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Pure and Applied Analysis — Tutorial Problems. The problems are of varying difficulty. The
E questions are fairly routine exercises in the coursework, S questions are of standard difficulty and
H questions may be quite challenging. P questions are more peripheral to the course.

Please hand in a solution to problem 1 in week 2 and a solution to problem 14 in week 3.

S1. In each of the following cases a bounded subset A of R is given. Find max A and min A (if
they exist) as well as sup A and inf A. Prove your claims.
(i) A={(-1)": n € N}
(i) A={L:neN}
(iii) A = {x € R: z is rational and 0 < z < 1}.
Solution. (i) A = {1,—1} and then clearly max A = 1 and min A = —1. Hence sup A = 1 and
inf A= —1.
(ii) We have 1 € A and + < 1 for all n so max A = 1 and hence sup A = 1.

Also 0 is a lower bound for A, and is the greatest lower bound since if ¢ > 0 then we can find
n € N with n > 1/¢, which implies % < ¢ so ¢ is not a lower bound. So inf A = 0. Since 0 ¢ A,
min A does not exist.

(iii) We have 0 € A and 0 is a lower bound for A so 0 = min A. 1 is an upper bound and if ¢ < 1
then by the ‘density of rationals’ there is a rational x with ¢ < z < 1,and then ¢ € A, so ¢ is not an
upper bound. So 1 is the least upper bound, i.e. sup A =1. As 1 ¢ A, max A does not exist.

S2. Let A be a non-empty bounded subset of R. Define
D={lz—y|:z,yec A}
Show that D is bounded and that sup D = sup A — inf A.

Solution. Let M = sup A and m = inf A. Then for x,y € A we have x < M and y > m so
x—1y < M —m and the same for y — z hence |x —y| < M —m so D is bounded and sup D < M —m.
To prove the reverse inequality let € > 0. Then we can find x € A with o > M —eand y € A
with y < m+e€ Then |x —y| >x—y > M —m — 2¢, sosupD > M —m — 2¢, for all € > 0, so
sup D > M — m as required.

S3. Let A be a non-empty bounded subset of R and A € (0,00). Define AA = {Xa : a € A}. Show
that
sup(AA) = Asup A

What happens if A < 07

Solution. If z € AA then for some a € A, x = Aa < Asupa. Hence sup(AA) < Asup A. Conversely
if A€ Athen Aa € A so Aa < sup(AA) and so a < A sup(AA). Thus sup A < A ' sup(AA) and
so sup(AA) > Asup A as required.

If A <0 then in the same way we get sup(AA) = \inf A.

S4. Let A and B be two non-empty subsets of R such that for all @ € A and all b € B we have
a <b.

(i) Show that sup A < inf B.

(ii) Give an example of two non-empty sets A and B as above such that sup A = sup B and
ANB=ga.

(ili) Suppose that for every ¢ > 0 there exist a € A and b € B such that |a — b| < e. Show that
sup A = inf B.

Solution. (i) If b € B then b is an upper bound for A so sup A < b. Hence sup A is a lower bound
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for B and so sup A < inf B.

(ii)) A=[0,1) and B = {1} will do.

(iii) If € > 0 and a,b are as in (iii) then inf B —sup A < b—a = |a — b| < e. This holds for all ¢ > 0
so inf B —sup A < 0 and the result then follows from (i).

E5. Show that every non-empty open interval contains at least one irrational number.

Solution. Let the interval be (a,b) where a < b. Choose an integer n > 27/2(b — a)™!, and let k
be the largest integer < 27/2an. Then k + 1 > 272an so 2/2(k + 1)/n > a. On the other hand
212(k +1)/n = 22k /n +2Y2/n < a + (b —a) = b. Thus 2"/2(k + 1)/n is an irrational number
(since 2'/2 is irrational) in (a, b).

P6. Show that v/2 is irrational.

Solution. Suppose /2 = p/q where p, ¢ are relatively prime integers. Then p? = 2¢® so p is even,
but then p? is divisible by 4 so ¢ must be even, a contradiction.

E7. 1s 0.999. .. strictly less than 17

Solution. No - if x is the number with this decimal expansion, then for each n, we have 0.99...9 <
x < 1, where there are n 9’s, which means x > 1 — 10™" for every n, and it follows that x = 1.

ES8. Is it true that every real number has a unique decimal expansion?
Solution. No - see previous problem.
S9. Let (a,) be a sequence of real numbers and a € R. Show that if a,, — a then

ar+as+---+ay
n

— Q

Prove that the same is true if ¢ = F00.

Solution. Write b, = n'(a; +as+---+a,). The sequence (a,) is bounded, so we can find M such
that |a,| < M for all n. Now let € > 0. Then there is m > 0 such for n > m we have |a,, —a| < €/2.
So for n > m, |b, —a| = L|(a1 —a)+- -+ (a, —a)| < 22 4+ /2 where we have used |a;, —a| < 2M
for k < m. Then if also n > 4Mm/e we get |b, — a| < €, as required.

The case of an infinite limit is handled in the same way.

S10. In each of the following cases examine whether the given sequence converges. If it does, find
its limit. If it doesn’t find all its subsequential limits.

(a) 5", where e >0, (b) ¢/n, (c) ¥nl, (d) 7%, (e) 0. (f) sin (%),

ne n!

(g) vn?+1—n, (h) vn>2+n—n.

Solution. (a) Writing = = logn, a, = z/e® = z/(1 + ex + 2% /2 + - -) < x/(?2?/2) = 2 2z~ 1.
Asn — oo, x — 00 so a, — 0.

(b) loga, =n"'logn — 0 by (a) so a, — 1.

c) loga, = %(1og2 + .-+ +logn) — oo by problem 9, since logn — oo, so a,, — oc.

d)a, =L x2x...x2<Ls0qa,—0.

e)a’;—:l:%<%ifn>20030an—>0.

f) a, takes the values 0,1,0,—1 if n = 4k, 4k + 1,4k + 2, 4k + 3 respectively, so a,, does not converge

but has subsequential limits 0, 1 and —1.

(g)an:n+\/ﬁ<n_lsoan—>0.
(

n 1 1
pr— P— _) =.
h) ax n+vn24+n  1+V14n"1 2

S11. Show that (1 + %)n — e as n — oo.
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log(1+x)
x

Solution. Writing x = % we have log a, = nlog(1 + %) = . Now as n — oo, x — 0, and as

—(iﬂ) — 1 by 'Hopital’s rule. So loga, — 1 and hence a,, — e.

2 — 0 we have &

E12. What is the limit of (1 + #)n ?

Solution. Applying I’'Hopital’s rule in the same way as in problem 12 we find log a,, — 0 so a,, — 1.
E13. A sequence a,, has the property, Vn € N, a,,1 = 2a, — 3.

Show that

(i) If a1 = 3 then for all n € N, a,, = 3.

(ii) If a; > 3 then a,, — +oc.

(iii) If a1 < 3 then a, — —o0

Solution. We have a, 1 — 3 = 2(a,, — 3) from which the results follow.

S14. (i) Let (a,) be a convergent sequence of real numbers and let A be the set of all its terms, i.e.

