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1. NAVIER-STOKES EQUATIONS

Consider a fluid moving with velocity « and f a property of the flow. One can understand
the change in f in two ways, depending on the coordinates,

of lim f(t+ At,x) — f(t,x)

Euler coordinates: o =

t At—0 At ’
D t+ At uAt) — f(t
Lagrange coordinates: DJ = lim t+ Atz +ant) - f( ,m)'
Dt At—0 At

The first represents the usual time derivative while the second captures the change of f
with respect to the flow. It is often called material derivative, but can also be mentioned
as advective, hydrodynamic, Lagrangian or Stokes derivative.

In this course, we focus on the incompressible Navier-Stokes equations (NSE), with u =
(u1,u2,u3) : Ry x R3 — R3 the velocity field and p : Ry x R® — R the pressure, satisfying

Ou+ (u-Vju=-Vp+Au+f, t>0
divu =0 ) (1.1)
uli=0 = uo
with a forcing f.
The Navier-Stokes equations are of great interest in physics, used to describe the motion

of viscous fluids. They are also of great interest in mathematics and have been extensively
studied.
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Note that the left-hand side of the first equation in (1.1) corresponds to the material
derivative of u, as % = Oyu+ (u - V)u, while the second equation imposes the incompress-
ibility of the fluid. Moreover, the system has 4 equations and 4 unknowns, and can be

written as follows

3
8tuj+2uk6kuj:— jp+Auj—|—fj, 7=1,2,3
k=1

3
Z Opur = 0.
k=1

We start by introducing the Helmhotlz decomposition in order to simplify the equation.

Definition 1.1 (Helmhotlz decomposition). Let u € H*(R?), s > 0. Then, there eist
functions A : R - R? and ¢ : R® = R such that

u= VxA + V¢ .
— ~~

divergence free  curl free
This is called the Helmholtz decomposition of u.

Remark 1.2. (i) A similar decomposition can be defined on the torus, with the addition
of a harmonic term, the Hodge decomposition. Such term can be removed by imposing the

mean zero condition to w.
(ii) The Helmhotlz decomposition in LP(R) for p > 2 requires more care.

We want to apply the Helmholtz decomposition to the initial data wug.
Let vy divergence free and wg such that ug has the following Helmholtz decomposition

ug = vg + Vwy.
Taking divergence of ug, we obtain

—A’u}o = —diVUO — wo = —V(—A)ilv - UQ.
Therefore, we can write the divergence free part as follows

Vo = Ug — V’wo
= (Id+ V(=A)"'V-)ug

:= Iuy,

with the operator II denoted as the Leray projection. Component-wise, vg;, for j = 1,2, 3,
is defined as follows

3

vo; = Z((Sjk + Bj(—A)*lak)u%
k=1

3
=F! (Z <5J - g,é%)%k(ﬁ))-

k=1
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Remark 1.3. Recall that the Riesz transform is defined as Z‘% on the Fourier side, and can

be interpreted as the higher dimensional analogue of the Hilbert transform,

Hf(z) = p.v. / f(my_y)dy :LP(R) = LP(R), 1<p < oo,

~

F(HF)(E) = isgn(§) f(£)-

In addition,

2 —y;
R;f(x) = Wf(y)fya Rj: LP — LP, 1<p<oo,
d

2
Y Rj=-Id.
=1

We want to apply the Leray projection to the equation and study only u, not p. For
simplicity, assume that u is divergence free.
Applying the Leroy projection to (1.1) gives

du+((u-V)u) = Lu+IIf
Mu=u , (1.2)
ule=o = uo

since II(Vp) = 0 and defining L := IIA.
If w is a solution of NSE, then it satisfies the following Duhamel formulation (or mild

formulation)
u(t) = ey — /Ot e(t_t/)LH((u - V)u) (¢ dt’ + /Ot EOLILF () dt. (1.3)
Proposition 1.4 (LP-L? estimate). Let 1 < p <1 < oo, the following estimates hold
le 1,0 < 2670 1, (1.4)
1D ) e S 2605 £, (1.5)

forallt >0, a>0.

The previous estimates hold on the real line and in the periodic setting. On the real
line, we will use a scaling argument. However, we require a different approach on the torus,
namely the Poisson summation formula.

Lemma 1.5. Let f be a periodic function. Then the following holds
S fm)em = 3 fln+ ).
nezd nezd
Proof. Let
Fz)= Y flz+n) =Y F(n)e™,

nezd nezd
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where

F(n) = / F(z)e ™% dg
/ > fla+m)e ™ da

meZd

Z/ —mym)dy

mezZa

f(@)e™ dz — f(n).
Rd

Proof of Proposition 1.4. Since
(@) = [ il =) 1) dy,
where the kernel K} is given by a Gaussian, we have
1€ 1 g S IKelleg 1 £ 1l

with % +1= % + % using Young’s inequality.
Now we want to evaluate the norm of Kj.

We first show the estimate on the real line. Since
Ky(€) = e = K (t2¢),
for K := K, it follows that

hence

4
| Kl =172

G,

To show the second estimate, assume that D = /—A, otherwise the proof follows by
scaling as before. We have that

D ('™ f) = D*(Ky;  f) = (D*Ky) * f.

Similarly, on the Fourier side, we have

F{DK}(€) = || = 475 (t3[¢]) et
_/\,_/

Gy

Let G = Gy € S(RY), Gy(z) = f%G(%). Tt follows that

|DoKa|,, = 3 1Guly =3¢ Gd) (1.6)

and the result follows.

Now focus on the periodic setting. We cannot use a scaling argument, thus we must use
the Poisson summation formula (1.6).
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In this case we have e/® f = K; « f, with K;(n) = e~!I"I*. Thus, we want to estimate the

L"-norm of K;. Using the Poisson summation formula (1.6)

Z I?t (n) ein-x
n

> Ky(x+n)
n

Vel ray = '
Ly

Using Holder’s inequality, it follows that

il < | (S 007) o) Ko+ )l

S @) P Ko(@) | 1 ey
1
— (xt_%>5K< a: )
t2
for Br’ > d.

<
~ d
t2
A similar computation holds for || DYKy|| .y ().

Remark 1.6. The estimate on the torus is only valid for 0 < t < 1.

d

On the real line, for ¢t > 1, et has exponential decay, but weaker for |£| < 1. However,

on the torus we cannot expect decay without imposing the mean zero condition.

The following linear estimates follow from Proposition 1.4

Corollary 1.7. Let 1 < p < g < oo (or1l <p < q = o0). Then the following estimate

holds

Do f] o < 672605 £l

(1.7)

We now focus on the scaling invariance of the equation. Let (u,p) be a solution to (1.1)

and A > 0. Then, (u*,v") defined as follows
{u’\(t, ) = Au(\2t, \z)

)

p/\(t, 1’) = /\Qp()\Qt, )\.%')

is also a solution. Note that

A 1-2-2
[|u ||L;1L;(R+><Rd) =\ HuHLqLT'

Hence the scaling invariant indices are given by % + ; =1 for u and % + g =

For instance, for d = 3, H%(R?’) C L3(R3), where

1515 = ([ 16179 ds)

1f llwsr = 1F (€ NIz

The following quantity is conserved for (1.1)

/\u 2da:+/ /]Vu () da dt = /|u0\ dx,
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however it is too weak to control the L3(R?)-norm.

2. SMALL DATA GLOBAL WELL-POSEDNESS

In this section, we show global well-posedness of homogeneous NSE in L3(R3) and
H%(R?’). Thus, let f =0.

Theorem 2.1. (i) There exists § > 0 such that if ||uol| 3 sy < 0, then there exists a unique
solution u to (1.1) in C(]0,00); L3) N C((0,00); Wa™). Furthermore, the flow map depends
continuously on the initial data.

(ii) The same result holds in H%(R?’).

To prove local well-posedness, we want to use the mild formulation to define the solution
map

L(u)(t) = eFuy — /0 t eI ((u - V)u) () dtf

and show that it is a contraction.
Using Proposition 1.4

t
ITu@)l| s < Clluollrs +C/ (t—t')*%\l(u'V)U(t')HLgdt'
0 i
t
< Clluol|zs +C/ (t =)= )] 2 | Vut')| 2 dt
0
¢ _1, 1 1
< Clluol|zz + C/ (t —t)72(t) 2t [|ull Lo (oy;z2) sup (¢)2 | Vu(t')| s
0 t'€(0,t)
Recall the definition of the beta function
1
Blpg) = [ o1 -0 ar
0
with Re(p), Re(q) > 0. Note that
t 1 11
[e-erteria = [(a-niriir=p(55) <
0 0 2°2
It remains to estimate the W1 3-norm, using Proposition 1.4 with p = 2,¢ = 3,
t
IVTu(t) s < Ot 3|fuol| 13 +/ (b= t) 78| (u- V)u(t)| p2dt’.
0

Focusing on the second term, we have

(- V)u) e < llut)lzg Vu@)l
1
S VI lze Vu)llzs

1 3
S a7 Va7



Hence,

N[

t
t2[VTu(t) | 13 < Clluollo=(o.00):18) + CE2 / (t—t)~3 ()5 dt’ (sup Ju(t)] 13)
0 t’

NG

-(sgpa’ﬁuwa')mg) .

Let X = Cy([0,00); L3) N L@ ((0, 00); W;;’s), restricted to divergence free functions, for
simplicity. Consider the spaces defined by the following norms

HUHY = ”U‘HLOO((O,OO);Lg)a

1
lullz :== sup t2[|Vu(t) Lz

te(0,00)
One can also define the spaces restricted to the time interval [0, T], for some T > 0,
ullyg := mf {{v]ly © v €Y, vlor=u},

with infimum taken over all extensions v € Y of u. The spaces X7 and Zp are defined in
a similar manner.

2.1. Small data global well-posedness in L3(R?). We already showed
[Tully < Colluollzs + Cullully [ul 2,
ITallz S lwollog + el
Similarly,
[Tu —Tolly < llu—vllylullz + [vlv]u— o]z,
I Doz £ e~ ollé flu — ol ulz + ol ol llu — ol

Let [lugl|zs < 1, and consider a closed ball of radius 7, B, C X, for n = 10Cq||uo[zs < 1.
Then, combining the previous estimates

ITullx < 2ColluollLs + Cillullk < n,
ITu — Dol x < Colullx + [[v]x) lu = vllx < 2Can|lu —o|x,

hence we must choose 2Cson < %
Using Banach fixed point theorem, there exists u such that I'u = v in B,, C X, and small
data global well-posedness in L3(R3) follows.

Remark 2.2. Uniqueness in L3 (R3) follows from a continuity argument.
To show uniform continuity, the same estimates give |lu —v||x < |luo — vo| 13-

It remains to compute pressure p from the solution u. Note that
ou—Au+ (u-V)u—Vp=0 = Vp=0u—Au+ (u-V)u=: G(t).
Hence,
I(G(t) = Opu — Lu — I ((u- V)u)
= G(t) = curl free =V¢
= p = ¢ + const.
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2.2. Small data global well-posedness in H%(R3). Focus on the H%(R?’)-norm of the
solution map

t
_1
Il < Cllollgy +C [ 6= ) Hl(u Dyu®)] g
t
< Clluallyy +€ [ (¢ =) H (e 2 [Va®)] sz
0

t
1
< Cllualyy +C [ (6= (e 3 Va3t
Moreover,

1|Vl 2.

t _1 _1
ITut)ly < Cllwl g +C [ (=) ) a

Similarly,
_1 _1 1 3
IVTu(t) s < CT2[[[V] ™ 2uo| 1o + llullFoo s lull 2
_1 _1 1 3
S CT 2|1V 2uol| o + llull®_ flullZ,
z L,‘;"HT2

from Sobolev inequality.
~ . 1
Therefore, running a contraction mapping argument in X = CyH?2 N Z yields small data
c 1
global wll-posedness of (1.1) in H2(RR3).

3. LARGE DATA LOCAL WELL-POSEDNESS

We now focus on showing local well-posedness of NSE for large data. We start by showing
the following lemma.

