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Abstract. We establish an elementary inequality relating the coefficients of
a polynomial with the separation of its roots. Applications to one dimensional
oscillatory integrals with real polynomial phases and the structure of global
sublevel sets for polynomials with coefficients in a general ring are discussed.

1. Introduction

Let x1, . . . , xd be d points so that their sum S := |x1 + · · · + xd| is large and the
other elementary symmetric functions of x1, . . . , xd,

∣

∣

∑

j<k

xjxk

∣

∣ ≤ S,
∣

∣

∑

j<k<ℓ

xjxkxℓ

∣

∣ ≤ S, . . . , |x1x2 · · ·xd| ≤ S

are each bounded by this sum. Then the maximal separation ∆ := maxj,k |xj −xk|
of these points grows like S. More precisely, there are positive constants Cd, cd and
Ad, depending only on d so that

cdS ≤ ∆ := max
j,k

|xj − xk| ≤ CdS (1)

whenever S ≥ Ad. This inequality is easy to prove and is valid for points x1, . . . , xd

in any commutative ring R with identity which has a nontrivial absolute value1 | · |;
that is, a size |x| ≥ 0 is assigned to every element x ∈ R so that |x| = 0 if and only
if x = 0, |xy| = |x||y| and |x + y| ≤ |x|+ |y| for every x, y ∈ R. The basic examples
to keep in mind are R = R or C with the usual absolute value or R = Z with a
p-adic valuation.

Although the above inequality is simple to prove, we will establish other elementary
inequalities which are slightly less trivial to prove and which examine how certain
geometric quantities associated to the d points, besides the diameter ∆, grow in
terms of the elementary symmetric functions of x1, . . . , xd. Such inequalities can be
expressed in terms of polynomials of a single variable P ∈ A[X ] since the coefficients
of P are simply the elementary symmetric functions of its roots. In what follows,
when we discuss the polynomial ring A[X ], the ring of coefficients A will always be
a commutative ring with an absolute value | · | and when we discuss a particular
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1The setting can be generalised to any commutative Banach algebra A which is semisimple

and is such that the Gelfand dual bA is closed in C(D) where D is the maximal ideal space of A.
There are in fact noncommutative versions as well but we do not pursue this here.
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polynomial P (x) = ad

∏

j(x−xj) with roots lying in some field extension K of the

field of fractions of A, we take any extension of | · | in K.

A basic application of our elementary inequalities, relating the coefficients of P to
various geometric quantities associated to the separation of the roots {xj} of P ,
is a precise structural statement of the global sublevel set {x ∈ A : |P (x)| ≤ δ};
see Corollary 2.3 below. When A = R or C and | · | is the usual absolute value
(that is, the archimedean case), this gives rise to global sublevel set estimates. And
when A = R we go further and establish a global oscillatory integral estimate; see
Corollary 2.2.

However, when the absolute value | · | is non-archimedean, the inequality |P (x)| ≤ δ
expresses the congruence P (x) ≡ 0 mod I where I := {y ∈ K : |y| ≤ δ} is
a fractional ideal of K (recall we are assuming that | · | is nontrivial) and then
our basic structural result for the sublevel set {x ∈ A : |P (x)| ≤ δ} has number
theoretic implications. In fact, in this non-archimedean context, suppose that A
is a field (so that K = A), P ∈ o[X ] where o is a subring of the ring of integers
{x ∈ A : |x| ≤ 1} whose field of fractions is A and δ ≤ 1 so that I is an integral
ideal with respect to this ring of integers. Hence if x ∈ A satisfies the congruence
P (x) ≡ 0 mod I, then any member y in the coset x+I also satisfies this congruence
and therefore we say that the element x̄ = x+I in the factor group A/I is a ‘global’
solution of the congruence P ≡ 0 mod I.2 If we denote by #{P ≡ 0 mod I} the
number of ‘global’ solutions of this congruence, then the structure of the sublevel set
{x ∈ A : |P (x)| ≤ δ} described in Corollary 2.3 gives a bound on #{P ≡ 0 mod I}.

For example, let o be any Dedekind domain with field of fractions A and suppose
p is a nonzero prime ideal of o whose residue class field o/p is finite. The prime
ideal p gives rise to a non-archimedean absolute value |x| := ‖p‖−t on A where ‖p‖
denotes the number of elements in the residue class field o/p and pt appears as the
p factor in the prime ideal decomposition of the principal ideal xo, generated by
x ∈ A. An application of the elementary inequalities is the following.

Theorem 1.1. In the setting above, suppose that P (x) = adx
d + · · · a0 ∈ o[X ]

is normalised so that max |aj | = 1 with |ad−k| = 1 for some k ≤ d/2. If the
characteristic q of o is positive, we assume in addition q > d− k. Then the number
of ‘global’ solutions in the field of fractions A has the bound

#
{

P ≡ 0 mod p
s
}

≤ Cd‖p‖
s−s/d

whenever s ≥ 0.

Remarks:

• We recall that the bound (in o)

#
{

x̄ ∈ o/p
s : P (x̄) ≡ 0 mod p

s
}

≤ Cd‖p‖
s(1−1/d)

2For this discussion it suffices to keep in mind the basic example A = Q with the rational
integers o = Z as the subring of the ring of integers with respect to some p-adic valuation.
Consider the example P (x) = 54x − 11 which has no solutions mod 3 in Z but has a ‘global’
solution (1/27) + 3Z in Q.
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when max |aj | = 1 is a well-known result and goes back to Hua [1] in
the classical setting of Z (see [7] for an alternative approach in the above
setting); of course in this case there is no restriction on k (≤ d/2).