A=A{ay,ag,...,ap,...}

Prove that: A has a minimum or A has a maximum (or both).
(ii) Give an example of a bounded sequence (a,,) for which A has neither a minimum nor a maximum.

Solution. (i) Suppose a, — a. Since the sequence converges, A is bounded: let s = sup A and
[ = inf A. First suppose s > a, and choose ¢ with s > ¢ > a. Then we can find m such that for
n > m we have a, < c¢. Then we must have A, = s for some n < m, otherwise the supremum
would be < s. So A has a maximum in this case. Similarly if [ < a then A has a minimum. The
only other possibility is s = [ = a but in that case the sequence must be constant and A = {a} so
a is a max (and min).

(ii) @, = (=1)"(1 — 1) is an example. The sup is 1 and the inf is —1, but neither is attained.

S15. Let (a,) be a sequence of real numbers and [ € R. Suppose that as, — [ and ag,_1 — [.
Show that a,, — [.

Solution. Let ¢ > 0. Then we can find m so that n > m implies |as, — | < € and ag,—1 — | < e.
Then if k£ > 2m, k must be either 2n — 1 or 2n for some n > m, and in either case |ay — | < € as
required.

E16. Let (a,) and (b,) be two sequences of real numbers such that a, — 0 and (b,) is bounded.
Show that a,b,, — 0.

Solution. We have M such that |b,| < M for all n. Let € > 0. Then we find m such that n > m
implies |a,| < ¢/M. Then for n > m we have |a,b,| < Mla,| < Me/M = € as required.

E17. Find limsupa,, and liminf a, in each of the following cases:

(i) an = nT—H + COS%; (ﬁ) an = (_1)n(n2__7Ll)

Solution. (i) We have a,, < "T“ +1=2+ % — 2 so any subsequential limit must be < 2. And
Qg = 2+ ﬁ — 2 80 2 is the largest subsequential limit so limsupa, = 2. Likewise A, > % — 0

and a0 = @ — 0 so 0 is the smallest subsequential limit, i.e. liminfa, = 0.
(i) a, < "2—;1 — % and aq, = 2’;—;1 — % SO % is the greatest subsequential limit so limsup a,, = %

Similarly liminf a, = —1

E18. Show that if (a,) and (b,) are bounded sequences then limsup(a, + b,) < limsupa, +
limsup b,,.

Solution. Let u, = sup(A,, ani1,- ), Vn = sup(by, bys1, ), Wy = sup(a, + by, Gpy1 + bpg1, - ).
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Then for all m > n, a,, + b, < u, + v, so w, < u, + v,. Then limsup(a, + b,) = limw, <
lim u,, + lim v,, = lim sup a,, + lim sup b,,.

H19. If a bounded sequence (a,) of real numbers has only one subsequential limit [ € R, show that
it actually converges to [. [Hint: show that limsup a,, = liminf a,,]

Solution. limsupa, and liminfa, are both subsequential limits, hence both equal to [. Hence
lim sup a,, = lim inf a,, = [ which implies a,, — [.

E20. A sequence (a,) of real numbers has the following property: There is an [ € R such that
every subsequence of (a,) has a subsequence converging to [. Show that a,, — [. (Use the result of
the last problem).

Solution. This follows from problem 17, since (a,) cannot have any subsequence converging to
any other limit (as that subsequence could not then have a subsequence converging to [.)

E21. Assuming Zil n_lz = %27 find 2:;1 (2n£1)2'

[Answer: %2]

Solution. >, ﬁ = %1220:1 # = ”—2 and subtracting this gives that the sum of the odd terms
is =
-

- - ~ e 19
E22. Which one of the following sums is larger, Zn ey 710 OF Zn g
1

Solution. We have o=

nio > (%1)10 so pairing terms shows that the sum of the ‘odd’ series is larger.

E23. Let > a, be a convergent series of real or complex numbers. Show that its ‘tail’ converges

to zero, i.e.
oo

Zan—>0 as N — oo

n=N

Solution. Let S, be the sum of the first n terms and S the sum, so S,, — S. Then ZZO:N a, =
S — Sy_1 — 0 since Sy_1 — S as N — o0.

S24.. In each of the following cases examine whether the given series converges.

(a)2100n+17 (b)z "> where « € R and b > 1, (0)23—77 ()Zcosn

( )Zlogn ()Z ( )Z \/_ vn—1 (h)zn log 1 loglogn (I)Zsm

Solution. (a) Ratio test: “= = (1 + L) — X 50 series converges.

) Ratio test: “t = p~1(1 —|— L)% — b~ < 1 so series converges.

c) Ratio test a"“ = niﬂ — 0 so series converges.

(b
(
(d) |an| < n 2 50 series converges by comparison test
(e E so series diverges by comparison with ) . L
(

(

(

) &
f) n 1/ 2 is decreasing and convergmg to 0, so series converges by alternating series test.
g) a, = (n'? 4 (n — 1)/2)71 > 1n~1/2 50 series diverges by comparison with Y- n=/2,
h) a, > f"“{xloga:log logx}~ 1dm so SN Lay, > NH{:plogxlog log v}~ 'dx = [logloglog )5 ™!
oo as N — oo so the series diverges.
(i) The terms do not tend to 0 (as a, = £1 when n is odd) so the series cannot converge.

l
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You are encouraged to hand in a solution to problem 31 in week 4, 46 in week 5 and 50 in week 6.

S25. Let o, § € (0,00) and consider the series > -, Show that:

(i) If @ > 1 then the series converges.
(ii) If @« =1 and B > 1 then the series converges.
(iii) In all other cases the series diverges.

1
no(logn)s *

Solution. (i) For n > 3, logn > 1 so a, < n~® and the series converges by comparison with
done
(ii) Use integral test with f(z) = 2 !(logz)™? which is decreasing to 0. We have f2N flz)dz =
(1 = B)"Y(logn)=P]Y which converges to a finite limit as N — oo so the series Converges
(iii) If & = 3 = 1 then we apply the integral test with f(z) = (zlogz)™'. We have f2 z)dr =
[loglog z]y which — 0o as n — oo so the series diverges. It hen follows from this by comparlson
that we have divergence when o =1 and < 1 (or use integral test again).

Finally suppose o < 1. Then it follows from problem 10(a) that n'=*(logn)™® — oo as n — oo
and hence a,, > n~! for n large enough, so by comparison with > n~! the series diverges.

E26. Let Z a, be a convergent series of positive terms. Show that Z a’ converges.

n n
Solution. (a,) must be bounded, i.e. for some M > 0 we have a,, < M for all n. Then a? < Ma,,
so by comparison Y a2 converges.

S27. Let (a,) be a sequence of real numbers. If the series > a2 converges, show that ) %
converges. Is the converse true? [Hint: Use the Cauchy-Schwarz inequality.]

Solution. For any N we have (30 22)2 < ™% 2 5™V =2 by Cauchy-Schwarz, and as both
series on the right have bounded partial sums so does %=, which therefore converges.

The converse is false. For example, let a, = n~'/2 Then > % = > n~%?2 converges but
S~ a2 =3 n"! does not.

