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STOCHASTIC PDES WITH MULTIPLICATIVE NOISE - LECTURE
NOTES

PIERRE DE ROUBIN

1. INTRODUCTION AND VOCABULARY

1.1. A bit of vocabulary... In this course, we study the problem of well-posedness for
stochastic partial differential equations (PDEs) with multiplicative noise. Let us first give
some examples of such equations:

e Stochastic nonlinear Schrédinger equation (SNLS):

i0pu — Au = N(u) + o(u)PE, (1.1)
e Stochastic nonlinear wave equation (SNLW):

O*u — Au = N(u) + o(u)®¢E, (1.2)
e Stochastic nonlinear heat equation (SNLH):

Ou — Au = N(u) + o(u)PE, (1.3)

Let us come back a bit on these equations, and clarify some vocabulary. First, note that,
in each of these equations, the left-hand side is the part that qualifies the equation as
Schrodinger, wave or heat. More particularly, the left-hand side also make us qualify
(SNLS) and (SNLW) as dispersive equations, while (SNLH) is qualified as dissipative or
parabolic equation. Also, N(u) denotes the nonlinearity and o(u)®E denotes the stochastic
noise. Let us now precise the terms of the noise:

e ¢ denotes a space-time white noise, which essentially denotes a space-time process
such that, for any (¢,x), £(t,x) is a mean 0 Gaussian process with

E[E(t, 2)8(s,y)] = 6(t — 5)d(z — y),
e ® is a smoothing operator in x, namely ® is a bounded operator in L*(M) with
M =R or M =T=(R/Z),
e o is a function in w. If o(u) = 1, we say that we have an additive noise. Otherwise,
e.g. o(u) = u or o(u) = u¥, we say that we have a multiplicative noise.

Let us now introduce the notion of mild solution to an equation. To do so, we focus on
the associated problem for (SNLS):

i0ru = Au+ N(u) + o(u)dE (1.4)
u|t:0 = Uugp. '
Suppose, for now, that we only have the linear problem, namely:
D — A
105U u, (1.5)
u|t:0 = Uup.

Then, applying Fourier transform for the space variable x € M, our problem becomes
1
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Zata = _|§|2a7

ule=o = o,
which has for solution @(t, &) = Uy (&)e™l”. Therefore, inverse Fourier transform allows us
to say that the solution for (1.5) is u(t) = S(t)up where

S(t)f = A f = FUeME ). (1.6)
From this, we say that u is a (mild) solution to (SNLS) if u satisfies the following mild or
Duhamel formulation

u(t) = uo—z/ St —t) t)dt/ —z/ St —t)o(u)(t)PdW (). (1.7)

In the previous equation, we say that
o S(t ( Jug is the linear solution,
. fo (t — )N (u)(t')dt" is the nonlinear part of the equation,
o fo (t — t)o(u)(t")PAW (t') is the effect of stochastic forcing. We call it stochastic
com)olutwn and denote it W(t).

Note that the notion of mild solution for the other equations follows from a similar argument
and is easily adaptable.

1.2. Comnstruction of the stochastic convolution. Let us now explain the construction
and the meaning of the stochastic convolution . First, we define the L2-cylindrical Wiener
process W (t,z). This stochastic process can be essentially understood throughout this
course as a Brownian motion. Indeed, on R?, we define it by

= Z Bn(t)en ()

neN

where e, is an orthonormal basis of L?(R%) and (3,)nen is a family of independent real-

valued Brownian motions (see below for the definition). Besides, on T%, we define W (t)
by

— Z ﬁn(t)e%rin-a:7

nezd
where (8y,),cz¢ are again independent real-valued Brownian motions.

Remark 1.1. Note that, for Schrédinger’s equation, we may choose (f3,,) to be independent
complex-valued Brownian motions assuming furthermore that, if we write 8, = Re 3, +
1Im 3, then Re ,, and Im 3,, are independent real-valued Brownian motions.

Suppose from now on, without loss of generality, that M = R?, since the computations
are essentially the same on the torus. From the previous definition of W, we can write
dW(t') = 3, e en(®)dBn(t) and, since e, € L*(M) for any n, we can apply ® on ep.
Thus, we define the stochastic convolution ¥(t) as

=3 [t Olot e s @) (18)

neN
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However, then again we stumble onto a new problem since the integral we get is now a
stochastic integral that we need to define. To do so, we will use the so-called Wiener and
Ito integrals. Besides, we will also give a rigorous definition of a Brownian motion.

2. CONSTRUCTION OF STOCHASTIC INTEGRALS

2.1. Brownian motion and Wiener integral. In this subsection, we define the Wiener
integral, but first, we need to rigorously introduce the Brownian motion:

Definition 2.1. A Brownian motion {B(t)}cr, is a stochastic process satisfying

(1) B(0) = 0 almost surely,

(2) B(t)—B(s) ~N(0,t—s) for any t > s, where N (0, ¢ —s) denotes a gaussian random
variable, with mean 0 and variance (¢ — s),

(3) B(t1) — B(s1) and B(t2) — B(s2) are independent, provided that t; > s; > tg > s9.

This definition gives quite useful properties on the Brownian motion:

Proposition 2.2. (1) A Brownian motion is almost surely continuous.
(2) Let B a Brownian motion. For any natural integer k£ and any ¢ > s, we have

BB - Bs)P) = 01— )

In general, we also have for any p > 1

E[|B(t) — B(s)|P] ~p |t — 5|2

Besides, we also have the following theorem:

Theorem 2.3 (Kolmogorov’s continuity critterion). Let {X;};cr, a stochastic process with
values in a metric space. Suppose it satisfies

Eld(Xs, X3)P] < Co|t — s+
for some p > 1 and o > 0. Then,

P<sup d(Xs ) > > < “

s#t |8 — t| - XIJ

forany 0 <e < % and X > 0. Namely, X; is almost surely (% — 5) -Hélder continuous and,
i particular, continuous.

As an example, let us apply Kolomogorov’s continuity criterion to a Brownian motion B.
Using property 2 of a Brownian motion, we know that for any p > 1
£ _. 1
E(|B(t) = B(s)["] ~p [t — |2 = |t — 5|

Therefore, Theorem 2.3 tells us that B is (% — 5)—H61der continuous. The question that
remains is how good can be that %? Observe that

o 5-1 1 1 R 1
so that, taking p large enough, B is (% — 6)—H61der continuous.
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Remark 2.4. The idea of being (% — z-:)—Hélder continuous is that our Brownian motion
is v-Holder continuous with v < % being as close as we want to % without ever reaching it.
Therefore, we denote this idea %—. We extend this notation to x— for any real number x
to say that we are strictly less than z, but as close to it as we want. We also have the x+
counterpart to say that we are strictly more than x but as close to it as we want. Namely,
x— =z —¢ and x+ = x + ¢ for € > 0 small.

From our previous considerations, we then say that a Brownian motion has regularity
1

5—, and we denote it as

1
Br——.
2

Now, we call white noise the derivative of a Brownian motion, and since taking a derivative
means losing one degree of regularity (this is understandable by using the definition of
differentiation), we can see that a white noise dB has regularity —%—, namely

dB ~ -1 .
2

Remark 2.5. Note that when we define a space-time white noise £ = dW, we use the
formula W(t) = >, cn Bn(t)en with 3, some Brownian motions. This means that & is not
unique, it’s just one space-time white noise among other possible ones. Note also that,
from this formula, we can retrieve the Brownian motion 3,, with the formula

Bu(t) = (Lpgen, )1z -

Indeed, we have by orthonormality of the (e,,)menn:

<]1[0,t}€n7 £>sz = Z <1[0,t} €n, emdﬁm>L§’I = <]1[O,t]7dﬁn>Lf = Bn(t).

meN

Let us now move onto the construction of the Wiener integral, that roughly allows us to
integrate a deterministic function against a random measure satisfying some conditions. We
want to construct a linear operator I: L?((a,b)) — L?(Q) such that, for any deterministic
function f € L?((a,b)), we can write

b
1) = [ s
where B is a Brownian motion, and with the following properties:
(1) E[(f)] =0, .
(2) BTN = 112y = 2170
Namely, we want this operator to be an isometry.

To construct this operator, we start with step functions f(t) = Z?Zl aj—11p;_, ¢ Using
left-endpoints Riemann sum, we define I(f) by

I(f) = Zaj—l(B(tj) — B(tj-1))
j=1

with B a Brownian motion. Then, we get from the definition of B:



STOCHASTIC PDES WITH MULTIPLICATIVE NOISE - LECTURE NOTES 5

Z“J 1B[B(t;) — B(tj-1)] =0,

and by independence

E[(I(f))*] = E[Z > ajaak1(B(t;) — Bltj-1)) (B(t) - B(tk—l))]

j=1k=1

:Zaj,lak_lE[B(tj)—B(tj,l)]E[B(tk) B(tr_1) —{—Zaj 1E[(B(j)—B(tj1))2

J#k j=k

—(H—Za] Lt —tj-1)

/|f )2t

so the properties are satisfied. Now, we can define I(f) for any f € L?(a,b). To do so, we
approximate f by step functions f,,, and then we define I(f) = lim, ;00 I(f,,) in L?(€2).

Remark 2.6. (1) If f € O, we can define I(f) as a Paley- Wiener-Zygmund integral:

/de— /f HAB(t) + f(b)B() — f(a)B(a).

(2) If f e ot , we can define I(f) as a Young integral, which is a generalization of the
Riemann- StleltJes integral.
(3) If B is complex valued, the former definition yields

B[] = 20f 122 (a)-

2.2. Ito integral. Let us now explain the construction of the Ito integral, that roughly al-
lows us, under certain conditions, to integrate a random function against a random measure.
To that end, we need to use filtrations.

Definition 2.7 (Filtration). Let (€2, F, P) a probability space. A filtration {F;}cr, is a
sequence of o-fields such that, for any ¢; < ts, we have

Fi, © F, ©F.

From this definition, we say that a stochastic process (Xi)icr, is adapted, or non-
anticipating, if, for any ¢t > 0, X; is Fz-measurable.
Furthermore, we say that a stochastic process X is progressively measurable if the function

X: (t,w) €0, T] x Q = X(t,w)

is Bjo, 7] ® Fi-measurable.

From these definitions, observe that a progressively measurable process is always adapted.
However, an adapted process is not always progressively measurable. But if a process is
adapted and has left (or right) continuity, then it is progressively adapted. For instance,
an adapted and cdadlag' process is progressively measurable.

1cddldg stands for “continuité & droite et limite a gauche” and means “right continuity, with a limit from
the left”.
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Now, the idea for constructing the Ito integral is the followiing: assume that a Brownian
motion B satisfies:

e B(t) is Fi-measurable for any ¢ > 0,
e B(t) — B(s) is independent of {Fs}s<; for any ¢ > 0.
Set L2, ([a,b] x ) the set of all functions f(t,w) such that f is adapted to {F;} and

/bE[fz(t)]dt < oo.

Then, we define the It6 integral on L2, ([a,b] x Q) so that we can denote it

b
1) = [ sz
and it satisfies the following properties:
(1) I(f) is centered

(2) and we have the Ito isometry:

b
mmmﬂ—/Ew@w.

Step 1: To do so, we use a similar idea as for Wiener integral and start with step
stochastic processes:

ftw) = Zaj_l(w)]]'[tj—lytj)(t)
j=1

with (a;) such that
(1) a; is Fy;-measurable, so that it does not “peek in the future”,
(2) > a? < 00.

Then, we define the Ito integral as the left endpoint sum:

I(f)w) =Y aj-1(w)(B(t;) = Btj-1))
j=1

and we will show our two conditions are satisfied.
But first, we need to recall a few properties about conditional expectation.

Definition 2.8. Let X € L'(Q, F) and G C F a sub o-field. The conditional expectation
of X given G is defined by the unique random variable Y such that

(1) Y is G-measurable,
(2) forany Ae g, [, XdP = [,YdP.

We denote this random variable Y by E[X|G].

Remark 2.9. In the previous definition, Y is given by the Radon-Nikodym theorem in the
following sense:
Since X € L'(Q, F), the application

u:AGQ—>/XdP
A
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is absolutely continuous with respect to P|g. Therefore, Radon-Nikodym theorem gives the
existence of a G-measurable function Y such that

du=YdP|g < VAecG, u(A / YdP|g.
Note also that if X € L*(Q, F), then E[X|G] = P2 g)(X).

Proposition 2.10. (1) E[E[X|G]] = E[X]%,
(2) If X is G-measurable, E[X|G] = X
(3) If X and G are independent, in the sense that {X € V} and A € G are independent
for any V € Br and A € G, then

EIX|g) = E[X],
(4) if Y is G-measurable and E[XY] < oo, then
E[XY|G] = YE[X]|F].
Using these properties, we can prove the two conditions needed for the Ito integral:

Proof of the two properties of Ito integral. We prove them separately.
Part 1: the integral is centered. Indeed, using properties (1), (4) and (3) of the condi-
tional expectation, we get, for any j

E[aj_l(B(tj) — B(tj_l))] = E _E [aj_l(B(tj) — B(tj_l)) ’ftjl]:|

= B[ BI(B) - B) 7|

=F aj_lE[B(tj) — B(tj_l)]:| =0
by definition of the Brownian motion B.
Part 2: the Ito isometry. Let i,j be two integers. Suppose first that i # j and,

without loss of generality, that ¢ < j. Then, we have from propertie (1), (4) and (3) of the
conditional expectation:

Elai1a;1(B(t:) — B(ti1)) (B(t;) — B(tj—l))]
=F [ailajl(B(ti) — B(tz;l))E[B(tj) — B(tj1)|Ft].1]:| =0

Now, if we assume that ¢ = j, the same properties give

Blit-1(Bit) ~ By’ = E[ad o B[(5() ~ B0)17, |

= Ela}_,](t; — tj1)

and the result follows by summation over j.

2This property is often used in computing an expectation by conditioning.
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Step 2: Now, we can define Ito integral for any function f € Lgd([a, b] x Q) Indeed,
for any function f in that space, there exists a sequence {f,} of step stochastic processes
converging to f in LZ,([a,b] x ). Then, we define the Ito integral by

b
1) = [ f(6dB = tm I(5).
Then, we have a few properties that come around naturally:

Proposition 2.11. (1) The operator I is linear.
(2) E[I(f)] =0 for any f € L?,([a,b] x Q).
(3) There is the so-called Ito isometry: for any f € Lgd([a, b] x Q), we have

b
B[] = [ El©)R]ar

4) For any f,g € L?,([a,b] x ), we have
ad

Ebe(t)dB /abg(t)dB] _ /abE[f(t)g(t)]dt.

To sum up, the operator I: de([a, b] x Q) — L?() is an isometry.

Using Ito integral, we can also define an equivalent to “Taylor expansion of order 2” for
a stochastic process using the following theorem:

Theorem 2.12 (Ito’s lemma). Let X a stochastic process. Assume X satisfies the following
stochastic differential equation

dX = fdt + gdB

where f and g are deterministic functions. Then, considering F(X) for F a C? function,
we have

1
dF = 0,FdX + 5<9§F(d)()2

1
= 0, F(fdt + gdB) + §8§Fg2dt
For instance, we can apply Ito’s lemma on the case where

72
F(x):? and X = B.

We get then

B? t 1 t B2 1
—(t)= | BdB+ -t <— BdB = —(t) — =t.
0= [ Ban+g e | ") -5
The term —%t on the righthand side of the previous equation is called Ito correction. We
see then that the behaviour of a stochastic integral can be somewhat different from the

behaviour of deterministic integral.

Remark 2.13. The Ito correction that appears in Ito integral can be removed if we use
a different construction, such as Stratonovich integral. In this case, we define the integral
with the midpoint sum, and it yields, for instance,
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SPDE’S WITH MULTIPLICATIVE NOISE

JACOB ARMSTRONG GOODALL

1. FUNCTION SPACES

1.1. Non-Homogeneous Sobolev Spaces. In the study of elliptic and parabolic PDE’s
the Sobolev space W*P is defined to be the set of measurable functions who, along with
their first k& weak derivatives, lie in LP, where k and p are positive integers. Denote by S
the Schwartz space, that is, the space of rapidly decaying C* functions on R?. Over this
space of functions, the definition of the Sobolev space can be extended to fractional exponents
s € (0,1). More precisely, this is the space for which the norm,

) — p\ 1/p
HfHWS,pzl\fll’ﬁJr(/ ’f”f(y)’) , (L1)

|z — ylsptd

is bounded for f € S(R?). Next, recall the Fourier transform characterisation of the space
H* = W"?2 wherein, for complex valued functions it is proven that for any function g € L?(R%)
that g € H*(RY) if and only if (1 + |y|*) f € L2(R%). The Schwartz space has the nice property
that it makes the Fourier transform into an automorphism (an isomorphism from a space to
itself) which allows us to extend the definition of the fractional Sobolev space to all s € R.

Definition 1.1 (Fractional Sobolev Space: H*(R?)). For s € R define the the fractional
Sobelov space to be

e = {resm « [ 1o7]ie] @ < oo (12)

1
where f are Schwarz functions and (-) = (1 +]- |2) 2, what are known as Japanese Brackets.
In addition the space is equipped with the following norm,

Il = ( [ e

The above definition corresponds to the case where p = 2, but by using the Bessel Potential
we can go one step further and define the fractional Sobolev space for all 1 < p < co.

f© d£>é . (13)

Definition 1.2 (Bessel Potential Space WP, or LL). For s € R and 1 < p < oo, define the
norm of the Bessel potential space by,

A llywrso = V) Fll o (1.4)

where (§>5\f(§) = (£)°f(&) denotes the Bessel potential of order —s. Then the Bessel potential

space is the set of Scwhartz functions f for which ||(V)* f||3, < oco.
1



2 JACOB ARMSTRONG GOODALL

Remark 1.3. The spaces WP and H® are standard in the study of dispersive PDE’s but
(1.3) and (1.4) are generally different from (1.1), which is used in the study of elliptic and
parabolic PDE’s and is obtained by real interpolation. The spaces defined in (1.4) and (1.1)
are the same when s is an integer and 1 < p < oo [8][6], in which case the norms correspond
to that in the classical definition of the Sobolev space introduced for instance in [5].

1.2. Homogeneous Sobolev Spaces. Next we introduce the Homogeneous analogues to
the above spaces. The homogeneous version of H*(R?) is denoted by H*(R?) and defined as
the completion of S(R?) under the norm

11l 7o ey = ( /R e f(é)fd«s)é. (15)

Likewise, this extends to all 1 < p < oo whence we denote the homogeneous version of
WeP(R?) by W*P(R?) and define it as the closure of S(R?) under the norm

Ul = VI fll o » (1.6)

where ﬁP\f(ﬁ) = |€|°f(€) denotes the Reisz potential of order —s. This space is thus known
as the Reisz potential space.

Remark 1.4. On the Taurus T¢ the Fourier transform is simply the fourier coefficient and
the frequency & would be a member of Z¢. However, in R? the weight of & is zero when & = 0.
Hence, (1.6) is not a norm but a semi-norm over the Schwartz space. For instance, z'ff S a
distribution supported at & = 0, then

1 fllyipsr = 0, Vs >0.

The only distribution supported at & = 0 is the Dirac delta and its derivatives, whose inverse
Fourier transform is the set of all polynomials, since

F Lo =1, F 1) = ~2inux, .. ..

In order to make (1.6) a norm we must work in the space of tempered distributions, the dual
of the Schwartz space, denoted S'. Additionally, to remove zeros, we have to quotient out the
polynomials, hence identifying functions that differ by a polynomial (see definition 1.5 below).

Definition 1.5 (Reisz Potential Space W*P, or L?). Let S’ be the set of tempered distributions,
the set of continuous linear functionals on S, and let P be the set of all polynomials. Then
forseR and 1 < p < oo, for f € S'\P define the norm of the Reisz potential space by,

U lyirse = VI fll 2o » (L.7)

where [V|5f(€) = |€]°f(€) denotes the Reisz potential of order —s. Here S'\P means we
quotient out the polynomials. Then the Reisz potential space is the set of tempered distributions
f quotient polynomials for which |||V|*f||3, < cc.

Definition 1.5 is only included for completeness. In practice, particularly in the study
of PDE’s and SPDE’s, it doesn’t matter since we work in L? and often L? which means
that the functions have decay properties in the limit corresponding to the Sobolev order p.
Hence instead of considering tempered distributions as in the formal definition we can work
in Schwartz space and apply boundary conditions that the function be supported on a finite
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domain, this is equivalent to the definitions in (1.5) and (1.6). This pre-empts the need for
the considerations in remark 1.4, which are nonetheless necessary in analysis.

2. SOME RESULTS ON SOBOLEV SPACES

First we introduce the fractional extension of the Gagliardo—Nirenberg—Sobolev inequality
which leads us to the Sobolev embedding theorem. Finally we state the algebra property.

Theorem 2.1 (Sobolev Inequality). Let 1 < p < ¢ < oo such that § = % — % then for
feSmY)
11 zaggety S 1o (2.1)
while for f € S(TY),
/=[] ’Lq('[d) S N s eray (2.2)

where f is the average value of f on it’s support.
Theorem 2.2 (Sobolev Embedding). If 1 < p < oo and sp > d then

1AWl S M lwsn - (2.3)

Theorem 2.3 (Algebra Property). If 1 < p < oo and sp > d then

HngWs’p(Rn) S HfHWs,p(R") Hg-HWsm(]R") : (2-4)

for all f,g € S(R™).
A proof of the embedding theorem can be found in [4], section 4.4. The proof of the Algebra
property of W*P can be found in [12]. For H®  which does not require Littlewood-Paley

theory a proof can be found on page 18 of [9]. Yet another proof, without para-products and
credited to Marcinkiewicz and Zygmund can be found in [6], Theorem 5.5.1.

3. STOCHASTIC CONVOLUTION REVISITED

Consider the linear stochastic Schrodinger equation,

i0pu — Vu = o(u)PE. (3.1)

The solution to this equation is given by the stochastic convolution,

W(t) = /O S (t ') (o (u) ()@ dW (1))
=¥ [ 8(=1) (t)ee) ) (3.2)

neN
where ® is the ‘smoothing operator’. In the study of Schréodinger’s equation we work in H*®
because it is a Hilbert space, a vector space equipped with a metric which is closed under the
norm induced by the inner product. Hilbert spaces are used in the mathematically rigorous
formulation of quantum mechanics.
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Definition 3.1 (Hilbert-Schmidt Norm). Given any operator T : X — Y, with X and Y
Hilbert spaces we say that T is Hilbert-Schmidt if, for any orthonormal basis e, of X, it holds
that

1
2
Tl asxy) = (Z HTen\@/) < 0. (3-3)

Tl g s(x,yy is known as the Hilbert-Schmidt norm.