• The interesting feature of Theorem 1.1 is that the restriction k ≤ d/2 is
sharp in general. Let p be a rational prime which induces a p-adic absolute
value | · | described above and consider P (x) = pktxk−1(x − p−t)k ∈ Z[X ].
Then d = 2k−1, gcd(ad, . . . , a0, p

s) = 1, |ad−j | < 1, j ≤ k−1 and |ad−k| = 1
(p 6 |ad−k). Also the set

{

|x − p−t| < pt : |P (x)| = p−t|x − p−t|k ≤ p−s
}

is easily seen to be contained in
{

x ∈ Q : |P (x)| ≤ p−s
}

which implies

#
{

P ≡ 0 mod ps
}

≥ ps−1−(s−t)/k = pt/kps(1−1/k)−1

and so the bound #{P ≡ 0 mod ps} ≤ Cdp
s(1−1/d) cannot hold since t can

be large.

Along the way to establishing Theorem 1.1 we improve upon a result of Loxton and
Smith [3] on the number of ‘classical’ solutions to a polynomial congruence. Again
suppose we are in the non-archimedean setting where o a Dedekind domain with
A its field of fractions endowed with an absolute value |x| := ‖p‖−ordp(x) arising
from a nonzero prime ideal p whose residue class field is finite; here ordp(x) is the
valuation of x defined as the unique integer t so that pt is the factor of p in the
prime ideal decomposition of principal ideal xo.

Let P (x) = ad

∏

(x − zj)
mj be a polynomial in o[X ] of degree d with m distinct

zeros {z1, . . . , zm}. Let K denote the field over A generated by {z1, . . . , zm} and
let ordp be any extension to K of the valuation ordp. By a root cluster C we simply
mean a subset C ⊂ {z1, . . . , zm} and we denote by

S(C) :=
∑

j:zj∈C

mj

the number of roots in C, counted with multiplicity. For each root zj and root
cluster C containing zj, set

δ(P ; C, zj) = δp(P ; C, zj) := ordp

(

ad

∏

k:zk /∈C

(zj − zk)mk
)

.

Theorem 1.2. With P ∈ o[X ] = ad

∏

(x − zj)
mj as above,

#
{

x ∈ o/p
α : P (x) ≡ 0 mod p

α
}

≤

m
∑

j=1

inf
C:zj∈C

‖p‖α−
(α−δp(P ;C,zj))

S(C) #C (2)

where for each 1 ≤ j, the infimum is taken over all root clusters C containing zj.

The proof of Theorem 2 in [3] gives the bound in (2) where one only considers the
singleton clusters C = {zj}; more precisely they work in the setting o = Z with
p = pZ and p a rational prime and prove

#
{

x ∈ Z/pαZ : P (x) ≡ 0 mod pα
}

≤

m
∑

j=1

p
α−

(α−δp(P ;zj))

mj (3)
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where

δp(P ; zj) = ordp(ad

∏

k 6=j

(zj − zk)mk) = ordp(P
(mj)(zj)/mj !)

which in turn implies the bound stated in their theorem.

The bound in (2) often gives a significant improvement over the bound in (3). For
instance suppose P (x) = x(x − z1)(x − z2)

2 where z1, z2 ∈ Z satisfy ps‖z1, z2,
pt‖z1 − z2 where t > s. We will examine the congruence P ≡ 0 mod pα where
4s ≤ α ≤ t. In this case one sees that the root cluster C = {z1, z2} plays an
important role; the bound in (2) gives 6p(2/3)α+(1/3)s which is an improvement over
the bound 3ps+2t from (3). Note that p(2/3)α+(1/3)s is the correct bound since

{x : p−t < |x − z1| < p−s, |P (x)| = p−s|x − z1|
3 ≤ p−α} ⊂ {P (x) ≡ 0 mod pα}

and the set on the left contains {x ∈ Z : p−t < |x − z1| ≤ p−(α−s)/3}. This gives
the bound #{P ≡ 0 mod pα} ≥ p(2/3)α+(1/3)s−1 since t ≥ α.

In the case when ordp(ad) = 0, considering only the maximal root cluster C =
{z1, . . . , zm}, the bound in (2) gives the classical bound of Hua

#{P ≡ 0 mod pα} ≤ m2‖p‖α(1−1/d)

already mentioned above.

Notation: For two positive quantities A and B we use the notation A . B to mean
that there is a constant C, depending only on d, k and | · |, so that A ≤ CB and we
use the notation A ∼ B to denote that both inequalities A . B and B . A hold.
Finally we use the notation A ≪ B to denote that the relation B . A does not
hold.

Acknowledgement: We wish to thank Tony Carbery for several illuminating dis-
cussions on various aspects of this paper and for comments which have improved
the content and structure of the paper.

2. Statement of main result and applications

Often a simple scaling argument allows one to reduce certain problems involving
polynomials to solving the corresponding problem for normalised polynomials; that
is, if P (x) = adx

d + · · · + a0 then one may assume maxj |aj | = 1. If the maximum
occurs at the top coefficient, |ad| = 1, then we are more or less looking at monic
polynomials which may be an easier case but nevertheless it is the situation which
should be dealt with first.

However if the coefficient |ad| is small but the next coefficient |ad−1| = 1 is where
the maximum occurs, then since ad−1 = −ad(x1 + · · ·+ xd), ad−2 = ad

∏

j<k xjxk,

etc... where {x1, . . . , xd} are the roots of the polynomial P , lying in some field
extension K of the field of fractions of A, we see that S := |ad|

−1 is large with

S = |x1 + · · · + xd|, |
∏

j<k

xjxk| ≤ S, . . . , |x1 · · ·xd| ≤ S
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and so the inequality (1) in the introduction can be expressed as saying that the
maximal separation of the roots ∆ = maxj,k |xj −xk| grows like S in this situation;
here ∆ is measured with respect to any extension of the absolute value | · | to
K. More precisely, there are positive constants cd, Cd and ǫd so that if P (x) =
∑d

j=0 ajx
j with maxj |aj| = |ad−1| = 1, then

cd|ad|
−1 ≤ ∆ := max

j,k
|xj − xk| ≤ Cd|ad|

−1 (4)

whenever |ad| ≤ ǫd.

