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The decay of the concentration of a passive scalar releasedin a periodic shear 
o w with

random time dependenceis examined. Periodic boundary conditions are assumed,placing

the problemin the strange-eigenmoderegimewherethe concentration decay is exponential in

the long-time limit. The focusis on the limit of small di�usivit y κ � 1 (large P�ecletnumber)

which is studied using a combination of asymtptotic methods and numerical simulations.

Two speci�c 
o ws are considered:both have a sinusoidal velocity pro�le, but the random

function of time is either (i) the amplitude of the sinusoidor (ii) its phase.The behaviour of

the passive scalar in each 
o w is very di�erent. The decay rate (or Lyapunov exponent) λ,

in particular, which characterisesthe long-time decay in almost all 
o w realisations,scales

like κ2/3 in (i) and κ3/8 in (ii).

The temporal intermittency of the scalardecay, associated with 
uctuations in the speed

of decay, is examinedin detail. It is quanti�ed by comparingthe decay rate λ with the decay

rates γp of the ensemble-averagedp-th moment of the concentration. The two 
o ws exhibit

someintermittency, with γp 6= pλ. It is however much weaker for 
o w (i) wherethe γp and λ

satisfy κ2/3 power laws, than for 
o w (ii) wherethe γp are proportional to κ1/2 and therefore

asymptotically smaller than λ. The results for 
o w (ii) highlight the possibledi�cult y in

relating the behaviour of the passive scalarin single
o w realisationsto predictionsmadefor

ensemble-averagedquantities such as concentration moments.

1 Introduction

The aim of this paper is to examinethe temporal intermittency that canarisewhena passive

scalardecays through advection and di�usion in a 
o w with complextime dependence.For

smooth 
o ws in boundeddomains, it has beenrecognisedsincethe work of Pierrehumbert

[1] that the passive-scalardecay is exponential in the long-time limit. This is obvious for

time-independent or time-periodic 
o ws | the decay rate is then an eigenvalue or a Floquet

exponent [2] | but lessso for 
o ws that are stationary random functions of time. In this

case,one needsto invoke the ergodic multiplicativ e theory [3, 4] to argue that the decay

rate is (the negative of) the largest Lyapunov exponent associated with the advection{

di�usion equation. The spatial structure of the decaying scalar,termed `strangeeigenmode'

2



by Pierrehumbert [1], is associated with the corresponding (random) invariant subspace[3].

The issueof temporal intermittency ariseswhenthe �nite-time behaviour of the decaying

scalar is considered.A strongly intermittent decay is characterisedby large transient vari-

ations in the rate at which the scalar concentration decreases:for sometime this decrease

can be much faster or much slower than that predicted by the decay rate. Over long time

scales,of course,the periods of anomalouslyfast and slow decay averageout to lead to the

in�nite-time decay rate. Strong intermittency also implies that there is a large variabilit y

in the scalardecay betweendi�erent realisationsof the 
o w. This is to be contrasted with

the behaviour in weakly intermittent systems:in these,the decay for even small observation

periods is systematicallywell predicted from the decay rate, and each realisation of the 
o w

is roughly identical. The di�erence is clearly important in practice, sinceit is often necessary

to predict the behaviour of singlerealisationsof a 
o w.

To quantify temporal intermittency, it is natural to de�ne �nite-time decay rates, in anal-

ogy with the �nite-time Lyapunov exponents usedfor �nite-dimensional dynamical systems

[5]. Unlike the (in�nite-time) decay rate, λ say, which is deterministic and relevant to almost

all 
o w realisations, the �nite-time decay rates λt are random variables. Their statistical

distribution and the manner with which this distribution collapsesto the value λ as t → ∞
describe the nature of the intermittency.

Another way of characterising the temporal intermittency, essentially equivalent to the

analysis of the distribution of �nite-time decay rates, considersthe decay of ensemble-

averagedmoments of the scalarconcentration, that is, of ensemble averagesof variouspowers

p of the concentration. This is a standardapproach for �nite-dimensional dynamical systems

[6{ 8] wherethesemoment decay rates, which we denoteby γp, are termed `generalisedLya-

punov exponents'. They turn out to encapsulatethe sameinformation as the distribution

of �nite-time Lyapunov exponents, at least asymptotically for large time. In terms of these

moment decay rates, temporal intermittency is revealed by a nonlinear dependenceof γp

on p. A strong intermittency then implies that the γp cannot be inferred from in�nite-time

decay rate λ or, conversely, that λ cannot be inferred from knowledgeof a particular γp. The

latter point is the most relevant in practice: it is often easierto develop a theory predicting

the decay rate of somemoment, usually the variance (p = 2), and indeed, theories of this
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type have beendeveloped for someclassesof 
o ws, notably chaotic, mixing 
o ws [9{ 14] and


o ws with no-slip boundary conditions [15, 16]. The genuine need,however, is for predic-

tions that are relevant to single 
o w realisations, speci�cally for the decay rate λ and, if

possible,for someinformation about the distribution of �nite-time decay rates λt. Whether

such predictionscan be reliably inferred from varianceor other moment decay ratesdepends

on how intermittent the scalar decay is, with a strong intermittency making this type of

inferenceimpossible.

Although the issueof temporal intermittency for decaying scalarhasbeenraisedearlier

[12, 17], it doesnot appear to have beenanalysedin the strange-eigenmoderegimethat char-

acterisesthe long-time decay in boundeddomains. The aim of the present paper is to carry

out such an analysisfor two model 
o ws, namely two simpleunidirectional shear
o ws, with

periodic spatial dependenceand random time dependence.Random shear
o ws have been

studied a great deal [18{ 21]. The main aim of thesestudiesis the explicit demonstrationof

the spatial intermittency of the decaying scalar| essentially the non-Gaussiannature of the

distribution of concentration valuesat �xed time | and the 
o w that they examinetypically

is a linear shearin an unboundeddomain. A notable exceptionis the work by Bronski and

McLaughlin [22] who examinedscalar decay in a sinusoidal shear 
o w, in particular with

periodic boundary conditionsfor the scalarconcentration. Wereconsiderthis 
o w or, rather,

a slight extensionthereof with �nite rather than vanishingcorrelation time. Speci�cally, we

study advection{di�usion in a velocity �eld of the form (u, v) = (0, V (x, t)), with

V (x, t) = f (t) sinx (1.1)

for a stationary random function f (t) which we take to be piecewiseconstant. Periodic

boundaryconditionsare imposedfor the scalarconcentration in both the x- and y-directions,

thus ensuringstrange-eigenmode decay in the long-time limit. As will becomeapparent, a

crucial feature of (1.1) is that only the amplitude is random: the spatial structure is �xed.

Our interest is for the decay in the regime where advection dominates di�usion, at least

at the 
o w scale; this is the large-P�eclet-number regime thought to be relevant to many

applications. In this regime,becausethe scalardecay is slow comparedwith the correlation

time of f (t), the latter can be formally taken to vanish, and the Bronski and McLaughlin
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[22] model is recovered.