3.1. Additive Case. Although this is a course on SPDE’s with multiplicative noise, first we
will focus on the easier case, where the multiplicative factor is just be one i.e. where o(u) =1
and we have what is known as the additive case. Hence the stochastic convolution in this case
becomes

w(t) = /0 "S- 1D aw(t). (3.4)

We want to find out the regularity of this equation, which is the space that it’s sample paths
will belong to almost surely.

Proposition 3.2. On R? for ® € HS (Lz, HS), and s € R we have that

(1) U e CLHZ, almost surely.
(2) Let 1 <g< o0 andd>3 thenforﬁm’te2§r§d%d2 we have

U e LLWET = L ([O,T]; WS”’(]Rd)) (3.5)
almost surely for any T > 0.

Part (1) says that ¥ is continuous in time and H® in x if the smoothing operator is
Hilbert-Schmidt. That is sometimes enough to prove well posedness but for rougher initial
data we need (2) in which we have the addition of integrability up to r over z, as well as
differentiability up to s because

U llywrsr = KV £l -

Note that the upper bound on 7 above is precisely the index required for the (non-homogeneous)
Sobolev embedding, i.e. it is the largest r for which it holds that ||-||;» < ||-|| 1. It is also the
maximum r for which the Strichartz estimate hold, and as you will see, this is used in the
proof.

Notation 3.1. When capital letters are used in the subscript then we are referring to the
interval from zero to the value indicated by the subscript. For example, the T in LqT refers to
the interval [0,T].

Remark 3.3. On T¢ part (1) of proposition 8.2 holds true and we also have ¥ €
CyWy~5%°(T?), Ve > 0. This holds because the taurus is a bounded domain and in that
case it follows from Holder’s inequality that L™ is the strongest norm in terms of the integra-
bility of a function. This implies that the L norm controls all other norms, a statement that
also true in R for low dimensions d = 1,2 but not for d > 2 because in higher dimensions the
decay of the functions are not sufficient to determine integrability.
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Proof of Proposition 3.2 (1). For part one, we begin by proving that ¥ € C} almost surely.
First we have,

wwm—zlawwww@ww> (3.6)

neN
which can be rewritten in the L? norm with s derivatives as,

B0l =& [0 e@iE:] = [ [ dwap 1)
Bl = [ 3k

t et
[ [ ...dﬁm@] i
neNmeN 0 0

t
:22/0 |[S(t = t")®(en)|[5,. dt’

neN

It follows that,

2
= 2t[| @512, »

where S(t—t') = e~ {t=)IE* on the Fourier side and can be dropped as it is a unitary operator,
see (4.4) on the next page. We now move on to continuity, which we want to prove for a
fixed T'. For this T" we want to show that ¥ € CyH; almost surely. We cannot show that it
holds everywhere since the set of T' is uncountable, hence we can’t say that there is a set of
probability one for which this holds for all T. To proceed we use Kolmogorov’s continuity
criterion. First we rewrite in the L? norm as before, and note that for h > 0,

t+h et
E [/0 --‘dﬂnm)/o ---dﬁm<t2)] ~ 2t

since the second integral only goes up to the shorter timescale ¢, which implies that

E[I[w(t+h) = w(0)|[}.] = (V)*(W(t + )T+ h) - W(t +h)T(E)

—U@)U(t+h)+ V(t)¥(t))
2 2 2 2
~2(t+ h) [|®[gg — 2| @[gg — 2t [[@||ys + 2t |||
2

= 2h||®][} g
for h > 0. Note that ¥ is Gaussian, hence an homogeneous Wiener chaos of order one,
meaning that we can apply order hypercontractivity to get

9 1\P/2
E[|[(t+h) =W))< Gy (E[I[0(+h) - w@)] 3 )
5 |h|p/2||(I)H];15(L2;Hs)> forp>> 1.

Then by Kolmogorov’s continuity criterion it follows that ¥ € C;H;, almost surely. g

4. PROPERTIES OF THE SOLUTION TO SCHRODINGER’S EQUATION

Firstly, recall the linear Schrodinger equation

{iatu =Vu (4.1)

’U,‘t:() = Uo,



6 JACOB ARMSTRONG GOODALL

which has the solution

u(t) = S(t)ug, where S(t) = e "4, (4.2)
and
SWF(§) = "Iy, (4.3)

This last term introduces oscillation which, for large £ diverges as time goes by. The solution
(4.2) implies the conservation of homogeneous Sobolev norms, i.e. that S(t) is unitary in H®
which can be written

SOl gs = lfllgs Vs € R (4.4)

Further, the Fourier transform (4.3) can be used to prove the dispersive estimate for £ € R?,
which can be written as:

1
IS0 sz S g ey, £ #0. (4.5)

This is in a sense a smoothing off over long time scales, since large (unbounded) peaks will be
eliminated by ¢ in the denominator on the right hand side which bounds the infinity norm on
the left.

Proposition 4.1 (Strichartz Estimate). Let 2 < ¢,r < oo and (q,r,d) # (2,00,2). We say
that the ordered pair (g,r) is admissible if

2 d d

qg r 2
For admissible pairs (g,r),(g,7) we have the following estimates:
(1) The Homogeneous Case. For x € R? and t € R,

15 Fllgary < 171112 (4.6)

Note that if d =1 then r < 00, if d =2 then r < oo and if d < 3 then r < %.
(2) The Dual Case.

| seor@d]| <Py, (4.7)
R L% t x
where%—i—%:l and%—i—%:l.
(3) Non-homogeneous/Retarded Case.
t
\[se-trrwrar| il (48)
0 L?Lg t Mz

If f € L2 then S(t)f € L{L% and in particular, S(t)f € L”, almost surely for ¢ € R. On R?
the proof uses the unitary and dispersive estimated along with the Sobeolov inequality (4.4),
(4.5) and (2.1) respectively. Some Strichartz estimates extend to T¢, details of which can be
found in the work by Jean Bourgain [1] and collaboratively with Ciprian Demeter in [2], the
latter being particularly influential. The proof of the non-endpoint case can be found in [11]
and [13], while that for the endpoint estimates can be found in [7] for Schrédinger’s equation
in d > 3 and the wave equation in d > 4. There are other kinds of Strichartz estimates for
the wave equation in specific cases, such as in [3] for critically decaying potentials. Finally for
the heat equation there is the analogous result known as the Schauder estimate,

1P@) fllypoa St 25073 ||f|]n, fort>0. (4.9)

~
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We are now in a position to prove the rest of Proposition 3.2.

Proof of Proposition 3.2 (2). Recall again that W(¢ fo (t — ' )®dW (¢') and we assume
that ® € HS(L? H*). Additionally we have

OW = Bu(t)p(en), where {en}tnen = O.N.B of L*(RY).
neN

Like previously in (3.7) we can rewrite the H® norm as the L? norm by taking s derivatives.
Further, independence of the Gaussians, order hypercontractivity and Ito’s isometry followed
by the change of variables t — ¢ = 7, we have that,

1/2
(V)W (t, x)|| 2 ' 1S(t —t')(V)5®(e, ) (x)|?dt’ (4.10)
| ),
= IS (V) Den) (@)l 12 12 (0. - (4.11)
From this, for all p > 2, we get
(V) W, 2)| oy S P2 VY (2|2 (4.12)
~ P ISV W (en) (@) ]12 12 0.7 - (4.13)

Next, for ¢ < co and r < 2d 5 (the admissibility condition), for finite 7' > 0 it follows from
the Minkowski integral mequahty that

Ut ) ||

[l 0 < 1 (4.14)

< G IS V) ®len)lli 2 10

LiLy

4.15
(4.15)

for p > gV r = max{q,r}. Now if we replace ([0,¢]) by ([0,7]) and apply Minkowski’s
inequality again we get

Cp |11 ) ®en)l i 12 10|

Given 2 < r < o0, let (G, r) be admissible for some ¢ > 2 then we can apply Holder’s inequality
to obtain

< G IS NVY @ (en)l 2oz

. 4.16
LiLy ‘lg (4.16)

ST ISV Rz oaias ||, < T [[ISEUTV Rl [, @17)
Then by applying Strichartz estimate we get
T ISV Blenl a5 |, < T 112l (4.18)
=1l s 2,0 (4.19)
< o0
This shows, for finite 7', that ¥ € LLW;"" almost surely. O

Remark 4.2. To be more rigorous in the proof above one would consider a sequence of
operators Py converging to ® but with stronger smoothing properties, then consider the
corresponding sequence V. The result of the subsequent calculations would be a Cauchy
sequence converging to W and having the correct properties. Details can be found in [10],
lemma 2.1.
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1. LECTURE 3 (PART II)

1.1. Local Well-Posedness for SNLS with additive noise. Let us first recall the sto-
chastic non-linear Schréndiger equation (SNLS) with additive noise on R? is defined as

i0pu — Au = |u|? u + @€, (1.1)
u\t:() = U € HS,
where ¢ is a space-time white noise on R% and ¢ € HS (LQ; HS) with s € R and k € N. Let

us also recall that S(t)f := F (e #* f()), t € R, so that if we denote by ¥ the stochastic
convolution defined as

— /S(t—t’)qﬁdW(t’), t>0 (1.2)

then ¥ € CpHS N LIW,", P-a.s. for any given finite ¢ > 1 and r > 2 satisfying the following
condition
{ r< 400, d=1,2

d
r< g55,d > 3.

We refer interested readers to [1] or [2] for the proofs of those facts. To prove the local
well-posedness of (1.1) we first need to state what we mean by a solution to (1.1).

Definition 1.1. A H?%-valued stochastic process u(t), t € [0,T], is said to be a mild solution
to (1.1) if the following integral equality is satisfied P-a.s.

S(t —t")|u(t) [ Pu(t')dt' —i¥(t), t € [0,T).

<
=
N~—
Il
W
=
N—
IS
o
|
-~
o _

Our goal is to prove the local well-posedness (LWP) for SNLS when s > 4(i.e. when H*
has an algebra structure). We aim to show that there exists a local mild solution to (1.1) and,
moreover, we look to prove the stability under perturbations with respect to both the initial
datum uy € H® and the noise ¢ € HS(L?; H®). To achieve this, we apply the Banach fixed
point theorem to the map I'y, ¢ : H® x CrH® — CpH? defined as

t
Luo.a(t) == S(t)up — z/S (t — Y u()|**u(t)dt' — iW(t), t € [0,T]. (1.3)
0

1.1.1. Local existence and uniqueness for SNLS with additive noise. To prove local existence
and uniqueness for SNLS, we first need to recall some estimates involving the addends in the
RHS of (1.3).

i) Let us first note that from the unitarity of {S(t)}+er we have
1St uollms = lluol ms, VE € R,
so that we infer

1S ()wollcrms = lluollms-
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ii) As for the non-linear term, from Minkowski’s inequality for multiple integrals, the
unitarity of {S(¢) }ter and the algebra property of H®(which we know it holds since
5> g) we obtain

t

[ ste= )Py < [ )P de
Hs 0

0
t
< / lu®)2EH dt' < Tljul241,, for all £ € [0,T), P-a.s.
0

iii) To conclude, we recall that the stochastic convolution ¥ satisfies the following

¥l eprre] o < CONSNs(z2,080 (1.4)

L2(Q)

where C(T') is a suitable constant depending on 7". From this we infer the existence
of a random variable w — C(T, ||| g g(12; 15, w) such that

1l cprrs < C(T5 9l Hs(L2:15), w) < 00, P-aus.

Once this is in place, from 4), ii) and i) we obtain for 0 < T < 1 and for any given ug € H®,
¢ € HS(L* H*) and u € CrH* the following

1T, 6l prs < lwollrrs + 12l oo, ;) + CLTullh s (1.5)

Similarly, from the algebra property of H® we obtain for u,v € CrH?® and any given ug € H?,
¢ € HS(L?; H®) the following

at’
CrHS

T8 = a0l < [ [l PEute) = oot
0

< O (Il e + 1002 ) s = Wl (1.6)

where the second inequality follows form the fact that the term |u|?*u—|v|**v can be rearranged
in the following way |u|**u — |v|*!v = Py, (u, @, v, 0)(u — v) + Qox(u, U, v, 0)(u — v) where Py
and Qg are polynomials of degree 2k. If we now set R = R, := 2 (HuOHHs + H\IIHC([O’H;HS))

and if u,v € Bp C CrH?® then it follows that

1
||Fu0,¢(u)||CTH5 < ER + ClTR2k+1,

T, (1) = Tug6(0) |y pre < 2C2TR* lu = vl s

Therefore, by choosing T = T,, = T (R,) small enough so that C;TR?**! < %R and
20, TR < % we obtain that for any given ug € H® and ¢ € HS(L?; H®) the fixed point map
| P Br — Bp is a contraction. Henceforth, from the Banach fixed point theorem we infer
the existence of a unique u = u(w) € Bg such that u = Iy, ¢(u) on [0, 7).
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1.1.2. Stability under perturbations for SNLS with additive noise. Let ug 1,u02 € H®, ¢1,¢2 €
t

HS(L?* H*) and let be their stochastic convolutions Wy, Uy defined as W;(t) = [S(t —
0

t)¢; dW (t'),t € [0,T], j = 1,2, respectively. Let u;(t), t € [0,T], j = 1,2 be the corresponding
solutions to (SNLS):

wjli=0 = uo,;-

{ i0yu; — Auy = |ug|Pu; + @€,
By eventually choosing T' = T, even smaller we have that u; = D'y, 4, (u1) and ug =
L o.60 (u2) for all t € [0,T,], P-a.s. Hence, we infer

||U1 - u2”CTHS = HPU0,1,¢1 (ul) - Fu0,27¢>2 (UQ)HCTHS

< |luo,1 — uo,2

me T 1V = Yoo s

#8560 (la@Prurt) = fua®)uate)) a
0 CrHS
1
e T = Volloy s + 5 llur = w2llop s - (1.7)

< |luo,1 — uo,2

Where the above chain of inequalities holds for T = T,, sufficiently small. Hence, by moving
the third addend in (1.7) to the LHS we obtain

et = wzlloy e <2 (o = woalle + 191 = ol e ) - (18)

To conclude, it is enough to recall that from exponential Chebyshev’s inequality we know that
the stochastic convolution satisfies

W1 = Wallo(o,1;m9) < Kllo1r — b2l msr2;me)s (1.9)

outside a set of probability less than ce K, Indeed, once we know this, it follows that there

exists a non-negative random variable M such that M < +oo, P-a.s. and

W1 = Yolloog;ms) < Ml|d1 — b2l s (rz;ms), P-ass. (1.10)

Hence, in (1.8) we obtain

lun = wallcy e < 2 (Iluos = ozl + M 61 = Gall s o) ) » Pras.
which shows the stability under perturbation on the initial datum and the noise.

Remark 1.2. e We emphasize that the same proof works on T in place of RY.
e So far we have proven uniqueness of the solution only in Br C CpH?®. For the sake of
clarity, uniqueness in fact holds in the entire space CpH? (unconditional uniqueness).
To achieve this, two different methods can be implemented.
Method 1: Let us first note that if u € CTH? then from the continuity in time of the solution
we know that 1tl_i}r(])rlJr |u(®)|| s = ||uollms < LR. Therefore, by shrinking the time we

can apply the uniqueness in Br for small times. To make sure that the uniqueness
holds over the whole time interval [0,T] we need to show that the same local
existence time(up to a constant factor) can be kept. This can be done by using a
continuity/bootstrap argument.
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Method 2: The second method consists of applying Gronwall’s lemma to the difference of two
given solutions to (SNLS).

1.2. Appendix. In this part we prove (1.4) and (1.10). Let us begin with (1.4). To this end,
let F(t) : S [ON—— [0,T], where T' < 1. By proceeding as in the computation of page

T ||¢HHS(L2;H5)’
14 in Lec.2, since F' is a Gaussian process, we obtain

1 1 1
1E(t1) = F(t2)ll Lo sy S P2 1F (1) = F(t2)ll 20 S P2t — 122 (1.11)
Hence, from the Kolmogorv’s continuity criterion we have
F(t)—F s
0<t<T [t|»~° AP

where p > 1, @ = 5 —1 and ¢y is a suitable constant. Therefore, from the Layer-Cake theorem
we infer

+oo
Ta / NP ([ Fllyme > A) dA
0

yi Flowms . woo yi F(t) — F(0)|| o
:/A]P’(”‘LCTHzTg p/\> d/\gl—l—/)\IP’(sup I1F() = FO)n >)\) d\
0

Tr ° te[0,T] ]tl%%

o0

<1+ 01//\17” dA < +0o0, provived p > 1.
1
Thus, we have || F|[12,cpms) < +00 which implies (1.4). We now turn our attention to
proving (1.9). Let Wy, Uy be the stochastic convolutions with noise ¢; and ¢9, respectively.
From the linearity with respect to ¢ of the stochastic convolution, by proceeding as in the
previous computation we obtain for any finite p > 1 the following

= Cpllo1 — P2l s (r2,ms » (1.13)

HH‘I’I - ‘1’2”0([0,1};H5) L (©Q
where C), is a positive constant depending on p. What we are wondering next is: can C), ~ p%?
The answer is yes but it takes more work to do. In what follows, for convenience we set
U :=U;—VU, and ¢ := ¢1— 2. To achieve this, for any given k € N, let {tl,k :1=0,1,--- ,2’“}
be 2% 41 equally spaced points in [0, 1]. That is, tox=0and t; —ti—1 1 = 2%, for 1 <1< 2F.
Once this is in place, we obtain

+o0
W(t) = Z Wty k) — Yty k1) (1.14)
k=1
for some I}, = I(t) € {0,1,---,2¥}. Such an expansion holds since any given ¢ € [0,1] can

o0
be expanded into its binary expansion as follows t = %, where b; € {0,1} for all j € N,
j=1

k
Hence, as t;, ,, we can take the binary expansion of t up to order k. Namely, t;, , = > %,
j=1
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k € N. Therefore, by taking the H*-norm in (1.14) we obtain
+o0

sup |[|V(E)|| s < max ||U(t — (¢t - .
e 190 < 3, [900,0) = ¥l

Once we have this, if we fix p > 1 and let {gx}ren be a sequence of real numbers such that
qr > p, for all kK € N, then we have

—+00
H”‘I'”C([O,I];HS)‘ P kzl 0<iy <ot L e I (@)
+oo 2k i
< / S Wt x) — Yt )| % dP

o =0

k=1
+oo K
< ; (1 + 2%) ognllkagxzk H\I/<tlk,k) — \I/(tlk,l,kfl)HL%(Q;Hs)

k.

+o0 % 1
S 27225 g2 19l prgqme -

If we let g = p+ k, for all k € N then we obtain

+o00o
_k__k_ 1
[0 cqognn)], S 225255 0+ 0 0lsiuzney
=1
<+OO _k 1.1 < 1
SN 27202k (|6l s 2y S P2 16 msere.mey -
k=1

This shows that (1.13) holds. Once this is in place, by applying the exponentital Chebyshev
inequality we obtain (1.9) from which we infer the validity of (1.10). Indeed, if (1.9) holds
then (1.10) is equivalent to requiring that

P(we: 3K eRst. [Vi(w) — Po(w)lleqoms) < Kllor — ¢2lluswzus)) = 1.

Hence, we deduce that

P(weQ: 3K € (0,+00) s.t. [W1(w) — Pa(w)lleqoas) < Kllor — ¢2llswz;ue))
=1-P (w € Q : Vn € N it holds ||\I'1(w) — \I’Q(U))HC([O’”;HS) > anle — (ZJQHHS(LQ;HS))

=1- lim P(weQ: ||[¥(w) - Vo(w)lc(oms) = nllér — d2llus;us)) = 1.

n—-+0o

Where the last equality is a consequence of Chebyshev’s inequality. Indeed, we have
P(weQ: [[P1(w) — Po(w)loogns) = nlé1 — G2llmsw;ms))

2
Se ™ ——0.
n—-+00
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1. LECTURE 4 15/02/2022 (BILLY SUMNERS)

We continue to consider the stochastic nonlinear Schrédinger equation (SNLS) with additive
noise on RY

z(?; — Au = |ulP" 4 B¢

ul,_g = ug € H*(RY),
where ® € HS(L?; H®) is a Hilbert-Schmidt “smoothing” operator. In the previous lecture,
we established local well-posedness in the simple case s > g which let us use the property that
H*(RY) is an algebra. Here, we consider more general s. As usual, we define the stochastic

convolution to be

U = /0 St —thedw (t),

where S(t) = 2. Two simple properties of ¥ determined in previous lectures (in particular,
a proposition stated in Lecture 2) are that

Proposition 1.1. Let s € R. Then
(1) ¥ € CHE = C([0,00); H*(RY)) a.s.,
(2) For all g € [1,00) and r € [2, %) ford >3, r€[2,00) for d=1,2, we have that
e LIw," = L4([0,T); W™ (RY)) a.s. for all T > 0.

We use these properties voraciously going forward.

Example 1. Consider the case d = 1,p = 3, and s = 0. Define the nonlinear “Duhamel
formulation” operator I' by

t
F(u)(t) = Lyp0(u)(t) = S(t)ug — i/o S(t—t)(Jut) P u(t)) dt’ — iw(t).

2

Recall that a pair of indices (q,1) € [2,00]* is admissible if

d

2 d
&"‘; T2 and (Q7T7d) # (270072)’

the importance being that we may use the Strichartz estimates (introduced in Lecture 3) for
admissible pairs of indices. Since we will be applying the nonhomogeneous Strichartz estimate
to |u|?u, we would like (for notational cleanliness) to be sure that r' = -5 has 3 in its
denominator, where r is the index of spatial integrability, so that we may push the power of
|u|® outside of the norm and obtain a whole number for L. This therefore gives us r = 4.
The corresponding q for the admissible pair is then 8. Similarly, since ug € L?, we want u to
retain this spatial integrability, and an admissible pair satisfying this is (q,r) = (00,2). Define
the space
X(T) = CrLin Ly Ly,

with norm given by the sum of the component norms (although we could always take the
norm to be the P sum of the two norms without affecting anything since all these norms are
equivalent). Note that the norm on Cr is the same as that on LY, which lets us use the
appropriate Strichartz estimates on this space.

