1 1 1 1 4

Proof. By definition, we have H; = 4 and

Hy - Liay gy = Hx - Ligy oy = Hx - Ligy (yety = Hx - Ly oty = Hy - Ligg (22 = 1
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Let us compute L%m}’ W) The only singular point of the surface Sy contained in Ly} 1)
is the point P} (y3{z- Moreover, the surface Sy has du Val singularity of type Ay
at this point by Lemma 241l Let us use the notation of Remark [A.2.4] with S = S},
0= P{x} Wizt =4, and C = Ly, ¢,h. Then C passes through the point G; N Gy, so
that CNGs # @ or CNG3 # @. In both cases, we get L{x} W = 2 by Proposition [A1.3]

Likewise, using Remark[A 2. 4lwith S = Sy, O = Play fyh L 10 4 and C = L{x} (.21}
we see that C' does not pass through the point Gy N G4, so that L{x} (ot} = 9 by
Proposwlonm Keeping in mind the symmetry x < z, we see that L? hiz} = = L2 by} =

, and L?
L{t}{x’z} , because Py 14 and Py g4 (2,2} are the only singular points of the
surface S that are contained in the curve Ly (o .1

Observe that Ly, 15y N Ly {z3 = Ple) {y}.{z}, Which is a smooth point of the surface S).

This gives Lz 1 - L1y = 1. We also have

{Z} {xvy n = L{x},{y,z,t} = —2. Using Proposition [A1.3] again, we sce that

Loy gyy - Lz fayty = Liahny - Ligp a2y = 0,

because Lizy 1y N Lizy fay,ty = Liah gyt 0 Lityfo,2y = -
To compute L{x}7{y} . L{x},{y,z,t}; recall that L{x},{y} + 2L{x},{z,t} + L{x},{y,z,t} ~ H,. Then

6

Liayiyy - Liahyety + 2Ly goty - Lia} fyoty — g =

2
= Liay (ot - Lo ety T 200 20 - Liad ety T Linyqyey = F0 - Loy gyery = 1

USll’lg Remark m with S = S)\, 0= P{x} {y} {z, t}, n = 4 C= L{x} {Z t} Z = L{x} {y z,t}s
we see that neither C nor Z contains the point G; NGy, and either CﬂGl £ @ # ZNG, or
CNGy # @ # ZNG,. In both cases, we have Loy oy Liey fymty = 3 2 by Proposition [A.1.3]
which implies that Lz ) © Liay {y,20) = %

USil’lg the symmetry T <> zZ, We see that L{y}7{z} . L{z},{x,y,t} = L{x}’{y} . L{x},{y,z,t} =3
Since Liyy (23 VLgap g,y = @, and Liyy 2 N Lgi,(o,2p = D, We have Liyy oy Liay g0y = 0
and Ly ) - L {o,2) = 0, respectively.

Note that L{x}7{y7z7t} f\IL{zL{x,yﬂg} = P{x},{z},{y,t}a and P{x},{z},{y,t} is a smooth point of the
surface S)\. This shows that L{x},{y,z,t} : L{z},{m,y,t} = 1. Since L{x},{y,z,t} N L{t},{x,z} =y
we have L{x},{y,z,t} . L{t},{m,z} = 0. Likewise, we have L{z},{x,y,t} : L{t},{x,z} = 0.

The rank of the matrix in Lemma[2.4.3]is 5, so that (F]) holds by Corollary 242l Thus,
we see that in Main Theorem holds in this case.

Using Lemma[2.4.Tand Corollary [L5.4], we see that [f~*(\)] = 1 for every A & {co, —T}.
Moreover, we have the following.

Lemma 2.4.4. One has [f7}(—7)] = 11.

Proof. Let Cy = Lz gy, C2 = Ly 2y, O3 = Ly 2y, Co = Lizy oy, Cs = L a2}
Cs = Liyy a2t C7 = Liay 1y,23 C8 = L oy, Co = Lty {wy,2}, and Cip = C. Then

Mi"=M;"=M;"=M;"=M;" =M;" =M/ =1
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and M;" = M;” = My " = 2. On the other hand, we have

T S S S S
m,' ' =m, =m; =m; =g =2,
and m:" =m;" =m3;” =my” = mj = 1. Using Lemma [[.85 and 3), we see that
5 7 8 9 10 g )
(=7 =6+ D3’ D’ D’ D’ .
[ (= )] T Prey (v3.(=.1 T Prey (23,40} + Pryy () {e.2} - Pryy (23 {e.t)

It follows from the proof of Lemma [2.4.T] that the surface S_; has an isolated ordinary
double singularity at the point Py 1).4z,-3- Thus, it follows from Lemma [[I2.1] that its

defect is zero, so that D P{7 sttreny = 0 Hence, we conclude that

[f (_7” 6+DP{}{y}{ t}+DP{}{}{ t}+DP{z}{}{t}

The numbers D P7 D P7 , and Dp can be computed using algo-

(IR I RN S () RN X)) (o}, {=}. {1} e
rithm described in Section [LT0O. To use it, we have to know the structure of the birational
morphism « in (L.93). Implicitly, it has been described in the proof of Lemma 241l To
be precise, we proved that there exists a commutative diagram

Qg

Us Uy Us
/ X
U2 U6
X\ /
U,y P3 U
[o%1 o

Here o is the blow up of the point Py ¢} 2,2}, the morphism ay is the blow up of the
preimage of the point Py (.} 124, the morphism as is the blow up of a point in Ey, the
morphism ay is the blow up of the preimage of the point P} (4} {2, the morphism as is
the blow up of a point in E4, the morphism a4 is the blow up of the preimage of the point
Pray (23,113, and 7y is the blow ups of three distinct points in Eg, which are described in the
very end of the proof of Lemma 2.4l In the notation used in the proof of Lemma 2.4.1]
these are the points (%, Z, t5) = (0,0,0), (iG,zG,fﬁ) (0, —1,0) z;nd (T, 26, 1%) = (0 0,0).

Using Lemma[I1.10.7 and (I.10.9), we can find D’ D and D5’
8 Prey (w3 (=017 7 Py (). (a6}’ Prey, 23,40}

by analyzing the base curves of the pencil S. Implicitly, this has been already done in the
proof of Lemma 2.4.7] so that we will use the notation introduced in this proof.

Observe that El does not contain base curves of the pencil S. To describe the base
curves in the surface Ey, note that S?|g, consists of two lines in E, & P2, These curves
are given by Ty = z, = 0 and Ty = ¥ = 0. Denote them by C? and C%, respectively.
Note that D2, = S2. + E,, the surface S?, contains C%, and it does not contain C%,.

Similarly, the restriction S3|g, contains one base curve, which is a line in E3 & P2
Denote this curve by C3;. Then C3; is contained in S3., and it is not contained in E3.
Moreover, the surface S3. is smooth at general point of the curve C%,.

The restriction 8*|g, consists of two lines in E4 2 P2, which we denote by C}, and C1s.
One of them is contained in the surface S*,. We may assume that this curve is CY,.
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Similarly, the restriction 8°|g, contains one base curve, which is a line in E5 = P2
Let us denote this curve by Cj,. It is contained in S°., and it is not contained in Ej.
By construction, we have D°, = 5% + Ej + EJ.

The restriction S%|g, consists of a single line in Eg = P? (taken with multiplicity 2).
Denote this line by C?.. Note that the surface S is singular along the curve C?..

Finally, we observe that E7, Eg and Eg does not contain base curves of the pencil S.

Now we are ready to compute D5’ , DY , DY First, we observe
(2} (v} (=t} Wz} {2t} (2} (=11}

that Dy = 5.7 + Ey + Ei, so that APZ}{ yh ) AI;{Z}{ ey and APZ}{ by

Second, we observe that the curves C’ll, 012, 013, C’14, C’15, 016, and C’17 are all base
curves of the pencil S that are contained in a-exceptional divisors. The curves 611, 612,
and 613 are mapped to the point P{x} {y}.{zt}, the curves 614, 615, and 616 are mapped to
the point Py 123, {x ¢y and the curve C’17 is mapped to the point P,y 21 3. Thus, to ﬁnd

D7’ D’ and D5’ we have to compute the numbers C7;". C7f
Play (wh =ty Pyt b da)’ Pray {=},4t}) b o ™12

Cy/, Ci/, Cif, C/, and C}7 defined in (LI0.5). This can be done using Lemma [LI0.7
Observe that My, = M, = My = M}/ = 1 and M}, = M}/ = M;; = 2. Let us
find the numbers my;, mis, m;3, myy, my5, mig, and my;.
Among base curves of the pencil S, only Cy, Cy, Cg, Cg contain the point Py (2} 2.6 -
This shows that

7=ty g (26 42004205 + G) =multpy, (S Sh) =
= multp{y}’{z}y{zyt} (S)\l)multp{y}y{z}’{z’t} (S)\Q) +my; +miy = 4 +my; + mys.

Moreover, we have m; > 2, because lA)_7 is singular along 611. This shows that m{; = 2
and my, = 1. Similarly, we see that m;3 = 1. Using symmetry x <> 2z, we deduce that
my, = 2 and my;5 = myg = 1. To find m;7, we observe that C5, Cy, C5, and C'g are the
only base curves of the pencil S that contain the point Py (. +3. This shows that

multp{z}y{z}’{t} (S)q : S)Q) = multp{z}y{z}’{t} (203 + 204 + 05 + ClO) = 6,
which implies that m; = 2.
Recall from (I0.9) that
-7 AT -7 -7 -7 _ -7 -7 -7
Dbyt = APyinon T 01 TCn +Cy =1+C + Gy + Gy,
where each term C;” is defined in (II0.5) and can be found using Lemma [[T0.7. This

gives DP{ 450 C11 = 2. Similarly, we see that DP{:}{ o) C14 = 2, Likewise,
we have DP{ R = Cy7 = 1. Thus, we see that
—1 -7 =7 _
[f (- 7)} =0+ DP{ iuhee T DP{y},{z},{y,t} + DP{z},{z},{t} =11,
which completes the proof of the lemma. U

Since h'?(X) = 10, we see that in Main Theorem also holds in this case.
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2.5. Family Ne2.5. In this case, the threefold X is a blow up of a smooth cubic threefold
in P* along a smooth plane cubic curve. Note that h1*(X) = 6. A toric Landau-Ginzburg
model is given by Minkowski polynomial Ne3452, which is

r4+y+z+aty e F 3 F 3y o e 4 3y 4 30y + 3y et
+3x e+ ey T 2 ey 2y 20 Ty
The corresponding quartic pencil S is given by the equation

2 yz + Pz + Pyx 4+ 23t + 327ty + 3yt + yPt + 327tz + 3yPtr + 32 ta+
+ 3%ty + 23 + 2% + 2Pyx + Py + 2t 2x + 2%y + 1227 = wyzt.

Observe that this equation is invariant with respect to any permutations of the coordinates
x, y, and z. To describe the base locus of the pencil S, we observe that

Hiay - So = Liay, 1y + 2La} y.2) + Liat y.2)
Hyyy - S0 = Ly 1y + 2Ly (a2) + Ly (o2t
Hizy - So = Lisy i + 2Ly gay + Db fop)s
Hygy - S0 = Ligy gy + Ligygey + Lisyn + Ly ey

For every A ¢ {—6,—7,00}, the surface S\ has isolated singularities, so that it is
irreducible. On the other hand, we have S_¢ = H{,, .} + S, where S is a cubic surface
that is given by 2z +t2y + 22 +ta? + 2twy + 2twz +ty? + 2ty z +t22 + xyz = 0. Likewise, we
have S_7 = H{,,.n+S, where S is a cubic surface that is given by t(z+y+2)*+zyz = 0.

One can show that S is smooth. On the other hand, the surface S has a unique singular
point P} (y1,{z3- The surface S has du Val singularity of type D, at this point. Observe
also that Hy, -y S = Ly fy,2y + Ly} 2,23 + Liz} fayy), 50 that S_g is singular along the
lines Ly gy.21, Liyyga,2)s Lizy{ayy- Note also that the intersection Hy, , . NS is a smooth
cubic curve, which is not contained in the base locus of the pencil S.

Lemma 2.5.1. Suppose that A ¢ {—6,—7,00}. Then singular points of the surface S)
contained in the base locus of the pencil S can be describes as follows:
Py 1423 type Dy with quadratic term (z + 2 + ¢)?;
Py 13.4y.2): type Ag with quadratic term z(z 4+ 2z +y — (A 4 6)t);
Py ity .40.23: type As with quadratic term y(z + 2 +y — (A + 6)t);
Piy ey type As with quadratic term z(z + 2 +y — (A + 6)t).

Proof. First let us describe the singularity of the surface Sy at the point Py 11,421 In
the chart ¢t = 1, the surface S is given by

2 4 ((A 4 6)3%) + (A + 6)297 — (A +6)292 + ) + (z i3 — 3295 — y22x> —0,
where £ =z, y =y, 2 = v + y + 2. Introducing coordinates z, = 2, 4 = %, Zy = %, we
can rewrite this equation (after dividing by %) as

(A+6)aat 23+ (A 6)auid — (6-+ Naagze ) + (Eaa— a3z ) + (#5942 — 234324 ) = 0.
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This equation defines (a chart of) the blow up of the surface Sy at the point Py (y3,121-
The exceptional curve of the blow up is given by the equations 4, = 24 = 0. Observe
that the point (Z4, 94, 24) = (0,0,0) is an ordinary double point of the obtained surface,
because A # —6. The obtained surface is also singular at the point (24, 94, 24) = (0, —1,0).
This point is also an ordinary double point of this surface. These are all singular points of
the obtained surface at this chart of the blow up. Keeping in mind the symmetry x < y,
we see that the exceptional curve of the blow up of the surface Sy at the point Py 11,423
contains three ordinary double points of this surface. This shows that Pp. g1 () is a
singular point of type D, of the surface S).

To complete the proof, it is enough to show that Py (},2,2} is & singular point of the
surface Sy of type As, because S) is invariant with respect to the permutations of the
coordinates z, y, and z. In the chart z = 1, the surface S, is given by

Y(Z+7— (6+N)) = 225 +27° — (6 + \tzy +127° + 2822y + 25 + t2° + 3tz y + 3tzy” +1y°,
+

where T =z + 1, § = y, and t = ¢t. Introducing new coordinates & = T + gy — (6 — M),

y =7, and £ = £, we can rewrite this equation as
A+ T A +6)%" =&y — (A +6) (fiy + BN+ 20)%%) — 22y + &y — (3A + 19)8°%* — (2%,

where we grouped together monomials of the same quasihomogeneous degree with respect
to the weights wt(#) = 2, wt(7) = 2, and wt(f) = 1. This shows that the surface S\ has
singularity of type As at the point Py} 1} {z,-3- This complete the proof of the lemma. [J

The proof of Lemma 251l implies that rk Pic(Sy) = rk Pic(Sy) + 13.

Lemma 2.5.2. Suppose that A &€ {—6, —7,00}. Then the intersection matrix of the lines

Liay 6> Ligyaeys Liayieys Liah fnoty> Lighgootrs Ly feyty, and Ly (2,23 on the surface Sy
is given by

o Livin | Lo | Lenie | Lion ey | Litdoesy | Listgwwty | Lty gom2)
Ly | —3 1 1 ! 0 0 1
Ly 1 1 -2 1 0 3 0 1
Lizyq0 1 1 -5 0 0 3 1

Liay gy 2y % 0 0 —% 1 1 i
Lipizeny | O 2 0 1 _8 1 1
Liygawny | O 0 3 1 1 _s 1
Loy || 1 ! 1 1 L 1 1

Proof. Keeping in mind that the equation of surface S, is invariant with respect to the
permutations of the coordinates z, y, and z, it is enough to compute L%x},{t}’ L%xh{y%t},
Ly towey Liavin - iy Liaytny - Loy dveny Liayiny - Ligytezay Diaytny - Ly gy, and
Liahtyety - Ly owoe)-



KATZARKOV-KONTSEVICH-PANTEV CONJECTURE FOR FANO THREEFOLDS 41

Using Lemma [2.5.1] Proposition [A.1.3] and Remark [A.2.4] we see that L%w}, = -3,
because Py} (1},{y,-} 15 the only singular point of the surface Sy that is contained in the
line Ly, +y. Likewise, we see that L%x}{y%t} = —Z. Similarly, we get L%t}’{w’z} = i,
because the line Ly (5 4..} contains the points Py (1) (y,21, Plyyieh.4,21> and Py () )
We have L{m},{t} . L{y},{t} = 1, because L{m},{t} N L{y},{t} = P{m},{y},{t}, which is a smooth
point of the surface S, by Lemma 2.5.11

Now applying Remark [A2.4 with S = S, O = Py 13,423, 7 = 3, C = Ly 11y and
Z = Lz} {24}, We see that Liyy 11y L y,2y = 5 by Proposition[AT.2 Likewise, we have
Loy tyzty Lty = Liahw =y Lig) oy = 5+ Finally, we have Ly gy Liy) g2y = 0,
because L{x},{t} N L{y},{x,z,t} = . U

If X & {—6,—7,00}, then the intersection matrix of the lines L,y 1y, Liyy (13> Liz) e}

Liayqy2y Ligydasys Lz tewys Liahdyetys Lighdaztys Lizhfowty and Ly goy,2) on the sur-
face Sy has the same rank as the intersection matrix of the curves Ly 1y, Liyy 1y Lz}
L{l‘},{y,zi}’ L{y}7{x,Z,t}7 L{z},{x,y,t}a and L{t},{x,y,z}- ThiS fOHOWS from

Hy ~ Ligy 1y + 2Ly qy.23 + Liay fyy ~ Ligy gy + 2001 02y T Ligh e,z ~
~ Ly + 2Ly (oyy + Lt fawty ~ Loy + Ligy g + Lienin + L g2y
The rank of the intersection matrix in Lemma 252 is 5. Thus, we see that (Fk]) holds.
This proves (] in Main Theorem holds in this case.

To verify () in Main Theorem, observe that [f~*(\)] = 1 for every A & {—6, —7,00}.
This follows from Lemma 251 and Corollary [L5.4l Moreover, we have

Lemma 2.5.3. One has [f"}(=7)] = 2 and [f~'(—6)] = 6.

Proof. Let C1 = Ly iy, Co = Ly qys O3 = Lisy gy Co = Ligyqyeys G5 = Ligy ey
Co = Lizyfew), O7 = Ligyfyzys O = Ligygazays Co = Lz foways and Cro = Ligy .2y
Thenm; =my=m3=my =mz =mg =2 and m; = mg = mg = myy = 1.

Recall that S, is singular along the curves C;, (5, and C3, and the surface S_g is
singular along the curves Cy, C5, and Cg. Thus, we have M;% = M;% = M % = 2,

M® = M;° = My® = M;® = M® = Mg® = Mg’ = 1,
and My "= M; =Mz =M, =M;" =M =M;"=M;" =My =M;j =1.
The birational morphism « in ([L9.3)) is described in the proof of Lemma 2.5.11 Namely,
it is given by the commutative diagram

Uy—"2 Ug—" 1,
U ——r P n U

Here o is the blow up of the point Py 4 (4,2}, the morphism ay is the blow up of the
preimage of the point Py ¢/} (2,2}, the morphism as is the blow up of the preimage of the
point Ppy (4},2,y}, the morphism ay is the blow up of the preimage of the point Ppy) 143,121,
and -y is the blow ups of three distinct points in Ey.
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If A # oo, then lA),\ =3 \- This follows from the proof of Lemma 2.5.11 It should be
pointed out that the surface S ) is singular for every A € C.

The curves C’l, 02, Cg, 04, 05, C’6, 07, Cg, C’g, and 010 are base curves of the pencil S.
Let us describe the remaining base curves of the pencil S using the data collected in the
proof of Lemma 2.5.11

For every A # oo, the restriction S}|g, is given by

y(@+y—(6+A)1) =0
in the appropriate homogeneous coordinates z, i, and £ on E, = P2, This gives us the
pencil of conics in E, that has a unique base curve, which is given by y = 0. Thus, the
restriction §? |E2 has one base curve. This gives us the base curve of the pencil S that is
contalned in E2 Let us denote it by 012 Similarly, we see that one base curve of the
pencil S is contained in the surface El, and one base curve of the pencil S is contained
in the surface Eg. Let us denote them by C’ll and Clg, respectively.

The restriction §*|g, consists of one line (taken with multiplicity two). This gives us
one base curve of the pencil §* that is contained in the surface E;. Denote it by C{,.
Observe that the surface S is singular at general pomt of this curve. Moreover, it follows

fI"OHl the pI‘OOf of Lemma m that the curves Cl, 02, Cg, 04, 05, Cﬁ, C7, Cg, Cg, ClO>

C’ll, C’12, C’lg, and C’14 are all base curves of the pencil S.
Let us compute my;, myy, my3, and my,. Among base curves of the pencil S, only the
curves Cs, Cs, Cg, Cyp contain the point Py 4 (2,23, This gives

6 = multp,, ., (205 + 205 + G+ Cro ) =multpy,, . (S1, S ) =

= multp, oy (Sa)multey, 4 (Sh) +mun =4+ my,
so that my; = 2. Similarly, we get mi; = m3 = myy = 2. R
Observe that My = My = My = M} =1 and D_; = S_; in (LI0I). Thus, it
follows from Corollary [] that [f~1(—7)] = 2.
Likewise, we see that M’ = MY = MS = 1, M, = 2, and D_g = S_g. Therefore,
it follows from (LI0.8) and Lemma [LI0.7 that [f~}(—6)] = 6. O
Since h'?(X) = 6, we see that (O] in Main Theorem holds in this case.

2.6. Family Ne2.6. In this case, the threefold X is a divisor of bidegree (2,2) in P? x P2,
so that h12(X) = 9. A toric Landau—Ginzburg model is given by
y yz 2z 2y 2 oy 22 22 32 3z 3 3 1 1
:c—i—y—l— +2 + 242, T TR A T e
Y y x yzr z T2 W y x Yy T yz 1z

which is Mmkowskl polynomlal Ne3873.2. The pencil S is given by
w22y +ylzx + 2Pty + yite + 2227 4 22%yx + P2t + 20ty 4 2ttr + 2Pt
+ 2t%yx + t2y? + Px + Py + 327w + 322ty + 322z + 3t2zy + Pr + 3y = \wyzt.

This equation is invariant with respect to the swaps x <> y and z <> t.
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To describe the base locus of the pencil S, we observe that

Hay - So = Liayqy) + 2L4ay g2y + Loy g2ty

Hyyy - So = Liay {yy + 2Ly 1200 + Liy)fo,20)

Hey - S0 = Lizygn + Lisy ey + Lzt tway + L) goy
Hyy - So = Lizy iy + +Lpygewy T Lintyey T Li ga,2)-

We let C1 = Ly, Co= Ly O3 = Ligy ey, Co= Ligy o, Os = Ligy (21
Cs = Ly} gw2tp O = Lzt fag), Cs = Lizy gy, Co = Lizy oy, Cro = Ly fegy, Ot = Ligy (21
and Cyp = L) {2,2)- Then my = mg = m; = mg = myg = myp = my; = my; = 1 and
m; = my = m3 = my = 2. Likewise, we have

M ‘=M =M =M =M;* =M =M, =M =M = My = 1

and Mg‘* = MZ4 = 2, so that S_, is singular along the lines L,y .y and Ly 120
For every A ¢ {—4,00}, the surface Sy has isolated singularities, which implies, in
particular, that S is irreducible. One the other hand, the surface S_4 is reducible:

S_4 = H{x,y} + H{z,t} + H{y,z,t} + H{x,z,t}a

If A & {—4, 00}, then the singular points of the surface Sy contained in the base locus
of the pencil S are the points P{x},{z},{t}, P{y},{z},{t}a P{m},{y},{z,t}a and P{z},{t},{m,y}- These
are the fixed singular points of the surfaces in S. Lets us describe their singularity types
and explicitly construct the birational morphism a in (L33). We start with Py 121,44

In the chart y = 1, the surface S is given by

(z+t)(z+2z+1t)+ <t3 + 267 + 3t%2 + 2%t + 32%t + 2?2 + 222 + 2B — Atxz) +
+ (xt3 + 22?4 3tPxz + 2tx’z + 3tr + 222 + z3x> = 0.
For convenience, we rewrite the defining equation of the surface S, as
2+ (4522 V022 - A4fs — ADSY 4 4322 4 NP2 — a2 — N2 4 )\5:22> + (7?25:2 . 5393) _0,
where 2 =2+ 2+t 2=z and t = 2z + t.

Let o : U; — P be the blow up of the point Pray 121,41y A chart of this blow up is given
by the coordinate change 7, = %, =3t = é In this chart, the surface D} is given by

t131 — A+ )2+ (A +4) 523 + (A +4) (fizl — fmél) +#325 + (t?a:ﬁé% — f{’:z«lzf) =0,

where 2; = 0 defines the surface E;. Then (21, 21,1) = (0,0,0) is the only singular point
of the surface S; that is contained in E;. If A & {—4, 00}, then this point is an ordinary
double point of the surface Sy. Hence, if A & {—4, 00}, then P,y (23,4 is a du Val singular
point of the surface S, of type As.

Notice also that the pencil S has exactly two base curves contained in the surface E.
Indeed, the restriction S'|g, consists of the curves {2, = #; = 0} and {%; =, = 0}.
Let us denote these curves by Cf; and C{,, respectively.
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Let ay: Uy — U; be the blow up of the point (&1, 2;,%;) = (0,0,0). Then D? = S for
every A € C. Moreover, the restriction §?|g, is a pencil of conics in Ey & P? that is given
by the equation

i — AN+ Dtz + (AN +4)538, =0,

where we consider &, 21, 1 as projective coordinates on E,. This pencil does not have
base curves, which implies that S? does not have base curves in E, either.

Since the defining equation of the surface S, is invariant with respect to the swap
x <>y, the point Py, (.1 1y is also a du Val singular point of the surface Sy of type Az
provided that A & {—4,00}. Let az: Us — Uy be the blow up of the preimage of this
point. Then E3 contains two base curves of the pencil 3. Denote them by C3; and C3;.
Let ay: Uy — Us be the blow up of the point C§s N C3;. Then D} = SY for every A € C.
Moreover, the surface E; does not contain base curves of the pencil S*.

Now let us describe the singularity of the surface Sy at the point Py 11,424 In the
chart t = 1, the surface S is given by

A+4zy— (AN +4)zyz + (#zg + 2222 + Pz 4+ 2%y + Pr 4+ 722 + gz3) — 0,

where T = x, y =y, and Z = 2z + 1. Let a5: U5 — Uy be the blow up of the preimage of
the point Py (4},{z}- In a neighborhood of the point Py (4} (2, one chart of this blow
up is given by the coordinate change x5 = %, ys = £, and z5 = z. Then D3 is given by

(A+4)Z575+ (f52§+2§g5 — (A+4)f5g525) + <f§2§+22§gj59?5+§§2§> + (z§g52§+f5g§2§) =0,

and Ej5 is given by z; = 0. Note that E; contains one singular point of this surface: the
point (Zs, Js, 25) = (0,0,0). Note also that D*, = S°, + 2Es5, and 8°|g, is a union of the
curves {z; = Z5 = 0} and {z5 = y5 = 0}. Denote them by C?. and C7y, respectively.

Let ag: Us — Us be the blow up of the point C}, N C}s. Locally, one chart of this blow
up is given by the coordinate change zg = “;f—, s = %, and Zg = Z5. Moreover, if \ £ —4,

then S% in this chart is given by
O\ 4) s + Zoo+ 2681 — (A+4)olisZo + (7828 + 22856 + 5822 ) + (780650 + 763820 ) = 0.

Here, the surface Eg is given by 2z = 0. If A # —4, then S$ has ordinary double singularity
at the point (Zs,¥s, 2z5) = (0,0,0). Therefore, if A # —4, then Py 1.(z4 is a du Val
singular point of the surface Sy of type As.

By construction, we have D§ = S$ ~ — Ky for every A such that A # —4 and \ # oo.
One the other hand, we have D%, = 5%, + 2ES. This follows from the fact that S,
contains the point CP; N Cfg and is smooth at it.

Remark 2.6.1. Our computations implies that the proper transform of the line L,y 1,3 on
the threefold Ug passes through the point (Zg, ¥s, Z6) = (0,0,0).

The restriction S|, consists of the curves {Z5 = T = 0} and {z = s = 0}. Let us
denote these curves by C% and CS;, respectively. Let a7: U; — Ug be the blow up of the
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point (Zg, ¥s, Z6) = (0,0,0). Then D7, = S7, + 2EI + Ef. Moreover, the restriction S7|g,
is a pencil of conics in E; = P? that is given by

(A + 4)YsTs + Z6T6 + ZsYs = 0,

where we consider g, ¥s, 2 as projective coordinates on E;. This pencil does not have
base curves, so that 87 also does not have base curves contained in the surface Es.

If X # —4, then Py (4} 2,1 18 an ordinary double point of the surface Sy. Indeed, in
the chart y = 1, the surface S) is given by

F(Z+1)—(A+4)2 = Pt — A+ )R+ P2+ P74+ 7202+ 3072+ 20825+ 31522 + 722 + 237,

where # = — 1, Z = z, t = t. The quadratic form #(Z + %) — (A + 4)2f is not degenerate
for X\ # —4, so that Pp.y 4} {,y) is an ordinary double point of the surface Sj.

Corollary 2.6.2. Suppose that A € {—4,00}. Then singular points of the surface Sy
contained in the base locus of the pencil S can be describes as follows:

Py 21,40 type Ag with quadratic term (2 +t)(x + 2z + t);
Pryy (=146 type Ag with quadratic term (2 4 t)(y + 2z + t);
Pay w1260 type As with quadratic term (A + 4)xy;
Pey (o)t type Ay with quadratic term (A +4)zt — (z +y)(2 + 1).

Let us finish the description of the birational morphism «. It is given by the following
commutative diagram

a4 as g

U3 U4 U5 U6
/ X
U2 U?
X\ /
U, P3 U
aq [

Here ag is the blow  up of the preimage of the point Py (1} fa1-

If A # —4, then D)\ = S,\ ~ —KU On the other hand, we have 15_4 = S_4 + 2E5 + EG
Moreover the curves C’l, 62, Cs, C’4, C5, Oﬁ, 07, Cg, C’g, C’lo, 011, C12, 013, C’14, 015, Clﬁ,
6'17, Clg, Clg, and C’20 are all base curves of the pencil S.

Lemma 2.6.3. One has m3 = myy = m5 = m;g = M9 = Myy = 1 and my; = myg = 2.

Proof. To find m;3 and my4, we use
6= multp{z}’{z}y{t} (202 + 203 + Cg + Clg) = multp{z}’{z}y{t} (So : Sl) =

= multp{x}y{z},{t} (So)multp{x},{z}y{t} (Sl) +mi3 +myy = 4+ mi3 + myy,

so that m;3 = my4 = 1. Similarly, we see that m;5 = mg = 1.
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Recall that B_4 = §_4 + 2E5 + Eﬁ, so that my7; > 2 and myg > 2. But

8 =multp,, . .. (201 4205 + 20, + Cs + 06> — multp, o, (50 . 51) _

= multp,, o, (So)multp,, o (S1) +my7 4+ myg = 4+ my7 4 mys,

which implies that m;7; = 2 and m;g = 2.
To find myg and my, recall that ag: Us — Us is the blow up of the point C7, N Cfs.
Let P = C}, N CY. Then

6 = multp (20T, + 2%, + 207 ) = multp (S - S7) = 4+ myg + ma,
which gives us mjg = 1 and myy = 1. L]
For every A € {—4, 00}, we have [f~}(\)] = 1 by Corollaries [.5.4] and
Lemma 2.6.4. One has [f~!(—4)] = 10.

Proof. Recall that [S_4] = 4 and [D_,] = 6. Thus, it follows from (LI08) that

On the other hand, we have M5! = M;* = M;;' = M}y = 2 and
M1_4 — M2_4 — M54 — M6_4 — M;4 — M8—4 — M§4 —
= 1\/11_04 = 1\/11_14 = M1_24 = M1_34 = 1\/11_44 = M1_54 = M1_64 =1
But m; = my, = 2, and m;7 = m;g = 2 by Lemma [2.6.3] This shows that
18

[F')] =6+ Ci*=6+C35'+C' + Ci + Cyf = 10,

i=1
since C3* = C;* = C;' = Cy' = 1 by Lemma [LT0.7 O

Thus, we see that in Main Theorem holds in this case.
To prove (€)) in Main Theorem, we have to check (¥k]). To do this, note that

rk Pic(Siv) = rk Pic(S) + 12.

This follows from the proof of Corollary 2.6.2] Moreover, if A & {—4, 00}, then the intersec-
tion matrix of the base curves of the pencil S on the surface Sy has the same rank as the
intersection matrix of the curves L{x}7{y}, L{z},{t}a L{x},{z,t}; L{y}{z,t}, L{Z}7{y7t}, L{z}7{x7t},
L{t}7{y7z}, L{t}7{x7z}, and HA, because

Hy ~ Ligy 3 + 2L o0y + Liahgyety ~ Higy - S0 = Liay 3 + 2L (200 + Ly} {20} ~
~ Ly + Ly geay + Lisytyty + Lt oty ~ Lisyy + L oy + L vz + L) fe2)-

This implies (Fk]), because the rank of the intersection matrix in the following lemma is 6.
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Lemma 2.6.5. Suppose that A € {—4,00}. Then the intersection form of the curves
Lyt Liey ity Loy ety Db ey Lishtwtys Lt ety L dw.2)s Lity fo,23, and H on the

surface S is given by

. Ly wy | Lt | Liar ey | Loy ey | Doty | Loy | Ly | D gesy | H
Ly | —3 0 3 3 0 0 0 0 1
Lgyg |0 0 3 3 i i i i 1
Ly ety | 3 i ~& 8 0 3 0 3 1
Lyygn || 3 3 5 —5 3 0 3 0 1
Lispwn || O i 0 3 —1 L i 0o |1
Loy | O i > 0 ! —3 0 i !
Ly | O i 0 > i 0 i 11
Lin ey | O i > 0 0 i ! -5 |1

H, 1 1 1 1 1 1 1 4

Proof. The entries in last raw of the intersection matrix are obvious. Let us compute its
diagonal. Using Proposition and Remark 2.6.1] we obtain L%x}, W = —1, because
P2y {yy.{z) 1s the only singular point of the surface Sy that is contained in Ly, g
Likewise, it follows from Proposition and Remark that
3 3 1
2 _ _
because the line Ly, ¢ contains the points Py 1 11, Py 2,40 and Pra ) (o) -

To compute Li’c},{z,t}’ observe that the line Ly, (.4 contains the points Py (2},10
and Py gy),121p- Applying Remark [A.2.4] with S = S\, O = Py 3,43, 7 = 3, and
C' = Ly} {24}, we see that C contains the point G;NGs. Similarly, applying Remark
with S = Sy, O = Py (1420, 1 =5, and C' = L,y 1.4, We see that C does not contain
the point G; NG5. Thus, applying Proposition [A. 1.3 we get L%x}{z’t} =-2+1+2=-1

To compute L%z}, {y1}> Dotice that Py (21,4« is the only singular point of the surface Sy

T
Similarly, using

that is contained in Ly} g, 3. Applying Proposition [A.1.3] we see that L%Z}’{y’t} = _5
Using the symmetry z < y, we get L%x}’{m} = —¢ and L%z}{x,t} =-5
the symmetry z <+ t, we see that L%tL{W} = Loz = —2.
Now let us fill in the remaining entries in the first raw of the table. Clearly, we have

Liyty  Liayin = 05 Ly oy Ly vy = 05 Loy Loy = 05 Loy oy - Ly = 0,
and Ly ry - Lty {22y = 0, because Ly, 1,1 does not intersect the lines L.y 1y, Lizy, 1y,
L{Z}v{%t}, L{t},{y,z}> and L{t},{x,z}~ USiIlg symmetry x <> y, we see that

Loy tyy - Liat a6y = Loy gy - Ly 1200
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To find L{x}{y} . L{x},{z,t}, we observe that L{x}{y} N L{x},{z,t} = P{x},{y},{z,t}- Applying
Proposition [A.T.2 and Remark 261}, we see that Ly} (4} - Lis}(z0) = 3-

Let us compute the remaining entries in the second raw of the intersection matrix.
Since L{z},{t} N L{m}’{zﬂg} = P{m},{z},{t}; we have L{z},{t} 'L{x},{z,t} = % by PrOpOSitiOIl
and Remark [A:22.4 Using symmetry x <> y, we get L.y ) - Liyy (o0 = 3-

Observe that L{z},{t} N L{Z}7{x7t} = P{x},{z},{t}- Applying Remark [A.2.4] with S = S,
O =Py, n =3, C= Ly and Z = L,y (04, We see that C and Z intersect
different curves among G and Gs. This implies Ly (13- Lisy {o) = i by Proposition[A.T.2]
Using symmetry x <>y, we get L.y 1y - Lizy qy) = i. Using symmetry z <> ¢, we get

1
Lipqn - Lindvey = Lty - Lingesy = 7

This gives us all entries in the second raw of the intersection matrix.

Let us compute the third raw. Observe that Ly . 4N Liy (260 = Play {u) (=13 Applying
Remark [A.2.4] with S = S), O = Pray iy gz, 1 =9, C = Ligy 20 and Z = L (243, We
see that C' and Z intersect different curves among G and G5. Then Linv ey Loy 20 = é
by Proposition

Since L{x},{z,t} ﬂL{Z}7{y7t} = @, we have L{x},{z,t} . L{z},{y,t} = 0. Using symmetry z <> t,
we get Lizy (03 O Linyqy,sp = 0 Since Ly 0y O Lizy oy = Play a1, We get

1
Ligh ety " Lisp ety = 5

by Proposition [A.1.2L Using symmetry z <> ¢, we get Ly 20 * Ly o2} = %
Let us compute the remaining four entries in the fourth raw of the intersection matrix.
Using symmetries = <> y and z <> ¢, we get

1
L=ty - Lisptuty = Loy ety - Lishtoty = itz Lidtvy = Linay - Loy = 35

and Ly 20y Lizy oy = Liap 0t Liehtwny = Lz Ly gosy = Lighteny Loy = 0.

Let us compute the remaining three entries in the fifth raw of the intersection matrix.
First, we have L.y 1y * Ly 2,2y = 0, because Ly gy N Ly {2,.) = . Second, we have
L{Z‘},{y,t} “Lizy a0y = 1, because Ly 1y0 N Ly g s @ smooth point of the surface Sj.
Third, we compute L{Z]w{yﬂf} . L{t}7{y7z}. Observe that L{z},{y,t} ﬂL{tL{%z} = P{y},{z},{t}- Ap-
plying Remark[A.2.4lwith S = S\, O = Py 21,00, n =3, C = Ly ryn and Z = Ly 421,
we see that ( C and Z intersect the same curve among G; and G5, and none of them contains
the point G; N G3. Thus, we have L.y 1y - L fy,2} = % by Proposition [A.1.2]

Let us compute the remaining three entries of the matrix. Using symmetry = <> y, we
get L{z},{x,t} . L{t},{y,z} = L{z},{y,t} : L{t},{x,z} =0. Likewise, we have

3
Lispeny - Lty oy = Lisptwty - Lintusy = -

Finally, using symmetry Z < t, we get L{t},{y,z} . L{t},{%z} = L{z},{y,t} . L{z},{x,t} =1. ]
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2.7. Family Ne2.7. In this case, the threefold X can be obtained by blowing up a smooth
quadric threefold Q in P* along a smooth curve of genus 5. This implies that h'?(X) = 5.
A toric Landau-Ginzburg model of this family is given by Minkowski polynomial Ne3238.
It is

Ty 2T 2 yz 2z z 20 2 2y 2 Y

:)5+ +z+ - +—+—+—+2y+ +—+—+—+—+ +—+ + —.
Yy Y z  yz Yy x xy oz xz

The corresponding pencil of quartic surfaces S is given by

viyz + 2itr + Pyx + Pte + yia? + 220ty + 2+ 2w + 22 + 2
+ 222ty + 1227 + 2yPta + 2t7yw + 2%tz + 2%y 2 + vt = Ayt

This equation is invariant with respect to the permutations x <+ z and y <> .

Since the goal is to prove and in Main Theorem, we may assume that \ # oo.
Let C; be the conic {z = yz + ty + tz = 0}, let Cy be the conic {y = zz + tx + tz = 0},
let C5 be the conic {z = xy+tx+ty = 0}, and let C4 be the conic {t = zy+x2z+yz = 0}.
Then

H{;p} . S)\ == 2(/,1,

Hiyy - Sy = Ly + Ligy oy + Co,
(2.7.1) {y} 722 {yh{t} {yk{z,z} 2

Hzy - Sy =2,

Hyy - Sx = Ligy 1 + Ligy fo,2y + Ca,

Thus, the base locus of the pencil S consists of 7 smooth rational curves. We let C = Cy,
Cy =Cy, C3=0C3, Cy = Cy4, Cs = Lyyy 11y, Co = Ly fa,2)> C7 = Ligy fa,2)-

If A # —5, then S, has isolated singularities, so that it is irreducible. On the other
hand, one has S_5 = Q+Q, where Q is a quadric surface given by tx+ty+tz+xy+yz = 0,
and Q is a quadric surface given by tx 4ty +tz + vy + vz + yz = 0. Both these quadric
surfaces are irreducible. The surface Q is singular at Py ) {2z}, and the surface Q is
smooth. One has Q N Q = C; UCs, so that S_5 is singular along the conics C; and Cs.

If A # —5, then the singular points of the surface S contained in the base locus of
the pencil § are the points Py 2}.413, Pot (2181 Plaptudieys Pladudtzp and Py oo,z
They are all fixed singular points of the surfaces in &

Lemma 2.7.2. Suppose that A # —5. Then the singular points of the surface Sy con-
tained in the base locus of the pencil S can be describes as follows:
Py (21,463 type Ag with quadratic term (y +t)(y + 2z + 1);
Ppy (1,411 type Dy with quadratic term (z + ¢ + 2)?;
Py i1y type Ag with quadratic term (y +t)(x +y + t);
Ppay 1,423 type Dy with quadratic term (z +y + 2)%;
Py 163 4,21+ type A with quadratic term

(x4 2)(y+2)— (N + 4Dty
for A # —4, type Az if A = —
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Let us prove this lemma and explicitly construct the birational morphism « in (L.9.3)).
To start with, let us resolve the singularity of the surface Sy at the point Py 12y,
In the chart x = 1, the surface S, is given by

92+ (A + P2+ A+ 6)Ig — (A +4)ig2 — (A +6)2) — 7 + §5° )+
+(f4—25332+3 2228205 + ¢t + 2t5%2 — 293 — 2072 + 922 ):O

where § = y—+t, 2 = t+2+y, t =t. Let oy : U; — P? be the blow up of the pomt P{y} {340y
A chart of the blow up oy is given by the coordinate change §; = £, 3, = £, and #; = .
In this chart, the surface S} is given by the equation

(B = A+ 6)hgn + O+ iz + 012 — (2850 — A+ 6)hgE + A+ Dhgazr )+
+ (3338 — 2Bz — hgl + i 2?) + (282 —28390) + (B — 2802 + 84323 = 0.

where #; = 0 defines the surface E;. The only singular point of the surface S/{ in E; is
the point (4, 21,%1) = (0,0,0). If A # —5, then this point is an ordinary double point of
the surface S3, so that Pray 121,44y 18 a singular point of the surface Sy of type As.

The surface E; contains two base curves of the pencil S'. One of them is ¢, = 71 =0,
and another one is f; = 2, = 0. Let us denote these curves by Ci and C{, respectively.
Then the proper transform of the line Ly, 1} on the threefold U; does not pass through
the point Ci N Cy.

Let ay: Uy — U; be the blow up of the point (&, 2;,%;) = (0,0,0). Then D? ~ S? for
every A € C. Moreover, the restriction S?|g, is a pencil of conics in Ey = P? that does
not have base curves. This shows that E, contains no base curves of the pencil S2.

Recall that the defining equation of the surface S) is invariant with respect to the
permutation x <+ z. Thus, if X # —5, then P (43,11 is a du Val singular point of the
surface Sy of type Az. Moreover, the surface S_5 has non-isolated ordinary double point
at the point Py} (4,44}, S0 that Py 1.4 is a good double point of the surface S_s.

Let az: U3 — U, be the blow up of the preimage of the point Py 1 3. Then the
pencil 83 has exactly two base curves contained in the surface E;. Let us denote these
curves by C3) and C3,. Let ay: Uy — Us be the blow up of the point C3%, N C%,. Then E,
does not contain base curves of the pencil S*, and the proper transform of the hne Ly
on the threefold Us does not pass through the point C5, N C3,.

Now let us describe the singularity of the surface Sy at the point Py 11 ¢z,-3. In the
chart z = 1, the surface S is given by

T(t4+g)+ (A +4)ty— <ff2—(A+4)f:Eﬂ+:E2ﬂ) — (:321?2+2ng+§2£2+2Ef2g+2ffg2+f2g2) =0,
where T = x + 1, § = y, and t = t. Thus, if A # —4, then Py 11} 4s2} is an isolated

ordinary double point of the surface S). If A = —4, then the latter equation can be
rewritten as

B — g 20 — PP+ 28 — 1 — 20007 — B = 0,
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where # = z, ¥ = 4, and = £ + . Here, the term #f — §* has the smallest degree with
respect to the weights wt(&) = 2, wt(g) = 1, and wt(f) = 2. This shows that Pg (1} (2.2}
is a singular point of type Aj of the surface S_,.

Let as: Us — Uy be the blow up of the preimage of the point Py} (4} {z,2}- Then the
restriction S°|g, is a pencil of conics that is given by

Tt+7y) + N+ Dty =0,

where we consider Z, , and ¢ as homogeneous coordinates on Es = P2, This pencil does
not have base curves, so that E5 does not contain base curves of the pencil S® either.

Let us show that P} 12}, is a du Val singular point of the surface Sy of type Dj.
In the chart y = 1, the surface S, is given by

£+ (252 4+ 2677 — 205 — (A + 8)1iZ — 2032 + (A +5)F* 2 + (A + 5)E2 >+
+< P+2?IW+P”—af%—5ﬁ¥z—&§?—2%3+iﬁﬁﬁfiwu%¥+3§@+zﬂ::0

where # =z, 2 =z, and t = x + t + 2. Let ag: Us — Us be the blow up of the preimage
of the point Py, (2,q11- A chart of this blow up is given by the coordinate change T = L
% = 2, and tg = é Then Z5 = tg = 0 define the exceptional curve of the induced birational
morphism S§ — S3. Moreover, if A # —5, then the quadratic term of the surface S at
the point (Zg, 26, 2) = (0,0,0) is

te — 2t6%6 + (A +5)T6% + Ze.

It is not degenerate. Thus, this point is an isolated ordinary double point of the surface S%.
In this case, the chart of the surface SY also has an isolated ordinary double smgularlty
at the point (g, %,16) = (—1,0,0), and S$ is smooth along the curve Zg = t5 = 0 away
from these two points.

Now let us consider another chart of the blow up ag. To do this, we introduce coordi-
nates Iy = &, Zy = %, and t; = L. In this chart, the surface S is given by

SHEN

(t6)? — 234t5 + (35)* + (A + 5)Tj 25 + higher order terms = 0,

!z

so that S$ has an isolated ordinary double singularity at the point (%5, 7, t5) = (0,0,0)
provided that A # —5. Therefore, we proved that if A # —5, then Py, (.} 11y is a singular
point of the surface S, of type Dy.

The surface Eg contains one base curve of the pencil S8, This is the curve {Z5 = t5 = 0}
in the first chart of our blow up. Denote it by C%. Then M;, = 2, and C%, contains
three base points of the pencil 8%, which are fixed singular points of this pencil. They are
isolated ordinary double points of the surface S$ for A # —5.