Now if both |ad| and |ad−1| are small but |ad−2| = 1 is where the maximum occurs,
the geometric quantity which arises is

∆2 := min
j

max
k 6=ℓ

|xj − xk||xj − xℓ|

where the maximum is taken over all pairs k, ℓ ∈ {1, 2, . . . , d} so that k 6= ℓ. The
quantity ∆2 can be expressed in terms of certain clusters of the points {x1, . . . , xd};
here we deviate from the notion of root cluster introduced above and define a cluster
L as any subset L ⊂ {1, 2, . . . , d} which we think of as labelling the points {xj}j∈L.
The appropriate clusters for ∆2 all have size |L| = d−2, |L| denoting the cardinality
of the cluster L. Hence

∆2 = min
j

max
j∈L:|L|=d−2

∏

k/∈L

|xj − xk|

where the maximum is taken over all clusters L containing j with size |L| = d − 2.
Similarly the diameter ∆ can be described in terms of clusters of size d − 1:

∆1 := min
j

max
j∈L:|L|=d−1

∏

k/∈L

|xj − xk|.

Strictly speaking ∆ is not equal to ∆1 but they differ only by a factor of 2; that
is, ∆1 ≤ ∆ ≤ 2∆1 (however in the non-archimedean case they are in fact equal).
Informally the inequality in this case states that ∆2 grows like |ad|

−1 if |ad| and
|ad−1| are small, |ad−2| = 1 and |aj | ≤ 1 for all coefficients.

For the general case, corresponding to the maximum of the coefficients |ad−k| = 1
occurring at the kth place from the top, the geometric quantity which arises is

∆k(x1, . . . , xd) := min
j

max
j∈L:|L|=d−k

∏

k/∈L

|xj − xk|.

In order to state the main result below we introduce the notation

ek(x1, . . . , xd) :=
∑

j1<...<jk

xj1 · · ·xjk

for 1 ≤ k ≤ d, the elementary symmetric polynomials in x1, . . . , xd.

Theorem 2.1. Let R be a commutative ring with an absolute value | · |. For any
integers k, d with d ≥ 2 and k ≤ d/2, there are small positive constants η1, . . . , ηk−1

and c and a large positive constant A, each depending only on d, k and | · | so that
for any collection of d points {x1, . . . , xd} ⊂ R,

c |ek(x1, . . . , xd)| ≤ ∆k(x1, . . . , xd) (5)
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holds whenever |ek| ≥ A, each |ej | ≤ |ek| and in addition, when 1 ≤ j ≤ k − 1,
|ej | ≤ ηj |ek|. Furthermore if the characteristic q of R is positive, we assume q >
d − k.

Remarks:

• The restriction k ≤ d/2 is sharp in any ring R containing an element
with absolute value strictly bigger than 1 (taking powers we can then find
elements with arbitrarily large absolute values); simply consider x1 = · · · =
xk−1 = 0 and xk = · · · = x2k−1 = y where |y| is large. Here d = 2k − 1,
ek = yk, ej = 0 for every j ≥ k + 1 and ej = cjy

j = cjy
−(k−j)ek for

1 ≤ j ≤ k − 1 but ∆k = 0. The fact that (5) does not hold for k > d/2
(together with the applications discussed below) is the interesting feature
of Theorem 2.1. As we will see, the proof itself is not very difficult.

• The additional conditions |ej | ≤ ηj |ek| for some small ηj when j ≤ k − 1 is
necessary in general. For instance if d = 4, k = 2, x1 = x2 = x3 = 1 and x4

is large (take, say, R = R with the usual absolute value), then |e2| ∼ |x4|
yet ∆2 = 0; note that in this case, |e1| ∼ |x4| is not small compared to |e2|.

• The reverse inequality in (5) holds under less restrictive conditions; in fact
∆k(x1, . . . , xd) ≤ C |ek(x1, . . . , xd)| holds for some large positive constant
C = Cd,k,|·| whenever |ej | ≤ |ek| for all j ≥ 1. In particular there is no
restriction on k. The proof is easy and elementary. If the points are ordered
in size |x1| ≤ |x2| ≤ · · · ≤ |xd|, it suffices to show that |xd−k+1 · · ·xd| . |ek|
and this can be established by contradiction: if |xd−k+1 · · ·xd| ≫ |ek|,
then one can reason inductively that for each 1 ≤ j ≤ d − k + 1, the
inequality |xjxd−k+2 · · ·xd| . |ek| cannot hold. Interlaced in this inductive
argument, one runs a complementary inductive argument showing that for
each 2 ≤ ℓ ≤ d− k + 1, we have |xℓ| ≫ 1. At the final step we arrive at the
conclusion that

|x1 · · ·xd| = |x1xd−k+2 · · ·xd · x2 · · ·xd−k+1| ≫ |ek| · 1

which contradicts our hypothesis |x1 · · ·xd| := |ed| ≤ |ek|.
• In terms of polynomials P ∈ A[X ], Theorem 2.1 can be expressed in the

following way: there are positive constants ǫ1, . . . , ǫk−1, c, C and A so that
if P (x) = adx

d + · · ·+a0 = ad

∏

j(x−xj) is normalised so that maxj |aj | =

|ad−k| = 1 for some k ≤ d/2 and |ad−j | ≤ ǫj , 0 ≤ j ≤ k − 1, then

c |ad|
−1 ≤ ∆k(x1, . . . , xd) ≤ C |ad|

−1. (6)

Here we see that Theorem 2.1 expresses a certain curious discontinuous be-
haviour; if k > d/2 (so the theorem is false in general) but nevertheless the
conditions on the coefficients are satisfied, in particular the top coefficients
are small, then allowing some of these top coefficients to vanish so that now
k is less than half the degree, the inequality (6) suddenly becomes true.

