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The decy of the conceltration of a passie scalar releasedin a periodic shear ow with

random time dependenceis examined. Periodic boundary conditions are assumed,placing
the problemin the strange-eigenmde regimewherethe conceiration decy is exponertial in

the long-time limit. The focusis on the limit of smalldi usivit y x < 1 (large Pecletnumber)

which is studied using a conbination of asymtptotic methods and numerical simulations.

Two speci ¢ ows are considered: both have a sinusoidal velocity pro le, but the random
function of time is either (i) the amplitude of the sinusoid or (ii) its phase. The behaviour of
the passiwe scalarin eath ow is very di erent. The decy rate (or Lyapunos exponert) A\,

in particular, which characterisesthe long-time deca in almost all ow realisations, scales
like k23 in (i) and %% in (ii).

The temporal intermittency of the scalardeca, ass@iated with uctuations in the speed
of decy, is examinedin detail. It is quarnti ed by comparingthe deca rate \ with the decy
rates v, of the ensenble-averagedp-th momert of the concettration. The two o ws exhibit
someintermittency, with v, Z pA. It is however much wealer for ow (i) wherethe ~, and A
satisfy x2/3 power laws, than for ow (ii) wherethe ~, are proportional to «'/? and therefore
asymptotically smallerthan A. The results for ow (ii) highlight the possibledicult y in
relating the behaviour of the passiwe scalarin single o w realisationsto predictions madefor

enserble-averagedquartities sud asconceliration momerts.

1 Introduction

The aim of this paper is to examinethe temporal intermittency that canarisewhena passie
scalardecas through advection and di usion in a ow with complextime dependence.For
smaoth ows in boundeddomains,it has beenrecognisedsincethe work of Pierrehumbert
[1] that the passive-scalardecg is exponertial in the long-time limit. This is obvious for
time-independen or time-periodic ows| the decyg rate is then an eigervalue or a Floquet
exponert [2] | but lesssofor ows that are stationary random functions of time. In this
case,one needsto invoke the ergadic multiplicativ e theory [3, 4] to argue that the decay
rate is (the negative of) the largest Lyapunov exponert assaiated with the advection{

di usion equation. The spatial structure of the decaing scalar,termed “strangeeigenmale'
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by Pierrehumbert [1], is assaiated with the correspnding (random) invariant subspaceg3].

The issueof temporal intermittency ariseswhenthe nite-time behaviour of the decaing
scalaris considered. A strongly intermittent deca is characterisedby large transiernt vari-
ations in the rate at which the scalar conceitration decreasesfor sometime this decrease
can be much faster or much slower than that predicted by the deca rate. Over long time
scales,of course,the periods of anomalouslyfast and slow deca averageout to leadto the
in nite-time decy rate. Strong intermittency also implies that there is a large variability
in the scalardeca betweendi erent realisationsof the ow. This is to be cortrasted with
the behaviour in weakly intermittent systems:in these,the deca for even small obsenation
periods is systematically well predicted from the decyg rate, and ead realisation of the ow
is roughly identical. The di erence is clearly important in practice, sinceit is often necessary
to predict the behaviour of singlerealisationsof a ow.

To quantify temporal intermittency, it is natural to de ne nite-time deca rates,in anal-
ogy with the nite-time Lyapunov exponerts usedfor nite-dimensional dynamical systems
[5]. Unlike the (in nite-time) deca rate, A say, which is deterministic and relevant to almost
all ow realisations, the nite-time deca rates \; are random variables. Their statistical
distribution and the mannerwith which this distribution collapsesto the value A ast — oo
descrike the nature of the intermittency.

Another way of characterising the temporal intermittency, essetially equivalert to the
analysis of the distribution of nite-time decag rates, considersthe deca of ensenble-
averagedmomerts of the scalarconcettration, that is, of ensenble averagesof various powers
p of the concertration. This is a standard approad for nite-dimensional dynamical systems
[6{ 8] wherethesemomert decy rates, which we denoteby ~,, are termed "generalised_ya-
punov exponerts'. They turn out to encapsulatethe sameinformation as the distribution
of nite-time Lyapunov exponerts, at least asymptotically for large time. In terms of these
momert decy rates, temporal intermittency is revealed by a nonlinear dependenceof +,
on p. A strong intermittency then implies that the -, cannot be inferred from in nite-time
decy rate \ or, corversely that A cannotbe inferred from knowledgeof a particular v,. The
latter point is the most relevant in practice: it is often easierto dewelop a theory predicting

the decy rate of somemomer, usually the variance (p = 2), and indeed, theories of this
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type have beendeweloped for someclassesf o ws, notably chaotic, mixing ows[¥ 14] and
o ws with no-slip boundary conditions [15, 16]. The geruine need, howeer, is for predic-
tions that are relevant to single ow realisations, speci cally for the deca rate A and, if
possible,for someinformation about the distribution of nite-time decg rates \;. Whether
sud predictions can be reliably inferred from varianceor other momernt decg ratesdepends
on how intermittent the scalar decyg is, with a strong intermittency making this type of
inferenceimpossible.

Although the issueof temporal intermittency for decaiing scalarhasbeenraisedearlier
[12, 17], it doesnot appearto have beenanalysedin the strange-eigenmde regimethat char-
acterisesthe long-time decg in boundeddomains. The aim of the presen paper is to carry
out sud an analysisfor two model o ws, hamely two simple unidirectional shear o ws, with
periodic spatial dependenceand random time dependence.Random shear o ws have been
studied a great deal [L 21]. The main aim of thesestudiesis the explicit demonstration of
the spatial intermittency of the decaing scalar| essetially the non-Gaussiamature of the
distribution of concerration valuesat xed time | andthe ow that they examinetypically
is a linear shearin an unboundeddomain. A notable exceptionis the work by Bronski and
McLaughlin [27] who examinedscalar decg in a sinusoidal shear ow, in particular with
periodic boundary conditionsfor the scalarconcenration. Wereconsiderthis ow or, rather,
a slight extensionthereofwith nite rather than vanishing correlation time. Speci cally, we

study advection{di usion in a velocity eld of the form (u,v) = (0, V(z,t)), with
V(z, ) = f(1)sinz (1.1)

for a stationary random function f(t) which we take to be piecewiseconstart. Periodic
boundary conditionsareimposedfor the scalarconcenration in both the z- and y-directions,
thus ensuring strange-eigenmde decyg in the long-time limit. As will becomeapparen, a
crucial feature of (1.1) is that only the amplitude is random: the spatial structure is xed.
Our interest is for the deca in the regime where advection dominates di usion, at least
at the ow scale;this is the large-Peclet-rumber regime thought to be relevant to many
applications. In this regime, becausehe scalardecy is slov comparedwith the correlation