In unidirectional 
o ws such as(1.1), the decay of the scalaris acceleratedby the shearing

e�ect comparedwith decay by di�usion alone. This accelerationis however limited by the

presenceof shearlesspoints, the extrema x = π/2 and x = 3π/2 of the velocity pro�le.

This hasbeennoted for time-independent 
o ws (f (t) = const.) by a number of authors [23{

25] who found that the concentration decreasesto zerovery rapidly outside narrow regions

around the velocity extrema. The width of these regions then scaleswith the di�usivit y

κ like κ1/4, leading to a decay rate proportional to κ1/2. Becausetime-independent 
o ws

provide a referencewith which to comparerandom 
o ws, we present in Appendix A.1 a

boundary-layer solution of the eigenvalue problem which yields the κ1/2 dependenceof the

decay rate when f (t) = const. We perform a similar boundary-layer analysisfor (1.1) with

time-dependent random f (t) and, after scaling, reducethe advection{di�usion equation to

a pair of coupledstochastic di�erential equationsindependent of di�usivit y. The behaviour

of the scalar decay, including the temporal intermittency, is completely described by these

equations. We conclude,in particular, that the decay rate λ and the moment decay rates γp

all scalelike κ2/3. The intermittency of the decay, although non-zero,turns out to be weak,

so that inferring λ from γ2, say, leadsto an error of only a few percent.

A much strongerintermittency is found for the secondtype of 
o w that we examine,with

velocity

V (x, t) = α sin(x + φ(t)) , (1.2)

where α is a constant and φ(t) is a stationary random function, uniformly distributed in

[0, 2π]. In contrast with (1.1), this 
o w hasa changingspatial structure, in fact, a randomly

translating spatial structure. This makes the scalar evolution much more complicated: as

with (1.1), the concentration is localisedin the vicinit y of two points, but thesemove ran-

domly in time and do not coincidewith the extrema of (1.2). In other words, the decaying

processleadsto the formation of randomly translating structures in the scalar �eld which

are not phaselocked with the advecting velocity �eld. We document this phenomenonby

presenting detailed results of numerical simulations. These reveal a strong intermittency

which increasesasdi�usivit y decreases.The intermittency becomesin fact arbitrarily large

5



asκ → 0, with the moment decay ratesγp scalinglike κ1/2 while the decay rate λ scaleslike

κ3/8. Thus, for the 
o w (1.2) even the power-law dependenceof the decay rate in each re-

alisation cannot be inferred from the decay rates of ensemble-averagedquantities. It should

however be emphasisedthat the strange-eigenmode phaseof the scalardecay setsin after an

asymptotically long transient period; by the endof this period the concentration hasdecayed

to an asymptotically small fraction of its initial value.

The remainder of this paper is structured as follows. In section 2, we introduce our

notation for the advection{di�usion problem and de�ne the various decay rates (�nite-time,

in�nite-time and of ensemble-averagedmoments) usedto diagnosetemporal intermittency.

We examine the scalar evolution in the velocity �elds (1.1) and (1.2) in sections3 and 4,

respectively. The paper concludeswith a Discussionin section5. Sometechnical details, in

particular the boundary-layer analysesleading to the variancedecay rates, are relegatedto

Appendices.

2 Scalar decay in random shear flows

The concentration C(x, y, t) of a passive scalaradvectedby a shear
o w (u, v) = (0, V (x, t))

in two dimensionsobeysthe advection{di�usion equation

Ct + V (x, t)Cy = κ(Cxx + Cyy), (2.1)

where κ is the di�usivit y. Becausewe consider the e�ect of varying κ, and in particular

taking the limit κ → 0, while keepingV (x, t) �xed, κ can be thought of as the inverseof the

P�eclet number.

For periodic boundary conditions in the y-direction, as assumedhere, C(x, y, t) is the

sum of independently evolving Fourier components. We considerone such component and

write the concentration as

C(x, y, t) = Re
[

eily−κl2tĈ(x, t)
]

,

where l is one of the wavenumbers 2nπ/L for n = ±1,±2, · · ·, and L is the domain period

in the y-direction. The complexamplitude Ĉ(x, t) then satis�es

Ĉt + ilV (x, t)Ĉ = κĈxx. (2.2)
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Note that we do not considerthe y-independent (l = 0) component which is una�ected by

the 
o w and hencedecays purely di�usiv ely.

We focus on the decay of the concentration when V (x, t) is a random function of time

with smooth spatial structure, and we assumethat V (x, t) and Ĉ(x, t) are 2π-periodic in

x. This decay is expected to be exponential in the long time limit; speci�cally, the ergodic

multiplicativ e theory [3, 4] applied to the advection{di�usion equation suggeststhat

Ĉ(x, t) ∼ D(x, t) exp(−λt) as t → ∞, (2.3)

for almost all realisationsof V (x, t).1 Here,λ > 0 is the decay rate and is deterministic, and

D(x, t) is a (complex) stationary random function describingwhat Pierrehumbert [1] termed

the strangeeigenmode. λ is best thought of as (the negative of) the Lyapunov exponent of

(2.2), de�ned by

λ = − lim
t→∞

1
t

log
||Ĉ||(t)
||Ĉ||(0)

, (2.4)

wherewe usethe usual L2 norm

||Ĉ||(t) =
[
∫

|Ĉ(x, t)|2 dx

]1/2

.

Becauseit is deterministic, λ characterisesthe decay of almost all realisationsof the 
o w

and provides the most useful measureof the mixing e�ciency for large times.

The temporal intermittency of the scalar decay can be quanti�ed by considering the

�nite-time decay rates, or �nite-time Lyapunov exponents, de�ned by

λt = −1
t

log
||Ĉ||(t)
||Ĉ||(0)

, (2.5)

and the moment decay rates γp, de�ned by

γp = − lim
t→∞

1
t

log
E ||Ĉ||p(t)
||Ĉ||p(0)

, (2.6)

1We remain at a heuristic level and do not provide here a rigorous justification for the applicability of

the ergodic multiplicative theory to the advection–diffusion equation. This would require either an infinite-

dimensional version of this theory [26] or reduction to a finite-dimensional problem using inertial-manifold

arguments [27]. Furthermore, statements such as (2.3) would need to be made precise using both forward

and backward evolution [3].
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whereE denotesthe mathematical expectation and we take a deterministic initial condition.

Note that, becauseof the form of (2.3), the particular norm chosenfor the de�nitions (2.4)

and (2.6) is irrelevant. Thus, ||Ĉ||p could be replacedin (2.6) by

∫

|Ĉ(x, t)|p dx. (2.7)

What is crucial, however, is that γp characterisesthe decay of ensemble-averagedmoments.