E28. Let (a,) be a decreasing sequence converging to zero. Show that for every N € N we have
(i) aon — aony1+--- > 0.
(ii) —aon41 +aon2 — -+ <0

Solution. (i) follows from (asy — asn11) > 0, (asni2 — asnys) > 0 ete, and (ii) is similar.

= [ € R then

P29. If (a,) is a sequence of positive real numbers numbers with lim,, ., “=
lim,, . ¥/a, = L.

Solution. Let ¢ = logl and define b; = loga; and b, = loga, — loga,_; for n > 1. Then
by, , (b1 + - -+ + by) — ¢, which means % loga, — ¢ and hence

711/”—>l.

S30. Define a sequence (a,) by as, =1, n=1,2,3,... and ag,11 = 2V", n=0,1,2,3,---. Show
that /a, — 1 but M has no limit.

1/(2n) _

= 1 and a2} = on/*/@nt1) 90 — 1 50 }/™ — 1. But Ll = 2?0

n

Solution. a,),

while ﬁ —9-(=D? g0 “”“ has no limit.

S31. Let (a,) be a sequence of real numbers such that a,, — 0 as n — oco. Prove that there exists

a subsequence (a,, ) such that Zank converges. [Hint: Construct a subsequence (ay, ) such that

I
for all k, |a,,| < ]
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Solution. We construct n;, inductively. Start by choosing n; so that |a,,| < 1 (which we can since
an — 0). Then having chosen ny, choose ngy1 > ny so that |ay, | < (k+ 1)~2, which again we can
do since a,, — 0. Then we have a subsequence such that |a,, | < k72 and then by comparison with
> k=% we see that Y a,, converges absolutely.

S32. Prove that the sequence a,, = Z;i % —logn (n € N) converges. [Hint: It is monotone and

bounded.]

Solution. We have a, 1 —a, = + —log(n+1) +logn = 1 — ["" 1dz = ["(1 _ L)z > 0 since

the integrand is > 0 on the interval [n,n +1]. So (a,) is increasmg On the other hand if we let
n+1 n+1

by = ++ay, the we find by 4y —b, = =5 —log(n+1)+logn = — — fn+ Ldr = fnJr (75 —2)dx <0,

so (b,) is decreasing, and as b, > a, it follows that both series are bounded and hence converge.

S33. Find the radius of convergence of the following power series.

(i) Z Z—Tz" (ii) Z nz" (i) Z Z—T

n n n

(iv) Z(log n)z" (v) Z 4n7:_ nz”.

n

Solution. (i) ;- = (1+ Ly S elsoR=el.
(ii) A = 2= —1so R=1.

an+1 n+1
( )an+1—n+1—>oosoR 0.
logn
(IV) lln+1 - log(fH.l) —1so R=1.
_ n(@"4ntl)
(V> an+1 T (n+1)(4"+n) — 4 s0 R=4.

E34. Can a power series of the form Z a,(z —2)" converge at z = 0 but diverge at z = 2 + ¢7

n

Solution. No. If it converges at 0 then R > 2 but if it diverges at 2 + ¢ then R < 1.

S35. Let (a,) and b, be two sequences of complex numbers. For n € N define B,, = by + - - - + b,
and set By = 0. Prove that for any positive integers N , M with N > M,

N N N—-1
Z anbn - Z an(Bn - Bn—l) - aNBN - aMBM—l - Z (an+1 - an)Bn
n=M n=M n=M

Solution. Multiply out the a, (B, — B,_1) terms and collect the terms with the same B,,.
H36. Consider the power series

" z"
DBLEEED D B Pes

n n
n n

n

Show that in all three cases the radius of convergence is R = 1. Show that the first converges at no
point on the unit circle, the second converges at all points on the unit circle and the third converges
at all points on the unit circle except z = 1.

an

Solution. In each case * is a power of 2+l 50 — 1, hence R = 1. If |z| = 1 then |nz"| = n so

n . .
the first series cannot converge. And |%;| = = so the second converges by comparison with Y- .

For the third series, if z = 1 then we have Y 1 which diverges. If |z| = 1 but z # 1, we

apply problem 33 with a, = & and b, = z". Then B, = z + 2> 4+ -+ + 2" = Z(izn) which
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implies that (B,) is bounded (this is the part that fails if = = 1). We then have S~ £ =

N-'By + ML — —=)Bn. Now N7'By — 0 as N — oo, and ) (+ — —5) is a convergent
1_ 1

series of positive terms, so ) (;; — =7) B, converges by comparison, using the boundedness of (B,,).

n
Hence ) = converges.

S37. Suppose that the power series ) a,2" has radius of convergence R € (0,00) and that all
a, are nonnegative real numbers. Prove that if the series converges at z = R then it converges
absolutely at all points on the circle |z| = R.

Solution. If the series converges at z = R then »_ a, R™ converges. Then for any z with |z| = R
we have |a,z"| = a, R" so Y a,z" converges absolutely.

P38. Show that if all a,, are positive integers then the radius of convergence of the power series
>, an2™ is at most one.

solution. If |z| =1 then |a,z"| > 1 for each n so the powers series cannot converge (as the terms
do not tend to 0). So R < 1.

P39. Let (a,) be a sequence of complex numbers. Show that the power series

n+1

z
E n E n E
anz nanpz a
n ) n ) nn+1

have the same radius of convergence.

Solution. Let R;, Ry, R3 be the respective radii of convergence. We show that Ry > Rj3, the
other inequalities being proved in the same way (or more easily). So suppose |z| < Rs; then we
show that ) na,z" converges, so that |z| < Ry. To do this, choose K with |z| < K < R3. Then
> |an|%+11 converges, hence so does |an|nK—f1. Now n|a,||z]" = {n(n + 1)(|z|/K)”}{|an|nK—:1} and
n(n+1)(|z|/K)" — 0 since |z|/K < 1, so for n large enough n|a,||z|" < |ay,| and it then follows

by comparison that Y n|a,||z|™ converges.

KTL
n+1

S40. Let f, : R — R (n € N) be a sequence of continuous functions which converges uniformly to
a function f: R — R. Let (x,) be a sequence of real numbers which converges to a real number z.

Show that f,(z,) — f(x).

Solution. Let ¢ > 0. Then as f is continuous at x we can fine § > 0 so that |y — x| < § implies
|f(y) — f(z)| < €¢/2. Then we can find ny such that if N > ng then |z, — x| < ¢ and hence
|f(z,) — f(z)] < €/2. Next we can find ny so that if n > ny then |f,(y) — f(y)| < ¢/2 for all y € R.
Now if n > max(ng, n1) then |fn(x,) — f(x) < |fulzn) — f(z0)| + [ f(xn) — f(2)] < €/2+€/2 =€ as
required.

S41. Let f, : R — R (n € N) be a sequence of continuous functions. Let f : R — R be a continuous
function. Suppose that for any sequence (x,) of real numbers which converges to any real limit ,
the sequence (f,(x,)) converges to f(x).

(i) Does it follow that f,, — f uniformly?

(ii) Does it follow that f,, — f pointwise?