time of f(t), the latter can be formally taken to vanish, and the Bronski and McLaughlin
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[27] model is recovered.
In unidirectional owssud as(1.1), the decg of the scalaris acceleratedby the shearing
e ect comparedwith decg by di usion alone. This accelerationis howewer limited by the
presenceof shearlesspoints, the extremaz = 7/2 and x = 3x/2 of the velocity pro le.
This hasbeennoted for time-independert ows (f(t) = const) by a number of authors [2
] who found that the concertration decreaseso zerovery rapidly outside narrow regions
around the velocity extrema. The width of theseregionsthen scaleswith the di usivit y
r like /4, leading to a decg rate proportional to x'/2. Becausetime-independen ows
provide a referencewith which to comparerandom ows, we presenn in Appendix A.1 a
boundary-layer solution of the eigervalue problem which yields the x'/? dependenceof the
decy rate when f(t) = const. We perform a similar boundary-layer analysisfor (1.1) with
time-dependen random f(t) and, after scaling, reducethe advection{di usion equationto
a pair of coupledstochastic di erential equationsindependen of di usivit y. The behaviour
of the scalardecg, including the temporal intermittency, is completely descriked by these
equations. We conclude,in particular, that the decey rate A and the momert decy rates,
all scalelike x*®. The intermittency of the deca, although non-zero,turns out to be weak,
sothat inferring A from -5, say, leadsto an error of only a few percen.
A much strongerintermittency is found for the secondtype of o w that we examine,with
velocity
V(x,t) = asin(z+ ¢(t)), (1.2)

where « is a constart and ¢(t) is a stationary random function, uniformly distributed in
[0, 27]. In cortrast with (1.1), this ow hasa changing spatial structure, in fact, a randomly
translating spatial structure. This makesthe scalar ewlution much more complicated: as
with (1.1), the concertration is localisedin the vicinity of two points, but thesemove ran-
domly in time and do not coincidewith the extremaof (1.2). In other words, the decaing
processleadsto the formation of randomly translating structures in the scalar eld which
are not phaselocked with the advecting velocity eld. We documen this phenomenonby
presening detailed results of numerical simulations. Thesereveal a strong intermittency

which increasesasdi usivit y decreasesThe intermittency becomesn fact arbitrarily large



asx — 0, with the momert decyg rates~, scalinglike x'/2 while the decy rate ) scaledike
x3/8. Thus, for the ow (1.2) even the power-law dependenceof the deca rate in eadh re-
alisation cannot be inferred from the decy rates of ensenble-averagedquartities. It should
howewer be emphasisedhat the strange-eigenmde phaseof the scalardeca setsin after an
asymptotically long transiert period; by the end of this period the concertration hasdecaed
to an asymptotically small fraction of its initial value.

The remainder of this paper is structured as follows. In section 2, we introduce our
notation for the advection{di usion problem and de ne the various decg rates ( nite-time,
in nite-time and of ensenble-avteragedmomerns) usedto diagnosetemporal intermittency.
We examinethe scalar ewolution in the velocity elds (1.1) and (1.2) in sections3 and 4,
respectively. The paper concludeswith a Discussionin section5. Sometechnical details, in
particular the boundary-layer analysesleadingto the variancedecy rates, are relegatedto

Appendices.

2 Scalar decay in random shear flows

The concettration C(z,y,t) of a passie scalaradvectedby a shear ow (u,v) = (0, V(x, 1))
in two dimensionsobeysthe advection{di usion equation
Ci+ V(z,t)Cy = k(Cur + Cyy), (2.1)

where « is the di usivit y. Becausewe considerthe e ect of varying «, and in particular
taking the limit « — 0, while keepingV'(x,t) xed, s canbethought of asthe inverseof the
Peclet number.

For periodic boundary conditions in the y-direction, as assumedhere, C'(z,y,t) is the
sum of independerly ewlving Fourier componerts. We considerone sud componert and

write the concerration as
Cz,y.1) = Re [ (1),

where! is one of the waverumbers 2n7/L for n = £1 +2 ---, and L is the domain period

in the y-direction. The complexamplitude &(z, t) then satis es
Co+ iV (z, ) = k.. (2.2)
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Note that we do not considerthe y-independent (I = 0) componert which is una ected by
the ow and hencedecgs purely di usiv ely.

We focus on the deca of the concerration when V' (z,t) is a random function of time
with smooth spatial structure, and we assumethat V(z,t) and (z,t) are 2x-periodic in
x. This decy is expectedto be exponertial in the long time limit; speci cally, the ergadic

multiplicativ e theory [3, 4] applied to the advection{di usion equation suggestghat
C(x,t) ~ D(z,t) exp(=\t) as t — oo, (2.3)

for almost all realisationsof V(z,t).! Here, A > 0 is the deca rate and is deterministic, and
D(z,t) is a (complex) stationary random function describingwhat Pierrehumbert [1] termed
the strangeeigenmale. )\ is bestthought of as (the negative of) the Lyapunov exponert of
(2.2), de ned by

i Liog IC1E)

A= —lim -log

oot I0])(0)

(2.4)

wherewe usethe usual L, norm

18111 = [/|C’(as7t)|2dx] 1/2.

Becauseit is deterministic, A characterisesthe decg of almost all realisationsof the ow
and provides the most useful measureof the mixing e ciency for large times.
The temporal intermittency of the scalar decgy can be quartied by consideringthe

nite-time decya rates, or nite-time Lyapunov exponerts, de ned by

el[G)
;= ——log , (2.5)
t = 1C110)
and the momert decy rates v, de ned by
1 E[|C]]r()
= — lim ~log—fx—-—, 2.6
A e) (2

1We remain at a heuristic level and do not provide here a rigorous justification for the applicability of
the ergodic multiplicative theory to the advection—diffusion equation. This would require either an infinite-
dimensional version of this theory [26] or reduction to a finite-dimensional problem using inertial-manifold
arguments [27]. Furthermore, statements such as (2.3) would need to be made precise using both forward

and backward evolution [3].



whereE denotesthe mathematical expectation and we take a deterministic initial condition.
Note that, becauseof the form of (2.3), the particular norm chosenfor the de nitions (2.4)
and (2.6) is irrelevant. Thus, ||0Hp could be replacedin (2.6) by

/ O, )P da 2.7)

What is crucial, however, is that , characterisesthe deca/ of ensenble-averagedmomerts.