We establish local existence in the usual way through Picard iteration. First, by the triangle

inequality, the homogeneous Strichartz estimate applied to the norm of S(t)ug, and the
1



2

nonhomogeneous Strichartz estimate for the admissible pair (8,4) applied to the norm of the
nonlinearity, we have

IP@)lxr) S lwollze + Mul*ull s/ pas + 12l xr).

As a small subtlety, we note that we cannot directly apply the nonhomogeneous Strichartz
estimate to the norms || - [|c (o, m;r2me)) and || - | L8 (o, r;L4(mey)s as the estimate applies to the
whole time interval (i.e. to the norms || - ||c(jo,00);2(RaY) @nd ||+ |£8([0,00);4(Re)) TESPECtively).
This is resolved by noting that, say,

LILy

)

LiLT,

/ S(t— )P(t, z) dt’ / S(t — ) (Lo () F(F, 2)) dt
0 0

so we may simply apply the estimate to the right hand side.
To deal with the norm of the nonlinearity, we write % = % + % and extract a power of T
using Holder’s inequality:

IIIUI2UHL8T/ L4/s = ||1[o,T]IU\QUHL8T/ L4738
< ||1[o,T}\IL;!\IUIZUIILsT/sLi/s
1
= T3 |ullly .4
1
< T ulld .
Fiz some T < 1. Then, using this estimate, we get
1
1T ()l x 1y < (colluollzz + ¥l x 1)) + 112 HUH_%((T)- (1.1)

Also, in a similar manner to Lecture 3, we may find homogeneous polynomials p(u,u,v,v)
and q(u,w,v,v) of degree 2 such that

|u]2u - ”U|2’U = p(uaﬂa ’U,E)(’LL - 7)) + q(UJ)ﬂa v’@)(ﬂ o U)v

Therefore, by noting we are in the additive noise case (so that the stochastic convolution ¥ is
independent of u) and using the nonhomogeneous Strichartz estimate, the triangle inequality,
Young’s inequality, and Hélder’s inequality, we obtain

10 — Ty = H | ste= )0~ P ar

X(T)

< callfulu = ool 7 Lo

< Tl = ool gya (1.2)
< T3 (Il g2 pare + lall 2 ) llw = oll g

< T2 ([ullfs 1 + lols gl = oll s 14

1
< T2 (Jullxry + vl x@)llv = vl x 1y,

where the constant ca may change from line to line.
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Let R = 2(colluolz2 + W] x (1)), which is finite a.s. by Proposition 1.1. Then, proceeding as

in Lecture 3, we see by Eq. 1.1 that T' maps the ball B(0, R) C X(T') to itself for T satisfying
g 1 e R3T? <R,

and by Eq. 1.2, T is a contraction on the ball for T satisfying

2esTHR? < ©.
2
This establishes local existence and uniqueness. The argument of Lecture 8 carries over
effectively verbatim to establish local stability, with the slight modification that we must
again use the nonhomogeneous Strichartz estimate to bound the nonlinearity by something
of the form seen on the right hand side of Eq. 1.2, as well as using the explicit bounds on
the L3([0,1]; L*(RY)) norm of ¥ (used to show ¥ € LLIW," a.s.) in addition to those of
C([0,1]; L?(RY)). This gives us local well-posedness.

Remark 1.2. If ug € H*(RY) and ® € HS(L?; H®) for some s > 0, then the fractional
Leibniz rule
1f9llyirer S WSy lgllza + [1£ 2oz | gllyirs.o

for all s € (0,1) and r,p;,q; € (1,00) such that

1 1 1

-=—+ 77]‘ = 17 2

T Pji g
may be used to show that such regularity persists for all time, namely v € CrHZ. Indeed, a

simple generalization of the fractional Leibniz rule is

n n
i S Z HfjHWS»Pj,j | fill i
Jj=1 j

Jj=1 Wsr j= i#]

where Y7, p;i = % Then, noting that % = % + % + %, we have that

PP ullyirears < el gellulls
for allw € H® N L8. The nonhomogeneous Strichartz estimate (applied to |V|*(|ul?u)) then

implies

H/Ot St — t)(|ufu) dt

< 2 .
CTHS ~ H‘U| UHL;/ W;’4/3

S Wl gl 1
1 2

< T8 lull g luls M1
1 2

< T?HUIICTH;IIUIIL; /3"

This indicates that we may proceed as in the example, working instead in the space X(T) =
CrH*NISLAN L L8.
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1.1. Scaling symmetry in the nonlinear Schrédinger equation. Consider the nonlinear
Schrédinger equation

ou
.7 —_ prm— pil
5y Au = |ulP" u (1.3)

A function u is a solution to Eq. 1.3 with initial data u|,_, = uo if and only if, for all A > 0,
the scaled solution

1 t
up(t,x) = )\p%u <>\2,)\> (1.4)

2
is a solution to Eq. 1.3 with initial data uy|,_q = uo := A" P~Tug. Indeed, this follows from

Ouy 0 1 (twy_ 1 dufl w
ot Otyitr \ANTA) G Ot \A2TA)7

the spatial derivative

the formal equalities

1 t x
Auy = A —, =
“ )\P2—pl ! <)‘2’ >‘> ’
and
1 t z\[Pt 1 t x 1 t x
p=1, _ = I IR R p—1 I
"U,)\’ U 22 u <)\27 )\> )\p31u ()\27 )\> )\2(’“" u) ()\27 )\>

Now, for any s € R, we have

s = 1€ a0 (E)] L2

_ A2 s~
= AT P[P uo(AS) ]| 2

o,

d 2
= AT g,
= N g

where Sepi = %l — % is the (scaling-)critical Sobolev reqularity index. Note that if s = scyit,
we have
oAl grseese = l1uoll grocese
for all A > 0.
The nonlinear Schrédinger equation conserves several quantities. Namely, the mass

M= [ o= fule

the momentum
P(u) :==Im [ Vu-udz,
R4
and the energy
1

E(u) := 1/ Vul>de  —— |u[PT! dz.
2 JRrd p+1 Jgra
We say Eq. 1.3 is mass- or L?-critical if serit = 0, and energy- or H'-critical if seiy = 1.
Given initial data ug € H*(R%), the Cauchy problem for Eq. 1.3 is subcritical if s > Seit,
critical if s = Sepit, and supercritical if s < Seit-The scaling symmetry may be used to
determine if Eq. 1.3 is well-posed in each case. For the subcritical case, the H* norm of ULRY
given in Eq. 1.5, shrinks as A increases. At the same time, the expression of Eq. 1.4 indicates

that a scaled solution w) to the Cauchy problem will exist for a longer period of time as
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A increases. This lets us infer that in the subcritical case, smaller initial data corresponds
to existence over a longer period of time, and so we may expect the Cauchy problem to be
well-posed. The supercritical case can be seen to have the opposite effect: the H* norm of the
scaled initial data grows as A increases, and so larger initial data is required for existence over
longer times. This means we can expect ill-posedness in the supercritical regime.

Example 2. Let p=3. Ifd =1, then the critical index is Scrit = % — p%l = —%. Ezample 1
was therefore a subcritical problem (if we were to remove the stochastic term).

If p=3 and d = 2, then the critical index is s¢ry = 0. Let’s consider this problem. Take
initial data ug € L?(R?) and smoothing operator ® € HS(L?; L?). In this case, two admissible
pairs of indices are (q,r) = (4,4) and (00,2). Then, with I’ the Duhamel formulation operator

as usual (cf. Example 1), we have, by the nonhomogeneous Strichartz estimate,
IT(w)llza e < IS@)uollzaza + 1¥lpa ps + CHIUIZUIIL;/sLi/s
= 115 tyuoll s + 10l g s+ cllulds 14

Note that unlike in previous examples, we cannot use Hélder’s inequality to extract a term of
the form T?. In the case s > %, we can extract this term using the product estimate in the
Sobolev space H®, and in Example 1, we do this using a clever discrepancy between the indices
q and r. This allows us to have the radius of the ball on which we apply Picard iteration to
depend on the norms of ug and ¥, then pick T sufficiently small so that everything lies in
that ball. In this instance, we must choose the radius to depend on T, then pick T sufficiently
small such that everything lies in the ball, and this is why we do not immediately apply the
homogeneous Strichartz estimate to the norm of S(t)ug like we have done previously.
Define the radius

Ri=2(1S@uoll g 12 + W11 o)
Then, for u € B(0,R) C L4L%, we have

x>
1
IP(u)llzars < iR +cR?,
which we can take to be less than R by taking R sufficiently small. Also,
I0(w) = D)l s < B2 — vl s

which comes from a similar calculation to Eq. 1.2. Again, we may choose ¢'R? to be less than
% by choosing R sufficiently small. Now, we see that

1
/0 2(1S(t)uollza + 117s) dt < 2(1S(t)uollzaps + %1174 74)
< 2(Jluoll 72 + H‘I’”i;ly;),
which is almost surely finite by Proposition 1.1. It follows then from the dominated convergence
theorem applied to the function 1j711(t) f(t), where f(t) is the above integrand, that
T
lim R = li 2(/S(B)uol 34 + |[¥||za) dt = 0
fm 7t =1lim | (IS(@)uollzs + 1] La)

almost surely, so we can choose T sufficiently small such that R is small enough to satisfy the
above conditions.



We have seen that T is a contraction on B(0,R) C L3L1, so there exists a unique local

solution u € B(0, R). We also want our solution to lie in CrL2. To see this, we write

u(t) = S(t)ug — z/o S(t —t)(Ju*u) () dt’ —iU(t).

Now, ¥ is in C;L% a.s. by Proposition 1.1, and S(t)ug is in C;L2 by the theory of linear
PDEs. We therefore just need to check the nonlinear term lies in CpL2. Note that it suffices
to check boundedness of the norm - continuity arises naturally from the integration from 0 to
t. By the nonhomogeneous Strichartz estimate,

/0 S(t —t")(Ju2u) () dt’

S ol s

CrL2

which is of course finite a.s.
Note that we don’t have uniqueness in CrL2 - we have to intersect it with the space L3.L%

to establish uniqueness (shown at least for the ball B(0, R) above). This property is known as
2

€T
i.e. for u to lie in

conditional uniqueness. In fact, unconditional uniquness never holds in CpL3, since in order

1

for the nonlinear term above to make sense, we need |u|*u to lie in L}
:

L3 3

loc, - Being in L? is not enough to gain Ly,

integrability.

1.2. Stochastic nonlinear Schrédinger equation with multiplicative noise. Consider

the SPDE

Ou
oy~ Au= N(u)+ o(u)P¢ (1.6)

In all of our results, we will take the nonlinearity to be N(u) = |u[P~1u, and the variance of
the noise to be o(u) = |u|Y~!u. The stochastic convolution in this instance depends on u:

Ulul(t) ::/0 St —t)o(u)®dW ().

In contrast with the additive case, it is not sufficient that ® € HS(L?; H*) for the important
Proposition 1.1 to hold. Indeed, when we proved these properties, we wrote the cylindrical
Wiener process W as

W(x,t) = Bult)en(x)
n=1

for some independent Brownian motions 3, and an orthonormal basis e, of L?. Then the
stochastic integrals

/0 S(t— )(V)*D(en) dBa(t)

were independent, which allowed us to use the Ito isometry and collapse everything into the
Hilbert-Schmidt norm of ®. This does not suffice in the multiplicative case as we are dealing
with the stochastic integrals

/0 St =) (V)*(o(u)®(en))) dBn(t))

which, owing to the presence of o(u), are not independent in general.
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We will introduce (somewhat informally) the notion of y-radonifying operators, which are a
certain generalization of Hilbert-Schmidt operators to the Banach space regime. To motivate
this, let H be a separable Hilbert space. We would like for the set function

u(dx) = e2llellm gy

to be a measure on H, the canonical “Gaussian measure”. In general, however, this is not
countably additive if dim H = oco. Heuristically, countable unions of sets in H are somehow
too large for the Gaussian measure to make sense. We must embed H in some larger Banach
space so that these countable unions of sets in H are sufficiently small for the Gaussian
measure to make sense when considered as subsets of B. Informally, then, an abstract Wiener
space is a triple (H, B, 1) consisting of a Hilbert space H, a Banach space B into which H is
continuously and densely imbedded, and the above Gaussian set function ¢ on H such that p
is a measure when pushed forward onto B under the imbedding. More information on abstract
Wiener spaces can be found in the books [2, 3, 4], along with the original definition in [1].

Example 3. Let H = H*(T%), and let p, be the set function given by
ps(du) = e~ 2llullirs dy

In some sense, the H*(T%)-valued random variable

U= Z In e (1.7)

nezd <n>5

has distribution us, where the g, are i.i.d. complez-valued standard Gaussian random variables.
Indeed, if u € H*(T?), we may formally derive

1 2 1 2s 2
el gy — o3 S za 2 Zlu)P g,

12 2 ..
= ez ™ M gg(n),
nezd

where du(n) is Lebesgue measure on C. From this expression, we see that (n)*u(n) must be

distributed as a standard complex-valued Gaussian random variable, which leads to Eq. 1.7.
Also, if u is the random variable defined in Eq. 1.7, we may compute

2
Bllull 1= Y
nezd
d

which is finite if and only if o < s — 5. Therefore, the random variable u is well-defined a.s.
in H?(T%) - as, say, the HY limit of the truncated random variables

L n  in.
Un = Z <n>sezna}

n|<N

-if and only if o < s — %. Since H® is a dense subspace of H? in this case, we may conclude
that (H®, H?, us) is an abstract Wiener space.

A similar derivation may be done to show that (H®, WP ) is an abstract Wiener space
for any p € [1,00].



Let’s return to the cylindrical Wiener process

= Z Bn(t)en
nezad

For fixed ¢, 3,(t) is a Gaussian random variable. A Hilbert-Schmidt operator ® € HS(L?; H®)
pushes this process to H®. That is, ®W (t) = Y za Bn(t)Pe, is a certain stochastic process
in H*. In a similar way, given a Banach space B, a y-radonifying operator ® from L? to B
pushes W (t) to B. More concretely, let H be a separable Hilbert space and B a Banach space.
A bounded linear map ®: H — B is a y-radonifying operator if the norm

1

2

1|y (rr;) = ¢%

B

is finite, where {e,}nen is an orthonormal basis of H, and g, are independent standard
complex-valued Gaussian random variables. The space of all y-radonifying operators from H
to B is denoted y(H; B) (in some other texts, M (H; B) or R(H; B)). If B is a Hilbert space,
then the spaces v(H; B) and HS(H; B) coincide. Indeed, this can be seen from the calculation

@15 1) = ¢%

B

Z Z gngm(q)ena q)em)B]

n=1m=1

=3 3" Elgugml(®en, Pen) s

n=1m=1

)
= ll®eallE
n=1

= 1@ lfis(:)-

A certain extension of the Kahane-Khintchine inequality to Gaussian sums [6, 5] allows us to
choose any index for the norm. That is,

v~ ([[Eee] )

Notes. A more formal definition of an abstract Wiener space is as follows: let u be the
Gaussian set function on a Hilbert space H as defined before. A seminorm |- | on H is said to
be measurable with respect to p if, for all € > 0, there exists a finite-dimensional orthogonal
projection P. on H such that

Z gnPen

for any p € (1, 00).

p(|Pz| >¢) <e

for all finite-dimensional orthogonal projections P on H such that P(H) is orthogonal to
P.(H). We then let B be the completion of H under the seminorm | - |, and call (H, B, 1) an
abstract Wiener space.
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1. SPDEs wiTH MULTIPLICATIVE NOISE LECTURE 5 (TYPED BY ERIK SATTERQVIST)

In this lecture we start by generalizing the definition of the space v(H, B) from last lecture.
We then state the Burkholder-David-Gundy (BDG) inequality for stochastic integrals and
then apply this to study the stochastic convolution for the SNLS.

1.1. The space v(H, B). We start by giving a more general definition of the space v(H, B)

from the last lecture. Let ug be such that dug ~ e~ 2llulf dy. The function @ : H — B is
~-radonifying (i.e. ® € v(H, B)) if and only if the pushforward

Oypip = pyo®

has an extension to a countably additive (Gaussian probability) measure pg on B. By the
Fernique theorem we then have that, for some ¢ > 0,

[ i <.
B

or equivalently
po(llullg > A) < Ce™, YA > 0.
This implies that

1/2
19l = ([ Tullmotan))”

is finite.

1.2. Burkholder-Davis-Gundy inequality. Before we can state the BDG inequality we
need some definitions.

Definition 1.1. We say that a Banach space B is of type p if for any finite sequence
81,...,€N:Q—) {—1,1}

of symmetric i.i.d. random variables and any finite sequence uq, ..., uny € B there erists a
K > 0 such that

N N
EH S entin]| < K3 Jfugll:
n=1 n=1

Next recall that {f,}5°, is a martingale with respect to a filtration {F,}>°, C F if

n=0

E[fn|Fm] = fm for m < n. Note that this implies E[df,,|F,] = 0 for all m < n.

Definition 1.2. Let 1 < p < 2. We say that a Banach space B is of martingale type p
(M-type p) if

al 1/p
Ivlzesm) < C( 30 1n = fat o))
n=0

for any B-valued LP-martingales {f,})_q, (here f-1 =0).
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Definition 1.3. We say that a Banach space B is has the unconditional martingale difference
property (alternatively that it is a UMD space) if for any p € (1,00), any B-valued martingale

difference {£,}50 1 (i-e. Zjvzn &n is a martingale), any € : N — {—1,1} and any n € N

N » N
B> entn| SnnE|D 6
n=1 n=1

p

Note that M-type p implies type p. For the other direction we have that type p plus UMD
implies M-type p. By [1] UMB is equivalent to Hilbert transforms of B-valued functions being
bounded in L?(S; B).

Let us give some examples of Type p spaces. If B has M-type p (for some 1 < p < 2) and
A is a measure space, then L"(A; B) has M-type p Ar for 1 < r < oo. Because Hilbert
spaces are M-type 2 this implies that L"(R? C) is of M-type 2 for 2 < r < oo. Thus
LY(R,L"(R% C)) = LIL" is of M-type 2 for 2 < ¢, < oo.

Finally we need the notion of an accessible stopping time.

Definition 1.4. We say that a stopping time T is accessible if there exists an increasing
sequence {Ty }nen such that

™ <T and lim 7, =7, a.s.
n—o0o

Theorem 1.5 (BDG inequality for stochastic integrals). Let 1 < p < oo and let B be a
Banach space of M-type 2 (this is also called 2-smooth). Then there ezits a C = C(p, B) > 0

such that . T
[ o]l <ozl [ 1ol )]

for any accessible stopping time T and y(K; B)-valued progressively measurable F'.

E{ sup

o<t<r

Here W denotes a K-cylindrical Wiener process and for us K = L?(R?) or K = L?(T¢). For
proofs see [4], [5], [7] (optimal constant), [2] (stronger assumption: UMD & type 2). The
BDG inequality will also be proved later in these notes.

1.3. Back to SNLS with multiplicative noise. Recall the stochastic convolution for the
SNLS

U(t) = Wl(t) = /O t S(t—t) <a(u)<I>dW(t’)>,

where
o(u) = [ul ", > 1.

Suppose that v € 2N + 1 so that o(u) is algebraic, we then have the following proposition.

Proposition 1.6. Let s > % and ® € HS(L? H®). Then, for any u € LZ}(Q;CTH;’), we
have ¥ = ¥[u] € CrH: a.s..

Proof. To prove the above proposition we will use the factorization method (Lemma 2.7 in [6])
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Lemma 1.7. Let0 < a <1 and g > é and suppose that f € LLHS for some T > 0. Then
the function F : [0,T] — C given by

t
= / S(t—t)(t — )L () dt
0
belongs to CrH;. Moreover, we have
sup 1F(8) s S 11f g 5
0<t<T

Let 0 <a<1land 0 <p <t <. Note that

B(a’l_a):/(t—tl)al(t’—,u,)0‘7
I

where B is the beta function. Moreover we know for a fact that

Bla1—a) = sinzrm)'
Hence
w(o) = [ St - o) ed
sin(?ra) /t [ / t(t _pyeiy - u)*adt’]S(t — o (w) () AW (1)
Smwm / S(t t')a—l[ /0 ' S(t’—u)(t’—u)—%(u)(u)@dW(u)}dt’
Smgrm / St — )L ()t
where

t/

f(t') = ; St — p)(t" — )"0 (u) (1) PAW (1)

Thus in view of Lemma 1.7, it suffices to show f € LLH3, for some = < q < 0o. We want to
show

T
E[/O 1F(2)]%dt'] < C(Tq,®) < ox. (L1)

By the BDG inequality 1.5 we have, for 1 < ¢ < oo,

E[lF¢)E,] SE|( /0 i IS = )t = 1) () ()Pl meydn) |

Letting e,, be an orthonormal basis for L? we have for 0 < a < % and s > %

t/

/0 ISt — ) (" — 1) ™o () (1) 37512y A1t = /0 (t" = )7 lo () (1) @(en) Iz g7 dn

S HU(U)H%TH;H(I)H}QLIS(LQ;HS)’
whence
E[If )] < Eluld s 190 g r2, 0y ] < 00
Now integrating from ¢’ = 0 to T', (1.1) follows for any 1 < ¢ < co, and in particular ¢ > é
Thus by Lemma 1.7, ¥ € CrH; a.s.. We need o < % so we can take any é < q < o0. g



We end this section with two remarks:
(1) In proving (1.1) we viewed S(t' — p)(o(u)2dW (t')) as S(t —t') o My(y)(u) © © applied
to dW ('), where Mp denotes multiplication by a function F.

(2) With o(u) = |u[""'u we need
d
lo(u)llas < ||U”L5, for s > 3

Hence we need the fact that v € 2N + 1 so that o(u) is algebraic (i.e. a product).

When v ¢ 2N+ 1, we cannot consider s > 1 due to the lack of smootheness of o(-). In
general, given s > 4 (so that H® < L), we need o € C*(C = R%; C) with k > [s] + 1.
For example see Lemma A.9 in [8] or Lemma 4.10.2 in [3] (also see the fractional chain
rule).
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LECTURE 6

YOUNES ZINE

We define the stochastic convolution ¥ = ¥[u] by
t
U (t) ::/ St —t)o(u)PdW (t'). (0.1)

0
with S(t) = e 2 and o(u) = |u[""'u for y € 2N + 1.
Proposition 0.1. Let s > % and ® € HS(L?; H). Then for u € LiZ(Q;C’THj), we have

U =Vu] € CrHS,

almost surely. Moreover, if u € LZZZ(Q; CTHj) for some finite ¢ > 2, we have

E[1001E, 5] < C (s, )T E[ullE, gy ] 1 @lasz2:1)
for some 6 > 0 and some constant C(s,q) > 0.