The relationship

λ =
dγp

dp

∣

∣

∣

∣

p=0

, (2.8)

is readily establishedfrom (2.4) and (2.6). The connectionbetweenthe �nite-time distribu-

tion of λt and the function γp for p ∈ �
, which are well-known for �nite-dimensional linear

systems[5, 6], are expected to also hold for the advection{di�usion equation (2.2). Specif-

ically, if we assumethat the probability density function for λt takes the large-deviation

form

p(λt; t) ∼
(

g′′(λ)
2π

)1/2

e−tg(λt ), as t → ∞, (2.9)

with g(·) a convex, non-negative (Cramer) function satisfying g(λ) = 0, then it is easyto

show using Laplace'smethod that the Legendre-transformformula

γp = inf
λt

[pλt + g(λt)] . (2.10)

holds.

We emphasisethat although λt → λ as t → ∞ the non-trivial distribution (2.9) of λt

for �nite t implies that γp 6= pλ in general. Thus, the decay rate γp of ensemble-averaged

moments E ||Ĉ||p di�ers from the decay rate pλ of ||Ĉ||p in almost all 
o w realisations. This

re
ects the intermittency of the passive-scalardecay which is the focusof the present paper.

This intermittency means,in particular, that the decay rate derived for a particular moment,

often p = 2, cannot be usedto infer the decay rate in typical realisations,which is λ. In the

next two sections,we examinetwo typesof 
o ws for which the intermittency can be clearly

demonstratedby asymptotic and numerical means.
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3 Flow with fixed spatial structure

3.1 Model

For the �rst type of 
o w, we take the velocity �eld

V (x, t) = f (t) sinx, (3.1)

where f (t) is a zero-meanrandom function of time. It is then convenient to take the

piecewise-constant function

f (t) = αξn/l for n ≤ t < n + 1, n = 0, 1, 2, · · · ,

whereα > 0 is a constant, the ξn are independent normal variableswith zeromeanand unit

variance,and the division by l is introducedfor easeof notation. This type of 
o w is in the

classof renewing (or renovating [28]) 
o ws, that is, 
o ws which decorrelatecompletely in

a �nite time, taken here to be 1. In such 
o ws, the concentration at the end of each time

interval, that is, Ĉn(x) = Ĉ(x, n) evolves according to a random map. In the absenceof

di�usion, this map reads

Ĉ(x) 7→ Ĉ(x)e−iαξ sin x. (3.2)

With di�usion, the map is more complicatedto write down. A standard simpli�cation is to

considerthat advection and di�usion act successively: thus, a period of advection leadingto

the map (3.2) is followed by a period di�usion leading to the map

Ĉ(x) 7→ eκ∂2
xx Ĉ(x), (3.3)

where exp(κ∂2
xx) denotesthe time-1 
o w of the heat equation. Combining (3.2){( 3.3), we

write the dynamicsas

Ĉn+1(x) = eκ∂2
xx

(

e−iαξ sinxĈn(x)
)

. (3.4)

This is the model that we use for numerical simulations. These are carried out using a

pseudo-spectral representation of Ĉn(x), with the advection step (3.2) carried out on the

grid, and the di�usion step (3.3) carried out in Fourier space.Following Pierrehumbert [29],

we formulate the dynamicson a lattice by constraining the advection to take placeover an

9



0 500 1000 1500 2000

10
−10

10
0

n

jjĈ jj

Figure 1: Concentration decay for the advection{di�usion map (3.4) with α = π and κ =

10−3. The norm of the concentration is shown in logarithmic coordinate asa function of the

iteration number n for 5 di�erent realisationsof the map.

integral number of grid steps. Depending on di�usivit y, we usebetween512 and 2048grid

points and Fourier modes;this provessu�cien t for the results to be insenstive to resolution.

Figure 1 shows the decays of the norm of the concentration in 5 typical realisationsof the

map (3.4), all taken with the sameinitial condition Ĉ0 = 1. As expected, the concentration

decays exponentially , with �nite-time decay ratesλn changingfrom realisationto realisation.

This of courseis a �nite-time e�ect, and if the simulations werecarriedout for a largernumber

of iterations, all the decay rates would convergeto the samerate λ. Figure 2 illustrates the

spatial structure of the decaying concentration: it shows Ĉ normalisedby ||Ĉ|| asa function

of x, here after n = 2000iterations of the map. A similar structure is in fact observed at

all n after a brief transient period. The modulus of Ĉ has two well-de�ned peakscentred at

x = π/2 and x = 3π/2 and decreasessharply away from these. The real and imaginary parts

of Ĉ oscillateover a scalethat is roughly that of the peaks.The width of the peakschanges

with n in a random fashion, as does the phaseof the oscillations. Numerical experiments

with di�erent values of κ show that the decay rate λ and the typical width of the peaks

in |Ĉ| decreasewith κ in a power-law fashion. (Note that the symmetry in the two peaks

results from the fact that Ĉ0(π/2) = Ĉ0(3π/2) = 1.) We now develop an asymptotic theory

that predicts this power-law behaviour and givesa characterisation of the intermittency of
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Ĉ=||Ĉ||
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Figure 2: Normalisedconcentration of the decaying scalar for the advection{di�usion map

(3.4). |Ĉ| (solid line), ReĈ (dashed line) and Im Ĉ (dotted line) normalised by ||Ĉ|| are

shown as functions of x after n = 2000iterations with κ = 10−3.

the scalardecay for κ → 0.

3.2 Asymptotic results

We start by noting that the decay is slow comparedwith the correlation time of the velocity

�eld, taken to be unity. We can thus approximate the piecewise-constant processf (t) by a

white noise,and write the continuousevolution equation

Ĉt + iα sinx Ĉ ◦ _Wt = κĈxx, (3.5)

where _Wt is a white noise, and formally t = n. Becausethe white-noise term emergesas

limit of a coloured noise, this equation should be interpreted in the senseof Stratonovich

[30] indicated by the symbol ◦.

Equation (3.5) is preciselythat studied by Bronski and McLaughlin [22], and clearly it

is relevant for velocity �elds of the form (3.1) with more generalf (t) than the one used

for our numerical simulations. The analysis that we now present is fairly di�erent from

that of Bronski and McLaughlin [22] in that we focus on the small-di�usivit y limit κ → 0

and provide an asymptotic model for the single-realisationbehaviour of (3.5) whereasthey

mostly considerensemble-averagedmoments in the opposite limit κ � 1.
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The numerical simulations show that the concentration is localisednear the points x =

π/2 and x = 3π/2 wherethe shearVx vanishes,asis the casefor constant f (t). This suggests

using a boundary-layer approach. Focusingon the neighbourhood of x = π/2, we let

Ĉ(x, t) = e−iαWt ~C(X, T ),

whereWt is the Wiener process,

x =
π

2
+ κ1/6α−1/3X and t = (κα)−2/3T. (3.6)

Introducing thesevariablesinto (3.5), expandingthe sineand using the scalingproperty of

Wt, we �nd the parameter-freeleading-orderequation

~CT − i
2
X2 ~C ◦ _WT = ~CXX .