Recall that the defining equation of the surface S) is invariant with respect to the
permutation y <+ t. Thus, if A # —5, then P,y .12} is a singular point of the surface S
of type Dy. Using symmetry, we see that (x +y + 2)? is the quadratic form of the Taylor
expansion of the defining equation of the surface Sy at the point Ppy 1 421
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Let a7: Uy — Us be the blow up of the preimage of the point Py r,1.4-3. Then E;
contains one base curve of the pencil 7. Denote it by C7,. This curve is the exceptional
curve of the induced birational morphism S7 — S$. If A # —5, then S} has three isolated
ordinary double points at C7,. But S7; is singular along the curve C7s.

For a general choice of A € C, the surface S] has six singular points. All of them are
fixed singular points of the pencil S7. They are isolated ordinary double points on every
surface SY provided that A # —5. This proves the assertion of Lemma and shows
the existence of the following commutative diagram:

(o7} Qas ag

/ ) ) - ) \
U- 2 U?
X\ /
Uy - P? — U

where 7 is the blow up of the six fixed singular points of surfaces in the pencil S7.

Using Lemma 2.7.2] and Corollary [L5.4], we see that [f~ ()\)] =1 for every A # —5. To
compute [f~1(—5)], observe that D_s = S_s, so that [D 5] = [S 5] = 2. Observe also that
the base locus of the pencil S consists of the curves C’l, C’g, Cg, C’4, C’5, C’6, C'7, Cg, C'g,
C’lo, C’n, Clg, and C’13 Moreover, we have M7 5 =M, 5 1\/1125 = M13 =2 and

M;® = M,” = M” = Mg” = M;” = My® = Mg® = M;j = M)’ = 1.

Arguing as in the proof of Lemma 2.6.3] we see that mg = mg = m;g = m;; = 1 and
m;» = my3 = 2. Now, using ([LI0.8) and Lemma [[.I0.7 we conclude that [f~'(—5)] = 6.
Thus, we see that in Main Theorem holds in this case, because h'?(X) = 5.

To prove in Main Theorem, we have to check (%]). To do this, recall that the base
locus of the pencil S consists of the curves Cy, Ca, Cs, Ca, Ly} 11y Liyy 2,2} and Ly fa,2)-
If A # —5, then it follows from (27.I]) that the intersection matrix of these curves on the
surface Sy has the same rank as the intersection matrix of the curves Ly 111, Liy} (a2},
Ly 12,2y, and Hy, which is given by

. Ly | Lip ey | Loy |
Ly |0 3 3 1
Liposy | 3 —3 3 1
Loy | 3 3 -5 |1

H, 1 1 1 4

The rank of this intersection matrix is 3. Moreover, we have rk Pic(Sy) = rk Pic(Sy) + 15.
Thus, we see that (5k]) holds, so that in Main Theorem holds in this case.
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2.8. Family Ne2.8. One has h"?(X) = 9. In this case, the threefold X is a double cover
of the toric Fano threefold obtained by blowing up P? at one point. The ramification
surface of this double cover is contained in the anticanonical linear system of this toric
Fano threefold. A toric Landau—Ginzburg model of the threefold X is given by Minkowski

polynomial Ne1968. It is
x rz 2x  2x w 2 2 z 2 2 1
TR L S N N e R
z Y z y Yz z Yy x  yz x TY=Z
The pencil of quartic surfaces S is given by

22y? 4 2222y + 2227 + 222y + 22tz + 222 + 2P 2x + 227y +
+ 2t2yx 4 2t zx + 72 + 2880 + 2672y 4+ 1 = Aayt.

This equation is invariant with respect to the permutation y < z.
We may assume that A\ # co. Then

Higy - Sy = 20,
Hyyy - Sy = 2Cs,
(2.8.1) pox
Hiy - Sy = 2Cs,
Hyy - Sy = 2Cy,

where C; is a smooth conic given by x = yz +t2 = 0, the curve C, is a smooth conic given
by y = 2z + tz + t2 = 0, the curve Cs is a smooth conic given by z = zy + tx + t? = 0,
and the curve C4 is a smooth conic given by t = 2y + xz + yz = 0. Thus, we see that

Sx + Seo = 2C1 4 2C5 + 2C3 + 2C4,

so that the base locus of the pencil § consists of 4 smooth rational curves. To match the
notation introduced in Section [II, we let C; = Cy, Cy = Cy, C3 = C3, Cy = Cy.

If A # —2, then S, has isolated singularities, so that it is irreducible. On the other
hand, the surface S_5 is not reduced. Indeed, one has S_5 = 2Q, where Q is an irreducible
quadric surface in P? given by t? +tx+ 2y +xz+yz = 0. One can check that Q is smooth.

If A # —2, then the singular points of the surface Sy contained in the base locus of the
pencil S are the pOil’ltS P{x}{y},{t}, P{x}7{z}7{t}, P{y},{z},{t}7 and P{y},{z},{x,t}- In this case,
the surface S has du Val singularities at these points. In fact, we can say more.

Lemma 2.8.2. If A # —2, then the singular points of the surface S\ contained in the
base locus of the pencil S can be describes as follows:

Py gy type Dg with quadratic term (z + y)?;

Ppy (1.4 type Dg with quadratic term (z + 2)%;

Pryy (21,46 type Dy with quadratic term (y + 2z + 1)
Py 2y 4oty type Ay with quadratic term (z +t —y — 2)* 4+ (A + 2)yz.

2.
)

Proof. We skip the computations of the quadratic terms, because they are straightforward.
If X # —2, then Py (23,12, is an isolated ordinary double point of the surface Sy. Note
that the expressions for quadratic terms are also valid for A = —2.
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Let us describe the singularity type of the point Py (23,11 In the chart x = 1, the
surface S) is given by

24 263 — 48 — 4872 + 207 + (4 — NiEg2 + 287 + (2 + NP2+
+ (2 + N)22G 4t — Agtd — 4283 + 61797 + 148792 + 61722 — 4l —
— 16672 — 16t52% — 412° + " + 692 + 119722 + 6923 + 21 =0

forj =y, 2=z and t = y+2-+t. Let oy : Uy — P? be the blow up of the point Prp 140
One chart of the blow up «; is given by the coordinate change 9, =y, 21 = %, and t; = 5
In this chart, the surface S; is given by

8 +200 + 97+ 2+ Niic + (6?)%21 — 43 — 4Gt + (4 — NEgic + (24 A)2%?31>+

<2y1t3 + 6 1y1 4t1y121 - 16t1y121 + 2t1y121 + 11@%2%)

+(14t1?ﬁ§1 At} 1y1 16151?332%4‘6?3%2?) (tlyl 4t1y1z1 +617 1y1z1 4t1?ﬁé1 +?ﬁ f) =0,
and E, is given by §; = 0. Let C2 = S} N E;. Then C} is the line in E; & P? that is
given by ; = t; = 0. Note that M;? = 2. If A\ # —2, then the only singular points of the
surface S} contained in C} are the points (91, 21, 1) = (0,0,0) and (41, 21,£1) = (0,0, —1).
Both of them are isolated ordinary double points of the surface Sy in this case.

If A\ # —2, then S} has three isolated ordinary double points in C3. Two of them we
have already described. The third one can be seen in another chart of the blow up ay.
Thus, if A # —2, then Py, (.1 14y is a singular point of type Dy of the surface S}.

Now let us describe the singularity of the surface Sy at the point Py (.1 3. In the
chart y = 1, the surface S, is given by

z +<2 (2+)\)xt—>\txz—2xz+2xz)
—|—<t4+253 222 4 2t%77 — 22°t + 2’2 + 71 — 2732 + 7°%Z >:0,

where T = 2, 2 =2+ 2, and t = t. Let ay: Uy — U; be the blow up of the preimage of
the pomt P{x} {346} A chart of this blow up is given by the coordinate change o, = %,
Zp = £, and f, = t. In this chart, the surface S% is given by

(t2 + 22)2 + (2%3552 + (24 N)75t, — /\1?25222> + (283797, — ta75 — 26,7275 + 21?2f22§>+
+ <2f§f§22 2t2x2) ( 5Ty — 205757 + t2x2z2) =0

and the surface Ey is given by t, = 0. Let CZ = S} N E,. Then C? is the line in Ey & P?
that is given by ty = Zo = 0. Observe that Mg 7 = 2. On the other hand, if A # —2,
then the point (Zg, Z2,t2) = (0,0,0) is the only singular point of the surface 5% that is
contained in the curve CZ in this chart. Note that CZ contains another singular point
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of the surface S} that can be seen in another chart of the blow up as. This point is an
isolated ordinary double singularity of the surface S%.

To determine the type of the singular point (T, Z2, t2) = (0,0,0) on the surface S% for
every A # —2, we let Ty = Ty, 5o = %o, and ty = £, + 7. Then we can rewrite the defining
equation of the surface Sy as

t5+ <2t Ty — (24 NT5% + (2+ N)Taty + (2+ N)TaZs — (A + 4)t2:1:222>—|-
+ (2532%222 —%1’2 2t2.§(]222 +l’222) + <2i2x2z2 —2?$2+4t2.§(f222 4t2f17222 25(72 +2I2 )

Let as: Us — Uy be the blow up of the point (%, 22, t2) = (0,0, 0). A chart of this blow
up is given by the coordinate change T3 = %o, 23 = %, and t5 = ;—22 In this chart, the
surface S} is given by

(2 + )\)2312’3 — (2 + )\)fgi’g — E?;’ = 2t31’3 + (2 + )\)i’ggg ()\ + 4)t31’323 + 1’323 tgl'g—l—

=32
2x3z3 3x3 + 2057575 — 2t3x3z3—

2542 ~4 x4

+ 213 3x3z3 2N2~3 + 4535:§23 2t3x3z3

and the surface Ej is given by #3 = 0. Let C7 = S} N Ez. Then C7 is the line in E3 = P?
that is given by &3 = t3 = 0 in our chart of the blow up as. Observe that 1\/I7 = 2.

If A\ # —2, then the point (%3, Z3,73) = (0,0,0) is an isolated ordinary double point of
the surface Sf. This point is contained in the curve C2. Moreover, this curve contains two
more singular points of the surface S?. One of them is the point (i3, Z3,3) = (0, —1,0),
and the other one lies in another chart of the blow up as. If A #% —2, both these points
are isolated ordinary double points of the surface S3. This means that the surface S% has
du Val singularity of type D4 at the point (Zo, Z2,t2) = (0,0,0), so that Sy has du Val
singularity of type Dg at the point P,y 1.1 4 for every A # —2.

Keeping in mind that the defining equation of the surface S) is symmetric with respect
to permutation y <> z, we see that the surface S has du Val singularity of type Dg at the
point Py (43,44 for every A # —2. This complete the proof of the lemma. O

The proof of this lemma also gives rk Pic(Sx) = rkPic(Sy) + 17, which implies (3.
Indeed, if A # —2, then 2C; ~ 2Cy ~ 2C3 ~ 2C4 ~ H) on the surface Sy by (2.81]), so
that the intersection matrix of the conics Cq, Co, C3, and C4 on the surface S has rank 1.
Thus, we see that (Fk]) holds, so that ({]) in Main Theorem holds in this case.

Lemma 2.8.3. If X\ # —2, then [f~!()\)] = 1. One also has [f~}(—2)] = 10.

Proof. Using Lemma and Corollary [L54, we see that [f~1(\)] = 1 for A\ # —2.
To show that [f~!(—2)] = 10, let us describe the birational morphism « in (L9.3). Im-
plicitly, this was already done in the proof of Lemma Because of this, we will use
the notations introduced in that proof.
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Let ay: Uy — Us be the blow up of the preimage of the point Py 13- If A # =2,
then the surface S} has a unique singular point (of type D,) that is contained in Ey.
Let a5: Us — U, be the blow up of this singular point. Then S5 has 12 singular points for
general A € C. One of them is Py (.1 (2.1}, another three are contained in the surface Es,
another one is contained in the surface E3, and the remaining seven were explicitly de-
scribed in the proof of Lemma All these 12 points are isolated ordinary double
points of the surface S provided that A # —2. Thus, there exists a commutative diagram

Qg as

Us Uy Us
/ \
U2 \ / U
Uy P3

a1

where v: U — Us is the blow up of these 12 points. This gives lA),\ = §,\ for every \ € C.

Let us describe the base curves of the pencil S. Four of them are 61, 52, 63, and 64.
The next three are the curves 65, 66, 67, which are described in the proof of Lemma 2.8.2]
The pencil S contains two more base curves, whose construction is similar to the construc-
tion of the curves 66 and 67 One of them is contained in the surface E4, and another
one is contalned in the surface E5 Denote the former curve by Cg, and denote the latter

curve by C’g Then Cl, Cg, C’3, C’4, C’5, C’6, C’7, Cg, C’g are all base curves of the pencil S.
Note that m; = my = mz = my = ms = mg = My = Mg = My = 2 and

M;?=M;>=M;?=M;?=M;?>=M;>=M;*>=M;> = M;* = 2.
Thus, using (L.I0.8) and Lemma [[LI0.7, we conclude that [f~!(—2)] = 10. O

Using Lemma [Z8.3] we see that in Main Theorem holds in this case.

2.9. Family Ne2.9. In this case, the threefold X is a blow up of P? at a smooth curve of
degree 7 and genus 5. Thus, we have h!'?(X) = 5. A toric Landau-Ginzburg model of
the threefold X is given by Minkowski polynomial Ne3013, which is

y Y 2 o 2 oy 2 2
prytrto a4l ool e S S T S S 2
Y y x owmy yz oz xz Yy Ty

The corresponding pencil § is given by
2% + 200y + 222z + 2y + 2%y + 222 + tady + tay 4ty
+ 2tx2? + ty?z + 2ty2? +t2° + 2?yz + vyPz + 1y’ = Avyzt.

Observe that this equation is invariant with respect to the permutation = <> y.
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We may assume that A\ # oo. To describe the base curves of the pencil S, let C be a
smooth conic that is given by z = xy + tx + ty = 0. Then

Hiay - 53 = Liay {1ty + 2L(a)gy.2) + Lia) g2ty

Hyyy - Sy = Ly gy + 2L1y1 o2y + Ligy 21

Hizy - Sx = Lizy gy + Ligy fay +C,

Hiy - Sx = Ligy i + Liyygny + Lizp i + Ly fa.ey-

(2.9.1)

Thus, we let C1 = Ly, C2 = Ly O3 = Lisp g Co = L ey G5 = L aseys
Cs = Liay 1203, C7 = Ly o0y, Cs = Lizy (ey, Co = Liny gy}, and Cip = C. These are
all base curves of the pencil S.

If A # —3, then S, has isolated singularities, so that it is irreducible. On the other
hand, we have S_3 = Hy. , + H, .y + Q, where Q is a smooth quadric surface that is
given by xy +t(x +y + 2) = 0. Note that S_s is singular along L} 1y,-} and Ly} a2},
and it is smooth at general points of the remaining base curves of the pencil S.

If A # —3, then the singular points of the surface Sy contained in the base locus of the
pencil S are Py o)1 Dot tehth Ploniehinys Dianintvsds Plundon (e a0d Py g oy
In this case, all of them are du Val singular points of the surface Sy by the following.

Lemma 2.9.2. If A # —3, then the singular points of the surface Sy contained in the
base locus of the pencil S can be describes as follows:
Ppy 1023 type Dy with quadratic term (z +y + 2)%;
Py 21,000 type Ay with quadratic term (z + ¢)(z 4 t);
Pryy 21,100 type Ay with quadratic term (y +t)(z + t);
Py 13.4y.2): type Ay with quadratic term z(z 4+ y + 2z — (A + 3)t);
Py ity .40,23: type Ay with quadratic term y(z +y + 2z — (A + 3)t);
Pia ) oy type Ay with quadratic term (z + y) (¢ + 2) + 22 + (A + 2)tz.
Proof. The proof is similar to the proof of Lemma Because of this, we will only
prove that Sy has du Val singularity of type D, at the point P} (43,12} for every A # —3.
To do this, we rewrite the defining equation of the surface Sy in the chart t =1 as
ZHB4+NTY+ B+ NIy - (AN +2)zyz — 72 -y + 2 — iz — yrz 4 yrz’ =0,
where 2 =z, y=y,and Z =2z +y + 2.
Let o : Uy — P? be the blow up of the point Py} gy}.4-1- A chart of this is given by the
coordinate change 71 =7, y; = %, z; = Z. In this chart, the surface S} is given by

[N

B+NTH +2 = 112+ BHN TG+ (AH2)T151 21— 71 2+ TT 5+ 02— BT 4 TG 2,
and the surface E; is given by z; = 0.

Let C}, be the line in E; = P2 given by 7; = z; = 0. Then S}-E; = 2C}, and M} = 2.
If A # —3, then the curve C]; contains three singular points of the surface S;. One of
them is the point (Z1, 91, z1) = (0,0,0). Another one is the point (z1, 71, 21) = (0, —1,0).
The third singular point can be described in another chart of the blow up «;. All these
points are isolated ordinary double points of the surface S} in the case when \ # —3.
Thus, if A # —3, then P,y 11,42 is a singular point of type D, of the surface Sj. O



58 IVAN CHELTSOV AND VICTOR PRZYJALKOWSKI

The proof of Lemma 2.0.2] implies that rk Pic(S) = rk Pic(S) + 13.
If A 7é —3, then the intersection form of the curves L{x},{t}> L{y}{t}, L{Z}{t}, L{x},{z,t}>
and Ly (-4 on the surface S) is given by

. Ly | Lo | Lo | Loy | Ly ey
Ly | =3 1 3 3 0
Ly |1 -3 3 0 3
Liyw | 3 5 —& : :
Linay | 3 0 : —3 1
Ly | 0 3 3 1 -3

The determinant of this matrix is 3. This easily gives (3]). Indeed, the base locus of
the pencil S consists of the lines L{:L‘},{t}7 L{y},{t}7 L{Z},{t}7 L{l‘},{y,z}7 L{y}{xvz}, L{x}7{z7t},
Ly 26y L2y foy) Lit) {w,y,2}> and the conic C. On the other hand, it follows from

that

Hy ~ Ligy iy + 2Ly qy,2) + Liay oy ~ Lo + 204y fe2 + Ly (20 ~
~ Ly + Ligh ey +C ~ Ly + Ly (o + Lishin + Ly a2}
on the surface S provided that A # —3. In this case, we also have
Hy ~ Ligy 1y} + Lyt a2y T Ly feay + Lighiew.z}s
because H{%y,z} . S)\ = L{x}7{y7z} —+ L{y},{LZ} —+ L{Z},{Ly} —+ L{y}{x,%z}. Likewise, we have
Hy ~ Ligy 12 + Ligy gtz + 2043 40,

because Hy, s - Sy = Lz} {12y + Ly 1,23 + 2Lz 13- Thus, one can express the classes
of the curves Ly 211, Liyizt, Lz} fawts Lty {oy,z), and C in Pic(Sy) ® Q as linear
combinations of the classes of the lines L{x}{t}, L{y},{t}> L{Z}’{t}, L{x},{z,t}> and L{y}’{zﬂg}.
For instance, we have

Liy o2y ~ Loy g0y + Ligy ey + Lisyey — Liey gy — Ligrae

and L{Z}7{x,y} ~ L{z},{t} + L{x},{t} + L{y},{t} — L{:c},{z,t} — L{y}7{z,t}- This shows that the
intersection matrix M in Lemma [[ T3] has rank 5, so that (3]) holds in this case. Thus,
we see that in Main Theorem holds in this case.

Therefore, to complete the proof of Main Theorem in this case, we have to prove ().
Since h?(X) = 5, the proof is given by the following.

Lemma 2.9.3. One has [f7}(\)] = 1 for every A # —3. One also has [f~'(—3)] = 6.

Proof. If X\ # —3, then we have [f~}(\)] = 1 by Lemma 2.9.2] and Corollary [L5.4. To
show that [f~'(—3)] = 6, observe that M;® = M;® = 2 and

M;? =M% =M;%=M;3=M?=M;*=M;* = 1.

We also have m;y =my =m3 =my = ms = 2 and mg = m; = mg = mg = 1.
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Observe that [S_3] = 3, and the set X consists of the points Ppy 11,23, Plat. 1.6
P{y}’{z},{t}, P{m}’{t}{%z}, P{y},{t}{x’z}, and P{z},{t},{m,y}~ Thus, it fOHOWS fI‘OIIl (DED and
Lemma [1.8 5] that

[f1(=3)] =5+ > D%

Pex
Moreover, it follows from the proof of Lemma2.9.21that Py 3,160, Pryr e300 Pl ieh{v.2)»
Prp (43,42,23> and Ppay 4y, 12,41 are good double points of the surface S_s. Thus, their defects
vanish by Lemma [[LT2Z1l Therefore, we conclude that

1 _ —3
[f (_3)} =5+ DP{z},{y},{z}'

Let us show that D;f’z} iy = L To do this, we use the notation introduced in the

proof of Lemma [2.9.21 Then there exists a commutative diagram

U
/ \
Uy i

aq

for some birational morphism «. On the other hand, the curve Ch is the only base of the
pencil § that is mapped to P,y (1,21 by the birational morphism «. This follows from the

proof of Lemma[2.9.2] Using Corollary[1.10.4and (1.10.9), we see that Dl;{i} iy = Cl.
By Lemma [[L.TI0.7, we have Cj;® = 1, so that Dl;{i} oy — Land [f~1(=3)] = 6. O

2.10. Family Ne2.10. In this case, the threefold X is a blow up of a complete intersection
of two quadrics in P? at a smooth elliptic curve of degree 4. This implies that h'?(X) = 3.
A toric Landau—Ginzburg model of the threefold X is given by Minkowski polynomial
Ne3018, which is

Yz Y 2 2 2z 3z 2 3 1 1

x T z
R i e e v vl i ool

T
r+y+—+2z2+— =
z x Yy xr Yz Y x Yy xr Yz xz

The quartic pencil § is given by

a:zzy + y2Z£B + £E2t’y + 2z2xy + y222 + 2%tz + y2tz + 222 + 2t2:)3y+
+ 2y 4 22tr + 327ty + 2720 + 3ty + o + By = \vyet.
We may assume that A # oco. Let C; be a smooth conic given by z = yz+22+22t+t2 = 0,
and let C, be a smooth conic given by z = xy 4+ xt + yt = 0. Then
Higy - Sy = Liay ) + Loy 2y + €,
Hyyy - Sx = Liay oy + Ly + Ly ey + Liyy ey
Hizy - Sy = Ligp iy + Lizy fey + Co,
Hiy - Sy = Ly + Lisyiny + Lin ey + Liny (o)

(2.10.1)
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We let Cy = Gy, Cy = Co, 5 = Ligy ) Cs = Lyyyqy Os = Lizyqy Co = Liay 20
Cr = Ly =0y, Os = Lz qoays Co = Ly gazy, Cro = Ligy oz, and Cii = Ly (o,
These are all base curves of the pencil S.

If A # —4 and A # —5, then S, has isolated singularities, so that it is irreducible. On the
other hand, both surfaces S_; and S_s are reducible. Indeed, one has S_y = Hy, .4 + S,
where S is a cubic surface that is given by t2x +t2y+taxy +trz +2tyz +ayz+y*2 +yz? = 0.
Likewise, we have S_5 = Q + Q where Q and Q are quadric surfaces that are given by
the equations 2 + tz + 2tz + 22 + yz + 22 = 0 and tz + ty + 2y + yz = 0, respectively.

Both quadric surfaces Q and Q are smooth. On the other hand, the surface S has
two singular points: the points Pp) (43,2, and Py 23,1 One can show that S has an
ordinary double singularity at P y1.42,¢}, and it has a singularity of type Ay at Py (23,11

If A # —4 and X\ # —5, then the singular points of the surface Sy contained in the base
locus of the pencil S are the points P{x},{z},{t}> P{y}’{z},{t}, P{m},{y},{z,t} and P{y},{t},{m,z}-
In this case, all of them are du Val singular points of the surface S, by

Lemma 2.10.2. If A # —4 and A # —5, then the singular points of the surface S\
contained in the base locus of the pencil S can be describes as follows:
Py 21,000 type Ay with quadratic term z(z + 2z 4 t);
Pryy 21,10 type Ao with quadratic term (y +t)(z + t);
Py tyr 1203 type Ay with quadratic term (s + 4)zy;
Py aiy 40,23 type Ay with quadratic term t(x + 2+t — (A + 4)t).

Proof. We will only describe the singularity of the surface Sy at the point Py 1 ¢4y To
do this, we rewrite the defining equation of the surface Sy in the chart ¢t =1 as

(A+4)zy+ (:622—:5@2 — ()\+4):Z’§Z+22E—§22> + <z22g+g22£+222@+g222+z3g) =0,
where z =z, y =y, and z = 2z + t.

Let oy : U; — P2 be the blow up of the point Pray t1 426y One chart of this blow up is
given by the coordinate change 7, = %, 71 = £, and z; = Z. In this chart, the surface E,
is given by z; = 0. If A # —4, then the surface S} is given by
T (Aa+(W 7)) = M) T A -T2+ 28— 20 2 A D A T 2 T A
If A\ = —4, then this equation defines D', = S, + E;.

Let C{, and C; be the lines in E; = P? that are is given by z; = 7; = 0 and z; = ; = 0,
respectively. Then S!, does not contain them.

Let ay: Uy — Uj be the blow up of the point Cf, N Cl;. If A # —4 and A # —5, then
the surface S% is smooth along Ey. Hence, in this case, the surface Sy has a singular point
of type Ay at P{x}7{y},{z7t}. Ol

The base locus of the pencil § consists of the curves Ly 1y, Ly 1005 Ly ey, Liw) {203
Lipy ety Ligygety Linygezy Ligygeatys Lty o2y Ci, and Co. If A € {—4, =5}, then

Hy ~ Lgy 3 + Ligy ey + G~ Ligy 3 + Ligy gy + Ly ey + Ligh oty ~
~ Ly + Lisy oy +Co~ Ly oy + Ly o + Ly fo2y + L) o2}
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on the surface Sy. This follows from (2.I0.I]). Moreover, in this case, we also have

Hy ~ Ligy oy + Lizy oty + Ly fa,2) T Ly fa,283

because H{:c,z,t} - Sy = L{m}’{zﬂg} + L{Z},{%t} + L{t},{z,z} + Ly},{m,z,t}- This shows that the
intersection matrix M in Lemma [[LI3.1] has the same rank as the intersection matrix
of the curves Lz o), Liyyiers Lizpinrs Liadtatys Lighters Dizdgenys and Ly g,y on the
surface Sy. If A # —4 and X\ # —5, then the latter matrix is given by

* Ly | Liy ey | Lisrtey | Lot teny | Ly ety | Liehieny | L fe2)
Laywy | —5 1 0 3 2 0 0
Ly 1 —3 : 0 1 0 2
Ly 0 % _g % % % %
Lizy 20y 3 0 : ~2 1 2 s
Lz | 3 3 ; 5 & 0 0
Ly ety 0 0 g 2 0 4 2
Liasy | O : : ! 0 2 8

The rank of this matrix is 6. We see that holds, because rk Pic(Sy) = rk Pic(Sy) +12.
Thus, we conclude that (] in Main Theorem also holds in this case.

Lemma 2.10.3. One has [f7}(\)] = 1 for A &€ {—4, =5}, [7'(—4)] = 3, and [f}(=5)] = 2.

Proof. If A ¢ —4 and A € —5, then [f"}(\)] = 1 by Lemma 2ZI0.2 and Corollary [L5.21
Moreover, it follows from Corollary [LI22 that [f~'(=5)] = 2, because P} .},
Prpy 40> Py gy gz and Py (1) 42,21 are good double points of the surface S_s.
To complete the proof, we have to show that [f~}(—4)] = 3. Using (L83)), we see that
-1 _ -4
=] =2+ Dty e
Here, we also used Lemmas and [L1211

To compute the defect D;{A‘z} i let us use the proof of Lemma 2.10.21 and the
=1,

notation used in this proof. First, we have D?, = S?, + E2, so that A"

A KO NTINERY
where Ap’ s the number defined in (LI03).

The curves C%, and C% are the base curves of the pencil S?. Aside of these curves,
this pencil has one more base curve contained in E; U E?. However, the divisor D?, is
smooth at general points of these three curves. Now using Lemma [[T0.7 and (LI0.9), we

conclude that D 3! = AR =1, so that [f~!(—4)] = 3. O
Pley (v}.(2.1 Pley (v}.(2.1

Note that Lemma [2.10.3 implies (7)) in Main Theorem, because h'?(X) = 3.
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2.11. Family Ne2.11. In this case, the threefold X is a blow up of a smooth cubic threefold
at a line, so that h%?(X) = 5. A toric Landau—Ginzburg model of the threefold X is given
by Minkowski polynomial Ne1700, which is

The pencil of quartic surfaces S is given by the equation
yizo+rtty+yite+ 2oy +yt A 2yt e+ 223 y+ P 2Py +t 2y P 22 e+ 22ty 42t = Ny et

In the remaining part of this subsection, we will assume that A # oco.

Let C; be the smooth conic given by z = ty + yz + 22 = 0, let C; be the a smooth conic
given by y = tx + 22 = 0, let C3 be the smooth conic given by z = tx + ty + 2y = 0, and
let C4 be the smooth conic given by ¢t = tx + ty + xy = 0. Then
Hy - Sy = 20y,

Hypy - Sy = 20y,
Hizy - Sx = Lz + Lish oy + Ga,
Hyy - S3 = Ly + Ligpgyey + Cas

(2.11.1)

so that Ly ¢y Lizy{zwy Lty {y,2}s Ci, Co, C3, and C4 are all base curves of the pencil S.
To match the notation used in Subsection [LL8], we let C, = Cy, Cy = Cy, C3 = C3, Cy = Cy,
Cs = Lispys Co = Lizy oy 01 = Ly

If A # —2, then the surface S\ has isolated singularities, so that S is irreducible. On
the other hand, we have S_, = Q 4+ Q, where Q and Q are irreducible quadric surfaces
that are given by the equations zy + yz + 22 + 2t + yt = 0 and xt + ty + yz + 22 = 0,
respectively. Both these quadric surfaces are smooth. Note that Q N Q = C; U Cs.

If A # —2, then the singular points of the surface Sy contained in the base locus of the
pencil S are the points P{m},{z},{t}7 P{x}{y},{z}, P{y},{z},{t}, and P{x},{t},{y,z}, which are du
Val singular points of the surface Sy. In fact, we can say more:

Lemma 2.11.2. If A # —2, then the singular points of the surface Sy contained in the
base locus of the pencil S can be describes as follows:

Py 14230 type Dg with quadratic term (z + y)?;
Py 23,430 type Ag with quadratic term (z +t)(z + 2 + t);
Py 21,00 type As with quadratic term t(y + t);
Py gy, 4w2y: type Ay with quadratic term (A +2)xt+ (y+2—1t)(y+2—x —1t).

Proof. We will only describe the singularity of the surface Sy at the point P,y 143,123 To
do this, we rewrite the defining equation of the surface Sy in the chart t =1 as

2+ (9?"2@] — ATz + (A + )5z — 75 + 2@22> + (g%z + 227y — P2+ 22%y + 24> =0,

where T = 2+ vy, § = y, and Z = 2. Let a;: Uy — P2 be the blow up of the point
Piey {y},{zty- One chart of this blow up is given by the coordinate change 7, = %, 7, = £

39
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and z; = z. In this chart, the surface E; is given by z; = 0. Then S} is given by
(11 +2)° + (2@@% — Aoz + (A + 2)gle)+
+ (57%?3151 — 2T + 5%551?31) + (9?1??%5% - ﬂ%f) = 0.
Denote by Cg the line in E; = P? that is given by z; = ; = 0. Then S, is singular
along this line. If A # —2, then S} has two singular points in E;. One of them is the
point (Z1,91,21) = (0,0,0). The second singular point lies in another chart of the blow
up ay. If X # —2, then this point is an isolated ordinary double point of the surface S}.

Let &1 = Z1 4+ Z1, th = U1, and 2; = z;. Then we can rewrite the (local) defining
equation of the surface S} as

22+ ((A 4 2)iiE — Aia + O+ 2)@%21) +
+ (52'%?3121 — 912131 — 80 + 3)%2%) + <9§1g%2% — 352 — g%gi”) —0.
Let ap: Uy — Uj be the blow up of the point (21,91, 21) = (0,0,0). One chart of this

blow up is given by the coordinate change 5 = E—;, Yo = g—i, and 25 = 2. In this chart,
the surface S3 is given by

75+ (A4 2)G22s + <(>\ +2)332, — )\f2?§252> + (Q%ég - 2§f2?32)+

+ (3002 — 22035 — 3322) + (#2032 — 9323) = 0.
and the surface E, is given by 2, = 0. Thus, if A # —2, then S% has isolated ordinary
double singularity at the point (Z2, g2, 22) = (0,0,0).

Denote by CZ the line in Ey = P? that is given by 2, = &3 = 0. Then S?, is singular
along this line. If A # —2, then E, contains three singular points of the surface S%. One
of them is the point (Zg, 9o, 22) = (0,0,0). The second one is (Z2, 92, 22) = (0,—1,0).
The third point is contained in another chart of the blow up as. All of them are isolated

ordinary double singularities of the surface S3. Hence, if A # —2, then S\ has a singular
point of type Dg at the point Py 11,423 O

The proof of Lemma implies
(2.11.3) rk Pic(Sy) = rk Pic(Sy) + 15.

By Lemma [LT31] to verify (] in Main Theorem, we have to compute the rank of the
intersection matrix of the curves Cy, Cy, C3, C4, Ly g1y, Lizy {1y, and Ly gy,2) on a general
surface in the pencil S. On the other hand, if A # —2, then it follows from (2.I1.1]) that

Hy ~2Cy ~2C; ~ Ly iy + Lizy goay +Cs ~ Ly (3 + Liny fy,2y + Ca

on the surface S). We have C; +Cy +C3 + C4 ~ 2H), because Q - Sy =C; +Cy + C3 + C4.
Likewise, we also have Q - Sy = 2Ly (10 + Lz} {wyy + Lyt fy,2} + C1 + Ca, so that

2Ly g0 + Lisyjeay + Liy qysy + G+ Co ~ 2H),
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which implies that 2Ly ¢y + Lz ey + Lin g2y ~o Hao Thus, if A # =2, then the rank
of the intersection matrix of the curves Ci, Ca, C3, Cs, L2y gy, Lizy gy, and Ly gy} On
the surface Sy is the same as the rank of the intersection matrix of the curves L.y 14,
L) {ay and Hy, which is very easy to compute.

Lemma 2.11.4. Suppose that A # —2. Then the intersection form of the curves L.y 11,
L2312y and H)y on the surface Sy is given by

. Ly | Lizygoy | Ha
Ly | —1 1 1
Ly o) 1 —1 1
H, 1 1 4

Proof. Since Ly 1y NV L2y {2y = Pey {6142,y and S) is smooth at this point, we conclude
that L.y ¢ Lz {zyy = 1. S0, to complete the proof, we have to ﬁnd L%z},{t} and L%z},{x,y}’

Observe that P,y 121,41 and Py 121,41 are the only singular points of the surface Sy that
are contained in the line L.y 1. Applying Remark [A.2.4 with S = Sy, O = Py 21,00,
n =3, and C' = L) 13, we see that C does not contain the point Gy N G3. Similarly,
applying Remark [A. 2.4l with S = S\, O = Py 23,1, n = 5, and C = L.y (1}, we see that
C does not contain the point G; N G5. Thus, it follows from Proposition [A. 1.3 that

3 5 5
L? =24+ _-—4+-—=—-——.
{z},{t} + 4 + 6 12

Note that Py, gy1.(z} is the only singular point of the surface Sy that is contained in the
line L%Z}’{w}. To find L%Z}’{w}, let us use the notations of Lemma [A.3.2l with S = S,
O = Py 423, 0 =6, and C = L,y (5. Let us also use the notation of the proof of
Lemma 2.1T.21 It follows from this proof that the proper transform of the line L., ¢, .3 on
the surface S} does not contain the point (71,91, z;) = (0,0,0). Thus, in the notation of
LemmalA.3.2, we have C-Gg = 1, which implies that L%z},{x,y} = —1by Lemma[A32 O

The determinant of the intersection matrix in Lemma 21T is 12. Using (ZI1.3), we
get (k]), so that (&) in Main Theorem holds in this case. Moreover, since h'?(X) = 5,
the assertion in Main Theorem is given by

Lemma 2.11.5. If A # —2, then [f~!(\)] = 1. One also has [f~'(—2)] = 6.

Proof. If A\ & —2, then [f~1()\)] = 1 by Lemma 2.11.21and Corollary [.5.4l Hence, to com-
plete the proof, we must show that [f~!(—2)] = 6. Observe that m3 = my = mg = my; = 1
and m; = my = ms = 2. Note that M;? = M;? = M;? = M;? = M;? = 1 and
M;? = M;? = 2. Thus, applying Lemmas and [LT2T], and using (L83)), we see that

(2] =4+ Dl;ic},{y},{z}’

where D32

Pioy oy o) is the defect of the singular point P,y (43,2}
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To compute D;i} oy We will use local computations done in the proof of

Lemma They give Mg? = My? = 2 and D?, = S?,. Now using Lemma [T0.7]
and (LI0.9), we conclude that D2 > 2. In fact, the proof of Lemma 2TT.2limplies

Play (w3423
that D5’ = 2, so that [f~1(—2)] = 6. O
(=} Ay} {=}

2.12. Family Ne2.12. In this case, the threefold X is a blow up of P? along a smooth curve
of genus 3 and degree 6, so that h'?(X) = 3. Here, we chose its toric Landau-Ginzburg
model to be given by Minkowski polynomial Ne1193, which is

The quartic pencil § is given by

w22y + 2%y + oy + yPea + 20ty + 2%te + 222+
+ 2t% 20 + 2ty + t22° + 222y + t2y% = Ayt

This equation is symmetric with respect to the swapping x <> y.

Let C be a conic that is given by z = zy + ot + yt = 0. If A # oo, then
Higy - Sx = 2Ly g1y + 2Ly qy.2)
Hpyy - Sx = 2Ly 10 + 2Ly 423,
Hyy - Sy =2C,
Hiy - Sx = Ligy i + Ly iy + Liny (o) + L gy

(2.12.1)

Thus, we may assume that C = L{x}7{t}, Cy = L{y}7{t}, C3 = L{x}7{y7z}, C, = L{y},{:{:,z}v
Cs = L1} {o,2), C6 = Ly gy}, and C7 = C. These are all base curves of the pencil S.

If A # oo and A # —2, then the surface S has isolated singularities, so that S, is
irreducible. On the other hand, the surface S_; is singular along L,y 1y..y and Ly (o 23

Lemma 2.12.2. The surface S_s is irreducible.

Proof. Let II be a plane in P? that is given by z = ¢t. Then the intersection S_, N1l is a
plane quartic curve that is singular at the points IIN Ly, 1.y and IIN Ly ¢, .. Moreover,
this curve is smooth away from these points. Furthermore, both of these points are isolated
ordinary double points of the curve S_5 NII. This implies that this curve is irreducible,
so that the surface S_5 is also irreducible. O

The fixed singular points of the surfaces in the pencil & are Py 1421, Play{y}.{e}»
Py 340 Py ianys Playnvsy, and Py ez IFA # 0o and A # =2, then the
singularities of the surface Sy at these points can be describes as follows:

Py (11230 type Dy with quadratic term (z + y + 2)%;

Py 10y type Ay with quadratic term zy + t2;

Py (.40 type Ay with quadratic term 22 + zz + 2t + t7;

Py 2146 type Ay with quadratic term y? 4 yz + 2yt + *;
Py q4y,4,23: type Ag with quadratic term z(y + 2z — (A + 2)t);
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Py 142,y type Ag with quadratic term y(z + 2 — (A + 2)1).

The surfaces in S also have floating singular points. They are contained in the conic C.
To describe them nicely, we introduce a new parameter p € CU {oo} such that
B 2u% —2u—1

p(l—p)

Then S is singular at the points [1 —p:p:0:p(p— 1] and [p: 1 —p:0: p(p—1))].
Denote these two points by P, and P;_,, respectively. Then P, # P_, <= pn ¢ {00, %}
If on = %, then Pﬂ = Pl—u = [—2 :—=2:0: 1] If o = OO, then Pﬂ = Pl_“ = P{x}7{y}7{z}.

Lemma 2.12.3. Suppose that A # oo and A\ # —2. If u # %, then Sy has isolated
ordinary double singularities at the points P, and P_,. If u = %, then A = —6, and S_g
has a du Val singularity of type Aj at the point P%.

A

Proof. Due to symmetry x <> y, it is enough to describe the singularity of the surface Sy
at the point P,. Moreover, we may assume that pu # 0 and p # 1, since Py = Py (21,41
and Py = P} (2},¢1p- Then P, = [i : ﬁ : 0 :1]. In the chart ¢ = 1, the surface S, is
given by
4-2 2 =2 2 - 2 p.
(k=19 +plp— 1" —p— 12"+ p(p— 1)(2p° — 12T +2p7(n — 1)°2y+
+ plp — 1)(2p? — 4p + 1)3Z + p*2? + higher order terms = 0.

where ¥ = x — i, y=y— ﬁ, and Z = z. If u # %, this quadratic form is non-degenerate,
so that Sy has an isolated ordinary double singularity at P,.

To complete the proof, we may assume that u = % Then P% =[-2:-2:0:1]. Note
that A\ = —6 in this case. In the chart ¢t = 1, the surface S_g¢ is given by

P2 4+228 +55% + (25:@2 — 2% — 23%5 4 2495 — 2247 — 2@22) +
(89 + 290° — 240 — 25% + 20 + §* — 722) = 0,
where T =2+ y+4, y =y + 2, and 2 = 2. Introducing new coordinates z; = %, =1,
and 2, = §> we can rewrite this equation (after dividing by §?) as
B4 2001 + 280+ G — 202+ 55 + (200dnE — 2030 - 2053+
+ (ﬁ?ﬁ — 25§27 — 2078 — 22 hdy — ?ﬁéf) + 2978 + 21972
This equation defines a chart of a blow up of the surface S_g at the point P%. Its quadratic

part is not degenerate, which shows that P% is a du Val singular point of type Ag of the
surface S_g. This completes the proof of the lemma. O

If X # oo and X\ # —2, then the singular points of the surface S\ contained in the base
locus of the pencil S can be describes as follows:

® Puy b izp Pt tvh ity Pt tenitys Pt o148 Pl ithnsy> and Py (1) 40,233
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e P, and P,_,, where p € CU {oo} such that A\ = 2’22(;3‘;)_1;

® Py f2,2},{y,2}, Which is an isolated ordinary double point of the surface S_4.
If X # —4, then S) is smooth at the point Py 2.2} {y,2}-

Note that fixed singular points of the quartic surfaces in the pencil S can be considered
as singular points of the surface Si. In our case, all exceptional curves of the minimal
resolution of the surface Sy at these singular points are geometrically irreducible. Likewise,
we can consider the union P, U P,_, as a (geometrically reducible) singular point of the
surface Sx. This gives rk Pic(Sk) = rk Pic(Sk) + 14. Thus, to prove (k]), we have to show
that the intersection matrix of the curves L{x},{t}, L{y}{t}, L{x}7{y7z}, L{y},{r,Z}v L{t},{LZ},
Ly 1,23, and C on a general surface in S is of rank 4. If A # oo and A # —2, then it
follows from (Z.IZ])) that

Hy ~ 2Ly 1y + 2Ly qy.2y ~ 2L4) 00 + 204 a2y ~
~ 20 ~ Liay oy + Ly + Ly ey + Lin vy
on the surface S. Therefore, in this case, the intersection matrix of the curves L.y 14},
L{y}7{t}, L{x}7{y7z}, L{y}{xvz}, L{t}7{x7z}, L{t}7{y7z}, and C on the surface S)\ has the same

rank as the intersection matrix of the four lines L,y 11y, Ly 165 Loy {o,z}> and Ly qy2)-
If A& {oc0,—2,—4,—6}, then the latter matrix is given by

. Ly [ Lo | Linesy | Linws)
Ly | —3 3 3 i
Ly | 3 —i i 3
Lijas) | 3 i -3 1
Linga | i 3 1 —3
Its determinant is —g, so that in Main Theorem holds by Lemma [[.13.1]

Lemma 2.12.4. If A # —2, then [f~!(\)] = 1. One also has [f~'(—2)] = 4.

Proof. If A\ # —2, then S, has du Val singularities at the base locus of the pencil S, so
that [f~*(\)] = 1 by Corollary [L5.4l Hence, to complete the proof, we have to show
that [f~!(—2)] = 4. To do this, we observe that m; = my = m3 = my = m; = 2
and ms = mg = 1. Similarly, we have M;? = M,? = M;? = M = M;? = 1 and
M;? = M,;? = 2. Thus, using (L8.3) and Lemma [[.85 we see that

[[(=2)] =3+ >_ Dz,
pPex
where X is the set COIlSiStiIlg Of the pOiIltS P{x}{y},{z}, P{x}{y},{t}, P{x}7{z}7{t}, P{y},{z},{t}7
Py ity 4v.21> and Py (6} {o,2}- Using Lemma [[LI271] we see that
-2 -2 -2 -2 -2

=D =D =D =D =
Pray fvy {6} Prey, 23,40} Pryy {=3.40) Prey (1) {v.2} Pryy ) {e.2}

Thus, we conclude that [f~}(=2)] =3+ D Let us show that D>

Py (w23 Pray (w3423
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Let ay: Uy — P? be a blow up of the point Pgy (,1.(21, Then D} = S} for every A # oo.
Moreover, the surface E; contains a unique base curve of the pencil S'. Denote it by Cs.
Then mg = 2 and Mg? = 2. Thus, using (LI0.9), we see that D>

> 1
) Pray.tuy 02y =~
To show that D;{ oy = b observe that there exists a commutative diagram
T Y ?

U
/ \
Uy P3

a1

for some birational morphism . Then Cy is the unique base curve of the pencil S that
is mapped to Py} 11,3 by the morphism «. Thus, using Lemma [LI0.7 and (LI09), we

conclude that D;i} oy = 1 O

Recall that h'?(X) = 3. Then () in Main Theorem follows from Lemma 2.12.41

2.13. Family Ne2.13. In this case, the threefold X is a blow up of a smooth quadric
threefold in P* along a smooth curve of genus 2 and degree 6, which gives h1?(X) = 2.
Its toric Landau—Ginzburg model is given by Minkowski polynomial Ne1392. Replacing z
by %, we rewrite it as

Tz xr  Z 2 2 1
r+y+—+—+-F—+-+-+—=+—+ =
y yz oy
The quartic pencil § is given by
ot? + 2% 4 2oyt? + 2wat? + P 4 2Ptr + w27t + 2yttt

+ 2?yz + zyPz + a2y + y*2? = \ayat.

To prove Main Theorem in this case, we may assume that A # oco. Let C be a smooth
conic that is given by 2z = 22 4+ 2xy + y? + xt = 0. Then

Hyzy - Sy = 2Ly 3 + 2Ly (o)

Hypyy - Sx = Liay gy + Ly ey + Lt + Ligy (o200
H{Z} -5\ = 2L{z}7{t} +C,

Hyy - Sy = Ly 1 + Ly ey + Ligy fo2y + Ly )

(2.13.1)

Thus, we may assume that C = L{x},{y}, Cy = L{y},{t}, C; = L{Z},{t}, Cy, = L{x}7{z,t}7
C5 = L{y}7{z,t}, Cﬁ = L{t},{%y}, C7 = L{t}7{x,z}, Cg = L{y},{%zvt}, and Cg = C. These are all
base curves of the pencil S.
For every A € C, the surface Sy has isolated singularities, so that Sy is irreducible.
If A # —3, then the singularities of the surface Sy that are contained in the base locus
of the pencil § are all du Val and can be described as follows:
Py 0y type Ay with quadratic term zy + y? + xt;
Ppy (1,40 type A with quadratic term zz + 22 + 2tz + t2;
Py 21,30 type Ay with quadratic term yz + 2t + 7



KATZARKOV-KONTSEVICH-PANTEV CONJECTURE FOR FANO THREEFOLDS 69

Py gy 1200 type As with quadratic term (A + 3)xy;
Ppy 163 4,210 type A; with quadratic term
(T+2z4+t)(y+1) — A+ 1)yt
for A # —1, type A, for A = —1;
Py i), fay): type Ag with quadratic term z(x +y + (A + 3)1);
0:A+3:—1:1]: type Ay;
Pty (wy},{2,2: smooth for A # =2, type A, for A = —2.