Lemma 3.1. Let 1 < p < q < o0, a > 0, K compact in LP. Then, there exists F(t) :
(0,1] = Ry, such that lim F(t) =0 and

t—0t
G0 5 poet f) 1 < F (),
vt € (0,1], Vf € K.
Proof. Suppose K = {f} and let 6 := %(% — %) + §. Then,

| D% fllpa < DB (f = g)llpa + 7] DY gl 1o
SIf = gllze + 17| DY gl o,

for all g € S.
Given j > 1, there exists g; € S such that

1
DY fllpe < = + 17| D% gj| 1o

[ = DN
<

< -,

<

for all 0 <t <t;.

Hence, let F'(t) = inf (%) + 1.
J



Now, consider the general case. Given j,
Nj

J
K cC HB;J_(gk)

for some gi € S. Then,
CID% i < -+ D],
for f € B%(Gi).
It follows that
PP [0 < 55 max(t’| D" 10)
for all f € K. Then, take infimum in j to define F(t). g

3.1. Large data local well-posedness for in L3. In order to show local well-posedness
we want to run a contraction mapping argmument in X7 = Y7 N Zr on B, = {|ully, <
R, HUHZT < 77}'
We have seen that
ITullyz < Colluollzs + Crllullyvz llull 2z,

but this is not enough fo the difference estimate. Hence, consider the following modified
estimate

t
1
ITully; < Colluoll s +C/ (t—t)"allu- V()| 2 dt
0

t 1 3 1 3
< Colluollz + Cs / (t— )3 (@)t Jull2. | Vull3,
0

B(%,%)<oo
Hence,

1 3
[Tully; < Colluollzs + [lullg, [lullZ,,

1 3
ITullz, < lle™uollz + Ilull3, [lullZ,

Let u € Bry;, with R = 2Cp||uol|zs, thus
1
ICully, < SR+ CiR2n? < R.

By Lemma 3.1, there exists T = T(ug) > R such that [|e'"ugl|z, < 37, which implies
that

1 103
[Tl zy < 37+ CaRanz <,

therefore I'u € Bg,, with n =n(R) = n(|luol[zs) < 1.
Regarding the difference estimate, we have

|[Tu —Tv||x, < C(R% + 77%)77%”16 =Vl xp

1
< 5”“ - UHXT7
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by choosing 7 = n(R) < 1. Thus, using Banach fixed point argument, local well-posedness
in L3(R3) (or T3) follows.

L1 ~ L1 ~
3.2. Large data local well-posedness in H;. Similarly, let Yr = CrH; and Xp =
YrnZp.
It remains to estimate the Yp-norm,

t
_1
ICullg, < Colluol, 4 +C /0 (t—t) S lu- Vu(t)) 2dt.

The integral term is controlled as follows
t 1 3
1 1 3
/0 (=) u- Vu)|lpzdt’ < llullg, llull,

1 3
< Nl Jlull3,

using Sobolev inequality. The result follows from previous arguments.

4. NAVIER-STOKES EQUATIONS WITH FORCING

We want to extend the analysis to the non homogeneous NSE. Therefore, consider the
forced NSE equation, with deterministic or stochastic forcing,
forced NSE:  Oiu — Au+ (u-V)u—Vp=f, f deterministic, (4.1)
stochastic NSE:  dyu — Au+ (u- V)u — Vp = (,

with ¢ stochastic forcing, white in time (or kick force in time), smooth in x.
The stochastic forcing ( is defined as follows

¢ = ¢,
with & space-time white noite and ¢ a smoothing operator in x, for example Hilbert-Shmidt
from L2 to HY.
Before proceeding, we must introduce some stochastic analysis.

4.1. Basic stochastic analysis. Let W (t) = (W'(t),...,W%t)) denote a L?-cylindrical
Wiener process, with
Wj (t, .’L') _ Z Bg;ein.l"
nezd
where {5%} nezd  a family of independent complex-valued Brownian motions (BM),
je{l,....d}
B, = Re(B) +iIm(8),
with real and imaginary parts independent real-valued BMs.
Let (2, F, P) a probability space. A Brownian motion (BM) B on Ry is a stochastic
process such that
(i) B(0) =0, a.s.
(ii) B(t) — B(s) ~ N(0,t — s), t > s.
(iii) independent increment on disjoint time intervals: B(t1) — B(s1), B(t2) — B(s2) are
independent, to > s9 > t; > so.
The Brownian motion B satisfy the following properties.
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© E(|B(t) - B(s)P*) = Gy (¢ — s)*
e E(|B(t) — B(s)|P) ~p |t — s|2, with implicit constant C,, < p

g
We will need the following result.

Lemma 4.1 (Kolmogorov continuity criterion). Let {X;} a stochastic process with values
in a metric space S. Suppose there exists p > 1, > 0 such that E(d(X;, X)P) < |t — st T

for allt,s. Then,
X, X
P<supd(t’0)2)\) gg, V0<7<g,
t#s |7ff5|7 v AP p

which implies that Xy is a.s. (% — 5) -Holder continuous. In particular, a.s. continuous.

Remark 4.2. The proof follows from the Borel-Cantelli Lemma.

Since E(|B(t) — B(s)|P) < |t — s|1+(§_1) for all finite p, using Kolmogorov’s continuity
% % — % as p — 0o, which implies that BM is a.s. %—Hélder

criterion, we get 7 e =
continuous.

We want to study the regularity of Brownian motion. Therefore, we must introduce the
following notation and function spaces. Let j € Z and

Q= | w(é’) Fle)ecede,

for some nice bump function ¢ € C2°, supported on B, ], with Y ez qﬁ(;) Moreover,
let p; = Q; for j > 1 and pg = >, Q; the projection onto {[{] < 1}.
Consider the Besov spaces defined by the norm

17135, = 1203 (e s

when p = ¢ = 2 corresponds to B3, = H*®. In addition, we can introduce the homogeneous
space with the norm

||f||B;,q = 1127125 (N2l sz -

Note that for 0 < s <1, C* = BS, , and C* = C*NL>® = B,
NOW we can focus on the regulamty of Brownian motion. Locally in time BM € BOO 00 D

Wf 1< p <o, andBMeBﬁq for 1 <p<q<oo.
Regardlng the covariance, we have

E(B(t)B(s)) =tAs,
E((B(t) — B(s))B(s)) + E(B*(s)) = s, t>s.

Recall the definition of the Wiener integral

b
1(f) = / £(t) dB(1)

f € L?*([a,b]) deterministic.
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Step 1: Step function f(t) = Z;L:1 aj—11,_, ¢;1(t), with deterministic functions a;. Define
I(f) = Z?:l aj_l(B(tj) - B(tj - tj—l))- Then,

E(I(f)) =0,
E(I(N)* =33 aj1ax 1 E((B(t) — B(t; — tj-1))(B(ty) — B(te-1)))
j=1k=1
= ad (tj—tj)
j=1
= |1/ 122 (asy)-

Step 2: General f € L?([a,b]). Approximate f by step functions f, in L?([a,b]) and define
I(f) = 1i_>m I(f,). Thus, the conditions on the mean and variance apply and I : L?([a,b]) —

L?() is an isometry (onto the image).

Remark 4.3. If B is complex-valued,
E[I()P? = 201112 0,5)-
4.2. Deterministic forcing. Consider NSE with deterministic forcing f
ou—Au+ (u-V)u+Vp=f
divu =0

ult=0 = uo
The Duhamel formula gives

t ¢
u(t) = Ty pu(t) = eLug —/ e(t_t/)LH((u - V)u)(t) dt’ +/ UOLTLF () dt.
0 0

Denote the last term by F'(¢). Considering the previous analysis, it suffices to control F' in
the relevant norms. Namely,

1E vz < 1 fllzsz2,
[E g < 1111
1El 2

where the last one must be made small by choosing T' < 1.
Note that

Ly %7
L H;

D=

t
t2(|v / OLIf () at!

0

t 1
/0 (t— )3 £ () adt'

St

L3
This quantity can be controlled by the two following quantities

t
(LHS) < 13 / (t— )5ty Sdt sup | F(E)] L,
0 t'e(0,t)

(LHS) < /]l 2.

for some q > 2.
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Remark 4.4. We can take a rougher forcing, by imposing higher integrability in time, note
that

IFllve S 17l g ypaess a1

5 < .

4.3. Stochastic Navier-Stokes equations. Consider NSE with stochastic forcing

Ou — Au+ (u-V)u+ Vp = ¢¢
divu =0 ’

uli=o = U

with £ space-time white noise and ¢ a smoothing operator in x.
Applying II to the equation gives

Ou— Lu + I ((u - V)u) = IL(¢€).

Consider the mild formulation

u(t) = eug — / t eTTOLI ((u- V)u) () dt’ + H( /0 t ety dW(t’)),

0

denoting the last therm as ¥ = (¥, Wy, U3), the stochastic convolution.
In the periodic setting, we define the stochastic convolution as follows

= Y e [, ag
neZN\{0} /

where f_, = 8% and ¢_,, = ¢, for j = 1,2, 3.
For simplicity, we will drop the j in the following.

Proposition 4.5. Let ¢ € HS(L?, H%)/ Then,

U e C’tngj“*a’T(’]I‘d), a.s., r<oo
U e C,WeH=er(Td).

Proof. Let t < 7. Calculating the space-time covariance

E(U(t,2)¥(r,y))
_ E((Zeznx/ —(t—t") \n|2¢ dﬂ] )(Zezmy/ T—t’)|n|2¢m dﬂgn(t,)dt/>>
_22 in-(x—y) |¢ |2/ —(t—t")|n|? (T t|n|? dt’

2 :em z—y) "(bn’; (e(t—7')\n|2 o e—(t+T)|n\2> ]
n
n#0

Cn(t,7)<1
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Applying (V)51 (V)5
E((Va) T (t, 2) (V)T 0(r,y)) < Z ™Y ()23 |, 20 (7).

n

Settingt =7, x =y, since ¥ is a Gaussian random variable, we have that
E(|(V)" 10 (t.2)") < pEE((V) 0t 2)P) ¢
< P2 11615120000
Let r < 0o. Then, for allr < p < oo
IOl | oy < VTR 2)] L2 0]

Lr(Q Lz (T4)
S p%H¢HHS(L2;HS)-
For r = 0o, use Sobolev inequality in
IO yeeree S IEE s, 7 < 0.

Fizt >0, then

T(t) e WL g5, 1< o0

T(t) € Witl=e>® g.s..
Given h € R such that t +h > 0, 0,V (t,z) = V(t + h,z) — Y (t,z). Then,

E(5,U(t, 2)0, U (t,y)) = E(U(t + h,2)U(t + h,y)) — E(U(t+ h,2)¥(t,y))
— E(V(t,x)¥(t+h,y)) + E(¥(t2)¥(ty))

2
=> ey %'2 (Co(t + hyt + h) — Co(t + h,t)

— C(t,t+ h) + Cy(t,1)).
Note that
|Gt + hyt + ) = Co(t+ by t)| = |1 — e 2EHNIE _ o =hin 4 o= Ceth)nf?)
_ ‘(1 _ e—h|n|2) (1 + e—(2t+h)\n\2)
< [hf*nfe,

using mean value theorem, for all o € [0, 1].
It follows that

H <v>8+1_a5hqj(ta .1‘) HLp(Q) < p% H <V>8+1_a5h\p(tv l’) ”LZ(Q)
< P2 [hI2 |8l mscrme)-
Hence,

[EAT0] —

1 a
LP(Q) S p2|h|2 H(b”HS(LQ;HS)-

Using the Kolmogorov continuity criterion, we have 1 € C2 Wit ™" a.s. 1 < oo (and
r=00).
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Remark 4.6. In the periodic setting, from the previous results it follows that SNSE is
1

locally well-posed in H%(’]IB), since W € Yp = L°HZ and ¥ € Zp. Similarly, it is locally
well-posed in L3(T3), as ¥ € Yr.
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1. LECTURE 3
Notation 1.1. Define the function space
H = L*(T* R?),

which is the space of divergence free and mean 0 functions.
Define Z2 := {(n1,n2) : ny > 0 or ny = 0 and ny > 0}, note that Z2 U (-Z%) = Z? \ {0}.
Next, we define the orthonormal basis on H:

{cnanin(nac), n € Z2%
en =

canlcos(nx),n € —7Z2

where ¢, = m, n = (n1,n9) and nt = (—ng, ny).
Finally, we define the following function space:
Hy = {u e LAH', 0, € LAH '},

with the norm

[N

lullaer o= (lull 2. + 100l 2 1) 2
Notice, if we have u € Hp, then we have the mapping
t— <8tu(t),u(t))L% S L%ﬂ

Also, we have Hr C C7L2 due to the following:

T
| @)zt < 100l g Vel

which implies [u(t)|3, is (absolute) continuous, therefore the we have claim above.
1
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1.1. Compactness. All we need now is some kind of compact embedding theorem, of the
type of the Rellich Lemma but for vector valued functions.
We first see one lemma, which will used in our proof of the compactness proposition.