A solution with suitable decay for |X| → ∞ is found as

~C(X, T ) = e−[a(T )X2+b(T )], (3.7)

wherethe complexamplitudes a(T ) and b(T ) satisfy the stochastic di�erential equations

_a = −4a2 − i
2

_WT and _b = 2a. (3.8)

This simple system encapsulatesthe statistical properties of the scalar decay in the 
o w

(3.1). The �nite-time decay rates λt, in particular, are given up to scalingby b(T )/T , with

the long-time limit

λ = (κα)2/3 lim
T→∞

1
T

Reb(T ) = 2(κα)2/3ReE a(T ). (3.9)

Note the κ2/3-scaling,which shows that the scalardecay is much slower in the 
o w (3.1) with

random f (t) than with constant f (t) (in which the decay rate scaleslike κ1/2, seeAppendix

A.1).

Numerical solutions of (3.8) show that a(T ) and b(T )/T quickly reach stationary dis-

tributions, with Rea > 0 as is required for the localisation of the solution (3.7) assumed

for the asymptotics. The form of the solution (3.7) is then consistent with the expected

strange-eigenmode decay (2.3), with an eigenmode structure

D(x, t) = e−iαWt −a(T )X2
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Figure 3: Decay rate λ as a function of di�usivit y κ for the advection{di�usion map (3.4)

with α = π. Numerical results(◦) arecomparedwith the theoretical prediction (3.10) scaling

like κ2/3 (solid line).

that is indeed stationary. It is also consistent with the form of Ĉ obtained in numerical

experiments with the map (3.4) and illustrated by Figure 2.

We estimatenumerically from (3.8) that 2ReE a(T ) ≈ 0.460,hencewe predict the decay

rate to be

λ ∼ 0.460(κα)2/3. (3.10)

Figure 3 comparesthis prediction with the decay rate found in numerical simulations of

(3.4) for a range of valuesof κ. To obtain a reliable approximation from such simulations,

it is best to run an ensemble of computations and estimate λ as the averageof the �nite- n

decay rate λn for large n. A relatively small ensemble, of about 100 realisations,is enough

to obtain a reliable estimate for E λn, which convergesto someλ for large n. The results

con�rm the validit y of the theoretical approximation (3.10), with a good agreement even for

κ moderately small. In fact, for all the valuesof κ shown in Figure 3, the relative di�erence

betweenthe approximation (3.10) and the numerical estimatedoesnot exceed3%.

The moment decay rates γp de�ned in (2.6) can also be inferred from the form (3.7) of

the solution as

γp = − lim
T→∞

(ακ)2/3

T
logE

∣

∣e−pb(T )
∣

∣ .
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This can be estimated by solving (3.8) numerically, although a large ensemble is required

for reliable results. Our best estimate for the (ensemble-averaged)variancedecay rate, for

instance,is

γ2 ≈ 0.881(κα)2/3. (3.11)

This valuehasbeencon�rmed in two ways. First, we have solved the eigenvalue problem for

the covarianceE Ĉ∗(x, t)Ĉ(x′, t) by a combination of asymptotic and numerical means,as is

detailed in Appendix A.2. This reproducesformula (3.11), with an identical numerical factor

up to the third signi�cant digit. The secondcon�rmation is obtained by direct ensemble

simulations of (3.4). In this manner we obtain, for instance,γ2 = 0.0886for κ = 10−2 and

α = π when (3.11) predicts 0.0877.

The results(3.10) and (3.11) show explicitly that the passive-scalardecay is intermittent:

γ2 6= 2λ, and more generally, γp 6= pλ and γp 6= pγ2/2, as we have veri�ed for p = 4 (results

not shown). The intermittency turns out to be rather weak, however, with a relative error

|γ2 − 2λ|/γ2 of about 4%; it may well be insigni�cant for most applications. We emphasise

that this weaknessis nothing more than a numerical property of the stochastic di�erential

system (3.8): the intermittency cannot be said to be small in any asymptotic sense. In

the next section,we considera di�erent classof shear
o ws leading to a radically di�erent

behaviour for the passive scalarproblem, with an intermittency that is asymptotically large

asκ → 0.

4 Flow with translating spatial structure

4.1 Model

The type of 
o w that we now considerhasa velocity �eld of the form

V (x, t) = α sin(x + φ(t))/l, (4.1)

whereφ(t) is a stationary randomfunction of time, distributed uniformly in [0, 2π]. As before,

α is a constant, and the division by the wavenumber l is introduced for easeof notation.

Following section3, we take φ(t) to be constant for t ∈ [n, n + 1), with independent values
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Figure 4: Concentration decay for the advection{di�usion map (4.2) with α = π and κ =

10−3. The norm of the concentration is shown in logarithmic coordinate asa function of the

iteration number n for 5 di�erent realisationsof the map.

φn in each interval, and reducethe evolution to a random map. Alternating advection and

di�usion steps,we obtain the random map

Ĉn+1(x) = eκ∂2
y y

[

e−iα sin(x+φn )Ĉn(x)
]

, (4.2)

whosedynamicswe now examine.

We have carried out a number of numerical experiments with the map (4.2) for a range

of valuesof κ, using an implementation similar to that described in section 3.1. Figure 4

shows the decay of ||Ĉ|| in �v e typical realisationsof the map for κ = 10−3 and α = π and

Ĉ0(x) = 1. There are two striking featureswhen comparedwith the decay obtained with

the map (3.4) and illustrated in Figure 1: the decay occurs at a much larger rate, and it

is much more intermittent. At this point, the intermittency is detectedqualitativ ely in the

existenceof clear time intervals during which the decay rate is much larger or much smaller

than its long-time average. Below, we make more quantitativ e statements by considering

the di�erence betweenλ and γp/p.

The evolution of the normalisedconcentration Ĉ/||Ĉ|| is remarkable and deservesto be

described in somedetail. As in the caseof 
o ws with �xed spatial structure, the modulus

of the concentration hastwo well-de�ned peaksseparatedby a distanceπ; what is di�erent,
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Figure 5: Concentration decay for the advection{di�usion map (4.2) with α = π and κ =

10−4. The top panel shows the norm of the concentration as a function of the iteration

number n in one realisation of the map. The bottom panel shows the modulus of the

normalisedconcentration |Ĉ|/||Ĉ|| in grey scaleas a function of n and x. It exempli�es the

random motion experiencedby the concentration peaks. Three particular iterates, labelled

a, b and c are identi�ed; the corresponding concentration pro�les are shown in Figure 6.

besidesthe di�erent scalingwith κ of the peak width, is the fact that the peaksare moving

over long time scalesin a random manner. In addition, the real and imaginary parts of Ĉ

oscillate within the peaks, with a wavelength that changesin time but is typically much

shorter than the peakwidth. To illustrate the nature of evolution further, we show details of

oneparticular realisation with κ = 10−4 and α = π in Figures5{ 6. The top panel of Figure

5 shows the variance decay, whilst the bottom panel show the corresponding evolution of

|Ĉ|/||Ĉ||. The random motion of the position of the concentration peaksis clearly seen,as

are signi�cant 
uctuations in the width of the concentration peaks. It is alsonoticeablethat

rapid motion of the concentration peaks,as for instancefor 1700 � n � 2000,is associated

with anomalouslyfast variance decay. In addition, one can identify periods during which

there are more than two peaks(n ≈ 2300),or the peaksceaseto be well de�ned (n ≈ 3600).
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Figure 6: Normalisedconcentration of the decaying scalarfor the realisationof the map (4.2)

described in Figure 5. |Ĉ| (solid line), ReĈ (dashedline) and Im Ĉ (dotted line) normalised

by ||Ĉ|| are shown as functions of x for three iteration numbers n = 600 (a), 1780(b) and

3575(c) corresponding to the labels in Figure 5. (Enhancedonline.)