. . %ZPROP:l . . .
We will apply Proposition 0T to solve a fixed point argument for the following linear
stochastic equation:

(0.2)

10w = Au + udE
u|t:0 =ug € H®.

d . . . Zegl . . .
for s > 5. By the Duhamel principle, u is said to solve (E)Zi if u verifies the following integral
equation:
u(t) = S(t)ug — i0ul(t)
=: Dy, (u)(t)
conv

A
where Ulu] is given by ([i [} with o(u) = u.
We prove the following result.

(0.3)

. d ‘ 2100 . ‘
Lemma 0.2. Fiz s > §. The map u — Iy, ¢ defined in (E;.3S s a contraction on a ball in
L? (Q; C’Tﬂj) for any T > 0 small enough..

ZPROP:1
Proof. By Proposition El [, we estimate
@)l zz20pms < lluollms + CT? |ull 200 m;
0
IT(w) = T)lrzcrms < CT  (ullzcrms-

Lot Br C L*(Q; CrHg) for R ~ |lug||ms be a closed ball of center 0 and radius R. Then,
(0-4) show that T" is a contraction on Bg by choosing 7' > 0 small enough. O

(0.4)

We now look at the following nonlinear equation:

{ 10 = Au + |ulF u 4 [u] " lude

0.5
U|t:0:u0 € H°. ( )

1
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d
f0rs>.§aundk:,.veﬂ\l—}—lze2 . o .
Again, a solution u to (Ei5i verifies the following integral equation:

u(t) = S(t)ug — z/o S(t —t')|ulFtu(t)dt — iUlu)(t). (0.6)

with Ulu| given by (%%cm%r o(u) = |u|"tu.

We want to construct u € L?(Q; CrHE) but in view of the high degree of o(u) we would a
priori need u S L* (Q; C’THj). In order to circumvent this issue we will use the truncation
method. See [I].

Let 1 be a smooth cutoff function such that n =1 on [0,1] and n = 0 on [2,00). For R > 0,
we define ngr(u) by

e (1) = (O3 ©7)

We modify the integral equation to integrate the cutoff ng(u),
t
u(t) = S(t)ug — i / St = () () [ultLu(t')dt
0

- z./ot S(t = t)nr(u)(t)|ul"" u 2dW (¥')
=: S(t)up + Iu] + Ofu] := T'g[ul.

Z4
Proposition 0.3. Fiz s > % and R > 0. The map u — I g[u] defined in (%_8) is a contraction
on a ball in L? (Q; CTHi) for T > 0 small enough.

Proof. We aim at showing that I' = I'p is a contraction on some ball. We now estimate the
different terms I[u] and II[u]. We have for any function v € CrH},

t
Itlallenns < || | nat @l (e uzat |
0 T

< TRF.

Fix two functions u;,us € CprHZ. We want to estimate the difference I[u;] — I[ug] in CrHS.
To this end, we introduce the stopping times ¢; g (j = 1,2) by

tjr =sup{t € [0,T] : ||lu;llc(o,g;m5) < 2R} (0.10)

(0.9)

Without loss of generality, we may assume t1 g < to g. We now bound

t
1] = Tl g, s < | /0 S(t = ¢)nr(un) (¢) (N (w1) = N(uz)) (¢))dt

CrH
(0.11)

t
]| [ 80 =) () = nn() )N a2 0
=1, + Is.

CrH:

In the above, we used the shorthand notation N(u) = |u[*~'u for convenience.
e Estimate of I5: By the mean value theorem, we have the following bound:

17" oo

[nr(u1) (') — nru)(t)] < |ur — uzllcp s (0.12)

YZ2

YZ3

YZ4

YZ5

YZ6

YZ7

YZ8
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6 78
for any 0 < ¢ <T. Using (%_[0) and (%._[2), we estimate the term 7y,
Malloray < T [[(nr(ur) = nr(u2))N(u)llor s
=T |[(nr(u1) = nr(u2))N (u2)llcy, , m (0.13)

S TR Muy — wsllepms-

Z6
e Estimate of I;: Similarly, by (%TIO), we bound
Millermy < T llnr(ur)(N(u1) — N(uz))llerm;

= T[Inr(u1)(N(u1) — N(u2))llcy, 1 (0.14)

S TR Yur — w2l cpms,
where we used the bound

N (u1) = N(uz)| S max(fur|*~, Juz ") |ur — ual,
in the above. 29 210
Combining (%_B) and (%_17[), we get
I1X[ur] = Tue]llops S TRl — uzllopm;.- (0.15)

w turn our attention to II. By applying BDG inequality/a modification of Proposition

ZP. % P
E) I isee Lecture 5), one can show
(]l r2opmrs S TN ®llusr2;ms R
M [u1) — Tfuslll e cpms S TP usp2 ey R Hlua — uallrz opms-
for any 11, U & L2(Q: O HS). P%tting everything together, we get the following bounds on
y4 y4 Z11 yAlL
I from (1%) (2. $45) and (B8 tor 0 < T < 1,
1Tl 22 cpms < lluollas + Ch (R, 1@l us(z2;m9))
IT[ur] = Tlu |l 2 cprrs < CoT?(1+ H(I)HHS(LQ;HS))Rmm(kﬁ)_l||u1 — w22 opmss
for any w,u1,us € L*(Q; CrHE).
Let Ry = |luo||ms + Cl(Figg\l‘%]HS(Lz;Hs)) and Bp, be the ball in L?(Q; C7H?) of center 0
and radius Ry. Then from (
More precisely, it suffices to choose T' such that

T < (14 |®llus(p2e) ) RPN 77, (0.18)
]

(0.16)

(0.17)

Z4 ZPROP:2
We can globalize the solutions to (%_8) constructed in Proposition EH T'his is the purpose
of the next result.

), I' is a contraction on Bpg, by choosing T' > 0 small enough.

YZ9

z4 %ZPROP:2
Lemma 0.4. Fiz s > % and R > 0. The solutions to (%_8) constructed in Proposition I0.

exist globally in time. More precisely, for any T > 0, there exists ug € L?(Q; C7HE) which
A @
solves (%_8)

4 ZPROP:2
Proof. Let T and up be the gﬁandom) time and the solution to (%_8) given by Proposﬁg% E) 3.

We consider the problem (%_8) on [T, 2T] with initial data ug(T) where ug solves (0.
[0,T7]. It reads

) on



4 Y. ZINE

u(t) = S(t — Tyur(T) — i /T S(t — 'y (u) (¥ [ulF Lt

t
~i [ S(t = el )l u e () 019
0
=TT,
z14
forany T'< ¢t <2T. In (%_IQ), WT denotes the shifted process W1 (-) := W(-+T). Note that
Law(W7T) = Law(W).
Z13 z4
It is then clear that T'/[u] satisfies the same bounds (Ell 7) as I'[u] defined in (%‘8) with ug
replaced by ug(T"). Hence, we have
T ulll 220y 11 < Nlur(D)l L2 ms + C1 (R, @ s z2.1)) (0.20)
IT7 Ty ] — FT[“ﬂHLEJCIQH; < CoT? (1 + || ®|ms 2. sy ) R™ED 7 fuy — uzllz2cy, ms,  (0-21)
for any 41, u2 € LZQl(SQ;CIZHj), with I; = [(j — 1)T, jT] for any j € N. By plugging the
bound (E;l 7) into (E;.ZU), we get
HFT[U]HLgCIQH; < luollms +2C1 (R, || ®[lus(r2;m+)) (0.22)

Z10
Since T verifies (Ei 8 %, one can show, upon choosing R |juo||zs + 2C (R, ”@HHS(L?;HS)), that
I'T in a contraction on the closed ball Br, C L?*(Q;Cr, HE) of center 0 and radius R;. By
iterating this argument, we can construct solutions on I; for any j > 3. g

ZPROP:2 ZLEM:2
Remark 0.5. The solutions ur that we constructed in Proposition 0.3 and Lemma %m
adapted. Indeed, since we used a contraction argument to construct ugr, we can show by
standard arguments that ug is the limit (in L? (Q;CTHg), for any T" > 0) of the Picard
iterates which are adapted processes.

REFERENCES

[1] A. de Bouard, A. Debussche, A stochastic nonlinear Schrodinger equation with multiplicative noise, Comm.
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LECTURE 7

Last time, we constructed global solutions ug to the truncated equations (SNLSg).

Recall
||UR|C([0t}~H5)> 1 on|0,1]
() (t) = (FEGRAI ) = p Do T 0.1)

Let tr =inf{t > 0: [[urllc(o,:m+) = R}, which is a stopping time. Then, u = ug on [0,tg],
where u is the solution to (SNLS).

Observe that tg is non-decreasing in R (given R < R', we have ugp = up = u on [0,tR]).
Set t, = I%Lr{l)otR, which is random, and define u on [0, t,] by setting u = ugr on [0,tg]. Thus,
u is a solution to (SNLS) on [0, t.].

Blow-up alternative: If ¢, < oo, then by (0.1) and in light of the definition of t,, we get
1. t 5 = .
Jin [u(t) - = o

On the algebra property of H® and smoothness of a non-linearity.
Let N(u) be a non-linearity in u and @, which is homogeneous of degree p.

By the fundamental theorem of calculus, we have

1
N(u(x)) = N(u(y)) = /0 [ 0N (u(y) + 0 (u(z) — u(y))) (u(z) — ul(y))
+ 02N (u(y) + 0 (u(x) — u(y))) (u(x) —uly)) ] db,

where
z 2 i y . . .
of 1 g+iﬁ with z = x + iy.
0z = 2 \ Oz dy
Thus, we have
IN(u(@)) = N(u@)| < [N ()] lul@) = uly)]. (0.2)
—_——
p—1
S llullzee

assume

Hence, for 0 < s < 1

_ (U(y))\Z : M = R or T®
||N ||HS - ’[E — |d+25 dx dy = or

by(0.2) |2 %
< //,%W%mw

fHuHHs

Sobolev »
S lullgrs

if s>%



2

For further studying when M = R? mentioned in the first line above, see the book by Stein
[7].

Then, assuming N (u) behaves like uP and the derivative of N(u) behaves like uP~!, we have

P Sobolev » 1 1
IN@Izz S Wl Sl s2dG-2).
assume
Since H® = L?> N Hs, we conclude
0<s<l1
IN @l S Tl ! } A1,
T H s > 5

c1
In order to study a non-linear PDE, say SNLS, we need to estimate the difference N(u) —
N(v).
Once again, by FTC, we write

product

1 ~—N— o
N(u) — N(v) :/0 [BZN(U—FH(U—U))(U—U)+82N(U+9(U—U))(u—v)}d9.

For s > g, by Minkowski inequality, making use of some algebra properties, and then using
previous computation and the triangle inequality, we have

Mink. 1
IN(@) - N e < / V(046 (u—0)|| .l — vll o 46, 0 <s<1and N eC?
0 vV

-1
Sllv+0(u—v) |55
SlhullBrt +lvlPs"

where we used the notation N’ for the relevant terms 9, N and 9;N in the previous lines.
Note that in the above computation, we needed N € C? and we used the condition s < 1,
which is not very useful except for one dimension.

What if s > 17

- Write s = [s] + {s}, [] : integer part, {-} : fractional part.

- First, compute OLS]N(U).

. Then, repeat the previous computation to compute the H{}-norm of 89[68]N (u), for
which we need N € Clsl+1,

. Then, for the difference estimate, we need N € ClsI+2,

Stochastic non-linear wave equation (SNLW) with multiplicative space-time white

noise_on T? (on RY, spacial white noise W (t) is "unbounded”).
1

As we see later, d = 1.
Consider
O?u — Au = N(u) + o(u)é

(U, 8tu) ’tZO = (UDa 'LL]_)7

(SNLW) {



where £ is the space-time white noise.

Duhamel formulation (= mild formulation):

u(t) = cos(t|V|)uo + Muﬁ— /t MN(u)(t')dt’
0

V| V]
tSin((t_t/NVD u / /
+ [ () aw ).
sin(t|n|) 7 n
With () = 22D 7| = V=4, St)f(n) = {tf( (), fg we have
u(t)z@tS(t)uo—l—S(t)ul—{—/o S(t — )N (u)(t)dt +/ S(t — o (u)(t)dW ().
= W[u]()

£tV

Write S(t) = S4(t) — S—_(t) (No need to do this at the zeroth frequency), where S, (t) = ST
Now, write U[u] = U [u] — ¥_[u].
Then, by BDG inequality,

E

</°T IS0 O s g]

When is this finite?

1
) 2
2mik-x
Hs € = ¢€

1

2\ 2
Sum in k,
—
then in n.

sup H‘I’i[u](t)H%s] SE
0<t<T

Compute

85 (=) ) () | 500y = (Z (=) & Myuygey(er)|
k

(X T

kezZd nezd

—

Y o(w)(n)dn

n=ni+na

-~

o) )|
~ [lo(u)]|g2-

In the above, M, ()« is multiplication by o (u)(t), and we replaced S+ (—t') by |V|~! (we do
not care about the oscillation part because of unitarity). Furthermore, note that considering
the term (n)2*~2, for obtaining convergence, we need 2s — 2 < —d meaning that s < —% + 1.
On the other hand, we want the solution to be in H®, so we want s > 0 or s = % —¢. Thus,
we should have d = 1.

This computation shows that we can make sense of the stochastic convolution in one dimension.

Now, in the case d = 1, take s = % — ¢ for small € > 0. Then

Sobolev

lo@lze =llullf, S Nullgs (s>
u

l\')\}—t
[\]
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And also, as for the non-linear part,

t
H/ St —t')N(u)(t')dt STIN@) . pya-10<o
0 T CTHg iz
uk
Sobolev
N THN(U)HCTLT 1 SZ% L %ZS*% (%)
N(u)=
(UL b THUHC kT széfﬁ:ksfngi (%)
Sobolev (o) (2%)
S Tlullégus ks—§ > 3_%:>3>2(kk_31) (<3)

Use the truncation method and construct global solutions (ug, diur) € C(Ry; Hmin(s’%_e)(ﬂ‘)),
where H*(T) = H*(T) x H*"1(T).

Thus, we get LWP of (SNLW) in H*(T), s > max (% - %, 2{2__31)).

(i.e. given (ug,u1) € H*(T), 3 solution (u,du) to (SNLW) in C([0,t); H*°(T)), where
so = min(s, 3 —€)).

Comment: We talked about local well-posedness. Now, the question is about global well-

posedness.
e Set N(u) =0 and consider

Ofu—Au=oc(u)¢,  onT.

—GWP? Yes. when o(u) is locally Lipschitz and if |o(u)| < (u) log(2 + |ul), it does
not grow very fast, then global well-posedness is known. This is done by Mueller
(Ann Prob ‘97, see [4]).

—Open question: |o(u)| ~ |u|” for v > 1. finite time blow-up with positive probability?

e Similar question for stochastic heat equation:
dhu — Au = o(u)g, onT  o(u) ~u’.

— Finite time blow-up for v > 1 and v > 2 is known (for the former, see also [5] by
Mueller-Sowers, PTRF ‘93, and for the latter, see [6] by Mueller, Ann Prob ‘00).
— GWP for v < 2 is known by Mueller, PTRF ‘91 (see [3]).

LECTURE 8, PAGES 1-10

Stochastic non-linear heat equation with multiplicative space-time white noise

0w — Au = N(u) + o(u)é

on T¢,
ul—o = ug

(SNLH) {

where £ is space-time white noise, i.e. ® = Id.



Duhamel formulation (= mild formulation):
u(t) tug + / Pt —t)N(u)(t)dt' + /Ot Pt —tYo(u)tdW ('), P(t) = 2.
=W[u](?)
Schauder estimate: For 1 <p <g < oo, s > 0,
1P e 50267 s 03

holds for any t > 0 on R? and for any 0 < t <1 on T%. For P(t) = ¢!®~1 then (0.3) holds
for any ¢t > 0 even on T¢.

Besov spaces and Holder-Besov spaces:

Consider the classical Holder spaces defined via the Holder norm:

lulles = sup A2 = Ul

, 0<s<l.
TH#Y ’x_y’$ °

Note that this is not a norm (because this is equal to zero for constant functions). In fact,
this is a semi-norm.

Now, we want to introduce a different function space. To this end, we consider Littlewood-
Paley frequency projector:
{ln] ~27}, j>1

Let P; = "smooth” frequency projection onto frequencies ) .
{lnf<1}, j=0

Take a smooth function ¢ € C°(R;[0,1]) with

{@(5)51, for [¢] <1
p(€) =0, for [§]>2

(the numbers used to define the cut-off function do not really matter, and if you like to get
more useful numbers, see chapter 6 of the book [2] by Grafakos or the book by Bahouri-
Chemin-Danchin [1]. These books are written for the analysis essentially on R%. On (T,

sometimes, you need to do something.)

Now, set

@(g) - <P(2j—1): J=1 0 for |¢] < 27 or [¢] > 27.

vi(&) = {mg’)’ 4 ]i | ( { L for &l ~ 2/, )

Then, we set ]Sj\u(n) = pj(n)u(n).

Theorem 0.1. (Littlewood-Paley Theorem) Consider 1 < p < co. We have

(5o

square functwn

1
2

~ Jlulzo.
Lp
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Here, note that although the definition of the projector depends on the cut-off function ¢, the
result holds for any such cut-off function, but the constant depends on the choice of .

Littlewood-Paley characterization of H*:

lllszs ~ |27 13 )l 2 sER.

2 7
(23>0

S 5PY.
Besov space B, , (or B;"):

s, = 27 1250l

a0 1<p,qg<o0, seR.
jf

On RY, by setting ¥;(¢) = @('2%) — ¢ <] ), j € Z and éj\u(f) = 1;(&)u(§), we can define the

271
S
homogeneous Besov space By , by

1<p,gq<oo, seR

. — ||9Js )
lull gy ray = [[27 Qs nez

Then, we have |Julles = [|ullzs  , 0<s <1

If we set A® = C* N L, then, we have |lul[ss = |[ulps, _, 0 <s <1, on R and T (on T¢,
we need to modify a bit about the distance between elements on the torus).

Note also that A® is a Lipschitz space, and C* = A®. Furthermore, note that the right-hand

side of the relation [|ullcs = ||u||ps, _ makes sense for any s € R, which we now make use of
for extending the definition.

Holder-Besov spaces: C* = B3 , s € R,
o ulles = llullss, .. = sup 27°| P (u)l| g
Jj=0
o C° D W™,
e s >0, C°is an algebra,
o Schauder: [|P()fllces St 7 ||Flleots 52> s1.

~

We want to study the stochastic convolution

Wlu)(1) = /0 Pt — t')o(u)(t)dW (£

via BDG inequality in CrC? (since we want to construct the stochastic convolution as an
object which is continuous in time and takes values in C}).

Ideal property of y-radonifying operator:
B 2B 2B, LB

® € v (Bs, Bs) is y-radonifying operator, and S € L (B, By) and T € L (B3, By) are linear
and bounded operators.

Then T'o @0 S € v (By, Bs) with [T o ® o S|y, By S 1T 2(Bs,B) | ®l~(Bs,B:) 1S LBy, B2)-



7

Now, we want to use BDG inequality for continuos functions with values in C® on the torus.
C*(T%) YD W*(Td) > Wt (TY), er > d. Take r>1 st. e=0+.
oung

Sobolev

Fix t > 0. Then, by Burkholder-Davis-Gundy inequality,

to p
E[wful®)p,] <E| sup || [ Pt—t)o(w)E)dw () ]
B 0<to<t ||Jo weter
b
BDG t 5 N 2
S E </(; HP<t_t0)oMa(u)(t’) 7(L2;W5+5”") dt) .
When is this finite?
Note: Id € (L2, W) iff a < —%. 1<r <.
1) o(u) =1 (i.e. additive case)
HP(t —t)o Ide(LQ;W””) S HP(t —1) HL(W_%_”,WS*'”) HIde(LQ;W‘%‘”)
<1
Schauder - s+4+2e
< (=)

Thus, we have
t t

/ HP(t B t/) o IdHi(Lst-s-a,r) dt’ < / (t B t/)—(s+%+2e)dt/
0 ’ 0

d d
< 00 <:>s+§+2€<1 <= S<1—§—2€.

On the other hand, we need s > 0 (s.t. C* is an algebra) to handle the non-linearity N (u) = u*.

Hence,0<s<1—%—25:d:1.

Remark 0.2. (i) In the additive case (0(u) = 1), we do not need to work in L?(2; C7C3)
with the BDG inequality and the truncation method. Instead, we can directly prove path-wise
local well-posedness.

(ii) We imposed the condition s > 0 s.t. w is a function (in x). In the additive case,
the solution theory can be built for higher dimensions (d = 2,3) even when u(t) is only a
distribution (in xz). In this case, we need to introduce a renormalization to give a proper
meaning to the non-linearity N(u). See my course note from Spring 2021.




(1]

(7]
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Recall the stochastic non-linear heat equation with multiplicative space-time white noise:

0w — Au = N(u) + o(u)é

u‘t:() = Uo,

(SNLH) {

where £ is space-time white noise, i.e. ® = Id.
Duhamel formulation (or mild formulation) is given by:

t t
u(t) = P(t)uo + / P(t — )N (u)(t")dt' + / Pt —to(u)(t')dW (t'),
0 0
where P(t) = et®. We define ¥[u](t) as the stochastic convolution:

:/0 Pt —t)o(u)(t)dw (t).

2) General case o(u) = u”.

Correction: In this case, we can Not close the argument in CrC;, simply using the BDG
inequality. We instead work in C7W," for some s > 0, 2 < r < oo.

By BDG inequality, we need to study

HP(t —t') o My(uyw)

1
2 3
Lr ’

. Also, note the solution

A(L2We) (E/ M ng P(t—1) OMa<u><tf)(€k>’

for{gx}

where E/ is the expectation with respect to {gi}, and e = e?™®

on Q and {gx} on Q' are independent.

| P(t —1') o Mouy|

(L3 e) NH | Z 9k(V) P( = ¥') © My (en)

Lz

L ()
IS aerne-tesseol, |
HHng t_t) U(u)(t/)(ek)‘ L),
1
N

In the above, we first replace the second moment by the rth moment (since it’s Gaussian,
every moments are equivalent) and then, after switching the order, we replace the rth moment
by the second moment.