One application of Theorem 2.1 is the following observation for one dimensional
global oscillatory integrals with real polynomial phases P (x) ∈ R[X ].
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Corollary 2.2. For every d ≥ 2, there is a positive constant Cd so that if P (x) =
adx

d + · · ·+a1x ∈ R[X ] with ‖~a‖ := maxj |aj | = |ad−k| ≥ 1 and k ≤ (d−1)/2, then
∣

∣

∣

∫

R

e2πi(adxd+···+a1x)dx
∣

∣

∣
≤ Cd‖~a‖

−1/d. (7)

Since the degree d is at least 2, the integral in (7) makes sense as a limit
∫

x∈R
exp(...)dx

= limR→∞

∫

|x|≤R exp(...)dx. If there is a uniform bound of some derivative of P

from below, |P (j)(x)| ≥ cd‖~a‖, then the estimate (7) follows immediately from an
application of van der Corput’s lemma; see for instance [6]. This is indeed the case
when k = 0 (or if x is restricted to a compact interval), however it is not the case
for larger values of k. Furthermore the estimate in (7) is false when k > (d − 1)/2
as shown for instance by the example P ∈ R[X ] with

P ′(x) = ǫxk−1
(

x − ǫ−1/k
)k

and ǫ ≪ 1.

For this example, the corresponding oscillatory integral in (7) is bounded below
by cd ǫ−1/k(k+1) for some cd > 0. There are analogues of Corollary 2.2 in non-
archimedean settings in which case the oscillatory integral in (7) becomes related
to a character sum.

Another application of Theorem 2.1 is the following structural statement about
global sublevel sets for polynomials P ∈ A[X ] with coefficients in any commutative
ring A with an absolute value | · |.

Corollary 2.3. For every d ≥ 1, there is a positive constant Ad so that if P (x) =
adx

d + · · · + a0 ∈ A[X ] with ‖~a‖ := maxj |aj | = |ad−k| = 1 and k ≤ d/2, then
{

x ∈ A : |P (x)| ≤ δ
}

⊂
⋃

z∈RP

[

BAdδ1/d min(1,δ1/d)(z) ∩ A
]

(8)

holds whenever the characteristic of the ring A, if positive, is larger than d − k.
Here RP ⊂ K denotes the set of roots of P lying in some field extension K and
Br(z) = {y ∈ K : |y − z| ≤ r} is the ball centred at z ∈ K with radius r, measured
with respect to any extension of the absolute value | · | to K.

Two examples to keep in mind are A = R and A = C with the usual absolute value;
in these cases we take K = C. If A = R, then Br(z)∩R is contained in the interval
{x ∈ R : |x−Re(z)| ≤ r} where Re(z) denotes the real part of z ∈ C and so in this
case Corollary 2.3 implies the global sublevel set estimate

∣

∣{x ∈ R : |P (x)| ≤ δ}
∣

∣ ≤ 2dAd δ1/d; (9)

whereas in the case A = C, Corollary 2.3 implies the global sublevel set estimate
∣

∣{x ∈ C : |P (x)| ≤ δ}
∣

∣ ≤ πdA2
d δ2/d (10)

whenever δ ≤ 1 and P satisfies the hypotheses of Corollary 2.3. Local versions of
both (9) and (10) are well known and then no restriction on k(≤ d/2) is needed.

When A = R or A = C, the same example illustrating the sharpness of Corollary
2.2 shows that the sublevel set inclusion (8) is false for any k > d/2; in fact the
sublevel set estimates (9) and (10) are also false when k > d/2. Note that when
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A = R the sublevel set estimate follows by a standard argument when k = 0 but
the set inclusion (8) is not so trivial in this case.

Let us see now how Corollary 2.3 gives a proof of Theorem 1.1. Recall that we are
counting the ‘global’ solutions to a congruence P ≡ 0 mod ps, s ≥ 0 in the field
of fractions A of a Dedekind domain o with a nonzero prime ideal p whose residue
class field o/p is finite. Here P (x) = adx

d + · · · + a0 lies in o[X ] and is normalised
so that max |aj | = |ad−k| = 1 with k ≤ d/2 where | · | is induced from the prime
ideal p. Hence Corollary 2.3 applies and implies

{

x ∈ A : P (x) ≡ 0 mod p
s
}

⊂
⋃

z∈RP

[BAd‖p‖−s/d(z) ∩ A]

where we note BAd‖p‖−s/d(z) ∩ A = {x ∈ A : |x − y| ≤ Ad‖p‖
−s/d} for some y ∈ A

if BAd‖p‖−s/d(z) ∩ A is nonempty. Therefore the number of solutions (in A)

#
{

P ≡ 0 mod p
s
}

≤ dN

where N is an upper bound of the number disjoint balls {x ∈ A : |x − c| ≤
‖p‖−s}, c ∈ A which fit inside some fixed ball {x ∈ A : |x− y| ≤ Ad‖p‖

−s/d}, again
y ∈ A. A simple computation shows N ≤ Ad‖p‖

s−s/d and so we have the following
bound on the number of ‘global’ solutions

#
{

P ≡ 0 mod p
s
}

≤ dAd‖p‖
s(1−1/d) (11)

which establishes Theorem 1.1.

