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140 W

Ko 100W 90 B0 W 0H 60 ¥
180 Pl L s R & 6
e = I o & a & e >
v e N Gt .
140 72 [ - N LN % 5 33
o o :
o L LT, r =
Ly
P > = 4 7
- 7 v ::Q\::‘“\K “\t . . > 120
- g gl o e e == o
! B
1 fw 3 e e < Wl 100
[P 5 2
Vbl il L A Gy
B4 4D v 3 i TR o8
ER éé 5k vy H b " il -
THg: ~
5 > i N £ Tl "
= [FN % M
] [ B B SREREY o )
= /\;f‘:ﬁ T — :\& LS ::: -1 2 30N
© A ol ot ) i
40 Eg; s = o AR Lo kg e ptoit ; .
R ) S e i = e
AN dda 1144 S &
AP AN BN bl ) N o T o
fl RS EE o A B . .
; t{&\ L S o] ' LI MR d ‘5—"3;‘17'-
B T Ot on 1 dat s S ey Ry 20 N

140

160

140 W

130 W 120 W Mo W 100 W oW 80 W W 60 W
g ) T ! k. L 5,
:M _‘/ * =4 i, 4 : m_ow_ ot
oy i "y Tt 4 P i
. o, 40 k\ k%kkk%%% L4
T M, S y
@fv/{ «'J < o g
v LR, W LY &
et AN A )
2 <R % TLVE a0 n
; s il
v/”’ — LR ¢ i 3 :
(N
PR ES 4 f4 [ AR b ;
SIpp £ % 5 .
< A A TRk < o
A 7N v F7mal ¢ N E RS 3t
) Sy Ay NI TN - = A
{«rJ> . :w \21/“ - ke " = AN
— e
i oo -X“5 P R a =
oo TIN5t oL, e
S X P o
ol ‘K{f‘x oy "/‘:/:;iij: s l._n]Tln,_lm_m_ b
W AT W o= it
200 40 &0 B0 100 120 140 180 180 200 220 240 260

Weather maps at 1 day interval
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Balance and the slow manifold (continued)

Mid-latitude atmosphere: rapidly rotating, strongly stratified fluid,
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Mid-latitude atmosphere: rapidly rotating, strongly stratified fluid,

B supports inertia-gravity waves (IGWs), with
fo <w < N,

where Coriolis parameter fo ~ 10~*s~! and Briint—Vaisala
frequency N = |gp. /p|*/? ~ 107251

B possible time scales: minutes < Ti,,, < hours
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Balance and the slow manifold (continued)

Small parameter:

Wave radiation by slow flows — p.4/2:



Small parameter:

T
o= 8% «1
T <

Dimensionless PDEs: with 7, as reference time,

o 0
a—i:NS(S,f;(S), a—{+ﬁf:Nf(57f;5)

with spec £ = {iw:w € R, |w| > 61}
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Small parameter:

T
o= 8% «1
T <

Dimensionless PDEs: with 7, as reference time,

0s of
E_Ns(svfa(s)) E—i_ﬁf_Nf(S?f?a)
with spec £ = {iw:w € R, |w| > 61}

Time-scale separation:
o slow (nonlinear) dynamics, s, T'= O(1),
o fast inertia-gravity waves, f, T' < O(9).

Wave radiation by slow flows — p.4/2;



Small parameter:

T
o= 8% «1
T <

Dimensionless PDEs: with 7, as reference time,

0s of
a_Ns(Svfa(s)) E—i_ﬁf_Nf(S?faa)
with spec £ = {iw:w € R, |w| > 61}

Time-scale separation:
o slow (nonlinear) dynamics, s, T'= O(1),
o fast inertia-gravity waves, f, T' < O(9).
Observations:
o fast oscillations are weak, f < s
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Reduce the dynamics to a slow manifold: submanifold of state space
which is approximately invariant and on which the motion is slow (van
Kampen 1985, MacKay 2004).

Balanced motion: motion on a slow manifold, no fast oscillations (no
Inertia-gravity waves).
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Reduce the dynamics to a slow manifold: submanifold of state space
which is approximately invariant and on which the motion is slow (van

Kampen 1985, MacKay 2004).

Balanced motion: motion on a slow manifold, no fast oscillations (no

Inertia-gravity waves).