1
In general, ”(I)H'y(LQ;LT) ~ H (Zk |<I>(ek)|2) ? |

Lr-
1



2

We have

[(Siwrpe—r e’

Ly
— PN
=ﬂ]2ﬂ§jettmﬁ ) o) ()0 = Kea()| )’
neza Ly
Mlnkowskl —
(=t Inl2 _
s |l o) #)n = Ken(@)[, |
nezad k
Hausdorff-Youn, , —
< g\kﬁ4W“mfwm&wnfmé, S
n 2
Minkowski , —
< eI ) o (u) () (n — k) :
k ller!

=lle(@) ()2

Now, we estimate He_(t_t/)|"‘2<n)5} 4> Dy using the bound

/ / ].
o1 (t=t)n|? < min ( e 1)a, for any a > 0.

(t—t)|n
We have

i\‘ -

He—(t—t’)\nl2 (n)®

= ( Z e-r'(t_t')|n\2<n>sr/>

nezd
1
7

g(g;At—ﬂwzwhﬂW>T

1 2 d
< ————+, provided that 2a — s’ >d < s < —a — —
(t—t)" v
Under s < %a — %, we then have
Q/pr—t )| oy 4
1 2
S ot x|o(w)2, ) 0<EST
0 (t—t)+" ’
<1iff 2a<r’
2
< o2, -
If we put all conditions together, we get
2 d
s < 5o — = d 1
{ n T :>0<s<1——((:>0<s<fwhena—1), 1<r' <2
20 < 1 r! T

which shows d = 1.

(0.1)



With o(u) = u”, we have

lo(@)llerzz = llullf, 20
< 5 s>0if r> 2y
~ HUHCTW?T * otherwise, by Sobolev (d =1), s> % - % (< %)

Note: The BDG inequality with the computations above shows

E (1% ()lfyer] S E[Iu@)Z ]

for any fixed 0 < ¢ < T. But, we need to insert sup under the expectation on LHS (see
0<t<T
pages below).

As for the non-linear part, we have

H /Ot P(t —t)N(u)(t')dt

CTW;’T

t
< ‘/ | P(t = )N (u)(t) st,r at’ (by Minkowski’s integral inequality)
0 o
Sehand t s
T [ D N @)y a
0 x

Cr

Considering N (u) = u*, we have

s>0,ifr>k
N@ )|y < uly e S lullggmer forq " 27 7
NGO, < Wt S Wil for 42257 2
Also, note that 5 + %(1 — %) < 1since 0 < s < % < 1. Thus, we have
t
0 k
‘ / Pt — )N (u) (1)) dt! < Tl e
0 CTWZS’T

With a truncation, we can perform a contraction argument in L? ,(Q; C7W3'") to construct
ug (p > 1, see (0.3)) by choosing

3) r>k or s> %
Then, we have LWP of (SNLH) in W, (T).

Back to E[ sup ||¥[u](t)|[}ys.], set T =1. We repeat the argument in lecture 3.
0<t<T

Let = 3, 1=0,1,2,...,2% and write
o

Clu)(t) =y (C[u)(ty,) — C[u](ty,_, k1)) (0.2)
k=1

for some I = I;,(¢) € {0,1,...,2%}.

Note: In (0.2) we used continuity (in t) of ¥[u] (which we want to show). Strictly speaking,
we perform the following argument to IIyu in place of u and take N — oo (IIy = smooth
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frequency projection onto frequencies {||n|| < N}).

We then have

sup [[Wlu)(®)lw;r < Y max |(Wlul() = Pty )|

0<t<1 1 <1, <2k wer
where [t k — tl;_l,k—ly < 27, Thus,
sup ||Ulul(t -
| sop 19Ol e

o0

< Z H\I/[U] (i) — q’[u](tl;wl,k—l)) [
k=1 ( wy W )
° k

S) 2r lul(ty, ) — U]ty ‘

S Z v Max, [u](ty, k) [ul(ty | k1) oW

B
Il

1

Claim 0.1.
su Wlul(ta) — Ulu](t ey < (ta — )0 ||lo(u
0§t1<ggTH [u](t2) = Ylul(t)l| oy S (B2 — 1) [lo( )HL,,(Q;CTL%)
for some 0 > 0 independent of p.

By assuming Claim, we have

k6
272 HU(U)”LP(Q;C([O,l];Lg))

S
Lr(Q) k=1

sup | Wlu] (@) [wer
0<t<1

<1
by choosing p>1

Proof of Claim. For 0 < t1 <ty <T, we have

Wl (ts) — Ulul(t1) = / * Plty — o (w) ()W (t)

+ /Otl [Pty — t') — P(t; — t')] o(u)(t')dW (t)
=: I(tl, tg) + II(tl, tg).

By BDG inequality and repeating the computations on previous pages

t2 1 2
[T N
ty (tg — t/) P

~(t2—t1)?
for some small 6 > 0.
As for II, first note that
[ ([Pl = #) = Plix = )] §) ()] = om0 1] =m0 F )

MVT e
< (to — 1) |n[Pem = £,

~

(0.3)

(0.4)



Using (0.4), we repeat similar previous computation

H (e—m—t')\nﬁ _ e—(tl—t’>|n\2> (n)®

i
1 1
< (s - t1)9<n§d T <n>2a_sw_2e>
§(t2—t1)9(tl_1t/):,, if 2a —sr' —20>d (A)
Also note
/tllmdt’gl, it 2% <1 (B)
0 (tp—t)+ r

By choosing 6 > 0 sufficiently small, the conditions (A) and (B) are satisfied in view of the
conditions (0.1). O

Remark 0.2. In the argument LWP of (SNLH), we put o(u)(t') in L2 when this term has
more reqularity. Thus, we can improve the argument a bit but it seems that we can not close

the argument in CpC3 via the BDG inequality used in the additive case (since we would get

two contradictory conditions s > % -1 % —cand s < % —¢e. (This € comes from the

T oer>1
embedding W5Te" < C%)).

1
In the following, we directly show ¥[u] in CrC3° for some s > 0, where v € L? CrHZ |

p> 1.
In view of Kolmogorov’s continuity criterion, it suffices to show

IE[ |Wlu](ty, z1) — \I/[u](tg,:m)\p] Sty ) — (t2,$2)‘1+6 for some 6 >0 and p>1
We have

Wu(ty, x1) — Clu)(ta, x2) = (V[u](tr, 21) — ¥[ul(t2, 21))
+ (\Ii[u](tg,xl) — \I’[u](tg,xg)).

For the first term on the right-hand side, we can use the ideas from the proof of Claim . So
we focus only on

]E“\I'[u](t,azl) — \I'[u](t,azg)\p}.
We have
Ulu)(t, z1) — Wu](t, z2)

= Z Z /0 e—(t—t’)\n\ZU(/u)(\t,)(n B k)dﬁk(t/) (en(JUl) B en(x2))

n€Zd kezd

= Z /0 Z e*(tft’)\n\Qg(/u)(\t/)(n — k) (en(ajl) — en($2))dﬁk(t/),

kezd nczd
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By the BDG inequality for scalar martingales, we have

E[[9[u)(t, 1) — Plu](t, z2)[" ]

( 5 /Ot’ S e O G E) (k) (en(ar) — en(xg))fdt/>5]_

kezd nezd
By mean value theorem, we have |e,(21) — en(22)] < [n|°|z1 — 22|°, for any 0 < § < 1. Thus,

SE

5 /Ot ‘ 5 e G (1) () (0 — k) (e (1) — en(w2)) lzdt'

kezd nezd

t
S fo = aaf® [ bl
0

where a,, = ¢ O | b, = o (u)(#)(n), and we have a, S (t — )20 (1) 203"

Yozng 2% t 1 dat' 1 2 TN 2 1
- ———th——— t L st
S e — g /0 (t— )20 (n)20=3 || g1+ Ha(u)( )(n)Hﬁl (3H1=13+52)
<1 s1
for 9<% by choosing 6:%—, 6>0 small
Holder 9% 9
S o — ag HU(U)HCTHg, a=0+4.

Lastly, by the fractional Leibniz rule with o(u) = u”

lo@llepmg S 17, o
Sobolev 1 1 1
~
S HUHCTH; ) s> %+§75(< 5)

0+

Hence, we proved
é
E[[u](t,21) = C[u](t,22)[" | < |21 — 22| P E[ [l &, 5 ]
< lor — 2o E[ Hqu;H;], by choosing p > 1.

As for the non-linear part,

‘/ P(t —t)N(u)(t)dt / [Pt =" )N ()t 000 dt’
0 0

S
Cre;0 T

schauder t _1_so
S [e-oita| NI,
0 O N ——r
~ <l
1 1 1
< T N|ulk, 4 > — —(<2).
STl 522 (< D)
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1. BACK TO SNLS WITH MULTIPLICATIVE NOISE

Recall that the Stochastic Non-linear Schrodinger equation with multiplicative noise:

ulmo = uo € HA(RY) (SNLS)

In analysing (SNLS) we will require the following ”stochastic” Strichartz estimate ([1] and
[2]):

Proposition 1.1 (Stochastic Strichartz Estimates). Let F : Ry — HS(L? H®), T an accessible
stopping time (i.e. it is covered by by a sequence of predictable times), and (q,r) an admissible
pair in the sense that: % + % = % and (q,r,d) # (2,00,2). Then the stochastic integral,

{ 10w — Vu = N(u) + o(u) D

Tom () = [ Lo (@)S(t = )P @)W (Y)

admits the following bound, except for r =00 = d = 1:

T 2
ATl —

Remark 1.2. The above result is only for finite times.

<C(p,q,r,T)

”Hlﬁxr)f’Hngv:W(Rd) o) =

Lr(Q)

Remark 1.3. Compare with the usual deterministic Strichartz estimate on the non-
homogeneous part is given:

/¢5@_ywvaw
0

SN L s gy g
LIWST (RxRY) Ly we™ (RxR)
where (q,7), (4,7) are admissible and by the primes we mean the Hélder conjugates.

Proof. Let 0 <t <T
T
o F(0) = [ 1) ()Go ()W ()

= ( / o (t’)GﬂdW(tv) (t

where Gy : [0,T] > t +— 1y 7 (t)S(t — t')F(t') with ¢’ € [0,T]. Notice that the second step is
nothing but repurposing the integral as a function of ¢, with which we write:

T
Lo Fl aer = H/ Lioo (') GudW (1) (1.1)
Mo Fll 1.y - Lom e,

Assume now that ¢ < co and r < co. This we want to do because the space LI W;" for
2 < ¢,r < oo is M-type 2 and hence with the BDG inequality and (1.1):

BDG 1/2
<

. (1.2)

T
</0 1[077—] (t/)HGt’”/?/(L2:L%W;,T)dt/>

100 Pl g e

Lr(Q)
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To bound the above quantity then we first establish the following bound

T
q
q
HGt"L,(LZ;LqujvT) ~ E/O ’ ;gnGt’ (en)(t)ng”dt

T q
_ E/ Zgn (t—t)o F(t) (en)®)||
t/ W;»"‘
T q
= ]E/ Z gnF(t")(en) dt
t/ W;J‘

<E [HS(t)( ][ 7p— ]
E [Hzgnnt')(en)u;,s]
~ Hzgn HL2 (QuH*)

NP oy = IF ) s

where {e,,} is an orthonormal basis of L?(R¢). The initial steps are just from the norm on
our space and the definition of Gy, the bound (¢) is from the usual strichartz estimate, and
the last two equalities are again just by definition. The required bound is then achieved by
putting the above bound into (1.2).

Consider now the case ¢ = oo for which we know that r = 2. The quantity of interest then
is:

NS

t
I T Fllpeops = su 1 T ’ N\ Fxt! ’
170, Fll e 2] o S /0 OISt Faw @) e
BDG 1/2
([ ISCOFO Bisnmndt) i)

The first equality is gotten by recalling the definition of I}y -)F(t), the fact S(t —t') =
S(t)oS(—t') and the unitarity of S(t) in H. Notice that the BDG is now applied on H*® space
and not spacetime as we did in the previous case. Recall then that ||S(—t')F(t')|/3g (L2H) =

[S(t")F(t')(en) 2 gs and hence it too we are able to drop. The result follows. O

Remark 1.4. The first paper that handles the (SNLS) in a modern way is [3], and then in
[4] they handle the H' subcritical case. To handle the stochastic convolution they used first
the BDG inequality and then the dispersive estimate (which is an ingredient to the strichartz

estimate that we have used).

1

d_d HfHL%
2 r

1S fllzy <
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2. STOCHASTIC CONVOLUTION

As is usual, we have to handle the stochastic convolution first:

Wlu)(t) = /0 St — Yo (u) (1) BAW (1) (2.1)

where o(u) ~u?, v > 1.
As we are interested in studying the (SNLS) in L? setting we assume that:

® € HS(L?; L*) N (L* L™)

and then to bound (2.1), in light of Proposition 1.1 (with F(¢') chosen to be o(u)(t')®), we
only need the bound:

lo ()@l 2 ms(r2:02) = H(Z Ha(u)(t)q)(en)H%%)I/Q

Ly
< lo(@)llpz L2 [|Plly L2 Lo0)
where for the inequality we use Holder’s inequality on the normed quantity in the summand,

independence of o (u)(t) from n, and then just the definition of v(L?; L°°). By our assumption
on @, the second term in the last inequality is finite. Also:

?
lo(u)llzzrz = lu'lliz 2 = HUHZszng S lullze p,
The inequality marked by (?) is what we would like to see for some admissible pair (g, r).

By applying Holder’s in time we can take g > 2v but in this setup (with L* used in the
previous step) the only viable choice is r = 2v. For admissibility we require that:

d 2 d 1

—=—-+4+-<—(d+2

2 q * r 7( +2)
but the upper bound on in terms of the v and d comes from our choice of ¢ and r. Hence the
condition to be satisfied for all our requirements to be met is given by v <1+ %.

Remark 2.1. For the non-linear part N'(u) = |u|*"'u, we need the L*-(sub)criticality:
Scrit = 0 in order to study SNLS with ug € L%. This condition translates to k <1 + %.

Now equipped with Proposition 1.1, we get for any admissible pair (g, 7) with 7 < co:

19 1@,

iy < [R5z, o

(2.2)

S L% P

where r =2v, 1 <~y <1+ % and (g, r) admissible.

Remark 2.2. Notice that while we require ¥ < oo, ¢ can be very well be infinite, and in this
case we would have 7 = 2. In particular the argument works with ¢ = q and 7 = r.

Now by a truncation argument we can prove the local well-posedness of the (SNLS) in
L(Rd) when 1 <~ <1+ % and 1 < k <1+ %. One has to be careful that now we are working
in the intersection of two spaces and hence the truncation will depend on the two respective
norms. The cutoff we will use now has the following form:
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R

and (2.1) is handled via Proposition 1.1. Everything else should carry over from the additive
case.

lulleqo.gizzay + vl ooy
(W) (1) :77( C(0.4]:L22) La((0.4 Lz>>

Example 1. Toke d = 1, k = 3, v = 2, that is the 1-d cubic (SNLS). This implies that
(q,7) = (8,4), which is the same pair as the additive case in Lecture 4.

Remark 2.3. When v < 1+ 2, we can relaz the condition ® € v(L* L>®). In (2), if we
check the L2.L%-norm (with o > 2):

lo(u)llz2 Lo = HUHZszng
forr = avy and q > 2. Then, we put ® in 7(L2;L%) instead of y(L?; L™=). Notice that
11 -2
2=t %
Now for r and q as before and admissible, we get:
d_2,d 1, d 1 _ v, 7 1
2 g r— vy r a r 2 «
L1111 oy 1 12
32 a~2 27472 a7
and hence it is enough to assume ® € y(L%; L), with § > 1+§—7 V2.
d
3. BLOWUP ALTERNATIVE
If the maximal time of existence (which is random) Tinax = Tmax(w) < 0o, then:
l. CHs T - 31
i (l[ulleogms) + Nl pao.g;Lry) = o0 (3.1)
In some cases we are able to reduce this to:
1. s Jr) — 32
i lulloqo,;ms) + [l a0y = o0 (3:2)

Of course (3.2) is not automatic and requires a proof.

Example 2. Letd =1, k = 3, v = 1. The solution is then constructed in CpL% N L5 L3.
Indeed by using Strichartz, followed by Holder’s inequality, one has:

t
/ S(t —t')|ul?u(t))dt!
0 8. 14

SR

1/2 2
< T2 ull e 2 ullZs 10
From the Duhamel formulation then we have the following:

lullps ra < Clluollr2 + CTI/QH“HL?L%HUH%STL;IC + 1 Wlulll s 4

o 2
< (o (1 + HU||L°T°L§> + [[Wlu]l[gs s + ClT”“HiE%TLg

where ¢ is from Cauchy’s inequality (ab < % + %) We assume that the [ul[ o2 is finite.
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Fixing a stopping time 7 < Tjhax = Tmax(w), we get:

2
lullpsrs < Co (1+ [lullpeorz)” + 1W[ulll s £a + CalTllullzs 1o (3-3)

for any interval I C [0, 7).
Through a continuity argument with |I| > 1 (which we spell out in Subsection 3.1) we
have:

2
lullgsza < 2Co (L + [lullpeer2)” + 2019wl s =: K (w) (3.4)

3.1. Continuity Argument. Suppose that a continuous function X (t) satisfies: X (t) <
A+ BeX*(t) for any t € [to,t1] and X (tg) < A. Then a ¢ < 0 can be chosen such that the
initial condition is not violated and X (t) < 2A for any t € [to, t1].

— Y=x
— Y= AtBzat

D< £<<1

—> X

R\
\_.__.T twn it /¢5i0ms

‘.'Uk‘Q-\f_ X< A’? 3 ¢ 11".[

N

FiGure 1. Continuity Argument

Essentially the argument is that in the above plot there are two disjoint regions depicted in
red where the line is dominated by the degree 4 polynomial. The additional condition assures
us that it actually must be in the left region and not the other unbounded region. Due to
continuity we know that it cannot ’jump’ and hence it must stay there.

Instead of making this more rigorous we prefer to get the same conclusion from a bootstrap
argument:

Proposition 3.1. For a continuous function X (t) if the following is true:

X(t) < A
X(t) < A+ BeX(t)

then for a sufficiently small choice of € and for all t € I = [ty,t1], one has:
X(t) <24
vt el

Proof. The proof is inductive in nature. We begin with X (tp) < A and use the continuity
of X to conclude that X (t) < 104, for all t € [to,to + d1]. Putting this into the second
part of the hypothesis and then choosing ¢ sufficiently small (say € ~ A™3) yields: X (t) <
A+ Be(10A4)* < 2A, for all t € [tg,to + 01], and so in particular X (tg + 1) < 2A4.

Again by continuity we are able to push a bit forward, in the sense that X (¢) < 104, for
all t € [to, 61,10 + 01 + d2], which as before implies that X (t) < A + Be(104)* < 2A, for all
t € [to+01,to+ 01+ 02). We repeat this algorithm until the whole of the interval is covered. O
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FIGURE 2. Bootstrapping the bound

With this proposition in hand, if one chooses |I| ~ K(w)~3 (which comes from how we
chose ¢ in the proof), then (3.3) implies (3.4).

Fix now some T, > 1. By writing [0, T A 7] = UI;, where |I;| = I (except for the last
interval), and 7 is any reasonable stopping time like say Tihax — 6 for § small, we have:

1/8

8
lull s o, mnrlipt 2 = Z ”“HL?],Lg
J

< T}EK5/8(w)

where the first inequality is from the fact that we know each summand to be less than 2K
and the number of such summand (or intervals) is given by fraction. For the second inequality
above we have used the choice of |I].

Our goal now is to show that (3.2) holds. Assume for contradiction that it does not. Then
we have:

(3.5)

>4 max

P ( sup |Ju(t)|| 2 < oo and Tax < oo) >0
t

By chosing T, > 1 and the fact that the blow-up time is finite, we get:

P < sup |lu(t)|lr2 < oo and Tiax < oo) >0
t

>4 max

For some given R > 1, we define the stopping time:
tr = inf{to € [0,T3) : [u(to)|[[} 2 > R or to > Touax
Which gives us:

P(tr = Timax) > 0 (3.6)
::AR

by choosing R >> 1.
We also see from (3.5) and 7 = tp:

B lulfy g, | < 72 [y
tp— T
Further (3.4) can be put together with tg, do give:
K (w) <200 (1+ R + [ [ulll g 12
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And from (2.2), we have:

I0bllig sal| S 1Bl |l 22

Lr(Q) Lr(Q)
<R
One see that by use of the stopping time we have finiteness for the RHS in the last inequality,
which feeds into the penultimate inequality, which further feeds into the antepenultimate
inequality.
Putting these three together then we get:

E [||u||Z§RL%] < C(T.,R)

Finally, from (3.6), and the inequality above, we get:

E [1{1412}”“‘%}2%] < C(Ty, R)
Which implies on Apg, that:
lullge , + HUHLSTWLé <0
But Tihax < 00, which is contradictory to (3.1).
We can conlude from this discussion that for d = 1, £ = 3, r = 1, if Ti.x < o0, then

limy sy, [[u(t)]| L2 = 00
Hence, global well-posedness follows once we prove:

sup  [lu(t)[|r2 < oo
0<t<Tmax
which we will prove by applying Ito’s lemma to the mass M (u) = [ |u|?dx which is conserved
under the deterministic NLS (i.e. ® =0)):
i — Au = |ulFtu
For smooth solutions, the proof of conservation of mass is straightforward:

M (u) = 2Re/u8tudx 18P —2Rei/ \Vu|?dx + 2Rez’/\u\k+1dx =0

For (SNLS) we do not expect this to be conserved but we will hope to get some control via
Ito’s lemma.
Finally we collect some references for the (SNLS):

e GWP of the (SNLS) with multiplicative noise:

— de Bouard-Debusshe [3], [4] (y =1)

— Hormung [2] (kK <1+ %, 1 <7y <)

— mass-critical case (7 = 1). In the case of d = 1 and k = 5, we cannot conclude
that if the solution blows up then the L? norm blows up. The argument for this,
as in Fan-Xu [5] is more subtle, like as in [6]. The idea is to write the Duhamel
formula with a linear, non-linear, and stochastic convolution part. You try to
view the stochastic convolution as a perturbation and one can use the GWP of
the deterministic NLS and combine it with a perturbation argument to conclude.

e Well-posedness on II1%:
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— Need to use the Fourier restriction norm method
— Cheung-Mosincat [7]
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1. BURKHOLDER-DAVIS-GUNDY INEQUALITY

1.1. Introduction. We first define B for Banach space, K for separable (real) Hilbert space
and (9,4, P) as the probability space.

