Notes on Spinors
Pierre Deligne

Introduction

In these notes, we collect the properties of spinors in various dimensions and,
over R, for spaces of various signatures. Such information is needed to discuss the
possible supersymmetries in various dimensions (super Poincaré groups), and the
possible Lorentz invariant kinetic and mass terms for fermions in lagrangians.

The exposition owes a lot to Bourbaki’s treatment in Alg. Ch. 9, and through
Bourbaki to C. Chevalley’s “The algebraic theory of spinors”. The super Brauer
group of §3 was first considered by C. T. C. Wall (1963), under the name “graded
Brauer group” and with a different, but equivalent, definition. I have learned of the
analogy between spinorial and oscillator representations (2.3, 2.5) from a lecture R.
Howe gave in 1978. The uniform treatment in 6.1 of the Minkowski signature cases
was inspired by a conversation with Witten.
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§5. Passage to Quadratic Subspaces
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CHAPTER 1

Overview

1.1. A guadratic vector space is a vector space given with a nondegenerate quadratic
form Q. Let V be a complex quadratic vector space. If dim(V') >3, the complex
spin group Spin(V) is the universal covering of the special orthogonal group SO(V').
For V of any dimension >1, it is a double covering of SO(V'). For dim(V) =1 or
2, it is described in the table below.

For n > 3, the Dynkin diagram of the group Spin(n} is:

n=2r n=2r+1

where r is the rank. The spin or semi-spin representations are the fundamental
representations corresponding to the vertex, or vertices, at the right of the dia-
gram. They are either self-dual, or permuted by duality. If one restricts the spin
representation of Spin(2r + 1) to Spin(2r), one obtains the sum of the two semi-spin
representations of Spin(2r). Each of the two semi-spin representations of Spin(2r)
restricts as the spin representation of Spin(2r — 1). For a proof, see 5.1.

The Dynkin diagram makes clear the low rank exceptional isomorphisms. We
list in the next table n = 1,2,3,4,5 or 6, the Dynkin diagram, a group G to
which Spin{(n) is isomorphic, the description of spin or semi-spin representations as
representations of G, and the description of the defining representation of SO(n) =
Spin(n)/(Z/(2)) as a representation of G.

n  diagram G (semi-)spin defining orthogonal
1 none Z/2 nontrivial character  trivial character
2 none Gm characters z, z~1 22@z?
3 . SL(2) defining V adjoint = Sym?(V)
4 : SL(2) x SL(2) defining V}, V2 Vi@ Vs
5 o = <e Sp(4) defining V A2V [fixed line
6 < = e=e  SL(4)  defining V, and V* A2V

Table 1.1.1
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The symmetric bilinear form on the defining orthogonal representation is given
by

n =3: Killing form Tr(adz ad y), or
(v?,w?) = (v, w)?, for ¥ the symplectic (= volume) form of V.

n=4: {v; ® vy, w1 ® wa} = (v, w; ) Palve, wa).
n="5 (vavy, wiaws) = P{vy, wy)P(va, wa) — Y(vr, wa)P(ve, wi).
n==6: (v1Ave, WiAws) = Wausawiawe € AV =C,

For n = 8, the Dynkin diagram makes clear that the vector and the two semi-
spinor representations play symmetric roles (triality). The octonionic model for
them, given in 6.5, makes this symmetry explicit.

1.2. Let V be a real quadratic vector space, with complexification Vg. The real
form V of V¢ defines real forms SO(V) and Spin(V) of the complex algebraic
groups SO{V¢) and Spin(V¢). For dim V > 3, the group of real points of Spin(V) is
connected, and is the unique nontrivial double covering of the connected component
of the group of real points of SO(V).

The spinorial representations of Spin{V') are the real representations which,
after extensions of scalars to C, become sums of spin or semi-spin representations.
The dual of a spinorial representation is again spinorial.

We will be interested in the following kind of morphisms of representations.

(1.2.1) symmetric morphisms S ® § — V, for § spinorial. Such morphisms enter
into the construction of super Minkowski spaces and super Poincaré groups.

(1.2.2) V® S5 — 8o, for S; and S spinorial. Such morphisms enter into the
construction of Dirac operators B between spin bundles.

(1.23) S® S ® V — trivial. Such morphisms enter into kinetic terms ¥ H in
Lagrangians.

{1.24) S® S — trivial. Such morphisms enter into mass terms ¥ M1y in La-
grangians.

1.3. The nature of the spinorial representations and of the morphisms (1.2.1),
(1.2.2), (1.2.3), (1.2.4) is controlled by the signature and the dimension modulo 8.
We explain those two modulo 8 periodicities in 1.4 and 1.5 and, with more details,
in §3 and §4.

1.4. The signature modulo 8 determines how many nonisomorphic irreducible
spinorial representations there are, and whether they are real, complex or quater-
nionic. As (V, Q) and (V, -Q) define the same spin group, only the signature taken
up to sign matters.

Let p and g be the number of + and — signs of @, in an orthogonal basis. The
signature p — ¢ and the dimension p+ ¢ have the same parity. If they are odd, there
is over the complex numbers a unique irreducible spinorial representation. If they
are even, there are two. It follows that over the reals there is in the odd case a
unique irreducible spinorial representation. It is either real or quaternionic. In the
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even case, either there are two, real or quaternionic, or there is only one, and it is
complex. Here is a table showing for which signatures each case occurs:

signature p — ¢ mod 8 real, complex or quaternionic
0 R, R
lor7 R
20r6 C
3ors H
4 H, H
Table 1.4.1

1.5. Over the complex numbers, the dimension modulo 8 controls the existence
and symmetry properties of the morphisms (1.2.1), (1.2.2), (1.2.3) and (1.2.4).

For n odd, the spin representation .S of Spin(n) is orthogonal or symplectic.
There is a morphism of representations from S ® S to the defining representation
V; it is unique, hence it is symmetric or antisymmetric. Here and below, “unique”
is understood projectively: uniqueness up to a scalar factor of a nonzero morphism.

For n even, the semi-spin representations S* and S~ are orthogonal, symplec-
tic, or duals of each other. There are unique morphisms of representations V@St —
STand V®S — 5, and nomorphism V@St —=Stor Vs —85-. If §t
and S~ are duals of each other, the morphism V®S* — S~ (resp. V®5~ — §7)
corresponds to a morphism St ® §* — V (resp. $~ ® §— — V), which is either
symmetric or antisymmetric. If St and S~ are self-dual, they correspond to a
morphism St ® S~ — V.,

Here is a table showing in which dimension each case occurs:

nmod 8 forms on spinors symmetry of spinors, spinors — V
0 5% and S~ orthogonal S*®S~ —V
1 orthogonal symmetric
2 S* dual to S~ symmetric (on S*, and on S™)
3 symplectic symmetric
4 St and §~ sympletic ST®S =V
5 symplectic antisymmetric
6 St dual to §~ antisymmetric (on ST, and on §)
7 orthogonal antisymmetric
Table 1.5.1

1.6. To go from 1.5 to information over R, one proceeds as follows.

{A) When the irreducible complex spinorial representations are real, i.e. admit a
real form, the real story is the same as the complex story.

(B) Suppose now that they are quaternionic. After extension of scalars to C, the
quaternions become a 2 x 2 matrix algebra: H¢ = End(W), the real form H of
End(W) being induced by an antilinear automorphism o of W, with ¢? = -1,
and the conjugation * of H being the transposition relative to any symplectic form
YPw on W. The form ¢¥w can and will be chosen to be real, in the sense that
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Ywl(oz,o0y) = Ywi(z,y). The ¥w(x,ox) are then real, and Yw can and will be
normalized so that Y (z,ox) > 0 for = # 0.

If S is an irreducible real representation, with field of endomorphisms H, the
complexification Sg of § is acted upon by End(W) and hence can be written as

Sc=5Ww,

for So = Homgpqw)(W, Sc). The complex conjugation g of Sc can be written
05 = 09 ® 0, with 0: Sy — Sy C-antilinear and o3 = —1.

The complex representation Sy is irreducible, and 1.5 applies to it. If Sy is
orthogonal, ¥(X,Y) — ¢°(X,Y) := ¢(ox,0y) is a C-antilinear involution on the
one-dimensional space of symmetric bilinear forms on Sp. If ¢ is real, i.e. if ¢ = ¢,
¢ ® Py on Sg is the complexification of a symplectic form on §, relative to which
the conjugation » of H is transposition.

Similarly, if Sy is orthogonal, S is symplectic. If two irreducible spinorial rep-
resentations S* and $~ are quaternionic, if S§ and S, are in duality, so are ST
and S~. The same applies to pairings with values in V.

(C) If the irreducible spinorial representation S is complex, i.e. if its commutant is
C, by complexification it becomes the sum of the two semi-spinorial representations.
If they are duals of each other (resp. orthogonal, resp. symplectic), S admits an
invariant Hermitian (resp. complex orthogonal, complex symplectic) form.