At leading order in §: f = 0 (geostrophic balance foz x u = —Vp)

At higher orders: find the slow manifold by slaving

f=

F(S) — 5F1(S) + 52F2(3) 4.
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Reduce the dynamics to a slow manifold: submanifold of state space
which is approximately invariant and on which the motion is slow (van

Kampen 1985, MacKay 2004).

Balanced motion: motion on a slow manifold, no fast oscillations (no
Inertia-gravity waves).

At leading order in §: f = 0 (geostrophic balance foz x u = —Vp)
At higher orders: find the slow manifold by slaving

f=F(s) =0Fi(s) + 52F2(5) 4.

f
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Interest:

® Balanced models: describe dynamics on a slow manifold, with
reduced dimension (dim s = dim f /2) and large time steps,

Js

57 = Ns(s, F(f,9),0)

(quasi-, semi-geostrophic, L1, BE...)
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Interest:

® Balanced models: describe dynamics on a slow manifold, with
reduced dimension (dim s = dim f /2) and large time steps,

Js

57 = Ns(s, F(f,6),9)
(quasi-, semi-geostrophic, L1, BE...)

B |nitialisation: project initial data on the slow manifold to eliminate
mostly spurious oscillations.
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Interest:

® Balanced models: describe dynamics on a slow manifold, with
reduced dimension (dim s = dim f /2) and large time steps,

Js

57 = Ns(s, F(f,6),9)
(quasi-, semi-geostrophic, L1, BE...)

B |nitialisation: project initial data on the slow manifold to eliminate
mostly spurious oscillations.

Questions:
B Can balance be perfect? Is there an invariant slow manifold?

B |f not, describe the spontaneous generation of inertia-gravity
waves. What is the wave amplitude?
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Use toy ODE model to examine these guestions.
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Use toy ODE model to examine these guestions.

Lorenz’s less-famous equations:

Shallow-water on the sphere, spectral expansion, truncation to 3
modes — 9-component model

Neglect 2 IGWs — 5-component model (Lorenz 1986):

uw = —vw + by
v = uw — buy
w = —Uv
ot = —vy
0y = x -+ obuv

Slow variables: s = (u, v, w) Rossby-wave triad

Fast variables: f = (x,y) inertia-gravity-wave pair.
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2 parameters:

m )= foL/\/gH = rotational Froude number,
®mec=U/(fcL)=Rossby number.

They combine in 6 = T, /Tl = ¢/+/1 + 1/b? = (oscillation
frequency) 1.
(Compare with shallow-water dispersion relation: w = ¢~ 14/1 + k2 /b2.)
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0 Is small in two regimes, both relevant:

B )<1, e=0(1), small Froude number

B <1, b=0(1), small Rossby number.
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2 parameters:

m )= foL/\/gH = rotational Froude number,
®mec=U/(fcL)=Rossby number.

They combine in 6 = T, /Tl = ¢/+/1 + 1/b? = (oscillation

frequency) 1.

(Compare with shallow-water dispersion relation: w = ¢~ 14/1 + k2 /b2.)

0 Is small in two regimes, both relevant:

B )<1, e=0(1), small Froude number

B <1, b=0(1), small Rossby number.

Lorenz’s model: a pendulum coupled to a stiff
spring

Ky
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Studies of the Lorenz model conclude that:

B There are no exactly invariant slow manifolds for o > 0 (ellipticity,

MacKay 2004)
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B Slow manifolds can be found that are invariant to all orders in 9,
f = ijzl 0" F,,(s), but divergence as N — oo
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® These oscillations have exponentially small amplitudes
= exp(—a/d), and appear through a Stokes phenomenon.
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Studies of the Lorenz model conclude that:

B There are no exactly invariant slow manifolds for o > 0 (ellipticity,
MacKay 2004)

B Slow manifolds can be found that are invariant to all orders in 4,
f = ijzl 0" F,,(s), but divergence as N — oo

® By optimal truncation, one obtains slow manifolds invariant to
exponentially small error (Gelfreich & Lerman 2002)

® | ack of invariance results from spontaneous generation of IGW
oscillations.

® These oscillations have exponentially small amplitudes
= exp(—a/d), and appear through a Stokes phenomenon.

B They can be captured by exponential asymptotics (V 2004, V &
Yavneh 2004, Olfasdottir, Olde Daalhuis & V 2005).
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The reduction from PDEs to ODEs has some drawbacks:

® ODEs cannot describe wave generation in the small-Froude
number regime b < 1, e = O(1).