Solution. Yes to (ii), as for any given x we can take x,, = x for all n and conclude that f,(z) — f(z).
But no to (i), as shown by the example f,,(z) = x/n for which f,(x,) = x,,/n — 0 for any convergent
sequence (z,,) but (f,) does not converge uniformly on R.

S42. Prove that the sequence of functions f, : R — R, f,(z) = linzz converges pointwise to the
zero function. Is the convergence uniform over R?
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Solution. f,(0) = 0 and if 2 # 0 then |f,(z)] < n™*/?|z|"' — 0 so f, — 0 pointwise. But
fa(n™Y?) =1 so supy | f(z) — 0] > L hence the convergence is not uniform on R.

S43. Consider the sequence (f,,) of functions defined on [0,1) by f,(z) = nz". Show that f, — 0
pointwise but [ f,(z)dz — 1.

Solution. For 0 <z < 1, nz" — 0 so f, — 0 pointwise on [0, 1) but f02 fo(z)de = 25 — 1.

S44. Consider the sequence of functions on R given by f,(x) = (x — £)%. Prove that it converges
pointwise and find the limit function. Is the convergence uniform on R? Is the convergence uniform
on bounded intervals?

Solution. For each z € R we have f,(z) — 22 so f, converges pointwise with limit f(z) = 2.
We have f,(z)(z) — f(x) — 22 4+ n® which is unbounded so convergence is not uniform on R. On
an interval [—K, K| we have sup;_ sy [fo — f| = sup[2 +n7?| < 25 4 n72 — 0 as n — oo, s0
convergence is uniform on [— K, K| for any K > 0, and hence on any bounded interval.

S45. Let f,(x) = x — 2". Prove that f, converges pointwise on [0, 1] and find the limit function.
Is the convergence uniform on [0, 1] 7 Is the convergence uniform on [0,1)?

Solution. If 0 <z < 1 then 2™ — 0 so f,(x) — x. And f,(1) = 0. So f, converges pointwise on
[0,1] to f defined by f(z) =z for 0 <z < 1and f(1) = 0. On [0, 1) we have supyy 1 [ fu(z) — f ()] =
supyp,1) 2" = 1 #» 0 so the convergence is not uniform on [0, 1).

S46. Consider the sequence of functions defined on [0, 00) by fu(z) = 7.
(i) Prove that (f,,) converges pointwise and find the limit function.
(ii) Is the convergence uniform on [0, 00)?

(iii) Is the convergence uniform on bounded intervals of the form [0, a)?

Solution. If 0 <z < 1 then 2" — 050 fu(z) — 1355 = 0. If 2 = 1 then f,(z) = §. If 2 > 1 then

fa(2) = 3= and 27" — 0 so0 fu(x) — 1. So f, converges pointwise on [0,00) to f defined by
f(x)=0for 0 <z <1,1iforz=1,and1forz> 1.

(ii) No, because f is not continuous on [0, 00), being discontinuous at 1.

(iii) No if @ > 1, because f is not continuous on [0,a]. If 0 < a < 1 the convergence is uniform on
[0, a] because then supyg 4 % <a"—0.

(i) Prove that (f,,) converges pointwise on R and find the limit function.
(ii) Is the convergence uniform on [0, 1]7

(iii) Is the convergence uniform on [1,00)?

Solution. (i) f,(0) = 0 and if # # 0 then |f,(z)| < n|z|] — 0 so f,(z) — 0. So f, converges
pointwise to 0 on R.

(ii) No - on [0, 1] we have supy y; | fu(2)] > | fa(5;) = 5 so convergence is not uniform.

(iii) Yes - for [1,00) we have supj . [fa(2)| < &+ — 0 so convergence is uniform.

S48. Define f, on [0,00) by f.(r) = 1

(i) Prove that (f,,) converges pointwise and find the limit function.
(ii) Is the convergence uniform on [0, 1]7

(iii) Is the convergence uniform on (0, 1]?

(iv) Is the convergence uniform on [1, 00)?

Solution. (i) f,(0) =0 and for x > 0, f,(z) = an—ll:rl — 1. So f, converges pointwise on [0, 00)
to f defined by f(0) =0 and f(z) =1 for = > 0.
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(ii) No, as f is not continuous at 0.
(iii) No, as sup gy [ fu(2) — f(2)] = sup(o (1 +nz)~" = 1.
(iv) Yes, as supp oy (1 +nz)™' <2 —0.

' 2n +sinz

E49. Find lim ——dxz.
n—oo [y 3n 4+ cos?x

Solution. We have f,(z) = % — % as n — oo, and the convergence is uniform since
2 3 2 2
|fn(l‘) - §| = |n (2+TL 1:Ei) 3_?_2151‘1 COSLL‘ | ~ 5 — 0 SO fo fn dl’ — fo d

S50.(i) Prove that the sequence of functions fn(x) = nz(1 — *)" converges pomtwise on [0, 1] and
find the limit function. (You may use without proof that: na™ — 0 for a € (0,1)).

(ii) Is the convergence uniform on [0,1]? (Hint: Consider the integrals fol fn-)

(iii) Is the convergence uniform on [a, 1] where 0 < a < 17

Solution. (i) f,(0) =0 and if 0 < z < 1 then |1 —2?| < 1so n(1—2%)" — 0. So for every x € [0, 1]
we have f,(z) — 0, i.e. f, converges pointwise to 0 on [0, 1].

(i fo fo(z)dz =% fo u"du = 2(n+1) % as n — 0o, where we have used the substitution v = 1— 22
to evaluate the integral. So f,, cannot converge uniformly to 0 on [0, 1].

(ili) Yes, because sup, ) | fn(2)| < (1 —a*)" — 0 as n — oo.

S51. If f, — f and g, — g uniformly on R, does it follow that f,g, — fg uniformly on R?

Solution. Not in general - for example if f,(z) = z and g,(z) = % then f,, converges uniformly
to f(z) = x and g, to g(x) = 0 but f,(x)g,(z) = £ which does not converge uniformly to 0 (since
sup,, = = 00).

If however f and g are both bounded, then uniform convergence of f,g, does follow. For
suppose |f(z)] < M and [g(z)] < M for all z. Let e > 0. Put 0 = min(1, 55777). Then we
can find ng such that |f,(z) — f(z)| < 0 and |gn(x) — g(x)| < 0 for all n > ny and z € R. Then
(@) gn(@)— F @)@ < | () (90 (2)—g(@) [+ 0)— F (@)l g(2)] < (M+8)5+Mb < (2M+1)5 = €

for all n > ng and = € R, showing that f,g, — fg uniformly on R.

E52. Let f,(x) = V2?2 +n=2. Show that the sequence converges uniformly over R and find the
limit function f.
Show that each f, is differentiable but that f is not differentiable.

Solution. f,(z) — V22 = |z| = f(z) for all z € R. We have |f,(z) — f(z)| =

n~! — 0so f, — f uniformly on R.
Since 2% 4+ n~2 is always positive, and u — u'/? is differentiable for u > 0, f, is differentiable on
R. f is not differentiable at 0.

n—2

n—2 < _
e[ +vVa 2 = ol

E53. Consider the sequence of functions f, : R — R given by f,(z) = n~%sin(n®z). Show that

the sequence converges uniformly on R and find the limit function f. Show also that each f, is
differentiable. Show that the sequence of the derivatives (f!) does not converge (even pointwise)
on R.