1.7. In Minkowski signature, (+,—,—,...), and with a positive light cone chosen
on V, if § is an irreducible spinorial representation, there is up to a real factor
a unique symmetric bilinear maps B: S ® .5 — V. It can be normalized so that
Q(s) = % B(s, s) takes values in the closed positive cone. Such a @ is now unique
up to a positive real factor.

If S is complex, B is the real part of a Hermitian bilinear form with values
in Vg if J is the complex structure, @ is invariant under the circle group of the
exp(6J) (@ € R). After extension of scalars to €, S becomes the sum of the two
semi-spinorial representations, and B corresponds to a pairing ST ® S~ — V.

If S is quaternionic, the quaternions with absolute value one preserve Q. After
extension of scalars to C, S becomes the sum So ® W of two copies of an irreducible
spinorial representation Sy, and B becomes the tensor product of an antisymmetric
pairing Sy ® Sy — Vg with a scalar alternating form W ® W — C. The quaternions
become End(W).

The next table gives the nature of irreducible spinorial representations, as a
function of n mod 8, for Spin(1,n—1). If Spin(1,n—1) has two irreducible spinorial
representations, they have isomorphic restrictions to Spin(1,n—2). The last column
of the table describes the restriction of an irreducible representation of Spin(1,n—1)
to Spin(1,n — 2). It is either an irreducible spinorial representation, or twice it, or
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the sum of two distinct spinorial representations. Notation: S, 25, St + 5.

n mod 8 nature restriction to SO(1,n — 2)

1 R S

2 R, R S
(St and S, in duality)

3 R St+8-

4 C 25

5 H 28

6 H, H S
(8% and S, in duality)

7 H St+85

8 C h

The cases n = 3, 4, 6 and 10 are particularly interesting. The spin groups acting
on an irreducibie spinorial representation S are respectively SL(2,R), SL{2,C),
SL(2,H) and deserving to be called SL(2,0). In those dimensions, the spin group
acts transitively on non-zero spinors and by the symmetric pairing S® S —» V,
s ® s is mapped to an isotropic vector.




CHAPTER 2
Clifford Modules

2.1. Let k, V and @ be a commutative ring, a k-module and a quadratic form on
V. The Clifford algebra C(V, @) is the associative k-algebra with unit generated by
the k-module V with the relations

(2.1.1) ¥ =Q(z) 1

for z € V. This is Bourbaki’s deﬁmtlon (Alg. Ch. 9 §9, n® 1). Some authors prefer
to use as defining relations z° = —Q(z) - 1. We will often write C(V), or C(Q),
instead of C(V, Q).

It results immediately from this definition that
(A) C(Q) is mod 2 graded, the image of V being odd. In other words: C(Q) is
a super algebra. Indeed, the defining relations are in the even part of the tensor
algebra on V. We will write p(z) for the parity of a homogeneous element x of
c(@).
(B) The algebra C(Q) admits a unique anti-involution 8 which is the identity on
the image of V. Indeed, the opposite algebra C(Q)° is a solution of the same
universal problem as C(Q) is. “Opposite” is taken in the ungraded sense, not in
the super sense. Bourbaki’s terminology: [ is the principal antiautomorphism of
C(Q). By definition, B(zy) = B(y)B(z).

If we apply (2.1.1) to z + y, = and y and take the difference, we obtain the
polarized form of (2.1.1):

(2.1.2) zy +yx = O(z,y) - 1

for @ the bilinear form Q(z + ¥) — Q(z) — Q(y) associated to Q.

When 2 is invertible in k, (2.1.1) is equivalent to (2.1.2): take z = y in (2.1.2).
In general, if X C V generates V, (2.1.1) is implied by (2.1.1) for z € X, and
(2.1.2) for z # y in X. This makes it clear that
(C) The formation of C(Q) is compatible with extensions of scalars.
(D) If (V,Q) is the orthogonal direct sum of (V', Q") and (V",Q"), the Clifford
algebra C(Q) is the tensor product, in the sense of super algebras (Supersymmetry
1.1 (1.1.5)), of C(Q’) and C(Q"). If 3’ and 8" are the principal antiautomorphisms
of C(Q’) and C(Q"), the principal antiautomorphism 3 of C(Q) is given by

Blz®y) = (-1)PCrW3(z) ® B(y) .
107
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Indeed, C(Q) is generated by the k-modules V' and V", with the relations
(2.1.1) for z € V' or z € V" and the relations (2.1.2) for z € V' and y € V".
For z € V' and y € V", (2.1.2) means that z and y supercommute, and the first
assertion of (D) follows. For the second, one observes that for z in C(V’) and y in
C(V"), one has

Bz®y)=F(z®1)(10y)) =flOY)Az®1)
= (18 B)(B(z)®1) = (-1)P=PWg(z) @ Bly) .

(E) The identity of V' extends to an isomorphism from the opposite of the super
algebra C(Q) to the super algebra C(—Q).

Indeed, each defining relation -z = @(x) - 1 is replaced by its opposite z -z =
-Q(z) - 1.

We now take k = C. From now on, we assume V non reduced to 0.

Proposition 2.2 (Bourbaki Alg. Ch. 9 §9, no.4). Let Vbe a complexr guadratic
vector space.

(i) If V is of dimension 2n > 0 the super algebra C(V') is isomorphic to End (S),
with S of dimension 21271,

(i) Let D be the super algebra Cle] with € odd and €? = 1. If V is of dimension
2n+ 1, C(V) is isomorphic to End p(D") ~ D @ My(C) for N = 2",

Proof of (i). The quadratic space V is isomorphic to L& LY with dim L = n and
Q(l+ a) = {¢,a). Take S = A*LV. One defines

(2.2.1) C(L® L) — End (S)

by mapping a in LY to the odd endomorphism aa, and £ in L to ¢, the odd
derivation of the exterior algebra A*L (viewed as a commutative super algebra) for
which ¢(a) = (¢, ). A decomposition of L as a direct sum of lines L, induces a dual
decomposition of LY as the sum of the dual lines LY;, and a decomposition of V as
the orthogonal direct sum of the hyperbolic planes V; := L;ebL";. The super algebra
C(V) is the tensor product of the super algebra C(V;), the graded vector space
S = A*LV is the tensor product of the graded vector spaces S; := A*LY;, and (2.2.1)
is the tensor product of the similarly defined morphisms C(V;) — End(S5;). To
prove that (2.2.1) is an isomorphism, it hence suffices to check it when dim(L) = 1,
a case left to the reader.

Proof of (ii). For dim(V) = 1, C(V) is isomorphic to D. For dim(V) >3, we
write V' as the orthogonal direct sum of a line V; and of V3, of dimension 2n. For
S of dimension 2"~1|2"~!, C(V) is isomorphic to End (§) ® D ~ End p(S ® D) ~
End p(D"), the D-module IID being isomorphic to the D-module D.

2.3. The construction used in the proof of 2.2. (i) is an odd analogue of that of the
Schrddinger representation of Heisenberg groups, or Lie algebras. The analogy goes
as follows. Let V' be symplectic, rather than orthogonal, over a field k. Provide
k®V with the Lie algebra structure for which k is central and for which the bracket
of elements of V' is given by [v1,v2] = ¥(v;,v2). It is the Heisenberg Lie algebra
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H associated to V. Write V as a direct sum L & LY, with ¥(¢' +o/,¢" + o) =
a"(€') — a'(€"). The Lie algebra H acts on the vector space Sym* (L"), the algebra
of polynomial functions on L, with 1 € k acting as the identity, o in LY acting by
multiplication by «, and £ in L acting by 8. This turns Sym*(L") into a module
over the universal envelopping algebra U(H) of H. Let 1 be the unit element
of U(H), and 1s¢ be the central element 1 € k& of H. Both act as the identity
on Sym*(LV), which is hence a module over the quotient U;(H) of U(H) by the
relation 1 = 14¢. If we repeat this in the super case, for a purely odd super vector
space V, the symplectic structure is, in concrete terms, a symmetric bilinear form
on the underlying vector space. The sum k@ V is a super Lie algebra H, and U, ()
is the Clifford algebra C(V).

In the even case, U, (H) maps isomorphically to the algebra of all polynomial
differential operators acting on Sym*(L"Y). In the odd case, the analogue is all
endomorphisms of A*LY. Physicists use the same terminology in both cases: 1 in
Sym*(LY) (resp. A*LY) is the vacuum, LV acts by creation operators, and L by
annihilation operators.

The Poincaré-Birkhoff-Witt theorem implies, in the even case, that
Sym* (V) = Gr Uy (K), where U, (XK) is filtered by the images of the @& V&, In

i<n

the odd case, it implies that A*V = Gr C(V).

2.4. We return to the case of a complex quadratic vector space V. By 2.2 (i), if
the dimension of V is even, the Clifford algebra C(V') is isomorphic to a matrix
algebra, hence has up to isomorphism a unique simple module S. The group of
automorphisms of 5 is the multiplicative group C*. The module S admits a mod 2
grading § = ST @ §~ compatible with the grading of C(V), unique up to parity
change. From the super point of view, C(V) is a super matrix algebra, hence
has exactly two isomorphism classes of simple super modules, exchanged by parity
change. The even part C*(V) of C(V) is End(S*) x End(S™). As S*,5~ # {0},
the center Z of C*(V) is C x C, and the two isomorphism classes of simple super
modules are distinguished by the character through which Z acts on S+.

