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Abstract

We study quantum analogues of quotient varieties, namely quantum grassmannians and
quantum determinantal rings, from the point of view of regularity conditions. More precisely,
we show that these rings are AS-Cohen-Macaulay and determine which of them are AS-
Gorenstein. Our method is inspired by the one developed by De Concini, Eisenbud and
Procesi in the commutative case. Thus, we introduce and study the notion of a quantum
graded algebra with a straightening law on a partially ordered set, showing in particular that,
among such algebras, those whose underlying poset is wonderful are AS-Cohen-Macaulay.
Then, we prove that both quantum grassmannians and quantum determinantal rings are
quantum graded algebras with a straightening law on a wonderful poset, hence showing that
they are AS-Cohen-Macaulay. In this last step, we are led to introduce and study (to some
extent) natural quantum analogues of Schubert varieties.
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Introduction.

Let k be an arbitrary field, m,n positive integers such that m < n and ¢ a non-zero element of
k. We denote by Oy(Mp, n(k)) the quantum deformation of the coordinate ring of the variety
M, n(k) of m x n matrices with entries in k and by Oy (G, n(k)) the quantum deformation of the
homogeneous coordinate ring of the grassmannian Gy, (k) of m-dimensional subspaces of k™ (see
Definitions 3.1.1 and 3.1.4). In addition, if 1 <t < m, we denote by Z; the ideal of Oy(M,y, »(k))
generated by the ¢ x t quantum minors (see the beginning of Subsection 3.1). As is well known,
the algebras Oy(My,n(k)) and Oy(Gpm n(k)) are noncommutative analogues of O(M,, »(k)) (the
coordinate ring of the affine variety My, ,(k)) and of O(G, (k)) (the homogeneous coordinate
ring of the projective variety Gy, n(k)) in the sense that the usual coordinate rings of these
varieties are recovered when the parameter g is taken to be 1 (and the base field is algebraically
closed). In the same way, Oy(Mm n(k))/Z; is a quantum deformation of the coordinate ring of
the determinantal variety M5!, ! (k) of those matrices in My, (k) whose rank is at most ¢ — 1.

*This research was supported by the Leverhulme Research Interchange Grant F/00158/X. Part of the work
was done while the authors were visiting Antwerp supported by the European Science Foundation programme
‘Noncommutative Geometry’, and while the second author was visiting the University of Edinburgh supported by
a grant from the Edinburgh Mathematical Society.
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The commutative rings O(M,, »(k))/Z; and O(Gp, n(k)) have been extensively studied in the
past decades; a detailed account of their interest and properties can be found, for example, in
[BV]. They are rings of invariants for natural actions of the general and special linear groups
on suitable polynomial rings. It follows that they are normal domains. In addition, if k is
an algebraically closed field of characteristic zero, it follows by the Hochster-Roberts theorem
(see [BH; Theorem 6.5.1]) that these rings are Cohen-Macaulay. In fact, the Cohen-Macaulay
property of these rings still holds over an arbitrary field. One way to prove this is to make
use of the notion of graded algebras with a straightening law, initiated in works by De Concini,
Eisenbud and Procesi (see [E] and [DEP]). For a detailed description of this method and extensive
comments on the historical background, the reader is referred to [BV] and [BH].

Hence, Oy(Mp n(k))/Zt and Oy(Grn(k)) can be thought of as quantum analogues of quo-
tient varieties under the action of reductive groups. In support of this point of view, note that
K.R. Goodearl, A.C. Kelly and the authors have proved that O, (M, ,,(k))/Z; is the ring of co-
invariants for a natural co-action of the Hopf algebra Oy (GL:(k)) on Oy (M, +(k)) ® Of (M n(k)),
see [GLR/], and Oy(G n(k)) is the ring of co-invariants for a natural co-action of the Hopf algebra
Oy(SLp(k)) on Og(Mp, n(k)), see [KLR]. In this context, it is natural to study Oy(My,n(k))/Z;
and Oy(Gy,n(k)) from the point of view of regularity properties, where by regularity properties
we mean the maximal order property, the AS-Cohen-Macaulay property and the AS-Gorenstein
property, which are noncommutative analogues of classical regularity properties in commutative
algebra and algebraic geometry. In [KLR] and [LR], the maximal order property for the above
rings has been investigated. Recall that the maximal order property is a non commutative ana-
logue of normality. Here, our aim is to study the k-algebras Oy(Gpm n(k)) and Oy(My, n(k))/Z
from the point of view of the AS-Cohen-Macaulay and AS-Gorenstein properties, as defined in
recent works on noncommutative algebraic geometry (see, for example, [JZ]). These properties
are noncommutative analogues of the notions of Cohen-Macaulay and Gorenstein rings.

There are many problems associated with obtaining quantum analogues of these famous com-
mutative results. Of course, the most obvious problems arise due to the lack of commutativity;
this forces us to study in detail specific kinds of commutation relations. Note that, although the
algebras we consider are known to be algebras of co-invariants of suitable Hopf algebra coactions,
at the moment we have no known methods for exploiting this fact.

In order to prove that Oy (M, n(k))/Z; and Og(Gm n(k)) are AS-Cohen-Macaulay k-algebras,
we introduce and study the notion of quantum graded algebras with a straightening law (quantum
graded A.S.L. for short). Roughly speaking, a quantum graded A.S.L. is an N-graded algebra
with a partially ordered finite set II of homogeneous generators, satisfying the following proper-
ties: standard monomials (that is products of elements of IT in increasing order) form a linearly
independent set; the product of any two incomparable elements of II can be written as a linear
combination of standard monomials in a way compatible with the partial order on II (these are
the so-called straightening relations); given two elements a, 8 € II, there exists a skew commu-
tator of o and B which can be written as a linear combination of standard monomials in a way
compatible with the partial order on II (these are the so-called commutation relations). We then
show that quantum graded A.S.L. are AS-Cohen-Macaulay (under a mild assumption on II). The
main point then is to show that Og(Mp, »(k))/Z: and Og(G, n(k)) are examples of such quantum
graded A.S.L. We expect that the notion of a quantum graded A.S.L. will prove useful in many
other contexts.

The paper is organised as follows. In Section 1, we introduce and study the notion of quan-
tum graded A.S.L. on a partially ordered finite set II. In particular, we show that such algebras
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are noetherian and we compute their Gelfand-Kirillov dimension. We also study in detail cer-
tain ideals of a quantum graded A.S.L., namely those which are generated by Il-ideals (see the
beginning of Subsection 1.2). In particular, we show that these ideals are generated by normal-
ising sequences. The Il-ideals are essential for our arguments because they allow us to study
quantum graded A.S.L. by inductive methods. In Section 2, we first introduce the homological
background necessary to define and study the AS-Cohen-Macaulay and AS-Gorenstein properties
and then recall the results concerning these notions that we will need. Then we prove that a
quantum graded A.S.L. is AS-Cohen-Macaulay, provided that the poset II is wonderful. The aim
of Section 3 is then to show that the algebras Oy(My, ,(k))/Z; and Oy(Gpm n(k)) are quantum
graded A.S.L. For this, we first study Oq(Gy, n(k)) in detail: this essentially consists of prov-
ing the existence of straightening relations and specific kinds of commutation relations between
maximal minors of Oy(M,y, »(k)). These two types of relations are established by introducing
and studying natural quantum analogues of (coordinate rings of) Schubert varieties over arbi-
trary integral domains. In this way, we prove that Oy(Gp, n(k)) is a quantum graded A.S.L. and
deduce that Oy(M,,,(k)) enjoys the same property by means of a dehomogenisation map that
relates these two algebras. It is then easy to show that the k-algebras Oy (M, (k))/Z; are also
quantum graded A.S.L. Finally, in Section 4, we deduce that the k-algebras Oy (M, »(k))/Z; and
O4(Gm n(k)) are AS-Cohen-Macaulay and determine which of them are AS-Gorenstein by means
of a criterion involving their Hilbert series.

If S is a finite set, we denote its cardinality by |S]|.

We would like to thank the many colleagues with whom we have discussed this work, especially
J. Alev, G. Cauchon, K.R. Goodearl, P. Jgrgensen, S. Launois, S.P. Smith and J.J. Zhang.

1 Quantum graded algebras with a straightening law.

Throughout this section, k is a field. An N-graded k-algebra is a k-algebra together with a family
of k-subspaces A;, for ¢ € N, such that A = ®;enA; and A;A; C A;j, for each pair 4,5 € N. An
N-graded k-algebra is said to be connected if Ag = k.1. An N-graded k-algebra is connected if
and only if it is generated as a k-algebra by @®;>14;.

1.1 Definition and growth properties.

In this subsection, we introduce the notion of a quantum graded algebra with a straightening law
(on a poset IT) and show that such an algebra has Gelfand-Kirillov dimension equal to the length
of the longest chain in the underlying poset II.

Let A be an N-graded algebra and II a finite subset of elements of A with a partial order <.
A standard monomial on 11 is an element of A which is either 1 or of the form «; ... ay, for some
s > 1, where aq,...,as € Il and a1 <g -+ <g as.

Definition 1.1.1 — Let A be an N-graded k-algebra and II a finite subset of A equipped with a
partial order <g. We say that A is a quantum graded algebra with a straightening law (quantum
graded A.S.L. for short) on the poset (Il, <s) if the following conditions are satisfied.

(1) The elements of I are homogeneous with positive degree.
(2) The elements of 11 generate A as a k-algebra.
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(8) The set of standard monomials on 11 is a linearly independent set.

(4) If a, B € 11 are not comparable for <g, then af is a linear combination of terms X or Apu,
where A, € 11, A <gt p and A <g a, 3.

(5) For all o, B € 11, there exists cop € k* such that af — copfBa is a linear combination of terms
A or Ap, where A, p € II, A <gt p and X < o, 5.

Notice that, in the above definition, the case II = () is not excluded. Hence, k is a quantum
graded A.S.L. on () and, of course, it is the only one.

Remark 1.1.2 - Let A be a quantum graded A.S.L. on the set II. If w is a standard monomial
on IT and w # 1, then condition (3) of Definition 1.1.1 implies that it can be written in a unique
way as a product aj ...as, for some s > 1, where ag,...,as € Il and a3 <y -+ <g «ag. In this
case, we say that w is a standard monomial of length s. For convenience, we say that 1 € A is
the (unique) standard monomial of length 0.

Let 7 be an element of a finite poset II with partial order <g; we define the rank of =,
denoted rkm, as in [BV; Chap. 5.C, p. 55]. Thus, rkxr = k if and only if there is a chain
T <gt o <gt Tho1 <st T = 7, with 7; € II for 1 < ¢ < k and no such chain of greater length
exists. If Q is a subset of II, we define its rank by rkQ2 = max{rkm, 7 € Q}. The rank of the
empty set is taken to be 0.