The relationship
d,
dp

is readily establishedfrom (2.4) and (2.6). The connectionbetweenthe nite-time distribu-

A= (2.8)

Y
p=0

tion of A\, and the function ~, for p € , which are well-known for nite-dimensional linear
systems[5, 6], are expectedto alsohold for the advection{di usion equation (2.2). Specif-
ically, if we assumethat the probability density function for \; takesthe large-deviation
form "

p(\e;t) ~ (%) e M) as t — oo, (2.9)

with ¢(-) a convex, non-negative (Cramer) function satisfying g(\) = 0, then it is easyto

show using Laplace'smethod that the Legendre-transformformula

= i?f [pA: + g(Ad)] - (2.10)

holds.

We emphasisethat although \; — )\ ast — oo the non-trivial distribution (2.9) of \,
for nite t implies that v, 7 pX in general. Thus, the decy rate -, of ensenble-averaged
momerts E ||C||? di ers from the decay rate p of ||| in almostall ow realisations. This
re ects the intermittency of the passive-scalardeca/ which is the focusof the presen paper.
This intermittency means,in particular, that the decg rate derivedfor a particular momert,
often p = 2, cannot be usedto infer the deca rate in typical realisations,which is A. In the
next two sections,we examinetwo typesof o ws for which the intermittency can be clearly

demonstratedby asymptotic and numerical means.



3 Flow with fixed spatial structure

3.1 Model

For the rst type of ow, we take the velocity eld
V(z,t) = f(t)sinz, (3.1)

where f(t) is a zero-meanrandom function of time. It is then corveniert to take the

piecewise-constanfunction
f(t)=a&,/l for n<t<n+1n=012---,

wherea > 0is a constan, the &, areindependen normal variableswith zeromeanand unit
variance,and the division by [ is introducedfor easeof notation. This type of ow is in the
classof renewing (or renovating [2€]) ows, that is, ows which decorrelatecompletely in
a nite time, taken hereto be 1. In sud ows, the concerration at the end of ead time
interval, that is, ¢,(z) = ¢(z,n) ewlvesaccordingto a random map. In the absenceof
di usion, this map reads

C(z) — C(z)eiotsine, (3.2)

With di usion, the map is more complicatedto write down. A standard simpli cation is to
considerthat advection and di usion act successiely: thus, a period of advection leadingto

the map (3.2) is followed by a period di usion leadingto the map
O(z) — &% O (x), (3.3)

where exp(k9?,) denotesthe time-1 ow of the heat equation. Combining (3.2{( 3.3, we
write the dynamicsas

Cri(2) = e (e-iaf Sinxén(x)) . (3.4)

This is the model that we use for numerical simulations. These are carried out using a
pseudo-spctral represetation of ¢, (z), with the advection step (3.2) carried out on the
grid, and the di usion step (3.3) carried out in Fourier space.Following Pierrerumbert [29],

we formulate the dynamicson a lattice by constraining the advection to take place over an
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Figure 1. Concerration decyg for the advection{di usion map (3.4) with a = 7 and x =
10-3. The norm of the concenration is shovn in logarithmic coordinate asa function of the

iteration number n for 5 di erent realisationsof the map.

integral number of grid steps. Depending on di usivit y, we usebetween512 and 2048grid
points and Fourier modes;this provessu cient for the resultsto be insenstive to resolution.
Figure 1 shavsthe decays of the norm of the concertration in 5 typical realisationsof the
map (3.4), all takenwith the sameinitial condition &, = 1. As expected, the concertration
decass exponertially, with nite-time decg rates \,, changingfrom realisationto realisation.
This of courseis a nite-time e ect, andif the simulations werecarriedout for a larger number
of iterations, all the deca/ rates would convergeto the samerate \. Figure 2 illustrates the
spatial structure of the decaing concetration: it shovs ¢ normalisedby ||¢|| asa function
of x, here after n = 2000iterations of the map. A similar structure is in fact obsened at
all n after a brief transiernt period. The modulus of ¢' hastwo well-de ned peakscertred at
x = m/2andz = 37/2 and decreasesharply away from these. The real and imaginary parts
of € oscillate over a scalethat is roughly that of the peaks. The width of the peakschanges
with n in a random fashion, as doesthe phaseof the oscillations. Numerical experimerts
with di erent valuesof « showv that the deca rate A and the typical width of the peaks
in |C‘\ decreasewith  in a power-law fashion. (Note that the symmetry in the two peaks
results from the fact that C”O(w/Z) = 00(37r/2) = 1.) We now dewelop an asymptotic theory

that predicts this power-law behaviour and givesa characterisation of the intermittency of
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Figure 2: Normalised concetration of the decging scalarfor the advection{di usion map
(3.4). |C) (solid line), Re (dashedline) and Im ¢ (dotted line) normalisedby ||C|| are

showvn asfunctions of x after n = 2000iterations with x = 1073.
the scalardecy for x — 0.

3.2 Asymptotic results

We start by noting that the decyg is slow comparedwith the correlation time of the velocity
eld, takento be unity. We can thus appraximate the piecewise-constanprocessf(t) by a

white noise,and write the cortinuous ewlution equation
G+ iasing & o = /iém, (3.5)

where 11, is a white noise,and formally ¢t = n. Becausethe white-noiseterm emergesas
limit of a coloured noise, this equation should be interpreted in the senseof Stratonovich
[3(] indicated by the synbol o.

Equation (3.5) is preciselythat studied by Bronski and McLaughlin [27], and clearly it
is relevant for velocity elds of the form (3.1) with more general f(¢) than the one used
for our numerical simulations. The analysisthat we now presen is fairly dierent from
that of Bronski and McLaughlin [27] in that we focus on the small-di usivit y limit x — 0
and provide an asymptotic model for the single-realisationbehaviour of (3.5 whereasthey

mostly considerensenble-avzeragedmomeris in the opposite limit x> 1.
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The numerical simulations show that the conceitration is localisednear the points = =
w/2and z = 3r/2 wherethe shearV, vanishesasis the casefor constart f(¢). This suggests

using a boundary-layer approad. Focusingon the neighbourhood of x = 7/2, we let
C(x,t) = e Me(X, T),
where IW; is the Wiener process,
x = g+ Y5072 X  and t= (ka) YT (3.6)

Introducing thesevariablesinto (3.5, expandingthe sine and using the scaling property of

W, we nd the parameter-freeleading-orderequation

Cr— 12X2c' oW = Cyy.