It follows that any automorphism g of C(V') can be extended to an automor-
phism of (C(V), module S). The extension is unique up to an automorphism
A € C* of §. If g respects the grading of C(V'), the extension respects or permutes
the homogeneous components S* of S, depending on the action of g on the center
of Ct(V).

In particular, O(V') acts projectively on S. The parity respecting subgroup is
SO(V).

The projective action of the group SO(V) on S induces a projective action
of its Lie algebra so(V). In algebraic language, this can be expressed as fol-
lows. The construction of the projective action can be repeated after extension
of scalars from C to the ring of dual numbers B := C[e]/(¢?), and interpreting
s0(V) as Ker(SO(V')(B) — SO(V)(C)), one obtains a projective action p: s6(V) —
End(5)/C of so(V') on S. Equivalent description: as C'(V) is a matrix algebra, any
derivation of C(V) is inner. In particular, the derivation defined by z in so(V') can
be written as a — [f(z),a]. As this derivation is even, f(z) is in C*(V). It is well
defined up an additive constant, and p(z) is multiplication by f(z). As C(Q) is, as
an ordinary Lie algebra, the Lie algebra product of C and of [C(V),C(V)], f can
be normalized to be a Lie algebra morphism from so(V) to [C(V),C(V)] (usual
bracket). Here is a direct construction of f, so normalized.
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Identifying so(V) with A%(V) by
(2.4.1) z Ay — endomorphism (v — ®(y,v)z — &(z,v)y) of V',

one defines f to be
1
(2.4.2) frxAy— 5(;1[:y—_z,fm) :

We have to check that for v in V, [f(zAy),v] is given by (2.4.1). As zy+yx is
a scalar, one has indeed, for { , } the super bracket in C(V')

[f(zay),v] = [zy,v] = {zy,v} = z{y, v} - {z,v}y
= ®(y,v)z — D(z,v)y .

If the dimension of V is odd, C* (V) is a matrix algebra and the same argument
shows that so(V') acts projectively on a simple C*(V)-module S* (unique up to
isomorphism). This action lifts uniquely to a Lie algebra morphism from so(V') to
[CH(V),CH(V)] = CH(V)n|[C(V),C(V)]. This lifting is again given by (2.4.1),
(2.4.2).

Variant: if the dimension of V is odd, the super algebra C(V) has up to isomor-
phism a unique simple super module S. The group of (even) automorphisms is
C*. The group O(V) acts projectively on § (respecting the mod 2 grading), and
so does the Lie algebra so(V). The action is by multiplication by f(D), with f as
in (2.4.2).

2.5. In the spirit of 2.3, the construction used in 2.4 is analogous to the one by
which, using the uniqueness of an irreducible representation of the Heisenberg com-
mutation relations, one gets on the representation space a projective action of a real
symplectic group — or an actual representation of its double covering, the meta-
plectic group. This is, however, an analytic story, involving infinite dimensional
Hilbert spaces, as evidenced by the fact that the metaplectic double covering of the
real symplectic group is not algebraic. The Lie algebra story, however, has a purely
algebraic analogue. With the notations of 2.3, the symmetrized product gives a
vector space isomorphism

(2.5.1) Sym*(V) =5 U (k& V)

The image of Sym?(V) by this map is a Lie algebra normalizing V, and it is iden-
tified by its action on V with the Lie algebra of the symplectic group.

Assume V is the dual of E, so that Sym*(V) is the polynomial functions on E.
1f we replace 9 by 4, and transport the product on the corresponding U; (k@ V') to
Sym* (V) by (2.5.1), we obtain on Sym*(V) a product *; depending on t. It comes
from a k[t]-algebra structure on Sym* (V) ® k[t].

One has

frg=fo+3{f g9}t+0(),
for { , } the Poisson bracket on the symplectic manifold E. A weakened version
of the fact that Sym* (V) C Uy (k@ V) acts on V as Lie Sp(V) is the fact that the
Hamiltonian vector fields on E given by quadratic functions are the infinitesimal
sympiectic transformations.
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2.6. We return to the case of a complex quadratic vector space V. The Lie algebra
morphism (2.4.1), (2.4.2) from so(V) to C*(V) induces an algebra morphism

(2.6.1) Uso(V) — CH(V) .

For =z, y in V, %(my — yz) is in the image of so(V); it differs from zy by the
constant 3(zy + yx) = 3¢(z,y), and it follows that (2.6.1) is onto. The spinorial
representations S of se(V) are those for which Uso(V) — End(S) factors through
C*(V). By (2.6.1), they are identified with C*(V)}-modules. By 2.2, if S is a
simple super C(V)-moedule, the simple spinorial representations are isomorphic to

for n even: St or §—;
for n odd: S* (isomorphic to 5~).

For real quadratic vector spaces, spinoriel representations are those which be-
come spinorial after extension of scalars to C. They are identified by (2.6.1) to
Ct(V)-modules.

The spinorial representations of the spin group Spin(V) are those representa-
tions obtained by integrating the spinorial representations of the Lie algebra so{V').

Remark. If S is a super module over C(V), the induced C*(V)-module structure
turns S* and S~ into spinorial representations of so(V'). The maps V ® §* — §F
induced by the module structure are morphisms of representations. Indeed, for
a € so(V) Cc C*H(V), a(vs) = [a,v]s + v(as).

If V is odd-dimensional, let Z be the commutant of C*(V') in C(V) and let Z~

be its odd part. It is one-dimensional. The multiplication by a generator z of Z~
is an isomorphism of representations §* — SF.

2.7. In the same way that, in 2.4, the Lie algebra so(V') is identified with a sub-
Lie algebra of C*(V), the spin group Spin(V') can be realized as a subgroup of the
multiplicative group of C* (V). Let G be the group of invertible elements in C* (V)
or C~ (V) which normalize V. We let it act on V by

plg): v (—1)p(g}gvg_1.

This action respects the quadratic form Q(v) = v? on V. If g fixes V, g is in the
center (in the super sense) of C(V), hence is a scalar (3.4 and 3.3.1): we have an
exact sequence

(2.7.1) 1 —C* — G — O(V).

Elements w of V with Q(w) # 0 are in G~ := GNC~(Q), and p(w) is the
reflection relative to the hyperplane orthogonal to w. As each element of O(V) is
a product of reflections, the sequence (2.7.1) is exact on the right. As a product of
k reflections has determinant (—1), it follows from (2.7.1) that G* := GNC*(Q)
maps onto SO(V), while G~ maps onto O(V) — SO(V). We have

(2.7.2) 1—C" —G" —80(V) —1.
If g € G, applying the principal antiautomorphism [ to the defining relation

gu = (~1)?)ug,
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we see that B3(g) € G with p(8(g)) = p(g)~!. It follows that gf(g) is in C*, and g —
9B(g) is a homomorphism from G to C*: ghB(gh} = g(hB(h))B(g) = 9B(g)hB(h).
The Spin group is the kernel of

(2.7.3) gB(g): Gt — C*.

On C* C G*, gf(g) is the squaring map. It follows that the group Spin{V} is a
double covering of SO(V): we have a commutative diagram

1 - pu — Spin —- 80 - 1

l L]

1 - C - Gt = 8O — 1

W J'gB(g)
C*

(2.7.4)

For real quadratic vector spaces, or over any field k, the groups of k-points of
the algebraic group G* and Spin(V) maintain the same description, but in (2.7.4)
Spin(k) — SO(k) is in general not surjective, as A — A%: k* — k* isn't.



CHAPTER 3
Reality of Spinorial Representations and
Signature Modulo 8

3.1. Let V be a real quadratic vector space. By 2.6, the reality properties of the
irreducible spinorial representations of so(V) depend only on the structure of the
R-algebra C* (V). As what we care about is the category of C*(V)-modules, and
more precisely the number of isomorphism classes of simple modules, and their
fields of endomorphisms, C'* (V') matters only up to Morita equivalence. It will be
convenient to consider the full super algebra C(V'), and to encode its properties in
terms of the super Brauer group (C.T.C. Wall (1963)) whose properties we review
in 3.2 to 3.5.

3.2. Fix a ground field k of characteristic # 2. A super k-algebra A is a (super)
division algebra if A # 0 and if every nonzero homogeneous element a of A is
invertible. Every super module M over a super division algebra is free: if 4 is
purely even, it is the sum of A-vector spaces in even and odd degree; if A is not
purely even, a basis of M over the even part A* of A (which is an ordinary division
algebra) is a basis of M over A.

From now on, we will consider only finite dimensional super algebras over k.

Example. If k is algebraically closed, the only finite dimensional super division
algebras A over k are, up to isomorphism, k itself and D := k[e] with ¢ odd and
€2 = 1. The super algebra D is not super commutative. Its super center is reduced
to k. It is isomorphic to the opposite super algebra D°, which is k{®] with £°
odd and (€°)? = —1. Left and right multiplications turn the super vector space
D into a D @ D%module, where ® is the super tensor product of super algebras
(Supersymmetry (1.1.5)), and

(3.2.1) D® D® -~ End (D),

a 1|1 matrix algebra. Indeed, in the basis 1,e of D, the matrix of multiplication

by e®1 (resp. 1®%) is (?;) (resp. (? '01

both sides of (3.2.1) have the same dimension. Over an algebraically closed field,
D hence appears as a square root of the matrix algebra M) ;.

