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irrational numbers do not exist?’ The documentable fact is that Kronecker’s own work on number
theory (Kronecker, 1901, p. 4) describes the formula of Leibniz:
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as ‘one of the most beautiful arithmetic properties of the odd integers, namely that of determining
this geometrical irrational number.’ Evidently, Kronecker considered irrational numbers as
possessing at least enough ‘existence’ to allow them to be precisely defined. It is true that he did not
consider irrationals to be a necessary part of the foundations; indeed, how could he, or anybody else,
think that, in view of relations like the above one, which allow irrationals to be defined entirely in
terms of integers? Curiously, Weierstrasz also defined irrationals from the integers in just the same
way; so where was the difference between them?

The difference between Kronecker and Weierstrasz was aesthetic rather than substantive:
Kronecker wants to keep first principles (the origin in the integers) constantly in view, while
Weierstrasz, having made a new construction, is willing to forget the steps by which it was made,
and use it as an element in its own right for further construction. Put in modern computer
terminology, Weierstrasz did not deny Kronecker’s ‘machine language’ basis of all mathematics, but
wanted to develop analysis in a higher level language. Edwards points out that Kronecker’s
principles, ‘. . . in his mind and in fact, were no different from the principles of his predecessors,
from Archimedes to Gauss.’

Thanks largely to the historical research of H. M. Edwards, the truth is emerging and Kronecker is
being vindicated and rehabilitated. Perhaps Kronecker was overzealous, and perhaps he
misunderstood the position of Weierstrasz; but events since then suggest that he was not zealous
enough in his own cause. His failure to respond to Georg Cantor (1845–1918) seems unfortunate,
but easy to understand.

To Kronecker, Cantor’s ideas were so outré that they had nothing to do with mathematics, and
there was no reason for a mathematician to take any note of them. If the editors of the mathematical
journals made the mistake of publishing such stuff, that was their problem, not his. But the messages
that Kronecker did communicate contained some very important truth; in particular, he complained
that much of set theory was fantasy because it was not algorithmic (i.e. it contained no rule by which
one could construct a given element or decide, in a finite number of operations, whether a given
element did or did not belong to a given set). Today, with our computer mentalities, this seems such
an obvious platitude that it is hard to imagine anyone ignoring it, much less denying it; yet that is
just what happened. We think that, had mathematicians paid more attention to this warning of
Kronecker, mathematics might be in a more healthy state today.

B.5 What is a legitimate mathematical function?

Much of the difference between current pure and applied mathematics lies in their different
conceptions of the notion of a ‘function’. Historically, one started with the well-behaved analytic
entire functions like f (x) = x2 or f (x) = sin x . Then these ‘good functions’ were generalized, but
in two different ways. In pure mathematics, the idea was generalized in such a way that set theory
notions remained valid; first to piecewise continuous functions, then to quite arbitrary rules by
which, given a number x , one can define another number f . Then, perceiving that a function or its
argument need not be limited to real or complex numbers, this was generalized further to an
arbitrary mapping of one set X onto another set F , the elements of which could be almost anything.

In applied mathematics, the notion of a function was generalized in a very different way, so that
the useful analytical operations that we perform on functions remain valid. Perhaps the most



Appendix B Mathematical formalities and style 667

important hint was provided by the operation of the Fourier transform. This is still a mapping, but at
the higher level of mapping one function f (x) onto another F(k). This mapping was defined by the
integrals

F(k) =
∫

dxeikx f (x), f (x) = 1

2π

∫
dxe−ikx F(k). (B.8)

If we indicate this Fourier transform pair symbolically as[
f (x)↔ F(k)

]
(B.9)

we find the interesting properties that under translation, convolution, and differentiation,[
f (x − a)↔ eika F(k)

]
(B.10)

[ ∫
dy f (x − y)g(y)↔ F(k)G(k)

]
(B.11)

[
f ′(x)↔ ik F(k)

]
,

[
− ix f (x)↔ F ′(k)

]
. (B.12)