Following the evolution more closely, e.g. by examining an animation of |Ĉ|/||Ĉ||, shows

that theseperiods, which one might term `crises',correspond to a rapid reorganisationof

the concentration structure.

More details of the relationship between the scalar decay and the structure of Ĉ can

be gleanedfrom Figure 6. This shows the pro�les of normalisedconcentration |Ĉ|/||Ĉ|| for

three di�erent valuesof n identi�ed on Figure 5, namely (a) 600,(b) 1780and (c) 3575,and
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chosento represent di�erent phasesin the evolution. For n = 600,the 
uctuations in Ĉ have

a moderate scale,shorter than the peak width, but somewhatlonger than what an average

scalewould be. As a result of this moderatescale,the di�usiv e dampingof the concentration

is slower than average,and there is little motion of the concentration peaks. For n = 1780,

by contrast, the scaleof 
uctuation is very small; asa consequence,the concentration decays

sharply. Also, becausethe smallest scalesare on the right of each peak, the dissipation is

more intense there, and the peaksmove to the left, that is, toward smaller valuesof x, as

can be seenin Figure 5. The iterate n = 3557illustrates the passagethrough a crisis, when

a pair of peaksis being replacedby another, in this caseshifted to the right. Again, this

can be explainedby the changing scaleof the oscillations, which favours one pair of peaks

by dissipating it lessstrongly than the other. (Figure 6 is enhancedonline by an animation

displaying Ĉ/||Ĉ|| as a function of x for 0 ≤ n ≤ 4000along with ||Ĉ|| as a function of n.)

As the di�usivit y κ decreases,the width of the concentration peaksdecreasesas does the

scaleof the oscillationswithin each peak. The decay rate of the concentration and the speed

at which the peaksmove and changetheir width also decreaseswith κ. We quantify this

more preciselyin the next section.

4.2 Asymptotic results

As in section3.2, we �rst point out that the random processin (4.1) can be approximated

usingwhite noisesin the limit κ → 0. Writing sin(x+ φ(t)) = sinx cosφ(t)+ cosx sinφ(t), and

noting that cosφ(t) and sinφ(t) have zeromean,variance1/2 and vanishingcovariance,we

approximate sin(x+ φ(t)) in (4.1) by _W 1
t sinx+ _W 2

t cosx, whereW 1
t and W 2

t are independent

Wiener processes.Thus, rather than the map (4.2), we can study the evolution equation

Ĉt +
iα√

2
Ĉ ◦

(

_W 1
t sinx + _W 2

t cosx
)

= κĈxx. (4.3)

This is the analoguefor the 
o w with translating spatial structure of equation(3.5) obtained

for the 
o w with �xed structure. Although the equationsaresimilar, the passive-scalardecay

is qualitativ ely very di�erent in both cases.

Perhapsunsurprisingly given the complicated nature of the dynamics described in the

previoussection,we found (4.3) much lessamenableto an asymptotic treatment than (3.5):
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we were not able to reducethe dynamics to a few stochastic di�erential equations,and we

thereforerely on numerical computations to elucidate the dependenceof the averagedecay

rate λ on κ. Analytical progressis however possiblefor the moment decay ratesγp. We start

by decomposing Ĉ into amplitude and phaseaccordingto

Ĉ(x, t) = ρ(x, t)eiθ(x,t),

and derive the following two evolution equationsfor ρ and θ from (4.3):

ρt = κρxx − κρθ2
x, (4.4)

θt = − α√
2

(

_W 1
t sinx + _W 2

t cosx
)

+ κ

(

θxx + 2
ρxθx

ρ

)

. (4.5)

For t = O(1), di�usion can be neglected,and the phaseis simply given by

θ(x, t) = − α√
2

(

W 1
t sinx + W 2

t cosx
)

, (4.6)

wherewe assumethat θ(x, 0) = 0. Thus θ typically grows like t1/2. Di�usion �rst a�ects the

evolution of ρ; introducing (4.6) into (4.4) and integrating givesthe approximation

ρ(x, t) ≈ ρ0(x) exp
[

−α2κ

2

∫ t

0

(

W 1
s sinx + W 2

s cosx
)2

ds

]

, (4.7)

whereρ0(x) is the initial condition. This expressiondescribesthe early stagesof the evolution

and, in particular, the manner in which two concentration peaksappear near the minima of

the argument of the exponential. Theseminima move, of course,randomly in time.

The approximation (4.7) doesnot describe the strange-eigenmode stageof the passive-

scalar decay, since it predicts a typical decay that is not exponential in time but rather

behaving like exp(−t2). It is, however, an approximation valid for an asymptotically long

time in the limit κ → 0: accordingto (4.7), it is only for t = O(κ−1/2) that the gradients of ρ

becomeO(1), andhenceit is only for asymptotically longertimesthat thesegradients become

signi�cant in (4.4){( 4.5). Figure 7 illustrates this point by comparing the evolution of ||Ĉ||
in a realisationof the map (4.2) (again for κ = 10−4 and α = π) with the prediction deduced

from (4.7). There is a good match for n up to about 600; thereafter, the superexponential

behaviour that (4.7) entails becomesclear, and the predicted decay becomesmuch faster

than the actual one. We emphasisethat the concentration norm has already beenreduced
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Figure 7: Norm of the concentration ||Ĉ|| as a function of the iteration number n in one

realisation of the random map (4.2) with κ = 10−4 and α = π: the numerical result for

the map (solid line) is comparedwith the norm obtained from the asymptotic result (4.7)

(dashedline), which holds only for a �nite time.

by several orders of magnitudeswhen (4.7) ceasesto be accurate. This is consistent with

our remark that (4.7) holds for times longer than O(κ−1/2), that is, heren � 100. From a

practical viewpoint, then, (4.7) is valuable,sinceonemay not be interestedin the evolution

of the scalaronceits concentration hasbeenreducedto a small fraction of its initial value.