A solution with suitable decg for | X| — oo is found as
C(X,T) = e WMX*+uT)] (3.7)
wherethe complexamplitudes a(7") and b(T") satisfy the stochastic di erential equations
0= —4q® — I—ZVIZT and b= 2. (3.8)

This simple system encapsulatesthe statistical properties of the scalar decg in the ow
(3.1). The nite-time decy rates )\, in particular, are given up to scalingby b(7") /T, with

the long-time limit
A= (ka)?? Jim %Reb(T) = 2(ke)**ReE a(T). (3.9)

Note the x%/3-scaling,which shavsthat the scalardecs is much slower in the ow (3.1) with
random f(¢) than with constart f(¢) (in which the deca rate scaledike x'/2, seeAppendix
A.1).

Numerical solutions of (3.8) shaw that «(7") and (7)) /T quickly read stationary dis-
tributions, with Rea > 0 as s required for the localisation of the solution (3.7) assumed
for the asymptotics. The form of the solution (3.7) is then consisten with the expected

strange-eigenmde decy (2.3), with an eigenmale structure
D(a,t) = g ioWianx?
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Figure 3: Decay rate \ as a function of di usivit y « for the advection{di usion map (3.4)
with a = 7. Numericalresults (o) are comparedwith the theoretical prediction (3.10 scaling

like k2/3 (solid line).

that is indeed stationary. It is also consisten with the form of ¢ obtained in numerical
experimerts with the map (3.4) and illustrated by Figure 2.
We estimate numerically from (3.8) that 2ReE a(7") ~ 0.460, hencewe predict the decay
rate to be
A ~ 0.460(xa)?/>. (3.10)

Figure 3 comparesthis prediction with the decg rate found in numerical simulations of
(3.4) for a range of valuesof . To obtain a reliable approximation from sud simulations,
it is bestto run an ensenble of computations and estimate A asthe averageof the nite- n
decy rate ), for large n. A relatively small ensenble, of about 100 realisations,is enough
to obtain a reliable estimate for E \,,, which corvergesto some\ for large n. The results
con rm the validity of the theoretical approximation (3.10, with a good agreemen even for
x moderately small. In fact, for all the valuesof x shavn in Figure 3, the relative di erence
betweenthe approximation (3.10 and the numerical estimate doesnot exceed3%.

The momen decy rates v, de ned in (2.6) can also be inferred from the form (3.7) of

the solution as
2/3
b= — lim %)

T—o00

logE |e ™|,
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This can be estimated by solving (3.8) numerically, although a large ensenble is required
for reliable results. Our best estimate for the (ensenble-areraged)variance deca rate, for
instance,is

v A 0.881 () ¥/°. (3.11)

This value hasbeencon rmed in two ways. First, we have solved the eigervalue problem for
the covariance E C*(z, t)C(«/, t) by a combination of asymptotic and numerical means,asis
detailedin Appendix A.2. This reproducesformula (3.11), with anidentical numericalfactor
up to the third signi cant digit. The secondcon rmation is obtained by direct ensenble
simulations of (3.4). In this manner we obtain, for instance,~, = 0.0886for x = 102 and
a = 7w when (3.1]) predicts 0.0877.

The results(3.10 and (3.11) shav explicitly that the passie-scalardecy is intermittent:
72 7 2), and more generally v, 7 pA and v, Z py,/2, aswe have veri ed for p = 4 (results
not showvn). The intermittency turns out to be rather weak, howewer, with a relative error
|72 — 2X| /72 of about 4%; it may well be insigni cant for most applications. We emphasise
that this weaknesds nothing more than a numerical property of the stochastic di erential
system (3.9): the intermittency cannot be said to be small in any asymptotic sense. In
the next section, we considera di erent classof shear o ws leadingto a radically di erent
behaviour for the passie scalarproblem, with an intermittency that is asymptotically large

ask — 0.

4 Flow with translating spatial structure

4.1 Model
The type of ow that we now considerhasa velocity eld of the form
V(x,t) = asin(x+ ¢(t) /I, (4.1)

where¢(t) is a stationary randomfunction of time, distributed uniformly in [0, 2r]. As before,
« is a constart, and the division by the waverumber [ is introduced for easeof notation.

Following section 3, we take ¢(t) to be constart for ¢t € [n,n + 1), with independernt values
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Figure 4: Concerration decyg for the advection{di usion map (4.2) with a = 7 and x =
10-3. The norm of the concenration is shovn in logarithmic coordinate asa function of the

iteration number n for 5 di erent realisationsof the map.

¢, In ead interval, and reducethe ewlution to a random map. Alternating advection and

di usion steps,we obtain the random map
0n+1(93) — eﬁa;y [e—iasin(:c-&-(ﬁn)én(x)] 7 (42)

whosedynamicswe now examine.

We have carried out a number of numerical experimerts with the map (4.2 for a range
of valuesof «, using an implementation similar to that descrited in section3.1. Figure 4
shaws the deca of ||C|] in v e typical realisationsof the map for x = 1073 and « = 7 and
Co(x) = 1. There are two striking featureswhen comparedwith the deca obtained with
the map (3.4) and illustrated in Figure 1. the deca occursat a much larger rate, and it
is much more intermittent. At this point, the intermittency is detectedqualitatively in the
existenceof cleartime intervals during which the decg rate is much larger or much smaller
than its long-time average. Below, we make more quartitativ e statemeris by considering
the di erence between\ and v, /p.

The ewlution of the normalisedconcetration ¢/||¢|| is remarkable and deseresto be
descrited in somedetail. As in the caseof ows with xed spatial structure, the modulus

of the concertration hastwo well-de ned peaksseparatedby a distancer; what is di erent,
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Figure 5: Concertration deca for the advection{di usion map (4.2) with « = 7 and k =
10*. The top panel showns the norm of the concerration as a function of the iteration
number n in one realisation of the map. The bottom panel shavs the modulus of the
normalisedconcenration |¢|/||C|| in grey scaleas a function of » and z. It exempli es the
random motion experiencedby the concerration peaks. Three particular iterates, labelled

a, b and c areidenti ed; the correspnding concenration pro les are shavn in Figure 6.