Let A be a quantum graded A.S.L. on the set Il partially ordered by <g. For s € N* we
denote by II® the set of elements of A which either equal 1 or can be written as a product of
t elements of II, with 1 < ¢ < s. In addition, we let V® be the k-subspace of A generated by
IT*. On the other hand, we denote by II;, the set of those elements of II* which are standard
monomials of length at most equal to s and by Vi the k-subspace of A generated by II3,. For
convenience, we put 110 = TI% = {1} and V°? = V§ = k. Clearly, Vi C V¥, for s € N. Of course,

since I}, = IT' = T U {1}, we have V} = V1. Also, as an easy consequence of conditions (4) and
(5) in the definition of a quantum graded A.S.L., we have V2 = V2.

Lemma 1.1.3 - In the notation above, Vi =V?*, for each s € N.

Proof. We proceed by induction on s, the cases s = 0,1,2 being already proved. Hence, we
assume that the result is true for some integer s > 2.

To start with, we show the following intermediate result: if 71,..., 7541 are elements of II
such that mo <g - -+ <g4 Ms41, then T =71 ... 7541 € VSLEH. This is done by induction on rkmy. If
rkmy; = 1, that is 71 is minimal in II for <, then either 71 and 75 are not comparable with respect
to <st and mmy = 0 by condition (4) in the definition of a quantum graded A.S.L., or m <g 79
and 7 is a standard monomial. Tn both cases, 7 € V™. Now, assume that the result is true when
1 <rkm; < r, where r < rklII and consider an element 7 as above, for which rkmr; = r 4+ 1. Thus,
T =T1]...Tst1, Where w1, ma, ..., ms11 € Il are such that mo <g -+ <g ms41. Then, 71 ... 7541
is the sum of an element of V™' and of a linear combination of products 7} ... 7%, ; of elements
of II such that 7] <g m1. To see this, it is enough to rewrite w172 using either condition (4) in
the definition of a quantum graded A.S.L. if m; and 7y are not comparable, or condition (5) if

they are comparable and 7y <4 7. On the other hand, a product 77 ... 7, | as above is easily

seen to be in VS by first rewriting 77 ... 7" 1 using the equality V* = V{ and then using the
induction hypothesis. This completes the proof of the intermediate result.
It remains to show that V™1 C VSt Let 7 be an element of TI*+1. If 7 € TI* the induction

hypothesis gives us that © € VS‘ZH. Otherwise, m = 7y ... w541, Where my,...,msy1 € II. Now,
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rewriting ms...7s11 by means of the induction hypothesis and using the intermediate result
proved above yields that m € Vsi'H. This completes the proof. n

Proposition 1.1.4 — Let A be a quantum graded A.S.L. on the set I1. The set of standard
monomials on 11 forms a k-basis of A.

Proof. Since II generates A as a k-algebra, Lemma 1.1.3 shows that the set of standard monomials
on II, which is a linearly independent set over k by hypothesis, generates A as a k-vector space.
|

Proposition 1.1.5 — Let A be a quantum graded A.S.L. on the set 11; then GKdimA = rKII.

Proof. We use the notation introduced before Lemma 1.1.3. In this notation, V := V! is the
span of ITU {1} and V* is the usual s-th power of the vector space V for s > 2. Since 1 € V
and since V is a finite dimensional vector space generating A as a k-algebra, we have GKdimA =
lim,, o log,,(dim V™). Thus, by Lemma 1.1.3,

GKdimA = lim,, . log, (dim V7).

Let us denote by M the number of subsets of II which are totally ordered for <y and maximal
(with respect to inclusion) for this property. These sets all have rank less than or equal to that
of IT and, clearly, for n € N:
. n + rkIl
n<
dim Vg _M( KT ),

so that GKdimA < rkII. On the other hand, there is a totally ordered subset of II of rank rkII.
Hence,

)

rkIT
and so GKdimA > rkII. n

dim V7 > ( n + rkiI )

1.2 Properties of Il-ideals.

Let II be a set with a partial order <g. If €2 is a subset of II, we say that €2 is a II-ideal provided
it satisfies the following condition: if « € Q and if § € II, with 8 <4 «, then 3 € Q. (Notice
that a II-ideal is nothing but an ideal of the partially ordered set II, in the sense of lattice theory.)

If Ais a quantum graded A.S.L. on a poset (II, <) the notion of II-ideal is crucial in the
study of A. This is because ideals of A generated by Il-ideals are particularly well behaved.

To each element a € II we associate the ideal I, of A generated by those v in II such that
v <g « (with the convention that an ideal generated by the empty set is (0)).

Lemma 1.2.1 - Let A be a quantum graded A.S.L. on the set I1. Any element « in I1 is normal
modulo the ideal 1. In particular, any minimal element in 11 is normal. In addition, if 11 has a
unique minimal element o for <y, then « is a regular normal element of A.

Proof. Let o € II. Condition (5) in the definition of a quantum graded A.S.L. shows that the
image of « in the k-algebra A/I, commutes up to scalar with each of the elements of a generating
set. The first assertion follows. Now, assume that « is the unique minimal element of II. In this
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case, a <g (3, for all 8 € II. Thus, if w is a standard monomial, aw is still a standard monomial.
Since the set of standard monomials is a k-basis of A, by Proposition 1.1.4, it follows that left
multiplication by « in A is an injective map. However, as we already mentioned above, condition
(5) in the definition of a quantum graded A.S.L. shows that o commutes up to non-zero scalar
with any standard monomial. Thus, the injectivity of right multiplication by « in A follows from
the injectivity of left multiplication. We have shown that « is a regular normal element of A. =

Let II be a set with a partial order <g. If <ot is a total order on II, we say that <t respects
<g if, for a, B € I, o <44 f = a <tot B. Notice that, for a finite poset (II, <g), there always
exists a total order on Il which respects <g;.

Proposition 1.2.2 — Let A be a quantum graded A.S.L. on the poset (II, <g) and let Q be a
II-ideal. In addition, let <iot be any total order on II which respects <. Then the elements of €2
ordered by <ior form a normalising sequence of generators of the ideal () generated by 2 in A.

Proof. Let Q = {w1,...,ws} with w1 <got *+* <tot ws. For 1 < i <'s, consider a € II such that
a <g w;. Then, since 2 is a Il-ideal, o € €. Moreover, since <io respects <g, we also have
a <got wi- Thus, a € {w1,...,w;—1} (this set being empty if ¢ = 1). Thus, I,, C (wi,...,wi—1).
But then wj is normal modulo (wy,...,w;_1) since, by Lemma 1.2.1, it is normal modulo I,,. =

Lemma 1.2.3 - A quantum graded A.S.L. is noetherian and satisfies polynomial growth ((PG)
for short) in the sense of [Lev; 5.4].

Proof. Let A be a quantum graded A.S.L. on the poset (I, <g) and let <iot be any total order on
IT which respects <g. Since II is clearly a II-ideal, by Proposition 1.2.2, the elements of II ordered
by <ot form a normalising sequence in A. Since A/(II) = k is noetherian, [ATV; Lemma 8.2]
shows that A is noetherian. In the same way, since A/(II) = k satisfies (PG), [Lev; Proposition
5.6] shows that A satisfies (PG). n

A nice feature of ideals of A generated by a Il-ideal is the fact that they can be described
in a very simple way in terms of the standard monomials. This description is given in the next
proposition. If w € II, we say that a standard monomial p # 1 involves w if p = wy .. .ws, where
Wiy, ws € I with wy <gp -+ - <gt ws, and w € {wy,...,ws}.

The following remark will be useful.

Remark 1.2.4 — Let (II, <g) be a poset and let <ot be any total order on Il which respects
<st- Let Q ={wi,...,ws}, for some s > 2, be a II-ideal where wy,...,w; are elements of I such
that wy <ot - -+ <tot ws. Then it is easy to check that Q' = {wi,...,ws_1} is also a II-ideal.

Proposition 1.2.5 — Let A be a quantum graded A.S.L. on the set I1 and let Q be a I1-ideal.
The set of standard monomials involving an element of 0 forms a k-basis of ().

Proof. Let <iot be any total order on II which respects <g. Notice that the set of standard
monomials involving an element of 2 is a linearly independent set by condition (3) of the definition
of a quantum graded A.S.L. and that it is included in (€2). Thus it remains to prove that this set
generates (€2) as a k-vector space. We proceed by induction on the cardinality of €.

First, suppose that || = 1; say Q@ = {w1}. Then w; is a minimal element of IT with respect to
<&, and () = wi A, by Proposition 1.2.2. Hence, by Proposition 1.1.4, it is enough to show that,



Quantum graded algebras with a straightening law. 7

if mq,...,7s are elements in II such that m <y --- <g 75, then wim ... 75 is a linear combination
of standard monomials involving w;. But this is clear since either w; <y 71, in which case it is
trivial, or wi and 7 are not comparable with respect to <g, in which case wim; ... 75 = 0 by
condition (4) of the definition of a quantum graded A.S.L.

Next, suppose that s > 1, and assume that the result is true for all the II-ideals of cardinality
less than s. Set Q = {w1,...,ws} where wy,...,ws are elements of IT such that wy <tot - -+ <tot Ws-
Then, () = w1 A+ - - 4+ wsA, by Proposition 1.2.2. Let V be the k-subspace of A generated
by those standard monomials involving an element of . It is clear that V' C (Q2). Now, let
' ={wi,...,ws—1} and denote by V' the k-subspace of A spanned by those standard monomials
involving an element of Q'. In fact, ' is a II-ideal as we noticed in Remark 1.2.4. Thus, the
inductive hypothesis gives () = wiA+ -+ ws1A = V'. Now, let z € (). Then there
exist x1,...,2s € A such that x = wix1 + -+ + wsxs. We want to show that z € V. Since
w1+ Fws—1x5-1 € () =V’ C V| it is enough to show that wszs € V. Of course, since z; is
a linear combination of standard monomials, it is enough to show that, if 7q,..., 7 are elements
in II such that m <g --- <s 7, then wymy...m € V. First, assume that wg Z¢ 7; for each j
with 1 < j <t. In this case, if ws; and 7 are comparable with respect to <y then w; <g m1; and
SO w1 ... is a standard monomial which is obviously in V. Next, consider the case where wy
and 7 are not comparable with respect to <g. In this case, by condition (4) of the definition
of quantum graded A.S.L., wsm is a linear combination of standard monomials involving an
element A € II such that A\ < ws. Any such X is in €, since Q is a II-ideal; and so A € €, since
A # ws. Tt follows that wsmy € (') and then that wgmy ... m € () C V. It remains to consider
the case where there exists an integer ¢, with 1 < ¢ < ¢, such that ws >4 m;. Let j denote the
greatest such integer. Thus, we have m <q -+ <4 7; <t ws. By condition (5) of the definition
of quantum graded A.S.L., for 1 < i < j, there exists a scalar ¢; € k* such that wem; — ¢;mw;s is
a linear combination of standard monomials involving an element A € II such that A <g ws. As
we have already mentioned, this implies that each such A is in . Thus, wsm; — ¢;mws € (),
for 1 < i < j. Setting ¢ = ¢;...c¢j, it follows that wsm ... m; —cmp ... mjws € (V) and, as a
CONSeqUence, Wy ... T — CTY ... MjweTjq1 ... m € (). Since (') = V/ C V, it remains to prove
that mp ... mjwemjp1...m € V. Again, we isolate two cases. First, assume that wg and ;11 are
comparable. Then, by definition of j, we have w; <yt m;41. In this case, w1 ... mjwsmjf1... 7 is a
standard monomial that is obviously in V. Next, assume that ws and 741 are not comparable.
Then, as we have already noticed, w,m;11 is a linear combination of standard monomials involving
an element A € . Hence, 7 ... mjwemjq1...m € (@) C V. The proof is complete. "

Corollary 1.2.6 — Let A be a quantum graded A.S.L. on the set 11 and let Q) be a Il-ideal.
Suppose that p : A — A/(Q) is the canonical projection. Then the k-algebra A/(Y) is a
quantum graded A.S.L. on the set p(IL'\ ).