An important feature of (4.7) is that leadsto an exponential decay for the moments of ρ

and henceof ||Ĉ||. Indeed, in Appendix B we show that (4.7) implies that

E ρp(x, t) ∼ ρp
0(x)e−α(κp)1=2t/2 (4.8)

as t → ∞. We now argue that this result provides the correct large-t asymptotics for the

decay rates of the ensemble-averagedmoments of ||Ĉ||, even though it relieson (4.7) which

is a valid approximation only for a �nite time. The reasonfor this is that the ensemble-

averagedmoments are dominated by realisationsof the 
o w for which the scalardecay has

beenanomalouslyweak. Thus, at any time, the ensemble-averagedmoments are dominated

by realisations for which θ is anomalouslysmall and as a consequence,the gradients of ρ

are small; theseare circumstanceswhich ensurethe validit y of (4.7). In other words, even

though the approximation (4.7) fails at large time for typical realisations, it is applicable
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Figure 8: Moment decay rate γp as a function of the moment number p for the map (4.2)

with κ = 10−4 and α = π. Numerical estimatesof γp (◦) are comparedwith the asymptotic

prediction (4.9) valid for κ � 1 (dashedline). The tangent to the curve γp at p = 0, with

slope given by the decay rate λ estimated from (4.10), is also indicated (dotted line).

for those anomalousrealisations which dominate the behaviour of the ensemble-averaged

moments. As a result, we predict the moment decay rates to be asymptotically

γp ∼
α(κp)1/2

2
(4.9)

as κ → 0. This expressioncan be con�rmed for p = 2, that is, for the variancedecay rate,

by examiningthe eigenvalue problem for the concentration covariance. This is carried out in

Appendix A.3. It provesrather di�cult to verify (4.9) through direct numerical simulations.

On the onehand prohibitiv ely large ensembles are necessaryto obtain estimatesof γp with

p > 2; on the other hand, (4.9) is not valid for p � 1 (seebelow). Nevertheless,our numerical

results, presented in Figure 8 for κ = 10−4 and α = π, appear consistent with the estimate

(4.9).

The estimate (4.9), with its highly nonlinear p1/2 dependenceon the moment number p,

underlies the strong intermittency of the passive scalar decay for the 
o w with translating

spatial structure. The p1/2 has in fact a crucial feature: it is not di�erentiable at p = 0.

Hencethe relationship (2.8) predicts a in�nite decay rate (or Lyapunov) exponent λ. This

re
ects the fact that the approximation (4.9) is not uniformly valid for p → 0, and that the
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Figure 9: Decay rate λ asa function of di�usivit y κ for the map (4.2) with α = π. Numerical

results for λ (◦) are shown together with the best �t of a κ3/8 power law (dashed line).

Also shown are the numerical results for (half ) the decay rate γ2 of the ensemble-averaged

variance( � ), and the κ1/2 power law predicted by the asymptotic result (4.9) (dotted line).

The di�erence between λ and γ2/2 demonstratesthat the temporal intermittency of the

passive-scalardecay becomesasymptotically large asκ → 0.

dependenceof λ upon κ is very di�erent from that of γp with p = O(1). Our numerical

results establishthis clearly: we found that λ dependson κ in a power-law mannerwith the

power appearing to be 3/8, that is,

λ ∼ aκ3/8, (4.10)

with a best estimate for the prefactor a = 0.878. (The best �t for an arbitrary power

law gives γp ∼ 0.897κ0.378.) Figure 9 illustrates thesenumerical results by showing λ as a

function of κ together with the estimate (4.10) for the map (4.2) with α = π. The Figure

highlights the nature of the intermittency of the passive-scalardecay by also showing γ2/2

which clearly di�ers largely from λ.

Once(4.10) is known, it provides the slope of the tangent of the curve γp at p = 0. For

κ = 10−4, the numerical value obtained for a is consistent with our numerical results for γp,

as the plot of the tangent in Figure 9 indicates. The κ3/8 of the slope of γp at the origin,

and the (κp)1/2 dependenceof γp for p = O(1) suggestthat there is a cross-over between
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two di�erent regimesfor p = O(κ1/4). The Legendretransform formula (2.10) then implies

that the Cramer function governing the distribution of �nite-time decay ratesλt, while some

O(1) function for λ = O(κ3/8), is proportional to κ/λt for much smaller valuesof λt.

In summary, 
o ws of the type (4.1) prove to be extremeexamplesof the temporal inter-

mittency that is possiblein passive-scalardecay. With the di�erent power-law dependence

of λ and γp on κ, the intermittency, measuredfor instanceby |γ2 − 2λ|/γ2, is arbitrary large

in the limit κ → 0. We have not been able to develop an asymptotic theory for the sys-

tem (4.2) which describesthe strangeeigenmode structure and evolution in a κ-independent

manner. Extensive numerical simulations for di�erent valuesof κ have however led to the

identi�cation of somescalingsin addition to that of the decay rates(4.9){( 4.10). Speci�cally,

the scaleof variation of ρ appearsproportional to κ1/8, with the form exp[−b(x − c)2/κ1/4],

where b and c O(1) functions of time, giving a good match for the structure of ρ in the

neighbourhood of its peak values. Also, the evolution of ρ, that is, the changein the values

of the parametersb and c just introduced,appearsto take placeover an O(κ−3/4) time scale.

Togetherwith (4.10) this implies that the concentration hasdecayed by a facto rproportional

to exp(−dκ−3/8), for someorder-oneconstant d, by the time the strange-eigenmode stageis

reached.

5 Discussion

The two random shear 
o ws consideredin this paper illustrate the intermittent nature of

the decay of a passive scalar advected and di�used in a bounded domain. For the �rst


o w, with �xed spatial structure, the intermittency turns out to be weak, even though not

asymptotically small the limit of vanishing di�usivit y (large P�eclet number). In this case

the intermittency can probably be ignored for practical purposes: the decay rate of the

ensemble-averagedp-th moment is nearly linear in p, and γ2/2 for instancecan be usedto

predict the decay rate λ in individual realisationsof the 
o w. It shouldbe stressed,however,

that becausethe intermittency is of order one in an asymptotic senseand only numerically

small, it may well besigni�cant for other 
o wswith �xed spatial structure, for instancegiven

by a superposition of Fourier modesrather than a singlemode.
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The secondtype of 
o w that we consider,with randomly translating spatial structure,

displays a spectacularform of intermittency in the limit of small di�usivit y. For this 
o w, the

power-law dependenceon di�usivit y of the decay rate λ di�ers from that of the moment decay

rate γp, with respective dependencesin κ3/8 and κ1/2, respectively. Thus in each individual

realisation, the passive scalarconcentration decreasesat a rate that is much larger than what

ensemble-averagedresults might suggest. As explained, this is becauseensemble averages

are dominated by anomalousrealisations in which the scalar decay is much slower than is

typical. We also note that the time scalenecessaryfor the long-time stage of decay (the

strange-eigenmode stage) to be reached is asymptotically long, so that the concentration is

reducedto a vanishingly small fraction of its initial value by the time this stageis reached.

This may limit the relevanceof the strange-eigenmode stagefor applications.