besidesthe di erent scalingwith « of the peakwidth, is the fact that the peaksare moving
over long time scalesin a random manner. In addition, the real and imaginary parts of ¢
oscillate within the peaks, with a wavelength that changesin time but is typically much
shorter than the peakwidth. Toillustrate the nature of ewlution further, we shav details of
oneparticular realisationwith ~ = 10~* and « = 7 in Figures5{6. The top panelof Figure
5 shows the variance decg, whilst the bottom panel shov the correspnding ewlution of
11/]1€]]. The random motion of the position of the concerration peaksis clearly seen,as
are signi cant uctuations in the width of the concenration peaks. It is alsonoticeablethat
rapid motion of the concetration peaks,asfor instancefor 1700 n  2000,is ass&iated
with anomalouslyfast variance decg. In addition, one can idertify periods during which

there are more than two peaks(n ~ 2300),or the peaksceaseo be well de ned (n =~ 3600).
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Figure 6: Normalisedconceitration of the decging scalarfor the realisation of the map (4.2)
descritedin Figure 5. || (solid line), Re (dashedline) and Im ¢ (dotted line) normalised
by ||C|| are shovn as functions of z for three iteration numbersn = 600 (a), 1780(b) and

3575(c) correspnding to the labelsin Figure 5. (Enhancedonline.)

Following the ewolution more closely e.g. by examining an animation of |¢|/||C||, shavs
that these periods, which one might term “crises’,correspnd to a rapid reorganisation of
the concetration structure.

More details of the relationship between the scalar decy and the structure of ¢ can
be gleanedfrom Figure 6. This shaws the pro les of normalisedconcetration ||/||C|| for

three di erent valuesof n identi ed on Figure 5, namely (a) 600, (b) 1780and (c) 3575,and

17



chosento represen di erent phasesn the ewlution. For n = 600,the uctuations in ¢ have
a moderate scale,shorter than the peakwidth, but somewhatlongerthan what an average
scalewould be. As aresult of this moderate scale,the di usiv e damping of the concertration

is slower than average,and there is little motion of the concenration peaks. For n = 1780,
by cortrast, the scaleof uctuation is very small; asa consequencehe concelitration deca/s
sharply. Also, becausethe smallestscalesare on the right of ead peak, the dissipation is
more intensethere, and the peaksmove to the left, that is, toward smaller valuesof z, as
can be seenin Figure 5. The iterate n = 3557illustrates the passagehrough a crisis, when
a pair of peaksis being replacedby another, in this caseshifted to the right. Again, this
can be explained by the changing scaleof the oscillations, which favours one pair of peaks
by dissipating it lessstrongly than the other. (Figure 6 is enhancedonline by an animation
displaying ¢'/||C|| asa function of = for 0 < n < 4000alongwith ||’|| asa function of n.)
As the di usivit y « decreasesthe width of the concertration peaksdecreasess doesthe
scaleof the oscillationswithin ead peak. The deca rate of the conceitration and the speed
at which the peaksmove and changetheir width also decreasewith «. We quartify this

more preciselyin the next section.

4.2 Asymptotic results

As in section3.2, we rst point out that the random processin (4.1) can be approximated
usingwhite noisesn the limit x — 0. Writing sin(z+ ¢(t)) = sinz cos¢(t)+ cosz sing(t), and
noting that cos¢(t) and sin¢(t) have zeromean, variance 1/2 and vanishing covariance, we
appraximate sin(xz+ ¢(t)) in (4.1) by W' sinz+ 12 cosz, whereW! and W? areindependert

Wiener processesThus, rather than the map (4.2), we can study the ewlution equation

O+ i—\/az@‘ o (I/Mf sinz + T2 COSa:) = xC,,. (4.3)

This is the analoguefor the o w with translating spatial structure of equation (3.5 obtained
for the ow with xed structure. Although the equationsare similar, the passive-scalardeca
is qualitativ ely very di erent in both cases.

Perhaps unsurprisingly given the complicated nature of the dynamics descriked in the

previoussection,we found (4.3) much lessamenableto an asymptotic treatment than (3.5):
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we were not able to reducethe dynamicsto a few stochastic di erential equations,and we
thereforerely on numerical computationsto elucidate the dependenceof the averagedeca
rate A on . Analytical progressis however possiblefor the momert decy rates~,. We start

by decommsing ¢ into amplitude and phaseaccordingto
C(x,t) = pla, 1)@,

and derive the following two ewlution equationsfor p and 6 from (4.3):

pt = "ipzz_"ipeia (44)
- @ 1 2 Paba
0, = Nz (I/Mt sinx + 14 COSa:) + K <9m+ 2 p ) . (4.5)
For t = O(1), diusion can be neglected,and the phaseis simply given by
(6% .
0(x,t) = ~ 7 (W, sinz + W cosz) , (4.6)

wherewe assumethat #(z,0) = 0. Thus§é typically growslike t'/2. Di usion rst a ects the

ewlution of p; introducing (4.6) into (4.4) and integrating givesthe appraximation

2

t
p(z,t) ~ po(z) exp {—a—;/ (W] sinz + W2cose)® ds| , 4.7)
0

wherepy(x) isthe initial condition. This expressiordescribesthe early stagesof the ewolution
and, in particular, the mannerin which two concefttration peaksappear nearthe minima of
the argumert of the exponential. Theseminima move, of course,randomly in time.

The approximation (4.7) doesnot descrike the strange-eigenmde stage of the passie-
scalar decg, sinceit predicts a typical deca that is not exponertial in time but rather
behaving like exp(—t2). It is, howewer, an appraximation valid for an asymptotically long
time in the limit « — 0: accordingto (4.7), it isonly for t = O(x~'/?) that the gradierts of p
becomeO(1), and henceit is only for asymptotically longertimesthat thesegradierts become
signi cant in (4.4{( 4.5). Figure 7 illustrates this point by comparingthe ewlution of |||
in a realisation of the map (4.2) (againfor x = 10~* and o = 7) with the prediction deduced
from (4.7). There is a good match for n up to about 600; thereafter, the superexponertial
behaviour that (4.7) entails becomesclear, and the predicted decyy becomesmuch faster

than the actual one. We emphasisethat the concenration norm has already beenreduced
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Figure 7: Norm of the concetration ||€|| as a function of the iteration number n in one
realisation of the random map (4.2 with x = 10~* and o = 7: the numerical result for
the map (solid line) is comparedwith the norm obtained from the asymptotic result (4.7)

(dashedline), which holds only for a nite time.

by seweral orders of magnitudeswhen (4.7) ceasedo be accurate. This is consistem with
our remark that (4.7) holds for times longer than O(x~'/?), that is, heren > 100. From a
practical viewpoint, then, (4.7) is valuable, sinceone may not be interestedin the ewlution
of the scalaronceits concettration hasbeenreducedto a small fraction of its initial value.