5

It is caused by resonance of large-
scale waves, with £ = O(b): Lighthill -,
radiation (also gravitational waves) .
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The reduction from PDEs to ODEs has some drawbacks:

® ODEs cannot describe wave generation in the small-Froude
number regime b < 1, e = O(1).

It is caused by resonance of large-
scale waves, with £ = O(b): Lighthill -,
radiation (also gravitational waves) .

B ODEs cannot describe dissipation caused by waves radiating at
oo. dissipation by loss of balance
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The reduction from PDEs to ODEs has some drawbacks:

® ODEs cannot describe wave generation in the small-Froude
number regime b < 1, e = O(1).

It is caused by resonance of large-
scale waves, with £ = O(b): Lighthill -,
radiation (also gravitational waves) .

B ODEs cannot describe dissipation caused by waves radiating at
oo. dissipation by loss of balance

Introduce a new toy model that retains a PDE component
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Keep the pendulum for the slow variables, replace the oscillator by a
1D linear Klein—Gordon equation, with dispersion relation

w? = e %(1 4 k?/b%).

The equations of motion are:

0 = w

w = —sin [29 + 2¢ / f(s)x(s,t) ds]
€exy = —y
€Yy = T — Tgs/b”

+ef(s)sin [29+26 / £(8)a(s, 1) ds]

ODE/PDE coupling through the function f(s) =
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The model is Hamiltonian, with energy

w? 1 1 2 /7.2 2 2
H:7—§ s (20 4+ 2¢ | f(s)x(s,t)ds 5 (ZES/b + +y)ds
and symplectic form 2 = df A dw + edy A dz.

H escapes finite domains with flux F = x;z,/b°.
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The model is Hamiltonian, with energy

w? 1 1 2 /7.2 2 2
H:7—§ s (20 4+ 2¢ | f(s)x(s,t)ds 5 (:I:S/b + +y)ds
and symplectic form 2 = df A dw + edy A dz.

H escapes finite domains with flux F = x;z,/b°.

Use the model to study wave generation in the regimes:
B ) <1, e=0(1): Lighthill-type radiation,

B ec<1,b=0(1): exponentially small radiation
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For b < 1, long waves with £ = O(b) are slow, and generated
resonantly.

We can use matched asymptotics to derive

® the form of the long waves generated (cf. Einstein 1918, Lighthill
1952),

B a post-balanced model: closed, dissipative model for (6, w) that

accounts for wave radiation (cf. Blanchet 2002, Ford, Mclintyre &
Norton 2000).
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For b < 1, long waves with £ = O(b) are slow, and generated
resonantly.

We can use matched asymptotics to derive

® the form of the long waves generated (cf. Einstein 1918, Lighthill
1952),

B a post-balanced model: closed, dissipative model for (6, w) that
accounts for wave radiation (cf. Blanchet 2002, Ford, Mcintyre &
Norton 2000).

To leading order, the waves satisfy the linear Klein—Gordon equation
Ty — Tgs + x = ab’ed’(S)sin(20), with S = bs

Dipolar generation, leading to O(b%) waves.
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The wave feedback appears at O(b?), leading to the post-balanced
model .
0 = w

— sin [29 — b%a’esin(20) /nt/? — 2b3aeB(t)}

()

aeJi(t/e)

with B(t) = —ae®w cos(20) — * sin(26).

The post-balanced model consists of integro-differential equations; it
reduces to differential equations for non-dispersive waves (in odd
dimensions).

Compare numerical solutions for initial condition on unperturbed
(b = 0) separatrix:

cosf = sech [V/2(t — tp)] and sinf = —tanh [V2(t — to)]

KRedH
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Small-Froude-number regime (continued)

—
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-
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Results for b = 0.15, a = e =1, tyg = 5.
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For ¢ < 1, a slow manifold can be found to any accuracy O(") by
slaving:

Thal(s, 0, w) = Z 62”“95](;{(3, 0, w),

n=0
. b2l /2 b b —
with 951(3(21 e [ebserfc L e YSerfc i sin(260), etc.
V2 V2

Can add wave solution:
Ty = /C(k) expli(ks — wt)]dk, with w? = (1+Kk*/b%)/e* > 1.

but interest in balanced solutions: C'(k) =0 att = 0.

No wave generation visible for t € R: C(k) = o("), VN.
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For t € C, near singularities of (6(t),w(t)), the slow-manifold
expansion breaks, and wave generation appears at leading order.