In other words, analytical operations on one function correspond to algebraic operations on the other.
In practice, these are very useful properties. Thus, to solve a linear differential equation, or

difference equation, or integral equation of convolution form [
∫

dyK (x − y) f (y) = λ g(x)] , or,
indeed, a linear equation which contains all three of these operations, one may take its Fourier
transform, which converts it into an algebraic equation for F(k). If this can be solved directly for
F(k), then taking the inverse Fourier transform yields the solution f (y) of the original equation.
Thus the Fourier transform mapping reduces the solution of linear analytical equations to that of
ordinary algebraic equations. In the early 20th century, the theoretical physicist Arnold Sommerfeld
in Munich became a great artist in the technique of evaluating these solutions by fancy contour
integrals, and some of the greatest of the next generation learned this from him. Today, physicists
and engineers could hardly survive without it.

This procedure seemed to apply only to a limited class of functions. In the Dirichlet form of
Fourier theory, one shows that, if f (x) is absolutely integrable, then the integral (B.8) surely
converges to a well-behaved continuous function F(k) on the real axis, and all is well. If f (x) also
vanishes for negative x , then F(k) is analytic and bounded in one-half of the complex plane, and all
is even better. But if f (x) is absolutely integrable, then f ′(x) or f ′′(x) may not be; and there is some
doubt whether the useful properties are still valid. In the early work on Fourier transforms, such as
Titchmarsh (1937), virtually all one’s attention was concentrated on the theory of convergence of the
integrals, and any function for which the integral did not converge was held not to possess a Fourier
transform. This placed an intolerable restriction on the range of useful applications of Fourier theory.

Then a more sophisticated view emerged in theoretical physics. One realized that the usefulness
of the Fourier transform lies, not in convergence of any integral, but in the above properties
(B.10)–(B.12) of the mapping. Therefore, as long as our functions are sufficiently well-behaved so
that the operations in (B.10)–(B.12) make sense, then, if by any means we can define the mapping
such that those properties are preserved, then the customary use of Fourier transforms to solve linear
integrodifferential equations will be perfectly rigorous, and it does not make the slightest difference
whether the integrals (B.8) or the analogous Fourier series do or do not converge. A divergent
Fourier series is still a unique ordered sequence of numbers, conveying all the needed information
(i.e. it is uniquely determined by, and uniquely determines, its Fourier transform). It was only an
historical accident that this mapping was first discovered through series and integral representations,
which exist only in special cases.
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B.5.1 Delta-functions

Although its beginnings can be traced back to Duhamel and Green in the 19th century, this
movement is commonly held to start with P. A. M. Dirac, who in the 1920s invented the notation of
the delta-function δ(x − y) generalizing Kronecker’s δi j , and showed how to use it to good
advantage in applications. It is the ‘Fourier transform of a constant’ in the sense that as F(k)→ 1,
we have f (x)→ δ(x). Mathematicians thinking in terms of the set theory definition of a ‘function’
were horrified and held this to be nonrigorous on the grounds that delta-functions do not ‘exist’. But
that was only because of their inappropriate definition of the term ‘function’. A delta-function is not
a mapping of any set onto any other. Laurent Schwartz (1950) tried to make the notion of a
delta-function rigorous, but from our point of view awkwardly, because he persisted in defining the
term ‘function’ in a way inappropriate to analysis.

Perceiving this, G. Temple (1955) and M. J. Lighthill (1957) showed how to remove the
awkwardness simply by adopting a definition of functions as meaning ‘good’ functions and limits of
sequences of good functions (thus, in our system, a discontinuous function is defined as the limit of
a sequence of continuous functions). For this, there is almost no need to mention such things as open
and closed sets. Lighthill saw that this definition of ‘function’ is the one appropriate to Fourier
theory. It is now clear that it is also the one appropriate to probability theory and to all of analysis;
with it our theorems become simpler and more general, without a long list of exceptions and special
cases. For example, any Fourier series may now be differentiated term by term any number of times
and the result, whether convergent or not, identifies (by 1:1 correspondence) a unique function in
our sense of the word. Physicists had seen this intuitively and used it correctly long before the work
of Schwartz, Temple, and Lighthill.