)). Those matrices generate My); and

3.3. A (finite dimensional) super algebra A over k is central sumple if A # 0 and,
after extension of scalars to an algebraic closure k of k, it becomes isomorphic to
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a matrix algebra M., or to M,|, @ D. The latter is isomorphic to M,,, ® D,
the super D-module k™® ® D being isomorphic to D™+, The following statements
about an algebra are true as soon as they are true after an extension of scalars.
To check them for central simple algebras, it hence suffices to check them after
extension of scalars to an algebraic closure k of k.

(3.3.1) The super center is reduced to k.
(3.3.2) As in (3.2.1), A® A® = End 1(A).

(3.3.3) For any A-module L # 0, with commutant B := End 4(L), B is central
simple and one has

A—=End (L) .

The super center of a tensor product is the tensor product of the super centers,
and this reduces (3.3.1) to the cases of M, and D. The map (3.3.2) for a tensor
product is the tensor product of the maps (3.3.2) for the factors, and this reduces
(3.3.2) to (3.2.1) and to (3.3.2) for M,,, i.e. for End x(V) for V = k7. This case
is checked by identifying the End (V) ® End(V)°-module End (V) to the End (V) ®
End(VV)%module V ® VV. If A = End (V), any A-module is of the form V @ W,
and (3.3.3) results from the commutant being End (W). If A = D®End(V), for V
a purely even k-vector space, any A-module is of the form D@V @W for W a purely
even k-vector space, and (3.3.3) results from the commutant being D ® Endy(W).

It also results from (3.2.1) that the tensor product (in the super sense) of central
simple algebras is central simple.

3.4. Let A be a central simple algebra. If S is a simple super module, and f a
homogeneous endomorphism, the kernel and images of f are submodules. If f # 0,
f is hence invertible: the commutant B = End 4(5) is a super division algebra
(super Schur’s lemma). By (3.3.3), A is isomorphic to M,, ® BY for some r and
s. If S’ is another simple module, Hom 4(S, §’) is compatible with extension of
scalars, hence, as one sees over k, nonzero. Picking a homogeneous element in
Hom 4(S5,5"), one sees that S and S’ are isomorphic, possibly up to parity change.
It follows that their commutants are isomorphic.

Two central simple algebras are said to be similar if the commutants of their
simple modules are isomorphic, i.e. if they are both of the form M, ® B for the
same central simple division algebra B.

The super Brauer group s Br(k) is the set of similarity classes of central simple
algebras over k, with product the tensor product. That it is a (commutative) group
follows from (3.3.2).

Let B be a central simple division algebra, and A = M., ® B. If A is not
purely even, then

(a) if B is purely even, A* ~ M.(B) x M,(B),
(b} if B is not purely even, A ~ M, ® B with n=r + s and

At~ M, Bt .
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In both cases, the Morita equivalence class of AT depends only on the class of A4 in
s Br(k).

If V is a quadratic vector space over k, C(V) is central simple. Indeed, after
extension of scalars to k, C(V') becomes isomorphic to the tensor product of dim(V)
copies of D. If V is hyperbolic, C(V) is a matrix algebra. This can be checked as
in the proof of 2.2 (i), or writing (V, Q) = (V}, Q1) & (V1, —@Q1), it can be deduced
from (3.3.2) and 2.1 (D)(E). It then follows from 2.1 (D) that V — C(V) induces
a homomorphism

(3.4.1) W (k) — s Br(k)

from the Witt group of k to the super Brauer group.

Remark 3.5. Using arguments parallel to those of Bourbaki Alg. Ch. 8, one can
show that for A a nonzero finite dimensional super algebra over k, the following
conditions are equivalent.
(i) A is central simple;
(i) A® A° = Endi(A);
(iii) The super center of A is reduced to k, and the super A-module A4 is semi-
simple (equivalently: as an ungraded algebra, A is semi-simple).
(iv) A isisomorphic to M,),®L for some r and s and some super division algebra
L over k with super center reduced to k.

Proposition 3.6 {C. T. C. Wall (1963) p. 195). The super Brauer group of R is
cyclic of order 8, generated by the class of Rle}] with € odd and e2=1 ForV a
real quadratic vector space, C(V) is similar to Rle]®#™V). The similarity class of
C(V) and the Morita equivalence class of Ct (V) (for V # 0) hence depend only
on the signature of V. modulo 8.

That s Br(R) is of order 8 results from the following lemma, valid for any field
k of characteristic # 2.

Lemma 3.7 (C. T. C. Wall (1963) Th. 3). The group sBr(k) is an iterated exten-
sion of Z/2 by k* /k*? by the ordinary Brauer group of k.

Proof. The morphism sBr(k) — Z/2 is given by extension of scalars to k, for &
an algebraic closure of k. By 3.2 (example), one has indeed sBr(k) = Z/2.

The kernel s Br(k)' corresponds to central simple super algebras A which by
extension of scalars to k become isomorphic to a matrix algebra M;|,. The algebra
Ay, isomorphic to M,,, has two isomorphism classes of simple modules, exchanged
by parity change. The Galois group Gal(k/k) acts on the set I(Az) of those iso-
morphism classes, defining

aq: Gal(k/k) — Z/2 .
Using that the simple (A’ ® A”)z-modules are the tensor product of simple A%
and Ag modules, one checks that asga = a4 + @q and A — a, induces a

homomorphism

(3.7.1) sBr(k)’ — Hom(Gal(k/k),Z/2) = k*/k*? ,
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where to u in k* corresponds the homomorphism giving the action of Galois on
+\/u.

If A is purely even, Ay is isomorphic to M, (k), one element of I(A4) is purely
even, the other purely odd, and a4 is trivial. If A is not purely even, Ay is
isomorphic to M, (k) with 7, s > 0, the center Z+ of At is of dimension 2, becoming
isomorphic to k x k over k, and I(A) is in bijection with the two characters Z+ — k
of Z*, a simple module S corresponding to the character by which Z+ acts on S+.
For A the Clifford algebra C(k? 2% — ay®), one has Z+ = At = (1,e1e;) and
(erez)? = —e?e3 = a. This shows that (3.7.1) is onto.

The kernel sBr(k)"” of (3.7.1) corresponds to the central simple algebras, for
which Ay, is isomorphic to M, s and for which either A is purely even or A™ has a
center isomorphic to k x k. If A is a super division algebra, A must be an ordinary,
purely even, division algebra, and s Br(k)"” = Br(k).

3.8 Proof of 3.6. For A a central simple algebra over R, let ¢ be the trace for
the underlying ungraded algebra, let sgn* (resp. sgn~) be the signatures of the
quadratic forms ¢(zy) on AT (resp. A™), and define

s(A) :==sgnT +sgn"i€ ZijcC.

For a tensor product A; ® A, t vanishes on the AT ® AF other than A ® A},
where it is the tensor product of ¢ for A; and As. On Af ® Ag:, t(zy) is related to
the tensor product of the bilinear forms ¢;(x1v1) and {2(x2y2) by

AT ® A7, AT @ A7 or AT @ Af : t(zy) = ti(z1v1) @ ta(z2y2)
Al @ A4y ¢ t(zy) = —t1(z191) @ ta(z212),
the latter because (z; @ ¥1) - (z2 ® y2) = —(z122) @ (11y2).

The signature being multiplicative, and changing sign when the bilinear form
is replaced by its opposite, we get

s{A; @ A2) = s(A;1)s(A4a).
For a matrix algebra M, ,, off-diagonals contribute an isotropic form, and
S(Mr,s) =r+s

For R[e] with £ odd and 2 = 1, one has s = 1 + i, of order 8 in C*/(R¥)".
As sBr(R) is of order 8, it follows that sBr(R) is cyclic of order 8 with R[¢] as
generator. The remaining statements in 3.6 result from 3.4.

3.9. Let us identify sBr(R) with the set of isomorphism classes of super division
algebras over R. Write £ (resp. €°) for an odd quantity with é2 = 1 (resp. (°)* =
—1), and write R, C, H for R, C, H in purely even degree. The bijection 3.6 between
sBr(R) and Z/8 is as follows.

0—R 4— H
1+— R[e] 5+— H® R[e]
2 e Cle],ez = 26, 6+ C[e%, ez = 2€°,

3— M ®R{Eo] 7 — R[EO]
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The image of 2 is the class of Re;,&2] with €2 = 1, £160 = —£26;. One has
(£1£2)* = —1 and the claim for 2 follows. Passing to the opposite algebra, we
get the image of 6. As the class of H is of order 2, it must be the image of 4.
One concludes by using that 5 =4+ 1 and that n and —n correspond to opposite
algebras.

By 3.4, to justify 1.4, it suffices to read the even part of the super algebras in
this table.