An important feature of (4.7) is that leadsto an exponertial decg for the momerns of p

and henceof ||¢||. Indeed,in Appendix B we shaw that (4.7) implies that
E pP(z, 1) ~ ph(x)eot)=t/2 (4.8)

ast — oo. We now arguethat this result provides the correct large+4 asymptotics for the
decy rates of the ensenble-averagedmomerts of |||[, even though it relieson (4.7) which
is a valid approximation only for a nite time. The reasonfor this is that the ensenble-
averagedmomerts are dominated by realisationsof the o w for which the scalardeca has
beenanomalouslyweak. Thus, at any time, the ensenble-averagedmomerns are dominated
by realisationsfor which 6 is anomalouslysmall and as a consequencethe gradierts of p
are small; theseare circumstanceswhich ensurethe validity of (4.7). In other words, even

though the appraximation (4.7) fails at large time for typical realisations, it is applicable
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Figure 8: Momert decy rate v, as a function of the moment number p for the map (4.2)
with x = 10~* and « = 7. Numerical estimatesof ~, (o) are comparedwith the asymptotic
prediction (4.9 valid for x < 1 (dashedline). The tangert to the curve v, at p = 0, with
slope given by the decy rate \ estimatedfrom (4.10, is alsoindicated (dotted line).

for those anomalousrealisations which dominate the behaviour of the enserble-averaged
momerts. As a result, we predict the momert deca ratesto be asymptotically

a(rp)'/?
Yo~ =

(4.9)
as x — 0. This expressioncan be con rmed for p = 2, that is, for the variance deca rate,
by examiningthe eigervalue problem for the concenration covariance. This is carried out in
Appendix A.3. It provesrather di cult to verify (4.9 through direct numerical simulations.
On the one hand prohibitiv ely large ensenbles are necessaryto obtain estimatesof v, with
p > 2;onthe other hand, (4.9) is not valid for p <« 1 (seebelow). Newerthelessour numerical
results, presered in Figure 8 for x = 10~* and a = 7, appear consistem with the estimate
(4.9).

The estimate (4.9), with its highly nonlinear p'/? dependenceon the momern number p,
underliesthe strong intermittency of the passiwe scalardeca for the ow with translating
spatial structure. The p'/?2 hasin fact a crucial feature: it is not di erentiable at p = 0.
Hencethe relationship (2.8) predicts a in nite decg rate (or Lyapunov) exponert \. This

re ects the fact that the approximation (4.9) is not uniformly valid for p — 0, and that the
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Figure 9: Decg rate A\ asa function of di usivit y « for the map (4.2) with « = 7. Numerical
results for A (o) are shovn together with the best t of a x*® power law (dashedline).
Also shavn are the numerical results for (half) the decg rate v, of the ensenble-averaged
variance( ), and the /2 power law predicted by the asymptotic result (4.9) (dotted line).
The di erence between \ and 7,/2 demonstratesthat the temporal intermittency of the

passie-scalardecyy becomesasymptotically largeasx — 0.

dependenceof A upon « is very dierent from that of v, with p = O(1). Our numerical
results establishthis clearly: we found that A\ dependson « in a power-law mannerwith the
power appearingto be 3/8, that is,

A~ ar®/® (4.10)

)

with a best estimate for the prefactor « = 0.878. (The best t for an arbitrary power
law gives~, ~ 0.897<%3™.) Figure 9 illustrates these numerical results by shaving A\ as a
function of x together with the estimate (4.10 for the map (4.2) with o« = «. The Figure
highlights the nature of the intermittency of the passive-scalardeca by also showving ~,/2
which clearly di ers largely from \.

Once (4.10 is known, it providesthe slope of the tangert of the curve -, at p = 0. For
x = 107, the numerical value obtained for « is consistem with our numerical results for ~,),
as the plot of the tangert in Figure 9 indicates. The «*® of the slope of ~, at the origin,

and the (xp)'/? dependenceof ~, for p = O(1) suggestthat there is a cross-@er between
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two di erent regimesfor p = O(x'/*). The Legendretransform formula (2.10 then implies
that the Cramer function governing the distribution of nite-time decg rates \;, while some
O(1) function for A = O(x%®), is proportional to x/\, for much smallervaluesof ),.

In summary o ws of the type (4.1) prove to be extreme examplesof the temporal inter-
mittency that is possiblein passie-scalardecg. With the dierent power-law dependence
of A and v, on «, the intermittency, measuredfor instanceby |y, — 2\|/72, is arbitrary large
in the limit x — 0. We have not beenable to dewlop an asymptotic theory for the sys-
tem (4.2) which descritesthe strangeeigenmale structure and ewlution in a x-independen
manner. Extensive numerical simulations for di erent valuesof « have howewer led to the
identi cation of somescalingsin addition to that of the decyg rates(4.9){( 4.10. Speci cally,
the scaleof variation of p appearsproportional to x'/%, with the form exp[—b(z — ¢)?/x'/4],
where b and ¢ O(1) functions of time, giving a good match for the structure of p in the
neighbourhood of its peak values. Also, the ewlution of p, that is, the changein the values
of the parametersb and c just introduced,appearsto take placeover an O(x~%/*) time scale.
Togetherwith (4.10 this impliesthat the concenration hasdecged by a facto rproportional
to exp(—dr—3/%), for someorder-oneconstart d, by the time the strange-eigenmde stageis

readed.

5 Discussion

The two random shear o ws consideredin this paper illustrate the intermittent nature of
the decy of a passiwe scalar advected and di used in a bounded domain. For the rst

ow, with xed spatial structure, the intermittency turns out to be weak, even though not
asymptotically small the limit of vanishing di usivit y (large Peclet number). In this case
the intermittency can probably be ignored for practical purposes: the decy rate of the
enserble-averagedp-th momert is nearly linear in p, and /2 for instance can be usedto
predict the decg rate ) in individual realisationsof the ow. It shouldbe stressedhowe\er,
that becausethe intermittency is of order onein an asymptotic senseand only numerically
small, it may well be signi cant for other o wswith xed spatial structure, for instancegiven

by a superposition of Fourier modesrather than a single mode.
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The secondtype of ow that we consider,with randomly translating spatial structure,
displays a spectacularform of intermittency in the limit of small di usivit y. For this ow, the
power-law dependenceon di usivit y of the dece rate A di ers from that of the momert decy
rate v, with respective dependencesn /% and x'/2, respectively. Thusin ead individual
realisation, the passi\e scalarconcerration decreasesat arate that is much larger than what
ensenble-averagedresults might suggest. As explained, this is becauseensenble averages
are dominated by anomalousrealisationsin which the scalardeca is much slower than is
typical. We also note that the time scalenecessaryfor the long-time stage of deca (the
strange-eigenmde stage)to be readed is asymptotically long, sothat the concertration is
reducedto a vanishingly small fraction of its initial value by the time this stageis reated.
This may limit the relevanceof the strange-eigenmde stagefor applications.