Although the paper is mainly focusedon the issueof intermittency, it is useful to note

what the e�ect of randomnessis on the e�ciency of the mixing as measuredby the decay

rate λ. As Appendix A.1 recalls, the decay rate for a time-independent sinusoisal
o w (and

more generallyfor any 
o w with extrema), is proportional to κ1/2. Making the amplitude of

the sinusoid a zero-meanrandom function of time as in (3.1) unsurprisingly diminishesthe

e�ciency of the mixing, with a decay rate scalinglike κ2/3. Making the phaseof the sinusoid

vary randomly in time as in (4.1), by contrast, makes the mixing more e�ective; this is

becausethe extremaof the velocity pro�le, which limit mixing when the spatial structure of

the 
o w is �xed, constantly changeposition sothat no regionsof the 
uid remain una�ected

by shear. The result is a decay rate proportional to κ3/8. In a natural way, this is larger

than the O(κ1/2) decay rate achieved for time-independent 
o ws with extrema, but smaller

than the O(κ1/3) found for monotonic velocity pro�les [23, 24]. Of course,the latter cannot

be continuous in periodic domains. Note that through a changeof referenceframe the 
o w

(4.1) can be reinterpreted as the two-dimensionalvelocity �eld (u, v) = ( _φ, α sinx/l); this

hasa time-independent shearand a random uniform 
o w acrossthe shear.

We concludethis paper by returning to the issueof temporal intermittency. Our results

show that this intermittency canbesigni�cant for a (somewhatcontriv ed) classof shear
o ws.

It is natural to askwhether similar resultshold for moregeneral
o ws and, in particular, for

the classof two-dimensionalmixing 
o ws in periodic domainswhich have attracted somuch

24



attention in the last few years[1, 9, 11{ 14, 29]. Recently, Haynesand Vanneste[12] showed

that two distinct regimesof scalardecay are possiblein these
o ws, depending on the scale

of the 
o w relative to the domain size. In the �rst regime, termed locally controlled, the

scalardecay is limited by small regionsof the 
uid which have experiencedanomalouslylow

stretching and hencehave relatively high scalarconcentration. In the secondregime,termed

globally controlled, the scalar �eld has a large-scalestructure roughly determined by the

gravest mode of the Laplacian in the domain. It is likely that the temporal intermittency

properties di�er between the two regimes. It can in fact be anticipated to be weak in the

locally controlled regime,wheresomeself-averagingis expectedto take placebecauseof the

smallnessof the scalar structures involved. Haynes and Vanneste[12] reported only small

di�erences betweenthe decay rate γ2 and half the (ensemble-averaged-)variance decay rate

γ2/2 in both regimes. It would clearly be desirableto assessin more details the nature of

the intermittency for thesemixing 
o ws, particularly becausethe practical useof theoretical

predictions relies implicitly or explicitly on the assumptionthat it is negligible.
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A Three eigenvalue problems

A.1 Constant flow

For referencewe derive the decay rate of a passive scalarin the (non-random) constant 
o w

V (x) = α sinx/l (A.1)

in the limit κ → 0. The decay rate is the real part of the eigenvalue λ satisfying

−λĈ + iα sinx Ĉ = κĈxx,

where Ĉ(x) is the eigenfunction. As discussedin Giona et al. [24], the eigenfunction is

localisednear the extrema of V (x), hereat x = π/2 and 3π/2. The eigenvalue problem can
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thereforebe solved using a boundary-layer method. Focusingon the maximum at x = π/2,

we let

x =
π

2
+ κ1/4α−1/4X and λ = iα + (κα)1/2~λ

and �nd the leading order equation

−~λĈ =
iX2

2
Ĉ + ĈXX .

Introducing a solution of the form Ĉ = exp(−aX2), we �nd that

a =
1
4
− i

4
and ~λ =

1
2
− i

2
.

Thus the decay rate is

Reλ =
(κα)1/2

2
. (A.2)

This formula also applies to 
o ws more general than (A.1), with any number of (non-

degenerateextrema), in which caseα/|l| is the minimum value of |V ′′| at theseextrema.

A.2 Flow with fixed spatial structure

In this Appendix we derive a closedevolution equation for the concentration covariance

� n(x, x′) = E Ĉ∗

n(x)Ĉn(x′) (A.3)

for the map (3.4). We then solve the corresponding eigenvalue problem asymptotically in

the limit κ → 0. We alsoverify that this eigenvalue problem is identical to leading order to

the one that emergesfrom the continuous-timeapproximation (3.5).

From (3.4), we obtain that the covarianceevolvesaccordingto the deterministic map

� n+1(x, x′) = eκ(∂2
xx +∂2

x ′x ′
)
[

e−α2(sinx−sinx′)2/2� n(x, x′)
]

. (A.4)

This can be written in a more explicit form by introducing the Green'sfunction G(x− y) of

the heat equation in [0, 2π], such that

exp(−κ∂2
xx)h(x) =

∫ 2π

0

G(x − y)h(y) dy,
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for any function h. (Note that y is usedhereasa dummy integration variable; there should

be no confusionwith its earlier useasstreamwisecoordinate.) In the limit κ → 0, G(x− y)

reducesto the Green'sfunction of the di�usion equation in an in�nite domain, that is

G(x − y) ∼ e−(x−y)2/(4κ)

(4πκ)1/2
. (A.5)

The long-time decay of � n(x, x′) and henceof the ensemble-averagedvariance

E ||Ĉ||2 =
∫

� n(x, x) dx

is controlled by the solution of the eigenproblemassociated with (A.4). Noting that, ac-

cording to the de�nition (2.6), the eigenvalue is exp(−γ2), we write this eigenvalue problem

as

e−γ2 �( x, x′) =
∫ 2π

0

∫ 2π

0

G(x − y)G(x′ − y′)e−α2(sin y−sin y′)2/2�( y, y′) dydy′. (A.6)

We now examine this eigenvalue problem in the limit κ → 0. We �rst note that, for

κ = 0, the eigenvalue problem reducesto

e−γ2 �( x, x′) = e−α2(sin x−sinx′)2/2�( x, x′).

Clearly, the spectrum for γ2 becomesthe range of α2(sinx − sinx′)2. For 0 < κ � 1, we

expect the eigenfunctionsassociated with small gamma2 to be localisednear the minimum

of (sinx − sinx′)2, that is, along the lines x′ = x and x′ = π − x (and their periodic copies).

The eigenfunctioncorresponding to the minimum valueof γ2 is localisednearthe intersection

x = x′ = π/2 of theselines. We identify the relevant scaleof localisation as κ1/6 and hence

introduce

x =
π

2
+ κ1/6α−1/3X, γ2 = (κα)2/3~γ2, (A.7)

(cf. (3.6)) with similar de�nitions for X ′, and regard� asa function of X and X ′. Expanding

in Taylor seriesand using (A.5) in (A.6) then leadsto

− ~γ2� = � XX + � X′X′ −
(

X2 − X ′2
)2

8
� . (A.8)

The boundary conditions completing the formulation of the asymptotic eigenvalue problem

are of coursedecay for |X|, |X ′| → ∞.
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Finding the smallest eigenvalue ~γ2 of (A.8) provides the leading-order approximation

to the ensemble-averaged variance decay rate. This needsto be done numerically. We

have obtained an approximation to ~γ2 and the corresponding eigenfunctionby solving the

evolution equationassociated with (A.8) numerically, using a �nite-di�erence discretisation.