CHAPTER 4
Pairings and Dimension Modulo &, over C

Let V be a complex quadratic vector space, and S a spinorial representation
of Spin(V') or, what amounts to the same, a C*(V)-module (2.6). Let 3 be the
principal antiautomorphism of C(V) (2.1 (B)).

Proposition 4.1. A bilinear form (, ) on S is inveriant by Spin(V) if and only
if for @ in CH(V),

(4.1.1) (as,t) = (s, B(a)t) -
If (4.1.1) holds, for g € Gt C C*(V) (2.7), one has
(4.1.2) (g3, gt) = (s,B(9)gt) = B{g)g(s,t) .

invariant.

In particular if g is in the spin group, i.e. if 8(g)g =1, g leaves (, )
CH(V) leaves it

(
Conversely, if G leaves ( , ) invariant, its Lie algebra so(V) C
invariant too: for z in so(V'),

1

(zs,t) +(s,zt)=0.

As B(z) = —z (a consequence of (2.4.1) (2.4.2)), this gives (4.1.1) for ¢ = z and
one concludes by using that so(V') generates C+(V) (2.6).

4.2 Variants. (i) If § is a C(V)-module, and if a bilinear form ( , ) on S is such
that (as,t) = (s,B(a)t), for a in C(V), the same proof shows that for g in the
subgroup G of C(V)* (2.6), (4.1.2) holds. In particular, ( , ) is invariant by the
kernel of 8(g)g: G — C*. The converse holds. The condition (as,t) = (s, 8(a)t) for
a in C(V) is equivalent to

(4.2.1) (us,t) = (s,vt) forvinV .

(ii) Let V be a complex quadratic vector space. We have Q(v) = (v,v) and we
use the symmetric bilinear form (, ) to identify V with its dual. Let S and SY be
vector spaces in duality, provided withT: S® S — V and T': $¥ @ 8V — V, both
symmetric. The self-duality of V allows us to identify I' and T withv: V@5 — 8§V
and v: V@SY — §. Assume that v and 4’ turn S® SV into a C(V)-module. The
vector spaces S and SY become C*(V)-modules, hence representations of Spin(V').
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Claim: the duality pairing S®5Y — C, I" and I’ are morphisms of representations.

By the remark in 2.6, v and 4" are morphisms of representations of Spin(V),
so that it suffices to check that the duality pairing is a morphism too. Define, on
SHSY, e(s+5,t+1t')=5'(t) +t'(s). The symmetry of I' and I translates as

€(vs, t) = (F(s,1),v) = &(s, vi)
e(vs',t') = (T'(s', t')v) = e(s', v1)
and (i) gives the G-invariance of £, a fortiori the Spin(V)-invariance of the duality
pairing of § with S’

4.3. It follows that the pairings between irreducible spinorial representations of
Spin(V) are encoded in (C+(V), 8). As in §3, it is convenient to consider the full
Clifford algebra.

This leads to considering central simple super algebras A, endowed with an even
involution 5: A — A which is an antiautomorphism of the underlying ungraded
algebra:

(4.3.1) Blzy) = B(y)B(z).

The tensor product is defined as follows: take the tensor product of super
algebras, and define 3 as extending the involutions of the factors:

(4.3.2) Bla®b) = (—-1)P P 5(a) ® B(B).

Tensor product is associative and commutative. For Clifford algebras, endowed
with their principal antiautomorphisms, it corresponds to the orthogonal direct
sum of quadratic vector spaces.

4.4 Example. Let S be a super vector space, and 4 := End(S). Antiautomor-
phisms S of the underlying ungraded algebra correspond to nondegenerate bilinear
forms on the ordinary vector space underlying S, taken up to a factor, by

(az,y) = (:1’,', ﬁ(a)y)

Involutive @ correspond to symmetric or antisymmetric forms. Even 8 correspond
to even or odd forms.

Suppose given two super vector spaces ; (¢ = 1, 2} provided with even or odd,
symmetric or antisymmetric bilinear forms. Let (A, ) be the tensor product of the
corresponding (A;, ). One has

A=A, ® A; = End(5)) ® End(S;) = End(S5) ® Ss).

We leave it to the reader to check that the involution 8 of A corresponds to the
following bilinear form on §; @ S3:

(4.4.1) (81 ® 82,1 @ tg) + (—1) Pl +PtaNPls2) (5 5) (21, 20).

If the form (, ); on S; is of parity p; and of sign s; (+ for symmetric, — for
antisymmetric), the parity and sign of the form (4.4.1) on §; ® S are given by

(4.4.2) p=p1+p2, §=s38(-1)"",
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4.5 Remark. (4.3.1) flouts the sign rule. This could be repaired by considering
rather «y defined by

v(a) := B(a) for a even,
:= if(a)for a odd .

The condition (4.3.1) translates into y(ab) = (—1)?(@P®l()y(a), involutivity of
B translates as the square of v being the parity automorphism “multiplication by
(—1)P@)"  and (4.3.2) becomes y = ® 7",

4.6. Let us call (A4, 8) neutral if A is of the form End (S) and if 3 is given as in 4.4
by an even symmetric form (, ) on S: the sum of symmetric forms on S* and §~.

Define (A4, 3) and (B, ) to be similar if for suitable neutrals (M, 8) and (N, §),
one has

(A4,8)® (M,B) ~ (B,B) @ (N, 5).

Similarity is an equivalence relation, and is stable under tensor product. Let B(C)
be the set of similarity classes. Tensor product induces on B(C) a composition law
associative, commutative and with unit. The following proposition shows that it is

a group.

Proposition 4.7. Let (A, G) be as in 4.8, and let Tr be the trace of the underlying
ungraded algebra. Let o be the parity automorphism a — (—~1)P%a. Then (4,8)®
(A% af3) is neutral. More precisely, by the isomorphism

A® A° = End(A)

and its involution corresponds to the even symmetric form Tr(zf(y)) on A.

Proof. We have
Tr((a®b-2)8(y)) = (~1)PPPE Tr(azbB(y)) = (- 1)POPETr(zbB(y)a) .
As bB(y)a = B(B(a)yB(b)) = (-1)P*?H)3(B(a) ® B(B) - v), this equals
= (~1)POCE+O) Ty(z - B(B(a) @ B(b) - ¥) -

Both sides are zero if p(a) + p(b) + p(z) + p(y) is odd. We hence may replace
p(b)(p(2} + p(v)) by p(b)(p(a) + p(b)), giving

= Tr(z.8((~=1)" ") (a) @ af(b) - v),
and a ® b — (—1)P(@)?(®) G(a) ® aB(b) is the tensor product of B and ap.

Proposition 4.8. The group B(C) is cyclic of order 8, generated by the class of
the Clifford algebra C'(V') for dim(V) = 1.
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Proof. We first consider the kernel B'(C) of the morphism “forgetting 5" from
B(C) to sBr(C) = Z/2, i.e. we consider the (A, 3) for which A is a matrix algebra
M, .. By 4.4, there are four similarity classes of them, characterized by a parity p
and a sign s: the parity, and the symmetry, of a bilinear form on a simple A-module
defining 8. The product is given by {4.4.2), showing that B(C) is cyclic of order
4, with generators the elements for which the parity p is odd.

The Clifford algebra C(V) with dim(V) = 1 maps to a generator of s Br{(C). It
remains to check that its square, the Clifford algebra C{W) with dim(W) =2, is a
generator of B'(C). The algebra C(W) is a matrix algebra M;); = End(C"!) with
W as its odd part. The transposition relative to the odd symmetric form zy on
C!! fixes W, hence is the principal antiautomorphism, giving for C{W) the sign +
and the parity 1: the parity is odd as required. Applying {4.4.2), we also see that
for dim{V') even, the parity p and the sign s of C(V) are given in terms of dim(V)
mod 8 by the table

dimension mod 8 3 P

0 + 0

2 + 1

4 - 0

(4.8.1) 6 - 1

4.9. Suppose V odd-dimensional, and let 5 be the even part of a simple super
C(V)-module. Let Z be the center of the ungraded algebra C(V), and z be a
generator of Z—. Then, v,s — 2vs is a morphism of representations of the Spin
group: V@& — 5.

If V is even-dimensional and S a simple super C(V')-module, the Clifford mul-
tiplication induces morphisms of representations of the Spin group: V@ St — §-
and V@S5~ — ST,

We now check the uniqueness claim in 1.5 that, up to a scalar factor, these
morphisms are the only morphisms V & §; — 53, for 5; and 5, irreducible spino-
rial representations. If V is of dimension 1 or 2, this is clear by inspection, us-
ing the description 1.1. If dim V # 2, the representation V is irreducible. As
Hom(V ® 51, 5;) = Hom(V, Hom (.51, 52)), it suffices to check the

Lemma 4.9.1. (i) For d := dim(V') odd, the irreducible representation V occurs
exactly once in End (5).

(ii) For d even, V occurs ezactly twice in End (S).

Proof. By the odd analogue of the Poincaré-Birkhoff-Witt Theorem, the Clifford
algebra C(V) is, as a representation of O(V/), isomorphic to A*V, with C*(V)
isomorphic to A%* V.