Therefore, the points Py o0 Plapuniey Pidteanisy Libtortzar: Dnisnes), and
Pry 443 {a,y) are the fixed singular points of the surfaces in the pencil S.
Lemma 2.13.2. If A # —3, then [f~!()\)] = 1. One also has [f~!(-3)] = 3.

Proof. If A # —3, then S, has du Val singularities at the base locus of the pencil S, so
that [f~'(\)] = 1 by Corollary [L5.4l Hence, we must show that [f~}(—3)] = 3.

Recall that S_3 has isolated singularities. Moreover, the points Py 21,43, Pla},fyh .4t}
Py vty Pty e,y and Pry ) (20y are good double points of this surface (see Sec-
tion [[L12)). Thus, it follows from (I.8.3) and Lemmas and [L.12.1] that

1 _ -3
(3] =14 D5,

where Dﬁi{z},{y},{z,t} is the defect of the singular point Py (yy,(2.-

Let oy : Uy — P? be a blow up of the point Py y3,¢2¢- Then Dty = S, + E;. In the
chart t = 1, the surface S is given by

(A +3)zy + (fzi — 7%y — 7y° — (A + 2)7yz + 77°) + (#gz + T5°Z + TyF + y222) =0,

where T = x, § = y, and Z = z + 1. Then a chart of the blow up a; is given by the
coordinate change r; = %, 71 = £, and z; = Z. Then Dj is given by

i

#1 (3 + (A +3)7) + (:zle . 2)@137121) +
+ (02 - Bis - ngtn + 323) + (B2 + 052 ) =0
and the surface E; is given by z; = 0.

The surface E; contains two base curves of the pencil St. They are given by z; = Z; = 0
and 2z, = 7; = 0. Denote them by Cf and C},, respectively. Then My?* = 2, M§ = 1,
and mg = 2. Thus, using (LI0.9) and Lemma [LT0.7, we see that Dp,, ., > 2.

To show that Dp, . ., = 2, we have to blow up U, at the point (71, T2, z1) = (0,0,0).
Namely, let as: Uy — U; be this blow up. Then D33 = 533 + E%, and E, contains a

unique base curve of the pencil S2. Denote it by C%. Then M;;® = 1. Now, using (LI0.9)
and Lemma [LTO.7 again, we obtain Dp,_, . . = 2. This gives [f~'(=3)] = 3. O

Note that Lemma implies in Main Theorem, since h%?(X) = 2.
To verify (T)) in Main Theorem, recall that the base curves of the pencil S are L,y 143,

Lgy s Lty Liah ety Lihiens L fewds Lith {2} Ly} z,20y, and C. On a general
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quartic surface in this pencil, the intersection matrix of these curves has the same rank as
the intersection matrix of the curves Ly q1, Ly ey, Lizy 10y Ly gty Loy fayy > and Hy.
This follows from (2.I3.1). On the other hand, if A ¢ {—1, —2, —3}, then the intersection
form of the curves L{w}{y}, L{y},{t}, L{z},{t}; L{y}’{zﬂg}, L{t},{ny}, and H, on the surface Sy
is given by

. Ly oy | Lyt | Lisny | Loy | L gey | H
Ly | —3 3 0 3 3 1
Ly | 3 —1 3 3 3 1
Liygy |0 3 -3 3 3 1
Lyt || 3 3 3 -3 0 1
Lin ey | 3 3 3 0 -5 |1

H, 1 1 1 1 1 4

Since the determinant of this matrix is —%, we see that its rank is 6. On the other hand,

we have rk Pic(Sy) = rk Pic(Sy) + 12. Hence, we see that holds, so that (] in Main
Theorem also holds by Lemma LT3l

2.14. Family Ne2.14. Let V5 be a smooth threefold such that —Ky, ~ 2H and H® = 5,
where H is an ample Cartier divisor. Then Vj is determined by these properties uniquely
up to isomorphism. A general surface in |H| is a smooth del Pezzo surface of degree 5.
This linear system is base point free and gives an embedding V5 < PS.

In our case, the threefold X is the blow up of the threefold V; along an elliptic curve
that is a complete intersection of two general surfaces in the linear system |H|. Its toric
Landau—Ginzburg model is given by Minkowski polynomial N°1658, which is

Y 29 22z 2 3z 3 Y 3 2 1

x
r+—+z+—+—+—-—+-+—+-+
z z xy x oz xYy T Xz

Ty | xz  ayz

The quartic pencil S is given by

w22y + yia? + Pyx + 2yt + 2t + Pty + 2tPyx + 322+
+ 322y + t2y° + 332 4 263y + t* = Aayzt.
Suppose that A # co. Let C; be a conic that is given by x = 2 + ty + 2tz + 22 = 0,

let Cy be a conic that is given by z = zy + ty +t> = 0, and let C3 be a conic that is given
by t = 2y + xz + 22 = 0. Then

Hyzy - Sx = Ligy ity + Lia} fyty +C1s
Hyyy - Sx = Ligy gy + 3Lgyy (20

Hyy - Sy = 2Cs,

Hyy - Sy = Ligy gy + Liyyq +Cs.

(2.14.1)
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We let C = Cy, Cy = Cy, C3 = C3, Cy = L{m},{t}, Cs = L{y},{t}, Cs = L{m}’{y’z’t}, and
C7 = Ly {-1y- These are all base curves of the pencil S.

For every A\ € C, the surface Sy has isolated singularities, so that S is irreducible.

If X # —4, then the singularities of the surface Sy that are contained in the base locus
of the pencil § are all du Val and can be described as follows:

Py 23,40 type Ag with quadratic term y(z + y);
Pray (zy,10: type D5 with quadratic term (z +t)%
Py (44w type Ay with quadratic term

B+ Nzz+ (z—y—22)(x —y—2)

for A # =3, type Az for A = —3;
Py i (e type Ag with quadratic term

y( AN+ 3)x+y+2z+1t)

for A # —3, type Aj for A = —3;
A+3:0:—1:1]: type Ay for X # —3;
[(A+4)(A+3):—1:0: X +4]: type Ay for A # —3.
Therefore, if A # —4, then Sy has du Val singularities at the base locus of the pencil S,
so that the fiber f~1()) is irreducible by Corollary [L5.4. On the other hand, we have

Lemma 2.14.2. One has [f~'(—4)] = 2.

Proof. The points Ppyy 1 413, Play 240,63 a0d Py 141,424y are good double points of the
surface S_4. Thus, it follows from (L83) and Lemmas and [L12.1] that

[f'(—4)] =1+ Dﬁf‘z},{z},{t}-

Here, the number D;?;} oy 18 the defect of the point Py} (2},1+3- To compute it, we have
to (partially) resolve the singularity of the surface S_; at the point Ppy (2} 41}-
Let o : U; — IP? be a blow up of the point Pray (23,11~ In the chart y = 1, the surface S),

is given by
7% + (25% + AN+ 4Pz — (A +2)tzz + 722 + 522) + (F‘ + 3z8% 4+ 3t22% + 523) =0,

where T = x +t¢, 2 = z, and t = t. Then a chart of the blow up «a; is given by the

z .Letilzjl,élzfl—l—il andtlzﬂ. In

coordinate change 7; = £, z; = 7, and t, =
these coordinates, the surface S} is given by

IS

i+ (B8 — 38+ 35 — (\+ DBE+ O+ D+ 3+ Nath — -+ Dinind )+
+ 1323 — 42512y + 36257 £ 3233 — 6@ 5,10 + 36557 + 1122 — 281014, + 1157 = 0.

If A\ # —4, the surface S} has isolated singularity at (1, 21,%;) = (0,0,0). In this case,
the surface E; contains another singular point of the surface S}, which lies in another
chart of the blow up «;. If A # —4, then this point is an isolated ordinary double point of



72 IVAN CHELTSOV AND VICTOR PRZYJALKOWSKI

the surface S}. On the other hand, the surface S!, is singular along the curve z; = 7; = 0.
This explains why the singularity of the surface S_4 at the point P,y (.1 4 is not du Val.

Let ay: Uy — U; be a blow up of the point (21, 21,%1) = (0,0,0). A chart of this blow
up is given by the coordinate change z, = %, Yo = ?—11, and f, = t;. In these coordinates,
the surface S3 is given by

B9y — (N + 4) Tty + (N + 4) 59ty + (5223 + 3+ )\)igfg — (A4 4)£2i’25’2>+
1202 — At2io 2y + 31555 — b 4+ Tod2 5y + 3251 — 6 Sots + 3o 25 +1ads — 25d0 2y +1525 = 0,
and the surface E, is given by , = 0. Note that D? = S? ~ —K;, for every A € C.

If A # —4, then the quadric form 2925 — (X + 4)@als + (A + 4) 2515 is not degenerate, so
that S3 has an isolated ordinary double singularity at (i, 25, %2) = (0,0, 0). Thus, in this
case, the surface S} has a du Val singularity of type Az at the point (&1, 21,%1) = (0,0,0).
Therefore, if A # —4, then S, has a du Val singularity of type Ds at the point Pp} (23,14 -

Now we are ready to compute Dp,_, . ., using the algorithm described in Section [L.10]
Observe that E; contains one base curve of the pencil S'. It is given by z, = 7; = 0.
Denote this curve by Ci. Then mg = 2 and Mg* = 2. Similarly, the surface E, contains
two base curves of the pencil S2. They are given by ts = &5 = 0 and 5 = 2, = 0. Denote
them by C2 and C?%, respectively. Then Mg* = M;,’ = 1. Now, using (LI0.9) and
Lemma [LT0.7, we deduce that Dp, ., ., = 1, so that [f~!(—4)] = 2. O

Note that Lemma ZT4.2] implies in Main Theorem, since h%?(X) = 2.

Lemma 2.14.3. Suppose that A ## —4 and A # —3. Then the intersection form of the
curves Lzy i, Ly gty Lia} {y,2ty» and Hy on the surface Sy is given by

. Ly | Liwp i | Liayqwzy | F
Ly | —3 1 1 1
Ly 1 : 0 1
Ly ey |1 0 — 1

H, 1 1 1 4

Proof. To compute L%m}’{t}, let us use the notation of Lemma with S = S\, n =5,
O = Py 23,1, and C = Ly . Then €' contains the point o(Gy) = a(Ga) = a(Gs),
and either C- Gy =1 or C - G5 = 1. This follows from the proof of Lemma 2.14.2l Thus,
we have L7, 1, = —7 by Lemma[A32
To find L%y}’ (1) we observe that Py} (23,44 is the only singular point of the surface Sy
that is contained in Ly gy. Thus, it follows from Proposition that L%y]h 0= -2
To find L%m}’{y’z’t}, we observe that P, 14y, and Py (y,(z are the only singular

points of the surface Sy that are contained in the line L, ¢, .. Thus, it follows from
Proposition [A.1.2] that L%y}{t} = -3
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Since Ly 11y N Ligy 1y = Play .40 a0d Ly g1y N Liwy gy,2.68 = Pla} {t),{y,2}, We obtain

Liayy - Ligy ey = Loy ey - Lty qyzty = 1
because Sy is smooth at the points Ppy) (43,1 and Py g1, 1y.2)-
Finally, we have L{y}7{t} . L{x},{y,z,t} = 0, since L{y}7{t} N L{x},{y,z,t} = . D

Recall that the base curves of the pencil S are the curves Ly, ¢y, Lyt ge), Lio) {y.2.t)
Lip =43, Ci, Co, and Cs. If follows from (ZI4T)) that the intersection matrix of these
curves on Sy has the same rank as the intersection matrix of the curves Lz 1y, Ly}, 0
Li2y,1y,2ty, and Hy. On the other hand, the determinant of the intersection matrix in

Lemma 2.14.3] is f—g. Thus, if A # —4 and A # —3, then the intersection matrix of the

curves Lizy i1y, Liyy ey Liay fy.203 Liy) =435 C1, Co, and C3 on the surface Sy has rank 4.

On the other hand, we have rk Pic(Sy) = rk Pic(Sx) + 14. Hence, we see that (Fk]) holds,
so that in Main Theorem also holds by Lemma [.13.1]

2.15. Family Ne2.15. In this case, the Fano threefold X is a blow up of P? at a smooth
curve of degree 6 and genus 4. Thus, we have h'?(X) = 4. A toric Landau-Ginzburg
model of this family is given by Minkowski polynomial Ne910, which is

Y 2 2 z

y x 2
-+ —+-F+—+-"+-+—.
z Yz z T2z Yy T Ty

x+y+z+§+

The pencil § is given by
222y + yizx + Pyx + 2ty + yite + 24 + 2t2yx + 2P + 28820 + 2t 2y + 1227 = \ayzt.
Observe that this equation is symmetric with respect to the permutation x < y.

We may assume that A # oo. Let C be the conic {z = zy + xt + yt = 0}. Then
Hizy - 53 = 2Ly a0y + 21401, 19,21
Hiyyy - Sy = 2Ly 1 + 2L4y) o2
Hizy - Syv= Lo + Ly ey +C,
Hyy - 53 = Ligp ey + Lyt + Liepiny + Lin o2y

(2.15.1)

Thus, we may assume that C7 = Ly 4y, C2 = Ly g1y, C3 = L g, Cs = Ligy (g2}
Cs = Liy g2 Co = Lizy (o), C7 = Lty 2,2}, and Cg = C. These are all base curves of
the pencil S.

If A # —1, then the surface S) has isolated singularities, so that S is irreducible. One
the other hand, we have S_; = Hy,, .y +S, where S is an irreducible cubic surface that is
given by xyz+zyt+xt® +yt* + 2t* = 0. The surface S is singular at Ppyy 13 411, Prat (21,01
and Py (41,43 These are isolated ordinary double points of this surface. Note also that

Hipy sy NS = Ligy g2 + Ly fazy T4,

where /¢ is the line {y + x —t = z +t = 0}.
If A # —1, then the singularities of the surface Sy that are contained in the base locus
of the pencil § are all du Val and can be described as follows:

Py qo1.423: type Dy with quadratic term (z +y + 2)?;
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Pray yy,01y: type Ay with quadratic term xy + 2

Py 21,40 type Ay with quadratic term a2z + at 4 7;

Ppp o1,y type Ay with quadratic term yz + yt + ¢%;
Py 11,{v,2): type Ag with quadratic term z(z +y + z 4+ (A + 1)1);
Py ity .40.23: type As with quadratic term y(z +y + 2+ (A + 1)t);
Pia ) oy type Ay with quadratic term (z + y)(z +t) + 22 — Azt.

If A # —1, then [f~1()\)] = 1 by Corollary [L5.4] so that in Main Theorem follows from
Lemma 2.15.2. One has [f~!(—1)] = 5.
Proof. Tt follows from (L83 and Lemmas and [L.12.1] that

-1 —1
=D =4+ Dry i

Observe that S is smooth at Py 1,421, and Hy, -y is tangent to S at this point. Thus,

the proper transforms of these surfaces on the blow up of P? at the point P (,1.(-} both

pass through the base curve of the proper transform of the pencil & that is contained in

the exceptional divisor. Using (LI0.9), we conclude that D! > 1. Arguing as in

Play {u} L=}
the proof of Lemma 2.5.3] we see that D;{lz} iy = Lo so that [f~1(—1)] = 5. O

If X # —1, then the intersection form of the curves Ly, 1y, Ly gy, Lizvqes Lizyfaw)s
and H) on the surface S is given by

. Ly | Ly | Lisnny | Doy | H
Ly || —3 3 3 1
Ly 3 ~% ! 0 1
Liyw | 3 3 —3 3 1
Lizpagy |0 0 3 -5 |1

H, 1 1 1 1 4

The rank of this matrix is 4. Thus, if A # —1, then it follows from (ZI50]) that the
intersection matrix of the base curves of the pencil § on the surface Sy also has rank 4.
On the other hand, we have rk Pic(Sg) = rk Pic(Sx) + 14. Hence, we see that (Fk]) holds,
so that in Main Theorem also holds by Lemma [[LT3.1]

2.16. Family Ne2.16. In this case, the Fano threefold X is a blow up of a smooth complete
intersection of two quadrics in a conic. We have h'?(X) = 2. A toric Landau-Ginzburg
model of this family is given by Minkowski polynomial Ne1939, which is

y y x =z x 1 =z 1 x 2 z
r+z+=-"4+-"+-—-+-"+-"+-+-+-4+—+-4+—.
z xr z T Yy z Yy x yz Yy xy

The quartic pencil § is given by
x2yz+xy2t+xy22+y2zt+x2yt+yz2t+x2zt+xyt2+xz2t+yzt2+x2t2+2x2t2+22t2 = \xyzt.
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As usual, we suppose that A # oo. If A # —2, then the surface S\ has isolated
singularities, so that it is irreducible. One also has S_y = Hy, .y + Hy 4y + Q, where Q is
an irreducible quadric surface given by xz + xt + yt + 2t = 0.

Let C be the conic in P? that is given by y = 2z + 2t + 2t = 0. Then

Higy - Sx = Liay 12y + Liay {1y + Liaygysr + Liad u.t)s
Hyy - Sx = Lygy + Ligygezy + 6
Hey - Sy = Ligy oy + Lisy o + Lisygowy + Lz wys
Hyy - S = Lz + Lignan + Lisnin + Ligge,z)
so that the base locus of the pencil S consists of the curves L.y 2y, Liay.qy, Liyy{}s
Lz Liaytuer Liehtvay Lightesr Lishtewds Lisntvys Lingezp, and C.
If A # —2, then singular points of the surface S, contained in the base locus of the
pencil S are all du Val and can be described as follows:

Pray (yy.4zy: type Az with quadratic term
(x+2)(x+y+2)
for X # =3, type A5 for A = —3;

Py (w1100 type Ao with quadratic term (z 4 t)(y + 1);

Py 340 type As with quadratic term ¢(x + 2);

Py 21,40y type Ay with quadratic term (y +t)(z + t);
Py 3, 1p0y: type Ay with quadratic term zy 4+ yz + 2t — (A + 2)xz;
Py aiy 40,23 type Ay with quadratic term xy + ot + yz — (A + 2)yt.

Moreover, the singularities of the surface S_, at these points are non-isolated ordinary
double points. Thus, if A # —2, then the fiber f=*()\) is irreducible by Corollary [L5.4l
Similarly, it follows from (L8.3) and Lemma [L12.1] that [f~'(—2)] = 3. This confirms ()
in Main Theorem, since h*?(X) = 2.

If X # —2 and X # —3, then the intersection matrix of the curves Ly o4y, Lt} (a2}
Liay tyty> Lizy vty Loy vy, and Hy on the surface Sy is given by

. Ly ety | Lingesy | Loy wty | Lisviuy | Diayqwy | Ho
Ly | —3 0 3 0 0 1
Lty o) 0 ~1 0 0 0 1
Liygony |3 0 —3 3 1 1
Lgyga| O 0 3 - 0 1
Ly fy} 0 0 1 0 —3 1

o, 1 1 1 1 4

This matrix has rank 6. One the other hand, if A # —2, then

Hy ~ 2Ly 2y + Ly a2y + Liy o2 ~ Liat oty T 201310 + Lizy gyt




76 IVAN CHELTSOV AND VICTOR PRZYJALKOWSKI

on the surface Sy, because Hy, .y - Sy = 2Ly 2y + Ly} o2} T Lt} {o,2) and

Hyyy 53 = Ligywr + 2Lgr 0 + Lish -
Thus, if A # —2 and X # —2, then the intersection matrix of the curves Ly 21, Lia}, {1}
Liyyays Liay iy Loy vy Ly vty Ly ey Loy Lizy sy Loy a2y, and C also has
rank 6. Hence, we see that (3k]) holds, because rk Pic(Sy) = rk Pic(Sk) + 12. Then (] in
Main Theorem holds by Lemma [[.T3.1]

2.17. Family Ne2.17. The threefold X is a blow up of a smooth quadric threefold along
a smooth elliptic curve of degree 5, so that h1?(X) = 1. A toric Landau—Ginzburg model
of this family is given by Minkowski polynomial Ne1926, which is

y oz =z 1 2 1 z 1 1
-+ -4+-+-+-+-"4+—+—+—.
r Yy x zZ Yy T Ty T2z TY

The quartic pencil S is given by

x
x+y+z+§+

Pryz+ay’z+ay it +ytet Lttty St oyt + 20t Hy i+ 22yt 4+ 2t = Ayt
As usual, we suppose that A # oco. Let C be the conic {x = yz + tz +t* = 0}. Then
Higy - 53 = Ligy i + Liap gy +6,

Hyyy - Sy = Ligy 23 + Ligy iy + Ligh ety + Ligy (o203
(2.17.1)
Hpzy - Sy = Ligy (2 + 2L 001 + Lz o)

Hyy - 53 = Ligp ey + Lyt + Lisriny + Liny o)
Thus, we may assume that C; = L{m},{t}; Cy = L{y}{z}, C5 = L{y},{t}, Cy = L{z},{t},
Cs = Liap 1> Co = Lightagyy O = Lispiony Cs = Ligp ey Co = Ly gasyy Cro =C.
These are all base curves of the pencil S. Note that m; = 2, my = 2, m3 = 2, m3 = 2,
my=3ms=1mg=1m;=1 mg=1 mg =1, and m;g = 1.

If A # —2, then the surface Sy € S has isolated singularities, so that it is irreducible.
On the other hand, one also has S_ = Hy, + S, where S is an irreducible cubic surface
that is given by the equation zyz + x2t + y?z + y22 + yzt + yt? + 22t + 2t2 = 0.

If A # —2, then the singular points of the surface S contained in the base locus of the
pencil S can be described as follows:

Py 40 type Ay with quadratic term (x 4+ t)(y + t);

Py 21,000 type Az with quadratic term z(z + t);

Py 1,40+ type Ay with quadratic term z(y + t);
Py 1, {y,2): type Ay with quadratic term (z +y + 2)(x +t) — (A + 2)at;
Ppy 16 4,230 type Ap with quadratic term

(y+t)x+y+z2+t)— (A+3)yt

for A # —3, type Ay for A = —3;
Pryy 121 {20y type Ay with quadratic term y(z +t + (A + 2)2);
P () oy type Ay with quadratic term a2z + yz — 2% — (A + 2) 2t + 7
0:-2,2: -1+ \/3] smooth point for A # _1%‘/5, type Ay for A = _1+*/5
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Thus, if A # —2, then [f~}(\)] = 1 by Corollary [L5.4. To find [f~!(—2)], observe that
the set X consists of the points Py 12}, (0: Plat.oh 43 Llap vty Dot toh gyl Livdtehtons
Py qt3,12,23, and Ppy 14y 12,y Thus, it follows from (L83) and Lemma [[.8.5] that

[ (=2)] =2+ > Dp*

Moreover, the quadratic terms of the surface Sy at the singular points Py 214,
Py ieriy Plapinrtr Pt intver Pbehiaty Pyhithfesys and Pley gy 4o,y given above
are also valid for A = —2. This shows that all these points are good double points of the
surface S_, so that their defects vanish by Lemma [[.12.1l Hence, we have [f~!(—2)] = 2.
This confirms () in Main Theorem, since h'?(X) = 1.

If X # —2, then the intersection matrix of base curves of the pencil S on the surface Sy
has the same rank as the intersection matrix of the curves Lz ¢y-1, Ly fatrs Lizy ot}
L{Z/L{LZ,t}’ L{y}7{z}, and HA, because

Ly 1y + Lia gyer 7 C ~ Ligy 2y + Ligy gy + Ligh oy + Ly w2ty ~
~ Loy + 2Ly g + Ly oty ~ Liay o + Ligy gy + Lisyg + L foy.2r ~ Ha
on the surface Sy by (2I71), and

2Ly 1y + Ligy oty T Loy oty ~ Ha,

since H{:c,t} -Sy = QL{x},{t} + L{y},{x,t} + L{z},{:c,t}- Moreover, if A € {—2, -3, _1:5\/5}, then
the intersection matrix of the curves Ly ¢y 2y, Liyy ta4ys Lz gatd> Liyy a2t Liy){z}, and
H) on the surface S) is given by

° Ly tyoy | Lipn ey | Lionteny | Ly dazty | Ligttzy | Ho
Lia) (.2} —3 0 0 0 1 1
Liy) o) 0 —2 L 2 A
Ly aty 0 : -1 1 L 1
Ly ta,2t 0 2 1 3 2 1

Ly}1} 1 : 1 2 2
th ! L ! 1 1|

The determinant of this matrix is —%. But rk Pic(Sy) = rk Pic(Sy) 4 12. Thus, we see
that (Fk]) holds, so that in Main Theorem also holds by Lemma [[LT3.1]

2.18. Family Ne2.18. In this case, the threefold X is a double cover of P! x P? ramified in
a divisor of bidegree (2,2). In this case, we have h'?(X) = 2. A toric Landau-Ginzburg
model of this family is given by Minkowski polynomial Ne1922, which is

Yy o2 T 1 1 1 2 1 1 1
+ + +



78 IVAN CHELTSOV AND VICTOR PRZYJALKOWSKI

The quartic pencil § is given by

22yz +ryiz F oy +ytet y 2t 4 2t oyt oot oyt 4 20t - ytP + 2P -t = Ayt
Suppose that X # oo. Let C be the conic which is given by 2 = yz +t?> = 0. Then

Hizy - Sy = Ligy iy + Ligy g2ty +C,

Hypyy - Sx = 2Ly 1y + L oy T Lighfa2)

(2.18.1)

Hey - Sx=2Lgy + Ly oy + L o)

Hyy - Sy = Ligy gy + Ligy oy + Liey iy + Ly o2}

Thus, we may assume that C\ = Ly, Co = Ly, C3 = Ly, Co = Liyy (a0}
Cs = Lisy ey Co = Liay ety O1 = Ligy(aeny, O3 = Lizyfewys Co = Lty foy,2y, and
Cho = C. These are all base curves of the pencil S.

Note that S_y = Hyz 1y +Hyay -1y +Q, where Q is an irreducible quadric cone in P3 that
is given by yz + t?> = 0. On the other hand, if X # —2, then Sy has isolated singularities.
Furthermore, if A # —2, then the singular points of the surface S contained in the base
locus of the pencil S can be described as follows:

Py 2146 type Ay with quadratic term yz + t2;
Py 23,4 type Az with quadratic term z(z + ¢);
Py (w00 type As with quadratic term y(x 4 t);
Py qiy,4,23: type Ay with quadratic term (z +t)(z +y + 2 +t) — (A + 2)at;
Pryy 121 {20y type Ay with quadratic term z(z +y + 2z +1t) — (A + 2)yz;
Py 142,210 type Ay with quadratic term y(z +y + 2z —t — At);
Py iy 12wy type Ay with quadratic term z(x +y + 2z —t — At).
Thus, the set X consists of the pOil’ltS P{y},{z},{t}7 P{x}7{z}7{t}, P{x}7{y}7{t}, P{x},{t},{y,z}7
Pyt (a1 Piod i o)y and Pl i), (o)

If A\ # —2, then the fiber f~1()) is irreducible by Corollary [L5.4l Similarly, it follows

from (L83), Lemma [[8H and Lemma 121 that [f~'(—2)] = [S_5] = 3, because

M1—2 _ M2—2 _ M3_2 — MZ2 — Mg2 — M6_2 — M;Q — M8—26 _ M9—2 _ M1_026 — 1’
and every point of the set ¥ is a good double point of the surface S_s. This confirms ()
in Main Theorem, since h%?(X) = 2.

To verify in Main Theorem, observe that
Hizpy - 9% = 2Ly, + Ligy ey + Liz) fo)
for A # —2. Thus, if A # =2, then 2L,y (1) + Liyy 2,00 + Li2y (o,ry ~ H on the surface S).
Likewise, if A # —2, then
2Ly ety T Lighgwety T Lispowty + Lot gowey ~ H
since Hizyz) - = 2Ly, (g2t + Lighgwey + Lich oty + Lo faysy- 1A # =2, then

Hy ~ Ly + Ly tyey + € ~ 2Ly + Ly oy + Ligy feey ~
~2Lpy gy + Ly ety + Ly fowty ~ Loy gy + Ly + Lt + L fe.2)
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on the surface Sy. This follows from (2I8T). So, if A\ # —2, then the rank of the
intersection matrix of the curves L{m},{t}> L{y},{t}> L{z},{t}> L{y},{m,t}a L{Z}’{Lt}, L{m},{y,z,t}>
Ly w26y Lizy faw,tys Lty {2,,2}, and C on the surface Sy is 5, since the intersection matrix
of the curves Ly (11, Lz} {y,260s Liy) o241 Ly} fat)> and Hy on the surface S} is given by

° Liay ity | Ligydvety | Lighiosty | Loy | Ha
Loy 0 0 % 0 % 1
Liywety | 3 3 1 0 |1
Liezny || O 1 _s 1 )
Liyy (=) 1 0 1 B

Hy 1 1 1 1 4

One the other hand, we have rk Pic(Sy) = rk Pic(Sy) + 13, so that () holds in this case.
Then in Main Theorem holds by Lemma L1311

2.19. Family Ne2.19. In this case, the threefold X can be obtained by blowing up a
smooth complete intersection of two quadrics in P° along a line, so that h'?(X) = 2.
A toric Landau—Ginzburg model of this family is given by

rxr z yz x x y 1 'y
Tyttt S =S
y Yy v oz yz z Yy
which is Minkowski polynomial Ne1108. Then the pencil § is given by
vryz + xy2? + 22t + ayty + 12t + y?2 + 2yt + 27 + 2yt + a2t + yPet = vyt
For simplicity, we assume that A # oo. If A # —1, then the surface Sy has isolated
singularities, so that it is irreducible. On the other hand, we have S_y = Hy, ., +H, n+Q,
where Q is a smooth quadric in P? that is given by xy + a2t + y? = 0.
Let C be the conic in P? that is given by z = zy + 2t +y*? = 0. Then
® Hizy - Sy = 2Ly 1) + Lisytz) + Lia) fe
o Hyy - Sy = Ly iy + Lyt + Ly ey + Ly £y
® Hpy Sy = Ligygzy + Lizy i + 6
o Hyy - Sx = Lypqn + Lispan + Loy + L g2y
This shows that the base locus of the pencil S consists of the curves Ly 1, Liay 2}
Loyt Lisyanys Loy ey Liwdtosd Ly ey L gways Ligy o235 and C. This also gives

2Ly oy + Ligy oy T Liah ey ~ Lty oy + Loy ey + Ligygo2y + Ly (e ~
~ Liay oy + Ly oy +C ~ Ly oy + Ligy (o + L fagy + Ly o2y ~ Ha
on the surface Sy with A\ # —1.

If A # —1, then the singularities of the surface S, contained in the base locus of the
pencil S can be described as follows:

Py 1,40+ type Ay with quadratic term (y +t)(z + t);
Py 3,40 type Ay with quadratic term (z 4 2)(z + t);
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Ppy .0y type Ay with quadratic term zy + at + y?;

Py (w1123 type Ay with quadratic term x(x + 2);
Py gy 1200 type Ay with quadratic term z(y + Ay — z — t);
Py 42,2y type Ay with quadratic term (z + 2)(y +t) — (A + 1)yt;
Py ity fay): type Ay with quadratic term (2 4 ¢)(z +y —t) — (A + 1)zt

These quadratic terms remain valid also for A = —1. Thus, using ([.83)) and applying
Lemmas and [LI2.T] we see that [f~!(—1)] = [S_;] = 3, because S_; is smooth at
general points of the curves Lyzy 4}, Liay £2); Liyy (s Lizptars Lo e Ligh o)y Ligh gzt
Lty {ww}» Lt} a3, and C. This confirms (V) in Main Theorem, since 2 (X) = 2.

To verify in Main Theorem, observe that rk Pic(Sk) = rk Pic(Sk) 4+ 13. Moreover,
if A # —1, then the rank of the intersection matrix of the curves L,y (41, Lia} 121, Ly
L{Z},{t}7 L{x},{z,t}; L{y},{%z}? L{y},{z,t}a L{t}{x,y}, L{t}7{x7z}, and C on the surface S)\ is the
same as the rank of the intersection matrix of the curves L) 20, Ly gy, Liyy{z.2}s
Ly iz6ys Ly gy Ligy goyy» and Hy. Thus, using Lemma [[LI3.1], we see that () in Main
Theorem holds in this case, because the matrix in the following lemma has rank 5.

Lemma 2.19.1. Suppose that A\ # —1. Then the intersection matrix of the curves
Ly ety Lhters Lighiesrs Lighietys Lz, Ly feyy, and Hy on the surface Sy is
given by

. Ligy ey | Linp iy | Loy | Ly ey | Diandny | Loy gey | FN
Ligp ety | —3 0 0 3 ; 0o |1
Lyyy 10 0 —3 3 3 3 3 1
J A 0 1 e 1 0 0 1
Ly | 3 3 1 -3 3 0 1
Lz : 3 0 : —5 3 1
Liygowy | 3 0 0 0 0 —5 |1

H, 1 1 1 1 1 1 4

Proof. The last column and the last raw in this matrix are obvious. To find its diagonal
entries, we use Proposition [A.I.3l For instance, the line L,y 1.4 contains two singular
points of the surface Sy. These are the points P,y (21,1 and Py} (y},42,¢3- Both of them
are singular points of type A,. Thus, by Proposition [A.1.3] we have

2 2 2

Lyn=—2+=+2-=-2Z
{eh42) T3tz T3

Likewise, we obtain the remaining diagonal entries.
To find the remaining entries of the intersection matrix, observe that the line L.y 1.4
does not intersect the lines Ly 11, Liyy 2,2}, and Ly (o1, SO that

Ligy 2 - Lty = Liohte8 - Lighfa2y = Loty - Ligp fegy = 0
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Now observe that L{x}{%t} N L{y},{z,t} = P{m},{y},{z,t}> which is a singular point of the
surface Sy of type A,. Moreover, the strict transforms of the lines L,y ., and Ly (-4 on
the minimal resolution of singularities of the surface Sy at the point Py g1 (-4 intersect
different exceptional curves. This implies that L,y (243 Liyy 20 = % by Proposition[A. 1.3l

Similarly, we see that Lisy, 2 - Lt = 35 Lot - Lonead = 2 Lontn Longen = 50
Loy Ly = 5 L Lintewy = 2 a0d Ly ey Ly = 5
Observe that the line Ly} (2.} does not intersect the lines L.y 1 and Ly (2, and

the line L,y 1. does not intersect the line Ly (541, so that

Lip ey Listiny = Linhiesy - Loy = Ltz - Ly fway = 0-
Moreover, the intersection Ly 2.1 M Ly 12,4 consists of a smooth point of the surface Sj.
Thus, we have L{y},{m,z} . L{y},{z,t} =1.
Finally, observe that L.y ¢ N Ly {oyy = Pizt},{zy}, Which is a singular point of the
surface Sy of type A;. Thus, we have L.y 11y - Ly (o9} = % by Proposition [A.1.3] O

2.20. Family Ne2.20. In this case, the threefold X is a blow up of the threefold V5 along a
twisted cubic (see Subsection 2Z14)). Thus, we have h'?(X) = 0. A toric Landau-Ginzburg
model of this family is given by Minkowski polynomial Ne1109, which is

y Loy |y

1 Tz 1 1
Strdyt-o+ -+ —+ a4
z z Xz T Xz Y Yy

The pencil § is given by the equation
yzt:z + a:zzy + y2ZI + tzxy + t2y2 + yzzt + t3y + 222 + ngty + t?2x + t2zy = \xyzt.

Suppose that A\ # co. Then the surface S has isolated singularities. In particular, we see
that S, is irreducible.
Let C be a conic in P? that is given by y = vz +t?> = 0. Then

Hipzy - Sx = Ligy gy + Lisy gy + Liad fwty + Liah 23
Hyyy - Sx = Ligyy + Ligy 3 +C,

(2.20.1)
Hpy - Sy = Ly oy + Ly + Ly ety + Lz fwt)s

Hyy - Sy = Ligy g1y + Liay gy + Ly gy + Liny (2}

This shows that Ly (), Loy Liwntars L Liadtwars Liad ey Liadenys Liehivns
Lty gey> Lty qy,2), and C are all base curves of the pencil S.

If A # —2 and A\ # —3, then the singular points of the surface S, contained in the base
locus of the pencil & can be described as follows:

Py 1,400 type Ay with quadratic term z(y + 2);

Py 23,4 type Ay with quadratic term (v +¢)(2 + t);

Py g qsy: type Ay with quadratic term z(z + y).
The surface S_3 has the same singularities at Ppyy 121 (13, Pla){z},{6> and Ppay (1,403 In ad-
dition to them, it is also singular at the points [0: 1:1: —1] and [1:1:0: —1], which are
isolated ordinary double points of the surface S_3. Similarly, the singular points of the
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surface S_y are Py 21,461 Pt 21,060, Pla){v).qey> and [1: =1 :1:0]. They are singular
points of the surface S_5 of types Ag, Ay, Ag, and Aq, respectively.

We see that every surface Sy has du Val singularities in every base point of the pencil S.
Thus, by Lemma [[L54] every fiber f=*(\) is irreducible. This confirms (7)) in Main
Theorem, since h'?(X) = 0. To verify in Main Theorem, we need

Lemma 2.20.2. Suppose that A # —2 and A # —3. Then the intersection matrix of the

cwrves Loy (s Liay (s Liaptzays Lihter Lisp oy Lishitvtrs Lay gy, and Hy on the
surface S) is given by

* Ly iy | Loy twsy | Liadety | Loty | Diarieny | Liertvny | Lipdusy | F
Lizy v} _é % 0 1 0 0 0 1
Liywn | 3 ¢ 1 0 0 1 0 1
Liay 12y 0 1 —4 0 1 0 0 )
Liyy 2 1 0 0 4 1 2 ; )
Lipany || O 0 . 1 4 1 0 )
eeny 1 0 2 1 s 1 )
Ly 0 0 0 3 0 1 s )

H,y 1 1 1 1 1 1 1 4

Proof. All diagonal entries here can be found using Proposition [A.1.3l For instance, the
only singular point of the surface Sy that is contained in Ly, 1y is the point Py (43,1}
which is a singular point of type A4 of the surface S). Applying Remark with
S =08\, n=4, 0 = Py, and C = Ly, we see that C contains the point
G1 NGy, because the quadratic term of the surface Sy at the point Pray qyy.40) 18 z(x+y).
This shows that C intersects either Gy or Gi. Then L%m}’ ) = —% by Proposition [A. 1.3l

Applying Proposition[A.1.2] we can find the remaining entries of the intersection matrix.
For instance, observe that

Liy oy O Loy iy = Loy oy O Ly iy = Pladfud (-
Thus, it follows from Proposition that Ly - Lizyqey and Liay gy - Liay gy are
among % and % But L{x}{y} + L{m},{t} + L{m},{y,t} + L{m}’{zﬂg} ~ Hy by m, so that

L= Ly + Lipiny + Loy oy + Liytey) - Ly iy =
1
= Ly - sy + Lioptwy Liad vy — 5

Hence, we deduce that Ly g0 - Ly gy = % and Ly (y) - Liay {y,6y = % Similarly, we can
find all remaining entries of the intersection matrix. U

The matrix in Lemma 2202 has rank 8. But rk Pic(Sy) = rk Pic(Sy) + 10, so that (k]
holds. By Lemma [I.13.1] this shows that in Main Theorem also holds.
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2.21. Family Ne2.21. In this case, the threefold X can be obtained from a smooth quadric
threefold in P* by blowing up a smooth rational curve of degree 4. Then h'?(X) = 0.
A toric Landau—Ginzburg model of this family is given by

1

z
Y Yi242
z r Yy =z

which is Minkowski polynomial Ne730. Then the pencil S is given by

T rz 1
- tr+—-+-—+-+tyt+z+
z Yy oz

22ty + 222y + yite 4+ 222t + Pyx + yizr + Pyx + yPat + 22te + 22y = \zyzt.
As usual, we assume that \ # oo. Then

® Hypy 53 = Liay ) + Liay (e + Loty + Liad gy

® Hyy - Sy = Ly ) + Lyt + Ly + Ly ey

® Hizy Sy = Liay o) + Liny (o) + Lisyin + Ligy fewads

® Hyy - Sx = Liayqny + Lihiny + Loy + Ly (o)
This shows that Lz} gy}, Liehgep Lierteys Liwniep Liwntns Lenins Liehtvss Liyptochy
Lyt and Ly g4 21 are all base curves of the pencil S.

For every A € C, the surface S, is irreducible, it has isolated singularities, and its

singular points contained in the base locus of the pencil S can be described as follows:

Py (w1123 type Ag with quadratic term y(z + 2);
Ppay .41y type Az with quadratic term z(y +t) for A # —1, type A; for A = —1;
Proy {234ty type Ag;
Pryy (z1.40° type Ay
Py (o). 0w type Ay for A # =2, type Ay for A = —2;
Py i) .(eoy: type Ay for X # —2, type Ay for A\ = —2;
Piy i eyt type Ay for A # —4, type A, for A = —4.
Then [f~1(\)] = 1 for every A € C by Lemma [[L5.4l This confirms (¥) in Main Theorem.
The rank of the intersection matrix of the curves L,y 11, Liz) {2}y Lia} )5 L{‘y}v{Z}v
Ly iy Ly ey Liwyqutys Ly iezys Ly fawtys and Ly (2421 on the surface Sy is the
same as the rank of the intersection matrix of the curves Ly, 1, Lz} {13, Lyt g3 Lizy{}
Lia oyt L {oy,y, and Hy. If A & {1, =2, —4}, then the latter matrix is given by

. Ly | Loy | Liwndsy | Lo | Loy ety | Ly | H
Ly | —3 i i 0 0 0 1
Lz} i3 i —2 0 1 1 1
Ly 2 i 0 —2 1 0 1 1
Ly 0 5 ! —1 1 1 1
Ly oy | O 0 1 —3 1 1
Lty 2,2} 0 1 0 1 1 -1 1

o, 1 1 1 1 1 1 4
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Thus, its determinant is —32 # 0. Moreover, we have rk Pic(Sy) = rk Pic(S)+11. Hence,
we see that () holds, so that in Main Theorem also holds by Lemma L1311

2.22. Family Ne2.22. The threefold X is a blow up of the threefold V; along a conic (see
Subsection 2.I4)), so that A"?(X) = 0. A toric Landau—Ginzburg model of this family is
given by Minkowski polynomial Ne413; which is
y 1 1 1 1 Tz
- +-—+ty+z+—+-+-+r+—
xr xz oz oy y
The quartic pencil S is given by
yPat + P2y + yPzx + Pyz + By + Pyx + Per + 22y + 2227 = dayzt.

Suppose that A # oco. Let C; be the conic in P that is given by x = yz + 2t +t* = 0,
and let Cy be the conic in P? that is given by y = vz +t> = 0. Then
Higy - Sx = Ligp gy + Liapn + G,
Hyyy - S0 = Ly iy + Ligy (2 + Co
(2.22.1)
Hizy - Sx = Lighga + 2Ly + Lizy oy
Huy - S3= Ly iy + Lisptn + Loy + L tvy-

Thus, the base locus of the pencil S consists of the curves L,y 1yy, Liay, 1635 Liyy {23 Lizy0}
Lisygatys Ligyewys Ligngyays €1, and Co.

For every A € C, the surface S is irreducible and has isolated singularities. Moreover,
the singular points of the surface S, contained in the base locus of the pencil § can be
described as follows:

Py wy.10: type Ay with quadratic term x(x + y) for A # =2, type As for A = —2;

Py 340 type As with quadratic term z(z + ) for A # =2, type A5 for A = —2;

Py 21,400 type Ay with quadratic term z(y + z) for A # —1, type A; for A = —1;
Prayu qwy type Aus

[1:—1:1:0]: smooth for A # —1, type Ay for A = —1.
Then [f~}(\)] = 1 for every A € C by Lemma [[L5.4l This confirms (7)) in Main Theorem.

If A # —1 and A # —2, then the intersection matrix of the curves L (1, Liz},10,
L{Z}v{%t}, L{t},{@y}a L{t}7{y7z}, and H)\ on the surface S)\ is given by

. Lyt | Leyvo | Loy | Loy | Ly | H
Ly | —3 0 0 5 0 1
Ly |0 &0 i 3 5 1
Liggen || 0 1 ~1 0 0 1
Lig ey | 3 3 —% 1 1
Lingysy | O 5 0 -5 |1

o, 1 1 1 1 1 4
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This matrix has rank 6. Hence, using ([2.22.1]), we see that the rank of the intersection
matrix of the curves Ly 1y, Loty Liyy(eys Lianins Lisyenys L ewds Lingueys G
and Cy is also 5. But rk Pic(Sy) = rk Pic(Sk) + 12, so that we conclude that () holds.
Then in Main Theorem holds by Lemma L1311

2.23. Family Ne2.23. The threefold X is a blow up of a smooth quadric threefold in P*
along a smooth elliptic curve of degree 4. Then h'*(X) = 1. A toric Landau-Ginzburg
model of this family is given by Minkowski polynomial Ne410, which is

y 1 1

2z
r+y+zt+t—-—+-+-—+-+-+-.
T Yy z z xT Y

In this case, the pencil § is given by the equation
xyz2 + xzyz + :By2z + 22t + yz2t + :B2yt + :L"yzt + xzt® + yzt2 = \xyzt.
As usual, we assume that A # co. Then

Hipzy - Sx = Ligy qyy + Loy gy + Liad iy + Loy (2

Hyyy - Sy = Ligyy + Lt ey + Lgh i + Ly e
(2.23.1)
Hpy - Sy = Ligy o + Ligh 2y T Loy iy + Ligy o

Hyy - Sy = Ligy g0y + Ligy gy + Lzy iy + Ly a2}

This shows that the base locus of the pencil S is a union of the curves Ly (41, Lia}, {2}
Ligyar, Ligntzrs Lignanys Lisyaeys Loy zy, Lihtayy Lot gagds a0 Ligy o2

Observe that S_y = H, ;4 + S, where S is an irreducible cubic surface in P3 that is
given by zzt + yzt + 2%y + 2y? + vyz = 0. On the other hand, if A # —1, then S\ has
isolated singularities, so that it is irreducible. Moreover, in this case, the singular points
of the surface S contained in the base locus of the pencil & can be described as follows:

Py 21,46y type Ag with quadratic term y(z + t);

Py 23,4 type As with quadratic term x(z + ¢);

Pray w3400 type Ay with quadratic term xy + xt + yt;

Py w1123 type Ag with quadratic term z(z 4 y) for A # 0, type As for A = 0;
Pey i {oyy: type Ay with quadratic term (z +y + 2)(2 +t) — (A + 1)2t;
Py 14200 type Ay with quadratic term (z +y)(z +t) — (A +1)zy.

Thus, it follows from Lemma [[L5.4] that the fiber f~'(\) is irreducible for every A # —1.
Moreover, the surface S_; has good double points at Py 21,163, Prayfz1.060s Platfyh it}
P{x}{y},{z}, P{z},{t},{m,y}> and P{x}7{y},{z7t}. Furthermore, it is smooth at general points of
the curves Loy, (y)s Liay (a1 Liapteys Liyptoh: Liwhteps Liantor Lo ey Liwp iz Loy gods
and L {4,y,-3. This gives [f~*(—1)] = [S_1] = 2 by (I.83) and Lemmas and [[12.1]
and confirms in Main Theorem, since h*?(X) = 1.