Lighthill produced a very thin book (1957) on the new form of Fourier analysis, which included a
table of Fourier transforms in which every entry is a function which was held formerly not to possess
a Fourier transform. Yet that table is a gold mine for the useful solution of linear integro-differential
equations. In a famous review of Lighthill’s book, the theoretical physicist Freeman J. Dyson (1958),
a former student of the Cambridge mathematician G. H. Hardy, stated that Lighthill’s book ‘. . . lays
Hardy’s work in ruins, and Hardy would have enjoyed it more than anybody.’ Throughout the
present work, we take Lighthill’s approach for granted and assume that the reader is familiar with it.5

B.5.2 Nondifferentiable functions

The issue of nondifferentiable functions arises from time to time in probability theory. In particular,
when one solves a functional equation such as those studied in Chapter 2, to assume differentiability
is to have a horde of compulsive mathematical nitpickers descend upon one, with claims that we are
excluding a large class of potentially important solutions. However, we noted that this is not the
case; Aczel demonstrated that Cox’s functional equations can all be solved without assuming
differentiability (at the cost of much longer derivations) and with just the same solutions that we
found above.

Let us take a closer look at the notion of nondifferentiable functions in general. This was not
well-received at first by mathematicians. Charles Hermite wrote to Stieltjès: ‘I turn away in horror
from this awful plague of functions which have no derivatives.’ The one generally blamed for this

5 Lighthill defines the term ‘good function’ in a different way than we did above, which seems to us unnecessarily restrictive in
its behavior at infinity. Apparently, this was because he did not like integrals over finite domains, whereas we do like them. But
Lighthill’s definition is more general than ours in that a ‘good function’ need not be analytic; however, this generality seems to
us unnecessary because we have never seen a real problem in which the underlying good functions could not be chosen to be
analytic.
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plague was Henri Lebesgue (1875–1941), although Weierstrasz had noted them before him. The
Weierstrasz nondifferentiable function is

f (x) ≡
∞∑

n=0

an cos(mn x), (B.13)

where (0 < a < 1) and m is a positive odd integer. It is an ordinary Fourier series with period 2π ,
since mn is always an integer. Furthermore, the series is uniformly convergent for all real x (since it
must converge at least as well as does

∑
an ), so it defines a continuous function. But if ma > 1,

term-by-term differentiation yields a badly divergent series, whose coefficients grow exponentially
in n. The proof that the derivative

f ′(x) ≡ lim
h→0

f (x + h)− f (x)

h
(B.14)

then does not exist for any x is rather tedious.6 Weierstrasz’s function is, in fact, the limit of a
sequence of good functions (the partial sums Sk of the first k terms), but it is not a very well-behaved
limit, and such functions are of no apparent use to us because they fail to satisfy condition (B.12).
Nevertheless, functions like this do arise in applications; for example, in Chapter 7 our attempt to
solve the integral equation (7.49) by Fourier transform methods ran up against this difficulty if the
kernel was too broad. Then our conclusion was that the integral equation does not have any usable
solution unless the kernel φ(x − y) is at least as sharp as the ‘driving force’ f (x).

B.5.3 Bogus nondifferentiable functions

The case most often cited as an example of a nondifferentiable function is derived from a sequence
fn(x) , each of which is a string of isosceles right triangles whose hypotenuses lie on the real axis
and have length 1/n. As n→∞, the triangles shrink to zero size. For any finite n, the slope of
fn(x) is ±1 almost everywhere. Then what happens as n→∞? The limit f∞(x) is often cited
carelessly as a nondifferentiable function. Now it is clear that the limit of the derivative, f ′n(x), does
not exist; but it is the derivative of the limit that is in question here, f∞(x) ≡ 0, and this is certainly
differentiable. Any number of such sequences fn(x) with discontinuous slope on a finer and finer
scale may be defined. The error of calling the resulting limit f∞(x) nondifferentiable, on the
grounds that the limit of the derivative does not exist, is common in the literature. In many cases, the
limit of such a sequence of bad functions is actually a well-behaved function (although awkwardly
defined), and we have no reason to exclude it from our system.