The original interest in Corollary 2.3 was to explore certain implications of oscil-
latory integral estimates for corresponding sublevel set estimates. It is well known
that if φ : E → R is a real-valued phase on some compact set E ⊂ Rn, then an
oscillatory integral estimate

∣

∣

∫

E

e2πiλφ(x)dx
∣

∣ ≤ A|λ|−a (12)

(or more generally a multilinear oscillatory integral form where φ defines the under-
lying oscillatory kernel) implies the corresponding sublevel set (or more generally
the corresponding multilinear sublevel set operator) estimate |{x ∈ E : |φ(x)| ≤
δ}| ≤ CnAδa as long as a < 1. However since (12) is invariant when φ(x) is re-
placed by a translate φ(x)+c where c ∈ R, Corollary 2.3 immediately shows, via the
usual argument of passing from oscillatory integrals to sublevel sets by the Fourier
inversion formula, that (12) implies

|{x ∈ E : |P (φ(x))| ≤ δ}| ≤ Cn,d,aAδa/d

whenever the real polynomial P satisfies the hypothesis of Corollary 2.3. Since the
real values of φ on E ⊂ Rn are unrestricted one is naturally led to examining global
sublevel sets of P on R. Of course establishing oscillatory integral estimates for
polynomial changes of the phase, P (φ(x)) from (12) is another matter altogether.
The discussion and conclusions made above hold for general multilinear oscillatory
integrals.
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3. Proof of Theorem 2.1

Here we present most of the details of how one can establish (5) in Theorem 2.1.
The reader can consult [2] for a more detailed proof.

Recall that we are considering d points {x1, . . . , xd} in a commutative ring R with
an absolute value | · | and our goal is to establish the inequality ∆k(x1, . . . , xd) &
|ek(x1, . . . , xd)| under certain conditions on the elementary symmetric polynomials
ej of these points. More precisely for any fixed k with k ≤ d/2, we will show the
existence of positive constants ck,d, Ak,d, η1, . . . , ηk−1 so that

∆k := min
j

max
j∈L:|L|=d−k

∏

k/∈L

|xj − xk| ≥ cd,k |ek(x1, . . . , xd)| (13)

holds whenever |ek| ≥ Ak,d, each |ej | ≤ |ek| and when 1 ≤ j ≤ k − 1, we have the
additional hypothesis |ej | ≤ ηj |ek|.

Without loss of generality assume that the minimum in ∆k occurs when j = 1 and
assume the points are ordered so that |x1 − x2| ≤ |x1 − x3| ≤ · · · ≤ |x1 − xd|.
Then ∆k = |x1 − xd−k+1| · · · |x1 − xd|. The basic idea of the argument is to find
a symmetric polynomial Q in d variables of degree 2k so that when Q is evaluated
at the d given points we have |Q(x1, . . . , xd)| . ∆k(x1, . . . , xd)

2. Next one uses
the fundamental lemma representing symmetric polynomials as a polynomial of
the elementary symmetric polynomials Q(t1, . . . , td) = P (e1, . . . , ed) and observes
that the coefficient of e2

k is nonzero and various troublesome terms in fact do not
arise, leading to a bound from below |P (e1, . . . , ed)| & |ek|

2 when the elementary
symmetric polynomials ej are evaluated at (x1, . . . , xd).

The following symmetric polynomial works; Q(t1, . . . , td) :=
∑

j1<···<j2k

∑

σ∈S2k

(tjσ(1)
− tjσ(2)

)2(tjσ(3)
− tjσ(4)

)2 · · · (tjσ(2k−1)
− tjσ(2k)

)2

where S2k denotes the symmetric group of permutations on the set {1, 2, . . . , 2k}
and the first sum is over all 2k-tuples (j1, . . . , j2k) of increasing elements in {1, . . . , d}.
Here we are assuming that d ≥ 2k. One easily checks that Q is a symmetric poly-
nomial of degree 2k.

Claim: Given the above ordering of the points {xj}, we have

|Q(x1, . . . , xd)| ≤ C |x1 − xd−k+1|
2 · · · |x1 − xd|

2 = C ∆2
k

for some constant C depending only on k and d. In fact consider a fixed summand

(xjσ(1)
− xjσ(2)

)(xjσ(3)
− xjσ(4)

) · · · (xjσ(2k−1)
− xjσ(2k)

)

for some permutation σ and 2k-tuple (j1, . . . , j2k). We first observe that there exists
a pair (σ(r), σ(r + 1)) with r odd and 1 ≤ r ≤ 2k − 1 so that max(jσ(r), jσ(r+1)) ≤
d − k + 1. If not we can then find k distinct integers {jr1 , . . . , jrk

} in the integer
interval [d − k + 2, d] which is clearly impossible. For such a pair (σ(r), σ(r + 1))
we have

|xjσ(r)
− xjσ(r+1)

| ≤ 2 |x1 − xd−k+1|.
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We eliminate this pair and proceed to find another pair (σ(r′), σ(r′ + 1)) so that
max(jσ(r′), jσ(r′+1)) ≤ d − k + 2 which gives

|xjσ(r′)
− xjσ(r′+1)

| ≤ 2 |x1 − xd−k+2|.

And so on by induction which gives the claim.

By the fundamental theorem for symmetric polynomials we can find a unique poly-
nomial

P (e1, . . . , ed) =
∑

α=(α1,... ,αd)

α1+2α2+···+dαd≤2k

cα eα1
1 eα2

2 · · · eαd

d

where P (e1, . . . , ed) = Q(t1, . . . , td) and the ej are the elementary symmetric poly-
nomials of the variables t1, . . . , td. Since Q is a homogeneous polynomial of degree
2k and since each monomial eα1

1 · · · eαd

d is a homogeneous polynomial (in t1, . . . , td)
of degree α1 + 2α2 + · · · + dαd, we see that

P (e1, . . . , ed) =
∑

α=(α1,... ,αd)

α1+2α2+···+dαd=2k

cα eα1
1 eα2

2 · · · eαd

d .