Definition 1.1 (#-isonormal process). Given a (real) separable Hilbert space H, we say
W H — L2(Q, A P;R) is a H-isonormal process if {W(h) : h € H} is a centred (jointly)
Gaussian family indexed by H, with

E[W(hl)W(hg)] = <h1, h2> Vhl,hQ eH

Remark 1.2. Uncorrelation within a jointly Gaussian family implies independence.

Example 1 (Jointly Gaussian family). We illustrate the above remark with this example.
G ~ N(0,1)

where ¢ is a symmetric Rademacher random variable, i.e. +1 with probablhty . We can
see that G and e are independent and eG ~ N(0,1) is uncorrelated with G but eG is not
independent of G.

Example 2 (Wiener integral (see Lecture 1)). Let (Y; : ¢ > 0) follow a standard real
Brownian motion in a separable Hilbert space H = L?(R,;R). {W(h) = fo (t)dYy, h € H}
is L2(R,; R)-isonormal(i.e. H-isonormal).

Definition 1.3 (K-cylindrical Wiener process). W is a K-cylindrical Wiener process if W
is L?(Ry; K)-isonormal. Then, we have Wy(h) = W(Ijp ® h) is a centred Gaussian with
variance (i.e. second moment) ||Ijp 4 ® h)||? = t||h||%. And,

E[Wt(hl)Ws(hQ)] = (H[O,t] ® hi, H[O,t} & h2>L2(R+;K) = (S AN t)<h1, h2>K Vt,s € RyVhy, ho € K.
That is, {W;(h) : t > 0} is a multiple of Brownian motion [1, 2].

Remark 1.4. If either (s,t]U(s',t'] = ¢ or (h1, h2)i, = 0, we have W (I, y®h1) is independent
Of W(H(s’,t’] & hQ)

Definition 1.5 (y-Radonifying operators).
(i)

N
K@B={Y hj®b;:hjcKbjcB N ecN}
=1
N

finite-rank
operator
from K to B

where (h®b)(¢) = (h,p)kb € B,in whichh € K,b€ Band p € K
(ii) v(K, B), the space of y-Radonifying operators from K to B, is the completion of
K ® B under the norm

N
1" @ bl 3y = (E HZG ball?])*,
n=1

D=
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where G is K-isonormal or equivalently, by assuming {h,})_; is an orthonormal

system in K,

(NI

LS — (013l )

with (gn)n iid real N(0,1). We say T' € L(K, B) is y-Radonifying if ||T'|| (K, B) is
finite.

Remark 1.6. When B is a Hilbert space, v(K,B) = HS(K,B), i.e. the space of
Hilbert—Schmidt operators from K to B.

Definition 1.7. For p € (0,2], a Banach space B is of type p if Iu € (0,00) s.t.

N N
B[ Y enbnll5] <> [[ball5 (1.1)
n=1 n=1

for any finite sequence (by,) in B, where (€,)y, is iid symmetric Rademacher random variables,
i.e. £1 with probability % In the case of cotype p for p € [2,00] [10],

N N
E[|| Zﬁnang] > ﬂz anHg'
n=1 n=1

Remark 1.8. We consider other cases of p.
(i) For p > 2, we can take by = --- =by # 0 in 1.1.

N N
N3 = (E]| Z en|2})g <E|| Z en|’] (by Jensen’s inequality)
n=1 n=1

< uN

However, this fails for N >> 1 due to contradiction.
(ii) Every Banach space is of type 1.
(iii) Type p implies Type ¢ for ¢ < p. Indeed,

N L N
(I enbnllB))® <E[IY enbulls]
n=1 n—]lv
(1Y ball)
n=1

N 1
U1 ballh)s,
n=1

since [|(an)||zy < [|(an)llyg for p = g.

hSA

(by Jensen’s inequality)

S =
S =

<u (Type p)

S =

< p

Remark 1.9. We have further remarks.
(i) Banach space of type p and cotype ¢ measures "how far” it is from being Hilbert

space.
(ii) Von Neumann stated that parallelogram law only holds on Hilbert spaces

lz +yll5 + llz —yllE = 2l=([5 + 2yl Vr,yeB
< B is a Hilbert space
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(iii) '72 Kwapién proved that B cotype 2 and type 2 B is isometrically a Hilbert space [4].
(iv) K & B implies true Radon probability on B (see Lecture 4) [5, 6].

1.2. K-cylindrical Wiener process. Now we fix W to be a K-cylindrical Wiener process.
Definition 1.10. We say ¢ : Ry — K ® B is (deterministic) simple if

¢ = linear combination of I,y ® (h @ b).
Define

o
/ ¢ dW := linear combination of W (I, g ® h)b,
0

where W(]I(sﬂ ® h) is real Gaussian random variable. This is a Banach space B-valued
Gaussian random variable [7, 8].

Lemma 1.11. (i) (B type 2 and ¢ (deterministic) simple) Then,

E[ /O b W3] < /0 16112 .3t (1.2)

Remark 1.12. After obtaining 1.2, one can extend fooogb dW  for deterministic ¢ €
L?(Ry;v(K, B)) by a standard density argument and 1.2 is still valid for such general inte-
grand.

Proof. Without loss of generality, consider

N k
6= T, 10> hj®bjn,
n=1 j=1

where (h;) is orthonormal in K, bj, € B, 0 =tg, < t; <--- <ty < 0o. By definition,

/¢dW ZZW (tn1.0a] © 1) Ui
n=ty= \/tn:;nflgjn

where (gj,n)j,n~
iid N(0,1)

N k
— Z Z n 1g]nbjn
n=1 :

Note that the variance (¢, — tn_l)thH%( = t, —tp—1 and gj, is independent of g,/ ,,» for
(4,n) # (3, n).

Therefore, LHS of 1.2=E[|| SN Z?Zl Vi = th—1gjn€nbjn||%], where (e,) is iid symmetric
Rademacher independent of (g;n);jn. Adding (e,) does not change the law of random object
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inside || - ||%. Hence, first integrate out the randomness of (e,) and use type 2 definition,
N k
El| Z Z Vin — tnflgjnenbjnHB S Z [l Z Vin = tn-19jn JnHB]
n=1 j=1 n=1
N
=D (ta —to1) [”ZgjnbjnHQB]
n=1 j=1

N

k
—Z(t —tn-1 th ®anH (K,B)
n=1 j=1

=/O 1601 sy
O

Definition 1.13. For p € [1,2], we say B has martingale type p [denote MT, for short]. If
Jp, € (0,00) s.t.

N N
B> dullB] < mp > E[lldnll]
n=1 n=1

for any finite sequence {d,}N_, of martingale difference, i.e. B[dy|dy,... ,dy1] =0 ¥n>1,
in LP(w, A, P; B).
Remark 1.14. Digression to martingale [9].

(i) Fin(B) = {random variable on 2 that take only finitely many values}
(i) We say f: Q — B is (Bochner) measurable if 3f,, € Fin(B) s.t.

frn(w) m_o>o flw) Ywew

for f € Fin(B), |fllrn) = (Jq ||f(w)]|§)% is well-defined. When p = oo, it is
essential supremum norm. LP(; B) refers to completion of Fin(B) under L?(Q2; B)-
norm

(iii) For X € LY(Q, A,P;R) and G C A o-algebra, E9[X] is the conditional expectation of
X given G defines a norm-1 operator on LP(Q2, A, P;R) and positive E9[X] > 0 for
x >0 a.s.. Then [see section 1.2 in Pisier 2016 book [10]], (EY @ I5)(X ® b) = E9[X]b
extends to a bounded linear operator on LP(2, A, P; B) where X € LP(Q, A, P;R) and
be B.

(iv) Useful property: For p € [1, o],

E9[XY] = YEY[X] (1.3)

for any X € LP(Q, A,P;B),Y € LP(Q, A,P;R), G C A.

1.3. Filtration F generated by the K-cylindrical Wiener process W. F = {F; : t > 0}
where F; = o-algebra generated by {W(ljg g ® h) : s <t,h € k}. Clearly 4 C Fy  Vt <t

Definition 1.15. We say (a random time) T : Q — [0, 00| is a F-stopping time if
{r<t}={weQ:1(w) <t}eF, Vi>0.

We call T predictable if 3 1, F-stopping times s.t. T, < Th41 <7 Vn and 7, T 7 as n T co.
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Definition 1.16. We say ¢ : Ry x Q — K ® B is a F-adapted and simple process if ¢(s) is
Fs-measurable Vs € Ry and ¢(w) is a simple function.

& ¢ = linear combination of I(5 x4 @ (h ® b)
where s <t, h € K, b € B, and the event A € Fs. Define
/ ¢ dW = linear combination of 1a W (I, ® h)b,
0
where 1a and W (I, 4 ® h) are independent because A € Fs is independent over disjoint
interval.

Lemma 1.17 (B has MT, and ¢ is simple F-adapted.). Then
Bl [0 Wi - B] SE [ 110001 E e nd (14)

Proof. Consider ¢ = 25:1 Lty 1) Z%:l If,, ® Z?:l hj @ bjmn where 0 =tg < --- <ty <
00, h; orthonormal in K and b, € B.

For each n € {1,..., N}, the events {Fy,,}M_, are mutually disjoint and in F;, , (1.5)

/ ¢ dW = Z Z Z}IFM Lty 1 00] © Tj)bjmn

nlmljl

— Z Z ZHan (tnfl - % ]mn —

n=1m=1 j=1

||M2

with d,, = (tp-1 — tn)% Zr]yzl Z?:l 17, 9jnbjmn is Fi,-measurable, in which Ig,, is F;, -
measurable and g;,, is independent of F;,

Remark 1.18. dy,...,d, adapted to F3,,...,F;
has E[d,|Ft,] = Elgjn|Fi,] = 0.

Therefore,

is a martingale difference. Using 1.3, one

n

N
LHS of L4=E[| Y d.J|3]

N
S [lldal 3]
n=1
N
- Z(t” 1= ta)E[] Z 7, Zgﬂl Jmn”B (by M1T5)

3
Il
_

Il
M-
(= it

E ]Ian H Zg]n ]mnHB (by 1.5)

I
WE

E[lF,,,] HZh @ bjmnl 2 (1) = RHS of 1.4
7=1

3
ﬂ.
3
l.



LECTURE 10 BURKHOLDER-DAVIS-GUNDY INEQUALITY 7

REFERENCES

[1] J.F. Le Gall, Brownian motion, martingales, and stochastic calculus, Vol. 274. Berlin: Springer, 2016.

[2] D. Revuz, and M. Yor, Continuous Martingales and Brownian Motion, edited by la Harpe, P. de, Springer
Berlin / Heidelberg, 2004.

[3] G. Pisier, Martingales in Banach spaces, Vol. 155. Cambridge University Press, 2016.

[4] S. Kwapieni, Isomorphic characterizations of inner product spaces by orthogonal series with vector valued
coefficients, Studia mathematica 44.6 (1972): 583-595.

[6] L. Schwartz, Le théoréme de dualité pour les applications radonifiantes, Séminaire d’Analyse fonctionnelle
(dit” Maurey-Schwartz”) (1970): 1-13.

[6] L. Gross, Abstract wiener spaces, CORNELL UNIVERSITY ITHACA United States, 1967.

[7] H.H. Kuo, Gaussian measures in Banach spaces., Gaussian Measures in Banach Spaces (1975): 1-109.

[8] V.I. Bogachev, Gaussian measures, No. 62. American Mathematical Soc., 1998.

[9] D. Williams. Probability with martingales, Cambridge university press, 1991.

[10] G. Pisier. Martingales in Banach spaces, Vol. 155. Cambridge University Press, 2016.



LECTURE 11 (05/04/22) - BDG INEQUALITY IN MARTINGALE TYPE
2 SPACE

MARTIN ULMER

CONTENTS

1. Lecture 11 - BDG inequality in martingale type 2 space
1.1. Dool’s maximal inequality

1.2.  BDG inequality in martingale type 2

References

S ™ = =

1. LECTURE 11 - BDG INEQUALITY IN MARTINGALE TYPE 2 SPACE

1.1. Dool’s maximal inequality. We continue with the notation from Lecture 10, and we
recall Lemma ?? (Lemma 2 from Lecture 10). Therefore, let K be a separable (real) Hilbert
space and B a Banach space. Let W be a K—Cylindrical Wiener process that gives rise to
a filtration F = {Fy;¢t > 0} with the ”usual conditions”, i.e. Fy = Fyq := NesoFrpe and Fo
contains all P null sets. Furthermore, recall that if ¢ : Ry x Q@ - K ® B is F-adapted and
simple, we can write

p— 1. . b‘ ]I h b '
¢ 8<t,A}1’é]-CS7OhI£K7beB (S,t]><A®( ® b)

For such ¢ we also have
/ ¢dW := lin. Comb. IsW ([, ® h)b.
0

Lemma ?? (Lemma 2 from Lecture 10) now states that if B has martingale type 2 and ¢ is
simple F-adapted, then

B[ [~ saw (3] SE [T ol 11)

This lemma can be improved to the following Theorem (1.2). Before being able to state
the theorem we need the next definition.

Definition 1.1. We say {¢(s,w)}ser, weq is a progressively measurable process, if for all
T € (0,00)
(s,w) € [0,T] x Q+— ¢(s,w) € v(K, B) is B([0,T]) ® Fr measurable.
Theorem 1.2. [Doob’s mazimal inequality in the MT, setting/
(1) For a simple and F-adapted ¢ it holds:
t o]
2
E|sup H/O oW ] < E/O 1612 ¢ - (1.2)

>0
1
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(2) For a progressively measurable process with E [ ||¢H,2y(K’B)dt < 00 we also have that
inequality (1.2) holds, and hence

t
M, :z/ Lo g¢dW € L*(2; C(Ry; B)).
0

Remark 1.3. o Simple, F-adapted processes are progressively measurable. To see this,
note that they generate the so-called predictable o-algebra that is equivalent to the
one generated by all adapted and left-continuous processes (more information in
[4]). Since left-continuous processes are a dense subset of the set of progressivly-
measurable processes, simple, F-adapted processes are also a sense subset. To be
precise here, we have that simple, F-adapted processes are dense in L?(prog) =
{progressively measurable process with E [;° H¢H3(K73)dt < oo}

e The first part of Theorem 1.2 can be considered as an improvement of Lemma (77)
(Lemma 2 from Lecture 10) to the inequality (1.2), while the second part is an extension
of this inequality to the wider class of progressively measurable processes.

o Later we will use this theorem to prove Theorem (1.5). In fact, this theorem is already
the BDG inequality in Theorem (1.5) for the special case p = 2.

Proof. First we proof (i). From the proof of Lemma (??) (Lemma 2 from Lecture 10) we get

that we can write
oo N
/ GAW = dy,
0 n=1

where d1, ..., dy is a martingale difference with respect to the filtration generated by themselves,
i.e. E[dg;0{dy,...,dr_1}] = 0. Then, by definition of fooo odW for simple, adapted processes,
we can see that

o0 [e%e] Ny
/0 GdW = /0 o ()6(5)dW (5) znzldn,

where IV} is some integer that is nondecreasing in t. Hence, if we can show that there exists a
constant C independent of N such that for each N > 1

n N
E sup || de||23 < CZEH|dk||2B] (1.3)
nsNo T k=1

holds, we can conclude

t N
E[su / dWQ}:IE[Su d 2}
opll f, oW ls) =E{supll > dills
— N 2
= ngnooE[:g]gH deHB}
= k=1
N

< 2
S ngnoo;lawdkus]

B[ [ 101 ucn ]
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To show (1.3) we notice first that

X = 11> dills in > 1)
=1

is a real-valued sub-martingale. To see this we can calculate
n+1
E [Xn+1|d17 ey dn] = E[” Z dk‘HB|d17 ey dn]
i=1

n+1

> HE[de|d1,...,dn]
=1

The inequality we used here is from page 8 of [1]. Then, we can apply Theorem 26.3 from [2],
Doob’s L2-inequality, and we get

=X,

)

< (7o) B P,

which implies using the martingale type 2 property

n N N
B sup | Y dil3] < 4B[I1 dullB] < D ElldlB).
n<N- k=1 k=1 k=1

Let us now proof (ii). We are using a "localization” or ”truncation” approach to
use the density of simple, adapted processes. Let ¢ be progressively measurable with
I |]¢(t)\|3(K7B)dt < oo almost surely.

2
E[glgaﬁf{ X,

(1) Define the stopping time

t
r =it {1>0: /O (14 100012 e )t > n} < oo.

Due to our assumption we have that 7,, T co almost surely for n — oco.
(2) Define

T )
/ pdW = / Ljo 7, pdW on {T < 1,}.
0 0

First note that I -, is adapted. Thus, Ijo ;¢ is progressively measurable and hence
the stochastic integral is welldefined. Since 7,, T 0o almost surely, the probability of
the event {T' < 7,,} is going to 1 for n — oo. Thus, this definition is almost surely
well-defined.

(3) We set M; := fot ¢dW . Then we have

tATh [e%¢]
M, = / pdW = / Ljo,inr,)PdW € LQ(Q; B).
0 0

Moreover, for each n (M7, : t > 0) is a martingale with respect to the filtration
(Finr, : t > 0). Since 7, is a stopping time also ¢t A 7, is a stopping time and for a
stopping time 7 we have that F, = {A : AN{r <t} € F,Vt > 0} is a o-algebra
which contains all information up to the random stopping time 7. Since 7, T oo the
theorem follows.

g

The next lemma can be found as Lemma 3.6 in [3]
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Lemma 1.4. Let 7 be a F-stopping time, ¢ progressively measurable in v(K, B), such that

B [ 1606) sy s] < o

M, = /Ot¢(5)dW

defines a martingale and the definition

Then fort >0

tAT
Minr :/ H[O,T]¢dW
0
is well-defined almost surely.
1.2. BDG inequality in martingale type 2.

Theorem 1.5 (BDG in MT5 setting). Let 0 < p < co. Let B be a separable Banach space of
martingale type 2. There exists C = C), p < 0o such that for any F—adapted stopping time T
and for every in v(K, B) progressively measurable process F' we have

p
E sup \/ t') ;< CpBE /HF M2 (1,54 /)
0<t<r

Here W is a K—cylindrical Wiener process.

b
2

Proof. We begin the proof by defining certain notations. We define for r > 0

7“)—H/ F(t"dw ('
0

M*(r) = sup M(s).

s<r

1
)= [ [ 1O R myie]

The goal is to show a ”good A inequality” and we need the variables 5 > 1,6 > 0,A > 0,t >0
which will be chosen later. We can then define

71 =inf{r >0: M(r) > pA},
=inf{r >0: M(r) > A},

o=inf{r >0: N(r) > oA},

pn =inf{r >0: M(r) > n}.

B

and its running maximum

Furthermore, set

From these definitions we can clearly see that 71 < 75 and that M*(tAp,) < n. Furthermore
we define the two sets

Ay ={t>0: M*(t A pp) > X and N(t) < 6N},
tATINONPn tATONON\pPn

AQ:{tEO:H/ FdW—/ FdWH zA(B—l)}.
0 0 B

For t € A; we can observe from the definitions that » < 7y <t A p, <t < ¢ which implies
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tATINONp, =11
tATONOT N pp =T

and hence

tATINONPn tATONTN\pPn
H / FdW — / FdWH
0

—H/ FdW — /FdWH

>MT1) M(

As a consequence we have Ay C As.
Next, we use the fact 7o < 71 and the application of part (i) in Theorem (1.2) to calculate

tATINOApPn tAT2ONON\pPn 2
E[H/ FdW—/ FdWH }
0 0 B

' 2
=E |:H / H(Tz/\a/\pn,ﬁ/\g/\pn]FdWH :|
0 B

t
5 E[A H(TQ/\O‘/\pn,Tl/\O’/\pn}(8)‘|F(S)H’2\/(K7B)ds:| .

The integrand is nonzero only when 75 < o A p, AT1 A pp, which means in particular 79 < tA py,.
But for all these ¢ we then have M*(¢t A p,) > X and we can add an indicator function to get

t
B[ [ TenonmmnanmiOIF G s

tAo
S E|:/0 HF(S)H’%(K,B)dS]IM*(t/\pn)Z)\]
< N(o)*P(M*(t A pn) > )
S EENP(M*(t A pn) > ).

Therefore, by Chebyshev’s inequality

CHENP(M*(t A pp) > N) < CP(M*(t A pn) > N)
A2(B—1)? - (B—1)? ’

P(A;) <P(Ap) <

and

P(M*(t A pp) = BA) SP(M*(t A pp) = BA, N (1) < 0A) +P(N(t) > 6A)

P(N(t)6~1 > \) +P(A;)
C6?

(B—1)?

IN

<P(N(#) ' > N) + P(M*(t A pn) > ).
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Recall the layer cake representation for nonnegative random variables. For Z > 0 and p > 0
we can write

E[Z7] :E[/OZpApldA] :E[/()OO]I[O,Z}(/\)p)\pld)\} :E[/OOO P(Z > NpAP~tdn].

Applying this representation we obtain

E[M*(t A paB~)7] = E[/OOO P(M*(t A pp > ﬁk)p/\”_ld/\}

< —1 —1 > * —1
gﬂz[/o P(N ()6~ > A)pAP dA} /0 PM*(t A pn) > A)pAP dA}
. ) . [eS) . )
= PE[/O P(N(t) > \)pAP d)\} /0 PM*(t A pn) > A)pAP™ d)\]

-p P Co? * p

Since also from the layer cake representation we have the equality IE[(M (A pnﬁ_l)p] =
BPE[(M*(t A pn)?] we have together

E[M*(t A pn)?] = BP6PE[(N(1))?] + (gé_f;
C8%pr.