Lemma 1.1. Given € > 0, there exists cc > 0 so that for all x € X1, we have
z]lo < ellwfls + cel|@]| -1

Proof. Suppose for a contradiction, if we do NOT have the claim. There exist {z,} C x1
such that

lznllo > ellzallt + cellznll-1-
Let y, = ”l’fjﬁ Then,

[ynllo = & + nllynll-1,
[ynllr = 1. (1.1)

By assumption X is separable and reflexive, we have some ball By C X is weakly compact.
Hence, there exist subsequence, we denote by y, so that

yn =y in Xi.

Since the inclusion X; CC X is compact, ¥, — y in Xy. By (1.1) we have

1 c
Hyn”—l < *HynHO < —-=0.
n n
So we have y = 0, but by (1.1) again ||y||o > . We arrive a contradiction. O

Proposition 1.2. Let X1, Xg and X_1 be three separable reflexive Banach spaces with
Xo CC X C X1, the inclusion X1 CC Xg is compact and the inclusion Xog C X_1 is
continuous. Let u, be a sequence of function satisfying

{un} is bounded in L X,

{Ovun} is bounded in L X _4,

Jor 1 < p1 < p2 < oo. Then there exist subsequence un; of un which is convergent in L7 Xy

Proof. Without loss of generality, we assume there exists subsequence u, — 0 in L} X;.
The goal here is to show u, — 0 in LY Xy (strongly). We now claim: By Lemma 1.1 it
suffices to show u,, — 0 in L’%l X_;. If we suppose for now the claim is true, then

T T T
P
A WM%ﬁS%?K;de%ﬁ+@mé\mﬁmﬂﬁt

< Ce+o(1),

as n — oco. This will implies u,, — 0 in L%} Xj.
Now, we prove the claim. Let I C R be the time interval in R, which is bounded. L € (X1)*,
(X1)* denotes the dual of Xy, and x(t)L € (L% X1)*. Then, we have

(i) = [ (wn(0). L)t = ([ wi()ir. 1),
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for all L. Noticing that (u,, x7L) — 0, because u, — 0 in L¥! X;. So that we have f[ un (t)dt
weakly convergent in X; to 0. Hence, by assumption X; CC Xy, up to a subsequence we
have
/un(t)dt — 0 in Xo, (1.2)
I
therefore it is convergent in X_;.
Fix t € [0,T] and write u,(t) — un(t1) = fttl dgl‘—s”ds. Average in t1 over [t — e,t], we have
I 1 [te duy,
= — t1)dt — —1 —(s)ds.
Up s/tgun(l) 1+€/t (s—t+e) s (s)ds
Also, by Holder

1
Serz
X_1

du
dsn HL;QX—l Se

S

1
Given gg > 0, choose ¢ > 0 small so that Ce?> < %0. By (1.2) we obtain

t—e
/ Un (tl)dtl
t

On the other hand, by the fundamental theorem of calculus we have

€0 1
-+ - — 0.
2+€

X 1

[un(®)llx -, <

1
lun(t1) — un(te)l| x—1 < Clt1 — ta| 2

for all n > 1. For fixed € > 0,

m\"“

sup Jun(t)|x_, < max (Jun(je)l[x_, + Ce™ <eo

te[0,7T] J=1,..,[%]
for all n > N(gp). Then, implies

sup [Jun(t)|x_, = 0,
t€[0,T]

therefore ug — 0 in L' X_4. This we complete the proof. O
By using Proposition 1.2 we have

Hp cC LAHE, s<1.

2. LECTURE 4

In the remaining part of the notes, we will focus on T?.

2.1. Basic properties of the bilinear form. We first recall some basic properties of the
function spaces. From Rellich compactness lemma, we have

HYT?*) cc H®, s<1.
We have Hr C CpL2, then by Aubin-Lions compactness lemma we have
Hy cC LZHS([0,T] x T?), —-1<s<1.

Finally, we recall the bilinear form B(u,v) =II((u - V)v), we simply write B(u) = B(u, u)
and the Leary projection L = ITIA.
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Proposition 2.1. Let u,v,w € HNC™, then we have

(i) (B(u,v),v)pz =0
(ii) (B(u,v),w) =—(B(u,w),v)

Proof. By the divergent free of u, and integration by part we have

B(u,v),v) 2 —/ ujﬁj(vkvk)dx—;/ w0 (Jv]?)da
T2 2

T
- —% /T a0 (|o]2)der = 0.
This finish the part (). Then, by using part (i) and the bilinearity,
0= (B(u,v+w),v+w) = (B(u,v),w) + (B(u,w),v).
This complete the proof. O
Proposition 2.2. Let u,v,w € HNC>®, we then have
@B, v), w)l S flull yllvll, g lwllm
@B o)z S Hlell 1ol g

Proof. We first observe that the first inequality is true if and only if the second inequality

is true, so we only prove the first one, by duality. By using Proposition 2.1, Sobolev
1

embedding H?2(T?) ¢ L*(T?), Holder’s inequality

[(B(u, v), w)| = [(B(u, w),v)| < /Tr2 |ul[Vwl|v]dx

Sl ol g el

O
Proposition 2.3. For u,v € HNC, we have
1B, v)l| s < llullzzlvllzz-
Proof. For w € H2,
[(B(u,v), w)| = [(B(u, w),v)| = /T2 |ul - [Vw||v|dz
S llullzzl[ollz lwll g2+
O

Proposition 2.4. Let u,v € Hr, then we have

T T
| o). o)t = - [ (o), Voo,
0 0

and
T 1
| @), uorde = 5 (el ~ 1))

Proof. Integration by parts to get the claim. O
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Proposition 2.5. Let uj € Hy for j = 1,2,3. Then the following mapping holds
(w1, u2,uz) — (B(ui(t), ua(t), us(t))

1
Proof. We claim Hp C L4TH¢,?.

T
- / lull* | dt
L4H? 0 H?

(using Hqu% < ||u(t)||%%|\u(t)||%{%)

4
< ull3o s Nul2s g < Nl
By using above, and Hélder’s inequality

T
| Bl w®)usend <l el ol

T4l T
S uallaeg luzllaeg |usllzeg-
O]

2.2. Global well-posedness in L?(T?) of the Navier-Stokes equations via the en-
ergy method. We consider the following Navier-Stokes equations on T2.

Ou — L B(u) =
v bt (1;) / (2.1)

u|t:0 = Uug € Ldf’
where f =11f € L%H 1. We will prove equation (2.1) is globally well-posed on T? by using
energy method.

Theorem 2.6 (Global well-posedness on T? ). Given ug € H = L?lf, there exists a unique
global solution u to the Navier-Stokes equations (2.1) with ult=o = uo, w € Hr for allT >0

and
2 ! 2 2 r 2
swp (Il + [ Ju@)Bat) < ol + [ 1OBar vr>0. @2
0<t<T 0 0
Proof. We fix T' > 0 and work on [0, 7.
Uniqueness:

Suppose there exist two solutions u,v € Hp. Let w = u — v, substitute into equation (2.1),
we have

Ow — Lw + B(w,w) + B(v,w) = 0.
Multiply by w and integrate in x,¢. Noticing from Proposition 2.1 and Proposition 2.2 we
have the following
[(B(v,w),w)| =0
and

[(B(w,u), w)| = [(B(w, w),u)| < CIIwIIiI% [l 12

< cllwll gz [lwll g ull

1

< S llwliz + cllwlzz lullf,,

|
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and implies
d
Sl + 2wz = =2(B(w,u), w)

iz + cllwlZallullZ;-

Hence, we have

d
@HwHQLg < CHwH%gHUH%{;,

then by using Gronwall’s inequality, and w(0) =0

t
[wl2 < eap [c/0 Hu(t’)H?{;dt’} |lw(0)|2, = 0.

This finish the uniqueness.

Existence:

For the existence, we will split into two steps. First we will a priori bound as in (2.2); then
we construct a argument based on Galerkin approximation, we pass to the limit by using
our priori bound.

STEP 1:A priori bound

Suppose u is a smooth solution to NSE (2.1). Multiply by u and integrate we have

5 2 [u®)llzs = (Oru,u)
(Lu,u) = (B(u),u) + (f, )

=l + el a1 £l

IN

1 1
< =3l + 11t

Integrating in time!

t t
lu(t) 2, + /0 () 2y’ = [[u(O)2 + /0 LIt
Taking the supreme over time on [0, 7], we get

lullpgerz + llull 2 g1 < Cluo, f),

for some constant depending on ug and f. By Proposition 2.2,

1Bl S ”u”i{% S Ml ez lfull g

T

and by using our equation (2.1)
[9ual oo < Nl g + el el ez s + 1
< C(u07 f))
where C(ug, f) is a non-decreasing function. That is |lul|y, < C(uo, f).

1

[l +2 [ 196 = )z +2 [ (7€) 0t )ar
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STEP 2: Galerkin approximation
We first define the projection

DN : L?lf — En = span{e, : |n| < N}.
Then apply py to the equation (2.1), we have
oipNu — Lpy + pnB(u) = pn f.

Hence, one can reduce equation (2.1) into finite dimensional system of ODEs on the

”Fourier” point of view.

Owuny — Lun + pnB(uny) = pn f
UN|t=0 = PN Uo.

(2.3)

By the Cauchy-Lipschitz theorem, there exists one unique locally in time solution uy to

(2.3). Blow-up alternative:
up exists on [0, 7
or 3Ty < T so that

lim [y (t)]] 2 = +oo.
t—Ty

Multiply the equation (2.3) by ux and integrate, by noticing (pyB(un), un) = (B(un), un)

and same computation as in step 1, we have

sup (”UHHT + HUN”L%OLg) < C(ug, f).
N>1

We have that uy exists on [0,7] and
un; —u in Hr.
In L2.H; ! both
Oyun; — Ou
LuNj — Lu.

By Proposition 1.2 (Aubin-Lions compactness lemma), there exists subsequence uy, so that

uN; = U in L%HE,
by Proposition 2.2, we have
B(un,) = B(u) in L7H,.
By definition of py;, we have
un;(0) = pn,uo — up  in L2,

and
pnjf — f in L3H, .
Now, we consider the (2.3) with py;,

owun; — Lun; +pn; B(un;) = pn;, f.

(2.4)



8 G. LI
From (2.4), wo notice that we cannot take the limit on py, B(un,). Therefore, one needs
to apply pm, for a fixed m on (2.4), then N; > m (which holds for j > 1), we have
dipmun; — Lpmun, + pmB(un;) = pmf. (2.5)
By taking the limit in j, we have convergence of (2.5) in LL.H_ !, that is
Opmu — Lppmu + prB(u) = pp, f. (2.6)

Notice that equation (2.6) holds for any m > 1, therefore we can take the limit in m to
obtain

{atu —Lu+Bu) = f

u|t=0 =Ug € L?}v
this complete the proof. O

Remark 2.7. We can also start with a given subsequence uy; of uy, then we show there
exists one subsequence un;, of subsequence uy; so that u Ny, U where u is independent
of choice of subsequence uy;. Finally, we have uy — u.