Solution. |f,(z)] < n™% so f, — 0 uniformly on R. Clearly f, is differentiable and f!(z) =
cos(n?r). We have f!(m) = cos(n?r) = (—1)", which does not converge, so f does not converge
pointwise on R.
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S54. Find the subset of (0,00) on which the sequence of functions f,(x) = n|logz|" converges
pointwise. Is the convergence uniform?

Solution. If a > 0 then the sequence (na™) converges iff a < 1. So the required set is the set of
z € (0,00) such that |log x| < 1, which is (e7!,€), and on this set the pointwise limit is 0. We have
SUP(e-1,) fn = 1 s0 the convergence is not uniform.

H55. Let o € R. Find the largest subset of R on which the sequence of functions f,(z) =

_zn® (n > 2) converges pointwise. Is the convergence uniform on that set?
e"* logn

Solution. If z < 0 then e ™" grows faster than any power of n as n — oo, so f,(z) — oo. For
x = 0 we have f,,(0) = 0 for all n. For x > 0, e™"* decays faster than any power of n so f,(x) — 0.
hence the convergence set is [0, c0) and the pointwise limit on this set is f(z) = 0.

The function ze™"* has derivative (1 — nx)e ™" so it is increasing for z < % and decreasing for

1 1

. . . . _ e~ 1 o e~ lpa—1l
x > -, and hence its maximum is its value at x = , namely ~. So supjy ., |fu(7)] =

logn
This — oo if @ > 1 (see problem 10(a)) and — 0 if @ < 1. So the convergence is uniform on [0, co)
iff o <1.

S56. Let f : [-1,1] — R be a continuous function. Suppose that there is an L € (0,1) such
that for all + € [—1,1], |f(z)] < L|z| Define a sequence of functions on [—1,1] by f; = f and
fn(x) = f(fn1(z)). Show that this sequence converges uniformly to the zero function.

Solution. Let M,, = sup_; y) | fu(7)]. Then forallz € [=1,1], |fu(2)] = [f(fo-1(2))] < L] fo-1(z)| <
LM, . And M, =sup|f(z)| < L so by induction M,, < L". So M, — 0, hence f,, — 0 uniformly
on [—1,1].

H57. Let f, : [a,0] — R be a sequence of continuous functions which converges uniformly on
the open interval (a,b) to a function f : (a,b) — R. Show that the sequences (f,(a)) and (f,(b))
converge. Call their limits A and B respectively. Then show that the sequence of functions (f},)
converges uniformly on the closed interval [a,b] to the function F' defined on [a,b] by F(x) = f(z)
for x € (a,b) and F(a) = A, F(b) = B.

Solution. The sequence f,, is uniformly Cauchy on (a, b). So, given € > 0, we can find ng such that
for n,m > ny we have |f,(z) — f(z)| < € for all z € (a,b). But f, — f,, is a continuous function,
so we deduce that |f,(z) — fin(x)] < € on [a,b], so (f,) is uniformly Cauchy on [a,b]. Then by
Cauchy’s criterion f,, converges uniformly on [a, b] to a limit F' and we must have F(z) = f(z) on
(a,b), and also F' is the limit of f,, at the end-points.

H58. (Dini’s Theorem) Let (f,) be a decreasing sequence of continuous functions on the interval
[a, b] which converges pointwise to zero. Show that (f,,) converges uniformly to zero.

Solution. Let € > 0. We need to find n such that f,(x) < € for all x € [a,b] (and then the same
will be true of f,, for all m > n by the decreasing property). Suppose no such n exists. Split [a, 0]
into two equal intervals I, I’. If we can find n such that f,(xz) < e on I and n’ such that f,, < e on
I’, then taking m = max(n,n’) we would have f,,(x) < € on [a,b], a contradiction. So we can find
an interval I, being either I or I’, such that there is no n satisfying F,(z) < € for all = € 1.

The we can repeat this process, obtaining a sequence of closed intervals Iy, Is, - - -, such that
Iyq is half of Iy, and such that for each k there is no n such that f,(z) < € for all x € I;. By
the nested intervals theorem NI, contains a single point x. Since f,(z) — 0 there is n such that
fa(z) < €. But as f, is continuous this means that for k large enough f,(x) < € on Ij, which is
a contradiction. This proves that we can indeed find n such that f,(z) < € for all « € [a,b], and
hence f, — 0 uniformly.
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S59. Show that the series of functions >~ ne ™" converges uniformly on [1,00) to a (continuous)
function f. [Hint: Use the Weierstrass M-test]. Find f1 z)d.

Solution. We have ne™™* < ne™" for x € [1,00) and > ne " converges by the ratio test, because

~(nt1) .
("J’;):—HH = (1 + 2)e7t — et < 1. So Y- ne™"* converges uniformly by the M-test.
2 _ _ _ -1 —2
Then fl dl’ = Zzozl fl ne”"dx = ZZOZI(Q e 2”) = 136*1 - 156*2 - é - 62171 = eZil'

S60. Consider the series of functions Y oo ;2 7"2" for & € (—2,2). Prove that it converges pointwise
and find the limit function. Is the convergence uniform on (—2,2)? Let § € (0,2). Is the convergence
uniform on (—4,0)?

Solution. This is a geometric series 2> (£)™ which converges for z € (—2,2) to S(z) = =5 =

1-z/2
The sum to n terms is S, (z) = 20=E2" o4 |§(z) — S, (z)] = 4(I/2) . Then sup(_y ) |S(x) —
() —

2 T’ 1—(z/2)
Sp(x)| = oo so the convergence is not uniform on (—2,2). But if ¢ G (0 2) then sup_s ) S
(

Sp(z)| =4(6/2)"(2 — 6)~ — 0 so the convergence is uniform on (-6, ¢).

S61. Consider the series of functions Z , which converges pointwise to the exponential function.

Show that the convergence is umform on every bounded interval. Is the convergence uniform on R?

. " _ M" M . .
Solution. We have sup;_, |73 = S and ) <+ converges so the series converges uniformly

n [—M, M] for any M. But the convergence is not uniform on R as the individual terms are not
bounded on R.

S62. Is the function f defined on [0, 1] by

x, if x is rational
ro={

if z is irrational

Riemann integrable?

Solution. No. One can show this by calculating the upper and lower integrals. Let P = (0 =
zy < < - < 1w, = 1) be a partition. Claim: M; = supy,, | .1 f(z) = ;. To show this suppose
x;—1 < ¢ < z;. then there is a rational y € (¢, z;) by the density of the rationals for f(y) =y > ¢
and so M; > c. Since ¢ can be arbitrarily close to z; we deduce M; > x;, and the reverse inequality
also holds since f(y) <y < x; for all y € [x;_1,2;], so the claim is proved.

This is exactly the same M; as we would get for the function g(z) = x, so we have U(f, P) =

U(g, P). This is true for every partition P and hence 7(1) f= T(l)g which, as shown in lectures, is %

On the other hand by the density of the irrationals each interval [z;_1,x;] contains y such that
f(y) =0, s0 m; =0 and L(f, P) = 0 for every partition P so f(l)f = 0. Hence f is not Riemann
integrable.

