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ABSTRACT:

This dissertation consists of two stand-alone parts. We begin with an exploration of the
magnitude of an enriched category. Introduced by Leinster in [8], magnitude is a rig valued
invariant of an enriched category sharing many properties with the Euler characteristic of
topological spaces. When the enriching category is simply the category of sets, magnitude
— like the Euler characteristic of topological spaces — obeys a sort of multiplicativity over
fibrations, and also can be computed in many cases via an associated homology theory. First
we show that multiplicativity over fibrations again holds when the enriching category is the
2-category of categories, Cat. Second, motivated in large part by [4], we give a survey of the
problem of computing magnitude via a homology theory in a general enriched categorical
setting. Though we present no new results in this section, we do outline some successes and
many of the difficulties encountered in this area as well as provide a promising direction for
future research.

The second part of the dissertation extends from the work of [2]. In that paper it is
shown that strict monoidal, monoidal, and skew monoidal categories are in one to one
correspondence with maps from the Catalan simplicial set — so named because its simplices
can be counted by the Catalan numbers — into one of three carefully chosen nerves of Cat.
We extend and simplify this result by showing that there is a single nerve, Na(N2Cat), such
that the three monoidal-type categories already mentioned as well as lax monoidal categories
and Y-monoidal categories can each be understood as maps from the Catalan simplicial set
to Na(NyCat). This provides a general framework for defining and studying monoidal-type
categories. A detailed examination of these maps actually provides for the definition of a
new monoidal-type category which is a joint generalization of the five mentioned above.
This part can presently be found on the arxiv at arXiv:1507.05205, and is also currently
submitted for publication in a slightly modified form.



ORGANIZATION:
This dissertation consists of two stand-alone parts.

The first part — Topological qualities of enriched category magnitude — is concerned with
the magnitude of enriched categories. The second part — The classification of monoidal-type
categories — is concerned with the Catalan simplicial set and its classification properties with
respect to monoidal-type categories.

This second part can presently be found on the arXiv at arXiv:1507.05205, and is also

currently submitted for publication in a slightly modified form.
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1. TOPOLOGICAL QUALITIES OF ENRICHED CATEGORY MAGNITUDE

The magnitude of an enriched category was first described in the context of finite cat-
egories — categories with a finite number of objects and finite hom-sets — where it bore
the name ‘Euler characteristic’. The Euler characteristic of a category — a rational num-
ber associated to that category — earns its namesake due to a number of shared properties
with the familiar Euler characteristic of topological spaces. Properly understood, the Euler
characteristic of a category is:

(i

(ii

) a homotopy invariant;
)

(iii) additive over disjoint union;
)
)

multiplicative over cartesian product;

(iv) multiplicative over fibrations;

(v

More generally, for any enriching monoidal category V, the magnitude of a V-enriched

and is computable via an associated homology theory.

category also (properly understood) shares properties (i)—(iii). It is presently unknown
whether the final two properties, (iv) and (v), are also shared for any enriching V.

In part 1 of this dissertation, we explore the properties (iv) and (v). In section 1.1, we
will define the magnitude of an enriched category as well as its basic properties including
(i)—(iii) above. In section 1.2 we explain the multiplicativity of the Euler characteristic on
the total space of a fibration for finite categories, and show that the magnitude of Cat-
enriched categories also shares this property. Finally, in section 1.3 we take up the problem
of computing magnitude of an enriched category via a homology theory associated to that
enriched category. I have been unable to produce a homology theory for enriched categories
which can be used to compute magnitude in general. Rather, this section gives a survey
of the problem, including: a description of the finite categorical case; a success story in
the context of the magnitude of finite graphs due to [4]; an account of the difficulties in

generalizing the approach used there; and lastly, a promising direction for future research.

1.1. The magnitude of an enriched category. Suppose (V,®,I) is a monoidal category
and write V-Cat for the category of V-enriched categories with enriched functors. In many
cases, the objects of V come with a natural notion of ‘size’ which respects the monoidal
product: if ¥V = FinSet, the category of finite sets, then the size of an object X € FinSet is

simply its cardinality; if V = FinVect, the category of finite dimensional vector spaces, then



the size is just dimension; if V is a suitable category of topological spaces, then size can
be taken to be Euler characteristic [14]. The magnitude of a finite V-category — that is, a
category enriched in V with a finite number of objects — can then be thought of as a notion
of size of the V-category, induced from the notion of size of the objects of V.

Suppose that K is a commutative rig (i.e. semiring) with multiplication e and multiplica-

tive identity 1, and that we are given a multiplicative gauge function
| —1:(ob(V),®, 1) —(K,e,1)

which sends isomorphic objects to the same element in K. For an object v € V, we think
of |v| as the size of v. (For example, when )V = FinSet, the gauge returns cardinality of the
set as an element of K = Q.) In this context, the magnitude of a finite enriched category
A € V-Cat can be computed (should it exist) according to the following procedure.

Let n be the number of objects in A and define the n x n matrix Z, by
(Zn)ij = |Alai, az)].

That is, the (i,5)"" entry of Z, is the size (given by the gauge function) of the mapping
object between the i*" and ;" objects of A. The matrix Z, is therefore an element of the
matrix rig M, (K) and so can be understood as a linear map on K™.

A weighting for a matrix A € M,,(K) is a column vector w € K" satisfying the weighting
equations Y, <, Ajjw; = 1 for all 1 < i < n. That is, Aw = (1,1,...,1) 7. Similarly, a
coweighting for A is a row vector c satisfying the coweighting equations ), <i<n cili; =1
for all 1 < j < n. In other words, cA = (1,1, ...,1). Weightings and coweightings need not
exist for every A, e.g. A = 0. On the other extreme, a matrix has a unique weighting and
coweighting if it is invertible. There are also noninvertible matrices with both weightings and
coweightings and these need not be unique.! Nevertheless, all weightings and coweightings

for a matrix A do share an important property in common:

Proposition 1.1.1. If a matriz A € M,,(K) has a weighting w and a coweighting c, then:
S u-Ya
1<j<n 1<i<n

HfAe M, (R) is given by A;; =1 for all 1 < 4,5 < 2, then weightings and coweightings for A come in a

one parameter family.



The short proof can be found in Lemma 1.1.2 of [8].
In the context of the matrix Z,, a weight w for Z, satisfies the weighting equations
> IA(a, b)|wy =1
beA
for each a € A and similarly for a coweight ¢. For simplicity, we define a (co)weight vector
for the enriched category A to be a (co)weight vector for the matrix Z5. We can now state

the definition of magnitude.

Definition 1.1.2. Suppose (V,®,I) is a monoidal category, K a commutative rig, | — | a
gauge function, and A € V-Cat finite. Then if A has both a weighting w and coweighting c,
we define the magnitude of A:
|A| := Zwb = an.
beh ach
The magnitude of a finite V-category A is therefore an element of the rig K associated
to A. Magnitude shares a number of properties with the Euler characteristic of topological

spaces as we see in the following proposition.

Proposition 1.1.3. Let A and B be finite V-categories. Then we have:

(1) If both A and B have magnitude and there is an enriched functor X : A—B with
either a left or right adjoint, then |A| = |B|.

(2) If A ~B, then A has magnitude if and only if B does, and in this case |A| = |B|.

(8) If both A and B have magnitude, then so does their monoidal product A ® B and
A ©B| = |A||B|.2

(4) If A and B have magnitude, then so does their coproduct A + B with |A + B| =
|A| +|B|.3

The proof(s) can be found in section 1.4 of [8].
We can understand the first two items of Proposition 1.1.3 as analogous to the fact that
Euler characteristic of topological spaces is a homotopy invariant, where adjoint functors

play the role of homotopy equivalence. Magnitude is therefore an adjoint invariant of finite

2The monoidal product ® of V-categories exists when V is symmetric.

3The coproduct + of V-categories exists when V has an initial object co with v ® co = co = 0o ® v for

allv e V.
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V-categories. The latter two items are analogous to the statements that Euler characteristic
is multiplicative over cartesian product and additive over disjoint union. It is also worth
noting that (again like Euler characteristic) there are some finite V-categories A without
magnitude (we also may say that the magnitude of such categories is undefined), because
the matrix Z, need not have both a weighting and coweighting.

Magnitude of enriched categories is also a remarkably general concept, specializing to
specific invariants for every choice of V and gauge function. In the three cases of V =
FinSet, FinVect, and an appropriate subcategory of Top, with their respective notions of size,
magnitude becomes an invariant of categories, linear categories, and topologically enriched
categories respectively. We shall describe more possibilities for V later on in this paper.

One instance of magnitude which has received a great deal of attention is the case when
YV = FinSet so that V-Cat is the full subcategory of Cat consisting of those categories with
finite hom-sets. By finite category we mean a category with a finite number of objects and
finite hom-sets, that is, a finite FinSet-category. The magnitude of finite categories shares
two additional properties with the Euler characteristic of a topological space. Consequently,
it also goes by the name of Fuler characteristic of a category and we will write x(A) for
the Euler characteristic/magnitude of the finite category A. In the rest of Part 1 of this
dissertation, we will rigorously present these two additional properties — multiplicativity
over fibrations, and computability via homology — shared by topological and categorical
Euler characteristics. We will also show some of the work that has gone into exploring these

properties for magnitude of V-categories outside of the context where V = FinSet.

1.2. Magnitude and fibrations. We have already mentioned that the Euler characteristic
of topological spaces is multiplicative over topological product: x(X xY) = x(X)x(Y) for
topological spaces X and Y each with Euler characteristic. This is also the case for very
general notions of ‘twisted’ products. If p : F— B is a Q-orientable (Hurewicz) fibration
with fiber F' and B path-connected, then if any two of B, E or F' have Euler characteristic,
then so does the third and x(E) = x(F)x(B). (See Proposition 13.5.1 of [15]) The category
of categories Cat also has a distinguished class of maps known as (Grothendieck) fibrations,
and we shall see that an analogous result holds for the Euler characteristic of categories.
The total space £ of a fibration of categories p : £ — B can be considered as resulting

from the Grothendieck construction. Given a pseudo-functor X : B— Cat we can define a
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new category FX, the Grothendieck construction applied to X:

Ob EX := {(b,z) | b€ Ob B and z € Ob Xb}.
EX((b,x),(t),2") = {(f,¢) | f:b—=0b"and ¢ : (X [)(z) —2}.
(JN’ QJ)/) 0 (f7 (b) = (f/ o f, (b/ o (Xf/)((b)) : (b’ .’[7) - (blvxl) - (bllvx//)'

The category FX comes with a projection p : EX — B by mapping (b, z) to b and (f, ¢)
to f. Thus the fiber of p over an object b € B is the category Xb. This projection is a
fibration, and conversely, every total space of a fibration is equivalent to a category EX for

some X : B—>Cat.?

Proposition 1.2.1. Let B be a finite category, X : B— Cat a pseudo-functor such that
Xb is finite for each b € B. Suppose B and Xb for each b € B have FEuler characteristic.

Denoting a weight vector for B by w® we then have:

X(EX) = wix(Xb).
bEB

This proposition should be understood as the analogue of the multiplicativity of topologi-
cal Euler characteristic over fibrations. One way of parsing the somewhat more complicated
formula for x(EX) in the categorical case is that the fibers Xb need not be equivalent (or
related by an adjoint pair of functors), whereas the fibers of a topological fibration are each
homotopically equivalent, hence have the same Euler characteristic. The proof of Propo-
sition 1.2.1 can be found in [7], but we record it here in full. We will need the following

lemma:

Lemma 1.2.2. Let B be a finite category, X : B— Cat a pseudo-functor such that Xb is
finite for each b € B. Suppose we have weight vectors w® for B and wX® for Xb for each

b e B. Then we can define a weight vector w for EX by:
w(b7x) = wgﬂwfb.

Proof. We need only show that the purported definition satisfies the weighting equation for
all (t,2') € EX:

4GSee http://ncatlab.org/nlab/show/Grothendieck-+fibration.
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Do EX(W, ), (b 2))wgw = 1.

(bz)eEX

We have:

(1'2'1) Z |EX((b/’ x/)7 (b7 x))‘w(b,z) :Z Z |EX((b/>I/)a (b7 x))lwfbwéﬂ

(bz)EEX bEB wEXb

(1.2.2) => > | D X((XH@E),2)] | wite

beB z€Xb \ fEB(b',b)

(1.2.3) =S 3 (Z IXb((Xf)(m’),m)lwfb> wy

bEB feB(b,b) \z€Xb

(1.2.4) => > w

bEB FEB(Y',b)

(1.2.5) => B, b)|w;

beB

(1.2.6) =1.
|

Together with the analogous lemma for coweight vectors, we have that if B and Xb have
Euler characteristic, hence both weight and coweight vectors, then EFX has both weight
and coweight vectors with formulas given by the above lemma. Under the hypotheses of
Proposition 1.2.1, we have therefore:

XEX)= Y wen = Y wXlw =Y wix(Xb).
(bz)eEX beB ze Xb beB
This concludes the proof of Proposition 1.2.1.

Recalling that the Euler characteristic of a finite category is just the magnitude of that
category viewed as a FinSet-enriched category, one might hope that there is a statement
generalizing Proposition 1.2.1 to the context of magnitude for V-enriched categories for any
V. The immediate difficulty is trying to make sense of the Grothendieck construction in the
context of enriched categories; if B € V-Cat is finite, we cannot in general consider enriched
functors X : B — V-Cat because, in general, V-Cat is not itself a V-category (nor can it

be made into one in some natural way). Nevertheless, there are two enriching categories
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besides FinSet where we do have a similar result. The first is when ¥V = R2°, the non-
negative real numbers with monoidal product +; see Theorem 2.3.11 of [8]. The second is
when V = FinCat, the 2-category of finite categories with cartesian product x and unit I,
the one object category. In what follows, we will write 2Cat to denote Cat-Cat, the category
of strict 2-categories. By a finite 2-category we will mean a finite FinCat-Cat, that is, a strict
2-category with finite objects, finite 1-cells, and finite 2-cells.

In order to make sense of magnitude of finite 2-categories, we must provide a rig K and
multiplicative gauge function FinCat — K. The upshot of Proposition 1.1.3 is that the
Euler characteristic x : FinCat — Q is a multiplicative isomorphism invariant function,
hence can be used as a gauge function. (So K = Q in this case.) Let us rename this as
X1 : FinCat— Q. Of course, it may be that x1(A) is not defined for some finite category A
— if A has no weight or coweight vector — but this will not cause problems for us. Now that
we have a gauge for V = Cat, we can follow the procedure to produce magnitude for finite
2-categories, which we will call xo. If B € 2Cat is finite such that x1(B(b;, b;)) is undefined
for some objects b; and b;, making the matrix (Zg); ; undefined, we will simply say x2(B)
is undefined as well.®

In order to reproduce Proposition 1.2.1 in this context, we must first define a Grothendieck

construction E for finite 2-categories.’

Definition 1.2.3. Let B € 2Cat, and X : B — 2Cat be a Cat-enriched functor of strict
2-categories, where the latter is viewed as an object of 2Cat by forgetting the 3-cells. We
define the 2-category of elements EX € 2Cat as follows.

obEX :={(a € obB,z € obXa)} = [] Xa.
acobB

As for the hom-categories, we proceed in the following way. For a pair of objects (a, z)
and (b, y), define the functor Xz, : B(a, b)°” — Cat by the composite:

Xa_ x Xb )
B(a,b) —=" 9Cat(Xa, Xb) — 2, xp L

5This procedure can be continued inductively; By Proposition 1.1.3, x2 is multiplicative and isomorphism
insensitive, and hence can again be used as a gauge function for the finite objects of 2Cat, or Fin2Cat. This

gives a magnitude for finite 3-categories, x3, and so on.