Although the paper is mainly focusedon the issueof intermittency, it is usefulto note
what the e ect of randomnessis on the e ciency of the mixing as measuredby the decy
rate . As Appendix A.1 recalls,the deca rate for a time-independen sinusoisal ow (and
more generallyfor any ow with extrema), is proportional to x'/2. Making the amplitude of
the sinusoid a zero-meanrandom function of time asin (3.1) unsurprisingly diminishesthe
e ciency of the mixing, with a decy rate scalinglike ~*/3. Making the phaseof the sinusoid
vary randomly in time asin (4.1), by corirast, makesthe mixing more e ective; this is
becausehe extrema of the velocity pro le, which limit mixing whenthe spatial structure of
the ow is xed, constartly changeposition sothat no regionsof the uid remainuna ected
by shear. The result is a decy rate proportional to «%8%. In a natural way, this is larger
than the O(x'/?) decy rate achieved for time-independert o ws with extrema, but smaller
than the O(x'/?) found for monotonic velocity pro les [23, 24]. Of course,the latter cannot
be cortinuousin periodic domains. Note that through a changeof referenceframe the ow
(4.1 can be reinterpreted as the two-dimensionalvelocity eld (u,v) = (& asinz/l); this
hasa time-independert shearand a random uniform ow acrossthe shear.

We concludethis paper by returning to the issueof temporal intermittency. Our results
show that this intermittency canbesigni cant for a (somewhatcortriv ed) classof shear o ws.
It is natural to askwhether similar results hold for more general o ws and, in particular, for

the classof two-dimensionalmixing ows in periodic domainswhich have attracted somuch
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attention in the last few years[1, 9, 11{14, 29. Recenly, Haynesand Vanneste[17] shoved
that two distinct regimesof scalardeca are possiblein these o ws, depending on the scale
of the ow relative to the domain size. In the rst regime, termed locally cortrolled, the
scalardecy is limited by small regionsof the uid which have experiencedanomalouslylow
stretching and hencehave relatively high scalarconcenration. In the secondregime,termed
globally cortrolled, the scalar eld has a large-scalestructure roughly determined by the
gravest mode of the Laplacian in the domain. It is likely that the temporal intermittency
properties di er betweenthe two regimes. It canin fact be anticipated to be weak in the
locally controlled regime,wheresomeself-areragingis expectedto take place becauseof the
smallnessof the scalar structures involved. Haynes and Vanneste[1Z] reported only small
di erences betweenthe decy rate v, and half the (ensenble-averaged-)wariance deca rate
v2/2 in both regimes. It would clearly be desirableto assessn more details the nature of
the intermittency for thesemixing o ws, particularly becausehe practical useof theoretical

predictions reliesimplicitly or explicitly on the assumptionthat it is negligible.
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to adknowledgehelpful corversationswith E. VandenEijnden. J. V. is funded by a NERC
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A Three eigenvalue problems
A.1 Constant flow
For referencewe derive the deca rate of a passise scalarin the (non-random) constart ow
V(z) = asinz/l (A1)
in the limit x — 0. The decy rate is the real part of the eigervalue \ satisfying
A+ iasinz & = fié’m,

where &(z) is the eigenfunction. As discussedin Giona et al. [24], the eigenfunction is

localisednear the extremaof V(x), hereat x = /2 and 37/2. The eigervalue problem can
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therefore be solved using a boundary-layer method. Focusingon the maximum at x = 7/2,
we let

r= §+ a7 VIX and A= ot (ka)'/2X

and nd the leading order equation
2
—x0= -0+ Cxx

Introducing a solution of the form ¢ = exp(—aX2), we nd that

1 i 1 i
a — Z — Z and X - é — é
Thus the decy rate is
1/2
Re) = (”0‘2) . (A.2)

This formula also appliesto ows more generalthan (A.1), with any number of (non-

degenerateextrema), in which casea/|l| is the minimum value of |V”| at theseextrema.

A.2 Flow with fixed spatial structure
In this Appendix we derive a closedewlution equation for the concertration covariance
w(z,2') = ECi(2)Cy(a) (A.3)

for the map (3.4). We then solve the correspnding eigervalue problem asymptotically in
the limit x — 0. We also verify that this eigervalue problem is idertical to leading order to
the onethat emergedrom the cortinuous-time appraximation (3.5).

From (3.4), we obtain that the covarianceewlvesaccordingto the deterministic map
n+1($,l’/) — eﬁ(@fx +3§,X/) [e—aQ(sinx—sinz/)2/2 n(x,x')] ) (A4)

This can be written in a more explicit form by introducing the Green'sfunction G(z — y) of

the heat equationin [0, 27], sud that

exp(—ri?,)h(z) = / " Gla - y)h(y) dy,
0
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for any function h. (Note that y is usedhereasa dummy integration variable; there should
be no confusionwith its earlier useas streanmwise coordinate.) In the limit x — 0, G(z — y)
reducesto the Green'sfunction of the di usion equationin anin nite domain, that is

e (2—9)*/(4r)

R T NER

(A.5)

The long-time deca of ,(x,2") and henceof the ensenble-averagedvariance

ENICIE = / (. 2) d

is cortrolled by the solution of the eigenproblemassaiated with (A.4). Noting that, ac-
cording to the de nition (2.6), the eigervalue is exp(—-.), we write this eigervalue problem

as
27 2
e—W(a:,x’):/ / Glo — y) G/ — y)e @ Emvsn /2 (o dudy (A6
0 0

We now examinethis eigervalue problem in the limit x — 0. We rst note that, for

x = 0, the eigervalue problem reducesto
e ( z, .I'/) — e—a2(sinx—sinx’)2/2 ( , .Z'/).