For the energy bound. By weak convergence, we have

lull L2 511 Sl??inguAG”L%Hi
and the definition of py;. Also the weak™ convergent,
lullzgers < liminf flun;{log ree-

REFERENCES
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LECTURES 5 AND 6: EXISTENCE OF AN INVARIANT MEASURE
FOR THE KICK-FORCED AND WHITE-FORCED TWO DIMENSIONAL
NAVIER-STOKES EQUATION

TYPED BY W. J. TRENBERTH

ABSTRACT. These notes are based on lectures 5 and 6 of the course Two-dimensional
statistical hydrodynamics, taught by Hiro Oh.

1. LECTURE 5: EXISTENCE OF AN INVARIANT MEASURE FOR THE KICK-FORCED TWO
DIMENSIONAL NAIVER-STOKES EQUATION

Recall that B(u) = B(u,u) = II((u - V)u) is the nonlinearity of the Naiver-Stokes equa-
tion. In a previous lecture we used integration by parts to show

(B(u,v),v) =0. (1.1)
In the following Lemma we prove a similar result.

Lemma 1.1. Suppose u € H N H? where H = L?if mean 0- Then (B(u), Au) = 0.

Proof. First we claim that for v € H¥(T?) such that div u = 0 there exists a function
¢ € H*T1(T?), unique up to a constant, such that u = curl ¢ := (=021, 91%). Indeed as
div u =0,

8111,1 = —82u2. (1.2)

This implies

up = /82’11,2 dry + C(.TQ)

Ug = /81U1 dzo —|—c(:1c1)

where the first equation comes from integrating (1.2) with respect to x; and the second
equation comes from integrating (1.2) with respect to z2. Together these equations show

Y= _//alul dridxs + C
which proves the claim.

Since u € H?, from the above claim, there exists 1) € H? such that
u = curl ¢ (1.3)
Also recall that B(u) € L?if and
[1Bu)llrz S llull e IVull L2 S llull g2 (1.4)

where in the last inequality we used the Sobolev embedding H*(T?) C L>(T?) for s > 1.
1
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The Helmholtz decomposition H* = H fjf GOH f;;ll free then implies that there exists p € H*
such that

B(u) = (u-V)u — Vp. (1.5)

In the two dimensional setting we have curl (uj,us) = O1uz — doug. This seems unusual
at first since in the three dimensional setting the curl is a vector quantity. However these
different definitions are easily reconciled as,

curl(ul, ug, 0) = (81u2 — 82’&1)7%.

Using (1.3), (1.5), integration by parts, the fact that curlVp = 0 and the vector calculus
identity curl ((u - V)u) = (u - V)curl u we have,

(B(u), Au) = /((u V)i = Vp) - curl A da
_ / (curl (u- V)u — curl Vp) - Ag) da
:—/curl (u-V)u- Avde
_ —/(u-V)curlu-Awdx.

From (1.3),

curl u = curl curl
= curl (=021, O20))
= 05 + Oty
= Aq.

Hence using integration by parts,

(B(u), Au) = —/(u -V)curl u- Ay dx

= _% /ulal(qu)?) + u20y(AY)?) da

= ;/(8111,1 + 82U2)(A¢)2 dx

=0.
U

Random kick forcing. We study the two-dimensional kick forced Naiver-Stokes equation
(Kick NSE),

o0
Opu+ B(u) = Lu+ Y _nid(t — kT). (1.6)
k=1
Here 1 = n(x) is a random function in .
Before we can go deep into the study of Kick NSE, we need to introduce some probabilistic
notions.
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Definition 1.2. A filtration {F;}icr is an increasing family of o—algebras. A stochas-
tic process {Xitier is said to be adapted to the filtration {Fi}ier if for each t, X is
Fi—measurable.

For Kick NSE, we work with the filtration
Fir = .F(kfl)T =Fr1 fort € Iy, := [(k} — 1)T, k’T)
and we choose Fj, = o (nj,j = 1,2,.., k). Note that 7, is Fj-measurable.

Definition 1.3. A stochastic process u(t), t > 0 is called a solution to Kick NSE if it’s
adapted to the filtration {F:}i>0 and almost surely statisfies the following

(1) For all k € N, u € H(Iy) is a solution to NSE (with f =0).

(2) For all k € N, u(kT+) — u(kT—) = ny.

On I}, the initial condition for Kick NSE is
k—1
u((k = D)T+) =ug+ »>_ 7. (1.7)
j=1
So solving Kick NSE is equivalent to solving

k-1 ;
u(t) =uo+ > 1% + / (B(u) + Lu)(t")dt', for all t € Ij.
j=1 0

Hence from the L2—GWP of NSE we have the following global existence result for Kick
NSE.

Theorem 1.4. Suppose that mqi, € H := Lflf almost surely for all k € N. Then Kick NSE
is globally well-posed in H = {u € LZTHcllf : O € L%,Hcgcl}.

Remark 1.5. We can take ug to be random (Fo-measurable) and GWP still works.

In the following we assume the kick forces are of the form

Nk = Z bngknen

nezZ2\{0}
where {e,},cz2 is an orthonormal basis for H := L?lf. We set By = > |n|*b2. We
neZ?\{0}

further place the following assumptions on {gkn }rnez2\ {0} ken

(1) {gkn}nez2\{0} ken is a family of independent identically distributed random vari-

ables.

(2) |gnk(w)| <1 for all n, k and for all w € Q.

(3) P(lgnk| <e) >0 for all € > 0 (so |gkn| has a nice density).

@) @l = ¥ B< > B=B<c.

n€Z?\{0} neZ?\{0}
These assumptions can be considerably weakened, however they simplify the coming argu-
ment.
Combining the third and fourth assumptions with the pigeon hole principle gives

P(||nkllz2 <e) >0 forall e > 0. (1.8)
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From now on we will assume T = 1 for simplicity. We let
Dy ug — ult)
denote the solution map to NSE (with f = 0) and we set ® = ®;. Then,
u(k) = ®(u(k — 1)) +ng,  where u(k) = u(k+)

u(k +1t) = ®4(u(k)) for 0<t<1. (1.9)

Energy estimates. We now establish some estimates needed to prove the existence of an
invariant measure.

Proposition 1.6. The following estimates hold

(1) 1®e(uo)llze < e~ [luol| 2.
(2) [®e(uo)lm < e luolla

Proof. For the first estimate multiplying both sides of the equation d,u + B(u) = Lu by u,
integrating and noting that (B(u),u) = 0 gives,
()3 = (L) =l < a3
Where in the last inequality we used the fact that « has mean 0. An application of Gron-
wall’s inequality then gives
lu(®)ll72 < e [u(0]Z.-

For the second estimate multiplying both sides of the equation dyu + B(u) = Lu by Au,
integrating and using Lemma 1.1 gives,

1d

2dt
An application of Gronwall’s inequality then gives

lu()I3; < e w0l -

lu()IIF: = (L, Au) = ~||ullF, < —llull,.

The desired inequality follows from the fact that u(¢) has mean 0. O
We use the notation u(k;ug) to denote the solution to Kick NSE with initial data ug.

Proposition 1.7. The followings inequalities hold

(1) llu(k; 0)llz2 < VBozS-
(2) llu(k; 0l < VBi5

Proof. For 0 < m < k, using Proposition 1.6,
lu(k)l2 = 1@ (u(k — 1)) + el 22
< V/Bo+e Hulk —1)| 2

< V/Bo+e N (/Bo+ e Hu(k — 2)| 2)
<.
<VBo(l+e e + e |u(k — m)| e

Hence,
e

e—1

lu(k)ll2 < v/Bo

+ e Mu(k —m)|| 2.
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In particular, for k¥ = m, [[u(k;0)||L2 < vVBoz%. The proof of the second inequality is
similar. O

We can write (1.9) as a random dynamical system (RDS). That is we can write (1.9) in
the form
u(k) = Fk(u(k - 1)aw)
where Fj, : H x  — H is a locally Lipschitz (from LWP theory) measurable function in
uec H.

Remark 1.8. Every RDS defines a Markov chain ({u(k)}r>0 in H) in a canonical way.
Definition 1.9. Foruy € H, k € Z>o, A € By we define the transition probability
Pr(up, A) = P(u(k;ug) € A).

Note that 0y, by dy,(A) = Po(up, A). We will later use the following, well known, result
in probability theory.

Theorem 1.10. (Chapman-Kolmogorov equation) The following holds
P;H_m(uo, A) = / Pm(u, A)Pk(UQ, du)
H

For a proof of this result and for more information concerning transition probabilities,
see [2, Chapter 5].

Markov semigroups.

Definition 1.11. We let Cy(H) denote the set of continuous and bounded Borel functions
on H. We define the Kolmogorov operator Ty, : Cp(H) — Cyp(H) by

Ty f(v) = /H F(2)Pe(w, d=) = E [ (u(k; v))]

It is not immediately obvious from the above definition that Ty f(v) € Cy(H). We show
this later.

Definition 1.12. We let P(H) denote the set of all probability measures on H. We define
the dual Kolmogorov operator T} : P(H) — P(H) by

(T ) (A) = /H Pe(v, A)uldv) = p({v : ulksv) € A}).
Remark 1.13. If ug is random with L(ug) = p, then Tpyp = L(u(k;uo)).
From the definitions one can show
@it = [ Dertdn) = [ 1eTn((a:)
Hence, calling 7}’ the dual operator of T} is justified.

Definition 1.14. Let T} be a Markov semi-group. Then,
(1) Ty is Feller if T, € Cy(H) for all f € Cy(H), for all k > 0.
(2) Ty is Strong Feller if Ty, € Cy(H) for all f € L*°(H), for all k > 0.
(3) Ty is irreducible if Ti1 gz, () > 0, for all x,z0 € H for all v > 0, for any k > 0.
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Proposition 1.15. Equipping P(H) with the weak topology, the mapping H — P(H)
defined by u — Py(u,-) is continuous.

Proof. Let ug,, — uo be a sequence in H. By the Portmanteau Theorem, see [1], it suffices
to show that if A is a continuity set of measure Pj(uo,-), that is Py(up,0A) = 0 then
Py(uopn, A) = Py(ug, A). From LWP theory and the fact that A is a continuity set we have,

Py(uom, A) = Pw : u(k;uopn) € A})

~ [Lutunea@)iP(@)
=+ [Futuer@dP)
= Pi(up, A).
O
We now show that the semi-group associated to Kick NSE is Feller.
Proposition 1.16. T}, : Cy(H) — Cy(H) is Feller.
Proof. Suppose ug,n — ug be a sequence in H. By the Portmanteau Theorem,
Tk f(uom) = /f(Z)Pk(uo,de) — /f(Z)Pk:(uo,dZ) = Tj f (uo)
and so T} f is continuous. Further,
1)l = | [ 1G)P0.02)] < 1l (1.10)
and so Ty f is bounded. O

Proposition 1.17. T} : P(H) — P(H) is continuous.

Proof. Suppose p,, — u. Let f € Cyp(H). Then from the fact that T} is Feller and the
Portmanteau Theorem we have,

[ 1@ @) = [Tt~ [ Tesan = [ 10000
O

Definition 1.18. A probability measure pn € P(H) is said to be invariant (or stationary)

for T, if
/H tufdu= | fau

If T}, is Feller then the above definition is equivalent to T} jn = p for all £ > 0.
With all the necessary probabilistic machinery laid out, we are now in a position to prove
the main theorem of this section.

for all k >0, for all f € L>®(H).

Theorem 1.19. There exists and invariant measure for Kick NSE.
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Proof. The proof of this theorem uses the well known Bogolyubov-Krylov argument, see
[4].

For simplicity we assume B; < oo. The theorem can also be proven if B; = oo but the
proof is much longer.

Let u(0) = 0. Set p, = L(u(k)) and

T
L

Mg = Hj-

e
[
Il
o

Let r = /By 5. By Proposition 1.7 p; (B (r) = 1 for all j > 0 and hence muy(Bg1(r)) =
1 for all £ > 0.