6See http://ncatlab.org/nlab/show/n-fibration for a more general (contravariant) version of this

construction.
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By ev, we mean the functor taking a Cat-functor F': Xa—Xb to Fx € Xb and an enriched
transformation H : F' = G to its component at z, Hz : Fox — Gz. Here we view B(a,b) as
a strict 2-category with only identity 2-cells so that all four objects type check as objects of
2Cat. Explicitly this composite gives:

Xaaby(f :a—=b) = Xb((X f)(2),y).
Xaavy(h : f = g) := Xhg : Xb((Xg)(2),y) — X0((X [)(2), y)-
Here (Xh)% is composition with (Xh),, hence mapping an object p € Xb((Xg)(x),y) to the

object (po (Xh),) € Xb((Xf)(x),y). Morphisms s : p = ¢ : (Xg)(x) —y are horizontally
composed with the identity on (Xh),, that is, (Xh)% : s+ so (Xh),.

Finally, for the morphisms of FX, we define the hom-category using the Grothendieck

construction a dimension lower:
EX(a,z)(b,y) := E(Xazby)-
Thus we have:

obEX(a,z)(b,y) = {(f,n)|f € obB(a,b),n € obXb((X f)(x),y)}

= I xoxnHi).y).

fe€obB(a,b)

EX(a,z)(b,y)(f,n)(g, 1) = {(h,e)|h: f =g €B(a,b),e: po(Xh). = n}

= JI Xb((XH@),9) (o (Xh)zn).

heC(a,b)(f,9)

(Xh)s
(Xf)(x) (Xg)(x)
/
n 7
y

Composition in EX is given by functors EX (a, z)(b,y) x EX (b, y)(c, 2)—EX (a,z)(c, 2).
Given objects (f,n) € EX(a,z)(b,y) and (g,p) € EX(b,y)(c,2), define the composite
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(g,m)o(f,n) == (gof,uo(Xg)(n)). Given morphisms (h,e) € EX (a,z)(b,y)(f,n)(f’,n’) and
(4,0) € EX(b,y)(c,2)(g, u)(g', 1), define the composite (j,5) o (h,e) := (j o h,d 0 (Xg)(e)).

The non-filled portions of the following diagram commute and show this composite.

X(joh)),
(Xg)((Xf)(x)) Xoh) (X (X f)(x))
(Xg)((Xh))
(X)X )
(Xg)(e) f N
(Xg)(n) | —— (Xg)((Xf)(2)) (Xg)(n")

This is an associative assignment and furthermore the object (1, 1,) with its identity form

an identity for this composition in the category EX (a,x)(a,x).

Armed with a Grothendieck construction for Cat-functors into 2Cat, we can state and

prove the analogue to Proposition 1.2.1.

Proposition 1.2.4. Let B be a finite 2-category, X : B—2Cat a Cat-functor such that
Xb is finite for each b € B. Suppose x2(B) and x2(Xb) exists for each b € B. Denoting a

weight vector for B by w® we then have:

X2(BX) =Y wpx2(Xb).
beB

As before, this follows easily from a lemmas:
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Lemma 1.2.5. Let B be a finite 2-category and X : B—2Cat a Cat-functor such that Xb
is finite for each b € B. Suppose we have weight vectors w® for B and w™X® for Xb for each
b € B. In particular this means that x1(B(a,b)) and x1(Xb(x,y)) exists for all a,b € B and
z,y € Xb. Then we can define a weight vector w for EX by:

B, Xa
’LU(GJJ) =w,w, .

Proof. We simply need to show the claimed weighting satisfies the weight equations.

> xa(BEX(a,2)(b,y)wpwy’ =" > xa(EX (a,2) (b, y))w; "wp
(by)EEX beEB yeXb

=S 3 [ 2w HE)pw | wlt?

beB yeXb \ feB(a,b)

:Z Z Z X1 (Xb((X f) (), y))wy® w]?(a’b)w?f

beB feB(a,b) \yeXDb

DD IRLEL

beB feB(a,b)

=3 (B b)uf

beB

=1.

Proof. (Of Proposition 1.2.4)
The hypotheses together with Lemma 1.2.5 and its analogue for coweight vectors imply both

a weight and coweight for £ X exist and are given by the formula above. Therefore we can

compute:
B, X B X
x2(EX) = E Wo,p = E E wowi, = E (wa E w;) “)
(a,x)€obEX acobB xcobXa a€obB rcobXa
Z B
= waX2<Xa’)'
acobB
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1.3. Magnitude and homology. One way to compute the Euler characteristic of a topo-
logical space X is to first compute its (singular) homology groups H.(X) and take the
alternating sum of their dimensions:
(+) () = 3 (1) rank(Hy(X)).
i=0

Indeed, the modern viewpoint on the topological Euler characteristic is that it is simply a
decategorification of the homology groups. It turns out that there is also a homology theory
for categories which decategorifies to the categorical Euler characteristic in the same way.

If A is a skeletal category which contains no endomorphisms except identities, then
by Proposition 2.11 of [7], its Euler characteristic can be computed in terms of the non-

degenerate i-simplices of its nerve” N(A)!

(x%) X(A) = (=1)'IN(A);").

=0

as:

We can associate to any simplicial set a chain complex under one direction of the Dold-Kan
correspondence and can then compute the homology of the chain complex in the usual way.
In this sense the nerve N(A), can be thought of as providing a sequence of homology groups
NH(A), for the category A. Moreover, it is a corollary of the Dold-Kan correspondence
that taking the alternating sum of the non-degenerate simplices of N(A), — as we have done
in (xx) — gives the same result as taking the alternating sum of the ranks of the homology
groups NH(A),. Therefore (x*) realizes the Euler characteristic of a category x as the de-
categorification of a homology theory for categories, at least in some special circumstances.
We now turn to the following question: Is the magnitude of enriched categories a decategori-
fication of a homology theory for enriched categories? Specifically, such a general magnitude
homology theory (GMHT) should not depend on the choice of the enriching category V and
have a number of other properties which we will outline later in this section.

At the time of writing this dissertation, to the best of my understanding, there are no
known GMHT’s in the literature. Indeed, I myself have tried to produce a GMHT and
have not met with much success. My own attempts began with [4]; it produces a homology
theory for finite graphs which decategorifies to the magnitude of graphs (viewed as enriched
categories in a way we will describe), and I was hopeful their methods may generalize to a

"Recall N(A). is the simplicial set whose i-simplices consist in i-tuples of composable morphisms in A.

A simplex is non-degenerate if it contains no identity morphisms.
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full blown GMHT. What follows is a brief account of the relevant portions of that paper, as
well as a description of the difficulties in generalizing their methods. Finally, I will present
a general homology theory of V-categories which does not depend on V and which I believe
shows great promise, but ultimately has yet to bear fruit in the search for a GMHT.

The key observation which makes a GMHT plausible is a rewrite of (xx) for enriched
categories. If A € V-Cat is finite with |A(a;,a;)] = 1 for all objects a; € A, and the
right hand side of the following is finite, by a straightforward adaptation of the proof of

Proposition 2.11 of [7] we can compute the magnitude of A as:

(5 *) A= (-1 > |Aag,a1) ® ... ® Aai_1,a;)-

i=0 ao#...Fa;

It seems therefore that if there is a GMHT, it ought to decategorify to precisely the right
hand side of (xx*). A first and significant issue is that the summed elements |A(agp,a1) ®
.. ® A(a;—1,a;)| lie in the rig K, which may a priori be any rig whatsoever, while on the
other hand, taking an alternating sum of ranks of homology groups will always produce
an integer. This issue is tackled nicely in [4] by creating not a sequence, but a bi-graded
collection of homology groups where one of the gradings tracks these K elements. Let us
turn now to this homology theory for finite graphs as introduced in [4].

A finite graph® can be viewed as a metric space with shortest edge path metric, and as a
metric space, can then be viewed as an enriched category as in [5]. The enriching category is
V = 7> = (Z=°U{oo}) with arrows corresponding to >, + for monoidal product, and 0 for
unit. The typical gauge function in this context takes values in a ring of rational functions
in one variable, K = Q(q). The gauge | — | : Z*° — Q(q) sends a non-negative integer
d + ¢ and co + 0. The magnitude |G| of a graph G is just its magnitude viewed as a
Z°-category. Writing d(z,y) for the hom-object (i.e. distance) between vertices x and y,

we can compute this magnitude via (xx )% as:

|G| — Z(_l)i Z qd(ao,al)—&-...-&-d(ai_l,a,‘,).

i=0 ao#...4a;

8By ‘graph’ we mean undirected graph with no loops or multiple edges.

9n the context of graphs, the right hand side is sensible as a formal power series as an element of Q(q)
even if the summation is infinite. This equation therefore holds true for all graphs: See Proposition 3.9 of

[9]
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The bi-graded homology groups of [4] stem from a sequence of magnitude chain complezes

MC, ;(G) associated to the graph G, where [ € Z*°. They define:

MC;(G) =

Z{(ag, a1, ...,a;) € G | d(ag,a1) + ... + d(a;_1,a;) = | and aj # ajpq for all 0 < j < i},

The boundary maps 9 : MC; ;(G)—=MC;_1 ;(G) are produced as an alternating sum of face-
like maps: 9 := Zj»:o(—l)jdj where for 0 < j < ¢ the function d; : MC; ;(G)—MC;_1,(G)
is given by d;(ao, ..., a;,...,a;) = (ag,...,dj, ..., a;) if d(ag,a1) + ... + d(aj_1,a;41) + ... +
d(a;_1,a;) = [ and 0 otherwise. One can check that 9% = 0, though this is a surprisingly
subtle point, as we shall see.

With these definitions, one can rewrite equation (1.3) directly in terms of the magnitude

chain complexes:

Gl = (=1)">_ rank(MC;,(G))q"

=0 =0

Similarly, we can pass to the homology — the graph magnitude homology of G — of each chain

complex: M H; ;(G) := H;(MC.,,). Once more we have:

(1) G| =D (=1)" Y rank(M H;4(G))g".

=0 =0

Remark 1.3.1. The condition that a; # aj+1 for all 0 < j < i in the definition of MC; ;(G)
s not strictly necessary. The chain complexes formed without that condition will be chain
homotopic to the complexes MC, ;(G) — again by an aspect of the Dold-Kan correspondence
— and hence give rise to the same homology groups M H, ;(G).

The graph magnitude homology has some very desirable properties beyond its role in
equation (}). Firstly, it is a functorial assignment; Given a distance decreasing map of
graphs f : G— H, there is an induced map fu : MC, ;(G) — MC, (H) for each | which
sends (ag, ..., a;) = (fao, ..., fa;) if the latter is in MC;;(H) and 0 otherwise. This in turn

induces a map on homology fx : M H, ;(G)—MH, ;(H) by passing to equivalence classes.
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This makes M H, ;(—) a functor taking graphs and distance decreasing maps to groups with

group homomorphisms. With this notation in mind, we have:

Proposition 1.3.2. (See Corollary 16, Theorem 21, and Proposition 17 of [4])

Let G and H be finite graphs. Then we have:

(1) A distance decreasing map f : G —= H is an isomorphism if and only if fu :
MH, (G)— MH, ;(H) is an isomorphism for all [.
(2) (Kunneth Theorem) Let x denote the cartesian product of graphs. The following

is short exact:

0—=MH, .(G) ® MH, ,(H)— MH, ,(G x H)
—>Tor(MH,_1,.(G), MH, ,(H)) —0.

Here, the second map is induced by the exterior product'®.
(3) (Additivity) Writing G + H for the disjoint union of the graphs and ey, es for the
inclusions of G and H into that disjoint union, we have that the induced map below

is an isomorphism.
(e1)4 ® (e2)n : MH, .(G)® MH, .(H)—MH, .(G+ H).

Remark 1.3.3. Magnitude homology of graphs also satisfies a form of the Mayer-Vietoris
sequence which allows computation of the homology of certain kinds of unions of graphs. See

Section 6 of [4].

Together with equation (f), Proposition 1.3.2 should be viewed as a 1-to-1 categorifica-
tion of Proposition 1.1.3.!! Proposition 1.3.2 can be taken as a list of requirements for a full

GMHT.

A GMHT ought to be: adjoint functor invariant in the sense that if A and B are V-

categories connected by a pair of adjoint functors, these functors should induce isomorphisms

103¢e definition 20 of [4]
HAn adjoint pair of enriched functors between graphs viewed as enriched categories is necessarily an

isomorphism of graphs. This explains why item (1) of Proposition 1.3.2 seems much stronger than the

corresponding items (1) and (2) of Proposition 1.1.3.
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on homology; multiplicative over product in the sense of the Kunneth theorem; additive over

coproduct; and of course decategorify to magnitude without depending on the choice of V.

As we have said, no such GMHT is known. We turn now to exploring some of the
difficulties in adapting the approach of [4] to a more general context. In what follows, we shall
assume that the V-categories under consideration all have the property that |A(a,a)| =1
for all @ € A and that the right hand side of equation (x xx) is always sensible (finite, or
understandable as a formal power series).

A straightforward adaptation of magnitude homology for graphs to general V-categories
would be to define a sequence of chain complexes indexed by objects of V. Let A € V-Cat

and define the following bigraded collection of free groups:

MCZ’U(A) =
Z{(ao, ...,ai) (S Ob,AiJrl | A(ao,al) X ... ®A(ai_1,ai) ~ p and a; # Aj+1 for all 0 < J< Z}

Here the grading is given by i € N and v € V.12
With this definition, we can compute the magnitude |A| of A by the following rewrite of

equation (x x *).

A=) (=1)" Y rank(MC;,(A)).
=0 vEobY

We can again set 0 := ijo(—l)jdj where by analogy:

~ . A(ao,a1)®...®A(a,-,1,a,-+1)®... ~
(ao, .., dj,...;a;) if ( B % >y

0 otherwise

These definitions would induce a GMHT for V-categories as it does for graphs, if not
for one key problem: the differential 0 = Zj(—l)jdj does not necessarily satisfy 9% = 0
when V # Z>. For graphs, 9> = 0 because the face maps d; commute (dypd; = d;_1dx
whenever k£ < j) but this does not happen in general. Suppose A has four objects 0, 1,2,
and 3. Consider the following commutative diagram in V where each edge is a composition
morphism:

12Alternafcively7 and perhaps more naturally, we could require that |A(ag,a1)® ... ®@ A(a;—1,a;)| = v and
take v € K.
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A0,1) @ A(1,2) ® A(2,3)

A0,2) ® A(2,3) A0,1) ® A(1, 3)

A(0,3)

If A(0,1) ® A(1,2) ® A(2,3) = A(0,2) ® A(2,3) = A(0,3) = v, then d1d;(0,1,2,3) =
d1(0,2,3) = (0,3). But this situation does not imply in general that three objects on the
right hand side are also isomorphic. If the objects A(0,1) ® A(1,2) ® A(2,3) and A(0,1) ®
A(1,3) are not isomorphic, then A(0,1) ® A(1,3) 2 v and so d2(0,1,2,3) = 0 and hence
d1d2(0,1,2,3) = 0 # (0,3). This does not happen in the context of graphs because if both
edges on the left hand side are equalities, then so must the two edges on the right as can be
easily checked.

Therefore the free groups MC, ,(A) do not in general assemble into a chain complex
with 0 as above, and therefore do not provide a homology theory. We may consider different
boundary maps 9 on these sets with the hopes of finding one which makes them into a chain
complex, but no interesting examples are known. The alternative is to attempt to tweak the
definition of MC, ,(A). In what follows, we drop the condition that a; # a;j41 for all 0 <

J <t to simplify our definitions in accordance with Remark 1.3.1.