If we set tk+1 = · · · = td = 0, then Q(t1, . . . , tk, 0, . . . , 0) = c[t1 · · · tk]2 for some
c > 0. In fact a computation shows that

c = ck,d = 2k

(

d − k

k

)

k!2

and our assumption that the characteristic of the ring R, if positive, is larger than
d − k guarantees that |cx| = a|x| where a = |c · 1| > 0. Here 1 is the identity
element in our ring R and c · 1 = 1 + · · · + 1, c times.

Hence

P (s1, . . . , sk, 0, . . . , 0) = c[t1 · · · tk]2 = c[sk]2

where s1 = t1 + · + tk, . . . , sk = t1 · · · tk are the first k elementary symmetric
functions of the variables t1, . . . , tk. By the uniqueness part of the fundamental
theorem representing symmetric polynomials by polynomials of elementary sym-
metric polynomials, we have cα = 0 for all α = (α1, . . . , αk, 0, . . . , 0) satisfying
α1 + 2α2 + · · ·+ kαk = 2k except when α = (α1, . . . , αd) with αk = 2 and all other
entries equal to zero, in which case cα = c > 0.

Our goal now is to show that |eα1
1 eα2

2 · · · eαd

d | is small compared to |ek|
2 (when the

ej are evaluated at our points x1, . . . , xd) for all α = (α1, . . . , αd) with cα 6= 0
except for the one with αk = 2 and all other entries zero where of course the above
expression is equal to |ek|

2. Let us look at a general monomial cα eα1
1 eα2

2 · · · eαd

d of
the symmetric polynomial P . Of course α2k+1 = · · · = αd = 0 but furthermore
there can be at most one nonzero αj for j ≥ k + 1 and if this is the case, it must
have value equal to one. If j = 2k then eα1

1 eα2
2 · · · eαd

d = e2k and |e2k| is clearly small
compared to |ek|

2 by hypothesis (in fact |e2k| ≤ |ek| ≤ A−1|ek|
2). If j = 2k − 1

then eα1
1 eα2

2 · · · eαd

d = e1e2k−1 and |e1e2k−1| is also small compared to |ek|
2; in fact,

|e1e2k−1| ≤ η1|ek|
2.
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But we now run into some trouble since there are terms when j ≤ 2k−2 which will
not be small compared to |ek|

2 and we must show that such troublesome terms in
fact do not arise; that is, the corresponding coefficients cα are in fact zero. To see
this write

P (e1, . . . , ed) = ce2
k + ek+1P1(e1, . . . , ek) + · · · + e2kPk(e1, . . . , ek)

where c > 0 and for each 1 ≤ j ≤ k,

Pj(e1, . . . , ek) =
∑

α=(α1,... ,αk)

α1+2α2+···+kαk=k−j

bj
α eα1

1 eα2
2 · · · eαk

k

For the moment let us concentrate on P1 and here the goal is to show that b1
α = 0

for all α = (α1, . . . , αk), α1 + · · · + kαk = k − 1 except for that α with all entries
equal to zero save αk−1 = 1 (note that this is the only non-offending monomial in
P1 since |ek−1ek+1| can be made small compared to |ek|

2 by our hypotheses). We
impose the following total ordering on k-tuples arising in the sum defining P1: if
α = (α1, . . . , αk) and β = (β1, . . . , βk) are two such k-tuples then we say α < β
if there is an ℓ, 1 ≤ ℓ ≤ k so that α1 + · · · + αk = β1 + · · · + βk, α2 + · · · + αk =
β2+ · · ·+βk, . . . , αℓ−1+ · · ·+αk = βℓ−1+ · · ·+βk but αℓ + · · ·+αk < βℓ + · · ·+βk.
Of course, given any two distinct k-tuples α and β it is a trivial matter to check
that either α < β or β < α.

We now proceed to eliminate each b1
α (that is, showing they are zero) one by one

starting with the maximal α in this total ordering which by the way is α = (k −
1, 0, . . . , 0) since all other α = (α1, . . . , αk) satisfy α2+2α3+· · ·+(k−1)αk ≥ 1 and
so α1+ · · ·+αk < k−1 = α1+2α2+ · · ·+kαk. To do this we set tk+2 = · · · = td = 0
and thus

Q(t1, . . . , tk+1, 0, . . . , 0) = cs2
k + sk+1P1(s1, . . . , sk)

where now (changing notation a bit) s1, . . . , sk+1 denote the elementary symmet-
ric polynomials in the variables t1, . . . , tk+1. We simply note that the monomial

tk1t2 · · · tk+1 which arises in sk−1
1 sk+1 does not arise in any other term sα1

1 · · · sαk

k sk+1

appearing in sk+1P1(s1, . . . , sk) as well as not arising in Q(t1, . . . , tk+1, 0. . . . , 0)
(strictly speaking we are assuming k ≥ 3 but the arguments for the cases k = 1
and k = 2 are completed by this point). Hence b1

(k−1,0,... ,0) = 0.