Now we can choose § and § such that Bz < 2, so that we can hide the second summand

E[M*(t A pn)P].

on the left side. In total we get
E[M*(t A pn)P] SE[(N ()]

where the implicit constant is independent of n. Since p,, T oo asn 1 oo and M*(tAp,) < M*(t)
we have M*(t A pp) T M*(t). By the monotone convergence theorem we obtain

E[M*(1)] < E[(N(1))).
Plugging in the definitions for M* and N yields in

OgT/FdW "] < Cos[( [ 1P B

what we wanted to show.

ya
2

)
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In Lecture 9 Page 11 (in the slides), we studied the following 1D cubic SNLS:

{ i0u — Au = |ul?u + ud¢

t,z) € Ry x R, 0.1
U/’t:o = ug c LQ(R) ( fL') + ( )

where ¢ is a space-time white noise on R x R and ® € y(L2; L) (see Lecture 4 Page 15
for the definition of v-radonifying operators and see Lecture 9 Page 12 for a discussion on
relaxing the condition ® € v(L2; L)).

To prove local well-posedness of (0.1), we used the following truncation function:

2y 4 .
() (6) = n(HUHC([o,t],Lg) RHUHLS([o,t],Lg)) 02)

where 7 is a smooth and nonnegative cutoff function on Ry such that n =1 on [0, 1] and
n =0 on [2,00). Here, (8,4) is a Schrodinger admissible pair (see Lecture 3 Page 2). From
Lecture 9 Page 13 - 21, we constructed a local-in-time solution of (0.1) in CpL2 N L3.L3.

Let Tiax be defined as the maximal time of existence of solutions to (0.1). Note that if
Thax < 00, we have

li t = .
Jimfu(t)1 = o0

The main goal in this lecture is to show

sup [u()] 2 < +oo, (0.3)
0<t<Tmax

which implies global well-posedness of (0.1).

1. THE ITO FORMULA
In order to prove (0.3), we use the Ito formula [2, 3]. Consider a d-dimensional Ito process
X, =(xY,..., x\7) e RY with
x = x{ +/ v ds +/ ZWdBY, j=1,....d. (1.1)
0 0

Here, YU) and Z7 are adapted processes, and (Bt(l), cey Bt(d))tzo is a d-dimensional Brownian
motion. The Ito formula says that, for G € C?(R%), we have

t 1 d ¢ A ‘
G(X;) — G(Xo) = /0 (VG(X,) dXo)za + 5 > /0 9 G(X)d(XD XDy, (1.2)

ij=1
Note that (1.1) can be written as
dXV) =y Wds 4+ z0)aBY), (1.3)
1
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and also we have

- 0 i#]
d(XW x0)y, = A 1.4
< ) 1Z92ds i =j. (14)
Thus, by plugging in (1.3) and (1.4), we note that (1.2) becomes
d .t
G(X;) — G(Xo) Z/ 9;G(Xs)(YWds + 29V dBY Z/ 9;;G(X,)| 29 ds
0

/Ot(<vc< BRANNE Z«%G 1Z9)ds (15)

+Z/ 0;G(X,) 29 dBY).

Note that on the right-hand side of (1.5), the first integral is a Lebesgue integral with random
integrand, and the second integral is an Ito integral.

Let us also mention the Stratonovich integrals [3, Page 143], which is similar and related
to the Ito integrals. For an adapted process Y and a Brownian motion B, the Stratonovich
integral of Y against B is defined as the following limit of Riemann sums:

’ : i+ Yo
[ voan= i, ST,
of [0,7]—0 1
while the Ito integral of Y against B is defined as
T
/ Y,-dBy= lim > Y (B, - By).
0

mesh size
of [0,T]—=0 @

Using the Stratonovich integrals, we have the following chain rule:

9(By) — g(Bo) = /0 J(B.) o dB,.

Also, (1.5) can be rewritten as
G(X,) ~ G(Xo) = / (VG(X, Rdmz / 0,G(Xy) 0 dUD),

where (Ut(j))tzo is an Ito process given by Ut(j) = fo Zéj)ng ),

2. Back To 1D CuBic SNLS

2.1. The Stratonovich-1D Cubic SNLS and the Ito-1D Cubic SNLS. Let us consider
the following 1D cubic Stratonovich SNLS:

{i@tu = Au+ |ul>u + u o ¢

uli—o = ug € L*(R). (2.1)

Here, o denotes the Stratonovich product. Let us assume that the noise term ®¢ is real-valued.
NLS has wide applications in modeling, for example, the wave propagation in fiber optics
(medium for telecommunication and computer networking, etc). The deterministic NLS
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preserves the mass. The above SNLS (2.1) can be viewed as NLS over random medium
(corresponding to the stochastic forcing u o ). Note that when the noise is real, SNLS (2.1)
also preserves the mass M (u)(t) = |lu(t)||72, which is explained in the following (assuming
that u is smooth): :

0 M (u)(t) = B, /R w(®)a(t)de

:/Rat(u(t)u(t) dz
:2Re/Ru(t)8tu(t)dx

= 2Re/ a( — iAu — iu|*u — iu®¢)dx
R

= 2Rez’/ ((8tu)2 — |ul?u — uds)dx
R
-0,

where in the second last line we used integration by parts.
We can write the Stratonovich SNLS (2.1) in the following Ito formulation:

(2.2)

i0u = Au+ |u|?u+u- € —ijuFp
u‘t:() =1ug € L2(R),

where Fg is defined as

o0

Fa(x) =) (Pe)’(x),

k=0
and ®¢ is the destributional derivative 9;®W , where

Z Br(t)(Per)(

Here, (eg)r>0 is an orthonormal basis of L2(R;R), (Bk)k>0 is a sequence of i.i.d real Brownian
motions, and ® € v(L?(R;R); L>(R;R)). More details can be found in [1].

Note that Fg does not depend on the particular choice of the orthonormal basis. Indeed, if
(h)k>0 is another orthonormal basis, we have

i(@hk)z = i (cp imk,ej)ej)Q

k=0 k=0 j=0

S S (s ) i ) (Be;) (@)
k=0 j,=0

Il
o

(Pej)?.

tnqg

<.
I
=)

We now state a few facts.
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Fact (1). Let © be the Fourier multiplier with symbol 6 : R — [0, 1] being an even function,
that is,

Ouv(£) = 0(£)v(E)-
Then, © is a bounded linear operator from L?(R;R) to L?(R;R). Indeed, by Plancherel’s
theorem,

1©v]lz = 10€)(E)l2 < [[0(E)l12 = [lvllz2-
Also, for v € L2(R;R), since 7(—¢) = v(€) and 0(—¢) = 0(¢), we have

/ 0(£)0(€)e™de € R.

Fact (2). Let © be as in above and assume that ® € v(L*(R;R); L°(R;R)) N ~(L?; L?)
(see Lecture 9 Page 12). Then, we have
Fyo(z) =Y (®Oe;)’(z) € L™(R).
k=0
By definition and letting {gx }x>0 be a sequence of i.i.d real-valued standard Gaussian random
variables, we have

o0

Feo(z) = (9Oe;)*()

k=0

)

so that for 2 < g < 0o, we use Minkowski’s 1nequahty and Holder’s inequality to obtain

00 2
[ FoollLar) < E[ ngq)@ek ]
k=0 L24(R)
2 2 1)

< 20121 1) 1201352102 -

By letting ¢ — oo, we get
[ Foollze®) < 12Oy (L2;0) S 1Py (22;)s

where the last inequality follows from the L2-boundedness of © in Fact (1) and the ideal
property in Lecture 8 Page 7.

Let us also mention the following Ito-1D cubic SNLS as in previous lectures.

i0pu = Au + |ul?u + u - ®E (2.3)
uli—o0 = up € L2(R). '

One can compare (2.3) with the Stratonovich SNLS (2.2).

2.2. Global well-posedness of the 1D Cubic SNLS with real-valued noise. In this
subsection, we prove global well-posedness of the Ito-1D cubic SNLS (2.3) with real-valued
noise. Note that our steps below can also be applied to show global well-posedness of the
Stratonovich-1D cubic SNLS (2.1).
As in Lecture 7 Page 1, we let u = ur be the solution to the truncated version of (2.3):
t

w(t) = S(tyup — i /0 S(t — O mr(u)(@) (Julu) ()t — i /0 St — ¢ )np(u) (¢ )u(t ) BAW ()
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for t € [0,tR] for some stopping time tg. See also Lecture 6 Page 6.

In order to apply the Ito formula, we need some further regularization. Recall that 7 is a
smooth and nonnegative cutoff function on Ry such that =1 on [0, 1] and n =0 on [2, c0).
We define the following Fourier multipliers:

—

Orv(€) = n('i')a(g), keN={1,2,...},
Se00(€) = 65@u(e) = n( ) age).

Let uw = upm,n with m = (m1,m2) € N x N be the solution to the following regularized
equation (in Duhamel formulation):

l0) = S 000 =1 [ St = () ()0 (OO, ) V)
(2.4)
~i / Sons (= ) ()t ) 8O, AW (1),
0
where Wy is the noise term with finitely many components {fo, ..., Sn}. Here, the stochastic

integral is understood as
N ot
=03 [ St = () () (@Omaer) @)Y,
k=00
which is an Ito integral since, due to chvzo(<1>®m2 ex)? € L and Fubini’s theorem,

i:o /R /0 t ]Sml(t = t/)UR(U)(t/)U(t/)(q’@erk)(:B)‘Zdt'dx <1

Note that, with du(t) denoted as the Ito differential for u = ug m v, (2.4) can be written as
du(t) = —iOm, Au — ing(u)Om, (!@m2u|2@m2u) — inr(w)uPO,,, dWi (t).

Let us recall that the mass is defined as

We apply the Ito formula for |u(t,z)|?:

u(t, )a(t, z) = Jug(z)|* + 2Re/0 u(t', x)du(t', z) + (u(x), @(z))e. (2.5)

Here, for the second term on the right-hand side of (2.5), we have

t
2Re/ u(t', x)d™u(t’, z) (2.6)
0

~ Re /0 (', x) [i@mlAu(t’,m)+inR(u)(t’)@m(\®m2u|2@m2u)(t’)]dt’ (2.7)

N ¢
FReY / (!, 2) P () () (@Ormper) (2)dBu (), (2.8)
k=0 “0



6 R. LIU

where the last term is zero when the noise is real ($O,,,ey, is real. See Fact (1) in the previous
subsection). Also, the last term on the right-hand side of (2.5) is a co-variation process given
by

(@), a2 =Y / ()2 (BOmyer) ()’ 2.9
k=0"0
N t
= (@Omyer)’(2) [ [u(t',x)Pdt (2.10)
k=0 0

Therefore, in the real-valued noise setting, we have

t N )
M(u)(t) = M(ug) + PO, er)” () |u(t, z)2dzdt’
i /0 /ngo( g (2.11)

t
+2Re / / ult' ) [ Bl ) + i) () Oy (€1 PO yut) ()] it
0 JR

Note that
/ A(E, 2)Om, Ault!, 2)d = / O, (IE2IA(Y, €)PdE € R
R R

and

ne(w)(t) |

A, 2)Ormy (Ot *Ormy) (') = () (1) / 1Oy ul*da € R,
R R

so that the last term on the right-hand side of (2.11) vanishes. Here, we remark that the
second term on the right-hand side of (2.11) would be canceled in the Stratonovich-SNLS
(see [1]). As a result, we obtain

¢, N
M (u)(t) = M (uo) +/0 /RZ (@@m2ek)2(:c)]u(t',a:)|2d:cdt’
k=0

< M(ug) + C/Ot M (u)(t)dt',

where the constant C' does not depend on R, my, ms, or N. By Gronwall’s inequality (which
is valid because of the cutoff nr(u) defined in (0.2)), we get

M (u)(t) < M (ug)e®t.
Finally, we send m; — 400, then mo — 400, N — 400, and send R — 400, we achieve our

goal for establishing the bound (0.3).

2.3. Global well-posedness of the 1D Cubic SNLS with non-conservative noise. In
this subsection, we prove global well-posedness of the Ito-1D cubic SNLS (2.3) when the noise
is not real-valued.
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By (2.5), (2.8), and (2.10), we have

N ¢
M(u)(t):M(uo)—i—ReiZ /R /O (!, 2) P () () (@Omer) (2)dB(F)dz (2.12)

/ /RZ @@mzek z)|u(t, z)Pdzdt’ (2.13)

k=0
— M(ug) + At / / Z BOmyer)(@)|ult!, z) Pdde’. (2.14)
R k=0
Recall that we have
N
Z @@erk (x) <1
k= L

Fix any ¢ € [2,00). Note that (a + b+ ¢)? < a? + b7 + 7 for all a,b,c € Ry. Thus, we
obtain from (2.14) and Jensen’s inequality that that

M) (07 S M) +AOF + (¢ [ JuntOpr@ar )

¢
< M(uo)? + [AO -+ 07 [ a(y(¢)M (D)t
0
For any finite time T > 0, by the Burkholder-Davis-Gundy inequality, Minkowski’s inequality,

the fact that the L° norm of Zévzo((D@erk)Q(x) is bounded by 1, and Jensen’s inequality,
we have
|

q/Q]

N

t
B[ swp AOF] <B| s> [ o)) [ @)@, o) Pasds

0<t<T t<T 1

<, E ‘/ i (t’)i(/R(<I>9m26k)(:v)|u(t’,1:)|2dm>2dt’

k=0
/0 nr(w) /2]

T
AanMMw%U

2

)| @Omyen(a ||€2|ut )2 H dt’

q/Q}

1E{4Tngmwakuuwavﬁj.

Thus, for M;" = supg<,<; M (u)(r), we deduce that

A
&=

IN
&=

w\»a

<T

T a T
E[|M7|"] S IM(uo)Iq+Tq_1/ nR(U)q(t)EUMt*Iq]dt+T2_1/ nr(u)!(0)E[| M7 |7) dt
0 0

where ngr(u) ensures the finiteness of integrals. Thus, by Gronwall’s inequality, we obtain

E[|Mj]7] < C1M (ug)? exp (Co(T97 + T571)),
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where C1 and Cs are constants that do not depend on R, mj, mo, or N. Finally, by sending
mi — 400, mo — +00, N — oo, and R — oo, we achieve our goal for establishing the bound
(0.3).
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LECTURE 13

ABDULWAHAB MOHAMED

So far, we studied SPDEs with multiplicative noises in the It6 sense (i.e. we interpreted
the stochastic convolution in L?(£2)), also known as random field theory. We now turn our
attention to the pathwise well-posedness theory. First thing we stumble upon, however, is the
following issue:

Issue. Consider the following differential equation
dY; = YidBy,

where B = (Bt);e[o,1) is @ Brownian motion. A first guess could be

t
Y; :/ B;dB;.
0

We can interpret the right hand side as a Wiener-It6 integral.
Even worse, one has the following result by Lyons in [2]:

Theorem 0.1 (Non-existence of path integral). There is no separable Banach space X C
C([0,1]) such that

(i) Be X, as.,
(ii) The map

(f.9) /0 F(0)drg(t) dt,

defined for smooth functions (f,g) € C*°([0,1]) x C*°([0,1]) extends continuously to a
map: X x X — C([0,1]).

This theorem tells us that we can not construct fg B, dB;, pathwise, i.e. we have to rely
on probabilistic methods to construct the integral in L?(Q2). The theory of rough paths is
a framework for which integration with respect to Brownian motion can be made sense of
pathwise.

Main idea: augment the data B = (B¢).e[o,1] by

B(s,t) =: /t(Br — Bs)dB,,

where the right-hand side is defined by the left-hand side. In other words, we are prescribing
what integration of the Brownian motion with respect to itself should be. This is the main
idea of rough paths theory developed by Lyons in [1]. For more about the theory look at the

lecture notes from Spring 2020.
1
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1. PATHWISE INTEGRATION

We consider the map

(f.9) > I(f.9) /f g (1)
Ccx 08 = O,

(1.1)

where C¢ is the well-known a-Holder space. Obviously, the expression given for I seems
to require g to be differentiable. However, there are ways to interpret the integral through
different point of views without requiring differentiability of g.

1.1. Differential calculus point of view. We can say that I(f, g) is the unique solution to

tI(f7g):fatg7 I(f,g)(()):

Note that for functions g € C? that are not classically differentiable we have that d;g is a
distribution and the differential equation above is understood in distributional sense. We do
not focus on this point of view in the sequel.

1.2. First increment point of view. The first increment point of view is decreeing I =
I(f,g) to satisfy

1)~ I(s) = [(s)(g(t) — g(s) +ollt—sl), 0<s<t<1, "
( ) =0,
uniformly over all 0 < s < ¢ < 1, where o(-) is the little-o notation as |t — s| — 0.
Remark 1.1. (i) Note that (1.2) is clearly satisfied if g € C1([0,1]) and f € C([0,1]),

and in such case

- / ' F(5),(s) ds,
0

1s well-defined and satisfies by the fundamental theorem of calculus

I(t) = I(s) — f(t)(9(t) — g(s)) = / (f(r) = £(s))0rg(r) dr.

By assumption f is continuous on the compact interval [0,1] and is therefore uniformly
continuous, in particular the function admits a modulus of continuity w : [0,00) —
[0,00) such that

[f(r) = f&) <w(lr—s]), rsel0,1].

The modulus of continuity w is increasing and is continuous at 0 and w(0) = 0. In
particular

[ 0o - spangar

< [ 151 = songtrlar
< 0rgl / w(lr — s|) dr

S
< (|0 gllLeew (|t = st — 5],
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which shows that
t
/ (F(r) — £(5))Drg(r) dr = o[t — s,

yielding (1.2).
(ii) Furthermore, (1.2) determines I. Suppose that J also satisfies (1.2). Set D =1 —J
and note that
D(t) = D(s) = o(|t = s),
and this shows that

D(t)— D
2026 _
t—s
from which follows
lim M —0.
s—t t—s

Hence D'(t) =0 for all t € [0,1] and D(0) = 0 which implies D = 0.
This shows that I is the only function whose increment matches the “germ’
f(s)(g(t) — g(s)) modulo a negligible error.

7

1.3. Several notations and the Sewing Lemma. Let V be a vector space, e.g. V =R.
For n > 1 and s < t define

Ap(s,t) :={(s1,,8n) ER" : <51 <+ <5, <t}

Furthermore, set C1(V) := C([0,1],V) and for n > 2, define C,,(V) C C(A,, V) as the space
of all functions f : A,, — V such that f(s1,...,$,) = 0 whenever s; = --- = s,. An element in
Cpn (V) is n-cochain. We also define the coboundary operator § : Cp,(V) — Cpy1(V) for any
f e Cu(V) by

n+1

SF(81, s Spy1) == Z(—l)"‘kf(sl, ey Sh—1 Skl oo Srig1)-
k=1

We may use the notation d,, to specify the dependence on n in C, (V).

Example 1. For f € C7 we have
6f(s,t) = f(t) = f(s).
For f € Cy we have
(Sf(S,’u,,t) = f(S,t) - f(uvt) - f(S,U)-
There are several facts that we state without proof:

e We have
dod =0,

in particular Imd,,_1 C Ker §,.
e We get the following cochain complex:

O—>R—>Cli>c2£>cgi> (13)

This complex is ezact, i.e. Imd, 1 = Kerd, and the cohomology H"™ =
Kerd,/Imd,—1 = {0}. Hence if f = 0, then f = dg for some g.
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These newly introduced notation will be used in our context as follows. Let A(s,t) =
f(8)dg(s,t) = f(s)(g(t) — g(s)) and note that (1.2) is equivalent to

A =0I+R,
for some R such that R(s,t) = o(|t — s|). Taking § on both sides yields
JA =R,

since § 0 I = 0. The so-called sewing map allows us to recover R from 6A € Cj.
Before formulating the main result, let us define a topology on C,,. We say f € C%([s,t]) if

f(s1,.y8n
| fllca ((s) = sup EGEEEL a)| < o0
(81,--s8n)EAR(s,t) |5n - 81|

See the paper by Gubinelli and Tindel [3] for a variant norm and more on the cochains.
We set

C;f* = U ch.

B>a

Remark 1.2. We have §C1 N C’21+ = {0} which follows from the fact that any function
satisfying |f(x) — f(y)| < |z — y|® for a > 1 is constant. Indeed any f € §Cy is of the form
f=0g and f € 021+ implies

l9(t) — g(s)| = 10g(s, )| = [f (s, )| < |t — 8]
for some a > 1. In particular g is constant and therefore f = 0. This shows the claim.
Theorem 1.3 (Sewing Lemma). There exists a unique map A : C§+ NoCy; — 021+ such that
OA = Ideynsc,,
and for any closed interval I C Ry and a > 1, there exists a constant C = C(«) such that
[ARllogry < Cllbllcery,  for all h € C§ N 6C,. (1.4)
Proof. See the course notes from Spring 2020 or [3]. The proof can also be found in [4]. O

The way we apply the Sewing Lemma is along the following lines. Recall that A =61 + R
which gave us 64 = dR. Assuming A € C§+ N 0Cs, we have §A6A = § A which gives

d(R—A)=48§R—-AN0A) =0.
Therefore by the fact the cochain in (1.3) is exact we get
R—ASA=4f,

for some f € Cy. Note that Ry = o(|t — s|) and AJA € C}" which gives that 6f = o(|t — s|)
yielding § f = 0. Hence
R = AJA.
We conclude that
0l =A—R=(Id—AJd)A.
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1.4. Young integral. Let f € C% and g € C? with a + 3 > 1. With the first increment
point of view, it is natural to write

15060 = [0 dgta / () dg(u) — R(s. 1) = F(s)5g(s. 1) ~ R(s.1).
where R(s,t) = o(|t — s|). We set A(s,t) = f(s)dg(s,t) to obtain I = A — R. Now note that
0A(s,u,t) = A(s,t) — A(u,t) — A(s,u)
= f(s)dg(s,t) — f(u)dg(u,t) — f(s)dg(s,u)
= f(s)(8g(s,t) = dg(s,u)) — f(u)dg(u,t).
We have
d9(s,t) — dg(s,u) = g(t) — g(s) — (g9(u) — g(s)) = g(t) — g(u) = dg(u,1),
so that
5‘4(37 u7t) - f(s)dg(u,t) - f(u)ég(u,t) = (f(s) - f(u))5g(u,t) = _5f<3’ u)dg(uat)'
By assumption f € C® and g € C? which gives
6A(s, u, t)] = 16 (s, w)dg(u, t)| < |u— st —u|” < [t —s|*F7,

yielding A € CY 5. Since o + B > 1 we get by the Sewing Lemma given in 1.3 (and in
particular the discussion after the statement), that

SI(f,g) = (Id—AS8)A = (Id —A8)(f5g).