(1) Define:
MG (A) = Z{(ag, ..., a;) € obA™ | 3¢ : v —=A(ag,a1) © ... ® Aai—1,a;)}.
For each v € V, this is a chain complex with 0 an alternating sum of d; : (ag, .., a;) —
(ag, ..., dj, ...,a;). But the condition that there exists a map from v is no condition
at all for many enriching )’s. For example, when V = FinSet, there exist functions

between every pair of non-empty sets. In this sense MC;,(A) is too large, or, said

another way, contains too little information.
(2) Define:

MC; o (A) := Z{(ag, ..., a;,») € obA™ x morV | ¢ : v —=A(ag,a1) @ ... @ Ala;_1,0a;).}
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This is a chain complex with 0 an alternating sum of face maps:

d; : (ag, ..., a;, @) = (ag, ..., d;, ..., a;,0; 0 ).

Where here we write o; for the composition morphism with domain A(a;_1,a;) ®
A(aj,aj41) and codomain A(a;_1,a;41). But in this case, the alternating sum only
goes from j = 1 to j = i — 1 because there is no natural choice of face maps dy
or d;: If we take e.g dy to omit ag, there is no natural way to change ¢ into a
map v —= A(ar,a2) ® ... ® A(a;—1,a;). While this definition solves the problem of
the previous by reintroducing information with the inclusion of ¢, it turns out that
missing dy and d; is a significant problem; for general homological algebra reasons,
the associated homology theory is trivial.'3

(3) Again define:

MC; o (A) := Z{(ag, ..., a;, ¢) € obA™ x morV | ¢ : v —=A(ag,a1) @ ... ® Ala;_1,a;)}.

But this time, define dy to omit ag only if A(ag,a;) = I the unit for ® and is
otherwise 0, and similarly for d;. We can compose ¢ with the unit isomorphisms A
and p of the monoidal category to produce the requisite map v —=A(a1,a2) ® ... ®
A(a;—1,a;). Unfortunately, these maps dy and d; do not commute with the others
as they should, so that 0 as an alternating sum of the face maps once fails to satisfy

9% =0.

This story continues with a variety of other possible definitions, some more or less exotic
and all ultimately unsatisfactory for one reason or the other. We believe, however, the most
promising definition is the one we turn to define next. The inspiration for what follows
is a combination of the above ideas with classical singular homology of topological spaces.
We will construct homology groups for A € V-Cat from a simplicial set whose k-simplices
consist in the enriched functors from simple ‘k-simplex’ V-categories to A. Our k-simplex
V-categories can be thought of as the topological k-simplices, but with objects of V labelling
the edges. Call a monoidal category (V,®,I) magnitudinal if it is closed, has an initial

object oo, and has the property that if v,w € V with v ® w = I, then it must be that

3From a simplicial point of view, underlying MC; »(A) is an augmented simplicial set with extra degen-

eracies. See e.g. Section 4.5 of [13]
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v 2 [ 2 w. Every enriching category )V mentioned thus far is magnitudinal and we assume
in what follows that V is always magnitudinal.

Given objects vy, ..., v € V, we can form the free V-category on the directed graph which
has k + 1 vertices 0, ..., k, and edges from j — 1 to j labelled by v; for all 1 < 5 < k. The
resulting V-category — which we shall denote Fy (v, ...,vr) — can be explicitly described: It
has k 4+ 1 objects 0, .., k ; the hom-object from j — 1 to j is v; ; the hom-object from j to j
is I; the hom-object from j to j' with j < j" is the tensor v; ® ... ® vj _1; the hom-object

from j’ to j with j < j' is co. Composition
Fk(vla ey Uk)(j,j/) ® Fk(vla EE) Uk)(jl7j//) 9F‘k(vh "'7Uk)(jaj”)

is the identity if 7 < j/ < j”;is AMif j = 5/ < j";is pif j < j/ = j”; and is the unique
map from the initial object co otherwise.! Because F},(vy, ..., v;,) is free, to define a functor
¢ : Fi(v1,...,u5) —= A where A € V-Cat, it suffices to choose objects ¢(0), ..., ¢(k) € A and
maps ¢j_1,; : v; —>A(P(j — 1),¢(j)) for all 0 < j < k. As a result, we can consider Fj as
a functor V¥ — V-Cat.

For a fixed v € V, we define the category V¥ to be the full subcategory of V¥ consisting
of those tuples (vq, ..., vx) such that v; ® ... ® vy, = v. The functor F}, restricts to a functor

Fy : VF—V-Cat.

Definition 1.3.4. Define the lax-coslice category Cat//(V-Cat) to have pairs
(A € Cat, X : A—V-Cat) for objects. A morphism (A, X)— (B,Y) consists in a functor

e« : B— A and a natural transformation €¢*: X oe, = Y

(A, X) B = A
(eee) %
(B,Y) V-Cat

Composition is given in the expected way as: (., p*) o (€4, %) = (s 0 €4, @ (u* 0 1¢,))

where here we write e for vertical composition of natural transformations.

Mg is a consequence of V being closed that v ® co & co 22 co @ v for all v € V. Thus if either j' < j or

j"" < j', the source of the composition map is isomorphic to oco.
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Writing A for the simplex category, we can define a cosimplicial object
F(—,v): A—Cat//(V-Cat)
for every object v € V as follows. For an object [k] € A, define
F(k,v) := (VE, F, : VF—V-Cat).

Writing d* and s? for the coface and codgeneracy maps in A, we will define the coface maps
F(d,v) = (6;,6%) : F(k — 1,v) —= F(k,v) and codegeneracy maps F(s’,v) = (0y,0%) :
F(k+1,v)— F(k,v) for 0 <14 <k as follows:

(Ul,...,vi®vi+1,..,vk) 1f1§z§k—1
di(v1, .., g) 1= (vay .oy V) ifi=0and v =1
(V1 eey V1) ifi=kand v, =1

And define the transformation...
5i P 052- = F},

521 o - Fre—1(0i(v1, oy vg)) —= Fr(v1, ..., vg)

EEREE)

... to be the map defined by sending each object j to d*(j), and the identity on each mapping

object. As for the codegeneracy maps, define:
CTZ'(’Ul, ceey ’Uk) = (’Ul, ceey U4y I, Vid1seeey ’Uk)
And define the transformation...

o' Fyy100; = Fy,

Uf,l,_“’vk : B (oi(vy, .oy vg)) —= Fr (v, ..., Uk)

... to be the map defined by sending each object j to s'(j), and again the identity on each
mapping object, recalling that Fi(v1,...,vg)(4,7) = I.

It is straightforward to check that coface maps commute with coface maps and codegener-
acy maps commute with codegeneracy maps according to the requirements for a cosimplicial
object. We do, however, make use of the property v ® w = I implies v = I = w in verifying
that outer face maps commute, e.g. that (dg,d°) o (8, %) = (61,d%) o (0,°). There is a

slight wrinkle here that (o, 0%) o (6;,d%) is not the identity on the nose, but instead is an



26

isomorphism making use of p. As every monoidal category V is monoidally equivalent to a
strict-monoidal category — one in which in particular p and A are identities — we do not take
this to be problematic. We are now ready to define the simplicial set which in turn is used

to define the homology theory.

Definition 1.3.5. Let A € V-Cat and identify A with the functor from the terminal category
A : 1—V-Cat sending the lone object to A. Then for v € V define the singular magnitude
simplicial set MS, ,(A) : A°? —Set by M S, ,(A) = (Cat//V-Cat)(F(*,v),(1,A)). An
element of M Sy, (A) is thus a pair which we in this circumstance will write (w., ¢*). Here
w, : 1—=V* can be identified with a k-tuple (wy,...,wg), and ¢* : Fy o w, = A can be
identified with an enriched functor ¢ : Fj(ws, ..., wr) —= A. Therefore, we have:
MSy . (A) := (Cat//V-Cat)(F(k,v), (1,A)) = U V-Fun(Fg (v, ..., vx), A).
(v1,...,0%)EVE

The face and degeneracy maps d; and s; are given by precomposition with the coface and

codegeneracy maps (J;,0%) and (o;,0") respectively. In terms of the identifications above,

this amounts to the following:

di(¢: Fi(wy,...,wp) —=A) = o6’ we * Fr—1(0i (w1, oy wy)) —= Fr(w1, ..., wy) —= A

wy,...,
$i(¢: Fr(wy,...,wg) —=A) = ¢o afvhm)wh : Frg1 (o (w,y ooy wy)) — Fi(wy, ...y wg) —= A

The corresponding homology theory — the singular magnitude homology — is denoted: M SH, ,,(A).

The singular magnitude simplicial set construction is also functorial,
MS, ,(—) : V-Cat —sSet.

A V-functor F' : A— B induces a map of simplicial sets Fy : M S, ,(A) — MS, ,(B)
by sending a k-simplex ¢ to Fu(¢) := F o ¢. This map in turn induces a map Fly :
MSH, ,(A)— MSH, ,(B) by passing to equivalence classes.

There are many promising aspects of singular magnitude homology. The first is that it
can be defined for any V-category whatsoever for any magnitudinal (V,®, ). The second
is that, despite this generality, it contains the pertinent information necessary to categorify
magnitude in the spirit of [4]; we have indexed the homology groups by objects v € V, and so

will be able to convert the integer valued ranks of the homology groups into values of K by
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computing rank(M SHj, ,,(A))|v|. This was a necessary step in reconstructing the K-valued
magnitude of graphs in [4]. Furthermore, the analogy with singular homology of topological
spaces gives good reason to think that there may be a proof of a Kunneth theorem based in
the topological technique of acyclic models. Finally, the homology theory is invariant under
adjoint functors. We will prove this to conclude this chapter of the dissertation.
Unfortunately, singular magnitude homology is not a GMHT, at least in its present form.
The largest problem is that there is no known way of decategorifying singular magnitude
homology to produce the magnitude of enriched categories in every case.!® Secondly, while
additivity of MSH, ,(—) is easy to prove in the case when the initial object oo of V is
not the target of any maps in V — as when V = FinSet or V = Z* — we have no proof
one way or the other about additivity of MSH, ,(—) when oo is the target of maps in
V, like when ¥V = FinVect. Using FinVect as the enriching category brings a second and
seemingly more extreme problem as well; for A € FinVect-Cat, the sets M Sy, ,(A) are almost
always uncountably infinite. Indeed, even the homology groups MSHj ,(A) turn out to
be of infinite rank in many examples. Nevertheless, our problems are mostly problems of
over-abundance and not deficiency. Hopefully there are ways to cut out excess information

to witness this homology theory or a variant of it as a GMHT.

Proposition 1.3.6. Let (V,®,1) be a magnitudinal monoidal category, and F,G : A—=B
a pair of V-functors between A,B € V-Cat. Suppose that H : F = G is a V-natural trans-
formation. Then H induces a simplicial homotopy Hy : Fyp o~ Gy : M S, ,(A)—MS, ,(B)

for every v € V.

Proof. A simplicial homotopy Hy : Fy o~ Gy consists in maps h; : M Sk (A)—=M Sg41.,(B)
for 0 < ¢ < k such that doho = Gy, dpt1hy = Fy, and:

hj—ldi ifi < J
hj+15i if 1 S]
dihj =19 hjdi_y ifi>j sih; =
hjsi_l if i > 7
dihi oy iti=j 40

15T here are, however, ad-hoc ways of doing so depending on the enriching category V. For example,
when V = FinSet and writing I for the one point set, the simplicial set M S, (A) is precisely the nerve N(A)

and hence on its own decategorifies to magnitude.



28

Let ¢ : Fi(v1, ..., v)—=A be an element of M Sy, ,(A). We will define h;(¢) in M Sk41,.,(B)
as follows. The domain of h;(¢) will be X = Fyyq(v1,...,0;, 1,41, ...,v5). Thus v; =
X(j—1,j)forall0<j<i,I=X(i,i+1),andvj_1 =X(j—1,j) forall i+1<j <k+1.
To define h;(¢) : X —B it suffices to define objects b; := h;(¢)(j) for all 0 < j < k+1 and
maps h;(¢)j—1,;: X(j—1,5) —B(bj_1,b;) for all 0 < j < k + 1. We define:

Fo(j5) if0<j<i
Go(j—1) ifi+1<j<k+1
Foi—1),60)Pj—1,5 1 v —=A(d(] — 1),6(j)) —B(Fo(j — 1), Fo(j))
if0<j<i
Hyy : I —=B(F¢(i), Go(i))
hi($)j-1,5 = ifj=i+1

Go(j—2),0G-1)Pi—2,-1: Vji—1—=A(¢(] — 2),6(j — 1))
—B(Go(j —2),Go(j — 1))
ifi<j—1<k

Note that as ho(¢) has source Fj+1(I,v1,...,vg), doho(¢) is simply ho(¢) restricted to the
objects 1 < j < k41 and is thus precisely Gx(¢). Similarly, we see that d41hi(¢) = Fu(p).
Each of these identities can be checked in a straightforward way by definition, though once
again some of these equations hold only on the nose if V were a strict monoidal category.
We will show only the sense in which d;h; = d;h;_1 here.

Given ¢ : Fj(v1,...,vx) —= A, hi(¢) has domain Fyy1(v1,...,v;—1, 03, I, V41, ..., v) while
hi_1(¢) has domain Fjy1(vy,...,vi—1,1,04,Vis1,...,0). The it" face d;h;(¢) therefore has
domain Fy(vi,..,vi-1,v; ® I, 041, ...,0x), which is not precisely the same as the domain of
d;h;—1(¢) which is Fg(v1,...,vi—1, ] ® U3, Vi41, ..., Uk ), though the two domains are naturally
isomorphic. Nevertheless, the objects j with 0 < j <i—1 are mapped to F(¢(j)) and those
with ¢ < j < k are mapped to G(¢(j)) in both cases. Similarly, for j with 0 < j < i —1,
the action on mapping objects consists in Fyj_1),4(;)®j—1,; While for j with i < j <k, the
action on mapping objects is G () ¢(j—1)®j—1,j in both cases. The only possible difference
between the enriched functors d;h;(¢) and d;h;—1(¢) then is their action on the mapping

objects between the object i — 1 and 7. These two maps are given as composites...
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dihi(¢)i—1,i 1 vi @ I —B(F¢(i — 1), Fé(i)) @ B(F¢(i), Go(i)) —B(Fo(i — 1)), Go(i))).
dihi—1(¢)i—1,i: I @ v —=B(Fo(i —1),Go(i — 1)) @ B(Go(i — 1), Go(7))
—B(Fo(i — 1), Go(i)).

. where the latter maps are simply given by composition in the enriched category B, and
the former maps are given by FF ® H and H ® G respectively. As H is an enriched natural
transformation, these two maps would be precisely equal if V were strict monoidal.

Corollary 1.3.7. If F : A—=B and G : B— A are a pair of adjoint V-functors, then F
and G induce isomorphisms between the homology MSH, ,(A) and MSH, ,(B).

Proof. This amounts to a standard bit of homological algebra. F' and G being adjoint mean
we have V-natural transformations 1 = GF and FG = 1 (if F is left adjoint, for example)
and so 1y ~ (GF)y = GuFy and FupGy = (FG)4 ~ 14 as simplicial maps. Homotopies
of simplicial maps induce the same maps on homology, hence 1 = G4 Fy and FpG4 = 1.
|

2. THE CLASSIFICATION OF MONOIDAL-TYPE CATEGORIES

The presence of natural transformations in the 2-category of categories Cat gives a rich
vocabulary for describing the ways in which a “tensor product” functor ® : A x A—A for a
category A may be associative and unital. We have firstly the strict monoidal categories, in
which ® is strictly associative and unital; weakening the definition slightly gives monoidal
categories in the sense of [11], in which ® is associative and unital only up to coherent
natural isomorphism; and one possible further weakening yields skew monoidal categories —
introduced by Szlachdnyi in [16] — in which ® is associative and unital up to coherent, but

not necessarily invertible, natural transformation.