If d is odd, End (S) =~ C+(V) = A V. As A'V =~ A%1V as a representation
of SO(V), this can be rewritten

508=PAV (sumfor0<i<(d—1)/2).

The A*V for i < (d — 1)/2 are irreducible, nonisomorphic representations: they are
the trivial representation, and all fundamental representations except the spinorial
one. The representation V occurs only once, for i = 1.
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If d is even, End (S) ~ C(V) =~ A*V, which decomposes as follows into irre-

ducible representations: twice & A'V and the two constituents of A%2V (the
i<df?

eigenspace of ). The representation V occurs twice.
We now check the table in 1.5 for d := dim{V) even. Let (, ) be the nonde-
generate bilinear form on S for which

(4.9.2) (vs,t) = (s, vE)

for v in V. It is unique up to a scalar factor. Its parity and sign (4.4) are given
by (4.8.1). If of odd parity, it makes of S* the dual of S~. If even, it gives a
nondegenerate form on S* and S, of sign given by (4.8.1). This confirms the
column “forms on spinors” in 1.5.

The morphism of representations (2.6, Remark)

(4.9.3) Ves—S

induced by the Clifford module structure of S can, as V is self dual, be reinterpreted
as a morphism from S®SY to V, or, using (, ) to identify S and SV, as a morphism
of representations

(4.9.4) rsSesS-V.
Its defining characteristic property is that
(4.9.5) (T'(s,t),v) = (vs,t) .

As (4.9.3) is odd, the parity of (4.9.4) is opposite to that of ( , ). By (4.9.2), its
sign (symmetric, or antisymmetric) is the same as that of ( , ) and (4.8.1) confirms
the column “symmetry of spinors, spinors — V" of 1.5.

Corollary 4.9.6. Let L™ and L™ be spinorial representations of Spin(V), and
o: V® LE* — LT be morphisms of representations which turn L:= L* @ L~ into a
C(V)-module:

vevel =Q(v)f.

Then the resulting C*(V)-module structure of L* induces its structure of represen-
tation of Spin(V').

Proof. We first assume that L™ and L~ are isotypic. Let S be a simple super
C(V)-module, with its resulting structure of representation of Spin(V). Replacing
S by I1S if needed, we may assume that L* is a multiple of §*: [* = St @ W=,
As the morphism V ® S* — ST induced by the module structure is the unique
morphism of representations from V @ S* — 5%, the morphisms V@ L* — L¥ are
induced by o®: W% — W¥. That they turn L into a C(V)-module implies that
at and a~ are inverses of each other: L, as a representation of Spin(V') and as a
C(V)-module, is a multiple of S.

If L* or L™ is not isotypic, the dimension of V/ is even, they are two irreducible
spinorial representations S, and S» and if L,;* is the S;-isotypic part of L¥, as there
is no morphism V & S, — S; the data V @ L¥ — LT breaks into the direct sum
of VLI = L7, V®L; = L) andof (V® L} — LT,V ®L{ — L}). This
reduces us to the already considered isotypic case.
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4.10 Lemma. Fiz (A, f) as in 4.3, with A nontrivial in s Br(C), s.e. of the form
AT @ Z, where A is a purely even matriz algebra and where the center (not super
center}) Z of A is of dimension 1|1. Whether 8 acts by +1 or by =1 on Z~ depends
only on the similarity class of (A, 5).

Proof. Take (B, () with B = End (S) and  defined, as in 4.4, by a nondegenerate
bilinear form on S of parity p and sign s. The involution 8 of B* acts trivially on
the center Z(B™) if p = 0, nontrivially if p = 1. The center Z(B*) is C if B is
purely even, C x € otherwise. Let » be 1 in the first case, and a nonzero element
(a, —a) in the second. One has B(v) = (—1)Pv. For z in Z~, v @ z commutes with
(B® A)". Indeed, both v and z commute with B* ® A*, and anticommute with
B~ ® A™. The negative part Z~(B ® A) of the center of B® A is hence »Z™, and

(4.10.1) ﬁ|z-(B®A) = (—I)PﬁIZ”(A) .

Indeed, B(vz) = B(2)B(v) = B(v)B(z) = (-1)PvB(z). If (B,B) is neutral, p = 0
and 4.10 follows.

4.11 Corollary. The similarity class of (A%, 3) depends only on that of (A, B).

Proof. It is the difference of (4, ) and (Z, ) in B(C).

From 4.10 and 4.11, we get two similarity invariants of (A, 3) as in 4.10, i.e.
of (A, ) whose class in B(C) = Z/8 is odd: the sign s(8) by which 8 acts on Z,
and the sign s(A%1) of the form corresponding to (A*,3) by 4.4. The class 1 in
B(C) = Z/8 is represented by (C[e], ) with € odd, €2 = 1 and 3 the identity. By
4.7, the class —1 is represented by Cle] with ¢ = —e. The classes 0 and 4 can be
represented by purely even algebras, and writing any odd element of Z/8 as (0 or
4) £ 1, one deduces from (4.8.1) the following table:

n  s(At)  s(B)
+ +

-+
+ -—

~] U W o~
|

(4.11.1)

4.12. We now check the table in 1.5 for V odd-dimensional. The Clifford algebra is
asin4.10: C(V) = CT(V)®Z. Let S be a simple super C(V)-module. The C*(V)-
module S* is then the unique irreducible spinorial representation of Spin{(V). On
87, there is a nondegenerate bilinear form ( , ) for which

(4.12.1) (as,t) = (s, B(a)t)
for @ in C*(V). It is invariant under Spin(V). Its sign is the sign s(C*(V))
attached to (C(V), ) in 4.4, and (4.11.1) confirms the column “forms on spinors”

in 1.5.
Multiplication by zv gives a morphism of representations

(4.12.2) Vest-st
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which, as in 4.9, defines
(4.12.3) StesSt-vVv
characterized by
(4.12.4) (f(s®1),v) = (zvs,t) .
One has B(zv) = B(v)B(z) = vB(2) = B(z)v and, by (4.12.1), the sign of (4.12.3)

is that of (, ) if s(8) = +, and is the opposite if s(8) = —. The table (4.11.1)
confirms the column “symmetry of spinors, spinors — V™ of 1.5.



CHAPTER 5
Passage to Quadratic Subspaces

In this Chapter we work over C. As promised in §1.1, we first check the

Proposition 5.1. Forr > 0, if one restricts the spin representation of Spin(2r+1)
to Spin(2r), one obtains the sum of the two semi-spin representations of Spin(2r).
Each of the wo semi-spin representations of Spin(2r) restricts as the spin repre-
sentation of Spin(2r — 1).

Proof. Let V be the orthogonal direct sum of W and of a line L, and put D :=
C(L). If dim(W) is odd, one has a tensor decomposition C(W) = CH(W) ® Z.
The commutant Z of C* (W) is of dimension 1|1, and C(V) = CH(W)®(Z® D) ~
CH(W)®@My),. If S is a simple C*(W)-module, S®@C!! is a simple C{V)-module.
As a Ct(W)-module, this is S @ I1S, and the second statement follows.

Suppose now that dim(W) is even. For some r, C(W)= M,y,. If S is a simple
C(W)-super module, S & D is a simple C(W) ® D-module. Its even part (the spin
representation of Spin(V')) is, as a C*(W)-module, isomorphic to S* & S~ and the
first statement follows.

5.2. Let ¥V # 0 be an even-dimensional complex quadratic space, and let S be a
simple super C(V)-module. Let (, ) be a nondegenerate bilinear form on S for
which

(5.2.1) (vs,t) = (s,vt) .

As we saw in 4.4, this form is unique up to a factor.

Let v # 0 be an isotropic vector in V. Define V) = v1/Cv. The square zero
endomorphism v of S super commutes with v*. Its kernel ker(v) is hence stable
under vt. The action of v on Ker(v) factors through V;, and turns Ker(v) into a
C(V})-module.

Proposition 5.3. With the notations of 5.2
(i) Ker(v) = Im(v);
(ii) Ker(v) is an irreducible representation of C(V1),
(iii} The form (, ) vanishes on Ker(v);

(iv) Define the form (, )1 on Ker(v) = Im(v) by (s,vt), = (=1)P)(s,t). It is
nondegenerate. The C(V))-module Ker(v), and (, ), obey (5.2.1).
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Proof (i), (ii). Lift V; in v and let H be the orthogonal complement of V; in
V. The quadratic space V becomes the orthogonal direct sum of V; and H, with
dim(H) = 2 and v € H. Let S; be an irreducible super representation of C(V}),
and let Sy be one of C{H). The super vector space Sy is of dimension 1|1 and,
possibly after parity change and in a suitable basis, the matrix of multiplication by
v 18

(5.3.1) v: (g é) _

One has C(V) = C(V}}) ® C(H) and, possibly after a parity change for S, the
C(V)-module S is §; ® Sy. This reduces (i) to the case of H, clear on (5.3.1),
which also shows that the C(V;)-module Ker(v) is isomorphic to S;, proving (ii).