Hence {713, }1>0 is tight and so by Prokhorov’s Theorem, see [2, Theorem 6.7], {fi;, } x>0 is
weakly precompact. Hence there exists u € P(H) such that 7, — p. We claim that p is
an invariant measure for Kick NSE. To do this is suffices to show 71 = p as then it would
follow that Tpu = p for all k > 0. For f € Cy(H) we have,

(£, T7, ) = lim (f,Ty'p)
m—r0o0
km—1
= W}E}loofm Z (f,T7 1j)
j=0
1 km
J:
=1 ) 1 1
= Jm (fBg,,,) + m o ((f, i) = (F5 10))
= (f. 1)
where in the first equality we used Proposition 1.17, the third we shifted the sum and used
the fact that 17 p; = pjy1. O

2. LECTURE 6: EXISTENCE OF AN INVARIANT MEASURE FOR THE WHITE-FORCED TWO
DIMENSIONAL NAIVER-STOKES EQUATION

In the previous section we proved that there exists an invariant measure for Kick NSE.
In this section we will go through a similar procedure and prove the existence of a invariant
measure for the White Forced NSE (SNSE).

Formally SNSE is NSE with forcing

d

f = %C(ta J))

where,

C(t, x) = Z bnﬁn(t)en(x)'

nEZ%

Recall {en},,czz is a basis for Lflf.
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Stochastic Convolution. The stochastic convolution
t
w(t) = / o)~ TIA
0

is important in the study of White-Forced NSE. Note that
¢ =¢dW (2.1)

where dW is a Wiener process on L?lf' In the following we assume ¢ is a Hilbert-Schmidt
operator, ¢ € HS(L?, H*). The Hilbert-Schmidt norm is given by,

1

2

ol mrscre ) = Y In*b2 | =: Bs.

nez}
It is easy to prove the following regularity estimate for (.
Proposition 2.1. If ¢ € HS(L?; H®) then for e >0, ¢,r < 0o and T < oo,
CECWiTI=e>® a5, and (€ LIWST as. (2.2)
Well-posedness of SNSE. We aim to solve
Ou = Lu — B(u) + 0,

or in Ito formulation
du = (Lu — B(u))dt + d¢.

To solve SNSE, we use the well known Da Prato-Debussche trick, see [3]. That is we make

the ansatz
u=0v+ V.
As
OV = Lv + 0¢C
it follows that v solves the equation
0w = Lv — B(v,v) — B(v,¥) — B(¥,v) — B(¥, V) (2.3)

which we call (SNSE’). We have the following estimate on the nonlinear piece of SNSE’,
(B(¥,v),v) =0
(B(v,¥),v) < C|lol|74 VP 2
< Clloll g llvll 2l V[ 2
< 3ol + ClolZaI 9w
(B, 9),v) < [[vll72 + (V) ¥l
Multiplying SNSE’, (2.3), by v and integrating,
%@tllvlliz +IVollE = —(B(v,v),v) — (B(¥,v),v) = (B(v, ¥),v) = (B(¥,¥),v). (2.4)
Combining this with the estimates for the nonlinear terms above gives

SOvl3: < CLB(D) + Co(T @3
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Multiplying this by an integrating factor gives,
O (e h 2N ()2, ) < Cr(w(1))
and after integrating we get,

sup [[v(t)]z2 < C(uo, ¥, T).
te[0,T

Putting this estimate back into (2.4) gives

ol 22, a1 S Cluo, ¥, T).

~

Also
1B, )2 1 S [10llnge 2 191 22, poe -

Indeed this follows by duality. Testing by w € H?,
1B(0, W)l 2 ;0 ~ (B(v, ¥),w) = =(B(v,w), ¥) ~ /UVW‘I’ S [l [Vl 2 [ W] e
Similarly we also have

1B, o)z gyt S l10lloge 2 1911 22 roe

||B(‘I’a‘1’)||L2TH;1 S H‘I’”;T I%

Hence taking the L H, -norm of SNSE’, (2.3), we get,

|]6thL%H;1 Slvllzz e + ollzserz vz mr + ¥l 2 peell0ll gz + H‘I’|’L4T :

and so

|0vull 3 1 < Cluw—0,,T).

Galerkin approximation. We consider the following truncated version of SNSE’; (2.3),

ovy = Luy — PyB(vy + ¥y) (2.5)

uN|i=0 = Pnug
where Wy = PyV. We have
Uy - Vas. andso Bloy+VUy)— Bv+V)in LLH ! as.

This truncated equation, (2.5), is well-posed on [0, 7] for all 7' > 0 and hence is globally
well-posed in L?(T?) if By < oo, that is v € HS(L?; L?).

The point of considering this approximated equation is that (2.5) is a finite dimensional
system of SDEs and so we can use standard results in stochastic calculus like It6’s Lemma.
Further it is easy to show that (2.5) satisfies the same a priori estimates as (2.3), uniformly
in N.
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Ito’s Lemma. We have shown a control on

[u(®)l[rz < lo(@)ll2 + ¥ @)z
We can use It6’s Lemma to get another estiamte.

Lemma 2.2. (It6’s Lemma) Suppose

dX =" fi;dB; + gidt

j=1
where B = (By,...,By,) are independent Brownian motions, X = (X(l), .,X(")), f=
(fij)nxm; g = (glad0t87gn)' Then;
dF (t, X}) = 8F(t X)) dt+z oF (t, X)dx® Z (t, X;)dXDax )
’ ot 836Z 52 89518%

where dBldBJ = (Sijdt, dBldt = 0, dtdBl =0 and dtdt = 0.
For a proof of Itd’s Lemma see [4] or [7].
Writing (2.5) as
du=Vy(wdt+ Y buendB,
In|<N
and using It6’s Lemma with F = [Ju(t)||2, we have,

F
o ~——b2dt.

dF(t,u(t)) = OF (t,u(t))dt + (Vo F,on(w)dt + (VoF, S buendBy) + 5oz o

In|<N |n<N

Taking an expectation we get,

d
e lu(®)72 = —Ellu(®)[7 + Box < ~E [lu(®)]|7> + Bo-

Gronwall’s inequality then gives a bound on E, [|u(t)||7. But we actually want a bound on

E sup [lu(t)]|7.
t€[0,T]
To get this bound we use the Burkhélder-Davis-Grundy inequality: for p > 0 and local

martingale M (t) we have

b
E sup |[M(t)[" ~ E(M)3.
t€[0,T]

In our setting this gives the desired bound

E sup [lu(t)]|72 < C(|luollz2, Bo, T).
te[0,T

By applying It6’s Lemmas to F(u) = [ul|3,, we get

1 .
Elu(®): < JBite 2Eluo 1
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Stationary measure. We consider the semi-group 7; : Cp(H) — Cy(H) defined by
D)) = [ ) Pilw,d) = Elfuttso))]

Here H = Lflf, Py (ug, A) is the transition probability at time ¢, defined in a manner similar
to the previous lecture and u(¢,v) denotes the solution to SNSE at time ¢ with inital data
.

We also consider the dual of T3, T} : P(H) — P(H) defined by

(Tmmzéammmwﬂ@m

where here @, is the solution map to SNSE. The dual operator is defined in such a way so
that if 4 = L(ug) then T;u = L(u(t)).
We are now in a position to prove the main theorem of this section.

Theorem 2.3. There exists an invariant measure for SNSE.

Proof. We assume B; < co. The result id still true if By = oo but our assumption simplifies
the proof. Set u; = L(u(t)) and
1
iy = t/ purdt’.
0

We define By1(r) to be the ball of radius r centered at 0 in H'. Then using Chebyshev,
pe(H\Bp1(r))0 = P([|lu(t) ||z > 7)

<

® 3la

<

where we choose r sufficiently large in the last inequality. This shows that

(B (r))) <e.
This shows the family of measures [z, is tight. The rest of the proof is identical to the proof
of the existence of an invariant measure for Kick NSE in the previous section. O

Universality of White Noise Forces. Consider the random kick forces

na(t> = \/g Z nk(S(t — Ek)

k€Zo
where
Nk = Z bnGknen-
kez?
We compare the dynamics of Kick NSE with the above kick forcing to SNSE with forcing
d
f=2¢
where
¢=)" buPuen.
kez?

We have the following result.
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Theorem 2.4. The solution u® to the above kick forced NSE equation converges to u, the
solution to SNSE in law.

The proof of the above result follows from Donsker’s Theorem which states that if {X,,},,

2

is a i.i.d mean zero variance o~ sequence of random variables and

Z0(t5) = — =S () ot = [ —= X2 ()

then Z, converges in law to a Brownian motion.

Remark 2.5. We can also consider continuous in time forcing but not Gaussian forcing
and still obtain "weak universality” and convergence to white forcing. Skorokhod’s theorem
can be used to upgrade this convergence to a.s. convergence.
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1. PRELIMINARY FROM MEASURE THEORY

The main references for this section are [1, Chapter 5] and [4, Chapter 2].

In the following, let (X, dx) denote an arbitrary Polish space (= complete and separable
metric space). We denote by Cy(X) the space of continuous and bounded functions from
X to R and P(X) the set of probability measures on X.

1.1. Metrizing weak convergence of probability measures. Recall that we say a
sequence { i, }neny C P(X) converges weakly to some pu € P(X), denoted p,, — p, if

(tn, [) — (s f) (1.1)

as n — oo, for every f € Cy(X). In fact, we may interpret the duality pairing through
integration so that u, — pu if and only if

/ F(@)dpn () — / F(@)du(z)
X X
1
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for every f € Cy(X). For f € Cp(X), we define the Lipschitz norm of f by

[ fllLip == sup [f(z)| + Lip(f), (1.2)
reX
where
: o |f(z) = fw)l
Lip(f) := S e (13)
Ay

Note that replacing the denominator above by dx(x,y)®, for some « € (0,1), yields the
a-Holder seminorm of f

Let U .= {f € Cp(X) : || fllLip < 1}. The following proposition shows that for establish-
ing the weak convergence of probability measures, it suffices to establish the convergence
in (1.1) along the subset of functions in .

Proposition 1.1. Let py, pu € P(X). Then pu, — p if and only if

(bns f) — (1, f) (1.4)
for every f e U.

For the proof see, [1, Proposition 5.1].
We now endow P(X) with the following dual-Lipschitz distance:

e = vliTip == sup [, £) = (v P (1.5)
feu

It turns out P(X) endowed with the dual-Lipschitz distance is a good space for analysis
(since (P(X), [|-[[1;p) is a complete metric space) and furthermore the dual-Lipshitz distance
metrizes the notion of weak convergence of probability measures. More precisely, we have:

Theorem 1.2. The metric space P(X) endowed with the dual-Lipschitz distance is com-
plete. Moreover, {in tnen C P(X) converges to pu € P(X) with respect to the dual-Lipschitz
distance if and only if pn, — p.

A small point: P(X) is convex but is not in general a vector space.

Remark 1.3. The dual-Lipschitz distance also makes the space of measures M(X) into a
metric space, however it is not complete.

Let 0 < d < 1. We define a new distance on X by
d(z1,22) := dx (21, z2) A d. (1.6)

Notice that dx and d define the same topology on X since balls with respect to dx are also
balls with respect to d. Moreover, the dual-Lipshcitz norms with respect to dx and d are
equivalent; that is for any p,v € P(X), we have

*

=Vl a < e = vitpa, < dHM vl (L.7)
To see (1.7), we set

Uiy =1{f € Co(X) : || fllLipax <1},
UJ:: {f € Cb(X) : ||f”Liij 1}a
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and since J(xl,xg) < dx(x1,x2) for any x1,z9 € X, we have Uz C Uy, which implies the
first inequality in (1.7). For the second inequality, we notice that if f € Uy, , then % feus

1.2. Variational distance. Given u,v € P(X), we define

[ = vlvar = sup |u(A) —v(A4)], (1.8)
AeB(X)

where B(X) is the set of Borel sets in (X,d). This is the variational distance between
the probability measures  and v. Notice that ||u — v||var < 1 for any u,v € P(X). The
variational distance is a measure of the ‘non-overlapping’ of two measures and this heuristic
is motivated by the following two properties:

(i) u and v are singular if and only if ||u — v||var = 1.
(ii) Suppose there exist p € P(X) such that p, v < p. Then we have

= vlhae = [ | %) = o) ot
du dV
= d
/dp<> T @)dpo)
Thus, the variation distance is roughly
1 — (total overlap) = (total non-overlap).