In the latter two cases, it is worth saying something about our use of the word ‘coherent’.
For a monoidal category, the coherence of the associativity and unitality natural isomor-

phisms means that they render commutative the so-called pentagon and triangle diagrams.
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According to a well known coherence theorem of Maclane’s [12], the commutativity of these
diagrams implies the commutativity of any well-formed diagram built out of these natural
isomorphisms. For skew monoidal categories, the coherence conditions require the commuta-
tivity of not two but five diagrams; and by contrast to the monoidal case, the commuativity
of these diagrams does not imply the commutativity of all diagrams built from the natural
transformations. So where do these five diagrams come from? Why are they the ‘right’

notion of coherence for skew monoidal categories?

One possible answer to this question is given in The Catalan simplicial set [2] ; a key
insight is that the theory of simplicial sets provides a uniform framework for describing the
data and coherence of monoidal-type categories. For example, the data and coherence of a
monoidal category consists in: a category, a pair of functors, three natural isomorphisms,
and two commutative diagrams thereof. As we go down this list we see that functors mediate
between categories, natural transformations mediate between functors, and that commuta-
tive diagrams mediate between transformations. Such structure suggests the simplices and
face maps of a simplicial set, and indeed this can be formalized in terms of the pseudo nerve

N,(Cat) of the monoidal 2-category Cat.

Explicitly, N,(Cat) is a simplicial set with a single 0-simplex and (small) categories for
1-simplices. The 2-simplices are binary functors T': A x B— C where A, B, and C are
the functor’s three faces. The 3-simplices are natural isomorphisms filling in squares of
four such functors (the four faces) and higher simplices are commutative diagrams of such
natural transformations. All the data and coherence of a monoidal category live within
Np(Cat): Specifically, a 1-simplex, a pair of 2-simplices, three 3-simplices, and a pair of
4-simplices, themselves suitably related by face maps. By changing the strictness of the
3-simplices, we obtain nerves Ng(Cat) and N,(Cat) suited to the description of strict and
skew monoidal categories respectively. For example, the five coherence diagrams in a skew

monoidal category can be understood as five 4-simplices in Ny (Cat).

We may wonder whether strict, skew, or plain monoidal categories are shadows of a
fixed simplicial set, just as paths in a topological space are shadows of the interval. It is
shown in [2] that this is indeed the case. It defines the Catalan simplicial set C, recalled in
Section 2.1 below, and shows that simplicial maps from C to N,(Cat), respectively Ng (Cat)

and Ng(Cat), are in one to one correspondence with monoidal, respectively strict and skew
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monoidal, categories. Now the structure of C itself provides an a priori justification for the

five coherence diagrams for skew monoidal categories: they are just what is required for a

map C— N, (Cat).

Many other kinds of ‘monoidal object’ contained in a (higher-)categorical structure can
be classified by maps out of C into suitably chosen nerves. As shown in [2] and [1], we may

classify each of the following structures in this way:

(1) Monoids in a fixed monoidal category (including the case of strict monoidal cate-
gories — which are monoids in Cat).

2

3

4

Monoidal categories.
Skew monoidal categories.

Monads in a bicategory.

6
7
8

Skew monoidales in a monoidal bicategory.

(2)

(3)

(4)

(5) Monoidales in a monoidal bicategory.
(6)

(7) Monoidal bicategories.

(8)

Skew monoidal bicategories.'®
As with skew monoidal categories, these classifying results simultaneously justify other-
wise complex and ad-hoc definitions. It also suggests that new kinds of monoidal object

may be defined directly in terms of maps from C into any reasonably defined nerve.

The story of this paper begins with a missing item from the above list: is it possible to
exhibit monoidal (0o, 1)-categories in the sense of [10] as maps out of C? The idea is as
follows. There is a quasi-category qCat whose O-cells are small quasi-categories, whose 1-
cells are quasi-functors, and whose higher cells are suitable quasi-invertible transformations.
If we set aside problems of strict associativity, qCat becomes a simplicial monoid under
binary product of quasi-categories, and so can be seen as a one-object simplicially enriched
category. By taking its homotopy coherent nerve — originally introduced in [3] — we obtain
a simplicial set Na(qCat) that should contain all the data required to define a monoidal

(00, 1)-category, so that these should be definable in terms of maps C — Na(qCat). There

16The result about skew monoidal bicategories holds only after a mild restriction is placed on the maps

out of C ; see [1] Section 5.2.
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is, however, an analogous construction in ordinary category theory which deserves attention

first, and which is the main subject of our present investigation.

Like qCat, the 2-category Cat of categories, functors, and natural transformations can be
viewed under the nerve construction as a simplicial set. If we once again ignore problems
of strict associativity, this simplicial set is a simplicial monoid under product of categories,
and hence as a one-object simplicially enriched category, which we will refer to as No(Cat).
Applying the homotopy coherent nerve yields a simplical set Na(N2Cat), and we can now
consider maps C—=Na (N2Cat). Far from being a simple warm up for the higher categorical
case, these maps hold great interest in their own right: in some sense, they unify an extensive

array of monoidal-type categories.

As strict monoidal categories include into monoidal categories, and monoidal categories
include into skew monoidal categories [16], so the three corresponding nerves admit parallel
inclusions: Ng(Cat) C N,(Cat) C Ny(Cat). Thus each strict monoidal, monoidal, or skew
monoidal category can be understood as an element of the set sSet(C, Ny(Cat)). On the
contrary, not every sort of monoidal-type category can be understood in this way; there is
another common variant of monoidal structure which evades classification by N,(Cat) and C.
The definition of a lax monoidal structure on a category A approaches the idea of weakened
associativity by introducing n-ary operations ®™ : A™ — A for each n > 0, which we think
of as “parenthesis free” n-ary multiplications. As the associativity of a binary operation is
given by relationships between higher arity composites of itself, the functors ®" are used
to mediate between possible such composites. As before, strict monoidal implies monoidal
implies lax monoidal, but there are lax monoidal categories which are not skew and vice
versa. Consequently, there are lax monoidal categories which cannot be understood as maps

C — N;(Cat). This is where Na(NyCat) comes into play.

In Section 2.3 of this paper, we assign a simplicial map C — Na (N2Cat) to each lax
monoidal category in such a way that the original lax monoidal category can be com-
pletely reconstructed from the assignment. This gives an injective map taking lax monoidal
categories into sSet(C, Na(NzCat)). Though we do not explicitly characterize the im-
age of our assignment, it shows that sSet(C, Na(NzCat)) can classify lax monoidal cate-
gories in the spirit of the results of [2] and [1]. In Section 2.4 we show that the nerve

N,(Cat) classifying skew monoidal categories also includes into Na(NyCat). This shows
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that each kind of monoidal category mentioned thus far can be identified with a map
C — Na(N2Cat). In Section 2.5 we examine other kinds of monoidal categories arising
as maps in sSet(C, Na(N2Cat)) and among them find X-monoidal categories as in [6]. In
this sense, the set sSet(C, Na(N2Cat)) is rich enough to classify an extensive spectrum of
monoidal-type structures in category theory. Furthermore, in Sections 2.2 and 2.5 we see
that there are maps C— N (NoCat) corresponding to yet a weaker type of monoidal-type

category not yet defined in the literature.

Future work will include an examination of maps from C into the homotopy coherent nerve
of various higher and enriched categories in the hopes of capturing a full range of possible
monoidal objects in many more contexts. This of course includes the original motivation

where the category in question is that of quasi-categories.

Acknowledgements: I would like to thank Richard Garner for drawing my attention
to this topic and for his illuminating comments, suggestions, and advice throughout the

investigation.

2.1. Definitions and notation: C and Na(N2Cat). In this section we recall important
definitions and introduce some helpful notations and shorthands. We write I for the terminal
category, and A for the simplicial category with finite ordered sets [n] := {0 < 1 < ... < n}
for objects, and order preserving maps. These morphisms are generated by the coface maps

§; : [n — 1] —[n] and codegeneracy maps o; : [n + 1] — [n] given by:

p ifp<i p if p<i
di(p) == oi(p) =
p+1 ifp>i p—1 ifp>i

We write sSet for the functor category Fun(A°P, Set) and refer to its objects as simplicial sets.
A simplicial set X : A% — Set thus gives rise to an indexed sequence of sets X, := X|[n],
face maps d; = XJ;, and degeneracy maps s; = Xo;. As X is contravariant, the face and
degeneracy maps have now reversed direction: d; : X,, — X,,—1 and s; : X,, — X, 41.
By slight abuse we may write ‘face’ (‘coface’, ‘degeneracy’, ‘codegeneracy’) map to refer
to a composite of face (coface, degeneracy, codegeneracy) maps. This should always be

made clear by the context. At times we may simply use d or s to refer to a non-specific
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face or degeneracy map, and will always take d and o to be the corresponding coface and

codegeneracy map.

An element z € X, is an n-simplex, and is referred to as degenerate whenever x is in the
image of a degeneracy map. When m < n, x € X,, is the degeneracy of y € X,,, when z is
the image of y under an n — m fold composition of degeneracy maps X,,, — X,,. We refer
to the (n — 1)-simplex d;(z) as the i*"face of . More generally, we can identify arbitrary
subsets C = {cp < &1 < ... < ¢} C [n] with the morphism dc : [m] — [n] of A which
sends i to ¢;. For z € X,,, denote z¢c := X (dc)(z) = dcx € X,,,. We think of and refer to
this m-simplex as the C*"-face of x.17 For two element subsets {p < ¢} C [n], we drop the
brackets and write simply x, , or z,, for the {p, q}t" face of z. In this notation, the spine
of the simplex z is the collection of successive 1-faces sp(x) := {01, Z12, ..., Tn—1n}. It will
be convenient to introduce the set C~ := C — {max C} and successor function s : C- —C

taking ¢ to the next greatest element of C. In this notation, sp(xc) = {Z¢sc | c€ C}.

For an n-simplex = € X,, the boundary of x consists in the collection of its faces
{do(z),d1(z),...,dp(x)}. Commutativity relations among coface maps d; give rise to re-
lations amongst the faces of the boundary : d;(d;(z)) = d;(di41(x)) for all 0 <@ < j < n.
An n-boundary in X is a collection of (n — 1)-simplices {zo, ..., x, } satisfying the same re-
lationship: d;(z;) = d;(zi41) for all 0 < i < j < n. An n-boundary may in general be the
boundary of one, many, or no n-simplices. A simplicial set is called r-coskeletal when for
each n > r and each n-boundary {zo, ..., z,}, there is a unique n-simplex x with d;(x) = x;
for 0 < ¢ < n. This establishes a bijection between n-boundaries, which are collections of
(n — 1)-simplices, and n-simplices. Thus a definition of an r-coskeletal simplicial set need
only specify the simplices up to dimension r, as all higher dimensional simplices are then
determined by these bijections. Similarly, a map from a simplicial set Y into an r-coskeletal
simplicial set X is given by a map from the r-th truncation of Y to X. In otherwords, such

a map is determined by where it sends simplices of dimension < r.

Definition 2.1.1. The Catalan simplicial set C is the simplicial set defined by the following
data:

e A unique O-simplex: *.

L7With this notation, we might equally well write the face d;(z) as Tln)—i-
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e Two l-simplices: 0 = so(x), and 1.

e Five 2-simplices:
Lol Yl Yt N N
0 1

7 7 7 7

Which we may also write as:
50(0):0VO0—0, so(1):0V1I—1, 51(1):1VO0—1, u:0V0—1, m:1V1—1

e Higher-dimensional simplices are determined by 2-coskeletality.

Importantly for the proofs to follow, the k-simplices of C for k > 3 are determined by
their 2-simplex faces by coskeletality, and the 2-simplices are determined by their 1-simplex
faces by definition. As a result, all simplices of C are determined by their collection of
1-simplex faces. Thus we may identify x with the set {z,, | 0 < p < ¢ < n} and z¢ with

{Ze | c<d €Ch

The intuition behind the remarkable classifying properties of C is revealed by thinking
of 2-simplices in C as maps and higher simplices as diagrams of such maps. If we think of
the non-degenerate 2-simplex m : 1V 1—1 as a ‘monoidal product’ of some kind, then
the 3-simplex filling the boundary {m,m, m,m} can be thought of as encoding some kind

of associativity of m.
1v
1vivi—21vi

mV 1 m
].V].T’l

These ideas are made precise in a variety of contexts in [2]. Among their many results

are those concerned with the skew monoidal categories of the introduction.

Definition 2.1.2. A skew monoidal category (A, ®,®°, a, A, p) consists in:

e A category A.
o A functor ® : A x A—A.
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e A functor ®° : I —= A. (i.e an object of A)

o A natural tranformation:
a:®o0(®@x1y)=®o0(lsx®)

e Natural transformations:

)\:®O(®OX1A)=>1A R p:lA:>®O(1AX®O)

These natural transformations must additionally commute in five diagrams.
Associativity:

The following pentagon commutes where each edge involves a single application of

(0N
®o( ®><1 (® x1x1)
®o(®x1)o 1><®><1
(®x®)
®o(lx®)o 1><®><1
® o 1><® (1x1x®)
Unitality:

Writing u := ®°(x), and denoting ab := a®b = ®(a, b), the following must commute
for every a,b € A:

N N

—>U6Lb

Qy,a,b

Qg u,
(au)b —anb, a(ub)

aPb
/ \ Palb 1aAb

(ab)ju ——— a(bu)
Xab,u ab=———=ab
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The authors of [2] show that skew monoidal categories correspond precisely to maps out

of C and into N(Cat), the skew nerve of Cat.!® This will be defined formally in Section 2.4.

Proposition 2.1.3. [2] Skew monoidal categories are in one to one correspondence with

simplicial maps C — N,(Cat).'?

Lax monoidal categories are a second sort of weakened monoidal category characterized
by the introduction of n-ary product operations. The higher dimensional simplices of C

capture these higher order products as well, as we will show shortly.

Definition 2.1.4. A laz monoidal category (A, ®™,7,t) consists in:

e A category A.
e Functors ®" : A" —= A for each n € N. (®° : I —= A)
e Natural transformations for each n, kq, ..., k, € N:
R L (®k1 Y x ®kn) = @kt thn
o A natural transformation ¢ : 14 = ®%.

These natural transformations must additionally satisfy two axioms.

Associativity:
For each double sequence n, ki1, ..., kn, M1, ooy Miky, T21, coey Mgy woos M1y oeey Mk, 5

the following square commutes:

181t should be mentioned N;(Cat) is referred to as the lax nerve in [2] which we have changed here so as
to not suggest a relation to lax monoidal categories.

19This can be found in [2] Proposition 4.3.
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®" o (@F x ... x @) o ((®@™11 x ...

ki+...+k (®™11 x...x@" k1) x... " @Ity
& n Qo (...><(®mn1><..‘><®m"kn) &®" o X @Mt Tk,

Vhr4- o Hkn M1, Mk ey ML e, Mgy, Yrn,mar+..4maky emnr+o Mg,

®mu+..-+m1k1 +...tmpit+.Amak,

Unitality:
The following two triangles commute:

1Ao®”:®”:®”o(1Ax...x1A)

tol lorx..X1
®'o®™ ) @" o (®! x ... x ®)
Ti,n Tn,1,...,1
®n

In particular, the data of a lax monoidal category includes a binary functor ®2 : A x
A —s A. Though it is not required to be associative or even associative up to natural

isomorphism, we are given a pair of natural transformations:

’}/2,271 [ ] (1 e} (1 X L)) : ®2 e} (®2 X 1) = ®3.