Proof. Since () is generated by homogeneous elements, it is a graded ideal and A/(2) inherits an
N-grading. By Proposition 1.2.5 and the linear independence of standard monomials, IIN{Q) = Q.
In fact p(IT\ Q) = I\ Q and we may equip p(II \ 2) with the partial order inherited from that
of II. Clearly, the elements of p(IT \ 2) are homogeneous elements of positive degree generating
A/(Q) as a k-algebra. In addition, the family of standard monomials on p(II \ €2) is linearly
independent. The fact that conditions (4) and (5) are satisfied for A/(€2) is then clear. n

2 The AS-Cohen-Macaulay property.

Throughout this section, k is a field.
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2.1 AS-Cohen-Macaulay algebras.

In this subsection, we recall the notions of AS-Cohen-Macaulay and AS-Gorenstein algebras as
defined in [JZ]. We also recall some results about these notions that we will need latter.

Throughout this subsection, A stands for a noetherian N-graded connected k-algebra; that is,
A = ®;>0A; is an N-graded k-algebra such that Ag = k. It follows that A is a finitely generated
k-algebra and that it is locally finite in the sense that A,, is finite dimensional as a k-vector space
for each n € N. For any integer n, let A>, = ®;>,A;. We denote the unique maximal graded
ideal, A>1, of A by m.

The category of graded left A-modules and homogeneous homomorphisms of degree zero is
denoted GrMod(A). As is well known, GrMod(A) is an abelian category with enough injective
and projective objects and it possesses colimits (see [NV; §1.3.2]). If M = @®;czM; is an object
of GrMod(A), then for any integer n, the graded module M (n) is the n-th shift of M; that is,
M(n) = ®ijezM(n); where M(n); = My, for i € Z. Let M, N be objects in GrMod(A), then
Homgmod(a) (M, V) will stand for the abelian group of homogeneous homomorphisms of degree
0. The Ext groups associated to Homgmog(a) are then denoted ExtiGrM od(A)* In addition, we put

Hom 4 (M, N) @HomGrMod(A)(M N(m)).
meZ

The Ext groups associated to Hom, are then denoted M%. Thus, if M, N are objects in
GrMod(A),
Ext!y (M, N) = @D Extl pyoq(a) (M, N(m)).
meZ

The category of (all) left A-modules and homomorphisms of A-modules is denoted Mod(A).
Let M, N be objects of Mod(A), then Hom4 (M, N) will stand for the abelian group of homo-
morphisms of A-modules from M to N. The Ext groups associated to Hom 4 are then denoted
Exty. It is well known that, if M, N are objects of GrMod(A) with M finitely generated, then
Hom 4 (M, N) = Homa (M, N). It follows that, for i € N,

Ext'y (M, N) = Extl; (M, N).

(See for instance [Lev; §1.4].) This fact will be used below without explicit mention.
We now recall the definition of the local cohomology functors. If M is an object in GrMod(A),
we define its torsion submodule, T'n (M), by

Fm(M):={meM|3IneN, A>,m =0}

clearly, I'n(M) is a graded submodule of M. It is easy to check that I'y (and restriction of
morphisms) defines a left exact functor from GrMod(A) to itself. Furthermore, if m,n € N are such
that m < n, the obvious map A/A>, — A/A>,, induces a map ¢, , : Hom,(A/A>,,, M) —
Hom 4 (A/A>y, M). We thus get a direct system (Hom 4(A/A>p, M), ¢m ) in GrMod(A) and we
may define a functor F' = @@A(A/Azn7 —) from GrMod(A) to itself which is also left exact.

It is easy to check that the functors I'y, and F' are naturally equivalent. We denote the right
derived functors associated to 'y by H%, i > 0 and the right derived functors associated to F
by R'F, i > 0. Notice that, hm being exact, for an object M of GrMod(A) we have R'F (M) =

lim Ext’ (A/Asy, M). Now, the collection of functors HY, i > 0, is then a cohomological J-

functor, and the same holds for the collection R‘F, i > 0. (For details on these notions, the
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reader may consult Chapter 2 of [W].) Hence, if M is an object of GrMod(A), for each i € N, we
have an isomorphism: A ‘
Hy (M) = lim Exty (A/A>n, M).

We write A° for the opposite algebra of A. Of course, A° is again a noetherian connected
N-graded algebra and for any integer ¢, the i-th local cohomology functor associated to A° will
be denoted H},.

Definition 2.1.1 - [JZ; Definition 0.1, Definition 0.2].
The algebra A is said to be AS-Cohen-Macaulay if there exists n € N such that

VieN,i#n, H (A) = Hi.(A) =0.

The algebra A is said to be AS-Gorenstein if it satisfies the following conditions.

(1) We have injdimyA = injdimsoA = n < oo (the injective dimension being measured in
GrMod(A) and GrMod(A®) respectively).

(2) There exists an integer £ such that

; ; 0 fori#n
7 ~ 7 o~ ’
Extiy (k, 4) = Exty. (k, 4) = { k(¢) fori=n.
Remark 2.1.2 — Notice that, by [Lev; Lemma 3.3], A has finite injective dimension in GrMod(A)
if and only if it has finite injective dimension in Mod(A), in which case these dimensions are
equal. Hence, in the definition of the AS-Gorenstein property, we might equally well use the
usual injective dimension.

The following definition appeared in [Z; p. 392].

Definition 2.1.3 — Let B = @®;>0B; be a noetherian connected N-graded k-algebra. If for every
homogeneous prime ideal P of B such that P # @;>1B; the graded prime factor B/P contains a
non-zero homogeneous normal element in (B/P)>1, then we say B has enough normal elements.

As we will see in Remark 2.1.9, if A has enough normal elements, it behaves in a similar way to
commutative noetherian local rings with respect to the AS-Gorenstein and AS-Cohen-Macaulay
properties.

Remark 2.1.4 -

1. As mentioned in [Z; p. 392], if a noetherian connected N-graded k-algebra B has a normalising
sequence Z1,. .., &, of elements in B>; such that B/(z1,...,z,) is finite dimensional as a k-vector
space, then B as enough normal elements.

2. Clearly, a quantum graded A.S.L. is connected and it is noetherian by Lemma 1.2.3. Hence,
from the previous point and Proposition 1.2.2, it follows at once that any quantum graded A.S.L.
has enough normal elements.

The next result is due to Yekutieli and Zhang (see [YZ]). (Here, we take the convention that
the Gelfand-Kirillov dimension of the zero module is —00.)

Theorem 2.1.5 — Assume that A has enough normal elements. Then, for each finitely generated
graded left A-module M,

sup{i € N| H.(M) # 0} = GKdim4 M < +oo.
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Proof. For unexplained terminology, the reader is referred to [YZ]. By the conjunction of [YZ;
Theorem 5.13] and [YZ; Theorem 5.14], the algebra A is graded-Auslander (that is, A has a
graded-Auslander balanced dualizing complex R) and for every finitely generated graded left A-
module M, we have CdimM = GKdimyM (see [YZ; 4.8] and [YZ; 3.10]). It remains to apply
[YZ; 4.14] to conclude that sup{i € N|H. (M) # 0} = GKdimaM < +oo, for every finitely
generated graded left A-module M. n

Given a finitely generated graded left A-module M, the previous theorem provides an upper
bound for the set of integers i such that Hi (M) # 0. To obtain a lower bound, we need the
notion of depth.

Definition 2.1.6 — Let M be a finitely generated graded left A-module, the depth of M is defined

by
depth A M := inf{i € N|Ext(k, M) # 0} € NU {+o0}.

We list the results we need about depth in Lemma 2.1.7. We also give a proof for these
well-known results since we have not been able to locate them in the literature.

Lemma 2.1.7 -
(i) Let M be a finitely generated graded left A-module. Then

depth 4 M = inf{i € N| H, (M) # 0}.

(ii)) If0 — L — M — N — 0 is a short exact sequence in GrMod(A) of finitely generated
graded left A-modules, and if £,m,n denote the depths of L, M, N, respectively, then

¢>min{m,n+1}, m>min{l,n}, n>min{f—1,m}.

(ii1) If x € A is a regular normal homogeneous element of positive degree, then depth 4y A/(x) =
depth 4A — 1.

Proof. (i) We put d = depth 4M. Let £ € N. Notice first that A>¢/A>41 is isomorphic to a
(finite) direct sum of copies of A/m. Hence, Ext’ (A>¢/A>¢41, M) = 0 for each ¢ with 0 <i < d.
In addition, the short exact sequence

0— Asp/Aser1 — AfAsp1 — AJA>e — 0
gives a long exact sequence
o CExt T (Ase/As a1, M) — Ext’y (A/Ase, M) — Ext’h (A/As o1, M) — Ext§(As¢/Aspi1, M) ...

By induction on ¢, we deduce that Ext%(A/As¢, M) = 0 for i < d and for all £. In addition, if
d € N, we see that the natural maps

0 # Ext}(A/A>1, M) — Ext{(A/As9, M) — -+ — Ext4(A/As¢, M) — Ext}(A/Ase1, M) — ...

are injective. The result then follows from the formula HZ (M) 2 lim Ext’ (A/Asg, M).

(ii) We already mentioned that the collection of functors H, i > 0, is a cohomological §-functor.
Hence, to the short exact sequence 0 — L — M — N — 0 is associated a long exact

sequence ‘ ‘ ' ‘
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The result follows immediately from point (i) and examination of this long exact sequence.
(iii) By the Rees’ Lemma (see [Lev; Proposition 3.4]), we have isomorphisms of abelian groups

VieN,  Ext)(k A/(x) = Extif(k, A).
The result follows at once. [

Remark 2.1.8 — Assume that A has enough normal elements and let M be a non-zero finitely
generated graded left A-module. By Theorem 2.1.5 and Lemma 2.1.7, {i € N|H (M) # 0}
is non-empty, contains the integers depth oM and GKdim M and any ¢ in this set satisfies
depth 4M < i < GKdimgM. This result is similar to the classical vanishing theorem of
Grothendieck for commutative noetherian local rings (see [BH; Theorem 3.5.7)).

Remark 2.1.9 - The noetherian connected N-graded algebras with enough normal elements
behave in a similar way to commutative noetherian local rings from the point of view of the
AS-Cohen-Macaulay and the AS-Gorenstein properties. Indeed, if A has enough normal ele-
ments, then A is AS-Gorenstein if and only if injdim 4 A = injdim 4. A < oo, see [Z; Proposition
2.3(2)], and, if A is AS-Gorenstein, then it is AS-Cohen-Macaulay (use [Z; Theorem 3.1(1)], [Z;
Proposition 2.3(2)] and Remark 2.1.8).