Note that for any partition P = {0 =ty < t; < to < .... < t, = t}, we can write through
telescoping

1(f,9)(t) = I(f,9)(t) = I1(f,9)(0)

I f7 t27t1+1)

(ti+1) — g(ti)) + AS(fog)(ti, tiv1))

> 6I(
2 Ut

I
[

FE)(g(ti1) — g(ti) + D> AS(f69)(ti, tiga)-
P

Note that since the partition P is arbitrary, we get an equality when we take the mesh size
|P| — 0, in other words we get

I(f, = lim Zf (tiv1) —g(t:) + ZA5(f59)(tiati+l)-
P

IPI —0

We note that the map A maps continuously into C5 *# Which yields that
D IAS(f8g) (tistisa)] S D [tirn — 6| SIPIFITENY Dt — til,

P P P

=t

where we have used the fact that o + 8 > 1 in the last inequality. We obtain
li AS(fog)(ti tiv1) =0,
|P1|rgOZP: (f69) (¢ ti)
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and consequently

I(f,9)(t) = lim Zf (tit1) — g(t:))- (1.5)

IPI
1.5. Young differential equations. Now consider an equation of the form
dY; =Y dXy, Yo=Y, (1.6)

with some a > 1/2, X € C and y € R (for the initial condition). An example that falls into
this category is when X is a fractional Brownian motion with Hurst parameter H > 1/2.
Now assuming Y € C'* satisfies the DE, we get

t
Y=Y, +/ Y, dv, (1.7)
Tt t
—n+/ Yrqu-i-/ 5V, dX, (1.8)
r L
=:Rir

In here and in the sequel, we use the notation A;. = A(r,t) for any A € Cy, and also if f € C1,
we may write fi, to mean 0 f;r = df(r,t). We have
t
<
Y6 X 47
Taking ¢ of both sides together with the fact that 0 = 0 (the left hand side is basically §1),
yields

t
/YudX :/ Y, d X, +Ry,.

5Rt1t2t3 = _5(Y6X)t1t2t3 = 5Xt1t26n2t3 = O(‘tl - t3’2a)'

Note that 2 > 1 by the assumption that a > 1/2, so we can apply the Sewing Lemma and
get that
R=—-Aj(YX).

Hence .
/ Yo dX, = (Id —AS)(Y6X),

Recalling (1.7) our Young diffe;ential equation (1.6) is boils down to solving the following
fixed point problem:

Y; =Y, = (Id =A8) (Y6 X) s =: (6TY ). (1.9)
In the above we have set

(TY)(t) := (Id —Ad)(Y0X ) + Yo.
Recall on the space of Holder functions C'* the norm can be given by
1Z]|ce := |Zo| + | Z] e,

where

Note that we can write

|OTY )ir| < IY[[Loo [ X[l b =r[* +[AS(YOX)ir| < (Y [| oo || X | alt=r*+[|6(YOX) || g [t—7[*-
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We note that for any ¢t <T', we have
12 < |10l + 12 — Zo| < |Zo] + | Z]ca T,
This yields
1Z|se < 20| +T%|Z|ce. (1.10)
We have

(1.4)
[0Y6X)lleg S T[A(Y0X)[oze S T6Y X[z S TY [loe || X |-

~

Therefore
TY|ce S Yz X oo + TV [|ca || X[ ce
In particular
LY [ce < (Yol + TV [[ce) | X[l ¢
Therefore, since (I'Y)(0) = Yy we get
ITY floe < co(1 + Vo[ X|[oa + CT[[Y ¢ [ X|ce,
for some constants ¢, C' > 1 only depending on a. We can take R := co(1 + |Yp])|| X||ce and
define
Br:={Y eC® : |Y|ce <R, Y|i=o = Yo}
Now take T < 1 small enough so that CT®||Y||ce < R for all Y € Bg. This establishes
'Y : BR — BR. ~ ~
We still need to estimate the difference of I'Y and I'Y for Y, Y € Bg to complete the fixed
point argument through Banach’s fixed point theorem. We have by a similar argument
ITY =TY|ca SNY = Y[ X oo + T ||cal| Xl
We have Y = f/o so that
IY =Yl <TY = Yo,
which gives
ITY =TYca < i)Y = Yl|ca|| X ||ce-
By taking 7" small enough to ensure CT%(| X||ce < 3, we get

- 1 -
Y — TV flow < S IY = Vlloe,

This shows existence of a unique solution in Br. One can show that this solution is the unique
local solution in C“ through the standard argument.

1.6. Towards rough paths. After the theory for Young differential equations for C'* with
a > 1/2, we may ask:

Question: What about Brownian motion?
The theory in the subsection above does not cover whenever X is a Brownian motion. In
such case X € C*\ CY2, a.s. for any o < 1/2.
Let X € C%(Ry,V) for some 1/3 < a < 1/2, and X € C2%(R,,V ® V), satisfying Chen’s
relation, i.e.
thts - thtQ - Xt2t3 == 6Xt1t2 ® 5Xt2t3. (1.11)

We call (X, X) a rough path.
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1.7. Controlled rough paths. Controlled rough path is a path Y taking values that somehow
locally behaves like X. This notion was introduced by Gubinelli in [4]. Let W be some
Banach space and denote by £(V, W) the space of linear bounded operators from V to W.
The precise definition of controlled rough path can be stated as follows:

Definition 1.4 (Controlled rough path). A path Y € C([0,T]; W) is controlled rough path if
6Yy = Y! Xy + R}, (1.12)

with Y' € C([0,T); L(V,W)) and RY € C3*(V). We call Y' the Gubinelli derivative and we
use the notation (Y,Y') € Dg(o‘ for a controlled rough path.

Example 2. Let V =R" and W = R"™. An example of controlled rough path is Y = F(X)
for some function F : R™ — R™. In this case Y' = DF(X) which can verified by Taylor’s
theorem.

From now on V =W = R. We let Y be a controlled rough path. Note that for the case
V =W =R, we have L(V,W) ~ R and consequently Y’ : [0,7] — R. Consider

t
Itrz/ Y, dX,.

By (1.12), we formally have
t t
I = [ VidX,+ [ ovipax,

t
=Y, 60Xy + / Y, Xy + R} dX,

t t
= Y,0X;, +Y;/ Xur qu+/ RY dX,.
T T

undefined undefined

The last two terms are not well-defined, but we impose that

t
/ XurdX, = Xtm
which leads us to the definition of the integral through the following. We define I by 1(0) =0
and
Ly = Y6 X4 + Y X4 + 0|t — 7]). (1.13)
As in (1.2) on page 2, it turns out that (1.13) characterizes I;, through the Sewing Lemma.

Remark 1.5. When Y and X are smooth then f: Y, dX, satisfies (1.13) with Xy =
f: XurdX,, which for smooth X is well-defined.

We have
ItT = 5Xt7“Yr + Xtr}/r/ + Ktr
and note that
K iytots = —0(6X 1Y + Xer Yy ) t1tots
= 5Xt1t25}/152t3 - 6(Xt1”}/r/)t1t2t3
=:1-—1II.
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In here §(X4 Y, )1y, means 0 applied to (r,t) — XY, and evaluated at (¢1,t2,t3). For I we
write

1.12
12 5X,,0,0 X001, Y, + 06X, R, | (1.14)
eCcze
For II we write
II= thtsy;tlg, - thtzyzg - thtsiftlg
= (thts - thts)Y;f/g - Xhtz}/t/g'
We now use Chen’s relations (1.11) to write
thtg - Xt2t3 - Xt1t2 + 6Xt1t25Xt2t37
which yields
IT = —X,4,0Y],, +5Xt1t25Xt2t3Yt’3. (1.15)
~—_———
€C3e

Note that the last term in the previous expression is the same term as the first term in the
expression for I in (1.14). Therefore these term cancel each other when we subtract (1.15)
from (1.14), and we will be left with

6Kpytpty =1 — 11 = 6X3,1, Yy, — X4y1,0Y7,, € C3% N Co.

Note that o > 1/3 which implies that K € C’? NdCs allowing us to apply the Sewing Lemma
1.3 yielding
K = _A6<5Xtrytr + Xtry;’/)y
and hence .
I, = / Y,dX, = [(Id —AN6)(6 X 4,4, Ve, + Xf1t2Yt/2)]tr'

This defines Iy, but for a more pleasing formula concerning Riemann-type sums, can obtained
by a similar calculations as was done to obtain (1.5) for the Young integral, namely

t
Y,dX, = li Y, Xs . 1. +Y/X, 4
/0 r r |P1|ri>IO; tiAtipat; + t; i1ty

1.8. Rough differential equations. Now we consider rough differential equations (RDE)
which are of the following type
dY; =YidXy, Y=o = Yo,
where X € C® with 1/3 < a < 1/2 is a rough path, i.e. enhanced with some X € C3°
satisfying Chen’s relation (1.11). We have that a solution Y would satisfy
t
Yt—n:/ Y, dX, = [(Id—A0)(6X - Y +X-Y')], . (1.16)
T
Note that (1.16) for a controlled path (Y,Y”) € D3¢, we have 0Y;, = Y0 Xy, + “error”, which
implies that Y/ =Y. We can endow Dgg‘ with the seminorm

1Y, Y x20 = 1Y llco + | RY [l e
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which makes Dg(o‘ a Banach space under the norm
YY) = Yol + [¥5] + 1Y, Y") [ x 20 (1.17)
We solve the RDE through a fixed point argument. To that end, we set

DY, Y')(t) = (/Ot Y, qu,Yt> + (Yo,0).

Let us also set .
7y = / Y,dX., Z| =Y.

0
In order to estimate the seminorm || - ||x 2 of I'(Y,Y’) we need to write Z; as a controlled
path

62 = Z!6 X4 + RE.
Since Z; = fg Y, dX,, we have (from (1.13) on page 8)
Z'=Y.

However, what is RZ? We have

RZ =67y, — Z15 Xy,

t

U2 %, Y, — [ASGX Y +X-Y)], .

By writing I'(Y,Y') = (T'1 (Y, Y'), T2(Y,Y”)) with I'1 (Y, Y”’) the Gubinelli derivative of I'(Y, Y”)
and I'y(Y,Y”’) the remainder. We have for the Gubinelli derivative I'; (Y, Y”)
T (YY) [oo = [ 2|
= [[Y]lca

L) o (1.19)
< Yzl X oo + TR [l cze

< (1% + T llee) | X [l + TR [l cge,
where we have used the bound (1.10). Moreover for the remainder I'y(Y,Y") we have using
(1.18) together with the Sewing Lemma (in particular (1.4)), that
IT2(Y,Y")lloge = [1R” |l ce
(1.18

2%, Y, — [ASGX Y + X)), e

1.4 (1.20)

(1.4)
< XNzl lege + Cll6Xaiea Riye, — Xeyt20Y s, |l oo
<Xl zallY loge + CT*(IX o IR | c2ay + Xl cze Yl cw),

where the constant C' is coming from (1.4) and is only depending on «. For the first term in
the previous inequality we use

Note that T'(Y,Y")|i=0 = (Yo, Yp) yields
1T YOI < 2¥o| + DY, Y]

(1.19)
IYllzge < [Yol + T Ylca < [Yo| + T([Yg| + TV loa)[[ X oo + T**||RY [|cze- (1.21)

X, 2a-
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For the second term we use (1.19), (1.20) and (1.21) to get
T Y < co(1+ Xl ga) + X llea Xl cze Yo ] +e(I X Ico, (Xl oz T (IR lloza+1Y | ce),

1
=R
for any 0 < T < 1. As already underbraced above, we set
R =2 (o1 + [Xllege) + 1 X loal|Xllegel ) -

Then by choosing T' = T'(R, || X ||ce, ||X||022a) > 0 sufficiently small, we have

1 e
P Y| < 5B+ CUIX oo, [Klege) T | (VY] x 20
—_—
<Y (1.22)
<R,

for any (Y,Y’) € Bp C D3 N {(Y,Y")|t=0 = (Yo, Yo)}. One has the B is a closed subset in
Dg(a and the intersection is to make sure the initial condition is satisfied. This all shows that
I': BR — Bgr. We need to show that I' is also a contraction.

To that end, we need to estimate the difference between two elements. Through an exact
similar approach as done above, but now done for Y — Y yields the following for the Gubinelli
derivative

IT1(Y,Y") = T1(Y,Y')|[ce = |Y = Y]|ca (1.23)
STV =Ygl X|lca + T*|RY = R | c20 (1.24)

for any (Y,Y"),(Y,Y’) € Bg, where we have to remark that Bg include the initial condition

ensuring (Y —Y)y =0.
For the remainder term we get
IT2(Y,Y") = To(Y, V)l cga < Xl cgalY = Yz + CT(IXlco [ RY = R llege + Xl oga Y = Y [lce),
(1.25)
where the constant C' is by the Sewing Lemma (1.4). We also have

- N (1.23) . ~

IY =Yg TY = Yoo < TY" = Y'ca| Xllco + T**|R” — R [|cga.  (1.26)
By gathering the inequalities (1.23), (1.25) and (1.26), we obtain

10V, Y") =TV, V)| < CIX oo [Xlleza) 1Y Y) = (V, Y]] (1.27)

We can make C(||X||ce, HXHCSQ)TO‘ < % by choosing T < 1. From (1.22) and (1.27) we
conclude that I" is a contraction on Bpg, so a (local) solution exists by Banach’s fixed point
theorem.
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1. LECTURE 14
In this lecture, we start with some general background on the Rough path theory:

e Rough path theory was originally introduced in terms of V? = functions of bounded
p-variations. Moreover, we notice the following facts regarding to the VP-space.
—C*cVYe forany 0 < a < 1.
— If a function f € V¥, then 3 reparametrization 7 such that f o7 e C1/P.

e The rough differential equation (RDE), RPDE:
Given an SDE (or SPDE) with a noise X which is rough in time (C%, o < 1/2, VP
for p > 2), we lift the noise X to a rough path (X, X) and study the original equation,
where an integral is interpreted as a rough integral.

In the dispersive PDEs, we introduce the paracontrolled distributations [3]. We consider
dY =YdX,
then the paracontrolled ansatz:
Y=YeoX+R. (1.1)

Here, X € C* for a <1/2, Y’ € C® denote as the “Gubinelli derivative”, and the remainder
term R € C?®. Moreover, the symbel @ denotes as paraproduce, we see the following for the
precise definition.

Paraproduct decomposition [1]:

Let P; be the Littlewood-Paley projection operators, and we can have the decomposition:

fg=feg+feg+fog
= > PiOPul9)+ D Pi(HPr(9)+ Y Pi(HPi(9)

j<k—2 lj—k|<2 k<j—2

e f®g = paraproduct of g by f. The function f is in the low-frequency and g is in the
high-frequency, i.e.
frequency of ¢ > frequency of f.

We notice that let f € C* and g € C*2, then f @ g is always well defined object.
Moreover, the regularity f© g ~ min{as, a; + as}.

e f©g = resonant product. It is well defined if a1 + a9 > 0. If f© g is well defined,

then the regularity feg ~ a1 + as.
1
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Let us come back to the paracontrolled ansatz (1.1):
Y=YeX+R
=:Z+R.
We have the following computation by using paraproduct decomposition.
Y =YX =Yoo X+YeidX+YooX.

Here, ay = 1/2+4 and ay = —1/2—. Therefore, YO, X ~ (1/2+) + (-1/2—) <0, Y @ 9, X ~
—1/2—,Y©0,X is NOT well defined, and Y © 9, X ~ 0—. Next, by using (1.2), we have

(1.2)

hZ =(Z+ R)20, X, (1.3)
which implies that Z ~ 1/2—, as ;X ~ —1/2—. For the remainder term,
OR=(Z+R)oX +Z00,X + Re0;X, (1.4)

where (Z + R) © 0, X ~ 0—. By ingoring the resonaut products, we would expect R ~ 1—.
This implies that R© ;X ~ (1—) 4+ (—1/2—) > 0 is well defined. Moreover, we notice that
from (1.3) and (1.4) that

Y =(Z+ R)20:X + O,R.

Now, we see from (1.4) that the issue term is Z© 9, X ~ (1/2—) + (—=1/2—) < 0. We use the
structure of Z,

Z@y_zy+A%Z+}D@&XWMﬂ

where Zj is constant. Therefore, Zy @ 0; X is well defined. Next, we consider the second term,
and we obtain

t
(/(Z+M@@X@%ﬁ)@@X:KZ+RMMXM@@X+Cmm@@X, (1.5)
0
where 0; X +Com;©0; X ~ (1/242¢)+(—1/2—¢) > 0, and which is a good and well defined.
We continuite from RHS of (1.5) such that
RHS = (Z+ R)© (X, ©0:X) + Com; © 9; X + Coms.

Here, we view § X, © 0, X as a part of given data, and Comg = [©,6](Z + R, 0X,,, 0 X).

Now, all the terms of (1.3) and (1.4) make sense. Therefore, we can solve the system for Z
and R by a standard contraction argument!. Finally, we summarise (i) paracontrolled and (ii)
controlled path.

e paracontrolled:
X 5 (0:X,6X, 020, X)X 3 (Z,R)
Y =Z+R
e controlled path:
X5 (X,X) 3 (Y, R)(or (YY)
—Y

1Stric‘cly speaking, we need to multiply by a smooth cut-off function (in time) to prove LWP.
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— Here, * is denoted as the process such that stochastic analysis to lift X to an
enhanced data set/rough path.

— The second arrow, xx is that deterministic analysis, and we notice there is NOT
probability.

1.1. Pathwise local well-posedness of SNLS with multiplicative noise on T?. We
study the Cauchy problem of the following SNLS with multiplicative noise on T¢:

{ i0u = Au+ N (u) + ud¢  on T?

u|t=0 = Uuo,

(1.6)

where u is linear in u, but it is nonlinear in noise, N'(u) = |u[P~'u for p € 2N +1, and ¢ is the
space-time white noise. The interaction representation is defined such that,
v(t) == S(—t)u(t) = e"Pult).

For simplicity, let the nonlinearity A (u) = 0, we have
t
o(t) = g — i / S(—') (S(¢')o(t')Bde())
0
t
g —i / S(—t) (S(#)o(t)dXy)
0

We set Y; = v(t) and write
t
Y=Y — Z/ S_pdXySyYy.
T

We observe that S_y and Sy make things harder in a sense that we need to lose spatial
regularity to compute C®-norms (i.e. Dein® ~ |p[2e¢itinl®),
We then split into two cases: the Young case and the Rough case.

Young case:

Let X € C#H® with a > 1/2 and ® € HS(L?; H*). Then, we have
t/

t t t
/ SftldXt/St/}/t/ = / S*t/dXt/St/}/Tf‘ - Z / S*t/dXt/St/ S*t//dXt”St”Y;f//
A T T

T

=1+1
From the RHS we have,

t
61 = —5( / st/dXt/St/n> = X}, 6V, = X'6Y,

where we defined the operator X} := f: S_pdXySy.
We now make the following claim:

Claim 1.1. If X' maps H® to H® with || X} || z(prs;psy S [t — r|* (this is denote the class by
C$L(H®; H?)), then we have
5= X'y € Cga <~ |t1 — tz‘a|t2 — t3|a,

where 2o > 1.



Next, by the sewing lemma, we obtain
t
/ S_pdXyS_yYy = (Id — A§) XY,
T

where X' is the operator.
Now, the question left is: How to verify claim 1.17
First of all, by taking the Fourier transform we obtain,

- t " 2 2 -~
Xifm = % / o=t U P1nzl) 501 agH () F(no)

n=ni+nz V"

t
= X [ fn),

n=ni+n2 "’ "

where we denote ¢(n1)dBH (') = dX, when X is a fractional brownian motion in time with a
Hurst parameter H > 1/2, which is slightly smoother in time than a brownian motion. Next,
let us assume @”(n) = ¢(n)f(n) and ® € HS(L?; H®) with s > d/2 (i.e., algebric property
hold). Then, the main tool is the random matrix/tensor extimate from Deng-Nahmod-Yue
[2] and [6]. Then, we can deduce X! € C$L(H®; H®) with a > 1/2 (o = H—). Finally, we
perform a contraction argument as in Lecture 13, and we can conclude the Young case.

Rough case:
In the rough case, we take X = ®W, where W is the L?-cylindrical Wiener process, and
® € HS(L? H*®) with s > d/2. Then, we have
t
Y=Y, — Z/ S_pdXy Sy (D™ Yy), (1.7)
T

where the operator X} = f: S_pd Xy Sy. From controlled rough path,
§Yy = XLY! + R, = —iX . D°Y, + R}... (1.8)
By using (1.8) into (1.7), we get

t t t
i [ S_odXuSuD Ve = [ S_pdXpSuD Y, —i [ S4dXy S, X}, DY, + XL R,
' T T

= X} DY, —iX2 D™*Y, + X} R,

where we remark that (X', X?) is an operator-valved rough path adapted to the Schrédinger
flow, satisfying

X7 — XP 4, — Xb, = Xt 0 Xty (1.9)
We then apply the controlled rough path, we have
XL R, = —0(X. DY) +is(X2D7*Y).
By using (1.8), the first term on the RHS:
(Xt DY tatats = X¢,4,0D " Yy
= —iX}, 0 Xp, DY, + X/ . D Ry,
By using (1.9) on the second term of RHS:

(1.10)
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. 212 72 -2 72 —2 72 —2
2(5(X _D EY) — Zthth E}/i:s - ththD E}/%z - ZXtthD E}Qg
72 —2 syl 1 —2
== _ZXt1t25D E}/tth + /LthtQ (¢] Xt2t3D 6}@3.

We observe that from (1.10) and (1.11) that X}, o X}, D™%Y}, get cancellation. Moreover,
200+ o = 3a > 1 of @ > 1/3. Therefore, we apply the sewing lemma such that

(1.11)

t
/ S_t/dXt/St/}/t/ = (Id - A(;)(le - 'LXQY)

For this computation, we need
XteCceL(H? HF),  X? € CYL(H? H%).
The computation fails when € = 0.
We, therefore, have the following theorem.

Theorem 1.2 (Oh-Zheng 22 [7]). Let e > 0, ® € (L% H®) for s > d/2. Then, the SNLS
(1.6) is LWP in H*(T9). In particular, (i) When W is Brownian in time, the LWP holds for
D~udW instead of udW; (ii) when W is fractional BM in time with Hurst index H > 1/2.
Then, the LWP holds without D™¢.

Remark 1.3. When ¢ =0, this argument fails, and we need another idea. For the heat case,
see Gubinelli-Tindel [4], and also Hairer-Pardoux [5] for the reqularity structure approach.
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