(iii) As (vs,vt) = (s,vvt) and v? = Q(v) = 0, (iii) results from (i).
(iv) As(, )isnondegenerate, for s 0 in Ker(v) there exists ¢ such that (s, t) 3 0.

By (iii), t ¢ Ker(v) and (s, vt), 3 0: the form ( , ); is nondegenerate and it remains
to check that it obeys (5.2.1). Indeed, if ¢; = vt and if w is in v, one has

(ws, t1) = (=1)P1) (ws, t) = (=174} (s, wt)

= (—1)PwsHPl) (5 ywt), = —(s, —wut) = (s, wt); .
Proposition 5.4. Under the same assumptions, let I': S ® S — V be defined by
(4.9.5). For s, t in Ker(v) one has in V

(5.4.1) [(s, t) = (1)) (s, t)v .

Proof. We check that both sides have the same inner product with any w € V. If
t = vz, the left side indeed gives

(w,I'(s,t)) = (ws,vz) = (vws, z) = ((vw + wv)s, )
= (v, w)(s,z) = (-1)"N(v,w)(s,t); -



CHAPTER 6
The Minkowski Case

6.1 Theorem. Let (V,Q) over R be of signature (+,—,...,—). Let Sg be an
irreducible real spinorial representation of Spin(V, Q). The commutant Z of Sy is
R, C or H. Let ~ be the standard anti-involution of Z.

(i) Up to a real factor, there exists a unique symmetric morphism I': Sg®@Sgp — V.
It is invariant under the group Z' of elements of norm 1 of Z.

(ii) For v € V, if Q(v) > 0, the form (v,I'(s,t)) on Sm ts positive or negative
definite.

The set of v for which @(v) > 0 has two connected components. It follows from
(ii) that for v in one of them, call it C, the form (v, T'(s, t)) is positive definite and
that for v in the other, i.e. for —v in C, it is negative definite.

Let d be the dimension of V. The signature is 2 — d and, by the table 1.4.1,
proved in 3.1, 3.9, Z and the complexification of Sg are given as follows as a function
of d modulo 8. For d even, ST and S~ denote the semi-spinorial representations.
For d odd, S denotes the spin representation.

2 : R;8Yer 8™
Jor1: R,S

(6.1.1) 4or0: C,S5t+85"
50r7: H,628
6 : H,28% or 25

Proof. We first show that if d is congruent to 2 modulo 8, a morphism I' with the
listed properties exists. In this case, the signature is 0 modulo 8, so that C(V) is a
matrix algebra. Let S = ST@&S~ be asimple C(V)-module. The possible Sg are S+
and S~. The pairing (, ) on .S, relative to which the principal antiautomorphism
is transposition, is odd and the corresponding I': S® § — V is even and symmetric
((1.5.1) proved in 4.8, 4.9).

Fix v with Q(v) > 0 and let V] be its orthogonal complement. By 5.1, the
graded module S remains simple as a graded C(V;)-module, and S remains abso-
lutely irreducible as a representation of the group Spin(V}). The symmetric bilinear
form (v,T'(s,t)) on ST is not identically zero: if it were zero for one v, it would
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be zero for all v by Spin(V)-invariance, and T" would be zero. This form is invari-
ant under the compact group Spin(V;). As S is an irreducible representation of
Spin( V1), it must be definite. The same applies to 5.

We now show, in all dimensions, the existence of a morphism Sg @ Sg — V
with the properties listed in 6.1 (i) (ii). Embed V in a Minkowski space Vj of
dimension congruent to 2 modulo 8: Vp is the orthogonal direct sum of V and of a
negative definite quadratic space of a suitable dimension. Let pr be the orthogonal
projection of Vj onto V.

Let Sy = Sy @S5 be a simple C(V,)-module. As Vj is of dimension congruent
to 2 modulo 8, there exists a morphism of representations of Spin(Vp): Io: Sé,t ®
SE — Vo, with the properties listed in 6.1 (i)(ii). As Spin(V) C Spin(Vp), we
can by restriction consider Sy as a Spin(V)-representation. The action of Spin(V)
comes from the structure of C(V)-module of Sy, deduced from its structure of
C(Vh)-module by the inclusion of C(V) in C(V). It follows that Sy is a spinorial
representation of Spin(V'). Further, Sp being a faithful C(Vp)-module, and hence
a faithful C{V)-module, any irreducible real spinorial representation of Spin(V)
occurs as a direct factor of Sg: there exists a morphism of Spin(V )-representations
Sg — S or Sg — S, . On Sr, we now define Ty as the orthogonal projection

Fl (31 t) = pr F()(S: t)

of 'y on V. From the same properties of ['y, it follows that the form I'; is symmetric
and that if @(v) > 0 with v in V, the form (v,T(s,t)) = {v,Ty(s,t)) on Sg is
definite. It remains to average I'g over the compact group K of elements of norm
1 in Z to obtain the required

D{s;t) = /Kl"l(ks,kt)dk.

We now prove the uniqueness claim in (1). Let S¢ := Sg @ C be the complex-
ification of Sg. It suffices to show that symmetric morphisms of representations
S¢ @ S¢ — Ve are unique up to a (complex) factor.

Case 1. Z = R, that is S¢ is an irreducible representation. It is spinorial for d
odd, semi-spinorial for d even. If we exclude the case d = 2, V is an absolutely
irreducible representation, and over C, V¢ occurs at most once in S¢ ® S¢ (4.9.1).
Uniqueness follows.

The case d = 2 is easy to treat directly: V' decomposes as D) @ D», for D,
and D the two isotropic lines, and the ST are of dimension one with tensor square
isomorphic, respectively, to Dy and Ds.

Case 2. Z = H, t.e. Sg¢ is twice an irreducible representation Sg: Se¢ = So ®c W
with dim(W) = 2. We know the existence of a symmetric Z'-invariant I'. After
complexification, the Z!-invariance amounts to SL(W )-invariance, and means that
I' is the tensor product of I'y: Sg ® Sy — Vg and of the unique (up to a factor)
antisymmetric ¢: W®W — C. Symmetry of I" implies antisymmetry of T'y: thereis
a morphism Iy: S4®Sg — Vi (unique up to a factor by 4.9), and it is antisymmetric.
Any symmetric I': Sg ® Sg — V is, after complexification, a multiple of I'y ® ;
uniqueness follows.
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Case 3. Z = C, i.e. S¢ is the sum of two inequivalent (complex conjugate) repre-
sentations. This can happen only for d even, with S¢ = ST @S~ the sum of the two
semi-spinorial representations. We know the existence of a symmetric Z'-invariant
T'. After complexification, the Z'-invariance amounts to saying that I is a linear
combination of a morphism St ® §~ — V¢ and of its symmetric. It follows that
there is a morphism of representations I'y: S* ® S~ — V. By 4.9, any symmet-
ric morphism I': S ® § — V is a multiple of the sum of Iy and of its symmetric.
Unigueness follows.

Corollary 6.2. Let S be a real spinorial representation, not necessarily irreducible,
and: S®@8 — V be symmetric and such that for v in the open positive cone C of
V, (v,T(s,t)) be positive definite.

(i) S is the direct sum of irreducible subrepresentations §(®), with T' = S I(e),

(ii) There is a unique [: 5V ®SY — V such that, if T and T’ are reinterpreted as
morphisms v: V — Hom (S,8Y) and 4: V — Hom (§V, 5), the Clifford relations

(6.2.1) F(w)r(v), v(v)H(v) = Q)

hold. Forv in C one has again (v,['(s,t)) symmetric and positive definite.

In (ii), there is a factor of 2 ambiguity. Our choice here is to write Q(v) = (v,v)

and to define v by
(r(v)(s),t) = ([(s,t),v)

It results from 4.9.6 that the structure of Spin(V)-representation of S is induced
by the C(V)-module structure of S & SV defined by (6.2.1).

Proof. If there are two nonisomorphic irreducible real spinorial representations S
and S5, after extension of scalars to C, they must be multiples of irreducible complex
spinorial representations S} and S5. This results from there being at most two such.
The existence of nontrivial morphisms S; ®S; — V (i = 1, 2) implies over C that of
nontrivial morphisms S;®S; — V¢. By 4.9.1 (ii}, it in turn implies the nonexistence
of morphisms 5] ® S5 — V¢, hence the nonexistence of morphisms §; ® S> — V.
The representation § is the direct sum of a multiple S(!) of S, and of a multiple
S of S5, and T, being a morphism of representations, is the sum of morphisms
'®: $() @ §¢) — V. This reduces the proof of (i), and the existence statement in
(ii), to the case where S is isotypic: a multiple of an irreducible real representation
Sp. Let Z be the field of endomorphisms of Sp. Define W := Hom(Sp, S). It is a
right Z-vector space, and
Wz S —S8.