We now come to a remark which shows that the AS-Cohen-Macaulay and AS-Gorenstein
properties do generalise the corresponding commutative notions. These results are well-known.
For the Cohen-Macaulay property, we note this in passing, for the sake of completeness. In
contrast, the statement concerning the Gorenstein property will be used in Section 4.

Remark 2.1.10 -

(i) For the definition of a Cohen-Macaulay (commutative) ring, the reader is refered to [BH].
Now, let A = @;enA; be a commutative noetherian N-graded connected k-algebra. Hence, (A, m)
is *local in the sense of [BH; Def. 1.5.13]. It follows by [BH; Exercise 2.1.27] that A is Cohen-
Macaulay if and only if the local ring A, is Cohen-Macaulay. Now, using the Grothendieck
vanishing theorem ([BH; Theo. 3.5.7]) and [BH; Remark 3.6.18], we get easily that A, is Cohen-
Macaulay if and only if A is AS-Cohen-Macaulay. In conclusion, A is Cohen-Macaulay if and
only if it is AS-Cohen-Macaulay.

(ii) Let R be a noetherian commutative ring. Then, R is said to be Gorenstein if, for every
maximal ideal p of R, the local ring R}, is of finite self-injective dimension. If, moreover, the Krull
dimension of R is finite, then R is Gorenstein if and only if it has finite self-injective dimension (see
[B; Theorem and definition §1]). Now, let A = @®;cnA; be a commutative noetherian N-graded
connected k-algebra. Since, clearly, A has finite Krull dimension, A is Gorenstein if and only if
A has finite (self-)injective dimension. On the other hand it is clear that A has enough normal
elements, since A is commutative. Thus, from Remark 2.1.9, it follows that A is AS-Gorenstein
if and only if it is Gorenstein.

The following result is [YZ ; Lemma 4.5, p. 29|, in conjunction with [JZ ; Lemma 5.8]. It will
be useful later.

Proposition 2.1.11 - Assume that A has enough normal elements. Let M be a graded left
A-module. Let I be a graded ideal in AnnaM and set n = m/I. Then H. (M) and H.(M) are
isomorphic as A/I-modules, for i € N.
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2.2 The AS-Cohen-Macaulay property for a Quantum graded A.S.L.

The aim of this subsection is to prove that, if A is a quantum graded A.S.L. on a so-called won-
derful poset II, then A is AS-Cohen-Macaulay.

First, we prove a lemma which will be of central importance.

Remark 2.2.1 — Let A be a noetherian N-graded connected k-algebra and assume that A has
enough normal elements. Let K be a homogeneous ideal of A, with K # A. Then the ring A/K
is AS-Cohen-Macaulay if and only if

depth 4 A/K = GKdimsA/K = GKdim o A/K = depth 40 A/K.

(Note that the central equality is always true, by [KL; 5.4].) This remark is an easy consequence
of Remark 2.1.8 applied to the ring A/K and Proposition 2.1.11 applied to the A-module A/K.

Lemma 2.2.2 — Let A be a noetherian N-graded connected k-algebra and assume that A has
enough normal elements.

(1) Assume that A has polynomial growth (in the sense of [Lev; 5.4]). Let x € A be a normal
homogeneous element of positive degree which is not a zero divisor. Then, the ring A/(x) is
AS-Cohen-Macaulay if and only if the ring A is AS-Cohen-Macaulay.

(2) Suppose that I and J are homogeneous ideals of A such that:

(i) GKdimgA/I = GKdimyA/J = GKdimy4 A,

(1)) GKdimaA/(I + J) = GKdimgA — 1,

(iii) 1N J = (0),

(iv) the rings A/I and A/J are AS-Cohen-Macaulay.

Then, the ring A is AS-Cohen-Macaulay if and only if the ring A/(I+J) is AS-Cohen-Macaulay.

Proof. (1) According to [Lev; 5.7], GKdimsqA/(x) = GKdimgA — 1 and GKdimg-A/(z) =
GKdim g0 A —1. According to point (iii) in Lemma 2.1.7 and Proposition 2.1.11, depth 4 A/(z) =
depth 4,(,)A/(z) = depth A — 1 and depth 4o A/(x) = depth 40 A — 1. Thus, the result follows
at once from Remark 2.2.1.

(2) Because of the hypothesis (iii), there is a short exact sequence of left-A-modules (respectively
right- A-modules)

0— AL AT A)T 2 AJT+T) —0, (1)
where, for a,b € A, f(a) = (a+I,—a+ J) and g((a + I,b+ J)) = a+ b+ I+ J. Indeed,
clearly ker f = I nJ = (0), while g is onto and g o f = 0. Moreover, for a,b € A, if 0 =

g((a+1,b+J)) =a+b+ 1+ J, then there exist i € I and j € J such that a +b =i+ j. Thus,
(a+1,b+J)=(x+I,—x+J) = f(x) where z = a—1i = j—b. From these short exact sequences,
using point (ii) of Lemma 2.1.7, we derive

depth 4 A > min{depth 4A/I & A/J,depth 4A/(I + J) + 1}, @)
depth 40 A > min{depth 40 A/I ® A/J,depth 40 A/(I + J) + 1},

depth 4A/(I + J) > min{depth 4A — 1,depth 4A/I & A/J}, (3)
depth 40 A/(I 4+ J) > min{depth 40 A — 1,depth 4o A/I & A/J}.

Using [KL; 5.4], hypotheses (i) and (ii) may be rewritten
(i) GKdimuA/I = GKdimyA/J = GKdimy A = GKdim 4o A = GKdimo A/T = GKdim o A/J,
(il) GKdimuaA/(I + J) = GKdimyA — 1 = GKdimge A — 1 = GKdimuo A/(I + J).
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Because of Remark 2.2.1, hypothesis (iv) may be rewritten

(iv) depth 4A/K = GKdimyA/K = GKdim g0 A/K = depth 4o A/K, where K = I or J.

But, by [KL; 5.1], GKdima(A/I & A/J) = max{GKdim4A/I,GKdimyA/J}. Thus, as a con-
sequence of hypothesis (i), GKdima(A/I & A/J) = GKdimygA. In addition, point (ii) of
Lemma 2.1.7 shows that depth 4(A/I & A/J) > min{depth 4A/I,depth 4A/J}. Thus, hy-
potheses (i) and (iv) give depth o4(A/I & A/J) > GKdimgA. Since, by 2.1.8 the depth of
a non-zero finitely generated graded module is bounded by its GK-dimension, it follows that
depth 4(A/I & A/J) = GKdima(A/I & A/J) = GKdimyA. Clearly, the same holds with A°
instead of A. Thus, we have proved

depth 4(A/I & A/J) = GKdimu(A/T & A/J) = GKdimy A n
depth 4o (A/T & A/J) = GKdim e (A/I & A/J) = GKdim 4o A.

Now, assume that A/(I+J) is AS-Cohen-Macaulay. By 2.2.1, this means that depth 4A/(I+J) =
GKdimyA/(I + J) = GKdimao A/(I + J) = depth 40 A/(I 4+ J). Thus, using hypothesis (ii), this
is equivalent to depth 4 A/(I+J) = GKdimy A —1 = GKdimy. A —1 = depth 40 A/(I+J). Thus,
from relations (2) and (4), it follows that depth 4A > GKdim4A and depth 40 A > GKdim 40 A.
But, as we noticed before, the depth is bounded above by the GK-dimension, thus depth 4A =
GKdimgA = GKdim g0 A = depth 40 A. This means that the ring A is AS-Cohen-Macaulay, by
Remark 2.2.1 .

A similar argument, using (3) instead of (2) shows that, if the ring A is AS-Cohen-Macaulay,
then the ring A/(I + J) is AS-Cohen-Macaulay. "

Now, we need to introduce combinatorial tools. For this we follow [BV; Chapter 5.D]. An
important notion, in what follows, is that of a wonderful poset, the definition of which we now
recall. Notice that, in a poset (II, <g), an element w is called an upper neighbour of an element
v if v <¢ w and there exists no element v’ € II such that v <y v/ <« Ww.

Definition 2.2.3 — A poset (I1, <g) is called wonderful if the following holds after a smallest and
a greatest element —oo and oo respectively have been added to 11: if v1 and vo are upper neighbours
of £ € TU{—00,00} and vi,vy <g ¢ € TU{—00, 00}, then there is an upper neighbour v of vy, vy
such that v <4 (.

Note that any distributive lattice is a wonderful poset (see [BV; p. 58]).

We will also use the results of the following Lemma; see [BV; Lemma 5.13] for a proof. Recall
from [BV; Chap. 5.A] that, if (II, <y ) is a poset and ¥ a subset of II, the II-ideal cogenerated by
¥ is the greatest II-ideal disjoint from 3J; that is, the set {{ € II|Vo € X, € 2 0}

Lemma 2.2.4 - Let (I, <) be a wonderful poset.

(a) If 11 has a single minimal element &, then 11\ {£} is wonderful.

(b) Suppose that 11 has minimal elements &1, ...,&, k > 2, let Q be the I-ideal cogenerated by
&1, U be the I-ideal cogenerated by {&a,...,&k}. Then:

(1) I\ Q, I\ ¥ and IT\ (QU V) are wonderful;

(11) rk(IT\ Q) = rk(IT \ ¥) = rk(II), whereas rk(IT\ (QU ¥)) = rk(II) — 1;

(iii) QN = 0.

Theorem 2.2.5 — If A is a quantum graded A.S.L. on a wonderful poset (II,<g), then A is
AS-Cohen-Macaulay.
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Proof. Recall that, by Remark 2.1.4, a quantum graded A.S.L. is a noetherian N-graded connected
k-algebra with enough normal elements. The proof is by induction on |II|. The result is true if
III| = 1 since, in this case, A is a (commutative) polynomial ring in one indeterminate, which
is well known to be AS-Cohen-Macaulay (see point (i) in Remark 2.1.10). Now, we suppose the
result is true up to cardinality n > 1 and we consider a quantum graded A.S.L. A on a wonderful
poset I of cardinality n+ 1. Two cases may occur according to the number of minimal elements
in II.

First, assume that (II, <g) has a single minimal element . By Lemma 1.2.1, £ is a regular
normal element of A. In addition, Lemma 1.2.3 shows that A satisfies (PG). Moreover, Corollary
1.2.6, point (a) of Lemma 2.2.4 and the inductive hypothesis show that, A/£A is AS-Cohen-
Macaulay. So, by part (1) of Lemma 2.2.2, A is AS-Cohen-Macaulay.