Lebesgue defended himself against his critics thus: ‘If one wished always to limit himself to the
consideration of well-behaved functions, it would be necessary to renounce the solution of many
problems which were proposed long ago and in simple terms.’ The present writer is unable to cite
any specific problem which was thus solved; but we can borrow Lebesgue’s argument to defend our
own position.

To reject limits of sequences of good functions is to renounce the solution of many current real
problems. Those limits can and do serve many useful purposes, which much current mathematical
education and practice still tries to stamp out. Indeed, the refusal to admit delta-functions as
legitimate mathematical objects has led mathematicians into error. For example, H. Cramér (1946,
Chap. 32) gives an inequality, which we derived in Chapter 17, placing a lower limit to the variance

6 See Hardy (1911). Titchmarsh (1939, pp. 350–353) gives only a shorter proof valid when ma > 1+ 3π/2. Some authors state
that f (x) is nondifferentiable only in this case; but, to the best of our knowledge, nobody has ever claimed that Hardy’s proof
contains an error.
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of the sampling distribution for a parameter estimator θ∗:

var(θ∗) ≥ (1+ db/dθ )2

n
∫

dx (∂ log( f )/∂θ )2 f (x |θ)
, (B.15)

where we have made n observations from a sampling distribution f (x |θ ), and b(θ∗) ≡ E(θ∗ − θ ) is
the bias of the estimator.

Then Cramér notes that, if f (x |θ ) has discontinuities, then ‘the conditions for the regular case are
usually not satisfied. In such cases it is often possible to find unbiased estimates of ‘abnormally high’
precision, i.e. such that the variance is smaller than the lower limit [(B.15)] for regular estimates.’
How could he have reached such a remarkable conclusion, since (B.15) is only the Schwartz
inequality, which does not seem to admit of exceptions? We find that he has used the set-theory
definition of a function, and concluded that the derivative ∂ log( f )/∂θ does not exist at points of
discontinuity. So he takes the integral in (B.15) only over those regions where f (x |θ) is continuous.

But the definition of a discontinuous function which is appropriate in analysis is our limit of a
sequence of continuous functions. As we approach that limit, the derivative develops a higher and
sharper spike. However close we are to that limit, the spike is part of the correct derivative of the
function, and its contribution must be included in the exact integral. Thus the derivative of a
discontinuous function g(x) necessarily contains a delta-function [g(y+)− g(y−)] δ(x − y) at
points y of discontinuity, whose contribution is always present in the differentiated Fourier series
for g(x), and must be included in order to get the correct physical solution. Had Cramér included
this term, (B.15) would have reduced in the limit to var(θ∗) ≥ 0; hardly a useful statement, but at
least there would have been no anomaly and no seeming violation of the Schwartz inequality.

In a similar way, the solution of an integral equation with finite limits, of the form∫ b

a
dyK (x, y) f (y) = λg(x), (B.16)

generally involves delta-functions like δ(y − a) or δ′(y − b) at the end-points, and so those who do
not believe in delta-functions consider such integral equations as not having solutions. But in real
physical problems, exactly such integral equations occur repeatedly, and again the delta-functions
must be included in order to get the correct physical solution. Some examples are given by
D. Middleton (1960); they are virtually ubiquitous in the prediction of irreversible processes in
statistical mechanics. It is astonishing that so few non-physicists have yet perceived this need to
include delta-functions, but we think it only illustrates what we have observed independently; those
who think of fundamentals in terms of set theory fail to see its limitations because they almost never
get around to useful, substantive calculations.