E63. Give an example of a function f : [0,1] — R which is not Riemann integrable for which |f|
is Riemann integrable.

Solution. One example is as follows: let f(x) =1 if z is rational and f(z) = —1 if = is irrational.
Then if is not Riemann integrable (essentially this example was treated in lectures) but |f(z)| =1
for all = so |f]| is integrable.

S64. Let g : [a,b] — R be continuous and non-negative. If f:g(x)d:v = 0, show that g = 0 on [a, b].
Solution. Let = € [a, b] and suppose g(z) > 0. Let € = g(x)/2. Then there is § > 0 such that there
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is an interval [c, d] of length d — ¢ = ¢, containing z, and contained in [a, b], such that g(y) > € for
y € [c,d]. Then fabg > fcdg > €d > 0, a contradiction, so g(z) = 0.

S65. Let f, g : [a,b] — R be continuous and suppose that g > 0. Show that there exists a £ € [a, b]

such that
b b
/ f(@)g(x)dz = f(€) / o(x)dz

Solution. Let h(¢ f f(x)g(x)dx — f(&) fbg Ydx = f {f(x) = f(&)}g(x)dx. Let y € [a,b] be

a

such that f(y) = Sup[ab f Then f( )— f(y) <0 for all x € [a, b] so h(y) < 0. Similarly using inf
in place of sup we find z € [a,b] with h(z) > 0. Since h is continuous, by the intermediate value
theorem we can find £ € [a, b] with h(€) = 0 as required.

S66. Let f:[0,a] — [0,b] be continuous, one-to-one and onto. Explain why

/Oaf(x)der/Ob IS

[Hint: There is a very simple geometric reason for this result]

Solution. Consider the rectangle in the (z,y) plane bounded by the lines x = 0, x = a, y = 0
and y = b. The curve y = f(z) divides this rectangle into two regions, with areas foa f(z)dx and

fo y)dy, so the sum of these areas must be the area of the rectangle, ab.

S67. Let f,g: [a,b] — R be Riemann integrable. Prove the Cauchy-Schwarz inequality:

/  fa)g(a)dr < (/ bf(:r)2d1‘)é (/ bg(scfdrzr)é

[Hint: f — \g(x))*dz > 0 for any constant \ € R]

Solution. The hint gives [ f2—2)\ f(fg)+)\2 [ ¢* > 0 and putting A = [(fg)/ | g* gives the result
(unless [ ¢* = 0 in which case we have [ f? =2\ [(fg) > 0 and letting A — oo gives [(fg) =0).

S68. Let f: R — R be locally Riemann integrable. Show that the function
~ [ s
0

Solution. Fix z. Then f is integrable on [x — 1,2 + 1] and so bounded on that interval, say
|f(y)| < M for y € [x — 1,z +1]. Then for such y we have |g(y) — g(z)| = | [} f| < M|y — z| which
shows that ¢ is continuous at x.

H69. Let f :[a,b] — R be continuous and let M = max |f(x)|. Show that

z€a,b]

b 1/n
i ([1s@ra) =

1/n
Solution. Let a,, = (f: |f(m)|”d:p> . We have fab |f|* < M"(b—a)soa, < M(b—a)"/" — M. On
the other hand, given € > 0 we can find 0 > 0 and an interval of length § on which |f(x)| > M — £

1S continuous.
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and then we have f; |fI" > 6(M — 5)" and so a, > SYm(M — 5) — M — 5. It follows from these
two bounds for a,, that if n is large enough then M — e < a,, < M + ¢, and we deduce that a,, — M

as required.

S70. Show that the function f(x) = |z|'/? is uniformly continuous on R. (Hint: when estimating
f(z) — f(y), you may find it helpful to consider the case when z and y are close to 0 separately).

Solution. Let € > 0. If |z] < ¢* and |y| < € then 0 < f(z) < € and the same for f(y) so
|f(z) — f(y)] <e. On the other hand, if |z — y| < €%, and |z| and |y| are not both < €2, then

_ Mzl =l _ =z =yl
‘f(l?) _f(y)| - ‘x|1/2+ ’y‘l/Q < p Se

So in any event, if |z — y| < €% then |f(z) — f(y)| < €, proving uniform continuity.
An alternative, slightly shorter argument is as follows: if |z — y| < €* then (f(z) — f(y))?* =
(2 = Jy2)? < [l = [yl2] (272 + [y[V2) = |(|l2] = )] < € s0 | f(z) = f(y)] <e.

S71. Suppose f is a bounded function on a closed interval [a, b], and that f is continuous on (a, b).
Show that f is Riemann integrable on [a, b], without using Theorem 3 of section 3.3.
Deduce that the function f defined on [0, 1] by

1

sin-, O<z<l1
f(x)_{o, z=0

is Riemann integrable on [0, 1].

Solution. Let M be a bound for |f], and let 6 > 0. Then f is R.I. on [a +,b — d]. Let P be a
partition of [a + §,b — ¢], and let P be the partition of [a, b] obtained by adding the points a,b to

. —b
P. Then U(f,P) < U(f,P)+20M and so [ f < U(f, P)+25M. Taking the inf over partitions P
—b b6 o b b—6 e b
of [a=0d,b—0] weget [ f< [ 5 f+20M. Similarly ["f > [ f—20M.So [ f— ["f<40M.
. —a —a
This holds for all § >0so [ f= [ b # as required.
The second part follows since |f(z)| <1 for all = € [0, 1] and f is continuous on (0, 1].
E72. Show that for any two integers n, m the following orthogonality relations hold:

2w
(1)2—/ cosnzcosmadr =0if n#mand 5 if n=m
T Jo

1 27
(ii)2—/ sinnz sinmz dr=0ifn#mand 5 ifn=m
T
1 027r
(iii) —/ sinnx cosmz dr = 0.
2 Jo

Solution. They are all elementary integrations, using trig identities like cos A cos B = %{COS(A —

B) 4 cos(A+ B)}.

S73. Fix x € R. Show that:

(i) The sequence (e*) converges if and only if x € 27Z.

(ii) The sequence (sin(nx)) converges if and only if x € 7Z.
(iii) The sequence (cos(nz)) converges if and only if x € 27Z.

Solution. (i) if z = 2mm where m € Z then ¢™* = 1 for all n so the sequence converges. Conversely,
if €™ — 2 then ¢ — /™12 — (. But | — ¢™+D?| = |1 — €| so it follows that |1 — €| = 0
so x is a multiple of 2.
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(ii) If # = mm then each term is 0. Conversely if the sequence converges then sin(n+2)z—sinnz — 0
i.e. 2sinxcos(n + 1)x — 0 so either sinz = 0 or (cosnx) converges. In the first case © € 7Z and
in the second € = cos nx + isinnx converges, so x € 27Z by (i). In either case x € 7Z.