Now, assume that the minimal elements of IT are &1, ...,&k, with & > 2. Let € be the Il-ideal
cogenerated by & and U be the II-ideal cogenerated by &a,...,&. Welet I = (Q) and J = ().
Comnsider z € I N J and assume that x is non-zero. Then, by Proposition 1.1.4 we may write
r = Mx1 + -+ Az, with s > 1, where Aq,..., s are non-zero scalars and z1,...,xs are
standard monomials. Using Proposition 1.2.5, we see that for each i € {1,...,s}, the term xz;
must involve an element w; € ) and an element ; € ¥. But, x; being standard, w; and 1; are
comparable for <y and, 2 and ¥ being Il-ideals, the smaller element of w; and v; must be in
QN . However, point (b)(iii) of Lemma 2.2.4 shows that Q N ¥ = (); a contradiction. Thus, we
have INJ = (0). We have I +.J = (QU W) and clearly QU is a II-ideal. By point (b) of Lemma
2.2.4, I\ Q, IT\ ¥ and IT\ (QU¥) are wonderful posets and we have rk(IT\ 2) = rk(IT\ ¥) = rkII
and rk(IT'\ (QU ¥)) = rkIT — 1. Now, from Corollary 1.2.6 and Proposition 1.1.5, we deduce that
GKdimgA/I = GKdimgA/J = GKdimy A and GKdimgA/(I + J) = GKdimy4A — 1 (see [KL;
5.1(c)]). In addition, the induction hypothesis gives that the rings A/I, A/J and A/(I + J) are
AS-Cohen-Macaulay. So, we are in position to apply Lemma 2.2.2 which shows that the ring A
is AS-Cohen-Macaulay. The proof is complete. n

3 Examples of quantum graded A.S.L.

The aim of this section is to show that quantum grassmannians and quantum determinantal rings
are quantum graded A.S.L.

For our purposes, we need to define quantum grassmannians in a slightly more general setting
than usual; that is, over an arbitrary commutative domain. We also need to introduce quantum
analogues of coordinate rings of Schubert varieties. This is done in the first subsection. In the
second subsection, we exhibit useful bases for quantum grassmannians, called standard bases,
in this general setting, thus extending results from [KLR] where such bases were constructed
in the case where the base ring is a field. Using this material, we show in Subsections 3 and
4 that quantum grassmannians over a field are examples of quantum graded A.S.L. Finally, in
Subsection 5, we deduce that quantum determinantal rings over a field are quantum graded A.S.L.

Throughout the rest of this work, we fix two positive integers m, n.

3.1 Quantum grassmannians.

Recall the definition of the quantum analogue, Oy(My, (k)), of the coordinate ring of m x n
matrices with entries in the field k.
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Definition 3.1.1 — Let k be a field and let q be a non-zero element of k. We denote by
Oy(Mp,n(k)) the k-algebra generated by mn indeterminates X;j;, for 1 <i <m and 1 < j <n,
subject to the following relations:

Xij X = qXuXij, Jor1<i<m, and1<j<l<n;
Xinkj:quinja for1<i<k<m, and1 <j<n;
Xij Xn = XuXij, for1<k<i<m, and1 <j<l<n;

Xinkl — Xlez'j = (q — q71>Xilej7 fO?" 1<i<k<m, and1 <j<l<n.
More generally, we make the following definition.

Definition 3.1.2 — Let A be a commutative integral domain and denote by k its field of fractions.
For any unit u € A, we define Oy(Mp, n(A)) to be the A-subalgebra of Oy(Mp, n(k)) generated
over A by {X;;}, for1<i<mand1<j<n.

Remark 3.1.3 — Let A be a commutative domain whose field of fractions is denoted by k and
let u be a unit of A.

1. It is well-known that O, (M, »(k)) is an iterated skew polynomial extension of k where the
indeterminates are added in the order Xi1,..., X110, Xo1,..., Xon, ..., Xints - - -, Xn- As a well-
known consequence, O, (M, »(k)) is a noetherian domain.

2. It is not difficult to see, as a consequence of the previous point, that O, (M, ,(A)) is an
iterated Ore extension of the ring A where, at each step, the endomorphism used is in fact an
automorphism.

3. It is well known that there is a k-algebra isomorphism Tr : O (Mpy, n(k)) — Ou(Mpm(k))
such that X;; — Xj;, which we call the transpose isomorphism. It follows at once that there is a
similar transpose isomorphism of A-algebras Tr : Oy (M, 5 (A)) — Ou(My, m(A)).

It follows from point 3 in Remark 3.1.3 that, in what follows, we may assume that m < n
without loss of generality. We do this for the rest of the section.

If A is a commutative domain and u a unit in A, we associate to Oy (M, n(A)) the m x n
matrix X = (X;;) which we call the generic matriz of Oy (M, n(A)).

Let 1 <t <m. A pair (I,J) is an index pair (of cardinality t) provided that I C {1,...,m}
and J C{1l,...,n}with [I| =|J|=¢t. If I = {i1,..., s} and J ={j1,..., ¢} with 1 <i; <--- <
it <mand1<j; <---<j <n,wewill write I ={iy <--- <4} and J={j1 <--- <j}. The
set of all index pairs of cardinality ¢, where ¢ takes all possible values in {1,...,m} is denoted
Ay (or A if there is no possible confusion). To any index pair (I,.J) of cardinality ¢ with
I={i1 <---<i}and J = {j1 <--- < ji} we associate the quantum t x t minor [I|J] of X.
This is the element of O, (M, ,(A)) defined by

[|J] := Z (_U)E(U)Xil,jau) - 'Xiz,jau)
ceS

(here, &, is the symmetric group on {1,...,¢} and ¢ is the usual length function on &;).
In the same way, an index set J is a subset J of m pairwise distinct elements of {1,...,n}.

If J={j1, .., jm} with 1 < j; < -+ < jp < n, we will denote J = {j1 < -+ < jm}. The set of
all index sets is denoted Il,, ,, (or II if there is no possible confusion).
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To any J = {j1 < -+ < jm} € II, we associate the maximal quantum minor [J] := [K|J] of X,
where K = {1 < --- < m}, hence

[J] = Z (_u)g(g)leja(l) e vajo(m)'

O'GSm

The standard partial order, <y, on II is defined as follows:
{i1 < <im}<sg {51 < <Jm} iff s < Js for each 1<s<m.

Clearly, II can be identified with the subset of maximal quantum minors of O, (M, »(A)). Thus,
in what follows, we also denote by II the set of maximal quantum minors of Oy (M, »(A)).

Definition 3.1.4 — Let A be a commutative domain and u be a unit in A. The quantum grass-
mannian O, (G n(A)) is the A-subalgebra of Oy (M n(A)) generated by {[I], I € II}.

The following remark will be of constant use in what follows. We will often use it without
explicit reference.

Remark 3.1.5 — Let A and B be commutative domains, let © € A and v € B be units and
let f : A — B be a morphism of rings such that f(u) = v. By using Remark 3.1.3 and the
universal property of Ore extensions, it is easy to see that there is a unique morphism of rings
g+ Ou(Mpyn(A) — Op(Myn(B)) such that g(X;5) = X for 1 <i <mand1<j<n
which extends f. Clearly, for I € II, we then have g([I]) = [I]. Hence, g induces by restriction
a morphism of rings h : Ou(Gmn(A)) — Oy(Gmn(B)) such that h([I]) = [I] for any I € II.
It is easy to see that, if f is injective (respectively, surjective), then both g and h are injective
(respectively, surjective).

Remark 3.1.6 — In what follows, we will be mainly interested in the following cases.

1. The case where A = Z[t*!] and u = t. This case will be, in fact, of central importance, thus
we fix the notation A = Z[t*!] for the rest of this work.

2. The case where A = k is a field and ¢ is any non-zero element in k. Then, Oy(Mp, »(k))
is the usual quantum deformation of the coordinate ring on the variety My, (k). Moreover,
O4(Gm n(k)) is the usual quantum deformation of the homogeneous coordinate ring of the grass-
mannian Gy, (k).

In order to prove that quantum grassmannians have a straightening law, we will need to use
certain quantum analogues of Schubert varieties. These are quotients of quantum grassmannians
and the key to obtaining straightening relations in quantum grassmannians is to find good bases
for these quantum Schubert varieties.

Definition 3.1.7 — Let A be a commutative domain and u be a unit in A. To any v € 11 we
associate the set Q. = {m € Il |7 Zs v} and we set

I, 4 :=(Q) and Ou(Gmn(A))y = O0u(Gmn(A))/I 4.
We denote by ©, 4 the canonical projection
01,4 : Ou(Gmn(A)) — Ou(Gmn(A))y-

The quotient ring Ou(Gmn(A))y will be called the quantum Schubert variety (over A) associated
with .
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3.2 Standard bases for quantum grassmannians.

Definition 3.2.1 — Let A be any commutative domain and let u be any invertible element of A.
A standard monomial on II is an element of Oy (Gmn(A)) which is either equal to 1 or is of the
form [I]...[Is], with Iy, ..., Is € Il and Iy <g -+ <g Is.

Remark 3.2.2 — Recall from [KLR; Corollary 2.1] that, if A is any field and w is any nonzero
element of A then the standard monomials on II form an A-basis of Oy (Gy,.n(A)).

We want to extend Remark 3.2.2 to any commutative integral domain A. For this, we start
studying the case where the base ring is A = Z[t*1].

Lemma 3.2.3 — The set of standard monomials in Oi(Gyn(A)) generate Oy(Gmn(A)) as an
A-module.

Proof. Let x be a non zero element of Oy(Gp, 1, (A)). We consider the natural embeddings A —
Q(t) and A — C[t*!] and the associated injective morphisms of rings h : Oy(Gmn(A)) —
O1(Gmnn(Q(1))) and K : OGra(A)) = Ou(Gomn(CIEH))).

Remark 3.2.2 applied with A = Q(¢) and u = ¢, shows that h(z) may be written as a linear
combination of standard monomials in O(Gy, »n(Q(t))) with coefficients from Q(t). It follows at
once that there are elements k(t), k1(t), ..., ks(t) € A\ {0} and standard monomials M, ..., M;
in Of(Gmn(A)) such that k(t)z = > 7 ki(t)M; € Oy(Gmn(A)). Of course, we may assume that
k(t), k1(t),. .., ks(t) have no common irreducible factor in A and hence in C[t*!]. By applying h’
to this relation we obtain a relation k(t)h/(z) = >_5_, ki(t) M; € O(Gpn(C[tF]). Now, consider
u € C*: to the natural map ev, : C[tt!] — C, t — u we may associate an epimorphism
Ot(Grmn(CtFY])) — Ou(Gmn(C)). Applying this map with u a non-zero root of k(t) gives
a nontrivial relation of linear dependence among standard monomials in O, (G, ,(C)) which
violates Remark 3.2.2. Hence, there exists ¢,d € Z such that k(t) = ct®. As a consequence, we
have the relation cz = Y5 | t~%%;(t)M; in Op(Gyn(A)). Here again, we may assume that in
Z the greatest common divisor of ¢ and the non zero coefficients of the k;(t), for 1 < i < s, is
one. Now, assume that p is a prime divisor of ¢ in Z. The natural map A — F,[t¥!] < F,(t)
gives rise to a map h” : O(Grn(A)) — O(Grn(Fp(t))). Applying " to the above relation
gives 0 = >0 t~4(k;(t) + pA)YM; in Oy(Gpn(Fp(t))) where the right hand side is a non trivial
linear combination of standard monomials in Oy(G,,(Fy(t))). Again, this violates Remark 3.2.2.
Thus, ¢ = +1 and we get the relation z = > 7_, (£1)t~%k;(t)M; in O(Gyyn(A)), as required. m

Proposition 3.2.4 — Let A be a commutative domain and let u be an invertible element of A.
The set of standard monomials in Oy(Gmn(A)) is an A-basis of Oy(Gmn(A)).