Remark 1.4. In fact, the measure p := 3(u + v) € P(X) and satisfies y, v < p so (1.9)
‘always holds.’

The equality in (1.9) follows from the general equivalent characterisation

= vllvar = 5 sup ‘ /f )dp(x /f )dv(z (1.10)
feCy(X
Hf||L°°<1
As the class of functions in the above supremum contains the class U, we find
I = vliip < 201 = vllvar (1.11)

Consequently, we have:

Theorem 1.5. The following hold:

(i) The space (P(X),| - ||var) is complete.
(i) pn, — p in the variation distance if and only if

(fstn) = (fo )

uniformly in f € Cyp(X) such that || f||p~ < 1.
(iii) P(X) with the variational distance embeds continuously into Cy(X)*.

Compare (ii) to Proposition 1.1. The result of (iii) follows from (1.10) with (1.9) and
Remark 1.4.
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1.3. Coupling. We denote the law of a random variable £ by L£(§).

Definition 1.6. Given pi,us € P(X), a pair of random variables (§1,&2) defined on the
same probability space is called a coupling for (1, p2) if L(&5) = p; for j =1,2.

Given a coupling (&1,&2), the random variable £ = (£1,£2) on X x X has £(§) = u (a
measure on B(X x X)) and marginals

pr=)gp=pollyt and  pg = (Tlp)pp = pa o Iy,

where II;(§) = &;, for j = 1,2 are the coordinate projections. In this sense, a coupling has
“doubled” the number of variables in going from X to X x X.
Given a coupling (&1, &2) for (1, pe), for any A € B(X) we have

p1(A) — p2(A) = E[1a(&1) — 14(&2)]
= E[1e, 26,3 (1a(61) — 14(62))]
< P(& # &),

which implies
11 — pr2llvar < P(§1 # &2). (1.12)
Definition 1.7. A coupling (§1,&2) is called maximal if:
(1) [Jp1 — p2]lvar = P(&1 # &2), that is equality holds in (1.12).

(ii) & and & conditioned on the event N' = {& # &} are independent, that is, for all
A, B € B(X),

P € A, & e BIN) =P € A|N)P(& € BIN).

It is natural to ask whether any pair of probability measures has a maximal coupling.
This turns out to be the case.

Lemma 1.8 (Dobrushin’s Lemma). Given any pi,pu2 € P(X), there exists a mazimal
coupling (&1,&2).

Proof. Put 6 = |1 — p2llvar- If 6 = 1, any pair (£1,&2) of independent random variables
with £(&;) = pj, j = 1,2, is a maximal coupling for (1, u2) (use (1.12)). On the other
hand, if § = 0, then pu; = p2 so any random variable £ with £(§) = p1 gives rise to a
maximal coupling (&,£). We now assume 0 < § < 1 and begin to set up some definitions
and notations. With

1
m = 5(#1 + p2),

we have pq, uo < m and we write

dp,j
%
for j = 1,2, p:= p1 Ap2 and pj; = %(pj — p). In particular, we have p; = p+ dp;. By
Remark 1.4 and (1.9), the measures

dpi; == p;dm and dp = fpddm
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are probability measures on X. Let (1, (2, ( and a be independent random variables on the
same probability space! such that

L(G) =ng LG = p,
Plaw =0) =6, Pla=1)=1-09.
With all the setup in place, we now claim that the random variables (1, &), defined by
& =a(+(1—-a)g forj=1,2, (1.14)
are a maximal coupling for (p1, p2).
We first verify (£1,&2) are a coupling. Given A € B(X) and j = 1,2 fixed, we have
P eA)=P¢ecAa=0)+PE cA a=1)
=Pla=0)PE € A)+Pla=1)P(; € A)

_5/,0] Ydm(z) + (1 6)/Af(_x)5dm(1:)

= / pj(z)dm(z) = p;(A).
A

Thus, L(&;) = p; for each j = 1,2. We now verify (i) in Definition 1.7. By the independence
of o with ¢; and (2, we have?

P # &) =P # &, a=0)+P(§ # &, a=1)
=Pla=0)P(& # &)
=P(a=0)=04.
Finally, since P((1 # (2) = 1 and {& # &} = {(1 # (2} N {a = 0}, we have
P& e Ao € BI{&1 #&}) =P(G1€ A, (o € B,a=0)
=P((1 € A,a=0)P((s € B,a=0)
=P(& € A|{& # &HP(& € BI{& # &})
for any A, B € B(X). Thus, (£1,£2) are a maximal coupling for (1, u12). O

(1.13)

The constructive proof of Dobrushin’s Lemma immediately implies the following corol-
lary.

Corollary 1.9. Any pi,us € P(X) admits a representation
pi=1—=0)p+dv; forj=1,2,
where 0 := ||pu1 — p2l|var, 11,2 € P(X) and v1 L vs.
The measure (1 — 0)u is sometimes referred to as the minimum of p1 and po and is

denoted w1 A po.

N priori, such random variables exist on different probability spaces. What we write here is their natural
extensions to the product space formed from these probability spaces.

2We use here that P(¢1 # ¢2) = 1. To concretely see this, note that by definition of p;, we have
p1(z)p2(z) =0 for a.e. x € X. Then,

// p1 (21)Pa () dm (w1 )dm(z2) =

{z1=22}
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1.4. Kantorovich functional. Let I’ : X x X — R be a measurable function such that

F(z1,29) = F(z2,21) > dist(x1,z2) for all 1,29 € X. (1.15)
We define the Kantorovich functional K = K : P(X) x P(X) — R, associated with F, by
K(Mluﬂ?) = inf E[F(€17£2)] (116)

all couplings
(€1,€2) for (p1,p2)

The function F' is known as the Kantorovich density for the functional Kr. We will make
use of the following inequality.

Lemma 1.10. For any pi,p2 € P(X) and any measurable F : X x X — R satisfying
(2.42), we have

11 = p2lltip < Kp(pa, po).
Proof. Let (£1,&2) be a coupling for (p1, pe) and let f € U. Then,

(fsm) = (fypm2) = E[f(&1) — f(&2)]
< E[Lip(f)dist(&1, &2)]
< E[F(&1,82)]-

We now take a supremum over f € U followed by an infimum over all such couplings. [J

2. UNIQUENESS OF THE INVARIANT MEASURE FOR (KICKNSE)

2.1. The kicked NSE. For the sake of reference, we recall our formulation of the
(KickNSE). The (KickNSE) is the PDE

Ou — Lu + B(u) = n“(t), (2.1)
where u : R x T? — R?, L = TIA, B(u) = I(u - V)u and n¥(t) is a random stochastic
process on some probability space (€2, F,P) defined by

n(t) = () = S ngslt — k), we,
kEZ

which provides ‘kicks’ of a random strength 7y’ at each time ¢t = k € Z. We make the
following assumptions on the kicks n}’: for each k € Z, we have

e = Z bngin (w)en, (2.2)
nez2
where
. {en}nezg are an orthonormal basis of H := L3; ,(T? — R?), the space of L? vector
fields which are divergence free and have zero mean,
e b, >0 and By := Znezg b2 < 400, and
o {gin(w)} kezmezz are independent random variables satisfying
lgrn(w)| <1 foralln € Z3, k€ Z, w € Q (2.3)
and
L(grn) = pu(r)dr, ncZi ke, (2.4)
where the p,, are Lipschitz functions supported in [—1, 1] with p,(0) # 0.
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These assumptions have two important consequences:

Sup e (w ||L2 = Sup Z bng,m ) < By, and (2.5)
n622
P(|nell2 <€) >0, for any € > 0. (2.6)

We saw in the previous lectures that applying the deterministic global well-posedness theory
for the forced NSE on T? we obtain a unique, global-in-time solution v € CpH, w-a.s., for
any T > 0, to (2.1) under the standing assumptions. Denoting by ® = ®; the time ¢t = 1
nonlinear solution map of NSE with no forcing, we may write

u(k) = d(u(k — 1)) + ne, k€ Z. (2.7)

This formulation of (2.1) then gave rise to a formulation in terms of a random dynamical
system and hence there was a naturally associated Markov chain with transition probabil-
ities

pr(ug, A) := P(u(k;ug) € A), (2.8)

for up € H, k € Z>p and A € B(H), and hence also an associated Markov semigroup 7.
We then showed there exists a measure p € P(H) invariant under the flow of (2.1); that
is, Ty = p for every k € Zx>q.

Goal: Prove p is the unique invariant measure under the flow of (KickNSE).

In fact, we will actually prove a stronger statement about (2.1): it is exponentially mixing.
Essentially, this says that given any initial distribution, the law of the resulting solution
converges exponentially fast to the invariant measure. The uniqueness of the invariant
measure follows readily from exponential mixing and it is the proof of the latter result that
requires the bulk of the forthcoming work.

2.2. The main lemma. Recall that the time-one transition probability can be written as
pi(u,-) = L(®(u) +m). (2.9)

Lemma 2.1. There exists a probability space (Q, F,P) such that for any R > 1, there
exists N = N(R) > 1 such that if b, # 0 for |n| < N, then for any ui,us € Br C H, the
measures

pr =pi(ur,-) and pz = pi(ue,)
admit a coupling (V1,Va), where V; = Vj(u1, ug; w) such that

(i) Vj : Br x Br x Q —— H is measurable and
(il) with d := ||uy — ual|r2, we have

1
P(H‘/l — Va2 = 2d> < Cod, (2.10)

where Cy = Cy(R, By, {bn}|n|§N)-

The inequality (2.10) is nontrivial when Cpd < 1.
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Proof. Let
Py : H+— En =span{e, : [n| < N}
and PJJ\-, :=1d — Py. We search for V7 and V5 of the form:

‘/1 - ¢(ul) + 517

V2 = @(UQ) + §27
where the random variables &1, &2 € H and satisfy £(&1) = £(£2) = m1. Then, noting (2.9),
(V1,Va) will be a coupling for (u1, p2). Our goal is to define the random variables £ and
&. We do this by specifying P y¢; and Pﬁﬁj for some appropriate N > 1.

We will define & and & on the probability space (2, F,P), where Q = Q x Q9 for
(Q2, F2,P2) to be defined later. With 7; the natural extension of 7, to €2; that is,
71 (w1, w2) = N1(w1), we set

Pyé = Py = Py (2.11)
We now move onto defining Pn¢; for j = 1,2. Setting v; = Py®(uy), for j = 1,2, the
Lipschitz continuity of ® implies
Jor = vall 2 < C(R)|lur — usl] 2 = C(R). (2.12)
We have
L(Pym) = q(x)dx,

where x € RI™EN (we have identified Ey with RImEN), Here, ¢(x) =
[jn<n b, 'pn (b, r,) and we have used the assumptions b, # 0 for [n| < N and (2.4).
Notice that ¢ is Lipschitz. Then
vj = (Pn)gu; = L(vj +Pym) = q(z — v;)dx
and it follows from (1.9) and (2.12) that
1
||V1 - V2||var = 5

/E lg(x —v1) — q(x — vo)|dz < Cod. (2.13)

By Dobrushin’s Lemma, there exists a maximal coupling (21, Z3) for (11, 2) on a probabil-
ity space (Qq, F2,[P2), where =; = Z;(u1, u2;w2). Recalling Definition 1.7 and using (2.13),
we have

Pg(El 7& Eg) = Hl/1 — V2||Var S Cod (214)

We now check that Z; : Bg x Br x Q2 — Ey is measurable. For v € Bpg, let v(u) =
Py®(u) and we have v(u) = (Pn)gpi(u,-) = g(z — v(u))dz. Here, v(u) is a measure
on Ey and q,(z) := q(z — v) is measurable with respect to (z,v) € E%. Then, the map
p: Brp x Br — R, defined by

plur,uz) = |lv(u1) — v(u2)llvar,

is measurable. Putting m = 3(v(u1) + v(uz)), we construct as in the proof of Lemma 1.8,
the following measures on Ey:

fij = pj(ur, ug, w)dw, o = po(ur, ug, x)da,
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for j = 1,2, where p; and py are measurable with respect to (u1,u2,2). We then obtain
probability spaces {(Qj,]:j,IP’j)}?:O, with corresponding random variables {gj(u1,u2)}?:0
such that

L(&j(u1,u)) = pj for j =0,1,2.