To verify in Main Theorem, we may assume that A # 0 and A # —1. Then the
intersection matrix of the curves L{IL{Z}, L{x},{t}7 L{x},{zi}, L{y}7{t}, L{y}{z,t}, L{Z}7{xvy},
and H) on the surface S is given by
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. Ligy iy | Loyt | Doy | L | L tzn | Ly gy |
Ly | —3 i 3 0 0 3 1
Ly | 3 i > > 0 0 |1t
Ligpey | 3 3 —3 0 3 0 1
Ly 0 3 0 —3 3 0 1
Lipery | O 0 3 ) -1 0 1
Liyewy | 3 0 0 0 0 -5 |1

o, 1 1 1 1 1 1 4

The rank of this matrix is 6. Thus, using (2Z23.1]), we see that the intersection matrix of
the curves Liay (), Liay.(2)s Liad i L e Ly Lieyys Liad otz Lightzys Lo
and Ly 12,y,-} is also 6. But rk Pic(Sk) = rk Pic(Sk) + 12. This shows that holds, so
that in Main Theorem also holds by Lemma [LT3.1]

2.24. Family Ne2.24. The threefold X is a smooth divisor in P? x P? of bidegree (1, 2),
which implies that h?(X) = 0. A toric Landau-Ginzburg model of this family is given
by Minkowski polynomial Ne411, which is

Ty

T 1 1
—+z+y+z+—+
z z

y oz
=+ -—-+-—-+-.
T Yy Yy
Then the pencil § is given by the equation

x2y2 + mzyz + y2xz + zzxy + xzyt + yztz + 22at + 2wz + t2yz = \zyzt.

Moreover, the base locus of this pencil consists of the lines Ly q1, Liay 21, Lia)fo)
Ltz Loy Liaygways Ly ey Lisdguays Ly fw.2y> and Ly a2y, because
Higy - Sy = Liay(wy + Liay g2y + Loy ey + Lioh gy
Hiyy - Sx = Liay oy + Lgyzy + Liriny + Ly (e
(2.24.1)
Hizy - Sy = 2Ly (2 + Ligy 2y + Lz quay
Hyy - Sy = Ligy oy + Ly + Ly sy + L gezy-
Here, as usual, we assume that \ # oo.
For every A € C, the surface S\ has isolated singularities, so that S is irreducible.
Its singular points contained in the base locus of the pencil § can be described as follows:

Py (21,40 type Ag;

Py w10 type Ag with quadratic term x(y +t) for A # =2, type Ay for A = —2;

Py (w1123 type Ag with quadratic term z(z 4 y) for A # —%, type Ay for \ = —%;

Pryy (21.46y: type Ag with quadratic term y(y + 2z +1t) for A # =2, type A4 for A = —2;
Py i1 4w1y: type Ay for A # —%, type Ay for A = —%;

[1:1:—1:0]: smooth for A # —1, type A; for A = —1.
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Then [f~1(\)] = 1 for every A € C by Corollary[[.5.4 This confirms in Main Theorem.

To verify () in Main Theorem, we may assume that A\ ¢ {—1,—32,—2}. Then the
intersection matrix of the curves Linvivs Ly gy Ly qweys Loy Lz L e,
and H) on the surface S is given by

. Ly oy | Loy | Lioytwny | L | Loneny | Lo fey [ H
Ligpsy | —3 3 3 0 0 3 1
Ly || 3 = 3 i 0 3 1
L | 3 3 —3 3 0 0 1
Ly |0 i i —3 3 3 1
Ly o) 0 0 0 : —1 0 1
Lijas) | 3 3 0 3 -5 |1

H, 1 1 1 1 1 1 4

The rank of this intersection matrix is 7. Thus, using (2.24.1]), we see that the rank of
the intersection matrix of the curves L{x}{y}, L{x}{z}, L{m},{t}, L{y}’{z}, L{y},{t}> L{x}7{y7t},
Ly 260 Ly qwitys Ly gy,23> and Ly (o-) on the surface Sy is also 7. On the other hand,

we have rk Pic(Sy) = rk Pic(Sg) + 11. Hence, we see that (k] holds. By Lemma [[.I3.1]
we see that in Main Theorem also holds.

2.25. Family Ne2.25. In this case, the threefold X is a blow up of P? along a smooth
elliptic curve, which is an intersection of two quadrics. This shows that h'?(X) = 1.
A toric Landau—Ginzburg model of this family is given by Minkowski polynomial Ne198,
which is

yz x 1 1 1

—t =t -+ -+ —.

r z oy T yz
Thus, the pencil of quartic surfaces S is given by the equation

rT+y+z+

22yz +ylaz + ay2? + P2t 4 2yt 4 2ot 4yt + ot = Ayt

As usual, we assume that \ # oo.

Let C; be the conic in P? that is given by 2 = yz +t* = 0, and let C; be the conic in P?
that is given by z = zy + t?> = 0. Then
Hay - Sx = Liay 1y + Liay 20 + Cos
Hyyy - Sx = Liay gy + 2L1g3 000 + Ly 20
Hizy - Sh = Liay g2y + Lz +Co,
Hyy - Sy = Lgygey + Lz + L gont + Litfoz)-

(2.25.1)

This shows that the base locus of the pencil S consists of the curves Li,y 1y, Lia}, iz
Ligyinrs Lieptnrs Ly tanys Lontowys Linezys Cis and Go.
To describe the singularities of the surfaces in the pencil S, observe that

S1=Q+Q
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where Q is an irreducible quadric surface that is given by yz + ot + xz = 0, and Q is
an irreducible quadric surface given by yz + zy + t* = 0. Thus, the singularities of the
surface S_; are not isolated. On the other hand, if A # —1, then the surface S, has
isolated singularities, so that it is irreducible. Moreover, in this case, the singular points
of the surface S\ contained in the base locus of the pencil S can be described as follows:

type Az with quadratic term y(z + t);
type As with quadratic term z(z + 2);
Py (w100 type Ay with quadratic term y(x + y);
Py 14,230 type Ay with quadratic term zy + yz — (A + 1)yt + 2.

By Lemma [[L5.4] we have [f~'(\)] = 1 for every A # —1. Moreover, the points
P{y}’{z},{t}, P{m},{z}’{t}, P{x},{y},{t}> and P{y},{t},{x,z} are good double points of the sur-
face S_;. Furthermore, the surface S_; is smooth at general points of the curves L,y 1,1,
L{m}’{z}, L{y},{t}> L{z},{t}> L{y}’{zﬂg}, L{t}{x,y}, L{t},{x,z}> Cl, and Cg. Thus, it follows from
(I33), Lemma [[.8.5 and Lemma 121 that [f~!(—1)] = [S_;] = 2. This confirms (7)) in
Main Theorem, since h!?(X) = 1.

To verify () in Main Theorem, we may assume that A # —1. Then, using (2.25.1]), we
see that the intersection matrix of the curves L{w}{y}, L{w}{z}, L{y}{t}, L{z},{t}, L{y}’{zﬂg},
Ly 12y Lty 2,25 C1, Co on the surface Sy has the same rank as the intersection matrix
of the curves L{x}v{y}, L{xh{z}, L{y},{z,t}a L{t}7{x7y}, L{t}{x,Z}, H)\, which is given by

Py 23,113
Pay 21,111

. Ly wy | Ly tey | Liwpteny | Loy | Ly ey | H
Livgy | —3 1 1 3 0 1
Ly |1 —5 0 0 3 1
Ly o) 1 0 ~1 0 0 1
Lin ey | 3 0 0 —5 1 1
Li ey | O 3 0 1 -3 |1

o, 1 1 1 1 1 4

The rank of this matrix is 5. On the other hand, using the description of the singular

points of the surface Sy, we conclude that rk Pic(Sy) = rk Pic(Sk) + 13. Hence, we see
that (G]) holds. By Lemma [[.I3.], we see that (] in Main Theorem also holds.

2.26. Family Ne2.26. In this case, the threefold X is a blow up of the threefold V; along
a line (see Subsection 2.14]). Then h'?(X) = 0. A toric Landau—Ginzburg model of this
family is given by

y 1 1 1 T
—t—-tytzt+-—+-—+r+—,
r z oy Yz
which is Minkowski polynomial Ne201. The quartic pencil § is given by

Yt + tyz + yioz + Pay + tay + oz + 2?yz + 227 = Iyt
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Suppose that A # co. Then

Hpzy - Sy = Ligy gy + Ligyor + Liay iy + Liah {ut)
Hyyy - Sx = Ligyqyy + 2L4yy 400 + Lighfo2)s

Hey - Sh= Ligy gy + 2Ly 00 + Loy fo )

Hyy - Sy = Ligy gy + Ligy gy + Loy iy + Ly o2}

(2.26.1)

Thus, the base locus of the pencil § consists of the lines Lz 14y, Liz) (2} Lz} {63 Liw) {v,6)5
Ly trs Ligrieays Lieninys Lizd o) a0d Lt (2,23
For every A € C, the surface S, is irreducible, it has isolated singularities, and its
singular points contained in the base locus of the pencil S can be described as follows:
Py qyy.023: type Ay with quadratic term (x+4y)(z+2) for X # —1, type Az for A = —1;
Py wy.41y: type Az with quadratic term xy;
Py 21,000 type Ay with quadratic term z(z + t);
Py a3 type A
Py it),12,2): type Ay with quadratic term y(z +y + 2z — At) for A # 0, type Ag for A = 0;
Py i (o) type Ag with quadratic term z(x +y + 2 — t — At).
Then [f~}(\)] = 1 for every A € C by Lemma [[L5:4l This confirms (7)) in Main Theorem.
By Lemma [[.T31], to verify in Main Theorem, we have to prove (k). Observe that
the intersection matrix of the lines L{x}7{y}, L{x}7{z}, L{:L‘},{t}7 L{x},{y7t}, L{y},{t}7 L{y},{%z}’
Ly ey Lizy {oyy Lty {o.y,-} o0 the surface Sy has the same rank as the intersection matrix
of the curves Loy, (1, Lizpqeys Liahiwayy Liwpdzads Lisdtowy Lithiaw.zy, Ha, since

Ly tyy + Liay (o3 + Liay oy + Liay oty ~ Loy guy + 2L + Lig) a2 ~
~ Liay 2y + 2Ly g0 + Ly ey ~ Liah e + Ligr ey + Liay iy + Liy foyzy ~ Ha
which follow from (2226.1). On the other hand, if A # 0 and A # —1, then the intersection

matrix of the curves L{x},{t}7 L{Z},{t}7 L{x},{y7t}, L{y},{%z}? L{Z}7{x7y}, L{t}v{%y,Z}, and H)\ on
the surface S is given by the following table:

* Ly | Lo | Lntwn | Livntost | Liontewy | Lingewy | Ha
Layy | —1s : 3 0 ) )
Ly 3 —1 0 0 : 1 !
Loyt | 3 0 -8 0 0 0 )
Loy | O 0 0 2 L 1 )
Liptey | O 2 0 1 2 1 )
Lipeway |1 5 0 1 L 2 )

H)y 1 1 1 1 1 1 4

The rank of this matrix is 6. But rk Pic(Sy) = rk Pic(Sy) + 12. We conclude that (F)
holds, so that (] in Main Theorem holds by Lemma [[.T3.1]
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2.27. Family Ne2.27. In this case, the threefold X is a blow up of P? in a twisted cubic,
so that h1?(X) = 0. A toric Landau—Ginzburg model of this family is given by Minkowski
polynomial Ne70, which is
z 1 1 1
THytzt -+ -+ —+—.
z r yz xy
The quartic pencil S is given by the equation:
222y + yiex + oy + 2Pty + ey + B 4+ 32 = Avyzt.
Suppose that A # co. Let C be the conic in P that is given by 2z = 2y + t2 = 0. Then
Higy - Sx = Liay oy + 2Lgap a0y + Liay unys
Hyyy - Sy = 3Ly 10 + Liy) o2
Hizy - Sx = Liay ey + Lispiny + 6
Hiy - Sy = Liay iy + Ligrany + Lispiny + L geey-

(2.27.1)

Thus, the base locus of the pencil S consists of the curves L,y 2y, Liay.q3> Liyy 16y Lizy. 43
Liay tyrs Ligyte.2)s Liny gy 2y, and C.
For every A € C, the surface S is irreducible, it has isolated singularities, and its
singular points contained in the base locus of the pencil S can be described as follows:
Pray qr 41y type Ag with quadratic term xy;
Pray 21,4630 type As with quadratic term zz for A # —1, type Ag for A = —1;
Py 21,46y type Ay with quadratic term y(z + t);
Proy 21, 1w.ty: type Ag;
Ppy 161 4,21+ type Az with quadratic term
yx+y+z—t—At)
for A # —1, type Ay for A = —1.
By Lemma [[L5.4], each fiber f='()) is irreducible. This confirms (7)) in Main Theorem.

Lemma 2.27.2. Suppose that A # —1. Then the intersection matrix of the curves
L{m},{t}7 L{m},{y,t}; L{y},{r,Z}v L{z},{t}7 and HA on the surface SA is given by

. Liwyy | Loty | Ly gy | Lieyany | H
Ly || —3 5 0 s |1
Ly | 3 -3 0 0 |1
Liay | 0 0 -3 0 1
Liyw | 5 0 0 -5 |1

H, 1 1 1 1 4

Proof. The entries of the last raw and the last column in the intersection matrix are
obvious. To find its diagonal entries, we use Proposition [A.1.3l For instance, to compute
L%m} (1> observe that the only singular points of the surface S, contained in the line
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L{m} {t} are the pOlHtS P{x} {z}.{t} and P{m} {y}, {t} Usmg Remark m with S = S)\, ,
O = P 2341y, and C' = Lz g4y, we see that C does not contain the point G;NG5. Thus,

it follows from Pr0p081t10n-that L? o)) = 5. Similarly, we see that L7 o) ot} = %,
2 2
Lipy ey = =3 and Ly iy = —5.

Note that L{x}v{yvt} N Ligygeet = Liahtwty N Lisptny = Lighgezy 0 Lizy i = @, so that

Ly gyty - Ligtdeey = Liahfuty - Ly iy = Ligh g2y - Lizy iy = 0.

Similarly, we see that L{m},{t} . L{y},{m,z} =0.

To find the remaining entries of the intersection matrix, we use Proposition To
start With, let us compute L{:c},{t} . L{z},{t}- Observe that L{x} {t} N L{Z} {t} = P{x},{z},{t}-
USil’lg Remark m with S = S)\, n = O = P{x} {z},{t}> C = L{x} {t}> and Z = L{Z} {t}»
we see that both curves C' and Z do not contaln the point G; N G5. Moreover, since the
quadratic term of the surface Sy at the singular point Py .1 41 is 72, we see that either
C-Gi=7Z-Gs=10rC-G5=2-G; =1. Thus, using Proposition [A.1.2] we conclude
that Ly (1) - Lizpiy = 5

Finally, let us compute L{m},{t} . L{x}7{y7t}. Observe that L{x},{t} ﬂL{x}7{y7t} = P{m},{y,},{t},
and P gy1.4) 1s a singular point of the surface Sy of type A,. Let us use the notation
of Appendix with S = S)\, n = 2, O = P{x}7{y}7{t}, C = L{x}7{t}, and Z = L{x},{y,t}-
Then 7 is the blow up of the point O, and either both curves C and Z intersect Gy, or
they intersect the curve G5. Thus, we have Ly 1 - Liz) {4y = % Proposition ]

Using (Z.27.1)), we see that the intersection matrix of the curves Lz (21, Lz}, ey, Lyt {1}
Ly Ly quays Liyygz.2y Lity,{2y,2}> and C on the surface Sy has the same rank as the
intersection matrix of the curves Ly 11y, Liw) {y.1}s L{y} {e,2}> Lz} {1y, and Hy. But the

matrix in Lemma 2272 has rank 5. Thus, since rk Pic(Sy) = rk Pic(Sk) + 12, we conclude
that (k) holds. Hence, it follows from Lemma [[LT3.1] that (<)) in Main Theorem holds.

2.28. Family Ne2.28. In this case, the threefold X is a blow up of P? in a smooth plane
cubic curve, which implies that A?(X) = 1. A toric Landau-Ginzburg model of this
family is given by Minkowski polynomial Ne68, which is
1
rr4—+ izt oyl
z yz oz Y
The quartic pencil S is given by
a:zyz + £E2yt + 2%t + nyt + ZEyZ2 + z2t? + y2zt = \xryzt.
Suppose that A # co. Let C be the conic that is given by z = xy + 2t + y> = 0. Then
Higy - Sx = 2Ly ) + Ly i) + Liap i
Hyyy S0 = Ligy iy + 2110 + Lighgaeys
Hizy - Sy = Liay (o + Lizyn +C,
Hiy - Sy = Liay gy + Ligrany + Lispiny + Ly o)

(2.28.1)
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Thus, the base locus of the pencil & consists of the curves Ly q1, Liay iz} Liay {1}
Liyy > Lisyqeys Ly gozys Lty a2y, and C.

If A # —1, then S, is irreducible, it has isolated singularities, and its singular points
contained in the base locus of the pencil S can be described as follows:

Py qy1.423: type Ay with quadratic term z(z + 2);

Pray yy.46y: type Ay with quadratic term zy;

Py i21,40y: type Ag with quadratic term t(z + 2);

Py o1,y type Ay with quadratic term yz + yt + ¢%;
Pryy 1) 2,2} type Ay with quadratic term y(z + z —t — At).

Thus, if A # —1, then the fiber f=}()\) is irreducible by Lemma 5.4l On the other hand,
we have S_; = Hy, ., + S, where S is an irreducible cubic surface in P3 that is given
by TYz + SL’yt + SL’t2 + y2t = 0. Nevertheless, the pOil’ltS P{y},{z},{t}7 P{x}7{z}7{t}, P{x}{y},{t},
Py i 423, and Ppyy i (2,23 are good double points of the surface S_;. Moreover, the
surface S_; is smooth at general points of the curves L,y 1y, Liz) {2}, Lia) ey Loy}
L{z},{t}> L{y}v{%z}, L{t},{x,z}> and C. Thus, using ([E:SD and Lemmas and m, we
conclude that [f~!(—1)] = [S_;] = 2. This confirms () in Main Theorem.

Now let us verify (] in Main Theorem. By Lemma [[LT3T] it is enough to show that
the equality (Yk]) holds. If A # —1, then it follows from (2.281]) that the intersection
matrix of the curves Lyayqyy, L (ep, Liodinrs Liwpieys Liahinr Liwddesyy Lighioyzy, and
C on the surface Sy has the same rank as the intersection matrix of the curves L,y 13,
Ly, i1y Ly ¢y Lisy gy, and Hy. If A # —1, the latter matrix is given by

* | L@ | L | L | Lisn |
Ly || O : : 0 |1
Ly | 2 ~% 5 R
Ly | 3 5 —% 5 |1
Lipgy |0 i 3 -3 |1

H, 1 1 1 1| 4

Its rank is 4. On the other hand, it follows from the description of the singular points of
the surface Sy that rk Pic(Sk) = rk Pic(Sk) + 14. Thus, we can conclude that (Fk]) holds,
so that in Main Theorem also holds.

2.29. Family Ne2.29. In this case, the threefold X is a blow up of a smooth quadric
threefold in P* along a conic. This implies that A"?(X) = 0. A toric Landau-Ginzburg
model of this family is given by Minkowski polynomial Ne71, which is

x y 1 1
THy+z+S 4+ S+ =+ -
z oz Yy «x

The quartic pencil § is given by
2y + ylzx + 2Pyx + Pty + yite + Prx 4 2y = Awyat.
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Its base locus consists of the lines Ly v, List o1, Liayiers Ligdier, Lo, Lt
Ly qayy, and Ly (a2}, because

® Hypy Sy = Ligy ) + Liay £ + 2L4a) (11
® Hyy - Sx= Ly ) + Ly izy + 2Ly,
® Hizy Sy = Liay o) + Liyy (o) + Loyt + Lisy fwds
® Hyy - Sx = Liay ey + L ey + Loy + Ly (o)
Here, as usual, we assume that \ # oc.
For every A € C, the surface Sy has isolated singularities, so that it is irreducible. Its
singular points contained in the base locus of the pencil S can be described as follows:

Piay (w1123 type Ag with quadratic term z(z 4 y) for A # 0, type A5 for A = 0;
Pray (yy.46y: type Az with quadratic term zy;
Ppay (1.{° type Ay with quadratic term (2 + t);
Py (1.4030 type Ag with quadratic term y(z +t);
Pl ity fv.2y: type Auj
Py i) o2y type Ag;
Py i qegy type Ap for X # —1, type Ay for A = —1.

By Lemma [[L5.4], every fiber f=*()\) is irreducible. This confirms () in Main Theorem.
If A # 0 and A # —1, then the intersection matrix of the lines L,y 14y, Lia} g2} Lia}, )5

L{y}7{z}, L{y},{t}> L{z},{t}a L{z}{x,y}a and L{t},{l‘vy,z} on the surface S)\ has the same rank as
the following intersection matrix:

o Loy iy | Liar oy | Liwn ey | Lien iy | Ha
Ly | —1 i i 0 |1
Ly || g —15 1 3 1

7
Ly | 4 1 1 3 1
L 0 1 1 _1 1
{z},{t} 3 3 6
H, 1 1 1 1 4

This matrix has rank 5. On the other hand, we have rk Pic(Sy) = rk Pic(Sy) + 13. Thus,
we conclude that holds, so that (] in Main Theorem also holds.

2.30. Family Ne2.30. In this case, the threefold X is a blow up of P? along a conic, so
that AM?(X) = 0. A toric Landau-Ginzburg model of this family is given by Minkowski
polynomial Ne22, which is

Y

T 1 1 =z
—trz+-4+-+—-—+=.
T

Yz y =
The pencil § is given by the equation

22t + xzyz + 222 + tzyx + zQyt + yzzt = \xyzt.
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Suppose, for simplicity, that A\ # oo. Then
Higy - Sx = Ligp oy + Lin oy + Lign i + Ligdtwas
Hyyy - Sy = Liay gy + 2110 + Ligh g
(2.30.1)
Hizy - Sh= Liay (o + 2LG310 + Lish e
Hyy - S0 = 2Ly a0 + Ligy, o + Lisyany-
Thus, the base locus of the pencil S is a union of the lines Ly 41, Liz) {2}, Lia}{}
Ligyinr Lieyins Liad ety Lighta,zp; a0d Lz o)
For every A € C, the surface Sy has isolated singularities, so that it is irreducible. Its
singular points contained in the base locus of the pencil § can be described as follows:
Pryy =100 type A
Pray (2,10 type Ay with quadratic term 2t;
Pray w1000 type Ay with quadratic term yt;
Py quy.12): type Ag with quadratic term x(x +y +2) for A # —1, type A5 for A = —1;
Ploy i) fv.2y type Ar
Then [f~}(\)] = 1 for every A € C by Lemma [[L5:4l This confirms (7)) in Main Theorem.
Let us verify in Main Theorem. If A # —1, then the intersection matrix of the
curves L{x}7{y}, L{x}7{z}, L{y},{%z}? L{Z}7{x7y}, and H)\ on the surface S)\ is given by

. Loy wy | Liayazy | Lidesy | Dieptowy | Ho
Liviy | —m i i i 1
Ligygsy |3 ~%0 i i 1
Loy | 1 i —2 i 1
Lgya | 7 i i -2 |1

H, 1 1 1 1 4

Observe that this matrix has rank 5. Thus, if A\ # 1, then the intersection matrix of the

lines Liay ty1s Liapizps Laadqrs Liwnters Lisntrs Liaddweds Liyddesys and Lizpay) on the
surface S also has rank 5, because

Liay iy + Liwy 23 + Liwy iy + Liwd w2y ~ Loy gor + 2L41 100 + Liyhgep ~
~ Liay gy T 2Ly + Ly fogy ~ 2040y 10 + Liyy gy + Lizy e ~ Ha

on the surface Sy by ([Z30.1). On the other hand, we have rk Pic(Sy) = rk Pic(Sy) + 13.
Hence, we see that (k] holds, so that (&) in Main Theorem also holds by Lemma [[.T3.1]

2.31. Family Ne2.31. In this case, the threefold X is a blow up of the smooth quadric
threefold in P* along a line. This shows that h"?(X) = 0. A toric Landau-Ginzburg
model of this family is given by Minkowski polynomial Ne20, which is

z 1 1
r+y+z+—+—-—+—.
y T Yz
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The pencil § is given by the equation
v2yz + yPez + Pyr + 2t + tryz + e = \ayzt.
We suppose that A # oco. Let C be the conic {y = zz + ¢ = 0}. Then
Hizy - Sx = Liwy gy + Lia)(2) + 2L(a). 003
Hiyy - Sx = Ligy gy + Liyyqey +C,
Hizy - Sy = Liay (23 + 3Ly,
Hyy - Sx = Ly g + Ly + Ly + Ly ey

(2.31.1)

Therefore, the base locus of the pencil S consists of the lines Ly r,1, Liay {23y Lia} {1}
L{y}7{t} L{Z},{t}? L{t},{@y,z}a and the conic C.

For every A € C, the surface S, has isolated singularities, so that it is irreducible.
Moreover, the singular points of the surface S contained in the base locus of the pencil &
can be described as follows:

Py tr 40y type As with quadratic term xy for A # 0, type Ag for A = 0;
Pray 21,46y type Ay with quadratic term xz;
Py 21,46y type Ay with quadratic term z(y + t);
Pey (o}t type Ay with quadratic term z(x +y + 2 —t — At);
Play i(y.510 type Au.
In particular, every fiber f~!()) is irreducible by Lemma[[.5.4l This confirms in Main
Theorem, since h?(X) = 0.

Now let us verify in Main Theorem. If A # 0, then the intersection matrix of the

curves Ly tyys Liyy e3> Liz},113, and Hy on the surface S) is given by

* | lww | Llww | L | Hx
Ly | —3 : 0 |1
Ly | 3 —3 R
Lgyw | O 5 -5 |1

H, 1 1 1 4

This matrix has rank 4. On the other hand, if A # 0, then the intersection matrix of the
curves L{x},{y}, L{x},{z}a L{x},{t}, L{y}7{t} L{z},{t}, L{t},{%y,z}, and C on the surface SA has
the same rank as the intersection matrix of the curves L,y q1, Liyy 105 Lizy, 11y, and Hy,
because

Liay oy + Lia o3 + 2Ly 1y ~ Loy guy + Ly gy +C ~
~ Ly 2y + 3Ly 0 ~ Loy iy + Lyt + Ly gy + Ly g,z ~ Ha

on the surface Sy by (Z3I11)). Moreover, it follows from the description of singularities of

the surface Sy that rk Pic(Sy) = rk Pic(Sy) 4 14. Therefore, we conclude that (F]) holds,
so that in Main Theorem also holds by Lemma [[L.T3.1]
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2.32. Family Ne2.32. In this case, the threefold X is a divisor of bidegree (1,1) on P? xP?,
so that h1?(X) = 0. A toric Landau—Ginzburg model of this family is given by Minkowski
polynomial Ne21, which is
1 1 1
THYF ot - —
y x  ayz

The quartic pencil § is given by the equation
v2yz + ylaz + Pyr + trrr + tryz + 1 = dvyet.

As usual, we suppose that A\ # oo.
Let C; be the conic in P? that is given by # = yz +t* = 0, and let C; be the conic in P?
that is given by y = 2z +t?> = 0. Then
Higy - Sy = 2Ly + G
Hpyy - Sx = 2Ly 1 + Co,
Hizy - Sy=4Ly
Hiy - Sy = Liay iy + Liyany + Loy + L gw )

(2.32.1)

This shows that the base locus of the pencil S consists of the curves Ly 11, Liy} {1}
Ly gty Lty {ay.23»> C1y and Ca.

For every A € C, the surface S, has isolated singularities, so that it is irreducible.
Its singularities contained in the base locus of the pencil & can be described as follows:

Py (1413 type Ay with quadratic term xy, for A # 0, type As for A = 0;
Py 23,400 type Ag with quadratic term 2z
Py 2140 type Az with quadratic term yz;

Play g} {2} type Ag;

Pryy () g2yt type Ag;

Py oy tyPe Az with quadratic term z(z +y + 2z — At).

In particular, every fiber f~1()) is irreducible by Lemma[[.5.4l This confirms (7)) in Main
Theorem, since h'?(X) = 0. To verify in Main Theorem, we need the following result:

Lemma 2.32.2. Suppose that A # 0. Then the intersection matrix of the curves Ly 4,
Ly 1y, and H)y on the surface S is given by

* | L | Lyyan |
Ly | w 5 |1
Ly | 3 w |1

H, 1 1 |4

Proof. To find L%w}, (1} observe that the singular points of the surface S, contained in
the line L{x}7{t} are the points P{x},{z},{t}a P{x},{y},{t}> and P{x}{t},{y,z}- These points are



KATZARKOV-KONTSEVICH-PANTEV CONJECTURE FOR FANO THREEFOLDS 97

singular points of the surface Sy of types As, A4, and A, respectively. Applying Propo-
sition [A.1.3], we see that

3 4 1 1
2 _ _

Similarly, we find L%y]w 0= 5. Finally, observe that

Liay oy N Lgr iy = Pladiyh -
Using Remark mwith S = S)\, n = 4, O = P{x},{y},{t}u C = L{x},{t}; and Z = L{y},{t},
we see that both curves C and Z do not contain the point G; N G,4. Moreover, since the
quadratic term of the surface Sy at the singular point Py} (43,11 is 7y, we see that either
C-Gi=7Z-Gy=1,0o0 C-G,=7-G, =1. Thus, using Proposition [A.1.2] we conclude
that Lia 1y Ligh) = 5- -

If A # 0, then the intersection matrix of the curves Ly,y 11, Liyy ey Lz ey Lty {wy,2}-
Ci1, and C, on the surface Sy has the same rank as the intersection matrix of the curves
Liay g1y Liyy, 1y, and Hy, because

2Ly + Co~ 204y iy + Co ~ ALy 1y ~ Lisy ey + Ly ey + Lz iy + Liny foy,zy ~ H

on the surface Sy by (2.32.1]). On the other hand, the matrix in Lemma 2.32.2 has rank 3.

Moreover, we have rk Pic(Sy) = rk Pic(Sy) 4+ 15. Hence, we see that (%] holds, so that
(<€) in Main Theorem also holds by Lemma [LT3T]

2.33. Family Ne2.33. The threefold X is a blow up of P? in a line, so that h1?(X) = 0.
A toric Landau—Ginzburg model of this family is given by Minkowski polynomial NG,
which is
x 1
rT+ytz+—-+—.
z xy
The quartic pencil S is given by the equation
vryz + yirz + Py + 2ty + 32 = Avyet.
Suppose that A # oco. Then
® Hygy - Sx= Ligy ) + 3L(ay 00
® Hyy - Sy = Loy + 3Ly,
® Hpsy Sy = 2Ly 2y + Lightey + Lizy oy
® Hyy - Sx = Ligyin + Ly in + Liepin + Ly o)
Thus, the base locus of the pencil S consists of the lines L.y 121, Liay 65 Ly =3 Liyy i}
Lizy 1oys and Ly gy 2}

Observe that the surface Sy has isolated singularities for every A € C, so that it is
irreducible. Moreover, the singular points of the surface S contained in the base locus of
the pencil S can be described as follows:

Pray qr 41y type Ag with quadratic term xy;
Pray 21,46y type Ag with quadratic term xz;
Py 21,46y type Ag with quadratic term y(z + t);
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Py 1.4y.2): type Ay with quadratic term z(z +y + 2 + At);
Py 142,210 type Ay with quadratic term y(z +y + 2 —t — At).

Then [f~}(\)] = 1 for every A € C by Lemma [[.L5.4l This confirms in Main Theorem.

Lemma 2.33.1. The intersection matrix of the curves Ly, 12y, Ly} 12}, and Hy on the
surface S) is given by

o Ly 23 | Liyy iz | Ha
Ly | —% 1 1
Ligzy |1 -7 |1

H, 1 1 4

Proof. The only singular point of the surface Sy contained in L,y 1.y is the point
Py i34y Let us use the notation of Appendix [A.2l with S = Sy, n =6, O = Py 21,04,
and C' = Lz ¢-1. Then it follows from explicit computations that C intersects one of the
curves G'3 or G4. Then L%x},{z} = —2 by Proposition [AT3l

The only singular point of the surface S contained in Ly} 1y is the point Py (2},
Using Remark [A.2.4 with S = Sy, n = 3, O = Py 21,41, and C = Ly 12}, we see that
the curve C' does not contain the point G;NG5. Then L%y},{z} = —2 by Proposition [AT.3]

Finally, observe that L{x}’{z} N L{y}7{z} = P{x}{y},{z} and S)\ is smooth at P{x}{y},{z}.
Thus, we conclude that L, 2y - Ly g = 1. O

The intersection matrix of the lines L{x}7{z}, L{x},{t}7 L{y}7{z}, L{y},{t}7 L{z}7{t}, and
L4} 2,y,- on the surface Sy has the same rank as the intersection matrix in Lemma
because

Hy ~ Ligy (2} + 3Ly g0y ~ Ligy gz + 3Lqyy 10y ~
~ 2Ly 2y + Liygy oy + Ly ey ~ Loy iy + Ly + L + L few,z)-

On the other hand, the matrix in Lemma [2.33.T has rank 3. Moreover, it follows from the
description of singularities of the surface Sy that rk Pic(Sk) = rk Pic(Sk) + 15. Hence, we
see that (Fk]) holds, so that in Main Theorem also holds by Lemma T3]

2.34. Family Ne2.34. One has X = P! x P2. We discussed this case in Example [[13.2
where we described the pencil S and its base locus. In this example, we also verified ()
in Main Theorem, so that now we will only check in Main Theorem.

If A # oo, then S, is irreducible, it has isolated singularities, and its singular points
contained in the base locus of the pencil S can be described as follows:

Pray (yy.00y: type Ay with quadratic term zy;

Pray 21,46y type Ay with quadratic term xz;

Prp 1000 type Ag with quadratic term yz;
Py (6 {o+2}: type Ao with quadratic term y(z +y + 2 — At);
Py 6 {o+y): type Ay with quadratic term z(z 4y + 2 — At);
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Pray g1 y+23: type Aq
Then [f~1(\)] = 1 for every A € C by Lemma [[L5.4l This confirms (¥) in Main Theorem.

2.35. Family Ne2.35. We have X = P(Op2 @ Op2(1)). A toric Landau-Ginzburg model
of this family is given by Minkowski polynomial Ne5, which is
1

x
T+y+tz+—+—.
yz x

The quartic pencil § is given by
v*yz + yPzx + Pyx + 2 4 tPyz = vyt
Suppose that A # oco. Then
® Hypy Sy = Ligy o) + Liad £ + 2L4a), (11
o Hyyy - Sx = 2Lay 1) + 2Ly 100
® Hizy - Sy = 2Ly 42y + 2112140
o Hyy - Sx = Ligyin + Lgyin + Lyt + Ly o)
Thus, the base locus of the pencil S consists of the lines Ly 11, Loy (23, Loy e3> Liyy i}
Lizy gy and Ligy fay,z)-

For every A € C, the surface S\, € S has isolated singularities. In particular, it is
irreducible. Moreover, its singular points contained in the base locus of the pencil S can
be described as follows:

Pray fy) (2 type A
Pray (yy.40y: type As with quadratic term zy;
Pray (23,100 type As with quadratic term xz;
Py} =140 type Ag;
Ploy it qy.2y: type A
Py (i gezyt type Ads
Pray iy ey type Ar
In particular, every fiber f~!()) is irreducible by Lemma[[.5.4l This confirms in Main
Theorem, since h?(X) = 0.

To verify () in Main Theorem, observe that the intersection matrix of the curves

L{z},{y}, L{z},{z}, L{m},{t}7 L{y}{t}, L{z},{t}; and HA on the surface S)\ is given by

* | L | Loy | Liwviny | Lyt | Liey | A
Ly | 5 i 3 : 0 |1
Ligpgsy | 3 ~& 3 0 R
Ly | 3 3 5 5 s |1
Ly | 3 0 5 —5 AR
Ly | 0 3 5 3 —5 |1

H, 1 1 1 1 1 |4
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This matrix has rank 3. On the other hand, the intersection matrix of the lines L,y 1,
L{m}’{z}, L{x},{t}> L{y},{t}> L{Z}{t}, and L{t},{m,y,z} on the surface S)\ has the same rank as
the intersection matrix of the curves L{w}{y}, L{m},{z}, L{m},{t}, L{y},{t}, L{z},{t}; and Hj,
because

Hy ~ Ligy 3 + Liay 12y + 2L4ay 10y ~ 2010y 19y + 2L40 10 ~
~ 2Ly 2y + 200y 1 ~ Liey gy + Lt + Lien o + L g2y

Moreover, we have rk Pic(Sy) = rk Pic(Si) + 15. Therefore, we conclude that (3] holds,
so that in Main Theorem also holds by Lemma [.13.1]

2.36. Family Ne2.36. In this case, we have X = P(Opz & Op2(2)), so that h"?(X) = 0.
A toric Landau—Ginzburg model of this family is given by Minkowski polynomial Ne7,

which 1is )

x 1
r+y+z+—+—.
Yz T

The pencil § is given by the equation
22yz + yPzx + 2Py + 23t + tPyz = Avyat.
Suppose that A # oco. Then
Hiay - 53 = Liay gy + Liwy ey + 2Ly 400
Hyyy - Sx = 3Ly () + Ly 1y
Hizy - Sy = 3Lioy 12 + Lizy oy,
Hyy - Sx = Liay i + Ly + Lisy g + Linfog,zy-

(2.36.1)

Thus, the base locus of the pencil S consists of the lines Ly (1, Loy (21, Liay 03> Liyy e}
Lizy, gy, and Ligy qay,z)-

For every A € C, the surface S, has isolated singularities, so that it is irreducible.
Moreover, its singular points contained in the base locus of the pencil S can be described
as follows:

Pray (yy.40y: type Ag with quadratic term zy;
Pray (23,100 type Ag with quadratic term xz;
Po} tuy qy2)t type Aus
Pray y1.42y: type Ay with quadratic term yz.
In particular, every fiber f~!()) is irreducible by Lemma[[.5.4l This confirms in Main
Theorem, since h?(X) = 0.

On the surface S), the intersection matrix of the lines L,y 41, Lz} (2}, Lia) 46y Liyt it}
Ly, 1y, and Ly (24,23 has the same rank as the intersection matrix of the curves Lz g1,
Lz 12y, and H), because

Hy ~ Ligy 3 + Liay 123 + 204wy 10y ~ 3Lqay 1y + Lyt e ~
~ 3Lz} (2} + Ly gy ~ Liwy oy + Ligy gy + Ly + Ly {oy,2)-
These rational equivalences follows from (2.36.1]).
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Lemma 2.36.2. The intersection matrix of the curves L,y 14y, Lia},z}, and Hy on the
surface S) is given by

o Lyt | Liay g2y | Ha
Ly | = 3 1
Ly | 3 w |1

, 1 1 4

Proof. By definition, we have H? = 4 and H), - Lz qpy = Hx - Lz -y = 1. Note that

Liahtwy N Liad oy = Pladquh a1
Recall that Py} (43,2} is a singular point of the surface S\ of type A;. Then one gets
L{x}’{y} . L{x}’{z} = % by Pl”OpOSitiOIl A.1.2)

We claim that L%y}{t} = —%. Indeed, the point P ¢y ¢ is the only singular point
of the surface Sy that is contained in Ly 1. Using Remark [A.2.4l with S = Sy, n = 6,
O = Py, and C = Ly 14y, we see that C does not contain the point Gy N G,
because the quadratic term of the surface Sy at the point P,y 13,11 is xy. Thus, we have
Lijw = —£ by Proposition A3l

Since L%y},{t} = —%, we get Ly oy - Ligy gy = %, because

8
L= Hy- Ly = (L) + Lipan) - Lpan = 3L - Livntn — =

- _5 _ 2
Since Lz} {4y - Liyyqep = 2, we get L%x},{y} = =, because

>
=

Similarly, we see that L%z},{t} = % U

1= Hy- Ly = (3L gy + Ligpny) - Loy = 3Ly 4 +

The matrix in LemmaZ36.2 has rank 3. Moreover, we have rk Pic(S) = rk Pic(Sy)+15.
Hence, we see that (Fk]) holds, so that in Main Theorem also holds by Lemma [[L.T311

3. FANO THREEFOLDS OF PICARD RANK 3

3.1. Family Ne3.1. In this case, the threefold X is a double cover of P! x P! x P! branched
over a smooth divisor of tridegree (2,2,2), which implies that h'?(X) = 8. The toric
Landau—-Ginzburg model is given by Minkowski polynomial Ne3873.4, which is the Laurent
polynomial
xrz yz 2x 2y x 3 y 22 22 3z 3z 3
e s St SR A S B RS
Yy xr Yy x yz z Tz Yy x Yy T Yy

y
z

1

1
Yz  xz

x 3
rT+y+—+ —+
z x
The quartic pencil § is given by
22yz +ylzx + 2%ty + yite + 2227 4 32%yx + 22 + 20ty 4 2%tz + 2%t + 3tPya+
+ 127 + 2w + 2Py + 327w + 327ty + 3tz + 3tPyz + r + Py = Ayzt.
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This equation is symmetric with respect to permutations of variables x <+ y and z < t.
To prove Main Theorem in this case, we may assume that A # co. Then

Hiay - Sx = Liay 1y + 2Ly 420y + Liaygyztys
Hyyy - Sx = Liay gy + 2Ly gz + Ligy a2y
Hizy - S = Ligy gy + Ligy fawty + G,
Hay - Sy = Lizy g1y + Lty goy,sy + Co,

where C; is a smooth conic that is given by z = xy + 2t + yt = 0, and C, is a smooth
conic that is given by t = zy + 2z + yz = 0. Hence, since A\ # oo, we have

(3.1.1)

Sx S0 = 2L4ay qyy + 2Ly 1y + 2L} o0y + 2Ly oy
+ Liahfyoty T Lighieett + Lish oty + L foy,2r + C + Ca

We let C1 = Ci, C2 = Co, O3 = Liayqy, Co = Lz G5 = Liahers Co = Ltz
C7 = L{m},{y,z,t}, Cg = L{y}’{m7z7t}, Cg = L{Z},{I,y,t}u and 010 = L{t}{x,%z}. These are all
base curves of the pencil S.

For every A # —6, the surface S has isolated singularities, so that Sy is irreducible. On
the other hand, we have S_¢ = Hy, 3 + Hizy .03 + Q, where Q is an irreducible quadric
given by xy + xz +yz + ot +yt = 0. This quadric is singular at the point Py (., which
is also contained in the planes Hy, yy and Hi, . 0.

If A # —6, then the singularities of the surface Sy that are contained in the base locus
of the pencil § are all du Val and can be described as follows:

Pryy (21,46 type Ag with quadratic term (z 4 t)(y + 2 + t);
Py 23,40 type As with quadratic term (2 +t)(z + 2 + t);
Py gy 1200 type As with quadratic term (A + 6)xy;
Pey (ot type Ay with quadratic term (A +6)zt — (2 +t)(x +y + 2 + 1).
In the notation of Subsection [L.8 the points Ppy 3,10, P34t Ple)ivizt), and
Pry (43,42,) are the fixed singular points of the quartic surfaces in the pencil S.

By Corollary [L54] the fiber f=1()\) is irreducible for every A # —6. Therefore, the

assertion in Main Theorem follows from

Lemma 3.1.2. One has [f~}(—6)] = 9.

Proof. Recall that [S_g] = 3. Moreover, we have M;® = M;° = 2 and
M =M;®=M;®=M;° =M, =M =M, =M =1.

Butmi =my =m; =mg =mg = myg =1, m3 = my = ms = my = 6, and the
points Py 21,4t} Plat g4ty and Py (4),42,4) are non-isolated ordinary double points of
the surface S_g. Thus, it follows from (L83) and Lemmas [[.85] and [L12.1] that

[f_l(_e’)] =5+ D;{Gz},{y},{z,t}'

Let oy: Uy — P2 be a blow up of the point Pray trgz0y- Then D'y = S'y + 2E;.
The surface E; contains two base curves of the pencil §'. Denote them by C}; and Cf,,
respectively. Then my; = my, = 2 and M} = M}y = 2.
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Let ag: Uy — Uj be the blow up of the point C{; N Cl,. Then D?; = 5% + 2E? + Eo.
The surface E, contains two base curves of the pencil §2. Denote them by C% and C3,,
respectively. Then M = M} = 2.

Note that there exists a commutative diagram

Us
/ \
Uy U
\Ps /

for some birational morphism . Moreover, the only base curves of the pencil S that
are mapped to the singular point P} 14,z are the curves Cyy, Cia, Ci3, and Chy.
Furthermore, our computations also give Ap_, ., = 2. Thus, it follows from (CL1I0.9)
and Lemma [LT07 that Dp, .., = 4, so that [f~'(—6)] = 5. O

If X # —6, then the intersection matrix of the curves Ly 1oy, Lizy 0y Liat gty Liyy {z.4)
Liay ty.2ty Liyygz,z0p Lizyfapty Lity{ay,23> C1, and Cy on the surface Sy has the same rank
as the intersection matrix of the curves L{x}7{y}, L{z},{t}a L{x}7{z7t}, L{y},{zi}v L{Z}7{x7y7t},
L} (2,2}, and Hy. This follows from (8.1.I). On the other hand, if A # —6, then

Ligy fey + Ligy fey + 20423407 ~ Ho
on the surface Sy, because Hy, 1- S\ = Liay (2.0 + Liy) 2,0y 2L ) 1y Similarly, if A # —6,
then
Ly fyzty T Ly feety T Lizy fawny + Lingawzy ~ Ha
Using this, we can easily compute the intersection form of the curves L 1, Lizy qa,
L{x},{zi}, L{y},{z,t}a L{Z}{x,yi}, L{t},{x,y,z}a and H)\ on the surface S)\. If A 75 —6, it is given
by the following matrix:

. Ly wy | Lt | Lotz | Loy ey | D fewty | L ewsy | F
Ly | =3 0 3 3 0 0 1
Lz 0 0 i 3 3 3 1
Lgpgzty | 3 3 —5 8 0 0 1
Lty | 3 3 5 —5 0 0 1
Lizyfagy | 0 3 0 0 -3 1 1
Ly .2y 0 : 0 0 ! —3 1

o, 1 1 1 1 1 1 4

The rank of this intersection matrix is 5. Moreover, we have rk Pic(Sy) = rk Pic(Sy) + 12.
Hence, we see that (k) holds, so that (&) in Main Theorem also holds by Lemma [[.T3.1]
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3.2. Family Ne3.2. We already discussed this case in Example Because of this, let
us use the notation of this example. Note that h'?(X) = 3, and the defining equation of
the surface Sy is symmetric with respect to the swaps z <+ y and z < t.

To prove Main Theorem in this case, we may assume that A\ # oo. Then

Hiay - 5% = Liay 1y + Liwy ey + G,

Hyyy - 53 = Ly + Liyy fazy +Co

Hizy - Sx = Lizy ) + 3Ly oy

Hyy - Sx = Liay 1o + Ly + Lisy g + L fog,s)s

(3.2.1)

For every A # —6, the surface S, is irreducible, it has isolated singularities, and its
singularities contained in the base locus of the pencil & can be described as follows:
Py 14230 type As with quadratic term z(z +y + 2);
Piay iiy4y.23: type Ay with quadratic term x(z +y + 2 + (A + 6)1);
Py ity 40,23 type Ay with quadratic term y(z +y + 2+ (A + 6)t);
Pey it (et type Ag with quadratic term z(x +y + 2 4+ (A + 6)1).
By Corollary [L5.4] one has [f~'(\)] = 1 for every A # —6.