Proof. Since u is a unit in A, there is a natural ring homomorphism A — A such that 1 — 14
and t — u. Let f : Oy(Gmn(A)) — Oyu(Gmn(A)) denote the induced morphism and recall that,
for It,...,Is € I, we have [I1] ... [Is] = f([I1]...[Ls]). Thus, it follows at once from Lemma 3.2.3
that, for Iy, ..., Iy € II, the product [I1]. .. [I5] € Ou(Gmn(A)) is alinear combination of standard
monomials in Oy (G, n(A)). Since such products (together with 1) generate O, (G n(A)) as an
A-module, standard monomials in Oy (G n(A)) generate O, (Gmn(A)) as an A-module.

Now, let F be the field of fractions of A. The natural embedding A — F induces an embedding
€4 @ Ou(Gmn(A)) = Ou(Gmn(F)) with ea([I1] ... [Ls]) = [[1] ... [Ls], for I} <g -+ <g Is in IL
The linear independence of standard monomials in O, (G, n(A)) thus follows from the linear
independence of standard monomials in O (G, n(F')) (see Remark 3.2.2). "
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3.3 Straightening relations in quantum grassmanians.

The aim of this subsection is to establish that quantum grassmannians have a straightening law.
In order to complete this task, we will make use of the quantum Schubert varieties introduced
earlier.

Remark 3.3.1 — Let A be a commutative domain and w a unit of A. We say that a standard
monomial [I]...[Is] in Ou(Gnmn(A)) involves an element [J], with J € IL, if J € {1, ..., I}.

Recall that A = Z[t*!]. Our main aim in this section is to exhibit useful A-bases for quantum
Schubert varieties over A when v = ¢. In order to complete this task, we need some commu-
tation relations established in the works [HL(1)] and [HL(2)] by Hodges and Levasseur. Since
the point of view and the notation of these papers are quite different from those of this work,
we recall some facts from them, for the convenience of the reader. Let r € N*. Recall that,
for any field k and any non-zero element g € k, the quantum special linear group is defined by
Oy(SLy(k)) := Og(M,(k))/(Dq — 1), where Oy(M,(k)) = Oy(M,(k)) and D, is the quantum
determinant of O4(M, (k)); that is, its unique r x r quantum minor.

The setting of [HL(1)] and [HL(2)] is the following. Fix an integer » > 2 and a complex
number ¢ which is not a root of unity. Let g denote the Lie algebra sl,.(C) and G the algebraic
group SL.(C). Let U,(g) be the quantum universal enveloping algebra of g over C as defined in
[HL(1) ; §1.2] and let C4[G] be the restricted dual associated with U,(g). According to [HL(1);
Theorem 1.4.1], the algebra C,[G] is nothing but O (SL,(C)) in our notation. Now, for any
integer k, with 1 < k < r — 1, and any element w in the Weyl group W = &, associated with
s,.(C), we consider the matrix coefficient ¢ € C,[G] defined in [HL(1); 1.5]. As noted in [HL(1);
1.5], and making no distinction between a minor of O,2(M;(C)) and its image in Oy (SL(C)),
we have

chw = [[1K] € Cg[G] = Op2(SLy(C)),

where K = {1,...,k} and I is the index-set obtained from {w(1),...,w(k )} after reordering.
Then, for z,y € W, applying [HL(2); Proposition 1.1] with 1 < i =j=k<r—1and
t =1id € G,, we get an identity

ueW
r<pux
uy<ry
where e € Z, and g,(q) € C, for u € W such that z <; ux and uy <j y. (For the definition of
the relation < in W, see [HL(2)].)
Now,set I ={i; <---<iptand JJ ={j1 <--- <gptwithI,J C{l,...,r}and k <r—1. Let

K ={1,...,k}. Once translated into our notation for minors, the relation (5) yields a relation
UK = (@) IIKITIK] = ) gmlLIK]M|K], (6)

J<th

M<stI

in Op2(SL,(C), where g v € C, for L, M C {1,...,r} such that |L| = [M| = k while J <y L
and M <g I. (Here again, we use the same notation for a minor in O (M,(C)) and its image
in Op2(SL,(C)).) On the other hand, by using the transpose automorphism of Oy (M;(C)) (see
[PW; 3.7.1(1)] and [PW; 4.1.1]) we can interchange rows and colums in (6). Finally, it is well-
known that, for 1 <k < r, the natural map Oy (G (C)) — Op(M,(C)) — Op2(SL(C)) is an
embedding. Hence, we end up with the following important proposition.
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Proposition 3.3.2 - We assume that A = C and u = q € C is not a root of unity. Let I, J € II.
Then there exists a relation

(] = [N = Y grmlL][M],

J<stL
M<gt1

in Oy(Gmn(C)), where er y € Z and gr.m € C, for L, M C {1,...,n} such that |L| = |M|=m
while J <g¢ L and M <g 1.

The next theorem is an important step in obtaining the useful bases for quantum Schubert
varieties that we need. It uses the commutation rules of Proposition 3.3.2 in a crucial way.

Theorem 3.3.3 — Let A = C and suppose that w = q € C is not a root of unity. Let v € II.
Then the ideal I, c of Oq(Gmn(C)) is generated by {m € II| 7 25 v} as a right ideal.

Proof. The ideal I, ¢ is generated, as a two-sided ideal, by Q, = {7 € I | 7 24 ~}. Now, consider
any total order on II that respects the partial order <y on II. Then the commutation relations
in Proposition 3.3.2 together with the fact that (1, is a Il-ideal show that the elements of €2,
ordered by this total order form a normalising sequence in Oy(Gp,»(C)). The result follows. =

We will also need the following adaptation of [GL; Corollary 1.8].

Proposition 3.3.4 — Let A = K be a field and let g be a nonzero element of K. Let I, ..., I be
elements of IL. In Oy(Gpmn(K)), the product [I1]...[I] can be expressed as a linear combination
of standard monomials of the form [Ji]...[Js] such that Jy <g I.

Proof. In this proof, we will use notation from [GL]. Recall from Remark 3.2.2 that the standard
monomials on II form a K-basis of Oy(Gy,n(K)). Hence, the product [I1]...[I] is a linear
combination of standard monomials in Oy(Gp, »(K)) which must have the form [Ji]...[Js] with
Ji <t -+ <s Js € II as one may easily deduce using the standard grading of Oy (M, »(K)).
Now, consider the embedding Oy (M, n(K)) — Og(M,(K)) defined by X;; — X;;. It induces an
embedding ¢ : Og(Gmn(K)) — Of(My(K)) such that [I] — [L|I] where I is any element of II
and L = {1,...,m}. Now, it is clear that, if I, J € II, I < J implies that (L,I) < (L, J) where
< stands for the order (<,,<.) defined in [GL; §1.2]. Thus, applying ¢ to the above expression

of [I1]...[Is] as a linear combination of standard monomials [J;] ... [Js] leads to an expression of
(L] ...[L|Is] in Og(My) as a linear combination of products [L|Ji]...[L|Js] whose associated
bitableau

L J

L Js

is preferred (in the sense of [GL; §1.3]). But, by [GL; Corollary 1.10], such products form a
basis of O4(M,), hence we can compare this expression of [L|I1]...[L|I ] with that given by [GL;
Corollary 1.8] to conclude that (L, J;) < (L, I;) which leads to J; <g I. n

Corollary 3.3.5 — Let A = C and suppose that u = q € C is not a root of unity. Let v € 1I.
The ideal I, c of Oy(Grmn(C)) is the C-span of the standard monomials which involve an element
of Q.
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Proof. Let V., ¢ denote the C-span in Og(Gp,n(C)) of those standard monomials which involve
an element of €),. Clearly, V, ¢ C I,c. Now, by Theorem 3.3.3 and Remark 3.2.2, to prove
the reverse inclusion, it is enough to show that any product [I]y where I € €, and p is a stan-
dard monomial lies in V, c. But this follows at once from Proposition 3.3.4 since €, is a II-ideal. m

We now investigate the case of quantum Schubert varieties over the base ring A = Z[t*!].
Let ¢ be an element of C that is transcendental over Q. There is a canonical embedding A — C
sending t to q. This embedding induces an embedding

g Ot(Gmm(A)) — Oq(Gm,n(C))v

such that, for I € II, e([I]) = [I]. Recall that we denote by I, 4 and I, ¢ the ideals of Oy (G, n(A))
and Oy(Gm,n(C)), respectively, generated by the elements of the II-ideal €2,. In addition, we let
V5,4 denote the A-span of those standard monomials in O;(G,,»(.A)) involving an element of €.
(Recall from the proof of Corollary 3.3.5 that V, ¢ is the C-span of those standard monomials in
O4(Gmn(C)) involving an element of €2,.)

Lemma 3.3.6 — In the notation above, I, 4 = e ' (I,¢) and I, 4 =V, a.

Proof. We have V, 4 C I, 4 C e Y(I,¢c) = e Y(V,¢) = V,.4. Indeed, the first inclusion is
obvious, the second is easy since ¢ is a ring homomorphism which sends [I] to [/] for any I € II,
the first equality is Corollary 3.3.5 and the second equality is an easy consequence of the fact that
the A-basis of standard monomials in O¢(Gyy,,(A)) is sent to the C-basis of standard monomials
in Oy(Gmn(C)) in the obvious way and of the fact (due to the transcendance of ¢ over Q) that
a nonzero element in A is sent by ¢ to a nonzero complex number. Hence, we have proved the
desired equalities. n

Remark 3.3.7 — (i) It follows at once from Corollary 3.3.5 that, if ¢ € C is a non-root of unity,
then the set of cosets of those standard monomials in Oy(Gy,»(C)) of the form [I1]...[Is] such
that v < I together with 1 form a C-basis of Oy(Gpm.n(C))y;

(ii) it then follows from Lemma 3.3.6 that the set of cosets of those standard monomials in
Ot(Gmn(A)) of the form [I1]...[Is] such that v <g I; together with 1 form an A-basis of
Ot(Gm,n(-A))v-

We now prove the existence of straightening relations in Oy(Gy,,(A)) for any commutative
domain A.

Theorem 3.3.8 — Let A be a commutative domain, and let u be a unit in A. Suppose that I,J
are elements of II which are not comparable with respect to <s. Then, in Ou(Gpn(A)), the
product [I][J] may be rewritten as

1][J] = Z kil L] [ i),
=1

with k; € A while I;, J; € II with I; < I,J and I; < J;.

Proof. We first deal with the case where A = A = Z[t*!] and u = t. Recall that, for any v € TI,
we denote by 0, 4 : Oy(Gmn(A)) — Oi(Gmn(A)), the canonical projection.

From Proposition 3.2.4, we know that standard monomials form a A-basis in the ring Oy(G, n(A)).
Thus, the product [I][J] in O¢(Gmn(A)) may be written as a linear combination of standard
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monomials. In addition, O¢(Gy, n(A)) is a graded A-algebra in which the degree of the canonical
generators is one. It follows that we have a relation

= Z ki [IZ] [JZ]

with k; € A\ {0} while I;, J; € IT and I; <y J;. (Notice that the product [I][J] is non zero, since
O(Gmn(A)) is a domain; and so the right hand side of the above relation contains at least one
term.)