Furthermore, by [2, Lemma 4.3] (see also [4, Theorem 1.2.28]), &;(u1, ug2,w;) is measurable
with respect to (u1,u2,w;). On the probability space ([0, 1], B([0, 1]), Leb), we set

Pp(ur uz) = 10,1 p(ur,u2)] (5)-
Then, on the probability space
(927‘727?)2) = ( Xj2'=0 ﬁj X [07 1]7 X?z()]?j X B([O, 1])7 ®32‘:1]I~Dj X Leb)

with the naturally extended version of the (now independent) random variables &; and o
to this probability space, we set

Ej(ur,ug;we) = ap + (1 —a)§; for j=1,2,

as in (1.14). Now Z;(u1, uz; wo) is a maximal coupling for (v(u1),v(ug)) and is measurable
with respect to (u1, ug,ws).
Let Z;(wi,ws) := Ej(we) for j = 1,2 and we set

Pij = Ej - PN(I)(ZL]) for ] = 1, 2. (215)
Recalling (2.11), we put
V; = Pn& + Py + ®(uj) for j =1,2. (2.16)

Then, (V4,V3) is a coupling for (u1, pe) and are measurable with respect to (uj,ug,w). It
remains to verify (2.10). From (2.16) and (2.11), we have

Vi—Vy = El — EQ + PJN[(I)(ul) — (I)(UQ)].
Therefore,
1 1 N
P(IVi = Vallz > ) < P(IP4000r) ~ ua)llzr > 54) + P(Er £ 5o
By Proposition 2.2, we have?

IPx[@(ur) — @(up)lllz < N7H|@(ur) — D(uz)| i < N™HO1(R)d.

Thus, given R > 0, we choose N >> 1 such that N~1C1(R) < % Then (2.14) implies (2.10),
which completes the proof. O

2.3. Some PDE estimates. In this subsection, we derive a useful smoothing property of
the NSE flow on T? with forcing:

Ou — Lu + B(u) = f. (2.17)

Proposition 2.2. [4, Proposition 2.1.25] Let ®;(ug; f) denote the solution of (2.17) at
time t with initial data ug and forcing f. Then, the following hold:

3We are using the smoothing properties of the NSE flow; see Subsection 2.3.
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(i) There exists C > 0 such that for any ug1,uo2 € H and fi, fa € L2 (R ; H™Y), we

loc
have

t
1@ (uo,1; f1)—Pe(uo2; f2)|| 7> < exp <C/ Hq)s(uo,l;fl)leqldS) luo, — o272
0

t t
+Aem(0LH¢AwmﬁW%ﬁ>WK®—h®W§4%-

(ii) There exists C > 0 such that 0 < t < 1 and for any up1,u2 € H and fi, f2 €

L (Ry; H), we have

t
n@wmﬁn—@mmbm;sc/nﬁ—ﬁﬁmS
0

t
+Awtﬂmm—mﬂ;+/nﬁ—ﬁ@1@}
0
where
t
A(t) = exp (crjg H¢s(uog;Jl)H%1-%qu(uoz;jé)Hzl-%HJHH%Q-F!JEH%2d8>-

Proof. The following computations can be justified by first considering suitable Galerkin
approximations; we omit these technicalities. Let u; = u;(t) = ®¢(uo;; f;), for j = 1,2,
and set w := w1 — ug which solves

Oyw — Lw + B(w,u1) + B(uz,w) = f1 — fa. (2.18)
(i) We take the inner product of (2.18) with 2w and use
(B(u,v),v) = 0,
to obtain
O(lwllZ2) + 2llwllFy = —2(B(w,u1), w) + 2(f1 — fo,w).
Using?

1
(B(w,w),w)| < Cllullllwl y < Cllullfullwlizzllwlz < Fllwlf + Cllw [Zallwlz:,

1
[(f1 = f2,w)| < |If1 = fallgallwll g < ZH@UH%H + A = foll% s

we have
t t
&@W§+AHW§ﬁ>§%WM§QM@+AHM@W>+Mﬁ—M@y
(2.19)
By Gronwall’s inequality, we get
t t
mww;+/ﬁmwM@¢ﬂSmp@c/WWﬂ;w)wm—umﬁz
0 0 (2.20)

t t
+2/0 exp <2C/ HU1(8)||§1dS)||f1(t') — F2(t) 3 d
t,
This now implies (i).

4The constants change from line to line.
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(ii) We take the inner product with 2¢(—Lw) and have

(tw3) + 2t Lwla =l +2(B(w, w), Lw) o)
+ 2t(B(ug,w), Lw) — 2t(f1 — fo, Lw).
Using the inequalities
1 1 1 1
[w|[ree < Cllw|fol|[Lwll 7z, and flwll g < lwll || Lw]| -
we estimate
1
[(B(w, ur), Lw)| < Cljw|pee[lur||F, [ Lwl| 2
1 3 1 1
< Cllwll Za I Lwl| pallu | 721 Lual| 7 5
1
< Sl + CllwllZe uallZe | Lua |72
and
|[(B(ug, w), Lw)| < Cllug||Leellwl]] g || Lwl| .2
1 1 1 3
< Cllugl|za [ Luall 22 l[w]| 72 | Lwll 2.
1 2 2 2 2
< glLwlize + Cllwlzalluallze | Luz|z.-
Using these with
L) < 2Ll — fo)?
[{fr = fo, Lw)| < ZlILwlze + Ml f1 = follze,

we integrate in time (2.21) which yields the estimate

t t t
tHWH?;Hr/O t’\\Lw!!%2dt’§/() Hwamdt’JrC/o tllwl|Za (lJua [l 2| Lua | 72

t
+ s Lug 2t +2 [ ¢ = flladt.
0

Noting 0 < t < 1, we use (2.20) to bound the first term on the right hand side and estimate
|[w||, in the second term. Then, in order to obtain (i), we are left to show

t t
/ gl | Lujl[72dt” < Ct~2 exp (C/ gl + 115117 dt’> (2.22)
0 0

for j = 1,2 and 0 < t < 1. We require the following estimates on solutions to (2.17): There
exists a constant o > 0 such that for any ug € H and f € L? (Ry; H™ '), we have

loc

t
19 (uo) 72 < e ol +/0 eI £ (5) 1% ds, (2.23)

t t t
(o) 13, + /0 114 (o) [22ds < [luol2s + /0 SIF(s) [2ads + /0 1F)I s (2.24)

The proof of (2.23) follows from the energy bound in Lecture 4, Poincare’s inequality and
Gronwall’s inequality; see [4, Proposition 2.1.21 (i)] for more. The proof of (2.24) is a direct
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computation from differentiating in time the quantity t(L®;(uq), ®;(up)); see [4, Theorem
2.1.18]. For 0 <t <1, (2.24) implies

t t
/0 slluy (3)|22ds < [luo |2 +2 /0 1 2ds. (2.25)

Now, taking the inner product of (2.17) with 2u; and integrating in time gives

t t
s (]2 + 2 /0 g 120 ds = o 22 +2 /0 (uj, f;)ds.

This implies

t t
ol < llui (B)I1Z2 +3/0 HUijapder/O 1511 -1 ds

and hence by (2.23), we find

t
(1— e uo, 32 < C /0 laslp0 + 11513, ds. (2.26)

Using (2.23), (2.25) and (2.26), we obtain
! 2 2 2 ! 2 ?
[ stz s < € (uagi2e +2 [ 12205

1 t t 2
<01 [ sl + Wl s +2 [ sl as)

Since 1 — e = at(1 + O(at)) as t — 0, the inequality above implies (2.22) and thus
completes the proof. O

2.4. The main theorem.

Definition 2.3 (Weak Solutions). A process {u(k)}r>0 C H defined on some probability
space is called a weak solution to the kicked NSE (2.7) if it satisfies (2.7) with the random
kicks {ni} replaced by some other process {n} which satisfies

L(Mk) = L(nk) k= 0.
We now state some useful estimates related to weak solutions. Let {u;(k)}r>0, j = 1,2,
be two weak solutions with random kick forces {1 }x>0, respectively. We define
d(k) := [Jui(k) — ug(k)|| 2, (2:27)
R(k) := [Jui (k)| 2 4 l[uz(k)|[ 2. (2.28)
In Lecture 5, we proved the estimate®
lulk + Dz < e Hulk)llzz + Ikl < e Hluk)llzz + v/ Bo. (2:29)

Therefore, we have

R(k+1) < e 'R(k) +2vBoy

5In the second inequality, we used the uniform (in w) assumption (2.3). For the case of white noise
forcing, the second inequality would hold with high probability (i.e. no longer uniformly in w).
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for each k£ > 0, which implies

R(O) < e~ M R(k) + 62_6 Bo < e~ M R(k) + <; - i) Ro,
by choosing Ry > 1. Thus, we have
R(¢) < %R(k:) forall ¢ > k+1, if R(k) > Rp (2.30)
and
R() < %RO for all £> k+1, if R(k) < Ro. (2.31)

Fix 0 < dp < 1 and let ug, up be two weak solutions with the same kick force {n,}. Suppose
R(0) < Ry which implies |lu;(0)| 2 < Ro, j = 1,2. Note that (2.30) and (2.31) continue to
hold for just one norm ||u;(k)|[z2. If n; =ny =--- =1 =0 (no kicks), then

uj(T) |2 < e_TRo for T > 1
and hence

1
luj (T 2 < 7o (2.32)

= [ ()] o

If the kicks do not all vanish up to time T', then (2.6) implies

for j =1,2if

_ €
luj (T) |2 < e Ro +

1
< 2d
e_1° =%

on the set where || ||,z < e forall k=1,...,T. Therefore,
P(d(T) > do) >0 >0 (2.33)

for some 6 = 6(T) = 0(dy, Rp).-
From now, we consider measures in the space P;(H) C P(H), which are those measures
p € P(H) with finite ‘first moment’:

Mi(p) = /H llu|| L2dp(u) < +oo. (2.34)

Theorem 2.4. There exists N = N(Bgy) > 0 such that if b, # 0 for all |n| < N, then there
exists k < 1, C > 1, depending on By and {b, : |n| < N} such that

T — Tipallfip < C(1+ Mi(p) + Mi(ug))s"* (2.35)
for any p1, uo € P1(H) and for all times k € N.

Proof. Let puj(k) := T;uj for j = 1,2 and k > 0.5 We want to estimate ||u1 (k) — p2(k)|[|fip-
From Lemma 1.10, we reduce this to constructing an appropriate Kantorovich functional,
which we then bound from above by a ‘special’ coupling; see (1.16). We divide the imple-
mentation of this idea into three main steps.

6This is “the law of the solution at time k.”