If β 6= (0, . . . , 0, 1, 0), we want to show b1
β = 0. By induction assume we have shown

that b1
α = 0 for all α > β. Therefore

Q(t1, . . . , tk+1, 0, . . . , 0) = cs2
k + sk+1

∑

α≤β

b1
αsα1

1 · · · sαk

k

and we note that if α0 < β is the predecessor of β in this total ordering, then there
is an ℓ, 1 ≤ ℓ ≤ k so that α0,1 + · · ·+α0,k = β1 + · · ·+βk, . . . , α0,ℓ−1 + · · ·+α0,k =
βℓ−1 + · · ·+βk but α0,ℓ + · · ·+α0,k < βℓ + · · ·+βk. We observe that the monomial

tβ1+···+βk+1
1 tβ2+···+βk+1

2 · · · tβℓ+···+βk+1
ℓ tθ1

ℓ+1 · · · t
θk+1−ℓ

k+1

which arises in sk+1s
β1

1 · · · sβk

k does not arise in sk+1s
α1
1 · · · sαk

k for any α < β and
also does not arise in Q(t1, . . . , tk+1, 0, . . . , 0) when β 6= (0, . . . , 0, 1, 0). Therefore
b1
β = 0 as desired.
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When we move on to the polynomial P2 and set tk+3 = · · · = td = 0, we have

Q(t1, . . . , tk+2, 0, . . . , 0) = cs2
k + dsk−1sk+1 + sk+2P2(s1, . . . , sk)

where we continue to abuse notation and denote by s1, . . . , sk+2, the elementary
symmetric polynomials in the variables t1, . . . , tk+2. In a similar way one shows
P2(s1, . . . , sk) = esk−2 and so on and so forth by induction, arriving finally at

P (e1, . . . , ed) = c e2
k + b1ek−1ek+1 + b2ek−2ek+2 + · · · + bke2k

where c > 0 is given explicitly above (full details can be found in [2]). Therefore
when we evaluate the ej at our given points x1, . . . , xd, we have

∣

∣P (e1, . . . , ed)
∣

∣ ≥ |c ek|
2 − Mk max(η1, . . . , ηk−1, A

−1)|ek|
2

where M is the maximum of the integer coefficients bj , 1 ≤ j ≤ k. And together
with the Claim above establishes the desired inequality (13).

4. Further applications

In this section we prove Corollary 2.2 and Corollary 2.3. We begin with the proof
of Corollary 2.3 which depends on the following proposition that gives a structural
statement for sublevel sets of polynomials in terms of root clusters defined in the
introduction. Recall that if {z1, . . . , zm} denotes the set of distinct roots of a
polynomial P (x) = ad

∏

j(x−zj)
mj of degree d =

∑

j mj in A[X ], then we define a

root cluster as some subset C ⊂ {z1, z2, . . . , zm}. The following is a slight extension
of a result of Phong and Stein in [5].

Proposition 4.1. Suppose A is a commutative ring with a nontrivial absolute
value | · | and let P (x) = ad

∏

(x − zj)
mj be a polynomial in A[X ] (the roots RP =

{z1, . . . , zm} of P lying in some field extension K). Then 3

{x ∈ A : |P (x)| ≤ δ} ⊂

m
⋃

j=1

⋂

C:zj∈C

⋃

zℓ∈C

[

BrC,δ
(zℓ) ∩ A

]

(14)

where the intersection is taken over all clusters C ⊂ {z1, . . . , zm} containing zj.
Here

rC,δ :=
[

2d−S(C) δ

|ad

∏

zk /∈C(zj − zk)mk |

]1/S(C)

where S(C) =
∑

j:zj∈C mj and the absolute value | · | in rC,δ and Br is any extension

of the original absolute value to K. When the absolute value |·| is non-archimedean,
the factor 2d−S(C) can be replaced by 1 in rC,δ.

Proof Set Aj := {x ∈ A : |x − zj| = mink(|x − zk|)} and note that

{

x ∈ A : |P (x)| ≤ δ
}

⊂

m
⋃

j=1

{

x ∈ Aj : |P (x)| ≤ δ
}

.

3this sublevel set inclusion has been sharpened in [8] to give an equality of sets
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Now fix j, 1 ≤ j ≤ m, and observe that when x ∈ Aj ,

|P (x)| ≥ 2S(C)−d
∣

∣ad

∏

zk /∈C

(zj − zk)mk
∣

∣ ·
∣

∣

∏

zk∈C

(x − zk)mk
∣

∣

for any cluster C containing zj since |zj − zk| ≤ |zj − x|+ |x− zk| ≤ 2|x− zk| when

x ∈ Aj (the factor of 2S(C)−d can be replaced by 1 when the absolute value |·| is non-
archimedean). Therefore for x ∈ Aj , if also |P (x)| ≤ δ, then |

∏

zk∈C(x − zk)mk | ≤

r
S(C)
C,δ for any cluster C containing zj and this gives

{

x ∈ Aj : |P (x)| ≤ δ
}

⊂
⋂

C:zj∈C

⋃

zℓ∈C

[

BrC,δ
(zℓ) ∩ A

]

,

completing the proof of the proposition.

Before proceeding with the proof of Corollary 2.3, we pause to note that Proposition
4.1 gives a proof of Theorem 1.2. We apply Proposition 4.1 to P with A = o,
δ = ‖p‖−α for some integer α ≥ 1 and absolute value |x| := ‖p‖−ordp(x), noting
that if some Br(z)∩o appearing in (14) is nonempty, then there is an element y ∈ o

so that Br(z)∩o = {x ∈ o : |x−y| ≤ r}. Therefore if s satisfies ‖p‖−s ≤ r < ‖p‖−s+1

for some s < α, then the number of disjoint ‘balls’ {x ∈ o : |x−x0| ≤ ‖p‖−α} which
lie inside a fixed Br(z)∩o is ‖p‖α−s ≤ ‖p‖αr. The set inclusion (14) therefore leads
to the bound

#
{

x ∈ o/p
α : P (x) ≡ 0 mod p

α
}

≤

m
∑

j=1

inf
C:zj∈C

‖p‖α−
(α−δp(P ;C,zj))

S(C) #C.

More details can be found in [8].