Starting from Gaussianinitial condition weobtain the approximation ~γ2 ≈ 0.8806,consistent

with the results of section3.2 as well as the structure of the eigenfunction�( X, X ′, t) (not

shown).

For completeness,we now establishthat the eigenvalue problem (A.8) also follows from

the continuous-timeequation(3.5) which approximatesthe map (3.4) for κ → 0. From (3.5),

we �nd that

∂t

[

Ĉ∗(x, t)Ĉ(x′, t)
]

= κ
[

Ĉ∗

xx(x, t)Ĉ(x′, t) + Ĉ∗(x, t)Ĉx′x′(x′, t)
]

+i α(sinx − sinx′)Ĉ∗(x, t)Ĉ(x′, t) ◦ _Wt.

Upon transforming into the corresponding Ito form and taking the expectation, we obtain

the Schr•odinger equation [cf. 22]

� t = κ(� xx + � x′x′) − α2

2
(sinx − sinx′)2� .

Introducing eigensolutionsexp(−γ2t)�( X, X ′) with the scaledvariables(A.7) and expanding

as κ → 0, we recover the eigenvalue problem (A.8). We emphasisethat this eigenproblem

di�ers from the one that arisesin a linear shear,as studied by Majda [18] and McLaughlin

and Majda [20].

A.3 Flow with translating spatial structure

Wederive and solve asymptotically the eigenvalueproblemthat governsthe covariance(A.3)

for the map (4.2). Because(4.2) is spatially homogeneous,the covariancedependsonly on

x − x′, and it is thereforebest written as

� n(x) = E Ĉ∗

n(x′)Ĉn(x′ + x).

From (4.2) we obtain that this function evolvesaccordingto

� n+1(x) =
∫ 2π

0

G(x − x′)J0(2α sin(x′/2))� n(x′) dy′, (A.9)
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where

G(x) =
∫ 2π

0

G(x − x′)G(x′) dx′

J0(·) is the 0-th Besselfunction of the �rst kind, and G(x − x′) is the Green's function of

heat equation, as in Appendix A.2. Using (A.5) givesthe asymptotic behaviour

G(x) ∼ e−x2/(8κ)

(8πκ)1/2
as κ → 0.

The large-n decay of � n and henceof the decay rate γ2 of the varianceare determinedby the

maximum eigenvalue of the operator on the right-hand sideof (A.9). Solving this eigenvalue

problem asymptotically for κ → 0 givesan approximation to γ2. First note that for κ = 0,

the eigenvalue problem becomes

e−γ2 �( x) = J0(2α sin(x/2))�( x).

The corresponding spectrum for e−γ2 (A.9) becomesthe rangeof J0(2α sin(x/2)), with max-

imum λ = 1 and associated quasi-eigenfunction�( x) = δ(x). We therefore expect γ2 for

κ � 10 to be near 0, with eigenfunctionlocalisednear y = 0. We identify the relevant scale

for this localisation asκ1/4. We introducethe rescaledvariablesX and ~γ2 de�ned by

x = κ1/4α−1/2X and γ2 = κ1/2α~γ2 (A.10)

and approximate the eigenvalue problem as

(

1− κ1/2α~γ2 + · · ·
)

�( X) =
1

(8πα)1/2κ1/4

∫

∞

−∞

e−(X−X′)2/(8κ1=2α)

×
(

1− ακ1/2

4
X ′2 + · · ·

)

�( X ′) dX ′

= �( X) − κ1/2αY 2

4
�( X) + 2κ1/2α� ′′(X) + · · ·

To leadingorder, the covariance�( X) and decay rate γ2 thus satisfy the eigenvalueproblem,

� ′′ +
(

~γ2

2
− X2

8

)

� = 0, (A.11)

with solutions decaying for |X| → ∞ provided that ~γ2/(
√

2) = 1/2 + m, m = 0, 1, · · ·. This

leadsto the variancedecay rate and associated eigenfunction

γ2 = α
(κ

2

)1/2

+ o(κ1/2) and �( x) = exp
(

− αx2

4(2κ)1/2

)

+ o(1),
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in agreement with (4.9).

We concludethis Appendix by showing that the eigenvalue problem (A.11) also follows

from the continuous-timeequation(4.3) which we claim approximates (4.2) for κ → 0. From

(4.3) we compute

∂t

[

Ĉ∗(x, t)Ĉ(x′, t)
]

= κ
[

Ĉ∗

xx(x, t)Ĉ(x′, t) + Ĉ∗(x, t)Ĉx′x′(x′, t)
]

+
iα√

2
Ĉ∗(x, t)Ĉ(x′, t) ◦

[

_W 1
t (sinx − sinx′) + _W 2

t (cosx − cosx′)
]

.

Transforming into the Ito form, taking the expectation and replacingx − x′ by x leadsto

� t = 2κ� xx − α2 sin2(x/2)� .

The associate eigenvalue problem reducesto (A.11) to leading order in κ when the scaling

(A.10) is introduced.

B Expectation of ρp

In this Appendix, we show that (4.7) implies (4.8). We represent the two Wiener processes

W i
t , i = 1, 2 by their Karhunen{Lo�eve expansion[31, 32], which reads

W i
t =

∞
∑

k=0

ζ i
kλ

1/2
k φk(t), where λk =

4
(2k + 1)2π2

, φk(t) =
√

2sin(λ−1/2
k t),

and the ξi
k are i.i.d. N(0,1) variables. Using the orthogonality of the φk(t) we obtain from

(4.7) that [21]

E ρp(x, t) = ρp
0(x)E exp

[

−α2κpt2

2

∑

k

λk

(

ξ1
k sinx + ξ2

k cosx
)2

]

= ρp
0(x)E

∏

k

exp
[

−α2κpt2

2
λk

(

ξ1
k sinx + ξ2

k cosx
)2

]

= ρp
0(x)

∏

k

1
2π

∫

∞

−∞

∫

∞

−∞

e−α2κpt2λk (ξ1 sin x+ξ2 cos x)2/2e−[(ξ1)2+(ξ2)2]/2 dξ1dξ2

= ρp
0(x)

∏

k

1
2π

∫

∞

0

∫ 2π

0

e−α2κpt2λk r2 sin2 ϕ/2e−r2/2r drdϕ.

To deducethe last equality, we have introducedthe polar coordinates (r, ϕ) de�ned by

ξ1 = r cos(ϕ − x) and ξ2 = r sin(ϕ − x).

30



Carrying out the integration with respect to r, then that with respect to ϕ, we �nally �nd

E ρp(x, t) = ρp
0(x)

∏

k

1
(1 + α2κpt2λk)

=
ρp

0(x)

cosh1/2 [α(κp)1/2t]
.

The approximation (4.8) follows for large t.
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