Recall that S_¢ = Hy,, .1 + S, where S is a cubic surface whose singular locus consists
of the points P} (2.y}.{z,t} a0d P2} {2y} {y.1}- Observe also that Hy,, .1 NS consists of the
line L. g2,y and an irreducible conic @ +y + 2z = zy + t2. Then S_g has good double
points at Pray )21 Lot e fu2h Piudieh e a0d Pray gy ey Hence, using [L8.3) and
Lemmas and [LTZT] we get [f~'(—6)] = 4. This confirms (7)) in Main Theorem.

Let us verify in Main Theorem. We may assume that A # —6. Then

Liayiy2r + Ligy gy + Lzt oy ~ Liey ey + Ligy gy + Ly s
on the surface Sy. This follows from (B.2.1]) and the fact that
Hizy sy - O3 = Lighqyst + Lighgoer + Lt fogy T Lith o2}

Using this, we can compute the intersection form of the curves L,y 1y, Lz} {y,2}> Liy}. it}
Liyy 2,2y, Lizy,q1y, and Hy on the surface Sy. Namely, it is given by the following matrix:

. Ly | Lioywsy | L | Ly esy | Loy | H
Lip | —3 3 1 0 11
Lipgey | 3 —3 0 : 0 |1
Ly 1 0 -3 2 1 1
Ly | 0 & : —3 0 |1
L 1 0 1 0 -3 1

H, 1 1 1 1 1 4

The rank of this matrix is 5. Thus, if A # —6, then it follows from (B2I)) that the
intersection matrix Of the curves L{:c},{t}> L{y},{t}> L{Z},{t}a L{x}7{y7z}, L{y},{%zb L{z},{x,y}>
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L1y {2,y,23» C1, and Cy on the surface S also has rank 5. But rk Pic(gk) = rk Pic(Sk) + 12.
Hence, we see that (Fk]) holds, so that () in Main Theorem also holds by Lemma [[.T3.1]

3.3. Family Ne3.3. The threefold X is a divisor of tridegree (1,1,2) on P! x P! x P!,
which implies that h*?(X) = 3. Its toric Landau-Ginzburg model is given by Minkowski
polynomial 1804. Using the coordinate change x + £ and z +— 2, we can rewrite it as

z 2 1 2z 2P 1 2
+ty+—-—+z+—-—+20+-+—+—+—+ -+ —.

T T oz oz ooTy Yy

z
Vi
X Xz

The quartic pencil S is given by the equation

32 + oy + 2wz + 22y 2 + 22ty + tadz + tyPz + ty+
+ 23y + 202y 2 + oyPr + ay? + P2 = Ayt

This equation is symmetric with respect to the involution [z :y:z:t| < [t:2:y: 2]
Suppose that A # oo. Let C; be a smooth conic that is given by x = yz + yt + 2 = 0,
and let Cy is a smooth conic that is given by t = 22 + 2z + yz = 0. Then

Hyzy - Sx = Ly} 2y + Lia} quty +C1s

(3.3.1) Hyyy - Sx = Ligpiy + Ly + 2Ly ey
Hpy - Sy = Ligy {2 + Ly (o) + 2L ey
H{t} Sy = L{y},{t} + L{t},{m,z} + Cs.

Hence, we conclude that Lz 1z}, Liy) 1y Ligher Liaptutrs Liwhtoad Liehtost Lisptochy
Cy, and Cy are all base curves of the pencil S.

The surface S_, is irreducible. However, its singularities are not isolated: it is singular
along the lines L.} (»+ and Ly (2.}, and smooth away from them.

If A # —4, then S) has isolated singularities, so that S is irreducible. In this case, the
singularities of the surface Sy that are contained in the base locus of the pencil S are all
du Val and can be described as follows:

Py (w100 type Ay with quadratic term y(y + 2 + t);
Py 23,4 type Ay with quadratic term z(x + 2 + t);
Py () 4yt type Ag with quadratic term (A 4 4)yz.

Thus, it follows from Corollary [L5.4] that [f~'()\)] = 1 for every A\ # —4.
Lemma 3.3.2. One has [f~}(—4)] = 4.

PTOOf. Let Cl = Cl, 02 = Cg, Cg = L{x},{z}u C4 = L{y}{z}, C5 = L{y},{t}, Cﬁ = L{x},{y,t}a
C7 = L{y}{xﬂg}, Cg = L{Z},{m,t}u and Cg = L{t},{x,z}- Then m; — 1My — IMg — Mg — 1 and
m3 = my = my; = m; = mg = 2. Likewise, we have M7_4 = M§4 =2 and

M'=M;"=M;"=M"=M;"=M;"=M;"'=1
Thus, it follows from (IL.&83) and Lemma that

f1(—4)] =3+ D! D! D! .
[ ( )} ™ P{z},{z},{t}Jr P{z},{y},{t}+ Pryy (23 {ety
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The surface S_, has (non-isolated) ordinary double singularities at the points P} (21,41
. —4 —4

and Pigy gy (- Thus, it follows from Lemma [LI2.Tthat D}’ =Dp’

Let ay: Uy — P3 be a blow up of the point Piy i3 qzy- Then D, = S', + E,.

The surface E; contains two base curves of the pencil §'. Denote them by CY, and C};.

Then Mj' = M! = 1, AP, ).y = 1, and the only base curves of the pencil S that

are mapped to the singular point P,y (.1 42 are the curves 610 and 611. Then

=1

Dryyenen
by (LI0.9) and Lemma [LT0.71 We conclude that [f~!(—4)] = 4. O

Recall that h?(X) = 3. Since the fiber f~!()) is irreducible for every A # —4, we see
that () in Main Theorem follows from Lemma .32

Now let us prove () in Main Theorem. We may assume that A # —4. Then the
intersection form of the curves L.y 21, Ly =), Ly ey Liw)ft,2ys Li) fe,2), and Hy on
the surface S, is given by

. Lyt | Liwntar | Lwptnr | Liaptesy | Doy |
Ligygsy | =5 1 0 1 5|1
Ly g 1 -1 1 0 0 1
Ly | 0O 1 3 5 1 1
Ly ey | 1 0 5 -5 0 1
Liygesy | 3 0 1 0 -5 | !
H, 1 1 1 1 1 4
The determinant of this matrix is —%. Thus, it follows from (3.3.1]) that the intersection

matrix of the curves Lay. 2y, Liyy.(z)> Liwy(ys Liohtuays Lipteys Ly ey L ey Gy
and Cy on the surface Sy also has rank 6. But rk Pic(Sk) = rk Pic(Sk) +11. Summarizing,
we see that (Y] holds, so that in Main Theorem also holds by Lemma [[LT3.1]

3.4. Family Ne3.4. The threefold X is a blow up of a double cover of P! x P? in a divisor
of bidegree (2,2) along a smooth fiber of the projection to P?. One has h'?(X) = 2. The
toric Landau-Ginzburg model is given by the Minkowski polynomial Ne1724, which is

Y 2y Y 2 xz 2 2z 1 T

z z
FE b r 2 o S S T —
T Tz T z T

Y+ — :
T Y Y rz Yz

The pencil § is given by

virz + yP2? + 20ttt + 2%yz + Py 4 2ay2t + 2Pyt + 2yt
+ 2222 4 2t%yz 4 222tz + Py + 2% = Ayt

As usual, we will assume that A # oo.
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Let C; be a conic that is given by z = 2%+ 2zy + y? + yt = 0, and let C, be a conic that
is given by ¢t = 2y + vz 4+ yz = 0. Then
Hiay - Sy = Liay qyy + 2L4ay 20y + Lia) gyt
Hyyy - Sy = 2Ly 1y + 2Lgy1 420
H{Z} -5y = QL{Z},{t} + Cq,
Higy - Sx = Lizyqy + Ly fay + Co

(3.4.1)

This shows that L{:c},{y}a L{z},{t}a L{:c},{y,t}> L{x}’{z7t}, L{y},{z,t}, L{t}7{x,y}, Cl, and CQ are all
base curves of the pencil S.

For every A € C, the surface S\ has isolated singularities, so that S is irreducible.
Moreover, if A # —4, then the singularities of the surface S, that are contained in the
base locus of the pencil S are all du Val and can be described as follows:

Py g0y type Ay with quadratic term 22 + 2zy + y* + yt;
Ppy (1.4 type Ay with quadratic term zz + 22 + 22t + t2;
Py 21,30 type Ay with quadratic term 22 + yz + 2zt + ¢%;
Pay 1260 type As with quadratic term (A + 4)xy;
Pey (ot type Ay with quadratic term z(x +y — (A + 4)t);
A+4:0:—1:1]: type Ay;
0:A+4:—1:1]: type Ay for A # =5, type Aj for A = —5.

Therefore, it follows from Corollary [L5.4 that [f~'(\)] = 1 for every A # —4. Thus, the
assertion in Main Theorem follows from

Lemma 3.4.2. One has [f~}(—4)] = 3.

Proof. The surface S_; has isolated ordinary double singularities at the points Py 141,411,
Pray (23,11, and Py 121,10, and it has du Val singularity of type A at the point Py 11} .1
Thus, using (L83)), we see that
-1 _ —4
=] =1+ Dets i inn
by Lemmas [[8F and [LI2Z1 To compute D5* we have to (partially) describe

o . ‘ ROROREY
the birational morphism « in (L9.3)).
In the chart ¢t = 1, the surface S_4 is given by

yzt — 22y — 7yt + (ngjz + 7%2% + 7y%Z + 27yZ° + g222) =0,

where T = x, y = y, and Z = z+ 1. In particular, the singularity of the surface S_4 at the
point Py 1.4z 18 not du Val. Since Py 1.4z, is a singular point of the surface S_4

of multiplicity 3, we can use (L83) to conclude that D;{t} e 0

Let oy : Uy — P3 be the blow up of the point P{w},{fy},{z,t}- A local chart of this blow
up is given by the coordinate change z; = %, y1 = %, and z; = z. In this chart, the
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surface E; is given by z; = 0, and D; is given by
A+ )25 + 121 — (A + )T g1 Z10+
+ ( — LA + T2 — B A+ 2T g + gjfzf) + (f%gjlzf + gj%i"ﬂf) = 0.
Thus, we see that D!, = S, + E;.

The surface E; contains two base curves of the pencil S'. One of them is given by
z; = T; = 0, and another one is given by z; = ¢; = 0. Denote the former curve by Cg,
and denote the latter curve by C}, Then My* =1 and M;; = 2. Hence, using (LI0.9)
and Lemma [.T0.7] we conclude that D! Prat i) i o > 2.

Let ap: Uy — Uj be the blow up of the point CgNCY,. Then D%, = 5% ,+E?. Moreover,
the surface E, contains two base curves of the pencil §2. Denote them by C? and C%,,
respectively. Then M;! = Mj;' = 1. Moreover, one can show that the only base curves of
the pencil S that are mapped to P{x} {y}.{=,t} are the curves C’g, 010, 011, and C’12 Finally,
local computatlons imply that A2 P, 300, = 1. Thus, using (LI0.9) and Lemma [.10.7]

we get D! = 2, so that [f~!(—4)] = 3. O

Py (w3 (=1

To prove ([]) in Main Theorem, we need the following result.

Lemma 3.4.3. Suppose that A # —4 and A # —5. Then the intersection form of the
curves L{w}{y}, L{x}7{y7t}, L{z},{t}; L{t},{x,y}, and HA on the surface SA is given by

. Ly | Loy vy | Lt | Liggey | FN
Livgy | —6 3 0 3 1
Ly | 3 -3 0 3 1
Lz 0 0 -3 3 1
Linwat | 3 3 3 -5 |1

H, 1 1 1 1 4

Proof. First, let us compute non-diagonal entries. Since Ly 1,0 N Lizy (y.00 = Plad{y).i0)

and Py 143,40y is an ordinary double point of the surface Sy, we get Ly (1 - Liay fy,) =

by Proposition [A.1.2] Likewise, we have L{m},{y} . L{t},{x,y} = L{m},{y,t} . L{t}{%y} = %
Since Lizy yy O Lizy o = Ly gy O Lizy 1o = 9, we have

1
2

Liay iy - Lieriny = Loy (- Liar iy = 0-

To compute L{z},{t} -L{t}{x,y}, observe that L{z},{t} N L{t},{%y} = P{Z}{t},{%y}. MOl”eOVGl”,
the surface S\ has du Val singularity of type Ay at the point Py} 1 {2,y}. Furthermore,
the quadratic term of its defining equation at this point is z(z +y — (A+4)t). Thus, using
Remark with S = S)\, 0= P{z}7{t},{x,y}> n = 3, C = L{z},{t}, and Z = L{t},{%y}, we
see that C' and Z intersect different curves among G and Gy. Then Ly iy Ly feyy = 3
by Proposition
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Now let us compute the diagonal entries. Since Py 1.4 and Pp.y 1),z are the only
singular points of the surface Sy that are contained in the line Ly (5,1, we see that

1 2 5}

Ly ="2+5+3="¢
by Proposition [A.T.3. Likewise, we have L%t}{x’y} = —2. We also have L%x}7{y7t} = -3,
because P,y 143,11} is the only singular point of the surface Sy that is contained in L,y 1.1
To compute L%x}, e let us use the notation of the proof of Lemma Note that the
proper transform of the line L,y 1,1 on the surface S} passes through the point C§ N CY.
On the other hand, its proper transform on the surface S% does not pass through the
intersection Cf; and C%,. Applying Remark [A24 with S = S\, O = Py 14263, 7 = D,
and C' = Lz ¢,1, We see that C intersects either the curve G5 or the curve G4. Thus, it
follows from Proposition [A.1.3] that L%w}, = —5, because Py (4,424 and Py y3,() are
the only singular points of the surface Sy contained in the line L,y 13- U

The determinant of the matrix in Lemma is —%. Thus, if A # —4 and \ # —5,
then it follows from (B.41)) that the intersection matrix of the curves Ly 11, Lz},
Liay tyty> Liay iz Liygzays Ligyfzy, C1, and Co also has rank 5. On the other hand, one
can easily see that rk Pic(gk) = rk Pic(Sk) + 12. Hence, we conclude that (k) holds, so
that in Main Theorem also holds by Lemma LT3l

3.5. Family Ne3.5. The threefold X can be obtained by blowing up P! x P? along a
smooth rational curve of bidegree (5,2). Then h'?(X) = 0. A toric Landau-Ginzburg
model of this family is given by the Minkowski polynomial Ne1819, which is

1 1 1 2 2 2 2

o+ 2 T Y e+ D
r Yy z ¥ Yy z z x T Y

The quartic pencil S is given by

oy + Paz + Pyz + taty + 2a’z + toy? + 2y 2 + 222+
+ 32%yz + 3wy’z + wy® +yiz + yPet = Ayt
Suppose that A # oco. Then S has isolated singularities, so that it is irreducible.
Let C; be the conic in P3 that is given by x = (y +t)? +yz = 0, and let Cy be the conic
that is given by t = (z + y)? + yz = 0. Then
® Hygy 53 = Lay ) + Liay, (23 +Ci5
© Hpyy - Sy = Ligyy) + Ligy (e + 2L ety
® Hpy - S)= Ligy oy + Ly oy + Lty + Liz) fwwtys
o Hyy - Sx= Lispy + Ly gway + o
Therefore, the base locus of the pencil S consists of the curves L 1, Lia) =3, Ly}, i)
Lizyins Ligyteys Ly tewys Lishgayay, Cry and Co.
For every A € C, the singular points of the surface S\ contained in the base locus of
the pencil S can be described as follows:

Ppay (y),123+ type Aq;
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Py qyrqey: type Ay for X # —4, Ay for A = —4;
Pray {23, 1y.0 type Ag;
Py ohgeay: type A for A # —4, Ay for A = —4;
Piy it qog): type Ay for X # —4, Az for A = —4;

[1:0:A+4:—1]: type A; for \ # —4.
In particular, it follows from Corollary [L5.4] that f~1()) is irreducible for every \ # oco.
Thus, since h'?(X) = 0, we see that in Main Theorem holds in this case.

Lemma 3.5.1. Suppose that A # —4. Then the intersection matrix of the curves L,y 1,
L{x}v{z}, L{y}7{z}, L{Z},{t}7 L{y}{x,t}, L{t}7{x7y}, and H)\ on the surface S)\ is given by

o | L | Liovisy | Linisy | Lisnta | ity | Lin ey | Ha
Lyt |~ 3 1 0 2 : )
Lipis | 3 -1 1 1 0 0 )
Ly | 3 } _3 1 2 0 |1
Ly 0 1 1 4 0 2 )
Liyy fay 2 0 2 0 % L |
Liyewy | 3 0 0 2 1 "5

H,y 1 1 1 1 1 1

Proof. Observe that L{m},{y} N L{z},{t} = @, so that L{x}{y} . L{z},{t} = 0. Similarly, we
see that Lz (2} - Lispgowty = 00 Lieh (e} - Ly oy = 0, and Ly, gy - Ly oy = 0. Since
L{x},{z}mL{z},{t} = P{x},{z},{t} and S)\ is smooth at P{x}7{z}7{t}, we have L{x}’{z} 'L{z},{t} =1.
Likewise, we have Ly ) - Ly gy = 1.

The points Py 141,121 and Py 121,44,y are the only singular points of the surface S that
are contained in L,y 1.y. Thus, we have L%x}’ () = —1 by Proposition [A.T.3l Similarly,
we see that L%y},{z} = —%, because Py (y1.{z} and Ppy (2} {2} are the only singular points
of the surface Sy that are contained in Ly, ¢.1. Likewise, we have L%Z% = —%, because
Ppy g3 {e,yy 18 the only singular point of the surface Sy contained in Ly} 1.

Since Ly, () N Lia) (2} = Paygu) 12)> We have Liay 1y Lz () = 3 by Proposition A.1.2
Similarly, we have L{x}’{y} . L{y}7{z} = 5.

Let us show that L,y r1-Liyy, 12y = 3. To do this, let us use the notation of Appendix[A]
with S = Sy, O = Py 23 4eys 0 = 2, C = Lyyy (243, and Z = Ly 1. We may assume
that CNE, # @. If ZNE, # &, then L2y - Liyy gy = 2 by Proposition
Otherwise, we have Ly 2y * Liy) {o,) = % In the chart ¢ = 1, the surface S is given by

oot l—

gj(i" +y— A+ 4)2) + higher order terms = 0,
where T = z+ 1, y = y, and Z = z. Here O = (0,0,0). In these coordinates, the line
Liyy {24y is given by y = T = 0, and the line Ly .} is given by y = z = 0. This shows
that Z N Ey # @, so that L{y},{z} 'L{y}’{m7t} = %
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Let us compute L%y} e} L%m} w4 Loy 1) - Liyy ey Using Remark [A.2.4] with

S =085 0=Puypm, =4 C= Ly oy, and Z = Ly ), We see that C' does not

pass through the point G; N G4, and Z passes through the point G; N G4. Now, using
Proposition [A.T.3] we obtain

1 2 4 1
L? — 94 4
{y} {=,t} + 2 + 3 + 5 30

because Py 11,461 Py 214z, and [1:0: A +4 : —1] are the only singular points of the
surface Sy that are contained in the line Ly} 1,4 . Similarly, we get
1 6 3

% =24+ —-—4+-=——.
{=}.{y} + 2 + 5 10

because Py 414z} and Py ). are the only singular points of the surface S that
are contained in the line Ly, g,3. Moreover, using Proposition [A.1.2] we see that either

2 3
Ly tyy - Ligh ety = 5 OF Lisyyy - Ly oy = - In fact, we have Ly 1) - Ligy oy = 3
because

1=Hy: Ly jany = (L{w},{y} + Ly + 2L{y},{m}> Liien =

3
2
= Lyt - Lign ety T Ly tey - Ligh ety T 2000 () = Liahiyy - Lighfoty + 5

since Hy ~ Lz, 1y + Ly g2y + 2Ly} 12,00 On the surface S).

To complete the proof of the lemma, we must find Ly 120y * Loy, fyys Loy few) - Lizy 40}
L{t},{x,y} . L{y}’{mﬂg}, and L%t}’{%y}. Observe that P{x},{y},{t} and P{z},{t},{m,y} are the only
singular points of the surface S, that are contained in the line Ly g2,y Thus, since
Loy s O Lizp ey = Pley o) oy We get Ly gag) - Lz = 5 by Proposition [A.1.21

To find the remaining entries of the intersection matrix, let us use Remark [A.2.4] with
S=5,,0= P{x} i, n=4,C=Lipan, and Z = L{t} {z,y}- As we already checked
above, the curve C does not pass through the point G4 N G4 Likewise, the curve 7 does
not pass through this point, so that We may assume that CNG # @ and Z NG,y #* .
Hence, we have Ly (o4} - Ly} oy = £ by Proposition [A T2 Likewise, it follows from
Proposition [AL.3| that Lj, , v = —5. This gives Lz} () - L1}, (a9} = 2, because

1=Hy Ligyfayy = (L{w},{y} + Ly + 2L{y},{m}> L ey =
2
2
= Liay oy - Ly goay + Ligd2) - Lt oy + 2000 (o) = Dbty - Litd oy + 5
since Lia} (y} + Ly} {23 + 2Lgyy gy ~ Ha O

The matrix in LemmaB5 T has rank 6. Moreover, we have rk Pic(Sy) = rk Pic(Sy) +11.
Hence, we see that (Fk]) holds, so that in Main Theorem also holds by Lemma [[L.T311

3.6. Family Ne3.6. In this case, Main Theorem is proved in Example [LT4.1]
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3.7. Family Ne3.7. In this case, the threefold X can be obtained by blowing up a hyper-
surface of bidegree (1,1) in P? x P? along a smooth elliptic curve, so that h'?(X) = 1.
The toric Landau—Ginzburg model of the threefold X is given by

Y Y z z 1 Y 1 2 z 1 1

r+y+z+=-+=-+-+-+-4+ =+ -4+ -+ =+ — + —
z x Yy x z xz Y x xy Tz xy

which is the Minkowski polynomial Ne2354.2. The pencil S is given by

v2yz + xyiz + wy2? + oyt 4+ yiet + a2t + oyt + oyt + gttt +
+ at?z + 2yt? + 222 4yt + 2t = Aayat.

As usual, we suppose that A\ # oo.

For every A\ # —3, the surface S\ has isolated singularities, so that Sy is irreducible.
On the other hand, one has S_3 = Hy, ;, +S, where S is an irreducible cubic surface that
is given by xyz + yt® + 2t% + y?t + 2%t + 2yzt + y?z + y22 = 0.

To describe the base locus of the pencil S, we observe that

Hizy - Sy = Ligy iy + Lighfyy + Liat fwtr + Liahgo)

Hyyy - Sx = Ligy 3 + Ligy gy + Lightor + Liygy gz
(3.7.1)
Hpy - Sy = Ly o + Ly + Ly ety + Lied fwt)s

Hyy - Sy = Ligy gy + Ligy oy + Liey iy + Ly .2}

Thus, the lines Loy 1y, Liyh ) Ligpieys Lehiny, Lottver Liahtuny Lo getys Ligpiasty
Ly 00> Ly gays Lizy gyt and Ly (24,2 are all base curves of the pencil S.
If A # —2 and A\ # —3, then the singular points of the surface S, contained in the base
locus of the pencil § are all du Val and can be described as follows:
Py 121,401 type Ag with quadratic term yz;
Py 21,000 type Ay with quadratic term (z + ¢)(z 4 t);
Py qyy1iy: type Ay with quadratic term (z + ¢)(y + ¢);
Py 1,{y,2): type Ay with quadratic term (z +y + 2)(x +t) — (A + 3)at;
P 23 4ty type Ay with quadratic term (z +t)(y + 2) + (A + 3)yz=.
Thus, it follows from Corollary [L54] that [f~'()\)] = 1 for every A # —3 and A\ # —2.

The surface S_, has the same singularities at the points Py 14, Pla) =)0
P{x}{y},{t}, P{x},{t},{y,z}a and P{y},{z},{:@t}- In addition to them, it also has isolated or-
dinary double singularities at the points [0: —1:1:1},[0:1:—1:1],and [0:1:1: —1].
Thus, using Corollary [L5.4] we conclude that [f~}(—2)] = 1.

The surface 5_3 has good double points at P{y},{z},{t}, P{x},{z},{t}> P{x},{y},{t}a P{m}’{t}{%z},
P{y}’{z}’{mﬂg}, and it is smooth at general points of the lines L{m},{t}7 L{y}{Z}, L{y}{t}, L{z},{t}7
Liay sy Lo twtys Liap ety Liud ety Liwhizays Leptonys Lisyqurs Ly gaysp- Thus, it
follows from (L.83]) and Lemmas and [L12.0] that [f~!'(—3)] = [S_3] = 2. Hence, we
see that () in Main Theorem holds in this case, because h'?(X) = 1.

To prove ({)) in Main Theorem, we may assume that A # —2 and A # —3. Then

Hipzay - Sx = 2Ly g0y + Ligyfety + Lizy oty
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so that 2L (1 + Liyy (o) + Lz}, 120y ~ Ha on the surface Sy. It follows from (3.7.1]) that
the intersection matrix of the lines L{m},{t}> L{y}{z}, L{y}{t}, L{Z}’{t}, L{m},{y’z}, L{x}7{y7t},
Ligytztps Lightenrs Lightzays Lisytenys Lish gy and Lig a2y on the surface Sy has the
same rank as the intersection matrix of the curves Ly 1y21, Lo} n.t)> Liat gty Loy {a.t}s
L{y},{z,t}a L{Z}7{y7t}, L{t},{x,y,z}a and HA. The latter matrix is given by

. Ligy vy | Liop oty | Liop ety | Ly ety | Ly ey | Dbty | Loy fewzy | H
Liywey | —3 1 1 0 0 0 ; 1
Lz iy} 1 4 1 ! 10 1 0 1
Ligy o) 1 1 4 0 1 0 0 1
Liy) fz1) 0 3 0 -3 1 0 0 1
Liyy 3 0 0 1 1 -2 ! 0 1
Lz 0 1 0 0 i -1 0 1
Lty tay.2} 3 0 0 0 0 0 -3 1

H, 1 1 1 1 1 1 1 4

This matrix has rank 8, and rk Pic(Sy) = rk Pic(S) + 9. Hence, we see that holds,
so that in Main Theorem also holds by Lemma [[LT3.1]
3.8. Family Ne3.8. In this case, we have h?(X) = 0, and a toric Landau-Ginzburg
model of the threefold X is given by

2z x y =z 1 2 2 1 1

THy+2r+—F -+t b

Y y Yy 2y x xz xt
which is the Minkowski polynomials Ne1504. The pencil S is given by
22yz +ayie + 1227 + ay2® + 2ot +ytot + w2t + ayt? + 2wt + 2yt + ytd + 2t = Ayt

Suppose that A £ co. Then Sy has isolated singularities, so that it is irreducible.
Let C; be a plane cubic curve that is given by o = %2 + 2yzt + yt? + 2t> = 0. Then C;
is singular at Pp,y g1 Let Co be a conic that is given by y = 2z + xt 4+ ¢* = 0. Then

Hiay - Sx = Liay 1 +Cu,

Hyyy - Sx = Liyy g2y + Ly gay +Co,

Hizy - Sx = Ligy ey + 2Ly 000 + Lizy oty

Hyy - 53 = Liay iy + Lizp g + L gowy + Lin gy}

(3.8.1)

Thus, the base locus of the pencil S consists of the curves Ly 1y, Ly 21, Lizyio,

Ly teays Ly tatys Lipteys Liny fw,2)s Cry and Co.
For every A € C, the singular points of the surface S\ contained in the base locus of
the pencil § are du Val and can be described as follows:

Py qsy: type As with quadratic term z(z + y + t);
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Py 3,40 type Ag with quadratic term z(x 4-t), for A # =3, type A4 for A = —3;
Pryy 21,4030 type Ay with quadratic term z(y + 2z + ¢);
Py 121 42,00 type Ag with quadratic term
y(x+ 324+ Az + 1)
for A # —3 and A # —4, type A3 for A = —3 or A = —4;
Playtupgwy type A
P{t},{m,y},{y,z}: smooth if A 7& —3, type Al if A =3.
Thus, it follows from Corollary [L5.4] that the fiber f='()\) is irreducible for every \ # occ.
Hence, we see that (C)) in Main Theorem holds in this case.

To prove () in Main Theorem, we may assume that A # —3 and A # —4. Then it
follows from (B.8.1)) that the intersection matrix of the curves L.y 11, Liyy. 2} Liy){a.t)»
Lyt Lizyinps Lsntenys Liartr Lishiy Ly tewys Lingysy €1, and Cp on the surface S,
has the same rank as the intersection matrix of the curves L.y 1y, Lyyy iz}, Loy} {a.t}s
Lty tayys Ly fy,23, and Hy. The latter matrix is given by

. Ly | Linta | Lwdeny | Ly ey | Ly | H
Ly || —3 0 i i 0 1
Ly | O -3 : 0 ! 1
Liyen | 3 : — i 0 1
Linewt | i 0 i —3 1 1
Ly | 0 5 0 1 —4 11

H, 1 1 1 1 1 4

This matrix has rank 6, and rk Pic(S) = rk Pic(S) + 11. Hence, we see that holds,
so that in Main Theorem also holds by Lemma [[LT3.1]

3.9. Family Ne3.9. In this case, the threefold X is a blow up of a cone over a Veronese
surface in P° in a disjoint union of the vertex and a smooth curve of genus 3. Thus, we
have h'?(X) = 3. A toric Landau-Ginzburg model of this family is given by

2 oy 22z 1 1
r+y+z+ —+—-—+-—+ -+ —,
yz T ryz x Yz
which is the polynomial Ne373. The pencil S is given by
?yz + wy’z + oy + 23+ oyl 4yt + 22% + yat® + at® = Awyzt.

As usual, we assume that \ # oo.
If A # —2, then the surface S) has isolated singularities, so that it is irreducible. But
S_og=Hpn+8S,

where S is an irreducible cubic surface that is given by xt? + 2t +yzt+y?2+yz? +xyz = 0.
The surface has S isolated singularities, and Hy, 1+ S = Ly} (o, + Lz faty T Lieiy {y,2}-
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To describe the base locus of the pencil S, we observe that

® Higy - Sh = Liay qyy + Liay (o) + Liay gy + Lo} qy.20)
® Hypy - Sy = Liay gy + Ly + 2L4y (o)

® Hpy - Sx = Ly oy + Lisy o + 2L o)

® Hyy - Sy = Lz + Lo + Lisv i + Lo,z

Therefore, the lines Lz} 23, Lia}, (v} Liyy 10 Lieninys Lisd ey Lighteny o Loy tnrs Ligh i
L4y 12,,2 are all base curves of the pencil S.

If A # —2, then the singular points of the surface Sy contained in the base locus of the
pencil S can be described as follows:

Py 21,000 type Ay with quadratic term z(z + t);

Py 1y type As with quadratic term z(y + t);
Py 43,19,23: type A with quadratic term 22+ oy +xz oyt + 2t + 2+t
Py o142 type Ay with quadratic term (X + 2)yz — (x + t)2.

Thus, it follows from Corollary [L5.4] that the fiber f=1()) is irreducible for every \ # —2.
Note that the surface S_5 consists of two irreducible components, and it is singular
along the lines Ly} 124 and L.y 12,3 Thus, it follows from (L83) and Lemma .85 that
-1 _ —2 —2 —2 —2
[f (_2)} =4+ DP{w},{z},{t} T DP{w},{y},{t} T DP{w},{t},{y,z} T DP{y},{z},{w,t}'
Moreover, the surface S_, has good double points at Py 12146, Prayivhitys Plad e} {v.2}-
and P{y},{z},{m,t}- By Lemma m thiS implies

-D -D -D -
Prey (21,00 Prey (w140} Prey (1) {v.2} Py (23 {e.t

so that [f~1(—2)] = 4. Hence, we see that (T)) in Main Theorem holds in this case.

If A # —2, then the intersection matrix of the lines Ly, 2y, Liay tvys Livtgey> Lizy)s
L{z},{m,t}u L{y}’{m7t}, L{m},{t}7 L{y}{t}, and L{t}{x,%z} on the surface S, has the same rank
as the intersection matrix of the curves L{xh{z}, L{x},{y,zi}’ L{y}7{x7t}, L{Z}v{%t}, L{t},{x,y,z}a
and H). The latter matrix is given by

—2 -2 —2 -2 0
Y

. Ligy o) | Loy twety | Lidtey | Lisdtey | Ly a2y | H
Ly | —§ 1 0 3 0 1
Liygpeny | 1 —3 0 0 > 1
Liygary | O 0 ~3 ; 0 1
Lgyny |3 0 3 —5 0 1
Linoyzy | O 3 0 0 -3 1

H, 1 1 1 1 1 4

Its determinant vanishes. The geometric reason for this is the following: if A # —2, then

Hizay - Sx = 2Ly 40y + Ligygety + Liyy (o)
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which implies that 2L,y ¢ + Ly g,y + Liy) {2,y ~ Hx on the surface Sy. In fact, one can

check that the rank of this matrix is 5. Moreover, we have rk Pic(Sy) = rk Pic(Sy) + 12.
Hence, we see that (k]) holds, so that (€] in Main Theorem also holds by Lemma L1311

3.10. Family Ne3.10. In this case, the threefold X is a blow up of a smooth quadric hyper-
surface in P* along a disjoint union of two irreducible conics. Thus, we have h'?(X) = 0.
A toric Landau-Ginzburg model i given by the Laurent polynomial

z 1 z oz oz zy 1 1
-+r+-—-+z+—+-+-"+—+-+y+-—.
Y Y xy z oxr oz Z x

which is the Minkowski polynomial Ne1112. The pencil § is given by
Pta 4 2yz + x4+ Pyr + 1227+ 2yt + 2Pyt + 2%y + Pyx 4y e + Pyz = \ayat.

If X\ # oo, then Sy has isolated singularities, so that, in particular, it is irreducible.
To describe the base locus of the pencil S, we observe that

Higy - Sx = Ligy oy + Liap iy + €

Hpyy - Sx = Ligy 23 + Liyy(ny +Co,

Hizy S0 = Ligy g + Ligy 1 + G,

Hiy - Sy = Liay iy + Loy + L ey + L (o)

(3.10.1)

where C; is the conic {z = ty+tz+yz = 0}, the curve Cs is the conic {y = tz+tz+zz = 0},
and Cz is the conic {z = t* + tx + xy = 0}. Thus, the curves Ly 23, Loy ey Ly ey
Ly vy Lty 2,235 Lty gu,2)> Cis Co, and Cs are all base curves of the pencil S.

Lemma 3.10.2. Suppose that A # oo. Then the singular points of the surface S\
contained in the base locus can be described as follows:

Prp 30 type As for A # —4, type Ay for A = —4;
Py 214630 type Ay for A # =2, type Ag for A = —2;
Pray qr 40y type Ay for A # —4, type As for A = —4;
P{x}{y}’{z}i type AQ for A 7& —3, type A4 for A = —3;
Pty (2,2},{y,2}: smooth for A # —3, type A, for A = —3.

Proof. Taking partial derivatives, we see that Ppy 1wy Pl nin, Playiy)i, and
Pray t1 42y are the singular points of the surface S). Moreover, if A # —3, then these
points are the only singular points of the surface Sy that are contained in the base locus
of the pencil S. If A = —3, then P {41 ,4y,-} 1S also a singular point of the surface Sy. In
this case, the surface S\ does not have other singular points which are contained in the
base locus of the pencil S.

In the chart x = 1, the surface S is given by the equation

y(y + 2 +t) + Pz + y2® — Myz + 2y + 122 + 122 + tPyz + 122° + ty22 = 0.
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Introducing coordinates § =y, Z = z, and t =t + y + z, we can rewrite this equation as
ty+ 29+ 122 = 2ty° — (N +4)zty — 22t + 72 + (A +4)25° + (A + 3) g+
+ 252 + 122° — 2Uy°z — 3tyz® — 27 + P4+ 27 + 2920 + 21 = 0.

@y = (0,0,0). Let us blow up this point.
= L. We can rewrite the latter equation (after dividing by 2%) as

Here, we have P,
Let 2=2,9=

y}iz)
y g

B — 82+ A+ 3)2 + 224 (22 — (A + 4)269 — 28% + (A + 4)29% + 2% ) +

+ <f2yz V222 20?2 — 3022 4 P + 2@222) v (52 _of?a? 4 g%?) —0.

This equation defines (a chart of) the blow up of the surface Sy at P (21.43. The two
exceptional curves of the blow up are given by the equations 2 = ¢ =0 and 2 = ¢ = 0.
They intersect at the point (0,0,0), which is singular point of the obtained surface.

If A # 4, then £ — t2 + (A + 3)§2 + 2% is non-degenerate, so that Py 1. is a singular
point of the surface Sy of type As. If A = 4, then this form splits as (§ — 2)(t—2). In this
case, introducing new coordinates § =t — 2, 2 = § — 2, and £ = ¢, we rewrite the latter
equation (with A = —4) as

§Z + t* + higher order terms = 0,

where we order monomials with respect to weights wt(g) = 3, wt(2) = 3, and wt() = 2.
We see that this point is a singular point of type As. Therefore, if A\ = —4, then P 23,10
is a singular point of the surface Sy of type Ay.

We leave the proofs of the remaining assertions of the lemma to the reader. O

Thus, it follows from Corollary [L5.4lthat the fiber f~1()) is irreducible for every A # oc.
This implies () in Main Theorem. To prove (] in Main Theorem, we need the following.

Lemma 3.10.3. Suppose that A\ € {—2, —3, —4, c0}. Then the intersection matrix of the
curves L{x}{z}, L{x},{t}> L{y}’{z}, L{y},{t}> L{t}{x,z}, and H)\ on the surface S)\ is given by

. Ly o | Loy | Liwntsy | Loy | Ly ey |
Lipsy | =% : 3 0 : 1
Ly | 3 —5 0 3 5 1
Ly | 3 0 -3 i 0 1
Ly |0 5 : ~5 1 1
Liyosy | 3 5 0 -5 |1

H, 1 1 1 1 1 4

Proof. Lets us show how to compute the diagonal entries of the intersection table. To start
with, let us compute L%m}’{z}. Observe that P,y (23,1 and Ppa) (y3.{z} are the only singular
points of the surface S that are contained in Ly, 3. Thus, by Proposition [A.1.3] one
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has L{ —2 + + —, where either kK = 4 or £k = 6. In fact, we have k£ = 6 here.

izt T
Indeed, let us use the notation of Remark [A.2.4 with S = S\, O = Py oy, 0 = 4,
C' = Lz {-3- In the chart y = 1, the surface S} is given by

x(x + z) + higher order terms = 0,

and L{x} (=} 1s given by r = z = 0. This shows that C contains the point G; N G4. Thus,
either C NGy # @ or C N G3 #+ &. In both cases, we have & = 6 by Proposition [A.T.3
Thus, we have L{x} () = 15

Similarly, it follows from Proposition [A.1.3] that L%x}, = —=, because Py (2}, and
Pray 11,4¢y are the only singular points of the surface Sy contained in Ly, 4. Likewise, we
see that L? (o) = g, because Py} z},41 is the only singular point of the surface Sy that
is contained in Ly 1, .3 Using Proposition [A.1.3 again, we get L%y}{t} L%y} o = —=.

Now let us compute the remaining entries of the first raw in the intersection table.
Since L{x}{z} N L{y},{t} = J, we have L{x}{z} : L{y}{t} =0. To Compute L{m},{z} : L{y}{z},
observe that Ly 12y N Liy) z3 = Pla}.fu).4)- In the chart ¢t = 1, the surface S is given by

(x + 2)(z + y) + higher order terms = 0.

Thus, using Proposition and Remark [A.2.4 with S = Sy, O = Py 23,00, 7 = 2,
C' = Ly (), and Z = Ly (2}, we see that Ligy 12y - Liyy () = 3
To find L{x}7{z} . L{x},{t} and L{x}’{z} . L{t},{y,z}; we notice that
Liay iy N Loyt = Ly ey O Ly wy = Plad o100
Let us use the notation of Remark [A.2.4] with O = Py (21,41, n = 4, C = Lyg) 1y, and
Z = Ly q, 2} Keeping in mind the equation of the surface Sy in the chart y =1, we see

that neither C nor Z contains the pomt G1 N Gy4. By Proposition [A.1.2] this implies, in
particular, that L,y ¢y - Ly, qy,2) = g. On the other hand, we already checked above that
the proper transform of the line L) (-} on the surface S does contain the point G; N Gy.
Thishimplies that L{x}’{z} . L{x},{t} and L{Z‘L{Z} : L{t},{y,z} are among % and g MOI‘GOVGI‘,
one has

1= Hiy - Ligy g2y = (L{x}v{t} t Ligriey + Lt foy + L{t}v{y,z}) Loy izy =
= Lay (0 - Liayt2y + Ligy gty - Lot (o + L geey - Lgadtoy + Liygy.y - Lt ey =

= Liay 0y - Liay 12y + Lity fy.y - Ladzd
because L{y},{t} . L{x},{z} =0 and L{t},{x,z} : L{m},{z} =0. Similarly, we have

Hzy - Ligy gy = (L{m},{z} + Liay e + 01) Liapqny =
8
2
=Ly Liopdy + Loy + O Lionin = Liopsy - Lantn — 5+ O Liaygn-
Moreover, we have C; mL{x},{t} = P{x},{z},{t}UP{x},{y},{t}- Thus, applying Pl"OpOSitiOIl
and Remark [A.2.4] we see that Cy - Ly 1y = é + % = }5, so that Lz 2y - Lizyp = 2
Thus, we have L{x}{z} 'L{t},{y,z} = %
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To compute the remaining entries of the second raw in the intersection table, we have
to find Lizy g1y - Liyy £z and Liay, gy - Ly, oy But Liay, gy O Ly, (23 = 9, 80 that Ly g -
Liyy. (=) = 0. Moreover, we have Liay 1) N Ly}, {1y = Pay.yh.(1)> 50 that Liay oy - Ligy.(1y = 3
by Proposition

To complete the proof of the lemma, we have to find Ly 2y - Ly 1y Ly 4z} - Lty 2,2}
and Lyyy i+ Ly {3 Since Lyyy ) 0 Ly oy = @, we have Lyyy o3 - Ly ey = 0.
Similarly, we have L{y}7{t} . L{t},{x,z} = 1, since L{y},{t} N L{t}{x,z} = P{y}7{z}7{x,t} and the
surface Sy is smooth at the point [1: 0 : —1: 0]. Finally, observe that L, (3 Ly 10 = %
by PI"OpOSitiOIl m since L{y}{z} N L{y},{t} = P{y},{z},{t}~ ]

If X ¢ {—2,—3,—4,00}, then it follows from (BI0.I]) that the intersection matrix of
the curves Ly 2}, Liepieys Lighters Liwntnys Lipgecys Linays C1s Co, and Cs on the
surface S has the same rank as the intersection matrix of the curves Ly 12y, Liay (1}
Ly 2y Ly ey Lty {22y, and Hy. On the other hand, the determinant of the matrix in

Lemma BI0.3 is —2, and rk Pic(Sk) = rk Pic(Sk) 4 11. Hence, we see that (F)) holds, so
that () in Main Theorem also holds by Lemma 1311

3.11. Family Ne3.11. The threefold X can be obtained from P? by blowing up a disjoint
union of a point and a smooth elliptic curve. We discussed this case in Example [[.L12.3]
where we described the pencil S and its base locus. Let us use the notation introduced
in this example. As usual, we assume that A # oco. Observe that

Hizy - Sy = Ligy 1y + Liap 20y +C,

Hyy - Sy = Ligy 2 + Lyt + Ligygety T Ligh iz
(3.11.1)
Hypy - Sy = 2Ly 12y + Loy iy + Lie) ot}

Hyy - Sy = Ligy gy + Ligy gy + Lizy iy + Ly o2}

If A #£ —2, then S, is irreducible, it has isolated singularities, and its singular points
contained in the base locus of the pencil S can be described as follows:

Py 21,40 type Ay with quadratic term yz;
Py 3,40 type Ay with quadratic term (z + ¢)(2 + t);
Py sy s type Ay with quadratic term (@ +¢)(y + t);
Py 1, {y,2): type Ay with quadratic term (z +t)(x +y+2—1t) — (A +2)at;
Py 234ty type Ay with quadratic term z(x + ¢ + (A 4 2)y);
0:1FvV5:-2:+2]: smoothif)\#%‘/g,typeAl if)\:%*/g.

Then [f~1(\)] = 1 for every X\ # —2 by Corollary [[5.41

Recall that S_, = Hy, ;3 +S, where S is an irreducible cubic surface that has good double
points at Pryy )1y Platahinys Llatturinr Pladihtye a0d Plyy gz} 4oy Moreover, the
surface S_j is smooth at general points of the base curves Ly, 11y, L3, Liyy ey Lizy 4y
L{m}’{zﬂg}, L{y}{x,t}, L{y},{z,t}> L{Z}’{Lt}, L{t}{x’%z}, and C. ThU_S, it follows from m and
Lemmas and [LT2T] that [f~'(—2)] = [S_3] = 2. Therefore, we conclude that (7)) in
Main Theorem holds in this case.
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To verify in Main Theorem, we may assume that A # —2 and X\ # %\/5 Then,
using (B.I1T)), we see that the intersection matrix of the curves Ly (11, Ly}, 123, Ly} {e)»
L{z},{t}7 L{x},{z,t}7 L{y}’{m7t}, L{y}’{zﬂg}, L{Z}{x’t}, L{t},{%y,z}, and C on the surface Sy has the
same rank as the intersection matrix of the curves Ly 11y, Liw) (20, Liptgatdr Liyd iz
L gey, Lty fa,y,2y» and Hy. On the other hand, the latter matrix is given by

. Ly [ Loy teny | Linptety | Lzt | Lioyeny | Ly | H
Ly | s 3 3 0 2 1 1
Lz} (o) 3 -3 0 1 1 0 1
Liyen || 3 0 —2 1 1 0 1
Liy) (=) 0 1 1 -2 0 0 1
Lipen | 3 3 3 0 -2 0 1
Liptewed | 3 0 0 0 0 ~3 1

H, 1 1 1 1 1 1 4

Its rank is 6. Note also that rk Pic(Sy) = rk Pic(Sy) + 11. Hence, we see that holds,
so that in Main Theorem also holds by Lemma [[LT3.1]

3.12. Family Ne3.12. In this case, the threefold X can be obtained from P? by blowing
up a disjoint union of a line and a twisted cubic curve. Its toric Landau—Ginzburg model
is given by

y
z

z 1 z 1 xzy 1
- +—-+ty+z+=+-+-+—+—+uz,
T y oz oz 0y

which is the Minkowski polynomials Ne737. The pencil § is given by
2yt + tPyz +yPex + 2Pyx + gt + 2Ptr + tyr + 2%y + Prx + 2’yz = Ayt

As usual, we suppose that \ # oco.

Let C be the conic z = 2y + yt +t? = 0. Then
Hzy - Sx = Liay oy + Liatar + Liohiny + Liap gz
Hyyy - S3 = Ly oy + Lyt + Lty + Ly a0
Hizy - Sy = Liay e + Ligy 21 +C,
Hiy - Sy = Liay gy + Ligrany + Ly gy + Lo twoar-

(3.12.1)

Thus, the base locus of the pencil & consists of the curves L q1, Liay iz} Liay {1}
Ligyt21s Ly oy Liayfeds Lintznys Din (e Ly o2y, and C. - .

For every A € C, the surface S) has isolated singularities, so that it is irreducible.
Moreover, the singular points of the surface S contained in the base locus of the pencil S
are du Val and can be described as follows:

Pay tyy,421: type Ay
Ppay gy, 1030 type Aq;



KATZARKOV-KONTSEVICH-PANTEV CONJECTURE FOR FANO THREEFOLDS 121

Py o340 type Ag with quadratic term (z + 2 4 ) for A # =3, type A4 for A = —3;
Py 1400 type Ay with quadratic term y(y + z) for A # =2, type A5 for A = —2;
P{x},{y},{z,t}3 type Ay for A # —2, type Ay for A = —2;
P{t},{m,z},{y,z}3 smooth if A # —3, type A if A = —3.