Ya120 (1o(ex1)): ®2 o0 (1x ®2) = ®5.
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where we use ‘@’ to denote vertical composition. Writing ®"(ay, ..., a,) = (a1 ® ... ® a,), the

above natural transformations give us maps:

(a®@b)®c)) = (a®@b®c) + (a® (b® c)).
In this way, the n-ary product operations mediate between composites of lower arity oper-

ations, and hence say something about a weakened form of associativity.

Whereas skew monoidal categories can be understood as maps C — Ny(Cat), we will
see that lax monoidal categories can be understood as maps C —= Na(NyCat), a nerve
containing N, (Cat) in a way we will make precise in Section 2.4. We turn now to define this

nerve.

Definition 2.1.5. The homotopy coherent nerve Na(U) of a simplicially enriched category
U is the simplicial set defined on objects by Na(U), := sSetCat(S[n],U). The enriched
category S[n| has as objects the elements 0,1,...,n € [n]. For each pair of objects p < g,
the simplical mapping object S[n](p, q) is the categorical nerve of the poset whose objects
are subsets of {p,p+1,...,¢} containing both p and ¢ and ordered by inclusion. (For ¢ < p,
S[n)(p,q) = 0.) Here are some examples of simplices in these simplicial mapping objects:

e ({0,3}) € S[3](0, 3)o.

({0,3} < [3]) € S[3](0,3)1.

({0,3} € {0,1,3} C [3]) € S[3](0, 3)a.
(

(

{0,3} ¢ {0,1,3} = {0,1,3}) € S[3](0, 3)2.
{17475} C {1727435}) € S[g}(1’5)1

We will be careful to reserve the symbol ‘C’ to mean a proper inclusion, and will use ‘C’
otherwise.

Composition maps S[n](p, ) x S[n](r,q)—=S[n](p, ¢) are given by the union of subsets in
dimension 0, and unions of inclusions of subsets in higher dimensions. The identity elements
are therefore {p} € S[n](p,p)o. Na(U), then consists of all simplicially enriched functors
out of S[n] and into U.

The coface and codegeneracy maps of A extend to enriched coface functors ¢; : S[n —
1]—=S]n] and codegeneracy functors o; : S[n+1]—=S[n]. On objects, these functors match

their counterparts in A, while on mapping objects, d; : S[n — 1](p, ¢) —=S[n](d;p, d;q) sends
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a subset C in dimension 0 to its direct image §;C = {d;cq, ..., d;¢m }, and sends inclusions
to their direct images in higher dimensions. Codegeneracy functors are defined similarly.
Finally, the face and degeneracy maps of Na(U) are defined via precomposition with these
enriched functors: d; : Na(U),, —> Na(U)p—1 is given by d;(L) = Lo §; for L € NA(U)y,

and similarly for s;.

In what follows, we will focus specifically on the homotopy coherent nerve of Cat, viewed
as a simplicially enriched category in the following way. There is a standard nerve functor
Ny : 2Cat — sSet which preserves products, thus taking monoids in 2Cat to monoids in
sSet. Monoids in sSet can in turn be viewed as one object simplicially enriched categories
with the monoid as the lone simplicial mapping object. In summation, we have a nerve
N : Monjycay —sSetCat which takes a monoid in 2Cat to a one object simplicially enriched
category. We would like to apply this nerve to Cat, an object of 2Cat. Unfortunately, Cat
is not a monoid, strictly speaking. With x as a binary operation and the terminal category
I as unit, Cat is itself a monoidal category, a not-quite-monoid of 2Cat: the operation x
is associative and unital merely up to natural isomorphism. However, according to the
coherence theorem [12], we know that Cat is monoidally equivalent to another 2-category
which is an actual monoid. By N»(Cat) we mean N» applied to this equivalent category. In

practice, we consider the following definition.

Definition 2.1.6. The simplicially enriched category Na(Cat) is defined by the following
data:

A unique object, *.

Its mapping object No(Cat)(x, %) is characterized by:

0-simplices are Categories B.
e l-simplices are functors T : By — By.

e 2-simplices are natural transformations 7 : T3 0 To1 = Tpo.

3-simplices are commutative diagrams of natural transformations:
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T3 0T12 0T

Mo12 © 1
1omnias
T23 o TOQ T13 © TOl
7023 7013

To3

e Higher-dimensional simplices are given by 3-coskeletality.

Composition in Ny(Cat) is given by x while the identity map for composition consists in
a 0-simplex of No(Cat)(x*,*): I. Face maps in Ny(Cat)(x,x*) are given as suggested by the
notation above,
e.g di(n: ThiaoTy1—=To2) = To2, and degeneracy maps are given by inserting identity maps

in the expected ways. We assume that we have the following equalities:

(AxB)xC=Ax (BxC).

AxI=A=1xA.

It is worth noting that 3-coskeletality of Na(Cat)(*,*) shows us that every simplex is
determined by its 3-faces, but also we see that the 3-simplices are determined by their 3-
boundaries: there is at most one 3-simplex with a given 3-boundary. Thus, every simplex

of Ny(Cat)(x,*) is determined by its 2-faces.

We can give an informal description of simplices of Na(NyCat). It has a single O-simplex:
the unique map S[0]— N3 (Cat). Its 1-simplices can be thought of as categories A, while its
2-simplices consist in functors T': Ag; X Ajo —> Aga. A 3-simplex L : S[3] — Ny(Cat) is a
diagram consisting of five such functors, four of which are the 3-simplex’s faces. We can see
this diagram most clearly by thinking of the image of L on the simplicial mapping object
S[3](0,3). S[3](0,3) has four O-simplices (subsets of [3] containing {0, 3}), five 1-simplices

(inclusions of those subsets), and two 2-simplices (double inclusions). The image therefore
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consists in four categories, five functors, and two natural transformations. This data fits
into the following diagram:

140, X Tho23

A A A A A
{0,17273} {0,173} 01 X A1z X Agz — Ap1 X A13

1{0,1,3}
To12 X 1a,, To13
1{0,2,3}
{0,2,3} (0,3} Apz X Aa3 Tom Ags
S13](0,3) L(S[3](0,3))

Higher dimensional simplices L : S[n] — Na(Cat) are again helpfully summarized via
their image of the simplicial mapping object S[r](0,n). Such a simplex will provide: a cate-
gory for each subset of [n] containing {0, n}; a functor between such categories whenever the
subset indexing the first contains the subset indexing the second; a natural transformation
between a composite of such functors and a third such functor for each double containment;
a commutative diagram of such natural transformations for every triple and higher contain-
ment of subsets. If C € S[n|(0,n)o, because C = U.cc-{c, sc} and L must send unions to
products, we have then that L(C) = [[.cc- L({¢, sc}), where the right hand side comes from
L’s action on the simplicial mapping objects S[n](c, sc). Functors and natural transforma-
tions may be given as products in this way as well. Notably, the images of the simplices of
S[n](0,n) of the form {0,n} C [n] and {0,n} C C C [n] are of particular importance: the
image of every other 1 and 2-simplex of any simplicial mapping object S[n| appears as the
data of a proper face of L. For example, if L is a 3-simplex, we can see from the above that
the functor L({0,3} C {0,2,3}) is actually the functor associated with the 2-simplex dy (L).
This phenomena continues into the higher dimensions. In what follows, we will study the
structure of Na(INoCat) in much greater detail and rigour.

We are now ready to state and prove the three main results. In Section 2.3 of this paper

we will, in the spirit of Proposition 2.1.3, prove:
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Proposition 2.1.7. There is an assignment of a map « : C—= Na(N2Cat) to each lax

monoidal (A, @™, 1,7) such that (A, ®™,t,7) can be recovered completely from «.

In Section 2.4 we will extend and unify the previous results concerning skew monoidal

categories by showing that:

Proposition 2.1.8. There is a monomorphism 3 : Ns(Cat) —= N (N2Cat).

Combined with Proposition 2.1.3, we will then have that skew monoidal categories corre-
spond to maps C — Na(N2Cat) as well.

In Section 2.5 we will define X-monoidal categories for a countable signature X, and prove:

Proposition 2.1.9. There is an assignment of a map o : C—= Na(NoCat) to each X-

monoidal category (A,%,~y) such that (A,%,v) can be recovered completely from o.

Taken together, our three results along with the crucial Proposition 2.2.6 characterizing
maps C—=Na (N2Cat) show that maps C—Na (N2Cat) are a natural setting to understand
a great many monoidal-type categories, including ones not yet defined in the literature. As
a first and significant step, we will examine arbitrary maps C— Na(N2Cat) in detail and
identify an alternative way of defining them in terms of a simple list of data subject to some

few coherence requirements.

2.2. Defining maps into Na(N2Cat). Defining maps into Na(N3Cat) is not as daunting
as it might first appear. In this section, we will explore these maps and develop a succinct

way of producing them. In what follows, let X be an arbitrary simplicial set.

Proposition 2.2.1. 4 map ¢ : X — Na(NoCat) is determined by the values:
(1) ¢1(x)({0,1}) for each non-degenerate x € X;.
(2) ¢n

(3) én
({0,n} € C C [n]) € S[n](0,n)s.

(x)({0,n} C [n]) for each non-degenerate x € X,,, n > 2.
(z)

z)({0,n} C C C [n]) for each non-degenerate v € X,,, n > 3, and non-degenerate

Moreover, these values can be explicitly described:

(1) ¢1(2)({0,1}) = A®, a category.
(2) ¢n(x)({0,n} C[n]) =T%: [] A%t — A%0n a functor.

i€[n]—
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(3) ¢n(x)({0,n} C C C [n]) =n&: (T* o [[ T¥e=el) = T%, a natural transforma-
ceC—

tion.20

Proof. Suppose that ¢ : X — Na(IN2Cat) and that we know the values specified in items
(1),(2), and (3) above. We will show that all other values of ¢ can be determined from
these.

For © € X, ¢n(x) : S[n] — Ny(Cat) is trivial on objects because Ny(Cat) has a single
object x. We consider then its action on the mapping spaces S[n](p, q¢) of S[n]. For brevity,
we call a k-simplex of a mapping space of S[n| a k-simplex of S[n]. Note that if z € X
is degenerate, because ¢ commutes with degeneracy maps, its value on z is determined by
its value on the unique non-degenerate simplex mapping to x, hence it suffices to consider
non-degenerate simplices. In what follows, we suppose z is always non-degenerate.

As ¢p(z) is an enriched functor, it must respect composition in S[n|. For C a 0-simplex

of S[n], we have:

Pn(2)(C) = Pn(x) < U {e SC}> = I ¢n(@){e,seh).

ceC— ceC
This shows that ¢,,(x) is determined on 0-simplices of S[n] by its values on subsets of the
form {p, ¢} with 0 < p < ¢ < n. For each such {p, ¢} there is the coface map é, , : S[1]—=S[n]
sending 0 to p and 1 to g. This gives:

Pn(2)({P, q}) = n(2)(0p,4{0,1}) = dn(x) 0 6p,4({0,1}) = P1(p,) ({0, 1}).

The last equality follows from ¢ commuting with face maps. If z, , is degenerate, then
because ¢ commutes with degeneracy maps, we must have ¢1(zp4)({0,1}) = I while if
Zpq s non-degenerate, its value is specified by item (1). Hence ¢, (z) is specified on all

O-simplices by the data of item (1).

Again because ¢, (x) respects composition, ¢, (z) is determined on arbitrary 1-simplices
(Co € Cy) by 1 simplices of the form ({p,q} C C). Because ¢ commutes with face maps, we

have:

20Here it may very well be that any of z;,i11, Zc, or [, s is degenerate, or even that le, sc] = {¢, sc} so
that zc sc is a 1-simplex. By AY and TY we mean always ¢, (y)({0,1}) and ¢, (y)({0,n} C [n]) respectively,

even when y is degenerate or n = 1.
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On(2)({p, a} € C) = dn(2)(6c({0,m} C [m])) = ¢m(xc)({0,m} C [m]).

Such data is specified in item (2) in the case xzc is non-degenerate. If however zc is the

degeneracy of some non-degenerate simplex y of dimension I, z¢c = sy, we have:

Gm(xc)({0,m} C [m]) = dm(sy)({0,m} € [m]) =¢1(y) ({0, om} C o[m])
=pu(y)({0, 1} S 1))
Thus this is determined again by the data of item (2).2!.

Similarly, the value of ¢,(x) on 2-simplices is determined by its values on simplices
({0,n} C C C [n]) as a result of both respecting composition and commuting with face
maps. It is therefore determined by item (3), noting that we may need to commute with
degeneracy maps as above. Finally, because ¢,(2)(Co C C; C ... C Ci) must be a k-
simplex of Na(Cat), it is hence determined by its 2-faces. Because ¢, (z) commutes with

face and degeneracy maps, these 2-faces are determined by the value of ¢, (x) on the 2-faces

of (Cp € Cy C ... C Ci) and hence by the data of item (3) as above.

As for the explicit descriptions, ¢1(1)({0,1}) is a category, ¢, (x)({0,n} C [n]), a functor,
and ¢, (x)({0,n} C C C [n]) a transformation from a composite of functors, all in light of
the definition of No(Cat). We know that the codomain of the functor T is

doT" = don(@)({0,n} € [n]) = Gu(a)(do({0,n} € [1])) = 60 (@) ({0, 7}) =91 (w0,)({0, 1})
— ATon

Its domain is:

T = di¢n(2)({0,n} C [n]) = ¢n(x)(d1({0,n} C [n])) =¢n(x)([n])
H ¢1 Ty 1+1 {0 1} H ATiit1

i€[n]~ i€[n]~

We can see the codomain of 7¢ by considering:

21In the case that 00 = 0, om = 1, then y is a I-simplex and ¢1(y)({0,1} C [1]) = 141 (y)({0,1})
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din¢ = di¢n(2)({0,n} C C C [n]) = ¢n(2)(d1({0,n} C C C [n])) = dn(x)({0,n} C [n]) = T7.

And can see its domain by considering both of:

dong = én(x)(do({0,n} € C C [n])) = dn(x)(({0,n} C C)) =T

dané = du(@)(d2({0,n} € C C [n])) = $u(2)(C C [n]) = [ dul@)({e,sc} C [e,sc])

ceC—

H Tz[c,sc] .

ceC—

There is also a converse to the above proposition which tells us exactly the conditions
a collection of categories, functors, and natural transformations needs to satisfy in order
to extend to a map X — Na(N2Cat). We state it properly (Proposition 2.2.6) and prove
it below, but will first need some key observations about the homotopy coherent nerve
construction. Let U be a simplicially enriched category. We know that n-simplices of Na (U)
are given by simplicially enriched functors S[n]—-U. The mapping simplicial sets of S[n| are
freely generated via union by simplices of the form {p, ¢}, {p, ¢} C C1, {p,q} C C; C Cy, and
so on, as we have seen in the preceding proof. Therefore a map L : S[n]—=U is determined
by where it sends the objects 0,1, ...,n, and where it sends the generating simplices of the
mapping sets just listed. If we are in the situation that the simplicial mapping objects of
U are uniformly r-coskeletal for some r > 0, then L : S[n] —U is determined by where it
sends the objects and generating simplices of dimension < r, that is, generating simplices

up to those of the form {p,q} C C; C ... CC,.

The simplicially enriched category No(Cat) has a 3-coskeletal simplicial mapping object.
Indeed, it is ‘nearly’ 2-coskeletal, as every 3-boundary is the boundary of at most one 3-

simplex. Writing it all out explicitly, we get the following lemma.

