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Dispersive PDEs such as the nonlinear Schrödinger equations (NLS) have been studied in

extensive manner. In particular, the use of harmonic analysis has transformed the field over

the last twenty years. More recently, a non-deterministic view point has been incorporated

in the study of dispersive PDEs, allowing us to go beyond the limit of deterministic anal-

ysis. In this course, we combine deterministic harmonic analytic tools with probabilistic

techniques to study various important topics in the modern study of dispersive PDEs.

We first study the so-called invariant Gibbs measures for some dispersive PDEs. See

Topics (I) and (III) below. This study is divided into two parts: (i) construction of a Gibbs

measure and (ii) construction of global-in-time dynamics on the statistical ensemble. As for

Part (i), we will employ techniques from harmonic analysis and probability theory. Then,

we combine PDE and probabilistic techniques to construct global-in-time solutions on the

statistical ensemble.

We then discuss the probabilistic Cauchy theory for some dispersive PDEs. In the

usual deterministic sitting, a dispersive equation has a regularity threshold below which

the equation is ill-posed. Namely, below this threshold regularity, one can not study the

dynamics in a deterministic manner. In this setting, we consider random initial data and

construct local-in-time and global-in-time solutions in a probabilistic manner.

Lastly, we study well-posedness of some stochastic NLS (SNLS). For this study, we briefly

go over basic stochastic analysis such as Ito calculus. We then combine harmonic analytic

approach (Fourier restriction norm method) with stochastic analysis to study SNLS.

(I) Invariant Gibbs measures for dispersive PDEs, Part I

(1) Finite dimensional Hamiltonian system & invariant Gibbs measure

(2) Construction of Gibbs measures on T = R/Z (Lebowitz-Rose-Speer ’88, Bourgain

’94)

• Gaussian measures on function spaces, random Fourier series

• Gibbs measure as a weighted Wiener measure

(3) Construction of almost sure global-in-time dynamics & invariance of Gibbs measure

• Review of deterministic well-posedness theory

• Probabilistic construction of a.s. global solutions

(II) Probabilistic Cauchy theory

(1) Local theory

• Almost sure local existence of solutions with random initial data below a deter-

ministic threshold (Bourgain ’96, Burq-Tzvetkov ’07, Colliander-Oh ’12, Bényi-

Oh-Pocovnicu ’15)

• Probabilistic Strichartz estimates

(2) Global theory

• Almost global existence in the absence of conservation laws and (formally)

invariant measures (Colliander-Oh ’12, Burq-Tzvetkov ’14, Pocovnicu ’14)
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• Probabilistic energy bound

(III) Invariant Gibbs measures for dispersive PDEs, Part II

(1) Construction of Gibbs measures T2: a glimpse of Quantum Field Theory

• Wick renormalization

• Hypercontractivity of the Ornstein-Uhlenbeck semigroup

• Nelson’s estimate

(2) Construction of a.s. global dynamics

• NLS: Compactness argument (Oh-Thomann ’15)

Prohorov theorem, Skorohod’s presentation theorem

• NLW: Probabilistic Cauchy Theory (Oh-Thomann ’16)

(IV) Well-posedness of stochastic dispersive PDEs

(1) Stochastic NLS (SNLS) with additive noise

• Basic Ito calculus in the functional setting

• Pathwise well-posedness

• Conservation law & martingale inequality

(2) SNLS with multiplicative noise

• Burkholder’s inequality

(V) Further possible topics

• Interpolation of Gibbs measures and white noise (Oh-Quastel-Valkó ’12)

• Gibbs measure on the real line (Bourgain ’00, Oh-Quastel-Sosoe ’15)

• Quasi-invariant measures (Oh-Tzvetkov ’15)

• Stochastic Navier-Stokes equation (Kuksin’s argument)

- Bogoliubov-Krylov argument

- Uniqueness and ergodicity of an invariant measure

• Construction of Gibbs measure on T3: Φ4
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