14 J. FORLANO

Step 1: (Coupling) Our first goal is to construct a ‘special’ coupling (U;(k), Ua(k)) for
(p1(k), pa(k)), k > 0. Take any coupling (U1(0), Uz(0)) on (Q°, F°,P%).7 We now apply
Lemma 2.1 with R = Ry. Let dg =1 A ﬁ, where Cf is the constant coming from (2.10)
and impose Ry > 4dy. We obtain coupling maps Vi (u1, uz;w') and Va(uq,uz;w!) which are
defined for uy,us € Br, C H. For j = 1,2, we set

‘7.(“1 u2.w1> — ‘G(ulyu2;w1) lf Hul - u2HL2 S d(), HU1HL2 —+ H'LL2||L2 S RO; <2 36)
AT P (uj;) + n(wh) otherwise, where £(n) = L(n1). '

We now define a coupling (Uy(1),Uz(1)) on the product space Q0 x Q1 (with the product
o-algebra and product measure) by

UL (1) = V0 (0), U5 (0);w1), =12 (2.37)
By definition of \7] and Vj (see (2.16)), we have

w0 w! w0 w .
Uy = (1) =2(Uy (0)) o, =12,

. wo wl . . .
where L(n1,;) = L£(m). In particular, L(U; ™ (1)) = p;(1) for j = 1,2, that is, U;(1) is
‘distributed correctly.” We now iterate this process T' times using successively Lemma 2.1
and obtain maps

Vi(ur, ugsw?), .., Vj(uy, ugsw”)
and hence, for £ =1,2,...,7T, maps
Uj(k) = Uik = 1)) +nkj,  7=1,2,  L(nk;) = L(m), (2.38)
which are all defined on the same probability space
Qr = x Q=" x 0 x-.. x QF.

The equality (2.38) says {Ui(k)}1_, and {Uz(k)}._, are weak solutions to (KickNSE) in
the sense of Definition 2.3. We set d(k) := ||Ui(k) — Ua(k)||r2 and R(k) := ||U1(k)| 12 +
|U2(k)|| 2 and we consider two cases depending on whether d(0) < dg or otherwise. 8

Case 1: (‘In coupling’) Suppose d(0) < dy and R(0) < Ry. Then, we have
PY(d(T) < 27 Tdp) > P (d(T) < 277d(0)) > 1 — Cod(0)(1 + 27 .- 27T+
>1—2Chd(0) (2.39)
>1—2Codp.
The second inequality in (2.39) above follows from
PY (d(T) > 277d(0)) < Cod(0)(1 + 271 + - 27T+, (2.40)

We will prove (2.40) by induction on T. The base case T' = 1 follows immediately from
(2.36), (2.37) and (2.10). Now suppose that (2.40) is satisfied for every 1 < T < Ty — 1.
Our aim is to verify (2.40) for T' = Tp. In view of (2.31), we have R(T) < Ry for every

7Just random initial data distributed according to 1;(0) = ;.

8The broad picture is that when d(0) < do (re. Case 1), we have a ‘good’ probability (> 1 —2Codo) that
we follow the couplings V;. We are ‘knocked out of coupling’ at any later time with probability < 2Cydo
or if we did not start ‘in coupling,’ that is, if d(0) > do. In the latter case (re. Case 2), we may return to
coupling with probability 6 at which point we then follow Case 1.
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T < Tp— 1. Writing Q) := Q! x --- QT from (2.36), (2.38) and (2.10) and the inductive
hypothesis, we have

P ([0 (To) — Ua(To) |12 = 271 (277 Vd(0)))

< P (IVA(UL(To = 1), Ua(Ty — 1);w™) = Va(Ur(To — 1), U(To — 1);w™)|| 2 > 27 d(Tp — 1)
and d(Ty — 1) < 2~ T=D4(0)) + P (d(T) — 1) > 2~ T~Da(0))

< Cod(0)2~T0D 4 Cod(0)(1 427 + - 4 27 T0+2)

which completes the inductive step.

Case 2: (‘Not in coupling’) In this case, we suppose d(0) > dp and R(0) < Rp. Then
(2.33) implies

P (d(T) < do) > 6 > 0. (2.41)

Step 2: (Kantorovich functional)
Let dist(u,v) = ||lu — v||12 A dp and we set d = ||u; — uz||z2 and R = |Jui||z2 + |luz||z2-
We define

d if d <dy, R< Ry,
F(U1,UQ) =1 2dj if d > dy, R < Ry, (2.42)
R if R > Ry.

From a case-by-case analysis’, we have
F(u1,ug) > dist(ug, ug) (2.43)
and hence it follows from this and (2.42) that

K(upe) =  inf  E[F(&,6)] (2.44)

all couplings
(€1,€2) for (p1,p2)

is a Kantorovich functional. Given any coupling (U;(0), Uz(0)) for (u1,p2), we apply the
construction in Step 1 to obtain couplings (Uj(k),Ua(k)) of (pi(k), ua(k)) for each k =
1,...,T. We set F(k) = F(Uy(k),Uz2(k)) and we will estimate E[F (k)] by E[F(0)]. We
partition ¥ into three sets and estimate each contribution separately.

Case (a) w’ € Q1 := {R(0) > Rp}
In this case, F(0) = R(0). From (2.30), (2.42) and 2dy < 3Ry < $R(0), we have

P(T) <
and thus

[F(T)] < = F(0). (2.45)

Case (b) W’ € Q2 := {d(0) > dy, R(0) < Ry}

9Recall we chose Ry > 4dy.
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Here we have F(0) = 2dy. By (2.31), we have R(T) < 1Ry almost surely. Now from (2.41),
F(T) < dy with probability > 6. Therefore,

EY[F(T)] < (1 — 6)2dg + 0dy = (1 - 9) 2dy < (1 - ;0>F(O). (2.46)

N | =

Case (c) W’ € Q3 := {d(0) < dp, R(0) < Ry}
We have F'(0) = d(0) and again by (2.31), we have R(T) < Ry almost surely. From (2.39),
we have

1
F(T) = d(T) < 57:d(0) with probability > 1 —2Cod(0).

Thus,
E[F(T)] < 277d(0) + 2doPY (d(T) > 277d(0)) < d(0)(27 T + 4Codp) < ZF(O) (2.47)

because F'(0) = d(0).
Putting (2.45), (2.46) and (2.47) together, we have

3
E[F(T)] = EY {Z 1o,E” [F(T)@ < REY[F(0)),
j=1

where & = (1 — %9) \% % < 1. For j = kT, we can iterate the above argument to obtain

E[F(j)] < #* E” [F(0)). (2.48)
If j € [1,T — 1], the arguments in Cases (a) and (c) with T replaced by j hold too.
However, Case (b) no longer holds true since we used the exponential decay in time (of
lluj(T)||L2) to ensure T was large enough so that P(d(T") < dy) > 6 > 0. We cannot say
P(d(j5) < dy) > 0 > 0. We do have F(j) < dy V 2dy = 2dy = F(0), which implies

i 0
E[F(j)] < E® [F(0)].
For t = kT + j, where 0 < j < T, we have
E[F(t)] < RFEY[F(0)] < CK'EY[F(0)].

S=

for some C' > 1 and kK = KkT.

Step 3:
It remains now to compute E"[F(0)]. By the definition (2.42), we have

EY[F(0)] < 2do + B [[U1(0)|2 + 1U2(0)] 2] < 1+ Mi () + Mi(ps2).
Since (Ui (t),Usx(t)) is a particular coupling, we have
K (1 (1), pa(t)) <E[F(t)] < C(1 4 Mi(m) + Mi(u2))x",
for some xk < 1. Finally, by (1.7) and Lemma 1.10, we obtain
* 2 *
I (8) = 2@y < oMl (8) = ()1 Lip aise
2
< O+ Mi(m) + Mi(pi2)) ",

0
which completes the proof of Theorem 2.4.
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2.5. Corollaries of the main theorem. In lecture 5, we saw that (2.7) has an invariant
measure pu € P(H). In fact, by iterating (2.29) (assuming zero initial data) we obtain

Efllu(k)l22] < ——=/Bo

and hence p € P1(H). As Ty, is Feller, this implies 7}y = p and thus Theorem 2.4 yields
the following corollary.

Corollary 2.5. There exists an invariant measure p € P1(H) such that

1T — wliyy < CL+ My (0) "
for any v € P1(H).

Given any u € H, 0, € P1(H) and T}, = pi(u,-). Therefore, Corollary 2.5 implies
pr(u,) = p for any u € H,
as k — oo. Then, for any f € Cy(H) and for any u € H, we have
Tiof (u) = (Tif, 6u) = (f, T 0u) = (f, pe(u, ) — (fs ) (2.49)

Corollary 2.6. The (KickNSE) has a unique invariant measure in P(H).
Proof. Let v € P(H) be another invariant measure. Then by (2.49), we have

(f;v) =, Tgv) = (Tifv)

— ((f,m)L,v)
= (f,m)-
That is, (f,v) = (f,u) for any f € Cp(H) and hence v = p. O

3. ON ERGODICITY

In the previous section, we went to great lengths to prove that the invariant measure we
constructed by the (comparatively simple) Bogolyubov-Krylov method is in fact the unique
invariant measure for (KickNSE) (Corollary 2.6). It turns out that this uniqueness result
now implies rather strong and previously inaccessible qualitative information on the long
time behaviour of (KickNSE). To see a framework of these implications, we state them in
a general fashion.

Given a measure space (X, F, i), we consider a measure preserving map 7' : X — X; that
is, for every A € F, we have (Tiup)(A) = n(A). In particular, the measure p is invariant
under the map 7. Invariance alone yields some interesting consequences:

e Poincare recurrence theorem: Given p(A) > 0, there exists n € N such that
(T "ANA)>0.

e Furstenberg recurrence theorem:! If ;i(A) > 0, then for all k£ € N, there exists
n € N such that

WANT "ANT AN NTFA) > 0.

10This result was used to prove some famous results in number theory such as Szemeredi’s theorem,
Roth’s theorem, and the van der Waerden theorem.
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e Von Neumann theorem: Let 7 denote the o-algebra of sets which are invariant
under 7. Then, for F € LQ(X F, ), we have

ngnoonFT" E[f | Z](x)

for p-almost every x € X.
e Birkhoff’s theorem: The statement is as in Von Neumann’s theorem above except
the assumption F' € L?(X, F, ) is replaced by F € L'(X, F, u).

Definition 3.1. A measure preserving map 7" is said to be ergodic if whenever T71A = A,
we have p(A) =0 or 1.

In other words, the map T is ergodic if the only invariant sets are trivial.
There are many equivalent ways to define ergodicity and we state a few of these below.

Theorem 3.2. The following are equivalent:

(i) T is ergodic with respect to u

(ii) If F is measurable and F o T = F, then F is constant a.e.
(iii) If F € L?(p) and FoT = F, then F is constant a.e.
(iii) If F € L*(pn), we have

| — F(T'z)= | F — a.e.
J SR = [ e s

(v) If p(A) > 0, we have

,u< U T_”A> =1.

n=0

(vi) If u(A), u(B) > 0, then there exists n such that
w(T AN B) > 0.

(vii) We have

lim —Z,u T "ANB) = u(A)u(B).

N—oo N

We denote by A the collection of invariant probability measures for a given Markov
semigroup. It is easy to see that A is convex. It turns out the ergodic measures hold a
special place in A.

Theorem 3.3. The set of extremal points of A is equal to the set of ergodic probability
measures.

Immediately following this theorem, we have:
Corollary 3.4. A unique invariant measure is ergodic.

We proved in Corollary 2.6 that u is the unique invariant measure under 7. Hence, u is
ergodic for T} and thus the seven other statements in Theorem 3.2 hold for the dynamics
of (KickNSE).
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A uniqueness result also holds in the case of the white forced NSE where, for instance,
we make the following modifications to the argument in Subsection 2.4:

KickNSE White NSE
d(k) < do d(t) < do
R(k) < R R(t) < Rov/t—T,, T.+1<t<k

use an ‘adjusted’ Girsanov theorem

See [1, page 57] for a more complete list of the differences.

4. FURTHER ISSUES TO STUDY

e Random attractors: see [4, Section 4.2].
e The Eulerian limit: consider the equation

Oyu — vLu + B(u) = \/v9,(, (4.1)

where v > 0 is the kinematic viscosity. For each v > 0 we have a unique invariant
measure i, for the flow of the corresponding v-equation (4.1). The idea is to send
v — 0 and thereby construct an invariant measure for the incompressible Euler
equation (v = 0 in (4.1)). See for instance [1, Section 10], [2, Section 5]. This
idea has been applied for Schrodinger-Heat type equations [3] and for construct-
ing invariant measures supported on smooth functions for the (purely dispersive)
Benjamin-Ono equation [5].
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