Lemma 2.2.2. To define a simplicially enriched functor L : S[n]— N2(Cat), it suffices to
define

(1) A category L({p,q}) for all 0 <p < q <mn.
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(2) A functor
L{p.a} €O+ [] L{e.sch) —L({p.q})

ceC—
for each {p,q} C C such that L({p,q} = {p,q}) = Lr({p,q})-
(8) A transformation

L({p,q} € C1 € Co) : L({p,q} € Ci)o [] L({e;se} € Cane,sc)) = L({p,q} € Co)
ceCy
for each {p,q} C C; C Cy such that L({p,q} € C1 C C3) = ly(qpqicc,) if C1 =
{p,q} or C; =Cs.

And such that, for every non-degenerate ({p,q} C C1 C Co C C3) € S[n](p,q)s:

(*) L({p,q} CCaCC3)e(L({p,qg} CC1 CCy)ol) =

L({p,q} cCicC3)e |10 H L({e,sc} CCanle,sc] € CsNJe, scl)
ceCy

Here the specification of domains and codomains of L({p,q} C C) and L({p,q} C C; C
C,) is precisely what is required for L restricted to simplicial mapping objects of S[n] to
commute with face maps. The qualification that, e.g. L({p,q} = {p,q}) = lr(p.qp I8
what is required for L restricted to simplicial mapping objects to commute with degeneracy
maps. Finally, had the mapping object of Na(Cat) truly been 2-coskeletal, we could have
done away with equation (x). Be that as it may, the 3-boundary consisting of the four
natural transformations appearing in equation (*) is the boundary of a 3-simplex precisely
when those transformations commute, i.e, when (x) is satisfied. Finally, if any of the ‘C’s
of ({p,q} € C; C Co C C3) had been ‘=’s, this commutativity would have been given

automatically explaining why we needn’t consider such cases.

Proposition 2.2.6 — the converse to Proposition 2.2.1 — takes a bit of work to state correctly.

Towards these ends, we will need the following three technical lemmas.

Lemma 2.2.3. Let X be a simplicial set, o : [n]—=[n — 1] an arbitrary codegeneracy map
with corresponding degeneracy s. Let C C [n] with |C| = m + 1. Then for ally € X, _1,
(sy)c = §'(yoc) where s’ is a degeneracy map or an identity, and is the latter if and only if

IC] = |oC| = m + 1.
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Proof. Let dc : [m] — [n] be the composition of coface maps sending ¢ — ¢;. We have that
odc can be rewritten as a surjection followed by an injection. We know that |odc[m|| =
|oC| = m + 1 or m, which tells us that the surjection in the rewrite either has target [m] or
[m — 1], hence is an identity or a codegeneracy map which we denote in either case as o’.
So we have odc = d,co’. In terms of faces and degeneracies we then have dcs = s'd,c and

so have:

(Sy)c = dCSy = S/dacy = Sl(yUC)-

Lemma 2.2.4. Let A* be a category for each x € X1 such that A%Y = I for the degeneracy
of a 0-simplex y. For everyn > 1 and x € X,,, define the symbols:

dom(x) := H A%t cod(z) 1= AT,

i€[n]—
Then we have:

(i) dom(z) = A* = cod(z) if z € X;.
(i1) dom(sz) = dom(z) and cod(sxz) = cod(z) for any degeneracy map s.
And for every {0,n} C C C [n],

(i) dom(xc) = [] A% and cod(xc) = A%co-em.
ceC—

Proof. We consider each item in turn.

(i) If z € Xy, then as [1)- = {0}, dom(z) = A%1 = A% = cod(z).

(ii) If sx is the degeneracy of a simplex z € X,, then by Lemma 2.2.3, (sz);i4+1 =
§'(%4i,0i+1) Where s’ is the degeneracy map Xo —= X if 0i = o(i + 1), i.e if 0 = oy,
and is otherwise the identity. Suppose then that o = oy for some k € [n]. Then we

have:
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dom(sz) A5 (@00.01) y A5 (To1.02) oy A5 (@ohont1) w o A5 (Ton—1.0n) » AS (Ton,on+1)
’
=AT01 5 ATL2 5 x AT @Rk) 0 x ATno2mo1 0 ATn-1n
=AT01 x AE2 XX ] X x ATzl e At

=dom(x).

Similarly, cod(sz) = (s2)o,n+1 = 8’ (50,0n+1) = Zo,n = cod(z) because s is always the

identity (as n > 1).
(iii) Given z € X,, and {0,n} C C C [n], we have z, = (2¢)i,i+1 simply by composing

sCit1

the face maps dc and J; ;41. The result follows.

Lemma 2.2.5. Let A* be a category for each x € X1 such that A®Y = I for the degeneracy
of a 0-simplex y. For each n > 1 and x € X,,, let T* : dom(z) —cod(x) be a functor such
that T* = 14+ if v € Xy and T°* =T*. For everyn > 1, x € X,,, and {0,n} C C C [n],
define the symbols:

dom(z,C) :=T* o [] T%esel
ceC—

, cod(z,C):=T=. 22
Then we have:
(i) dom(z,C) = T% = cod(z,C) if C = {0,n} or C = [n].
(i1) dom(sz,C) = dom(x,0C) and cod(sz,C) = cod(x,0C) for any degeneracy map s.
And for every {0,n} CACBC[n],

(iii) dom(zg,d5 ' A) =T o [[ TTsnlesal and cod(zg,dg A) = T7®.
acA~

Proof. We consider each item in turn.

(i) If {0,n} € C C [n] and C = {0,n}, then zc = x¢, is a 1-simplex, hence T*¢ = 1 and
dom(z,C) = 1o T%wml =T%. If C = [n], then xc = x, and T*le:s) = T*ii+1 for some 4,

and is hence an identity. Thus dom(z,C) =T o [[1=T".

22The composite of dom(z, C) is well defined by item (iii) of Lemma 2.2.4
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(ii) If sz is the degeneracy of a simplex x € X, and {0,n} C C C [n], then by Lemma 2.2.3,
(sz)c = §'(zoc) and (s2)(c,5q = ' (T[pe,pse) SO that T = Tooc and TEDiese =
T®loeosl, If 0 = 0}, and not both of k,k + 1 € C, then the product [ .- T% s is
exactly the product Hdeg(c), T*led.esdl . Otherwise, the two products differ by a factor
of T¢ @) = 1 wepa = 11, and hence can be ignored. This shows dom(sz,C) =
dom(z,0C). We also have cod(sz, C) = T%" = T* = cod(x,cC) by assumption.

(i) This last item follows from item (iii) of Lemma 2.2.4 and simply composing face maps.

We are now ready to state and prove the converse to Proposition 2.2.1.

Proposition 2.2.6. Let X be a simplicial set, and suppose we are given:

(1) A category A* for each 1-simplex x € X1 such that:

(1.a) : A%Y =1 for the degeneracy of a 0-simplex y € Xj.
(2) A functor

T J[ Ao — AT,
i€[n]—
for each n > 1 and © € X,, such that:
(2.a) : T = 142 whenn =1.
(2.b) : T** =T% for any degeneracy map s.

(8) A natural transformation

n¢: T o H T%lesel = T,
ceC—

for eachn>1, xz € X,,, and {0,n} C C C [n] such that:
(3.a) : n& = 1p= whenever C = {0,n} or C = [n].
(3.0) + n& =nZc for any degeneracy map s.
Then, there exists a unique map ¢ : X — Na(NoCat) extending the above data with...
(1) ¢1(x)({0,1}) = A® for each x € X;.
(2) ¢n(x)({0,n} C [n]) =T< for eachn > 1 and x € X,,.
(3) on(z)({0,n} C CC [n]) =n¢ for eachn >1, z € X,,, and {0,n} C C C [n].
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...tf and only if for every n > 4 and non-degenerate x € X,, and non-degenerate

({0,n} C A C B C [n]) € S[n|(0,n)s, we have:

T TR .z CE[a,sa]
(1) s ¢ (7765‘1A © 1) —ne <1 ° H M1 Bﬂ[msa]) '

acA~ fa sl

Where each 0 fits into one of the four triangular faces of the diagram below *3:

H Tx[a,sa]

H ATiit1 acA— H A%asa
i€[n]— acA—
H TT(b,sb] H T*eNa,sa)
beB— acA- s
T, s
H A%b,sb Azo.n
beB— T8

Proof. Given an extension ¢ (which is necessarily unique by Proposition 2.2.1) the equation
(t) precisely asserts that ¢, (x)({0,n} C A C B C [n]) is indeed a 3-simplex of Na(Cat)(x, *).
That is, it asserts that the diagram of natural transformations associated to the boundary
of ¢ (2)({0,n} C A C B C [n]) is commutative.

Conversely, given the data of items (1), (2), and (3), such that equation (f) is true, we
must assign to each x € X,, an enriched functor ¢, (x) : S[n] — N2(Cat). By Lemma 2.2.2,

we must therefore give assignments:

(1) A category én(z)({p,q}) for all0 <p < g <mn.
(2) A functor

on(@)({p.ay €O = [ dnl@){e.sc}) —=onl@)({p,a})

ceC—

for each {p,q} C C.

23See in particular item (iii) of Lemma 2.2.5
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(3) A transformation

On(x)({p,q} € CL C Co):

$n(@)({p,q} € Q) o [T dul@)(fe, s} € Canlesel) = dula)({p.a} € Ca)

ceCl

for each {p,q} C C; C Cs.
Then for an arbitrary x € X,,, we define:

(1) ¢n(z)({p,q}) := ATre.
(2) ¢n(x)({p,q} € C) :=T7c.
(3) du(@)({pa} € C1 € Co) =1, 5.

Note first that ¢, (z)({p, ¢} € C) = T should be a functor with domain [] .- ¢n(z)({c, sc})
and codomain ¢, (x)({p,q}), or rather, should be a functor:

T%c . H Afese — ATra,
ceC—
This is so by item (iii) of Lemma 2.2.4, as the stipulations (2.a) and (2.b) of the statement
of the proposition verify the hypotheses of that lemma. The natural transformation 77;5"‘1 c
Ccy -1
should be a natural transformation with domain and codomain:

nch:lcl LT chl T canie! oe') = T
This follows from item (iii) of Lemma 2.2.5, as again the additional stipulations (3.a) and
(3.0) verify the hypotheses of that lemma.

Note also that to use Lemma 2.2.2, we must have that ¢, (x)({p, ¢} = {p, ¢}) = 14, (@) {p.a})-
This follows from the stipulation (2.a). Similarly, Lemma 2.2.2 also requires that ¢, (z)({p, ¢} C
C1 € Cy) is 1y, (a)({p.qcCs) if either ‘C” is an ‘=". This follows from the stipulation (3.a).

By Lemma 2.2.2; these assignments extend to an enriched functor ¢, (x) if for every

({p,q} € G4 € C3 C C3) € S[n](0,n)s, we have:
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on(x)({p,q} € Co C C3) @ (pn(x)({p, g} € Ci C Cy)ol) =

on(z)({p,g CCiCCy)e |10 H On(x)({c,sc} € Canle, sc] € CsNJe, scl)

ceCy
Tracing through the definitions and the assignments in Lemma 2.2.2, this is precisely the
equation (1) with respect to 5531({]), q} € C; € Co C C3), and is hence true by hypothesis.
We have thus far shown that to each z € X,,, we can assign an enriched functor ¢, (z) €
Na(N3Cat),,. We must now check that ¢ commutes with face and degeneracy maps and so
is a simplicial map. For each z € X,, 11 and ¢ : [n] — [n + 1] with corresponding face map
d, we must show that ¢, (dx) = ¢pi1(x) 06 : S[n] —= Na(Cat). As such, it suffices to check

that their action is the same on generating simplices. This follows more or less by definition,

and we show only the 2-dimensional generating simplex case:

dx
dn(dz)({p, g} © C1 € Co) =,

_nx5C2
=1 -1
55c 8C

=¢nt1(x)({0p, dq} € 0Cy C 6Cy).

For degeneracy maps we must show that for arbitrary € X,,_; and o : [n] —[n — 1],
we have ¢p,(sx) = ¢p_1(z) 0o 0 : S[n] — Nz(Cat). Again it suffices to check equality on

generating simplices. Recalling Lemma 2.2.3, we have:

(i) én(s2)({p,q}) = ABDra = A Covoa) = Aoroa — (¢, () 0 0) ({p, q})-
(i) én(s2)({p,q} € C) = T = 19 (0) = T%¢ = (¢,,_(2) 0 0) ({p.q} € C).
_ (st)ey  8'(2ocy)
() @n(s2)({pra} € C1 € Co) =myoac) =0
_ZoC _ ZoC .
- 770./5;21(:1 - 175;(:1220.(:1 - (¢n—1(x) o U) ({p7 q} - Cl C CQ)
The fourth equation of item (iii) follows because we have d,c,0’ = 0dc, as in the proof

of Lemma 2.2.3.
[ |



54

We will make use of the general version of Proposition 2.2.6, but care most about the
specific case when X = C. In this case the proposition simplifies nicely because there are
only two 1-simplices, 0,1 € Cq, and only 1 is non-degenerate. Furthermore, in light of the
results to follow, we can think an arbitrary map ¢ : C — Na(NaCat) as a truly general
kind of monoidal-type category. When X = C, Proposition 2.2.6 can be taken to be a
presentation of a monoidal-type category in the usual dichotomy of data (1), (2), and (3),
subject to coherence (1). Writing 3 sp(x) for the total number of ‘1’s in sp(z) for a simplex
2 € C, we have that an arbitrary map ¢ : C— Na (IN2Cat) can be defined by:

(1) A category A = A', and write A° = I.
(2) A functor

T . H ATiitt — AZ sp(x) —>A.
i€[n]—
for each n > 1 and z € C,, subject to (2.a) and (2.b).

(3) A natural transformation

ne: (T o [ T¥e) = 17,
ceC—
for each face n > 1, z € C,,, and {0,n} C C C [n] subject to (3.a) and (3.b).

The natural transformations of item (3) must be coherent insofar as the equation (1) is

satisfied for every {0,n} C A C B C [n]:

ng ® (n§§1A o 1) =1 e (1 o H 77;[“1’”]80[@7%]) .

acA— fa sl

2.3. Classifying lax monoidal categories. In this section, we will prove Proposition
2.1.7. Given a lax monoidal category (A4, ®",t,7), we first define the classifying map «, then

verify its well definedness, and lastly show that given o we can reconstruct (4, ®™,¢,7).

Definition 2.3.1. The Lax Monoidal Category Classifying Map

Let (A,®",,7) be a lax monoidal category. We assign to A the map a : C—=Na (N3 Cat)
using Proposition 2.2.6. We define the map as follows:

(1) Let A” := Aif x =1 and I otherwise.



55

(2) Let T* := @%@ . AXsP(@) o A if 2 is non-degenerate with dimension > 2.
Otherwise T is defined in accord with stipulations (2.a) and (2.b) of Proposition
2.2.6. In particular, T® := 14« if z has dimension 1, or is the degeneracy of a
1-simplex.

(3) For each non-degenerate x € C,, with n > 3 and {0,n} C C C [n], let

n=yeo@o[0): (1o [ T7e) = 17
ceC—
Where 7 is short-hand for the appropriately sized associativity transformation vy ;... k..,
and 7: T® —T7 is defined by:
Otherwise n¢ is defined in accord with stipulations (3.a) and (3.b) of Proposition
2.2.6. In particular, we may have n& = 1= if, for example, x € C,, and C = [n] or
C={0,n}.
This transformation e (7o []7) encodes a simple idea: 7o ][ 7 converts all 14’s appearing
in any factor of either composite of the domain into ®'’s, so that by the time v is applied,

only ®" functor factors remain.