Consider an element v of {I1,..., s} C II. By applying ©, 4 to the above relation, we obtain
a relation

©,,4(])O,(lJ]) = Z ki©y, A([Li])©+.a([Ji]).

In the right hand side of this last relation, all the terms ©, 4([Z;])©.,4([Ji]) such that I; 2 v
are zero while the others form a non-empty family (it contains ©., A([ 1)©4,4([J;]) for some 1)
which is linearly independent by Remark 3.3.7. Thus, ©, 4([1])©, 4([J]) ;ﬁ 0 and we deduce
that I,J >4 v. Hence, we have shown that Iy,...,Is <g I,J. Now, if I, = I or I; = J for some
i€ {l,...,s}, since I; <q I,J, it follows that I and J must be comparable, which is not the
case. This completes the proof when A = A.

We now consider the general case. Since u is a unit in A, there is a morphism of rings
A — A such that 1 — 14 and ¢ — u. From this, we get a morphism of rings Oy(G,n(A)) —
Ou(Gmn(A)) sending [I] to [I]. At this point, it is clear that the desired relations in O, (G n(A))
follow from the corresponding ones in O(Gy, n(A)) established above. "

3.4 Quantum grassmannians are quantum graded A.S.L.

In order to show that quantum grassmannians are quantum graded A.S.L., it still remains to
obtain good commutation relations for them. This is the first goal of this subsection.

The commutation rules that we require will all follow from the fundamental commutation rule
of Proposition 3.3.2. However, as stated there, this rule is not strong enough for our purposes. For
example, the summation restrictions on the right hand side are not strong enough, and we also
need to transfer the results to arbitrary fields. The next two statements deal with the problem
that the restrictions on the summation are not strong enough for us.

Proposition 3.4.1 - Let A = C and suppose that u = q € C is not a root of unity. Let I,J € II.
Then there erists a relation

1] = g™ [T =) kru[L][M]

in Og(Gmn(C)), where the sum is taken over pairs (L, M) of elements of II such that L <g I
and where frj € Z and ki pr € C.

Proof. 1t is well-known that there exists an anti-isomorphism of algebras o : Oy(M,(C)) —
O,-1(M,(C)) such that X;; — Xj, for 1 <d,j < n (see, for example, [PW; 3.7]). In addition,
it is an elementary exercise to show that, for any index pair (I, .J), a([I|J]) = [I|J]. (Use [PW;
4.1.1] and the longest element w of the symmetric group &;, that is the element which sends r to
t+1—r, for 1 <r <t keeping in mind that ¢(0) = ¢(w) — ¢(ow), for all o € &;.) It follows that
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« induces an anti-isomorphism 3 : Oy(Gmn(C)) — Oy-1(Grnn(C)) such that, for any I € II,
B([I]) = [I]. Now, let I, J € II. By Proposition 3.3.2 we have a relation

[J) = ¢ [N =S gralL][M],

in Oy-1(Grmn(C)), where er ; € Z and g ar € C, for L, M C {1,...,n} such that |L| = [M|=m
and J <g L, M < I. Applying B! to this identity gives the required relation. n

Theorem 3.4.2 — Let A = C and suppose that u = q € C is not a root of unity. Let I,J € II.
Then there exists a relation

(] = ¢ N =Y ke u[L][M],

in Og(Gmn(C)), where the sum is taken over pairs (L, M) of elements of II such that L < I,J
and L <sy M and where frj € Z and ki, p € C.

Proof. Fix a pair (I,J) € Il x II. If I and J are not comparable for <, then applying Theorem
3.3.8 to both [I][J] and [J][I] shows that the result holds with, for example, fr; = 0. Now,
suppose I and J are comparable. Of course, we may assume without loss of generality that
I < J. Now, Proposition 3.4.1 gives us a relation [I][J] — ¢/T7[J][I] = Y kr m[L][M], where
the sum is taken over pairs (L, M) of elements of IT such that L <4 I (and so L <g J also holds,
since I <y J) and where f; ; € Z and kg s € C. In addition, by applying Theorem 3.3.8 to each
pair (L, M) of incomparable elements on the right hand side of this relation, we see that we can
produce such a relation with the additional information that, for each pair (L, M) appearing,
either L <gy M or M <4 L. (Note that we only want terms of the form L <g M.)

Let S be the subset of those pairs (L, M) in II x IT such that L <y M and let T" the subset of
those pairs (L, M) in II x IT such that M <y L. In addition, for each pair (I, J) € II x II, we let
Ey ; be the subset of those pairs (L, M) in IT x II such that L < I,J. In this notation, we have
just shown that, for each pair (I,J) € II x II, there exist an integer fr; and scalars kr, pr € C
for each (L, M) € (SN E; ;) U (T N Er,s) such that

(N =™ = Y kLM + ) kLM (7)
(L,M)eSNE; ; (L,M)ETNE; 5

To each pair (I, J) € I xIT and each equation as in (7), we attach the integer max{rkL, (L, M) €
TNE;r , kpv #0}if {(L,M) € TNE; y, kr,m # 0} # 0 and 0 otherwise. (The definition of the
rank of an element in a poset was given just after Remark 1.1.2.) In addition, for ¢t € N, we say
that a pair (I, J) is of type t if there exists an equation as in (7) for which the attached integer
is less than or equal to t. With this vocabulary, our aim is to show that each pair (I, J) € II x II
is of type 0. We will prove the following statement: for each t € N, if (I, J) € II x II is of type t,
then (I, J) is of type 0; for this, we proceed by induction on ¢. The result is trivial for ¢ = 0. Now,
assume that the statement is true for pairs of type s for some integer s > 0. Let (I, J) € II xII be
a pair of type s+ 1. Then there exists f; y € Z and kg pr € C for (L, M) € (SNE; j)U(T'NE; )
such that [I][J] — /17 [J][I] = > wanesney RLmLM] + 32 vyerng, , kv [L][M], with in
addition, tkL < s + 1 for all (L, M) € T N Er,y such that kr ps # 0. By applying the result
established in the first paragraph of this proof to any pair (L, M) € T'N E; ; such that kr, p # 0,
we see that (L, M) has type s; and so by the inductive hypothesis, (L, M) has type 0. It follows
that we have an equation [L][M] = ¢/t-™ [M][L] + Z(Ll,Ml)eSmEL,M kr, an [L1][M;]. Substituting
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this new expression in 3°; \nerng, , kr,m[L][M] gives us a new expression of [I][J] — ¢ [[I]
as in (7) but where the second summand in the right hand side term is zero, that is: (I, .J) is of
type zero. This finishes the proof by induction. m

All that remains to be done is to transfer the commutation rule in the previous theorem to
an arbitrary domain.

Theorem 3.4.3 — Let A be a commutative domain and let u be any invertible element of A. Let
I, J €11, then there exists a relation

(1] =W 1] = ke m(L][M],

in Ou(Gmn(A)), where the sum is taken over pairs (L, M) of elements of Il such that L <« I,J
and L < M and where fr; € Z and kv € A.

Proof. Let A = Z[t*']. Choose q € C transcendental over Q. There is an injective ring homomor-
phism A — C such that 1 +— 1 and ¢ — ¢ and we denote by [ : O¢(Gpmn(A)) — Of(Gmn(C))
the induced injective ring homomorphism. Now, consider I, J € II ; according to Theorem 3.4.2,
there exists f7 ; € Z and, for each (L, M) € II such that L <y M, L <4 I, J, a complex number
kv such that

(1] = " [T =Y ke [L][M], (8)
in Oy(Gpmn(C)). On the other hand, by Proposition 3.2.4, we can express the element [I][.J] —
tILI[J)[I] of Oy(Gn(A)) as a linear combination of standard monomials in Oy (G (A)): [I][J]—
tILI[J)[I] = 3 2z m[L][M] where the sum is taken over all pairs (L, M) of elements of II such
that L < M and zra € A for each such pair. Now, applying f to this expression gives
N[J] = ¢/ [I[I] = X f(zo.m)[L][M] in Oy(Gn(C)) from which it follows, by using relation
(8), the linear independence of standard monomials in Oy(Gy, »(C)) and the injectivity of f that
zr, M is zero whenever L £ I, J. Hence, we end up with a relation

([T =t [0 = znm[L][M], (9)

where the sum is taken over all pairs (L, M) of elements of II such that L <y M, L <g I,J
and zr € A for each such pair. Now, there is a natural ring homomorphism A — A such
that 1 — 1 and ¢t — v and we let g : Oy(Grn(A)) — Ou(Gmn(A)) denote the induced ring
homomorphism. It is now enough to apply g to the relations (9) to finish the proof. m

We are now in position to prove the main theorem of this section.

Theorem 3.4.4 — Let k be a field, g a non-zero element of k and m,n positive integers such
that m < n. Then Oy(Gmn(k)) is a quantum graded A.S.L. on the poset (Il p, <st).

Proof. Recall that Oy(Gpm n(k)) is an N-graded ring generated by the elements [I], I € II,, , which
have degree one. By Proposition 3.2.4, the set of standard monomials is a linearly independent
set. It remains to use Theorems 3.3.8 and 3.4.3 to conclude. ]

Corollary 3.4.5 — Let k be a field, q a non-zero element of k and m,n positive integers such
that m < n. For v € Il,, , the quantum Schubert variety Oq(Gmn(k))y is a quantum graded
A.S.L. on the poset (Il pn \ 2y, <st), where .y = {m € Il n | T Zst 7}

Proof. For v € Iy, Og(Grmn(k))y = Og(Gmn(k))/(2,). Since Q is a I, p-ideal, the result
follows from Theorem 3.4.4 and Corollary 1.2.6. ]
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3.5 Quantum determinantal rings are quantum graded A.S.L.

Throughout this subsection, k denotes a field.

In this subsection, we want to derive the fact that quantum determinantal rings are quantum
graded A.S.L. from Theorem 3.4.4. For this, we need to relate the ring of quantum matrices
and quantum grassmannians, and this is done using a dehomogenisation map from [KLR] the
construction of which we now recall.

Within this subsection, we put M := {n+1,...,n+m} € Il,;, 4. From [KLR; Lemma 1.1],
we know that [M] commutes with each [I], I € I, ;s4n, up to a power of ¢; so [M] is a normal
element in Oy(Gpm+n(k)). Hence, we may localise Oy(Gppm+n(k)) with respect to the set of
powers of [M]; this localisation is denoted Oy(Gim m4n(k))[[M]71]. For convenience, if I = {i; <
s <} with 1< iy < -o0 <y < m4n, we put {I} = [[][M]7! € Oy(Grmmin(k))[[M]7].
Now, let ¢ be the automorphism of Oy(M,, »(k)) defined by ¢(X;;) = ¢~ X;; for 1 <i < m and
1 < j <n. From [KLR; Corollary 4.1], we know that there is an isomorphism of k-algebras

Dy - Oq(Mm,n(k))[?/’y_l;Cb] - Oq(Gm,m+n(k))[[M]_1]

defined by Dy, n(Xi5) = {{j,n + l,...on+m+1—i,....n+ m}} and Dy, n(y) = [M]. (Here
{j,n+1,....,n+m+1—14,...,n+m} stands for the (ordered) set obtained from {j,n+1,... ,n+
m} by removing n +m + 1 —i.)