Examine equations near singularities, and match (Kruskal-Segur):
C'(k) jumps from 0 to exponentially small values when ¢ € R crosses
Stokes lines (6 = 0).

Inner problem: for 7 = (¢ — t.)/e = O(1), expand

O
_1 _ -1 Xn(S)
2n Ty L= E on o ClC
‘T T

n=1

to find recurrence relations for w,,, X, (s), etc. For n > 1, observe that

A —1)"*t1(2n — 1)! >
X~ (—1) 2( ?22 NA(R) ke /2 Q2 — 14 k2B
T mn

for some A\(k), provided that & < 1.
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Borel-summation of the divergent series

0
g =L E
n=1

shows that the late behaviour is associated with the wave part

AN

X, (k)
T2n Z

T (k,t) ~ —1kA(R) eene=ls )2 cosjw(t — B) /€], k<1,

€

with o = St, > 0 and g = Rt,.
Inverting the Fourier transform by steepest descent gives

ei(t—0)/e—b25%/[2(a—i(t—p))]
o —i(t — B)]3/2

T (s,1) ~ (2m)202\(0) e /€S R

for S = €'/25s = O(1).
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Small-Rossby-number regime (continued)

Expression for the exponentially small waves generated by the
balanced motion when a Stokes line Is crossed.

It depends on a single parameter \(0) to be determined numerically for
each « and b. This is done by solving recurrence relations for X, (k)
discretised (Gauss—Hermite), and

1) LarkQen L o
(=Y 7T Xne¥/?2 = A(k) as n — oo.
(2n —1)!

2

1.9¢
1.87

17} 5558688888888+
A ()

1.6} 4
1.5} 1
1.4} 3

13 . ;
0 5 10 15 20

Fora < 1orb< 1, A\(0) ~ a: weak coupling limits.
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Comparison of asymptotic results with numerical simulations:
Initial conditions on unperturbed (e = 0) separatrix.
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Plots of 6(t), F'(t) for s = 25, x(s,t)
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Initial conditions on unperturbed (¢ = 0) periodic orbit 6(0) = 7 /4,
w(0) = 0.

— kg
12 : 12 -
—
107 10 10 | — 1
w2 ‘ : : % —
. W’l N 8 2 . L H0.5
// \\ ' -
\\ \\ , l‘ t =
0 o \ \\\ / 6 4 . 10
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/\ "
- : : : —
o2 a4 6 8 _—
t 2 2| —
0= 0
0 10 20 30 40 50 0o 10 2

§

Plots of 6(t), F'(t) for s = 25, x(s,t) — :1:](02)1(5, 0(t)) =
for e =0.125, a = 2.5 and b = 0.5.
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® A toy model to study wave generation by slow motion
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® A toy model to study wave generation by slow motion

B with time-scale separation for £ = O(1) but not £ = O(b)

(acoustic waves, gravitational waves),
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® A toy model to study wave generation by slow motion

B with time-scale separation for £ = O(1) but not £ = O(b)
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B with time-scale separation for all £: exponentially small
radiation.

® The two regimes can be studied asymptotically
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® Future work:
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® A toy model to study wave generation by slow motion

B with time-scale separation for £ = O(1) but not £ = O(b)
(acoustic waves, gravitational waves),

B with time-scale separation for all £: exponentially small
radiation.
® The two regimes can be studied asymptotically

® Future work:

B |nitial-value problem for b = O(1), e = O(1): relaxation to a
near-balanced state,
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® A toy model to study wave generation by slow motion
B with time-scale separation for £ = O(1) but not £ = O(b)
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radiation.

® The two regimes can be studied asymptotically

B Future work:
B |nitial-value problem for b = O(1), e = O(1): relaxation to a
near-balanced state,
B Forced problem: statistical equilibrium between forcing and
dissipation by wave radiation (a way out of inertial runaway?
cf. Straub, McWilliams)
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® A toy model to study wave generation by slow motion
B with time-scale separation for £ = O(1) but not £ = O(b)
(acoustic waves, gravitational waves),

B with time-scale separation for all £: exponentially small
radiation.

® The two regimes can be studied asymptotically

B Future work:
B |nitial-value problem for b = O(1), e = O(1): relaxation to a
near-balanced state,

B Forced problem: statistical equilibrium between forcing and
dissipation by wave radiation (a way out of inertial runaway?
cf. Straub, McWilliams)

B Exponentially small wave radiation in realistic fluid models.
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