This data extends to a map « : C— Na(NyCat) via Proposition 2.2.6 because we have

the following:

Proposition 2.3.2. Let (A, ®",1,7) be a lax monoidal category, and let A, T% nE be de-
fined as above. Then for every n > 4, {0,n} C A C B C [n] and non-degenerate x € C,,

equation (1) is satisfied:

x B T Lla,sa]
g ® (UaglA o 1) =1npe® <1 o H 77%,1511]3”[@’5&]) .
ac€A~
As x € C,, is a fixed non-degenerate simplex throughout the proof, we will simply omit
‘z’ from our notation. We will write A; ;11 := A%, T :=T% Tc :=T*¢ and nc = n¢ for
any {0,n} C C C [n]. We write n§ := n?le for any {0,n} C D C C C [n]. In this notation,
C

we will prove:

B ® (772 ol)=nae (1 ° H nl?rf[i}sa]) ’

ac€A~
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It will be convenient to recall that these natural transformations each fit into one of the four
triangular faces of:

H T[a,sa]
H Ai,i+1 acA” H Aa,sa

i€[n]— aEA—

I Tip,s)

bEB- Ta
II Avso= I Avsv
bEB- acA™ Ao.n
beBNla,sa] ™ Ts
Figure (1)

Proof. (of Proposition 2.3.2)

Because z is non-degenerate and there are no ‘=’s in {0,n} C A C B C [n] , we know
that both na and ng are of the form ~ e 7 by definition. However, xg or x|, ., may be
degenerate, and/or we may have ‘=" in {a,sa} C BN [a,sa] C [a,sa] for any a € A~. As

a result, TIE or n[[Z:zZ]]mB

may be given via stipulations (3.a) and/or (3.b) as identity natural
transformations. For example, if zg was the degeneracy of a 2-simplex ¥, then nE =17y as
can easily be checked. This shows we will need to think about how all three of ~, ¢, and
identity natural transformations interact in the proof. Luckily, we need only consider two

cases: when 7§ = v o7, and when it is an identity.

Let us first assume that 1§ = v e 7. Define the set:

D={acA™ [nid  is defined by ye7}.

So that @ € (A™)\I only if nglr;‘sts]sa] =17, ,,,- Consider the following diagram:
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1zv 130 L

Tvm_rirﬁ : % _Bm,ﬂrﬁ : O<‘rH

(1xT1)o1

(LI x AD et
°YL

azv NELY
Tem:d_rﬁ : % _dm:ErN\ :

/ —([ps*p]ug)3q 130

(Txt[Dor Aﬁ_:_& I olbsmvar | T x

((2o2) x (ToT))o1

—([ps‘vlug)>q

Sm,ﬁrﬁ :

—([ps‘v]ug)>q L

NEL
las*al 11 o [ps*elugp II x o [ps'elugp I )ovg

((To1) x (101)) 01

—([»s‘0]ug)3q L)
Sm;ﬁrH : o Twmé_Cm_rH : %

—([»s‘p]ug)3q REL)

Sw;:rm : o ?mé_cm_rﬁ : oV[

IB? I3v
L _([ps‘]lug)>q _([ps‘vlug)>q
L las'al 1I x lestd 11 o4y,
(1x1)o1
S
L NE2LY NELS
(Tx1)o _([os*0]ug)3q _((os*plug)3q
lastal HM x lastd HH o€y
M
—([ps‘p]ug)aq RED)
Fm,&rﬁ : ° Tum_?&_(:m_rH : ° <rN 10 M?
cxzoMMwMV////
a2P REL
_([es*v]ug)3q _([es*v]ug)3q
lostal I x lastalp I o
azv . NEL
A_sm,s_cm_rm 11 x»s@lugg ] VO,Q
N !
—([ps‘v]ug)dq _vy3o»
AS@&E I on,écm_Ev I ovr
T _g3q _vyoo

=lastalp [ olvs'Pluap |1 ovp
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Due to interchange of horizontal composition with products, the middle node in this

diagram can be rewritten:

T7A0 H TBﬂ[a,sa] © H T[b,sb] X H TBF‘I[a,sa] o H T[b,sb] =

ael be(BNla,sal)~ agl be(BNla,sa])~

T7A0 H TBﬂ[msa] X H TBﬁ[a,sa] o H T[b,sb} X H T[b,sb]

ael’ agl’ be(BNla,sa])™ be(BNla,sal)™
acll agl

The map out of this central node v o (1 x 1) is written in regards to this second expression.
The notation for the other map out of this central node, 1o] ]~ % [] 7 is written with regards
to the first.

First we claim that commutativity of the above diagram implies Proposition 2.3. As we
have assumed that 7% is of the form + e 7, we have that xg is not the degeneracy of a

2-simplex, and so not the degeneracy of a 1-simplex, and hence that Tg is not an identity

map. Thus Tg = Tg. The composition of the left most edges is then:

ve(lo(@xD)e(mfol) =nse (MEol).

The composition of the right most edges is:
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(2.3.1) 7.(10(1xz))o(10(H7x1>)o(zo((zoz)><(101)))
(2.3.2) zyo(Zo(l><Z))o(10(H7x1))o(1o((ZoZ)x(101)))
(2.3.3) = (T % 7) .(10(1‘[%1)) o((To7) x (101)))
(2.3.4) 7 ® lo( fy><1>)o(1o((ZoZ)><(lol)))

o

(
nAo(lo H ot ) (1e (101))))
(2.3.6) =1 ( H n

a agl

(2.3.7) —ae (1 o I ngﬁ;}s‘”) .

ac€A~

(2.3.5)

Y
er
Equation 2.3.2 follows from commuting 7z with the identity functor 1. Equation 2.3.3 follows

because for each a € I', the map...

v TBﬁ[a,sa] © H T[b,sb] = T[aﬁsa]-
be(BNla,sa])~
. cannot possibly have as codomain T}, s = 14, as the output of v is always a tensor ®.

Hence we have Tj, sq) = Tja,sq) for every a € T'. This means:

IIZ:jﬁmsﬂ :>7Wa§ay

Equation 2.3.4 is then the assumption that na is of the form v e 7o [[7. Equation 2.3.5 is
repeated applications of interchange of vertical composition. Equation 2.3.6 is just the def-
inition of n and I': The first grouping corresponds to 7 for a € I which in turn corresponds
to all those n of the form - e 7; The second grouping corresponds to all of the other 7’s,
which are thus simply 1.

Thus the commutativity of the above diagram implies Proposition 2.3. We verify the com-

mutativity by verifying the commutativity of each sub diagram: N, W, S, E.
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N: This commutes trivially.

W: This commutes as a result of commuting 7 with 1.

(2.3.8) (vo(1x1))e(zo(zx7)o(zx71))

(2.3.9) = (yo(ix7)e(to(ix1)o(1x1))

(2.3.10) = (lo(txt7))e(yo(lx1))e(to(tx7)o(lx1))
(2.3.11) = (lo(ix1)e(ye(To(@x7))o((lx1)e(lx1))
(2.3.12) = (lo@x)e(mBo(1x1)).

S: Note that every vertex in this square consists of only products of ®’s (and 1;’s, which
again, are ignored). The commutativity of this square is simply the associativity axiom

for v coming from the definition of a lax monoidal category.

E: The eastern square E commutes if and only if the following square commutes:
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H (TBﬁ[a7sa] © H T[b7sb]> X TBﬂ la,sa] © ﬂb,sb])
acl’ be(BNla,sa])~ agl bE(Bﬂ[a sal)~

Iy xTI]1

HT aXHT[asa]

a€cl’ acl

[T1x]]zoz [11 x]]z

H T[a,sa] X H T[a,sa]
a€cl

a€el

[Ty <IIv

H (TBﬁ[a,sa] o H | T[b,sb]) X H (TBﬂ[a,sa] o H ﬂb,sb])
)~

ael be(BNla,sa agll be(BNla,sa))~

The square commutes in the first component of the binary product trivially:

IIreIlt=11t11~

It suffices then to show that the square commutes in the second component, and decom-

posing the product [], we see it suffices to show that for each a ¢ I" we have:
agT
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TBﬂ[a,sa] o H T[b,sb]

i’ T[a.sa]
be(BNla,sal)~ ’

~I
[¢]

~I
o~

Torfasa© 11 T
be(BN[a,sa])~

7 T[a,sa]
Now, Tj,, 5] may be a tensor @™, 14, or 17. If T}, 5q) = ®™, the map Tgn[q,sa] © [ Tip,s8]

may be 14 0®™ or @™ o [[14. The square in question therefore becomes one of:

@" =®mo[[1la QM =140QM

ool @™ @log™ —> @™

These triangles are precisely those appearing in the unitality axiom of the lax monoidal
category, hence commute by definition.

In the case when Tj, 5] = 14, then the square reduces to the following:

1A01A#’1A

®1O®17,®1

The unitality axiom in the definition of the lax monoidal category gives in particular that
the following triangle commutes:
@' =®'oly
lgt

1,0l s ol
®0®7®

Commutativity of this triangle in turn implies commutativity of the square above, and

consequently of the square E in question.
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Finally if T}, s4) = 11, then all four vertices of the square in question are 17, all four

natural transformations are simply 1, and commutativity follows.

We have been operating under the assumption that 772 was of the form v ¢ 7. We must
now consider when it is an identity. First, let us suppose that nE =1;,. Thus Tg = 17 and
hence Ay, = I. It is a special fact about C that if zy ,, = 0, every 1-face of  must also be
0, and so x is a degeneracy of the 1-simplex 0. This contradicts our assumption that x is
non-degenerate. We need not worry about this case.

Now suppose that nE = 1;,. This immediately implies that Tg = 14 and Tho = 14.
Consequently, the products comprising their domains — [, .- A% and [],cg- A%< —
each contain only a single A, with the rest I. This then means that every product of functors
into those products must consist entirely of a product of 1;’s, except for the functor which

targets the single A. Hence, there exist unique ¢’ € A~ and unique b’ € B~ such that:

ﬂa/,sa’] 7é 1y 7é T[b’,sb’]'

Figure (1) then reduces to:

H AZTisi+1 T[a’,sa’]

i€[n]~

Ty 51

We must then verify:

A ® (1 o nlgaﬂ7[ztll>ia,]> =nge(lol).

o7 or sl g
- fy . Or nBﬁ[a’,sa’] - T[ ’ e

a’,sa

[a’ ']

Towards these end we note two further cases: M8n(a’,sa/]
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In the first case, it must be that T}, 4./ is a tensor given by the number of A’s in its do-

main, hence, T[a/,sa/] = @25P(®) We see then that 775(;’[2‘,1/]8&,] =g and Na = lgr e as

a result of the unitality axioms of the lax monoidal category. Hence the equation above is
verified. In the second case, it must be that Tj, 5] = 14 = Tjp 47, and we see by inspection
that na = ng once again verifying the equation.

Proposition 2.3.3. The assignment (A, Q",7v,1) — «a : C—= Na(N2Cat) classifies lax

monoidal categories. That is, given a map a, we can recover the data (A, @™, ~,1).

Proof. Given «, we see that a1(1)({0,1}) = Alor = A' = A, hence we have recovered the
category A. For n > 2, let u € C,, be the n-simplex with 1-faces u,, = 1 for all p,q € [n].

Then we have:

an(p)({0,n} C [n]) = T = @=**W) = g™,

Hence we have recovered the n-ary operations ®" for n > 2. We can recover ®° from the

non-degenerate 2-simplex « : 0V 0—1. We have:
az(u)({0,2} C [2]) = T" = @Z () = g0,

We can recover ®' from the non-degenerate 3-simplex [ € Cz defined by the following 1-faces:

log=0,lip=0,la3 =11l =105L13=11l3=1
We have:

as(1)({0,3} € [3]) = T' = X »® = g1,

This 3 simplex [ will also recover the natural transformation ¢:

as(1)({0,3} € {0,1,3} € [3]) = 11,3 : Tous © (Tor * Tiaz) = Ty-
As lo13 = l1a3 = s1(1), Tlo13 = Th23 = 1,, and because lp; = 0 is a degenerate 1-simplex,

T'ot = 1;. The definition of 7 , 4, becomes:
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77{{0,1,3} =m20(txt):laoly = L.

By the unitality axiom for the lax monoidal category, this composite is simply «¢.

Finally, as for recovering each v, k,,... k,, when n > 2 consider the simplex x defined as

follows. Off its spine, every 1-face xp , = 1. Its spine, {x; 41}, a finite sequence of 0’s and

1’s , will have two 0’s for each k; = 0, two 0’s and a 1 for each k; = 1, and k; 1’s for each

k; > 2, ordered with ky’s digits first and k,,’s last. Let k?l € N stand for the number of digits

in the spine of x associated with k;, i.e 0 = 2, 1 = 3, 15z =k, for k; > 2. Then x € C;, with

k= > k;. Writing j := > k}-, we see that the functor T7G.3+11 corresponding to the
1<i<n 1<i<j—1

face T i) is precisely ®@* by the above. We have therefore:

k() ({OJC} C{0,k1, k1 + ko, .k} C [k]) = Y dorrooshn | ®TO(@F XX @) = @Fr e Fhn

The cases when n = 0 or n = 1 proceed similarly.

This concludes the proof of Proposition 2.1.7.

2.4. Classifying skew monoidal categories. In this section, we will prove Proposi-
tion 2.1.8: that the nerve N,(Cat) appearing in the classifcation result of [2] embeds into
Na(NsCat).

Definition 2.4.1. The skew nerve Ng(Cat) of the monoidal bicategory Cat is the simplicial
set defined by the following:

e There is a unique 0-simplex, x*.
e l-simplices consist in categories By;.
e 2-simplices consist in functors By : Bg1 X Bia —> Bgo.

e 3-simplices are natural transformations Bgias : Bo1s © (Boiz X 1) = Bo2s o (1 X Bias):
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Bpia x 1
By1B12Bog ————— Bp2Ba3

0123
13

Bo1 B3 B Bos
0

e A 4-simplex consists in a quintuple of appropriately formed natural transformations mak-

ing the following pentagon commute:
3014 o (1 X 3124) o (1 x 1 X 3234)

lo (1 X B1234) B0124 ol

3014 o (1 X 3134) o (1 X Blgg X 1) 3024 @) (3012 X 1) o (1 x 1 x 3234)

Boizs o1 1

3034 o (Bolg X 1) o (]_ X 3123 X ].) B024 o (1 X B234) o (B012 x 1 x ].)

10 (Boias x 1) Boazs o1
Bo34 o (3023 X 1) o (B()lg x 1x 1)

e Higher-dimensional simplices are determined by 4-coskeletality.

As in the case of the definition of a monoidal category, the pentagon law above gives rise
to a coherence theorem which we now explain. The 2-faces of an n-simplex B € N,(Cat)

consist in functors for every triple of numbers p,q,r with 0 <p <r < qg<n:

Byrq : By X Brg—> By,.
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Given a subset of indices C = {p = ¢ < ... < ¢, = ¢}, we then have a number of composite
functors formed of these 2 faces:

H B sc — Bpq.
ceC—

Moreover, we have a potential multitude of natural transformation 3-faces mediating between
such composites. For example, the pentagon diagram occurring in the definition of N(Cat)

shows all of the composite 2-face functors from [] B; 11— By 4, and shows all the

i€[4]~

3-face natural transformations between them.

In the context of a simplex B € N (Cat),, the coherence theorem says that there is at
most one composite of 3-face natural transformations between composites of 2-face functors.
This is precisely the content of the commutativity of the pentagon above, and as in the
theorem of [12], commutativity of pentagons gives the result in full generality. Note also
that every 2-face functor composite [[.cc- Besc —= Bp,q is the source of a composite of

3-face transformations with target:

m(Bc) := Begen_yem © (Begen—sem—y X 1) 0.0 (Begeses X 1) 0 (Begeyen X 1).

In a 4-simplex B € N(Cat)y, this 2-face functor is just the bottom vertex of the pentagon
above, m(B) = Bys4 o (Bo2s X 1) o (Bp12 x 1 x 1). Combined with the coherence theorem

we have the following.