Clearly, the spectrum for ~, becomesthe range of a?(sinz — sinz’)2. For 0 < x < 1, we
expect the eigenfunctionsassaiated with small gamma, to be localisednear the minimum
of (sinz — sinz’)?, that is, alongthe linesz’ = z and 2/ = 7 — z (and their periodic copies).
The eigenfunctioncorrespnding to the minimum value of -, is localisednearthe intersection
r = o' = 7/2 of theselines. We idertify the relevant scaleof localisation as x'/% and hence
introduce
x = g+ Y801 X, vy = (ka)? P, (A.7)

(cf. (3.6)) with similar de nitions for X', andregard asa function of X and X’. Expanding

in Taylor seriesand using (A.5) in (A.6) then leadsto

(x2 - X2

- (A.8)

-mT = xxt xx —

The boundary conditions completing the formulation of the asymptotic eigervalue problem

are of coursedecy for | X|, | X'| — oo.
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Finding the smallest eigervalue ~+, of (A.8) provides the leading-order appraximation
to the ensenble-averaged variance decag rate. This needsto be done numerically. We
have obtained an appraximation to ~, and the correspnding eigenfunctionby solving the
ewlution equation assaiated with (A.8) numerically, usinga nite-di erence discretisation.
Starting from Gaussianinitial condition we obtain the approximation ~, ~ 0.8806,consistem
with the results of section 3.2 as well as the structure of the eigenfunction ( X, X', t) (not
shown).

For completenesswe now establishthat the eigervalue problem (A.8) alsofollows from
the cortinuous-time equation (3.5 which approximatesthe map (3.4) for x — 0. From (3.5),

we nd that

0 |C*(2, )0 )| = & |Co(x, )0, 1)+ (2, 0)Cou(a’ 1)
[
+i a(sinz — sinz’)C* (z, ) &(2', 1) o WL,

Upon transforming into the correspnding Ito form and taking the expectation, we obtain

the Sdredinger equation [cf. 27]
2

0= (et ) — %(sinx—sinx')2 .
Introducing eigensolutionsexp(—~»t) ( X, X’) with the scaledvariables(A.7) and expanding
as x — 0, we recover the eigervalue problem (A.8). We emphasisethat this eigenproblem
di ers from the onethat arisesin a linear shear,as studied by Majda [1&] and McLaughlin
and Majda [20.

A.3 Flow with translating spatial structure

We derive and solve asymptotically the eigervalue problemthat governsthe covariance(A.3)
for the map (4.2). Because(4.2) is spatially homogeneousthe covariance dependsonly on

xr — ', and it is thereforebestwritten as
W(2) = ECHNCo (2 + ).

From (4.2) we obtain that this function ewlvesaccordingto
2

nt1(x) = G(x — 2') Jo(2asin(z' /2)) .(x") dy, (A.9)
0
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where
2

G(z) = G(x — 2")G(2') da’

0
Jo(+) is the O-th Besselfunction of the rst kind, and G(x — z’) is the Green'sfunction of

heat equation, asin Appendix A.2. Using (A.5) givesthe asymptotic behaviour
e v?/(8r)
Q(a:)NW as k— 0.
The larges decgy of ,, and henceof the decg rate 7, of the varianceare determinedby the
maximum eigervalue of the operator on the right-hand side of (A.9). Solvingthis eigervalue
problem asymptotically for x — 0 givesan appraximation to +,. First note that for x = 0,

the eigervalue problem becomes
e (z)= Jy(Rasin(z/2)) ( x).

The correspnding spectrum for e (A.9) becomeshe rangeof Jy(2a sin(z/2)), with max-
imum A = 1 and assaiated quasi-eigenfunction ( ) = d(x). We therefore expect ~, for
k < 10to be near0, with eigenfunctionlocalisedneary = 0. We idertify the relevant scale

for this localisation as «'/*. We introducethe rescaledvariables X and +, de ned by
z= k472X and vy, = kY %am (A.10)

and approximate the eigervalue problem as

1 & \2 1=2
_ 12 . X - - —(X—X")?/(8x"2a)
(1=rTam+ ) (X) = (8ma)1/2k1/4 /_Oo ©

1/2
x <1— O"z X2+ ) ( X"ydXx’

Hl/zOéYQ

(X) - (X)+ 2612 "(X) + -

To leadingorder, the covariance ( X) and decyg rate ~, thus satisfy the eigervalue problem,

2
"4 (% _ %) = O7 (All)

with solutions decaging for | X| — oo provided that +,/(v/2) = 1/2+ m, m = 0,1,---. This

leadsto the variancedeca rate and assaiated eigenfunction

2

K ax
4(2K)1/2

= <§>1/2 fo(k?) and (1) = exp< ) + o(1),
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in agreemeh with (4.9).
We concludethis Appendix by shoving that the eigervalue problem (A.11) alsofollows
from the cortinuous-time equation (4.3) which we claim approximates (4.2) for x — 0. From

(4.3 we compute
0, é*(x,t)é(x',t)} = /i[@';x(x,t)é(a:’,t)+ C’*(x,t)éx/z/(x’,t)]

+ 1A DO ) o Wl(sinz — sinz’) + W2(cosz — cosz’) | .

V2

Transforminginto the Ito form, taking the expectation and replacingz — x’ by = leadsto
¢ = 2K 4p —asin*(z/2) .

The assaiate eigervalue problem reducesto (A.11) to leading order in « when the scaling

(A.10) is introduced.

B Expectation of p”

In this Appendix, we show that (4.7) implies (4.8). We represen the two Wiener processes
W}, i= 1 2 by their Karhunen{Loewe expansion[31, 37, which reads

4

GhT I oe(t) = V2sin(A; 1),

W= "GN on(t), where ), =

k=0
and the & arei.i.d. N(0,1) variables. Using the orthogonality of the ¢;(¢) we obtain from
(4.7) that [21]

Ep(z,t) = ph(z)E exp [— oﬂf;pt? Z e (Ehsina + & cos:c)2]
k

a’kpt?
2

ph(x)E | [ exp [—
k
pg(x) H Zi /OO /OO e_QQ'fPtQ)\k (& sin x+-£2 cosx)2/2e—[(§1)2+(§2)2}/2 dfld§2
T
k —o0 J —oc0

1 00 2m ]
pg(l,) H E /0 /0 e—a2fcpt2)\kr2 sin? <p/2e—r2/2r deQO
k

To deducethe last equality, we have introducedthe polar coordinates (7, ) de ned by

A (&, sinz + & cose) 2}

¢'=rcofp —x) and &%= rsin(p — ).
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Carrying out the integration with respect to r, then that with respectto ¢, we nally nd

1 _ P6()
2ppt?\e)  cosh/? [akp) /2]

Ep(e0) = A0 ] s
k

The appraximation (4.8) follows for large t.
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