Fix a symmetric morphism Ly: Sy ® Sg — V with (I'(s,t), v) positive definite for v
inC. IfI': S®S — V is symmetric, for each w in W, T'(w® sg, w®1p) is symmetric
too, hence a multiple of I'y (6.1 (i)):

I‘(w @ sy, W& to) = F(w)'o(so, tg) -

Fixing sq and tg, one sees that the function F' is quadratic, and the Z'-invariance of
T’y (6.1 (1)) implies that it is invariant by Z! C Z*. It is hence of the form ®(w, w),
for some Z-Hermitian form ® on W. The quadratic function F, or equivalently the
Hermitian form @, uniquely determines I', and any Hermitian ® is obtained, as one
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sees by writing (W, @) as an orthogonal sum of subspaces of dimension 1 over Z.
The T for which (I'(s, t), v} is positive definite for v in C correspond to the positive
definite forms ®. Decomposing (W, ®} as an orthogonal direct sum of subspaces of
dimension 1 over Z, we obtain (i).

For v in V, the relation (6.2.1) between T’ and I means that, if Q(v) # 0,
(f(s’ ,t'),v) is Q(v)~! times the inverse of the bilinear form (I'(s,t),v}. This makes
the uniqueness of I' clear, as well as its symmetry and positivity property. In
coordinates, for a basis e, of V and e, of S, (6.2.1) reads

1
2

To prove the existence of I, we begin, as in 6.1, by treating the case where V
is of dimension congruent to 2 modulo 8. In this case, if S is irreducible, there are
up to scalar factors unique morphisms T': $® § — V and I: SY ® S¥ — V; they
are deduced from the Clifford module structure of § & SV, and (6.2.1) follows, for
T replaced by a suitable scalar multiple. N

Going from V to a subspace as in 6.1, and projecting [' and I" orthogonally
onto that subspace, we obtain in any dimension systems (S,T',I'V) as in (ii), where
S can be assumed to contain any preassigned irreducible spinorial representation
Si. A decomposition of S as in (i) induces a similar decomposition of ($V,T'V) and
we obtain a system (S, I',I'V) as in (ii). By (i), taking direct sums of such systems,
we prove existence in (ii).

(6.2.2) (I‘ﬁﬁf"”ﬁ" + same with u, v permuted) = gh¥§) .

6.3 Remark. (i) The proof of 6.2 (i) gives us a classification of the (S,T) for S a
multiple of Sp, with commutant Z. Once Ty for Sy has been chosen, T corresponds
to a positive definite Z-Hermitian form on W := Hom(Sy, 5).

(ii) Let us compute the group of automorphisms of a structure of the following
kind: V is a vector space with Minkowski metric (, ) and positive cone C, S and
SV are vector spaces in duality, I': S®8§ — V is symmetric and positive: (I'(s,t),v)
is positive definite for v in C?, and for some (unique) I': SY®SY — V, (6.2.1) holds.
In fact, we will compute the group of automorphisms acting on V with determinant
L.

By (6.2.1), S® SV is a C(V)-module. This turns S and SV into representations
of Spin(V'). By 4.2 (ii), the representations S and SV are contragredient, and T, T'
are morphisms of representations: Spin(V') acts by automorphisms. If g acts on V
with determinant 1, and respects the positive cone C, its image in O(V) is in the
connected component of O(V), the image of Spin(V): we have g = g;1g2, with ¢
in Spin(V') and g, acting trivially on V, hence on Spin(V). By (i), if S is isotypic:
S = Sy ®z W, g, is in the unitary group of the Z-Hermitian space W. In the
nonisotypic case: S the sum of the S; ®z, W (i = 1,2), it is in the product of
two such unitary groups. The group U(W) (resp. U(W,) x U(W>)) is called the
R-group.

6.4. The cases where V is of dimension d = 3,4,6 or 10 (i.e. d—2=2%,¢t=0,1,2,3)
are particularly interesting. In those dimensions, an irreducible real spinorial rep-
resentation S is of dimension 2**'. For d = 3,4, 6, the commutant is respectively
R, C and H, S is of dimension 2 over Z and

Spin(1,d - 1) = SL(2, Z) .
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6.5. We now explain how the case d = 10 is similarly related to the octonion
algebra @. To avoid unnecessary signs, we will work in signature (9, 1) rather than
(1,9). This does not affect the spin group. We write the Minkowski space V' as the
orthogonal direct sum of W positive definite of dimension 8 and of H hyperbolic of
dimension 2. We choose an isotropic basis {e, f} of H with Q(e + f) = 1.

Here is a model for W, its quadratic form, the irreducible C{W)-module S =
S, @ Sy, the Clifford multiplication p, quadratic forms on Sy, and Sy, for which
(p(w)s,t) = (s, p(w)t) and the resulting pairing (4.9.4) T': S}, ® S5, — W:

W, S}, and Sy the space O of octonions;

quadratic forms on W, Sif, and Sy;: the octonion reduced norm N(z) = z%;
morphisms W ® S, 25y, St ® Sj ——V and Sj; @ W = W ® S5} -
T@yr— IY.

One has to check that (a) p turns S}, & Sy;; into an irreducible C(W)-module,
(b) (p(w)s,t) = (s, p(w)t) and (c) (w,T(s,t)) = (p(w)s,t). The bilinear form (, )
associated to the octonion norm is Tr{xy), where Tr is the octonion reduced trace
x + &. The proof will use that in O, the subalgebra generated by two elements x
and y (to which one can add Z = Tr(z) -1 —z and § = Tx(§) - 1 — y) is associative,
and that Tr(z(yz)) = Tr((zy)z), Tr(zy) = Tr(yx) and Tr(ZE) = Tr(z).

Proof of (a). That p(w)? = N(w) is seen as follows: for w in W and s in S,
p(w)?s = (@8)~w = (sw)d = s(ww) = N(w)s. For s in Sy, one repeats this
argument in the opposite algebra Q°. Irreducibility is clear.

Proof of (b). For s in S}, and ¢ in Sy, (p(w)s, t) = Tr(wst) while (s, p(w)t) =
Tr(5fw). For s in Sy, and ¢ in S}, one repeats this argument in Q°.

Proof of (c). For sin S;}, and t in Sy, (w, ['(s,t)) = Tr((3f)) while (p(w)s, t) =
Tr((w3)?).

In this octonionic description of W, S;, and Sy, triality is in evidence.

An irreducible C(H)-super module is of dimension 1|1. Up to parity change, it
has a basis a (even), 8 (odd} in which the matrices of e and f are

(6.5.1) e=(g [1)) f:(‘l’ g)

In those models, the even part of the irreducible super C'(V)-module § =
(Sl @ S} ® (@, B) is

(6.5.2) St=8tasS;8=0a808.

An element v = a + Ae + puf of V is isotropic if a@d + Ax = 0. An element To + yf
of St is in the kernel of the multiplication by v if

(6.5.3) ar— Ay =10
ay+pr=0.
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Suppose v nonzero and isotropic. If @ # 0, A and u are then nonzero and by the
isotropy equation ad = —Ap, the first equation (6.3.3) implies the second. Ife =10,
one of A and y is 0 and the equations (6.5.3) reduce either toz =0 ortoy = 0.

In the octonion plane Q2, the octonion lines are the subspaces ¥ = az (for @ in
(), as well as the subspace z = 0. We have obtained a model of $* as the octonion
plane. In this model, the map Rv ~» Ker (multiplication by v) is a bijection from
the set of isotropic lines in V to the set of octonion lines. The octonion line y = ax
corresponds to the line in V spanned by (a@,1,—Nf{a)) and the line z = 0 to the
line spanned by (0,0, 1).

It is not unreasonable to define GL(2, Q) as the group of R-linear transforma-
tions of the octonion plane, which transform octonion lines into octonion lines. The
Spin group, as it respects the Clifford multiplication, is contained in GL(2, ).

Proposition 6.6. After extension of scelars to C, the algebraic group GL(2,0)
becomes the group generated by Spin(V') and the multiplicative group of homotheties.

Sketch of proof. The map v — Ker(v) maps the quadric of isotropic lines to the
Grassmannian of 8-dimensional subspaces of ©2. It follows that the Zariski closure
in the complex Grassmannian of the space of real octonion lines is a homogeneous
space of Spin(V'), and a quadric. The automorphism group of a quadric (viewed as
an algebraic variety) is the projective orthogonal group. This gives GL(2,0) — PO.
Using the nonassociativity of O, one checks that the only elements of GL(2,0)
respecting each octonion line are the homotheties. It remains to check that GL(2, Q)
maps in fact to PSO. There are, over the complex numbers, two kinds of maximal
isotropic subspaces of Vg, and SO is the subgroup of O which does not permute the
two kinds. One of the two kinds is singled out by the property that for L of that
kind, the intersection of the octonion lines relative to v in L is not reduced to zero.

The intersection of the group of homotheties and of Spin(V) € GL(2, Q) is the
center of Spin(V). It is the group of 4'® roots of 1. There is hence a “determinant”

det: GL(2,0) — multiplicative group ,

which on a scalar A takes the value det(A) = A? and, if SL(2,0) is defined to be
the kernel of det, 6.6 gives

(6.6.1) Spin(V) = SL(2,0) .
6.7 Remark. Over R, the group Spin(V) acts transitively on S* — {0}. Indeed,

it permutes transitively the octonion lines Ker(v) (v isotropic) and the stabilizer of
an octonion line L acts on L as a group of orthogonal similitudes.
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