Remark 2.4.2. Let B € Ny(Cat),, with n > 2, and C C [n]. For each composite of 2-face
Junctors T : [ cc- Be,se — Bp.q, there exists a unique natural transformation formed of

composites of 3-face transformations T = m(Bc).

Finally, we also have that m(B) = m(s;(B)) for any B € N,(Cat),, with n > 2 and

s; + Ns(Cat),, — Ng(Cat),,+1 any degeneracy map. Again recalling Lemma 2.2.3, we have:

m(s;(B)) =si(B)onn+1 © Si(B)on—1,n 0 ... ©8i(B)oi,i+1 © ... 0 8i(B)o,1,2
:Boi(O,n,n+1) © Bcri(O,nfl,n) o...0 S/(BO,i) o...0 Bai(0,1,2)
:BO,n—l,n o BO,n—Q,n—l O...0 130,7: O0...0 B07172

=m(B).
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Definition 2.4.3. The Skew Nerve Embedding

We will again rely on Proposition 2.2.6. As we tend to write simplices in Ny(Cat) with
capital letters B, we will recall that proposition in slighty different terminology. To specify
a map S : Ny(Cat) — Na(NoCat), we must specify:

(1) A category for each 1-simplex B € N,(Cat);. We will simply assign each 1-simplex
category B to itself, as this satisfies (1.a).
(2) A functor

T(B): [] Biit1—= Bon.

i€[n]—
For each n > 1 and B € N,(Cat),. Let T(B) = 1 when n = 1 in accordance
with (2.a), and otherwise let T(B) = m(B) when n > 2, as by the above this is in
accordance with (2.b).

(3) A natural transformation

ng : m(Bc) o H m(B[c,sc]) = m(B)
ceC—

For each n > 1, B € Ny(Cat),, and {0,n} C C C [n]. For 1 < n < 2, we take
ng := 1p in accordance with (3.a). Otherwise, take 77? to be the unique such
transformation formed of composite of 3-faces of B in all cases given by Remark
2.4.2. Tt is easy to check that this assignment is in accordance with (3.b) given that

m(s;(B)) = m(B).

This assignment gives rise to a map Ng(Cat) — Na(NyCat) if equation (1) is satisfied
for every n > 4 and ({0,n} C A C B C [n]). This is again the case by the uniqueness clause
of 2.4.2.

Therefore by 2.2.6 we have a map 3 : Ng(Cat) —= Na(NzCat) such that:

B(B)({0,1}) = Bo1, B(B)({0,n} € [n]) = m(B), and B(B)({0,n} € CC [n]) =né.

Proposition 2.4.4. The map B, : Ns(Cat),, — Na(NzCat),, is injective for each n > 0.
Hence (8 is a faithful embedding.
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Proof. Let B,D € N,(Cat),, and ,,(B) = 8,(D). For each subset {p < r < ¢q} C [n] we
have Byg = 0n(B)({p,q}) and Byrg = m(Byrq) = Pn(B)({p, 4} € {p,,q}), hence B and D
have precisely the same 1 and 2-faces.

Note that for C = {c¢g < ¢1 < ¢3 < ¢3}, we have that:
Bn(B)({co,cs} C C) =m(Bc) = Beyeaes © (Begeres X 1)
because 5 commutes with face maps. We therefore have:

Bn(B)({co; s} C {co,c1,e3} C C) i m(Beyeres) © (M(Begey) X M(Beyezes)) = m(Bc)

= Bcoclcz03 : Bcoclcs o (1 X BC10203) = Bcoczca © (3000102 X 1)'

This implies that B and D have the same 3-faces. As a result, commutative pentagons of
such transformations occur in B exactly when they occur in D, and so the two have the

same 4-faces. They have the same k-faces for k£ > 4 by 4—coskeletality. |
This concludes the proof of Proposition 2.1.8.

2.5. Classifying ¥-monoidal categories and general maps in sSet(C, Na(NzCat)).
We have seen now that both lax monoidal categories (Section 2.3), skew monoidal categores
(Section 2.4), and hence both monoidal and strict monoidal categories, all can be understood
as maps in sSet(C, Na(NzCat)). The question we turn now to explore is then: what other
monoidal-type categories do we find in this simplicial set? We begin with a simple com-
parison of those 3, a, and ¢ : C— Na(N3Cat) corresponding to skew monoidal categories,
lax monoidal categories, and arbitrary maps respectively. Recalling Propositions 2.2.1 and
2.2.6, we have that these three maps determine and are determined by three types of data:
(1) A category A = A, where A = I.
(2) A functor
T . H ATt — A2sP() o g
i€[n]~
for each n > 1 and z € C,, subject to stipulations (2.a) and (2.b) of Proposition
2.2.6.
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(3) A natural transformation

ne: (T7o [ T#e) = T,
ceC—

for each face n > 1, z € C,,, and {0,n} C C C [n] subject to (3.a) and (3.b) of
Proposition 2.2.6.

And, this data is equivalent to defining a map C —= Na(N2Cat) whenever the natural

transformations of item (3) satisfy equation () of 2.2.6 for every {0,n} C A C B C [n]. Let

us then explore these three types of data associated to 3, a, and ¢. Recall the five 2-simplices

of C: We have 5¢(0) : 0V0—=0, so(1) : 0V1—1,5(1):1VO0—1,u:0V0—1, and

m : 1V1—=1. Here we write the simplex with 1-faces o1, 1,2, and xg 2 as o1 VT1,2—>T0 2.

(1) The category data associated to each of 8, a, and ¢ is just the monoidal-type cate-

gory associated to the map.

(2) The functor data associated to the skew monoidal category map § is defined by a
pair of functors, ®? := T™, and ®" := T". By the stipulations (2.a) and (2.b), this
alone gives T* for every simplex z € C,. For an arbitrary x € C,,, T” is defined in

terms of the image of its 2-faces:

T7 :=T%01n o (1 x TP(2nt) o .. 0 (1 x TPn—2n-1n}),

In contrast, the functor data associated to a lax monoidal category map « is
defined by functors ®" := T* for every n > 0 where p1 € C,, is given by p, , =1 for
all 0 < p < ¢ < n. For arbitrary z € C, T% := @2 5P(*),

Finally, ¢ may specify apriori unrelated functors 7% : A25P(®) —~ A for every
non-degenerate x. Note that there are a countable infinite number of non-degenerate
simplices = with > sp(z) = n for every n > 0,24 and thus, ¢ may include the data

of an arbitrary (countable) number of n-ary functors for each n.

(3) Key differences in the natural transformation data associated to 3,a, and ¢, can
already be seen when considering only 3-simplices € C3. Let us represent such a
3-simplex with 1-faces x, 4, 0 < p < ¢ < 3 as the diagram:

24Take a simplex with x; ;41 =1fori <n —1, x; ;41 =0 fori > n, and xp ¢ = 1 for ¢ — p > 2. There

is one simplex of this form in every dimension > n, it is non-degenerate, and Y sp(z) = n.
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To1 VX2V T3> To1Vr1s

o2 V X23 —— 20,3

Consider then the pair of simplices [ and r € Cg:

oOovovl ——0vVvl1 1vOov)——1Vv1
[ r
1Vl ———1 1vO0 1

Associated to each of 8,a, and ¢ is a functor T : A>P() = JTA = A—> A,
as well as functors THor2r = T¥ Thoisy = 7o) = 1, Thozs = T™ and
Thr2sy = 7500 =1, corresponding to the four arrows making up the edges of the

above squares. There are also the pair of natural transformations:

Moa,ay s T1O23 o (THor2) x T'231) = T,

Mo,z THOW o (THO1 x THi291) = T,

We get similar data for r, and we can represent all of it succinctly in the following

two diagrams:

17 x TH1.2.:3} 1 T7{1,2,3}
A —= IA Al —A2% AA
l r
o,1,3} M0,1,3}
l To,1,3}
Trio12y x 1;
ni0a2’3} nEO,Q,S}

AA A Al A

To,2,3} TT0,2,3}
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The remaining functors associated to the skew monoidal category map 3 are
defined T" := 14 and T" := ®% o (14 x ®°). Naming X := 7{, 5 3 and p := 1, 5 3, we
get the following diagrams:

1, %1 14 % @0
1A LA A AIT AXE AA

QY x 14 1a 1qa x 1 ®?

AA

N
s
~

A
®? 14

We see then )\ and p arise naturally in this context. Associated to the lax monoidal

category map « are instead 7! = @' = 7" and the following diagrams:

17 x1 14 x Q0
114 r=-A 1A AIT AXE AA
/ 7271,/
1
®0 X 1a 1a 14 x 1y ®?2
72,0,1 /
AA A Al A
®? 14

So we see the transformation ¢ and two of the many ~ transformations arise natu-
rally in this context as well. Finally, for the general map ¢, there are, apriori no
relationships between these various functors and natural transformations, aside from

those relationships contributed by the other data of ¢.

We have seen in particular that arbitrary maps ¢ may include the data of up to a countable
number of distinct n-ary functors for each n. Such a monoidal-type category is reminiscent

of the following definition of [6] which we present only informally here:

Definition 2.5.1. A Y-monoidal category (A, 3,~) consists in a category A, a countable?

set ¥, of k-ary functors A¥ —= A for each k > 0, and natural isomorphisms 7 between each

25The definition in [6] considers aribtrary cardinality.
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possible composite of functors of the same total arity. Each composition of these natural

isomorphisms with the same domain and codomain must be equal.

There is no canonical way of associating a map o € sSet(C, Na(NzCat)) to a X-monoidal
category (A, 3, ~) because the definition presents all k-ary functors in ¥ as morally indis-
tinguishable, whereas the k-ary functors arising in the image of a map C— Na (NyCat) can
be distinguished in many ways, for example, by the dimension of the simplex x mapping to

that functor. However, given a surjective function
hy : {z | z is nondegenerate with dimension > 2 and Zsp(:r) =k} — 3.
for each k > 0, we can define o : C— Na(NyCat) by Proposition 2.2.6.

Definition 2.5.2. The X-Monoidal Classifying Map

(1) Let A* := A if x = 1 and I otherwise.

(2) Let T% := hy gpa)(2) : AZs(®) > A if 2 is non-degenerate with dimension > 2.
Otherwise T is defined in accordance with stipulations (2.a) and (2.b).

(3) Let n¢ : T o] cc- T"=+9 = T* be the unique v natural isomorphism guaranteed
by the definition of ¥-monoidal category if n > 3, and 17« otherwise, as this is in

accordance with (3.a) and (3.b).

The commutativity of equation (1) is implied directly by the commutativity of the isomor-

phisms v given in the definition, and hence this data gives rise to a map o : C—=Na (N2Cat).
This assignment also classifies ¥-monoidal categories.

Proposition 2.5.3. The assignment (A, 3,7) — o : C—=Na (N2 Cat) classifies X-monoidal

categories. That is, given the map o, we can recover the data (A, X, ).

We get A from item (1), and each map from each Xy from item (2), using the fact that hyg
is assumed to be surjective. We must therefore only show that every natural isomorphism
implied by the definition of -monoidal categories can be generated — via horizontal com-
position, vertical composition, and by product — by the transformations ¢ of item (3). We

need a few lemmas which will incidently reveal some additional structure of general maps

o.
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Lemma 2.5.4. Let ¢ : C—> Na(NyCat) be a general map. Suppose x € C,, such that
Yosp(z) = 1. Then there is a transformation E : 14 = T% generated by transformations ng

in the image of ¢.

Proof. Let x € C,, with > sp(z) = 1. Let x;_1; = 1 be the unique such 1-face in sp(z). If
i # 1, then:

g LT, = 2,004, m £
N0,1,...i—2,ii4+1,....m - T o (1[ X . ..oxXx1px1gx1f x...X 1[) =T%.

Moo, m: L% mo(lax1yx..x1;)=T"

This time 77012 = 14 because xg,1,2 = s1(1). In each case, the face zo 1, i—24i+1,...

Z,2,...,m both have a single 1 on the spine, and one fewer 0. By repeating the argument on

these faces inductively, we get a composite:

E:T%m =14 =T

Lemma 2.5.5. Let ¢ : C— Na(NzCat) be a general map. Let & € C,, with > sp(x) =0
and x not a degeneracy of 0. Then there is a transformation E : T* = T% generated by

transformations n¢ in the image of ¢.

Proof. We consider two cases. If g1 2 = 50(0) then T%0:23..m» = T% and we are finished by
induction. If on the other hand 1,2 = w, then > sp(xo23,.») = 1 and by the previous

lemma, we have a transformation F' : 14 = T7%02:3...». We have:

Mo23,..nt L7025 o (T x 1 x .. x 17) =T

= sy, e (Eol): T" =T
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Lemma 2.5.6. Let ¢ : C—= Na(NzCat) be a general map. For n > 2, let u € C,, be
gwen by ppq =1 for all0 < p < g < n, and let TH be the associated n-ary functor. Let
x € C,, with Y sp(x) = n. Then there is a transformation E : T = T" generated by

transformations n¢ in the image of ¢.

Proof. Now, let u € C,, as above, and let € C,,, with m > n > 2 with ) sp(x) = n.
Suppose that x;_1; = 1 if and only if ¢ € I = {i1,...,i,}. Then the faces > sp(xo.. i) =

>8P(Tiy,..ip,) = o = 2 SD(Tiyy i —1,in,..,m) = 1 . Thus we have:

We also have that zg i, ..., ,.m = f because y is the unique n-simplex with > sp(u) = n.

We have then:

. Tmo,z‘l,.,.,z‘,,L,I,m o (Two ,,,,, i1 X Tl’in,1 ,,,,, m) = T,

T
770,11,12,...,zn_1,m

Proof. (of Proposition 2.5.3) Given a map o in the image of the assignment, we must show
that every natural isomorphism implied by the definition of ¥-monoidal categories can be
generated by transformations n¢ in the image of . As o assigns to each 7¢ a natural
isomorphism, the above three lemmas imply that for every & > 0, each pair of elements
f, ' € ¥ are isomorophic to one another via isomorphisms in the image of o. Let u™ € C,
denote the unique n-simplex with ) sp(z) = n, i.e p; , =1 for all 0 < p < ¢ < n. Now,
given n =mny + ... +ng, fi € ¥y, f € g, and g € X,,, we must show that the isomorphism
v fo(fi x..x fr) = g can be generated by n&’s. Without loss of generality we can
assume that f; = T*" if n; > 2, fi =14 if n; =1, and f; = T" if n; = 0 and similarly for

f and g. Let x be the simplex with two consecutive 0’s on its spine for each n; = 0, with
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n; consecutive 1’s on its spine for each n; > 1, and all other 1-faces z, ; = 1. Let the total
dimension of z be m. Then choosing C with {0,m} C C C [m] so that consecutive indicies

of C correspond to the part of sp(z) corresponding to each n;, we get the transformation:

e fo(fu, X oo X fn,) =T

Note that xc = p* as it has only 1’s on its spine, and so T%¢ = f. Finally, as }_sp(x) = n,
we get a transformation E : T* = g = T*". Together these show the isomorphism between

these n-ary functors to be generated by o.

This concludes the proof of Propostion 2.1.9

We might therefore think of general maps ¢ : C — Na(N2Cat) as specifying a category
along with an arbitrary (countable) number of n-ary functors for every n which are not
necessarily isomorphic. They are, however, related by an intricate web of natural transfor-
mations which mirror aspects of the structure of C. Perhaps one might therefore think of
the data associated to an abitrary map C—= Na(NyCat) along with the equation (t) as in-
dicating the necessary structure and coherence needed to go about weakening the definition
of ¥-monoidal category to not require natural isomorphisms between all functors with the

same total arity.
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