Thus, it follows from Corollary [L5.4] that the fiber f='(\) is irreducible for every A € C.
Since h'?(X) = 0, we see that (7)) in Main Theorem holds in this case.

Now let us verify in Main Theorem. We may assume that A # —2 and A\ # —3.
Then the intersection matrix of the curves L{x}v{y}, L{x}v{z}, L{x}7{t}, L{y},{t}7 L{y}7{z7t},
Ly 12,2y, and Hy on the surface S) is given by

. Ligywy | Loy ey | Loy | Liond | Ltz | Ly gy | H
Ly | —3 i 3 3 3 0 1
Ly | 3 —3 : 0 0 i 1
Ly | 3 3 -3 3 0 i 1
Lypw | 3 0 3 | —i6 : L]
Ly | 3 0 0 : ~ 1 o |1
Liyaey | O i 7 1 3 1

o, 1 1 1 1 1 4

The rank of this matrix is 7. On the other hand, it follows from (BI2.1) that

Ly iy + Loy ey + Lioriny + Liad ey ~ Liontd + Linntar + Liriny + Ly ey ~
~ Liay (o + Ly ey 7€~ Lyt + Ly oy + Loy + Liny sy ~ Haxe
This implies that the rank of the intersection matrix of the curves Ly 1yy, Lia) g1, Lia} {1}
L{y}{z}, L{y},{t}> L{x}{z,t}, L{y}’{zﬂg}, L{t}{x,z}, L{t},{y,z}> and C is also 7. AS we have seen
above, rk Pic(Sy) = rk Pic(Sy) + 10. Hence, we see that (F) holds, so that in Main
Theorem holds by Lemma [[.13.1]

3.13. Family Ne3.13. The threefold X is a blow up of a smooth hypersurface in P? x P?
of bidegree (1, 1) in a smooth rational curve of bidegree (2, 2). Thus, we have h1?(X) = 0.
A toric Landau—Ginzburg model of this family is given by Minkowski polynomial Ne420,
which is
T 1 z 1 1 vy
-—t+tr+-—+z+-—+-+y+—-—+-.
Y Yy x oz Tz
The quartic pencil § is given by

2t + 2%yz + Prx + Py + Pyt + Pyx + yier + tyz + yite = dayzt.

As usual, we assume that \ # oo. Then

® Hizy Sy = Liay qyy + Lo (23 + Liay iy + Liah gz
® Hyyy - Sn= Lz fyy + Ligh ey + Ly iy + Ly ey
® Hiy - Sy = Ly (23 + Liyyay + Lty + Lz it
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® Hyy - Sx= Ligyin + Ly in + Lo + Ly o)
Thus, the lines Liuy gy, Ly iz)s Lizninrs Lnters Lninrs Lientnrs Liantanrs Lihtents
Ly 1ye, and Ly ga2..-1 are all base curves of the pencil S.
Each surface S, is irreducible, it has isolated singularities, and its singular points con-
tained in the base locus of the pencil S can be described as follows:
Play ty), (2 type Ag;
Py qey: type Az with quadratic term y(x 4 t) for A # =2, type A4 for A = —2;
Piay 21,411 type Ag with quadratic term x(z +t) for A # =2, type A4 for A = —2;
Py =146y type Ag with quadratic term z(y +t) for A # —2, type A4 for A = 2.
Then [f~}(\)] = 1 for every A € C by Lemma [[L5:4l This confirms (7)) in Main Theorem.
Now we suppose that A\ # —2. Then the rank of the intersection matrix of the
lines Liay gy}, Liahahs Loy iy Liwdteds Diwrdeys Liahip Loy z0p Ligpdeny, L qyay, and
Ly {2,y on the surface Sy has the same as the rank of the following matrix:

. Ly oy | Loy | Lioptesy | Loy | Livwny | L ey | H
Loy | —3 i ! 0 ! 0 !
Lisy. i —3 ! ! 0 ! !
Lz} o) 1 1 —1 0 0 0 1
Liyy (o) 0 1 0 ~1 0 0 1
Ly 1 0 0 0 ~1 0 1
Lin ey || O 1 0 0 0 —2 1

H) 1 1 1 1 1 1 4

Its rank is 7. On the other hand, we have rk Pic(Sx) = rk Pic(Sk) + 10. Hence, we see
that (3k]) holds. By Lemma [.I31] we see that (]) in Main Theorem also holds.

3.14. Family Ne3.14. The threefold X is P? blown up in a union of a smooth plane cubic
and a point that does not lie on the plane containing the cubic, so that h'?(X) = 1.
A toric Landau—Ginzburg model of this family is given by

2 oy oz x 1
ehytet oo o
which is Minkowski polynomial Ne202. The quartic pencil S is given by
22yz 4+ 2’z + xy2® + 23t + yPat + y2tit 4 2%t + yat? = vyt
Suppose that A # co. Then
Hizy - Sx = Ligy gy + Liwy ey + Liaygey + Liah gy
Hiyy - Sx = 2Ly gy + Ligygey + Ly ety
Hizy - Sx = 2Ly 123 + Ly + Lizy ey
Hyy - 53 = Liay i + Lyt + Lisy g + L few.z)-

(3.14.1)
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Thus, the base locus of the pencil S consists of the lines Ly ¢1, Ly (23, Loy e3> Liyy i}
Ly iy Dy ety Dy teys Lizy fanys Lityga 2y
Let S be the cubic surface in P? that is given by
Yz + 22t + y22 + yz2 + yzt = 0.

Then S is irreducible and S_y = H;4 + S. On the other hand, if X # —2, then the
surface S has isolated singularities, so that it is irreducible. In this case, its singular
points contained in the base locus of the pencil S can be described as follows:

Pay (1,423 type Ay with quadratic term 22 + yz;

Py (w0 type Ay with quadratic term y(x 4 t);

Py 3.4 type Ay with quadratic term z(z + ¢);
Py (142030 type Ay with quadratic term 22 — y? — yz — yt + (A + 1)zy;
Py (1w type Ay with quadratic term 2? — 22 — yz — 2zt + (A + 1)zz;
Py gy, 42y type Ay with quadratic term (z +t)(z +y + 2 +t) — (A + 2)at.

By Lemma [[L5.4] we have [f~'(\)] = 1 for every A # —2. Moreover, the points
Pray 23,400 Pt iwnaeys Piayivr ey Planivydaty Py fenivsy, and Pray g.qy.2) are good dou-
ble points of the surface S_,. Furthermore, one can check that the surface S_s is smooth at
general points of the lines Liuy gy}, Liay g1y Liap s Liwptnrs Lizptnys Liadtvenys Liypgoays
Ly qoty> and Ly g2y Therefore, using (L83) and applying Lemmas [L85 and [LT2.T]
we conclude that [f~!(—2)] = [S_y] = 2. This confirms () in Main Theorem.

To verify in Main Theorem, we suppose that A # —2. Then [BI41I) gives

Hy ~ Ligy qy) + Liay 23 + Liah o + Lo fy2ty ~ 2L g0y + Ligh gy + Ligh ety ~
~ 2Ly 2y + Liay oy + Ly ey ~ Lot + Ligr oy + Lisy o + L o2y
Therefore, the intersection matrix of the lines L{w}{y}, L{x},{z}u L{x},{t}, L{y},{t}, L{z},{t}7
Loy qyztys Ly ety Lz gatys Lty {2y,2} On the surface Sy has the same rank as the in-

tersection matrix of the curves L{y}{x,t}, L{x},{y,zi}’ L{Z}v{%t}, L{t}v{%y,Z}, L{x}7{y}, and HA.
The latter matrix is given by

° Lipfaty | Lioygyety | Liehtoty | Lithdowsy | Loy oy | Ha
Liygaty | —5 0 1 0 3 )
Lig) fy,20) 0 _% 0 % % 1
Ly oy 1 0 By 0 0 )
Ly (w9, 0 % 0 _% 0 1
Lia}, 1w} : ! 0 0 BN
A ! ! 1 1 1|4

The rank of this matrix is 5. We can see that the determinant of this matrix is 0 without
computing it. Indeed, we have Hy ~ 2L ¢y + Ly gy + Lizy gz o0 the surface Sy,
because Hyzgy - Sx = 2Ly 11y + Liyy foay + Lz ot}
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Observe that rk Pic(Sy) = rkPic(Sy) + 12. Therefore, we conclude that (F]) holds.
Using Lemma [LI31] we see that () in Main Theorem also holds.

3.15. Family Ne3.15. In this case, the threefold X is a blow up of a quadric in a disjoint
union of a line and a conic, so that h?(X) = 0. A toric Landau-Ginzburg model of this
family is given by Minkowski polynomial Ne419 is
x =z 1 1 1 z
THy+tzt oo+ o+
z Yy z Yy

Ty
The quartic pencil § is given by

:)32zy + y2za: + zzyx + xzty + 2’tx + tzyx + 22w + t2zy + 1227 = Axryzt.
Suppose that A # oco. Let C be a conic that is given by y = xz 4+ xt 4+ 2t = 0. Then

Hyzy - Sx = Ligy (23 + 2L1ay 1y + Lia} (2}
Hypyy - Sx = Ligy 2 + Ly +C,

(3.15.1)

Hpy - Sy = Ligy oy + Ligy gy + Lispqy + Lisy oty

Hyy - Sy = Ligy g0y + Ligy oy + Loy iy + Ly o2}

Thus, the base locus of the pencil S consists of the curves Ly 121, Liay g3, Ligy 423 Liyy 10
Lizyyeys Lizyieys Lizy ety Lty foy,2y, and C.

For every A € C, the surface S, is irreducible, it has isolated singularities, and its
singular points contained in the base locus of the pencil § can be described as follows:

type Ay with quadratic term (z+z)(y+z2) for A # —2, type Az for A = —2;
type Ay;

type As with quadratic term xz;

type Az with quadratic term y(z +t) for A # —3, type A4 for A = —3;
type Ay with quadratic term z(x +y + 2 — t — \t).

Play o). (23
Play uy. 43"
Play, (23,03
Py {140
Play i) 4y.2)*
So, by Lemma [[L5.4] each fiber f=*()\) is irreducible. This confirms (7)) in Main Theorem.
If X # —2 and A\ # —3, then the intersection matrix of the curves Ly} 121, Lz} .2},
Liyy 2y Lizy oty Lty fa,y,2), and Hy on the surface Sy is given by the following table:

. Liyis | Ly vy | Ly ey | Liedeny | Loy | 1
Ly || —3 5 3 3 0 1
Liyws | 3 —5 : 0 3 1
Liyy i) 3 3 — % 0 0 1
Liyen | 3 0 0 —3 0 1
Lin oy | O 3 0 0 —3 1

H, 1 1 1 1 1 4
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This matrix has rank 6. On the other hand, using (B.I5.1]), we see that

Hy~ Ligy oy + 2Ly + Ly fyey ~ Ly + Ly +C ~
~ Ligy sy + Ligy ey + Lispiny + Liep ey ~ Liap iy + Ligy oy + Lishiny + Ly o)
on the surface Sy. Thus, the rank of the intersection matrix of the curves Liay 21, Liay, 1),
L{y}7{z}, L{y},{t}7 L{x}i%z}, L{z}7{t}, L{Z}v{%t}, L{t}v{%y,z}, and C is also 6. One the other

hand, we have rk Pic(Sk) = rk Pic(Sk) + 11. Thus, we see that (k) holds, so that in
Main Theorem holds by Lemma [[.T3.1]

3.16. Family Ne3.16. In this case, the threefold X is can be obtained from P? blown up
in a point by blowing up a proper transform of a twisted cubic curve passing through the
point. Thus, we see that A?(X) = 0. A toric Landau-Ginzburg model of this family is
given by Minkowski polynomial Ne212, which is

y
z

Ty 1 1
+-—+—+-+
Yy xz

T+y+z+ =
Yy T

The pencil § is given by the equation
:)322y + ’y2Zl’ + zzyzz + y2ta? + 2tz + t2y2 +t?zx + t22y = \xyzt.
Suppose that A # oco. Then
Hyzy - Sy = Ligy gy + 2L} 15y + Lia} {2}
Hyyy - Sx = Ligyqyy + Ligy t23 + Lyt ter + Ligh (o)
Hy - Sx = 2Ly 00 + Lz 1y + Ly goty
Hyy - Sy = Ligy gy + Ligy gy + Loyt + Ly o2}

(3.16.1)

Thus, the base locus of the pencil S consists of the lines Ly q1, Liay 105 Ly (=3 Liyy. i}
Lizp iy Liayguer Lighteays Loy goay a0d Ly goy 2y
For every A € C, the surface Sy € S has isolated singularities, so that it is irreducible.
The singular points of the surface S\ contained in the base locus of the pencil & can
be described as follows:

Pray w1423 type Ag
Pray (21,111 type Ag;
Py gy 40y: type Ag with quadratic term zy;
Py ity4y.23: type Ag with quadratic term
z(x+y+z—t—A\)

for A # —1, type Ag for A = —1;
Py 1,40+ type Ay with quadratic term z(y + t);
Prp 142y s type Ag with quadratic term

z(x+t—2y — \y)
for A # —2, type A for A = —2.
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Therefore, every fiber f~1()\) is irreducible by Lemma [[.5.4l This confirms () in Main
Theorem, because h'?(X) = 0.

Now let us verify in Main Theorem. We may assume that A % —1 and \ # —2.
Using ([B.I6.1), we see that the intersection matrix of the lines Ly 11, Liay gey, Ly} g2)
Ligranys Lehiers Liadtuer Digpiesys Dispqanys and Ly oy,z) on the surface Sy has the
same rank as the intersection matrix of the curves L.y 11, Liay .20 Ligiizr Liznio
Lty {2,y,2}, and Hy. But the latter matrix is given by

. Ligy oy | Loy twad | Linna | Lano | D dewey | H
Ly | —1 : 0 3 3 1
Ly |3 —3 3 0 3 1
Ly () 0 3 —5 : 0 1
Lizy 3 0 : -3 1 1
Linowsy || 3 5 0 1 -3 1

H, 1 1 1 1 1 4

Its rank is 6. On the other hand, the description of the singular points of the surface Sy
easily gives rk Pic(Sk) = rkPic(Sk) + 11. Thus, we can conclude that holds in this
case, so that (¢ in Main Theorem also holds by Lemma [LT31]

3.17. Family Ne3.17. The threefold X is a divisor of tridegree (1,1,1) in P! x P! x P2, so
that h'?(X) = 0. A toric Landau-Ginzburg model of this family is given by Minkowski
polynomial Ne208, which is

z 1 1 1 Y
- tr+-—+2+y+—-—+—+—.
Y Y T  xz X2

The pencil of quartic surfaces S is given by the equation
2te + 22y + Prx + Pyr 4+ yiza + Py + By + 2y = Aayzt.
To describe the base locus of the pencil S, we observe that
® Hypy Sy = Ligy t) + 2L4a) (0 + Liad (.2t
o Hyy - Sy = Ly iy + Lyt + Ly + Ly £z
® Hizy Si= Liyy ey + 2010 + Lizytyis
® Hyy - Sx = Liay ey + Ly iny + Loy + Ly (o)
Thus, the base locus of the pencil S consists of the lines L,y 1, Liay e, Liyy 23> Liyy o

Loyt Liahtwanys Liod (e Lieytyays a0d Ly fay2)-

If A # oo, then Sy has isolated singularities, so that it is irreducible. In this case,
the singular points of the surface S contained in the base locus of the pencil § can be
described as follows:

Py )10y type Ay with quadratic term x(y + ¢);
Py (21,40 type Ag;
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Pry 21,40 type Ay with quadratic term yz;
Pray 200 type Ay for A # =2, type A, for A = —2;
Py i.4y.2): type Ay with quadratic term z(z +y + 2z — t — At);
Prayupqwy type Ar
Thus, by Lemma [[5.4], the fiber f~!()) is irreducible for every X\ # oo. This confirms ()
in Main Theorem, since h'?(X) = 0.
Let us check in Main Theorem. To do this, we may assume that A # oo and A # —2.
Then the intersection matrix of the curves Ly 1y, Liwy 11y, Ly ger> Ly g0y Lty {wy.2}
and H, on the surface S, is given by the following table:

. Ly | Loy | Liwntn | Ly ey | Ly ey | F
Ly | -3 5 3 3 0 1
Ly 5 —& 3 0 3 1
Ly 3 3 —15 5 1 1
Ly | 3 0 5 —% 0 1
Lin oy | 0 3 1 - 1

H, 1 1 1 1 1 4

This matrix has rank 6. Thus, the intersection matrix of the lines L, 14y, Lz} {13 Liy} {2}
L{y}7{t}, L{z},{t}a L{x}7{y7z7t}, L{y},{z,t}a L{Z}7{y7t}, and L{t},{l‘vy,z} on the surface S)\ also has
rank 6, because

Hy ~ Ligy qyy + 2Ly 1y + Liay ety ~ Liahgoy + Ligh ey T Ligh o + Ligy 200 ~
~ L2y + 2Ly 0 + Lighwey ~ Loy + Ligrey T Lien + L few,z)-

On the other hand, one has rk Pic(S;) = rk Pic(Sy) + 11. We conclude that (F]) holds.
By Lemma [[.LT3.1] this implies that in Main Theorem also holds.

3.18. Family Ne3.18. The threefold X can be obtained by blowing up P? in disjoint union
of a line and a conic. This shows that h'?(X) = 0. A toric Landau-Ginzburg model of
this family is given by Minkowski polynomial Ne211, which is

Y

T 1 T 1
—+x+—+z+—+y+;+;.

Y y z

Thus, the pencil S is given by the equation
2tz + :)32zy + 22+ zzyx + x2ty + y2z:)3 + tzzy + yzt:)s = \ryzt.

As usual, we suppose that \ # oco. Then

Hipzy - Sx = Ligy qyy + Loy gy + 2Ly 40

Hyyy - Sy = Ligy gy + Ligy ey + Ligh o + Ligyfath

(3.18.1)

Hpy - Sy = Ligy o + Ligh 2y + Lieh iy + Ligy o)

Hyy - Sy = Ligy g0y + Ly gy + Lzy iy + Ly a2}
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Thus, the base locus of the pencil S consists of the lines Ly 1, Liay g1, Loy g1y, Liyy 12}
Ligyap Lieyanys Lightenrs Lizp ey, and Lig qoy,e)-
For every A € C, the surface S is irreducible, it has isolated singularities, and its
singular points contained in the base locus of the pencil S can be described as follows:
Py} 100 type Ay
Py 21,4030 type Ay with quadratic term z(z + t);
Pray qr 41y type Az with quadratic term xy;
Py w1123 type Az with quadratic term x(x +y) for A # —1, type A5 for A = —1;
Pla} i1 qy2)t type Aus
Pra 3,120y type Ay for A # =2, type A, for A = —2.
Then [f~}(\)] = 1 for every A € C by Lemma [[L5:4l This confirms (7)) in Main Theorem.
To verify () in Main Theorem, we may assume that A\ # —1 and A\ # —2. In this
case, the intersection matrix of the curves L{y}7{t}, L{y}{x,t}, L{Z},{t}a L{Z}7{x7y}, L{t},{x,y,z}a
and H, on the surface S, is given by the following table:

° Ly | Ly ien | Lispin | Lt towy | Loy | H
Ly || =3 3 1 0 1 )
Lipeny | 7 -3 0 0 0 .
Ly 5 0 -1 1 ! ’
Ligpowy || O 0 1 3 1 !
Linyfowsy |1 0 ! 1 1 0

H) 1 1 1 1 4

This matrix has rank 6. On the other hand, it follows from (B.I81]) that

Hy ~ Ligy qyy + Liay 2 + 204y 1y ~ Liay oy + Ligy 23 + Ligyqy + Ligy gy ~
~ Liay 2y + Lz + Lz + Ly ey ~ Loy ey + Liro + Lisnig + Lin o2y
ThU.S, the intersection matrix of the lines L{x}7{y}, L{x}7{z}, L{x},{t}a L{y}7{z}, L{y},{t}>

Ly Ly oty Lizyzwy, and Ly (24,23 on the surface Sy has the same rank as the
intersection matrix of the curves Lyyy 1, Liyy a0y Loy ey Lz gayts Lt gy}, and Hy.

Moreover, we have rk Pic(Sk) = rk Pic(Sk) + 11. Thus, we see that (3]) holds, so that ()
in Main Theorem holds by Lemma [[.13.11

3.19. Family Ne3.19. The threefold X can be obtained by blowing up a smooth quadric
hypersurface in P? in two points, so that h'?(X) = 0. A toric Landau-Ginzburg model
of this family is given by Minkowski polynomial Ne74, which is

z 1 1 T

-+ —-—tyt+z+r+—+—.

x  x yz Yz
The quartic pencil § is given by the following equations:

2ty + Pyz + yirz + 2oy + 2%yz + o + 2% = vyt
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Suppose that A # co. Then
Hipzy - Sx = Ligy qyy + Loy gy + Liay iy + Loy (2
Hyyy - Sx = Liay gy + 2L 10y + Liyy gty

(3.19.1)
Hpy - Sy = Ligy oy + 2Ly 10 + Ly (o)

Hyy - Sy = Liay iy + Ligrany + Lisriny + Loy toa)-
Thus, the base locus of the pencil S consists of the lines Ly (1, Loy (23, Liay 03> Liyy e}
Ly Lantzay Lightetrs Lisp oty Lo go 2}

For every A € C, the quartic surface Sy has isolated singularities, so that it is irreducible.
Moreover, the singular points of the surface S contained in the base locus of the pencil §
can be described as follows:

Py 11ty type Ay with quadratic term y(x + ¢);
Pray 23,10+ type Ay with quadratic term xz;
Pryy =140 type A
Py ity fa,2): type Ag;
Pl i) fogyt type Ar
Then each fiber f~1(\) is irreducible by Lemmal[l.5.4l This confirms () in Main Theorem.

Let us verify () in Main Theorem. It follows from (B.I9.0) that the intersection
matrix of the lines Lz} gy}, Liayiz)s Liahers Lighteys Lisptnrs Liah ey Liyhtaays Lk oy
L1y g,z on the surface S\ has the same rank as the intersection matrix of the curves
L{x}v{y}, L{x},{zi}, L{y},{t}7 L{z},{t}a L{t}v{%y,Z}, and H)\. The latter matrix is given by

. Lyt | Loy ey | Linny | Lt | L qewsy | H
Ly | —% 1 5 0 0 1
Liay {2ty 1 —: 0 L 0 1
Lyyy 1 5 0 —5 3 3 1
Lizy 0 0 5 3 —5 3 1
Lit) (a2} 1 3 : ~1 1

o, 1 1 1 1 4

The rank of this matrix is 6. Moreover, we have rk Pic(Sy) = rk Pic(Sy) + 11. Thus, we
conclude that holds. Then (] in Main Theorem holds by Lemma [[LT3.11

3.20. Family Ne3.20. In this case, the threefold X is a blow up of the smooth quadric
threefold along a disjoint union of two lines, so that h%?(X) = 0. A toric Landau-Ginzburg
model of this family is given by Minkowski polynomial Ne79; which is

y 1 1 T
~t+t—-+tytz+-—+r+—.
r T Y Yz
The quartic pencil § is given by the following equation:
yztz + t2yz + yzxz + zQxy + 22z + xzyz + 2%t = Azryzt.
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As usual, we suppose that \ # oco. Then

Higy - Sx = Liay tyy + Liay 123 + Liay gy + Loy gud
Hyyy - Sx = Ligyqyy + 2L4yy 400 + Lighfo2)s

Hipzy - Sy = 2Ly 12y + 2L12y 40,

Hyy - Sy = Ligy g0y + Ligy gy + Liey iy + Ly o2}

(3.20.1)

Thus, the base locus of the pencil S consists of the lines Ly (1, Loy (23, Lia) 03> Liyy e}
Ly Loy qwars Lighfazy and Ly o)

For every A € C, the surface S, has isolated singularities, so that it is irreducible.
The singular points of the surface S contained in the base locus of the pencil S can be
described as follows:

Play {1423+ type Ag;
Pray qyy.46y: type Az with quadratic term zy;
Py 21,000 type Az with quadratic term z(z + t);
Py a3 type Ag;
Py tr 200 type Aq for A # —1, type A, for A = —1;
Py 413 42,230 type Ao with quadratic term

Yy +y+2z—At)
for A # 0, type Ag for A = 0;
Py qer oy type A
By Lemma [[L5.4], each fiber f=1()) is irreducible. This confirms (7)) in Main Theorem.

If A # 0 and A # —1, then the intersection matrix of the curves Ly} 1y, Liz} {y.}-
Liyy (22} Lty {2y,21, and Hy on the surface Sy is given by the following table:

. Ly | Loy twty | Liwp ey | Ligfewsy | F
Lia} q0) 0 3 3 0 1
Ly | 3 -3 0 0 1
Ly | 3 0 -3 3 1
Linewsy || O 0 5 -5 1

H, 1 1 1 1 4

The rank of this matrix is 5. On the other hand, it follows from (3.20.1) that

Liay qyy + Liay {23 + Liay 1oy + Liad .ty ~ Loy oy + 204300 + Ly ey ~
~ 2Ly (23 + 2Ly g0 ~ Liay gy + Ligy gy + Lisy oy + Lin fazy ~ Ha
on the surface S,. Thus, if A # 0 and A # —1, then the rank of the intersection matrix
of the lines Ly (), Lia}iz)s Liwy iy Liwy iy Lisinys Loy twys Ly ey, and L gy 2)

on the surface Sy is also 5. Moreover, we have rk Pic(Sy) = rk Pic(Sk) + 12. Thus, we see
that (3k]) holds, so that in Main Theorem holds by Lemma [[.13.1]
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3.21. Family Ne3.21. In this case, the threefold X is a blow up of P! x P? in a curve
of bidegree (2, 1), so that h'*(X) = 0. A toric Landau—Ginzburg model of this family is
given by Minkowski polynomial Ne213; which is

z 1 z 1 1

- f+r+-—+2+—+-+y+—.

Y Y xy  z x
The quartic pencil S is given by the equation

2at + 2iyz + oz + oy + 222 + Poy + yPaez + tPyz = Ayt

Suppose that A\ # co. Let C be the conic in P? that is given by y = xz + ot + 2zt = 0.
Then

Hiay - Sy = Liay {23 + 2Ly, 1y + Lia) gu.2)
(3.21.1) Hyyy - Sx = Liyy =y + Ly +C,
Hizy - Sx = Liay g2y + Liyy ey + 2Lg21 400
Hyy - 53 = Liay i + Lighin + Lisyin + Liney.s)-

Thus, the base locus of the pencil S consists of the curves Ly 21 Liay 113, Lyt g3 Liyy i}
Ly Loy ey Ly foy,zys and C.

For every A € C, the surface S has isolated singularities, so that it is irreducible.
Moreover, the singular points of the surface S contained in the base locus of the pencil S
can be described as follows:

Pl iyy it type Ay
Py o142} type Ag with quadratic term (x+2)(y+2) for A # —1, type Az for A = —1;
Pray (23,100 type Az with quadratic term xz;
P{x},{t},{y,z}3 type AQ with quadratic term
(x+y+z—t—A)
for A # —1, type Ag for A = —1;
Pry 21,400 type Az with quadratic term yz;

Py i) epyt type Ar
By Lemma [[.5.4], each fiber f='()) is irreducible. This confirms (7)) in Main Theorem.

Now let us show that (] in Main Theorem also holds in this case. To do this, we

may assume that A # —1. Then the intersection matrix of the curves L 21, Liz} {y.2}+
Ly gy> Lty {2,y,2), and Hy on the surface Sy is given by

. Ly | Loy | Linndoy | L ey | H
Lipsy | —3 3 0 0 1
Ly | 3 -3 0 3 1
Lgpw |0 0 —i ! !
Ligtaysy | O 5 ! & | !

H, 1 1 1 1 4




132 IVAN CHELTSOV AND VICTOR PRZYJALKOWSKI

The rank of this intersection matrix is 5. On the other hand, it follows from (B.21.1]) that

Hy ~ Liay 12y + 2010y {5y + Liwyqyey ~ Ligytey + Ly +C ~
~ Liay gy + Ly g2y + 2L ~ Liaygn + Lin o + Lienn + L fews)
on the surface Sy. Thus, the rank of the intersection matrix of the curves L.y 12y Liay, (4}
L{y}{z}, L{y}{t}, L{z},{t}> L{x}7{y7z}, L{t},{m,y,z}a and C on the surface S)\ is also 5. MOI‘GOVGI‘,

we have rk Pic(Si) = rk Pic(Sk) + 12. Thus, we see that (] holds, so that (] in Main
Theorem holds by Lemma [[.I3.11

3.22. Family Ne3.22. In this case, the threefold X is a blow up of P! x P? in a conic
contained in a fiber of the projection P* x P? — P!, Thus, we have h1?(X) = 0. A toric
Landau—Ginzburg model of this family is given by Minkowski polynomial Ne75, which is
z 1 1 1
St—tytrt—ta+—.
r  x xyYz Yz
The quartic pencil S is given by

2ty 4+ tPyz + ez + oy + 4 2lyz + B = Aayzt.

Let C be a cubic curve in P? that is given by 2 = yz2 +yzt +t* = 0. Then C is singular
at the point Py, (23,11p- Moreover, if A # oo, then

Hipzy - Sx = Lizy 1y +C,

Hen - Sy =30 Loy o,
(3.22.1) {v} " OX = 2 Lyh{ty T My et
H{z} . S)\ —= BL{Z},{t} + L{Z},{{E,t}w

Hyy - Sy = Ligy g0y + Ligy gy + Lzy iy + Ly a2}

Therefore, the base locus of the pencil S consists of the curves L g1y, Ly 1y, Lz
Ligy e Liepgays Liny gwy 2y, and C.

For every A # oo, the surface S, has isolated singularities, which implies that Sy is
irreducible. In this case, the singular points of the surface Sy contained in the base locus
of the pencil § can be described as follows:

Py w0 type Ay with quadratic term y(z +t) for A # =2, type Ag for A = —2;
Pray (23,100 type Az with quadratic term z;
Py 21,400 type Ap with quadratic term yz;
Pryy 1) 2,2} type Ay with quadratic term y(z +y + z — t — At);
Piy oy type Ag with quadratic term z(x +y + 2 — At).
Thus, it follows from Lemma [[L5.4] that [f~!(\)] = 1 for every A € C. This confirms ()
in Main Theorem, since h?(X) = 0.
Let us verify in Main Theorem. If A\ # oo, then

Hy ~ Ligy iy +C ~ 3Ly 1y + Ly foty ~
~ 3Ly gy + Ly ety ~ Lo + Ly o + Liay iy + Liy fo.2)



KATZARKOV-KONTSEVICH-PANTEV CONJECTURE FOR FANO THREEFOLDS 133

on the surface Sy. This follows from (B.22.1). Thus, if A\ # oo, then the intersection
matrix of L{x},{t}> L{y}{t}, L{Z}’{t}, L{y}{x,t}, L{z},{m,t}a L{t},{x,y,z}, and C on the surface S)\
has the same rank as the intersection matrix of the curves Ly (i1, Liz) o), Lt} {oy.2}
and Hy. If A # oo and A # —2, then the latter matrix is given by the following table:

. Ly fesy | Linjiety | Ly gayzy | Ho
Ly ey —5 1 0 1
Lizy o) 1 -3 0 1
Ly gawsy 0 0 -3 1

H, 1 1 1 4

The rank of this matrix is 4. On the other hand, we have rk Pic gk) = rk Pic(Sk) + 13.
Thus, we see that (Fk]) holds, so that in Main Theorem holds by Lemma [[.T3.1]

—~

3.23. Family Ne3.23. In this case, the threefold X is a blow up of P* blown up at a point
at the proper transform of a conic passing through this point. A toric Landau—Ginzburg
model of this family is given by Minkowski polynomial Ne76, which is

z 1 1 1
-+ —-—t+yt+z+—+r+—.
T T xy yz

The pencil § is given by the following equation:

2ty + tPyz + yiez + oy + P2 + 2Pyz + e = Ayt
Suppose that A # oco. Let C be the conic in P? that is given by z = yz + yt + 2 = 0.

Then

Higy - Sx = Liay 12y + Liay 11y + €,

Hyyy - Sx = 3Ly 10 + Ly 21

Hizy - Sx = Ligy gz + 3L 10,

Hyy - Sx = Ligyqey + Lo + Lo + L o,

(3.23.1)

Thus, the base locus of the pencil S consists of the curves Ly 121, Liay i3> Ly ey Lizy 0
Ly g2,23> Ly g,y and C.
Observe that Sy has isolated singularities. In particular, it is irreducible. Moreover, its

singular points contained in the base locus of the pencil S can be described as follows:

Pray tr 41y type Ag with quadratic term y(z +1t);

Py 1.4y type Ay with quadratic term zz;

Pry 1400 type Ap with quadratic term yz;

Py i iez): type Az with quadratic term

ylx+y+z—t— )

for A # —1, type Ay for A = —1;
Pey it (o)t type Ay with quadratic term z(x +y + 2 — Mt).
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Thus, by Lemma [[.54] every fiber f=}(\) is irreducible. This confirms in Main
Theorem, since h?(X) = 0.

To check () in Main Theorem, we may assume that A # —1. Then the intersection
matrix of the curves Ly 11, Ly fa,2)> Lt} {o,y,2}, and H)y on the surface Sy is given by

. Ly | Ly ey | Ly ey | F
Ly || — 1 0 1 1
Liyesy |0 —3 i 1
Lin oy |1 i —3 1

o, 1 1 1 4

This matrix has rank 4. On the other hand, it follows from (B3.23.1]) that

Hy ~ Liay (23 + Liay iy +C ~ 3Lgyy 0 + Ligyfozp ~
~ Ly 3Ly ~ Loy + Ly + Ly + Loy
on the surface S). Hence, the rank of the intersection matrix of the curves L.y 12y,
L{m},{t}7 L{y},{t}, L{z},{t}7 L{y}{x,z}, L{t}{x,%z}, and C on the surface S, is also 4. Using the

description of the singular points of the surface Sy, we see that rk Pic(Sy) = rk Pic(Sx)+13.
Thus, we see that holds, so that (] in Main Theorem holds by Lemma [L.13.1]

3.24. Family Ne3.24. In this case, a toric Landau—Ginzburg model is given by Minkowski
polynomial Ne77, which is
y 1 1 1

T+y+z+S+—+-—+—.
T Yy x  xYz

Thus, the quartic pencil § is given by
v yz + yiez + Py + yitr + oz + tryz + tH = Aoyt
Let C; be the cubic curve in P? that is given by x = y?z + yzt +t3 = 0. Then C; is

singular at the point P,y 143,11}, but its proper transform on U is a smooth rational curve.
Let Cy be the conic in P? that is given by y = 2z +t?> = 0. If A # oo, then

Hiay - 53 = Liay 1 +Ca,

Hyyy - Sx = 2Ly 10 + Co,

Hizy - Sy = 4Lz 40y,

Hyy - 53 = Liay 1o + Ly + Lz + Linfog,ey-

(3.24.1)

Thus, the base locus of the pencil S is a union of the curves L,y 1y, Ly, Lz
L{t},{x,y,z}> Cla and (”27

If A\ # oo, then the quartic surface Sy has isolated singularities, so that it is irreducible.
In this case, its singular points contained in the base locus of the pencil S can be described
as follows:

Pray (yy.40y: type Az with quadratic term zy;
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Py 340 type Az with quadratic term z(z + ¢);
Py 21,40 type Az with quadratic term yz;
Pray 4y,1y,23: type Ay for A # —g, type A, for \ = —%;
Py (1) fz.2y: type Ag;
Piy oy type Ag with quadratic term z(z +y + 2z — ¢t — At).
Thus, by Lemma [[54] every fiber f~'(\) is irreducible. This confirms () in Main
Theorem, since h?(X) = 0 in this case.
If \ # oo, then it follows from (3.24.1]) that

Ly iy +Ci ~ 2Lgyy iy +Co ~ ALy gy ~ Liay 1y + Ly ey + Loy iy + Lty fogey ~ o

In this case, the intersection matrix of the curves Ly, 1y, Lipyqe, Lz Ly {o.2}
C1, and Cy on the surface S has the same rank as the intersection matrix of the curves
Liay 1y Lty fay,23, and Hy. On the other hand, if A # oo and X # —%, then the latter
matrix is given by

. Ligy ity | Lty 2,2y | Ha
Loy 0 0 % 1
Liyewsy | 3 —1 1
H, 1 1 4

The rank of this matrix is 3. Thus, if A # oo and A # —g, then the rank of the intersection
matrix of the curves L{m},{t}> L{y}{t}, L{z},{t}> L{t}{x,%z}, Cy, and Cy on the surface S) is

also 3. This implies (Yk), because rk Pic(Sk) = rk Pic(Sk)+14. Then (] in Main Theorem
holds by Lemma L1311

3.25. Family Ne3.25. In this case, the threefold X is a blow up of P? in a disjoint union
of two lines. Thus, we have h!?(X) = 0. A toric Landau—Ginzburg model of this family
is given by Minkowski polynomial Ne24, which is

x+y+z+£+l+i.
z x xy
Hence, the quartic pencil S is given by the following equation:
22yz 4+ yiuz + oy + 22ty + tPyz + 32 = Aryet.
Suppose that A # co. Then

Hiay - 5% = Liay {23 + 2Lgay (1) + Lia).uty
Hiyy - Sx = Liyy g2y + 3Lgy1000
Hizy - Sx = 2Ly 12y + Ligy sy + Lizy gy
Hiy - Sx = Ligy i + Ligygey + Lizp g + Ly fa.ey-

(3.25.1)

Thus, the base locus of the pencil § consists of the lines Ly .1, Liay 11, Liyy23> gy
Ly Dy dwatys Ly faey-
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Observe that S has isolated singularities, so that it is irreducible. Moreover, its singular
points contained in the base locus of the pencil & can be described as follows:
Pray qyy.41y: type Ay with quadratic term zy;
Pray (2,101 type Ay with quadratic term z;
Py 1,40+ type Ag with quadratic term y(z + t);
Py (o iwyt type Ay
Py iih a2yt type Ay
Pyt 4oy type Ay with quadratic term y(z +y + 2z + (A + 1)1).
Therefore, by Lemma [[5.4] every fiber f~'(\) is irreducible. This confirms (¥)) in Main
Theorem, since h'?(X) = 0.
Let us verify (] in Main Theorem. It follows from ([3.25.]) that

Hy ~ Ligy (2} + 2Ly g0y + Loy gy ~ Ly 2y + 3L4g340 ~

~ 2Ly 2y + Liyy ey + Ly ~ Loy gy + Ly + Lt + L fey.z)

on the surface Sy. Thus, the intersection matrix of the lines Lz 21, Liay 113, Liyy 2}
Ly ey Loy ey Ly guty> Lyt fa,y,-) has the same rank as the intersection matrix of the
curves Ly ty.0r> Ligyi2)s Lty fary,2y, and Hy. The latter matrix is given by

. Ly oy | g | L gewsy | Fn
Liay vy - 0 0 1
Lyyy 1 0 —5 3 1
Lin oy | O 3 —3 1

o, 1 1 1 4

This matrix has rank 4. This gives (%], since rk Pic(Sy) = rk Pic
that in Main Theorem holds by Lemma [LT3.1]

~—~

Sk) + 13. Thus, we see

3.26. Family Ne3.26. The threefold can be obtained from IP? by blowing up disjoint union
of a point and a line, so that h1?(X) = 0. A toric Landau-Ginzburg model of this family
is given by Minkowski polynomial Ne25, which is

y 1 1
;+;+y+z+x+;.
Then the pencil § is given by the following equation:
yitz + tryz + yioe + 2oy + 2%yz + e = Avyet.
Suppose that A # oco. Then
Hiay - 5% = Liay fyy + Liwy oy + Liwy ey + Ly gyt
Hiyy - Sx = Liay 1y + 3L4yy.40
Hzy - Sx = Liay 23 + 3Ly 10y,
Hyy - 53 = Liay i + Ly + Lisyin + Lin ez

(3.26.1)
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Thus, the base locus of the pencil S consists of the lines Ly ¢1, Ly (23, Loy e3> Liyy i}
Lizy gy Liay qyry, and Ligy gay 2

The surface Sy has isolated singularities, so that it is irreducible. Its singular points
contained in the base locus of the pencil S can be described as follows:

Pray yy.40y: type Ay with quadratic term zy;
Py 340 type As with quadratic term z(z + ¢);
Pry 121,400 type Ag with quadratic term yz;
Pryy i) 2,2} type Ay with quadratic term y(z + y — At);
Py oy type Ao with quadratic term z(z +y + 2z — ¢t — At).
By Lemma [[.5.4], every fiber f=*()\) is irreducible. This confirms () in Main Theorem.
To verify () in Main Theorem, observe that the intersection matrix of the curves
Loy iy Lizy,ieys Lty fay,2), and Hy on the surface Sy is given by the following matrix:

. Ly way | it | Lingewsy |
Ly | —3 0 0 1
Lz 0 i 3 1
Loy | O 5 -3 1

H, 1 1 1 4

The rank of this matrix is 4. On the other hand, it follows from (3.26.1)) that

Liay ot + Liar 423 + Loy ey + Liaytyty ~ Liaygyy + 34300 ~
~ Lizy 3 + 3Ly 40y ~ Liwy o + Liyy gy + Ly + Ly foy.2y ~

ThU.S, the rank of the intersection matrix of the lines L{x}7{y}, L{:c},{z}> L{x}7{t}, L{y},{t}>
Ly 6y Liay gy, and Ly ga.2) 18 also 4. Moreover, the description of the singular points

of the surface S) easily gives rk Pic(Sk) = rk Pic(Sk) + 13. Thus, we see that holds,
so that in Main Theorem holds by Lemma L1311

3.27. Family Ne3.27. We already discussed this case in Example [L7.1 where we also
described the pencil S. Suppose that A\ # oco. Then

Hiay - 53 = Liay gy + Liwy ey + 2Ly 400

Hyyy - Sx = Liay qy + Ly 2y + 2L4y41,

Hizy - Sy = Liay =y + Ly 23 + 2L423,00y

Hyy - Sx = Liay 1o + Ly + Lisy g + Linfog,zy-

(3.27.1)

Thus, the base locus of the pencil S consists of the lines L.y 1, Liay 23> Liay 16 Liyy i)
Liyy. i Lizyqns and Lig gy 2
The surface Sy has isolated singularities, so that it is irreducible. Moreover, its singular
points contained in the base locus of the pencil S can be described as follows:
Py iy =)0 type A
Pray (yy.40y: type Az with quadratic term zy;
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Pray (23,100 type Az with quadratic term xz;
Pry 121,40 type Az with quadratic term yz;
Pray it1,4y,2): type Ag;
Pryy ity q,2y: type Ag;
Pl i) fegyt type Ar
By Lemma [[L5.4], we have [f~!(\)] = 1. This confirms () in Main Theorem.
To prove in Main Theorem, observe that the intersection matrix of the curves
Loy qwy> Liay 215 Liyy 421, and Hy on the surface Sy is given by the following table:

* | Llww | L | L | A
Ly | 1 3 5 |1
Ly | 3 1 5 |1
Lyygsy | 3 3 1|1

o, 1 1 1 4

The determinant of this matrix is 2. On the other hand, it follows from (B27.1)) that

Hy ~ Ligy qyy + Lia} (2 + 204y 1y ~ Liay goy + Lig) 42y + 2L, ~
~ Liay oy + Ltz + 2Ly 0 ~ Loy + Ly + L + L fey,z)-

Thus, the rank of the intersection matrix of the lines the lines Ly 1, Liz) (2}, Lia} {1}
Ly 2y Ligvqers Ly ey, and Ly (24,23 is 4. As we have seen above, the description of

the singular points of the surface Sy gives rk Pic(gk) = rk Pic(Sk) + 13, so that (k]) holds.
This gives (] in Main Theorem by Lemma [[L.T3.1]

3.28. Family Ne3.28. The threefold X is P! x F;, where F; is a blow up of P? in a point.
Thus, we have h?(X) = 0. A toric Landau-Ginzburg model of this family is given by
Minkowski polynomial Ne29, which is

x 1 1
THy+z+ 4=+,
z xr oy
Then the pencil S is given by
2 yz + yPuz + 2Py + 2ty + tPa + Py = Aryat.
As usual, we suppose that A # co. Then
Hygy - Sx = Lia} tyy + Liay (23 + 2L4a, 113
Hypyy - Sx = Ligyqy + Ligy (23 + 2L 113
Hipzy - Sy = 2Ly 12y + Ligy (23 + Lz o
Hyy - Sy = Ligy gy + Ligy gy + Loyt + Ly o2}

(3.28.1)

Thus, the base locus of the pencil S consists of the lines L.y 1, Liay 23> Liay 10 Liyy i)
Ligy s Ly anys and Ly gy ey
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Each surface S) has isolated singularities. In particular, it is irreducible. Its singular
points contained in the base locus of the pencil S can be described as follows:

Py 21,40y type Ay with quadratic term y(z + t);
Pray (23,10 type Ay with quadratic term xz;
Pray qyy.46y: type Az with quadratic term zy;
Py 14210 type Ay with quadratic term z(z + y);
Ploy it qy.2y: type A
Piyy, 01,402} type A
Thus, each fiber f=*(\) is irreducible by Lemmal[l.5.4l This confirms (7)) in Main Theorem.
To verify () in Main Theorem, observe that the intersection matrix of the curves
L{y}{z}, L{y}{t}, L{t}7{x’y7z}, and H)\ on the surface S)\ is given by the fOHOWng table:

. Ly | Lt | Ly fewzy |
Ly | -3 : 0 1
Lyyy 1 5 —13 3 1
Lin gy | O 3 1 1

H, 1 1 1 4

This matrix has rank 4. Using (3.28.1]), we see that

Hy ~ Ligy qyy + Liay (23 + 204y 1y ~ Liay {oy + Ligd 2y + 2L 000 ~
2Ly 2 + Ligy 23 + Liayqey ~ Liwy o + Ligy gy + Ly g + L fay.2)

on the surface Sy. Thus, the rank of the intersection matrix of the lines Ly 1, Lia}. {2},
L{:c},{t}> L{y}7{z}, L{y},{t}> L{Z},{t}a and L{t},{x,y,z} on the surface SA is also 4. On the other

hand, we have rk Pic(Sg) = rk Pic(Sk) + 13. Thus, we see that holds, so that in
Main Theorem holds by Lemma .13l

3.29. Family Ne3.29. In this case, we have h*?(X) = 0. A toric Landau-Ginzburg model
of this family is given by Minkowski polynomial N¢26, which is
y 1 1
-+ —-—tyt+z+—+u2x
x TYz
Hence, the pencil S is given by the equation
Ytz + tyz + yiozr + 2oy + 1+ 2?yz = Ayt

Let C be the cubic curve in P? that is given by z = 3%z 4+ yzt +t3 = 0. Then C is
singular at the point Pp,y 11.4- If A # oo, then
Higy - Sx = Liay iy +C,
Hyyy - Sy = 4Ly, 11y
Hizy - Sy = 4Ly,
Hiy - Sy = Liay iy + Ligrany + Lisriny + Loy toay-

(3.29.1)
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Thus, the base locus of the pencil S consists of the curves L,y 4y, Liyy 1y, Lizy)s
L{t},{x,y,z}> and C.