(iii) If the sequences converges, then in the same way as (ii) (using cosnx — cos(n + 2)x =
2sinz sin(n + 2)x) we get x € wZ. If z is an odd multiple of 7 then (cosnz) alternates between +1
so we must have x € 2rZ.

z, —m<x<0
0 0Lz<m
and extended to be 2m-periodic. Find the Fourier series of f in real form.

S74. Let f be defined on [—m, 1) by f(z) =

#[:p sin kx]?  — %k fir sin kzdr = 0 + #[COS kx]® =

IZCDE — 2 itk is odd and 0 if k is even and k # 0. Also ag = L [ zde = —Z.

k2

Solution. We have a;, = %ffﬂ x cos kxdxr =

And by = & [ sinkads = —lacoskall + & [, coskads =~
Hence the Fourier series is —7 + % S, _COSQ(T?:{)lQ)x S 1 [(CEOLIE k::v
OJ -7 S r < 0
S75. Let f be defined on [—m,7) by f(x) = { I 0<o<n

and extended to be 2m-periodic. Let g be the convolution g = f * f. Show that g(x) = |z| for
x € [—m, 7.

Then calculate the Fourier coefficients ¢, (f) and ¢,(g), and verify that ¢,(g) = 2mc,(f)>.
Solution. We have g(z) = [*_f(z —y)f(y)dy = [; f(z —y)dy. Now if z € [0,7] and y € (0, )
then f(x —y) =1iff y < z. Thus g(x ) =z for x € [0, 7] and in a similar way we find g(x) =
for x € [—m,0] so g(x) = || for x € [—m, 7.

Then we have c,(f) = & fo ey = (1 — (=1))" = -= if n is odd, and 0 if n is even,
not 0. And ¢y = 5 [ dz = 5. For g we have ¢,(g) = ;ﬁf |ZL‘|6 mrdy = 1 [T acosnadr =
Llzsinna]] — L ["sinnzdr = 0 — ——[cosnz|j = ——% if n is odd, and 0 if n is even, n # 0.

Finally ¢o(g) = = [, @dz = . In each case we have ¢,(g) = 2mc,(f)?.

S76. If 0 < r <1 and x € R, show that

[e.9]

2
In| jinz __ 1—r

E ri"e™* = 5

1—2rcosz+r

n=—oo

[Hint: Set z = re™ and sum the resulting geometric series.|

n, ine __ 0 ix\n 0 —ix\n__ 1 __ 1 1 1 d-re7®T4i-ret®
SOIUtlon Zn* oo| | € - Zn:(](r6 ) +Zn:O(T€ ) ]' T 1—rew l—re— 1 - (I—Teiz)(l—’r‘efiz)
1= 2—2rcosx 1= 1—r2
~ 1-2rcosx+r? T 1-2rcosz+r2’

cos Z

S77. Show that sinz +sin2x + ---+sin Nx = 2
[Hint: Multiply both sides by 2sin 3]

—cos(N—‘r%)

in
251n2

Solution. We have 32" 2sin §sinnx = S {cos(n — )z —cos(n+ 1)z} = cos L — cos(N + 3)z
and the result follows.

E78. Let f: R — C be continuous and periodic. Show that the following are equivalent:
(i) f is odd.

(ii) for all n € Z, c_,, = —cy,.

(iii) for all n € {0,1,2,...}, a, = 0.

Solution. In general we have c¢_, + ¢, = o= [7 (™" +27"*) f(z)dx = [T f(z) cosnzdz = a,
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so (ii) is equivalent to (iii). Now if f is odd then a, = +
is odd. Conversely if a, = 0 and we define g(x) = f(x) +
an(g9) = 2a,(f) = 0 so all the Fourier coefficients of g are
odd. So (i) is also equivalent to (iii).

ff )cosnzdr = 0 as the integrand
f(—= )thenglsevensob()—Oand
0, which implies ¢ = 0 and hence f is

E79. Let f : R — C be continuous and periodic. Show that the following are equivalent:
(i) f is real valued.

(i) for all n € Z, €, = c_,.

(iii) for all n € {0, ,2,...}, an, by € R

Solution. Writing e™* = cosnx — isinnz in the definition of ¢, we get ¢, = %(an — 1b,) and

Cep = 1(an +1b,) forn > 0so ¢, —c_, = %(En —ap) + %(l_)n —b,) = —iSa, + b, so that (ii) is
equivalent to (iii). Now if f is real then a, and b, are real from their definitions. Conversely we
have an( f) = @, and the same for b, so if a,, and b, are all real then f and f have the same Fourier

coefficients, so f = f and f is real. Hence (i) is equivalent to (iii).

S80. Suppose that the trigonometric polynomial f(x Z B "* vanishes at xy. Show that
there exists another trigonometric polynomial g(z) such that f ( ) (eix — ") g(x).

Solution. f(z) = f(z) — f(x0) = S0y ene™ =N e =N e (e — ’”’”0) Then

it suffices to find for each n € {—N,--- N} a trigonometric polynomial g, such that e — eineo —
(e — e'0) g, (). This is trivial if n = 0. Now using the identity a” —b" = (a —b) 37—} a*b" =% we
have e — /@0 = (i —¢iv0) S 11 giln=1=k)zopike for > (0. And if n < 0, say n = —m, we similarly
find e—imac . e—imxo — (e—ix —e zxo) ZT 01 e—z(m 1— k)xoe—zka: — (ew - emo) ZZI:OI e—z(m k)a:oe—z(k—}—l)a:

giving the required trigonometric polynimials.

S81. Let f: R — C be periodic and continuously differentiable. Show that for all integers n,

cn(f') = inca(f)

Solution. ¢,(f') = 5= [T f(z)e ™ dx = 5=[f(x)e ™7 + 2 [T f(x)e ™ dx = 0+ inc,(f) =
incy,(f)-

S82. Calculate the complex Fourier coefficients of the following periodic functions:

(i) f(z) =52 ,0 < o < 27, and extended to be 2m-periodic.

(il) g(z) = (x—” ,0 < x < 2, and extended to be 2m-periodic.

Solution. (i) ¢, = foﬁ Ttemintdy = L[ILeminedr_ L 027r e"ntdy = — L (—r—7m)-0=1L

for n # 0. And ¢y = f%’rmd = 0.
.. 2 (7 —inx m—x)% _inz12n 2 T—T 7@7133
(ii) calg) = % 0 ( 435) dov = 27r[(—47,$73, € ](2) - 27rzn fo 2 dr =0 — Ecn(f) - nLz for

n # 0, where f is as in part (i). And ¢g =

27 (W—w)zd — 7r_2

o 4 W=

S83. Calculate the Fourier series of the followmg periodic functions in real form:
(i) f(x) = |z| ,—7 < 2z < 7, and extended to be 2m-periodic.

(ii) g(z) = |sinz| ,x € R.