So, bogus nondifferentiable functions are manufactured as limits of sequences of rows of tinier
and tinier triangles, and this is accepted without complaint. Those who do this while looking
askance at delta-functions are in the position of admitting limits of sequences of bad functions as
legitimate mathematical objects, while refusing to admit limits of sequences of good functions! This
seems to us a sick policy, for delta-functions serve many essential purposes in real, substantive
calculations, but we are unable to conceive of any useful purpose that could be served by a
nondifferentiable function. It seems that their only use is to provide trouble-makers with artificially
contrived counter-examples to almost any sensible and useful mathematical statement one could
make. Henri Poincaré (1909) noted this in his characteristically terse way:

In the old days when people invented a new function they had some useful purpose in mind: now
they invent them deliberately just to invalidate our ancestors’ reasoning, and that is all they are ever
going to get out of them.

We would point out that those trouble-makers did not, after all, invalidate our ancestors’
reasoning; their pathology appeared only because they adopted, surreptitiously, a different definition
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of the term ‘function’ than our ancestors used. Had this been pointed out, it would have been clear
that there was no need to modify our ancestors’ conclusions.

Today, this fad of artificially contrived mathematical pathology seems nearly to have run its
course, and for just the reason that Poincaré foresaw; nothing useful can be done with it. While we
still see exhortations not to assume differentiability of an unknown function, it is difficult to find
even one specific example of a nondifferentiable function appearing – much less actually being used
for anything – in the recent literature. One must go back to old works like Titchmarsh (1939) to see
them at all.

Note, therefore, that we stamp out this plague too, simply by our defining the term ‘function’ in
the way appropriate to our subject. The definition of a mathematical concept that is ‘appropriate’ to
some field is the one that allows its theorems to have the greatest range of validity and useful
applications, without the need for a long list of exceptions, special cases, and other anomalies. In
our work the term ‘function’ includes good functions and well-behaved limits of sequences of good
functions; but not nondifferentiable functions. We do not deny the existence of other definitions
which do include nondifferentiable functions, any more than we deny the existence of fluorescent
purple hair dye in England; in both cases, we simply have no use for them.7

B.6 Counting infinite sets?

It is well known that Lewis Carroll’s children’s books were really expositions of the principles of
logic, conveyed by the device of stating the opposite in a form that would appear ludicrous even to
small children. One of his poems ends thus:

He thought he saw an Argument that proved he was the Pope:
He looked again and found it was a Bar of Mottled Soap.
‘A fact so dread,’ he faintly said, ‘Extinguishes all hope!’

Indeed, many of the arguments seriously proposed in probability theory are seen, on second glance,
to be nothing but mottled soap. The idea was appropriated in a famous anecdote8 about the
Cambridge mathematician G. H. Hardy; J. E. McTaggart expressed doubt that from a false
proposition all propositions can be deduced, by challenging him thus: ‘Given 2+ 2 = 5: prove that I
am the Pope.’ Whereupon Hardy replied: ‘Subtract 3 from each side and we have 1 = 2. Now we
agree that the Pope and you are two; therefore the Pope and you are one!’ But that was only a play
on words; infinite-set theory gives us a superior grade of mottled soap, with which we can prove
McTaggart’s papacy much more convincingly.

We start from the premise that two sets have the same number of elements if they can be put into
1:1 correspondence with each other. Then by the association (n ↔ 2n), n = 1, 2, . . . , we can put
the positive integers into 1:1 correspondence with the positive even integers. And by the association
(2n ↔ 2n − 1), n = 1, 2, . . . , we can, equally well, put the positive even integers into 1:1
correspondence with the positive odd integers; so by such logic it seems that we would be driven to
conclude that:

(A) (number of integers) = (number of even integers);
(B) (number of even integers) = (number of odd integers);
(C) (number of integers) = 2× (number of even integers);

7 On a different topic, in Chapter 17 (footnote 9 on p. 521) we follow the same policy by defining the term ‘moving average’
for a finite time series in such a way that our theorems are all exact, without any need for messy ‘end effect’ corrections. Of
course, it then develops that this is the definition most directly useful in applications and that conserves information which would
otherwise be lost.

8 Cited by Jeffreys (1931; 1957 edn, p. 18).