If A # oo, then S, has isolated singularities, so that it is irreducible. In this case,
the singular points of the surface S, contained in the base locus of the pencil S can be
described as follows:

Pray yy,01y: type Az with quadratic term xy,
Py 23,40 type As with quadratic term z(z + ),
Pry 121,400 type Ag with quadratic term yz,
Pryy 1) 42,2} type Ag with quadratic term y(z +y + z — At),
Piy ey type Ag with quadratic term z(z +y + 2 — ¢t — At).
By Lemma [[L5.4 we have [f~'()\)] for every A € C. This confirms (7)) in Main Theorem.
To verify (] in Main Theorem, observe that

Liay 1y +C ~ 4Lgyy gy ~ 4Ly gy ~ Loy o + Ligy e + Lz + L fop2)-

on the surface Sy with A # oco. This follows from (3:29.1]). Thus, the intersection matrix
of the curves Ly 11, Liyy{ey» Lizy g0y, Lityfa,y,2), and C on the surface Sy has the same
rank as the intersection matrix of the lines L, ¢y and Ly, 3. On the other hand, the
rank of the latter matrix is 2, because have L%x},{t} = Liay g6y Liyy gy = 1 and L%m}’{t} =1
Moreover, we have rk Pic(Sy) = rk Pic(Sg) + 15. This shows that (Y] holds. Then in
Main Theorem also holds by Lemma [[L.TI31]

3.30. Family Ne3.30. The threefold X can be obtained from P? blown up at a point
by blowing up the proper transform of a line passing through this point. This shows
that h'?(X) = 0. A toric Landau-Ginzburg model of this family is given by Minkowski
polynomial Ne28, which is

y x 1

=+ -+ -

z Yy

In this case, the quartic pencil § is given by the equation

T+y+z+

22yz + iz + 2oy + ylat + o + tryz = Aoyt
Suppose that A # oco. Then
Hizy - Sx = Lizy gy + Liap 2 + 2L¢a), 00y
Hyyy - Sx = 2Liay 9y + Ly 42y + Ly gy,
Hizy - Sx = Liay gzy + 2Lgy1 05 + Lizy gy
Hyy - Sx = Ligy i + Ligygny + Lizp g + Ly fa.ey-

(3.30.1)

Thus, the base locus of the pencil S consists of the lines Ly (1, Liay.g21, Liayqe3> Liyy 2}
Ligy ity Ly gy, and Ly oy z)-
Each surface S, is irreducible and has isolated singularities. Moreover, its singular
points contained in the base locus of the pencil & can be described as follows:
Pray tr 423 type Ay with quadratic term yz;
Pray (yy.40y: type Ay with quadratic term zy;
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Py 21,000 type Ay with quadratic term x(z + t);
Py 21,4030 type Ay with quadratic term z(y + t);
Play i (y.51" type Ar
By Lemma [[L5.4] each fiber f~*(\) is irreducible. This confirms () in Main Theorem.

To verify (O)) in Main Theorem, observe that rk Pic(Sy) = rkPic(Sk) + 13. On the
other hand, it follows from (B.30.0]) that

Hy ~ Ligy qyy + Lia} (2 + 20y 1y ~ 2Ly 09y + Liyy iy + Ligraey ~
~ Liay oy + 204y 0y + Ly ~ Loy gy + Ly + Lt + L fey.z)

on the surface Sy. Thus, the intersection matrix of the lines Ly, oy, Liay 21, Liay {1}
Ligyizys Liygeys Lizy gy, and Ly (24,21 has the same rank as the intersection matrix of
the curves Ly (y), Liz) iz}, Lit) {2}, and Hy. The latter matrix is given by

. Ly | Loy | Loy | Fn
Liay, 1) 0 i 0 1
Liay () i — 0 1
Lingayzy|| O 0 —3 1

H, 1 1 1 4

Its rank is 4, so that holds. Then in Main Theorem holds by Lemma [[.131]

3.31. Family Ne3.31. The threefold X can be obtained by blowing up irreducible quadric
cone in P in its vertex. This implies that h'?(X) = 0. A toric Landau-Ginzburg model
of this family is given by Minkowski polynomial Ne27, which is
rx x 1
T+ry+zt+—-+—+—.
2y
Then the pencil S is given by the following equation:
tPyz + toty + tete + 2lyz + 2y’ + vy = vyt
Suppose that A # oco. Then
Higy - Sx = Liay gy + Lty + 2Ly 100
Hiyyy - Sx = 2Lgay gy + Ligy ey + Ligh s
Hizy - Sx = 2Lgay, (o) + Ligytzy + Lizy i
Hiy - Sy = Liay iy + Ligrany + Lisviny + L geay-

(3.31.1)

Thus, the base locus of the pencil S consists of the lines Ly (1, Lzt g1, Liay g0y, Liyy 2}
Ly ey Liepieys and Ly oy 2.
Each surface Sy is irreducible, it has isolated singularities, and its singular points con-
tained in the base locus of the pencil S can be described as follows:
Pray q1 (23 type Az with quadratic term yz;
Pray (yy.40y: type Ay with quadratic term zy;
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Pray 23,100 type Ay with quadratic term xz;
Py} izpan: type Ay
Pay et y,zy type Ar.
Thus, by Lemma [[L54] every fiber f~'()) is irreducible. This confirms (T)) in Main
Theorem, since h'?(X) = 0.
To verify in Main Theorem, observe that rk Pic(Sy) = rk Pic(S) + 13. Moreover,
it follows from (B.31.1)) that

Hy ~ Ligy qyy + Lia} (2 + 204y 1y ~ 2Ly 49y + Liyy gy + Lighae ~
~ 2Ly 2y + Liyy 2y + Ly ~ Loy + Ly + Lt + L fey,z)

on the surface Sy. Thus, the intersection matrix of the lines Ly, 1, Liay (21, Liay {1}
Ly 2y Ly qeys Lizy gy, and Ly 124,21 has the same rank as the intersection matrix of
the curves Lizy (y1, Liz) {2}, Liyy,{z}, and Hy. The latter matrix can be computed as

. Liay iy | Liay 2y | Liwy ey | H
Ly | —w i 5 |1
Ly | 3 ~% 5 |1
Livin || 3 3 -5 |1

H, 1 1 1 4

3

The determinant of this matrix is —
Theorem holds by Lemma LT3l

55 Thus, we see that holds. Then (] in Main

4. FANO THREEFOLDS OF PICARD RANK 4

4.1. Family Ne4.1. The threefold X is a divisor of degree (1,1,1,1) on P! x P! x P! x P1.
In this case, we have h1?(X) = 1. A toric Landau—Ginzburg model of this family is given
by Minkowski polynomial Ne2354.1, which is

y ., ¥

Y 1 1
THy+zE o

z z 1 1 3 z
-4+ -+ -+ -—-+-+-+—+—+ —.
r y x z xTZ Yy T XYy TZ XY

The quartic pencil § is given by the following equation:

2ryz + oyPz + oyt + oyt + yPet + w2t + g2t 4+ oyttt -yt + ot
+ 3yzt? 4+ 2217 4yt + 2t = vyt

As usual, we assume that A # oo (just for simplicity).

Let C be the conic in P? given by o = yz + yt + 2t = 0. Then
Hizy - Sy = Ligy iy + Lig} fy,20y TG,
Hyyy - Sy = Ligy 2 + Ly + Ligygety T Ligh iz
(4.1.1)
Hpy - Sy = Ly o + Ly + Ly oty + Lieh fwt)s
Hyy - Sy = Ligy gy + Ligy gy + Lz + Ly g2}
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Thus, the base locus of the pencil S consists of the curves Ly, 11y, Ly 423> Ligy 100 Lizy 4}

Ly gatys Lt o6 Lieh oty Lieh vty Lo we> Lty foy,2}, and C.
Observe that S_4 = Hy, sy + S, where S is a cubic surface in P3 that is given by

yt? + 2t + 22+ vt 4 3yt + P +y2t + wyz = 0.

On the other hand, if A # —4, then S, is irreducible and has isolated singularities.
Moreover, if A # —3 and A # —4, then singular points of the surface S contained in the
base locus of the pencil S can be described as follows:

Py w100 type Ao with quadratic term (z 4 t)(y + 1);

Py 21,000 type Ay with quadratic term (z + ¢)(z 4 t);

Py 121,401 type Ag with quadratic term yz;
Py 1 ,{y,2): type Ay with quadratic term (z +t)(x +y + 2 +t) — (A + 4)at;
Py 3403 type Ay with quadratic term (z +t)(y + 2) + (A + 4)yz.

Furthermore, the surface S_s has the same type singularities at the points Py} (2},14}+
P{x},{y},{t}> P{y}{Z}’{t}, P{m}’{t}{%z}, and P{y},{z},{x,t}- In addition to thiS, the surface 5_3
is also singular at the points [0 : & : 1 : &2 and [0 : &2 : 1 : &], where & is a primitive
cube root of unity. Both these points are singular points of the surface S_3 of type A;.
For A\ # —4, the surface Sy has du Val singularities at the base points of the pencil S.
Therefore, by Lemma [[L5.4], the fiber f~'()\) is irreducible for every A # —4. Moreover,
the points Proy, oy 05 Plat whder Plyhten iy Plepierdy.z)s a0d Py gy,0,) are good double
points of the surface S_4. Furthermore, the surface S_,4 is smooth at general points of the

curves Ligy 1y, Ligy (23 Ligyaers Lienteys Ligh oty Lt tear Lisygotds Lispiutrs Lot patds
Ly 4a,y,2y, and C. Thus, we see that

[f(~4)] =

by (L83) and Lemmas [[8H and [LTZl This confirms (¥) in Main Theorem.

To verify in Main Theorem, we may assume that A # —4. Then the intersection
matrix of the curves Lyay 1y, Liaytyetds Lihtods Linhtanrs Lichivers Lioh o2y, and Hy
on the surface S, is given by

[5.4] =2

. Ly [ Ly wety | Linptesy | Ly | Loy wny | L gewsy | H
Liavy | —5 > : 0 0 1 1
Ly weny | 3 —3 0 1 1 1 1
Ly} qoty 3 0 —5 1 0 0 1
Liyy 3 0 1 1 -3 : 0 1
Lty 1 1 0 : —5 0 1
Ly fewey | 3 ; 0 0 0 -3 |1

o, 1 1 1 1 1 1 4
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This matrix has rank 7. On the other hand, it follows from (A1) that

Hx o~ Ligy iy + Ly fyzty 7 C ~ Ligy oy + Lyt + Ly ey + Ly 2y ~
~ Ly T Ly + Ly ey + Ly ~ Loy + Lt + Lieyn + Lin ey
Moreover, we also have 2L,y 11y + Liyy {24y + Liz},{2y ~ H), because
Hizepy - Soo = 2Ly 1y + Ly fety + Liz) faty-
Therefore, the intersection matrix of the curves L{x},{t}a L{y},{z}’ L{y},{t}> L{Z},{t}a L{y}v{%t},
L{y},{z,t}, L{z}{x,t}, L{Z}7{y7t}, L{x}7{y7z7t}, L{t},{@y,z}a and C on the surface S)\ has the
same rank as the intersection matrix of the curves L,y i1y, Liz) {y.2.60> Liydfatd> Liy) {z.4}

Liagytys Linfoy,2y, and Hy. But rk Pic(Sy) = rkPic(S) + 9. Therefore, we conclude
that (k] holds. Then (J]) in Main Theorem holds by Lemma [LT3.1]

4.2. Family Ne4.2. In this case, the threefold X is a blow up of the irreducible quadric
cone in P4 in its vertex and a smooth elliptic curve that does not pass through the vertex.
This shows that 2?(X) = 1. A toric Landau-Ginzburg model of this family is given by
Minkowski polynomial Ne663, which is
z z x y 2 2 1 1
THy+ -t o+ —
y T oy x Ty Yz Tz

The quartic pencil S is given by the equation
22yz 4+ xys 4+ w2t + y2tt + et + yPet 4 2uat® + 2uat® + ot + yt® = xyzt.

For simplicity, we assume that \ # oco.

If A # —2, then S), is irreducible and has isolated singularities. On the other hand,
we have S_o = Hy,,y + S, where S is an irreducible cubic surface that is given by the
equation zyz + z2t + 3 + 2%t + 2212 + y2t = 0.

Let C; be the conic in P? that is given by x = yz + (2 +t)? = 0, and let Cy be the conic
in P3 that is given by y = w2z + (2 +t)? = 0. Then
Higy - Sx = Liay,(wy + Liay 10 + G
Hyyy - Sy = Ligy gy + Ly 1y + Co,

Hizy S0 = 3Ly + Lish ey
Hiy - Sx = Liay i + Ligpin + Lzt + L geay-

(4.2.1)

Thus, the base locus of the pencil S consists of the curves Ly ¢1, Liay 11> Loy Lizy 0
Lz gagys L agys C1, and Gy

If A # —2, then singular points of the surface S, contained in the base locus of the
pencil S can be described as follows:

Py 1 q0y: type Az with quadratic term t(z + y);

Py 23,4 type Ay with quadratic term z(z + ¢);

Py 21,40y type Ay with quadratic term z(y + t);
Pray tr 4200 type Az with quadratic term 22 + y? + \zy;
Pey 6 4oy type Ag with quadratic term z(x +y — 2t — At).
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Therefore, by Lemma [[.5.4], the fiber f~1()\) is irreducible for every A # —2. Moreover,
the points Pryy o) 6)s Plat 1,00 Piettud ey Dot fuh iz ad Pray 1) gy are good double
points of the surface S_5. Furthermore, the surface S_, is smooth at general points of
the curves L{w}{y}, L{x}{t}, L{y},{t}, L{z},{t}, L{Z}{Ly}, L{t}{w,y}, Cl, and CQ. ThU.S, we see
that [f~1(—2)] = [S_s] = 2 by (I.83)) and Lemmas [.8.5 and [LT2.1l This confirms (¥)) in
Main Theorem.

To verify () in Main Theorem, we may assyme that A\ # —2. By ([#2.1]), we have
Hy ~ Ligyy + Liay iy + G~ Liay gy + Ligy e +Ca ~
~3Lpy gy + Ly feay ~ Liap ey + Lt o + eyt + Liy fo
on the surface Sy. Since Hy, - Sx = 2L o3 + Lizy fay + Lisy g2y, We also have
2Ly ) + Lz oy + Lity goy ~ Ha

ThU.S, the intersection matrix of the curves L{x}7{y}, L{x}7{t}, L{y},{t}> L{Z}7{t}, L{z}{x,y}a
Ly 124y, C1, and Cy on the surface Sy has the same rank as the intersection matrix

. Ly | Lisvgeny | Liygay |
Loy | —% 1 i 1
Lz ey 1 1 3 1
L) o} i 3 -1 |1

H, 1 1 1 4

Its rank is 4. On the other hand, we have rkPic(S;) = rkPic(Sk) + 12, because the
quadratic term of the defining equation of the surface Sy at P (y1.{z4) 15 22 4+ y? + \xy,
which is irreducible over k. Then (] in Main Theorem holds by Lemma [L.T3.11

4.3. Family Ne4.3. In this case, the threefold X is a blow up of P! x P! x P! at a smooth
rational curve of tridegree (1,1,2). Thus, we have h'*(X) = 0. A toric Landau-Ginzburg
model of this family is given by Minkowski polynomial Ne740, which is
y y oz =z 1 1 1
THyYy+z+I+ I F S -+
2 r Yy x z Yy T
The quartic pencil § is given by the following equation:
:):2yz + yzzx + zZya: + y2t:B + y2tz + 2’tx + zzty + t2yx + t?2x + t2yz = \xyzt.

As usual, we suppose that A\ # oo.

The base locus of the pencil S consists of the lines Ly q1, Liayg23, Ly gy, Liyy iz}
Ligyinrs Leytnrs Loty Do ters Licytuays and Ligy o,y,2), because
Hizy - Sx = Ligy oy + Liantzy + Ligp i + Liad ozt
Hyyy S = Ly gy + Ligy ) + Lty + Ly a0
(4.3.1)
Hizy Sy = Liay(ar + Ligh s + Lisntn + Lisy v

Hyy - Sy = Ligy g0y + Ligy gy + Lzy iy + Ly o2}
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For every A € C, the surface S is irreducible, it has isolated singularities, and its
singular points contained in the base locus of the pencil § can be described as follows:

Py qyy =)+ type Ay
Pla}qur eyt type A
Py 23,40y type Ag;
Pry 21,400 type Az with quadratic term yz;
P{x},{y},{z,t}: type Al for A 7& —3, type AQ for A = —3;
P{m},{z},{y,t}: type Al for A 7& —3, type AQ for A = —3;
Py i6.4y.21: type Ay for A # —3, type A, for A = —3.
Then [f~'(\)] =1 for every A € C by Lemma [[L5.4l This confirms in Main Theorem.
To verify in Main Theorem, observe that rk Pic(Sk) = rk Pic(Sk) +9. On the other
hand, it follows from (43.0)) that the intersection matrix of the lines Lz vy, Lia} (21,
Liay iy Loy tar, Liwn s Lisninys Diaptwetys Dbty Diehivys and Ly foy,:p on the
surface S\ has the same rank as the intersection matrix of the curves L, 1y, Lia} (2,
L{x},{t}7 L{y}7{z}, L{y}7{t}, L{t},{x,y,z}a and HA. If A 75 —3, the latter matrix is given by

. Ly wy | Loy o) | Loy | Liwntsy | Loy | Ly ey | H
Lipgy | =3 3 3 3 3 0 1
Ly | 3 —5 > > 0 0 !
Ly, i 3 —3 0 3 3 1
Liyy () ; > 0 -1 > 0 1
Lyyy 1 3 0 3 3 —i 1 1
Lty fay,2) 0 0 : 0 1 -3 1

o, 1 1 1 1 1 1 4

Its rank is 7, so that (5k]) holds. Then in Main Theorem holds by Lemma [[.T3.1]

4.4. Family Ne4.4. In this case, we have h*?(X) = 0. A toric Landau-Ginzburg model
of this family is given by Minkowski polynomial Ne426, which is
z y x y 1 1
T
oz oy Ty x
The quartic pencil S is given by
22yz + yPex 4+ Pyx + 2ty + yite + 2%tz + gt + Per + tryz = \ayzt.
Suppose that A # oco. Then
Higy - Sx = Ly iy + Lyt + Lian i + Liad
Hyyy - Sy = Liay oy + Liytay + Lyt + Ly (e
(4.4.1)
Hizy Sy = Liay oy + Ligytad + Liepin + Lish e

Hyy - Sy = Ligy g0y + Ligy gy + Lzy iy + Ly a2}
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Each surface Sy is irreducible, it has isolated singularities, and its singular points con-
tained in the base locus of the pencil S can be described as follows:

Pray (yy.40y: type Az with quadratic term zy;

Py (23,4130 type Ag;

Pryytep. 4010 type A

Pyt (23 type Ag with quadratic term yz for A # —2, type A for A = —2;
P{z},{t},{x,y}3 type A; for X\ # —3, type Az for A = —3.

Then each fiber f~!()) is irreducible by Lemma[[.5.4l This confirms () in Main Theorem.

Let us prove in Main Theorem. We may assume that A # —2 and A = —3. Then the
intersection matrix of the curves L{x}7{y7t}, L{y}{x,t}, L{y}7{z}, L{Z},{t}a L{Z}7{x7y}, L{t},{x,y,z}>
and H) on the surface S, is given by

o Livivty | Liniesy | Lot | Liantey | Lisytewy | Ly oy | Ha
Lizy g1 -3 : 0 0 0 0 1
Ly} fa) i —2 1 0 0 0 1
Liyy 1) 0 1 —% % % 0 )

Lz 0 0 1 1 1 ! .
Lisy ey 0 0 1 L 3 1 )
Ly fawy 0 0 0 1 1 3 )
A L 1 1 1 1 4

This matrix has rank 7. Thus, it follows from (£4.1]) that the rank of the intersection
matrix of the lines L 1y}, Lia} {2}, Loty Liyy ey Lyt Linpdnys Loy wtys Lighieys
Ly qeyys and Ly g2y is also 7. But rkPic(Sk) = rkPic(Sk) + 9, so that holds.
Then in Main Theorem holds by Lemma L1311

4.5. Family Ne4.5. In this case, we have h*?(X) = 0. A toric Landau-Ginzburg model
of this family is given by Minkowski polynomial Ne425, is
y oy 1 1

z 1
Tyttt — =+
z xr Yy z Yy

Then the pencil § is given by the equation

(4.5.1)

2*yz + yPzx + Pyx + yite + yitz + 2Pt + yr + e + tyz = \ryzt.
Suppose that A # oco. Then

Hyzy - Sx = Ligy gy + Ligyor + Liay iy + Liah (o)

O = Ly gy + Ly oy + Lty + Ly (e

Hpy - Sy = Ligy o + Ligh sy + Liey iy + Liey fwtds

-5y = L{x},{t} + L{y},{t} + L{z},{t} + L{t}v{x,yvz}'
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Observe that S, is irreducible, it has isolated singularities, and its singular points
contained in the base locus of the pencil S can be described as follows:
Pey g2y type Ay
Py (w1100 type As with quadratic term z(y +t) for A # —2, type A4 for A = —2;
Py 23,10y type Ag;
Prp 1000 type Az with quadratic term yz;
P{x},{z},{y,t}: type Al for A 75 —2, type Ag for A = —2.
Then each fiber f~1()) is irreducible by Lemma[[.5.4l This confirms () in Main Theorem.
It follows from (4.5.7]) that the intersection matrix of the base curves of the pencil S on
the surface Sy has the same rank as the intersection matrix of the curves Ly 14y, Lia}, {2}
L{x},{t}7 L{y}7{z}, L{y},{z,t}a L{t}v{%y,Z}, and H)\. If A 75 —2, the latter matrix is given by

o Loy | Liovtey | Lioviny | Layior | Livy oy | Ly gwwsy | Ha
Ligpy | —3 ) 3 1 1 0 )
Lia} 42} 3 —1 1 1 0 0 !
Ly i : = 0 0 . !
Liy) 23 3 ! 0 1 ! 0 ;
L)tz 1 0 0 L s 0 !

Ly fowy | O 0 1 0 0 5 !
H,y 1 1 1 1 1 ] .

The determinant of this matrix is 5. However, we also have rk Pic(Sy) = rk Pic(Sy) + 9.
Therefore, we see that in Main Theorem holds by Lemma [[LT3.1]

4.6. Family Ne4.6. In this case, the threefold X is a blow up of P? in a disjoint union of
three lines. Thus, we have h?(X) = 0. A toric Landau-Ginzburg model of this family is

given by Minkowski polynomial Ne423, which is
z 1 1 1 1 1
THy+z+ -+ttt —+—.
y oz Yy T xz xy

The quartic pencil § is given by the following equation:
vryz + yiex + Py + Pto + yr + Prr + Pyz + Py + 2 = dayzt.

As usual, we assume that \ # oo.
Let C; be the conic in P? that is given by o = yz + yt + 2t = 0, and let C, be the conic

in P? that is given by y = xz + at +t> = 0. Then
Hypy - Sx = 2L g0y + G,

(4.6.1) Hiyy - Sx = Ligygzy + Ly + G,
Hizy - Sx = Ligy ey + 2Ly 000 + Lizy oty

Hyy - Sy = Ligy g0y + Ligy gy + Lzy iy + Ly a2}



KATZARKOV-KONTSEVICH-PANTEV CONJECTURE FOR FANO THREEFOLDS 149

For every A, the surface S, is irreducible, it has isolated singularities, and its singular
points contained in the base locus of the pencil S can be described as follows:
Py (w100 type As with quadratic term z(y +t) for A # —3, type A for A = —3;
Pray 21,46y type Ag with quadratic term xz;
Prp 1000 type Az with quadratic term yz;
Py i a2yt type Ay
P{y},{z},{x,t}: type Al for A 7& —3, type Ag for A = —3;
Py ) faayt type As
By Lemma [[L5.4] each fiber f~*()\) is irreducible. This confirms () in Main Theorem.
To verify () in Main Theorem, observe that rk Pic(Sy) = rk Pic(Sy)+11. On the other
hand, it follows from (4.6.1) that the intersection matrix of the curves 2L,y 111, Ly} 12},
Ly Ly Ly ety Lity {oy,2y» C1, and Cp has the same rank as the intersection
matrix of the curves L{m},{t}, L{y},{z}, L{y},{t}, L{z},{t}; and Hy. If A # —3, then the latter
matrix is given by

* | L | Liwnts | L | Liaya [ H
Ly | 15 0 i 5 |1
Lyyip | O —3 3 5 | !
Ly | 3 3 —3 i1
Liyw | 3 3 i —55 | 1

H, 1 1 1 1 |4

Its rank is 5, so that (] holds. Then in Main Theorem holds by Lemma [[L.T3.1]

4.7. Family Ne4.7. In this case, the threefold X can be obtained by blowing up a smooth
hypersurface in P? x P? of bidegree (1, 1) in a disjoint union of two smooth rational curves.
This shows that A?(X) = 0. A toric Landau-Ginzburg model of this family is given by
Minkowski polynomial Ne215, which is

1 1 1 1
THy+r+ -+ —.
Yy oz Yy T Tz
The quartic pencil § is given by
22yz 4+ yizx + Pyx + Pta + tryx + trx + tPyz + By = Iyt
Suppose that A # co. Then
Hiay - 53 = Liay fyy + 2Lgay, 0 + Lia} gz
Hyyy - Sx = Liay iy + L2y + Ly + Liyy gz
Hizy - Sy = Ligy ey + 2Ly + Lizy ety
Hyy - 53 = Liay i + Ly + Lisy g + Ligfog,ey-

(4.7.1)

Thus, the base locus of the pencil S consists of the lines Ly 1, Liay 10, Liyy 23> Liyy o
Lyt Liehtznys Lightznys Liehianys and Ly goy,2)-
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For every A € C, the surface S has isolated singularities. Thus, we conclude that every
surface S is irreducible. Moreover, the singular points of the surface S contained in the
base locus of the pencil S can be described as follows:

Py (w100 type Ay with quadratic term x(y + t);
Pray (2,100 type Ay with quadratic term xz;
Pry 21,400 type Ag with quadratic term yz;
Pay iy 201 type Ay for A # =2, type Ay for A = —2;
Pray (63,40.230 type Ag;
Py (i ey type As
By Lemma [[.5.4], each fiber f='()) is irreducible. This confirms (7)) in Main Theorem.
To verify () in Main Theorem, observe first that rk Pic(Sy) = rk Pic(Sy) + 10. On the
other hand, it follows from (4.7.1]) that the intersection matrix of the lines Loy 1y Liay 43
Ly ey Ly Loyt Liadtzays Ly )y Ly ey, and Ly ga .2y on the surface Sy has
the same rank as the intersection matrix of the curves Ly, 11y, Liay 261 Ly gz Lizy (ot}
Ly gay,2y, and Hy. If X # —2, then the latter matrix is given by

. Ligy oy | Loy feny | Linptzty | Loy ey | Ly dawy | H
Ly | =5 5 0 3 3 1
Ligpety | 3 —5 > 3 . 1
Liyy =0 0 3 -3 0 0 1
Lipen | 3 3 0 -4 0 1
Liewst | 3 3 0 0 -1 1

H) 1 1 1 1 4

Its rank is 6, so that (] holds. Then in Main Theorem holds by Lemma [[.13.1]

4.8. Family Ne4.8. The threefold X can be obtained by blowing up P! x P! x P! along a
smooth rational curve of tridegree (1,1,0). Then h'?*(X) = 0. A toric Landau-Ginzburg
model of this family is given by Minkowski polynomial Ne216, which is
z =z 1 1 1
O T R S AR
y T oz Yy x
The quartic pencil S is given by
x2yz + yzzx + zny + 22tr + thy + t2y:)3 + 221 + tzyz = \ryzt.
Suppose that A # oco. Then
Higy - Sx = Ly gy + Loy ta) + Ligpiny + Ly £
Hyyy - 9% = Liay oy + Ly tzy + Ly + Ly e
Hizy - Sy = Liay oy + Ligy ) + 2LG40

Hyy - Sy = Ligy g0y + Ligy gy + Lzy iy + Ly a2}

(4.8.1)
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Thus, the base locus of the pencil S consists of the lines Ly q1, Liay g1, Liay e3> Liyy 12}
Liyy iy Lisyqeys Loy g0y Ly gz and Ly (a2

For every A € C, the surface S, is irreducible, it has isolated singularities and its
singular points contained in the base locus of the pencil S can be described as follows:

Peyquh (2 type Ay
Py qyhin: type Ay
Pray (2,100 type Az with quadratic term az;
Py 21,400 type Ag with quadratic term yz;
Py tr 200 type Ay for A # =2, type As for A = —2;
Py i) fogyt type Ar
By Lemma [[.5.4], each fiber f='()) is irreducible. This confirms (7)) in Main Theorem.
To verify (&) in Main Theorem, observe that rk Pic(Sy) = rk Pic(Si)+10. On the other
hand, it follows from (4.8.1)) that the intersection matrix of the lines L (3, Lia} (21,
Liay 1 Ligy 21 Liwy e Lisy s Liad a0y Ly gz and Ly g,y 2y on the surface Sy has
the same rank as the intersection matrix of the curves Ly 11, Liay (21, Lia} {201 Liyd izt
Ly gy, and Hy. If A # —2, then the latter matrix is given by

. Ligy ) | Loyt | Diop ety | Liwnteny | Lawp oy | H
Ly | —3 3 3 3 5 |1
Lipisy | 3 —3 3 0 0 |1
Lgyey | 3 3 = 3 0 |1
Lyt || 3 0 3 -3 11
Ly | 3 0 0 i -7 |1

H, 1 1 1 1 1 |4

Its rank is 6, so that () holds. Then in Main Theorem holds by Lemma [[.T3.1]
4.9. Family Ne4.9. In this case, we have h?(X) = 0. A toric Landau-Ginzburg model
of this family is given by Minkowski polynomial Ne81, which is
y 1 1 1

~t+t-tytz+-—+xr+—.
T T y Yz
The quartic pencil S is given by

yztz + t2yz + y22x + zzyx + 221 + xzyz + 32 = Azryzt.

As usual, we suppose that A # co. Then

Higy - Sx = Ly ) + Lyt + Lin i + Liad
Hyyy 53 = Ligy gy + 2L4yy 10 + 2Lg1 420
Hizy - Sy = Liay (e + 3 L4340
Hiy - Sy = Liay gy + Ligrany + Lisriny + Loy toay-

(4.9.1)



152 IVAN CHELTSOV AND VICTOR PRZYJALKOWSKI

Thus, we see that the base locus of the pencil S consists of the eight lines L,y 14y, Lia}, {2}
Ligy ey Liwpaors Ly trs Lntway Lighteys a0 Ly fay 23

For every A € C, the surface S is irreducible and has isolated singularities. Moreover,
the singular points of the surface S, contained in the base locus of the pencil S can be
described as follows:

Pay qyy 40y
Play g23.481°
Py}, (2h4ty°
Py (1) (z.2y: type Ag;
Pey (o)t type Ay with quadratic term z(x +y + 2 —t — At).
Therefore, it follows from Lemma [[.5.4] that the fiber f=*(\) is irreducible for every \ € C.
This confirms (7)) in Main Theorem in this case, since h%?(X) = 0.
To verify () in Main Theorem, observe that rk Pic(Sy) = rk Pic(Sk) 4+ 11. This imme-
diately follows from the description of singular points of the surface Sy given above. Note
also that

type A with quadratic term zy;
type Az with quadratic term z(x + t);
type Ay with quadratic term yz;

Liayyy + Liay 23 + Lty gy + Liay foty ~ Loy gy + 20000 + 2043 20y ~
~ Liay gy T 3Ly 0y ~ Liwy oy + Ligy gy + Ly gy + Ly fay.2 ~ Ha
on the surface Sy. This follows from (4.9.1]). Using this, we see that the intersection matrix

of the lines Lz (v}, Lia} iz} Liweyys Liwyey Lisviey Lioywtys Ligyeays and Ly (a2
on the surface Sy has the same rank as the intersection matrix of the curves Ly} (4.4},
Ligyi6ys Ligy =005 Lty gy}, and Hy. The later matrix is not hard to compute:

. Ly woy | Linpt | Liey | L ey |
Ly | 3 3 0 0 1
Ly 1 3 —1 : 3 1
Ly iz 0 5 -3 0 1
Linewsy || O 3 0 -3 1

H, 1 1 1 1 4

The rank of this matrix is 5. Thus, we conclude that holds in this case, so that (]
in Main Theorem also holds by Lemma [[LT31]

4.10. Family Ne4.10. In this case, we have X = P! x S;, where S; is a smooth del Pezzo
surface of degree 7. This shows that h»?(X) = 0. A toric Landau-Ginzburg model of this
family is given by Minkowski polynomial Ne84, which is

y 1 1 1

Lyt -+t
x x z oy
Thus, the quartic pencil S is given by the following equation:

yztz + t22y + yzxz + zQxy + t2xy + 22z + a?2zy = \zyzt.
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Suppose that A # co. Then

Hiay - 53 = Liay fyy + Liwy ey + Liwy ey + Liay gyt
Hyyy - Sx = Liay qy + L2y + 2L4y40,
Hizy - Sy = Liay g2y + Ly 23 + 2L423, 00y,
Hyy - 53 = Liay 1o + Ly + Lisy g + Linfog,e)-

(4.10.1)

Thus, the base locus of the pencil S consists of the lines Ly q1s Lia).g21, Liay e3> Liyy 12}
Ligyay Lizyqnp Lioyqpys a0d Ly (ogey- . . -

For every A € C, the surface S is irreducible and has isolated singularities. Moreover,
the singular points of the surface S contained in the base locus of the pencil § can be
described as follows:

Pa}, {1z} type A
Pray qyy.46y: type Az with quadratic term zy;
Py 3.4 type Ay with quadratic term z(z + ¢);
Py 121,401 type Ag with quadratic term yz;
Py 3 2,2yt type Ag;
Py ooy type A
Therefore, using Lemma [[.5.4] we see that the fiber f~1()\) is irreducible for every \ € C.
This confirms () in Main Theorem in this case, because h'?(X) = 0.
Let us prove in Main Theorem. Observe that the intersection matrix of the curves
L{x}v{y}, L{x}v{z}, L{x},{y7t}, L{t}v{%y,Z}, and H)\ on the surface S)\ is given by

. Ly ) | Loy ey | Loy oty | Loy | F
Ly | =3 3 3 0 1
Liay g2) 2 -3 1 0 1
Liywa | 3 1 = 0 1
Ligaysy || O 0 0 ~1 1

H, 1 1 1 1 4

The rank of this matrix is 5. On the other hand, it follows from (3.30.1) that

Hy ~ Ligy qyy + Lia} (20 + Lot oy + Liahqwy ~ Liadtny + Ly ey + 2L 00,00 ~
~ Liay 2y + Ligy 2y + 200340 ~ Loy + Ly + Ly + L fop2

on the surface Sy. Therefore, the intersection matrix of the lines L,y 41, Lia} 21> Lia}, 1)
L{y}7{z}, L{y},{t}> L{z},{t}> L{:c},{y,t}> and L{t},{l‘vy,z} has the same rank as the intersection
matrix of the curves Liuy (yy, Liay, {2y Lietguty> Lity fay,z), and Hy. On the other hand,
we also have rk Pic(Sy) = rkPic(Sy) + 11. Thus, we see that (F)) holds. Then we use
Lemma [[LT3T] to conclude that (] in Main Theorem also holds in this case.
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4.11. Family Ne4.11. In this case, we have h"?(X) = 0. A toric Landau-Ginzburg model
of this family is given by Minkowski polynomial Ne82 which is
y 1 11

~+-ty+z+—+-—-+u
r Tz oy
Then the quartic pencil S is given by the following equation:

Ytz + P2y + yiuz + Pay + Py + Pz + 2’2y = dayzt.
As usual, we assume that \ # oo.

Let C be the conic in P? that is given by = yz + 2t +t> = 0. Then

Hizy - Sy = Ligy ) + Liapany + 6
Hyyy - S = Ligp gy + Lighad + 2L400 000
Hizy - Sy = Ligy ) + 3Ley 01
Hyy S0 = Ly ey + Lyt + Lisriny + Lin o2y

(4.11.1)

For each A, the surface S) is irreducible, it has isolated singularities, and its singular
points contained in the base locus of the pencil & can be described as follows:
Pray (yy.46y: type Az with quadratic term zy;
Py 3.4 type Ay with quadratic term z(z + ¢);
Pry 121,400 type Ay with quadratic term yz;
Py (1) fz.2y: type Ag;
Piy oy type Ao with quadratic term z(z +y + 2z — ¢t — At).
By Lemma [[L5.4] the fiber f=}(\) is irreducible for every A € C. This confirms (7)) in
Main Theorem, since h*?(X) = 0.
The description of the singular points of the surface S, gives rk Pic(gk) = rk Pic(Sk)+12.
On the other hand, it follows from (LIT.]) that

Hy ~ Ligy gy + Liay ey +C ~ Liay gy + Ligy o3 + 240,00 ~
~ L2y + 3Ly 0 ~ Liey gy + Ly + Lo + L fey,z)

on the surface Sy. Therefore, the intersection matrix of the lines L.y o1, Ly g1), Liyy. 2}
Ly 1y Lizy ey Lty {w,2y» and C has the same rank as the intersection matrix of the

curves Ly vy Ly g1y, Lty {wy,2}» and Hy. The latter matrix is given by
. Loy | Loy | Ly dewnsy | F
Liay o) —1 3 0 1
Ly 3 — 1 1
Liygawsy | O 1 - 1
H, 1 1 1 4

The rank of this matrix is 4. Thus, we see that (Fk]) holds in this case. Then (] in Main

Theorem also holds by Lemma LT3l
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4.12. Family Ne4.12. In this case, we have h"?(X) = 0. A toric Landau-Ginzburg model
is given by Minkowski polynomial Ne83, which is
1 1
g+i+—+y+z+—+x.
x Tz Y

Then the quartic pencil S is given by the following equation:
Ytz + 2y + Py +yPoz + oy + Paoz + 2Py = Ayt

Here, for simplicity, we suppose that A # oco.

Let C be the conic in P? that is given by x = yz + yt + 2zt = 0. Then
Hizy - Sx = Lap gy + Liap o + 6
Hyyy - Sy = Liay ) + Lightey + 20403, 001
Hizy - Sh= 2Ly 00 + 2Ly 10
Hyy - S0 = Ligp ey + Lyt + Lieriny + Lo foy2y-

(4.12.1)

This shows that the base locus of the pencil S consists of the curves L.y 1, Lia} {1},
Ly 21> Ly s Lz qeys Ligy fey.2y, and C.
Every surface S, is irreducible, it has isolated singularities, and its singular points
contained in the base locus of the pencil S can be described as follows:
Play fyy.4zy° type Ag;
Py 1401 type Ag with quadratic term xy;
Py =110 type A
Py o140 type Ay with quadratic term yz;
Pl i) eyt type Aus
Py i faay type As.
By Lemma [[L5.4], every fiber f=*()\) is irreducible. This confirms () in Main Theorem.
One has rk Pic(Sk) = rk Pic(Sk) 4+ 12. On the other hand, it follows from (ZIZT]) that

Hy ~ Ligy gy + Liay gy + C ~ Liay oy + Ligy o3 + 2L 00 ~
~ 2Ly oy + 2L 00 00 ~ Loy + Ly e + Liay o + Li fow2)

on the surface Sy. Thus, the intersection matrix of the lines Lz q1, Liay 113y Liyy {2}
Liyy.6y» Lizy 05 Lty {oy,2}> and C on the surface Sy has the same rank as the intersection
matrix of the curves Lz q1; Liay (1} Lit} fay,2}, and Hy. The latter matrix is given by

. Loy | Loy | L dewy | F
Ly | =3 3 0 1
Liay 1) 3 —3 1 1
Liggegsy |0 1 ~1 1

H, 1 1 1 4

Its rank is 4, so that (%] holds. Then in Main Theorem holds by Lemma [[.T3.1]
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4.13. Family Ne4.13. In this case, the threefold X is a blow up of P! x P! x P! along
a smooth rational curve of tridegree (1,1,3). Thus, we have h"?(X) = 0. This family is
missed in [IP99]. A toric Landau-Ginzburg model of this family is given by Minkowski
polynomial Ne1080, which is
T Yy T 1 2 2 1 1
THy+2r+—F It —F =t
y xr yz z Yy T xy Yz
The quartic pencil S is given by
P yz + 2’z + ay® + Pt + yPat + 27 4wyt + 2zt + 2yt + ot + 2t = Avyzt.
As usual, we suppose that \ # oo.
Let C be the conic in P? that is given by y = 2z + 2t +tz = 0. Then
Hizy - Sy = Ligytzy + Liad iy + 2Ly )
Hyyy - Sy = Lyt + Ligy fey +C,
(4.13.1)
Hizy Sy = Ligy ey + 2L0 0 + Lisyfowns
Hyy 53 = Ligp ey + Lyt + Lisriny + Lin o2y
Therefore, we conclude that the base locus of the pencil S consists of the curves L.y 12y,

Ligy oy Ligy oy Lty Liadtwars Lightears Lizygewys Liny gay.p, and C.
For every A € C, the surface S, is irreducible, it has isolated singularities, and its
singular points contained in the base locus of the pencil § can be described as follows:

Py gy type Ag with quadratic term xy;
Py (21,40 type Ay with quadratic term z(z + ¢);
Py (23,411 type Aq;
Py (1w type Ag with quadratic term
z(x+y+t+32+A2)

for A # —3, type Ay for A = —3;
Py i 4ey: type Ap with quadratic term
2(x+y+z—2t—At)
for A # —3, type A3 for A = —3;
0:1:—=3—X:—1]: type A; for A # —3, type A4 for A = —3.
Thus, using Lemma [[.5.4, we conclude that the fiber f~1()) is irreducible for every A € C.
This confirms () in Main Theorem, since h'?(X) = 0.

Using the description of the singular points of the surface Sy we gave above, we see
that rk Pic(Sk) = rk Pic(Sk) + 10. On the other hand, it follows from (LI3.1]) that

Hy ~ Ly (23 + Ligy g1y + 2Ly gy ~ Ligy iy + Ligyfoty +C ~
~ Liay 2y + 2Ly 00 + Lish oty ~ Lot + Lt + Loy + L qop2)

on the surface S). Hence, the intersection matrix of the curves L .y, Lizy 1y Ly
L{z},{t}> L{:c},{y,t}> L{y}{x,t}, L{Z}7{x7y7t}, L{t}7{x,y7z}a and C on the surface S)\ has the same
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rank as the intersection matrix of the curves Ly, vy, Lipyety> Ly Lot}
Ly {2y,2, and Hy. Using Propositions [A.1.2] and [A.1.3, we see that the latter matrix is

| Lepwn | Luren | Denw | Deytews | Ligews |
Lywn | —8 : 1 1 0 ]
Ly} (=) 3 ~4 0 1 0 )
L 1 0 -1 1 1 ’
Lizygawty 3 1 1 2 1 ’
L 0 0 1 1 4 1
{1 {e.w.} L ! .

Observe that the rank of this matrix is 6. Thus, we see that (k]) holds. Thus, it follows
from Lemma [[L.T31] that (] in Main Theorem also holds in this case.

5. FANO THREEFOLDS OF PICARD RANK 5
5.1. Family Ne5.1. In this case, we have h'?(X) = 0. A toric Landau-Ginzburg model
of this family is given by Minkowski polynomial Ne1082, which is
1 z vy 2 2 2z =z 1 z
THYd ok T T

The quartic pencil § is given by

222y + yirr + ayt® + et +oyPat + 22wt + 22yt + 2ot + Pyt + ot + 22 = Ayt

Suppose that A # oco. Then
Higy - Sx = Liay 2y + Ly i + Loy gyy + Liay fwzny
Hyyy - Sy = Lyt + Ly + Ly ey + Lighgazay,s
Hizy - Sy = Liay (2 + Ly 2 + 200204
Hyy - Sy = Ly + Ly + Ly + L ey

(5.1.1)

Thus, the base locus of the pencil S consists of the lines L.y 121, Liay 65 Ly =3, Liyy. i}
Lyt Lierivtys Ly tenys Loty ety Liy) oy 30 Ligy oy} - .

For every A € C, the surface S has isolated singularities, so that it is irreducible.
The singular points of the surface S contained in the base locus of the pencil § can be
described as follows:

Pryy 21,10 type Ay with quadratic term z(y + t);
Py 21,001 type Ay with quadratic term z(z + t);
Py o qsy: type Ag with quadratic term ¢(x 4y +1¢) for X # =3, type A; for A = —3;
Py gway: type Ar
Thus, it follows from Lemma [[L5.4] that the fiber f~'()) is irreducible for every A € C.
This confirms (7)) in Main Theorem, because h*?(X) = 0.
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To verify in Main Theorem, observe that rk Pic(Sy) = rk Pic(Sx) -+ 8. This follows
from the description of the singular points of the surface Sy for A # —3. On the other
hand, it follows from (5.1.1]) that

Ly iy + Ligy ey + Loy qwty T Lot fwety ~ Ligh sy T Lo + Lt oy T Ligh ey ~
~ Liay oy + Ly e + 200y 0 ~ Liey g + Ly + Lign o + L gegy ~ Ha
on the surface Sy. Thus, the intersection matrix of the lines Ly 21, Liay 113y Liyy 2}

Ly Ly Liayways Liwygeays Liey vty Ligy ez, and Ly g2y on the surface Sy
has the same rank as the intersection matrix of the curves Ly gy.13, Lia) fu,23 Loy} ot}
Ly w26y Ly gy, Ly gy, and Hy. If A # =3, then the latter matrix is given by

. Ligy wny | Loy twety | Liptesy | Lozt | Lieyny | Lyt | H
Lipwn | —% 1 ! 0 0 Lo
Ly w2y 1 —2 0 1 0 0 1
Liyy (o) i 0 -3 1 0 Lol
Liyy .2} 0 1 1 —2 0 1 1
Ly 0 0 0 0 —1 1 1
Liyy 1) i 0 i 1 Lo

H, 1 1 1 1 1 4

Its determinant is I. This shows that (3] holds. Thus, we can use Lemma [I31 to
conclude that ({]) in Main Theorem also holds in this case.

5.2. Family Ne5.2. In this case, we have h'?(X) = 0. A toric Landau-Ginzburg model
of this family is given by Minkowski polynomial Ne219, which is
x x y 1 1
Tyt T T
2 Yy x Yy x
Thus, the quartic pencil S is given by the equation
:czzy + y2mz + zzmy + xzty + 2tz + yztz + 22z + t2zy = \xryzt.
Suppose that A # co. Then
Higy - S = Liay () + Loy £y + Liah ey + Lo (s
= Liayy + Ly (e + Lyt + Ly (e
Hizy - 53 = 2Ly (23 + Ly 2y + Ly
O = Ly + Ly + Lienin + L) (a,2)-

(5.2.1)

For every A, the surface S) is irreducible, it has isolated singularities, and its singular
points contained in the base locus of the pencil § can be described as follows:
Py 1123 type Ay with quadratic term z(x 4 y);
Pray (yy.40y: type Az with quadratic term zy;
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Py 3.4 type Ay with quadratic term z(z + ¢);
Pryy 3,007 type Aq
Play (n.4v.2)t type As
Therefore, using Lemma [[L5.4] we see that the fiber f~1(\) is irreducible for every A € C.
This confirms () in Main Theorem, since h'?(X) = 0.