In order to establish Corollary 2.3 it is convenient to prove a slight generalisation,
relaxing the normalisation of the polynomial in the following way. We will prove
that for any d ≥ 1 and σ > 0, there is a positive constant Ad,σ so that if P (x) =
adx

d + · · · + a0 ∈ A[X ] with each |aj | ≤ 1 but |ad−k| ≥ σ for some k ≤ d/2, then

{

x ∈ A : |P (x)| ≤ δ
}

⊂
⋃

z∈RP

[

BAd,σδ1/d min(1,δ1/d)(z) ∩ A
]

(15)

holds. The proof of (15) is carried out by induction on k. When k = 0 (and so
|ad| ≥ σ), we consider only the cluster C = {z1, z2, . . . , zm} corresponding to all
the roots in (14) and so Proposition 4.1 implies that

{

x ∈ A : |P (x)| ≤ δ
}

⊂

d
⋃

j=1

[

B[δ/|ad|]1/d(zj) ∩ A
]

⊂

d
⋃

j=1

[

B[δ/σ]1/d(zj) ∩ A
]

,

establishing a stronger version of (15) in this case, the minimun min(1, δ1/d) being
replaced by 1. Now let us assume that (15) has been established for all k′ < k.
To carry out the induction step, we need the following, more refined result: for
each k ≥ 0 and every σ > 0, there are small positive constants σ0, . . . , σk−1,
depending only on σ, d (≥ 2k) and the absolute value | · | so that for any polynomial
Q(x) = bdx

d + · · · + b1x + b0 with σ ≤ |bd−k| ≤ 1, |bd−j| ≤ σj , 0 ≤ j ≤ k − 1 and
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|bd−j| ≤ 1, j ≥ k + 1,

{x ∈ A : |Q(x)| ≤ δ} ⊂
⋃

z∈RQ

[

BAδ1/(d−k)(z) ∩ A
]

(16)

holds for all δ > 0, where A depends only on σ, σj ’s and d.

The case k = 0 coincides with the strengthened version of (15) mentioned above.
We will not proceed by induction to establish (16) for general k, instead we will
do this directly for every k.

However before proceeding to the proof of (16), let us see how this implies (15) and
hence Corollary 2.3. Recall that the case k = 0 has already been established and we
proceed to the induction step, assuming the desired conclusion holds for all values

k′ < k. Let σ > 0 be given and fix a polynomial P (x) =
∑d

j=0 ajx
j satisfying the

relaxed normalisation conditions |aj | ≤ 1, j ≥ 0 and |ad−k| ≥ σ. For this k and σ >
0, the refined result (16) produces small positive constants σ0, . . . , σk−1 so that (16)

holds for any polynomial Q(x) =
∑d

j=0 bjx
j satisfying the relaxed normalisation

conditions, together with the added conditions |bd−j| ≤ σj , 0 ≤ j ≤ k − 1. Back
to our polynomial P , if there is some coefficient ad−j , 0 ≤ j ≤ k − 1 satisfying
|ad−j| ≥ σj , then we can apply the induction hypothesis with k′ = d − j < k to
conclude that (15) holds. On the other hand, if all the coefficients ad−j, 0 ≤ j ≤ k−1
satisfy |ad−j | ≤ σj , then (16) holds and this implies (15) holds as well since k ≤ d/2.
This completes the induction step.

We now turn to establish (16). Fix a polynomial Q(x) = bdx
d + · · · + b0 of degree

d with σ ≤ |bd−k| ≤ 1 for some k ≤ d/2 and |bj| ≤ 1 for all j. Our goal is to see
how small we need the sizes |bd−j|, 0 ≤ j ≤ k − 1 to be in order to conclude that
(16) holds for this Q. First of all, Proposition 4.1 applied to Q gives

{x ∈ A : |Q(x)| ≤ δ} ⊂
m
⋃

j=1

⋂

C:zj∈C

⋃

zℓ∈C

[

BrC,δ
(zℓ) ∩ A

]

(17)

where z1, z2, . . . , zm−1 and zm are the distinct roots of Q with multiplicities m1, m2, ...
respectively and

rC,δ :=
[

2d−S(C) δ

|ad

∏

zk /∈C(zj − zk)mk |

]1/S(C)

.

Let {w1, w2, . . . , wd} be an enumeration of the roots {zj}, listed with multiplicity.
We now make a connection between root clusters defined in the introduction and
clusters defined as subsets L ⊂ {1, . . . , d} used in Section 2 to define the quantities
∆k. For each 1 ≤ j ≤ m, choose an index n ∈ {1, . . . , d} so that wn = zj; it is an
easy calculus exercise to verify that

inf
C:zj∈C

[ δ

|ad

∏

zk /∈C(zj − zk)mk |

]1/S(C)

= inf
L:n∈L

[ δ

|ad

∏

ℓ/∈L(wn − wℓ)|

]1/|L|

(18)

where the second infimum is taken over all subsets L ⊂ {1, . . . , d} containing n.

According to (6) (the reformulation of Theorem 2.1 in terms of polynomials), we
have that for every n ≥ 1, there is a subset L ⊂ {1, 2, . . . , d} of size |L| = d − k
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containing n so that
∣

∣ad

∏

k/∈L

(wn − wk)
∣

∣ ≥ ck,d

holds whenever coefficients |bd−j |, 0 ≤ j ≤ k − 1 are small enough. This, together
with (18), shows that (17) implies the desired set inclusion (16). This completes
the proof of Corollary 2.3.

We now turn to the proof of Corollary 2.2. This follows in exactly the same way
as the proof of Corollary 2.3 except we use the analogue of Proposition 4.1 for
oscillatory integrals which can be found in [4] (the analogue of which for exponential
and character sums holds but will appear elsewhere). We leave the details to the
reader.
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