Solution (i) As fis even, by = 0. And ay = = [7 ]a:|cos krde = 2 [ xcos kade = 2[£SREL)r —

2 [ "sin kxdx = 0+ =z[coska]f = 25 ((—1)" — 1) —15 if k is odd and 0 if k is even, k # 0.
Also ag = 2 [ wdx = 7r So the Fourier series is  — = Zm 0(2m +1)"2cos(2m + 1)a.
(ii) again f is even so by = 0 and aj, = = ["_|sin ac| cos kxdr = 2 [ sinz cos kxdx

T - . cos(k+1)x cos(k—1)x 1—(-1) k+1 _1-(-1 k-1
= 1 Jy{sin(k + Dz —sin(k — Da}dr = H— 5502 <5005 = L=y e



Pure and Applied Analysis Problems, 1st Semester 2010-2011 16

%(ﬁl — ) = —m if k is even, and 0 if k is odd and k # 1. And a; = [ sin2zda =
_%[COS 2z]§ = 0. Then ag = % and the Fourier series is % — Zm . (ﬁgmf

S84. Let f: R — C be periodic. Fix an integer m. Show that:

27 0, if n doesn’t divide m

1 ™ e~ f(ma)dz = { f (%) , if n divides m

Solution. Putting mx = u we have 5 [" _im”f(mx)dx = ﬁ [ emmm f(u)du

— ﬁf_(i;:n)ﬂ' ZZ’L 01 7zn(u+2k7r)/mf(u + 2]{:7.[. du = L f( { Z;;n_l 72mkn/m}efmu/mf( )
Now if n/m is not an integer then Y ;' e 2mkn/m — %

then % dore 01 e~2mikn/m — 1 and the result follows.

S85. Let f : R — C be periodic. Fix an integer m and define g(x) = f(mx). If f(x) has Fourier
series Y 2 c,e™® show that f(mz) has Fourier series - inma,

= 0 while if n/m is an integer

n=—oo tn€

Solution. This follows from problem 84.

S86. Find the Fourier series of the periodic function determined by f(z) =z, —7 < z < 7w and
then use Parseval’s identity to show that > >° =

o
n1n2 6 -

Solution. ¢, = 5- [ xe‘””dx = [m:l:r]ﬁﬁ—l— A [T ety = — L {mem " — (—7)e™m L +0 =
—& 1) for n 7& O and ¢g = 5= [7 :de =0. So the Fourier series is i), Tl) " (the real form

is —2 P 1 — ED” sinna). Also lcn? = |c_n|2 = Lforn#0and - [T f2 =L [T 2?de = 7%/3 so
Parseval gives 72/3 = Y |c,|> =27, - and the result follows.

S87. Show that there is a unique sequence of polynomials Py, P, - such that Py(x) = 1, and
Pl(z) = Poo1(z) and [T P,( d:zc—Oforn>1

Verify that Py(z) = o and Py(z) = & — = and find Py(x).
Now let ¢, = 1 f e~* P, (r)dx, the complex Fourier coefficients of P,. Show that ¢, =
—Cp_1 forn >1 and k #0. (Hmt. first show that P,(7) = P,(—m) for n > 1).

Calculate c; 5, and deduce that ¢, , = —% forn > 1 and k # 0.
Then use Parseval’s relation to show that

zk

o0

—2n 1 " 2
;k = /_ ] P?
for n =1,2,---. Hence show that Y ;°, 5 = 9”765.
Solution. The existence of P, is shown by induction - supposing P, _; has been found, then let
g be an antiderivative of P,_;, which will be a polynomial. Then choose a constant C' so that
f:r(g( )+ C)dx =0 - it is clear that there is a unique Such C, namely — 1 " - g- Then we define
P,(x) = g(z) + C. Since any polynomial f such that f’ = P,_; must be of the form g+ C for some
constant C' we see that there is no other choice for P,.

For P, and P; as defined in the question one checkes that P| = Py, Py = P, and both integrate
to 0. For Pj, we start with g(x) = %3 — % as an antiderivative of P, and then we find 7 g =0
so in fact Py = g.

We have P, (1) — P,(—m) = [ P.(x)de = [7_P,_i(x)dc = 0if n > 1. Using this, we integrate

—ikx

by parts to get ¢, x = i[inn(x)}” —i— o _Zk”’”P/@( Jdz = 0+ o= [T e ™" P, i (z)dr =

27 - 2mik

%Cn—l,k for n > 1.
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cip = o [T xehrdy = — D (see problem 84). Then it follows from the last part
that ¢, = (( kl)): for n > 1. We also have ¢, 0 = 5= [*_Py(x)dz =0 for n > 1.

Then for n > 1 we have |c,x|* = |cn_k]* = k™ B for k ;é 0, 80 Y oo ekl =23 00 k7" so
Parseval gives 7 k™2 = & [T P2
3

Taking n = 3 we get o0, k=0 = L [7 (Z572)2dy which works out to Z.

S88. Let a,b € R with a # 0, and define f on [—m,7) by f(t) = el®®?  Calculate the complex
Fourier coefficients ¢ of f. By applying Parseval’s formula, show that

[e.o]

Z 1 7 sinh 2am

24+ (b—k)2  a(cosh2ar — cos 2b7)

k=—o0

Solution. We have ¢, = 5= [T elotib=ihlij —

(-1
2m(atib—ik) {e

1 (a+ib—ik)r __ ,—(a+ib—ik)m) _
2 (atib—ik) {e € b=
(a+ib)m

— e~ (aFit)m) — m(Jr_z—lb):k) (sinh am cos b + i cosh am sin brr) and so

sinh? a7 cos? b + cosh? arsin? br ~ cosh 2ar — cos 2br

2 = e
lel” = m2(a? + (b —k)?) 212(a? + (b —k)?)
Now - f |f())?dt = f 2‘“%lt 5= Sinh 2ar. Hence Parseval gives
Smglﬁm — cos Za;,zCOSQbW Zk:_w P (ot and the result follows.

S89. Let a,b € R with a # 0, and define f on [—m,7) by f(t) = (x — b)e®*. Calculate the complex
Fourier coefficients ¢, of f.

Now suppose a # 0 is given. By choosing an appropriate b and applying Parseval’s formula,
show that

i 1 _ w{an(cosech am)? 4 cotham}
= (a2 + k2)2 2a3
. T a—ik)z z—b)ela—ik)z, a—ik)x —L*
Solution. ¢, = 5= [7 (z — b)el*"™*dy = %[%]_W - m ST elemthedy = M{(ﬂ' -
. k
b)e?™ — (—m — b)e~ @} — —L__lela—itle)r — U _rnoogh g — bsinhar} — (S sinhar
T 2n(a—ik)? ™ w(a— zk) m(a—ik)?

The second term has the rlght form to give the required series so we choose b = 7 coth aw to ehm—

inate the first term, and then ¢, = —% for all k, s0 > oo |exl® = Smh—‘” Yoo o m
And £ [T f? = ;(x—b)?e?awdx = L(a—b)2 5] — 5 [T (w—b)e*dz = L {((m—b)%e ™ —

(m + b)2 ’2“”} 4m2 (m = b)e*™ + (7 + b)e 27} 4 (e — e72m) = L (7r + b?) sinh 2wa —
27h cosh 27ra} 5 (m cosh 2mra — bsinh 2ma) + =5 sinh 2ra. Substituting b = 7 coth ar this sim-
plifies to 2a2 + a3 smh 2ma. So Parseval gives Zkf_oo (a2+1k2)2 = singj M(ﬁ + ﬁ sinh 27ra) which

gives the result.