Using (5.2.1)), we see that the intersection matrix of the lines Lz} 11, Lz} {2}> Lia} .t}
L{y}7{z}, L{y},{t}> L{z},{t}> L{:c},{y,t}> L{y}{x,t}, and L{t},{x,y,z} on the surface S)\ has the same
rank as the intersection matrix of the curves L{m}’{y}, L{x}{z}, L{y}’{z}, L{y},{t}> L{m},{t}>
and H,. The latter matrix is given by

* | lwmw | lwe [ Lwes | Lo | Ly | Ay
Lingy | —3 3 3 3 ;|1
Loy |3 —5 3 0 5 1
Ly |3 : -3 3 0 |1
Ly | 3 0 3 —3 ;|1
Ly | 3 : 0 i —5 | 1

H, 1 1 1 1 1 |4

Note that this matrix has rank 6. Moreover, using the description of the singular points
of the surface Sy, we see that rk Pic(Sgx) = rk Pic(Sk) + 9. This shows that (k]) holds in
this case. Then (] in Main Theorem holds by Lemma [[T3.11

5.3. Family Ne5.3. In this case, we have X = P! x S, where Sg is a smooth del Pezzo
surface of degree 6. This implies that h'*(X) = 0. A toric Landau-Ginzburg model of
this family is given by Minkowski polynomial Ne218, which is

y =z 1 1 1

St

z Yy z oy x

Therefore, the corresponding pencil S is given by the following equation:

rT+y+z+

:)322y + y2xz + zzxy + y2xt + 22xt + tzxy + 2z + t22y = \xyzt.
Suppose that A # oco. Then

Hizy - Sx = Liay qyy + Loy g2 + 2Ly 40
Hyyy - Sy = Ligy gy + Ligy 2 + Lty + Ly ta
(5.3.1)
Hpzy - Sy = Ligy o + Ligy sy T Lish iy + Liey fwtds
Hyy - Sy = Ligy g0y + Ligy gy + Lz + Ly a2}
Thus, the base locus of the pencil S consists of the lines L,y 1, Liay 23> Liay 16 Liyy i)

Ligyieps Lisvgor Liwpter Lishvys a0d Ly qay ey ' - o
For every A, the surface S) is irreducible, it has isolated singularities, and its singular

points contained in the base locus of the pencil § can be described as follows:
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Poy g2y type Ay
Py 21,000 type Ay with quadratic term x(z + t);
Py 1400 type Ay with quadratic term z(y + t);
Py 121,401 type Ag with quadratic term yz;
Pa} gy type A
Thus, by Lemma [[.5.4], the fiber f=*(\) is irreducible for every A € C. This confirms ()
in Main Theorem, since h?(X) = 0.
Now let us verify (] in Main Theorem. On the surface Sy, we have

Hy ~ Ligy gy + Liay (23 + 204y 1 ~ Liay gy + Ligy 2 + Ly gy + Ligy g0y ~
Loy 2y + Ligy ey + Lisrn + Lisnwy ~ Liap ey + Liror + Liaynin + L o2y
This follows from (5.3.1). Thus, the intersection matrix of the lines Ly 1, Ly} i2),
Liwy gty Ligy ey Ligr ey Lier e Ligh a6 Lizyqytys and Ligy goy,2) has the same rank as
the intersection matrix of the curves L{m},{y}, L{m},{z}, L{y},{z}, L{y},{t}, L{z},{t}, and H,.
The latter matrix is given by

* | Ilww | Lo [ Lwts | Lo | Liene | Ha
Lingy | —3 3 3 3 0 |1
Ligygsy | 3 —5 3 0 R
Lyygsy | 3 i 3 3 AR
Ly | 3 0 3 — % i1
Ly | 0 3 3 i 5 | 1

H, 1 1 1 1 1 |4

Its rank is 6. On the other hand, it follows from the description of the singular points of
the surface S, that B

rk Pic(Sk) = rk Pic(Sk) + 9,
so that holds in this case. Thus, by Lemma [[.T3.T], we see that in Main Theorem
also holds in this case.

6. FANO THREEFOLDS OF PICARD RANK 6

6.1. Family Ne6.1. We have X = P! x S5, where S5 is the smooth del Pezzo surface of
degree 5. In particular, we have h?(X) = 0. A toric Landau-Ginzburg model of this
family is given by Minkowski polynomial Ne283, which is
1 1 1 3 3 2
Tttt — -4yt o+ 2L
Yy xy oz A A
Thus, the corresponding pencil S is given by the equation
22yz + xat? + ay® 4 2t + wyt? + 2wy’z + 3yt + 3yPat + Pz = Avyet.

For simplicity, we suppose that A # oo.
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Let C be the conic in P? that is given by t = (z + y)? + xz = 0. Then

Hay - Sx = Lia} 123 + 3L} 1y.13

Hiyy - Sx = Ligy gy + 2Lgg 40 + Ligh e
Hizy - Sx = Liay gy + Ligy 42y + 2Ly 40
Hyy - Sy = Ligyqey + Lspqn +C.

(6.1.1)

Thus, the base locus of the pencil S consists of the curves Ly, 2y, Liay iy, Liyyi2}s
Ligyieps Ligh ey, Lizyqnp, and C.

For every A € C, the surface S) is irreducible and has isolated singularities. Moreover,
if A # —1 and X\ # —5, then the singular points of the surface S contained in the base
locus of the pencil § can be described as follows:

P2y yy.46y: type Ay with quadratic term xy;
Ppy 21,400 type Az with quadratic term yz;
Py} () eyt type Aus
Py i {wyy: type Ag with quadratic term 22 + ¢* + (A 4 3)tz;
[0:—=2: A+ 3+ VA2 +6A+5:2]: type As.

Thus, in the notation of Subsection [L.8, the set X consists of the points Py, 231,

Play tyriers Ly tadany> a0d Py i ey
The description of the singular points of the surface Sy also gives

(6.1.2) rk Pic(Sy) = rk Pic(Sy) + 10.

Observe that the singular point Pp.y 1} (.4 contributes @) to this formula. Similarly, the
singular points [0 : =2 : A+ 3 £ v/ A2+ 6\ + 5 : 2] also contribute (2) to (6.1.2]).

To verify () in Main Theorem, observe that the surface Sy has du Val singularities in
base points of the pencil S provided that A # —1 and A # —5. Thus, by Lemma [[.5.4]
the fiber f=1(\) is irreducible for every A € C such that A # —1 and \ # —5. Moreover

we have
Lemma 6.1.3. One has [f7}(—1)] = [f7}(-5)] = 1.

Proof. Tt is enough to prove that [f~*(—1)] = 1, since the proof is identical in the remaining
case. Observe that the points Py 23,16, Pt w1ty Py} iz}{a)- are good double points
of the surface S_;. Thus, it follows from (L83) and Lemmas [[.L85 and [LT2.1] that

D] = [S2] + D5, o =1 Do

In the neighborhood of the point Py} g1} {z,y3 the morphism o in (L93) is just a blow
up of this point. Moreover, its exceptional surface that is mapped to Py (1 {1 does not

contain base curves of the pencil S , because the quadratic term of the surface S at this
point is 2 + t* 4+ (A + 3)tz. Furthermore, the point Py} (1} (2,4} is @ double point of the
surface S_;. In fact, the surface S_; has singularity of type Dy at Pp.y (1} {sy}.- We see

that Ap' =0 Then Dp' =0 by (LIOJ), so that [f'(~1)] = 1. O
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Thus, we conclude that f='()\) is irreducible for every A € C. This confirms (¥) in
Main Theorem, since h'?(X) = 0. To verify ({]) in Main Theorem, observe that

Hy ~ Liay {23 + 3Lqayqyy ~ Ligtzy + 2L 00 + Ligy oy ~
~ Liay sy + Ly 42y + 2Ly 40 ~ Lggy gy + Lz +C
on the surface Sy. This follows from (6.1.I]). Thus, the intersection matrix of the curves
L{m}’{z}, L{x}{y’t}, L{y}’{z}, L{y},{t}> L{y}’{mﬂg}, L{z},{t}> and C on the surface S)\ has the same

rank as the intersection matrix of the curves Ly 12y, Ly (2} L)1y, and Hy. If A # —1
and A # —b, then the latter matrix is given by

* | L@ | Lwa | L | Ho
Lisyisy | —2 1 0 1
Liygy |1 —3 ;|1
Ly |0 3 —5 | 1

H, 1 1 1 4

The rank of this matrix is 4. Thus, using (6.1.2)), we see that holds. Then (] in
Main Theorem holds by Lemma [[.T31l

7. FANO THREEFOLDS OF PICARD RANK 7

7.1. Family Ne7.1. In this case, we have X = P! x S,, where S, is a smooth del Pezzo
surface of degree 4. This implies that h'*(X) = 0. A toric Landau-Ginzburg model of
this family is given by Minkowski polynomial Ne505, which is
1 1 2 2¢ 1 2 x?
—+—+z+—y+—+—+y—+3y+3x+—.
x oy x y oz Yy
Hence, the corresponding pencil § is given by the following equation:
2oy + 2wz + Pay + 2% 2 + 2%tz + oy + 32 + 3yPrr + 322y + 232 = \ayzt.

For simplicity, we suppose that A # oo.
Let C be the cubic curve in P? that is given by ¢t = zyz + (z + y)* = 0. This curve is
singular at the point P,y 14y,111. Moreover, we have

Higy - Sx = Liay, vy + Liay 42 + 2040} w13,
Hyyy - Sx = Liay oy + Ly oy + 2Ly ey
Hizy Sy = Liay (o + Ligy £ + 2042340
Hey - Sy = Ly +C.
Thus, the base locus of the pencil S consists of the curves Ly 1yy, Liz) =} Liy}.i2}s
Lyt Liay twys Ly faty, and C.

If A # —2 and A # —6, then S, is irreducible and has isolated singularities. In this
case, the singular points of the surface Sy contained in the base locus of the pencil S can
be described as follows:

(7.1.1)
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Play fo1.(2p type Ag;
Ppay wy.41y: type Az with quadratic term xy;
Py 1oy type As with quadratic term 22 + ¢ — (X +4) 2t;
0:—=2: A4+4E£ VA2 +8\+12:2]: type Ay;
[—2:0: A +4E£ VA2 +8X+12:2]: type A;.
ThU.S, the set 2 consists of the points P{y},{z},{t}, P{x}{y}’{t}, P{y},{z},{x,t}> and P{z},{t},{x,y}-
The description of the singular points of the surface Sy also gives

(7.1.2) rk Pic(Sy) = rk Pic(S) + 9.
Note that the singular point Pp.y g1}z, contributes (3) to this formula. Similarly, the
singular points [0 : —2 : A+4£+v/ A2 + 8\ + 12 : 2] contribute (D) to this formula. Likewise,
the singular points [—2:0: A+ 4+ VA2 +8X 412 : 2] also contribute (D to (ZI12).

To verify () in Main Theorem, observe that the surface Sy has du Val singularities at
base points of the pencil S provided that A # —2 and A\ # —6. Thus, by Lemma [[.5.4]

the fiber f~1(\) is irreducible for every A € C such that A # —2 and A # —6. On the
other hand, we have

Lemma 7.1.3. One has [f"}(—=2)] = [f"}(—6)] = 1.

Proof. Observe that both surfaces S_, and S_g have non-isolated singularities. Namely,
the surface S_5 is singular along the line x +y+ 2 =+ y +t =0, and S_g is singular
along the line x +y — z = . + y +t = 0. However, both these surfaces are irreducible.
This can be checked by analyzing their hyperplane sections.

It is enough to prove that [f~*(—2)] = 1, since the proof is identical in the remaining
case. Observe that the points Ppy 1 0y, Prayiyhge), and Py 2}z, are good double
points of the surface S_5. Thus, it follows from ([.8.3]), Lemma and Lemma [[LT2.1]
that

-1 _ -2
[f (_2)] =1+ DP{z},{t},{z»y}'

Arguing as in the proof of Lemmal6.1.3] we get D;{QZ} e = 0,s0that [f~1(=2)] =1. O

We see that f=1(\) is irreducible for every A € C. This confirms in Main Theorem.

Let us verify (] in Main Theorem. It follows from (Z.1.I]) that the intersection matrix
of the curves L{z},{y}, L{m},{z}, L{y},{z}, L{z},{t}a L{m},{y,t}> L{y}’{m7t}, C on the surface S)\
has the same rank as the intersection matrix of the curves Ly o1, Ly (21, Ly} oty H
If A # —2 and X\ # —6, then the latter matrix is given by

. Ly sy | Ly ey | Ly gy | H
Ly | —3 3 0 1
Ly | 3 -2 1 1
Ligpgary | O 1 -7 |1

H, 1 1 4

Its rank is 4, so that in Main Theorem holds by (7.1.2]) and Lemma [[.T3.1]
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8. FANO THREEFOLDS OF PICARD RANK &

8.1. Family Ne8.1. We discussed this case in Example [LI0. 1T, where we also described
the pencil S. Let us use the notation of this example and we assume that A # oco. Then
Higy - Sx = Liay, gy + Liay £ + 2L4e140
(8.1.1) Hyyy - Sy = Liay, gy + 304030023
Hizy Sy = Liay £ + 3Ly ey
Hyy - Sy = Ligy iy +C.

If A # —4 and X\ # —8, then the surface S is irreducible and has isolated singularities.
In fact, in this case, we can say more:

Lemma 8.1.2. Suppose that A # —4 and A # —8. Then the singular points of the
surface Sy contained in the base locus can be described as follows:

Py .00 type Ag;

Pay (63 .4w.23" type As;
A+3EVA2+ 120 +32:0: —2: 2] type Ay;
A+3EVAZ+120+32: —2:0: 2]: type As.

Proof. Taking partial derivatives, we see that the singular points of the surface S con-
tained in the base locus of the pencil S are those described in the assertion of the lemma.
To describe their types, we start with Py .1 43. In the chart o = 1, the surface Sy is
given by
yz + t* + higher order terms = 0,

where we order monomials with respect to the weights wt(y) = 3, wt(z) = 3, wt(t) = 2.
This implies that Py 1.1 4 is a singular point of type As.

To describe the type of the singular point Py, ¢4 {y,-}, We consider the chart y = 1 and
change coordinates as follows: * =z, Z =2+ 1, and t = ¢. Then S}, is given by

—7% + (X + 6)xt — #* + higher order terms = 0.
Now that

~B+ (A+6)70 - = — (3= (A+3+ VAT + 122+ 32)7) (7 - (A+3- VN + 12X + 32)1),

and this quadratic form has rank 2, because A # —4 and A # —8. Introducing new
coordinates 2=z, gy =%, t = %, we obtain the equation of the blow up of the surface S
at P{x},{t},{y,z}- It is

32— (AN 6)tT + 12 = 222 — (N + 6)td2 + 220 + 22 + 3tas? + 12247 + 32027

iy

The two exceptional curves of the blow up are given by 2 =t = 0 and 2 = § = 0. They
intersect at the point (0,0, 0), which is singular point of the obtained surface. To blow up
the latter point, we introduce new coordinates Z = 2, § = £, £ = L. After dividing by 22,
we rewrite the latter equation as

72— 2% — (AN +6)tx = 322 — 12 + 122 — (A + 6)t22 4 3taz* + 3252 + 235t
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The quadratic form of this equation has rank 3, so that this surface as an ordinary double
point at (0,0,0). This implies that Pp} 1 {y,-} is a singular point of type As;.

Now we describe the type of the floating singular points. We will only consider the
singular point [A4+34++vA2 + 12X + 32 : 0: —2 : 2], because computations in the remaining
cases are similar. Let us introduce an auxiliary parameter y € C such that A\ = —4’5 (;Aji)_l.
We assume that g # 0 and g # 1. Then

A+3+VAN2+1220+32:0:—2:2)=[p—1:0:—p: pl.

Taking the chart ¢t = 1 and introducing new coordinates & = x+ “T_l, y=vy,and z = z—1,
we see that Sy is given by

(2 — 1)Zy + (1 — 1)?2* + higher order terms = 0.

Here, as above, we order monomials with respect to the weights wt(z) = 3, wt(y) = 3,
and wt(z) = 2. This implies that [ —1:0: —pu : p] is a singular point of type As. O

Note that the singular locus of the surface S_4 consists of the point P,y ,1.¢.1 and the
line {z —t =y + 2z +t = 0}. Similarly, the singular locus of the surface S_g consists of
the point Py (43,12 and the line {x +t =y + 2 +t = 0}. Moreover, we have

Lemma 8.1.3. Both surfaces S_g and S_, are irreducible.

Proof. 1t is enough to prove S_4 is irreducible, because the remaining case can be handled
in a similar way. Let I be the plane {t = z}. Denote by Cj the intersection S_, N II.
Then C} is the quartic curve in IT 2 P? that it is given by

v2yz + xy® + 6xy?z + 10xy2? + 822 + y2° = 0.

This curve has exactly two singular points: [1:0:0:0] and [1: —2:1: 1]. Moreover, the
point [1: 0 : 0: 0] is an ordinary double point of the curve Cy, and the point [1: —2:1: 1]
is an ordinary cusp of the curve Cy. This implies that the curve C) is irreducible, so that
the surface S_, is also irreducible. O

In Example [LTOIT], we proved that [f~'(\)] = 1 for every A € C. Thus, we conclude
that () in Main Theorem holds in this case.

Let us verify (] in Main Theorem. It follows from (81T that the intersection matrix
of the curves Liaviys Liay 23 Loy oy Ly .23 Ly gty and C on the surface Sy has the
same rank as the intersection matrix of the curves Ly (yy, La}, 2}, and Hy. If X # —4
and A\ # —8, then the latter matrix is given by

. Liayqyy | Liay ey | H
Ligy gy || —2 1 1
H, 1 1 4

Its determinant is 18 # 0. On the other hand, we have rk Pic(S;) = rk Pic(Sy) +9. Thus,
we see that (J]) holds. Then in Main Theorem holds by Lemma [[L.T3.1]
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9. FANO THREEFOLDS OF PICARD RANK 9

9.1. Family Ne9.1. In this case, we have X = P! x S,, where S, is a smooth del Pezzo
surface of degree 2. In particular, we have h'?(X) = 0. This case is somehow similar to
the cases we treated in Subsections and 2.3l As in these two cases, this family does
not have toric Landau—Ginzburg models with reflexive Newton polytope. Let p be the

Laurent polynomial

(a+b+1)* 1
———— fc+—.
ab c

Then p gives the commutative diagram (X)) by [Prz17, Proposition 16].
Let v: C? --» C* x C* x C* be a birational transformation that is given by the change

of coordinates
a=zxz,

b=x—xz—1,
c=-.
Y
Like in Subsection 2.2 we can use v to expand (B4) to the commutative diagram (Z.2.1]).
The only difference is that now the pencil S is given by the equation
(9.1.1) w3y = (\yz —y? — 22)(at — xz — 7)

where A € CU{oco}. As in Subsection 2.2 we will follow the scheme described in Section [II
The only difference is that now S) is the quartic surface given by the equation (Q.I1.T]).
Let Q be the quadric in P? given by ot — 2z — t?> = 0. Then

Se = H{y} + H{Z} + Q.
One the other hand, if A # oo, then S, is irreducible and has isolated singularities.
Let C; be the conic in P that is given by y = ot — xz — t> = 0, and let Cy be the cubic
curve in P3 that is given by z = 23 + yt(x +t) = 0. If X # oo, then
Hpyy - Sx = 2Ly 121 + G,
(9.1.2) Hiy - Sx= Ly 2y + G,
Q-5 = 6L{m},{t} + .
Thus, the base locus of the pencil S consists of the curves Ly, 11, Ly (2}, C1, and Cs.

If X\ # oo, then the singular points of the surface S, contained in the base locus of the
pencil S can be described as follows:

Pay (23,40 type Aq;
Ppay ty.4z3: type As for A # £2, non-du Val for A = £2;
[0: A+ VA2 —4:2:0]: type A; for A\ # +2, non-du Val for A = £2.
Thus, it follows from (LI0.8) and Lemma [12.7] that the fiber f~1(\) is irreducible for
every A € C. This confirms (7)) in Main Theorem.
To verify () in Main Theorem, observe that rk Pic(Sy) = rk Pic(Sy) + 9. Indeed, the

minimal resolutions Sy — Sy of the point P,y ¢, (2} is given by three consecutive blow
ups that has three irreducible (over k) exceptional curves. Two of them are geometrically
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reducible, and one is geometrically irreducible. Similarly, the minimal resolution Sy — Sk
of the point [0: A £ +/A2 —4:2:0] has 5 exceptional curves, and the minimal resolution
of the point Py (.1 1+ has 1 exceptional curve.

If A\ # oo, then it follows from (9.1.2]) that

1
Hy ~ 2Ly 3 + C1 ~ Ligy o} + C2 ~0 3Lgap 0 + 561

on the surface Sy. Thus, if A # oo, then the intersection matrix of the curves Ly, ¢ and
H)y on the surface S\ has the same rank as the intersection matrix of the curves Ly, (4,
Ly i1, C1, Co, and Hy. On the other hand, if A # oo and A # £2, the latter matrix is
given by

. Ligy gy | Ha

Ly | —35 |1

H,y 1 4

The rank of this matrix is 2. Thus, we see that (Yk]) holds in this case. By Lemma [[.T3.T]
this confirms in Main Theorem.

10. FANO THREEFOLDS OF PICARD RANK 10

10.1. Family Ne10.1. In this case, we have X = P! x S;, where S; is a smooth del Pezzo
surface of degree 1. In particular, we have h?(X) = 0. This case is very similar to
the case we discussed in Subsection 2.1l As in that case, this family does not have toric
Landau—Ginzburg models with reflexive Newton polytope. However, there are Laurent
polynomials with non-reflexive Newton polytopes that give the commutative diagram (PX).
One of them is the Laurent polynomial
6
wry v 17, 41
xy z
which we also denote by p.
Let v: C? -——» C* x C* x C* be a birational transformation that is given by the change
of coordinates

1

Ty T e
1

y_ b2c7

z=1y.

Arguing as in Subsection [L9, we can expand () to the commutative diagram (ZI.T)).
The only difference is that now the pencil § is given by the equation
(10.1.1) ryc® = Ay — 22 — 9?)(abe — b*c — a?),

where A\ € CU {oo}. Here ([z: y|,[a:b: ]) is a point in P* x P2.
As in Subsection 2.1], we will follow the scheme described in Section [Il and we will use
assumptions and the notation introduced in that section. The only difference is that P3
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is now replaced by P! x P2, and S\ now is the surface in P! x P? that is given by (I0.1T).
As in Subsection 2.1 we will extend our handy notation in Subsection to bilinear
sections of P! x P2,
Let S be the surface in P! x P? given by abc — b*>c — a® = 0. Then S is irreducible.
Moreover, we have
Seo = Hizy + Hypy + S.
On the other hand, if A # oo, then S} is irreducible and has isolated singularities.
Let C; be the curve in P' x P? that is given by x = abc — b*c — a® = 0, and let C, be
the curve in P! x P? that is given by y = abc — b*c — a® = 0. Then
Hyy - Sy =Cy,
(10.1.2) Hypy - Sy = Cy,
S. S)\ = Cl + Cg + 9L{a}7{c}.
Thus, the base locus of the pencil S consists of the curves Cy, Co, and Ly, fc}-
If A\ # oo, then the only singular points of the surface Sy contained in the base locus
of the pencil § are the points

(10.1.3) (A vaT=1:2),[0:1:0]).

If X\ # £2, then the surface S has singularity of type Ag at each of the points (I0.13).
If A = £2, then (I0.13) gives the points ([£1 : 1],[0 : 1 : 0]). One can check that the
surface Sio has triple singularity at these points.

Remark 10.1.4. There exists a commutative diagram

B3 Ba

Va Vs Vi
e AN
174 \%
D
]P)l X ]P)2 __________ (Zi __________ >P1

where ¢ is a rational map that is given by the pencil S, the morphism f; is the blow up
of the curve C;, the morphism [, is the blow up of the proper transform of the curve Cs,
the morphism f3 is the blow up of a curve that dominates the curve C;, the morphism [,
is the blow up of a curve that dominates the curve Cy, and ~ is a birational morphism
that is a composition of 9 blow up of smooth curves that dominate the curve Ly, fc}.
Note that the curve C; has a node at the point Py (41 4. Similarly, the curve C; has a
node at the point Py q1,463. Thus, both threefolds V; and V5, are singular. Moreover,
the morphism 3 blows up a nodal curve that is contained in the smooth locus of the
threefold V5. Likewise, the morphism (5, blows up a nodal curve that is contained in the
smooth locus of the threefold V3. Thus, the threefold V' has four isolated ordinary double
points. However, they all are contained in the fiber g=!(cc), which consists of the proper
transforms on V' of the following surfaces: Hy,y, Hy,, S, the exceptional surface of the
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morphism f;, and the exceptional surface of the morphism ;. Thus, the singularities of
the threefold V' are not important for the proof of Main Theorem in this case. Note that

—K\/ ~ g_l (OO)

If we want to keep this condition and make V' smooth, we must compose m with small
resolution of singular points of the threefold V. However, the resulting smooth threefold
would not be projective (cf. the proof of [Prz17, Proposition 29]). Indeed, by construction,
the threefold V' is Q-factorial, so that it does not admit projective small resolutions.

Note that surfaces in the pencil S do not have fixed singular points, so that ¥ = @.
Thus, using (L83), we get [f~1(\)] = 1 for every A € C. This confirms (7)) in Main
Theorem, since h'?(X) = 0.

To verify (3)) in Main Theorem, observe that rk Pic(Sy) = rkPic(Sk) + 9. One the
other hand, if A # oo and A # +£2, the rank of the intersection matrix of the curves Cy,
Cs, and Lyay g} on the surface Sy is 1. This follows from (I0.I.2). Thus, we see that (5k])
holds in this case. By Lemma [I.13.], this confirms in Main Theorem.

APPENDIX A. CURVES ON SINGULAR SURFACES

Let S be a normal surface, let C' and Z be distinct irreducible curves in S. For every
point P € S, one can define the intersection multiplicity (C'- Z)p € Qs¢ as in [Sa84]. As
in the case when S is smooth, one has

C-Z=P§Z(C-Z>P.

In this appendix, we present two (probably well-known to many experts) simple results
that can be used to compute the (local) intersection multiplicity (C'- Z)p and the (global)
self-intersection C? in simple cases. These results are Propositions [A.1.2] and [A. 1.3 below.

A.1. Intersection multiplicity. Fix a point O € CNZ. Let 7: S — S be the minimal
resolution of singularity of the point O, and let Gy, ..., G, be the exceptional curves of
the birational morphism 7. Denote by C and Z the proper transforms of the curves C'
and Z on the surface S, respectively. Following [Sa84], one can define 7*(C) as

i=1
for some positive rational numbers ay, ..., a, such that

<0+ ;aG) .Gy = 0.

Similarly, we have

i=1
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for some positive rational numbers by, ..., b,. We define
=1 i=1

Let G =Gy U---UG,. Then one can define (C' - Z)¢ as

(A.1.1) (C-z)ozo-z—é-é+ 3 (G-Z)P.

PeCNZNG
The main goal of this appendix is to prove the following two simple results.

Proposition A.1.2. Suppose that O is a du Val singular point of the surface S, both
curves C' and Z are smooth at O, and C' intersects Z transversally at the point O. Then
the following assertions hold.

(i) The point O is a singular point of S of type A, or D,.

(ii) If O is a singular point of type A,, and proper transforms of the curves C' and Z on

the surface S intersect k-th and r-th exceptional curves in the chain of exceptional
curves of the minimal resolution of O, then

rin+1—k)

(C . Z)o - k(nT:LJrll— T)

n+1

for r <k,

for r > k.

(i) If O is of type Dy, then <C’ : Z)O =1

Proposition A.1.3. Suppose that O is a du Val singular point of the surface S, and the
curve C' is smooth at the point O. Then the following holds.
(i) The point O is a singular point of the sujface S of type A,,, D, Eg or E;.

(ii) If O is a singular point of type A,, and C intersects k-th exceptional curve in the
chain of exceptional curves of the minimal resolution of O, then

k(n+1—k)

C?=C2+
n+1

(iii) If O is a singular point of type D,,, then C? = C?+1lor C2=C2+ 7.
(iv) If O is a singular point of type Eq, then C? = C? + 3.
(iv) If O is a singular point of type Er, then C? = C? + 3.

The assertion of Propositions [A.1.2] and [A.1.3] follows from Corollaries [A.2.2] and [A.2.3]
and Lemmas [A.3.1] [A.3.2 [A.4.1] [A.4.2] and [A.4.3] which we will prove below.
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A.2. Singular points of type A. In this subsection, we suppose that the surface S has
du Val singularity of type A,, at the point O, where n > 1. Then we may assume that

—2if i = j,
Gi-Gj =< 0if [i —j| > 1,
Lif|i—j|=1.

If the curve C' is smooth at O, then C' is smooth along G, it intersects exactly one curve
among G, ..., Gy, this intersection is transversal and consists of one point. The same
holds for Z in the case when Z is smooth at O. This is well-known (see [Ar66]).

Lemma A.2.1. Suppose that C' is smooth at O, and CNGy # &. Then

' 1—k
in+1-Fk) for i < k,
n+1
& k(n+1—1)
——— = fori> k.
n+1
In particular, one has a; = k(";ijl_k)

Proof. We may assume that n > 2, since the assertion is obvious for n = 1. Replacing k
by n+ 1 —1[, we may assume that k£ < "TH Then

0=C- G, = —2a, +a,_;.
Iszl,then1:5’~G1 = —2a; + ay and
0= 6' . Gz = —2a,- +a;_1+ a;1
n+1l—1

in the case when n >4 > 1. This gives a; = * =5+ in this case.

Thus we may assume that £ > 2, so that n > 3. Then 0 = C. G = —2a; + ay and
1=C- Gr = —2ap +ap_1 + agy.
For every ¢ # k such that i # 1 and 7 # n — 1, we also have
0=C- Gi=—2a,+a;_1+a;,1.
Solving this system of equations, we obtain the required assertion. O

Corollary A.2.2. Suppose that both C' and Z are smooth at O. Suppose that C' inter-
sects the curve Z transversally at O. Suppose also that C NGy # @ and Z NG, # .
Then

r(n+1—k)

<C . Z)o - k(nilel— T)

n+1

for r < k,

for r > k.
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Proof. Since C' intersects Z transversally at O, we have CNZNG =g. But
C. 7= (W*(C’)—ZaiGi) Z=C 7 —a,.
i=1

Thus, the required assertion follows from and Lemma O

Corollary A.2.3. Suppose that C' is smooth at O, and CNGy # &. Then
22 k(n+1—k)‘
n+1
Proof. One has

n
n+1

02 = (ﬂ*(C’) - iaic;i)2 — (% a =02
=1

by Lemma [A.2.1] O

Remark A.2.4. Suppose that n > 3. Then there exists a commutative diagram

such that g is the blow up of the point O, and « is a birational morphism that contracts
the curves G, ...,G,_1 to the singular point of type A,_,. Denote by G, G,,, C, and
Z the proper transforms of the curves Gy, G,, C, and Z on the surface S, respectively.
If C' and Z are smooth at O, and the curve C intersects Z transversally at O, then the
curves C' and Z are smooth, and at most one curve among C and Z passes through the
intersection point G; N G,,.

A.3. Singular points of type ID. Now we suppose that the surface S has du Val singu-
larity of type D, at the point O, where n > 4. We start with the following.

Lemma A.3.1. Suppose that n = 4, both C' and Z are smooth at O, and C' intersects
the curve Z transversally at O. Then (C' - Z)p = 5 and C* = C? + 1.

Proof. We may assume that the intersection form of the curves G, G5, G5, G4 is given by

o |Gy |Gy | Gs| Gy
Gi|—-2] 1|11
Go| 1 |=2] 010
Gs|| 1 |0 |=2]0
Gyl 1] 0] 0 |2
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Then 2G, 4+ G + G5 + Gy is the fundamental cycle of the singular point O, see [Ar66].
This implies that

C- <2G1 + Gy + Gs + G4> = multo (C) = 1.

Thus, we see that cn G1 = &. Hence, we may assume that C- G5 = 1, which implies
that C'- Gy =C -G53 = C - G4 =0, which gives

1+a; —2a; =0,

a2+a3+a4—2a1 :0,

a; — 2a3 = O,

a; — 2a4 = 0.
1
. 2’
that C? = C? + 1. Note also that there exists a commutative diagram

g _ S

Solving this system of equations, we see that a; =1, a, =1, a3 =35, a4 = % This implies

such that g is the blow up of the point O, and « is a birational morphism that contracts
the curves Go, G3, and G4 to three ordinary double points of the surface S. Denote by C
and Z the proper transforms of the curves C and Z on the surface S, respectively. If C
and Z are smooth at O, and the curve C intersects Z transversally at O, then (C-Z)o = %,
because C N Z N a(Gy) = @, the curves C and Z are smooth along «a(G), and each of
them contains a singular point of the surface S contained in a(G). U

Now we suppose that n > 5. In this case, we may assume that the intersection form of

the exceptional curves Gy, ..., G, is given by the following table:
° G |Gy |Gs |Gy |Gy | ... | Gy | Gy
Gy |21 1 |1]0 0 0
Go 1 1-2,01]07]0 0 0
Gs 110 |-2]01]0 0 0
Gy 11010 ]-2]1 0 0
Gs 000 1]-2 0 0
Gp1| OO ]O0O]O0]0]...] =21

Gn O[0]0|01]O0 1 |-2
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Lemma A.3.2. Suppose that C' and Z are smooth at O, and C' intersects Z transversally
at the point O. Then
1
. Z) S
( o 2

If C NG, # @, then C? = C2 + 1. Otherwise, one has C2? = C? + z.

Proof. Recall from [Ar66] that 2G1 4+ Go+G3+2G4+. .. +2G, 1+ G, is the fundamental
cycle of the singular point O. Then

C(2G) + G+ G3 + 2G4 + ... +2G,_; + Gy,) = multo (C) = 1.

This shows that C’;Gl =C-Gy=..=C-Gpo1=0and C-Go+C-Gs+C- -G, =1.
Hence, the curve C intersects exactly one of curves Gy, G5 or GG, and it intersects this
curve transversally at a single point. Similarly, the same holds for the curve Z.

Let 8: S — S be the blow up the point O. Then there exists the following commutative
diagram:

where « is a birational morphism that contracts the curves G, G, Gs, ..., G,_o, and G,,.
Thus, we see that «(G),—1) is the exceptional curve of the blow up 8. Note that a(G,,) is
an isolated ordinary double point of the surface S. Similarly, we see that the surface S
has a du Val singular point of type D,_» at the point a(G;) = ... = a(G,,_2). Here, we
assume that D3 = As. N N

Denote by ? and Z the proper transforms on S of the curves C' and Z, respectively.
Since C' and Z do not intersect the curve G,_;, each of the curves C' and Z must pass
through some singular point of the surface S contained in 3(G,,_;). Furthermore, we have
CNZ = @, since the curve C intersects the curve Z transversally at O. Thus, without
loss of generality, one can assume C'- G, =1 and Z - G = 1. This gives us the following

system of equations:

(2a1—a2—a3—a4:5-G1:O,

232—31:6"G2:O,
233—31:5"G3:0,
2a4—a1—a5:6'-G4:O,

2a; —ay —ag=C - G5 =0,

2a, 1 —a, 3 —a, = 6 ’ Gn—l =0,

2an—an_1:5-Gn:1.

\
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Solving it, we obtain a; = 1, a, = az = %, as =...=a, = 1. In particular, we have
-~ ~ n ~ 1
C-Z=(r(0)-YaG) Z=C-Z-a=C-Z-.

™(C) ;a ay 5
Hence, we see that (C'- Z)o = 1. Likewise, we get C? = C?+1.
Similarly, we have the following system of equations:
(2b1—b2—b3—b4:Z'G1:0,
2b2—b1:Z'G2:1,
%bs —by = Z - G3 =0,
2b4—b1—b5:Zv'G4:O,
2bs — by —bg = Z - G5 = 0,
2b,_1 —b,_2—b, = 2 : Gn—l = 07
| 2b, —b,.1=Z -G, =0.
Solving it, we see that
n—2 n n—2 n—3 n—4 1
b, = by = —, by = by = bs = cooy, b, ==,
1 4 ) 2 47 3 4 ) 4 2 ) 5 2 ) 9 2
As above, this gives Z% = 7%+ 7. This completes the proof of the lemma. U

A.4. Singular points of type E. Now we consider the case when S has du Val singu-
larity of type Eg, E; or Eg at the point O. We start with the following fact.

Lemma A.4.1. Suppose that S has du Val singularity of type Eg at the point O, and
both curves C' and Z are smooth at O. Then C' is tangent to Z at the point O, and

~, 4
C*=C"+ -,
3
Proof. We have n = 6. We may assume that the intersection form of the curves G, G,

Gs, G4, G5, and G is given by the following table:

e |G| Gy | G |Gy | Gs | Gg
Gi|-2l1]1]1]0]0
Gyl 1]=2] 001|010
Gsl| 1]0|=2/0|1]0
Gell 1] 00 |=2l0]1
Gslolo|1]0/|=2]0
Gsll 0|00 | 1]0]=2
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Thus, the curve GGy is the fork curve.
Let 5: S — S be the blow up of the point O. Then there exists a commutative diagram:

where « is a contraction of the curves G1, G3, G4, G5, and Gg We see that a(G3) is the
exceptional curve of the blow up . This curve contains one singular point of the surface
S. Denote it by P. Then P is the image of the curves Gy, Gs, G4, G5, and Gg. Note that
S has a du Val | singular point of type Ajs at the point P.

Let C and Z be the proper transforms on S of the curves C' and Z, respectively.
Then both C' and Z are smooth along a(G3). We claim that C N Z = P. Indeed, the
fundarriental cycle of the singular point O is G5+ Gg + 2G5 + 2G3 + 2G4 + 3G4. Thus, the
curve C' does not intersect the curves Gy, Gs, G5, and G4. Similarly, we see that the curve
Z does not intersect the curves G1, Gy, Gs, and G4. Hence, without loss of generality, we
may assume that cn G5 # . Then CNGg=oand C -Gy = 1. Similarly, we see that
either Z N Gs # & or Z NGy # @. In both cases, we have C N Z = P, so that the curve
C' is tangent to Z at the point O. N N N

Since C-Gs=1land C-G;=C -Gy =C-G3=C -Gy =C-Gg, we get the following
system of equations:

(2a1—a2—a3—a4:6'-G1:O,

ag—alza-ngO,
2a3—a1—a5:6’~G3:0,
2a4—a1—a6:6’~G4:0,
2a5—a3:6'-G5:1,
2a6—a4:6'-G6:0

\

Solving it, we see that a; =2, a; =1, ag = g, ay = % as = % and ag = 2. Thus
~ 4 2 ~ 4
c? = (7r*(c7)—2G1 G2——G3——G4—§G —geﬁ) -C:C2—§,
which gives C2 = C? + O

Lemma A.4.2. Suppose that S has du Val singularity of type E; at the point O, and
both curves C' and Z are smooth at O. Then C'is tangent to Z at the point O, and

~. 3
2 /A2 2
c=C +2.

Proof. We may assume that the intersection form of the curves G, G, G3, G4, G5, Gg,
and G is given by the following table:



KATZARKOV-KONTSEVICH-PANTEV CONJECTURE FOR FANO THREEFOLDS 177

o |G |Gy |Gy |Gy |Gy | Gg | Gy
Gi|-2] 111,000
G| 1 |=2{ 0] 00|00
Gs| 1|0 |-=2[0]1|01]0
Gyl 2] OO0 |[=2]{0| 110
Gs| O] O] 1 [0]|=2101]0
Ge| O] OO 1]0]=2]1
Gz 0O]JO]O]O0O|0]1/|-2

Thus, the curve G is the fork curve.

The fundamentgl cycle of the sijlgular point Ois 2~G5+2G6j—2G2+3g3+3G4t4G1+G7.
This shows that C -Gy =1and C -G =C -G =C-G3=C -Gy, =C-G5=C-G¢ = 0.
This gives us the following system of equations:

'2a1—a2—a3—a4:6'-G1:O,
ag—alzé-ngO,
2&3—31—35:5'G3:0,
2&4—31—36:5'G4:0,
2a5—a3:6'-G5:0,
2a6—a4—a7:6'-G6:0,

\237—36:6"G7:1.

3 ag=2a;=2 a;=1, a5 =2and a; = 3. This gives C? :5’2+%.
Arguing as in the proof of Lemma we see that C' tangents Z at the point O. [

Then a; = 3, Ag = 3

Finally, we conclude this appendix by proving the following.
Lemma A.4.3. If S has du Val singularity of type Eg at O, then C' is singular at O.

Proof. This follows from the fact that coefficients at all exceptional curves of the minimal
resolution of O in the fundamental cycle are greater than 1. U

REFERENCES

[ACGK12] M. Akhtar, T. Coates, S. Galkin, A. Kasprzyk, Minkowski Polynomials and mutations,
SIGMA 8 (2012), 094, 707 pages.

[Ar66] M. Artin, On isolated rational singularities of surfaces, Amer. J. Math. 88, (1966), 129-136.

[AKOO06] D. Auroux, L. Katzarkov, D. Orlov, Mirror symmetry for Del Pezzo surfaces: vanishing
cycles and coherent sheaves, Inv. Math. 166 (2006), 537-582.

[CCGT] T. Coates, A. Corti, S. Galkin, V. Golyshev, A. Kasprzyk, Fano varieties and extremal Lau-
rent polynomials. A collaborative research blog, http://coates.ma.ic.ac.uk/fanosearch/.


http://coates.ma.ic.ac.uk/fanosearch/

178
[CCGK16]

[Hal7]
[ILP13]

[IP99]
[KKP17]

[Ko97]
[LP16]

[MMO04]
[PS89)]

[Prz07]
[Prz13]
[Prz17]

[Prz18]
[Sa84]

IVAN CHELTSOV AND VICTOR PRZYJALKOWSKI

T. Coates, A. Corti, S. Galkin, A. Kasprzyk, Quantum periods for 3-dimensional Fano
manifolds, Geom. Topol. 20 (2016), 103-256.

A. Harder, Hodge numbers of Landau—Ginzburg models, preprint, larXiv:1708.01174 (2017).
N. Ilten, J. Lewis, V. Przyjalkowski, Toric degenerations of Fano threefolds giving weak
Landau—Ginzburg models, J. Algebra 374 (2013), 104-121.

V. Iskovskikh, Yu. Prokhorov, Fano varieties, Springer, Berlin, 1999.

L. Katzarkov, M. Kontsevich, T. Pantev, Bogomolov—Tian—Todorov theorems for Landau-—
Ginzburg models, J. Differential Geom. 105 (2017), 55-117.

J. Kollar, Singularities of pairs, Proceedings of Symposia in Pure Math. 62 (1997), 221-287.
V. Lunts, V. Przyjalkowski, Landau—Ginzburg Hodge numbers for mirrors of del Pezzo sur-
faces, Adv. Math., 329 (2018), 189-216.

S.Mori, S.Mukai, Eztremal rays and Fano 3-folds, The Fano Conference, 37-50, Univ.
Torino, Turin, 2004.

C. Peters, J. Stienstra, A pencil of K3-surfaces related to Apery’s recurrence for ((3) and
Fermi surfaces for potential zero, Lecture Notes in Math. 1399 (1989), 110-127.

P. Przyjalkowski, On Landau—Ginzburg models for Fano varieties, Commun. Number Theory
Phys. 1 (2007), 713-728.

V. Przyjalkowski, Weak Landau—Ginzburg models of smooth Fano threefolds, Izv. Math. 77
(2013), 772-794.

V. Przyjalkowski, Calabi—Yau compactifications of toric Landau—Ginzburg models for smooth
Fano threefolds, Sb. Math. 208 (2017), 992-1013.

V. Przyjalkowski, Toric Landau—Ginzburg models, Russ. Math. Surv. 444 (2018).

F. Sakai, Weil divisors on normal surfaces, Duke Math. J. 51 (1984), 877-887.

Ivan Cheltsov
School of Mathematics, The University of Edinburgh, Edinburgh, UK.
Laboratory of Algebraic Geometry, NRU HSE, 6 Usacheva street, Moscow, Russia, 119048.
I.Cheltsov@ed.ac.uk

Victor Przyjalkowski
Steklov Mathematical Institute of Russian Academy of Sciences, 8 Gubkina street, Moscow, Russia.
Laboratory of Mirror Symmetry, NRU HSE, 6 Usacheva street, Moscow, Russia, 119048.
victorprz@mi.ras.ru


http://arxiv.org/abs/1708.01174

	Introduction
	1. The proof
	1.1. Mirror partners.
	1.2. Rank of Picard group.
	1.3. Minkowski polynomials.
	1.4. Pencil of quartic surfaces.
	1.5. Fibers of the Landau–Ginzburg model.
	1.6. Handy notation
	1.7. Apéry–Fermi pencil
	1.8. Base points and base curves.
	1.9. Blowing up fixed singular points.
	1.10. Counting multiplicities.
	1.11. Extra notation
	1.12. Good double points.
	1.13. Curves on singular quartic surfaces.
	1.14. Scheme of the proof.

	2. Fano threefolds of Picard rank 2
	2.1. Family 2.1
	2.2. Family 2.2
	2.3. Family 2.3
	2.4. Family 2.4
	2.5. Family 2.5
	2.6. Family 2.6
	2.7. Family 2.7
	2.8. Family 2.8
	2.9. Family 2.9
	2.10. Family 2.10
	2.11. Family 2.11
	2.12. Family 2.12
	2.13. Family 2.13
	2.14. Family 2.14
	2.15. Family 2.15
	2.16. Family 2.16
	2.17. Family 2.17
	2.18. Family 2.18
	2.19. Family 2.19
	2.20. Family 2.20
	2.21. Family 2.21
	2.22. Family 2.22
	2.23. Family 2.23
	2.24. Family 2.24
	2.25. Family 2.25
	2.26. Family 2.26
	2.27. Family 2.27
	2.28. Family 2.28
	2.29. Family 2.29
	2.30. Family 2.30
	2.31. Family 2.31
	2.32. Family 2.32
	2.33. Family 2.33
	2.34. Family 2.34
	2.35. Family 2.35
	2.36. Family 2.36

	3. Fano threefolds of Picard rank 3
	3.1. Family 3.1
	3.2. Family 3.2
	3.3. Family 3.3
	3.4. Family 3.4
	3.5. Family 3.5
	3.6. Family 3.6
	3.7. Family 3.7
	3.8. Family 3.8
	3.9. Family 3.9
	3.10. Family 3.10
	3.11. Family 3.11
	3.12. Family 3.12
	3.13. Family 3.13
	3.14. Family 3.14
	3.15. Family 3.15
	3.16. Family 3.16
	3.17. Family 3.17
	3.18. Family 3.18
	3.19. Family 3.19
	3.20. Family 3.20
	3.21. Family 3.21
	3.22. Family 3.22
	3.23. Family 3.23
	3.24. Family 3.24
	3.25. Family 3.25
	3.26. Family 3.26
	3.27. Family 3.27
	3.28. Family 3.28
	3.29. Family 3.29
	3.30. Family 3.30
	3.31. Family 3.31

	4. Fano threefolds of Picard rank 4
	4.1. Family 4.1
	4.2. Family 4.2
	4.3. Family 4.3
	4.4. Family 4.4
	4.5. Family 4.5
	4.6. Family 4.6
	4.7. Family 4.7
	4.8. Family 4.8
	4.9. Family 4.9
	4.10. Family 4.10
	4.11. Family 4.11
	4.12. Family 4.12
	4.13. Family 4.13

	5. Fano threefolds of Picard rank 5
	5.1. Family 5.1
	5.2. Family 5.2
	5.3. Family 5.3

	6. Fano threefolds of Picard rank 6
	6.1. Family 6.1

	7. Fano threefolds of Picard rank 7
	7.1. Family 7.1

	8. Fano threefolds of Picard rank 8
	8.1. Family 8.1

	9. Fano threefolds of Picard rank 9
	9.1. Family 9.1

	10. Fano threefolds of Picard rank 10
	10.1. Family 10.1

	Appendix A. Curves on singular surfaces
	A.1. Intersection multiplicity
	A.2. Singular points of type A
	A.3. Singular points of type D
	A.4. Singular points of type E

	References