Recall from Subsection 3.1 the definition of A, . In addition, to any pair (I, J) € Ay, 5, with
I={i1<---<u}, J={j1 < - <ji}, 1 <t < m, we associate the index set K, € Wnntm
obtained by ordering the elements of the set {j1,...,j,n+1,...,n+m}\{n+m+1—iy,...,n+
m + 1-— Zt}

Lemma 3.5.1 — We keep the above notation. Let (I,J) € Ayy with I = {i7 < -+ < iz} C
{1,...om}, J={j1 < - <7} C{l,...,n} and 1 <t <m. Then

Dy n([I|J]) ={K 1,0} = [K(I’J)][M]il.

Proof. We just sketch the proof, leaving the easy details to the interested reader. The proof is by
induction on t, the case t = 1 being the definition of D,, ,. Assume the result is true for an integer
t such that 1 <t < m and consider (I,J) € Ay, with [ = {iy <--- <1} C{1,....m}, J =
{j1 < - <ji1} C€{1,...,n}. We expand [I|J] along its last row (using [PW; Corollary 4.4.4])
and apply Dy, to this expansion. Using [KLR; Lemma 1.1] and the induction hypothesis, this
gives an expression of Dy, ([I|.J])[M]? that can be rewritten using a quantum Pliicker relation in
Oy(Gmm+n(k)) (namely [KLR; Theorem 2.1] with K = (JUM)\{m+n+1—iy,...,m+n+1—i:},
Ji=0and Jo = M\ {n+m+1—i;1}). We end up with the desired expression for D, ,,([{].J]).

On the set A,,, introduced above, we put a partial order that we also denote by <. Let
u,v be integers such that 1 < w,v < m and let (I,J) and (K, L) be index pairs with I = {i; <
e < CHL ..o oml, T ={i1 << gut CH{L,..oon}, K ={k < -+ < ky} CH{1,...,m},
L={l<--<ly} C{1,...,n}. We define <4 as follows:

U >,
(I,J) <gt (K,L) <= < is<ks for 1<s<u,
Js <lg for 1< s<w.
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The following combinatorial lemma relates the orders on A, ,, and II,, .. Notice first that the
map
5m,n : Am,n I Hm,n—l—m \ {M}
(.[, J) = K(LJ)

is bijective.

Lemma 3.5.2 — Let (I,J) and (K, L) be elements of Ay, . One has (I,J) <¢ (K, L) if and
only if Omn((L,J)) <st Omn((K,L)). Hence, Omn is a bijective map of posets between (Ap, pn, <st)
and (Hm,ner \ {M}, <q).

Proof. See the proof of [BV; Lemma 4.9]. "

Theorem 3.5.3 — Let k be a field, m,n positive integers such that m < n and q any element of
k*. Then Og(Mpn(k)) is a quantum graded A.S.L. on the poset (Ap n, <st)-

Proof. Recall the notation M = {n+1,...,n+ m} € Il ypipn. Clearly, Oy(M,;, n(k)) is an N-
graded k-algebra and the elements of A,, , are homogeneous with positive degree and generate
Oy(My, (k) as a k-algebra. Recall, from Lemma 3.5.1, that Dy, n([I]|J]) = [6mn((L, J))][M] 71,
for any index pair (I,J) € A, . As a consequence, if (I1,J7) <g --- <s (It,J¢) is an increas-
ing sequence of elements of A, ,, then there exists o € Z such that Dy, ,,([[1|J1]... [It|Jy]) =
q*[Omn((I1, 1)) - - O ((It, J))][M] 7! (here we use [KLR; Lemma 1.1]). From this observation,
and using Lemma 3.5.2 and the linear independence of standard monomials in Oy(G . m+n(k)),
it follows easily that the set of standard monomials in Oy(M,, ,(k)) is a linearly independent
set. Now, consider two incomparable elements (I,.J) and (K,L) of A,,,. By Lemma 3.5.2,
Omn((I,J)) and 6y, ((K, L)) are incomparable elements of Il y4pm. Then, by Theorem 3.3.8,
there exist K;, L; € I, ,4m and k; € k, for 1 <4 <, such that

t

B (L, D) B (K, L))] = Y kil K] [Li]

i=1

with, in addition K; <g L; and K; <gt Omn((L,J)), omn((K, L)), for 1 <i <t. By [KLR; Lemma
1.1], we then have

B (L, I)IM] ™ B (K, LYIM)H = Y KM L [M]
=1

where k] € k, for 1 <4 <t¢. At this point, it is worth mentioning that no K; can equal M since
K <st 0mn((L,J)), 0mn((K, L)) and M is maximal in IL,, y 4. In contrast, it is possible for an
L; to equal M; so that in the above equation, a term [L;][M]~! might very well equal 1. Now, by
applying D!, to this last equation we obtain an expression for [I|J][K|L] as a linear combination
of terms of the form [E|F|[G|H] or [E|F], where (E,F),(G,H) € A, (E,F) <4 (G, H) and
(E,F) <¢ (I,J),(K,L). This shows that condition (4) in the definition of a quantum graded
A.S.L. is satisfied. Finally, consider two elements (I, J) and (K, L) in A, ,. By Theorem 3.4.3
there exist f € Z, elements K;, L; € Il 4 and k; € k, for 1 <14 < ¢, such that

t

B (L TN (B, L)) = ¢ [ (K L)) (G (1, )] = k[ K[ L)

=1
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with, in addition, K; <g L; and K; <gst Omn((L,J)), 0mn((K, L)), for 1 < i < t. Now, apply-
ing the same procedure as above, we end up with an expression for [I|J]|[K|L] — ¢9[K|L][I|J]
(for some g € Z) as a linear combination of terms of the form [F|F][G|H] or [E|F], where
(E,F),(G,H) € A, with (E,F) <4 (G,H) and (E,F) < (I,J),(K,L). This shows that
condition (5) in the definition of a quantum graded A.S.L. is satisfied. n

For 1 <t < m, we denote by Z; the ideal of Oy(M,,(k)) generated by the ¢t x ¢ quantum
minors. On the other hand, for ¢ > 2, we denote by €); the A,, ,-ideal defined by

Qt = {(Ia‘]) eAm,n‘(Iﬂj) 28'5 ({L'"»t_l}a{lv""t_1})}’

and we put Q; = A, ,,. For 1 <t < m, it is easy to check that € is just the set of index pairs
(I,J) such that t < |I| = |J| < m. Hence, Z; = (), by using the well known Laplace expansions
for quantum minors (see [PW; Corollary 4.4.4]).

Corollary 3.5.4 — Let k be a field, m,n be positive integers such that m < n and q be any
element of k*. For 1 <t < m, the quantum determinantal ring Oy(Mp, n(k))/Zs is a quantum
graded A.S.L. on the poset Ay, \ Q4.

Proof. According to the comments above, this is an immediate consequence of Theorem 3.5.3 and
Corollary 1.2.6. "

4 Quantum determinantal rings and quantum grassmannians are
AS-Cohen-Macaulay.

In this section, we reach our main aim. We prove that quantum determinantal rings and quantum
grassmannians are AS-Cohen-Macaulay. Once this is done, we determine which of these rings are
AS-Gorenstein, by means of their Hilbert series.

Theorem 4.1 — Let k be a field, m,n positive integers such that m < n and q any element of
k*. For1 <t <m, the quantum determinantal ring Oy(Mp, n(k))/Zs is AS-Cohen-Macaulay.

Proof. The case t = 1 is trivial, thus we assume that ¢ > 2. First notice that A, ,\Q: = {(I,J) €
Apn| (I, J) >e ({1,...,t —1},{1,...,t — 1})} which is a distributive lattice by [BV; Theorem
5.3] and hence a wonderful poset (see [BV; p. 58]). Thus, the result follows from Theorem 2.2.5
in conjunction with Corollary 3.5.4. L]

Theorem 4.2 — Let k be a field, g a non-zero element of k and m,n positive integers such that
m < n. Fory € Il ,, the quantum Schubert variety Ogq(Gumn(k))y is AS-Cohen-Macaulay. In
particular, the quantum grassmannian Oq(Gp pn(k)) is AS-Cohen-Macaulay.

Proof. Recall that II,,,, has a single minimal element. Hence the quantum grassmannian is a
special case of a quantum Schubert variety. Let v € Il ,. From Corollary 3.4.5, the quantum
Schubert variety Oy(Grmn(k))y is a quantum graded A.S.L. on the poset (IL,, p \ Qy, <s), where
Q, ={m eIl | T %« 7}. On the other hand, by [BV; Theorem 5.4], the poset (Il \ 2, <st)
is a distributive lattice and hence a wonderful poset (see [BV; p. 58]). Thus, the result follows
from Theorem 2.2.5. "
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We now show that quantum grassmannians are AS-Gorenstein and determine which quantum
determinantal rings are AS-Gorenstein. This can be easily deduced from the above results using
the criterion given in [JZ; Theorem 6.2].

Recall that, if A = ®;enA; is a noetherian N-graded connected k-algebra, then it is locally
finite and we can speak of its Hilbert series, namely

Ha(t) = (dimg 4t € Q[[¢]].

>0

If, in addition, A is AS-Cohen-Macaulay, a domain and has enough normal elements, then
[JZ; Theorem 6.2] shows that the fact that A is AS-Gorenstein or not can be read off from its
Hilbert series. This is the criterion we will use to prove the following theorems.

Theorem 4.3 — Let k be a field, ¢ a non-zero element of k and m,n positive integers such that
m < n. Then the quantum grassmannian Oy(Gm n(k)) is AS-Gorenstein.

Proof. The quantum grassmannian Oy (G, »(k)) is a domain since it is a subalgebra of the domain
Oy(My, n(k)). It is AS-Cohen-Macaulay by Theorem 4.2. And, it has enough normal elements
since it is a quantum graded A.S.L. (see Theorem 3.4.4 and Remark 2.1.4).

On the other hand, it follows at once from Proposition 3.2.4 that for all ¢ € k*, the Hilbert
series of O(Grn(k)) := O1(Gmn(k)) and Oy(Gp pn(k)) coincide. Hence, using [JZ; Theorem 6.2],
it is enough to prove that the (usual) homogeneous coordinate ring O(Gy, »(k)) is AS-Gorenstein.
However, this follows at once from point (ii) in Remark 2.1.10 and [BV; Corollary 8.13]. n

Theorem 4.4 — Let k be a field, m,n positive integers such that m < n and q any element of
k*. For1 <t < m, the quantum determinantal ring Oy(My, n(k))/Z; is AS-Gorenstein if and
only ift =1 or m = n.

Proof. The proof is similar to that of Theorem 4.3, but uses [BV; Corollary 8.9] in place of
[BV; Corollary 8.13]. However, notice that the quantum determinantal rings Oy (M, »,(k))/Z; are
known to be domains by [GL; Corollary 2.6]. u
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